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The growth and scaling of organs is a fundamental aspect of animal development. However, how organs grow
to the right size and shape required by physiological demands, remains largely unknown. Here we provide a
framework combining theory and experiment to study the scaling of branched organs. As a biological model, we
focus on the branching morphogenesis of the planarian gut, which is a highly branched organ responsible for the
delivery of nutrients. Planarians undergo massive body size changes requiring gut morphology to adapt to these
size variations. Our experimental analysis shows that various gut properties scale with organism size according
to power laws. We introduce a theoretical framework to understand the growth and scaling of branched organs.
Our theory considers the dynamics of the interface between organ and surrounding tissue to be controlled by a
morphogen and illustrates how a shape instability of this interface can give rise to the self-organized formation
and growth of complex branched patterns. Considering the reaction-diffusion dynamics in a growing domain
representative of organismal growth, we show that a wide range of scaling behaviors of the branching pattern
emerges from the interplay between interface dynamics and organism growth. Our model can recapitulate the
scaling laws of planarian gut morphology that we quantified and also opens new directions for understanding

allometric scaling laws in various other branching systems in organisms.

DOLI: 10.1103/n8n9-gptw

I. INTRODUCTION

Hierarchically branching tubular structures are a common
design principle of organs of multicellular organisms [1-3].
Examples include the treelike ramifications of the airways of
the vertebrate lung that provide a large surface area for effi-
cient gas exchange, the vasculature of animals and plants that
ensures high perfusion efficiency via hierarchical branching
into vessels of progressively smaller diameters, or the network
of ducts within the mammary gland of mammals that se-
crete milk for nourishment of the offspring [4,5]. Invertebrate
examples of branched organs include the gut of planarian
flatworms, which consists of three primary branches (hence
their systematic designation as Tricladida; tri = three, cla-
dida = branches). These primary branches sprout numerous
secondary side branches that, via further branching, permeate
nearly the entire body of the worms and give rise to the
branched morphology of the organ [6,7]. The planarian gut
simultaneously mediates food absorption and nutrient distri-
bution and is therefore often referred to as gastrovasculature.
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Invariably, branched organs form during development via the
hierarchical and self-organized branching of precursor ducts
and these processes are collectively referred to as branching
morphogenesis [8].

The self-organized formation of branched morphologies is
also a common and well-studied phenomenon in nonequilib-
rium physics [9—12]. Examples here include the formation of
branched structures during solidification (e.g., snowflakes),
viscous fluid flow, or dielectric breakdown. Despite these
seemingly different phenomena, a common principle under-
lies the formation of branched structures. On an abstract level,
all these phenomena can be described by the motion of an
interface that separates two regions with different properties
(e.g., solid and liquid regions in solidification). The formation
of an interface protrusion increases the protrusion’s growth
rate, and this shape instability can lead to the formation of
highly branched structures [13,14]. Although shape instabili-
ties can explain the formation of branched structures in a wide
class of pattern forming systems, including bacterial colonies
[15], it remains unclear if or how shape instabilities may
contribute to the morphogenesis of branched animal organs.

A central regulatory principle in biological branching
morphogenesis are so-called morphogens [16,17], which are
signaling molecules that spread within the tissue environ-
ment and influence cell behavior in a concentration-dependent
manner [2]. Morphogens are typically produced in dedi-
cated source regions and form concentration gradients by
undergoing diffusion and degradation. Morphogen gradients
play an important role in body axis formation, growth con-
trol of tissues, and also branching morphogenesis [18,19].

Published by the American Physical Society


https://orcid.org/0000-0002-3292-2128
https://orcid.org/0000-0001-9977-1240
https://orcid.org/0009-0008-5332-4603
https://orcid.org/0000-0003-0553-9032
https://orcid.org/0000-0001-6381-6742
https://orcid.org/0000-0003-4731-9185
https://ror.org/01bf9rw71
https://ror.org/03av75f26
https://ror.org/01y9bpm73
https://ror.org/05hrn3e05
https://ror.org/042aqky30
https://crossmark.crossref.org/dialog/?doi=10.1103/n8n9-gptw&domain=pdf&date_stamp=2026-02-03
https://doi.org/10.1103/n8n9-gptw
https://creativecommons.org/licenses/by/4.0/

CHRISTIAN HANAUER et al.

PRX LIFE 4, 013014 (2026)

(a) Planarian anatomy and body axes (b) Gut morphology for different organism sizes
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FIG. 1. Size-dependent gut properties in S. mediterranea. (a) Specimen of the model species S. mediterranea. On their ventral side,
planarians possess a muscular tube (pharynx) that is extended for food ingestion. Rightmost image is from Ref. [36]. (b) Representative
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For example, the mouse mammary gland produces trans-
forming growth factor-8 (TGF-B) which forms gradients
away from the gland and by its inhibitory effect on branch
growth ensures the regular spacing of mammary gland
branches [20-24]. Apart from morphogens, branching mor-
phogenesis can also be guided by external guiding cues,
e.g., mechanical constraints imposed by the surrounding
musculature [25-29]. However, challenges in understanding
branching morphogenesis include the specification of the of-
ten dynamic and transient morphogen source regions during
branching morphogenesis. Here the self-amplifying protru-
sions in physical branching systems provide an attractive
possibility.

A further interesting dimension of biological branching
systems is their capacity for tremendous growth and remod-
eling, which may contribute to the emergence of allometric
scaling laws [30,31]. Examples here include the expansion
of the human lung surface area or the capacity of the vascu-
lar network during postembryonic growth or in response to
physical exercise [32—34]. Also the branched planarian gut is
subject to tremendous remodeling during regeneration or the
food-supply dependent growth and degrowth of the animals
[71, which amounts to more than 40-fold variations in body
length or more than 800-fold variations in cell number in case
of the model species Schmidtea mediterranea [35]. Although
it is known that the highly branched planarian gut and all other
planarian organs qualitatively scale with body size, neither
the quantitative scaling laws nor the branching morphogenesis
mechanisms are currently understood.

In this paper, we provide a theoretical framework to study
the growth and scaling of branched organs. Our framework
conceptualizes branching morphogenesis by the dynamics
of a moving interface (e.g., organ outline). Specifically, we
envisage the growth of the interface under the control of
morphogens and study the resulting structures in a growing
domain to represent organism growth. We use the scaling
of the branching patterns of the planarian gut as biologi-
cal inspiration and parametrize our model on the basis of
quantified scaling behaviors. The fact that our model can re-
capitulate the self-organized emergence of gutlike branching
patterns and their scaling behaviors demonstrates the utility of
instability-driven morphogen-controlled interface growth in
generating branched structures. Overall, our model integrates
interface growth, morphogen dynamics, and organism growth
and therefore provides a general framework for explaining the
self-organized scaling of branched structures.

II. MORPHOMETRY AND ALLOMETRIC SCALING
OF THE PLANARIAN GUT

A. Quantification of planarian gut morphology

We use the planarian gut as an experimental model sys-
tem to study branched organ scaling [Fig. 1(a)]. Their flat
body is bilaterally symmetric with a distinct anterior-posterior
(head and tail region) and dorsoventral polarity (photorecep-
tors on dorsal side). On their ventral side, a muscular tube,
the so-called pharynx, can extrude from the body. The phar-
ynx serves as the only body opening of the organism and is
responsible for both ingestion of food and excretion of waste.
The planarian gut spans the entire organism [Fig. 1(b)]. The
gut has a characteristic shape with one primary branch in the
anterior and two primary branches in the posterior body half.
Secondary side branches project laterally from the primary
branches and branch again into higher-order side branches,
thus giving rise to the highly branched morphology of the
organ.

To quantify gut branching morphologies, we determined
the gut skeleton from binarized images of gut in situ hy-
bridizations [Fig. 1(c)]. The skeleton is a one-pixel-wide,
topology-preserving representation of the binarized image and
allows us to quantify various aspects of gut branching mor-
phologies. We determine individual branches in the skeleton
and on the basis of this determine several geometrical branch
properties [Fig. 1(d); for details see Appendix A]. We quantify
the length ¢, of an individual branch, where n =1,..., N
with N being the total number of branches. From this we
determine the organismal mean branch length ¢. We quan-
tify the total gut length Ly, as the sum of the individual
branch lengths. Further, we also quantify branch distance d.
Finally, we use the circular mean orientation v, of individual
branch segments as a measure for branch orientation [38].
The gut skeleton also allows us to determine branch hierarchy
[Fig. 1(e)]. We call the set of branches that form the longest
path from the gut origin “primary branch” and similarly group
the remaining branches according to their length. Knowing
the branch hierarchy allows us to analyze hierarchy-dependent
branch properties (see Appendix H3). Finally, we also employ
the skeleton to quantify organism size [Fig. 1(f)]. To this end,
we determine the convex hull of the skeleton and use the major
and minor axis length of the convex hull as a measure for
organism length L, and organism width L., respectively. Addi-
tionally, we determine branched area A, = A,, — A, from the
difference of worm area A,, and pharynx area A, as a measure

whole-mount in situ hybridization specimens of the indicated organism length L, = 1,2, 5, 8, 11 mm, labeled with a probe against the gut-
specific transcript dd_Smed_v6_75_0_1. Maximum projections of confocal z-stacks are shown. (c) We determine the gut skeleton, a one-
pixel-wide, topology-preserving representation of the original image. (d) We identify branches (colored lines) as the set of pixels that connects
branch points (black dots) and quantify branch length ¢,, branch angle ¥,, and branch distance d, where n labels an individual branch. (e)
Branches can be grouped into different hierarchy levels. (f) The convex hull of the skeleton (gray) serves as a measure for the organismal
outline and allows us to determine organism width L., organism length L,, and the branched area A,. Likewise, the convex hull of the pharynx
region (white) allows us to determine the pharynx area A,. [(2)—(j)] Gut features (dots) as a function of branched area along with a power-law
fit (gray line) and the corresponding scaling exponent £ standard deviation. The power-law fit was obtained from a fit of a linear function
to the logarithmized data. Note that in (h) and (i) the fit was performed for organism sizes A, > 0.2 mm? to avoid the biasing effect of the
posterior part of the primary branch in small organism sizes. (k) Distribution of orientational order parameter for different organism sizes with
color labels in worm length (area). () Average orientational order parameter (cos’(v/)) as a function of branched area. We additionally show
the mean orientation order parameter across organism sizes (gray line).
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for the area the gut can grow into. Overall, we have established
the quantification of key gut and organism properties, which
allows us now to study size-dependent gut properties.

B. Scaling of planarian gut morphology

We next use our gut quantification to study the size depen-
dence of gut morphologies. We first study the size dependence
of the total gut length Ly, and find a strong increase of
total gut length with branched area A;. Interestingly, the size
dependency of Lgy is well described by the power-law re-
lationship Lgy ox A] with scaling exponent n = 0.75 & 0.04
[Fig. 1(g)]. We next investigate the size dependence of mean
branch length £ and the total number of branches N [Figs. 1(h)
and 1(i)]. We find that both ¢ and N contribute to total
gut length increase. Both quantities independently display a
size increase that is approximated by the power-law scal-
ing £ o< Ay* with a, =0.19£0.08 and N ocAf) with ¢ =
0.59 4 0.10, for large organism sizes (A, > 0.2mm?). For
small organisms (4, < 0.2 mm?), our imaging shows that the
side branches appear very much reduced, particularly in the
anterior part of the animals, and the overall branching pat-
tern is therefore reduced to the three primary branches [see
I-mm-length planarian in Fig. 1(b)]. As a consequence, we
observe a different trend as the two long posterior branches
of the primary branch bias the mean branch length £ towards
larger values. However, excluding primary branches from the
averaging leads to a significant reduction in mean branch
length for small organism sizes and brings the data points
closer to the scaling line (see Fig. 8 in the Appendix). We next
study the size dependence of branch distance and find that
its size increase is well described by the power law d AZ”’
with @, =0.24 £0.06 [Fig. 1(j)]. Note that the scaling of
total gut length with branched area implicitly defines a length
Ap/Lgy. This length serves as a measure for branch distance
and scales with scaling exponent 0.25 in agreement with the
value found for «,. Finally, we study branch orientation and
its size dependence. To this end, we first consider the branch
orientational order parameter distribution cos?(v). We find
a strong peak at cos’(¥) =0 and cos’(¥) = 1 indicating
branches with vertical and horizontal orientation, respectively
[Fig. 1(k)]. Additionally, we find that distribution shape is
independent of organism size. The size-independent branch
orientation is additionally supported by the size-independent
mean orientational order parameter [Fig. 1(1)]. Overall, we
have therefore established a set of complementary scaling
relationships that characterize the size-dependent properties
of the planarian gut.

III. MORPHOGEN-CONTROLLED
INTERFACE DYNAMICS

A. Model definition

We develop a minimal model for self-organized branching
morphogenesis using a continuum theory in two-dimensions
(2D) [Fig. 2(a)]. We represent the shape of a developing
organ by the dynamics of a moving interface that separates
the branching organ (region labeled “in”) from the rest of the
organism (region labeled “out”). We describe positions of the
interface by the vector R with the local unit normal to the in-
terface described by the vector n. Organ growth and therefore

interface growth are controlled by a diffusing morphogen. We
denote the morphogen concentration in each of the regions
i = in, out by c;(x, t), where x = (x, y) denotes a position in
the organism. Finally, we take into account tissue growth by a
velocity field u with g = V - u as the area growth rate.

1. Interface dynamics

The dynamics of the interface position R(¢) provides a
coarse-grained description of organ shape development. Dur-
ing morphogenesis, the interface moves in normal direction n
according to

R = (v, + up)n. 1

Here the interface velocity relative to the tissue v, and the
contribution to interface velocity from organism growth u,, are
given by

vp = x(c,m) — Bk, (2a)
u, = u(R) - n. (2b)

The normal velocity v, is regulated by the morphogen con-
centration ¢; and an orientation field m via the function .
Furthermore, interface motion depends on the local curvature
k of the interface as described by the coefficient 8 > 0. Such
curvature dependencies arise naturally for example via surface
tension effects. Here a protrusion has positive curvature and
therefore reduces interface velocity according to Eq. (2). As
a consequence, the curvature dependence of interface velocity
stabilizes the interface. Finally, we consider that interface mo-
tion takes place in a growing tissue with tissue velocity field
u. Therefore the interface experiences an additional advection
u-n.

We consider a minimal model that can generate branched
morphologies similar to those observed in the gut. We choose
x (c, m) of the product form

x(c,m) =T(c)O(m), 3

where I'(c) captures the regulation of interface velocity by
morphogen concentration and ®(m) captures the influence of
the orientation field m on the interface velocity. We consider
a linear dependence of interface velocity on morphogen con-
centration:

['(c) = vo — yc(R). “

Here vy is the interface velocity in the absence of a morphogen
and the coefficient y describes inhibition (y > 0) or activation
(y < 0) of interface motion. The orientation field m aligns
interface velocity as described by the function

Om)=1-58(1—n-m), 5)

where the coupling parameter § with § € [0, 1/2] controls the
influence of the external orientation field on interface velocity.
For § = 0 there is no orientational bias, for § > 0 interface
growth is biased in the direction of the orientation field. For
interface normal parallel to the orientation field (n -m = 1),
the interface dynamics is maximal and controlled only by the
morphogen concentration at the interface. However, for inter-
face normal perpendicular to the orientation field (r - m = 0),
interface motion is suppressed by a factor 1 — §.
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(a) Model for morphogen-controlled interface growth (b) Instability in morphogen-controlled interface growth
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FIG. 2. Self-organized growth of branched morphologies from unstable interface growth. (a) Left: In our model we represent the shape of an
organ by a moving interface that separates the system into a region inside (“in”’) and outside the organ (“out”). Interface positions are described
by the vector R (white). The interface moves with normal velocity v, in a domain growing with rate g, and g, in the respective direction. Right:
Morphogen is produced in the inside region and we find gradients of morphogen concentration ¢; towards the outside region, where i = in, out.
Bottom: We consider a mutual feedback between interface growth, which controls morphogen production, and morphogen concentration,
which inhibits interface growth. (b) Top row: For a flat interface, interface motion is controlled only by the morphogen concentration at the
interface position (O). Every point on the interface has the same morphogen concentration and thus every point of the interface experiences
the same normal velocity. Bottom row: The motion of a curved interface depends on the morphogen concentration at the interface position
and additionally the interface curvature x. We find that the morphogen concentration at tips (Q) is reduced compared to valleys (P) and thus
growth of tips is enhanced compared to growth of valleys. A positive feedback between tip growth and morphogen reduction at tips leads to
unstable interface growth. We show the morphogen concentration profiles obtained from a numerical solution of Eq. (6) for a given interface
configuration. (c) Growth rate u of an interface perturbation with wave vector g obtained from linear stability analysis. We additionally indicate
the position of the maximal growth rate gm,, and the corresponding growth rate .« for different values of the inhibition strength y (color).
(d) Formation of a branched pattern from an initially flat interface governed by Egs. (1) and (6) without orientation field (m = 0) and with
orientation field (m = e,). We show the interface dynamics for different times f = pmat. () Orientation field m = e,.
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2. Morphogen dynamics centration value ¢ = s;/k; in a homogeneous and nongrowing

The morphogen concentration is subject to the reaction- tissue. Diffusion and degradation define the characteristic

diffusion-advection equation length scales A; = «/D/k; in each region. In the following we

5 consider the case where Ac = cﬁl - gut > 0 corresponding to

oci+u-Ve; =DV — (ki +V -u)e; +s; (6)  more morphogen production in the “in” than the “out” region.
together with the boundary conditions at the interface R,

cin(R) = cour(R), (7a) 3. Tissue growth
n-Ven(R) =n - Vegy(R). (7b) We consider homogeneous and anisotropic organism

) ) o ) growth, where every point x in the tissue moves according to
Morphogen diffuses with effective diffusion coefficient D and

is advected with tissue velocity u. It is produced at region-

dependent rate s; and is degraded at region-dependent rate k;. dx=u (8a)
It is diluted at rate V - u due to organism growth. The balance
of production and degradation defines the steady-state con- U = geex + gyey, (8b)
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where g, and g, denote the tissue growth rate in the x and
y directions, respectively. Hence, the area growth rate obeys
8= 8+ 8.

Using this minimal model for morphogen-controlled organ
morphogenesis and growth we can now study how branching
morphologies can emerge via dynamic instabilities.

B. Shape instability in morphogen-controlled interface growth

We discuss the basic concepts that underlie the instability
of the interface and provide a linear stability analysis. We then
show examples of how this instability gives rise to branched
interface patterns.

We consider a 2D rectangular domain of length L, and
width L, in the absence of growth, u = 0. We first study
morphogen profiles in two simple interface configurations and
large L,. The first configuration is a flat interface for which us-
ing Eq. (6) we find the corresponding steady-state morphogen
concentration gradient which decays with increasing distance
x from the interface [Fig. 2(b), top]. Equation (2a) provides the
interface velocity which is constant along the interface. The
second configuration is a periodically modulated interface.
The corresponding morphogen gradient is different near a
tip and a valley with lower concentration at tips (Q) than
at valleys (P) [Fig. 2(b), bottom]. As a result, the interface
velocity also differs at tips and valleys. The interface velocity
is influenced by both curvature and morphogen concentration
which represent competing influences on the interface. The
curvature dependence decreases the velocity at the tip (Q) and
increases it at the valley (P) and thereby stabilizes interface
motion. In contrast, the morphogen increases motion at the
tip and decreases it at the valley therefore having a destabi-
lizing effect. Depending on which of the competing effects
dominate the interface either stabilizes towards a flat interface
(curvature effects dominate) or the interface destabilizes by
advancing at the tips (morphogen inhibition dominates). In the
latter case, morphogen inhibition provides positive feedback
enabling the self-organized formation of a branched pattern.

To quantitatively study the emergence of patterns, we per-
form a linear stability analysis of interface motion. To this
end, we consider a flat interface moving with constant velocity
v and determine the growth rate u of sinusoidal interface
perturbations with wave vector ¢ = 27 /A and corresponding
wavelength A (see Appendix E). The growth rate as function
of wave vector is shown in Fig. 2(c) for different values of
the parameter y describing the inhibiting effect of the mor-
phogen. For y larger than a critical value y., u becomes
positive indicating that the system becomes unstable. In the
unstable regime (y > y,), the growth rate exhibits a maximum
Mmax at wave vector gm.x With corresponding wavelength A«
indicating that perturbations with this wavelength grow fastest
and therefore dominate the pattern formation at early stages.
As a consequence, a pattern with wavelength Ay, will form
and we can use Anx as a measure for branch distance and
Mmax as a measure for branch growth rate. By using the limit
of small interface velocity (v < D/Amax) and small branch
distance (Amax << A;) we find

3 yAc 1
Grax =
max :3 )Lin)hout

©))

as an approximation for the wave vector gmax. This relation
shows the dependence of the characteristic length scale and
therefore the branch distance on model parameters.

C. Numerical solution

To study the formation of interface patterns describing the
branching organ shape, we use a phase-field method to cap-
ture the interface dynamics (see Appendix D). We first study
the dynamics of a flat interface in a rectangular, nongrowing
domain in the absence of an orientation field. We choose
parameters corresponding to the regime of unstable interface
motion and find that the flat interface undergoes an instability
with a characteristic length scale leading to the formation of
several branches of increasing length [Fig. 2(d)]. We addi-
tionally study interface motion subject to an orientation field
(m = e,) demonstrating that the orientation field m can influ-
ence branch orientation and morphology [Fig. 2(e)]. The lists
of parameters used for all the numerical solutions presented in
this paper are provided in Tables I-III in Appendix J.

IV. BRANCHING DYNAMICS IN
NONGROWING DOMAINS

A. Initial and boundary conditions motivated
by planarian morphogenesis

We now ask whether the interface dynamics can generate
branched patterns similar to the morphology of the planarian
gut. We use a 2D model in accordance with the observation
that the planarian growth processes occur predominantly in
two dimensions [35]. We represent the shapes of the organism
and the pharynx by an outer and inner ellipse, respectively,
defining the model domain. We initialize the primary branch
by a line of width by, in the anterior region along the sym-
metry axis connected by two lines bordering the inner ellipse
leading to two parallel lines of distance dpp, in the posterior
region [see brown line in Fig. 3(a)]. These lines provide
the boundary conditions ¢ = 1 for the phase field that de-
scribes the organ shape. Additional boundary conditions are
n - V¢ = 0 at the domain boundaries. The initial condition for
the concentration field is ¢ = 0 and boundary conditions are
n - Vc = 0 at all domain boundaries. Finally, we introduce an
orientation field m directing towards the domain boundaries
as explained in Appendix D 3. We show an example of a
solution of the dynamical equations (1) and (6) using these
boundary conditions and taking into account an orientational
cue [see Fig. 3(a) and Video 1 in the Supplemental Material
(SM)] [37]. Figure 3(a) shows a resulting branched pattern at
steady-state (middle) and the corresponding skeleton (right).
Video 1 shows the dynamics of the branched pattern [37]. This
example is similar to the morphology of a branched organ of
a small flatworm (see Fig. 1).

B. Control of branch orientation

We first study the influence of the orientation field m on
branch morphology. To this end, we study the interface dy-
namics varying the parameter § describing the coupling of the
interface to the orientation field [Fig. 3(b), right]. For § = 0,
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(a) Numerical solution and analysis (b)
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FIG. 3. Control of branched patterns in a nongrowing domain. (a) We show the boundary conditions employed in our model (left) along
with a representative numerical solution (middle) and the corresponding skeleton (right). f = .« indicates rescaled time. (b) We show the
orientation field m employed in our model along with skeletons of steady-state gut structures for different values of the orientation strength §.
We highlight side branches (green) and the primary branch (black). For side branches, the color code indicates the orientational order parameter
cos?(¥). (c) Skeletons of steady-state gut structures for different values of the curvature dependence B = /(¥ Achy,). Side branches are
indicated in gray. (d) Orientational order parameter distribution p[cos?(v/)] for § = 0 (blue) and § = 0.4 (orange). (¢) Average orientational
order parameter (cos’(v/)) as a function of the orientation strength 8. The average was obtained from n = 5 samples. [(f) and (g)] Geometrical
properties of branched patterns for different values of curvature dependence f.

we find in the steady state a morphology where branches
have different orientations to the domain boundary. For
example, some branches grow along the organism boundary,
some are taking sharp turns. Increasing §, branches become
more parallel to each other and tend to point towards the
domain boundary.

The morphology of the branched patterns can be captured
by the branch orientation statistics. Figure 3(d) shows the
orientation distribution p[cos?(v)] for two values of §, reveal-
ing that for larger values of § the orientations become more
aligned perpendicular to the long axis. The alignment of ori-
entation for increasing § is reflected in the orientational order
parameter (cos>(y)), which shows a decrease for increasing
8 corresponding to branches increasingly pointing toward the
domain boundary [Fig. 3(e)]. Overall, coupling to the orienta-

tion field m controls branch orientation and therefore pattern
morphology.

C. Control of branch distance

A further key feature of network morphology is branch
distance. Branch distance is related to the length scale gp,x
that emerges at the interface shape instability which is given
by Eq. (9). The equation suggests that the branch distance can
be regulated by the parameter B = B/(y AcAiy). Figure 3(c)
shows steady-state patterns for different values of g, revealing
that indeed the branch distance can be controlled. As the
branch distance is increased the branch number decreases
correspondingly [Fig. 3(f)]. Furthermore, we show the mean
branch length and the total pattern length showing that large
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FIG. 4. Size-dependent properties of branched patterns in growing domains. (a) Skeleton of simulated gut structures for different values of
the relative size increase s = L, /L, for different domain growth rates g, = g,/ max- [(b)—(€)] Geometrical properties of branched patterns as
a function of branched area A,. Additionally, we provide approximate scaling exponents for comparison (gray). We show the values g, = 0.04
(yellow), g, = 0.14 (light orange), g, = 0.26 (dark orange), and g, = 126.58 (black). [(f) and (g)] Scaling exponents for the features of
branched patterns presented in (b)—(e). Scaling exponents were extracted from a linear fit of the logarithmized data for large system sizes
(Ap /Li o > 0.4). We additionally show the corresponding scaling exponents in the planarian gut (blue dot).

networks contain many short branches [Fig. 3(g)]. Large net-
works contain more branch points and therefore consists of
shorter branches.

So far we have discussed the formation of branched pat-
terns in a nongrowing domain. We now study the dynamics of
branched patterns that form in a growing domain.

V. BRANCHING DYNAMICS IN GROWING DOMAINS

A. Influence of domain growth on branching dynamics

To investigate the influence of domain growth on branched
patterns, we use branched patterns obtained in a nongrowing
domain as an initial condition and study their time evolution

using Egs. (1) and (6), taking into account the velocity field
u accounting for domain growth. We consider domain length
increases by a factor s = L,/L, o, where L, is the initial
length and the width L, grows as L, o LY. Here p = g, /g, de-
scribes growth anisotropy with g, and g, denoting the growth
rates along the long and short axis of the domain. We choose
p = 0.75 as estimated from experimental data (see appendix
Fig. 10). We find that the ratio g, = g,/tmax Of the domain
growth rate g, and the branch growth rate jimax has a strong
influence on pattern morphology [Fig. 4(a)]. For slow domain
growth (g, < 1), the number of branches increases to keep
the branch distance roughly constant. New branches either
form by tip splitting or by generation of new side branches
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along the primary branch and also higher-order branches. In
the limit of fast domain growth (g, >> 1), the branch distance
increases with time as the pattern is essentially rescaled and no
new branches form. In the intermediate growth regime, new
branches form while the branch distance on average increases.
Videos 2—4 in the SM show the dynamics of branched patterns
in growing domains in these three regimes [37].

B. Size-dependent properties of branched patterns

We next quantified the properties of branched patterns as
a function of domain area A Lyl+p for different growth
rates. We find that for small systems branch distance behaves
independent of growth rate and scales as d o L. In this case
the increase of branch distance is too small for new branches
to form. For larger domain sizes, the branch distances then di-
verge for different growth rates at larger sizes as new branches
can be formed [Fig. 4(b)]. The figure reveals that for slow
growth rates the branch distance remains roughly constant
for large domains while for fast growth rates it scales with
domain size, d o L,. For large domain sizes (A,,/Lyz,0 > 1),
the competition between branch formation and domain growth
results in a scaling of branch distance d AZ" with a growth-
rate-dependent scaling exponent 0 < o, < 1/(1 + p).

Branch length £ and branch number N also follow growth-
rate-dependent scaling laws as a function of domain area
with scaling exponents «, and ¢ [Figs. 4(c) and 4(d)]. For
fast domain growth (g, >> 1), branched patterns are scaled up
without any morphological changes and as a consequence we
find £ < L, or &, = p/(1 4+ p) and N remaining constant. By
contrast, for small organism growth rates (g, < 1), the scaling
of branched patterns is characterized by the formation of side
branches at constant branch distance. Therefore we find only
a small increase in mean branch length but a large increase
in the total number of branches. Finally, the size-dependent
properties of total network length can be understood by mak-
ing use of the relation Ly = N{. For fast domain growth
(gy > 1), the total number of branches is constant and there-
fore the increase in total network length is due to an increase
in mean branch length. By contrast, for slow domain growth
(8y < 1), the increase in total network length comes mainly
from the increase in the number of branches [Fig. 4(e)]. Over-
all, we observe power-law scaling of various properties of
branched patterns during domain growth. We find a range
of scaling exponents controlled by the interplay of domain
and branch growth with slow and fast domain growth rate as
limiting regimes. We summarize our results by showing the
range of scaling exponents from simulations in a parametric
plot as a function of domain growth rate [Figs. 4(f) and 4(g)].

Planarians grow if they are well fed but they can also
shrink their body size under starvation. Motivated by this
fact, we also studied properties of branched patterns subject
to domain degrowth. In our model, branched network adjust
their morphology to a shrinking domain; see Appendix G2.
Combining growth and degrowth, we find that branched pat-
terns are maintained also for several periods of growth and
degrowth (Fig. 14).

Additionally, we explore some features of our model in the
Appendix. In Appendix F, we study the influence of primary
branch thickness and orientation field on scaling laws. In

Appendix G 1, we study the relaxation dynamics of branched
patterns when the domain growth stops. For each of these
cases, we also provide Videos 5-7 as representative examples
[37].

Based on the results of this section, we next provide a
detailed comparison between properties of branched patterns
found in our model and in experiments.

VI. COMPARISON OF THE MODEL TO
PLANARIAN GUT MORPHOLOGY

So far, we have systematically studied how model pa-
rameters influence branched pattern morphologies. We next
compare the model to the planarian gut morphology choos-
ing parameters for which realistic branched patterns emerge
in the model. We adjust S such that total network length
matches the network length observed for small worms in the
experiment. For larger domain sizes the total network length
depends also on growth rate. We adjust the growth rate such
that total network length matches the experimental data for
both small and large worms. Furthermore, we choose a value
of § = 0.4 such that the value of the orientational order pa-
rameter (cos>(y)) shown in Fig. 3 matches the experimentally
observed cos?(y) &~ 0.26; see Fig. 1.

In Fig. 5, we show the quantified properties of branched
patterns obtained from numerical solutions of the model to-
gether with values measured in the planarian gut. We find
good agreement between model and experiments for the key
parameters quantified. These include total network length,
branch distance, total number of branches, mean branch
length, and mean orientational order parameter. This compar-
ison demonstrates that by adjusting only three parameters, our
model can capture the size dependence of five gut properties
simultaneously.

VII. SCALING THEORY FOR BRANCHING
AND GROWING NETWORKS

A. Minimal network model

We have shown that the scaling behavior of network prop-
erties depends on the ratio of the domain growth rate and
the rate associated with the shape instability of branches.
In order to better understand how scaling relations originate
from the interplay of branch growth and organism growth,
we now present a scaling argument using a minimal network
model. We represent branched patterns by a reduced network
geometry, as shown in Fig. 6(a). Branches are represented by
horizontal line segments of length &,, spaced at a distance
&,, that constitute a network with N line segments and total
network length 8 = N§,. The quantities &, &,, and E cor-
respond to quantities £, d, and L, measured in experiments
and the continuum model. We use a rectangular geometry with
area A = L,L,, where L, and L, denote the system width and
length, respectively.

Considering a space-filling regular arrangement, we have
A = NE&&, and thus the total number of branches can be
expressed as N = A/(&:£,). Accordingly, the total network
length is E = A/&,. The scaling exponents are defined as
E o A% E, o A%, N ox A%, and E o< A", From the definitions

of network quantities we find the following relations between
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scaling exponents: We consider the time evolution of the network in a domain
growing at rates g, and g, along the x and y directions. The
line segment sizes & and the system size L; with k = x, y obey
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FIG. 6. Scaling theory for branching and growing networks. (a) We reduce the complex morphology of branched patterns obtained with
our model to a minimal network of straight line segments. Line segments of length &, are placed horizontally a distance &, apart in a rectangular
system of width L,, length L,, and corresponding area A. (b) We show the scaling exponents obtained from branched patterns of our model
(dots) along with the prediction from our scaling theory (line) for different values of growth rate g, = gy/tmax (color). To show the prediction
from the scaling theory, we used the parameter values 7,/ imax = 0.076 and 7,/ ttmax = 0.089. The parameter values were obtained by manually
matching Eqgs. (13) and (14) to the exponents «, and o, obtained from simulations.
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d A
% = gibi + rie(&r — &),

where lengths are stretched according to domain growth. In
the absence of growth the network relaxes to & = £, at rates
e, where & are characteristic length scales in the x and
y directions. These length scales relate to the branch width
d and the branch length ¢ defined by the patterning process
in nongrowing domain discussed in Sec. IV, such that £, ~ ¢
and éy ~d. Equation (11) describes a dynamics where line
segment size is rescaled at rate g; due to domain growth, and
line segment size relaxes to a preferred size & at rate r; due
to the formation of new line segments, capturing the interplay
between domain growth and network patterning. This dynam-
ics is complemented by the initial conditions L (t = 0) = Ly
and therefore A(t = 0) = Ly oLy,0 and & (t = 0) = & 0.

(11b)

B. Emergence of scaling exponents

Solving Eq. (11) for constant g, the system size increases
exponentially according to A(t) = Age' %) and the growth
of & can be expressed for g; # ry as

3 A s 3
sk(A)zl_"gr_ﬁ(A—O) [sk,o—l_"&]. (12)

Tk

This equation allows us to identify regimes in which & dis-
plays scaling with area. For large domain sizes (A/Ag > 1)
the ratio g /r; determines scaling behavior. For slow domain
growth, g; < ry, line segments have enough time to relax to
their preferred distance and length. In this case, & approaches
a constant for large A, corresponding to

(gx < 1)- (13)

For fast domain growth, g; > r, line segment sizes increase
with the domain size as & o A% with

ap =0,

_ 8k — Tk
&+ &

In the special case gy = ry, the solution to Eq. (11) has the
form

ap s (8 > 1) (14)

£k(A) oclog(A/Ao),  (8k =1u). s)

We can also express the exponents n and ¢ using Eq. (10); see
Appendix I.

C. Scaling theory of branched patterns

We next apply our scaling argument to the scaling de-
termined from numerical solutions of our continuum model.
Figures 6(b)-6(e) show scaling exponents oy, oy, ¢, 1
determined as a function of growth rate g, = (4/3)g, (cir-
cles) together with the results of the simple network model
(solid line). For large g,, the exponents reach limits that
are well described by the scaling theory: o, — g,/(gx +
gy) = 4/77 ay —> gx/(gx +gy) = 3/77 n— gx/(gx +gy) =
3/7, and ¢ — 0. Parameters r, and r, have been determined
from the data shown in Figs. 6(b) and 6(c) using Eq. (14).
Overall, the scaling behavior is in good agreement with the
scaling exponents obtained from numerical solutions. They
capture the behavior of four network properties as they change

from small to large domain growth rates. The small discrep-
ancies between minimal network model and continuum model
could be due to simplifications of the geometry used in the
minimal network model.

VIII. DISCUSSION

In this work, we have provided a theoretical framework
to study branching morphogenesis in a growing tissue. In
our framework, we represent a branched organ outline by an
interface and study the morphogen-controlled dynamics of
this interface in a growing domain. In particular, we show how
an instability in interface dynamics leads to self-organized
formation of branched patterns. Our model is motivated by the
branching morphogenesis of the planarian gut which exhibits
scaling as a function of organism size. With a minimal number
of assumptions our model can reproduce key features of gut
morphology including power laws of several geometric net-
work properties. More generally, simple scaling arguments by
using a minimal network model demonstrate how the scaling
behavior of a branching network emerges from the interplay
between branch formation and domain growth.

Our work has parallels with, but also complements and
extends previous approaches from nonequilibrium physics
for studying the formation of branched morphologies such
as solidification, viscous fingering, dielectric breakdown, or
colony formation of bacteria [9-12,15]. These phenomena
have in common with our approach that branched patterns
emerge from a shape instability and that they can be oriented
by guiding cues. For example, crystal growth can emerge
via the Mullins-Sekerka instability and crystal axes can pro-
vide guiding cues [14,39]. Viscous fingering occurs via the
Saffman-Taylor instability and surface patterns can provide
guiding cues [13,40]. In contrast to these physical systems,
in our approach a morphogen field governed by diffusion and
degradation sets a characteristic length scale compared to a
diffusive field giving rise to self-similarity. Furthermore, we
study pattern formation in a growing domain and show that the
interplay between interface dynamics and domain growth can
give rise to power-law scaling even for morphogen gradients
with a characteristic length scale.

Previous work has studied self-organized growth using
coarse-grained models based on rules for tip growth, branch-
ing and termination [24,41,42]. Such models can account for
realistic branching morphology and provide a powerful frame-
work to study network properties. By contrast, our approach
provides a physical model for branch formation and dynamics
based on interfacial instabilities and rules for tip dynamics
naturally emerge. Our model is also coarse-grained and does
not specify microscopic details, but it provides a physical
scenario for branching morphogenesis. Scaling behavior of
branched networks has been discussed in previous work in the
context of allometric scaling via transport network optimiza-
tion [43—46]. Our work, which reveals how scaling properties
could emerge, can provide a dynamical picture of how such
optimized network architecture might be generated during
development.

The biological inspiration for our model is the highly
branched gut of planarians and the tremendous scaling this
organ undergoes during the food-dependent growth and
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degrowth of these animals. The cellular and molecular mecha-
nisms mediating planarian gut branching are generally poorly
understood at the moment. For example, no secreted signaling
molecules analogous to the morphogen in our model have
so far been identified and the small number of genes known
to influence gut branching are enriched for transcription fac-
tors and components of the actin cytoskeleton [47-49]. The
fact that our model reproduces the scaling behavior of four
different gut properties, as detailed above, makes the involve-
ment of morphogen-dependent branch initiation a compelling
motivation for the experimental identification of the biologi-
cal mechanisms. Towards this goal, the effects of parameter
changes on the gut pattern in our model provide helpful ex-
perimental starting points. For example, partial or complete
loss of the morphogen in our model reduces the lateral inhi-
bition between gut branches and results in increased branch
thickness or fusion between lateral branches into a leaflike
morphology (see appendix Fig. 15). Similarly, the loss of the
orientation cue from the boundary results in reduced align-
ment between secondary branches. Both should represent
easily recognizable phenotypes in high-throughput screening
experiments that are feasible in the planarian model system
[6,50].

Another interesting interface between model and exper-
iment are the dynamics of gut branching during growth
and degrowth. In our model, lateral branching is often ini-
tiated at the tip of existing branches via tip splitting due
to the dilution of morphogen at the branch ends (see ap-
pendix Fig. 16). Interestingly, tip splitting and subsequent
“unzipping” of the bifurcation has already been observed
in pioneering live imaging studies of planarian gut branch-
ing [7], which we could also confirm as the predominant
mode of branch addition in the anterior part of the animals
(see appendix Fig. 16). Another interesting feature of our
model is that under the specific parameter regime that reca-
pitulates pattern scaling, branching patterns differ between
growth and degrowth. Specific predictions include different
gut properties at identical organism size depending whether
the organism undergoes growth or degrowth (see appendix
Fig. 14). Overall, the emergence of scaling during growth
and degrowth presents fascinating challenges, both in terms
of theory and biological mechanisms. As we have shown,
the dynamic growth and degrowth of planarians provides a
unique model system for exploring scaling by theory and
experiment.

In essence, our model provides a general framework for the
self-organized growth and scaling of branched networks. Our
model can generate a range of scaling exponents depending
on the ratio of branch growth rates and organism growth
rates. The evolutionary significance of the particular values of
scaling exponents that we measure in planarians is currently
unclear. However, the central role of the gut as exchange
surface for nutrients and the previous body of theoretical work
on the putative relation between the structure of branching
transport networks and metabolic scaling [43,44] provides
an intriguing direction for future exploration. Across animal
phylogeny, metabolic rate scales as P oc M*/* with animal
mass M, which is known as Kleiber’s law [51]. Although the
mechanistic origins of the 3/4 exponent remain unknown, we
have recently shown that planarian growth and degrowth fol-

(a) threefold (b)  fourfold (c) tips
“T77 LLY” LLX”
“tilted T” “tilted Y” “tilted X”

FIG. 7. Definition of branch points and tips. The definition of
branch points and tips is based on lattice site values in local 3x3
neighborhoods. We show unoccupied lattice sites in white (n;; = 0),
occupied lattice sites in gray (n;; = 1), and lattice sites whose oc-
cupancy does not change the definition of branch points and tips
as striped (such that they can be either occupied or unoccupied,
n;; =0, 1). (a) Representative neighborhoods that define threefold
branch points. (b) Neighborhoods that define fourfold branch points.
(c) Representative neighborhoods that define tips. Note that for the
cases (a) and (c) also rotations by 90° define the respective property.

lows Kleiber’s law [35]. Given the presence of the 3/4 scaling
exponent in both organ scaling (Lgy AZ/ *) and metabolic
scaling (P oc M3/*), naturally the question regarding their re-
lation arises. Such a relation could suggest a link between
branching morphogenesis and metabolic scaling, which would
enable an experimental approach to unravel the mechanistic
origins of the 3/4 exponent.
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APPENDIX A: IMAGE ANALYSIS DETAILS

To analyze geometrical branch properties for gut structures
obtained in simulations and experiments, we make use of the
so-called skeleton. The skeleton is a one-pixel-wide represen-
tation of the binarized simulation or experimental data with
the same connectivity as the original data. Individual lattice
site values indicate the presence (n;; = 1) or absence (n;; = 0)
of gut structure.

To identify individual branches in the skeleton, we first
identify branch points based on local 3x3 neighborhoods in
the skeleton (Fig. 7). We call an occupied lattice site an n-fold
branch point if the lattice site has n occupied neighbors and
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FIG. 8. Scaling of mean branch length with and without taking
the primary branch into account.

a neighborhood with n unoccupied nonconnected regions. We
call an occupied lattice site a tip if it has exactly one connected
neighbor. Finally, we define a branch e, as the set of pixels

en = {(in,l’ jl’l,l)’ LR ] (in.Mv jn,M)} (Al)

that connects two branch points (i,.1, j..1) and (inam, jum)s
where M denotes the number of pixels that constitute the
branch and 7 is used to label individual branches.

1. Branch length, distance, and thickness

By making use of the definition of a branch in Eq. (Al),
we can determine several geometrical branch properties. We
define the branch length ¢, as the sum

M—1
Zn = Z AZn,nu
m=1

where AEn,m = \/(in,m-‘rl - in,m)2 + (jn,m-H - jn,m)2 denotes
the Euclidean distance between two consecutive branch ele-
ments. We define the mean branch length as the arithmetic
mean of individual branch lengths ¢,, according to

1 N
z:NZen.

n=1

(A2)

(A3)

As explained in Sec. II, the scaling of mean branch length with
and without taking the primary branch into account shows dif-
ferences for small organism sizes (Fig. 8). Finally, we define
total gut length Loy as the sum of individual branch lengths
L,

N
Low =) ln, (A4)
n=1

from which follows that Lgy; = N£. To determine branch dis-
tance, we consider the image columnwise and determine the
vertical distance d; of side branches. Branch distance is then
defined as the arithmetic mean of individual vertical branch
distances according to

(AS5)

where N, denotes the total number of vertical distances con-
sidered.

2. Branch orientation

We use the mean branch angle ¥, to quantify branch ori-
entation. The mean branch angle v, is defined as the circular
mean of individual branch segment angles ,,, [38]. To deter-
mine the circular mean of individual branch segment angles,
we first determine the position (X, Yu,) on the unit circle
corresponding to the angle v,,,, by

Xpm = COS 1pnm Ynm = sin an

in,m+1 - in,m _ jn,m+1 - jn,m

AZn,m AZn.m

(A6)

and then determine the arithmetic average (X,, y,) of the posi-
tion on the unit circle. Finally, the average branched angle is
defined as

an(y,) = z— (A7)

n

and can be obtained as v, = atan2(j,, X,), where atan2 de-
notes the two argument arctan. Using the circular mean
instead of the arithmetic mean of individual branch angles
allows us to also quantify the branch orientation of the curved
branches in the gut.

APPENDIX B: FRACTAL PROPERTIES
OF THE PLANARIAN GUT

In the main text we discussed how size-dependent gut prop-
erties are captured by power-law relationships. In particular,
we demonstrated how the scaling of total gut length Ly, is
captured by the scaling relationship Lgy o AZ with scaling
exponent 1. Here we now show how the allometric scaling
of total gut length with branched area is further related to the
fractal structure of the gut.

To quantify the fractal nature of the gut, we determine the

fractal dimension dy from the scaling M RZ’ of fractal mass
M with the radius of gyration R, [11]. We determine the fractal
mass from the gut skeletons as M = }_,; n;; and the radius of
gyration from

1
Re= 222 i —ren)’, (B1)
iJ

where the vector r;; points to activated pixels. We find dy =
1.57 £ 0.10 indicating the fractal nature of the gut (Fig. 9).
To understand how the fractal dimension d; is related to
the scaling of total gut length and in particular the scaling
exponent 1, we next relate total gut length with the total mass
M and branched area with the radius of gyration. We use
total gut length as an approximate measure for fractal mass
(Lgue ¢ M) and branched area as an approximate measure for
squared radius of gyration (4, o R;). From this, we can easily
determine that fractal dimension dy and scaling exponent 7 are
related by dy 2~ 2n in good agreement with our earlier finding
for dy.
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FIG. 9. Fractal properties of gut skeletons in experiments. We
show the fractal mass M as a function of the skeleton radius of
gyration R, defined in Eq. (B1).

APPENDIX C: ALLOMETRIC SCALING
OF PLANARIAN BODY SIZE

We study different measures of organism size and their
relation. We first study the relation between worm width L,
and worm length L,. We find the scaling relation L, oc L7
[Fig. 10(a)], where the scaling exponent <1 indicates that
worm length increases faster than worm width. The scaling
of worm width with worm length further allows us to deter-
mine the anisotropy parameter p. Given a constant organism
growth rate g; in each direction, organism length and width
are described by L; = L; ge®". Their relation is given by L,
Lf‘/ ® and we find that the anisotropy parameter is given by
P = &x/gy- We can determine the anisotropy parameter from

(a) (b)
g ch 101
~ 100 8
3 = 100
_: <
E: ¢ 0.79£0.12 § 10-1 1.13+£0.04
=z - ——r &
100 1071 10° 10t
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1.0 g
< g
~ ~
o, >
< 0.5 1° e ~
s 8o = 0
g @ % 10 0.56 %+ 0.04
< awLe ¢
00 o MR | LR | i‘) o HELELLRRLY | ML |
1071 100 10! 1071 10° 10t

area Aw /mm2 area Aw/mrn2

FIG. 10. Quantification of body size and aspect ratio of S.
mediterranea. (a) Worm width L, as a function of worm length L,
together with a fit to the power law y = ax” (gray line). (b) Branched
area A, as a function of worm area A, together with a fit to the
power law y = ax” (gray line). (c) Relative pharynx area A p/Ay asa
function of worm area A,,. (d) Worm length L, as a function of worm
area A,, together with a fit to the power law y = ax” (gray line). We
find a = 2.08 £ 0.05 and b = 0.56 £ 0.04.

the scaling of organism width and length and find p >~ 3/4.
Next, we studied the relation between branched area A, and
worm area A,,. We find the relation A, Allv'13 [Fig. 10(b)],
where the scaling exponent >1 indicates that branched area
increases faster than worm area, which we can demonstrate
independently [Fig. 10(c)]. Finally, we study the relation be-
tween worm length L, and worm area A,. We obtain the
scaling relation L, o< A%%® with a scaling exponent close to
1/2 as suggested by dimensional considerations. We note that
our scaling relation for worm length and worm area is in
agreement with the result L, oc A% obtained independently
in Ref. [35].

APPENDIX D: PHASE-FIELD METHOD FOR STUDYING
INTERFACE MOTION

1. An overview of the phase-field method

To simulate the interface dynamics, we employ the phase-
field method [52]. In the phase-field method the phase-field
parameter ¢ € [0, 1] is a central quantity that is used to im-
plicitly define an interface. While ¢ = 1 denotes the “in”
region, ¢ = 0 denotes the “out” region. Both regions are con-
nected by thin transition layer of small but nonzero width. The
interface is then implicitly represented as the region between
the “in” and the “out” region.

The dynamics of the phase field ¢ is defined on the basis
of a Ginzburg-Landau-like energy E of the form

E[¢] = /dX[g(Vdﬂz + f(¢)] (D)
The first term introduces an energetic cost to form an interface
and the second term is the energy density f that denotes the
contribution of the bulk to total energy. The energy density f
is composed of a symmetric part f; and a tilting part f; and is
of the form

a? X
f(p) = ?fs(qﬁ) t5 fi(@). (D2)
Here the parameter a and the bias parameter ¥ adjust the con-
tribution of the symmetric and tilting part and therefore allow
us to adjust the shape of the energy density. The symmetric
part f; and tilting part f; are defined as

f(@) = $*(1 — ¢)* fi(p) = ¢*(2¢ — 3).

The symmetric part is a double-well potential with minima
¢ = 0, 1 and therefore has f;(0) = f;(1) = 0. The tilting part
also obeys f;(0) = 0, but in contrast to the symmetric part
has f;(1) = —1. Overall, we then find f(0) =0 and f(1) =
—x /6. The parameter x allows us to control by how much
¢ = 11is energetically preferred over ¢ = 0 and therefore im-
plicitly controls interface motion. Note that the bias parameter
underlies the restriction |{| < a?. For |%| < a?, Eq. (D6) has
stable stationary states at ¢ = 0, 1. For |{| > a?, Eq. (D6) has
unstable stationary states at ¢ = 0, 1.

The dynamics of the phase field ¢ is defined in terms of the
relaxational dynamics,

(D3)

0 _°E (D4)
ot 8¢
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where the parameter t determines the rate at which total en-
ergy is minimized. After performing the functional derivative
we find
d¢
T =KV~ f($).
t
This equation describes the dynamics of the phase field ¢ and
is also known as the Allen-Cahn equation [52,53].

(D5)

2. Phase-field method for morphogen-controlled
interface growth

The dynamics of the phase field corresponding to the sharp
interface model presented in the main text is given by

r@—‘f +u- V¢> =KV%¢ +r(9), (D6)
where we have introduced the source term
() = 2471 - ¢><¢ Ly i) (D7)
- 2 2a%)

The parameters K, 7, and a as well as the bias term ¥ define
the interface properties such as width and velocity. We use a
bias term of the form ¥ = I'® with

() = o — Pelx, y), (D8a)
®=1-8[1-n-m, (D8b)
and the definition of the interface normal vector
A%
_ _d’ (DY)
Vol

For this choice of bias term the phase-field dynamics can be
shown to recover the interface dynamics of the main text.
The dynamics of the morphogen concentration c is given
by
ac 2
o +u-Vec=DVc—[k(®) + g+ glc+s(¢). (D10)
Here we use the phase-field-dependent degradation and pro-
duction rate,

k(¢) = king + kou (1 — @),
$(@) = sin® + Sour(1 — @).

In the next section we rigorously show how the phase-field
model recovers the sharp interface limit presented in the main
text.

To simplify the numerical solution of the phase-field
model, we transform Egs. (D6) and (D10) from a growing
to a nongrowing reference frame. To this end, we make the
transformation

(Dl11a)
(D11b)

(x.y.0) > (.5.0)
— xe=G:®

=

— ye G0

: (D12)

~ =
I
~

where we use tilde to denote quantities in a nongrowing do-
main and introduce the integrated growth rate,

t
Gty = [ s D13)
0
Here we demonstrate how the phase field and derivatives of it
transform while the relations for the morphogen concentration
follow analogously. The relation between phase field in the
growing and nongrowing reference frame is given by

P(x,y,1) = (e, 59O 1) = §(&, 7, 1).

From this, we can find the relation between derivatives in
growing and nongrowing domain by applying the chain rule.
We find

(D14)

8¢ —G, (1) 8(5 —G,(t) 8¢ 3(5
— = o — W — 4 — D15
or = e g mave sty (D1
for the time derivative and
- e
8_(]5 — e—Gx(f)a_d’ 38_(15 — e—2Gx(t>a_¢ (D16)

ox 0% Ox dx 0x2
for first- and second-order spatial derivatives. By combining
Egs. (D6) and (D10) together with Egs. (D15) and (D16) we
then find that the phase-field model in a nongrowing reference
frame is

I 26,0 ¢ 26,00 0°®
TEZKe 't@—i—Ke za—yz—i-r((b) (D17a)

¥ _ per20.0°¢ | p 26,09

ot 0x2 0y2
— [k(®) + g:(1) + gy()]lc + s(¢), (D17b)

where we dropped the tilde symbol for simplicity. Note that
irrespective of reference frame the phase field and mor-
phogen dynamics describe the same physical phenomenon but
correspond to a different point of view. In the growing refer-
ence frame, internal length scales (e.g., diffusion degradation
length) maintain their size, but the system size increases. By
contrast, in the nongrowing reference frame, internal length
scales decrease, while the system size is constant.

3. Orientation field

In our approach to study branching morphogenesis, we
take into account external guiding cues in a coarse grained
way in the form of an orientation field m. In principle, various
environmental influences can act as external guiding cues
such as planar cell polarity of mechanical constraints imposed
from muscle fibers. The planarian body edge is a source of
several important signals [6]. The noncanonical Wnt Wnt5
is expressed along the body edge and in mutual antagonism
with Slitl, which is expressed along the midline, regulates the
width of the worms. Additionally, the body edge expresses
the TGFB family member ADMP, which is also involved
in specifying the aspect ratio; animals in which this gene is
knocked down become very long and thin. Therefore, it is
plausible that these or other edge-expressed signals influence
gut branching.

In our model, we consider such potential mechanism of
action by a morphogen that is produced on the organism
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FIG. 11. Representation of interfaces using a phase field. (a) We show a phase field (brown) along with its interface (black). We use polar
coordinates to describe the structure and denote the radial coordinate by r and the interface position by R. (b) We show the phase field ¢ in
the bulk region given by Eq. (D22) and the phase field ¢'™ near the interface given by Eq. (D27).

boundary and forms gradient towards the system center as a
guiding cue. We denote the morphogen concentration by cex
and define the corresponding orientation field m.x, as
VCext
[V Cexil

Moy = (D18)
The orientation field m.y points in direction of steepest in-
crease in morphogen concentration and allows us to enforce
branch growth in this direction.
The dynamics of ceq is governed by the advection-
diffusion equation,
0iCext T - Ve =Dy, 82Cexl + D 82cext

ext - x ext”y

- (kext + 8x + gy)cextv (D19)

together with the boundary condition cex |3 = const, which
accounts for morphogen production on the organism bound-
ary. We denote the morphogen diffusion constant in the
respective direction by where D.  and the morphogen degra-
dation rate by k.y. The interplay of morphogen diffusion and
degradation leads to morphogen gradients with the charac-
teristic diffusion-degradation length AL, = /DL /kex in the
respective direction. The diffusion-degradation lengths allow
us to consider orientation fields in horizontal (A, < A%,,) or
vertical direction (AL, < A%,,).

To solve the equation for external morphogen along the
dynamical equation for phase-field and morphogen concentra-
tion, we also employ transformation from resting to comoving
frame given by Eq. (D12) and find that the dynamics of the
external morphogen concentration is given by

8t Cext = Dy

—2G, 92 Y —2Gyq2
€ 0y Cext + Do = 8y Cext

— (kext + 8¢ + gy)cext- (D20)

This equation describes the formation of a morphogen gradi-
ent in a growing organism. For simplicity, we here consider a
special case of this dynamics. We consider a scenario in which
the diffusion-degradation length scale AL is increased along
with organism size as AL, o« L;. Due to the relation AL, o< €%
the time-dependent coefficients cancel and we are left with

an equation with time-independent coefficients. We addition-
ally assume that the dynamics of the external morphogen is
faster than any other dynamics and therefore study the case
drcext = 0. Due to strong horizontal orientation of planarian
gut branches, we consider the case of a large gradient in the x
direction (A%, < AL,

4. Sharp interface limit

In this section, we derive the dynamics of the sharp inter-
face model presented in the main text and from dynamics of
the phase-field model presented in Appendix D1 and D?2.
For the derivation we adopt polar coordinates with radius r
and consider for simplicity a circular structure with radius
R described by the phase field ¢ [Fig. 11(a)]. We define the
interface width w = v/K /a. In our derivation we consider
the limit of small interface width w (w/R < 1, w/A; K 1)
while 0 = K/(6w) and v = t/K are constant. Our derivation
follows the approach outlined in Refs. [10,54,55].

a. Bulk region

We first obtain the value ¢®"* and c®'¥ of the phase-field
and morphogen concentration in the bulk region far away from
the interface, respectively. To this end, we first express the
Laplacian in Eq. (D6) by using polar coordinates. We further
replace parameters by the interface width w or otherwise
constant parameters and find:

vw?[d¢ +u - nd ¢
242 w? 1, w X,
=w 0,9+ —0¢— S fi(¢)— ——f(¢). (D21)
r 2 60 6

For small interface width w and far away from the interface
such that gradients vanish, this equation reduces to

f:y/(¢bl.l1k) — 0

Clearly, this equation has the solutions ¢ = 0, 1 giving the
phase field in the “in” (¢®"* = 1) and “out” region (¢""'X = 0).
To determine the morphogen field c®'¥ in the bulk region, we

(D22)
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insert ** = 0, 1 into Eq. (D10) and find
3,k 4 gy .y bulk

— Dv2cbulk _ [k(¢bUIk) + gx + gy]cblllk + s(d)blﬂk).
(D23)

This equation reduces to the morphogen dynamics in Eq. (6)
of the main text for the values ¢** = 0, 1.

b. Interface region

To study the behavior of phase field and morphogen con-
centration at the interface, we use the transformation
. r—R
F= ,
w

(D24)

where 7 denotes the radial coordinate in the transformed coor-
dinate frame. This transformation moves the reference frame
to the position R of the interface and rescales (“stretches’) po-
sitions by the interface width w. Applying this transformation
to the phase-field dynamics in Eq. (D6) gives

w2|:3,¢ et 8¢+u(wr+R) n—a ¢]

= 0o+ -

R~ —f (¢) — ——ff (¢), (D25)

where we have defined v/ = n - 3,R. In the limit w — 0, we

find for the phase field q)““ near the interface
1 g/ i
3L @™).

To ensure that the phase-field values match the bulk values, we
additionally employ the boundary conditions ¢™(—o0) = 1
and ¢™(+00) = 0. The phase-field profile near the interface
is given by the solution of Eq. (D26) and reads

int /~ _1 1 h ;
o} (r)_§|: — tan (E)i|

“ ”

0=9%p™ — (D26)

(D27)

Therefore the phase-field value in the region and the
“out” region are connected by a smooth 51gm0idal function.
Similarly, we apply the transformation in Eq. (D24) to the
morphogen dynamics in Eq. (D10) and find

w? ot 1 5 1
— | 0c — v, —0rc + u(wf + R) - n—0zc
D w w

¢+ 9 w2[k(¢)+ +g,] +w2 (@)
= d:¢c iC— — X c+ —s(@).
7 Fw+ R D 8x T & D

(D28)

In the limit of w — 0, we find for the morphogen concentra-
tion ¢™ near the interface

32c™ = 0. (D29)
This equation is solved by ¢"(#) = A7 + B, where A and B
denote integration constants. Since the morphogen concen-
tration has to be bounded for # — +o00, we require A = 0.
Therefore, we find that the morphogen concentration is con-
stant.

c. Interface velocity

To determine the interface velocity v,, we transform the
coordinate system to a reference frame that is comoving with
the interface. Using the transformation # = r — R we obtain

vw?[3,¢ — vi"9,¢ + uR +r) - nd,$|

— w26+ ——0.6| - Zr(@).  (D30)
N r r+R" 60 '

Next, we consider a small neighborhood R —e€ < r << R+¢€
around the interface, where € is a small length scale that
satisfies w < € < A;. We multiply Eq. (D30) on both sides
by 9,¢ and integrate the resulting equation over the region
R — € € r € R+ € finding

Vet = l[i - 1] +u(R) - n. (D31)

v|6c R
To arrive at this equation, we have assumed 9,¢p = 0 as we
are considering stationary interface motion. We have further
used [(3,¢)*dr = 1/(6w) which can be derived from an in-
tegration of the phase-field profile ¢™ near the interface and
f f'(#)d.¢dr = % /6 which can be verified by using the chain
rule.

The relation for interface velocity now allows us to relate
parameters from the phase-field model (with hat) and the
sharp interface description presented in the main text (without
hat). To this end, we recall the definition of ¥ = ré together
with

['(c) = 1o — Pelx, ), (D32a)

éd=1 —5[1 _ Vo) m:|
Vol

By comparing these relations with the respective relations in
the sharp-interface limit, i.e., Egs. (1)—(4) and (5), we can

(D32b)

read off the relations vy = @f}o, y = *F/ p,and B =2
Additionally, we have used the relation
-V
_ ( ¢)’ (D33)
Vol

derived in Ref. [54]. Note, that so far we have studied the
interface dynamics without noise. We can introduce noise into
the description by adding the term bA to the bias parameter

X, where A denotes uniform noise in the range [—1/2, 1/2].

We find the correspondence b = @f) However, we only

use b # 0, when sampling for branch orientations over many
realizations.

5. Numerical implementation

To obtain numerical solutions of the phase-field model, we
use the finite-difference method [56]. We discretize positions
x and y by using a grid with spacing Ax and Ay and use a step
size At for discretization of time . We use an explicit Euler
method for the phase field ¢ and an implicit Euler method for
the morphogen concentration ¢. While the implicit method is
stable irrespective of the chosen grid spacing and time step
size, the Euler method is stable only for a specific range of grid
spacing and step size. The numerical behavior of the finite-
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difference method is captured by the nondimensional Fourier
numbers

K At
Fl = ——e 20, D34a
¢.x T sze ( )
n KA 6w
F¢’y = ?A_)ﬂe s (D34b)

where n indicates the current time step. The Euler method is
found to be stable if the sum of Fourier numbers is smaller
than a threshold.

The constraints posed on Fourier numbers for numerical
stability are an important limitation of our numerical method
as for a given grid size, the time step has to be chosen suf-
ficiently small to ensure numerical stability. Note that this
constraint can be relaxed due to the time dependency of
Fourier number for the case of a growing domain. For a
growing domain, the Fourier numbers exponentially decrease
due to the nonzero growth rate. To circumvent this, we choose
the exponentially increasing step size,

T
At = FO — Ax2e20),

e (D35)

where G = min(Gy, G,) and we have assumed a square grid
(Ax = Ay). This leads to the time discretization

T
tar1 = Fy, e Ax?e*) 4t (D36)
This adaptive step size scheme reduces the amount of needed
time steps drastically while maintaining numerical stability.

APPENDIX E: SHAPE INSTABILITY
OF A MOVING INTERFACE

To understand the formation of unstable interface patterns
in our model, we consider a special case of the general
model presented in the main text. For simplicity, we study
interface motion in an infinitely long rectangular system with
x € [0,L,] and y € [—o0, oo]. Additionally, we consider a
scenario without organism growth (# = 0) and external guid-
ing cues (§ = 0). This simplified scenario allows us to study
basic principles of pattern formation.

The dynamics of the interface vector R for this simplified

case is given by
R = v,n, (Ela)
vy = vo — yc(R) — B, (Elb)

where the normal velocity captures the effect of intrinsic or-
gan growth tendency, the inhibition of interface motion by a
morphogen as well as the influence of interface curvature as
described in the main text. The morphogen concentration is
subject to

d¢ci = DV>¢; — kici + si, (E2)
together with the boundary condition at the interface
cin(R) = cour(R)
n-Vein(R) =n- Ve (R).

(E3a)
(E3b)

Additionally, we use periodic boundary conditions for the left
(x = 0) and right (x = L) system boundary and the no-flux

boundary conditions,

lim 9,c;(x,y) =0, (E4)
y—=+o0

at the top and bottom of the rectangular system.

To study the instability of the interface shape, we use the
interface position y;. The variable y; denotes the interface po-
sition along the y coordinate and its dynamics can be derived
from the interface dynamics given in Eq. (E1). In a rectangular
system the interface vector R can be written as

R(x, 1) = xex + yi(x, t)e,. (ES)

We determine the tangent vector t of the interface as T = 9,R
and find the interface normal vector n from the condition 7 -
n=0tobe

—0x)1€x + €y
vV 14 (3x)’1)2

Here e; denotes the unit vector in the respective direction.
From Eq. (ES) it follows that interface position dynamics can
be derived by 9,y; = 9;R - e,, which gives together with the
interface dynamics in Eq. (E1),

(E6)

1
V1T+ @)

Together with the morphogen dynamics in Eq. (E2), this equa-
tion provides the basis of our analysis. Next, we will find the
stationary solution of this system of equations and then study
its stability.

3,y1 = Uy (E7)

1. Stationary state
a. Transformation to moving frame

The stationary solution of this system is a flat interface
moving with velocity v accompanied by a concentration pro-
file ¢} (y). To determine this stationary state, we transform the
system from a resting frame to a frame comoving with the
interface with velocity v. We use the transformation

(3 1) > (%, 3.1)

=t, (E8)

where the tilde labels quantities in the comoving frame. Note
that from now on, we will consider quantities in the comoving
frame only and therefore omit the tilde for simplicity.

The dynamics of interface and morphogen in the comoving
frame reads

1
hyr = vy———— — v, (E9a)
’ VT+ @)

dci — vdyc; = DVZ¢; — kici + si, (E9b)

together with the boundary conditions at the interface,

Cin(x7 0) = COut(xa 0)5
n-Vein(x,0) =n- Vegy(x, 0).

(E10a)
(E10b)

013014-18



MODEL FOR SELF-ORGANIZED GROWTH, BRANCHING, ...

PRX LIFE 4, 013014 (2026)

Note that an additional advection term appears in Eq. (E9)
which takes into account the relative motion of interface to
resting frame.

b. Morphogen concentration

We first determine the stationary morphogen concentration
profile ¢}(y). To this end, we require d;c; = 0 in Eq. (E9b)
and solve the resulting stationary diffusion equation

1 1
—cF —+ —CQ

26 T3k, (E11)

1
0= VZC;F + 78.‘,01’»‘ —
where we have introduced the diffusion length / = D/v, the
reaction-diffusion length A; = +/D/k;, and a typical concen-
tration c? = s;/k; for the respective region i = in, out. We find
that the stationary concentration profile obeys

ci(y) = Asexp [ﬂ:%} + (E12)
i
together with the constants
¢
A = FAc——— El13
i czin + eout ( )

and the effective diffusion-degradation length £; given by

LR I B
6 T2 4R

It can be easily verified that the solution given by Eq. (E12)
satisfies both the stationary diffusion equation as well as all of
the boundary conditions.

From the general solution of the morphogen concentration
profile we can easily determine the concentration value ¢} at
the interface position. To this end, we set y = 0 in Eq. (E12)
and find

(E14)

+ - (E15)

() = Ac "
eou!

Having determined the concentration value at the interface
position, we use this quantity in the next section to determine
the interface velocity v.

c. Interface velocity

To determine the stationary interface velocity of a flat in-

terface (d,y; = 0) we require 9,y; = 0 leading to the equation

)= Yo _ lv.

14

This equation constitutes a nonlinear relation that we need to

solve to find the stationary interface velocity v. Graphically

speaking, we are seeking the intersections of the morphogen

concentration at the interface with a linear function with slope

—% and intercept 1;—“ The slope of the morphogen concentra-
tion determines the number of intersections:

(E16)

d k

ad < ——: up to three solutions, (E17a)
dv |,_o y

d k

ad > ——: exactly one solution. (E17b)
dv |,_ y

The critical value when the transition takes place can be
determined from the condition %L}:o = —1/y giving the

condition
A 2D (1 n 1
Corit = — | — .
o 14 )\in )\oul

Finally, we numerically determined the interface velocity v
for each of the cases numerically. Note, that we consider only
regimes with one solution for v.

(E18)

2. Stability analysis
a. Linearization at the stationary solution

We next linearize the dynamical equations together with
the respective boundary conditions around the stationary state.
To this end, we write

yi(x, 1) = 8y;(x, 1),
ci(x,y, 1) = ¢f(y) + 8ci(x, y, 1),

(E19a)
(E19b)

where §y; denotes a small perturbation around the stationary
interface position y; =0 and c; denotes a small perturba-
tion around the stationary concentration value c¢;. Using this
ansatz, we then find for the linearized dynamical equations

38yr = —y[d,c*(0)8y; + 8¢(0)] + B8y, (E20a)
88c; = DV28c; + vdydc; — kidci, (E20b)
together with the linearized boundary conditions at the inter-
face position,
8cin(x, 0) = dcou(x, 0),
955 (x, 0)8ys + dydcin(x, 0) = 07k, (x, 0)3ys

+ 0,8¢ou(x, 0). (E21b)

(E21a)

The linearized dynamical equations together with the lin-
earized boundary conditions constitute a set of coupled
differential equations that we solve next.

b. Determination of growth rates

We solve the set of coupled linearized equations Eq. (E20)
with the ansatz

(E22a)
(E22b)

Byi(x) = Age ™,
8ei(x,y) = 8cig(ne ™.
Here A, and éc;, denote amplitudes of the interface and
morphogen concentration, respectively. We further introduced
the growth rate u of interface perturbations. According to our
convention, 1 > 0 corresponds to unstable interface growth
and u < 0 corresponds to stable interface growth.

To determine the concentration dc¢; 4, we insert ansatz for
concentration perturbation Eq. (E22b) into the linearized con-
centration dynamics Eq. (E20b). From this approach, we find

Scing = ciMedn, (E23a)
8Couk = cpte I, (E23b)

where g, and g, are the positive solution of the equations

0 = (Aing)* — I%A?,,q - (()»mq)z + 14+ ki) (E24a)
mn
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u

out

v ~
0=aw@”+ﬁﬁm—(uww?+u— ).@Mm
Our sign convention ensures that solutions remain finite for
y = £00. We determine the coefficients ¢, and cg”‘ by insert-
ing the ansatz Eq. (E22b) together with Eq. (E23) into the
linearized boundary conditions and find

in __ out

To finally determine the growth rates p we insert
Eq. (E22a) into the linearized interface dynamics in
Eq. (E20a) and find

Ayt = —y[d,c*E, + 8c(x, 0)] — B A,. (E26)

We eliminate the interface amplitude A, by using Eq. (E25)
and further make use of the stationary morphogen concentra-

= o, E25 . L
“q 1 (E252) tion profile given in Eq. (E12) to find for the growth rate
Ag[37ct — 02ck,] = —qoucd™ — gincll.  (B25b)
ooy o ! w=f(uw — e, (E27)
From this equations, we can determine ¢;' and c‘;‘“ and thereby
fully specify the perturbation dc. where we have introduced
|
JUHAGE + 1 +4(L)
Flu) = VACE + & B +k +k (E28)
out in \/1_|_4£2(M Dout +q2)_|_\/1_|_4€2(/tDm +qz)

Equation (E27) provides an implicit relation for the growth
rates u that we analyze next.

c. Analysis of the growth rates

To analyze the interface growth rates, we consider the limit
of quasistatic morphogen dynamics. In this limit, the mor-
phogen concentration adapts instantaneously to any interface
morphology changes. To find the growth rate p in this limit,
we perform a Taylor expansion of Eq. (E27) for small values
of u; and find

pw=f(u=0)—Bg" + puf'(n=0)+ OW>).

Here we have used

(E29)

I 0) yAc 202 1 ( 1 N 1 )
p=0)=- - —+— )
Einzout D (hin + hout)z hin hout
(E30)
together with the abbreviation
h = [1+4+4¢2 ! 2 E31
i(g) =1+ mta (E3D)
We can then solve Eq. (E29) for x and find
=0 2
fp=0) Ba (E32)

P rw=0 T T =0
in the quasistatic limit. In contrast to the general relation of
interface growth rates Eq. (E27), this equation provides an
explicit relation for the growth rates and allows us to discuss
several key features in detail.

In particular, we can determine the critical inhibition pa-
rameter value y, at which the transition from unstable to stable
behavior takes place. To this end, we expand Eq. (E32) in a
Taylor series around ¢ = O up to second order. We find that
zeroth- and first-order term are zero, leaving the second-order
term as the only nonzero term in our expansion. The sign
of the second-order term determines whether the parabola is
open upwards or downwards and therefore whether interface
motion is unstable or stable. We can determine the critical

(

inhibition parameter value from d*u/dq*|,—o = 0 and find

:3 Zin + gout 2¢ 2¢
=————|=-1 L.
V Ac ZEZ Ein Eout *

(E33)

c

By using the quasistatic limit, we can further determine
characteristic length scales of this growth process. For the
unstable regime, the simplified equation allows us to derive
an approximate relation for the wave vector with maxi-
mal growth rate. In the limit gp,€ > 1 (limit of small
velocity) and gmaxA; > 1 (limit of small branch distance)
we find that the wave vector g> with maximal growth
rate is

3 yAc 1
Imax = :8 4£in£out’

(E34)

where we have also used Eq. (E14). Similarly, we find that the
wave vector ¢, for which the growth rate is zero is

»  YAc 1

i S —— (E35)
1 :3 gout + Ein

We can compare the result for the wave vector at which the
interface growth rate w is zero with the respective relation for
other shape instabilities such as the Saffman-Taylor instability
[13]. In both cases, the characteristic wavelength is propor-
tional to the strength of surface tension effects and a difference
in material properties is needed for the instability to take
place. In the limit of infinitely large reaction diffusion length
we additionally recover the inverse proportionality of A, with
interface velocity as for the Saffman-Taylor instability. Note
that a similar argument holds for the Mullins-Sekerka instabil-
ity [12,14]. This discussion explains the relation between the
shape instability in morphogen-controlled interface growth
and viscous fingering and how similar concepts can govern
the formation of branched patterns in different systems.
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FIG. 12. Influence of boundary conditions and orientation field
m on scaling laws. In analogy to Fig. 4, we generate branched struc-
tures for different domain growth rates g, = g,//4max and the relative
size increase s = L,/L,=10. [(a) and (b)] We show the extracted
scaling exponents for a thin primary branch (by, /i, = 0.07) and the
primary branch thickness employed in the main text (by, /Ain = 0.5).
We extract the scaling exponents from a linear fit to the logarithmized
data for large system sizes. [(c) and (d)] We show the extracted scal-
ing exponents for branch structures generated without (§ = 0) and
with (6§ = 0.4) an external orientation field. We extract the scaling
exponents from a linear fit to the logarithmized data for large system
sizes.

APPENDIX F: ROLE OF ORIENTATION FIELD AND
PRIMARY BRANCH BOUNDARY CONDITION
ON THE MORPHOLOGY AND ITS SCALING

In this section, we discuss the influence of different
primary branch boundary conditions and the influence of
the orientation field on scaling relations. As in Fig. 4, we
use a small worm as an initial condition and subsequently
grow the organism with different growth rates for a relative
size increase s = 10. In our model, the primary branch is
implemented as a boundary condition that is fixed during
simulations. To study the effect of this boundary condition
on scaling relations, we here compare the cases of growing
branched patterns with a nonzero primary branch thickness
(bpb/Xin = 0.5) and a very thin primary branch (b, = 0.07).
Independent of the primary branch thickness, we find in anal-
ogy with Fig. 4 power-law scaling. We extract the scaling
exponents for large organism sizes and find that scaling ex-
ponents are independent of by, (Fig. 12). This demonstrates
that scaling relations emerge robustly and independent of the
precise thickness of the primary branch boundary condition.
To study the effect of the orientation field on scaling relations,
we compare growing branched patterns for the cases of zero
(6 = 0) and nonzero (6 = 0.4) orientation field strength §. We
find that scaling relations emerge independently of the value
of 6 and extract the scaling exponents for large organism sizes.
For large organism growth rates (g, >> 1), scaling exponents
for zero and nonzero orientation field strength are similar.
In this regime, scaling exponents reflect anisotropic domain

growth as discussed in Sec. V B and are therefore independent
of 8. By contrast, for small organism growth rates (g, < 1),
scaling exponents are different for zero and nonzero §. For
nonzero §, we find the scaling exponents o, ~ 0 and small
nonzero «,. For § = 0, the formation of branched patterns is
not constrained by the orientation field and new branches can
form whenever empty spaces appear due to domain growth.
As a result, we find that branch distance and mean branch
length are approximately constant as reflected by the scaling
exponents o, ~ 0 and «, ~ 0. Overall, this demonstrates that
scaling relations emerge independent of the influence of the
orientation field. However, we observe that the value of scal-
ing exponents at a given domain growth rate g, depends on the
value of §. This can be interpreted as a dependence of the ef-
fective branching rate (r, r, in minimal network model) on 5.
Accordingly, we observe that 7,/ tmax = 0.15 and 7,/ thmax =
0.14 for § = 0 in contrast to values obtained for § = 0.4 in
Fig. 6, which are r,/jtmax = 0.076 and 7,/ ptmax = 0.089.

APPENDIX G: TRANSIENT AND PERIODIC DYNAMICS
OF BRANCHED PATTERNS

In the main text, we studied the dynamics of branched
patterns under the influence of constant domain growth. Here
we now complement our results and consider scenarios in
which domain growth stops and in which domain growth takes
place in a periodic way.

1. Relaxation of branched patterns

We first consider a scenario in which domain growth
stops. To this end, we use branched patterns generated with
a range of growth rates g, as initial condition (Fig. 4) and
study their dynamics for g, = g, = 0. We find that upon
growth arrest, branched patterns relax to a stationary state.
Branched patterns that were generated in the regime of slow
growth loose branches [Fig. 13(a)]. By contrast, branched
patterns generated in the regime of fast growth undergo
extensive branch formation [Fig. 13(b)]. Our observation
of branched patterns relaxing to a steady state is supported
by quantifying geometrical properties of branched patterns
during growth arrest [Figs. 13(d)-13(g)]. Patterns generated
in the regime of slow growth show an increase in branch
distance and mean branch length as branches are lost during
relaxation. However, we observe a decrease in total network
length Ly according to Ly = N¢, due to loss of branches.
For patterns generated in the regime of fast growth, we find
a strong decrease in branch distance and mean branch length
as numerous branches are formed during relaxation. Yet, we
observe that total network length increases Ly in agreement
with Ly = N€ due to the formation of new branches. The
relaxation of branched patterns to a stationary state reflects
the tendency of the system to maintain a preferred branch
distance. In a growing domain, branch distance is then set
from the interplay of domain growth and the tendency to
maintain a preferred branch distance (Fig. 4). Once domain
growth stops, domain growth no longer stretches branch
distance and the system relaxes to its preferred length scale.
Finally, we compare the branched patterns obtained from
growth arrest simulations with branched patterns that were
generated in a nongrowing domain. To this end, we proceed
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FIG. 13. Relaxation of branched patterns. (a) We consider a time-dependent growth rate g,(¢) consisting of a growth phase (g, # 0)
and subsequent relaxation phase (g, = 0). [(b) and (c)] Skeletons of relaxing branched patterns. We show skeletons at the beginning of the
simulation (f = 0) and at the end of the simulation (f = 197.5), where f = ! denotes rescaled time. We show the relaxation process for
an initial condition that was generated from a growth process with g, = 0.02 and a branched pattern generated with g, = 70.67. [(d)—~(g)]
Geometrical properties of branched patterns as a function of rescaled time 7. We compare the results from out relaxation simulations (color
code) with the properties of a pattern generated in a nongrowing system (gray line).

in analogy to the simulations presented in Fig. 4. We consider
a system with the same size of our relaxing simulations. Next,
we run the system until a steady state is reached. We compare
the geometrical properties of branched patterns generated
in this way with the geometrical properties from relaxing
branched patterns [Figs. 13(d)-13(g), gray line].

2. Periodic organism (de)growth

To study the behavior of branched patterns subject to peri-
odic domain growth, we consider a periodic growth rate g;(¢)
for i = x, y. For simplicity, we consider a sinusoidal growth
rate g;(t) = giosin(2nt/T), where g; ¢ is the growth ampli-
tude and T denotes the growth period. According to Eq. (D13)
the domain size obeys

Li(t) = Lipe®™" G1)
with the integrated growth rate
gioT t
G(t)y=—"—"—|1- 2r— | |. G2
@) . |: cos(nT>] (G2)

We choose the growth amplitude such that after half a
period the system has increased its length by a factor
s (Ly(t = T/2) = sLy,). From this we find the relation

7 = 7 log(s)
gy,O

(G3)

for the period T'.

We track several branch properties and here discuss the
behavior of branch distance as an example gut property. We
find that branched patterns survive many growth and degrowth
cycles characterized by branch distance with a growth rate-
dependent amplitude and phase [Fig. 14(a)]. In the limit of fast
domain growth, we find that branch distance is in phase with
the domain length and increases also by a factor s. Clearly, in
this limit branched patterns are simply scaled along with the
domain. In the limit of slow domain growth, branches have
enough time to domain size changes and therefore branch
distance changes are much less pronounced.

We next studied branch distance as a function of organism
length [Fig. 14(b)]. Periodic (de)growth of branched patterns
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FIG. 14. Periodic (de)growth of simulated gut structures.
(a) Branch distance of simulated gut structures subject to a sinusoidal
organism growth rate g,(t) with period 7' and amplitude g, (gray).
dy denotes the branch distance at time ¢ = 0. (b) Branch distance
as a function of organism length L, for different growth rates g o.
We show the values g, = 3.5x 1073 (orange), 8y = 0.16 (red), and
8y = 126.58 (black), where g, = g,//max- (¢) Area enclosed by the

orbits shown in (b) for different organism growth rates g, o.

results in closed paths in the (d, L) plane with the enclosed
area being a measure for the irreversibility of the (de)growth
process. For zero enclosed area, the respective branch distance
is independent of organism length and the (de)growth process
is therefore reversible. By contrast, for nonzero enclosed area,
growth and degrowth follow along different paths indicating
the irreversibility of the degrowth process.

Finally, we used the area enclosed by paths in the (d, L,)
plane to quantify irreversibility of the (de)growth process. We
define the enclosed area A, by

L,
/ d(L)dL.
L,

m

Aene = (G4)

n—m

We show the result of Agyc for our simulations in Fig. 14(c).
In agreement with previous discussion, we find in general
nonzero enclosed area and therefore irreversibility of periodic
(de)growth.

APPENDIX H: FURTHER PARALLELS BETWEEN MODEL
AND THE PLANARIAN GUT

1. Morphogen inhibition

To understand the effect of the loss of morphogen in our
system, we consider an already established branched pattern
in nongrowing domain and study its interface dynamics while
¢;i = 0 is enforced (Fig. 15). Due to the loss of morphogen
we also observe a loss in mutual branch inhibition. Branches
increase in thickness until they fuse and a leaflike structure
forms.

£ =2.5x10"2

FIG. 15. Interface dynamics of branched patterns for morphogen
inhibition. We show branched patterns as a function of time
f =1/lmax Without the influence of the morphogen (c; =0) in a
nongrowing domain starting from an already established branched
pattern.

2. Branch formation mechanism in model and experiment

To understand the mechanisms by which new branches
emerge, we study the temporal dynamics of gut formation in
S. mediterranea. We find that new branches can emerge from
tip-splitting and a subsequent unzipping [Fig. 16(a)]. Note
that these findings are in agreement with the observations
presented in Ref. [7]. In our morphogen-controlled interface
dynamics model, we find that branches form via tip splitting
with subsequent unzipping, similar to how branches form in
the worm [see Fig. 16(b) for a representative example].

3. Branch characteristics across hierarchy levels

The analysis of hierarchy-dependent gut characteristics
provides another interesting test for our model. To study
hierarchy-dependent properties of the gut, we recall the
definition of “branch” [see Sec. Il A and Fig. 1(e)] defined
as the longest path of individual edges originating from the
primary branch. We first study hierarchy-dependent proper-
ties of the number of branches [Fig. 17(a)]. We observe that
the relative number of secondary branches decreases, but the
relative number of higher-order branches increases. We next
studied hierarchy-dependent properties of the mean branch
length [Fig. 17(b)]. We find an increase of mean branch length
with organism size for a given hierarchy level and a decrease
of mean branch length across different hierarchy levels for a
given organism size. Finally, we study hierarchy-dependent
properties of edge orientation [Fig. 17(c)]. While the data
are lacking a consistent pattern for variations in the orien-
tational order parameter cos’(f) given a specific hierarchy
level, we find an increase of orientational parameter for higher
orders of network hierarchy indicating that higher-order side
branches have a smaller angle towards the primary branch
than lower-order side branches. We also compare the exper-
imental measurements with predictions from our model (dots)
and find good agreement.
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(a) Time-lapse imaging of branch formation in Schmidtea mediterranea
0d 10d 20d

(b) Branch formation in the model

t=0 t=0.04

tip splitting
0.2Ly 0
FIG. 16. Branch formation mechanisms in experiment and model. (a) We show close ups of a worm fed with fluorescent dextrans 1-2 days

prior to imaging at 0, 10, 20, 30, 40, and 50 days. We fed calf liver every 2 to 3 days between dextran feedings. (b) We show the phase field
and the corresponding skeleton at different time points 7 = . Of branched pattern formation. The color code indicates groups of branches

and helps to track branch formation.

APPENDIX I: SCALING LAWS OF NETWORK
LENGTH = AND SEGMENT NUMBER N FROM
MINIMAL NETWORK MODEL

We also obtain scaling relations for the network length
E=A/& and number of segments N = A/(&&,) using
Egs. (13), (14), and (15) covering different regimes. For
gy > 1y, we have

gx+ry
n=—"—"——, (g >n) (ITa)
&+ & ’ Y

30d 40d

ry+r

§= gx+gy’ (gy >ry, gx>rx)7
x y
& tr

§= ﬁ’ (gy > Ty, &x <rx)’
x y

while in the opposite case

n= 1, (gy <ry)’
&gy + Iy
= -, <y, >Ty),
¢ ot g, (g vy 8x )

¢=1, (gy <Ty, & < ry).
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FIG. 17. Branch characteristics across hierarchy levels. [(a)—(c)] We show the mean value of gut characteristics from experiments (vertical
bars) and simulations (dots) for secondary (2"%), tertiary (3'), and quaternary (4") hierarchy levels for different organism length L,. The inner
horizontal line of the bars denotes the mean value and the upper and lower horizontal lines of the bars denote one standard deviation.

For g, = r,, we have A ~ A/log(A/A() and

gy+rx

A sxtey

N~ ——
log(A/Ao)
A
N~
log(A/Ao)?

(gy =Try,, & > %),

(& =y, & =1,

(I3a)

(13b)

N ~ —’
log(A/Ao)

A

(gy =1y, & < rx).

13c)

APPENDIX J: PARAMETERS USED IN THIS WORK

The lists of parameters used for all the numerical solutions
presented in this paper are provided in Tables I-III.

TABLE 1. Parameters used in this paper. The square brackets indicate a range of parameters. In Figs. 3(b), 3(d), and 3(e) we used b/vy =
1.19x1073. Figure 10 shows parameters identical to Fig. 4, but with g, /koy, = 0.84 % 1073, 8y/kouw = 1.13x1073, and Tkyy = 2x10°. In all
simulations of the planarian gut we used I, /L, = 0.63, 1, /L, = 0.35, x,0/L, = 0.5, and y, o/L, = 0.37. Here ,, I, denote the axis length of the
ellipse and x;, ¢, yp,0 denote the center of the ellipse. The ellipse we use to construct the primary branch has [, /L, = 0.74 and [, , /L, = 0.38.
Here [, . and [,,, denote the axis length of the ellipse.

Figs. 3(b), 3(d),

Figs. 3(c), 3(f),

Parameter Unit Fig. 2(c) Fig. 2(d) Fig. 3(a) and 3(e) and 3(g) Figs. 4, 6, and 17
L, Aout 0.63 20.24 15.18 15.18 15.18 15.18

L, Aout / 80.95 41.89 41.89 41.89 41.89

T 1/kou / 1.25%10° 2.5x10° 2.5x10° 2.5x10° [6.52x10%,2.25 x 10%]
Vo outKout / 298x107* 2.39x10~* 2.39%x 1074 2.39x 1074 2.39%x 107

y Aoukows  [31.6,0, —6.32]x10° 1.56x10~* 1.49x107* 1.49x10~* 1.49x107* 1.49x107*

B Aﬁulkom 2x10° 2.12x1075  1.47x1073 1.47x1073 [8.8,35.2]1x107° 1.47x1073

v Loutkout 1.26 x 10° / / / / /

8 / / 0,0.4 0.4 [0,0.5] 0.4 0.4

D )Lfmkoul 1 1 1 1 1 1

kin koul 1 1 1 1 1 1

knul kout 1 1 1 1 1 1

Sin Kout 3 3 3.3 3 33 3.3

Sout Kout 0 0 0 0.1 0 0

g Kout 0 0 0 0 0 0.75 - [3.46x107%, 1072]
8 Kout 0 0 0 0 0 [3.46x107%, 1072]
D%, Agmkm / / 3.28x107* 3.28x1074 3.28x107* 3.28x107*
szl )‘gu[kout / / O O 0 0

kext )L(z)mkout / / 1073 1073 1073 1073

bpb )Loul / / 1 1 1 05

dpp Xout / / 0.76 0.76 0.76 0.76

VK /a Xout / 3.58x1072  3.58x1072 3.58x1072 3.58x1072 3.58x1072
@ outKout / 1.19x107*  1.19x1073 1.19x1073 1.19x1073 1.19x1073
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TABLE II. Parameters used in this paper.

Parameter Unit Fig. 4(a), left Fig. 4(a), middle Fig. 4(a), right Fig. 12 Fig. 14 Fig. 16

L, Aout 15.18 15.18 15.18 15.18 15.18 15.18

L, Aout 41.89 41.89 41.89 41.89 41.89 41.89

T 1/kout 6.52x10° 2x10° 2.25%10° 2.5x10° 2x10° [7.38x107,2.07x10%]

Vo AoutKout 2.39x107* 2.39%x107* 2.39x107* 2.39x107* 2.39x107* 2.39x107*

y AoutKout 1.49x1074 1.49x10~* 1.49x10~* 1.49x107* 1.49x1074 1.49x1074

B 22 kout 1.47%x107 1.47x107° 1.47%x107 1.47x107° 1.47x107 1.47x107

v )"out out / / / 04 / /

8 / 0.4 04 04 0.4 0.4 0.4

D 22 kot 1 1 1 1 1 1

kin Kout 1 1 1 1 1 1

Kout Kout 1 1 1 1 1 1

Sin Kout 3.3 33 33 0 3.3 3.3

Sout kout 0 0 0 0 0 0

g kout 2.30x107° 0.84x107° 0.75x1072 0 0.84x107° 0.75 - [2.81x1077,1072]

8 Kout 3.46x107° 1.13x1073 1072 0 1.13x107° [2.81x1077,1072]

D, 22 kot 3.28x1074 3.28x107* 3.28x107* 3.28x1074 3.28x1074 3.28x1074
ext )‘gutkoul 0 0 0 0 0 0

Kext 22 kot 1073 1073 1073 103 1073 1073

bpy Aout 0.5 0.5 0.5 1 0.5 0.5

dpy Aout 0.76 0.76 0.76 0.76 0.76 0.76

VK/a Aout 3.58x1072 3.58x1072 3.58x1072 3.58x1072 3.58x1072 3.58x1072

@ MoutKout 1.19x1073 1.19x1073 1.19x1073 1.19x1073 1.19x1073 1.19x1073

TABLE III. Parameters used in this paper.

Parameter Unit Figs. 12(a) and 12(b) Figs. 12(c) and 12(d) Fig. 13 (relaxation) Fig. 13 (nongrowing)

L, Aout 15.18 15.18 82.14 82.14

L, Aout 41.89 41.89 397.93 397.93

T 1/kou [6.52%x10°,2.25x10%] [6.52x10%,2.25%10°] 2.5x10° 1.25x10°

Vo AoutKout 2.39%x107* 2.39%x107* 2.39%x107* 2.39%x107*

y AoutKout 1.49x10~* 1.49x107* 1.49x10~* 1.49x10~*

B A2 Kot 1.47x107° 1.47x1073 1.47x1073 1.47x1073

v )"oulkout / / / /

8 / 04 [0,0.4] 04 04

D 22 kout 1 1 1 1

kin koul 1 1 1 1

kout kout 1 1 1 1

Sin Kout 33 33 33 33

Sout kout 0 0 0 0

g Kout 0.75 - [3.46x107°, 1072] 0.75 - [3.46x107°, 1072] 0 /

8 Kout [3.46x107%,1072] [3.46x107%,1072] 0 /

D%, 22 kout 3.28x107* 3.28x107* 3.28x107* 3.28x107*

Dﬁxt )‘gmkou[ 0 0 O 0

Kext 22 kot 1073 103 1073 1073

by Aout [0.07,0.5] 0.07 0.5 0.5

dpy Aout 0.76 0.76 0.76 0.76

VK/a Aout 3.58x1072 3.58x1072 3.58x1072 3.58x1072

Kia houtkout 1.19% 1073 1.19% 1073 1.19% 1073 1.19% 1073
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