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Characterizing Nonlinear Dynamics by Contrastive Cartography
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The qualitative study of dynamical systems using bifurcation theory is key to understanding systems from
biological clocks and neurons to physical phase transitions. Data generated from such systems can feature com-
plex transients, an unknown number of attractors, and stochasticity. Characterization of these often-complicated
behaviors remains challenging. Making an analogy to bifurcation analysis, which specifies that useful dynamical
features are often invariant to coordinate transformations, we leverage contrastive learning to devise a generic
tool to discover dynamical classes from stochastic trajectory data. By providing a model-free trajectory analysis
tool, this method automatically recovers the dynamical phase diagram of known models and provides a “map” of
dynamical behaviors for a large ensemble of dynamical systems. The method thus provides a way to characterize
and compare dynamical trajectories without governing equations or prior knowledge of target behavior. We
additionally show that the same strategy can be used to characterize the stochastic motion of bacteria, establishing
that this approach can be used as a stand-alone analysis tool or as a component of a broader data-driven analysis

framework for dynamical data.
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I. INTRODUCTION

Complex dynamics in many biological, physical, and engi-
neered systems are difficult to analyze: Even relatively simple
nonlinear dynamical systems can display markedly different
behaviors as their parameters are changed, from oscillations
and spikes to chaos [1-4]. With the emergence of powerful
data-driven approaches, symbolic or generative models fit to
data are capable of reproducing experimentally observed time
series [5—11]. However, it remains challenging to identify and
interpret the qualitative behaviors that such complex and often
nonlinear models generate [12]. For example, suppose you
observed a biochemical system that oscillated in some regimes
and was multistable in others. How would you identify those
behaviors?

The classical tool to study behavior regimes of nonlinear
dynamical systems is bifurcation theory. Concerned with the
study of qualitative changes in the flow of dynamical systems,
it is the basis of theories across physical and biological disci-
plines, from the dynamical picture of phase transitions [13,14]
and the analysis of biological regulatory networks [15,16]
to the identification of ecological tipping points [17,18] and
reduced order modeling in engineering [19].
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Through the characterization of attractors in the dynamical
flow, bifurcation theory provides a link between model param-
eters and behaviors. Defining observables (order parameters)
characteristic of these attractors allows for quantification of
changes in target behavior. This quantification in principle
allows for determining which behavior regimes are present
in experimental and observational data. However, in practice.
differences between behaviors can be subtle, necessitating
the development and use of specific statistical tests for each
behavior of interest. For example, extensive work has been
devoted to determining when oscillations are present in time-
series data [20-22]. Additionally, most studies of bifurcations
are limited to determining the invariant sets and linear analysis
of flows around them.

However, global bifurcations involve the interaction of
multiple flow structures and cannot be captured through lin-
ear analysis around invariant sets, making the definition of
observables much more difficult [23,24]. Defining summary
statistics that capture complex transient behaviors is also chal-
lenging [25,26]. The presence of noise further complicates
analyses based on bifurcation theory, as the definition of in-
variant sets and flows requires the introduction of probabilistic
criteria [21,27-29].

These challenges make developing statistics for com-
plex behaviors a difficult task. These hurdles arise often in
analyses of living systems, where complex, noisy dynamics
are common, and there is usually no first-principles model
of the dynamics. To define behavior without the need for
prior knowledge, recent work has developed generic ways to
characterize nonlinear dynamical systems by studying their
approximations via linear models [30-32] or Markov chains
[33,34]. While powerful and adaptable, these approaches have

Published by the American Physical Society


https://orcid.org/0000-0001-6926-5371
https://orcid.org/0000-0001-9382-0910
https://orcid.org/0000-0001-8328-6427
https://orcid.org/0000-0003-3793-8839
https://ror.org/024mw5h28
https://ror.org/024mw5h28
https://ror.org/024mw5h28
https://crossmark.crossref.org/dialog/?doi=10.1103/jc9p-m3rn&domain=pdf&date_stamp=2025-09-11
https://doi.org/10.1103/jc9p-m3rn
https://creativecommons.org/licenses/by/4.0/

ROMEO, CHI, DINNER, AND JERISON

PRX LIFE 3, 033022 (2025)

the drawback that they can obscure simple nonlinear effects in
favor of complex linear models. For example, no linear model
can be bistable.

Machine-learning methods for reducing the dimensionality
of dynamical data to a few informative variables have proven
effective to both simplify the dynamical space [35-37] and to
characterize complex time series [12,38,39]. These methods
take data generated by a particular process—either a model
or an experiment—and train a neural network to produce a
meaningful low-dimensional embedding. While powerful, the
characterizations obtained from these methods do not trans-
parently connect to bifurcation theory, making the study of
transitions difficult.

Here our goal is to characterize the dynamical behavior of
a set of stochastic trajectories without prior knowledge in a
manner that recovers bifurcation theory when it is applicable.
One earlier study also pursued this goal for deterministic
trajectories [40]. Their approach, based on diffusion maps,
yielded promising results on a small number of model systems
but necessitated complex hand-construction of preprocessing
and dimensional reduction steps and used methods that do not
allow for out-of-sample comparisons. Given advances in ma-
chine learning, we were motivated to ask whether a different
approach could enable application to noisy trajectories across
a broad range of nonlinear systems.

Our strategy is to use contrastive learning, which is com-
monly used in modern computer vision and natural language
processing [41-44] to learn a representation of trajectories
characterizing the observed dynamics. By designing data aug-
mentations based on some of the topological invariances of
these systems, we recover a latent space that is consistent with
bifurcation theory and can be used to classify and separate
dynamical behaviors. We further analyze experimental data
for a biological process for which low-dimensional dynamical
bifurcations are less relevant because of intrinsic stochasticity
and complex dynamics that are internal to cells, and we show
that a similar self-supervised strategy to incorporate geometric
invariance can still provide more informative latent spaces
than generic dimensional reduction methods.

II. RESULTS

We present the construction of the latent space and evaluate
its ability to discriminate between stereotypical dynamical
behaviors. We then show that it reflects the topological struc-
ture of the dynamical flows that generated the input data and
present additional features of the latent space that can make
the method useful for general dynamical data exploration.
We finally show, using an application to run-and-tumble bac-
terial tracks, that accounting for invariances using a similar
contrastive strategy can be valuable to characterize strongly
stochastic dynamics.

A. Contrastive learning framework

Dynamical systems can exhibit various behaviors. Con-
sider a two-dimensional (2D) stochastic dynamical system
x = f(x) + ¢(¢) that governs the evolution of a variable
X = (x, y) under a deterministic flow f and standard Brownian
noise ¢(t) with variance D. A generic 2D smooth f can be

Taylor-expanded to order N as

fx) =) D dpye+ocM W )

k=1,2 0<i+j<N

with e; = (1,0)T and e, = (0, 1)T the 2D Cartesian ba-
sis vectors. For N = 3, the resulting cubic-order differential
equations cover many commonly encountered physical and
biological models described by cubic normal forms and
canonical models [1,2]. As we simulate [45] an ensemble
of such systems with normally sampled coefficients cfj up
to N = 3, under the restriction that f - x <0 as x — o0 to
guarantee boundedness of the flow (Ref. [46], Sec. 1), we
observe a diversity of commonly encountered phenomena
such as (multi-)stability, oscillations, or excitable spiking tran-
sients, with smooth transitions between them (Fig. 1(a); see
Ref. [46], Fig. S1, for sampling statistics of different fixed
point structures). While the different 2D dynamical behaviors
are clear to the eye away from transition regimes, they are
hard to characterize directly from trajectory data without prior
knowledge of desired characteristics. Similar arguments apply
to d-dimensional dynamical systems for which cubic poly-
nomial systems can exhibit even more complex behaviors,
including chaos ind > 3 [1,4].

A core insight from bifurcation theory is that the topologi-
cal features of the flow f provide a way to classify dynamical
systems, most commonly by establishing the presence, num-
ber, and stability of fixed points and attractors [2—4]. Such
topological objects are invariant under any continuous change
of coordinate system (or homeomorphism), and traditional
normal form analysis seeks to find particular coordinates
in which dynamics are reduced to well-characterized nor-
mal forms with particularly simple flows of the form given
by Eq. (1). This perspective suggests that a neural network
trained to recognize features invariant to coordinate changes
should be able to detect what we mean by dynamical behavior.

To implement this idea, we use a self-supervised encoder
neural network implemented in pytorch [47] which takes as
inputs sets of regularly sampled trajectories {x(¢)} and outputs
a vector h[{x(¢)}] € R” characterizing the dynamical system.
The central object of this article is the learned embedding map

h: {x(0)} = hI{x(2)}], 2

which we dub the cartographer. Our goal is to construct
and train the cartographer to be interpretable in light of
bifurcation theory by training it to recognize coordinate-
invariant features of the input data. The construction of a
neural network whose input is invariant to specific transfor-
mations, known as augmentations, is the central idea behind
contrastive learning [42]: In the present study, the trained
cartographer 4 must separate samples that are related by an
augmentation transformation from ones that are not (Ref. [46],
Sec. II). Such augmented samples should be clustered to-
gether in the embedding space, thus imposing a soft invariance
constraint. However, arbitrary continuous coordinate transfor-
mations by construction erase all geometric data that could
provide a basis to distinguish between otherwise topologically
equivalent systems. We thus restrict ourselves to invertible
linear coordinate changes along with permutations of the
input trajectories (Ref. [46], Sec. II B, with augmentations
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FIG. 1. Contrastive learning to identify dynamical behavior. (a) A sample of trajectories generated from an ensemble of 2D dynamical

systems with polynomial nonlinearites. The systems display a variety

of dynamical behaviors. Color indicates time; white symbols indicate

unstable fixed points; black symbols indicate stable fixed points. (b) Proposed pipeline for identifying dynamical behaviors, here applied to
trajectories generated by the FitzHugh-Nagumo model with various parameter choices. During training on the dataset of (a) (dashed lines),
linear transformations are applied to input trajectories to generate an augmented dataset which allows the optimization of a contrastive loss.
Collections of trajectories {x;(¢;)} are embedded into a smaller-dimensional space &, in which different dynamical behaviors emerge as clusters

as seen through projection onto a 2D MDS basis.

generated according to Ref. [48]; nonlinear transformations
do not impact performance within tested conditions, see
Ref. [46], Sec. II C and Fig. S4).

Having identified a class of suitable augmentation trans-
formations, we optimize the InfoNCE loss function with
the Adam optimizer [49], a common choice for contrastive
learning with strong ties to information theory [35,41,50—
52]. Details of the neural network architecture, the loss func-
tion, and learning curves are provided in Ref. [46], Sec. IT A,
Figs. S2 and S3. Our last task to construct the map # is to
define an appropriate training dataset that spans a diverse
set of dynamics; for this, we integrate 2x 10* systems sam-
pled using the same protocol as for Fig. 1(a) (Ref. [46],
Sec. I). With these training data, we find that our neural net-
work can discriminate between different parameter regimes
of stochastic FitzHugh-Nagumo systems with noise ampli-
tude D = 0.1 (Fig. 1(b), Ref. [46], Sec. IIT A [53,54]). In
the supplementary material [46], we investigate the effect of
varying initial conditions (Ref. [46], Sec. VI) and compare
our method to autocorrelation-based and Markov operator ap-
proaches [55,56], which, while simpler and training-free, are
less accurate and do not provide an invariant characterization
(Ref. [46], Sec. VII, Figs. S13 and S14). Compared to charac-
terizing dynamics by finding sequences of linear propagators

[30], our approach is technically simpler and does not require
finding a link between piecewise linear models and nonlinear
behavior.

B. Cartographer classifies behaviors

What kind of understanding does the cartographer provide
about dynamical systems? To answer this question, we now
apply the cartographer trained on the data generated by cubic
polynomial systems [i.e., the data described in the previous
section and illustrated in Fig. 1(a)] to a series of examples.
We emphasize that we do not further train the cartographer
for any example.

As a first example, we consider the problem of identifying
distinct dynamical behaviors without prior assumptions, for a
system with a known analytical phase diagram. We thus con-
sider a minimal model of nonreciprocal dynamics arising in
active matter and ecological systems, dubbed the SNIC-Hopf

model, given by [58]
k 1+a)(x 5 N
F)G) - en() @

(0=t

dr
In the absence of noise D = 0, this system can display
three different behaviors separated by well-characterized
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FIG. 2. Dynamical phase identification in example 2D systems. (a) The SNIC-Hopf model system displays multiple possible behaviors as
the parameters k and « are changed. Analytical results show that the different phases are separated by pitchfork (PF), Hopf, and saddle-node
on an invariant circle (SNIC) bifurcations. (b) A 3-means clustering in the contrastive embedding space recovers the main distinct dynamics.
Inserts show typical trajectories in the (x, y) plane. (c) Inferred phase diagram using the identified phase labels from (b). Mean-field results are
overlaid in white. (d) A six-dimensional cell cycle model [57]. (e) Varying the degradation rate of the cdc2-cylin-P complex (denoted M) leads
to distinct dynamical behaviors in the presence of noise. Concentrations are expressed in units of total cdc2 concentration. (f) Agglomerative
clustering in latent space recovers the boundaries of the distinct behaviors in accordance with previous analytical results (white lines, see
Refs. [46] and [57]). (g) As intake velocity U is increased, the flow past a channel displays a von Karman vortex street and becomes oscillatory
in time. (h) A noisy Galerkin projection of the flow u onto w;, the first dynamic mode at Reynolds number Re = UL/v = 100, shows the
emergence of a limit cycle. (i) Contrastive embedding of reduced time series shows the emergence of two clusters separated at Re ~ 50,

providing a characterization of the dynamics.

bifurcations (Fig. 2(a), see Ref. [46] Sec. IIIB). We nu-
merically integrate the corresponding stochastic differential
equations (SDEs) for varying k and « and fixed nonzero noise
D = 5x10~* and embed the trajectories using our contrastive
map [Fig. 2(b)]. The embedding visually reveals three dis-

tinct regions. Using K-means clustering on the embedded
data {h} with K = 3, we recover the dynamical phases and
their expected boundaries, albeit slightly shifted [Fig. 2(c)].
These shifts are expected: Oscillations are observed even in
the monostable regime in the vicinity of Hopf bifurcations
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in noisy systems, a phenomenon known as noise-induced
oscillations [59], while the presence of noise tends to delay
the visibility of bistability, as seen by the misidentification
of bistable systems as monostable near the transition [60].
An additional example featuring more complex dynamical
flow features is presented in Ref. [46] Sec. III C, Fig. S6: We
find there that global bifurcations, which are discontinuous
in flow space, are often easier to accurately locate than local
bifurcations.

As a more complex example, we consider a six-
dimensional dynamical model of the cell cycle presented
in Ref. [57]; we focus on the dynamics of the cyclin and
cdc2 proteins as they get phosphorylated and bind each other
(Fig. 2(d); see Ref. [46] Sec. III D for model details). Under
variation of the degradation rate ks of the phosphorylated
complex M, the model can display distinct steady states sepa-
rated by oscillatory and excitable regimes [Fig. 2(e)]. Given
a two-dimensional projection of the integrated trajectories,
the cartographer is able to identify these distinct regimes
[Fig. 2(f)] even though the underlying dynamics are not in the
training data (Fig. 1). For applications to data for which the
number of distinct behaviors is not visually clear, clustering
techniques can be used [61]. Note that we always cluster in
the high-dimensional latent space and use projections only for
visualization (see Ref. [46] Sec. V D for further discussion).
Furthermore, it is important to acknowledge that there is no
direct way to assess the quality of a clustering, and in practice
validation of clusters relies on a posteriori evaluation of their
consistency with independent knowledge.

The cartographer can also be applied to data generated by a
higher-dimensional process. Consider incompressible hydro-
dynamic flow in a channel past a circular obstacle of diameter
L (Fig. 2(g); implementation details in Ref. [46], Sec. III E,
following Ref. [62] and using FeniCSx [63—66]). For a fluid of
kinematic viscosity v, as the intake flow velocity U increases,
the flow undergoes a laminar-to-oscillatory transition when
the Reynolds number Re = UL/v crosses the critical value
Re, &~ 50. Although this partial differential equation (PDE)
problem is high-dimensional, projecting the flow on the stan-
dard basis from dynamic mode decomposition [67] allows us
to obtain a 2D time series which captures the two dynamical
phases, and the cartographer is able to identify the critical
Reynolds number [Figs. 2(h)-2(i); Ref. [46], Fig. S7]. We
thus see that £ is able to identify dynamical behaviors on data
originally generated from a high-dimensional nonstationary
system, suggesting potential applicability for the characteri-
zation of other PDE solutions and imaging data after suitable
dimensionality reduction.

C. Cartographer recovers flow topology

The cartographer is thus able to discriminate between com-
mon stereotypical dynamical behaviors. However, given our
learning strategy, we can expect more powerful structures to
emerge in the latent space encoded by A. In this section, we
show that the latent space trained only on trajectory data is
consistent with bifurcation theory.

To this end, we examine the embedding of a sample of
data generated from the random dynamical ensemble (but
not used to train the network). Labeling trajectories by the

numerically determined fixed-point structure of the generat-
ing equations [68], we find that samples in latent space are
clustered according to the number and stability of their fixed
points (Fig. 3(a); alternative visualizations [69] and effects of
different input datasets are presented in Ref. [46], Sec. VD,
Figs. S11 and S12). Here we restrict ourselves to systems with
up to two fixed points of a given type. Note that our cubic
systems can have up to nine fixed points; we present sampling
statistics and results for more complex topologies in Ref. [46]
(Sec. VB, Figs. S1 and S9). Note that a complete topological
characterization would also include the number and type of
limit cycles, which is numerically challenging [70].

To explore the boundaries between dynamical regimes
drawn by h, we follow the embedding A(s) of trajectories
from the SNIC-Hopf model as its parameters vary along
the parametrized closed curve (k(s), a(s)) with s € [0, 27]
(Fig. S5). By measuring the variation in embedding vector
between successive parameter values through the differential
similarity measure h(s;) - h(s;+1), we observe stronger vari-
ations in the vicinity of bifurcations, with transition points
shifted as before from noise-induced effects [Fig. 3(b)].
Moreover, in the 2D projection shown, we indeed observe
piecewise continuous paths [Fig. 3(c)].

The latent space thus allows the definition of regions as-
sociated with different dynamical phases, in the sense of
fixed-point topologies (Ref. [46], Sec. V, Fig. S10). In ef-
fect, our contrastive learning approach allows the construction
of an approximate phase diagram for generic 2D dynamical
systems, allowing for the identification of bifurcations by
monitoring the variations in embedding.

That said, we note that there is substantial overlap between
certain classes in Fig. 3(a), in apparent disagreement with
the idea that flow topology determines behavior. As we now
show, this is due to stochasticity, which breaks the clear-cut
classification of deterministic dynamical systems by the na-
ture of their asymptotic invariants. We also note that even in
deterministic systems, the presence of non-normality [72] or
“ghosts” [1,25,26,73] can lead to distinct transient behaviors
not directly captured by fixed-point topology.

The effect of noise is best understood by an example. Con-
sider the deterministic dynamics X = rx — x>,y = —y. This
system exhibits a single fixed point at the origin for r < 0,
while it has two stable fixed points at (x, y) = (£4/r, 0) for
r > 0. As we increase the noise, the difference between these
two phases is progressively blurred [Fig. 3(d)], and this is
reflected in the latent space: For small noise, as we vary r,
the embedding presents two distinct clusters corresponding to
mono- and bistable regimes, while, for large noise, there are
no longer distinct clusters but the first principal component
still relates to r [Fig. 3(e), Fig. S8]. The effect of variable time
integration length is discussed in Ref. [46], Sec. V.

Coming back to the systems generated from the training
ensemble, for a given trained cartographer, the accuracy of a
classifier trained and tested on data integrated with noise am-
plitude D decreases as the noise increases [Fig. 3(f); confusion
matrix shown in Ref. [46], Fig. S10(b)].

Finally, we note that many experimental data of interest are
projections of higher-dimensional dynamics. Because there is
a wider range of possible behaviors in higher dimensions,
such data will typically be out of the distribution used for
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FIG. 3. The contrastive map recovers bifurcation theory at low noise. (a) UMAP [71] embedding of ~2300 samples from the random
ensemble, showing clustering by number and type of fixed points (7gupie, Zunstable )- (b) The SNIC-Hopf system is taken along the path shown
in the inset, and we examine the embedding /(s) across different phases: bistable (B), oscillatory (O), and monostable (M). The embedding &
shows discontinuities in similarity at bifurcations. (c) Comparing the embedding of the data in (b) with boundaries between topological regions
shows that the bifurcations match expected region boundaries. (d) A simple potential system exhibits a pitchfork bifurcation as the control
parameter r is changed, with examples at r = —2.5 (left) and r = 2.6 (right). (e) For small noise (bottom, D = 0.006), the two distinct phases
are easily identified in the latent space, while, for large noise (top, D = 0.39), the phases are no longer separated in the latent space but the
first principal component is still related to r. (f) The accuracy of a linear classifier to determine the topological structure through 4 decreases

as noise increases, in accordance with results in (d) and (e).

training. To see how the cartographer performs in such situa-
tions, in Ref. [46], Sec. XI we sample data from a selected set
of 3D chaotic systems and project them to 2D for processing
by the cartographer trained on 2D cubic polynomial systems
(Refs. [46], Fig. S17(a); [74]). The cartographer is still able
to distinguish different attractors [Fig. S17(b)] and embeds
such chaotic systems ‘“away” from in-distribution systems
[Fig. S17(b)]. Despite this indication that the systems lie
out of the training distribution, the linear classifier trained
on 2D polynomial systems is still able to make meaningful
identifications; for example, classifying the two-lobed Lorenz
systems as bistable and recognizing the Aizawa toroidal at-
tractor as an oscillator [Fig. S17(c)].

D. Cartographer detects nonlinear transients

We show above that the cartographer segregates sys-
tems by topology. However, by construction, % is not fully
diffeomorphism-invariant, and it is thus expected to be sen-
sitive to geometric information as well. This suggests that the

cartographer should distinguish more subtle forms of global
structure beyond topologically invariant features.

While there exist statistical tests and canonical observ-
ables to identify common behaviors [75], understanding,
implementing, and running all possible tests without prior
knowledge and assumptions demands considerable researcher
and computer time. Our method provides general capabilities
that enable quick exploration of dynamical data. We illustrate
such a potential use case for the cartographer.

The cartographer 4 provides the ability to compare inputs
for which there are no obvious discriminating observables.
Consider the problem of distinguishing between a linear sys-
tem and a nonlinear excitable system with the same linear
dynamics but which has not spiked. The presence of nonlin-
earities leads to subtle differences in the trajectory statistics,
which reflect the existence of a threshold in phase space:
Beyond this threshold, trajectories escape the stable domain
before coming back from a different direction [Fig. 4(a)]. We
find that our system can distinguish between the dynamics
of the two systems [Fig. 4(c)]. The map thus provides a way
to turn nonlinear analytical problems into standard statistical
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FIG. 4. The cartographer identifies local nonlinearities. (a) A noisy excitable system irregularly exhibits spiking trajectories. (b) Trajecto-
ries of an excitable system that has not spiked (has not crossed the threshold indicated by the dashed line) and its linear approximation (without
the terms in red) which cannot spike are visually similar. (c¢) Embedding trajectories shows that nonlinear systems are discernible from linear

systems in the latent space.

discrimination tests in latent space, without having to design
specific statistical tests, which, for this example, would be
based on higher-order moments of the trajectories (Ref. [46],
Sec. VIII).

Another application discussed in Ref. [46], Sec. IX is
the detection of nonpotential dynamics, by comparing data
generated by systems deriving from a potential x = —VV (x)
against observed trajectories (Fig. S15). Additionally, in-
spired by the notion of canonical systems used in theoretical
neuroscience [24], we can also use geometric structure in
the trajectory data to introduce a finer categorization of la-
tent space beyond topologically invariant features (Ref. [46],
Sec. X, Fig. S16).

E. Contrastive learning assists experimental analysis

The contrastive learning strategy allows us to identify
meaningful features summarizing complex dynamics. How-
ever, many dynamics may not be fully reducible to a
low-dimensional manifold, and experimental measurements
of them are likely to be only partial characterizations of the
system state. Can we still use our self-supervised learning
strategy to characterize such data?

As an example, we consider a publicly available dataset
of run-and-tumble motion of Escherichia coli bacteria [76]
[Fig. 5(a)]. These dynamics are commonly modeled by a
stochastic process with a complex high-dimensional control
system, and considerable effort has been devoted to design-
ing statistics to characterize the trajectories. We ask whether
the contrastive approach can identify meaningful behavioral
variability, without requiring prior knowledge. We expect that
important features of the velocity dynamics are invariant un-
der orthogonal transformations of the coordinate system (x, y)
and that a contrastive approach may be useful for identifying
these invariant features.

The data include measurements tracking wild type E. coli
and mutants which vary with respect to their probability to
tumble (tumble bias), which affects chemotaxis [76]. Here we
train a neural network on the experimental velocity trajecto-

ries (v, (¢), vy(t)) of the wild type, with the same architecture
(Ref. [46], Sec. IT A) and InfoNCE loss as the previous cartog-
rapher, using data augmentations in the orthogonal group O(2)
(Ref. [46], Sec. XII). We then use the trained cartographer to
embed the velocity trajectories of the mutants. Evaluating the
first principal component of the embedding, we find that it
explains a large part of the variance, in contrast to the principal
components obtained from a direct analysis of the velocity
data [Fig. 5(b)]. This suggests that enforcing rotational invari-
ance improves the ability to identify the key low-dimensional
feature of these dynamics. This is also the case when using
nonlinear dimensional-reduction methods (Ref. [46], Sec. XII,
Fig. S18).

What is this feature? Examining correlations of experi-
mental measurements with the first principal component, we
recover the tumble bias as the most salient feature of the
observed dynamics [Fig. 5(c)]. Consistent with the analysis
in Ref. [76], the first principal component also correlates
strongly with the ratio of the logarithms of the concentrations
of the proteins [CheB] and [CheR], demonstrating a direct link
between behavioral features and biochemical parameters. De-
termining the tumble bias from experimental bacterial tracks
required the authors of Ref. [76] to construct a probabilistic
model to identify tumbling and running periods. The fact that
the symmetry-informed contrastive approach introduced here
yields the known relationships without the need for such a
system-specific model shows the usefulness of the approach
for interpreting experimental data.

III. DISCUSSION

Here we show how the minimization of a contrastive
learning objective, paired with a data-augmentation strat-
egy enforcing coordinate invariance, allows learning an
interpretable representation of multidimensional dynamical
trajectories even with a relatively simple neural network.
Our work provides a physics-informed approach for using
machine learning with dynamical data distinct from the com-
mon generative model, in which machine learning-based
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FIG. 5. Contrastive cartography for bacterial behavior characterization. (a) Single bacterial tracks alternate between running phases (higher
velocity, more persistent orientation) and tumbling phases (slower velocity, rapid orientation change). (b) As a representation tool, contrastive
cartography produces embeddings with better linear separability than the original data, with more variance captured along the first few principal
components. (c) The first principal component correlates with tumble bias, as well as the ratio of the proteins log[CheB]/log[CheR]. See
Ref. [46], Sec. XII, Fig. S18 for t-SNE representation and additional correlates.

regressions are used to find optimal dynamical update rules
to extrapolate dynamics from data [5]. Indeed, having a
generative model, whether symbolic or data driven, does not
directly provide a qualitative characterization because ana-
Iytical methods can rapidly become limited in the face of
nonlinearities and growing numbers of parameters.

We focused on 2D dynamical systems and showed that
the cartographer trained on 2D systems can still meaningfully
separate projections of 3D systems. However, a full analysis
of higher-dimensional systems would require consideration of
the much wider range of behaviors possible in these systems,
including chaotic dynamics as well as additional nonchaotic
attractors. To explore the potential utility of the cartographer
for higher dimensions, we trained a cartographer on 3D cubic
polynomial systems (Ref. [46], Sec. XI B) and embedded the
set of example chaotic systems. The 3D cartographer is able
to better distinguish the different chaotic attractors, indicating
that extension to 3D may be feasible and useful [Fig. S17(d)].
However, we leave further characterization of the very broad
set of dynamics possible in 3D to future work. Beyond 3D,
the training ensemble of cubic-order models becomes harder
to sample and more refined forms of sampling (e.g., Ref. [77])
might become necessary to provide a sufficiently rich training
ensemble.

An additional possible application of our method is to
leverage the “phase diagram” encoded by the latent space to
identify tipping points in complex systems, a problem which
has attracted both classical and data-driven work [17,78-80].
As dynamics in the vicinity of a bifurcation (or generaliza-
tions thereof in the presence of noise) are expected to be
included in the polynomial class of systems used to train
the network, one could use low-dimensional representations
of the complex system dynamics to detect sudden changes
in embedding without assumptions on the specific kind of
bifurcations present in the system.

One could also hope to leverage cartography as a heuristic
to help infer interpretable candidate models from data, sim-
ilarly to sparsity [6,81]. A heuristic to pick a simple model
amenable to theory work—e.g., a normal form that is close in

some sense to the observed dynamics—could help provide the
elements of a Landau-like phenomenological description. By
providing otherwise inaccessible observables characteristic of
canonical nonlinear models, such a construction could be rel-
evant even in nonequilibrium and weakly symmetric systems
where global phase-space features are often relevant, such as
animal behavior [39], biological development, or immunity
[82].

Recent methods for characterizing dynamics for such com-
plex systems involve fitting effective linear time-evolution
operators that can then be used as fingerprints of the un-
derlying dynamics [30-32,34]. Our trajectory-based work is
complementary to those operator-theoretic approaches, trad-
ing the inference of linear, often higher-dimensional operators
for an interpretable latent space that captures nonlinear effects
in low-dimensional systems. Combining the strengths of both
approaches could help provide widely applicable characteri-
zations that capture nonlinear phenomena.

A limitation of our method comes from the difficulty of
interpreting latent spaces without external knowledge. For
example, the knowledge of the topological structure of poly-
nomial systems allows us to use a linear classifier to formalize
the connection between latent space coordinates and topo-
logical structure in Fig. 3. This classifier can serve as a set
of feature labels for the latent space; even in cases where
the data are clearly outside of the training distribution, as in
the chaotic systems, the cartographer identifies the “closest”
trained 2D topology. This training and classification strategy
could be extended, for example, to different types of stochastic
dynamics. When the cartographer is trained directly on data,
as is done here in Fig. 5, correlating external information
with the found latent space is essential for interpretability. As
for the polynomial systems, supervised machine learning can
then help formalize mappings between relevant parameters or
properties and latent space position.

As shown in Fig. 3, another fundamental limitation is
that sufficient amounts of noise obscure features of the
underlying fixed-point topology, making classification less
reliable. An additional limitation arises from the challenges
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inherent to characterizing multiscale phenomena, whether in
time or in amplitude. In particular, detecting oscillations re-
quires sampling faster than all relevant frequencies. Observing
and successfully identifying rare events could also require
prohibitively long data inputs which our current architecture
might have trouble supporting.

While it is now possible to embed practically any data into
a vector space [83], making such embeddings interpretable
and useful for further theory work is an outstanding chal-
lenge. Using symmetries and invariances that are common in
physics, contrastive learning can identify forms of order that
are otherwise difficult to characterize [50]. With time-resolved
high-dimensional data—whether from biological imaging,
“-omics” datasets, or large-scale sensor batteries—becoming
increasingly common, we hope that this strategy makes iden-
tifying distinct behaviors a simpler task on the path to model
and control complex systems. Code and trajectory datasets are
available [84,85].
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