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Uncovering the rules governing the nonequilibrium dynamics of the membranes that define biological cells is
of central importance to understanding the physics of living systems. We theoretically and computationally
investigate the behavior of flexible quasispherical vesicles that exchange membrane constituents, internal
volume, and heat with an external reservoir. The excess chemical potential and osmotic pressure difference
imposed by the reservoir act as generalized thermodynamic driving forces that modulate vesicle morphology.
We show that the renormalization of membrane mechanical properties by nonequilibrium driving gives rise to
a morphological transition between a weakly driven regime, in which growing vesicles remain quasispherical,
and a strongly driven regime, in which vesicles accommodate rapid membrane uptake by developing surface
wrinkles. Additionally, we propose a minimal vesicle growth-shape law, derived using insights from stochastic
thermodynamics, that robustly describes vesicle growth dynamics even in strongly driven, far-from-equilibrium
regimes.
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I. INTRODUCTION

Membranes are essential components of living cells,
functioning as flexible physical and chemical barriers that
compartmentalize cellular contents [1,2]. Beyond this basic
role, membranes perform a multitude of additional functions,
enabled by their remarkable physical properties: they flow
like two-dimensional fluids while also exhibiting out-of-plane
bending elasticity [3–7]. When combined with nonequilib-
rium processes at the membrane like pump activity and active
fission/fusion [8–10], these properties enable diverse mem-
brane morphologies and dynamics that are critical for cellular
function [Figs. 1(a)–1(c)]. The ability of membranes to grow
and change shape may, in fact, have played a pivotal role in
life’s origins [11–14]. Simple fatty acid vesicles capable of
growth and division through membrane assembly dynamics
could have provided a primitive form of cellular compartmen-
talization on the early Earth [15,16]. While the growth and
division of modern cells involves complex regulatory mech-
anisms that coordinate changes in surface area and volume,
early protocells lacked these mechanisms and thus must have
relied on intrinsic physical and chemical processes to prolif-
erate [17–19].
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In modern cells, active processes regulate the size and
shape of the plasma membrane and internal membrane-bound
organelles [20–32]. Active processes can strongly influence
membrane mechanics [33–35], leading to dramatic changes
in properties such as the membrane tension [36–43]. In
particular, the driven uptake of surface material from an ex-
ternal reservoir into an otherwise passive membrane leads
to a reduced or even negative effective tension [44]; in ex-
periments on initially quasispherical vesicles, this produces
large-amplitude shape fluctuations that reflect localized me-
chanical instabilities [38]. Membrane tension is a regulator
of many cellular processes, such as growth [45,46], division
[47–52], motility [53–57], wound repair [58], endo- and exo-
cytosis [59–63], organelle dynamics [64–66], and adaptation
to osmotic stress [67,68]. Membrane curvature is also modu-
lated by activity [35,69]. Yet, the dependence of tension and
bending rigidity on nonequilibrium, active processes remains
elusive.

Here we investigate membrane growth dynamics and
associated changes in membrane elastic properties using
nonequilibrium Monte Carlo simulations of growing vesi-
cles that exchange membrane material and volume with
their environment [Fig. 1(d)]. In our simulations, imposed
gradients of chemical potential and osmotic pressure drive
fluxes of membrane material (surface particles) and internal
volume from external reservoirs into a fluctuating vesicle,
giving rise to morphological changes that reflect the interplay
of driven growth and energetically costly deformations. We
generate ensembles of growth trajectories over a range of
nonequilibrium conditions and demonstrate that the configu-
rational distributions are amenable to an effective equilibrium
mechanical description, in which the effective mechanical
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FIG. 1. Examples of membrane growth processes in living cells
and schematic representation of our Monte Carlo vesicle model.
Membrane growth is central to the dynamic structure and function of
cells and their internal compartments, and it plays a key role in active
processes such as (a) cell division, (b) phagocytosis of pathogens
by macrophages, and (c) the shape dynamics of organelles such as
mitochondria. (d) Schematic of our Monte Carlo simulations for
d = 3. A fluctuating vesicle is modeled as a quasispherical trian-
gulated mesh that exchanges heat, surface particles (vertices), and
volume with a reservoir characterized by temperature T , chemi-
cal potential μ, and osmotic pressure difference �p. For strongly
nonequilibrium growth conditions (μ � μeq), we observe a morpho-
logical transition between a near-equilibrium regime in which the
shapes of growing vesicles remain quasispherical and a far-from-
equilibrium regime with persistent wrinkling.

properties are renormalized by nonequilibrium driving. No-
tably, we observe that, within this description, increasing
the excess chemical potential can cause the effective tension
to cross a theoretically predicted critical threshold—derived
for equilibrium elastic shells under external pressure [70]—
beyond which a buckling instability is expected. The onset
of buckling predicted by this theory is consistent with the
transition from stable to unstable growth— and the onset of
wrinkling—that we observe in our simulations.

We then examine the system through the lens of stochastic
thermodynamics [71–73], measuring distributions of ob-
served fluxes—e.g., of particles and volume from the reservoir
to the vesicle—over ensembles of trajectories. We interpret
these in the context of existing hydrodynamic theories built
upon linear irreversible thermodynamics in Refs. [44,74–76].
Guided by this, we show how this information can inform sim-
ple low-dimensional growth laws that describe relationships
between the net fluxes (of area or volume), their fluctuations,
and the associated driving forces. These results highlight
the interplay between thermodynamic driving and large-scale
morphological changes, providing a starting point for de-
scribing more complex, actively growing membrane systems
across scales, from organelles to protocells.

II. MONTE CARLO SIMULATIONS

We develop nonequilibrium Monte Carlo simulations of
the growth of closed membranes (vesicles) in two and three
dimensions (d = 2, 3). Here we outline the approach, while
the technical details are provided in Appendix A.

We model fluid vesicles in d = 3 as quasispherical triangu-
lated surfaces [77,78], as depicted in Fig. 1(d). Triangulated
mesh-based models have been used extensively for the meso-
scopic modeling of membranes in both equilibrium and
nonequilibrium contexts [79–81], including simulations of the
growth of fluid membranes driven by active recycling [82],
tension gradients [83], and filament polymerization [84], the
growth of elastic shells [85,86], and the dynamics of both
inactive and active elastic shells under pressure [87,88]. In
these inherently coarse-grained models, each vertex (or each
face) represents a patch of a membrane bilayer composed of
many constituent molecules [89,90]. Within this mesh rep-
resentation, the configuration of a given vesicle is specified
by a set of N vertex positions {r} and the mesh adjacency
matrix A, in which Ai j = 1 if vertex i is connected to vertex
j and 0 otherwise. In our simulations, the total energy for a
configuration, Etot, is given by

Etot = Ebend + Etether + Earea, (1)

in which Ebend is the bending energy, Etether constrains the
distance between vertices connected by an edge, and Earea

is the local area constraint energy [91]. These are defined in
Appendix A 1.

We simulate a fluid vesicle in contact with an exter-
nal reservoir of surface particles with chemical potential μ,
a heat bath with temperature T , and a volume reservoir
characterized by an osmotic pressure difference �p = pin −
pout. The number of surface particles (vertices), N , and the
vesicle volume, V , fluctuate in a manner governed by the
specified chemical potential and osmotic pressure difference,
respectively. We denote the instantaneous state of the sys-
tem by � = [{r}, N,V ], with which we associate a function
�(�) ≡ �(�,μ,�p) defined as

�(�) = Etot ({r}) − μN − �pV. (2)

We evolve the system stochastically using the Monte Carlo
method, with a move set that includes vertex translation, edge
flipping, vertex addition (N → N + 1), and vertex removal
(N → N − 1) moves.

The probability of a transition from state � to state �′ is
given by W (� → �′), defined as

W (� → �′) = Pgen(� → �′)Pacc(� → �′), (3)

in which Pgen(� → �′) and Pacc(� → �′) are the probabil-
ities of proposing and accepting, respectively, the transition
� → � ′. The ratio of the forward and reverse transition prob-
abilities depends on the associated change in �(�) as

W (� → �′)
W (�′ → �)

= exp

(
−��(� → �′)

kBT

)
, (4)

in which ��(� → �′) = �(�′) − �(�), kB is Boltzmann’s
constant, and T is the temperature. To this end, proposed state
transitions � → �′ are accepted according to the Metropolis
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criterion [92] with probability Pacc(� → �′) given by

Pacc(� → �′)

= min

[
1,

Pgen(�′ → �)

Pgen(� → �′)
exp

(
−��(� → �′)

kBT

)]
. (5)

For a given value of the osmotic pressure �p and temper-
ature T , there is a particular equilibrium chemical potential
μ = μeq at which this procedure samples an equilibrium con-
figurational probability distribution peq(�) given by

peq(�) = 1

Z
exp

[
− 1

kBT
�eq(r, N,V )

]
, (6)

in which �eq(�) = �(�,μeq,�p), and Z is the corre-
sponding partition function. The inclusion of the proposal
probabilities in Eq. (5) ensures that, for μ = μeq, detailed
balance is preserved:

peq(�)W (� → �′) = peq(�′)W (�′ → �). (7)

For μ �= μeq, detailed balance is broken, and our Monte Carlo
procedure no longer samples a stationary probability distribu-
tion. That is, for μ > μeq, transitions that increase the number
of vertices, N → N + 1, become more favorable than the
reverse; the opposite is true for μ < μeq.

Simulations are initialized with an approximately spherical
vesicle of average radius R0 = 15�0, with edges of average
length �0 ≡ 〈�i j〉 ≈ 1. For all of our simulations, we set the
vesicle bending rigidity to κ = 20kBT , within the range of
typical values for biological membranes [93,94]. In each
Monte Carlo sweep, we attempt exactly N vertex translation
moves, an average of nedges pflip edge flips, and an average
of N pexchange vertex addition and removal moves each. Here
nedges is the number of edges in the mesh, pflip is the prob-
ability of attempting an edge flip for each edge per sweep,
and pexchange is the particle exchange attempt rate. We first
equilibrate the system at the equilibrium chemical potential
μeq, determined a priori, for nequil sweeps. After equilibration
is complete, we change the reservoir chemical potential to the
target value, μ, and perform nsim sweeps. Further implemen-
tation details are given in Appendix A 1 b.

The setup for simulations in d = 2 is described in
Appendix A 2.

III. RESULTS

A. Vesicle growth dynamics and morphology

We begin by mapping the dependence of the dynamics of
vesicle growth and the associated morphological changes on
the imposed chemical potential μ and the osmotic pressure
�p. For a given set of conditions, we generate an ensemble
of nsamples = 500 growth trajectories. For each trajectory, we
compute the associated net fluxes given by J(t ) = �x(t ) ≡
x(t ) − x(0) in which x = (N, V, . . .)T denotes the set of ob-
servables and t refers to the number of elapsed Monte Carlo
sweeps. We refer to the variable t as time, measured in Monte
Carlo sweeps; however, one should note that this is not a
true measure of time, and the “dynamics” that we observe
are not guaranteed to be physically accurate. Nonetheless,
it is often possible to map Monte Carlo “dynamics” onto
Brownian dynamics (with physical units) by introducing an

effective timescale and comparing, e.g., decorrelation times
to known results [84,95,96]. In Ref. [84], for example, this
was achieved for a similar triangular mesh-based membrane
model with fluctuating area under fixed tension. We proceed
under the assumption that such a mapping is possible for our
system.

The discussion that follows in this section focuses primar-
ily on the dependence of the net flux of surface particles
(vertices), �N (t ), on nonequilibrium driving. The flux of
surface particles is directly proportional to the change in total
surface area �A(t ) because the average number of vertices
per unit area, ρ0, is approximately constant due to the area
constraint energy term in Eq. (1). Equivalently, we can write
A(t ) ≈ ρ−1

0 N (t ).
Figure 2(a) displays ensembles of trajectories of the net

flux of surface particles �N (t ) = N (t ) − N (0) as functions
of time t for three values of the excess chemical potential,
�μ = μ − μeq. Significant fluctuations in the net particle flux
�N (t ) occur both along individual trajectories and across the
ensemble of trajectories. For a given time t , the first moment
of the distribution of net fluxes is the mean flux 〈�N (t )〉,
in which 〈·〉 denotes an average over all nsamples trajectories,
and the second central moment is the variance Var[�N (t )] ≡
〈[�N (t )]2〉 − 〈�N (t )〉2.

At the equilibrium chemical potential μeq, the long-
time mean flux vanishes, i.e., limt→∞〈�N (t )〉 = 0. For the
leftmost panel in Fig. 2(a), in which the deviation from equi-
librium is small (�μ ≈ 0.2), the ensemble-averaged net flux
〈�N (t )〉 slowly increases with an approximately linear depen-
dence on time. A typical final vesicle configuration (shown
in the upper half of the panel) remains quasispherical, with
relatively small curvature fluctuations reminiscent of an equi-
librated vesicle, albeit with a slightly larger average radius
than the initial configuration. In the middle panel of Fig. 2(a),
in which �μ ≈ 2.8, the deviation from equilibrium is more
substantial; �N (t ) increases more rapidly with time, and
the final configuration exhibits somewhat larger-amplitude
shape fluctuations. After an initial transient regime, the system
appears to enter a steady growth regime in which �N (t )
increases linearly with time. The occurrence of this initial
transient regime is evidently related to pexchange, the rate at
which particle exchange moves are attempted; pexchange = 1,
such that the number of addition and removal moves at-
tempted during a sweep is equal to the number of particles
at the start of the sweep. For a lower particle exchange
attempt rate of pexchange = 0.01, the initial transient regime
vanishes, whereas the linear growth regime extends to at least
t = 5×104 steps (see Fig. S1 in the Supplemental Material
[97]).

For far-from-equilibrium values of the excess chemical po-
tential �μ [rightmost panel of Fig. 2(a), with �μ ≈ 7.5kBT ],
we find that 〈�N (t )〉 grows nonlinearly at long times, with
vesicle shapes exhibiting large-amplitude undulations that ap-
pear to reflect localized mechanical instabilities, reminiscent
of the shapes observed in the experiments of Ref. [38]. The
�μ dependence of this behavior is summarized in Fig. 2(b), in
which periodic snapshots of configurations from sample tra-
jectories at varying �μ are shown. We observe qualitatively
consistent behavior in two-dimensional vesicles, in which in-
creasing �μ likewise leads to a nonlinear growth regime with
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FIG. 2. Phenomenology of vesicle growth dynamics for various imposed excess chemical potentials. (a) Ensembles of growth trajectories
for various values of excess chemical potential �μ = μ − μeq, with the net influx of surface particles (vertices) [�N = N (t ) − N (0)] plotted
as a function of the number of elapsed Monte Carlo sweeps t . Light gray lines correspond to individual trajectories and blue lines correspond
to the ensemble average 〈�N (t )〉. (b) Representative snapshots of vesicle configurations after number of sweeps t , for different values of
the excess chemical potential �μ/kBT . Images are centered on the corresponding values of (t, �μ). The vesicle surface is colored by the
normalized radius R/R0, in which R0 is the average radius at t = 0. For sufficiently large nonequilibrium driving (large �μ), growing vesicles
exhibit highly deformed morphologies, with significant out-of-plane undulations. For these simulations, the particle reservoir exchange attempt
rate is pexchange = 1, the imposed osmotic pressure difference is �p = 0, and the number of samples is nsamples = 500.

large-amplitude radial undulations (see Figs. S3 and S6 in the
Supplemental Material [97]). Clearly, increasing the excess
chemical potential �μ induces a crossover between stable and
unstable growth regimes with distinct morphological charac-
teristics. We can rationalize the onset of this morphological
transition as a consequence of the renormalization of effective
mechanical properties by nonequilibrium driving.

B. Renormalization of the effective elastic properties
by nonequilibrium driving

The enhancement of curvature fluctuations with nonequi-
librium driving can be interpreted as changes in the effective
elastic properties of the membrane [33,35–38,98]. The shape
of the fluctuating quasispherical vesicle is described by a
superposition of spherical harmonic modes

r(θ, φ, t ) = R(t )

⎛
⎝1 +

�max∑
��2

�∑
m=−�

u�m(t )Y�m(θ, φ)

⎞
⎠, (8)

in which R(t ) and u�m(t ) correspond to the average radius
and the spherical harmonic mode amplitudes, respectively, at
time t [99,100]. We treat the set of nsamples configurations at
elapsed time t = τ as a configurational ensemble. To simplify
notation, we hereafter use u�m = u�m(τ ). We consider the en-
semble average of the squared amplitude of modes of degree
�, given by 〈|u�|2〉, in which |u�|2 = (2� + 1)−1 ∑

m |u�m|2.
We find that, unexpectedly, the ensemble-averaged spec-

trum 〈|u�|2〉 is well approximated by the predicted spectrum
for an externally pressurized elastic shell, adapted from
Refs. [70,87,101]:

〈|u�|2〉 = kBT

2A�

, (9)

in which the quantity A� is defined as

A� = γ R2

(
1 + �(� + 1)

2

)
+ Y R2

2

(� + 2)(� − 1)

�(� + 1)

+ κ

2
(� + 2)2(� − 1)2. (10)

Here γ is the effective tension [102], Y is the effective two-
dimensional Young’s modulus [103], and κ is the effective
bending rigidity.

It is noteworthy that our measured spectra readily fit
an elastic shell model, despite the fact that our Monte
Carlo move set explicitly allows for edge flipping moves
(see Appendix A 1) that continuously rearrange the mesh
topology and should, in principle, endow the vesicle with in-
plane fluidity [77,104–106]. Possibly, this apparent elasticity
emerges if the characteristic timescale for in-plane rearrange-
ments (controlled in part by pflip) is longer than the timescale
for particle exchange (controlled in part by pexchange). Alter-
natively, this could perhaps be a consequence of the direct
suppression of in-plane rearrangement by particle exchange;
for example, the sufficiently rapid addition of particles to the
surface could lead to in-plane “jamming” such that particle
rearrangements become energetically costly. This warrants
more systematic investigation in a future study.

For sufficiently large �μ, we find that the measured spectra
develop a peak at a characteristic degree, �∗, corresponding to
the spherical harmonic mode into which excess area is con-
centrated. The wavelength corresponding to the peak degree
�∗, λ∗ = 2πR/�∗, decreases as the excess chemical potential
�μ increases indicating that the vesicles become increas-
ingly wrinkled (see Figs. S8(a) and S8(b) in the Supplemental
Material [97]).
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FIG. 3. Power spectra and renormalized mechanical properties of growing vesicles at various excess chemical potentials. (a) Mean squared
amplitude 〈|u�|2〉 of spherical harmonic modes of degree � for three different values of excess chemical potential �μ. Solid curves show fits
to Eq. (9), an effective elastic shell model with �μ-dependent renormalized tension γ (in units of kBT/�2

0), Young’s modulus Y (in units of
kBT/�2

0), and bending rigidity κ (in units of kBT ). Representative vesicle configurations illustrate the transition from quasispherical to highly
deformed morphologies with increasing �μ. (b)–(d) Variation of the renormalized parameters with �μ/kBT . The near-equilibrium regime
(�μ ≈ 0) shows approximately linear behavior characterized by slopes cγ , cY , and cκ . The particle exchange attempt rate is pexchange = 1, the
osmotic pressure difference is �p = 0, the cutoff time is τ = 5000 sweeps, and the number of samples is nsamples = 500.

Figure 3(a) shows the measured amplitude spectra 〈|u�|2〉
as a function of spherical harmonic degree � for three in-
creasing values of the excess chemical potential �μ. Fitting
the spectra to Eq. (9) yields a set of �μ-dependent effec-
tive mechanical properties γ , Y , and κ , which are shown
in Figs. 3(b)–3(d). For �p = 0 and small �μ, the effec-
tive mechanical properties vary linearly with �μ/kBT over
a regime extending to several kBT beyond equilibrium. Vesi-
cles settle into a state of fluctuating but steady growth, in
which the extracted effective properties are insensitive to the
elapsed time τ . For the effective tension γ , the proportion-
ality constant cγ is negative, such that increasing the excess
chemical potential �μ decreases the effective tension. The
renormalization of the effective tension due to increasing �μ

is quite dramatic: for �μ = 2kBT , the effective tension γ

more than doubles the magnitude of the corresponding equi-
librium value, γeq. For values of �μ above approximately
4kBT , the dependence of each property on �μ is no longer
linear: notably, the magnitudes of the effective tension and
Young’s modulus both apparently begin to decrease with
increasing �μ. In this large-�μ regime, vesicle shapes be-
come highly nonspherical and vary considerably with time,
as do the extracted effective properties. However, it should
be noted that the theoretical spectrum Eqs. (9) and (10)
fits the data poorly in this regime, implying that the effec-
tive parameters that we extract in this regime are no longer
meaningful. In Fig. S5 in the Supplemental Material [97] we
present fluctuation spectra for two-dimensional vesicles with
varying �μ. Fitting these spectra to Eq. (A23) yields the

effective tension γ and bending rigidity κ . Consistent with our
three-dimensional simulations, we find that increasing �μ

leads to a reduction in both γ and κ .
We next address the physical mechanism of the observed

wrinkling behavior by taking advantage of the effective
equilibrium elastic shell description. At zero temperature,
a spherical elastic shell is predicted to buckle at a criti-
cal external pressure Pc,0 = 4R−2

√
κY [87], or equivalently

a negative effective tension γc,0 = −(2/R)
√

κY . For shells
at finite temperature, thermal fluctuations lead to a reduc-
tion in the critical buckling pressure [70,87], which can be
written as Pc = Pc,0�(ET). Here �(x) is a monotonically
decreasing scaling function (see Fig. S9 in the Supplemental
Material [97]) obtained in Ref. [70] using a renormalization
group (RG) approach, and ET = (kBT/κ )

√
(Y R2)/κ [70,88]

is the (dimensionless) elastothermal number, which quantifies
relative resistance to purely elastic and thermally induced
deformations. By analogy, for our system, we expect the
finite-temperature critical tension to exhibit the same de-
pendence, i.e., γc = γc,0�(ET). It is important to note that
the effective elastic constants are expected to depend on
temperature [70]. In calculating γc,0 and ET as functions
of �μ and �p, we assume that this temperature-dependent
renormalization can be neglected, such that κ (T ) ≈ κ (T = 0)
and Y (T ) ≈ Y (T = 0) at the temperature under considera-
tion. For the bending rigidity, this assumption appears to
be justified, as the measured effective equilibrium bending
rigidity κeq ≈ 21kBT is very close to the specified micro-
scopic value (20kBT ). We are able to apply the renormalized
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FIG. 4. Renormalized material parameters predict the onset of
wrinkling. Variation of the effective tension γ with increasing
excess chemical potential �μ/kBT . Blue points show values ex-
tracted from fitting vesicle shape fluctuation spectra to Eq. (9).
The gray curve shows the predicted zero-temperature critical buck-
ling tension γc,0 = −(2/R)

√
κY , while the black curve shows the

temperature-dependent critical tension γc = γc,0�(ET) predicted by
RG calculations from Ref. [70]. The light blue line shows a lin-
ear fit in the near-equilibrium regime. The shaded region indicates
where buckling is predicted to occur based on the RG calculations,
with γ < γc. Also shown are representative final configurations
corresponding to the values of �μ indicated by the dashed lines.
pexchange = 1, �p = 0, and τ = 5000 sweeps, and the number of
samples is nsamples = 500.

critical buckling tension derived in Ref. [70] because our
measured spectra agree with the thermalized elastic shell
model Eqs. (9) and (10). But, as we discussed earlier, this
apparent elasticity may be a consequence of the parameter
range under consideration (in particular, the choice of the
particle exchange attempt probability pexchange). Because the
temperature-dependent renormalization of elastic constants
for elastic shells differs from that of fluid vesicles [107], a
different critical tension would presumably be appropriate in
the fluid regime. We leave this for future investigation.

Using the effective parameters κ and Y as a function of
�μ, we calculate the �μ-dependent elastothermal number
ET to obtain the predicted finite-temperature critical tension,
γc, as a function of �μ (see Fig. 4). The finite-temperature
buckling theory predicts buckling when γ � γc. As the excess
chemical potential �μ increases from 0, we see that the mea-
sured tension γ becomes increasingly negative, eventually
crossing the critical value γc. Representative final config-
urations (for t = τ , at the end of the trajectory) are also
shown for various values of �μ on either side of the pre-
dicted crossover between nonbuckled and buckled regimes,
using the same coloring scale as in Fig. 2(b). The regime
over which the simulated nonequilibrium configurations ex-
hibit wrinkling is roughly consistent with the predictions of
the finite-temperature elastic shell buckling model in the ab-
sence of driving. Notably, the measured effective tension does

FIG. 5. Relationship between applied pressure, chemical poten-
tial, and vesicle stability. (a) Variation of the effective tension γ

with excess chemical potential �μ/kBT for different values of os-
motic pressure difference �p. The measured effective tensions are
compared with the predicted finite-temperature critical tension γc.
The intersections (stars) indicate predicted morphological transition
points, above which γ < γc. (b) Phase diagram in �p-�μ space. The
region where γ > γc corresponds to stable quasispherical growth,
while γ < γc indicates unstable growth with persistent out-of-plane
deformations. The solid line represents a linear fit. The excess
chemical potential is computed relative to the equilibrium chemical
potential at finite pressure difference: �μ = μ − μeq|�p. For these
data, pexchange = 1, τ = 5000 sweeps, and the number of samples is
nsamples = 500.

not cross the zero-temperature tension threshold. Since the
observed onset of wrinkling is associated with the unstable
growth dynamics described in the previous section, this im-
plies that thermal fluctuations may play a role in giving rise
to unstable growth. For shrinking vesicles with negative �μ,
the spherical state is stabilized: as �μ becomes increasingly
negative, the effective surface tension γ is increased relative
to the equilibrium value γeq, eventually becoming positive.

We next consider the more general case of nonzero osmotic
pressure �p. As �p increases, the equilibrium chemical po-
tential μeq decreases, while the equilibrium effective tension
γeq increases (see Figs. S10(a) and S10(b) in the Supplemental
Material [97]). In the linear regime, the effective tension γ

varies with the chemical potential μ and osmotic pressure �p
as γ − γeq|�p = cγ (kBT )−1(μ − μeq|�p). Figure 5(a) extends
the analysis of Fig. 4 to different �p values and shows that
increasing the osmotic pressure shifts the onset of the mor-
phological transition rightward (to larger �μ). As one would
intuitively expect, if the osmotic pressure difference �p (for
which positive values indicate a net positive internal pressure)
is increased, a greater excess chemical potential �μ is re-
quired to induce wrinkling behavior [see Fig. 5(b)]. We see
qualitatively consistent behavior in two-dimensional vesicles,
in which increasing the osmotic pressure �p at fixed �μ leads
to reduced radial undulations and comparatively stable growth
dynamics (see Figs. S4 and S7 in the Supplemental Material
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[97]). While we have considered the case of fixed osmotic
pressure difference �p here for simplicity, it is important
to note that maintaining a fixed �p as the vesicle volume
changes necessitates a mechanism for maintaining a constant
internal solute concentration. In general, and especially in
living cells, one would expect �p to be a dynamic, volume-
dependent driving force.

Although we have shown that the substantial morpho-
logical changes that we observe can be explained as a
consequence of renormalized mechanical properties, linking
these changes to the underlying driving forces and predicting
the dynamics remains challenging. In the following section,
we outline a strategy based on stochastic thermodynamics to
infer these forces and develop a simplified growth law for the
system.

C. A low-dimensional growth law inferred
from stochastic thermodynamics

Quantitatively predicting the shape dynamics of vesicles
in far-from-equilibrium regimes remains an open problem
with major implications for our understanding of both mod-
ern cell biology and the origin of life [11,108,109]. Existing
theoretical approaches based on linear irreversible thermo-
dynamics (LIT) have made progress in developing covariant
constitutive equations for membrane dynamics [74,75] but
these formulations involve complex tensorial quantities and
numerous unknown coupling coefficients, complicating their
application to real systems. Moreover, the applicability of
such frameworks far from equilibrium, to processes such as
growth-driven shape changes in vesicles, remains uncertain.
We seek a minimal description that captures the essential
physics of growing vesicles across regimes while remain-
ing tractable for both theoretical analysis and experimental
validation.

In this section, we build on our previous theoretical work
[110–112] and use data generated from our nonequilibrium
simulations to infer a simple, low-dimensional evolution
equation for key observed variables. This approach leverages
stochastic thermodynamics [73], a mathematical framework
connecting thermodynamics to stochastic calculus, to as-
sociate a thermodynamic entropy cost to the observed
fluctuating trajectories; this entropy cost implies an upper
bound on the fluctuations of any coarse-grained set of ob-
servables [72,113–119]. A growing body of recent work
has demonstrated the utility of the so-called thermodynamic
uncertainty relations and their extensions in revealing new
insights about nonequilibrium systems, particularly in experi-
mental systems where limited observables are available [120],
in nonequilibrium systems where off-diagonal couplings (be-
tween multiple forces or fluxes) are present [112,121,122],
and in the inference of driving forces [123]. As the entropy
produced in a nonequilibrium process represents a sum of
products of fluxes and forces [124], discovering a set of
observables that saturate the aforementioned bounds can en-
able us to propose a dynamical law relating the observed
fluxes J(τ ) (or the corresponding time-averaged currents
j(τ ) = J(τ )/τ ) to the underlying thermodynamic driving
forces. Our previous work [110,125] demonstrated that this
workflow can be justified in highly simplified contexts. How-
ever, whether a similar result holds for growing membranes

FIG. 6. Dependence of the average particle flux, diffusivity, and
their ratio on the excess chemical potential. Shown are (a) the
average current 〈 jN(τ )〉 = 〈�N (τ )〉/τ , (b) the diffusivity DN(τ ) =
Var[�N (τ )]/(2τ ), and (c) the ratio 〈 jN(τ )〉/DN(τ ) as a function
of the excess chemical potential �μ for varying cutoff times τ .
In (c), the dashed lines show the same ratio if the denominator is
replaced with the equilibrium diffusivity DN,eq = D(�μ = 0), and
the diagonal dotted line corresponds to the linear response prediction
of Eq (11). For these simulations, the particle reservoir exchange
attempt rate is pexchange = 1, the imposed osmotic pressure difference
is �p = 0, and the number of samples is nsamples = 500.

or other similarly complex systems remains an open question,
which we address here.

We first consider the dependence of the particle flux and
its fluctuations on the strength of nonequilibrium driving,
the excess chemical potential �μ. Figure 6(a) shows the
ensemble-averaged particle current (proportional to the sur-
face area growth rate) 〈 jN(τ )〉 ≡ τ−1〈�N (τ )〉 as a function
of the excess chemical potential �μ for several values of
τ . The fluctuations of the net particle flux are quantified by
the diffusivity DN(τ ), given by DN(τ ) ≡ (2τ )−1Var[�N (τ )],
shown in Fig. 6(b). The diffusivity depends weakly on �μ and
τ near equilibrium, whereas far from equilibrium (for �μ �
5kBT ) we find that DN(τ ) increases both with increasing τ

and with increasing �μ. This behavior notably occurs in the
regime in which highly deformed morphologies are observed.
In the near-equilibrium regime (for �μ � 5kBT ), we find that
the ensemble mean particle current obeys a linear response
relation of the form

〈 jN(τ )〉 ≈ DN(τ )

kBT
�μ, (11)

as plotted in Fig. 6(c). This is essentially an application of
the fluctuation-dissipation theorem [126–128], which applies
in the limit of small �μ. This behavior is quite robust to
changes in our simulation parameters: we observe the same
behavior for systems with lower particle exchange attempt
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FIG. 7. Total entropy production and inferred driving force un-
derlying material influx. (a) Estimates and bounds for the total
entropy production �Stot as a function of the excess chemical po-
tential �μ/kBT : Eq. (12) (black and red curves) as well as the
fluctuation bound for a single current J = �N (circles) and for a two-
dimensional current vector J = (�N,�V )T (diamonds). (b) Inferred
force fN as a function of �μ/kBT for different choices of current
vectors J, compared with the estimate proportional to the deviatoric
tension kBT c−1

γ (γ − γeq) (blue curve). The dotted line corresponds
to fN = �μ/kBT . pexchange = 1, �p = 0, τ = 5000 sweeps, and the
number of samples is nsamples = 500.

rates (Fig. S1 in the Supplemental Material [97]), with finite
pressure (Fig. S2), and for both nonpressurized and pres-
surized two-dimensional vesicles (Figs. S3 and S4 in the
Supplemental Material [97], respectively).

We next estimate the entropy production for this system
following Ref. [110]. For a growing system, in the absence of
any other fluxes, the entropy production is expected to be

�S = 1

T
(�μ�N − τ 〈εdiss〉), (12)

in which 〈εdiss〉 is a relative entropy contribution, defined
in Ref. [110], that provides a measure of how strongly
the nonequilibrium configurational distribution deviates from
equilibrium. We detail the calculation of 〈εdiss〉 in Appendix B.
The calculated values of �S are shown with and without
the relative entropy contribution in Fig. 7. With a pressure
difference, we expect �S = 1

T (�μ�N + �p�V − τ 〈εdiss〉).
Stochastic thermodynamics provides an alternative route

for estimating bounds on the entropy production. Specifically,
it provides methods for computing lower bounds on the to-
tal entropy production using the statistical features of the
observed fluxes. Motivated by Refs. [116,118], we consider
bounds of the form

�S � 2kB〈J〉T �−1〈J〉 (13)

for a vector of d f observed fluxes J(τ ) measured over
an ensemble of trajectories of duration τ , with covariance

�i j ≡ Cov(Ji, Jj ). The corresponding diffusivity matrix D(τ )
is given by D = (2τ )−1�. A notable property of Eq. (13) is
that, as we increase the number of observed fluxes, d f , the
lower bound strictly increases, improving our estimate of the
true entropy production �S.

We next test, for our simulations, the effect of increasing
the number of observables on the lower bound on �S. In the
regimes that we consider, the dominant flux is that of particles
from the reservoir into the vesicle surface, i.e., �N . When
�N is the only observed flux, Eq. (13) implies a lower bound
on the entropy production of �S � 2kB〈�N〉2/Var(�N ).
Figure 7(a) shows this estimate as a function of �μ, and we
find that it saturates Eq. (12) in the near-equilibrium regime
but deviates considerably in the far-from-equilibrium regime
(for �μ � 5kBT ). To improve the lower bound in this regime,
it is clear that additional observables are required. We thus
include the volume flux, �V , such that the flux vector is J =
(�N, �V )T . This considerably improves the performance of
the lower bound in the far-from-equilibrium regime, in com-
parison to the single-observable estimate.

If the observed fluxes are sufficiently informative, then the
lower bound on the entropy production given by Eq. (13)
enables us to infer the thermodynamic driving forces from
the observed fluxes. Equation (13) allows us to estimate the
vector of forces f = ( fN, fV, . . .)T as f ≈ 2kBT �−1〈J〉 or
equivalently

f ≈ kBT D−1〈 j〉, (14)

in which j(τ ) = τ−1J(τ ) as specified earlier. Figure 7(b)
shows, for �p = 0, the inferred force vector conjugate to
the surface particle flux, fN, computed using Eq. (14) with
the same sets of observables as in Fig. 7(a). In the near-
equilibrium regime (�μ � 5kBT ), we find that the inferred
force fN is equivalent to the excess chemical potential �μ,
as expected. Given the linear relationship between the excess
chemical potential and the change in the effective tension,
γ − γeq in the near-equilibrium regime, we can relate the
inferred force fN and the deviatoric effective tension γ − γeq

in this regime as fN ≈ kBT c−1
γ (γ − γeq ) with cγ = −0.98 ±

0.03 [see Fig. 7(b)]. Far from equilibrium (�μ � 5kBT ),
however, both the inferred force fN computed via Eq. (14)
and the scaled deviatoric effective tension kBT c−1

γ (γ − γeq )
decrease with increasing �μ.

We next consider the more general behavior of the inferred
forces under varying osmotic pressure �p. Figure 8 shows
the inferred forces fN and fV conjugate to the observed fluxes
J = (�N, �V )T . Taking into account the �p-dependence of
the equilibrium chemical potential μeq and equilibrium effec-
tive tension γeq (see Fig. S10 in the Supplemental Material
[97]), the relationship between the �N-conjugate thermody-
namic driving force fN and the pressure-dependent deviatoric
effective tension γ−γeq|�p can be written as

fN ≈ kBT c−1
γ (γ − γeq|�p) + φ�p. (15)

In the near-equilibrium regime (for �μ � 5kBT ), the driving
force conjugate to the volume flux, fV, is independent of μ

but proportional to �p with fV ≈ cp�p in which cp = 0.87 ±
0.03 [see Fig. 8(b) inset]. For stronger driving (�μ � 5kBT ),
fV begins to increase linearly with μ, with approximately the
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FIG. 8. Inferred thermodynamic forces as a function of chemi-
cal potential under various imposed osmotic pressures. (a) Inferred
force fN conjugate to the surface particle flux �N (circles) and the
effective tension-dependent estimate of Eq. (15): fN = kBT c−1

γ (γ −
γeq|�p) + φ�p (solid lines with small markers). The dashed line
corresponds to fN = μ − μeq|�p=0, and the vertical dotted line cor-

responds to μ = μeq|�p=0. (b) Inferred force fV conjugate to the
volume flux �V . The dashed curves correspond to fits to Eq. (16).
The left inset shows the linear dependence of fV,eq = fV(μ =
μeq|�p=0 ) on �p, with fV,eq ≈ cp�p in which cp = 0.87 ± 0.03
(blue line). The right inset shows the fit values of the threshold chem-
ical potential μ∗ beyond which fV begins to increase with μ. For
these data, pexchange = 1 and the number of samples is nsamples = 500.

same slope for all �p. We can capture the behavior of the
�V -conjugate thermodynamic driving force fV in both with
the heuristic form

fV ≈ cp�p + ζ (μ − μ∗|�p)�(μ − μ∗|�p), (16)

plotted in Fig. 8(b). Here ζ = 0.27 ± 0.01 is the slope, μ∗|�p
is the �p-dependent threshold chemical potential at which
fV begins to increase with μ, and � is the Heaviside step
function, defined as �(x) = 0 for x < 0 and �(x) = 1 for
x � 0. The fit values of μ∗|�p are plotted in the inset.

Having demonstrated that the inferred thermodynamic
driving forces are connected to physically interpretable quan-
tities (the osmotic pressure and effective tension), we can in
principle make predictions about the dynamics of our sys-
tem, e.g., how the surface particle flux and volume flux vary
with changes in tension. If we know the functional form
of the forces f , then we can compute the fluxes as 〈J〉 ≈
(2kBT )−1� f , or equivalently 〈 j〉 ≈ (kBT )−1D f [129]. This
implies that we can write the average rates of change of the
surface particle number N and volume V as(〈Ṅ〉

〈V̇ 〉

)
≈ 1

kBT

(
DN DNV

DNV DV

)(
fN

fV

)
, (17)

in which we have defined Ṅ ≡ jN(τ ) = �N (τ )/τ and V̇ ≡
jV(τ ) = �V (τ )/τ for simplicity. The components of the

diffusion matrix D can be readily obtained from the fluc-
tuations of observed trajectories, and we can insert the
expressions for the thermodynamic driving forces fN and fV

(as functions of �p and γ − γeq) that we determined earlier
Eqs. (15) and (16). Note that, because the surface particle
number and area are related as N ≈ ρ0A, Eq. (17) can be
readily converted into a shape equation relating changes in
surface area and volume. This represents a simple “equa-
tion of motion” that describes the dependence of two key
shape parameters—the surface particle number (proportional
to the surface area) and volume of a growing vesicle—on ex-
perimentally accessible control variables, i.e., the membrane
tension γ and osmotic pressure �p. In a design context, one
could use this relationship to optimize conditions for uniform
growth or for triggering shape transformations on demand.
For example, one can straightforwardly obtain the diffusivity
matrix from experimentally observed trajectories, and then
invert the equation to determine the precise values of γ and
�p required to achieve a desired growth trajectory or mor-
phological state. When compared to the rigorous LIT-based
descriptions developed in Refs. [74,75], the low-dimensional
growth law given by Eq. (17) has the advantages of being
simple but valid far from equilibrium.

Although we have restricted our discussion to fluxes of the
surface particle number N and vesicle volume V , our approach
is general and can be readily extended to other observables.
For example, one could include the flux of elastic energy into
each spherical harmonic mode (� = 2, 3, . . . , �max), which
would provide information about which shape modes capture
the most chemical work. Another possibility would be the
excess area (or the related reduced volume ν), which would
more directly isolate shape changes than the currently used
N (which is proportional to the total surface area). Further,
if explicit dynamics were simulated, one could consider the
viscous dissipation associated with in-plane rearrangements
as a separate flux. Finally, a straightforward option compatible
with our current Monte Carlo framework would be to treat, as
a flux, the medium entropy production (housekeeping heat).
In general, including additional fluxes would tighten the fluc-
tuation bound on the total entropy production and potentially
provide a more informative low-dimensional “equation of
motion.”

IV. CONCLUSION

Here we combined Monte Carlo simulations with tools
from statistical physics and stochastic thermodynamics to
investigate the nonequilibrium growth of vesicles. In this
system, an imposed excess chemical potential and osmotic
pressure difference drive fluxes of surface particles and in-
ternal volume, respectively, into a fluctuating vesicle. We
find that the shape fluctuation spectra of our growing vesi-
cles are consistent with theoretical predictions for elastic
shells subjected to an imposed in-plane tension. Within this
description, we extract renormalized effective elastic param-
eters as a function of the excess chemical potential. Our
results demonstrate that nonequilibrium driving leads to a
renormalization of the effective mechanical properties—the
effective tension, Young’s modulus, and bending rigidity—of
the vesicle surface, as suggested by recent theoretical work
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[74,75,130–132]. Furthermore, we show that these changes in
effective mechanical properties predict the onset of an insta-
bility reminiscent to the buckling instability of elastic shells.
Specifically, as the driving strength increases, the effective
tension becomes sufficiently negative to cross a theoretically
predicted critical buckling threshold. Our simulations indicate
that the onset of this instability corresponds to a transition
from a stable growth regime with quasispherical vesicle con-
figurations to an unstable growth regime with highly deformed
morphologies exhibiting wrinkling. This behavior is reminis-
cent of chemically driven mechanical instabilities observed
in elastic shells with oscillatory mechanochemical coupling
[86]. These findings provide a quantitative link between the
mechanical influence of nonequilibrium driving forces and
macroscopic shape transformations. The identification of a
nonequilibrium wrinkling threshold governed by renormal-
ized mechanical properties provides a quantitative design
principle for controlling morphological transitions in biologi-
cal contexts and in synthetic vesicles.

We leveraged ideas from stochastic thermodynamics
[73,116] to infer a low-dimensional growth law for vesicles,
in which the inferred thermodynamic driving forces are quan-
titatively related to the renormalized mechanical properties.
This is a potentially powerful idea, as it provides a framework
for quantitatively predicting the dynamical consequences of
changes in membrane tension in more general contexts, e.g.,
for situations in which the tension is modified due to the
ATP-mediated activity of cytoskeletal filaments or membrane-
embedded proteins [9].

This framework could find natural application in biological
systems where growth-driven mechanical instabilities drive
cellular processes. Notably, the wrinkled vesicle morpholo-
gies that we observe are reminiscent of shapes seen in growing
protocell models [133] and L-form bacteria [134–137]. Al-
though we have focused on growth, the analysis that we
introduced can be readily applied to other processes, e.g.,
the dynamics of vesicles driven by active fusion and fission
processes [10], by internal fluxes such as actin polymeriza-
tion and retrograde flow [84,138], or by other internal active
matter [91,139–146]. Such processes are of great importance
in a wide variety of cellular functions such as motility, di-
vision, organelle formation, and phagocytosis. Our inferred
growth law provides a template for modeling the dynamics
of these systems. Looking forward, it would be interesting
to complement our thermodynamic uncertainty relation-based
inference approach with model-free methods for estimating
entropy production from observed trajectories [147–149]. We
hope that our work will provide foundations for the quanti-
tative modeling of protocell dynamics and stimulate further
interest into the applications of thermodynamic uncertainty
relations and their extensions in revealing new insights about
nonequilibrium systems.
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APPENDIX A: SIMULATION DETAILS

1. Three dimensions

a. Model description

For the three-dimensional case (simulations of two-
dimensional membranes embedded in three-dimensional
Euclidean space), we model the membrane as a triangu-
lated mesh consisting of N vertices vi with positions r =
{r1, r2, . . . rN } connected by a set of edges ei j . We com-
pute geometric quantities using standard tools from discrete
differential geometry [77,78,151]. Using the discrete Laplace-
Beltrami operator �, we compute the discrete mean curvature
Hi of the mesh at the position of vertex i as

Hi = ni · (�r)i = ni · 1

σi

∑
j(i)

σi j

li j
(ri − r j ), (A1)

in which the sum is taken over all neighbors j of vertex i.
Here ni is the unit vector normal to the mesh at the position of
vertex i,

ni = 1

zi

∑
f (i)

n f , (A2)

where zi is the valence of vertex i, the sum is taken over
the adjacent faces f (i), and n f is the unit normal to face f ,
defined as

n f = e1×e2

|e1×e2| , (A3)

in which the basis vectors e1 and e2 correspond to two of the
face’s edges, chosen such that n f is directed toward the vesicle
exterior. In Eq. (A1), σi is the area of the virtual dual cell of
vertex i,

σi = 1

4

∑
j(i)

σi j li j, (A4)

in which li j = ‖ri − r j‖ is the length of edge i j and σi j is the
length of the corresponding edge in the dual mesh,

σi j = li j[cot(θ1) + cot(θ2)], (A5)

in which θ1 and θ2 are the angles opposite edge i j.
The total energy of the system Etot is given by

Etot = Ebend + Etether + Earea. (A6)

The bending energy Ebend is computed as

Ebend = κ

2

∑
i

σi[Hi − H0]2, (A7)
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in which the sum is taken over all vertices i and H0 is the
spontaneous curvature; for our simulations, H0 = 0. In the
continuum limit [77,152], this is equivalent to the Helfrich
Hamiltonian [4]

EH = κ

2

∫
S

[(H − H0)2]dA, (A8)

in which κ is the bending rigidity, H is the mean cur-
vature, and the integral is taken over the total membrane
area. As our closed vesicles remain topologically unchanged
throughout the simulation, we neglect Gaussian curvature
contributions. We include tethering and area potentials defined
as in Ref. [91]. The tether energy Etether is calculated as

Etether =
∑
edges

[Eatt (li j ) + Erep(li j )], (A9)

in which the attractive part Eatt (r) is given by

Eatt (r) =
{

kT
exp[1/(rcA−r)]

rmax−r if r > rcA

0 if r � rcA

, (A10)

and the repulsive part Erep(r) is given by

Erep(r) =
{

kT
exp[1/(r−rcR )]

r−rmin
if r < rcR

0 if r � rcR

. (A11)

Here kT is the tether stiffness, rmin and rmax are the minimum
and maximum tether length, respectively, and rcR and rcA are
the repulsive and attractive interaction cutoffs, respectively.
The area energy Earea is computed as

Earea =
∑
faces

kA

2

(A f − A′
f )2

A′
f

, with A′
f = Atot,0

Nf
, (A12)

in which kA is the area stiffness, A f is the area of face f , Atot,0

is the target total area, and Nf is the total number of faces.

b. Monte Carlo details

As described in the main text, we denote the instantaneous
state of the system by � = [{r}, N,V ], with which we asso-
ciate a function �(�) ≡ �(�,μ,�p) defined as

�(�) = Etot ({r}) − μN − �pV. (A13)

Here N is the number of particles in the vesicle surface, {r}
is the corresponding set of N particle positions, and V is the
vesicle volume, also specified by {r}. We evolve the system
stochastically using the Monte Carlo method, with a move
set that includes vertex translation, edge flipping, vertex addi-
tion (N → N + 1), and vertex removal (N → N − 1) moves.
Proposed state transitions � → �′ are accepted according to
the Metropolis criterion [92] with probability Pacc(� → �′)
given by

Pacc(� → �′)

= min

[
1,

Pgen(�′ → �)

Pgen(� → �′)
exp

(
−��(� → �′)

kBT

)]
,

(A14)

in which Pgen(� → �′) is the probability of proposing the
move � → �′.

(a)

(c)

(d)

(b)

FIG. 9. Monte Carlo move set for the triangulated mesh model
for membranes in three dimensions. Circles and lines represent ver-
tices and edges, respectively.

In a vertex displacement move, the position ri of a selected
vertex vi is moved to a random point within a sphere of radius
dmax centered on ri, in which dmax is chosen such that the
typical acceptance probability is approximately 0.5.

We additionally include edge flip moves, depicted in
Fig. 9(b), which are commonly used in mesh-based membrane
models to achieve fluidity [104,105]. It has been shown in
various prior studies that the edge-flipping frequency acts as a
knob that controls the effective in-plane viscosity of the mem-
brane. For example, Refs. [105,106] measured the effective
in-plane viscosity as a function of bond-flipping frequency
via gravity-driven in-plane Poiseuille flow. For each edge, we
attempt an edge flip in a given sweep with probability pflip.

Vertices are added via edge split moves and removed via
edge collapse moves, depicted schematically in Figs. 9(c) and
9(d). In an edge split move, a new vertex is introduced at
the midpoint of an existing edge, and new edges are added
between the new vertex and the two vertices opposite the
original edge, splitting each of the adjacent faces in two. In
an edge collapse move, a selected vertex is merged with one
of its neighbors by collapsing a randomly chosen adjacent
edge, removing the two adjacent faces. Similar moves for
the addition and removal of membrane material have been
explored in prior Refs. [82–85].

It is important to note that Monte Carlo simulations, as
we have employed here, do not simulate the true dynamics
of the system. However, one can reinterpret the transition
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FIG. 10. Schematic of our Monte Carlo simulations for d = 2,
in which a fluctuating vesicle is modeled as a semiflexible polymer
ring that exchanges heat, surface particles, and internal area with
a reservoir characterized by temperature T , chemical potential μ,
and osmotic pressure difference �p. For strongly nonequilibrium
growth conditions (μ � μeq), we observe a morphological transition
between a near-equilibrium regime in which the shapes of growing
vesicles remain quasicircular and a far-from-equilibrium regime with
persistent wrinkling.

probabilities P(� → �′) as transition probabilities per unit
time [153–156], although the underlying timescale involved
has to be determined by other means. Prior work has shown
that one can make reasonable comparisons between Monte
Carlo simulations and overdamped dynamics [84,95].

2. Two dimensions

a. Model description

In two dimensions, we model a vesicle as a closed semi-
flexible polymer (a ring polymer), which we couple to a
reservoir with which it exchanges heat, surface particles,
and internal area, as depicted in Fig. 10. As with the three-
dimensional model, we observe that, above an equilibrium
chemical potential μeq, vesicles grow. Simple particle-based
models have been used in the past for two-dimensional models
for growing one-layered tissues [157,158].

The total potential energy Etot of a vesicle configuration, in
which the ith particle has position ri, is defined as

Etot = ES + EB, (A15)

in which ES and EB refer to the stretching and bending ener-
gies, respectively. The total stretching energy is defined as

ES =
∑

i j

1

2

kS

�0
(|ri j | − �0)2, (A16)

in which kS is the spring constant, �0 is the rest length,
|ri j | = |r j − ri|, and the sum is taken over all bonds i j. The
total bending energy is defined as

EB =
∑
i jk

1

2

κ

�0
(�θi jk )2, (A17)

in which θi jk is the angle between distinct pairs of adjacent
bonds i j and jk and �θi jk = θi jk − θ0. Note θi ≈ �0ci, in
which ci is the curvature at vertex i. We impose zero spon-
taneous curvature, such that θ0 = 0.

(a)

(b)

FIG. 11. Monte Carlo move set for the two-dimensional polymer
ring model. (a) Vertex translation move, in which a randomly se-
lected vertex is displaced randomly within a circle of radius dmax.
(b) Complementary particle addition and removal moves that al-
low the vesicle to grow or shrink by inserting or removing surface
particles.

b. Monte Carlo details

The general MC procedure for d = 2 is virtually the
same as for d = 3. In this case, the function �(r, N, A) is
given by

�(r, N, A) = Etot (r) − μN − �pA, (A18)

in which N is the number of particles in the vesicle sur-
face, r is the corresponding set of N particle positions, and
A is the internal area, also specified by r. The move set
for d = 2 includes vertex translation, addition, and removal
moves, as shown schematically in Fig. 11. For each sweep we
attempt N translation moves on randomly selected particles.
For each translation move, the chosen particle is randomly
displaced within a disk of radius dmax around its initial po-
sition. For translation moves, the forward and reverse move
generation probabilities are symmetric: Pgen(� → �′) =
Pgen(�′ → �).

For each sweep we attempt N addition moves and N re-
moval moves with probability pexchange. For each addition or
removal move, one of the N particles is randomly selected. An
addition move proposed for particle i involves adding a new
particle between particle i and its counterclockwise neighbor,
whereas a removal move involves removing i and connecting
its two neighbors. In an addition move, the midpoint rmid be-
tween the chosen particle and its counterclockwise neighbor
is identified, and a new candidate particle position is chosen
randomly from a disk of area aadd centered on rmid. The prob-
ability of generating a particular candidate particle addition
move is thus

Pgen(�(N ) → �′(N + 1)) = (N pexchange )
1

aaddN

= pexchange

aadd
. (A19)
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TABLE I. Simulation parameters for d = 3.

Quantity Symbol Value

Thermal energy scale kBT 1
Initial average tether length �0 1
Initial vesicle radius R0 15 �0

Initial vesicle surface area A0 ≈4πR2
0

Initial number of vertices N0 ≈ (
4πR2

0

)/[
2
(√

3
4 �2

0

)]
Initial number of faces Nf 0 ≡ 2(N0 − 2)
Initial (target) area per face Af 0 ≡ A0

Nf 0
≈

√
3

4 �2
0

Bending rigidity κ 20 kBT
Tether stiffness kT 100 kBT �0

Local area stiffness kA 100 kBT/�2
0

Spontaneous curvature H0 0 �−1
0

Flip attempt probability pflip 0.3
Max vertex displacement per step dmax 0.1 �0

Tether minimum length rmin 0.6 �0

Tether repulsive interaction cutoff rcR 0.8 �0

Tether attractive interaction cutoff rcA 1.2 �0

Tether maximum length rmax 1.4 �0

For the reverse (particle removal) move, the generation prob-
ability is

Pgen(�′(N + 1) → �(N )) = [(N + 1)pexchange]
1

N + 1

= pexchange. (A20)

In practice, we use aadd = π�2
0/4.

c. Power spectrum

We represent the shape of a two-dimensional vesicle as a
Fourier series,

r(θ ) = R

[
1 +

mmax∑
m=1

(am cos mθ + bm sin mθ )

]
. (A21)

For an ensemble of shapes, the corresponding radial fluctua-
tion spectrum is given by [143,159]

〈|ĥ(q)|2〉 = πR3
0

2
(〈|cm|2〉 − 〈|cm|〉2), (A22)

in which q = m/R0 is the wave number, R0 = 〈R〉 is the
ensemble-averaged radius, and |cm| = √

a2
m + b2

m. We then fit
the radial fluctuations to the theoretical form

〈|ĥ(q)|2〉 = kBT

γ q2 + κq4
(A23)

to extract effective values of the tension γ and bending rigidity
κ (see Fig. S5 in the Supplemental Material [97]).

3. Simulation parameters

The parameters for our simulations in d = 3 and d = 2 are
given in Tables I and II, respectively.

TABLE II. Simulation parameters for d = 2.

Quantity Symbol Value

Thermal energy scale kBT 1
Initial average tether length �0 1
Initial vesicle radius R0 200 �0

Initial vesicle perimeter P0 ≈2πR0

Initial number of particles N0 ≈2πR0/�0

Bending rigidity κ 20 kBT
Spring stiffness kS 100 kBT �0

Spontaneous curvature H0 0 �−1
0

Max vertex displacement per MC step dmax 0.1 �0

APPENDIX B: RELATIVE ENTROPY CONTRIBUTION

The thermodynamic reorganization cost 〈εdiss〉 [110,111] is
defined as

〈εdiss〉 ≡ DKL
[
pN

∥∥peq
N

]
= 〈Eeq − Eeff〉N − (Feq − Feff )

N
. (B1)

We have

〈Eeq〉N = kBT

2

�max∑
�=2

(2� + 1)
A�,eq

A�

, (B2)

〈Eeff〉N = kBT

2

�max∑
�=2

(2� + 1)
A�

A�

= kBT

2
N, (B3)

Feq = −kBT

2

�max∑
2

(2� + 1) ln

(
πkBT

A�,eq

)
, (B4)

and

Feff = −kBT

2

�max∑
2

(2� + 1) ln

(
πkBT

A�

)
, (B5)

such that

〈εdiss〉 = 1

N

kBT

2

�max∑
�=2

(2� + 1)

[
A�,eq

A�

− 1 − ln
A�,eq

A�

]
, (B6)

in which �max = √
Nd − 1. Here A� and A�,eq are defined by

Eq. (10) using the equilibrium and renormalized values of γ ,
Y , and κ .

APPENDIX C: PHENOMENOLOGICAL COEFFICIENTS
AND ONSAGER RECIPROCITY

That we can write an expression for the dependence of
the currents on driving forces [Eq. (17)] in the (linear)
near-equilibrium regime is to be expected [160,161]. It is
well known that, within the framework of linear irreversible
thermodynamics, we can write each current ji as a linear
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FIG. 12. Symmetry in the nonequilibrium coupling coefficients.
For a given μ, the (a) ensemble-averaged surface growth rate 〈Ṅ〉 and
(b) ensemble-averaged volume growth rate 〈V̇ 〉 both increase with
increasing �p. The dotted line indicates the equilibrium chemical
potential μeq for �p = 0. (b) The measured cross-coupling coef-
ficients LNV and LVN, agree well with one another, and with the
corresponding cross-diffusion coefficient DNV. Note that DNV = DVN

by definition, due to the symmetry of the covariance matrix. (d) The
ratio LNV/LVN is near unity, corresponding to the Onsager reciprocity
relation (blue line). This holds true even far from the equilibrium
chemical potential, indicated by the dotted black line. For these data,
pexchange = 1 and the number of samples is nsamples = 500.

combination of the conjugate thermodynamic forces f j , as

ji =
∑

j

Li j f j, (C1)

in which L is the phenomenological coupling matrix. L is
expected to be symmetric [162–164], with Li j = Lji, and
also positive semidefinite, with nonnegative diagonal entries
Lii � 0 and a nonnegative determinant det(L) � 0. In the
linear regime, we should observe Li j = Di j/kBT . Note that
the diffusion matrix D is by definition symmetric and positive
semidefinite, while these properties for L have to be checked
by direct determination of the phenomenological coefficients,
as Li j = ∂ ji/∂ f j .

For our problem, we can test a version of the Onsager
reciprocity relations by probing whether the following holds
near and far from equilibrium,

∂〈Ṅ〉
∂ (�p)

∣∣∣∣
�μ

= ∂〈V̇ 〉
∂ (�μ)

∣∣∣∣
�p

. (C2)

That is, for systems near equilibrium, the dependence of the
surface growth rate on the osmotic pressure, for fixed chem-
ical potential, is identical to the dependence of the volume
growth rate on the chemical potential, for fixed osmotic pres-
sure. Figure 12(a) shows both LNV and LVN as well as DNV, as
a function of the imposed chemical potential μ. We observe
reasonable agreement between all three quantities over nearly
the entire range of �μ tested. To more directly demonstrate
the near symmetry of the measured coupling coefficients, the
ratio LNV/LVN is shown in Fig. 12(b).
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