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The classic paradigms for learning and memory recall focus on the strengths of synaptic couplings and how
these can be modulated to encode memories. In this work, using analytical theory and computational inference
schemes that use specialized restricted Boltzmann machines, we show that the dynamical steady state accessed
due to a class of nonequilibrium detailed balance breaking dynamics is in fact similar to those accessed after the
operation of a classic unsupervised scheme for improving memory recall, Hebbian unlearning, or “dreaming.”
Our work suggests how nonequilibrium dynamics can provide an alternative route for controlling the memory
encoding and retrieval properties of a variety of synthetic (neuromorphic) and biological systems.
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I. INTRODUCTION

Energy-based associative memory models have provided
minimal yet powerful frameworks to understand how infor-
mation storage and retrieval can be modulated in a variety of
systems. The Hopfield model and its extensions have found
applications, for example, in restricted Boltzmann machines
[1–3], pattern recognition [4], understanding olfaction [5–7],
etc. These ideas have also been recently applied to infer
models from experimental data, for instance, data for fitness
landscapes due to mutations, spike-time correlation data from
the brain, etc. [8–10]. Moving beyond the original quadratic
connectivity, newer variants of the Hopfield model have been
explored with higher-order connectivity. These have been
shown to have exotic properties like exponential capacities
[11] and feature-to-prototype transitions in pattern recognition
[11,12].

The typical formulation of an associative memory model
relies on a learning strategy, such as the Hebbian rule, for
encoding the desired memories or patterns. In seminal work,
Hopfield et al. [13] showed how the memory capacity of such
associative memory networks may be improved in an unsu-
pervised manner through a so-called “unlearning” procedure.
The unlearning algorithm provides a prescription for updat-
ing the connectivity of the associative memory network such
that local minima in the free-energy landscape which do not
correspond to desired patterns are cleaned out, leading to a
higher capacity.
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Here we consider an alternate paradigm and ask if phe-
nomenology resembling Hebbian unlearning (or dreaming)
can be realized by controlling the dynamics of the spins during
pattern retrieval instead of explicitly changing the connectiv-
ity beforehand. Performing a series of numerical calculations
(using specialized restricted Boltzmann machines) and ana-
lytical arguments, we demonstrate how such a modulation
might be possible. Our central results suggest that the steady
states achieved by a particular class of nonequilibrium dy-
namics resemble steady states achieved when the network
is pruned using the Hebbian unlearning rule. The common
feature in these dynamics is an element of persistence. We also
show how the nonequilibrium dynamics with such persistent
qualities may be naturally achievable in a model system of
integrate-and-fire neurons. While this work is connected to
previous work by some of us in Ref. [14], where we showed
how dynamics with persistence can lead to better information
processing properties, we substantially go beyond the scope of
Ref. [14] in multiple ways, as discussed in detail in subsequent
sections of the paper.

The rest of the paper is organized as follows: We begin in
Sec. II, where we review the Hopfield model and the Hebbian
unlearning procedure, colloquially referred to as dreaming in
Ref. [13], for improving memory. In the Hebbian unlearning
scheme, connections between neurons are altered explicitly in
an unsupervised manner. In Sec. III, we consider a version
of the Hopfield model and analytically show the equivalence
between equilibrium steady states generated by dreaming and
nonequilibrium steady states generated with a class of persis-
tent dynamics. These calculations are done in a perturbative
limit. In order to perform our analytical perturbative calcu-
lations, we resort to a version of the Hopfield model with
continuous degrees of freedom. Such models have been shown
to have behavior qualitatively similar to the standard Hopfield
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model. Next, in Sec. IV, we attempt to show that the equiv-
alence persists beyond the perturbative limit. We introduce
a version of persistence in the discrete Hopfield model. We
show how this can be considered as a coarse-grained version
of the continuous model and numerically (using specialized
restricted Boltzmann machines) demonstrate how persistence
and Hebbian unlearning have similar qualitative effects on the
memory storage and recall properties of the system. In Sec. V,
we discuss a biologically plausible model of integrate-and-fire
neurons that display persistence in their dynamics through a
different mechanism. We connect this biologically plausible
model with the models introduced previously and show how
persistence in the dynamics potentially leads to effects that are
similar to those in the previous sections. Finally, in Sec. VI we
discuss the implications of our work and future directions.

II. HOPFIELD MODEL AND HEBBIAN UNLEARNING

The Hopfield model is an associative memory model con-
sisting of N fully connected Ising-like spins, σi ∈ {±1} for
i = 1, . . . , N , which represent discretized neuron firing rates.
The energy of the system is given by the Hamiltonian

H = −
∑

i j

Ji jσiσ j, (1)

where, following the Hebb rule, the connectivity matrix J is

Ji j = (1/N )
p∑

μ=1

ξ
μ
i ξ

μ
j , (2)

with the patterns �ξ 1, . . . , �ξ p ∈ {±1}N . The patterns ξ
μ
i are

drawn from the Rademacher distribution. Using this energy
function, the spins are dynamically updated asynchronously
according to the Glauber algorithm at a chosen temperature
scale T [15]. The ability of the network to store and retrieve
patterns is probed by initializing the system near a stored
pattern (with �10% bits flipped) and running the dynamics
[16]. If the asymptotic configuration that the system settles in
has a good overlap O with the stored pattern,

O ≡ lim
t→∞

1

N
�σt · �ξ stored ≈ 1, (3)

where �σt denotes the spin configuration after t sweeps of the
chosen Monte Carlo algorithm, then retrieval is deemed suc-
cessful. Under such dynamics, the system can store up to αcN
patterns, where αc ≈ 0.14 at T = 0. The retrieval capacity
decreases with temperature [17,18].

The so-called “Hebbian unlearning” procedure—proposed
in Ref. [13]—and its variants can be used to improve the
critical memory capacity in an unsupervised manner. The
proposed algorithm works as follows: The system is initialized
in a random state and allowed to evolve till it reaches a local
steady state. Then, the connectivity matrix is updated as

Ji j ← Ji j − εσ ∗
i σ ∗

j , (4)

where �σ ∗ is the configuration of the local steady state ac-
cessed by the system, and ε is the unlearning rate. We
refer to each update as a “dream” following conventions in
Ref. [19]. This scheme, though unsupervised, has been shown
to increase the associative memory capacity up to around

αc ≈ 0.5. The effectiveness of the Hebbian unlearning method
can be heuristically explained as follows: The number of
possible configurations the system can access grows exponen-
tially with the system size N . Of these, only a polynomial
fraction αN corresponds to stored patterns. If the system
is initialized in a random configuration and is allowed to
sample its local energy or free-energy landscape using the
above-described dynamics [using (1) and (2)], it has a higher
probability of settling into a spurious energy minima than into
a pattern basin [17]. The unlearning update rule in Eq. (4) can
hence effectively be viewed as a mechanism to raise the en-
ergies of the spurious configurations ( �σ ∗) [13] and destabilize
them. The ability to retrieve stored memories can be relatively
enhanced as a consequence.

For completeness, we note that Hebbian unlearning op-
erates by a mechanism similar to the contrastive divergence
(CD) [20,21] and forward-forward (FF) [22] algorithms in
machine learning. However, there are some notable differ-
ences. In CD, learning and unlearning of spurious states occur
at each step within a single training phase. In contrast, Heb-
bian unlearning comes after the initial connectivity matrix
is learned [e.g., by the Hebb rule, Eq. (2)]. While FF also
features learning and unlearning in two separate stages, the al-
gorithm is designed for training feed-forward neural networks
on supervised learning tasks like classification.

III. PLAUSIBLE EQUIVALENCE BETWEEN STEADY
STATES PRODUCED BY HEBBIAN UNLEARNING AND
STEADY STATES PRODUCED BY NONEQUILIBRIUM

PERSISTENT DYNAMICS: A PERTURBATIVE
CALCULATION

We now argue that there is a plausible equivalence be-
tween Hebbian unlearning and steady states generated by a
class of nonequilibrium dynamics with persistence. We begin
by establishing the equivalence analytically in a perturbative
limit. To do so, we consider a version of the Hopfield model
with continuous degrees of freedom. Such models have been
shown to have properties that qualitatively resemble those of
the original Hopfield formulation. These models are also more
plausible biologically because their continuous degrees of
freedom allow for a more accurate representation of neuronal
dynamics. Specifically, we consider a system described by the
Hamiltonian

H = −
∑

i j

Ji j f (σi ) f (σ j ), (5)

where f is meant to mimic a neuronal activation function
(e.g., sigmoid or ReLU function) which models the spiking
response of real neurons. The spins σi are assumed to be
continuous variables and evolve according to the dynamics

∂σi

∂t
= − ∂H

∂σi
+ ηi(t ), (6)

where ηi is a Gaussian white noise with statistics

〈ηi(t )〉 = 0, 〈ηi(t )η j (t
′)〉 = 2T δi jδ(t − t ′). (7)

A Hebbian unlearning procedure can be readily developed
for this generalized Hopfield model [23]. Specifically, a ran-
dom state �σ ∗ is chosen as described in Appendix D and the
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connectivity matrix is updated as

Ji j ← Ji j − εh∗
i h∗

j , (8)

where h∗
i ≡ −∂H/∂σi = ∑

j Ji j f (σ ∗
j ) f ′(σ ∗

i ) is the effective
field felt by spin i when the system is in a random configu-
ration. Plugging �h∗ into the update rule and averaging over
many trials, as explained in Appendix D, we find that the new
connectivity matrix is equal to

JD
i j = Ji j − ε

∑
p

JipJj p f ′(σi ) f ′(σ j ). (9)

Upon many such updates to the connectivity matrix, one can
show that the resulting Hamiltonian, with an activation func-
tion satisfying f ′(σi ) = 1, takes the form [23]

H = − 1

N

∑
i jμν

σiξ
μ
i (1 + λ2C)−1

μν ξ
ν
j σ j, (10)

where λ2 = εd , where d denotes the number of updates
used, C is the pattern correlation matrix given by, Cμν =
1
N

∑
i ξ

μ
i ξν

i . Appendix D details the procedure to obtain (10)
from (9). If the number of updates, d , is small, we can express
the new connectivity matrix as

JD
i j = Ji j − εd

∑
p

JipJj p f ′(σi ) f ′(σ j ). (11)

Next, we show that, in a certain perturbative limit, spins
when forced out of equilibrium with a persistent noise source
reach a steady state which can be expressed using an effective
Hamiltonian that has a form similar to that achieved by Heb-
bian unlearning. Specifically, we imagine replacing the noise
source in Eq. (6) with a noise source with statistics,

〈ηi(t )〉 = 0,

〈ηi(t )η j (t
′)〉 = 2Tpδi jδ(t − t ′) + Ta

τ
exp

(
−|t − t ′|

τ

)
, (12)

where τ is the persistence time of the temporal correlations,
Tp and Ta set the strengths of the uncorrelated and correlated
noise sources, respectively. Systems with such persistent dy-
namics are known to generate nonequilibrium steady states
[24] and are colloquially referred to as active matter sys-
tems. In general, the distribution of such states cannot be
described using an energy function [24] but for τ 
 1, the
spins effectively sample from a distribution given by, P(�σ ) ∝
exp(−βeffHeff ), where [24]

Heff = H + τTa

Teff

(
1

2
|∇H |2 − Teff∇2H

)
(13)

is an effective Hamiltonian, Teff = Tp + Ta and βeff =
1/Teff . For activation functions which are monotonic
in nature, like ReLU and tanh, the Laplacian of
the Hamiltonian, ∇2H , has the same sign as the
original Ji j . For instance, when f (σ ) = tanh(σ ),
then f ′′(σ ) = −2sech2(σ ) tanh(σ ) = −2 f (σ )sech2(σ )
and the renormalized connectivity matrix is JA

i j =
Ji j{1 + τTa[sech2(σi ) + sech2(σ j )]} − τTa

Teff

∑
p JipJj p| f ′(σp)|2.

The contribution of the Laplacian [namely, the sech2(σi )
term] is a two-body interaction term and has the same
sign as the original Ji j . This ensures that the Laplacian
term does not change the form of the connectivity, i.e.,

excitatory connections remain excitatory and similarly for
inhibitory connections. It leads to a simple spin-dependent
renormalization of the connectivity matrix. We expect the
Laplacian term to be insignificant for most spin configurations
and for typical choices of f . When f (σ ) = tanh(σ ),
the Laplacian term rescales Ji j by a factor that contains
sech2(σi) + sech2(σ j ), which is O(0.1) for |σi| = O(1), and
zero as |σi| → ∞. Thus, the change in the connectivity
matrix due to the Laplacian term can mostly be ignored in
comparison with the original Ji j for most of the range of spin
values. Altogether, the simple scale renormalization of the
spin matrix due to the Laplacian term, and its resultant low
magnitude, implies that it cannot protect the corruption of
a memory basin due to the multiplicity of forces from the
other stored memories. The latter is precisely what unlearning
seems to counteract. Given this and also for mathematical
simplicity, in what follows, we set aside the Laplacian term
and focus on the |∇H |2 term.

Substituting the form of (5) (with only the |∇H |2 term) in
(13), we arrive at a renormalized connectivity matrix,

JA
i j = Ji j − τTa

Teff

∑
p

JipJj p| f ′(σp)|2. (14)

Hence, (14) is equivalent to (11) with the Hebbian unlearn-
ing parameter λ2 ≡ εd = τTa/Teff and activation function
satisfying f ′(σ ) = 1. Ideally, exploring the memory capacity
of systems with these updated connectivity matrices would
suffice to numerically verify our equivalence. However, given
that εd = τTa/Teff 
 1, a numerical signature of this equiv-
alence would be hard to infer. Thus, we instead perform the
following indirect calculation (detailed in Appendix E). We
first generate a Hebbian-like connectivity matrix Ji j . Viewing
Eqs. (11) and (14) as update rules, we then repeatedly apply
these operations to generate new connectivity matrices. The
results for εd = τTa/Teff = 10−5 after 104 updates in this
manner are plotted in Fig. 1. Both models show the same qual-
itative behavior. This equivalence suggests that the sampling
generated by activity in the limit of small persistence times
can be similar to that generated by an “infinitesimal” Hebbian
unlearning procedure.

Can this phenomenology hold for arbitrary persistence
times? Motivated by the equivalence of connectivity from
Hebbian unlearning and that due to nonequlibrium activity in
the aforementioned perturbative limit, we now use numerical
inference schemes built around restricted Boltzmann machine
(RBM) architectures to search for a broader equivalence. In
what follows, we shift back to the discrete variant of the
Hopfield model for two reasons. First, for large persistence
times, the analytical expansion we used for the continuous
variant of the Hopfield model breaks down [14] and becomes
intractable. This negates one of the main benefits (i.e., an-
alytical tractability) associated with switching from discrete
to continuous representation. Second, and more importantly,
inference algorithms for problems with continuous degrees
of freedom are known to suffer from issues of poor conver-
gence [21,25]. As noted previously, we expect the qualitative
features associated with both continuous and discrete spins
to be similar and hence expect no loss of generality due to
this transition between continuous and discrete spins. In the
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FIG. 1. Comparing the information storage limits of connectiv-
ity matrices obtained by iteratively applying (11) (Unlearning) and
(14) (Persistent) for 104 iterations with εd = τTa/Teff = 10−5. We
plot the overlap O averaged over 10 systems (i.e., sets of patterns)
with P = αN patterns and N = 1000 spins. The activation function
f (x) = tanh(x) was used in all cases. For the standard Hopfield
model (no dreams), the overlap decays quickly once the pattern
loading is around 0.2. The profiles generated for the two iterative
procedures (11) (unlearning) and (14) (persistent) have similar qual-
itative behavior and show the ability to store a larger number of
patterns. The simulation details are given in Appendix E.

next section, we devise dynamics with discrete spins that
have a persistence-like feature and use special neural network
architectures to show that the steady states sampled resemble
steady states that would have been sampled if an unlearning
procedure were used.

IV. NUMERICAL INFERENCE SCHEMES USING HYBRID
RESTRICTED BOLTZMANN MACHINES REVEAL

SIGNATURES OF HEBBIAN UNLEARNING IN
PERSISTENT DYNAMICS

The results in the previous section suggest that active
dynamics driven by persistence noise sources can improve
memory in a manner similar to Hebbian unlearning. We now
use numerical inference schemes, assisted by RBM architec-
tures, to show that such phenomenology can potentially be
observed robustly across many systems. We develop a model
that retains the persistent nature of the dynamics described in
the previous section, but now the spins take discrete values
instead of being continuous. We switch to spins that can
take discrete values in order to generate configurations that
are readily amenable to analysis using an RBM architecture.
Specifically, we start with the standard Hopfield model [13]
and modify the dynamics so that terms reminiscent of persis-
tence are introduced.

A standard way to take a discrete spin system out of
equilibrium is to introduce asymmetry into the connectivity
Ji j such that the system is no longer described by an energy
function, but the steady-state solution is still available [26,27]
but here our focus is on persistent dynamics breaking detailed

balance. To mimic persistent dynamics in a discrete system,
we designed a process where the evolution of the spins de-
pends on both the current state and the previous state of the
system [28]. In particular, the dynamics have an element of
persistence. A spin flip (no spin flip) at an instant of time
increases the probability of a spin flip (no spin flip) in the
subsequent instant of time. The evolution of the spins is now
Markovian only if both the current and previous state of the
system are recorded together. For a single spin, such dynam-
ics can be compactly represented by the following matrix
equation:⎛

⎜⎜⎝
++
+−
−+
−−

⎞
⎟⎟⎠

t,t+1

=

⎛
⎜⎜⎝

p + γ 0 p − γ 0
q − γ 0 q + γ 0

0 p + γ 0 p − γ

0 q − γ 0 q + γ

⎞
⎟⎟⎠

×

⎛
⎜⎜⎝

++
+−
−+
−−

⎞
⎟⎟⎠

t−1,t

, (15)

where the element (σσ ′)t,t+1 denotes the joint probability of
sampling a spin configuration σ at time t and σ ′ at time t + 1.
Elements (σσ ′)t−1,t have a similar interpretation. The typical
equilibrium or passive transition probabilities according to
Glauber dynamics, pi = 1/[1 + exp(−2βhi )] and qi = 1 − pi

are of Boltzmann form, where β = 1/T is the inverse temper-
ature and hi = ∑

j Ji jσ j is the effective field felt by spin i. To
capture the persistence of the continuous persistent dynam-
ics [(6) and (12)], we introduced the factor γ = a min(p, q),
which favors flips to be followed by flips (columns 2 and 3 of
the transition matrix) and no-flips to be followed by no-flips
(columns 1 and 4 of the transition matrix). The parameter
a controls the persistence, with a = 0 corresponding to the
passive dynamics.

Such discrete persistent dynamics can naturally arise from
a temporal coarse-graining of the continuous persistent dy-
namics of the previous section (Sec. III). To see this, we
consider a single continuous one-dimensional spin under
noise with persistence time τ . We first suppose that the spin
initially has some sign (e.g., −) and is kicked by the persis-
tent noise toward the direction of opposite sign (+). If τ is
sufficiently large, the spin is likely to have flipped (− → +)
after some time t1 ≈ O(τ ). The persistent noise source will
change direction (on average) after this and the spin is also
likely to have changed its direction of movement. Then, after
some time t2 ≈ O(τ ), the spin is likely to have flipped again
(+ → −). Thus, flips are more likely to be followed by flips
if time is discretized in chunks of O(τ ). If we instead sup-
pose that the spin (e.g., sign −) is initially kicked toward the
direction of same sign (−), then we conclude that no-flips
are more likely to be followed by no-flips. As the timescale
associated with persistence is lowered, the likelihood of spin
flips followed by spin flips decreases.

Figure 2 describes the phase diagram of the Hopfield model
with the persistent dynamics. For a certain region of the phase
diagram, the persistent dynamics is found to improve pat-
tern retrieval, relative to passive dynamics. This behavior is
qualitatively similar to that obtained in previous work with
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FIG. 2. Phase diagram of the discrete Hopfield model under
equilibrium spin flips (passive) compared with the phase diagram
obtained from the persistent active simulations in Sec. IV. The plot
was made with N = 500 spins and a = 0.5. The results are an average
over ten systems (i.e., sets of patterns) and attempts to retrieve each
of the first ten patterns ( �ξ 1, . . . , �ξ 10) from a corrupted version of the
pattern with 5% of the spins flipped. The blue crosses denote the
region of retrieval for passive dynamics, whereas the orange dots
denote the retrieval region for persistent dynamics (15). The results
are qualitatively similar to what is observed in the spherical Hop-
field model under activity [14]. The analytical curve is taken from
Ref. [17] and is provided as a comparison to the passive numerical
simulations.

the spherical Hopfield model under activity [14]. Note that T
here simply refers to the temperature at which the probabilities
of transition, p and q, of (15) were calculated. The persistent
dynamics used here does not possess a natural notion of a
temperature.

In order to numerically demonstrate an equivalence sim-
ilar to (11) and (14), we use numerical inference schemes
for estimating the connectivity matrices Ji j that best explain
the available data. Extracting the connectivity matrix from
samples generated from dynamics is a challenging problem,
and many techniques have been developed in the context of
finding connectivity of real biological neuronal networks [9].
For this study, we used a RBM to extract the connectivity
matrix. RBMs are a recurrent neural network architecture that
have been used extensively for approximating a data distri-
bution and generating further data from the same distribution
[21,25,29]. RBMs with a single hidden layer have a direct cor-
respondence with the Hopfield model at equilibrium (passive)
[1,30,31]. Specifically, if the hidden layer consists of contin-
uous variables with a Gaussian prior, then the probability of
observing a certain configuration of hidden and visible nodes
is given by

P(σ, z) ∝ exp

⎛
⎝−β

∑
μ

z2
μ

2
− β

∑
μi

ξ
μ
i√
N

zμσi

⎞
⎠, (16)

where σ denotes a visible node variable, z a hidden node
variable, and ξ

μ
i the connection strength between nodes σi and

zμ. To see the connection to the Hopfield model, one has to
marginalize the distribution of configurations by integrating
out the hidden variables z′

μ. This leads to

P(σ ) ∝ exp

⎛
⎝β

∑
i j

Ji jσiσ j

⎞
⎠, Ji j = 1

N

∑
μ

ξ
μ
i ξ

μ
j , (17)

which is equivalent to the equilibrium distribution generated
with the Hebbian rule for the Hopfield model. Indeed, the
RBM connectivity matrix corresponds to the pattern variables
of the Hopfield model. This makes the RBM an ideal system
for extracting the connectivity matrix.

For our purposes, we need an RBM that can, in princi-
ple, represent the connectivity matrices that can emerge after
Hebbian unlearning, the Hamiltonian for which is given by
(10). This Hamiltonian has two parameters: a parameter λ

that specifies the extent of Hebbian unlearning, and an ef-
fective temperature TRBM. For the passive case, TRBM equals
the temperature T at which the simulations were carried out.
The persistent simulations lack a notion of “temperature,”
and thus TRBM needs to be inferred. Such a Hamiltonian can
be exactly represented as a three-layer RBM with a visible
layer with neurons having discrete values and two hidden
layers with continuous-valued neurons [19]. This can read-
ily be seen when the partition function corresponding to
the Hebbian unlearned Hamiltonian (10) is expressed as a
Hubbard-Stratonovich transform,

Z =
∫

DzDφ
∑

σ

exp [−βRBMHRBM], (18)

where the HRBM is given by

HRBM = z2
μ

2
+ φ2

i

2
− zμ

ξ
μ
i√
N

(σi + iλφi), (19)

and βRBM = 1/TRBM. This expression for the partition func-
tion suggests an architecture where a visible layer of neurons
is connected to a hidden layer with variables zμ through
weights ξ

μ
i /

√
N and this hidden layer is again connected

to another hidden layer with imaginary variables φi through
weights iξμ

i λ/
√

N . We train this deep hybrid RBM (DHBM)
with the data from persistent and passive simulations and
extract the weights ξ

μ
i , TRBM, and λ.

We follow a procedure similar to the one outlined in Ref.
[32] to train our RBM with data (see Fig. 3 for a schematic of
the procedure and Appendix F for additional details). First, we
generate data using the simple Hopfield dynamics (passive)
and the non-Markovian dynamics (persistent). Then we train
two different deep hybrid RBMs using these data, one for
the passive case and one for the persistent case. This training
allows us to infer values of λ for the two cases. Recall that
λ is a measure of how much “dreaming” has taken place.
Our simulations (Fig. 4) show that the dreaming parameter
λ inferred from the persistent dynamics indeed has a sta-
tistically significant nonzero value. The inference procedure,
when applied to the passive data, leads to values of λ2 closer
to zero (with some statistical uncertainty). Further, the TRBM

learned for passive simulations is very close to the actual
temperature T at which the data were generated, whereas for
the persistent case, TRBM < T . Since the reconstruction error
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FIG. 3. Schematic for the procedure of using RBMs in testing
our results. First, we generate a set of configurations at a prescribed
temperature using a specific choice of dynamics. We denote this
temperature Ta or Tp, where the subscript denotes either persistent
or passive dynamics, respectively. Using these configurations, we
infer the trainable parameters for the system, RBM weights (W new),
T , and λ. As described in Appendix F 3, we fix the weights of the
RBM to the patterns and just learn the dreaming parameter, λ, and
the (effective) temperature of the simulations.

is low (see Fig. 13 of Appendix G), the Hamiltonian generated
by Hebbian unlearning (10) appears to be a good ansatz for the
effective Hamiltonian arising from activity. The details of the
inference procedure, along with additional numerical checks,
are provided in the appendix. In Appendix G 3, we discuss
how the notional temperature can be lower for persistent sim-
ulations.

We also infer λ for various combinations of α, T , and a. For
the set of inferences in this section, we use mode (3) of Ap-
pendix F 2, i.e., we fix the weights of the RBM to the patterns,
W μ

i = ξ
μ
i , and infer TRBM and λ values. To ease readability,

only the inferred λ values have been plotted. In Fig. 5, the data
were generated using α = 0.06, 0.08, 0.1, T = 0.4, 0.6, 0.8,
and a = 0.0, 0.2, 0.4, 0.6 using all combinations. The general
trends indicate that λ is not sensitive to the temperature T of
data generation but increases (decreases) with an increase in
a(α). The mild dependence on T is expected because T , in the
discrete formalism [as given in (15)], is like a simple noise
source and should not couple well with the nonequilibrium
activity parameter a. Since a is the parameter for the extent
of deviation from equilibrium, the increase of λ with a is ex-
pected, although one could expect a nonmonotonic behavior.
The reason why λ decreases with the pattern loading, α, is
unclear, and understanding it is one of our future directions.

V. DYNAMICAL MODULATION OF MEMORY
STATES IN NEURONS: A MINIMAL MODEL

We have specialized most of our results to the case where
persistence is introduced in the noise degree of freedom. It
is not clear if such tuning can be biologically plausible. In-
deed, it is not immediately obvious how a biological system
might modulate its noise sources in a manner that allows it
to introduce and control an element of persistence. In this
section, we explore a mechanism by which elements like per-
sistence can be introduced into a minimal model of neuronal
dynamics. For this purpose, we use an integrate-and-fire spik-

ing neuron model where, instead of treating the temporally
coarse-grained spiking rate as a discrete or continuous spin,
we explicitly consider the spike train, and the persistence in
dynamics is a consequence of different methods of integrating
the spikes. While this mechanism deviates in details from
the simplified constructs of the last two sections, we find
that the qualitative trends of the previous sections hold. In
effect, modulating persistence in a biologically plausible way
(in our minimal model) impacts the memory capacity of the
system in a manner similar to unlearning. We anticipate that
these findings will help enable applications of our work for
biological and neuromorphic systems (Fig. 6).

The model for spiking neurons, adapted from Ref. [33],
consists of integrate-and-fire neurons that integrate the spiking
of neurons in their vicinity and then fire an action potential.
The rate of firing of such a neuron, Ri(t ), contains information
about the state of the entire system and is a Poisson-like
process which can be mathematically expressed as,

ri(t ) = rmg

⎛
⎝∑

j

Ji j f ◦ Rj (t ) − θi

⎞
⎠, (20)

where Ri(t ) = ri(t ) + ηi(t ) is the firing rate and ri(t ) is the
mean firing rate of neuron i. Here ηi are the fluctuations in
that rate with 〈ηi(t )〉 = 0 and 〈ηi(t )η j (t ′)〉 = δi jδ(t − t ′)ri(t )
(see Appendix A for details). The function g is an activation
function that modulates the all-or-nothing-like firing behavior
of neurons. Here, it is chosen to be g(x) = 1/(1 + e−x ). The
parameter rm sets the maximum firing rate for neurons, θi

is the threshold for neuron i, and Ji j denotes the connection
strength between neurons i and j. The function f represents
the postsynaptic response function in real neurons and is used
as the convolution window by the postsynaptic neuron to
integrate the spiking of neurons in its vicinity. The opera-
tion f ◦ R denotes a convolution, i.e., ( f ◦ R)(t ) = ∫

f (t −
t ′)R(t ′)�(t − t ′)dt ′ where �(t − t ′) denotes the Heaviside
function and is required to ensure causality. This model [33]
features stable states and therefore serves as a bridge be-
tween Hopfield models and the broad class of spiking neuron
models; we refer the reader to Ref. [34] for models related
to Ref. [33] and further discussion about spiking neuron
models.

The function f can generically be expected to have a rise
and a fall timescale, f = exp(−t/τ1) − exp(−t/τ2). In par-
ticular, the rise time plays the role of persistence, where past
spikes (from times ∼ τ2 ago) have greater influence on the
dynamics, while more recent spikes have less [Fig. 6(a)].

As outlined in Appendix A, by leveraging the form of f in
(20), the equations for the firing rates take the form of (for a
two-neuron system)

τ1τ2 ˙p(t ) + τ1 p(t ) + τ2 p(t ) + x(t ) = rmJ
(
y(t ) − 1

2

) + N (t ),
(21)

where yi(t ) = ri(t )/rm and, xi(t ) ≡ g−1(yi(t )) and
pi(t ) ≡ dxi(t )/dt , y(t ) ≡ 1

2 [y1(t ) + y2(t )], x(t ) ≡ 1
2 [x1(t ) +

x2(t )], p(t ) ≡ 1
2 [p1(t ) + p2(t )]. Here, the subindices 1

and 2 refer to the two neurons. For large firing rates,
we can approximate N (t ) to be a Gaussian process,
〈N (t )〉 = 0, 〈N (t )N (t ′)〉 = δ(t − t ′)y(t ) [33]. When f lacks
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FIG. 4. Inferring TRBM and λ from data. Panel (a) shows the ansatz for the sampling in the presence of persistent noise and how the
couplings get modified along with the effective temperature. λ = 0 for the passive case, where the connectivity becomes the simple Hebbian
connectivity. λ > 0 implies dreaming has taken place. In panels (b) and (c), we fix the patterns and let the system learn a λ and the temperature
for the RBM, TRBM. The persistent case learns a λ which is higher than the passive case (which is close to the ground truth of zero). This
implies that the sampling due to activity is similar to dreaming. The performance of the RBM is captured with two metrics, the reconstruction
loss and the pseudo log-likelihood loss. The corresponding plots are provided in Appendix G 4.

a rise-time scale, i.e., τ2 = 0, (21) reduces to

τ1 p(t ) = −x(t ) + rmJ
(
y(t ) − 1

2

) + N (t ). (22)

Equation (22) has features similar to an overdamped system,
whereas (21) has features similar to those found in under-
damped systems. Specifically, it is the persistent dynamics
due to the rise time, τ2 that gives rise to the inertial [first
term on the left-hand side (LHS) of (21)] and dissipative
[third term on the LHS of (21)] contributions. This analogy
is discussed in more detail in Appendix B. This persistence
in integration of action potentials arriving at a specific neuron
from its environment can lead to a change in the distribution
of the firing rates. This is depicted in Fig. 6(b). Here, the
order parameter of the system is y, the scaled average of the
firing rates of the two neurons. Specifically, persistence with
τ2 > 0, leads to a sharpened distribution of y at its peaks
[minima of − log (Pss(y))]. Such a change in the distribution
of firing rates reflects the improved retrieval of information
stored in the connectivity between neurons (as in the Hopfield
model), as depicted in Fig. 6(b). The sharpening of minima
with changing τ2 is depicted in Figs. 7(a) and 7(b), where,
upon increasing τ2, the curvature k1 and k2 of the observed
firing rates around the minima increase.

FIG. 5. Inferred λ values for various combinations of α, T , and
a. Increasing T , the temperature for data generation does not seem
to affect the λ significantly. Increasing the nonequilibrium driving by
increasing a generally seems to increase λ, whereas increasing the
pattern loading α seems to decrease λ.

When τ2 = 0, τ1 → 0, and the activation function g is lin-
ear, the memory recall properties of the spiking neuron model
resemble those of a standard Hopfield model. In the following,
we analytically investigate how Hebbian unlearning changes
the nature of the pattern retrieval landscape. Our calculations
show that the change is qualitatively similar to the above-
described change in the curvature, observed numerically, as
τ2 is modulated. We make this comparison by computing the
analog of k1 and k2, namely, the curvature of the free energy
around the stored patterns.

Recall that the parameter λ in Eq. (10) controls the extent
of unlearning. Adapting the calculation in Ref. [23], we show
in the replica symmetric case that the curvature H of the free
energy around the stable patterns is given by

H ≡
(

1 + λ

�

)
− β

�2
1 − tanh2

[
β

�
(aξ + √

αRz)

]
, (23)

where β, R, a, ξ ,� are the various order parameters of the
system and A denotes averaging of A with respect to z
weighted by exp(−z2/2) (see Appendix H). Increasing the
amount of unlearning, as characterized by λ, increases the
curvature of the free energy around the encoded patterns.
Figure 7(c) describes this dependence. Adding persistence to
the system through τ2 has a similar effect on the collective
variable of the system, the firing rate y. As shown in Fig. 7(b),
as τ2 increases, the curvature of the two minima given by the
harmonic approximation k1 and k2 also increase.

We end by acknowledging the differences in the details by
which persistence is introduced in this section (in comparison
with the previous sections). Nevertheless, the effective equa-
tions (21) bear some qualitative similarities to those found in
systems with persistent dynamics [24]. In both cases, modify-
ing the overall structure—whether through integration kernels
or persistent noise—introduces inertia-like terms that alter the
system’s dynamics and lead to improved memory capacity.

VI. DISCUSSION

The information storage and processing ability of neurons
is constantly modified by their inherent synaptic plasticity.
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(a) (b)

FIG. 6. (a) Temporal dynamics and memory in spiking neurons. The presynaptic signal is integrated at the synapse and helps in the firing of
the postsynaptic neuron. The firing rates of the neurons is controlled in important values by the postsynaptic response function f (t ). The blue
line denotes the case with just a single postsynaptic decay time constant, τ1 �= 0 (τ2 = 0) (depicted by the blue integrator) whereas the orange
line has two time constants, one for the rising phase and one for decay of the postsynaptic potential, τ1 �= 0, τ2 �= 0 (depicted by the orange
integrator). In the equation for firing rate, g(x) denotes an activation function to mimic the all-or-nothing response of neurons. (b) Introducing
a new time constant for integration of the potential leads to a change in the dynamics of firing rates. The resultant steady states can have
improved associative memory properties even though the synaptic connections Ji j remain unchanged. The distribution of the mean firing rates,
in the energy-like form − log [P[g(x)]], is plotted for the cases of one (blue) and two (orange) time constants. The “Chicago skyline” image is
a schematic for denoting a sharper image for a deeper energy basin and a fuzzier image for a shallower energy basin.

The interplay between synaptic dynamics and the memory
storage and retrieval properties of neurons has been broadly
studied in many seminal works [18]. Our work here suggests
how phenomenology resembling synaptic plasticity can be
achieved by simply introducing persistence in the dynamics
of the neuron-like degrees of freedom.

The main analytical and numerical work presented in this
paper considers a model system in which persistence is intro-
duced in the dynamics of the neuronal degrees of freedom.
This persistence is introduced as a correlation time in the
noise driving the neuronal degrees of freedom. In previous
work [14], we demonstrated how such persistent or active de-
grees of freedom can potentially lead to better memory recall

properties. In this work, we demonstrated that such persistent
degrees of freedom create an information-storage landscape
resembling one created by an unsupervised learning strategy
commonly referred to as Hebbian unlearning or dreaming
[35].

In the simple model in Fig. 6, persistence is modu-
lated mainly by the dynamics of the postsynaptic response
function f . This function mimics the receptor opening and
closing probability at the postsynaptic membrane and can be
influenced by a variety of factors, firing rate being one of them
(Appendix C). We demonstrate that this mode of introducing
persistence exhibits qualitative similarities with the modes
discussed previously. Other modes for introducing persistence

(a) (b) (c)

FIG. 7. (a) Distribution of the scaled firing rates for a two-neuron system for τ2 = 0. The scattered points are generated numerically and
then fitted to a function, which is depicted by the solid blue curve. From the fitted curve, we calculate the curvature near the minima as a
harmonic approximation. This provides us with two distinct values of spring constants, k1 and k2. (b) k1 and k2 is plotted as a function of τ2

and observe that it is an increasing function with respect to τ2. (c) H plotted as a function of the dreaming parameter λ. This shows how the
curvature of the free-energy function f varies as a function of λ at the saddle points and the behavior is similar to that observed with firing
rates.
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include the coupling between neuronal and transcriptional
dynamics, the spatial summation of postsynaptic potentials
due to multiple neurons, the topology of the connections, etc.
[36]. These might also lead to an improvement in the memory
recall properties.

Finally, we anticipate that our findings may be applicable
in other contexts, such as protein and chromatin folding prob-
lems, which can be posed as associative memory problems
[37,38]. Due to the frustration implicit in these systems, the
task of finding the desired ground structural state is highly
nontrivial. Our work suggests how persistence in the relax-
ation process may help sculpt the energy landscape and aid
in the process of finding the desired or programmed state.
In protein folding, the persistence could arise, for example,
due to the action of molecular chaperons that are known to
consume ATP, and this may help sculpt the landscape and
aid in the process of finding the desired or programed state
[39,40]. Together, our work simply provides a framework
for understanding how nonequilibrium relaxational dynamics
with multiple timescales—these occur routinely in biology—
can be used to improve the effectiveness of memory recall.
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APPENDIX A: INTEGRATE-AND-FIRE MODEL

Let us first define the integrators for the case with a single
exponential fall phase ( f (1)) and the one with a rise and fall
phase ( f (2)), and the corresponding operators for those inte-
grators (O(1) and O(2)):

f (1)(t ) = 1

τ1
exp

(
− t

τ1

)
, (A1)

f (2)(t ) = 1

τ1 − τ2

[
exp

(
− t

τ1

)
− exp

(
− t

τ2

)]
, (A2)

O(1) =
(

d

dt
+ 1

τ1

)
, (A3)

O(2) =
(

d

dt
+ 1

τ1

)(
d

dt
+ 1

τ2

)
. (A4)

From (20), we can derive the equation of motion for the
rate of firing of the neurons. We write down the equations of

motion for both the single exponential and the rise and fall
integrator:

xi + θi =
∑

j

Ji j f (1,2) ◦ (rmy j + η j ), (A5)

yi = ri

rm
, xi = g−1(yi ), pi = ẋi = dxi

dt
, (A6)

O(1)(xi + θi ) = O(1)
∑

j

Ji j f (1) ◦ (rmy j + η j ), (A7)

τ1ẋi = −xi − θi + rm

∑
j

Ji j

(
y j − 1

2

)
+ Ni, (A8)

O(2)(xi + θi ) = O(2)
∑

j

Ji j f (2) ◦ (rmy j + η j ), (A9)

τ1τ2 ṗi + (τ1 + τ2)pi + xi + θi = rm

∑
j

Ji jy j + Ni, (A10)

Ni(t ) =
∑

j

Ji jη j . (A11)

It is important to note that Ni(t ) is a state-dependent noise
function. We can choose the value of the threshold θi such
that (A10) reduces to

τ1τ2 ṗi + (τ1 + τ2)pi + xi = rm

∑
j

Ji j

(
y j − 1

2

)
+ Ni.

(A12)

APPENDIX B: CONNECTION TO ACTIVE MATTER
DYNAMICS

The equation of motion for particles undergoing dynamics
in the presence of active (persistent) noise is

ẋi = − ∇iφ + ηi, (B1)

τ η̇i = − ηi + ξi, (B2)

〈ξi(t )〉 = 0, 〈ξi(t )ξ j (t
′)〉 = 2T δi jδ(t − t ′), (B3)

where φ is the potential energy, τ is the timescale of active
fluctuations η, and ξ is standard white noise. This leads to the
noise η having correlations of the form

〈ηi(t )〉 = 0, 〈ηi(t )η j (t )〉 = T

τ
exp

(
−|t − t ′|

τ

)
. (B4)

Denoting ẋ = p, we can rewrite this set of equations as [24]

τ ṗi = −pi − (1 + τ pk · ∇k )∇iφ + ηi. (B5)

We will now try to connect (B5) to (A12). The connection
between the two equations is the introduction of the rise-time
scale τ2 in (A12). Specifically, when analyzed around one of
the stable firing rates, Eq. (A12) has an extra frictional compo-
nent τ2 pi(t ) similar to that encountered for a particle trapped
in a harmonic well and driven by noise with a persistent degree
of freedom [Fig. 6(b)]. Note that this analysis and analogy
is limited to cases where y(t ) is fluctuating around one of
its metastable points. In general, the noise function N (t ) is
state-dependent, and an exact analogy is no longer possible.

The main models used in this work share some of the broad
qualitative features of Eq. (A12) and active matter models
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[(B5)]. The dynamics of the discrete Hopfield-like model in
Sec. IV takes into account spin flips in the immediate history,
qualitatively bringing in a new timescale into the picture. In
order to have a more concrete connection to active matter,
we need to have a coupling term like pk · ∇k∇iφ as in (B5).
This is possible in (A12) if τ1 and τ2 are functions of the rate
of spiking, y. In the next appendix, we discuss how this is
achieved in a biological setting.

APPENDIX C: RECEPTOR DYNAMICS AT THE POST
SYNAPTIC MEMBRANE AND A TIMEESSCALE

DEPENDENT ON RATE OF FIRING

Synaptic transmission occurs when a spike arrives at the
presynaptic terminal and leads to the release of neurotrans-
mitters inside the synaptic cleft (the region between the two
neurons at the synapse). These neurotransmitters are then
absorbed by the postsynaptic neuron through various channel
proteins [41]. The synaptic conductance of the current is thus
proportional to the product of two terms, P = PrelPs, where
Prel is the release probability of neurotransmitters given an
action potential arrives at the terminal and Ps is the probability
that the postsynaptic channel opens given neurotransmitters
were released at the cleft. We assume a constant Prel and focus
mainly on Ps in what follows. Ps can be modeled as a directly
activated receptor channel where the transmitter binds directly
with the channel to open it and then unbinds after a certain
amount of time to close it [41]. The following equation can be
used to describe Ps,

dPs(t )

dt
= αs(r, t )[1 − Ps(t )] − βsPs(t ). (C1)

Here, βs is the closing rate of the channel and is usually
assumed to be a constant. The opening rate αs(r, t ) depends
on the concentration of the transmitters, which changes with
the spiking rate r and time t .

Under certain conditions, we can express Ps in terms of
the convolution kernel for integration, f (t ) in Appendix A. To
see this, consider (C1) with αs(t ) = P0

∑
j δ(t − t j ), where t j

is the time of spike j, and βs is constant. In this limit, after
every spike, we can write, Ps → Ps + P0, and between spikes,
Ps(t ) = Ps(0)e−βt . Thus, under the assumption that P0 
 1,
the functional form of Ps after multiple spikes is given as,
Ps(t ) = P0

∑
j e−β(t−t j ). This functional form is nothing but

the convolution of the spike train with the kernel, f = e−t/τ

with β = 1/τ .
In Appendix C 1 we describe “Model 1,” where we simi-

larly show, for an appropriate choice of αs(r, t ), that Ps can be
approximated by the convolution of the spike train R(t ) with
the kernel, f = e−t/τ1 − e−t/τ2 . In Appendix C 2, we discuss
a different model, “Model 2,” having a different functional
form for αs(r, t ). For both models, we calculate the steady-
state probabilities, P(ss)

s , and equate them. By doing so, we
find an effective description of Model 2 in terms of Model
1 parameters. Then we can use Model 1 with these effective
parameters and connect it to the convolution kernel, f =
K (e−t/τ1 − e−t/τ2 ). For further simplification, we also assume
that the spikes are uniformly distributed in time, i.e., t j = j/r
for firing rate r.

FIG. 8. Schematic for αs(t ) profiles for Model 1 and Model 2.
The dashed lines in panel (b) denote the course of αs(t ) due to the
first and second spikes.

1. Model 1

In Model 1, after every presynaptic spike, the postsynaptic
receptors display a very fast Markovian behavior of switching
between “open” and “closed” states. This can be expressed as
an instantaneous rise in αs(t ) to its maximum value, αm. αs(t )
remains constant at that value for a specific duration, T1 before
instantaneously dropping to zero [41]. Thus αs(t ) is a rectan-
gular pulse function. Mathematically, it can be expressed as

αs(t ) = T

⎛
⎝αm

∑
f

[θ (t − t f ) − θ (t − t f − T1)], αm

⎞
⎠,

(C2)

where θ is the Heaviside function, t f are the spiking times
and T (a, b) is the threshold function which ensures that the
function does not exceed b. A schematic of this form of αs(t )
is plotted in Fig. 8(a). This generates a Ps profile for Model 1
for which an excellent approximation is f ◦ R with the convo-
lution kernel, f = K (e−t/τ1 − e−t/τ2 ), when a single spike is
fired. The corresponding τ1 and τ2 are given by τ1 = 1/β and
τ2 ∼ 1/(αm + β ). The exact functional form of τ2 is pretty
complicated, but it roughly goes as the inverse of the rate of
rise of Ps, i.e., αm.

Using (C2), we can calculate the steady-state value of Ps.
Let us say Ps was P(ss)

s just before the arrival of a presynaptic
spike. After the spike arrives, it rises to a value Pmax

s in time
T1 and then decays for a time 1/r − T1 (uniform spiking with
rate r leads to interspike intervals of length 1/r) before the
arrival of a new spike. For this model, T1 
 1/r. This limit is
to ensure that αs(t ) decays to zero between two consecutive
spikes. We want the rise in Ps and its decay to compensate for
one another:

dPs

dt
=αm(1 − Ps) − βs for 0 < t < T1, (C3)

Ps(t = T ) = P(ss)
s e−(αm+β )T1 + αm

αm + β

[
1 − e−(αm+β )T1

]
,

(C4)

dPs

dt
= − βPs for T1 < t <

1

r
, (C5)

Ps

(
t = 1

r

)
=Ps(t = T )e−β( 1

r −T1 ) = P(ss)
s (C6)

⇒ P(ss,1)
s = αm

αm + β

eβT1 − e−αmT1

eβ/r − e−αT1
. (C7)
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2. Model 2

Now we discuss Model 2. In this model, the postsynaptic
receptors exhibit cooperative behavior with every presynap-
tic spike, facilitating the opening of additional receptors in
the postsynaptic membrane. Every presynaptic spike opens
a fraction α0 of postsynaptic receptors and the timescale of
this cooperative process is T2. In Model 2, T2 > 1/r. This
limit is to ensure that cooperativity persists for longer than
the interspike interval. Mathematically, the αs function and its
steady-state value of αs can be expressed as

αs(r, t ) = α0

n∑
f =1

[θ (t − t f ) − θ (t − t f − T2)], (C8)

α(ss)
s = α0rT2. (C9)

A schematic of αs(t ) for Model 2 is plotted in Fig. 8(b). With
this form of αs, the final steady-state probability P(ss),2

s is
given by

P(ss,2)
s = α0rT2

α0rT2 + β
. (C10)

3. Equating the steady-state probabilities

Now we equate the steady-state probabilities P(ss)
s from

both the models in (C7) and (C10). We do it since we
want a description of Model 2 in terms of the parameters of
Model 1, i.e., we want an “effective” αm and β for Model
2. The procedure to extract these effective parameters is as
follows:

αm

αm + β

eβT1 − e−αmT1

eβ/r − e−αT1
= α0rT2

α0rT2 + β
. (C11)

We assume that the rate of decay, β is the same in both models
and we also fix the duration, T1 and T2. Then we solve for αm in
(C11). This is a transcendental equation, and we use numerical
tools to compute αm. Now we use these effective parameters
to obtain τ1 and τ2 for the convolution kernel f . We can do
so because Model 1 is equivalent to f for a single spike. After
solving for αm, we use this value of αm, β, r and T1 to construct
a new Ps(t ) profile for a single spike. Now, we fit this profile to
the function f (t ) = B[exp(−t/τ1) − exp(−t/τ2)] and extract
τ1 and τ2. We repeat this procedure, keeping the variables
β, T1, T2, and α0 fixed and varying only the rate of firing r.
Figure 9 shows how τ2 varies as a function of the firing rate
r in this equivalent description. This τ2(y) can be replaced in
(A12), and that leads to

τ1τ2(y) ṗi + [τ1 + τ2(y)]pi + xi = rm

∑
j

Ji j

(
y j − 1

2

)
+ Ni.

(C12)

The τ2(y)pi term in (C12) gives us an active matter-like flavor
where the “position” degrees of freedom (yi) are now coupled
to the “momentum” degrees of freedom (pi), which in turn
can give rise to novel phenomena.

APPENDIX D: DREAMING

We first show that the Hebbian unlearning rule (8) can be
written as the local learning rule of (9). We then show that this

FIG. 9. τ2 increases as the rate of firing increases. With the in-
crease in the rate of firing the steady-state probability, P(ss)

s increases.
In order to have a late onset of decay, the rise-time, τ2, has to increase.
The parameters used for this simulation: α0 = 2, T2 = 0.1, T1 = 5 ×
10−4, β = 10.

local rule can lead to the nonlocal pseudoinverse rule of (10)
when repeated over and over again. These results were shown
previously in Refs. [23,42].

The evolution of the connectivity matrix following the
procedure of (8) can be expressed mathematically as

Ji j (t + 1) = Ji j (t ) − ε〈h∗
i (t )h∗

j (t )〉. (D1)

For the Hamiltonian in (5), the process of dreaming can be
mathematically expressed as

Ji j (t + 1) = Ji j (t ) − ε
∑

pq

〈JipJjq f (σp) f (σq) f ′(σi ) f ′(σ j )〉

(D2)

= Ji j (t ) − ε
∑

pq

JipJjq〈 f (σp) f (σq) f ′(σi) f ′(σ j )〉

(D3)

= Ji j (t ) − ε
∑

pq

JipJjqδpq| f (σp)|2 f ′(σi ) f ′(σ j )

(D4)

≈ Ji j (t ) − ε
∑

p

JipJj p f ′(σi ) f ′(σ j ), (D5)

which is equivalent to (9). Here we have used the fact that σp

and σq are drawn independently from the uniform distribution
U [−b, b] where b � f −1(1). f is odd, i.e., f (σ ) = − f (−σ ).
As one samples σ across [−b, b], the number of configura-
tions near f (σ ) ≈ 1 far outnumbers the configurations away
from 1. Thus, we have also approximated | f (σ )| ≈ 1 to sim-
plify calculations. Equation (9) is a local learning rule, since
Ji j depends only on σi and σ j .
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Similarly, for the Hamiltonian from persistent dynamics,
we have

H (t + 1) = H (t ) + c|∇H (t )|2 (D6)

= −
∑

i j

Ji j (t ) f (σi ) f (σ j ) + c
∑

k

∑
i

Jki(t )

× f (σi ) f ′(σk )
∑

j

Jk j (t ) f (σ j ) f ′(σk ) (D7)

= −
∑

i j

[
Ji j (t ) − c

∑
k

Jki(t )Jk j (t )| f ′(σk )|2
]

× f (σi ) f (σ j ), (D8)

Ji j (t + 1) = Ji j (t ) − c
∑

k

JikJjk| f ′(σk )|2, (D9)

with c = τTa/Teff .
For f ′(σ ) = 1, (9) can be recast as

δJ

δt
= − εJ2, (D10)

⇒ J (d ) = J (0)

1 + εtJ (0)
, J (0)i j = 1

N

∑
μ

ξ
μ
i ξ

μ
j , (D11)

Ji j = 1

N

∑
μν

ξ
μ
i (1 + λ2C)−1

μν ξ
ν
j , (D12)

Cμν = 1

N

∑
i

ξ
μ
i ξν

i , λ2 = εd. (D13)

(D12) can be obtained from its previous step using the Wood-
bury matrix identity. The connectivity matrix of (D12) leads
to the Hamiltonian of (10). Thus the partition function with
this “dreamt” Hamiltonian is given by

Z =
∑

σ

exp

⎛
⎝ β

N

∑
μνi j

σiξ
μ
i (1 + λ2C)−1ξν

j σ j

⎞
⎠. (D14)

Equation (D12) and thus (10) correspond to a nonlocal learn-
ing rule because the (1 + λC)−1 part of Ji j depends on ξν

k
for k �= i, j, as can be seen from a Taylor expansion of
(1 + λC)−1 for small λ.

APPENDIX E: SIMULATION DETAILS FOR DREAMING

Here, we describe a simulation to indirectly verify the
equivalence of the connectivity matrices obtained, respec-
tively, by Hebbian unlearning (9) [which is the rule for a
single update, where (11) is the connectivity matrix obtained
after multiple updates] and persistent dynamics (14) when
εd = τTa/Teff. As mentioned in Sec. III, directly verifying
the equivalence of (9) and (14) would be numerically difficult
because they differ from each other by a perturbatively small
amount. In the simulation, which is described in more detail
below, we first iteratively update an initial connectivity matrix
according to a rule based on either (9) or (14). Then, we
simulate pattern retrieval with the new connectivity matrix.
We take the spins to be continuous.

For each simulation, we begin by drawing p patterns
�ξ 1, . . . , �ξ p ∈ {±1}N from the Rademacher distribution and
constructing the initial connectivity matrix Ji j according to

the Hebb rule [(2)]. Next, we iteratively update Ji j using a
dreaming procedure based on either Hebbian unlearning [(9)]
or persistent dynamics [(14)]. We carry out d dreaming up-
dates, each one described as follows:

(1) Randomly generate a spin state that is offset from a
pattern, σi = ξ

μ
i + �σi, where each pattern (index μ) is cho-

sen with equal probability, and the offsets �σi ∼ N (0, 1) are
chosen from the standard normal distribution.

(2) For Hebbian unlearning-type dreaming, update the
connectivity matrix as [(9)]

Ji j → Ji j − ε
∑

p

JipJj p f ′(σi ) f ′(σ j ). (E1)

For persistent dynamics-type dreaming, update the connectiv-
ity matrix as [(14)]

Ji j → Ji j − 1

d

τTa

Teff

∑
p

JipJj p| f ′(σp)|2. (E2)

With the new Ji j , we simulate pattern retrieval. We attempt
to retrieve the first ten patterns, �ξμ for μ = 1, . . . , 10. For the
retrieval of pattern μ, the spins are initialized near the pattern,
σi(0) = ξ

μ
i + δσi, where δσi ∼ N (0, 0.1) is a small random

offset. The spins then evolve as

∂tσi = Ji j f (σ j ), (E3)

where f is the activation function. This is inspired from
Ref. [35], Eq. (5). Unlike Eq. (5) of Ref. [35], we do not have a
−σi term in the right-hand side (RHS) of our equation of mo-
tion. This term bounds the spin values from blowing up, but
we do not need it in our case since we only consider retrieval
dynamics near the patterns, and we deal with f (σ ) which is
already bounded by [+1,−1]. After evolving the spins for
11 000 time steps of �t = 0.01, we record the overlap with
the target pattern, 1

N �σ · �ξμ.
We carry out the simulations for ten different systems,

where each system has a distinct set of patterns. The results
in Fig. 1 are an average over these ten systems.

APPENDIX F: RESTRICTED BOLTZMANN MACHINES
FOR NUMERICAL EXPERIMENTS

In this section, we look at each of the steps in detail. We
follow Ref. [32] but make changes for the three-layered RBM
architecture.

1. Data generation

First, we choose the pattern loading of the system (α). We
choose two temperatures for sampling with passive dynamics
(Tp) and with persistent dynamics (Ta). These temperatures
and α are chosen such that they are regions where the pattern
configurations are the global minima.

2. Training the RBM

The RBM architecture consists of N visible nodes corre-
sponding to the N spins of the system, M hidden nodes where
M is the number of patterns stored in the original system, and
N hidden nodes to account for the “pseudoinverse” structure
of the connectivity matrix. The RBM weights are initialized
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as

W μ
i = ξ

μ
i + z, z ∼ N (0, 1). (F1)

In this section, for convenience, we denote the temperature at
which the RBM samples as T instead of TRBM (and similarly,
β for βRBM). It should be noted that βRBM is a parameter of
the model, not the inverse temperature of the simulations. For
the passive case, we know the ground truth that βRBM is equal
to β of the simulations.

For each sample of the data, the visible nodes are set to
the sample configuration σi = σ data

i . Now given the data, we
generate a configuration for the hidden nodes (z and φ). We
can use the conditional probabilities for this purpose:

P(z, φ|σ ) = P(z, φ, σ )

P(σ )
= exp (−βH )∫

DzDφ exp (−βH )
(F2)

= exp

[
−β

2

(
φi − iλ√

N
zμW μ

i

)2
]

× exp

[
−β

2

(
zμ − W κ

i σi√
N

A−1
κμ

)

×Aμν

(
zν − W χ

j σ j√
N

A−1
χν

)]
, (F3)

Aμν = (δμν + λ2Cμν ), C = 1

N
W μ

i W ν
i . (F4)

Now, the configuration of the hidden nodes is generated as

z ∼ N
(

WσA−1

√
N

, T A−1
)

, (F5)

φ ∼ N
(

λ√
N

zW, T I
)

. (F6)

Now, we can regenerate a configuration of the visible nodes
using P(σ |z, φ),

P(σ |z, φ) = P(z, φ, σ )

P(z, φ)
= exp (−βH )∑

σ exp (−βH )
(F7)

= 1

1 + exp
(
−2β

W μ
i√
N

zμσi

) . (F8)

Thus, we regenerate the visible nodes as

σ ′
i = sgn

(
1

1 + exp
(−2β

∑
μ Wμizμ

) − r

)
, r ∼ U (0, 1).

(F9)

We again recompute the hidden nodes from these recomputed
σ ′

i as

z′ ∼ N
(

Wσ ′A−1

√
N

, T A−1
)

, (F10)

φ′ ∼ N
(

λ√
N

z′W, T I
)

. (F11)

The weight matrix and λ can now be updated using contrastive
divergence. Essentially, what the RBM is trying to do is repro-
duce the same distribution as the one provided to it from the
real-world model. If we denote the real data distribution as

Q(σ ) and the model as P(σ ; θ ) where θ are the parameters we
want to optimize.

DKL(Q||P) =
∑

σ

Q(σ ) ln
Q(σ )

P(σ )
, (F12)

DKL(Q||P)

∂θ
= −

∑
σ

Q(σ )∂θ ln P(σ ; θ ) (F13)

= −
∑

σ

Q(σ )∂θ ln
e−H̃ (σ ;θ )∑
σ ′ e−H̃ (σ ′;θ )

(F14)

= −
∑

σ

Q(σ )

[
− H̃ (σ ; θ )

∂θ

+
∑
σ ′

e−H̃ (σ ′;θ )∑
σ ′′ e−H̃ (σ ′′;θ )

∂H̃ (σ ′; θ )

∂θ

]
(F15)

=
〈
∂H̃ (σ ; θ )

∂θ

〉
data

−
〈
∂H̃ (σ ; θ )

∂θ

〉
model

. (F16)

The trainable parameters for our system are the RBM weights
W , the dreaming parameter λ and the (effective) inverse tem-

perature β; and H̃ = β[
z2
μ

2 + φ2
i

2 − zμ
ξ

μ
i√
N

(σi + iλφi)]. Using
this, we have the relaxation equations for the trainable degrees
of freedom,

∂W μ
i

∂t
= −∂DKL(Q||P)

∂W μ
i

(F17)

=
〈
∂H̃ (σ ; θ )

∂θ

〉
model

−
〈
∂H̃ (σ ; θ )

∂θ

〉
data

(F18)

= β√
N

[zμ(σi + iλφi ) − z′
μ(σ ′

i + iλφ′
i )], (F19)

∂λ

∂t
= i

β√
N

∑
μ,i

W μ
i (zμφi − z′

μφ′
i ), (F20)

∂β

∂t
= 1√

N

∑
μ,i

W μ
i [zμ(σi + iλφi) − z′

μ(σ ′
i + iλφ′

i )]

+
∑

μ

z′2
μ − z2

μ

2
+

∑
i

φ′2
i − φ2

i

2
. (F21)

At each step of the update, the columns of the W matrix are
regularized such that their norm is

√
N .

3. Different modes of training

For data generated using equilibrium dynamics, the pat-
terns ξ

μ
i , the inverse temperature β, and λ = 0 are the ground

truths of the system, whereas for the data generated using
persistent dynamics, only the patterns are the ground truths
and one needs to infer the effective temperature and λ. We
train the system using three different modes:

(1) Learn all ξ , λ, and β. If we initialize the parameters at
a small distance away from the actual parameters, the RBM
gets stuck in a set of parameters which are not the ground
truths of the system. We can characterize this well because we
know the ground truth ξ , λ and β for the passive simulations
exactly. The RBM fails to reach the target β and λ.
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FIG. 10. The inferred value of λ matches closely with the value
used for generating the data. The details are provided in Ap-
pendix G 1.

(2) Fix the β as the inverse temperature used to gener-
ate data in both persistent and passive simulations. Learn ξ

and λ. This setting is not ideal for persistent simulations be-
cause we do not know the effective temperature for persistent
simulations.

(3) Fix the weights of the RBM as the patterns ξ . Learn
the inverse temperature β and λ. This is the ideal setting for
comparing persistent and passive simulations. The patterns ξ

are the ground truths for both passive and persistent simu-
lations, so constraining the RBM weights using these is a
valid thing to do. Since the effective temperature and λ for
persistent simulations are unknown, whereas that for passive
simulations is known, this mode is ideal for comparing the
learning parameter λ.

For generating Figs. 4(b) and 4(c), we use mode (3) for
inferring the parameters. In the next section, we benchmark
our RBM inference procedures.

APPENDIX G: SIMULATION DETAILS AND CHECKS

We perform all simulations and inference with N = 50
spins. The loading capacity α is varied from 0.06 to 0.1. The
temperature for generating data is varied from T = 0.4 to
T = 0.8. The degree of activity is varied between a = 0.0 to
a = 0.8 with a = 0.0 corresponding to the passive case. The
learnable parameters are λ, TRBM, and the patterns ξ

μ
i (W μ

i ).

1. Benchmarking the model with data generated
from a pseudo-inverse Hopfield Hamiltonian

In this benchmarking procedure, TRBM is set to T since
the data are generated using passive simulations at a specific
temperature T using the pseudoinverse Hamiltonian, and we
know exactly that TRBM = T . The system infers the λ and
the patterns ξ

μ
i . To be concise, only the inferred λ is plotted.

The three plots in Fig. 10 are for data generated using three
different values of λ as it is varied between 0.2 to 0.6. This
shows that our system is capable of inferring the extent of
dreaming λ, accurately.

FIG. 11. The system learns the TRBM from data when initialized
at 0.4T , 0.8T , and 1.2T . Also, the λ learned is very close to zero,
as it should be. The details about the simulations are provided in
Appendix G 2.

2. Varying initial conditions

For this set of simulations, we fix the weights of the RBM
to be equal to the patterns, W μ

i = ξ
μ
i and learn only the λ and

TRBM. The initial conditions for learning TRBM are varied from
T init

RBM = 0.4T to 1.2T . The data for plots in Fig. 11 are gener-
ated using α = 0.06, T = 0.6, a = 0, i.e., these are passive
simulations for which we know that TRBM = T and λ = 0.
This shows that our system is robust to initial conditions of
TRBM and infers it with good accuracy while inferring the
corresponding λ as well. We expect the small deviation from
actual values to vanish with increased sampling of states and
the number of training epochs.

3. Vary the TRBM and run various persistent
and passive simulations

For the set of inference in Fig. 12, we fix TRBM and learn
λ and the weights W μ

i . TRBM is set to ηT , where η varies

FIG. 12. The λ corresponding to the saturation of RCE is
nonzero for the persistent (active) case, whereas it is zero for the
passive case. The details of the simulations are provided in Ap-
pendix G 3.
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FIG. 13. Reconstruction error as a function of epochs for α =
0.06, T = 0.6 for both persistent (active) and passive cases.

from 1.6 to 0.4 in steps of 0.2 and T is the temperature at
which the data has been generated and is set to T = 0.4. Both
passive and persistent data are generated with pattern loading,
α = 0.06. For persistent data, a = 0.4. The reconstruction
error (RCE) is plotted in Figs. 12(a) and 12(b) and the cor-
responding λ values are plotted in Figs. 12(c) and 12(d). As
TRBM is decreased from 1.6T to 0.4T , the steady-state RCE
value goes down but saturates at some point, i.e., does not go
down any further. This value of TRBM is closest to the actual
temperature used to generate the data. For the passive data,
RCE saturates at TRBM = 1.0T , and the corresponding λ value
is close to zero. This is expected. For persistent simulations,
RCE saturates at TRBM = 0.8T indicating that 0.8T is closest
to the notional temperature for the persistent case, and the
corresponding λ is nonzero. Since there does not exist a notion
of temperature for persistent simulations, this is a good way
to understand that when we try to approximate the distribution
generated by persistent simulations with our ansatz, the effec-
tive temperature is different from the temperature parameter
used to carry out the simulations. Thus, in order to compare
the passive and persistent data on an equal footing, we must
learn TRBM along with other parameters. Fixing TRBM might
lead to incorrect inference in the persistent case.

4. Reconstruction error and pseudolog-likelihood loss (PLL)
for Fig. 4 of main text

The following two Figs. 13 and 14 correspond to the gener-
ative performance of the inference procedure we employed for
Fig. 4. Lower reconstruction error means better performance.

FIG. 14. Pseudolog-likelihood loss as a function of epochs for
α = 0.06, T = 0.6 for both persistent (active) and passive cases.

The other measure we use is the pseudolog-
likelihood function. A likelihood function provides a
quantitative measure of how well a statistical model explains
the given observations. In our case, the observations are
the configurations generated using either passive or active
dynamics and the model parameters correspond to the weights
and temperature, and unlearning rate of the RBM used to
model it. Computing the likelihood for the RBM model
using the dataset is tough because computing the partition
function is computationally intractable. Thus, we resort to
a different measure that is computationally tractable, the
pseudolog-likelihood. The pseudolog-likelihood increases
with training and then saturates for both persistent and
passive cases. For a set of random variables, �σ = {σi}, the
pseudolog-likelihood of �σ is defined as log L(�θ ) where
L(�θ ) = P�θ (σi = ki|σ j = k j ∀ j �= i) and �θ are the parameters
of the model that best describes the data which we are trying
to estimate. In the case of the RBM, the pseudolog-likelihood
loss (PLL) computes the sum of the log of conditional
probabilities of a spin given all the other spins in the
configuration for the given model. It is given as

PLL(�σ ) =
N∑

i=1

log P(σi | �σ\i ) (G1)

=
N∑

i=1

log

(
e−βE0

e−βE0 + e−βEi

)
(G2)

= −
N∑

i=1

log
(
1 + e−β(Ei−E0 )

)
. (G3)

Here, �σ\i denotes all the spins except spin i, E0 is the energy of
the original configuration, Ei is the energy of the configuration
with spin i flipped, and β is the inverse temperature. The
Boltzmann form for the probabilities has been used for this
computation. Intuitively, the PLL measures how likely the
model is to produce a configuration from the dataset if all but
one of the spins are held fixed. The PLL can approach zero
but never exceed it. The PLL should converge by the end of
training.

We train until the PLL saturates and continue training till
the other learnable parameters, namely, the weights λ of the
network and the temperature T , also converge.

APPENDIX H: FREE ENERGY FOR THE
PSEUDOINVERSE HAMILTONIAN

AND HESSIAN CALCULATION

The pseudoinverse Hamiltonian and the overlap parame-
ter m are given as

H = 1

N

∑
i jμν

σiξ
μ
i (1 + λC)−1

μν ξ
ν
j σ j, (H1)

Cμν = 1

N

∑
i

ξ
μ
i ξν

i , (H2)

m = 1

N

∑
i

ξ 1
i 〈σi〉. (H3)
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From Ref. [23], the free energy for this system in the replica
symmetric case is given as f (a, Q0, Q, R,�),

f (a, Q0, Q, R,�)

= 1

2

(
1 + λ

�

)
a2 + α

2β

(
log [1 − β(Q0 − Q)]

− βQ

1 − β(Q0 − Q)

)
+ 1

2
αβR(Q0 − Q)

+ � − 1

2λ
Q0 + λαR

2�
+ 1 − �

2λ�
+ log �

2β

− 1

β
log cosh

[(
β

�

)
(aξ + √

αR z)

]
, (H4)

where a, Q0, Q, R,� are the various order parameters of
the system and A denotes averaging of A with respect to z
weighted by exp(−z2/2). λ denotes the degree of unlearning
and is the proxy for τ2 in the case of spiking neurons.
The order parameter of interest for us here is a, which
denotes the retrieval of the various patterns stored in the
system and is given as a = 1

N

∑
ν,i(1 + λC)−1

1,νξ
ν
i 〈σi〉 =

(1 + λ)−1m (when in retrieval state). We solve for the saddle-
point equations of (H4) to find the saddle points. To study
the curvature of the function at the various saddle points with
repsect to a, we compute the Hessian of f (a, Q0, Q, R,�).
∂2 f /∂a2 tells us about the dependence of f on a at the saddle
points.
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