
PRX LIFE 4, 043012 (2026)

Mechanics of Axis Formation in Hydra
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The emergence of a body axis is a fundamental step in the development of multicellular organisms. In simple
systems such as Hydra, growing evidence suggests that mechanical forces generated by collective cellular
activity play a central role in this process. Here, we explore a physical mechanism for axis formation based
on the coupling between active stresses and tissue elasticity. We develop an active spherical shell model in
which the activity of muscle fibers is described by active nematodynamics, while the elastic response of the
tissue is captured by linear elasticity. We analyze the elastic deformations induced by activity-generated stresses
and show that, owing to the spherical topology of the tissue, forces globally condense toward configurations in
which both elastic strain and nematic defects localize at opposite poles. These mechanically selected states define
either an apolar or a polar head-foot body axis. To characterize the condensed regime, we introduce a compact
parametrization of the active force and flux distributions, enabling analytical predictions and direct comparison
with experiments. Using this framework, we calculate experimentally relevant observables, including areal strain,
lateral pressure, and normal displacements during muscular contraction, as well as the detailed structure of
topological defect complexes in the head and foot regions. Together, our results identify a mechanical route by
which active tissues can spontaneously break symmetry at the organismal scale, suggesting a general physical
principle underlying body-axis specification during morphogenesis.
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I. INTRODUCTION

While controlled by a myriad of biochemical pathways
and regulatory networks, the organization of tissues across
the various stages of embryonic development is ultimately
achieved via the concerted action of a limited number of me-
chanical processes, whereby internally generated stresses and
bending moments cooperate toward implementing the mor-
phogenetic program. Although a complete disentanglement
of biological and physical mechanisms may lie outside of
the realm of possibilities, various experimental studies have
recently contributed by highlighting their respective roles,
signatures and limitations in model multicellular organisms.
The morphogenesis of Hydra, in particular, has in recent years
provided a cornucopia of biophysical behaviors where single
morphogenetic pathways can be directly correlated with piv-
otal concepts of active living matter, including liquid crystal
order and topological defects [1–3].

Hydra is a genus of small, freshwater cnidarians known
for their simple tubular body structure and remarkable re-
generative capabilities which allow an excised piece of tissue
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to regenerate into an entire functional organism. During this
process, the excised tissue grows and encloses upon itself to
form a spheroidal cell sheet (see Fig. 1). While the initial
stage of this process involves a repositioning of the epithelial
cells across the ectoderm and the endoderm, cell intercala-
tion becomes negligible already after a few hours and the
reorganization of the tissue concerns primarily the orientation
of the intracellular muscle fibers (actin myofilaments) that
compromise the contractile structure of the epitheliomuscular
cells. In adult Hydra, these fibers are typically arranged in a
well-ordered nematic phase, with a +1 disclination serving as
the organizer of the muscles activating a specimen’s mouth, a
pair of +1/2 disclinations in proximity of the foot and a triplet
consisting of one +1 and two −1/2 disclinations dressing
each of the tentacles [1] (six on average, see Ref. [4]). Earlier
in the process, however, muscle fibers are only loosely aligned
and the resulting nematic texture is populated by a higher
density of spurious ±1/2 disclinations and subject to periodic
swelling and deswelling cycles [5,6]. Originating from the
osmotic influx of water within the tissue [7], these oscillations
drive a steady inflation of a regenerating spheroid followed
by a rupture, which allows the internal fluid to be rapidly
expelled [8]. Global coherence of nematic order is achieved
in approximatively 20 h, resulting in a solid tissue with fibers
oriented parallel along the head-foot axis (see Fig. 1).

The reorganization of muscle fibers—of which the coars-
ening of ±1/2 defects is the most distinct biophysical
signature—occurs in concomitance with the localization
of Wnt, i.e., a family of secreted signaling proteins that
guide tissue patterning by regulating cell fate, polarity and
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FIG. 1. (a) Schematic illustration of developing Hydra specimen.
The black and gray stripes denote the muscle fibers of the ecto-
derm. (b), (c) Configuration of the muscle fibers of the ectoderm
24h after excision (adapted with permission from Ref. [3]). The red
and blue frames highlight the future location of the head (North
Pole) and foot (South Pole), respectively. Already at this stage of
the regeneration process, the two configurations appear topologically
distinct, with the ectodermal (endodermal) fibers at the North Pole
organized around an aster (a vortex) and those at the South Pole
split in two +1/2 disclinations. (d), (e) Reconstruction of the flux
density of the forces actively generated by the muscle fibers in
the surrounding of a +1 (d) and a pair of −1/2 disclinations (e).
In the former configuration all contractile active forces condensed
at the two poles and the flux density becomes singular. (f), (g) The
cell areal strain—i.e., (A − 〈A〉)/〈A〉 with A the cell area—versus
the distance from either the North (red) or South (blue) poles. (e)
Experimental data during stretching events (adapted with permission
from Ref. [3]) and (f) theoretical predictions. In proximity of the
poles, muscular activity causes an areal strain of approximatively
50% at the North and 25% at the South pole.

proliferation. Specifically, the +1 defect marking the future
location of the mouth originates from the merging of two
+1/2 disclinations in the head region, where Wnt genes are
activated in adult specimens [9,10]. The head-foot axis is fur-
ther marked by a gradient in the lateral pressure experienced
by the cells, which is maximal at the head and monotonically
decreases while approaching the foot [3]. How these mechan-
ical and biochemical aspects of the morphogenesis of Hydra
are causally related and how they concur to the formation
of the body axis is, however, presently unknown, despite the
large body of experimental data. For instance, both lateral and
axial compression have been shown to alter the defect struc-
ture, possibly leading to the formation of bicephalous [11] or
even toroidal [12] (thus acephalous) specimens. The latter,
in particular, demonstrates that complete regeneration does
not occur in the absence of actin defects, highlighting the
crucial role that defects play in establishing the head. How-
ever, Ferenc and coworkers demonstrated that Wnt signaling
is sensitive to mechanical stimuli, while reducing the amount
of stretching by maintaining the osmotic environment under
isotonic conditions leads to a gradual decline in spheroid re-
generative capacity [13]. Similarly, Bailles et al. [14] recently
showed that anisotropic stretching promotes actin-meshwork
alignment regardless of the presence of Wnt and indepen-
dent of tissue geometry and topology, thus demonstrating that
strains can induce ordering.

How this mechanism occurs in practice, however, remains
elusive in spite of the theoretical effort toward deciphering the
nature of the interplay between biochemical and mechanical
activity. A possible pathway, proposed by Wang et al. [15]
(also see Ref. [16]), relies on a morphogen field inhomoge-
neously distributed across the regenerating tissue. In analogy
with how nematic liquid crystals reorient under an external
electric or magnetic field [17], spatial variations of the mor-
phogen field could affect the local orientation of the fibers,
thereby serving as a blueprint of the muscular system. This
mechanism, however, requires the morphogen to be delocal-
ized over the entire body, rather than localized at the head,
and prepatterned with a gradient in the head-foot direction.
To overcome these limitations, Maroudas-Sacks et al. pro-
posed that morphogen expression could be itself regulated
based on the local strain, so that a larger strain could favor a
higher concentration of the morphogen field, thus promoting
a more efficient alignment of the muscular fibers in the di-
rection of the concentration gradient [3]. While the observed
interplay between Wnt expression and stretching supports this
hypothesis [3,13,18,19], a number of questions remain instead
unanswered. How can a morphogen field permeate the entire
tissue while Wnt can only be detected in the head region?
What is the specific regulatory pathway relating the expres-
sion of the morphogen and mechanical strain? What is the
molecular origin of the proposed aligning interaction between
the muscle fibers and the morphogen gradient?

In this article, we propose an alternative mechanism
facilitating axis formation in Hydra. We focus on the develop-
mental stage observed in experiments shortly after excision,
when the organism has healed itself into a spheroid but not
yet established a body axis. By modeling the epithelium as an
active solid, consisting of active nematic fibers embedded in
a spherical elastic shell, we show that the interplay between
active nematic stresses and passive shell elasticity breaks the
rotational symmetry inherited from the spherical geometry,
causing the appearance of a strain gradient between oppo-
site poles of the sphere. Remarkably, this mechanism takes
place via the condensation of forces actively generated by the
muscle fibers and mediated by the organization of nematic
defects. Unlike previous active matter models of morphogen-
esis, which are either based of fluid mechanics [20–25], here
we specifically focus on thin-sheet elasticity and demonstrate
that the necessary conditions for the occurrence of a sin-
gle organizer in the head region—in turn strictly related to
the appearance of a head-foot pressure gradient—are already
available in the rich elastodynamics of Hookean shells, with
activity solely providing a stress budget that passive force can
redistribute.

Before entering into technical details, we provide here a
concise summary of our major findings as well as an outline of
this article. Our model, introduced in Sec. II, combines three
fundamental aspects of regenerating Hydra. (1) Both cell divi-
sion and intercalation are absent during regeneration [26]; the
system is therefore a closed solid shell able to stretch and bend
under the effect of osmotic pressure and the muscle fibers.
(2) These fibers, in turn, are mechanically coupled to the
elastic matrix and, like in passive nematic elastomers [27,28],
can rotate when subject to a strain field. (3) Unlike in pas-
sive elastomers, however, the fibers comprising the muscular
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system of Hydra deliver a piecewise constant active stress
within the matrix.

While these properties are necessary to account for the
mechanical coupling between the tissue and the muscles, it is
because of the spherical topology that such a coupling results
in the formation of a body axis. In Sec. III, we show that, for
sufficiently large activity and in the presence of an aligning
interaction between nematic order and strain, the active forces
condense at the pole of the shell, thereby forming a body axis.
This axis, in turn, can be either polar or apolar, depending on
the flux of active forces emanating from the defect structures
located at the poles. Specifically, in Sec. IV we show that the
flux of the active forces across the core of the defects—i.e., the
region surrounding the defect center where the nematic order
parameter drops—can be expressed in the form

�N = 4πατ, �S = 4πα(1 − τ ), (1)

where N and S denote the core region at the North and South
pole, respectively, α is the magnitude of the deviatoric active
stress exerted by the fibers and 0 � τ � 1 a number quantify-
ing a bias in the active flux emanating from either pole. Thus,
for τ = 1/2, �N = �S = 2πα and the system partitions in
two symmetric halves, while for τ > 1/2 (τ < 1/2) all mate-
rial fields acquire a North-South (South-North) polarity. Since
the magnitude of the active forces exerted by the fibers is
related to the configuration of the nematic director and this
is constrained by the topology of the defect structures at each
pole, a positive bias in the active flux (e.g., τ > 1/2) implies
a core structure such as that illustrated in Fig. 1, comprising a
+1 aster at the North pole [Fig. 1(d)] and a pair of antiparallel
+1/2 disclinations at a distance d from each other [Fig. 1(e)].
In particular, we find that

τ ∼ 1

2
+

(
ε

2

)4

, (2)

with ε the ratio between d and the diameter of the core. These
findings are in good qualitative agreement with experimental
observations and, together with the mechanical framework
detailed in the following, allow an analytical calculation of
the areal strain in proximity of the defects [see Figs. 1(f)
and 1(g)]. Furthermore, our approach enables an explicit cal-
culation of the surface tension of an active shell in the form

T = −P(a) − h2

12R2
P(e), (3)

where P(a) and P(e) are, respectively, the active and elastic
contributions to the lateral pressure across the shell, h the
thickness and R the undeformed radius.

Finally, in Sec. V we speculate about the origin of the polar
bias and present a possible mechanochemical pathway leading
to a stable active flux imbalance. At present, we underscore
that the force-condensation mechanism underlying Eqs. (1) is
crucial for the emergence of this condition. Other hypothetical
scenarios require a spatially extended morphogen field to be
regulated by a protein confined to the head region. In contrast,
our model attributes muscle-fiber alignment to a mechanical
field—specifically, the strain field—sourced at the poles and
therefore amenable to regulation by a localized control mech-
anism.

II. MODEL

Despite the lack of cell intercalation, regenerating Hydra
spheroids exhibit spatiotemporal fluctuations, during which
the tissues comprising the endoderm and ectoderm undergo
periodic inflation and collapse cycles [5,6]. In standard condi-
tions, these oscillations have a duration of approximately 4 h
and can therefore be treated as quasistatic with respect to the
timescale associated with the rearrangement of the muscles
(of the order of minutes, see, e.g., Refs. [3,8]). Analogously,
cell division, which causes the elongation of Hydra’s body, is
essentially absent during regeneration [26].

In the following, we will focus on muscular activity and
imagine that, at time t = 0, all muscle fibers in the tissue de-
liver a pair of equal and opposite forces of magnitude F‖ along
their longitudinal direction. To shed light on this process,
we model the epithelium of regenerating Hydra as a spher-
ical elastic shell of mass density ρ, thickness h and radius
R � h, whose midsurface position is parametrized in terms of
the Cartesian vector R = R sin θ cos φ ex + R sin θ sin φ ey +
R cos θ ez. Furthermore, let gi = ∂iR be a tangent vector
along the ith coordinate line and N = R/R the normal
vector, so that gi j = gi · g j is the metric tensor and bi j =
−gi · ∂ jN = −gi j/R the curvature tensor. A small defor-
mation is parametrized via the mapping R → R′ = R +
δR, where δR = uigi + wN, with ui and w independent
displacements.

Nematic order on curved surfaces, however, can be ac-
counted for via a covariant generalization of Landau-de
Gennes theory, where Q = Qi jgi ⊗ gi is the order parameter
tensor, with Qi j = |�|(nin j − gi j/2). In the latter expres-
sion, |�| is the magnitude of the order parameter and n =
nigi the nematic director (see, e.g., Ref. [29] and references
therein). A set of partial differential equations governing the
dynamics of the fields δR and Q, subject to the external force
f = f igi + pN, can be obtained within the standard frame-
work of shell theory and nematodynamics to give

ρh ∂2
t ui = ∇ jNi j + 2bk

i ∇ jMjk + Mjk∇ jbk
i + fi, (4a)

ρh ∂2
t w = ∇ i∇ jMi j − bikbk

jM
i j − bi jN

i j − p, (4b)

∂t Qi j = 
Hi j . (4c)

Here Ni j = ∫
dz σi j is the resultant membrane stress ten-

sor obtained upon integrating the three-dimensional passive
stress σi j across the thickness of the shell and Mi j = ∫

dz zσi j

the bending moment tensor. In both definitions, z denotes
the distance from the midsurface along the normal direction
and spans the range −h/2 � z � h/2 (see, e.g., Ref. [30]
for an introduction). The tensor Hi j , however, is analogous
the molecular tensor in nematic liquid crystals and drives
the relaxation of the tensor order parameter toward a free-
energy minimum, with 
 the inverse rotational viscosity [17].
All three tensors can be constructed upon varying the to-
tal free energy F = ∫

dA ( f (e) + f (n) ) with f (e) and f (n)

are the elastic and nematic free-energy density, respectively:
i.e., Ni j = δF/δEi j , Mi j = δF/δBi j and Hi j = −[[δF/δQi j]].
Here Ei j = δgi j/2 and Bi j = δbi j are the strain and bending
tensors, with δgi j and δbi j the variations in the metric and
curvature tensors caused by a deformation (i.e., gi j → g′

i j =
gi j + δgi j etc.), and the operator [[· · · ]] renders its argument
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traceless and symmetric. The free-energy densities are instead
given by

f (e) = Y h

2(1 − ν2)

[
ν

(
E2 + 1

12
h2B2

)

+ (1 − ν)

(
Ei jEi j + 1

12
h2Bi jBi j

)]
, (5a)

f (n) = 1

2
L∇ iQ jk∇iQ jk + 1

2
AQi jQi j + 1

4
C(Qi jQi j )

2

+ 1

2
λ̄EQi jQi j + λEi jQi j, (5b)

where E = gi jEi j and B = gi jBi j denote covariant traces, Y
and ν are Young modulus and the Poisson ratio, respectively,
L the stiffness associated with the nematic order parameter
tensor and A and B constants setting the “bare” magnitude of
the bulk order parameter. The parameters λ̄ and λ, however,
couple nematic order and strain and have been thoroughly
investigated in the context of nematic elastomers, where they
can be derived from a nonlinear rubber model of nematogens
pinned in an elastic medium [27,28]. Analogous phenomeno-
logical free energies have been recently used in the context
of active solids [31,32], including in earlier models of the
morphogenesis of Hydra [33].

Now, a central assumption of this construction is that the
muscle fibers are able to deliver active forces and that the
latter add to the passive forces, arising in response to elastic
deformation. These forces, in turn, can be incorporated in
Eqs. (4) through the force density field fi, representing the
loads experienced by a volume element on the tangent plane
of the shell, while the normal load p reflects the Laplace
pressure across the shell: i.e., p = pin − pout. For simplicity,
here we consider only two active contributions resulting from
the diagonal and deviatoric components of the classic active
nematic stress

N (a)
i j = −P(a)gi j + αQi j, (6)

where P(a) is the active contribution to the pressure and α

the magnitude of deviatoric stresses. In this case, where the
forces exerted by the muscles are assumed strictly longitudi-
nal, P(a) = ρ�F‖/2 and α = −ρ�F‖, with � the average length
of the fiber [34]. Next, in Appendix A, we show how Eqs. (4)
can be cast in the following closed form:

ρh ∂2
t ui = Y h

2(1 + ν)

[(
∇2 + 1

R2

)
ui

+ 1 + ν

1 − ν
∇i

(
∇ · u + 2w

R

)]
+ fi, (7a)

ρh ∂2
t w = D

(
∇2 + 1 + ν

R2

)(
∇2 + 2

R2

)
w

+ Y h

R(1 − ν)

(
∇ · u + 2w

R

)
+ F

R
− p, (7b)


−1∂t Qi j = −
[

A + λ̄

(
∇ · u + 2w

R

)
+ 1

2
B|�|2

]
Qi j

− λ

2
[∇iu j + ∇ jui − (∇ · u)gi j] + L∇2Qi j,

(7c)

where D = Y h3/[12(1 − ν2)] denotes the bending rigidity of
the shell. Finally, the body force fi = ∇ jFi j and the trace
F = gi jFi j , in Eqs. (7a) and (7b), respectively, are obtained
from the tensor

Fi j = −(
P(a) − 1

4 λ̄|�|2)gi j + (α + λ)Qi j . (8)

Equations (7) form a closed set of partial differential equa-
tions describing how the active stresses generated by a
uniform distribution of nematically ordered muscle fibers
propagate through the midsurface of a spherical shell and
how the latter’s elastically responds to the active and pas-
sive mechanical stimuli. We stress that, while the analysis
reported here does not explicitly account for the dynamics
of the Laplace pressure p, the latter could be systematically
incorporated into the picture by modeling pin and pout in
terms of the concentration of the medium inside and outside
of regenerating spheroids (see, e.g., Ref. [8]).

Before proceeding with an analysis of the model, we stress
that the parameters λ̄ and λ, reflecting the interplay between
alignment and strain, renormalize both the isotropic and devi-
atoric component of the active stress. For conciseness, in the
remainder of this article we will incorporate these parameters
directly into the definitions of P(a) and α, so that

P̃(a) = P(a) − 1
4 λ̄|�|2, (9a)

α̃ = α + λ. (9b)

We stress, however, that such a renormalization can poten-
tially affect the sign of both terms on the right-hand side
Eq. (8), thereby altering the contractile or extensile nature
of active stresses. For instance, as the muscle fibers deliver
contractile stresses, we expect P(a) < 0 and α > 0. The sign
of λ̄ and λ, however, depends on strain-alignment behavior
of the system and can be either negative, if strain favors the
emergence of nematic order, and positive, in the opposite case.
In the following, we will drop the tilde and treat P(a) and α as
independent parameters, without specific constraints on their
sign. A glossary of the most relevant physical quantities is
reported in Table I.

III. CONDENSATION AND AXIS SELECTION

In the following, we demonstrate that the active force field
undergoes a remarkable condensation phenomenon, by virtue
of which active forces segregate at two opposite poles on
the sphere, thereby giving rise to a body axis. The origin of
this phenomenon stems from the fact that both the nematic
director n and the force density f , originating from its spatial
variations, are constrained by the spherical topology of the
shell midsurface, thereby restricting the space of admissible
solutions of Eqs. (7). Such a static effect is further enhanced
by the relaxational dynamics of the order parameter tensor,
in which orientational diffusion is counteracted by strain-
alignment. The section is organized as follows. In Sec. III A
we show that the force density field generated by the muscle
fibers is subject to topological constraints, which significantly
limit the landscape of possible stationary configurations of
the fibers. In Sec. III B we demonstrate that the configuration
featuring two opposite asters entails a condensation of the
flux of the active forces. In Sec. III C, we show that such
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TABLE I. Nomenclature of the mechanical variables and
parameters.

Symbol Name Description

σi j Stress tensor Total mechanical stress,
including passive and active
contributions

Ei j Strain tensor Measure of distortion of the
epithelium morphogenesis

Qi j Nematic order
parameter
tensor

Tensor describing the alignment
and orientation of the muscle
fibers

fi Active force
density

Force per unit area delivered by
the muscle fibers

�R Active flux Flux of fi emanating from the
region R

α Activity Magnitude of the active stress

Y, ν Elastic moduli Young’s modulus and Poisson
ratio of the epithelium

λ, λ̄ Strain alignment
parameters

Couplings between muscle
orientation and mechanical
strain across the epithelium

a condensed state may be either polar or apolar, depending
on the fraction of active flux emanating by each pole. Be-
cause an apolar axis demands an exact 50-50 split of the
flux across the North and South pole, polarity may naturally
arise from fluctuations and, as we elaborate in Sec. V, be
reinforced by the activation of Wnt. In this work, we focus
on the deterministic aspects of axis formation, while an ex-
plicit model of fluctuations will be considered in a dedicated
study. In Secs. III D and III E, finally, we demonstrate that the
condensed state naturally arises from the dynamical interplay
between active and elastic forces, provided αλ < 0. This is
achieved analytically in Sec. III D, upon linearizing Eqs. (7),
and numerically in Sec. III E.

A. Topological constraints

To make progress we assume that active stresses delivered
by the muscle fibers are uniform in magnitude across the
entire specimen, so that both P(a) and α are constant. Fur-
thermore, assuming |�| = 1 outside of the core of topological
defects implies

fi = α∇ j (nin j ). (10)

Crucially, both sides of this relation are constrained by the
spherical topology, which, in combination with Eq. (10), con-
siderably restricts the landscape of possible configurations of
the force field f . To illustrate this concept, let us consider a
strength s disclination located at the North pole of the sphere.
In proximity of the defect, the nematic director takes the form:
nθ = cos[(s − 1)φ] and nφ = sin[(s − 1)φ], in the orthonor-
mal basis eθ = gθ /|gθ | and eφ = gφ/|gφ|. Outside of the defect
core, calculating the divergence yields fθ = f cos[2(s − 1)φ]

(a) (b)

(c) (d)

FIG. 2. Examples of force density fields (yellow arrows) origi-
nating from specific defect configurations on the sphere. The gray
segments mark the local orientation of the nematic director in prox-
imity of a nematic disclination of strength s = ±1/2, ±1.

and fφ = f sin[2(s − 1)φ], where

f = α(s − 1 + cos θ )

R sin θ
, (11)

and hence diverges like 1/r, with r = Rθ the geodesic dis-
tance from the North pole. A nematic disclination of strength
s introduces, therefore, a vortex v of index

ind(v) = 2s − 1, (12)

in the force density field generated by the muscle fibers. To
compensate for this singular behavior, the magnitude |�| of
the order parameter tensor vanishes within the core, so that
limr→0 f = 0, and the force field is everywhere smooth across
the shell. Furthermore, because of the rotational symmetry
of the sphere, this construction is evidently independent of
the specific location of the defect. Examples of these singular
configurations of both fields are shown in Fig. 2 for different
s values in the range −1 � s � 1.

The existence of vortices in the active force field has crucial
consequences for the organization of stress throughout the
midsurface of an active shell. Labeling Nv and Nd for the total
number of vortices and defects, respectively, the Poincaré-
Hopf theorem demands

Nv∑
i=1

ind(vi ) =
Nd∑
i=1

si = 2. (13)

A classic configuration satisfying this constraint consists
of a quartet of s = 1/2 disclinations (see Fig. 3(a) and
Refs. [35,36]). In this case, the force density field features
ten zeros consisting of four of index ind(v) = 0 (colocal-
ized with the s = 1/2 disclinations), four of index ind(v) = 1
(alternating with the latter), and two of index ind(v) = −1.
Of the ten zeros associated with this class of configurations,
therefore, four are colocalized with the nematic disclinations
and six are delocalized. Analogously, during stress relax-
ation, a typical configuration consisting of N± = (Nd ± 4)/2
disclinations of strength s = ±1/2 entails Nv = 3Nd − 2 ze-
ros, provided Nd � 4. Of these, N+ of index ind(v) = 0 and
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FIG. 3. Examples of spherical nematic texture (left column) to-
gether with their associated active force field and flux density ϕ (right
column). (a) Typical configuration of spherical nematics comprising
a quartet of isolated +1/2 disclinations. The corresponding force
field consists of ten defects, of which four of index ind(v) = 0,
colocalized with the nematic disclinations (in the center of the
red/blue dumbbell-shaped features) and the remaining six, delocal-
ized. (b) Bipolar configuration comprising a +3/2 disclination at
the North pole and a +1/2 at the South pole. (c) Condensed state
featuring two +1 disclinations at the poles. In this case, a uniform
active flux across the entire shell is counterbalanced by an equal and
opposite flux emanating from the poles.

N− of index ind(v) = −2 are colocalized with s = 1/2
and s = −1/2 disclinations, respectively, and the remaining
2Nd − 2, of which Nd of index ind(v) = 1 and Nd − 2 of index
ind(v) = −1, are delocalized.

However, Eq. (13) highlights the existence of a special
class of configurations where all isolated zeros of the force
density field are colocalized with nematic disclinations: i.e.
Nv = Nd. By virtue of Eqs. (12) and (13), these configurations
must feature Nv = Nd = 2, thus comprise only two isolated
disclinations of strength s and 2 − s. Two of these configura-
tions are shown in Figs. 3(b) and 3(c). In the following, we
will refer to these as bipolar configurations.

B. Active flux condensation

Among the bipolar configurations, that featuring two +1
defects located at the North and South poles of the sphere
embodies a condensed state. To illustrate this concept let us
introduce the flux density of the active forces: i.e.,

ϕ = ∇ i∇ jFi j . (14)

Given an arbitrary region R of the shell, the flux of the active
forces across the boundary ∂R of the region is given by

�R =
∫
R

dA ϕ =
∮

∂R
ds ν · f , (15)

where ν is the outward-directed tangent-normal vector along
∂R. Hereafter we will refer to �R as “active flux” and to ϕ

as active flux density. On a complete spherical shell, i.e., S2,
global force balance requires �S2 = 0. In general, this implies
that ϕ varies about the neutral configuration ϕ = 0 smoothly
across the shell, see Figs. 3(a) and 3(b). This behavior is

dramatically different in a bipolar configuration featuring two
+1 defects at the North and South poles of the sphere. In this
case, n = eθ outside the cores and ϕ = −α/R2 [see Fig. 3(c)
and Appendix B for details]. Since �S2 = �S2\{N,S} + �N +
�S, with S2\{N, S} denoting the sphere punctured at both
poles, this implies an equal and opposite active flux condensed
within the core region: i.e.,

�N + �S = −�S2\{N,S} = 4πα

(
1 − a2

2R2

)
, (16)

with a the defect core radius and we have approximated the
area of both caps as Acap ≈ πa2, under the assumption that
a � R. Furthermore, in the infinitesimal core radius limit
where a/R → 0, Eq. (16) implies that the flux density ϕ

attains the singular form

ϕ = �N δ(r − rN) + �S δ(r − rS) − �N + �S

4πR2
, (17)

where rN and rS indicate the position of the North and South
poles, respectively. Remarkably, such a condensation process
selects a body axis connecting these poles. As we will detail
in the next section, this body axis can be either polar or apolar
depending on the magnitude of the polar fluxes �N and �S.

C. Head-foot symmetry breaking

In the limit a/R → 0, when the defect core radius is much
smaller than the system size, Eq. (16) reduces to

�N + �S = 4πα. (18)

The simplest solution of this equation implies an equal active
flux across both polar caps, so that �N = �S = 2πα. As a
consequence, all material fields sourced by ϕ-including all
the components of both the strain and stress tensors—are
symmetric under reflections about the equatorial plane and the
body axis selected by this mechanism is, therefore, apolar.
Global force balance, however, does not necessitate this addi-
tional constraint. In general, one could expect the active flux
emanating by either polar region to be sensitive to endoge-
nous and exogenous cues of both mechanical and biochemical
nature—hence �N 
= �S—provided global force balance is
fulfilled: i.e., �S2 = 0. Crucially, once condensation has oc-
curred, breaking the N ↔ S symmetry only requires altering
the magnitude of the fluxes sourcing elastic deformations,
which, in turn, are spatially localized at the poles.

To gain insight into this picture it is useful to reparametrize
the polar flux in the form given by Eqs. (1). Thus,

α = �N + �S

4π
, τ = �N

�N + �S
. (19)

Next, we show that any departure from an apolar distribu-
tion of active stresses—hence form τ = 1/2-leaves specific
“fingerprints” on the structure of the defects condensed at
the poles. To illustrate this concept, consider two +1/2
disclinations located along the same meridian on the xz −
plane at a distance x = ±d/2 from the North pole, so that
n = cos ϑ ex + sin ϑ ey, with

ϑ = 1

2
arctan

(
y

x − d/2

)
+ 1

2
arctan

(
y

x + d/2

)
, (20)
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the orientation of the nematic director in a small neighborhood
of the pole. To compute the active flux emanating from the
core of this defect complex, we assume that x2 + y2 � a2,
with a the radius of the core enclosing both defects, as well
as the hierarchy d � a � R. Taking then ε = d/(2a) and
expanding the arc-tangent yields

ϑ = φ + 1
2 ε2 sin 2φ + 1

4 ε4 sin 4φ + 1
6 ε6 sin 6φ + · · · .

(21)
Proceeding as in Sec. III A allows the to calculate the active
force along the boundary of the core in the form

fθ ≈ αN

a

[
1 + ε2 cos 2φ − 1

4
ε4(1 − 5 cos 4φ)

]
, (22a)

fφ ≈ αN

a
[ε2 sin 2φ + ε4 sin 4φ], (22b)

where αN is the local magnitude of the deviatoric active stress
at the North pole. The same construction can be repeated at
the South pole, so that, integrating f along the core boundary,
gives a generic expression

�P = 2παP
(
1 − 1

4 ε4
)
, (23)

where P ∈ {N, S}. Now, as showed in Ref. [1] and reviewed
in Sec. I, the most commonly observed defect configuration
in regenerating Hydra consists of a single +1 defect in the
head region and a pair of bound +1/2 disclinations at the
foot. Labeling the former as North and the latter as South pole,
gives

�N = 2παN, �S = 2παS
(
1 − 1

4 ε4
)
, (24)

from which, assuming αN ≈ αS and using Eqs. (19), we
conclude that τ = 4/(8 − ε4) ≈ 1/2 + (ε/2)4, as given by
Eq. (2). It must be noted that in Eqs. (24), ε, αN and αS are
not independent parameters, as the distance d between +1/2
defects is itself determined by the magnitude of the active
stress sourcing the elastic deformations. Yet, we expect that
cross-correlating α and τ -which, as anticipated in Fig. 1 and
detailed in Sec. IV, can be inferred from the configuration of
the lateral pressure or the areal strain—with a direct measure-
ment of ε could provide an estimate of the individual polar
active stresses αN and αS.

D. Condensation dynamics

In the previous subsection, we demonstrated that the ac-
tive force field given by Eq. (10) admits a condensed state,
in which like-signed active forces accumulate at the poles,
while opposite-signed forces are uniformly distributed across
the shell. Consistently, the nematic director marking the av-
erage direction of the muscle fibers is organized in a bipolar
texture consisting of two s = 1 disclinations at the opposite
poles of the sphere. In the following, we will show that such a
condensed state naturally arises from the relaxational dynam-
ics of the nematic order parameter tensor as a consequence
of the competition between orientational diffusion and strain
alignment.

To make progress we assume |�| = 1 outside of the defect
cores and temporarily neglect out-of-plane deformations, so
that the active forces exerted by the muscle fibers solely result
in the build-up of in-plane strain. Furthermore, assuming iner-
tia is negligible, in Appendix C we show that Eqs. (4) can be

reduced to the following:(
∇2 + 1

R2

)
u + 1 + ν

1 − ν
∇(∇ · u) = −2(1 + ν)

Y h
f , (25a)


−1∂t f = L

(
∇2 + 3

R2

)
f − αλ

2

(
∇2 + 1

R2

)
u, (25b)

together with the global neutrality condition∫
S2

dA fi =
∫
S2

dA ∇ jFi j = 0. (26)

Having neglected the nonlinear terms in Eq. (4c), and in
particular the dynamics of the order parameter in the vicinity
of defect cores, prevents us from identifying the solutions of
Eqs. (25) as genuine configurations of the displacement u and
the active force field f . These equations nonetheless offer
a useful analogy of how strain alignment builds up during
the relaxation of the nematic director. In this analogy, the
longitudinally aligned configuration, where n = eθ and active
forces condense at the poles, is analogous to the trivial solu-
tion of Eqs. (25): i.e., f = 0. In practice, this configuration
can only exist in the isotropic phase, where |�| = 0 and f
vanishes identically. By contrast, for finite |�| values, the
spherical geometry constrains the nematic director into a dis-
torted configuration, such that f 
= 0. Yet, the trivial solution,
for which the components Qθθ = −Qφφ and Qθφ = Qφθ are
constant across the sphere and f is sourced solely by the
intrinsic rotation of the orthonormal basis {eθ , eφ}, provides an
asymptotically exact analog of the longitudinally aligned con-
figuration: i.e., limR→∞ f eθ = 0, with f as given in Eq. (11)
when s = 1.

To disentangle the role of the various terms in Eqs. (25),
we first restrict the analysis to incompressible deformations,
for which ∇ · u = 0. In this case, Eqs. (25) can be cast in the
single equation


−1∂t f = L

[
∇2 + 3 + (1 + ν)�

R2

]
f , (27)

where � = αλR2/(LY h). Now, in the passive limit, that is
when � → 0, Eq. (27) does not admit stable solutions, reflect-
ing the lack of a uniform minimizer of the nematic free energy
on the sphere. This picture is however altered by the combined
effect of activity and strain alignment. Thus, for � < �c =
−1/(1 + ν), the muscle fibers align uniformly across space
and f = 0 (see Appendix C for details). Since negative �

values imply αλ < 0, condensation requires the combination
of either contractile stresses and strain alignment (i.e., α > 0
and λ < 0) or extensile stresses and strain antialignment (i.e.,
α < 0 and λ > 0). In Hydra, where muscle fibers deliver con-
tractile stresses, our model predicts therefore the necessity of
a positive feedback between activity and strain for the muscles
to align longitudinally. More generically, taking ∇ · u 
= 0
shifts the magnitude of the critical � value to

�c = − 3 + ν

1 − ν2
, (28)

but without altering the qualitative picture.
This transition bears similarities with the classic Fredericks

transition in passive liquid crystals [17], but, unlike the latter,
the role of the ordering field—the magnetic field in passive
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8 h 15 h 39 h

1100 µm

3 h

FIG. 4. (Top) Relaxation dynamics of an active shell obtained
from a numerical integration of Eqs. (7) in the limit where w/R = 0
and αλ < 0. Snapshots are shown at times t = 0.01, 0.1, 0.15, and
0.75, from left to right. Topological defects are marked as positive
half-charge (red) and negative half-charge (blue). A supplementary
animation is available at Ref. [44]. (Bottom) Regenerating Hydra un-
der isotonic conditions which exhibits similar coarsening dynamics
(adapted with permission from Ref. [3]).

liquid crystals and the deviatoric strain in our model of active
shells—is here reversed. In the typical setting of the Fred-
ericks transition, the nematic director is uniformly oriented
along a fixed direction, but this configuration is unstable to
rotations in the direction of the external field. By contrast,
the lowest energy configuration of a spherical nematic is itself
distorted, but can be rectified by the internal strain, provided
the latter is sufficiently large to outweigh passive forces.

Outside of the analogy, the lack of an actual uniformly
aligned configuration (i.e., f = 0 everywhere) turns this
continuous transition into a smooth crossover between the en-
ergy minimizing configuration of the nematic director, where
the topologically required +1/2 disclinations are maximally
spaced, to the condensed state, featuring two +1 defects lo-
cated at the poles.

E. Quasistatic relaxation

In this section, we complete our analysis of the condensa-
tion process leading to the formation of an apolar body axis
by means of a numerical integration of Eqs. (7) in the limit of
large activity and small deformations, where w = 0 and active
forces solely result into the build up of in-plane strain. Our
numerical approach is built upon the framework of complex
line bundles, recently introduced by Zhu et al. [37] and here
outlined in Appendix D.

In the following, we express length in units of the sphere
radius R and energy in units of the orientational stiffness L.
Furthermore, we set |�0| = √−2A/C = 1, ν = 0 and vary
the parameter � in the range −400 � � � 400. We initialize
the nematic order parameter tensor in a highly disordered
state with numerous defects (Fig. 4, top-left), resembling the
spheroid stage in early Hydra regeneration [1]. To quantify the
global axiality of the nematic shell, we compute the symmet-
ric, traceless tensorial order parameter

P = 1

N

N∑
i=1

(
pi ⊗ pi − 1

3
I

)
, (29)

(a)

(b)
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FIG. 5. (a) Temporal evolution of the director’s axiality for
αλ < 0, defined as the largest eigenvalue λ1 ∈ [0, 2/3] of the polarity
P in Eq. (29). Snapshots of the nematic defect configurations (insets)
are shown at times t = 0.01, 0.1, 0.15, and 0.75 from left to right.
Perfect axial alignment corresponds to λ1 = 2/3 (dashed line), while
the classical tetrahedral-symmetry yields λ1 = 0. The jump in λ1

results from discrete events of defect annihilation. (b) Same quantity
for αλ > 0. Insets show the configurations of the director (left) and
defects (right) at time t = 0.75.

where pi ∈ S2 denotes the position of the ith defect on the
sphere and I the three-dimensional identity tensor. Analogous
to the scalar order parameter |�| of the nematic Q-tensor (up
to constant scaling), the largest eigenvalue λ1 ∈ [0, 2/3] from
the spectral decomposition P = ∑

i λi(qi ⊗ qi ) measures the
degree of axial alignment along the principal direction q1.

The typical evolution of an initially disordered configu-
ration of the nematic director, in the presence of contractile
activity and strain-alignment (� = −400), is shown in Fig. 4,
together with the same process as observed by Maroudas-
Sacks et al. in experiments [3]. As anticipated in Sec. III D,
the system undergoes a coarsening regime, characterized
by the rapid annihilation of ±1/2 defects, followed by a
slower relaxation regime, where four topologically required
+1/2 disclinations segregate in pairs at the poles and even-
tually condense in a bipolar configuration featuring two +1
asters. Simultaneously, the axiality parameter λ1 switches
from zero to nearly perfect axial alignment: i.e., λ1|t=0.75 ≈
2/3 [Fig. 5(a)]. This is in stark contrast with passive nematic
liquid crystals, where, as detailed in Sec. III A, the lowest
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FIG. 6. Relaxational dynamics of the magnitude of the mean-
square deviatoric strain—i.e., ([[Ei j]][[Ei j]])1/2-for opposite values of
� = αλR2/(LY h). The inset figure shows the initial states at t = 0
for both cases; final states at t = 0.75 are shown on the right.

energy configuration of the nematic director, subject to the
global topological constraint expressed by Eq. (13), consists
of four s = 1/2 defects positioned as the vertices of a regular
tetrahedron, for which λ1 = 0.

By contrast, Fig. 5(b) shows the evolution of axiality for the
same initialization and � = 400. Here the relaxation toward
a steady state is substantially slower than in the previous case
and the asymptotic configurations features a lower degree of
axiality, with λ1|t=0.75 ≈ 0.5. Instead of a bipolar state, the
system here relaxes toward a deformed tetrahedral configura-
tion and active forces do not condense at the poles. The picture
emerging from comparing these two scenarios is thus in qual-
itative agreement with the analogy presented in Sec. III D,
where condensation results from the linear instability of the
lowest energy state. Whereas the lack of a uniform minimizer
of the free energy smoothens the transition into a crossover,
the critical nature of the interplay between alignment and
strain leaves an imprint on the relaxation rate when � ≶ 0.

The difference between these two nonequilibrium steady
states is also reflected in the distribution of strain across the
midsurface of the shell (Figs. 6 and 7). In the condensed
state, deviatoric strain is minimal (Fig. 6) and the local-
ization of strain causes compression at poles and dilation

(a)

(b)

)

0.15

− 0.15

1.0

− 1.0

FIG. 7. (a) Steady-state configuration of the active force f , prin-
cipal component of the deviatoric strain [[E]] and areal strain E
obtained for � = −400. (b) Same quantities for � = 400.

about the equatorial region [Fig. 7(a)]. Moreover, the strain
distribution is symmetric both axially and azimuthally. In
the opposite regime, by contrast, strain is mainly deviatoric
(Fig. 6), whereas the residual areal strain is modest and less
symmetric [Fig. 7(b)].

In conclusion, for either � ≶ 0, the tetrahedral symmetry
characterizing the lowest energy state of spherical nematic liq-
uid crystals is explicitly broken, as marked by the emergence
of global axiality (i.e., λ1 > 0). Consistently, the four +1/2
disclinations comprising the asymptotic configuration of the
relaxation process localize in the polar regions, giving rise
to splay-dominated (i.e., for � < 0) or bending-dominated
(i.e., for � > 0) nematic textures. Of these two asymptotic
configurations, however, only that associated to negative �

values exhibits a complete condensation of the active forces,
concurrently to the merging of the four +1/2 disclination into
two pairs of +1 defects.

IV. ANALYSIS OF DEFORMATIONS

Having elucidated how active forces organize on the tan-
gent plane of our active shell model of Hydra, we conclude the
investigation with an analysis of deformations. To this end, it
is convenient to express the force balance condition entailed
in Eqs. (4a) and (4b) in terms of the elastic component of the
lateral pressure P(e) and the Gaussian curvature variation δK .
These, in turn, are related to the displacement fields by

P(e) = − Y h

2(1 − ν)

(
∇ · u + 2w

R

)
, (30a)

δK = −
(

∇2 + 2

R2

)
w

R
. (30b)

In Appendix E we show that a stationary configuration of
these fields is obtained from(

∇2 + 1 − ν

R2

)
P(e) − 1

2
Y h δK = 1 + ν

2
ϕ, (31a)

DR2

(
∇2 + 1 + ν

R2

)
δK + 2P(e) = −2P(a) − pR. (31b)

This form of Eqs. (4a) and (4b) explicitly features the active
flux ϕ as a source of lateral pressure and, by virtue of their lin-
earity, can be analytically solved once a specific configuration
of the order parameter tensor Qi j is selected.

Before proceeding with this analysis it is useful to review
two simple properties of spherical elastic shells that one can
recover by taking the passive and isotropic limit of Eqs. (31):
i.e., Fi j → 0 and |�| → 0. In the absence of an externally
imposed pressure difference, i.e., p = 0, Eqs. (31) admit the
trivial solution P(e) = 0 and δK = 0. A nontrivial solution can
instead be found when p is a finite constant, in which case

P(e) = −
(

γ

γ + 1 − ν2

)
pR

2
,

δK = −2w

R3
= −

(
1 − ν

γ + 1 − ν2

)
pR

D
,

where γ = Y hR2/D is the so-called Föppl-von Kármán num-
ber, expressing the relative energy cost of stretching and
bending deformations [38]. Thus, inflating the shell via a
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positive pressure difference between the exterior and the in-
terior (i.e., p > 0) yields an increase of the radius, thus a
positive normal displacement (i.e., w > 0) combined with a
uniform extensile lateral pressure throughout the midsurface
(i.e., P(e) < 0).

A. Stretching deformations

In Sec. III E, we showed that, in a regime where out-of-
plane deformations are negligible, the sign of � determines
whether the steady-state configuration of the muscle fibers
asymptotically approached by the relaxation process is splay
or bending dominated, with the condensed state discussed in
Sec. III representing the large-activity limit of the former. As
shown in Figs. 6 and 7, such a dichotomy in the organization
of the nematic director is further reflected in the distribution
of the residual in-plane strain, which, depending on the sign
of � crosses overs from primarily normal (for � < 0) to
primarily deviatoric (for � > 0). To rationalize this property,
in Appendix D we show that the tensor order parameter Q
admits an orthogonal decomposition into its active (force
generating) and passive (divergence free) components: i.e.,
Q = Q(a) + Q(p), so that

∇ jQ(a)
i j = fi, ∇ jQ(p)

i j = 0.

Furthermore, |�|2 = |� (a)|2 + |� (p)|2, where |� (a)| and
|� (p)| denote the norms of the individual components. In the
absence of bending, a generic stationary solution of Eq. (4a)
must satisfy Ni j ∼ −Fi j , thus

[[Ei j]] ∼ −αQ(a)
i j , (33)

from which it follows that F/L ∼ −�(1 + ν)|� (a)|2. Thus,
consistent with our numerical simulations, for � > 0 the
system is energetically favored to maximize |� (a)|, hence
the deviatoric strain [[Ei j]]. By contrast, for � < 0, minimiz-
ing |� (a)| amounts to maximize |� (p)|, hence areal strain
E ∼ P(e), since |�| = const across the shell.

To further explore the effect of condensation on the spatial
distribution of strain, we initially assume δK = 0, so that the
active flux density ϕ is compensated exclusively by in-plane
deformations. Next, parametrizing

ϕ = 4πα

[
τδ(r − rN) + (1 − τ )δ(r − rS) − 1

4πR2

]
(34)

allows finding the exact solution of Eq. (31a) in the condensed
state, thereby offering a strategy to analytically estimate the
distribution of lateral pressure and areal strain in regenerating
Hydra. In the most symmetric case, where �N = �S and τ =
1/2, in Appendix F we show that, under these circumstances,
the elastic pressure attains the form

P(e) = α(1 + ν)

2

∑
�∈2N

2� + 1

(1 − ν) − �(� + 1)
P�(cos θ ), (35)

where 2N = {2, 4, 6 . . .} denotes the set of positive even
numbers. The latter reflects the apolar distribution of the ac-
tive flux sourcing in-plane deformations, as a consequence of
which P(e) is symmetric under reflections about the equatorial

plane, i.e., P(e)(θ ) = P(e)(π − θ ). For τ 
= 1/2, by contrast

P(e) = 1 + ν

2

∑
�∈N

2� + 1

(1 − ν) − �(� + 1)
α�P�(cos θ ), (36)

where we have introduced the �-dependent activity parameter

α� = α[τ + (−1)�(1 − τ )], (37)

and summation now spans the entire set of positive natural
numbers, i.e., N = {1, 2, 3 . . .}, thereby breaking the sym-
metry of the resulting configuration under reflections about
the equatorial plane. Specifically, increasing τ above the neu-
tral value increases the overall elastic pressure in the Southern
hemisphere of the shell until, for τ = 1, the latter is approxi-
matively stress-free.

B. Bending deformations

If both stretching and bending are available, the same
asymmetry encoded in the configuration of the elastic pres-
sure, i.e., Eq. (36), is inherited by the shape of the shell,
whose out-of-plane deformations further reflect the uneven
configuration of the active flux. Unlike stretching, however,
bending deformations are additionally subject to the Laplace
pressure across the shell, which, in turn, is renormalized by
the active pressure P(a).

To elucidate this coupling mechanism, as in Sec. IV A it
is instructive to start the analysis from the apolar case, where
τ = 1/2. Assuming again axial symmetry and a uniform ac-
tive and Laplace pressure (i.e., 2P(a) + pR = const), one can
express the solution of Eqs. (31) in the form

P(e) = −
(

γ

γ + 1 − ν2

)
2P(a) + pR

2

+ α(1+ ν)

2

∑
�∈2N

(2�+ 1)[1+ ν− �(�+ 1)]

γ − ν2+ [1 − �(�+ 1)]2
P�(cos θ ),

(38a)

δK = −
(

1 − ν

γ + 1 − ν2

)
2P(a) + pR

D

− α(1 + ν)

D

∑
�∈2N

2� + 1

γ − ν2 + [1 − �(� + 1)]2
P�(cos θ ).

(38b)

The first constant term on the left-hand side of both equa-
tions sets the average tension and size of the active shell,
whereas the second term determines the departure from a
spherically symmetric distribution of both lateral pressure and
curvature. Furthermore, in analogy with the Young-Laplace
equation of fluid interfaces, casting Eq. (38a) in the form

p = 2T

R
, (39)

up to α-dependent deviatoric contributions, yields the expres-
sion of the surface tension T given by Eq. (3). In the passive
limit P(a) = α = 0 and Eqs. (38) reduce to Eqs. (32). To
best appreciate the role of deviatoric active stresses on the
overall shape of the shell, one can use Eqs. (30b) and (38b)
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to compute the normal displacement. This gives

w

R3
=

(
1 − ν

γ + 1 − ν2

)
2P(a) + pR

2D

− 5α

16D

(
1 + ν

γ + 25 − ν2

)
(1 + 3 cos 2θ ) + · · · (40)

Now, as explained in Sec. II, all components of the active
stress tensor, Eq. (6), originate from the spontaneous contrac-
tion of the muscle fibers—thus giving P(a) = −α/2 < 0-but
are renormalized by the coupling between nematic order and
strain: i.e., Eqs. (9). Unless the latter effect is significant
enough to change the sign of α, from Eq. (40) we conclude
that a constant muscular activity changes the shape of a spec-
imen from spherical to oblate (i.e., flatter at the poles). The
latter has no consequence on the osmotic inflation cycles,
since one could expect pR � |P(a)|, but it is likely to give rise
to the short-time oscillatory dynamics consistently observed
during inflation and could potentially be investigated both
experimentally and theoretically. However, when subject to
isotonic conditions (i.e., p = 0), w ∼ P(a) and the spheroid
is subject to a uniform shrinkage. Consistent with the ob-
servations by Ferenc et al., such a variation in the osmotic
environment has a strong impact on the organization me-
chanical forces and is expected to affect the performance of
regeneration [13].

When τ > 1/2 and the symmetry under reflections about
the equatorial plane is broken in favor of a polar state, assum-
ing again a constant active and Laplace pressure throughout
the shell gives

P(e) = −
(

γ

γ + 1 − ν2

)
2P(a) + pR

2
+

+ 1 + ν

2

∑
�∈N

(2� + 1)[1 + ν − �(� + 1)]

γ − ν2 + [1 − �(� + 1)]2
α�P�(cos θ ),

(41a)

δK = −
(

1 − ν

γ + 1 − ν2

)
2P(a) + pR

D

− 1 + ν

D

∑
�∈N

2� + 1

γ − ν2 + [1 − �(� + 1)]2
α�P�(cos θ ).

(41b)

A plot of these functions for various τ values is reported
in Fig. 8. The areal strain displayed in Fig. 1 is obtained
by noticing that, when subject to a lateral compression, the
area A of an arbitrary small portion of the shell undergoes
the variation A → A′ = A + δA, with δA/A = −P(e)/kB, with
kB = Y h/[2(1 − ν)] the bulk modulus.

Computing the normal displacement w, however, requires
a different strategy compared to the previous case, since the
� = 1 mode, which is now included in the expressions given in
Eqs. (41), is in the kernel of the operator ∇2 + 2/R2 appearing
in the linear variation of the Gaussian curvature, Eq. (30b). In
Appendix G we show that an expression for the � = 1 mode
of the normal displacement field can in this case be derived
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FIG. 8. Plots of the elastic pressure P(e) (a) and Gaussian curva-
ture variation δK (b) as given in Eqs. (41) for contractile activity (i.e.,
α > 0) and various τ values. These are indicated in panel (b). In the
inset, the normal displacement w. The dotted circle corresponds to
the circular cross-section of the undeformed spherical shell.

directly from Eqs. (7), to give

w

R3
=

(
1 − ν

γ + 1 − ν2

)
2P(a) + pR

2D

+ 2R2(1 + ν)

Y h
f (1)
1 cos θ + · · · , (42)

where f (1)
1 ∼ −α1 is the amplitude of � = 1 mode in the

vector spherical harmonics expansion of the force density field
f . Polarity, therefore, increases the flatness around the North
pole, where the active flux is stronger [see inset of Fig. 8(b)].

V. DISCUSSION AND CONCLUSIONS

We have proposed an active shell framework to explain
the body axis selection in Hydra as an example of global
spontaneous symmetry breaking. This framework is grounded
in three physical properties of the epithelium of Hydra: i.e.,
structural integrity, nematic order across the actin cytoskele-
ton, and contractile activity. We demonstrated that, when
combined with the spherical topology, which is character-
istic of early stages of Hydra regeneration from a tissue
fragment, these properties engender a striking condensation
phenomenon, in which like-signed active forces accumulate
at the poles, while opposite-signed forces are uniformly dis-
tributed across the shell. This process identifies a body axis,
connecting the two opposite poles, along which muscle fibers
align. Such an axis, in turn, can be either polar or apo-
lar, depending on whether the fluxes of the active forces
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emanating from the poles-�N and �S-are equal or different.
Unlike in other mechanochemical models of Hydra [3,15,18],
this mechanism does not require the existence of a spatially
extended morphogen field, but assigns an analogous regula-
tory role to strain, whose configuration over the scale of the
entire organism is determined by the organization of the active
forces at the poles.

Our approach introduces an especially convenient strat-
egy for parametrizing the distribution of active forces and
their fluxes in the condensed state, thus opening the door
to the analytical calculation of multiple quantities of general
interest. These include the spatial configuration of the areal
strain, lateral pressure and normal displacements resulting
from muscular contraction, as well as the fine-scale structure
of the complexes of topological defects in the head and foot
region. In combination with a direct experimental character-
ization of morphology and nematic order across specimens,
our approach could pave the way to the estimation of vari-
ous material parameters—such as the mean active stress α =
(�N + �S)/(4π ) and the polar bias τ = �N/(�N + �S)-and
shed light on the interplay between mechanical response
and biochemical regulation in Hydra. Furthermore, while the
present analysis focuses on the quasistatic properties, the
framework is more general and can be used to investigate
time-dependent aspects of the regeneration process, such as
inertial effects and the persistence of structural features in
between inflation/deflation cycles.

While a thorough investigation of the origin of the po-
lar bias requires a separate study, some considerations are
in order. Since the polar fluxes �N and �S sourcing the
distribution of strain originate themselves from the con-
certed action of multiple muscle fibers—i.e., �P = ∫

P dA ϕ,
with P ∈ {N, S} denoting the core of a polar defect—the
probability of a perfectly symmetric balance of active flux
at the poles is evidently slim. For instance, augmenting
the apolar flux density with a fluctuating component δϕ =
δϕ(r, t ), such that

∫
S2 dA δϕ = 0 and 〈δϕ〉 = 0, with 〈· · · 〉

a time-average, implies an apolar axis only if
∫

P dA δϕ =
0 at both poles persistently after healing. By contrast, we
expect a polar bias to be present already after the initial
coarsening phase of self-healing, when the excised tissue
has closed itself into a spheroid and most of the topologi-
cal defects have annihilated. Such an initial bias, however,
could be reinforced by Wnt signaling, thus evolving into
a mechanochemically stable head-foot axis. Important steps
toward elucidating this regulatory pathway have been re-
cently reported by Weevers et al. in Ref. [18]. Combining
mechanical manipulations with a time series RNA sequenc-
ing of regenerating spheroids, Weevers et al. unveiled three
fundamental aspects of the mechanochemical cross-talk in
Hydra: (1) Wnt3 ligands cause a decrease in surface tension,
as revealed by micropipette aspiration experiments; (2) Wnt3
activation, in turn, is sensitive to mechanical stimuli and more
prominent where the tissue is subject to higher stretching; (3)
in these regions, the thickness of the epithelium is substan-
tially smaller than across the entire spheroid, as indicated by
a direct imaging of the Wnt-associated protein β-catenin. To
rationalize these observations, Weevers et al. postulated the
existence of a positive feedback loop correlating the Young
modulus of the tissue and the level of expression of Wnt,

Wnt signaling
Wnt activates at the North pole, where 

strain is maximal, causing a local thnning 
of the epithelium

Healing and coarsening
Fluctuations  cause an initial polar bias

e.g. PN > PS

Stabilization
Cell have reached their minimal 

thickness, the process stops

Thinning drives an increase of the  active
flux emanating from the North pole: 

i.e. PN ~ h-1

Active flux enhancement

A stronger active flux causes a larger 
strain in the North pole region:  

i. e. E ~ PN

Strain enhancement

FIG. 9. Possible feedback loop governing the reinforcement of
the initial polar bias. As demonstrated in Ref. [18], Wnt activates
where the strain is maximal, leading to a reduction of the local
thickness of the epithelium. The latter enhances the two-dimensional
active flux emanating from the North pole, thereby enhancing the lo-
cal strain, hence the polar bias. The process stops once the cells have
reached thir minimal thickness, thus resulting in a mechanochemi-
cally stable North-South axis.

with the latter serving as a blueprint for other anatomical
features.

Our analysis, however, suggests an alternative scenario,
which does not require a spatially extended morphogen field
and where the role of Wnt regulation is comparable to that
of muscular activity. First, whether or not Wnt ligands affect
the Young modulus of the tissue, from Eq. (3) and Fig. 8
we see that, near the poles, the magnitude of surface tension
is dominated by the elastic pressure, so that T ∼ h2. The
reduction of surface tension reported by Weevers et al. in sam-
ples of Wnt3-overexpressing spheroids, could then be directly
ascribed to the aforementioned decrease of the cell thickness
h. The latter, however, is expected to effectively increase the
two-dimensional active flux �P emanating from the Wnt-rich
pole of the midsurface. In general, �3D = h�P, where �3D is
the flux across the pillbox surface obtained upon extruding the
two-dimensional core through the thickness of the shell, from
the endoderm to the ectoderm. Thus, assuming the total force
exerted by the muscle fibers independent of the thickness of
the epithelium, implies �3D = const and �P ∼ h−1. A local
thinning of the tissue, therefore, results in a stronger effective
two-dimensional active flux, thus a larger strain across the
North pole region and a higher alignment of the muscle fibers,
as reflected by the fine-scale structure of the defects. As Wnt
activates in response to strain, the latter process entails a posi-
tive feedback loop that reinforces the initial polar bias toward
establishing a stable head-foot axis. The process eventually
stops or becomes irrelevant once the cells have reached the
minimal thickness allowed by the osmotic environment.

Figure 9 summarizes the proposed mechanochemical reg-
ulatory pathway. The latter could be experimentally tested
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by reconstructing both active fluxes �N and �S via optical
imaging of the muscle fibers while locally manipulating the
thickness of the tissue.
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APPENDIX A: DERIVATION OF EQS. (7)

A thorough introduction to elastic shells was given by
Niordson in Ref. [30]. For sake of completeness, in the fol-
lowing, we provide a concise derivation of tangential and
normal force balance given by Eqs. (7a) and (7b), respectively.
Using the classic parametrization of the sphere given in Sec. II
allows expressing the components of the metric tensor in the
form: gθθ = R2, gφφ = R2 sin2 θ , and gθφ = gφθ = 0, while
the curvature tensor is given by bi j = −gi j/R. Using this in
Eqs. (4) one readily finds

ρh ∂2
t ui = ∇ j

(
Ni j − 2

R
Mi j

)
+ fi, (A1a)

ρw ∂2
t w = ∇ i∇ jMi j − M

R2
+ N

R
− p. (A1b)

The stretching and bending tensors, however, are given at the
linear order in the displacements by

Ei j = 1

2
(∇iu j + ∇ jui ) + w

R
gi j,

Bi j = ∇i∇ jw − 1

R
(∇iu j + ∇ jui ) − w

R2
gi j .

For sake of convenience, one can incorporate in the vector
field fi all the forces that are not directly sourced by Ei j and
Bi j , so that fi = ∇ jFi j , where the tensor Fi j , whose explicit
expression is given in Eq. (8), accounts for stresses originating
from both activity and strain alignment. The stress and bend-
ing moment tensors, in turn, are related to the strain tensor
Ei j and the bending tensor Bi j by the Hookean constitutive
equations

Ni j = Y h

1 − ν2
[(1 − ν)Ei j + νEgi j], (A2a)

Mi j = D[(1 − ν)Bi j + νBgi j]. (A2b)

Now, Eqs. (A1) can be substantially simplified by taking
advantage of the possibility of taking alternative measures of
both stretching and bending [30]. This amounts to replacing
Ni j and Bi j with

Ñi j = Ni j − 2

R
Mi j,

B̃i j = Bi j + 2

R
Ei j = ∇i∇ jw + w

R
gi j .

It is simple to verify that these augmented stress and bending
tensors satisfy the condition

Ni jδEi j + Mi jδBi j = Ñi jδEi j + Mi jδB̃i j,

and are therefore equivalent to Ni j and Bi j by virtue of the
principle of virtual work.

These manipulations allow us to cast Eqs. (A1) in the
simpler form

ρh ∂2
t ui = ∇ j (Ñi j + Fi j ), (A3a)

ρh ∂2
t w = ∇ i∇ jMi j + M

R2
+ 1

R
(Ñ + F ) − p, (A3b)

where the stress and bending moment tensors are given by

Ñi j = Y h

1 − ν2

[
1 − ν

2

(
∇iu j + ∇ jui + 2w

R
gi j

)

+ νgi j

(
∇ · u + 2w

R

)]
,

Mi j = D

[
(1 − ν)

(
∇ i∇ jw + w

R2
gi j

)

+ νgi j

(
∇2 + 2

R2

)
w

]
.

From these expressions, the traces Ñ and M can be straight-
forwardly calculated in the from

Ñ = Y h

1 − ν

(
∇ · u + 2w

R

)
,

M = D(1 + ν)

(
∇2 + 2

R2

)
w.

To compute ∇ j Ñi j and ∇ i∇ jMi j we first recall the commu-
tator of the covariant derivatives of a generic rank − p tensor
field Tk1k2··· kp : i.e.,

[∇i,∇ j]Tk1k2··· kp

= Rl
k1 jiTlk2··· kp + Rl

k2 jiTk1l··· kp · · · + Rl
kp jiTk1k2··· l , (A4)

where Rl
i jk is the Riemann tensor. For surface of Gaussian

curvature K , the latter is given by

Rl
i jk = K

(
δl

jgik − gi jδ
l
k

)
. (A5)

Equations (A4) and (A5), in turn, can be used to demonstrate
the following commutation relations for covariant vectors
v = vigi: i.e.,

[∇ i,∇ j]vi = Kv j . (A6)

On the sphere, where K = 1/R2, this yields the following
expressions:

∇ j∇iu j = ∇i∇ · u+ ui

R2
, ∇ i∇ j∇i∇ jw= ∇2

(
∇2+ 1

R2

)
w.

Substituting in Eqs. (A3) finally gives Eqs. (4).
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APPENDIX B: ACTIVE FLUX IN BIPOLAR
CONFIGURATIONS

The generic expression of the force density field associated
with the fully localized bipolar configurations shown in Fig. 3
is given in Sec. III in the form

f = f+ cos[2(s − 1)φ] eθ + f− sin[2(s − 1)φ] eφ, (B1)

where the coefficients f± are given by

f± = α|�|(s − 1 + cos θ )

R sin θ
± 1

R
∂θ |�|. (B2)

Outside of the core of the defects, where |�| = 1, f± → f ,
thereby recovering the expression given in Eq. (11). For s = 1,
Eq. (B1) reduces to

f = α cot θ

R
eθ , (B3)

from which, computing the divergence, gives

∇ · f = 1

R sin θ
∂θ ( fθ sin θ ) + 1

R sin θ
∂φ fφ = − α

R2
. (B4)

Thus, integrating the divergence over the entire sphere and
using �S2\{N,S} + �N + �S = 0, gives Eq. (16), hence

�N + �S = 4πα + O[(a/R)2]. (B5)

The same result can be obtained calculating the flux of f
across the cores. Taking a = Rθc, with θc the angular latitude
of the boundary of the northern cap, and taking ν = eθ , gives

�N =
∮

∂N
ds ν · f = 2πα

a

R tan θc

θc→0−−−→ 2απ. (B6)

The same result holds on the South pole, from which one finds
Eq. (B5). In the general case of a disclination of strength s
located at the North pole, one has

∮
∂N

ds ν · f = a f (θc)
∫ 2π

0
dφ cos[2(s − 1)φ] = 0, (B7)

for any s 
= 1. The bipolar configuration featuring two s = 1
asters at the poles is, therefore, the only configuration of
nematic defects on the sphere resulting from the condensation
of active forces.

APPENDIX C: ACTIVE FORCE DYNAMICS

To derive Eqs. (25), we approximate w/R = 0 and assume
|�| = 1 outside of the defect core. Multiplying both sides of
Eq. (4c) by α and taking the divergence gives then


−1∂t fi = L∇ j∇2Qi j − αλ∇ j[[Ei j]], (C1)

where fi = α∇ jQi j and [[Ei j]] denotes the traceless part of the
strain tensor: i.e.,

[[Ei j]] = 1
2 [(∇iu j + ∇ jui ) − (∇ · u)gi j].

Equation (25a) follows straightforwardly from Eq. (4a), while
Eq. (25b) is obtained by taking into account that, by virtue of
Eqs. (A4) and (A5),

[∇ j,∇2]Qi j = K∇ jQi j + 2∇ j (KQi j ).

From this and Eq. (A4), taking K = 1/R2 gives

∇ j∇2Qi j =
(

∇2 + 3

R2

)
∇ jQi j, (C2a)

∇ j[[Ei j]] =
(

∇2 + 1

R2

)
ui

2
. (C2b)

Finally, replacing Eqs. (C2) in Eq. (C1) readily yields
Eqs. (25b).

Next, to assess the stability of the trivial solution of
Eq. (27), we decompose f in terms of vector spherical
harmonics—i.e., �m

� = R∇Y m
� and �m

� = R × ∇Y m
� , where

Y m
� = Y m

� (θ, φ) is a spherical harmonic of order (�, m). Thus,

f =
∞∑

�=1

�∑
m=−�

(
f (1)
�m �m

� + f (2)
�m �m

�

)
. (C3)

The basis vectors �m
� and �m

� are mutually orthogonal and
characterized by the following differential properties

∇ · �m
� = −�(� + 1)

R
Y m

� , ∇2�m
� = −�(� + 1)

R2
�m

� ,

∇ · �m
� = 0, ∇2�m

� = −�(� + 1)

R2
�m

� .

From these and Eqs. (C3) and (27) it is possible to calculate
the growth rate of the individual modes. That is

∂t f (n)
�m = D(n)

� f (n)
�m ,

with n = 1, 2 and

D(n)
� = Dr

R2
[3 + (1 + ν)� − �(� + 1)],

with Dr = 
L the rotational diffusion coefficient. Evidently,
f = 0 is a stable solution of Eq. (27) only when D(n)

� < 0.
Since � = 1 is the first mode to become unstable, taking
D1 = 0 readily yields �c = −1/(1 + ν). Similarly, lifting the
constraint of incompressibility and expanding

u =
∞∑

�=1

(
u(1)

�m�m
� + u(2)

�m�m
�

)
, (C4)

gives, after simple algebraic calculations,

u(n)
�m = C(n)

� f (n)
�m , ∂t f (n)

�m = D(n)
� f (n)

�m .

The coefficients C(n)
� and D(n)

� are given by

C(n)
� = 2R2/(Y h)(1 − ν2)

�(� + 1)[2 + (1 − n)(1 + ν)] − (1 − ν)
,

D(n)
� = Dr[3 − �(� + 1)]

R2
− αλ


2R2
[1 − �(� + 1)]C(n)

� .

For � = 1, in particular, this gives

D(1)
1 = Dr

R2

[
1 +

(
1 − ν2

3 + ν

)
�

]
, (C5a)

D(2)
1 = Dr

R2
[1 + (1 + ν)�]. (C5b)

Thus, for −1 < ν < 1—thereby including both standard and
weakly auxetic behavior—the �m

1 mode becomes unstable for
� < �c, with �c given in Eq. (28).
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APPENDIX D: COMPLEX LINE BUNDLE
DISCRETIZATION SCHEME

In this Appendix we outline the complex bundle formula-
tion of Eqs. (7). This approach forms the foundation of the
numerical discretization framework developed in Ref. [37],
which applies to surfaces of arbitrary geometry and topol-
ogy. In addition, the use of bundle formalism helps clarify
the orthogonal decomposition in Sec. IV A, as well as
help draw connections to the problems in the mathematical
elasticity literature regarding the Saint-Venant compatibility
problem [39,40] and existence of stress potentials [41,42].

1. Shell model via complex line bundles

On a surface M, let 1 ∈ 
U (T M ) with |1| = 1 be a lo-
cal unit basis vector field defined over a region U ⊂ M. Its
corresponding nematic basis is defined as the equivalence
class [1] ∈ 
U (T M/Z2), identifying I ∼ −1. Using the basis,
vector and nematic fields can be expressed as complex-valued
functions. A displacement field

u = û1 ∈ 
U (T M ) (D1)

corresponds to û ∈ C. Likewise, a nematic field � = �̂[1] is
represented by the complex order parameter

�̂ = |�|ei2θ ∈ C. (D2)

This complex representation is isomorphic to the symmet-
ric, traceless tensor form Q = |�|(n ⊗ n − g/2) ∈ 
(T M ⊗
T M ), where the director is n = eiθ 1. The bijective map
between symmetric traceless 2-tensor and nematic director—
known as the Veronese map—is denoted

V : 
(T M/Z2) → 
(T M ⊗ T M ), V : � �→ Q. (D3)

We introduce the covariant derivatives on tangent and ne-
matic bundles within the complex framework. The gradient
of a scalar function f ∈ 
(M;R) on M is given by grad f :=
(d f )� ∈ 
(T M ). For the tangent bundle, the covariant deriva-
tive of u is given by

∇u = (dû + iωû)1, (D4)

where the connection 1-form w is defined by ∇1 =: iw1. For
the nematic bundle, we denote the covariant derivative by a
subscript and write

∇2� = (d�̂ + i2ω�̂ )[1]. (D5)

The nematic connection ∇2[1] = i2ω[1] accounts for the dou-
bled rotational speed associated with nematic symmetry. The
curvature of the connection measures the holonomy of parallel
transport and is given by

dA K = −dω. (D6)

This complex-valued formulation parallels the classical
Ginzburg-Landau theory, where ω plays the role of the mag-
netic vector potential and K corresponds to the magnetic field.

The vector divergence is the L2-adjoint of the gradient:
div = − grad∗. Similarly, the covariant divergence is defined
as div∇ = −∇∗. The Bochner Laplacian on vector field is
given by � := −∇∗∇ = div∇ ∇, and the nematic Bochner
Laplacian is �2 := −∇∗

2 ∇2. In this framework, the active

shell model defined by Eqs. (7) without inertia and vanishing
normal displacement (w = 0) takes the form(

�+ K + 1 + ν

1 − ν
grad ◦ div

)
u + 2α(1 + ν)

Y h
div∇(V�) = 0,

(D7a)

∂t� = L�2� − 1

ε2
(|�|2 − 1)� − λV−1[[E]], (D7b)

where ε is the coherence length controlling defect core size,
and [[E]] is the traceless part of the symmetric strain ten-
sor E = δg/2 = 1

2 (g∇u + (∇u)�g) ∈ 
(�2T ∗M ), mapped to
complex form via V−1. Strain tensor defines the Killing oper-
ator

K : 
(T M ) → 
(�2T ∗M ), K : u �→ E. (D8)

In our simulations the initialization of �, corresponding to a
disordered defect populated nematic sphere, are taken to be a
normalized eigenmode of the nematic Bochner Laplacian �2,
obtained by solving the eigenvalue problem �2�i = λi�i. By
the Rayleigh quotient, the lowest mode �1 minimizes the
energy

∫
S2 dA|∇�|2 under the L2 constraint

∫
S2 dA|�|2 = 1.

In our simulation, we use i = 60 and initialize the field as
�|t=0 = �60/|�60|.

2. Discretization of surface and operators

The surface M is discretized as a triangular mesh
(P,E ,F ), where P,F ,E denote the sets of vertices,
edges, and faces. Local vector bases 1 f ∈ Tf M and 1p ∈ TpM,
along with their nematic counterparts [1] f ∈ Tf M/Z2 and
[1]p ∈ TpM/Z2, are assigned to each face f ∈ F and vertex
p ∈ P . The displacement field u f = û f 1 f is discretized on
faces, and the nematic field �p = �̂p1p is discretized on ver-
tices via complex scalars. These bases induce an angle-valued
discrete Levi-Civita connection �e on each edge e ∈ E , which
encodes the change of basis between adjacent element i and j
as 1 j = ei�e 1i, [1] j = ei2�e [1]i.

The discrete Gaussian curvature at each face f measures
the holonomy angle around that face:

A f Kf := −
∑
e≺ f

�e mod 2π ∈ (−π, π ], (D9)

where the branch (−π, π ] for A f Kf is selected due to small
domain area A f . On closed surfaces, this definition satisfies
the discrete Gauss-Bonnet theorem

∑
f A f Kf = 2πχ , with

χ = |P| − |E | + |F | being the Euler characteristics.
The gradient grad : 
P (M;R) → 
F (T M ) and diver-

gence div : 
F (T M ) → 
P (M;R) follows standard linear
conforming finite element approximation. The covariant di-
vergence div∇ : 
P (T M ⊗ T M ) → 
F (T M ) is discretized
using a finite volume scheme with dihedral rotation from
TpM to Tf M as parallel transport. The vector Laplacian
� = �−1d∇�∇ : 
F (T M ) → 
F (T M ) and nematic Lapla-
cian �2 = �−1d∇2 � ∇2 : 
P (T M/Z2) → 
P (T M/Z2) are
constructed using bundle-valued discrete exterior calculus.

To incorporate the strain alignment λV−1[[E]], we first
interpolate the face-based displacement field u f to vertices
to obtain uv . A finite element gradient ∇ : 
P (M;R3) →

F (T ∗M ⊗ R3) is then applied, precomposed with dihedral
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rotation for parallel transport from TpM to Tf M. The face-
based strain E f = 1

2 ((∇u) f + (∇u)�f ) is then interpolated to
vertices as Ev , made traceless, and mapped into Eq. (D7b) via
the Veronese map. For further implementation details of these
operators, we refer the reader to Ref. [37]. For temporal dis-
cretization, Eq. (D7b) is integrated using an implicit-explicit
scheme: the alignment term λV−1[[E]] is treated with explicit
Euler, while the relaxation term L�2� is handled via implicit
Euler. Equation (D7a) involves a linear Poisson solve.

3. Variational formulation and Hodge-like decomposition

On a closed, simply connected manifold M, the space of
smooth symmetric (0, 2)-tensor fields 
(�2T ∗M ) admits an
L2-orthogonal decomposition:


(�2T ∗M ) = E ⊕ E⊥, (D10)

where

E := {E = Ku | u ∈ 
(T M )} (D11)

is the space of compatible strain fields (the image of the
Killing operator), and

E⊥ = {� ∈ 
(�2T ∗M ) | div∇ � = 0} (D12)

is the space of self-equilibrated stress fields (kernel of the
covariant divergence). Orthogonality follows from integration
by parts

∫ 〈Ku,�〉 dA = − ∫ 〈u, div∇�〉 dA = 0.
The strain field obtained from Eq. (D7a) is effectively

the L2-orthogonal projection of the active stress Q onto the
compatible strain space E ,

[[E]] = −α(1 + ν)

Y h
PEQ. (D13)

Under the Veronese map V , the corresponding projection in
complex form is P�

E = V−1 ◦ [[]] ◦ PE ◦ V , and its comple-
ment is P�

E⊥ = 1 − P�
E .

Using this projection, the displacement field u can be elim-
inated from Eq. (D7), which can then be written in variational
form:

∂t� = −δF�

δ�
= − δ

δ�

∫
dA F�, (D14)

with the energy density F� given by

F� = L

2
|∇2�|2 − λα(1 + ν)

2Y h
|P�

E �|2 + 1

4ε2
(|�|2 − 1)2.

(D15)

In the long-wavelength regime where the alignment term
|P�

E �|2 term dominates over diffusion |∇2�|2, the con-
straint imposed by the Ginzburg-Landau term, ‖P�

E �‖2 +
‖P�

E⊥�‖2 = ‖�‖2 = const, forces a tradeoff between the
strain-generating component ‖P�

E �‖2 and self-equilibrated
component ‖P�

E⊥�‖2. The system minimizes its energy by
favoring the divergence-free (self-equilibrated) component
when αλ < 0, and the strain-generating component when
αλ > 0.

APPENDIX E: DERIVATION OF EQS. (31)

Equation (31a) can be obtained by inverting Eq. (A2a) and
applying to both sides the so-called incompatibility operator

εikε jk∇k∇l , with εi j the Levi-Civita tensor. For a generic rank-
2 tensor Ti j , this gives

εikε jl∇k∇lTi j = ∇2T − ∇ i∇ jTi j, (E1)

from which, taking Eq. (A1a) into account, yields

εikε jl∇k∇lEi j = 1

Y h
[∇2N + (1 + ν)ϕ]. (E2)

Furthermore, as shown in Ref. [43], the incompatibility of the
strain tensor is related to the local variation of the Gaussian
curvature by

εikε jl∇k∇lEi j = −δK − E

R2
, (E3)

where the trace E of the strain tensor can be computed via
Eq. (A2a) in the form

E = 1 − ν

Y h
N = −2(1 − ν)

Y h
P(e). (E4)

Finally, combining Eqs. (E2), (E3), and (E4) readily yields
Eq. (31a).

Equation (31b), however, can be straightforwardly ob-
tained upon replacing Eqs. (30) in the homogeneous equa-
tion associated to Eq. (4b).

APPENDIX F: SOLUTIONS OF EQS. (31)

In this Appendix we provide further details about the so-
lution of Eqs. (31) in the condensed state, that is when the
active flux given in Eq. (17). To this end, we first recall that,
on a sphere of radius R, the Dirac delta function attains the
form

δ(r − r′) = δ(cos θ − cos θ ′)δ(φ − φ′)
R2

. (F1)

In the present case, the spherical vector r′ marks the the posi-
tion of North and South pole, thus cos θ ′ = ±1 independently
on φ. Integrating Eq. (31a) over φ then gives[

1

sin θ
∂θ (sin θ ∂θ ) + (1 − ν)

]
P(e)

= α(1 + ν)[δ(cos θ − 1) + δ(cos θ + 1) − 1]. (F2)

Both side of this equation can now be expanded in Legendre
polynomials: i.e., P(e)(θ ) = ∑∞

�=0 a�P�(cos θ ), with a� con-
stants, and

δ(cos θ − cos θ ′) =
∞∑

�=0

2� + 1

2
P�(cos θ )P�(cos θ ′). (F3)

Since P0(cos θ ) = 1, the constant term on the right-hand side
of Eq. (F2) cancels the zero mode, so that a0 = 0, whereas,
for � � 1, one readily finds

a�

α(1 + ν)/2
=

(
2� + 1

2

)
1 + (−1)�

(1 − ν) − �(� + 1)
,

where we have used that P�(±1) = (±1)�. Because of this,
a� = 0 for odd � values, from which one recovers Eq. (35).
Similarly, Eq. (36) can be obtained by repeating the same
derivation with the nonsymmetric flux density given in
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Eq. (34). For τ = 1/2 this reduces to Eq. (17), while, for
arbitrary τ values, repeating the previous steps yields

a�

α(1 + ν)/2
= (2� + 1)[τ + (−1)�(1 − τ )]

(1 − ν) − �(� + 1)
. (F4)

Introducing the parameter α� defined in Eq. (37) finally gives
Eq. (36).

If both stretching and bending are considered, parametriz-
ing δK = ∑∞

�=0 b�P�(cos θ ) in Eqs. (31) gives the following
expressions for the amplitudes a0 and b0:

a0 = −
(

γ

γ + 1 − ν2

)
2P(a) + pR

2
, (F5a)

b0 = −
(

1 − ν

γ + 1 − ν2

)
2P(a) + pR

D
. (F5b)

In the absence of active deviatoric stresses (i.e., α = 0, but
P(a) 
= 0), these are the only nonvanishing terms in the ex-
pansion and, compared to the Eqs. (32), shows that the active
pressure affect the overall stress balance by renormalizing the
magnitude of the Laplace pressure p/R. For � � 1, standard
algebraic manipulations gives

a�

D/2
= −[1 + ν − �(� + 1)] b�, (F6a)

b�

(1 + ν)/D
= − 2� + 1

γ − ν2 + [1 − �(� + 1)]2
α�, (F6b)

where α� is again defined in Eq. (37). Notice that, in the limit
γ → 0, stretching and bending deformations decouple and
the expression for α� given in Eq. (F6a) reduces to that of
Eq. (F4).

APPENDIX G: DERIVATION OF EQS. (40) AND (42)

In the apolar case, the normal displacement w can be cal-
culated directly from Eq. (30b), with δK as a source term.

Assuming again axial symmetry and taking w = ∑∞
�=0 c�

P�(cos θ ), readily gives

c� = b�

�(� + 1) − 2
, � � 2, (G1)

where b� is given in Eq. (F6b). This expression, however, is
ill-defined for � = 1, as a consequence of P1(cos θ ) = cos θ

being in the kernel of the operator ∇2 + 2/R2: i.e.,
(

∇2 + 2

R2

)
w1 = 0, (G2)

where w1 = c1 cos θ . To calculate c1 we used Eqs. (7a)
and (7b) directly and, taking advantage of Eq. (G2), write

1 + ν

1 − ν
∇

(
∇ · u1 + 2w1

R

)

+
(

∇2 + 1

R2

)
u1 + 2(1 + ν)

Y h
f 1 = 0, (G3a)

∇ · u1 + 2w1

R
= 0, (G3b)

where u1 = u(1)
10 �0

1 + u(2)
10 �0

1. Next, using the properties vec-
tor spherical harmonics summarized in Appendix C, it is
possible to derive from Eqs. (G3) the following relations for
the coefficients u(1)

10 , u(2)
10 and w1. That is

u(1)
10 = w1 = 2R2(1 + ν)

Y h
f (1)
1 , (G4a)

u(2)
10 = 2R2(1 + ν)

Y h
f (2)
1 , (G4b)

from which one readily obtains Eq. (42). It must be noted that
�0

1 = −√
3/(4π ) sin θ eθ , hence f (1)

1 ∼ −α1 = −α(2τ − 1).
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S. Eaton, M. Popović, F. Jülicher, C. D. Modes, and N. A.
Dye, Active shape programming drives Drosophila wing disc
eversion, Sci. Adv. 10, eadp0860 (2024).

[3] Y. Maroudas-Sacks, S. Suganthan, L. Garion, Y. Ascoli-
Abbina, A. Westfried, N. Dori, I. Pasvinter, M. Popović, and
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