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Networks of interconnected neurons display diverse patterns of collective activity. Relating this collective
activity to the network’s connectivity structure is a key goal of computational neuroscience. We approach this
question for clustered networks, which can form via biologically realistic learning rules and allow for the
reactivation of learned patterns. Previous studies of clustered networks have focused on metastabilty between
fixed points, leaving open the question of whether clustered spiking networks can display richer dynamics—and
if so, whether these can be predicted from their connectivity. Here we show that in the limits of large population
size and fast inhibition, the combinatorial threshold linear network (CTLN) model is a mean-field theory for
inhibition-stabilized nonlinear Hawkes networks with clustered connectivity. The CTLN has a large body of
“graph rules” relating network structure to dynamics. By applying these, we can predict the dynamic attractors
of our clustered spiking networks from the structure of between-cluster connectivity. This allows us to construct
networks displaying a diverse array of nonlinear cluster dynamics, including metastable periodic orbits and
chaotic attractors. Relaxing the assumption that inhibition is fast, we see that the CTLN model is still able
to predict the activity of clustered spiking networks with reasonable inhibitory timescales. For slow enough
inhibition, we observe bifurcations between CTLN-like dynamics and global excitatory/inhibitory oscillations.

DOI: 10.1103/m8hf-q5pl

I. INTRODUCTION

The dynamics of neuronal networks implement sensory,
motor, and cognitive computations. To understand how those
dynamics are governed by the underlying network structure
is a central goal of computational and systems neuroscience.
We aim to unite two theoretical approaches to this goal:
mean-field theories which relate the statistics of activity to
the statistics of connectivity in large networks, and graph-
theoretic approaches which relate the attractors of a network
to its particular structure.

The first approach relates the connectivity statistics of
large, randomly connected recurrent networks to macroscopic
patterns or statistics of their dynamics [1–3]. Here we con-
sider networks with cluster-like structure: groups of densely
and/or strongly interconnected neurons. Clustered structure
is found in cortical networks [4–6] and can form via bi-
ologically realistic learning rules like spike-time dependent
plasticity [5,7–10]. Clustered networks are a popular model
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for metastability (long-lived but transient regimes of activity),
especially metastability between high and low activity states
in the neocortex [11–14]. This metastability is hypothesized
to be the dynamical mechanism for working memory, per-
ceptual multistability, and decision making [15–18]. In large
networks, the macroscopic dynamics are sensitive to statistics
of the network structure but not changes in individual synaptic
weights.

In small networks, however, minor changes in connectiv-
ity can cause major changes in dynamics [19,20]. Recently,
combinatorial threshold-linear network models (CTLNs) have
proven a fruitful setting for understanding the link between
graph structure and dynamics [21,22]. CTLNs are a simple
model but can exhibit diverse nonlinear dynamics [23]. That
simplicity exposes (1) rules for CTLNs that relate their fixed
points and dynamic attractors to their graph structure and
(2) a theory of compositionality that describes how attrac-
tors in larger networks relate to attractors of their subgraphs
[20,22,24–27]. This approach has focused on particular graph
structures with at most tens of nodes. Results from this setting
can, however, advance our understanding of which features of
connectivity play a major role in determining dynamics and
should be incorporated into statistical approaches.

In this paper, we investigate how the dynamics of a
point process network model relates to the clustered struc-
ture of its excitatory connectivity. We show that networks
with structured connectivity between clusters can exhibit
varied dynamics: in addition to metastability between fixed
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points, these networks can exhibit periodic orbits and chaotic
attractors, as well as metastability between these dynamic
attractors. To relate these dynamics to the network’s macro-
scopic structure, we show that the CTLN is dynamically
equivalent to a mean-field theory for the cluster-mean firing
rates in the limits of large population size and fast inhibition.
This allows us to apply graph rules for CTLNs to predict the
dynamics of our clustered spiking networks.

Finally, we examine how the timescale of inhibitory activ-
ity interacts with the cluster structure to shape the network
dynamics. While the CTLN model is informally motivated as
describing the activity of a population of excitatory neurons
with specific connectivity against a pattern of diffuse inhibi-
tion, similar to the “blanket of inhibition” described in [28],
a formal derivation of the CTLN model from networks with
explicit excitation and inhibition has not been published. We
show that while the CTLN model formally describes the limit
where inhibition is very fast, it still qualitatively describes
the dynamics of excitatory-inhibitory networks with reason-
able inhibitory timescales. For sufficiently slow inhibition,
we observe bifurcations between CTLN-like dynamics and
global excitatory/inhibitory oscillations similar to the pyrami-
dal/interneuron gamma (PING) oscillation [29].

II. RESULTS

A. Clustered spiking networks display diverse dynamics

We consider a stochastic spiking network with n excita-
tory clusters of NE neurons each and NI inhibitory neurons
[e.g., Fig. 1(a)]. Within-cluster connectivity is stronger than
between-cluster connectivity and the inhibitory neurons con-
nect non-specifically to all excitatory clusters. Connectivity
is sparse and random and synaptic weights scale inversely
with the population size. This connectivity determines a
neuron-by-neuron weight matrix Ji j . Excitatory and inhibitory
neurons have distinct synaptic time constants τE and τI and
receive distinct external inputs bE and bI .

Each neuron’s spike train is a point process ṡi(t ) whose
time dependent rate depends on the voltage vi(t ). The joint
dynamics of the voltage and spike train are given by

τα(i)v̇i = −vi +
N∑

j=1

Ji j ṡ j + bα(i),

ṡi ∼ PP (�vi�+). (1)

Here �x�+ := max(x, 0). We denote the population containing
neuron i as α(i), so that τα(i) = τE or τI and bα(i) = bE or
bI . Additional model details can be found in Appendix A 1.
The spike trains ṡi are sums of delta functions, where ṡi(t ) =∑

t ′∈Ti
δ(t − t ′) and Ti is the set of spike times for neuron i.

Equation (1) can alternately be written in integral form as

vi(t ) = vi(0) + bα(i) + 1

τα(i)

∫ t

0
e(t ′−t )/τα(i) ṡ j (t

′) dt ′.

This is a nonlinear Hawkes process with excitatory and in-
hibitory interactions.

When there is no connectivity between the clusters, or
when the connectivity between the clusters is weak and
unstructured, the network has n metastable states with a

unique active excitatory cluster each [Fig. 1(b)]. Pulses of
external input can drive transitions between attractors; sponta-
neous noise-driven transitions are also possible over a longer
timescale, or in smaller populations with an effectively higher
noise level [Fig. 2(a)]. More varied dynamics become possible
when there is structured connectivity between clusters. We
describe the structure of connectivity between clusters with
a directed graph G: An edge from cluster α to cluster β in
G means that the connections from cluster α to cluster β

are stronger than the baseline level of connectivity between
clusters. When the pattern of connectivity between clusters is
symmetric [Fig. 1(c)], the network still displays metastability
between fixed points [Figs. 1(d) and 2(b)]. However, multiple
excitatory clusters may be active in one attractor and indi-
vidual clusters may participate in multiple attractors. When
the pattern of connectivity between clusters is not symmetric
[Fig. 1(e)], the network can have dynamic attractors such as
periodic orbits or chaotic attractors, in addition to metastable
fixed points. For example, the network illustrated in Fig. 1(e)
displays metastability between a periodic orbit and a fixed
point [Fig. 1(f)]. Spontaneous transitions in both directions
are possible: from the limit cycle to the fixed point and, more
uncommonly, from the fixed point to limit cycle [Fig. 2(c)].

B. Mean-field theory for clustered, inhibition-stabilized
networks is dynamically equivalent to the CTLN model

In the limit of large network size (NE , NI → ∞), the
cluster-mean firing rates obey n + 1 dimensional determin-
istic dynamics. We will show that in the additional limit of
τI/τE → 0, this rate model is dynamically equivalent to the
CTLN model. Let J̄αβ denote the mean weight of synapses
from neurons in cluster β to a neuron in cluster α. The
connection weights in our microscopic model depend only
on the excitatory/inhibitory identity of the clusters and the
directed pattern of connectivity between clusters [Fig. 3(a)].
So the expected value of the mean weight J̄αβ takes one of six
possible values:

J̄αβ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

J̄�
EE if β = α, α, β excitatory

J̄→
EE if β → α ∈ G, α, β excitatory

J̄ 	→
EE if β → α /∈ G, α, β excitatory

J̄EI if α excitatory, β inhibitory

J̄IE if α inhibitory, β excitatory

J̄II if α, β inhibitory.

(2)

Now, we take the expectation over connectivity, spike train
realization, and the identity of a neuron within its cluster in 1
over. Letting vα = 〈vi〉i∈α , we find that in the large-N limit the
expected cluster-mean voltages evolve as

τα v̇α = −vα +
n∑

β=1

J̄αβ�vβ�+ + bα. (3)

Corresponding mean-field limits for similar nonlinear Hawkes
models are proven in [30–35], in particular for the multipopu-
lation case in [36].

Our goal is now to relate the dynamics of the mean firing
rates to the graph structure G. To do this, we will show that,
under certain conditions, the excitatory firing rates in the
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FIG. 1. Attractors in clustered networks. (a) Clustered network with six excitatory clusters (color) and one inhibitory cluster (black).
No connections between excitatory clusters. Inhibitory cluster reciprocally connected to all excitatory clusters. (b) Raster plot of activity of
clustered network in panel (a), for excitatory cluster size NE = NI = 1000, τE = 40 ms, τI = 20 ms. Stimulus of duration 10 ms applied to
each neuron in clusters 2 (red), 3 (green), 4 (blue), 5 (yellow), and 6 (maroon) at times t = 500, 1000, 1500, 2000, 2500 respectively (lightning
bolts). (c) Clustered network with six excitatory clusters (color) and one inhibitory cluster (black). Pattern of bi-directional connectivity
between excitatory clusters indicated with arrows. Inhibitory cluster reciprocally connected to all excitatory clusters. (d) Raster plot of activity
of clustered network from panel (c) for same parameters as (b). Stimulus of duration 10 ms applied to each neuron in clusters 4 and 5 (yellow
and blue), 1 and 2 (red and purple), and 3 (green) at times t = 1000, 2000, 3000, respectively (lightning bolts). (e) Clustered network with
four excitatory clusters (color) and one inhibitory cluster (black). Pattern of directed connectivity between excitatory clusters indicated with
arrows. Inhibitory cluster reciprocally connected to all excitatory clusters. (f) Raster plot of activity of clustered network from panel (c) for the
same parameters as (b). Stimulus of duration 10 ms applied to each neuron in clusters 4 (blue), 2 (red), at times t = 1000, 2000 respectively
(lightning bolts).

EI-TLN model are approximated by those of the combina-
torial threshold linear network (CTLN) model introduced in
[22]. The CTLN model is highly mathematically tractable,
exposing elegant links between network structure and dynam-
ics. By grounding CTLNs in a model with explicit excitatory
and inhibitory populations and spikes, we can apply results
about CTLNs to understand a broader class of models. Al-
though units in the CTLN model are traditionally interpreted
as single neurons, we interpret them as populations. Under this
interpretation, the CTLN model represents the connectivity
between clusters of excitatory neurons, over a background
of fast shared inhibition, via a pattern of weak and strong
inhibition.

The CTLN model is defined by a rule for translating a
graph into a weighted adjacency matrix. Specifically, if the
pattern of connectivity between clusters is given by a directed
graph G, then the weights in the CTLN model are given by

Wαβ =
{−1 + ε if β → α ∈ G
−1 − δ if β → α /∈ G,

(4)

where 0 < ε < 1 and δ > 0 [Fig. 3(c)]. Outside of this re-
quirement, ε and δ are not required to be small. Additionally,
we require (−1 + ε)(−1 − δ) > 1; this ensures that single
directed edges do not generate stable fixed points (see [22]
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FIG. 2. Spontaneous transitions. Each panel starts slightly before
a spontaneous transition. (a) Raster plot of the activity of the network
in Fig. 1(a), for population size NE = NI = 10, with constant input.
Input strength is half that used in Fig. 1, all other parameters are
the same. (b) Raster plot of the activity of the network in Fig. 1(b)
for a population size NE = NI = 10. All parameters, including input
strength, are the same as those of Fig. 1. Start time for plot is
chosen to be slightly before the first spontaneous transition between
attractors. (c) Raster plot of the activity of the network in Fig. 1(c)
for a population size NE = NI = 10. All parameters, including input
strength, are the same as those of Fig. 1.

for details). This requirement does not vary depending on the
total number of edges in the graph or the fraction of edges
which are present. The nodes’ dynamics are

ẋα = −xα +
⎢⎢⎢⎣ n∑

β=1

Wαβxβ + b

⎥⎥⎥⎦
+

, (5)

where xα is the mean firing rate in population α and b > 0 is
an constant, positive external input which is the same for all
populations.

The CTLN model, Eqs. (4) and (5), differs from the mean-
field voltage dynamics, Eq. (3), in two ways. First, while
the nonlinearity is inside of the summation in the mean-field
voltage dynamics, it is outside of the summation in the CTLN
dynamics. Second, while the mean-field voltage dynamics has
both positive and negative interaction weights, all weights in
the CTLN are negative. We will thus relate the mean-field
theory for the clustered spiking network to the CTLN in two
steps.

First, we address the location of the nonlinearity using
the results of Miller and Fumarola in [37]. Miller and Fu-
marola show that for any system that evolves according to
τ dv

dt = −v + J f (v) + b(t ), v ∈ Rd , there is an equivalent

system which evolves according to τ dx
dt = − x + f (Jx+c(t )),

where the external inputs c to the x model is a low-pass-
filtered version of the input to the v model. When J is
invertible, the mapping between systems is a topological con-
jugacy, and even outside this case, the mapping between the
x system and the v system is given by a linear map. This
means that the attractor landscapes of the two models are
qualitatively the same.

Thus, to predict the mean-field dynamics of our clustered
spiking networks, we can alternately study the model

τα ẋα = −xα +
⎢⎢⎢⎣ n∑

β=1

J̄αβxβ + cα

⎥⎥⎥⎦
+

, (6)

where xα is the mean firing rate in population α. We term
systems of this form the excitatory-inhibitory threshold lin-
ear network (EI-TLN) model. Although this model has the
same functional form as the CTLN model, it differs in that
the weight matrix J still retains the explicit excitatory and
inhibitory weights from the clustered spiking network. In all
following equations, we consider the constant-input case, and
thus write bα instead of cα for the input. Figure 3(b) shows
an example of the population-averaged firing rates 〈 f (vi )〉i∈α

in the clustered spiking network against predicted firing mean
rates f (vα ) = f (Jxα + cα ) generated by simulating Eq. (6),
with matching initial conditions and parameters. Details can
be found in Appendix A 2.

To relate the EI-TLN model Eqs. (2) and (6) to the CTLN
model (4) and (5) we consider the limit of fast inhibition:
τI/τE → 0. This separation of timescales implies that the
mean firing rate of the inhibitory cluster is directly propor-
tional to the mean firing rate across all excitatory clusters:

xI ≈ 1

1 − J̄II

⎛
⎝J̄IE

∑
β 	=I

xβ + bI

⎞
⎠.

Inserting this into Eq. (6) results in effective inhibitory con-
nections between excitatory clusters and allows us to derive
conditions on the weights of the EI-TLN model, J̄ , that de-
scribe when it limits to the CTLN model. The first condition
is that within-cluster excitation exactly cancels inhibition:

J̄�
EE + J̄EI J̄IE

1 − J̄II
= 0. (7)

When this condition is met, we can relate the CTLN parame-
ters ε and δ to the EI-TLN parameters as

ε = J̄→
EE − J̄�

EE + 1,

δ = −(
J̄ 	→

EE − J̄�
EE + 1

)
,

and b = J̄EI

1 − J̄II
bI + bE .

This allows us to interpret the CTLN constraints 0 < ε < 1
and 0 < δ as constraints on the relative strength of within-
cluster and between-cluster excitation:

0 < J̄�
EE − J̄→

EE < 1,

J̄�
EE − J̄ 	→

EE < 1,(
J̄�

EE − J̄→
EE

)(
J̄�

EE − J̄ 	→
EE

)
> 1. (8)
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FIG. 3. Reduction of clustered networks to low-dimensional rate models. (a) EI-TLN corresponding to the clustered network in Fig. 1(e).
Gray edges represent the directed pattern of connectivity between excitatory clusters, while black edges represent connections to and from the
inhibitory cluster. (b) Mean firing rates in clustered spiking network (thick, transparent line) versus prediction from EI-TLN (thin, solid line)
with external input as described in Fig. 1(f). (c) CTLN corresponding to the clustered network in panel (a). Black edges represent the directed
pattern of connectivity between excitatory clusters, which are now effectively weakly inhibitory, with weight −1 + ε. Gray edges between
nonconnected clusters represent strongly inhibitory effective connectivity, with weight −1 − δ. (d) Firing rates in clustered spiking network
(thick, transparent line) versus prediction from CTLN (thin, solid line) with external input as described in Fig. 1(f).

When these three additional conditions are met, the EI-
TLN reduces to the CTLN. These imply J̄�

EE > 1, so the
network is always in an inhibition-stabilized regime; we will
explore this in Sec. II D. Notice that Eq. (7) is strict, in that
it reduces the four dimensional space of weights to a three-
dimensional plane.

When this exact cancellation is violated, it is still possible
to derive an n − 1-dimensional network with purely inhibitory
weights which describes the dynamics of the EI-TLN model
in the limit of fast inhibition. However, this network is not the
CTLN model, and differs in that it retains either a positive or
negative effective weight from a cluster to itself. We postpone
discussion of how this affects the dynamics of the network
to Sec. II C 2, after we have given a brief survey of results
governing the dynamics of CTLNs.

Figure 3(d) shows an example of the CTLN firing rates
against the cluster-averaged rates of excitatory neurons, for
relatively fast inhibition (τI/τE = 0.5). We see that the CTLN
rates match the average rates as well as the EI-TLN rates, even
with this finite time scale. In Appendix A 6 a, we discuss how
the dynamics in the EI-TLN model vary as we change the ratio
between the inhibitory and excitatory time scales. Details of
this derivation are given in Appendix A 3.

Relating clustered spiking networks to the CTLN model
in this way allows us to apply results about CTLNs to study
the dynamics of clustered spiking networks. In the next two
sections, we will survey how results about CTLNs let us

construct clustered spiking networks with diverse dynamics
that depend on the directed graph structure of between-cluster
connectivity.

C. Graph rules for CTLNs predict dynamics
of clustered spiking networks.

1. Metastable fixed points in clustered spiking networks
correspond to maximal cliques in the cluster graph

Figures 1(a) and 1(c) show two examples of clustered
spiking networks that exhibit multiple metastable states. The
first network, without strong connectivity between clusters,
has a metastable state corresponding to each excitatory cluster,
where neurons from that cluster are active while neurons in
other excitatory clusters are silent. The second network, where
there is strong, reciprocal connectivity between some pairs of
clusters and not others, has multiple metastable states where
a subset of clusters are active. We apply results about stable
fixed points of CTLNs to relate these metastable states to the
graph G describing the connectivity between clusters.

Because CTLNs are threshold-linear, they have at most one
fixed point in each linear chamber of their phase space (except
potentially in degenerate cases, i.e., when the linear system
in a chamber has a zero eigenvalue). Within a chamber, it is
easy to recover the fixed point location via matrix inversion.
Thus, the fixed point structure of a CTLN is fully described
by the set of fixed point supports, which are defined as
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FIG. 4. Cluster-level connectivity graphs. (a) Maximal cliques in
the connectivity graph of the clustered spiking network pictured in
[Fig. 1(c)]. Notice that each maximal clique corresponds to a fixed
point in Fig. 1(d). (b) Directed three-cycle.

supp(x∗) = {i | x∗
i > 0}. We denote this set of fixed point

supports as

FP(G, ε, δ) = {supp(x∗) | x∗ a fixed point}.
Due to the constraint b > 0, the origin is never a fixed point,
so the empty set is never a fixed point support. Because the
CTLN model is a mean-field theory for our clustered spiking
model, fixed points in clustered spiking networks are char-
acterized by the clusters they are supported on. Because the
evolution of the firing rates in our clustered spiking network
is stochastic, stable fixed points in the deterministic CTLN
model correspond to metastable fixed points in the clustered
spiking network for finite cluster size.

When the graph G is symmetric (i → j if and only if
j → i) convergence to a fixed point is guaranteed [21,38].
Thus, characterizing the stable fixed points provides a com-
plete picture of the attractor landscape of symmetric networks.
Stable fixed points of symmetric CTLNs correspond to max-
imal cliques1 of G [21,22]. In Fig. 4(a) we highlight the
maximal cliques in the example from Fig. 1(c). Note that
“trivial” examples of maximal cliques, such as isolated ver-
tices or bidirectional edges that are not contained within larger
cliques, still support stable fixed points. The number of max-
imal cliques that a graph can have grows exponentially in the
number of vertices, so the number of potential stable fixed
points in a CTLN also grows exponentially with n [24,39].

This characterization of the stable fixed point is partially
extended to non-symmetric graphs in [22] and [23]. A node
k ∈ [n] is a target for a clique σ ⊆ [n] if j → k for each
j ∈ σ. By Theorem 3.5 of [23], a clique supports a stable
fixed point if and only if it is target-free, i.e., it does not
have a target. The probability of a clique being target free
depends on the relative probabilities of bidirectional versus
unidirectional connections between clusters. This is conjec-
tured to completely characterize the stable fixed points of
CTLNs; all known examples of stable fixed points in CTLNs
are supported on target-free cliques. This conjecture can be
guaranteed to hold under some additional assumptions; for
details see [22]. The metastable fixed point of the clustered
spiking network in Fig. 1(e) is supported on the target-free
clique {1, 4}.

1A clique is a set of vertices σ ⊆ [n] such that i ↔ j for all i, j ∈ σ .
A clique is maximal if it is not contained in any larger clique. ([n] is
the set of integers from 1 to n.)
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FIG. 5. The effect of varying the within-cluster excitatory weight
parameter J̄�

EE , violating Eq. (7). All panels use the EI-TLN on a
directed three-cycle 1 → 2, 2 → 3, 3 → 1. Here J̄0 = − J̄EI J̄IE

1−J̄II
, the

value required by Eq. (7). From top to bottom, J̄�
EE varyies from 0.8J̄0

to 1.4J̄0. Panel D (center, gray background) has J̄◦
EE = J̄0. On the

right of each panel, we list the fixed point supports with stable fixed
points in boldface. Supports are abbreviated by omitting commas,
i.e., the set {1, 2, 3} is denoted as 123. Trajectories in panels (a)
and (b) approach a stable fixed point with support 1234. Trajectories
in panels (c)–(f) approach a limit cycle. The trajectory in panel (g)
approaches a stable fixed point with support 1.

2. Impact of breaking excitatory-inhibitory balance

When the EI-balance condition, Eq. (7), is violated, the
dynamics of the EI-TLN no longer approach those of the
CTLN in the limit of fast inhibition. However, when the con-
dition approximately holds, the firing rates from the CTLN
are still able to predict those in the EI-TLN, and in the clus-
tered spiking network. For instance, in Fig. 3 the EI balance
does not hold precisely, since the random adjacency matrix
introduces a small amount of noise into the mean connectivity
between clusters, but the CTLN is still able to predict firing
rates in the clustered spiking network. In Fig. 5 we explore
the impact of varying J̄�

EE from the value required by Eq. (7),
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J̄0 = − J̄EI J̄IE

1−J̄II
. We do this for one particular graph structure,

the directed three-cycle [Fig. 4(b)]. The EI-TLN with this
graph and J̄�

EE = J̄0 has a single fixed point with support 1234,
which is unstable. This network has a limit cycle attractor that
follows the edges of the graph [Fig. 5(d)]. When J̄�

EE � J̄0

[Figs. 5(c) and 5(e)], the fixed points,the fixed point supports
and their stabilities remain those of the CTLN model. The
qualitative dynamics of the model remain the same as well,
though the shape of the limit cycle is slightly distorted. When
within-cluster weights are significantly weaker than J̄0, 1234
remains the sole fixed point in the network but it becomes
stable. The limit cycle disappears and trajectories approach
the fixed point. When within-cluster weights are significantly
stronger than J̄0, the fixed point support structure of the graph
changes to have stable fixed points {14, 24, 34} and unstable
fixed points {124, 134, 234, 1234}. The limit cycle attractor
persists for at least some of the values of J̄�

EE with those new
fixed points [Fig. 5(g)].

3. When between-cluster connectivity is not symmetric,
clustered spiking networks have dynamic attractors

with bounded total activity

While symmetric connectivity guarantees convergence to a
stable fixed point in CTLNs, an alternate condition guarantees
the absence of stable fixed points. If a graph is (1) oriented
(has no bidirectional edges) and (2) has no sinks (every vertex
has at least one outgoing edge), then the CTLN on that graph
has no stable fixed points. This does not, however, mean that
the activity explodes.

The total activity of CTLNs is bounded above and below:
for any CTLN defined by a graph G and parameters 0<ε<1,

δ > 0, and any initial condition x(0), there exists a time T
such that for all t > T

b

1 + δ
<

n∑
α=1

xα (t ) <
b

1 − ε
. (9)

In other words, all trajectories in CTLNs eventually approach
a region where the total population activity is bounded [40].

Because CTLNs have bounded total activity, networks
without stable fixed points have dynamic attractors [23]. The
simplest example of an oriented graph with no sinks is a
directed three-cycle [Fig. 4(b)]. This CTLN has a limit cycle
attractor, established in [41]. Although the weights in the
CTLN model are all negative, activity still often follows edges
in the graph. Graph rules can also be used to predict the dy-
namic attractors of CTLNs from the graph structure [25,26].

Notice that if ε and δ are held constant in Eq. (9), the total
activity bound does not scale with the number of clusters.
Thus, in networks where many clusters participate in an attrac-
tor, the mean firing rates in each cluster are proportionately
lower, scaling as 1/n. This can be avoided by scaling ε and δ

with the number of clusters. In the EI-TLN, in the limit where
τI → 0, this result translates to

J̄EI

1−J̄II
bI + bE

J̄�
EE − J̄ 	→

EE

<

n∑
α=1

xα (t ) <

J̄EI

1−J̄II
bI + bE

J̄�
EE − J̄→

EE

. (10)

To keep the mean firing rates constant in n thus requires either
making between-cluster excitation stronger or within-cluster

excitation weaker. In Appendix A 4, we prove that this bound
also holds for finite, sufficiently small, inhibitory timescales.

D. Clustered spiking networks exhibit paradoxical effects

We can interpret this bound as a result about the stability
of the total mean excitatory rate, even in the absence of stable
fixed points. This stability is provided by the inhibitory pop-
ulation. Notice that since J 	→

EE � 0, Eq. (8) implies J�
EE � 1.

This means that the excitatory-only subnetwork is not sta-
ble, so the EI-TLN is in an inhibition-stabilized regime. As
an inhibition-stabilized network (ISN), the EI-TLN displays
the so-called paradoxical effect: stimulation of the inhibitory
population suppresses the excitatory clusters, leading in turn
to a decrease in the inhibitory firing rates [42,43]. This effect
is considered a signature of inhibitory stabilization, and is
observed in many cortical areas across species [42].

While the paradoxical effect in ISNs is typically described
as describing the effect of perturbations when the network is at
a fixed point [Fig. 6(a)], we observe the paradoxical effect of
inhibitory stimulation on dynamic attractors of the clustered
spiking network as well [Fig. 6(b)]. For sufficiently fast inhibi-
tion, we prove in Appendix A 5 that stimulating the inhibitory
population reduces inhibitory firing rates along all dynamic
attractors in EI-TLNs. More precisely, changing the external
inputs bE , bI scales the rates along attractors of the EI-TLN.
For trajectories obeying Eq. (10), increasing bI scales down
both the excitatory and inhibitory rates. Because this is a linear
transformation, and because solutions of the v model and
the x model must obey the relationship f (v) = x + τ dx

dt , this
phenomenon is also seen in solutions of the v model [Eq. (3)]
and thus the clustered spiking network [Eq. (1)].

E. When inhibition is slow, a synchronized oscillation emerges

We have shown that the CTLN model is a mean-field the-
ory for clustered spiking networks for large cluster size and
fast inhibition. However, excitatory and inhibitory membrane
time constants are typically both approximately 10–30 ms. We
thus relax the assumption of fast inhibition, comparing the
dynamics of the EI-TLN to the CTLN model as we vary the
ratio between the inhibitory and excitatory timescales.

1. Synchronous oscillation emerges from stable fixed
points via a nonsmooth Hopf bifurcation

As we observed in Sec. II C 1, there is a one-to-one corre-
spondence between fixed points in the CTLN and the EI-TLN.
We first ask how fast inhibition needs to be for a stable fixed
point of the CTLN to remain stable in the EI-TLN. All known
fixed points in CTLNs are supported on target-free cliques, so
we restrict our attention to stable fixed points of this type.

We fix the parameters J̄EE , J̄EI , J̄IE , J̄II , and τE . Addition-
ally, we consider the size k of the clique as a parameter.
We consider the linearized dynamics around this fixed point,
which is the linear system in the chamber containing the fixed
point. At the fixed point, all other excitatory clusters in the
network are below threshold; we thus neglect them in this
analysis.

All clusters within the clique are, by definition, connected
identically to one another. So we can describe the dynamics
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FIG. 6. Paradoxical effect in clustered spiking networks. Black:
average inhibitory firing rate. Color: average rates within each ex-
citatory cluster. (a) Network with a single excitatory cluster. From
T = 500 ms onward, excitatory stimulation of 0.1 spikes/ms is ap-
plied to the inhibitory population only. Notice that the firing rates of
the inhibitory neurons, as well as the excitatory neurons, decrease.
(b) A network with three excitatory clusters, connected in a directed
cycle. The clustered spiking network has a periodic orbit. From
T = 500 ms onward, excitatory stimulation of 0.1 spikes/ms is ap-
plied to the inhibitory population only. Again, the firing rates of the
inhibitory neurons, as well as the excitatory neurons, decrease.

via a two-dimensional linear dynamical system describing
the mean excitatory and inhibitory firing rates, xE and xI

[Fig. 7(a)]:

τE ẋE = −xE + J̄eff
EE xE + J̄EI xI + bE ,

τI ẋI = −xI + k J̄IE J̄II xI xE + bI ,

where J̄eff
EE = (k − 1)J̄→

EE + J̄�
EE is the total excitatory-to-

excitatory connectivity. This linear system has a single fixed
point, which is stable when

τI

τE
< − J̄II − 1

J̄eff
EE − 1

.

Notice that the strength of inhibition relative to excitation
needed to stabilize the network for a fixed ratio of timescales
increases with the number of clusters in the clique. The
EI-TLN dynamics are nonsmooth, so the bifurcation corre-
sponding to this loss of stability is not locally described by

a standard topological normal form. When the fixed point
loses stability, the two eigenvalues of the linearization about
the fixed point always have nonzero imaginary parts, thus
solutions spiral away from the fixed point when it loses
stability.

We investigate this bifurcation through numerical con-
tinuation in a network with one excitatory maximal clique
[Fig. 7(a)]. In this case, the critical value is τI/τE = 4
[Fig. 7(b)]. The bifurcation gives rise to a large-amplitude
periodic orbit along which all excitatory neurons are syn-
chronized, reminiscent of a pyramidal-interneuron gamma
oscillation [29]. There is a region of bistability between
the fixed point and a large-amplitude limit cycle for 3.8 �
τI/τE < 4. Within the bistable region, the stable limit cycle
and the fixed point are separated by an unstable periodic
orbit. So, we call the bifurcation a subcritical nonsmooth
Hopf bifurcation. The unstable limit cycle is born with finite
amplitude because the fixed point is in the interior of a lin-
ear chamber, which cannot support a periodic orbit except
exactly at the bifurcation point [Fig. 7(c)]. Details are in
Appendix A 6 a. A version of this calculation also appears
in [43], where a limit cycle emerges when inhibition is made
weaker.

2. Multistability between the synchronized oscillation
and CTLN-like limit cycle

Next, we extend this analysis beyond fixed points by con-
sidering the simplest example of a CTLN with a nontrivial
dynamic attractor. This is the CTLN whose graph is a di-
rected three-cycle [Fig. 8(a)], which has a single unstable
fixed point and a stable limit cycle for all allowed values of
ε, δ [41]. At the fixed point, the linearized system has one
negative eigenvalue and two complex-conjugate eigenvalues
with positive real part. Initial conditions near the fixed point
spiral outward to the limit cycle. Because the dynamics of
the excitatory populations in the EI-TLN are described by the
CTLN equation in the limit where τI → 0, the EI-TLN also
has an unstable fixed point and a stable limit cycle when τI is
small relative to τE . Using numerical continuation from this
limit cycle, we investigate how the attractors of the EI-TLN
change with τI .

When τI/τE = 1, the EI-TLN has a CTLN-like limit cy-
cle [Fig. 8(b)]. We numerically continued this limit cycle,
which we call the “CTLN cycle,” for τE = 1, 0.01 � τI �
8.0 [Fig. 8(c), gold]. This periodic orbit remains stable up
to τI/τE = 6.46, though its shape becomes distorted as τI

increases [Fig. 8(d), left, shown for τI/τE = 3]. We contin-
ued this periodic orbit past its instability and did not find an
endpoint.

At τI/τE = 2.4, the second pair of complex-conjugate
eigenvalues of the fixed point crosses the real axis and the
fixed point no longer has any stable direction. At this parame-
ter value, a second limit cycle we call the “EI cycle” branches
off from the fixed point via a subcritical nonsmooth Hopf-
like bifurcation [Fig. 8(c), dark red] reminiscent of the one
described in the previous section. Along this limit cycle, all
three excitatory neurons have synchronous activity [Fig. 8(d),
right]. There is a region of bistability between the CTLN cycle
and the EI cycle.
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FIG. 7. A synchronous oscillation with slow inhibition. (a) EI-TLN network with one excitatory maximal clique. (b) Bifurcation diagram.
Solid lines indicate stability, dashed indicates instability. Hopf bifurcation point marked in red. Minimum and maximum values of xE along
limit cycle are shown. (c) Phase plots for τI/τE = 2 (left), 3.8 (center), 6 (right). Gray arrows indicate vector field. Nullclines (solid) and
linear chamber boundaries (dashed) for xE and xI are shown in purple and black, respectively. Trajectories for two initial conditions ((xE , xI ) =
(0.1, 0.25) and (xE , xI ) = (0.105, 0.105), black circles) are shown in blue. Left panel is from region with stable fixed point only, center is from
bistable region, right is from region with stable limit cycle and unstable fixed point. Parameters: J̄�

EE = 1.5, J̄→
EE = 0.75, J̄EI = −1.5, J̄IE = 2,

J̄II = −1.

For parameters in a large part of the bistable region, from
2.42 � τI/τE � 5.29, there are two unstable periodic orbits
between the CTLN cycle and the EI cycle, which we call the
“upper and lower mixed cycles” [Fig. 8(c), dark orange and
orange-yellow respectively]. We plot the upper mixed cycle
in Fig. 8(d) (middle)—this is possible because the CTLN is
a rate model with zero noise and we have chosen an initial
condition on the unstable periodic orbit. For τI/τE = 3.0, we
plot two projections of all four identified periodic orbits in
Fig. 8(e). Both mixed cycles are annihilated via a nonsmooth
fold bifurcation at τI/τE = 5.29, before the CTLN cycle loses
stability.

Thus, there is a region of bistability between the CTLN
cycle and the EI cycle where we have not been able to find an
unstable perioidic orbit separating them. Because the CTLN
limit cycle loses stability via a secondary Hopf bifurcation, we
expect an unstable quasiperiodic trajectory/unstable invariant
torus in this region. In Fig. 8(f), we plot a trajectory that
appears to stay near that invariant torus for some time before
eventually entering the CTLN cycle. Details are available in
Appendix A 6 b.

III. DISCUSSION

We derived a rate model dynamically equivalent to the
CTLN model as a mean-field theory for cluster-average firing
rates in an inhibition-stabilized, clustered nonlinear Hawkes
model in the limit of large cluster size and fast inhibition. This
allows us to predict diverse dynamics of clustered networks
using existing results proved for CTLNs. We showed that the
CTLN model describes the mean firing rates of excitatory
populations in an inhibition-stabilized regime. This allowed us
to demonstrate the paradoxical effect, a hallmark of inhibitory
stabilization, in networks with multiple excitatory populations
and diverse dynamics. Finally, while the equivalence between
the CTLN and the clustered spiking networks holds in the
limit of fast inhibition, we showed that CTLNs qualitatively
predict the dynamics of clustered spiking networks for more
reasonable inhibitory timescales.

Many other derivations of rate models from models with
a higher level of biological detail are possible—several are
reviewed in [44]. These derivations can be done rigorously
in the limit where synapses are slow [45,46], or for large
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FIG. 8. Multistability between the synchronized oscillation and CTLN-like limit cycle. (a) E-I TLN whose underlying graph is a directed
three-cycle. (b) Solid: firing rates of the EI-TLN for τI/τE = 1.0. Transparent lines: firing rates in CTLN model with same graph. (c) Bifurcation
diagram for the parameter τI/τE . Solid lines indicate stability, dashed indicates instability. Periodic orbits are represented by the minimum and
maximum values of the inhibitory firing rate along the orbit. (d) Three periodic orbits present for τI/τE = 3.0. Left, the CTLN cycle, obtained
by continuation of stable periodic orbit in panel (b). Notice that the shapes of the firing rate curves are deformed relative to those in panel
(b). Center, the upper mixed cycle, one of the unstable periodic orbit. Right, the E/I cycle, a stable periodic orbit in which all three excitatory
neurons have synchronous activity, and the total excitatory and inhibitory populations oscillate. Analogous to the limit cycle described in
Fig. 7. (e) Two projections of all four periodic orbits for τI/τE = 3.0. Colors as in panel (c). (f) Firing rates for a trajectory which follows a
long, apparently quasiperiodic transient before approaching the CTLN limit cycle. Parameters for all panels: J�

EE = 1.5, J→
EE = 0.75, J 	→

EE = 0,

JEI = −2.25, JIE = 2, JII = −2, τE = 1.

populations with asynchronous activity [47]. Our choice of
a rate model of the form of Eq. (1), with the summation inside
of the nonlinearity, reflects the assumption that the synaptic
decay time constant is fast relative to the membrane time con-
stant, while the alternate form assumes that the synaptic decay
time is slow relative to the membrane time constant [44].
Both forms assume that the synaptic kernel’s rise time is fast

relative to both the synaptic decay time and the mem-
brane time constant [48]. Stochastic spiking models, like
the Hawkes process we used here, can also be related to
more biologically detailed models [49,50]. Many of these
derivations make it possible to relate parameters in the rate
model to biophysically meaningful values. Thus, by connect-
ing the CTLN model to networks that incorporate explicit
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excitatory and inhibitory populations, as well as spikes,
we make it possible to use techniques from the theory of
CTLNs to predict the qualitative behavior of more detailed
models.

In particular, we can now use graph rules that relate a
network’s structure to its dynamics, proven for CTLNs, in
a broader context. We briefly review some of these results
here—a more in-depth review can be found in [20]. Many
graph rules relate whether a subnetwork (in our case a set of
clusters) can be co-active at a fixed point to both the structure
of the subnetwork and the way the subnetwork is embedded
in the full network. For instance, the result we stated in Sec.
II C, that a clique supports a stable fixed point if and only if it
is target-free, is a graph rule of this type [24]. A second class
of graph rules, including gluing rules and nerve theorems,
predicts the fixed points of networks that are constructed
compositionally, i.e., out of smaller networks connected in
constrained ways [22,27].

Finally, dynamic attractors of CTLNs can also be partially
predicted from graph structure. The simplest example of a
CTLN which has a dynamic attractor, the directed three-cycle,
is proven to have a periodic orbit in [41]. Even in this simple
case, the proof is nontrivial. Consequently, current methods
for predicting dynamic attractors from network structure more
generally are heuristic. Dynamic attractors of CTLNs are typ-
ically observed to correspond to unstable core motifs, which
are minimal subnetworks that support an unstable fixed point
[26]. When these networks have a cycle-like structure, this
cycle-like structure predicts the order in which neurons fire
in the attractor. By combining these graph rules, it is possible
to construct recurrent networks that perform biologically rele-
vant tasks, such as locomotion, by hand rather than by training
[25,51]. This results in networks with a modular structure
that are amenable to mathematical analysis. By relating the
CTLN model to a model that incorporates spiking activity and
explicit inhibitory and excitatory populations, we help to in-
terpret these results about CTLNs in a biological context—for
instance, we have shown that it makes more sense to interpret
“neurons” in the CTLN model as populations.

While our derivation of the CTLN model from clustered
spiking networks was in the limit where inhibition is fast
relative to excitation, we have observed that the qualitative
dynamics of CTLNs match the qualitative dynamics of clus-
tered spiking networks for much more reasonable excitatory
and inhibitory timescales, including in cases where inhibitory
time constants are larger than excitatory time constants. We
gave explicit conditions on the ratio between the excitatory
and inhibitory timescales required so that fixed points that are
stable in the CTLN remain stable in the EI-TLN. Because
these conditions depend on the weights of the EI-TLN, and
because there are multiple combinations of EI-TLN weights
which give rise to the same set of CTLN weights, it is possible
to scale the EI-TLN weights in order to stabilize CTLN fixed
points for any combination of excitatory and inhibitory time
constants. We also note that whether a stable fixed point in the
CTLN remains stable in the EI-TLN depends on the number
of clusters which are active at the fixed point. By scaling the
probability of between-cluster connectivity with network size,
we can also ensure that CTLN fixed points remain stable with
fixed weights.

Due to our choice of 1/N weight scaling, the clustered
spiking network model here converge to deterministic mean-
field dynamics in the limit of large N . For smaller N , this
model exhibits finite-size fluctuations. Thus, stable fixed
points, limit cycles, and other attractors in the CTLN model
become metastable attractors in finite-size clustered networks
(Fig. 2). Metastable fixed points in similar networks model
various phenomena in the brain [11,13,14,52]. Finite-size
fluctuations can shape firing rates, trigger oscillations, and
drive transitions between metastable attractors [53]. Friedlin-
Wentzell theory provides a well-established mathematical
framework to estimate transition times between metastable
fixed points when fluctuations are small, as for large but fi-
nite N [11,54,55]. Clustered nonlinear Hawkes networks also
exhibit metastability between fixed points and dynamic attrac-
tors [e.g., Fig. 1(e) or Fig. 2(c)]. Noise-induced transitions
involving dynamic attractors can be estimated using recent
extensions of Friedlin-Wentzell theory [56].

Networks with strong coupling take synaptic weights to
scale as 1/

√
N rather than 1/N [57]. This heterogeneity gen-

erates activity fluctuations that are uncorrelated in the large N
limit [58]. This result has been extended to various observed
features of neural connectivity, such as block-structured,
low-rank, spatial, or correlated connectivity and heavy-tailed
synaptic weight distributions [59–67]. Our reduction of clus-
tered networks to the CTLN averages over the activity within
each cluster, suggesting that a similar reduction might be
possible in networks with strong coupling.
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APPENDIX: METHODS

1. Clustered spiking networks: Microscopic model
and mean-field limit

Our model consists of n excitatory clusters with NE neu-
rons each, reciprocally connected to a common inhibitory
population of NI neurons. The network has additional struc-
ture given by a directed graph G on n nodes which describes
the pattern of connectivity between the excitatory clusters.
Neuron-to-neuron connectivity is described by a blockwise
Erdős-Rényi adjacency matrix A with edge probabilities de-
pending on the neuron type as well as the graph structure G:

pαβ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

p�
EE if β = α, α, β excitatory

p→
EE if β → α ∈ G, α, β excitatory

p	→
EE if β → α /∈ G, α, β excitatory

pEI if α excitatory, β inhibitory

pIE if α inhibitory , β excitatory

pII if α, β inhibitory.
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Neuron-to-neuron weights are then given by

Ji j = Ai j J̄α(i)α( j)

pα(i)α( j)Nα( j)
,

where

J̄αβ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

J̄�
EE if β = α, α, β excitatory

J̄→
EE if β → α ∈ G, α, β excitatory

J̄ 	→
EE if β → α /∈ G, α, β excitatory

J̄EI if α excitatory, β inhibitory

J̄IE if α inhibitory , β excitatory

J̄II if α, β inhibitory.

(A1)

By construction, 〈∑ j∈α Ji j〉 = J̄α(i)α( j). Excitatory weights

J̄�
EE , J̄→

EE , J̄ 	→
EE and J̄IE are positive, while inhibitory weights

J̄EI and J̄II are negative. Connectivity within populations is
stronger than connectivity between populations, and connec-
tivity between populations is stronger when there is a directed
edge than when not: J̄�

EE > J̄→
EE > J̄ 	→

EE .
Inhibition in the model is strong enough to cancel out the

within-cluster excitation, with

J̄�
EE = − J̄EI J̄IE

1 − J̄II
.

The network’s dynamics are given by the nonlinear Hawkes
process

τiv̇α(i) = −vi +
N∑

j=1

Ji j ṡ j + bα(i), (A2)

ṡi ∼ PP (�vi�+). (A3)

Excitatory and inhibitory neurons have distinct time constants
τE and τI .

In Fig. 1 we show raster plots for three clustered spiking
networks. The adjacency matrices for the graphs G determin-
ing connectivity between the excitatory clusters are

Ā1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

Ā2 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 1 0 0
1 0 1 1 0 0
0 1 0 1 0 0
1 1 1 0 1 0
0 0 0 1 0 0
0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

Ā3 =

⎛
⎜⎜⎝

0 0 1 1
1 0 0 0
0 1 0 0
0 0 0 1

⎞
⎟⎟⎠

for panels (a)/(b), (c)/(d), and (e)/(f) respectively. The sim-
ulation parameters are NE = NI = 1000, τE = 40 ms, τI =
20 ms, pEE = 0.2, pEI = 0.8, pIE = 0.8, pII = 0.8, p�

EE =
0.8, J�

EE = 1.5, J→
EE = 0.75, J 	→

EE = 0, JEI = −3.0, JII =

−3.0, JIE = 2.0, bE = 0.1, bI = 0. Note that while bE , bI

have units of voltage and the synaptic weights J̄αβ have units
of voltage/(spikes/ms), we absorb the voltage units into the
function taking voltage to firing rate, thus we leave these
quantities nondimensional. At the times marked with light-
ning bolts (t = 500, 1000, 1500, 2000, 2500 in panel (b), t =
1000, 2000, 3000 in panel (d), and t = 1000, 2000 in panel
(f)), we applied a transient stimulus to the population or pop-
ulations indicated by the color of the lightning bolt. In panel
(b), the stimulus was of duration 100 ms and strength 0.25. In
panel (d), the stimulus was of duration 50 ms and strength
0.25. In panel (f), the stimulus was of duration 40 ms and
strength 0.2. These different stimulus strengths and durations
were chosen due to the differing depths of the basins of each
network’s attractors.

In Fig. 2, we simulate the same three networks, but with
a smaller population size NE = NI = 10. Due to small pop-
ulation size, networks are fully connected, pαβ = 1 for all
populations. We use constant external input bE = 0.05 in
panel (a), bE = 0.1, bI = 0.0 in panels (c) and (d). This
smaller input to the network in panel (a) is needed to see
noise-driven transitions in a simulation of reasonable length
in this model, which has deeper basins of attraction. All other
parameters are the same as Fig. 1.

We next present a heuristic derivation of the mean-field
limit for this model in terms of the voltage dynamics. To
describe the evolution of the population-averaged voltages,
vα := 〈vi〉i∈α we take the expected value on both sides of (A3),
obtaining

τivα = −vα +
〈

N∑
j=1

Ji j ṡ j

〉
i∈α

+ bα. (A4)

This expectation is being taken over the random connectivity
matrix, the stochastic spike emission, and the identity of neu-
ron i within cluster α. Now we make the assumption that in the
large-N limit, the connectivity and the spike emission become
independent, and note that 〈ṡ j〉 j∈β = 〈�v j�+〉 j∈β . This gives
us the approximation

τivα = −vα +
n+1∑
β=1

J̄αβ〈�v j�+〉 j∈β + bα. (A5)

Finally, we make the assumption that in the large-N limit, the
value of v j concentrates around its expectation. This allows
us to switch the order of the expectation and the threshold
nonlinearity, obtaining the desired mean-field equation

τα v̇α = −vα +
N∑

j=1

J̄αβ�vβ�+ + bα. (A6)

These mean-field dynamics can also be obtain by averaging
the generating functional for Eq. (A3) over realizations of
the connectivity in the large N limit [69]. In that case, the
neurons’ net synaptic inputs concentrate around the mean
and the generating functional factorizes across neurons [70].
Corresponding mean-field limits for similar nonlinear Hawkes
models are proven in [30–36].

2. Equivalence between two formulations

Miller and Fumarola [37] establish the equivalence of
two commonly used models, those of the form τ v̇ = −v +
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J f (v) + b and τ ẋ = −x + f (Jx + c). In the restricted case
when J is invertible and b is constant, this equivalence via
the map b = c, v = Jx + c was established earlier in [71].
Here, we focus on invertible J (but not necessarily constant
b) because this is what occurs generically.

In this case, the map is v = Jx + c, x = J−1(x − c), as in
[71]. However, the input transforms as τ ċ = −c + b. Notice
that this means that the input to the x model is a low-pass
filter of the input in the equivalent v- model, with c(t ) =
1
τ

∫ t
0 e(t ′−t )/τ b(t ′)dt ′.
In Fig. 3(b) we plot population-mean firing rates, computed

by averaging �vi�+ over all neurons in each cluster, against
predictions made by simulating the EI-TLN model of Eq. (6).
Because we used time varying input, the input to the EI-
TLN is a low-pass-filtered version of the mean input to the
spiking model. We then plot �v�+ = �Jx + c�+ against the
population-averaged rates.

Hereafter, we consider only the case where the external
input b to the v model is constant, so the input to the x model
is c = b. Thus, we use b to denote external inputs regardless
of formulation hereafter.

This transformation of the input explains why Eq. (A3) is
not dynamically equivalent to the x model of the form

τα(i)ẋi = −xi +
⎢⎢⎢⎣ N∑

j=1

Ji j ṡ j + bα(i)

⎥⎥⎥⎦
+

. (A7)

We can rewrite Eq. (1) as

τiv̇α(i) = −vi +
N∑

j=1

Ji j�v j�+ +
(

bα(i) +
N∑

i=1

Ji j (ṡ j − �v j�+)

)
,

i.e., separating the stochastic spiking into an external input
bi(t ) = bα(i) + ∑N

i=1 Ji j (ṡ j − �v j�+). Then the equivalent in-
put to the x model is the low-pass filtered input ci(t ) =
1
τ

∫ t
0 e(t ′−t )/τ bi(t ′)dt ′. Indeed, the x model (A7) does not have

the EI-TLN as a mean-field theory because variance of the
input to the threshold nonlinearity,

∑N
j=1 Ji j ṡ j + bα(i), has infi-

nite variance which does not converge to any finite value even
when N → ∞. This means that it is not possible to exchange
the order of the threshold nonlinearity with the expectation,
as we did in the derivation of (A6). A spiking model which
has the x model form would need to incorporate an additional
filter:

τα(i)ẋi = −xi +
⎢⎢⎢⎣ N∑

j=1

Ji j (g ∗ ṡ j ) + bα(i)

⎥⎥⎥⎦
+

, (A8)

where the term (g ∗ ṡ j ) denotes a convolution, and g is some
synaptic filter, i.e., g(t ) = 1

τs
et/τs . We could then obtain the

EI-TLN model as a mean-field theory of this model, in the
additional limit where the filter width τs goes to zero.

3. The EI-TLN model and the CTLN model

In the previous section, we showed that in the limit of
large population size, the expected firing rates evolve accord-
ing to deterministic, n + 1-dimensional dynamics. We now
study this system, and relate it to the CTLN model. Letting
xα = 〈xi〉i∈α we have

τα ẋα = −xα +
⎢⎢⎢⎣ ∑

β∈[n+1]

J̄αβxβ + bβ

⎥⎥⎥⎦
+

, (A9)

where weights J̄αβ is defined as in Eq. (A1), the n excita-
tory populations are indexed by α ∈ [n], and the inhibitory
population is indexed as α = n + 1. We term this model the
Excitatory-Inhibitory Threshold Linear Network (EI-TLN)
because its dynamics are determined by the directed graph G.

Next, we show that in the limit of fast inhibition,
τI/τE → 0, for a certain choice of weights the dynamics on
the excitatory units in the EI-TLN model converge to the
original CTLN model, introduced in [21–23]. This will make
it possible to apply the theory developed relating fixed points
and dynamics of CTLNs to properties of graph structure to
study the dynamics of clustered spiking networks.

The CTLN model describes a network with specific exci-
tatory connectivity against a background of global inhibition
using a pattern of strong and weak inhibition. The weights
Wαβ in a CTLN are determined by a directed graph G, and
given by

Wαβ =
⎧⎨
⎩

0 if α = β

−1 + ε if β → α ∈ G
−1 + δ if β → α /∈ G,

where ε, δ satisfy 0 � ε < δ
δ+1 . All neurons in the CTLN

receive a uniform input θ > 0.

In the limit of fast inhibition, τI/τE ≈ 0, we can approx-
imate the inhibitory neuron’s rate as being at its fixed point
value,

xn+1 = �J̄x + θI�+ =
⌊

J̄IE

n∑
α=1

xα + J̄II xn+1 + bI

⌋
+
.

We will drop the the threshold, assuming xI > 0, and solve for
xI , obtaining

xn+1 = J̄IE
∑n

α=1 xα + bI

1 − J̄II
.

When 1 − J̄II > 0, bI � 0, this yields a positive solution for
xn+1, thus at the fixed point, J̄IE

∑n
α=1 xα + J̄II xn+1 + bI =

xn+1 > 0, so dropping the threshold was appropriate. Substi-
tuting this back into the equations for the excitatory neurons,
we have

τE ẋe = −xe +
⌊

J̄�
EE xe +

∑
j→e

J̄→
EE x j +

∑
j 	→e

J̄ 	→
EE x j + J̄EI J̄IE

1 − J̄II

∑
j∈E

x j + J̄EI

1 − J̄II
bI + bE

⌋
+
,

τE ẋe = −xe +
⌊(

J̄�
EE + J̄EI J̄IE

1 − J̄II

)
xe +

∑
j→e

(
J̄→

EE + J̄EI J̄IE

1 − J̄II

)
x j +

∑
j 	→e

(
J̄ 	→

EE + J̄EI J̄IE

1 − J̄II

)
x j + J̄EI

1 − J̄II
bI + bE

⌋
+
.
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Thus, when

J̄�
EE + J̄EI J̄IE

1 − J̄II
= 0,

J̄→
EE + J̄EI J̄IE

1 − J̄II
= −1 + ε,

J̄ 	→
EE + J̄EI J̄IE

1 − J̄II
= −1 − δ,

J̄EI

1 − J̄II
bI + bE = θ,

the n-neuron E-I model limits to the CTLN as τI → 0.

Notice that this defines a three-dimensional manifold of six-
dimensional parameter space. Figure 3(d) shows the cluster
average firing rates for excitatory clusters against rates pre-
dicted using the CTLN model. Translation from the x model
to the v model is done as in Fig. 3(b).

4. Bounds on total excitatory, inhibitory activity in EI-TLN

In the previous section, we informally showed that the
EI-TLN model approaches the CTLN model in the limit of
fast inhibition. Now we make this argument more formal and
show that when τI � τ ∗

I for some fixed τ ∗
I > 0 (dependent on

parameters and network structure), there is a forward-invariant
region on which certain properties of the CTLN still hold.
In particular, on this region bounds on total excitatory activ-
ity from [40] [Eq. (9)] apply to the EI-TLN model and the
inhibitory population stays above threshold, allowing us to
write the dynamics of the excitatory neurons as an integro-
differential equation equation which does not reference the
inhibitory firing rate.

Proposition 1. Let a directed graph G, together with
parameters J̄�

EE , J̄→
EE , J̄ 	→

EE , J̄EI , J̄IE , J̄II define an EI-TLN.
Without loss of generality, assume τE = 1. Define xmin

E =
J̄EI

1−J̄II
bI +bE

J̄�
EE −J̄ 	→

EE

and xmax
E =

J̄EI
1−J̄II

bI +bE

J̄�
EE −J̄→

EE

. Then there exists a parameter-

dependent threshold value τ ∗
I such that for all τI � τ ∗

I , there
is a forward invariant set A ⊂ B ∩ T +

I , where B is the “box”
defined by

B =
{

x

∣∣∣∣∣ xmin
E <

∑
αexc.

xα (t ) < xmax
E

}

∩
{

x

∣∣∣∣ J̄IE

(1 − J̄II )
xmin

E < xI <
J̄IE

(1 − J̄II )
xmax

E

}

∩ {x | xα � 0, α ∈ [n + 1]}
and T +

I is the region where ẋI is above threshold, that is,

T +
I =

{
x | J̄IE

∑
αexc.

xα + J̄II xI + bI � 0

}
(see Fig. 9).

Proof. We construct the region A ⊂ B ∩ T +
I as follows.

First, we define the hyperplanes

Hmin
E =

{
x |

∑
αexc.

xα = xmin
E

}

Hmax
E =

{
x |

∑
αexc.

xα = xmax
E

}

FIG. 9. Schematic for proof of Proposition 1, illustrated for the
two-dimensional case of one excitatory population and one inhibitory
population.

Hmin
I = {

x | xI = xmin
I

}
Hmax

I = {
x | xI = xmin

I

}
that, together with the coordinate hyperplanes, form the
boundary of the box B. Let Hnull

I denote the portion of the
xI nullcline which is contained in the positive orthant. Notice
that Hnull

I intersects two of the corners of the box B: Cmin =
Hnull

I ∩ Hmax
I ∩ Hmax

E ∩ Rn+1
� 	= ∅ and Cmax = Hnull

I ∩ Hmin
I ∩

Hmin
E ∩ Rn+1

� 	= ∅.
Further, notice that on Hnull

I , for all excitatory neurons
α, ẋα is given by the CTLN equations. Thus, we have that∑

αexc. ẋα > 0 on Cmin and
∑

αexc. ẋα < 0 on Cmax because
these inequalities hold in the original CTLN model ([40],
Corollary 9.2). Because derivatives are continuous in thresh-
old linear networks, this means that for some ε > 0, there are
open ε neighborhoods of Cmin, Cmax where

∑
αexc. ẋα > 0 and∑

αexc. ẋα < 0 respectively. Next, notice that by choosing an
appropriate ε, we can ensure that both of these neighborhoods
are fully contained on the positive side of T +

I , i.e., the region
where the inhibitory population is above threshold.

Thus, we define a hyperplane Hnull,+
I by translating Hnull

I
upwards (in the positive xI direction) so that the intersection
of Hnull,+

I and Hmin
E remains within this ε neighborhood. We

define Hnull,−
I analogously.

Now, we define A to be the intersection of B with the
region bounded by Hnull,+

I , Hnull,−
I . We show that there exists a

threshold value of τ ∗
I such that for all τI � τ ∗

I , A is a forward-
invariant set. To do this, we need to check that for each
hyperplane bounding A, the dot product of (ẋ1, . . . , ẋn, ẋn+1)
with the normal vector of the hyperplane (oriented towards the
inside of A) is positive by for large enough τI .

There are 6 hyperplanes to check: Hmin
E , Hmax

E , Hmin
I ,

Hmax
I , Hnull+

I , and Hnull−
I . First, we note that by the way we

have chosen ε,
∑

αexc. ẋα > 0 on the portion of Hmin
E which
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forms the boundary of A and
∑

αexc. ẋα < 0 on the portion
of Hmax

E which forms the boundary of A. Note that this also
includes the corners. Thus, the EI-TLN vector field points into
A along Hmin

E and Hmax
E .

Next, we note that, where they form the boundary for A,
Hmax

I is above the Hnull
I and Hmin

I is below Hnull
I , so ẋI is

positive on Hmin
I and negative on Hmax

I . Further, the normal
vector for Hmax

I is pointed entirely in the −xI direction while
the normal vector for Hmin

I is entirely in the +xI direction.
Thus, for any value of τI , the EI-TLN vector field points
in to A.

Finally, we check Hnull+
I and Hnull−

I . Notice that the normal
vector for Hnull+

I (Hnull−
I ) has a negative (positive) entry in

the xI coordinate. Further, because Hnull+
I (Hnull−

I ) is above
(below) HI , ẋI is negative on Hnull+

I and positive on Hnull−
I .

Further, scaling τI while fixing other parameters does not
affect the excitatory derivatives ẋ1, . . . , ẋn. Because A is
compact, | ∑αexc. xα| attains a finite maximum on Hnull+

I ∩
A, Hnull−

I ∩ A. Likewise, because Hnull+
I , Hnull−

I are disjoint
from Hnull

I , ẋI attains a non-zero minimum value on Hnull+
I ∩

A, Hnull−
I ∩ A. Thus, by scaling τI , it is possible to guaran-

tee that ẋ has a positive dot product with Hnull+
I ∩ A and

Hnull−
I ∩ A. �

5. Paradoxical response in EI-TLN

We prove that in the limit where τI/τE → 0, the EI-TLN
exhibits the paradoxical response: excitatory stimulation of
the inhibitory population results in a decrease in inhibitory
firing rates. Although interpretation of this statement is
straightforward for systems with a single, inhibition-stabilized
fixed point, we need to clarify what this means in a system
with a dynamic attractor. What we show is that for any EI-
TLN with sufficiently fast inhibition, increasing the input to
the inhibitory neurons scales down the inhibitory firing rates
on all attractors.

Proposition 2. Let a directed graph G, together with the
parameters J̄�

EE , J̄→
EE , J̄ 	→

EE , J̄EI , J̄IE , J̄II , define an EI-TLN. Let
τI � τ ∗

I , where τ ∗
I is the threshold of inhibitory timescale de-

scribed in Proposition 1. Let x(t ) be a solution to the EI-TLN,
with external input bE , bI , which starts in the forward invariant
set A defined in Proposition 1. A solution y(t ) to the EI-TLN
with external input bE , bI + 
bI can be constructed by scaling
the entries of x(t ) as

y(t ) =
(

κxE (t )
κxI (t ) + (1−κ )bI +
bI

1−JII

)
,

where

κ =
J̄EI

1−J̄II
(bI + 
bI ) + bE

J̄EI

1−J̄II
bI + bE

,

xE (t ) = (x1(t ), . . . , xn(t )), and xI (t ) = xn+1(t ). When 
bI �
0, yI (t ) < xI (t ) for all t .

Proof. Because x(0) ∈ A ⊆ B ∩ T +
I , x(T ) ∈ T +

I for all
t � 0. So along x(t ), the inhibitory population always stays
above threshold, meaning that its dynamics are linear. This
means we can describe the total inhibitory activity in terms of
the external input and the time-average of the total excitatory

input in the recent past:

xI (t ) = J̄IE

1 − J̄II
x̄(t ) + bI

1 − J̄II
,

where

x̄(t ) = 1

τI

∫ t

0
e(t ′−t )/τI

∑
αexc.

xα(t ′ )dt ′.

This makes it possible to write an integro-differential equa-
tion for the excitatory rates which does not make reference to
the inhibitory rates:

ẋα = −xα +
⎢⎢⎢⎣∑

βexc.

J̄αβxβ + J̄EI J̄IE

1 − J̄II
x̄ + J̄EI bI

1 − J̄II
+ bE

⎥⎥⎥⎦
+

.

(A10)

Now, for all excitatory neurons α, let yα (t ) = κxα (t ). Notice
that

−yα (t )+
⎢⎢⎢⎣∑

βexc.

J̄αβyβ + J̄EI J̄IE

1 − J̄II
ȳ + J̄EI (bI + 
bI )

1 − J̄II
+ bE

⎥⎥⎥⎦
+

= κ ẋα = ẏα.

Thus if xα (t ) is a solution to Eq. (A10), then yα(t ) is a solution
to the same threshold linear network with input bE , bI + 
bI .
Along this solution to the threshold linear network, the in-
hibitory population’s firing rate is

yI (t ) = κ
J̄IE

1 − J̄II
x̄(t ) + bI + 
bI

1 − J̄II
,

Now, we compare yI (t ) to xI (t ). We have

yI (t ) − xI (t ) = 1

1 − J̄II
((κ − 1)J̄IE x̄(t ) + 
bI )

= 
bI

1 − J̄II

⎛
⎝ J̄EI

1−J̄II

JEI
1−J11

bI + bE
J̄IE x̄(t ) + 1

⎞
⎠.

Now, because x(0) ∈ A ⊆ B ∩ T +
I , x(t ) satisfies

∑
αexc.

xα (t ) >
JEI

1−J11
bI +bE

J̄�
EE −J̄ 	→

EE

. Thus,

x̄(t )
JEI

1−J11
bI + bE

>
1

J̄�
EE − J̄ 	→

EE

.

Applying the identity J̄�
EE + J̄EI J̄IE

1−J̄II
= 0, we have

J̄EI

1−J̄II

JEI
1−J11

bI + bE
J̄IE x̄(t ) = −J̄�

EE x̄(t )
JEI

1−J11
bI + bE

<
−J̄�

EE

J̄�
EE − J̄ 	→

EE

< −1.

Thus,

yI (t ) − xI (t ) < − 
bI

1 − J̄II
.

Increasing the input to the inhibitory population decreases its
activity along all trajectories that start in the forward invariant
region A ⊆ B ∩ T +

I where the inhibitory neuron stays in a
linear regime and the total excitatory activity obeys the bounds
for CTLNs. �
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Figure 6 shows the response of the clustered spiking model
to stimulation of the inhibitory cluster. In Fig. 6(a) the net-
work has a single excitatory population and single inhibitory
population. In panel B, the network has three excitatatory
clusters, whose connectivity is a directed cycle, i.e., the graph
has adjacency matrix

A =
⎛
⎝0 0 1

1 0 0
0 1 0

⎞
⎠.

The simulation parameters are NE = NI = 1000, τE =
40 ms, τI = 20 ms, pEE = 0.2, pEI = 0.8, pIE = 0.8, pII =
0.8, p�

EE = 0.8, J�
EE = 2, J→

EE = 1.25, J 	→
EE = 0, JEI = −2,

JII = −3.0, JIE = 4.0, bE = 0.1, bI = 0. At time t = 500 ms,
an inhibitory stimulus is applied, changing the the value of bI

to 0.15.

6. How fast does inhibition need to be?

a. Fixed point

Now we explore how fast inhibition must be relative to ex-
citation for stable fixed points supported on target-free cliques
to remain stable in the EI-TLN. At the fixed point, all exci-
tatory firing rates have the same value. Further, because the
graph is a clique, all pairs of excitatory clusters are connected
with an edge of weight J̄→

EE . We can therefore reduce to a
system with one excitatory unit and one inhibitory unit with
effective weights

J̄eff
EE = (n − 1)J̄→

EE + J̄�
EE ,

J̄eff
IE = nJ̄IE .

The stability of the fixed point depends on the eigenvalues of
the matrix

A =
⎛
⎝ J̄eff

EE −1
τE

J̄EI
τE

J̄eff
IE
τI

J̄II −1
τI

⎞
⎠,

which are

λ± = −B ± √
B2 − 4AC

2A

where A = τEτI , B = −[(J̄eff
EE − 1) τI + (J̄II − 1)τE ], C =

(J̄eff
EE − 1)(J̄II − 1) − J̄EI J̄eff

IE .

Note that C > 0 for E-I CTLN parameters and any value
of τI , τE :

C = [(n − 1)J̄→
EE + J̄�

EE − 1](J̄II − 1) − nJ̄EI J̄II

= (J̄II − 1)

(
(n − 1)J̄→

EE + J̄�
EE − 1 − n

J̄EI J̄II

J̄II − 1

)

= (J̄II − 1)[(n − 1)J̄→
EE − (n − 1)J̄�

EE − 1]

> 0.

This implies that there is a Hopf-like bifurcation when
B = 0, and that the fixed point is stable when

− J̄eff
EE − 1

J̄II − 1
<

τE

τI
.

Because the system is nonsmooth, the bifurcation does not fit
the normal form for a standard bifurcation. We numerically
continued the limit cycle which arises from this fixed point
using the Julia package BifurcationKit [72]. At the param-
eters used in Fig. 7 (k = 1, J̄�

EE = 1.5, J̄→
EE = 0.75, J̄ 	→

EE =
0, J̄EI = −1.5, J̄IE = 2, J̄II = −1) the bifurcation is a non-
smooth analog of a subcritical Hopf bifurcation since there
is a small region of bistability (3.8 � τI/τE � 4 of bistability
between the limit cycle and the fixed point.

b. Limit cycle

Now, we consider how fast inhibition must be rela-
tive to excitation for a limit cycle in a CTLN to persist
in the EI-TLN. We investigate this numerically using
the Julia package BifucationKit for continuation of peri-
odic orbits [72]. For this analysis, we used the param-
eters J�

EE = 1.5, J→
EE = 0.75, J 	→

EE = 0.0, JEI = −2.25, JIE =
2.0, JII = −2.0, τE = 1.0 We considered the directed graph
with adjacency matrix

A =
⎛
⎝0 0 1

1 0 0
0 1 0

⎞
⎠.

To identify the CTLN-like cycle [Figs. 8(b) and 8(d) (left),
gold line in Fig. 8(c)], we first simulated the EI-TLN with τI =
0.01 with the initial condition xCTLN

0 = [0.5, 0, 0.5, 0.67]. We
used this trajectory as an initial guess for periodic orbit local-
ization in BifurcationKit. Our initial guess for the period of
the orbit was T = 11. To localize and continue this limit cycle,
and all others in this section, we discretized time into m = 100
time steps and used a finite differences method based on the
trapezoid rule, as implemented in BifucationKit with the func-
tion generate_ci_problem in BifurcationKit. We continued
this periodic orbit from τI = 0.001 to τI = 8.0 to produce the
bifurcation diagram and other plots in Fig. 8. Likewise, to
localize and continue the EI cycle, we made an initial guess
by simulating the EI-TLN with τI = 2.1 and initial condition
xCTLN

0 = [0.5, 0.5, 0.5, 0.7], and again continued a periodic
orbit based on this initial guess, with initial guess of T = 5
for the period.

Finally, to localize and continue the mixed cycle, we first
identified an analogous cycle in a smoothed version of the
EI-TLN, with the nonsmooth threshold linear function [x]+ =
max{x, 0} replaced by the smooth function squareplus(x) =
x+√

x2+a
2 for a = 0.0001. To identify the unstable limit cy-

cle in this system, we made an initial guess by simulating
the dynamics for the initial conditions xmixed

0 = 0.225xCTLN
0 +

(1 − 0.225)xEI
0 and τI = 2.5. In the smoothed system, con-

tinuing this limit cycle results in a loop in the bifurcation
diagram. To identify an analogous limit cycle in the non-
smooth case, we choose periodic orbits from the top and
bottom branches of this loop. We then localize and continue
each of these periodic orbits in the nonsmooth system. In
the original nonsmooth system, the top and bottom branches
of this periodic orbit meet at a cusp in the bifurcation dia-
gram, so it is not possible to continue around the loop in that
system.
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