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The “critical brain hypothesis™ posits that neural circuitry may be tuned close to a “critical point” or “phase
transition”—a boundary between different operating regimes of the circuit. The renormalization group method
was developed to explain the emergence of scale invariance in the statistics of systems tuned to a critical point. In
the brain this scale invariance has been hypothesized to have several computational benefits, including increased
collective sensitivity to changes in input and robust propagation of information across a circuit. However, our
theoretical understanding of critical phenomena in neural circuitry is limited because standard renormalization
group methods apply to systems with either highly organized or completely random connections. Connections
between neurons lie between these extremes and may be either excitatory (positive) or inhibitory (negative)
but not both. In this work we present a scaling theory for the population statistics of critical neural activity
on networks with some realistic biological constraints on the connectivity. This scaling theory derives from a
renormalization group method we develop for models of spiking neural populations—the spike response model
with escape noise, also known as the nonlinear Hawkes process. We show that the scaling theories differ for
models of in vitro versus in vivo circuits—they belong to different “universality classes”—and that both may
exhibit “anomalous” scaling at a critical balance of inhibition and excitation. We verify our theoretical results
on simulations of neural activity data and discuss how our scaling theory can be further extended and applied to
real neural data, as well as other biophysical phenomena.
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I. INTRODUCTION

There is little hope of understanding how each of the
O(10'") neurons contributes to the functions of the brain [1].
Even individual brain regions contain millions of neurons
[2,3], more than can be individually mapped out, but enough
that the tools of statistical physics can be applied to under-
stand how collective patterns of neural activity may contribute
to brain function. Indeed, experimental work has demon-
strated that neural circuitry can operate in many different
regimes of collective activity [4—8]. Theoretical and compu-
tational analyses of these collective dynamics suggest that
transitions between different operating regimes may be sharp,
akin to phase transitions observed in statistical physics [4,6,9—
17]. The theory of critical phenomena predicts that at a phase
transition the statistical fluctuations of a system span many or-
ders of magnitude in space and time, and the system displays
approximate scale invariance [18]. In the brain, scale invari-
ance would lead not only to power-law scaling in neural activ-
ity but also scaling collapse, in which activity data collected
under different conditions can be systematically rescaled to
fall onto a single universal curve. Such signatures of criticality
have been observed in neural data from the retina [19], visual
cortex [20,21], hippocampus [22], and other cortical areas
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[23]. These observations have led neuroscientists to hypoth-
esize that circuitry in the brain is actively maintained close
to critical points—the dividing lines between phases; this has
become known as the “critical brain hypothesis” [8,24-26].
Proponents of this hypothesis argue that these scale-spanning
fluctuations could benefit brain function by minimizing circuit
reaction times to perturbations, facilitating switches between
computations and maximizing information transferred [25].

However, our understanding of critical phenomena and
scaling in neural systems is largely phenomenological, based
on analogies with well-studied systems from physics that
lack many of the biological features of neural circuits, such
as complex network structure and distinct excitatory and in-
hibitory cell types. This makes it difficult to resolve apparently
inconsistent measurements of signatures of criticality across
different brain areas. For example, some analyses of neu-
ral data appear to suggest that power-law exponents are of
the “mean-field” type, predictable by standard dimensional
analysis, while other studies point towards anomalous expo-
nents that deviate from the mean-field predictions [8,27,28].
Anomalous power-law exponents come in sets corresponding
to different “universality classes,” where the universality class
of a system is characterized by symmetries of the dynamics
and statistical distributions, and, in lattices and continuous
media, the dimension of the system. While universality classes
and anomalous scaling are well understood theoretically in
lattices and continuous media, the situation on more general
networks remains an open problem.

The modern understanding of critical phenomena, and the
origin of anomalous scaling, is based on the renormalization
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group (RG). The RG is a framework for organizing activity
into a hierarchy of scales and determining how statistical
fluctuations at each scale contribute to the overall statistics of
a system. In soft condensed-matter physics, these scales are
typically distance and time, and the RG reveals how micro-
scopic details influence dynamics and statistics on long spatial
and temporal scales. However, it is not clear what the appro-
priate scales are in neural circuits, as spatial distance between
neurons does not necessarily reflect the influence they have on
each other through chains of synaptic connections.

Recent work has used ideas from the RG to devise phe-
nomenological schemes for analyzing data, determining that a
system is critical if the data can be shown to be approximately
scale invariant under repeated coarse-graining of the princi-
pal components of neural covariances [22,29-31] or in time
[32]. However, a theoretical understanding of neural systems
through the lens of the RG has so far been restricted to models
from statistical physics that are reinterpreted in terms of of
coarse-grained neural signals, such as active/inactive units
[16,29], or in networks of neurons described by firing rates
[33,34], rather than populations of neurons that emit spikes,
the fundamental unit of communication in neural circuits.

In this work we establish this missing theoretical founda-
tion and develop a scaling theory for the relaxation of neural
activity to a steady state. To the author’s knowledge, the re-
sults obtained follow from the first full theoretic RG analysis
of neural populations with spiking dynamics. We have fo-
cused on a model which is formally known as the multivariate
nonlinear Hawkes process, which can be interpreted approx-
imately as a leaky integrate-and-fire model with noisy firing
threshold and fixed reset size [35-39]. We consider models
of both in vitro circuits—slices of tissue removed from the
brain—and in vivo circuits—recordings directly from intact
brain tissues—and show that they belong to the directed per-
colation and Ising model universality classes, respectively. We
first perform a mean-field analysis of the model to show that it
predicts two different types of phase transitions, for which we
derive the scaling collapse relations and illustrate the idea of
data collapse (Sec. II). We then give an overview of how fluc-
tuations change the mean-field picture and the scaling rela-
tions. We show that simulated data of several networks can in-
deed be collapsed onto universal scaling forms, some yielding
mean-field exponents and others anomalous scaling (Sec. IV).
We end this report by discussing the implications of this
work for current theoretical and experimental investigations
of collective activity in spiking networks and other biological
systems, both near and away from phase transitions (Sec. V).

II. SPIKING NETWORK MODEL
A. Model definition

We consider a network of N neurons that stochastically fire
action potentials, which we refer to as “spikes.” The probabil-
ity that neuron i fires 7n;(¢)dt spikes within a small window
[t,t + dt] is given by a counting process with expected value
¢(Vi(t))dt, where ¢(V) is a non-negative firing-rate nonlin-
earity, conditioned on the current value of the membrane
potential V;(z). We assume ¢(V') is the same for all neurons,
and for definiteness we will take the counting process to

be Poisson or Bernoulli, though the properties of the phase
transitions should not depend on this specific choice.

The membrane potential of each neuron obeys leaky dy-
namics,

dv; Yoo
T =—<v,»—5>+;f,-,-n,-<r>, (1
aui(t)dt ~ Poiss[¢(V;(t))dt], )

where 7 is the membrane time constant, £ is the equilibrium
potential of the neuron in the absence of input, and J;; =
J(A;j — 8;j) is the weight of the synaptic connection from
presynaptic neuron j to postsynaptic neuron i. The synaptic
weights are characterized by a strength J, and the connections
between neurons are encoded by the adjacency matrix A;;,
which is 1 if neuron j connects onto neuron i and O otherwise.
We take J;; = —J to be negative in order to implement a “soft”
refractory effect, resetting a neuron’s membrane potential by
a fixed amount —J after each spike. For simplicity, we model
the synaptic input as an instantaneous impulse, referred to
as a “pulse coupled” network. We focus on symmetric net-
works J;; = J;; with a largest real-valued eigenvalue J A pax
associated with a homogeneous eigenmode, where A,y is the
maximum eigenvalue of A;; — §;;. That is, phase transitions in
these networks will correspond to pattern formation out of a
homogeneous state of activity. While real networks are not
homogeneous and symmetric, reciprocal pairs of connections
are more common than expected for random networks and
tend to be stronger than unidirectional connections [40]. We
interpret our networks as an approximation in which asym-
metric connections and variance in the synaptic weights can
be neglected. Despite the restriction of a leading homoge-
neous mode, this encompasses a broad and important class
of models and networks, such as bump attractor models in
neuroscience [5,6] and, more generally, diffusion on networks
[41].

The stochastic process defined by Eqgs. (1) and (2) is a
type of “spike response model” with escape noise [36,37],
also known as a nonlinear Hawkes process, many variations
of which have been extensively studied in the theoretical
neuroscience literature [37,42-46]. Hawkes processes have
also been used to model a variety of phenomena involving
spikelike trains of discrete events across biology, such as cell
signaling [47], infection events [48,49], species observations
[50,51], DNA regulation [52,53], and the onset of animal
behaviors [54,55]. In neuroscience, the model can be inter-
preted as a leaky integrate-and-fire (LIF) model with a noisy
threshold and reset of fixed size. The standard LIF model
is deterministic: Spikes are fired whenever the membrane
potential crosses a well-defined threshold, after which the
membrane potential is reset to a fixed value. Past work has
shown that deterministic LIF neurons driven by noisy input
currents can be approximately mapped onto noisy threshold
models [35-39] and has been empirically shown to reca-
pitulate several behaviors observed in deterministic spiking
models [56]. We opt to use the noisy threshold model because
it can be represented using the path-integral formalism from
statistical field theory [45], making it possible to adapt tools
from nonequilibrium renormalization group studies to the
spiking network model (Appendix D). However, there is some
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experimental evidence for variability in the spike threshold as
measured at the soma [57,58], so this threshold variability is
not biologically implausible in models that only capture the
effects of neuron morphology phenomenologically. The noisy
threshold model has also been extensively used as a statistical
model fit to population spike data from numerous brain areas,
demonstrating that it can capture most of the variability in
population activity observed experimentally [59-64].

B. Phase transitions in in vitro and in vivo network models

In this work we consider two nonlinearities corresponding
to two types of networks, in vitro and in vivo networks:

in vitro networks

A +— N
sy = | oLz = ol 3)

Tt » in vivo networks’

where V; sets the slope of the nonlinearities and A, sets the
maximum firing rate of the neurons [equal to Ay(1 — ry) for
in vitro networks and A for in vivo networks]. We will choose
units such that V; = Ao = 1. The soft threshold 6 is the value
that the membrane potential needs to exceed in order for a
neuron to have an increased probability of firing a spike.

The key difference between the in vitro and in vivo network
nonlinearities is the presence of the rectification in the in vitro
network nonlinearity, which creates an absorbing state: When
V<0 —In(ry I 1), due to the shift down by ry, neurons in
an in vitro network will not fire. If all neurons’ membrane
potentials are below this threshold, then the network will be
completely quiescent and cannot fire spikes without further
external input, so this quiescent phase constitutes an absorbing
state of the network. In contrast, the instantaneous firing rates
of neurons in in vivo networks never vanish for any finite
input, so there is always some probability that a neuron can
fire a spike, even if that probability is small. Other important
features of these networks are the saturation of the instanta-
neous firing rate and the concavity of the nonlinearity. For
example, if the nonlinearity is unbounded, then the network
may become unstable for J > J,, leading to runaway excita-
tion of the neurons.

In this work we probe the behavior of the network by
potentiating or suppressing the membrane potentials of the
entire population and then allowing the network to relax back
to a steady state. If the network is tuned to a critical point,
then this relaxation will follow a power law. This procedure
would approximate an experimental setup in which a wide
area of neural tissue is optogenetically stimulated or sup-
pressed uniformly. This procedure is similar to experimental
setups investigating neural “avalanches”—cascades of neural
activity typically originating from a single neuron. However,
by potentiating or suppressing the entire network, there is no
single neuron that triggers the cascade of activity, allowing
us to avoid ambiguity in defining avalanches in the sponta-
neously active in vivo networks, in which it can be unclear
whether multiple clusters of activity are really independent
events or just nonlocal parts of a single avalanche.

In Fig. 1 we display two types of phase transitions this
stochastic spiking model can exhibit. The first type involves
a transition between a quiescent, inactive state, and a self-
sustained active state [Figs. 1(a)-1(d)]. This is an appropriate

model for in vitro networks, tissue removed from the brain and
maintained or cultured in a dish. Such networks receive little
to no external input other than that which an experimenter
provides, hence the possibility for the network to become
quiescent if it cannot sustain its activity through recurrent ex-
citation. The second type of transition occurs in spontaneously
active networks, exhibiting a transition from asynchronous fir-
ing to high and low firing [Figs. 1(e)-1(h)]. This is appropriate
as a model of in vivo networks, neural tissue that is still part
of the brain and receives input from other brain regions. We
will first show how to predict these transitions based on a
mean-field analysis of the model and then present the scaling
theory that incorporates the effects of stochastic fluctuations
that modify the universal quantitative properties that can be
measured in experiments.

III. WIDOM SCALING THEORY

A. General theory

As seen in the simulations in Fig. 1, the spiking activity
undergoes a phase transition at some critical synaptic coupling
J. and critical baseline &.. Because we assume our networks
consist of statistically homogeneous neurons, we focus on the
dynamics of the population averages of the neurons’ mem-
brane potentials and firing rates, ¥ (1) = N~ vaz 1{Vi(®)) and
v(it)=N"! Zf’: L (7i(2)). Away from the critical point, the
population activity decays exponentially to a steady state,
while at the critical point the activity decays algebraically—
i.e., a power law. However, we can make a stronger statement
than this. For networks tuned close to the critical point (€., J.)
we anticipate that vestiges of scale invariance will lead to
scaling collapse: Although we are measuring the popula-
tions means ¥ (¢) or v(¢) as a function of three independent
parameters—time ¢, synaptic strength J, and baseline E—for
long times and small enough J. —J and £ — &£, we expect
the data can be described by a function of only two combi-
nations of the independent parameters. The generic form of
the “Widom scaling relationship” for the population-averaged
firing rates is

Ax
# Tk

V() = v ~ £ F (e = J17508, (€ = Et5), (4)

where v, is the firing rate at the critical point, F is a scaling
function of two arguments, and we have introduced the crit-
ical exponents B, vy, Z«, and A,; we give critical exponents
subscripts of * to distinguish them from other variables that
have similar symbols. The exponents v, and z, are convention-
ally called the “correlation length” and “dynamic” exponents,
while B, and A, are derived from these exponents and a third
exponent 7, the “anomalous exponent,” by scaling relations
we will introduce later. We will retain the name “correlation
length exponent” for v,., even though there may not be a notion
of length in arbitrary networks.

Note that the scaling function F is actually multivalued: It
can depend on the sign of J. — J, £ — &, and v(¢) — v.. This
scaling form holds for both the in vitro and in vivo network
models, though the values of the exponents and the scaling
function F' will differ between the two cases because the
two types of networks belong to different universality classes,
as we will explain. We derive this scaling form within both
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FIG. 1. Phase transitions in in vitro versus in vivo neural populations. Neural activity may differ between recorded from tissue maintained
or grown in a petri dish (“in vitro”; top row) or recorded directly from neurons in a living organism (“in vivo™’; bottom row). These differences
partly reflect external input: /n vitro tissue may require experimenter-provided stimulation to maintain the activity of neurons, while in vivo
neurons are constantly bombarded with input from other brain areas or body systems, leading to spontaneous activity. In both cases qualitative
changes in population-level activity may be observed as properties of the network, such as the overall strength of synaptic connections, are
modulated. (a) Phase diagram of an in vitro network: If the equilibrium resting potential of the neurons is perturbed (e.g., due to external
tonic current input), then the network’s firing can be suppressed (£ < 0) or promoted (£ > 0). At the equilibrium potential £ = 0 (normalized
units) the network activity will decay away if the strength of synaptic connections is less than a critical value J.. For synaptic strengths J > J,
the network activity is self-sustaining. At the critical value J, the activity decays to quiescence, but very slowly. (b) Example raster plot of
spiking activity in a network with subcritical J = J,./2 (circle), along the line £ = 0, showing a fast decay of activity. (c) Spiking activity in
a network at the approximate critical point J = J, (star), showing slow decay of activity. (d) Spiking activity in a supercritical network with
J = 2J, (square), showing sustained activity. (e) Phase diagram of an in vivo network: perturbing the equilibrium resting potential will increase
or decrease neural firing. Along a critical line £ = &, (dashed diagonal line) the network will fire asynchronously. For synaptic strengths
J > J, there exist states of low or high firing, which the network can transition spontaneously between in finite networks. (f) Example raster
plot of spiking activity in a network with subcritical J = J,./2 (circle), along the approximate critical line £ = &, showing asynchronous
activity. (g) Spiking activity in a network at the approximate critical point J = J, (star), showing intermittent high and low spiking activity.
(h) Spiking activity in a supercritical network with J = 2J, (square), showing apparent transient metastable transitions between high- and
low-firing-rate states that are possible in finite-sized network simulations. Excitatory neurons are colored red, inhibitory neurons are colored
blue.

the mean-field approximation and our renormalization group where v, =0 and we have pulled a factor of (¢|J. —

analysis in Appendix A. J|V==)B«/v=2 out of the scaling function F in order to write
Equation (4) tells us that if we can determine the correct the prefactor as |J. — J |-
values of the critical exponents and the critical parameters v,, In our in vivo model we will instead consider J = J,., for

J.,and &, then a plot of (v(t) — v )tP+/"% against |J, — J|"*t which the scaling form can be reduced to
and (€ — E)t2+/v% will “collapse” our three-dimensional
dataset onto a two-dimensional surface. In practice, such a v(t) — v, ~ fu% F((S — 56)1%),
collapse is difficult to achieve, and instead one tries to elimi-
nate one of the variables by tuning it to its critical value, and ~ The practical difficulty with this scaling form is identifying
then perform the collapse in the remaining variables, in which  the critical firing rate v.. This difficulty can be eliminated by
case the data should fall onto a one-dimensional curve. performing two paired experiments: one in which the neurons
In in vitro networks we focus on the case £ = &, and we are potentiated and then allowed to relax to the steady state
will collapse firing rates v(¢) for different synaptic strengths from above and another in which the neurons are suppressed
using the reduced scaling form and then allowed to relax to the steady state from below, with
all other parameters being the same in the two experiments.
The scaling function F will differ in these two scenarios
v(t) ~ Ve = JIMF(Je = J1"50), ©) (Appending), allowing us to obtain a scaling form for the
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difference in activity:
_ B = Ax
vp(t) — v () ~ s F((E = Eriner), (6)

where F = F, — F_, where the sign subscripts correspond to
potentiation (+) or suppression (—).

Next, we briefly review the mean-field approximation of
the network activity and its predictions for the critical ex-
ponents, before highlighting the results of the renormalized
scaling theory.

B. Mean-field scaling theory

The stochastic system defined by Eqs. (1) and (2) cannot
be solved in closed form, and understanding the statistical dy-
namics of these networks has historically been accomplished
through simulations and approximate analytic or numerical
calculations. A qualitative picture of the dynamics of the
model can often be obtained by a mean-field approxima-
tion in which fluctuations are neglected, such that (n;(¢)) =
(p(Vi(2))) =~ ¢((Vi(t))), and solving the resulting determinis-
tic dynamics:

d(Vi(1))
T

N
= —WO) =+ ) TV, ()

j=1

Equations of this form are a cornerstone of theoretical
neuroscience [14,17,33,65-67], though often motivated phe-
nomenologically as firing-rate models, rather than as the
mean-field approximation of a spiking network’s membrane
potential dynamics. A wide variety of different types of
dynamical behaviors and transitions among behaviors are
possible depending on the properties of the connections
Jij and nonlinearity ¢(V') [4,68], including bump attractors
[5,6,9,10], pattern formation in networks of excitatory and
inhibitory neurons [11-13], transitions to chaos [14,15], and
avalanche dynamics [7,8,16]. In many of these examples,
networks admit steady states for which d(V;)/dt = 0 for all
iast — oo.

Within the mean-field approximation, the dynamics for the
population-and-trial-averaged means reduce to

dy (1)
dt

where v(f) ~ ¢(¥(¢)). The phase transitions of the network
can be characterized by analyzing the dynamics of this one-
dimensional system. While Eq. (8) cannot be solved exactly,
one can show that there is a continuous bifurcation at (£, J) =
(&, J.), where the critical baseline &, and critical synaptic
weight J,. are defined by

gc - wc + Jc'Amaxd)(WC) =0, (9)

= —(w(l)—g)“r‘jAmaxv(t)v (8)

T

1 - JcAmax(P/(wc) =0, (10)

in both the in vitro and in vivo network models. The first
condition, Eq. (9), corresponds to the baseline potential £ and
the mean synaptic input to each neuron balancing out so that
the membrane potentials of the neurons come to rest at ., to
be determined momentarily. The second condition, Eq. (10),
corresponds to this steady state becoming marginally stable:
Perturbations away from the steady state will neither decay

away exponentially, nor will they grow exponentially. We
expect that when J > J, there will be multiple steady states,
so in order for there to be a single marginal state the critical
membrane potential 1. must correspond to the largest value
of the gain ¢'(V),

Y. = argmax ¢'(V). (11)

In the in vivo model this corresponds to ¥, = 6, while for
the in vitro model (with ry > 1/2) this corresponds to ¥, =
0 — In(r, ' 1), the activation threshold. It follows that v, =
0,8 =6 —In(ry"' — 1), and J. = (Amaxro(1 — r9))~" for the
in vitro model. For the in vivo model we obtain v, = ¢(6),
E=0—2,and J, = 4/ Apmax.

In our in vitro model the phase transition separates an
inactive steady state from an active steady state in which
recurrent excitation is strong enough to self-sustain activ-
ity without external input, as shown in Figs. 1(a)-1(d). In
our in vivo model the phase transition separates an asyn-
chronous steady state of intermediate firing rates from a
bistable state of high- and low-firing rates, as shown in
Figs. 1(e)-1(h).

At long times and close enough to the critical point we
expect ¥ (¢t) to be close to ¥, such that we can expand
v(t) =o(()) = 2‘;0 %(w(t) — 9.)¢ and truncate at
the leading nonlinear order. In our in vitro model the lead-
ing nonlinear order is £ = 2, while in the in vivo model the
leading order is ¢ = 3. Plugging this expansion into Eq. (7)
and solving for ¥ (t) — ¥, and then approximating v(t) ~
o)+ @' (Y)W (@) — Y.) to leading order yields the scal-
ing form (4) with exponents B, = 1 and A, = 2 in the in vitro
models [69] and B, = 1/2 and A, = 3/2 in the in vivo model.
For both networks v, = 1/2 and z, = 2.

We verify that numerical solution of the full mean-field
dynamics [Eq. (7)] indeed satisfies the scaling laws when the
networks are tuned to their respective critical points. We plot
these collapses in Fig. 2 to illustrate the idea of data collapses.

C. Renormalized scaling theory

While the mean-field approximation generally paints
a qualitatively correct picture of phase transitions in a
stochastic model, neglecting fluctuations often results in pre-
dictions of universal quantities like critical exponents or the
Widom scaling functions F that are quantitatively incorrect
[18]. Sometimes even the qualitative predictions are violated,
such as when mean-field theory predicts a continuous tran-
sition but the actual transition is discontinuous [70] or vice
versa [71]. Attempting to improve upon the predictions of our
mean-field analysis by approximating fluctuations as Gaus-
sian yields improved estimates of the transition point but
gives the same predictions for critical exponents as the mean-
field theory (see Appendix B). To properly characterize phase
transitions, it is necessary to grapple with the heavy-tailed,
non-Gaussian fluctuations generated at a critical point. This
challenge was ultimately resolved by the development of the
RG [72-75].

It is important to perform an RG analysis of networks
with spike fluctuations, as many models of firing rates
driven by Gaussian noise use simple symmetric nonlinearities
¢(V), such that the model is invariant under an inversion
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FIG. 2. Mean-field behavior of the spiking network for in vitro networks (top row) and in vivo networks (bottom row). [(a) and (d)] A
typical nonlinearity v = ¢(¢) for each of the two network types. In the in vitro networks the nonlinearity is rectified, such that the firing rate
is zero when a neuron’s membrane potential is negative. In in vivo networks the firing rate is never zero—there is always a nonzero, though
possibly small, probability of firing. [(b) and (e)] The decay of v(¢), the population- and trial-averaged membrane potential, starting from an
initial value of v(0) & 1 in in vitro networks and v, (0) & 1 and v_(0) = 0 in in vivo networks. [(c) and (f)] Widom scaling collapses using
Eq. (5) for in vitro networks and Eq. (6) for in vivo networks and the mean-field exponents given in Table I. Color bars indicate schematic
distances of the different curves from the critical point, tuning the synaptic weight J versus the critical value J. in the in vitro networks and the
baseline potential £ versus the critical value &. in the in vivo networks.

symmetry that flips the sign of V — 6 and the noise, which
should protect the continuous Ising-like phase transition from
becoming discontinuous. Spike fluctuations do not have such
an inversion symmetry, so it is not clear a priori if the tran-
sition will be continuous in the actual stochastic network, in
which case a scaling theory may not exist. Our RG analysis
(Appendix D) confirms the transition remains continuous in
both the in vitro and in vivo network models, and we can
indeed derive a scaling theory that improves on the mean-field
predictions.

Within our RG approximation scheme, the dynamics of the
population averages obey

rdlgt(t) — (1) + €+ T A (1), (12)
v(t) = O(Y (1)), (13)

which is similar to Eq. (8) except that the nonlinearity ¢ ()
is replaced with an effective nonlinearity ® (). The key idea
behind the RG method presented in Appendix D is that we
can compute this effective nonlinearity by iteratively aver-
aging the bare nonlinearity over fluctuations associated with
different eigenmodes of the synaptic weight matrix J;;. In
lattices these eigenmodes are simply Fourier bases, which can
be parametrized in terms of spatial frequencies (“momenta”)
which are traditionally coarse-grained in statistical physics.

The eigenvalues of the synaptic weight matrix thus generalize
the traditional “momentum-shell” RG approach, though it is
not the only possible choice; see also Refs. [22,29,32,76].

Near the critical synaptic coupling this effective nonlinear-
ity has the form

d) =ve +I AL (Y — )

+ [T = TI% (W =)/ Me = TP) + -, (14)

where v, is the critical firing rate of a neuron, . is the critical
membrane potential, f* is a universal function, and 8, and
A, are universal critical exponents. Plugging (14) into (12)
and (13), the scaling forms (5) and (6) follow with nontrivial
values of the critical exponents and scaling functions F.

The scaling function and the critical exponents are char-
acteristics of the “universality class” of a system, which is
determined by the (emergent) symmetries of a model. In
lattice systems these universality classes are subdivided by
the spatial dimension of the system. i.e., a two-dimensional
system will have different critical exponents than a three-
dimensional system, despite them both having the same
underlying symmetries.

While several notions of dimension have been proposed for
complex networks [77], it is not immediately clear which, if
any, is the appropriate generalization in the context of critical
phenomena. In our RG analysis of the spiking network model
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(Appendix D), we find that the appropriate generalization of
dimension is the spectral dimension of the eigenvalue distri-
bution p;, (A) of the synaptic weight matrix J;;, defined by

d
d/2—1= lim —(Apuk — Mﬁ Inp; (2),  (15)

A= Amax
where Apyk is the maximum eigenvalue of the continuous
part of the eigenvalue spectrum and Ay, is the maxi-
mum eigenvalue of the network. If Apyx = Amax, then the
spectrum is continuous near the maximum eigenvalue and
Pr(A) ~ (Amax — A)Y?>71; the definition of d here is chosen
so that it matches the spatial dimension when the network
is a hypercubic lattice with periodic boundary conditions. If
Apulk # Amax, then the largest eigenvalue is an outlier and d
diverges—this will be relevant in the case of random regular
networks we study in Sec. IV. The spectral dimension has
been identified as the relevant definition of dimension in other
work investigating critical dynamics of, e.g., Ising-like models
or random walks on networks [78-81].

We can further show that the in vitro and in vivo models
belong to different universality classes. The in vitro model
belongs to the “directed percolation” (DP) universality class,
a ubiquitous nonequilibrium universality class that describes
the transition between extinction of activity and self-sustained
activity. The directed percolation universality class is charac-
terized by an emergent “rapidity symmetry” that relates the
magnitude of the membrane potential to fluctuations in the
spiking activity and three independent exponents, the cor-
relation length exponent v,, the dynamic exponent z,, and
the anomalous exponent 7,. The other critical exponents can
be expressed as B, = % (d +n,) and A, = 5 (d + 2z, — n4)
[82]. The directed percolation universality class has an “upper
critical dimension” of d = 4, which means that networks with
spectral dimension above this value will display mean-field
scaling. Networks with Apyx 7 Amax have d = oo and are
above the upper critical dimension [78]. The values of these
critical exponents in lattice systems and mean field are sum-
marized in Table L.

Turning to the in vivo model, our RG analysis predicts that
the model belongs to the Ising model universality class, which
describes transitions from a disordered state to ordered states
related by an inversion symmetry. In the spiking network the
two ordered states are the high- and low-firing-rate states,
and the inversion symmetry implies that close to the phase
transition the distribution of fluctuations around the means of
the high and low firing rates are identical. The universality
class of the nonequilibrium Ising model is characterized by
the correlation length exponent v,, the dynamic exponent z,,
and anomalous exponent n,, with B, = %(d —2+1n,) and
A, = %(d +2 — ). Like the directed percolation univer-
sality class, the Ising model has an upper critical dimension
of d = 4, above which the mean-field approximation predicts
the correct scaling. The values of the critical exponents for
two- and three-dimensional lattices and mean-field are given
in Table I.

The values of the critical exponents are not necessarily the
same for neurons arranged in lattices and complex networks,
even if they have the same spectral dimension d. Our RG
scheme, described in Appendix D, does predict that lattices
and networks with the same spectral dimension will have the

TABLE 1. Critical exponents for the directed percolation and
Ising model universality classes on lattices of d = 2 and 3 dimen-
sions, compared to the mean-field (MF) prediction. Values are given
to the hundredths place; more accurate estimates are available in
the cited references. "Derived exponents using the scaling relations
B* = %(d +n.)and A, = % (d + 2z, — n,) for the directed perco-
lation universality class [82].

Directed percolation [83] Ising model

d=2 d=3 MF d=2][18] d=3[84] MF
Vs 0.73 0.58 12 1 0.63 1/2
Zx 1.77 1.89 2 2.17 [85] 2.02 [86] 2
R -0417  -017" 0 1/4 0.036 0
B 0.28 0.82 1 1/8 0.33 1/2
A, 1.87° 1917 2 15/8 1.56 3/2

same exponents, but we expect this to be only true approxi-
mately. The eigenmodes of the synaptic weight matrix cancel
out of our RG scheme but may contribute in more sophis-
ticated schemes. This will provide refined estimates of the
critical exponents predicted here and could show deviations
between lattices and networks. This said, because our RG
scheme predicts the universality classes of the in vitro and in
vivo networks, we can use the full set of anomalous exponents
from d-dimensional lattices as a starting point for the scaling
collapses we perform on our simulated data, allowing us to es-
timate potential discrepancies between lattices and networks
with the same spectral dimension.

Finally, within our RG approximation we can also analyti-
cally compute the asymptotic tails of the scaling functions F
appearing in the Widom scaling forms. For in vitro networks
we find

J < J.
J>1J’

exp (—C.x),

F(x) ~ (16)

Yoo + B> exp (=C.x),

where x o« |J. — J|"*%*t and the constants C_, C., B, and y.
are nonuniversal constants. In in vivo networks we find that
the tails of the scaling function (6) obey

F(x) ~ x5 exp (—Cx'~ &), (17

where x o (€ — Ec)tv% and C is another nonuniversal con-
stant. Up to the nonuniversal constants, we show in the next
section that not only can we collapse simulated activity data,
the collapses agree well with the predicted scaling functions.

IV. SCALING ANALYSES OF SIMULATED DATA

To validate our scaling theory, we first show that simulated
data from neurons arranged on two- and three-dimensional
lattices with nearest-neighbor excitatory connections are in-
deed collapsed using the directed percolation or Ising model
critical exponents listed in Table I.

We then investigate scaling in networks in which excita-
tory neurons are sparsely connected with fixed degree and
inhibitory neurons, if present, provide broad global inhibition.
Our primary goal is to verify that the universality classes of
the in vitro and in vivo models are consistent with the directed
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FIG. 3. Widom scaling collapses for simulated activity on excitatory lattices. Top row [(a)—(d)]: d = 2. Bottom row [(e)—(h)]: d = 3.
[(a) and (e)] Population-and-trial-averaged spike trains v(z) versus time in in vitro networks as the synaptic strength J is tuned from subcritical
(J < J., blue curves) to supercritical (/ > J,, green-gold curves). [(b) and (f)] Widom scaling collapse of the data using Eq. (5). Data below and
above J, collapse onto different curves, with tails given by Eq. (16). [(c) and (g)] Population-and-trial-averaged spike trains versus time in in
vivo networks, starting from a high-firing-rate initial condition v, (0) &~ 1 and a low-firing-rate initial condition v_(0) & 0. Curves correspond
to equilibrium potentials £ > &, (green-gold curves) to £ < &, (blue curves). [(d) and (h)] Widom scaling collapse of v, (1) — v_(¢) according
to Eq. (6), with tails given by Eq. (17). The critical exponents used to collapse the data, inset in each collapse, are the known values of the
critical exponents for the directed percolation (DP) and Ising model universality classes, given in Table I.

percolation and Ising universality classes, respectively. We do
not seek to obtain high-precision estimates of the exponents
competitive, instead devoting our computational resources to
estimating the exponents on several network types.

A. Excitatory lattices

As shown in Figs. 3(a) and 3(b), simulated data from in
vitro models can be collapsed using the directed percolation
critical exponents and the scaling form (5), and simulated data
from in vivo models can be collapsed using the Ising critical
exponents and the scaling form (6).

In our in vitro networks the critical synaptic weights are
J.~ 156 in d =2 and J. ~ 0.821 in d = 3, while in the
spontaneous networks the critical parameters are (&, J.) ~
(—4.27,33) in d=2 and (&,J.) =~ (—2.79,1.165) in
d=3.

B. Sparse excitation and dense inhibition

We now consider networks with slightly more realistic
features. Cortical circuits consist of two broad cell types: ex-
citatory and inhibitory. Excitatory cells are typically thought
to be the “principal neurons” whose activity is the neural
realization of computations within cortical circuitry, while
inhibitory cells are often “interneurons” that serve these com-

putations indirectly by regulating the activity of the principal
neurons [87]. In cortex, excitatory neurons have been found
to make sparse connections to other excitatory neurons [88],
instead influencing each other through the densely connected
inhibitory interneurons [89]. We therefore consider a network
in which excitatory neurons make sparse connections to one
another; specifically, we will model excitatory-excitatory con-
nections using random regular graphs in which every neuron
makes a fixed number of synaptic connections k but the pairs
of neurons connected are randomly chosen, independent of
any spatial organization of the network. The remaining con-
nections in the network are dense; for simplicity we take
the connections from excitatory to inhibitory cells, as well
as inhibitory-to-inhibitory or inhibitory-to-excitatory, to be
all-to-all connected.

First, it is useful to consider what happens in networks
without inhibition, for which we need only consider the ex-
citatory neurons arranged in a random regular network. If the
synaptic strength of each connection is J and each neuron
has a refractory self-input of strength —J, then the eigenvalue
distribution of the synaptic weight matrix has a maximum
eigenvalue JAny.x = J(k — 1) associated with the homoge-
neous mode. This eigenvalue is an outlier. The bulk spectrum
of the synaptic weight matrix is given by the McKay law [90]
in the N — oo limit (modified to include the self-coupling
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FIG. 4. Widom scaling collapses for simulated activity on networks with random regular excitatory-excitatory connections. All excitatory
neurons make k = 3 excitatory connections to other neurons. Top row: Simulation results for purely excitatory networks. (a) Decay of the
population-averaged spiking activity in an absorbing state network for several values of coupling strength J, and (b) its corresponding data
collapse using mean-field predictions for the critical exponents. (c) Decay of the population-averaged spiking activity in a spontaneously active
network for several values of the input current £, and (d) its corresponding data collapse using mean-field predictions for the critical exponents.
Middle row: Simulation results for an excitatory population with effective inhibitory connections between neurons. Panels (e)—(h) are the same
as (a)—(d) but using anomalous values of the critical exponents. Bottom: Simulation results for a model of separate excitatory and inhibitory
populations that reduces to the effective model (Appendix C). Panels (i)—(1) are the same as (e)—(h) using the same values of the anomalous
exponents. In the absorbing state collapses (second column), the analytically estimated asymptotic Widom scaling forms Eq. (16) are plotted
in red, scaled by nonuniversal factors to match the data. Similarly for the spontaneous network collapses (fourth column) using Egs. (6) and

(17); see also Appendix A.

and normalized by J),

2k Ak =D — i+ 17
7 A —4+ 12

where A € [—2+/k — 1 — 1, 2+4/k — 1 — 1]. Note that the bulk
spectrum has spectral dimension d = 3, independent of the
degree k. The contribution of the single outlier eigenvalue
contributes negligibly to the effective nonlinearity ® (i), but
it nonetheless controls the phase transition because it renders
the spectral dimension to be d = oo [Eq. (15)]. We therefore
expect that the excitatory random regular network will exhibit
mean-field critical exponents; we confirm this in the scaling
collapses of both in vitro and in vivo networks, shown in Fig. 4.
We find that the transitions occur approximately at J. & 2.17
in in vitro networks and (&, J.) =~ (=3.5,3.75) in in vivo
networks.

Next, we consider what happens when we turn on the
inhibitory connections. Rather than analyzing the full EI
population, it is useful to first consider an effective network

o () =

model consisting of excitatory neurons that excite their ran-
dom regular neighbors while inhibiting all other neurons in
the network. This effective model is a formal reduction of a
full population model with explicit excitatory and inhibitory
populations; see Appendix C. Suppose the global inhibitory
connections have strength —Jc/N, where N is the number
of excitatory neurons. These inhibitory connections will shift
the location of A from k£ —1 to k — 1 — ¢, without af-
fecting any other eigenmodes of the network because they
are orthogonal to the homogeneous mode. There is then a
critical value of ¢ = k — 24/k — 1 for which the maximum
eigenvalue is moved to the location of the bulk eigenvalue
Apuk = 24/k — 1 — 1, closing the gap between the bulk spec-
trum and the outlier. We then expect the effective dimension
to be d = 3, and the network may exhibit anomalous scaling
instead of mean-field scaling. We verify this for networks with
k = 3 for both the effective EI network and networks with
explicit inhibitory neurons.

In the case of the effective EI networks, we find J,. ~ 2.32
with approximate exponents B, ~ 0.65 and v,z, ~ 1.9 in in
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vitro networks, and J. = 6.0, 8, ~ 0.35, v, = 0.7, z, ® 2 in
in vivo networks. The same exponents with J. & 2.39 and
J. &~ 6.0 in in vitro and in vivo networks, respectively, produce
collapses in simulations with explicit excitatory and inhibitory
populations (Fig. 4). While these estimates are not especially
precise, the in vitro exponents differ enough from the expo-
nents in the d = 3 lattices to suggest that the network structure
does have an influence on the critical exponents, and hence
the universality class of the networks may differ from the
three-dimensional lattices, although these universality classes
are still in some sense close.

We see that the collapses for the effective and explicit EI
networks are asymmetrically skewed compared to the ana-
lytically predicted Widom scaling forms for the d = 3 Ising
universality class, which match the d = 3 lattice well. Similar
asymmetries have been observed in the scaling collapses of
mean neural avalanche shapes, and recent modeling work
has shown that inhibitory neurons play a role in producing
these asymmetries [91]. It is not clear what the origin of this
asymmetry is. Potentially it is a finite-size effect that will
weaken in simulations of much larger networks. A surface plot
of the firing rates versus J and £ does not show a sharp jump,
compared to the lattices, suggesting that finite-size effects
may be softening the transition. For instance, the dashed curve
in Figs. 4(k) and 4(1) corresponds to a value of £ that is close
to the estimated critical £ and does not collapse well in our
current simulations but may be more sharply separated from
the critical point in larger networks. Alternately, the asym-
metries could be driven by subleading corrections to scaling
or contributions from the network eigenmodes that are not
captured by our current RG scheme.

Next, we perform a brief investigation of networks with
degree k > 3. There is a common folk wisdom that mean-field
theory becomes accurate in high-dimensional lattices because
of the increased number of neighbors each unit interacts with.
However, the spectral dimension of random regular networks
does not depend on the number of neighbors k. We might
therefore wonder whether the critical exponents will remain
close to the values predicted by our scaling theory or if at a
sufficiently large k we see a reversion to mean-field behavior.

We find that networks with k > 4 and global inhibi-
tion strength ¢ =k —2+/k — 1 exhibit mean-field scaling
[Fig. 5(a)]. However, the observed critical strength J,. is lower
than the mean-field prediction, in contrast to our other simula-
tions. This suggests that the global inhibition may be too large.
The mismatch most likely originates in our RG scheme’s in-
dependence of the eigenmode structure of the network, and a
higher-order approximation scheme is required to identify the
precise value of global inhibition at which anomalous scaling
is observed for k > 3.

We may therefore wonder how robust the anomalous scal-
ing of the k = 3 network is to perturbations in the number of
connections each neuron makes. So far, we have considered
networks in which the number of connections each neuron
makes is the same for all neurons. If we instead consider
networks with a fraction f of neurons that make k = 3 synap-
tic connections and a fraction 1 — f of neurons that make
k = 4 synaptic connections, then we can investigate between
which fractions we observe a transition from anomalous to
mean-field scaling.

t |, — J]=t

FIG. 5. Mean-field versus anomalous scaling in excitatory-
inhibitory networks of varying degree. [(a) and (b)] Simulated
activity in an effective EI network with degree 4 random regular
excitatory-excitatory connections, and (b) its corresponding scaling
collapse using mean-field exponents. The phase transition occurs
at a value of J. ~ 1.38 that is less than the mean-field predic-
tion J. = 4/(2\f3 — 1) & 1.62, whereas in our other cases our RG
analysis predicts that J,. is larger than the mean-field prediction.
[(c) and (d)] Effective EI network with 20% degree 4 and 80%
degree 3 excitatory-excitatory connections. The phase transition oc-
curs at J. & 1.98, less than the mean-field prediction J. ~ 2.26.
The data can be collapsed using mean-field exponents. [(e) and (f)]
Effective EI network with 10% degree 4 and 90% degree 3
excitatory-excitatory connections. The estimated critical coupling
is J. & 2.2, comparable to the mean-field prediction of J, &~ 2.23.
The data, however, collapse using the same anomalous exponents as
the pure degree 3 effective EI network. In panels (b), (d), and (f) the
analytically estimated asymptotic Widom scaling forms Eq. (16) are
plotted in red, scaled by nonuniversal factors to match the data.

The excitatory synaptic connections between neurons are
Jij = J(Ajj — (ki — 2)8;; — ¢/N), where A;; is the adjacency
matrix of the excitatory connections, formed by randomly
paring up synapses of fN degree 3 neurons and (1 — f)N de-
gree 4 neurons (and rejecting networks with self-connections
or multiple synapses between a single pair of neurons); i.e.,
this is a configuration model [92]. k; is the degree of neuron
i, and c is again the all-to-all inhibitory weight chosen to
move the leading eigenvalue of A;; — (k; — 2)5;; to the edge
of the bulk spectrum. Although we do not have a closed form
for the spectrum of this weight matrix, the limiting cases
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f =1 and f = 0—random regular networks of degrees 3
and 4, respectively—have spectral dimension d = 3, and so
we expect the mixed network does as well. We find that at
1 — f = 10% neurons with degree 4 the anomalous scaling
persists, while at 1 — f = 20% we again obtain mean-field
scaling [Fig. 5(b) and 5(c)].

While we have not ruled out that there is a different value
of global inhibition ¢ that can achieve anomalous scaling
in networks with mixed connectivity, our results suggest a
possible new mechanism that could explain apparently contra-
dictory observations of mean-field versus anomalous scaling
in neural avalanche data [8,27,28], with the observed scaling
depending on the balance of excitatory sparsity and broad
inhibition.

V. DISCUSSION

In this work we have shown that stochastic spiking net-
works with symmetric connections and homogeneous steady
states can undergo at least two types of phase transitions
as the strength of their synaptic connections J and baseline
potentials £ are tuned: (i) an inactive-to-active transition be-
tween extinction and self-sustained activity, appropriate as an
in vitro model of neural tissue and (ii) a transition from a
single asynchronous state of activity to high- or low-firing-rate
states, appropriate as a model of in vivo neural tissue.

Using both a mean-field approximation and a renormal-
ization group analysis of the spiking network model, we
developed a Widom scaling theory to show that the in vitro
network models belong to the directed percolation universal-
ity class, while the in vivo network models belong to the Ising
universality class. These universality classes are subdivided
by “dimension,” which we identified as the spectral dimension
of the synaptic weight matrix. If the largest eigenvalue of
this spectrum is an outlier, then the spectral dimension is
infinite, and we find the mean-field predictions of the critical
exponents are correct. However, if the largest eigenvalue is at
the edge of the continuous part of the spectrum, then d is finite
and anomalous scaling may be observed.

This is, to the author’s knowledge, the first renormaliza-
tion group analysis of a network model of spiking neurons.
This model, known as the “spike response model with escape
noise” or the multivariate “nonlinear Hawkes process,” can
be interpreted as a leaky integrate-and-fire model with noisy
thresholds and fixed reset sizes [35—39]. While previous work
modeling phase transitions in neural populations have used
Ising-like models or chemical reaction networks of active
or inactive neurons, these are best thought of as models of
neural activity that have already been coarse-grained to meso-
scopic scales. Similarly, while other work has investigated the
nonperturbative renormalization group in neuroscience con-
texts, it has been applied only to calculating correlation and
response functions in firing-rate models [33] and exploring
possible equivalences between the RG and neural sensory
coding work [76]. This work establishes formally that net-
works of spiking neurons are in the Ising model or directed
percolation universality classes.

The value of performing renormalization group calcula-
tions on spiking network models is that these calculations
help clarify what features of neurons and their connectivity

shape the critical exponents measured in data. Experimen-
tal recordings of neural avalanches—cascades of neural
activity triggered that propagate through neural circuitry
[7,8,16,25]—often seem to support mean-field exponents, but
deviations have also been reported [8], and the origin of
these deviations remains the subject of much debate. Some
reports suggest deviations could be the effects of subsampled
recordings of neurons in space or time [93,94], while RG
analysis of firing-rate models suggest the cause could also
be logarithmic corrections to critical exponents in networks
at their upper critical dimension [34]. Similarly, the “phe-
nomenological RG” method developed by Ref. [22] motivates
exponent relations based on analogies with lattice systems and
finds anomalous scaling for the dynamical exponents z,/d in
populations of hippocampal neurons, albeit with values on the
order of ~0.16-0.3, much smaller than z,./d ~ 0.67 predicted
by the d = 3 directed percolation or Ising model universality
classes. Similar exponent values are obtained by Ref. [95] in
rat visual cortex. Using our foundational RG theory of spiking
networks to understand the phenomenological RG method
could yield insight into these unexpectedly small dynamical
exponents.

In general, having a firm theoretical understanding of what
properties influence critical exponents will aid in disambiguat-
ing genuine deviations from mean-field theory from estimates
that are skewed by subsampling problems. It could also re-
veal mechanisms by which a system that appears to be in a
mean-field universality class could be tuned toward anoma-
lous behavior.

For instance, both the directed percolation and Ising
model mean-field universality classes make the same pre-
dictions for avalanche exponents, but in lower dimensions
the exponents and even the exponent relations differ. In our
excitatory-inhibitory network of sparse excitatory connec-
tions that interact through dense inhibitory connections, we
found that the inhibition could tune the network to a crit-
ical point with anomalous exponents for both the directed
percolation and Ising universality classes. One could imag-
ine a future closed-loop experimental paradigm in which
excitatory neurons are inhibited with wide-field optogenetic
stimulation, where the strength of that stimulus depends on
the recorded neural activity. Depending on the properties
of the excitatory connections (e.g., the degree of sparsity),
this could drive a transition toward an anomalous critical
state, distinguishing between different mean-field universality
classes.

Another mechanism well known to change critical expo-
nents is heterogeneity in network properties, often dubbed
“disorder” in the statistical physics literature. In this work
we considered only heterogeneity in the pairs of neurons
connected and observed that it potentially alters critical ex-
ponents compared to lattice networks with the same effective
dimension. We assume our networks can be interpreted as
the average connectivity in networks with weak variability
that can be neglected. Strong heterogeneity in the synaptic
weights, however, can have a variety of possible effects. It
can smear out a transition, effectively destroying it, drive
the system to a different “strong disorder” universality class
with different critical exponents, or lead to anomalously slow
temporal scaling exp(—“) or t~” for nonuniversal exponents a
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and b due to the existence of “rare regions” of the network that
happen to be close to the critical point of the nondisordered
system [96-98].

Because we have shown that the spiking network belongs
to the directed percolation or Ising universality classes, we
can leverage past work on other systems in the directed
percolation [99-101] or Ising classes [102,103] to motivate
hypotheses for how heterogeneity might impact criticality in
spiking networks. For example, Ising models with heterogene-
ity in properties analogous to the baseline potential £ and
synaptic strength J are thought to belong to the random field
Ising model universality class [102,103], for which renormal-
ized scaling theories have been derived using extensions of
the methods we use to obtain the results reported in this work
[104-108].

Heterogeneity in synaptic weights drives perhaps the
most well-known example of a phase transition in theo-
retical neuroscience, the celebrated transition to chaos in
the Sompolinsky-Crisanti-Sommers model [14], a firing-rate
model with random recurrent synaptic connections that can
be interpreted as the mean-field theory of the spiking network
studied in this work. This model and its many descendants
have been extensively studied using methods from dynamic
mean-field theory and have become a cornerstone of theo-
retical neuroscience. The transition to chaos is not in the
directed percolation or Ising model universality classes, owing
in part to the fact that the synaptic connections have zero
mean and are not symmetric. An important direction of future
work is to extend our RG scaling theory to heterogeneous
and asymmetric networks and investigate whether stochastic
spiking generates anomalous scaling in the transition to chaos.
While fluctuations have been added to this family of models
by adding fluctuating external currents or Poisson inputs with
rates matching the firing rate of the networks, mimicking the
effect of spike fluctuations [109,110], the results of which
suggest that mean-field scaling persists in the presence of
fluctuations, it remains an open question whether this is robust
to adding structure to the synaptic connections, such as occurs
in the networks studied in this work.

This said, all cases we have considered so far assume
fixed synaptic connectivity. This is a reasonable assumption
on timescales comparable to the millisecond scales of neural
activity. However, on longer timescales these connections can
be modified by synaptic plasticity, in which neural activity
drives strengthening or weakening of synaptic connections.
Including synaptic plasticity in the stochastic spiking model
couples the neural dynamics with their synaptic tuning pa-
rameters. Reference [111] investigated plasticity dynamics in
a Sompolinsky-Crisanti-Sommers firing-rate model using a
dynamic mean-field approach, but this phenomena has yet to
be explored using RG scaling analyses. It is often hypoth-
esized that synaptic plasticity and homeostasis will lead to
self-organized criticality, with some simulation results sup-
porting the possibility in simple models [112]. This would
imply that the synaptic strengths and baseline potentials of
the networks are self-regulated towards their critical values
over time [113-115]. Understanding the impact of disorder
and synaptic plasticity on critical properties is crucial for
interpreting neural data in the context of criticality, and the
approach presented here establishes an important first step to-

ward analyzing critical phenomena in spiking network models
with heterogeneous features.

Finally, in closing, we remark that while we have focused
on criticality in networks of spiking neurons, our results pro-
vide insight into similar phase transitions that occur in other
areas of biological physics [116]. At one level, this is because
our spiking network model is an example of a nonlinear
Hawkes process, variations of which have been used to model
other phenomena involving discrete events. For example, 7;(t)
can model pulses exchanged between non-neuronal cells in
cell-signaling cascades [47], infection events in epidemiolog-
ical models [48,49], observations of species at different spatial
locations i in ecological survey models [50,51], the occur-
rence of transcriptional regulatory elements along strands of
DNA (in which time represents position along the strand)
[52,53], or markers of onset of different animal behaviors
[54,55], just to name a few possible reinterpretations.

More generally, however, because the renormalization
group method predicts detail-independent universality at crit-
ical points, our results extend to a larger set of systems with
identical mean-field dynamics [Eq. (7)] but driven by different
stochastic processes that depend conditionally on V;(¢). That
is, the distribution of the spike trains 7;(¢) conditioned on
Vi(t) can be replaced by any other local stochastic process
with mean ¢ (V;(¢)) and finite cumulants. We generically ex-
pect the leading-order scaling behavior to remain the same
as predicted by our RG analysis here. That is, processes with
nonvanishing variance will generically be in the Ising univer-
sality class, while processes with variance that vanishes for
V below some threshold will belong to the directed percola-
tion universality class. There may be exceptions to this—if
the stochastic process admits additional symmetries it may
modify the universality class [§2]. Moreover, even for systems
in the same universality class, differences in symmetries of
the full model can lead to different scaling behavior in the
subleading corrections to the Widom scaling forms studied
here [see Appendix D, Eq. (D29)]. Nevertheless, through this
universality our work provides a foundation for understanding
critical phenomena in network models across different fields
in biological physics.

ACKNOWLEDGMENTS

The author thanks National Institute of Mental Health
and National Institute for Neurological Disorders and Stroke
Grant No. UF-1NS115779-01 and Stony Brook University for
financial support for this work, Ari Pakman for feedback on an
early version of this manuscript, and anonymous referees for
valuable feedback.

DATA AVAILABILITY
Code used to generate the simulated data in this work is
available [117].
APPENDIX A: DERIVATION OF THE WIDOM
SCALING FORMS

Here we derive the Widom scaling forms (5) and (6), both
in the mean-field approximation and using the results of our
renormalization group analysis (described in Appendix D).
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1. Mean-field scaling forms
a. In vitro networks

In our in vitro network models we set the baseline to
its critical value, which we may take to be & =0, so we
need only derive the scaling form as the synaptic weight
J is changed. We choose parameter conventions so that the
steady-state value of the membrane potential is ¥, = 0, and
we assume that ¢”(0%) < 0. Then, close to () =0 the
mean-field dynamics (8) reduce to

d
. ‘Z:’) — (1 = T A O (1)

JAmax 7
+ O+

Neglecting the higher-order terms, we can solve this by sepa-
ration of variables, giving the implicit solution

/lll(r) dy B ¢t
p —(1 = JAnax@'(0))y + B39 (0)y> T

Although this integral can be evaluated exactly, to derive
the scaling form it is useful to work with the integral
form. Comparing to Eq. (5), we want a relationship between
e — DY () and (J, — J)t, where J, —J o 1 — J Apmaxd’(0).
This motivates a change of variables $ = y&,, where £ =
(1 — JAmax@'(0))/7, which gives

V() dy ¢
f o Jhme 12 £
o —Y+ Sme"(0)? &
If we assume that ¥ (0)&; > 1, such that we can approximate
the lower limit as oo if & > 0 or —oo if & < 0O, then the
left-hand side is a function of v (¢)&; and the right-hand side
is t/&;. Assuming that this function can be inverted gives a
functional relationship that satisfies the scaling form (5).
We can check this against the exact solution,

1&(0)67[/5’
1+ JAmaxirrltﬁ”(O)l v (0)(1 — e—t/& )

V() =

If 0 <& <oo and &¢(0) > 1, then for long times this
reduces to Y (t) = m&; "exp(—t/&;), which reveals
that F(x) o< exp(—x).

If —oco<é, <0, then for long
Taon & ' 1(L—exp(=t/|&:]),  giving
exp(—x).

Finally, if &, — oo, then we find ¥ (z) =
the expected power-law decay.

times Y (t) ~
F(x)x1—

2t l‘_l
Je Amax| 9" (0)] ’

b. In vivo networks

We will work at the critical synaptic weight J = J,., where
Jo = (Apax®' (Ye))~! and v, = 6 is the potential for which
¢”(V) =0. We expand the nonlinearity in the mean-field
equation (8) around 6, yielding

d t)—=06
T ()~ 6)

= -6+ T GOOWO -0 4

where the linear term has vanished because J = J. and we de-
fined & = 0 — J. Amax®(0). Solving the equation implicitly,
with u(t) = ¥ (¢) — 6, gives

/“(’) dy ot
woy €= E+IFEPNO) T

In the mean-field approximation we expect the scaling vari-
ables to be (Y () — 0)¢'/? and (€ — £.)¢3/%. This motivates a
change of variables § = y(t /t)!/2, which gives

/‘M(I)(t/f)”Z d)A/ _
wOi/o 2 (€= E)t /T2 — L |3 ()53

Assuming that |u(0)|(¢/7)"/? > 1, we can approximate the
lower limit as —oo if #(0) < 0 and 400 if u(0) > 0. Note that
although the value of ¥(0) will not contribute to the asymp-
totic scaling form, its sign does determine the relevant branch
of the evaluation of the integral, which will yield two different
scaling forms. The left-hand side is then a function of both
(W (t) —0)(t/7)"? and (€ — &.)(t/T1)*/?, which is equal to a
constant, imposing a functional relationship between the two
scaling variables. The scaling forms will both be of the form
W@)—6)t/t)'/? = FL((€ — E)(t/T)*?). Once we obtain
the scaling forms numerically, we can subtract them to get a
single scaling form for ¥, (r) — ¥_(¢), which will be of the
form (6).

2. Renormalized scaling theory

The derivations of the Widom scaling forms using the
effective nonlinearity ® () are similar to the mean-field cal-
culations, with some additional subtleties to manage.

Plugging the expansion of ®(y), Eq. (14), into the homo-
geneous dynamics of the trial-averaged means, Egs. (12)-(13),
and keeping only the leading-order nonlinear contribution to
the effective nonlinearity gives

dy

TE = _1// +5+JAmaxq>(¢)

=& - gc +JAmax|Jc - J|A¥
X [ = Yl = I[P,
We define & = Y. + JAmaxve. Next, we consider our two
specific network cases.

a. In vitro networks

For the in vitro network models we set £ = £, = 0 and may
take ¥, = 0, so we need to evaluate the integral

() d s t
/m VA VA T A
In Appendix D we show that the scaling function in the
denominator may be written f*(z) = cv;(z) + ¢.(z), where
we have estimated both v; (z) and ¢;.(z) to order z°. The two
functions are characteristics of the directed percolation univer-
sality class, where ¢1,(z) is a dimensionless counterpart of the
effective firing-rate nonlinearity ® () and v, (z) characterizes
deviations from the critical point. The constant ¢ weights the
deviation v (z) (really a “relevant eigenmode” of the RG fixed
point) against ¢;,(z). The sign of this weight depends on the
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sign of J. — J. For ¢ < 0 we expect that f*(z) has no zeros for
all z > 0 and the integral will exist for all 0 < ¥ (¢) < ¥ (0).
For ¢ > 0 f*(z) may vanish, such that the integral will only
exist for s greater than the largest root of f*(z). We cannot
predict the precise value of ¢ with the approximation scheme
we use in this work, so we will choose a sufficiently large
magnitude for which f*(z) switches from having no zeros
when ¢ < 0 to at least one zero when ¢ > 0.

We will first derive the general scaling form (5). We make
the change of variables s’ = s|J. — J|# and move the factors
of |J. — J| to the right-hand side, giving

Yods
Yo f*(s)

where y = ¥ (t)|J. —J| 7%, yo = ¥ (0)|J. —J| 7P, and x =
AmaxlJe = T2 Pl = Aoy lJe — J "+ £, where we use our
RG scheme’s predictions that z, =2, B, = ”*éd and A, =
"7*(d + 4) to reduce A, — B, = v,z,. Because we are inter-
ested in the asymptotic limit of J ~ J., we will take y, to
be large enough that we can replace the lower limit of the
integral by 4+-c0. Within this approximation, the left-hand side
is a function of y and the right-hand side is x, so assuming the
function can be inverted we obtain the scaling form (5).

We can derive the asymptotic tails explicitly using
the results of our renormalization group analysis, cov-
ered in Appendix D. We expand f*(z) ~ (f*) (z0)(z — z0) +
%( ) (z0)(z — 20)?, cutting the series off at quadratic order,
where 7 is the largest zero of f*(z). Assuming y > zp we
can evaluate the integral analytically, just as in the mean-field
case. We obtain the general form y ~ F (x) with

2(f*)/(20) g(f*)'(zo)x
(f*)”(Zo) 1— e(f*)’(zo)x .

We expect (f*)(z0) <0 and (f*)"(z0) < 0, such that for
large x the scaling variable y approaches zy exponentially
from above. For ¢ < 0 and sufficiently large in magnitude we
expect zo = 0, while for ¢ > 0 and large enough we expect
z0 > 0.

We can approximate the constants in Eq. (A1) using our
O(z°) approximation in d = 3. If we normalize the eigen-
mode v;(z) such that fooo dz e %v1(z)?> = 1, then |c|] = 1.5
provides a sufficient dividing line between subcritical and
supercritical behavior; the actual value could be larger. We
find that for ¢ = —1.5, zo = 0 as expected, and (f*) (z9) =
—0.017 and (f*)"(z9) = —0.75. For ¢ = +1.5 the largest
real root occurs at zop = 1.80 and (f*)(z9) = —0.74 and
(f*)"(z0) = —0.93. The coefficients of vi(z) and ¢} (z) are
given in Table II.

Finally, because v(t) = @ (1))=A Ly @)+ —J|*
@@, —J7P)+---, to leading order v(¢)|J, — J| P
obeys the same scaling form as y = v (¢)|J. — J| =, at least
for J close enough to J..

)

F(x) =z + (A)

b. In vivo networks

For in vivo networks we focus on the limit J — J., for
which [J. = JI2f* (¥ — ¥/l — JIE) = Al — p]>/F-,
where A is a universal constant that depends on the spec-
tral dimension d and we define the notation [y — 1/.]*+/A« =
sgn(y — ¥y — Ve |2+/P. We thus need to evaluate the in-

TABLE II. Coefficients of the O(z°) estimates of the absorbing
state network’s critical dimensionless nonlinearity ¢} (z) and the rel-
evant eigenmode v, (z) in d = 3. i.e., the nth row gives the value of

v{"(0) or (¢})™(0).

v1(2) 01 (2)
z 0.22 0.31
7 0.067 —0.65
z —0.033 —0.25
7 0.025 0.089
z —0.0033 —0.033

tegral

/wm ds _t
¥(0) &— gC - AmaxA[S - 9*]A*//3* - T :

Because we want to obtain the scaling function corresponding
to the scaling form Eq. (6), we make the change of variables

s = (s — Yo)(t /)75 , giving

/‘V ds/ _ 1
yo X — Amax-A[S/]A*/ﬂ* -

where y = (Y (1) = Y)(t /7)., yo = (¥(0) = Yot /7)7
and x = (€ — &)t/ 7)==, and we used the fact that within
our RG scheme we have the approximate scaling rela-
tions (Ay — Bs)/vi/ze =(d +2 — (d —2))/2 = 1. Because
we are interested in the asymptotic scaling in the long-time
limit # > 7, we can take the lower limit yy to be Foc0, de-
pending on whether v (0) is above or below 6*. In addition to
the sign of yy, we also have to consider the sign of x and the
sign of y to evaluate the integral.

If x > O and yy > 0, then we expect that y > 0 for all time,
and we need to evaluate the integral

/+°° ds .
v X — Apax At /P

which requires x < ApaAy»+/#+. Similarly, if x <0 and
yo < 0, then we expect y < 0 for all time and we need to
evaluate

/’ ds _ 1
—oo — x| + Amax-A(_S)A*/ﬁ* -

which requires —|x| + AmaA(—y)2+/#+ > 0. A change of
variables s = —y transforms this integral to the x > 0, y > 0
case.

The next two cases are slightly more complicated. When
x > 0 but yo < 0, then we expect y to cross from initially
negative values to positive values. For y < 0 we may solve

/’ ds _1
—oo X+ AmaxA(_S)A*/ﬂ* -

while for y > 0 we need to split up the integral,

/0 ds n /y ds _ 1
i Amax-A(_S)A*/'g* 0o X— Amax-ASA*/ﬂ* o
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Finally, for x < 0 but yp > 0 we expect y to be initially posi-
tive and cross over to negative values, so we may write

/+oo ds 4
y —|X| - Amax-AsA*/ﬂ* -

fory > 0 and

| /'+°° ds
N 0 _|x| - Amax-AsA*/ﬂ*

/0 ds
y —|x| + Amax-A(_S)A*/ﬂ*

for y < 0. For d = 3 and d = 4 (mean-field) our RG scheme
predicts integer values of A, /B, = (d +2)/(d — 2), and the
integrals can be evaluated analytically using Mathematica,
though the result involves complex-valued representations
that ultimately work out to be real and are otherwise not
enlightening. The implicit representation cannot be solved in
closed form but can be evaluated numerically to obtain scaling
forms for y; and y_, corresponding to the cases yp > 0 and
yo < 0, respectively. Subtracting these numerical solutions
yields the scaling form for y, — y_ plotted in Figs. 4(d), 4(h),
and 4(1).

To estimate the asymptotic tails of the distribution for
large x > 0, we make an additional change of variables

Bx . .
q = (A“‘.%A)T*s/. For the yy > 0 case this gives

1/ Apae A\ ™5 /"0 dq
x X p (qf)A*/ﬂ*_l

Bx

A A) /°° dq
T x x . (g — HDET

q—1

oo

In(g' — 1)

(q))A*/Px—1
q-1

q

00 ) ) d (( /)A*/ﬁ* -1
_/ dq'In(q — 1);<q/—
q q q —1

N _1<Amax,4>‘f’iln(q— b,

X
where in the last line we retain only the leading-order behavior
as ¢ — | and neglect the higher-order terms from the integra-
tion by parts. Solving for g and writing the result in terms of

vy gives
A* AmaxA %
yp~1l+exp|—— x).
B X

In the yp < 0 and x > 0 case we make a similar change of
variables and must evaluate

1 (A A\ "5 /0 dg f" dg
X X oo 1= (—q')As/Bs _ 1= (g™ )

The first integral evaluates to a constant, ﬁcse(ﬁ ),
while the second can be evaluated using a similar integration-

s

by-parts trick. The result in terms of y_ is

Bx
~ 1 —exp ncsc( i ) — &<AmaXA> Y
- AJB) B\ x '

Subtracting y; —y_ and omitting constant factors gives a
scaling form for the difference of membrane potentials. The
x < 0 case may be obtained by replacing x with |x|. To
obtain Eq. (17), which is a scaling form for the mean
firing-rate differences, we use the fact that (i (¢)) = v, +
JAma) (@) —¥.)+---, so the leading-order scaling
is V(1) = V(1) = e Ama) ™ (Y4 (0) = Y- (1)) + - - -, giving
Eq. (17).

APPENDIX B: SELF-CONSISTENT
MEAN-FIELD APPROXIMATION

In Sec. IIIB we presented the results of a mean-field
analysis of the spiking network model in which the stochas-
tic fluctuations are neglected entirely. This is equivalent to
assuming that the membrane potentials and spike trains are
distributed according to a delta function distribution with
mean to be obtained self-consistently by solving Eq. (8).

A common improvement on this type of mean-field cal-
culation is to assume instead that fluctuations are distributed
normally with some mean and variance to be computed self-
consistently. We give the results of such a calculation here to
show that while it quantitatively improves on the deterministic
mean-field predictions [Eq. (8)] of the population means v (¢)
and v(¢), it ultimately makes the same predictions for the
critical exponents as the deterministic mean-field theory for
in vivo networks. For in vitro networks, a Gaussian fluctuation
assumption is a poor assumption and incorrectly predicts the
absence of a phase transition.

We derive the self-consistent Gaussian mean-field theory
by assuming that the membrane potentials of the neurons are
jointly Gaussian with identical time-dependent means ()
and covariances cov(Vi(r), V;(s)) = C}}V (¢, 5). At the order
of the approximation we pursue here we will only need
the equal-time autocovariances—the variances—C} " (t,1) =
o2(t). We will assume the spike trains are still conditionally
Poisson [Eq. (2)], such that the mean firing rate v(¢) is given
by the average of ¢(V;(¢)) with respect to the marginal distri-
bution of V;(¢).

To obtain a system of equations for ¥ (¢) and o), it
is easiest to first solve Eq. (1) formally for V;(¢) using an
integrating factor,

——1)/7

Vi) = €+ ZJij/dt’eT
J

Note that in this form our model is more clearly a special case
of the spike response model with escape noise [37,42]. We
obtain an integral equation for i/ (¢) by averaging over this
equation directly, using (n;(¢)) = (¢(V;(t))) = v(¢). We as-
sume all averages are independent of the neuron index i due to
the homogeneity of the leading-order mode. Then we square
Vi(t) — ¢ (¢) and take the expectation to obtain an integral
equation for o%(¢). The intermediate computation will involve
the covariance of the spike trains, cov(#;(t), 72;(s)). This is a
nontrivial covariance to calculate due to the feedback between

Ai(t').
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FIG. 6. Results for a self-consistent mean-field approximation in which the variability in the membrane potential is assumed to be Gaussian,
rather than neglected, and the spikes are treated as independent Poisson processes whose firing rate depends on the membrane potential.
(a) For in vitro network models a scatter plot of the mean firing rate v(¢) versus the mean membrane potential (¢ ) agrees reasonably well with
simulations, but the self-consistent predictions of the critical point (yellow dashed lines, one for each value of J) are qualitatively incorrect.
The self-consistent prediction for the critical case J = J. terminates at v(¢) ~ .15 rather than decaying towards O like the simulation data or
nonperturbative renormalization group (NPRG) prediction in Fig. 8. (b) The self-consistent calculation predicts an active state for any J > 0
due to the assumption of Gaussian variability, which smooths out the transition. The decay is exponential for any J and does not admit a Widom
scaling form. (c) For in vivo networks the plots of v versus i again agree reasonably well with simulation data. (d) The numerical solution of
the self-consistent model at a critical value J. for several baseline £ from £ < &, (green-gold) to £ > &, (blue), for initial conditions v (0) ~ 1
and v_(0) =~ 0. At the critical £, the analysis predicts a slow decay toward a baseline activity of v,, ~ 0.37. (e) Although the self-consistent
calculation predicts a transition from asynchronous irregular activity to up-down states, a Widom scaling collapse is achieved using mean-field

exponents.

the membrane potential dynamics and spike-train emission.
However, the largest component of this covariance will
be the delta function peak when ¢ = s, and so we approximate
the covariance as cov(n;(t), n;(s)) ~ v(¢)d;;6(t — s). This is
the same approximation made for spike trains in the diffusion
approximation analysis of deterministic leaky integrate-and-
fire neurons in the asynchronous irregular regime [118]. The
result will be a closed system of equations for v/ (¢) and o2(t)
because the assumption of uncorrelated spike trains will also
decouple the membrane potentials of different neurons. These
integral equations can be converted back into differential
equations that can be solved numerically by operating on them
with the differential operators © % + lony(t)and T [% +2on
o2(t). The result is the system of self-consistent equations,

Idz/;[(t) = —K/f(l) + & +JAmaxV(t)v (B])
do®(t) ) (A2

T pra —20°(t) + 71}(0, (B2)

v(t) = /_ Z %e*%(w) +Vo2(t)z), (B3)

where JApax is the maximum eigenvalue of J;; and (A2 =

limy_ 0o N~' N (J?);i is the second moment of the eigen-
value distribution. For lattices and the effective EI networks
(A%) = J*(k + 1), where the degree is k = 2d for lattices.

The steady-state solution of Eqgs. (B1)-(B3) gives ¥ =

E+JAmyv and o2 = %v, which can be plugged into
Eq. (B3) to yield a single transcendental equation for v.
By perturbing v(¢) away from this self-consistent solution
we can estimate the location of the critical point by finding
the values of £ and J for which the fixed point becomes
unstable.

Solving Eqs. (B1)—~(B3) numerically yields a reasonably
good match to simulations away from the critical point, as
shown in Figs. 6(a) and 6(d) for in vitro and in vivo networks.
However, as the critical point is approached the predictions
break down. In in vitro networks this breakdown is qualitative:
The self-consistent calculation predicts that the network will
be active for any J > 0, and even at J = O the activity does
not decay algebraically. A very close inspection of Fig. 6(a)
reveals that the self-consistent prediction for J = J. actually
ends at v ~ (.15, unlike the simulation data which ends close
to the origin. As shown in Fig. 6(b), only J = 0 does not sat-
urate at a finite firing rate. The problem is that the membrane
fluctuations cannot reasonably be approximated as Gaussian
in systems with an inactive state in which fluctuations van-
ish. For any o(¢) > 0 the Gaussian assumption smears out
the transition, destroying it. Because the simpler mean-field
treatment assumes the variance is always 0, it is better able
to capture the qualitative features of the inactive-to-active
transition.
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The predictions for in vivo networks fare better, providing a
similarly reasonable match with simulations [Fig. 6(c)] and an
estimate of the transition point, J. &~ 1.065, which compares
well to our simulation estimate J. = 1.165 and is closer than
the deterministic mean-field estimate of JMF = 0.8. However,
numerical solution of the full dynamical system (B1)—(B3)
in response to potentiating and suppressing initial conditions
[Fig. 6(d)] yields a collapse of v, (t) — v_(¢) that agrees with
the mean-field scaling predictions [Fig. 6(e)] rather than the
d = 3 Ising model exponents that collapse the data (Fig. 3).
This is to be expected, as it is well known that Gaussian fluc-
tuation corrections to deterministic mean-field theories cannot
yield anomalous exponents [18].

APPENDIX C: REDUCTION OF AN
EXCITATORY-INHIBITORY NETWORK TO A RANDOM
REGULAR NETWORK WITH EFFECTIVE
ALL-TO-ALL INHIBITION

The random regular network with all-to-all inhibitory con-
nections considered in Sec. IV B is a reduction of a network
model with explicit excitatory and inhibitory populations (an
“EI” network). In this network the E-E connections follow
the random-regular network, while connections to and from
the inhibitory population are all-to-all. Here we present the
heuristic derivation of this reduction, which is confirmed by
the simulation results given in Fig. 4.

We follow the idea of Ref. [37], which performs a similar
reduction of a mean-field model for an EI network. The idea
behind the derivation is that we want the membrane timescale
of the inhibitory population to be fast, such that the membrane
potential of the inhibitory neurons very closely follows its
input. Second, we introduce synaptic gate dynamics for the
inhibitory neurons with synaptic timescale long enough that
the filtered spike trains approximately average the rate, allow-
ing us to use a mean-field approximation for the inhibitory

spikes.
The dynamics of the inhibitory neurons is given by
dvi(t) :
U = =Vi+ &+ ZJijnj(t) + Zjijsj(t)a

JjeE jel

rsy"@ = —s;(t) + ;1)
1 dt - i i s

ni(t)dt ~ Poiss[¢; (Vi(t))dt],
o (V)=ylV =014,

where 7; is the membrane time constant, & is the tonic input to
each inhibitory cell, 3. Ji;n;(¢) is the input from excitatory
neurons, and Y jer Jijsj(1) is the input from other inhibitory
neurons. The variables s;(¢) are the synaptic gating variables
of the inhibitory neurons, which essentially amount to an
exponential filtering of the inhibitory spike trains with time
constant 7,”". The spikes are again conditionally Poisson with
rate ¢;(V'), which we take to be rectified linear with a gain y
and threshold 6;, regardless of whether the E population is an
in vitro or in vivo network. The choice of rectified linear is so
that the rate will be linear if the input is above the set point 6;.

For 7,°" and y large enough, such that there are a reason-
ably high rate of spikes and s;(¢) is effectively averaging the

spikes over time, we can replace the spikes by the rate ¢; (V).
This step is heuristic: The time average is not equivalent to
a trial average because of the nonequilibrium behavior of the
network, but for intermediate 7,”" we expect the difference to
not be too large.

Then, for 7; — 0, the membrane potential of the spikes
essentially follows the input to the cell:

Vi) ~ &+ Y Ty + > T (Vi)

JjeE jel
=&+ ) Ty +y Y Ji (Vi —6p),
JjeE jel

where we have assumed that & keeps V;(¢) above 6; so that
the argument of the nonlinearity is positive.

Next, we assume all-to-all connectivity between the popu-
lations, and within the inhibitory population [119]:

Jie Jir
Vilt) = €14 5= D 0+ v D (Vi

JjeE _]E]

we can solve for the population mean y; = N,_1 Z[ei Vi(t) by

summing over i € I, giving

51 — ]/J1191 J1E .
Vi Ne(1 —yJir) ; !

1-— )/J]]

If the excitatory neurons have the same type of synaptic
input Z/GI Jijsi(t) ~ JF’ jel vy (V;(t) — 6p), then the excita-
tory dynamics becomes

avi()
r—

7 ~ =V + <5 — yJer9r + vJEr

I yJerJer .
J; i(1). Cl1
+J§EE</+N l_yj)j() (ChH

& — VJ1191>
1 —yJy

This is the random regular network with all-to-all inhibitory
connections that we consider in Sec. IVB. We may set,
vJu=-1,& =—yJub = +6;, and yJgJig /(1 — yJp) =
yJeJig /2 = —J(k — 24/k — 1) to obtain exactly the model
considered. In the simulations shown in Figs. 4(i)—4(1),
we choose J[E = ](k — 2\/]( — l) and JEI = ]11 = —OOS]IE,
with 7, = 0.1 and 7,”" =2, and 6; = —1.0. We chose the
inhibitory connections to not be equal to the excitatory con-
nections so that the excitatory population drives activity in the

inhibitory population.

APPENDIX D: RENORMALIZATION GROUP ANALYSIS
OF THE STOCHASTIC SPIKING NETWORK MODEL

In this section we give an overview of the renormalization
group method we developed to analyze the spiking network
model and obtain the renormalized scaling theory. We will
first give a conceptual overview of the key ideas of the renor-
malization group, before describing technical details of the
method.

1. Renormalization in concept

Conceptually, the RG method describes how our mathe-
matical descriptions of physical processes change when we
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FIG. 7. Regulation of the synaptic weight matrix by thresholding eigenvalues. Our renormalization group flow is implemented by
thresholding the eigenvalues of the synaptic weight matrices, e.g., for (a) a three-dimensional lattice and (b) random regular networks in
which the number of connections each neuron makes is fixed but the pairs of neurons connected are otherwise random. The thresholding
procedure sets all eigenvalues greater than a threshold A equal to zero. The full network is recovered as A — Anax. Note that, as in the case of
the random regular network, it is possible that some eigenvalues are isolated away from the continuous spectrum. These eigenvalues, however,
can be moved by appropriate modifications of the network connections; see Sec. IV B.

view them at a hierarchy of coarser and coarser scales. The
prototypical example of a hierarchy of scales in physics is
length scale: as we “zoom out” from the microscopic scale,
processes or structures with fine detail become less resolved,
blurring into an overall larger picture. Depending on the state
of the system, as we zoom out a system with a mix of micro-
scopic disordered and ordered regions may look increasingly
ordered or increasingly disordered on coarser scales. At a
critical point it may be hard to tell the difference: At each
zoom level the system looks statistically similar, owing to
the (incomplete) scale invariance caused by processes of all
orders being strongly coupled.

A challenge for applying the RG to neural circuitry is that
is it not clear what the appropriate hierarchy of scales is.
Coarse-graining over spatial scales may not be informative, as
connections between neurons may be long range and so such a
coarse-graining may erroneously blur together neurons whose
activities are not strongly coupled. Data-driven approaches,
like the phenomenological renormalization group developed
by Ref. [22], have proposed using the eigenvalues of the
spike-spike correlations—the “principal components”—as the
coarse-graining space and have shown that the method ap-
pears to yield good scaling collapses of hippocampal data.
However, the difficulty with using principal components in
a theoretical analysis is that it requires we compute the co-
variances of the model first so that we can compute the
principal components. Instead, in this work we show that
one fruitful choice of hierarchy of scales is the eigenvalue
distribution of the synaptic weight matrix J;;. If the synap-
tic connections between neurons are organized in a lattice,
then this choice effectively reduces to coarse-graining over
“energy shells,” which is related to the classic momentum-
shell renormalization scheme common in physics. We il-
lustrate the effect of coarse-graining the eigenspace of the
synaptic connections in Fig. 7. In the RG scheme we use in

this work, which is based on the “nonperturbative renormal-
ization group” (NPRG) method, eigenmodes up to a given
eigenvalue threshold A are progressively incorporated into
estimates of the network statistics. When A < A, the
smallest eigenvalue of the synaptic weight matrix, the network
is decoupled into independent Poisson neurons, whose statis-
tics can be evaluated exactly. As A — Apx, all modes are
incorporated. The RG method provides a means of relating
the network statistics at a particular value of A to the statistics
at A + d A, providing an interpolation from the independent
network to the network of interest.

Developing an RG scheme to study spiking network mod-
els is nontrivial and to date has not been done for models
of spiking neurons, only for network models of units with
“active” and “quiescent” states that can be loosely inter-
preted as “spiking” and “nonspiking” [12,16], or for networks
characterized by coarse-grained firing rates, rather than emit-
ting all-or-nothing spikes [33,34]. In RG studies of other
nonequilibrium systems scale invariance is visible only on
long timescales, which suggests that the discreteness of spikes
may not affect the leading-order scaling at a critical point.
Howeyver, this intuition must be checked with an actual cal-
culation. The spiking model does not admit any obvious
symmetries in its fluctuation statistics, unlike Gaussian noise,
which is invariant under inversion of the sign of the fluctu-
ations. While the mean-field theory for the in vivo network
model predicts a continuous phase transition reminiscent of
the Ising model, the lack of an inversion symmetry in spiking
fluctuations could result in a fluctuation-induced first-order
phase transition [70].

The NPRG method has been successfully used to study
many problems in condensed-matter physics [107,120-130].
For pedagogical introductions, see Ref. [131] for equilib-
rium systems, Refs. [120,123,132,133] for nonequilibrium
systems, and Ref. [134] for a broad overview. We choose
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the NPRG over the traditional Wilsonian perturbative RG
methods as it allows us to track the RG flow of the full
renormalized firing-rate intensity ®;  (y) and the effects of
the spike fluctuations beyond Gaussian order. The starting
point in a perturbative approach would typically truncate the
nonlinearity at the first few powers in a series expansion and
approximate the spiking fluctuations to be additive Gaussian
(in the case of in vivo networks) or multiplicative Gaussian
noise (in the case of in vitro networks). Our NPRG analysis
will later justify such a truncation close to the critical points,
but a priori we cannot be sure that such an approximation
does not discard “dangerously irrelevant” symmetry-breaking
terms. For example, the fluctuations in spiking activity are not
symmetric under sign inversion, unlike Gaussian fluctuations,
and these fluctuations drive a shift of the maximum gain of
the nonlinearity (9, = argmax ®} , (¥)) in in vivo networks.
If we do not keep track of this shift properly, then we would
conclude erroneously that spiking fluctuations turn the con-
tinuous phase transition predicted by our mean-field analysis
into a discontinuous phase transition [70].

Most RG methods have been developed for lattices or
continuous media in which the fluctuations are driven by
Gaussian noise, and so they cannot be straightforwardly ap-
plied to spiking network models. It will turn out that applying
the RG method to networks will be easier in the NPRG than
the perturbative formalism. We will find that in our NPRG
scheme the eigenvectors of the synaptic weight matrix J;;

avit)
dt

N o0
S[V,V,ﬁ,r’t]:Z/ ativin| =
i=1 Y ~®

V and #i are the auxiliary “response fields” that arise in
the construction of the path integral. The term (&™) —
1)¢(Vi(t)) arises from choosing the conditional spike prob-
abilities to be Poisson or Bernoulli. We do not explicitly
write the terms corresponding to initial conditions, as these
can be implemented through the source terms to be in-
troduced. To lighten notation going forward, we will use
the shorthands a-b= )", , [dt af(1)b}(t) and a-M -b =
Yijap [ dtdt’ @ OMF(t — )bE(t"), where i, j run over
neuron indices, «, 8 index the different fields {V,V,i,n} (or
their corresponding sources, to be introduced), and 7, ¢ € R
are times.

The mean-field theory of the model, Egs. (7), formally
corresponds to a saddle-point approximation of the probabil-
ity P[V, n], taking variational derivatives of the action with
respect to each of the four types of fields, with the steady-
state condition imposing V = 7 = 0. This field theory was
first developed for the spiking dynamics (marginalized over
V,V) in Ref. [45], who also developed diagrammatic rules
for calculating the perturbative corrections to the mean-field
approximation. This perturbative formalism is useful for im-
proving predictions of network statistics in parameter regimes
far from phase transitions; accurately predicting statistics in
the vicinity of a transition requires a renormalization group

+ Vi) — € —

will cancel out of the calculation. In contrast, previous work
attempting a perturbative “momentum shell”-style coarse-
graining over the eigenvalues in an equilibrium ¢* model
on Cauchy or hierarchical lattices requires several compu-
tations involving the eigenvectors of the network adjacency
matrix [79]. For general networks the eigenvectors are not
typically known and may not have convenient properties like
the Fourier modes associated with lattice models, necessitat-
ing numerical estimates or approximations that neglect the
eigenvalue dependence. At the level of the NPRG approx-
imation we perform in this work, the cancellation of the
eigenvectors in the flow equations avoids these complications
entirely.

In order to implement the RG scheme in practice, we will
formulate the stochastic system of equations for the network
as a statistical field theory, to which the methods of the
nonperturbative renormalization group can be adapted and
applied.

2. Renormalization in practice
a. Field-theoretic formulation of the spiking network

We convert Egs. (1) and (2) into a field theory using
the Martin-Siggia-Rose-Janssen-De Dominicis path-integral
formalism for stochastic differential equations [45,135-137].
The probability of the joint membrane and spiking dynam-
ics can be represented as a functional integral P[V,n] =
f DIV, ii] exp(—S[V, V, i, n]), defining the action [136,137]

N
D Tiai) | + i) — (€O = DpVi()) ¢

Jj=1

(D1)

(

approach to extend the validity of perturbative approaches
to the critical point. Typical perturbative RG treatments in
statistical physics rely on the interactions between units being
translation invariant, such that the field theory can be Fourier
transformed into momentum-space, allowing for integrating
out modes within narrow momentum bands, facilitating per-
turbative calculation of the RG flow equations. While many
models of neural activity have been formulated using lattices
or translation-invariant connections, these are seldom realistic
models of neural wiring, and it would be desirable to have an
RG formalism that does not rely on translation invariance. For
this purpose we turn to the NPRG.

b. The nonperturbative renormalization group extended to the
spiking network model

The key mathematical idea behind the NPRG method is
to define a one-parameter family of models that interpolates
from a solvable limit of the model to the full theory by
means of a differential equation that is amenable to tractable
variational approximations, rather than relying on perturbative
approximations.

The variation of the NPRG we adapt starts by modifying
the moment generating functional (MGF) Z[.A] or the related
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cumulant generating functional (CGF) W[ A] = In Z[A],

Z[A] = exp W[A))
_ /D[V,V, 7i, ’;l]e—S[V,V,ﬁ,r't]+V-h+V-i~1+ﬁ<_i+r'1»f. (D2)

The MGF and CGF are functionals of “source fields” A =
{h, h, j, j}. Note that we use the convention of pairing fields
with tildes to their partners without tildes, as all fields with
tildes may be taken to be purely imaginary. Derivatives of
the MGF evaluated at zero sources would yield statistical
moments and response functions of the joint spike train and
membrane potential statistics, while derivatives of the CGF
yield cumulants or centered moments and response functions.

Computing Z[A] or W[A] exactly would therefore con-
stitute an exact solution of the stochastic spiking model. In
practice, this is intractable, except in special cases. One such
special case is the limit of no synaptic coupling: J;; = 0.
In this case the neural spikes are just independent Poisson
processes driven by membrane potentials that sit at the base-
line £. This motivates the choice of regulating the synaptic
weights between neurons by replacing J;; with J;j.», where
A parametrizes the family of models that interpolates from
the network of independent neurons to the actual network we
want to study.

Because we need only interpolate between these two end-
points, there are many choices we could make for A. For
the symmetric networks we consider in this work a natural
choice is to use A as a threshold on the eigenvalues of the
synaptic weight matrix, defining J;;.,o by setting to 0 any
eigenvalues greater than A. This choice defines a family of
MGFs, Z4[A], indexed by the value of the eigenvalue thresh-
old A € [Amin, Amax], Where A, and A, are the smallest
and largest eigenvalues of the synaptic weight matrix. We can
relate the MGF at one value of A to its value at A + dA by
taking a partial derivative of the definition (D2). The deriva-
tive will bring down a factor of )_,; [ drdt’ V;(t")xJn.ij(t —
t")n;(¢") inside the path integral; the factors of Vi(t) and n(t)
can be replaced with variational derivatives with respect to
their conjugate sources, allowing us to pull the differential
operator outside of the path integral, giving

~ 82 ZA[A]
e A= 3 [ datonins i

While this looks like a kind of linear differential equation for
the functional Z,[A], in practice it is actually more useful to
transform this into a flow equation for a related object, the
average effective action (AEA) I'[ x]. The regulated AEA is
defined as a modified Legendre transform of the CGF W, [A],

Talxl=-WalAl+x - A—1x-U—=Jal-x, (D4

where x = {V, ¥, D, v} can be thought of as the expected
values of the fields {V, V, i1, n}, respectively, in the presence
of the sources. The conjugate sets of fields are defined as
functions of each other via the relations

rSF[X ]

SWIA]
Xi(t) = ————, or A1) =
(S.A,‘(l) 1( )
allowing conversion between the CGF and the AEA. The

term J — J, in Eq. (D4) couples only v and v fields. By

(D3)

(D5)

construction, 'y—,,. = S[x] is the mean-field theory of the
spiking network model and I'y 4, [x] = I'[x], the true AEA
of the model. Note that while the mean-field equations (7)
derive from the saddle-points of the action S, the equations of
motion for the true means are saddle-points of the AEA T.
Adapting the derivation in Ref. [133], we can show the
AEA obeys the celebrated Wetterich flow equation [138],

0ATs = LTr[0sRs - [TP +RA]']. (D6)

where Tr denotes a supertrace over field indices x, neuron
indices, and times. F(z) is a4N x 4N matrix of second deriva-
tives of I", with respect to pairs of the fields x, Ry =J — Ja,
and the factor [Ff\z) + Rx]7! is an inverse taken over matrix
indices, field indices, and time.

The Wetterich equation is exact, but being a functional
integro-partial differential equation it cannot be solved in
practice, and approximations are still necessary. Despite the
flow equation for (D6) appearing much more complicated
than (D3), the advantage of using ['s[x] over Z4[A] is that
the AEA shares much of its structure with the original action
S, allowing us to better constrain our nonperturbative approx-
imation. The standard approach is to make an ansatz for the
form of the solution, constrained by symmetries or Ward-
Takahashi (WT) identities, and employing physical intuition.
The action of the spiking network model does not readily
admit any obvious symmetries, but we can derive a pair of
Ward-Takahashi identities that allows us to restrict the form
of the AEA.

The common approach to deriving WT identities is to
perturb a field by an infinitesimal amount and demand
the resulting linear variation in the action vanishes [128].
However, an alternative approach is to derive Schwinger-
Dyson equations [139]. Because total functional derivatives
of e $tA* with respect to a single field must vanish,
it follows that [ DIV, v it, n](— W (,) + hi(1))e SHAY =0

and [DIV,V,#,nl(— 5’1 (t) + ji(t))e STAY =0, where A-

x=h-V+h-V+j i+ ]-n. By evaluating the functional
derivatives of the action and replacing fields with derivatives
with respect to their conjugate sources, we obtain equa-
tions that the moment generating functional must satisfy:

( d >3Z[A]
T— +1 =
dt Sh;(t)

and

3Z[A]

(hi(t) + E)Z[A] + ZJ,, 0
]

(SZ[.A]
8ty

SZ[A]

= ji)Z [A]+Z ) Tji.

Using the definition Z, = exp(W,) to write these identities
in terms of the CGF W, and then using the relationships
(D5) to replace sources with variational derivatives of I and
derivatives of V¥ with the expectation fields, we conclude that
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the AEA must have the form

A1) al
’d—} + i) — € — ;Ji_,-v_,-m + Di(Ovi(t) t + YD, ¥, (D7)

N 00
gy o= [ dr L)
i=1 Y7
where J is the true synaptic coupling, not the regulated coupling J,, and the functional Y[¥, 1] couples only the spike-response
fields ¥ and the membrane-potential fields .

Our result for Eq. (D7) shows that the membrane dynamics are unrenormalized by stochastic fluctuations—only the
interactions between the membrane potential and the spiking statistics are renormalized, and we need only derive the RG flow for
the functional Y5 [¥, ¥]. The nonrenormalization of the dynamics is a result of their linearity; had the dynamics been nonlinear,
these nonlinear terms would also be renormalized and we would have to track their flow.

To proceed, we exploit the fact that the networks we consider in this application have a leading homogeneous mode
(i.e., Z?]:l Jij = JAmax); in the remainder of this Appendix we absorb the synaptic strength J into the definition of the
eigenvalues. We follow previous NPRG work by performing a local potential approximation (LPA) in which we set the fields to
time- and index-independent values ¥;(¢) = ¥ and ¥;(¢) = . This reduces Y to a function we need to solve for, not a functional.
We define the “local potential” [140] U, by

YalV, ¥1lso)=, pi)=y = —NTUAD, ¥), (D8)

where square brackets denote functionals and round brackets denote a function. The proportionality factors N and T are the
number of neurons and the duration of the spike train, which become infinite but cancel out of the flow equation.

Using this approximation, we compute the functional derivatives of ', in the matrix I'®, and then evaluate them at
homogeneous values 7;(f) — ¥ and v;(t) — 1. After inserting the homogeneous fields, it is possible to invert I‘(AZ) + R, in
closed form. The super-trace Tr involves a sum over the four fields, neural indices, and temporal frequency. The trace over the
fields can be resolved, giving the finite-N flow equation

5 1 *® dw ;i . 2 -
OAUA(D, Y) = ﬁ/ Ztr[aAJAe‘”g[(lwt + l)UI(Xl’l)]INxN — ((UI(XI’I)) — UI(\Z’O)U/(XO’Z))J‘,T\] Er(w)
—0o0

a I —iwe r= | . 1 U H U 2 U ,0 U 0 |
A TAe 8"‘1\ (6()) ( lwT ) A(l’l) NxN (( 1(\1!1)) 1(\2 : z(\ ‘2))JA s (D9)
Where the trace tr iS over neural indices and

Ea@) = [| — it + 1Py = UL (JaGot + 1) + Jh (—ior + D) + (U8") = 02OUL?)105] "

+iwe

(D10)

The factors e serve to impose the correct closure of the integral contour in the complex plane, an ambiguity that arises due
to the continuous time limit [123]; the limit &¢ — O can be taken after the frequency integrals are evaluated using the residue
theorem. We have suppressed the arguments (¥, ) on the derivatives of U, on the right-hand sides of Egs. (D9) and (D10)
for brevity. These expressions hold for any synaptic weight matrix J and its regulated counterpart J,, including asymmetric
matrices. However, for asymmetric matrices it is difficult to evaluate the trace in closed form. We therefore focus on the tractable
case of symmetric matrices J = J7, for which the entire matrix expression inside the trace can be diagonalized [141]. As long
as we regulate only the eigenvalues of J, and not the eigenvectors, the cyclic nature of the trace will cause the eigenvectors to
drop out of the flow equation entirely.

We construct J, by replacing the eigenvalues A of J with A®(A — 1); i.e., any eigenvalue greater than the threshold A is set
to 0, while eigenvalues less than A retain their value. In order to compute the factors d,J, that appear in the flow equation, we
first take the N — oo limit so that the sum over eigenvalues becomes an integral weighted by the eigenvalue density p; (). To
evaluate the X integral we interpret the hard threshold ®@(A — A) as lima o 2((A — X)/A) for some smooth sigmoidal function
h. Changing variables from A to y = A((A — A)/A) allows us to take the A — 0 limit and then evaluate the y integral, which
yields the flow equation

- - - 2 - -
IWUAD, Y1) = 3o (M1 = AUV (@, 9) — \/(1 — AU, ) = UG UEY 0 9)), D1
[
where p;()) is the eigenvalue Elensity of J;; and the initial form
condition is Un=n,, (V, ¥) = (¢ = Do@W). In @y A (Y) = P2 (A)F(P1 as -+, Ponas P )
In practice, we do not solve Eq. (DI11) directly. In-
stead, we expand U, (D, ¢¥) = anozl lr)n_;q)va(w)’ introducing (D12)

an infinite set of effective nonlinearities ®,, 5 (). We ob-
tain a hierarchy of partial differential equations for these
nonlinearties by differentiating Eq. (D11) m times with
with respect to ¥ and then setting ¥ = 0. This proce-
dure will yield the hierarchy of flow equations of the

The functions F,, depend on the nonlinearities as well as
derivatives of those nonlinearities with respect to ¢, which are
not denoted explicitly as arguments. The primary nonlinearity
of interest will be the nonlinearity ®(y) = & 4, (¥), which
appears in the renormalized equations for the dynamics of the
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trial-and-population-averaged means introduced in Sec. IIIC,
Egs. (12) and (13). However, to understand the origin of
anomalous critical exponents at the phase transitions in both
the in vitro and in vivo networks, it will be necessary to
compute contributions from higher-order nonlinearities.

The hierarchy at level m depends only on the next-order
nonlinearity ®,,11 4 (). This provides a convenient means
of closing the hierarchy and solving a finite system of equa-
tions for the nonlinearities. We close the hierarchy at order
M by making the approximation @,,-p ()~ & A ().

J

AP A(¥) =

P (A)A? @ 4 (Y)PT L (Y)

This closure approximation is motivated by the idea that
closing the hierarchy at M = 1 would amount to the approx-
imation Ua (D, ¥) = (e’ — 1)@, A(¢); i.e., the nonlinearity
is renormalized but not the “Poisson-ness” of the spiking
fluctuations. Cutting the hierarchy off at higher orders m
amounts to truncating an expansion of U, in powers of
e’ — 1, effectively limiting how non-Poisson the spiking
becomes.

As a concrete example, the flow equations for ®; A (y) and
@, A () work out to be

4t

4AD A (Y)Dy , (W)D] A (V)

D13
1— A, () (D13)

A Az A2<I> 2cb// 2
g a () = ) [ AP A (¥)

87 (1—AD| ,(¥))?

We remind the reader that in these equations we have absorbed
the synaptic strength J into the definition of the eigenvalue A.
The initial conditions are ®,, o, (¥) = ¢(), with boundary

conditions P, 5 (V) ¢ () for in vivo networks and
®,, A (0) = 0O for in vitro networks, where we take i = 0 to be
the activation threshold. The numerical solutions for ® () =
®; A, () plotted in Fig. 8 are obtained by numerically
solving Eq. (D13) up to fourth order (m = 3, 4 equations not
shown).

While we cannot solve the hierarchy of equations in closed
form, we show next that we can analytically extract the
anomalous scaling behavior when the network is tuned close
to a critical point. This anomalous behavior emerges in the
solutions of the hierarchy (D12) when 1 — A®) , (¥ )—the
denominator in Eq. (D13), which appears in all equations in
the hierarchy—vanishes. This factor is finite when the net-
work is in the subcritical regime and A < Apax, but at a
critical value of J = J, there is a point ¥ = 1. at which the
denominator vanishes at the end of the flow. The overall so-
lution does not diverge, but becomes nonanalytic, depending
on noninteger powers of ¥ — .. For J > J. we expect the
denominator to remain finite, though possibly small, for A <
Apmax, but as A — A~ the denominator 1 — AmaXCD/LA(lj/)

max

vanishes for all ¢ € [¥_, ¥4] and ®; 4, () becomes ex-
actly linear on this interval, as seen in Fig. 8. The end points
Y4 represent the possible metastable states of the network
in the supercritical phase, and the interval [y _, ¥, ] repre-
sents a coexistence region between metastable states. This is
directly analogous to the development of the nonanalyticity
in the free energy of the Ising model in the ordered phase

[18].

lim || —00
~

¢. Universality in the renormalization group flow

So far, our RG treatment of the spiking network model
has implemented the first step of an RG procedure, coarse-
graining. To extract the anomalous scaling behavior of the
nonlinearities close to the critical point, we need to implement
the second RG step, rescaling.

(I—A®] ()

43 A (Y)Y A (W) +2P2 A (V)DS , ()
1—AD| , (V) '

(D14)

In the NPRG context, the rescaling procedure will amount
to identifying an appropriate nondimensionalization of the
hierarchy of flow equations Eq. (D12) and searching for fixed-
point solutions. We make the change of variables

D1 a() =TT+ Ay (¥ = 6) ¢ 20

X g1 ((F = ) ), (D15)
By A (Y1) = €O, (= 0, PT),
(D16)
where we define the “RG-time”
Amax - A
=-In{i——F— 0, 00); D17
s n(Amax_Amin> € [0, c0) (D17)

we define s to be positive, in contrast to the convention in
some NPRG works. In the first nonlinearity we remove the
running baseline firing rate [Ty = ®; 5 (6;) and the critical
slope A;;X(w — 6y), as these would become infinite offsets
under our rescaling procedure. In the in vitro networks Iy = 0
and 6, = 0, as stochastic fluctuations do not generate activity-
independent spiking, nor do they shift the activation threshold
of the effective nonlinearity.

This change of variables introduces the “dimension-
less” nonlinearities ¢,, ;(z), which represent centered and
rescaled versions of the nonlinearities ®,, o (¥), where z =
(W — 0,)es@/ 2-m) is the dimensionless membrane potential
centered on the running set point 6; = argmax @ , (¥). The

factor €*@/21) ig a “running” scale-factor that zooms in on
this point, where d is the spectral dimension of the network
[Eq. (15)]. Similarly, the factors e~5d/2H1=mnY) geale down
the amplitudes of the nonlinearities ®,,  (¥); the factor sy
originates from a rescaling of the spike response field ¥ =
Ze’”’fx, which defines the running exponent nf, to be deter-
mined shortly. We omit some dimensional constant factors
that depend on the eigenvalue density and initial values of the
couplings, as these do not contribute to the critical exponents.
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FIG. 8. Effective nonlinearities on different networks with effective dimension d = 3 and synaptic strengths J = {J../2, J., 2J.}. [(a) and
(b)] Effective nonlinearities for a cubic lattice of N = 143 neurons for an absorbing state network (a) with J. &~ 0.825 and a spontaneous
network (b) with J. ~ 1.165. [(c) and (d)] Effective nonlinearities for an excitatory random regular network of N = 2!' neurons for an
absorbing state network (d) with J. &~ 2.17 and a spontaneous network (d) with J. ~ 3.75. [(e) and (f)] Effective nonlinearities for an effective
excitatory-inhibitory population with sparse excitatory-excitatory connections and dense (all-to-all) connections between other pairs, with
N = 2! neurons, for an absorbing state network (e) with J. ~ 2.32 and a spontaneous network (f) with J, ~ 6.0. In all cases the blue data
points are simulated data averaged over 100 trials. The red dashed curves overlaying the data for each J are the predictions of the hierarchy
of nonlinearities [Eqgs. (D12)] with the truncation ®s () &~ ®; A (¥). The black dashed lines correspond to the mean-field prediction,
@, A () = ¢(¥). The curves in the supercritical phases are less accurate because the solution becomes nonanalytic, which is difficult to

capture numerically.

Our choice of scaling factors renders the flow equations for
©m.s(z) asymptotically independent of s for s > 1, e.g.,

2

d oo Les@ef ()
+[<2 "")Z g"}‘““‘@_z T=¢l,@

(D18)

d X
3s<ﬂ1,s(Z) —\{z+1- N <P1,s(Z)

with similar but more complicated equations for higher-order
©m.s(z). There is also a flow equation for IT, but while it is
driven by the flow of the ¢,, 5(z), it does not couple back into
the nonlinearities. When searching for fixed points of the flow
equation we may thus ignore the flow of Iy, though it will
converge to a (nonuniversal) value v, at the end of the flow
that determines the mean firing rate at the critical point.

In in vivo networks the term ¢, = e"@/21)3.6, is neces-
sary to fix ¢{ (0) =0 for all s throughout the flow, which
follows from centering our rescaling point around 6; =
argmax @/ (¥). ¢, depends on several derivatives of ¢, ((z)
at z = 0, and we will find that at the critical point {, = 0. In
in vitro networks 6; = 0, and hence ¢, = 0.

Similarly, n¥ is chosen to either impose a relationship
between derivatives (as we will do for in vitro networks) or fix
one of the derivatives of the nonlinearites to 1 (as we will do
for in vivo networks) and will depend on derivatives of ¢, (z)
atz =0.

Although Eq. (D18) is only valid for RG times s — oo, we
retain some autonomous time dependence for the purposes of
performing linear stability analyses around fixed points of the
flow. That is, we will expand the dimensionless nonlinearities
around their fixed points, @, s(2) = @ms(2) + vy (2), to
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obtain a system of equations for the eigenmodes of the RG
flow, vy, ¢(z), and their associated eigenvalues p,. If @ > 0,
then the eigenmode is “relevant,” and the RG flow is repelled
away from the critical point along the directions vy, ¢(z). If
e < 0, then the eigenmode is “irrelevant,” and projections of
the dimensionless nonlinearities onto the modes vy, ¢(z) will
decay. However, despite this decay, we will show in Sec. D2 f
that the irrelevant eigenmodes are important for understanding
the shape of the effective nonlinearity ®; A ().

We cannot solve Eq. (D18) and its higher-order siblings
exactly, as they are nonlinear partial differential equations,
so we use a combination of perturbative and nonperturbative
techniques to estimate the fixed points. Our scheme involves
first estimating the fixed points with a low-order nonpertur-
bative approximation, which gives a qualitative picture of the
transition and determines the appropriate expansion parameter
to use in a perturbative solution of our flow equations for di-
mensions close to the upper critical dimension, the dimension
above which the only stable fixed point of the flow equation is
trivial. This perturbative solution can then be used to seed an
iterative root-finding routine to solve for the fixed points of a
higher-order nonperturbative expansion. Here we only show
the minimal truncation to illustrate the qualitative ideas of the
truncation procedure and quote the results of the higher-order
truncations.

The nonperturbative method involves expanding ¢,, ;(z) in
a series around z = 0 and truncating at a finite order,

[
8mn,s _p
Qam,s(Z): E _I’l' Z, (D19)
n=1 ’

where we have defined the dimensionless running couplings
@ (0) = gyn,s- Truncating this series does not reflect an as-
sumption that the variable z is small but constitutes a further
variational projection onto a reduced solution subspace, simi-
larly to how RG analyses of the Ising model often track only
the flow of two couplings, despite coarse-graining generat-
ing couplings of all orders. After choosing a finite number
of couplings to consider, we obtain a system of differential
equations by differentiating the flow equations for ¢,, ;(z) with
respect to the appropriate powers of z and evaluating at z = 0.

For a low order truncation in just a few of the g, s terms
we can analytically solve for the fixed points and determine
their dependence on the difference between the upper critical
dimension d, and the spectral dimension d. A linear stability
analysis around these fixed points also gives an estimate of the
critical exponent v,.

Our analyses are slightly different for in vitro and in vivo
networks, owing to the choice of nf , which we consider
separately below.

d. In vitro networks

Nonequilibrium models with absorbing states, such as the
inactive state of our in vitro model, often fall into the directed
percolation universality class [82], with exceptions when there
are additional symmetries satisfied by the microscopic ac-
tion [142]. The primary symmetry of the directed percolation
universality class is the “rapidity symmetry.” Translated into
the spiking network model, rapidity symmetry would corre-
spond to an invariance of the AEA under the transformation

D;(t) < —cy;(t), where ¢ is a constant chosen so that the
terms ¥;(#);(¢)* and ¥;(t)>;(¢) transform into each other, in-
cluding their coefficients. The spiking network does not obey
this symmetry; however, most models in the DP universality
class do not exhibit rapidity symmetry exactly: It is instead an
emergent symmetry that is satisfied after discarding irrelevant
terms in an action tuned to the critical point [143].

To demonstrate that the spiking network model belongs
to the directed percolation universality class, we choose the
running exponent 7% to impose the rapidity symmetry rela-
tionship on the couplings g»; s and g2 ;. Note that because all
couplings gu..s with n = 0 are initially zero, they remain so
throughout the RG flow, so g»; s and gi» ; are the lowest-order
couplings we may use to fix n¥. Rapidity symmetry renders
8215 = —g12,5 for all s, a hallmark of the Reggeon field theory
action that describes the directed percolation universality class
[82,132]. We can then show that ¢,.(z) =0, nX =d/4 is
a trivial fixed point that loses stability below the upper crit-
ical dimension d. = 4. Below the upper critical dimension
8125 Or g1 can flow to nonzero fixed-point values g}, =
—g5, for a fine-tuned value of J. We assume that ¢'(07) > 0
and ¢"(0") < 0, which determines that g, ; < 0 and hence
g21.5 > 0 [144]. We will focus on gy; 5 in our presentation of
the RG flow in the space of the couplings g1, ; and g ;.

The running exponent n¥ can be defined by differentiating
the flow equations to derive equations for g s and —g»; s and
equating them. This reveals that

d 1 — ,

D20
R (020)

In general, rapidity symmetry requires g, = (—1)"""g* at
the fixed point [132]. Because the bare action S[V,V, i, n]
is not invariant under rapidity symmetry, this relation is
not obeyed by g,,s and g, at finite s but is attained in
the s — oo limit. In this limit, nf =d /4 for all d and the
anomalous exponent 1, o nX —d/4 is always 0 within our
approximation. Note that because rapidity symmetry imposes
a relationship between g7 and g7, to properly capture such
a fixed point we must include both terms in any truncation we
make; i.e., if we truncate at order z", then we must include
these terms from all nonlinearities up to ¢,,,—, s(z).

We can understand the qualitative features of the RG flow
of the in vitro networks by considering only the couplings g1 s
and g, 5. The flow equations for these two couplings are

l g%l,s
21 _gll,s’
4—d

15— ggl,x
4 T = gi)?

The RG flow of Egs. (D21) and (D22) in the gi;—g»; phase
plane above and below the upper critical dimension d = 4
is shown in Fig. 9. In d > 4 only the trivial fixed point
(g5, &) = (0,0) exists, while in d < 4 we find the fixed-
point solution

0s811,s = 81,5 — (D21)

05821, = (D22)

4—d 4E—d

2-d T JP_o4d 1144

with g1, = —g5;.

* —
811 =
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FIG. 9. (a) Renormalization group flow of the in vitro network model in the space of the couplings g; and g, for effective dimensions
d > 4 and d < 4, where 4 is the upper critical dimension. In d > 4 only a trivial fixed point exists, while in d < 4 two equivalent fixed points
exist, with g5, > 0 selected by the initial conditions of the network model. The stable and unstable manifolds (solid lines) are colored according
to the critical points (saddle nodes), with blue indicating the stable manifold and red indicating unstable manifolds. (b) Correlation length
exponent for the absorbing state network as a function of the effective dimension d. Obtained using the third- (dark blue triangles), fourth-
(light blue circles), and fifth-order (green squares) truncations. The nonperturbative analysis appears to break down at d < 2.78 within the
local potential approximation. (c) Critical nonlinearity and eigenmodes of the directed percolation critical point in d = 3, calculated up to order

5 8

m, n = 5. Black solid lines correspond to the effective nonlinearity ¢f (z) = Y _,_, -z" and its eigenmodes, while red dashed curves correspond

to — ZS Sn1 (—2z)". If rapidity symmetry is obeyed, then the black and red curves will match. We see that rapidity symmetry is obeyed by the

n=1 n!
critical nonlinearity and several eigenmodes, though some eigenmodes [here v,(z)] possess a different symmetry, g%, = (—1)"™*g* . The

eigenvalues of the modes are ;; = 2v,)" '~ 0.85, uy ~ 0, u3 ~ —0.28.

By performing a linear stability analysis around the fixed
points we can estimate the correlation length exponent v, from
the largest eigenvalue of the stability matrix, p: v, = (2u)~".
The factor of 1/2 is included so that the value of v, matches
the numerical values obtained in prior work in translation-
invariant systems like lattices. When d > 4 the trivial fixed
point has one negative and one positive eigenvalue, signaling
the fact we must tune only one parameter to arrive at this fixed
point. The positive eigenvalue is u = 1, giving v, = 1/2, as
expected. In d < 4 the trivial fixed point becomes wholly un-
stable as it splits into the pair of nontrivial fixed points shown
in Fig. 9(a), which each have a stable and unstable direction,
and the eigenvalue of the flow along the unstable manifold
gives the correlation length exponent, which we give for
d— 4" is v, 2 1/2+ @ —d)/16—T7/1284 —d)* +--- .
The expansion of v, near d = 4~ matches the one-loop per-
turbative estimate of v, for the Reggeon field theory [82].

Although within this minimal truncation we obtain an ex-
pression for v, valid for all d < 4, the expression for v, begins
decreasing nonmonotonically as d is lowered below ~3.2.
This nonmonotonic behavior is an artifact of the truncation, as
we confirm by increasing the truncation up to order z°, beyond
which the calculations become computationally expensive.
We indeed still find the nontrivial fixed point with rapidity
symmetry, for which we estimate the critical exponent v, by a
linear stability analysis in the higher-dimensional phase space.
We confirm that the fixed point with rapidity symmetry is
not unstable to some other fixed point lacking that symmetry:
The DP fixed point has only a single relevant direction for

2.78 < d < 4. For d — 2.78% the estimates for v, diverge
for our z3 and z* truncations and numerically generates er-
roneous complex eigenvalues at lower d in our z° truncation,
as shown in Fig. 9(b). In Sec. IV we showed that the critical
exponents of the directed percolation universality class in
d = 2 successfully yield a scaling collapse, indicating that the
critical phenomena are still controlled by the DP fixed point in
d < 2.78.Itis well known in the NPRG literature that the LPA
tends to break down far below the upper critical dimension,
when the value of the anomalous exponent grows larger, so
this may be an indication of the breakdown of the LPA for the
in vitro spiking model.

In Fig. 9(c) we plot the critical nonlinearity in d = 3,
estimated from a truncation up to O(z>), along with the corre-
sponding components of the eigenmodes of the linear stability
analysis around this fixed point. We plot these against the
function —@.(—z), where @1.(z) => o, g;”;—',‘ ™ If rapid-
ity symmetry is obeyed by the fixed point, then we expect
¢ (z2) = —@1.(—2), and similarly for the eigenmodes. We see
that one of the eigenmodes does not obey rapidity symmetry,
which is to be expected because the bare action S V.V, i, n]
does not obey this symmetry. This particular eigenmode is
marginal, having an eigenvalue numerically on the order of
10~ (which appears to hold in any dimension d < 4), though
many irrelevant eigenmodes with © < 0 also lack rapidity
symmetry (not shown). Empirically, the modes lacking rapid-
ity symmetry appear to obey a different symmetry between
coefficients, v(z) = —(—z). While it is possible that another
critical point exists possessing this symmetry, it appears to
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be unstable with respect to the DP fixed point, at least in
dimensions 2 < d < 4.

e. In vivo networks

We now consider the case of spontaneously active
networks. The fact that there is a membrane potential-
independent component of the fluctuations in the spontaneous
networks suggests we should choose the running exponent
nX to keep the coupling g0 = 1 for all s. This condition is
tantamount to choosing the Gaussian part of the action to be
invariant under the RG procedure. To enforce this restriction
we find that n¥ must be set equal to

X = d+2 &g
s T g 2

1 gms
41 _gll,s7

(D23)

where the condition that g1 ; = 0 for all s gives that ¢; must
be equal to

1 s 2 s s
¢ = 184 813,5821, ‘ (D24)
2 (1 —gus)813s
The trivial fixed-point  solution is  @ux0.(2) =

0,0 (2)=1, n¥= %, ¢ = 0. Note that because of

the factor g14,/813.5, we must carefully show that gj4y — 0
faster than g3 — 0.

A linear stability analysis of this fixed point shows that the
coupling g;; s is unstable at any d, and its initial condition
must be fine-tuned (by tuning J) to bring the network to the
critical point. As d is lowered below 4 the coupling g;3 s be-
comes relevant, and the celebrated Wilson-Fisher (WF) fixed
point emerges from the trivial fixed point. The WF fixed point
controls the critical properties of the Ising model universality
class, and hence in vivo networks are in this universality
class as well. The WF fixed point has an inversion symmetry
Z.,, which translates into evenness or oddness of the effec-
tive nonlinearities, @,(—z) = (—1)"@u(z). If this were a
symmetry of the bare action S [V, V, f, 1], then it would corre-
spond to an invariance of the action under the transformation
#,V—0) <« (—i, —(V —0)). However, the action (D1)
does not possess this symmetry: The size of spiking fluc-
tuations at low firing rates are different from those at high
firing rates. Because symmetry-breaking terms are normally
relevant, and will drive RG flows away from the critical point,
we might worry that the WF fixed point cannot be seen in the
spiking network model and the transition becomes discontin-
uous [70]. However, our linear stability analysis of the WF
fixed point confirms that the WF fixed point does not lose
stability when symmetry-breaking terms are present. The Z,
symmetry is simply an emergent symmetry that holds close to
the critical point [145].

We validate our above claims by making a minimal trunca-
tion of ¢1,,(z) = g11,52 + 813,522 /3! + g14,2* /41, 25(2) =1,
for which n¥ = (d +2)/4 and ¢ = g1a.s/(1 — g11.5)/813.5-
We include the g4 term to show that the Z,-symmetric RG
fixed point is not unstable to this mode, despite breaking the
symmetry. We do not include higher-order terms in ¢, ;(z), or
any components of ¢,,>3(z), as it can be shown that these
terms are irrelevant at the trivial fixed point in d > 2 and may
be neglected in this analysis.

The system of equations for the three couplings, plugging
in the expressions for n¥ and ¢, is

1 giss
0811 = Gl + 5 o (D25)
21 =g
9 g 4 — dg + 3 g213,s 1 g214,s
s813,s = —— 813,s = - = s
4 2(1—gns)? 201 —gigiss
(D26)
10 — 3d 58145813,
0s8las = ———8l4s + ———. D27
814, RIS + (1—gn.) (D27)
The nontrivial fixed point solution is
. 4-d
M=j0—a
s _ _1o 4—-d
3= 7 0 —ay
g4 =0.

We plot the RG flow in the g;;—g;3 plane in Fig. 10(a).
The linear stability analysis around this fixed point yields
three eigenvalues, of which one is positive and two are nega-
tive when d < 4. The eigenvector associated with the positive
eigenvalue, v;(z), obeys the Z, symmetry, as does the eigen-
mode v,(z). The other irrelevant eigenmode, however, is an
even function, breaking the Z, symmetry but nonetheless not
affecting the leading-order critical behavior of the network.
We omit the exact expressions of the eigenvalues and eigen-
vectors, as they are rather unwieldy and offer little insight,
but for higher-order truncations we plot the correlation length
exponent versus dimension in Fig. 10(b) and the eigenmodes
in d = 3 in Fig. 10(c).

For higher-order truncations of the power series we find
that the estimates of v, appear to converge as we increase
the order of the truncation but eventually become more and
more difficult to solve numerically. This said, our estimates
close to d =3, v, = 0.7 at O(z*°) match reasonably well
with the known exponent of the Ising model universality class,
v, = 0.63.

f- The effective nonlinearity near and at criticality

Finally, to connect back to the Widom scaling forms we
clarify how the effective nonlinearity ®(i) relates to the
dimensionless nonlinearity ¢j(z) and the eigenmodes vj ¢(z).
In doing so, we explain why the effective nonlinearity clearly
depends on the bare nonlinearity ¢(V'), a nonuniversal prop-
erty of the network, even when near or at a critical point.

Consider a perturbation away from the fixed point,
¢15(z) = ¢ (2) + 8¢,(z). This perturbation is determined by
the decomposition of the bare nonlinearity ¢(V') into a series
of eigenmodes near the fixed point:

015(2) = @} () + Y _ cee" vy 4(2), (D28)
12

where (. are the eigenvalues, which are noninteger in general,
v1.¢(z) is the corresponding eigenmode to the ¢; (z) compo-
nent, and ¢, are the loadings onto each of these eigenmodes.
In order for the model to be at a critical point the load-
ings ¢, corresponding to the relevant directions with positive
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FIG. 10. (a) Renormalization group flow of the in vivo network model in the allowed range of the couplings g;; and g3, for effective
dimensions d > 4 and d < 4, where 4 is the upper critical dimension. In d > 4 only a trivial fixed point exists, while in d < 4 the nontrivial
Wilson-Fisher fixed point enters the valid range parameter range and has exchanged stability with the trivial fixed point. The stable and
unstable manifolds (solid lines) are colored according to the critical points (saddle nodes), with blue indicating the stable manifold and red
indicating unstable manifolds. (b) Correlation length exponent (v*) estimates for the Wilson-Fisher fixed point as a function of the effective
dimension d, obtained using several truncations of the dimensionless nonlinearity ¢} (z) up to order z%°. (c) Critical nonlinearity and eigenmodes
of the Ising model critical point in d = 3, calculated up to order m = 1, n = 11. The eigenvalues of the modes are u; = (2v,)~! = 0.73,
H2 = —0.18, u3 = —0.81. At the Ising model fixed point the critical nonlinearity is an odd function ¢} (—z) = —¢{(z). This symmetry is also
obeyed by several eigenmodes, while other eigenmodes are even. Despite breaking the Z, symmetry, the even eigenmodes are irrelevant at the

fixed point.

eigenvalues p; > 0 must be tuned to zero in order for the
RG dynamics to lie on the critical manifold. The irrelevant
directions, corresponding to negative eigenvalues p, < 0, will
decay as s — 0o. At the critical points we focus on in this
work there are two modes with positive eigenvalues. The
first is the trivial constant mode v; o(z) o 1, which only con-
tributes to the running baseline rate I1; and will not drive
the dimensionless nonlinearity further away from the critical
manifold. The loading c¢; of the other mode with positive
eigenvalue determines how close the network is tuned to the
critical point, and the “correlation length exponent” v, is de-
rived from this eigenvalue by the definition 1; = (2v,)~'. The

J

flow of the nonlinearity only depends on the synaptic weight J
(through the maximum eigenvalue Ap,y), not £, so we expect
c; o« J. — J close to the critical point.

The effective nonlinearity ® () is related to the dimen-
sionless nonlinearity by

() = ve = A (¥ = V)
= lim e (@ — p)e PT),

In in vitro networks both Il; — v, and ; — ¥, may be set
to 0. To see how the RG critical point shapes the effective
nonlinearity, we first plug in the expansion (D28),

D) = v = A (Y = Yio) ~ &P (o — o))

_ . ¢ s X X X
—e s(d/2+1-n3) cres vl((w _ 1/fc-)€s(d/2 M )) + @T((W _ wc)es(d/Z U/ )) + Zczeﬂwvl,l((w _ I/IL-)eS(d/Z M ))

22

where we have separated out the £ = 1 term from the eigenmodes. We can understand the origin of scaling by imagining
that for ¢; o J. —J # 0 we only run the RG flow out to an RG time s such that |J. — J|eZ= = const. We can thus replace
e’ o |J, — J|7%" in the eigenmode expansion above, which yields

OW) = ve = A (¥ — Vo) ~ e = TP £2(( — o)l = J| 72270

+ ZCHJC . le”*(‘l/ZH_"f_W)ULz ((W — Y. — J|—2v*(d/2—nf)),

2

where f*(z) = const x v1(2) + ¢«(z). To take stock of what
we have derived, Eq. (D29) relates the effective nonlinearity

(D29)

(

@ (1 )—which depends on the details of the bare nonlinearity
¢(V)—to the detail-independent universal properties of the
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RG fixed point: the fixed-point function ¢,(z), eigenmodes
v¢(z), and the critical exponents v,, nf, and .. These uni-
versal quantities depend only on the properties of the RG
critical point. The nonuniversal terms on the right-hand side
of Eq. (D29) are the loadings c,, which describe the initial
projection of the bare nonlinearity ¢ (V') on to the eigenmodes
of the RG critical point [146]. Thus, we see that nonuniversal
information about the microscopic features of the model enter
through the loadings ¢, associated with the corrections to
scaling and ultimately shape the effective nonlinearity ® ().
Importantly, although the RG critical point possesses an emer-
gent Z, symmetry, this symmetry is only inherited by ¢ (z),
not the eigenmodes v; ¢(z), due to the fact that the bare action
is not Z, symmetric. This is why the nonlinearities ® () — v,
we observe in our simulations and by solving Eq. (D13) are
not odd functions in ¥ — ¥, even though the bare nonlinear-
ity ¢(V) — ¢(0) is an odd functionin V — 6.

As the network is tuned to its critical point at J = J,, the
critical nonlinearity retains its dependence on the nonuniver-
sal ¢, and its lack of an overall Z, symmetry. One can show

1
the asymptotic behaviors ¢, (z) ~ Adsz and vy ¢(z) ~
-
B@Zl+"/2’:§ as |z| — oo, and the factors of J. — J ultimately
cancel out of Eq. (D29) to yield the critical nonlinearity

DY) = ve — Ar;zlix(w —¥e)
_1 1+
~ A =) T Y By — )
22
(D30)

which still depends on the nonuniversal loadings ¢, but is now
a series in nonanalytic powers of ¥ — ¥.. For ¥ — ¢, <0

these powers should be interpreted as the power of the abso-
lute value of | — .|, with an overall sign that depends on
whether v ,(z) is odd or even.

Plugging Eq. (D29) into the dynamical equation (12) for
the mean membrane potential 1 (¢) and keeping only the lead-
ing scaling function f*(z) (the subleading terms contribute
corrections to scaling [18,147]), we obtain an implicit solu-
tion for ¥ () — v, that can be formally inverted to give the
Widom scaling forms [Eqgs. (4)—(6)] with g, = "Ed and A, =
%(d +4) in in vitro networks and B, = 5 (d —2) and A, =
%(d +2) in in vivo networks. Comparing these expressions
with the general scaling relations expected in the directed
percolation [ﬂ* = %(d + 77*)» Ay = vj*(d + 21* - 77*)] [82]
and Ising [B, = 5(d —2+n,) and A, = 5(d +2 — n,)]
universality classes, we confirm that our LPA approximation
predicts trivial (mean-field) values of z, =2 and 5, = 0 for
the dynamical and anomalous exponents [148].

Because we identified the critical points that we have found
within the LPA with the well-known universality classes of
directed percolation and the Ising model, in performing our
scaling collapses in Sec. IV we were able to use the known
values of the critical exponents, including the nontrivial values
of the anomalous exponent 7, and dynamical exponent z,, for
the 2d and 3d lattices. In our excitatory-inhibitory networks
with excitatory random regular connections we used our LPA
estimates as starting points for determining the values of the
critical exponents that collapsed our data. This demonstrates
that even when networks lack translation invariance this may
not drastically change the critical exponents. That said, higher
degree random regular networks with global inhibition proved
to have mean-field scaling, suggesting that proper treatment
of effects beyond the LPA are necessary to determine whether
these networks can again be tuned to have anomalous scaling.
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