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Optimizing Information Transmission in Neural Induction Constrains Cell
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The onset of neural induction in the anterior ectoderm of ascidian embryos is regulated at the extracellular
level by FGF signaling molecules, which control the acquisition of neural fate through the activation of the
ERK pathway. Among the anterior ectoderm cells exposed to FGF, only a fraction will acquire neural fate. The
selection of neural precursors depends on the quasi-invariant geometry of the embryo, which imposes upon each
ectoderm cell a precise area of cell surface contact with underlying FGF-expressing (mesendoderm) cells. Here
we investigate information transmission between FGF and activated ERK and how this depends on the geometry
of the system. Optimizing information transmission with the constraint that the total FGF-emitting surface area is
restricted, as in the embryo, we find that the surface contacts with FGF that maximize information transmission
are close to those observed experimentally. This information optimal solution is compatible with the anterior
ectoderm cells having different areas of cell surface exposure to FGF, allowing the embryo to use cell surface
areas as a regulatory mechanism for differentiating the outcome of cells that sense a constant FGF concentration.
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I. INTRODUCTION

The information contained in the fertilized egg must be
decoded by the developing embryo to transform the latter
into an organized structure. This is achieved by combining
mechanical interactions constrained by geometry and molec-
ular signaling that is stochastic by nature, thereby limiting
the transmission of information. Optimization principles have
been suggested to assess how close to the maximal possi-
ble transmitted information biological systems can operate
[1-4]. Specifically, inspired by developmental regulation in
early fly embryos, optimizing information between an input
morphogen and downstream gene readouts can predict that
the optimal input distribution is a tiling solution, where dif-
ferent genes make a readout in nonoverlapping concentration
domains [5,6]. While the real regulatory networks in early
fly development have proven more complex [3,7], optimiza-
tion of information transmission can contribute to explain the
structure of cellular and molecular interactions that lead to the
reproducibility of development and the emergence of a highly
organized organism from a fertilized egg [4,8].
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Development is driven by the coordination and mutual
dependence of genetically encoded signals, mechanical stress
and geometry [9]. However, while inference approaches
have been proposed to link mechanical stresses and lin-
eage structure in development [10,11], optimizing information
transmission of signals has not been linked to embryo geom-
etry. Here we use the well studied case of ascidian embryos
to explore how information transmission of concentration-
dependent signals constrains cell geometry in early embryos.

Ascidians exhibit a very simple and reproducible embryo-
genesis. Of particular interest is the fact that they develop, like
nematodes, with an invariant cleavage pattern. This means that
the positioning and timing of cell divisions are quasi-invariant
between different individuals of the same species [12], leading
to an extreme form of canalization [13]. Moreover, when the
embryo consists of only 112-cells, the segregation of the ma-
jor tissue-specific cell lineages (muscle, endoderm, nervous
system, etc.) is almost completed. There is also no embryo
growth or cell migration during early ascidian development.
This type of embryogenesis makes it possible to follow each
cell individually and trace the establishment of their fates, and
therefore to address the question of cell fate segregation and
the establishment of the body plan in a relatively simple con-
text. Additionally, ascidian embryogenesis is extremely well
documented [14]. Databases containing information about the
geometry of the embryo, gene regulatory networks leading to
the larval body plan and cell specific gene expression pat-
terns are publicly available [15-20]. Recent works inferred
cell pressures, membrane, and line tensions at single-cell
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FIG. 1. (a) Cartoon of the 32-cell stage ascidian embryo. View of the animal side of the embryo (top). Anterior ectoderm cells (a-line
cells), which can become neural, are indicated in different colors: a6.5 cells in magenta, a6.6 cells in green, a6.7 cells in blue, and a6.8 cells in
dark gray. Mesendoderm cells are shown in yellow and posterior ectoderm cells (b-line cells) in light gray. The black dotted line is used for the
sagittal section of the embryo shown at the bottom. FGF and ephrin signals are represented by red and blue arrows, respectively. The anterior-
posterior (A-P), left-right (L-R), and vegetal-animal (Veg-An) axis of the embryo are indicated by double-sided arrows. The total cell surface
areas of the different a-line cells are S = 6837 = 248 um?, $955 = 8268 & 172 um?, $%; = 7331 £ 310 um?, and S = 8646 % 135 um?.
Figure adapted from Ref. [23]. (b) Cartoon of the pathway leading to neural induction. The process is initiated at the extracellular level by
the binding of FGF and ephrin to their receptors (R and Q, respectively) present on the cell membrane. The areas of the cell surface exposed
to FGF and ephrin ligands are denoted by S; and S,. For simplicity the membrane bound ephrin ligands are not shown attached to the
membrane of the emitting cell. Bound FGF receptors (R;) induce the double phosphorylation of ERK. The active form of ERK (dpERK) is
indicated in the scheme as ERK*. Bound ephrin receptors (Q}) favor the deactivation of ERK*, which is also promoted by ephrin-independent
RasGAPs molecules (indicated as RasGAPs in the scheme). ERK* induces the expression of the neural marker Otx. (c) Nuclear dpERK
immunofluorescence (IF) signals measured experimentally in individual a-line cells as a function of the relative area of cell surface contact
with FGF-expressing cells (S /Scen). Experimental data obtained in the different cell types are shown with dots of different colors: a6.8 cells
are shown in gray, a6.6 cells in green, a6.7 cells in blue, and a6.5 cells in magenta. The experimental data are compared with the model
predictions (black line). The shaded region represents the noise in the level of ERK* fluorescence predicted by the model using the Langevin
approach. The model predictions are obtained as described in Secs. III A, V A, and V B, with ¢ = 5. The parameter values used to reproduce
the experimental data are listed in Table I. In Eq. (27), A = 2 and B = 280.

resolution reproducing the mechanical cell stresses observed
during the early stages of ascidian gastrulation [10,11]. Al-
together these properties make ascidian embryogenesis an
appealing toy model to study cell fate decisions.

Contrary to the role that morphogen gradients have been
shown to play during patterning of many other systems [21],
in ascidians, short-range signals between contacting cells
could explain all known early embryonic inductions [19]. In
support of this, in our previous work we have shown that,
during early neural induction at the 32-cell stage of devel-
opment, measured areas of cell surface contact act as strong
predictive determinants for differential cell fate specification
[22,23]. During neural induction, in response to an extracellu-
lar inductive signal (i.e., the fibroblast growth factor), specific
cells in the embryo express the gene Otx. The process is
mediated by the ERK signaling pathway (see Sec. II for a

detailed description of the neural induction process). Building
on our previous studies, we analyze information transmission
in the first step of neural induction: from the inducer FGF
to the activation of ERK. We investigate whether the contact
surfaces of four pairs of cells [a-line cells, Fig. 1(a)] involved
in the process of neural induction are compatible with optimal
information transmission between the inductive signal and
ERK. More precisely, we ask if the probability distribution
of the concentration of the inducer, i.e., the fibroblast growth
factor (FGF), is read optimally by the cells through the portion
of their surfaces that is in contact with this ligand.

To address this question we develop, in Sec. II[ A, a
stochastic model of the pathway involved in neural in-
duction. This is a minimal version of the deterministic
model we formulated in Refs. [22,23]. In Sec. III B, relying
on the stochastic minimal model, we analyze information
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transmission in a single cell. More precisely, we investigate
whether the information transmitted between FGF and the
number of active ERK molecules (ERK*) depends on the
geometrical configuration of the cell, i.e., on the surface
of the cell in contact with FGF. In Sec. IIIC, we investi-
gate how the geometry of the system influences information
transmission in the multicellular context. In particular, we
consider the case in which all the cells are identical, except
for their surface contacts with FGF. We perform this analysis
in the presence of an external constraint which limits the
total area of the cell surface contacts with FGF. To formulate
this constraint problem, we first consider two cells and then
we generalize the computation to the four-cell case. Finally,
in Sec. IIID we turn to the case relevant for ascidian em-
bryos and consider four cells with different total surfaces. We
compute the areas of the cell surface contacts with FGF that
maximize information transmission and compare them with
the experimental measurements.

II. NEURAL INDUCTION IN THE ASCIDIAN EMBRYO

In ascidians, neural induction in anterior ectoderm cells is
the first step of a complex process of cell fate specification
that will generate the anterior-most part of the larval central
nervous system together with anterior placodelike structures
[24,25]. It takes place at the 32-cell stage of embryonic devel-
opment [schematized in Fig. 1(a)], during a single cell cycle
of about 30 minutes [23]. The embryo exhibits left-right sym-
metry and is divided into animal and vegetal hemispheres. The
animal hemisphere will eventually give rise to mostly ecto-
dermal tissues, the epidermis, and part of the nervous system.
The vegetal hemisphere generates mostly mesendoderm fates,
the endoderm and mesoderm tissues including notochord and
muscle as well as posterior central nervous system [19].

During neural induction, two of eight anterior ectoderm
cells [a-line cells, shown in magenta, green, blue, and dark
gray in Fig. 1(a)] transcriptionally activate the neural marker
Otx [23,26]. The signaling pathway that controls the expres-
sion of Otx is complex, involving a large number of reactions
[22,27]. A simplified scheme of the pathway is shown in
Fig. 1(b). The process is initiated at the extracellular level
by two signaling molecules: FGF and ephrin. FGF binding
to its receptors R on the cell membrane activates the ERK
signaling pathway which in turn induces the expression of
Otx. At the same time, ephrin binding to its receptors Q on the
cell membrane attenuates the activation of the ERK pathway
thereby reducing the level of Otx expression. The activation
of ERK (and therefore the expression of Orx) is also inhib-
ited by ephrin-independent RasGAPs molecules [indicated as
RasGAPs in Fig. 1(b)].

All the a-line cells are assumed to perceive the same con-
centration of FGF, produced by the underlying mesendoderm
cells [shown in yellow in Fig. 1(a)] [23]. At the same time,
the a-line cells are also in contact with ephrin, produced by
all ectoderm cells. Despite the observation that all a-line cells
are competent for neural induction and all of them are in
contact with FGF, only the a6.5 pair of cells will undergo
neural induction. Selection of neural precursors is controlled
by the geometry of ectoderm cells, which dictates their contact

surface areas with their FGF- and ephrin-expressing neighbors
[22,23].

All the other a-line cells exhibit the epidermal fate, which
is the default fate in the absence of instructive signals [25].
The a6.7 cells segregate into neural and epidermal lineages at
the next cell division [23,28]. The measured values of the total
cell surface areas of a-line cells, as well as their cell surface
contacts with FGF-expressing cells are listed in Table S1 [29].

III. RESULTS

A. Stochastic minimal model of ERK activation
during neural induction

In our previous work [22,23] we developed a computa-
tional model to describe the regulation of Ofx expression
by the FGF- and ephrin-regulated ERK pathway during
ascidian neural induction. The model allowed us to show that
differences in the surface contacts with FGF and ephrin are
sufficient to control the process of neural induction at this
stage in the embryo.

To address the question of information transmission, we
develop a stochastic model of the pathway, reducing our
previously developed model [22] to facilitate the derivation
of analytical results and improve interpretability. The model
consists of three stochastic differential equations describing
the temporal evolution of the number of bound FGF receptors
R;, the number of bound ephrin receptors Q; and the number
of active (i.e., doubly phosphorylated) ERK molecules (E£*):

Ry = ka.c(R — Ry) — kq_Ry + &r; (1
Qb = ke e(Q — Qp) — ke Q) + &0 2
E* = %R—lz’(ET —E%)
R} + K2
—(Vrg& —i—k)E*—}—éE. 3)
O + Ky

We indicated with ¢ and e the relative values of FGF (¢ =
[FGF]/[FGF]y) and ephrin (e = [eph]/[eph]y) concentra-
tions, where [FGF]j and [eph]y are baseline values (estimated
to be ~ 0.1 nM). R and Q are the number of FGF and ephrin
receptors exposed to FGF or ephrin in a cell. k;_ and k,_
are the unbinding rate constants of FGF and ephrin to their
receptor. k;4 and k., are the binding rate constants of FGF
and ephrin to their receptor multiplied by the baseline values
[FGF]y and [eph]y, respectively. Er is the total number of
ERK molecules present inside the cell. V; and Vi, are the
maximum rates of ERK activation and deactivation, K; and
K., are the half-saturation constants for R, and Q. The pa-
rameter k is a deactivation rate constant modeling the presence
of ephrin-independent RasGAP activity [23]. &g, &p. and &g
denote white noise with zero mean and amplitudes Ag, Ao,
and Ag given by Egs. (23)-(25) (see Sec. V A). All parameter
values are given in Table I.

Similarly to our previous model, we make two key assump-
tions [23]. First, we assume that the density of FGF and ephrin
receptors on the membrane of the cell is uniform. This implies
that the number of receptors exposed to FGF (R) or ephrin (Q)
in a cell is proportional to the fraction of the cell surface area
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TABLE I. Default values of the parameters of the model.

Parameter Definition Value
c= % Relative extracellular concentration of FGF, [FGF]y ~ 0.1 nM Variable
e= [[:;’h}]}] Relative extracellular concentration of ephrin, [eph]y >~ 0.1 nM 5

Er Total number of ERK molecules 4000
k ERK* deactivation constant 0.2s7!
ka— Unbinding rate constant of FGF to its receptor 65!
kit Binding rate constant of FGF to its receptor multiplied by [FGF], 0.1s7!
ke— Unbinding rate constant of ephrin to its receptor 457!
ket Binding rate constant of ephrin to its receptor multiplied by [eph] 0.1s7!
K., half-saturation constant for Q,, 200
Ks half-saturation constant for R, 200
Or Total number of ephrin receptors 2000
Ry Total number of FGF receptors 2000
Si Surface exposed to FGF Variable
S> Surface exposed to ephrin Variable
Scell Total surface of one cell 6000 wm?
Vs Maximum rate of ERK activation 025!
Vie Maximum rate of ERK deactivation 0.08 s7!

exposed to FGF (S;) or to ephrin (S,):

S1 S»
;o 0=0
Scell !

where Ry and Qr are the total number of FGF and ephrin
receptors present on a cell and Sy is the total surface of the
cell. Second, we consider that all the reactions reach steady
state fast compared to the timescale of the process (which
occurs over 30 min). This is supported by the observation that
the ERK pattern (a6.5 > a6.7 > a6.6 > a6.8) appears to be
established rather quickly, short after these cells form. This
assumption allows us solve Egs. (1)—(3) for the steady-state
number of active ERK molecules (£*).

Additionally, at the 32-cell stage S; and S, are related
through the empirical relation [23]:

Sy, = —1.138; + 0.918n. 4)

R =Ry ; “4)

S cell

Therefore we can compute the number of active ERK
molecules as a function of only the surface of the cell exposed
to FGF. We assume that all the a-line cells have the same
number of receptors Ry = Qr = 2000 and perceive the same
extracellular concentrations of FGF and ephrin, as in our pre-
vious work [22,23]. We also neglect any diffusion of FGF and
ephrin ligands beyond the boundaries of the cell contacts. As
a result, the different levels of ERK* predicted by the model
in the four a-line cells are a consequence of the different cell
surface contacts with FGF and ephrin.

In Fig. 1(c) the experimental measurements of dpERK
immunofluorescence (colored dots) obtained in the different
a-line cells are compared with the level of ERK* fluorescence
predicted with the model (black line) using the parameter
values listed in Table I. The level of ERK* fluorescence
(and similarly the noise, shown in gray in the scheme) can
be computed from the number of active ERK molecules, as
described in Sec. V B. Despite its simplicity, the model suc-
cessfully reproduces the experimental data obtained in wild
type and ephrin-inhibited embryos [see Fig. 1(c) and Sup-
plemental Material Fig. S1] [29]. The experimental data in

both Figs. 1(c) and S1(c) are significantly more spread than
the model predictions. The experimental data are raw data
obtained in six different embryos. Therefore, as well as intrin-
sic noise, it is likely that cell to cell (and embryo to embryo)
variability and experimental measurement noise contribute to
the dispersion of the experimental data.

B. Single cell case: The information transmitted between FGF
and ERK* depends on the geometry of the cell

To assess the influence of the geometry of the system on
information transmission, we first analyze the case in which
a single cell is exposed to the extracellular ligands FGF and
ephrin through the surfaces S; and S,, as schematized in
Fig. 2(a). In response to the concentrations of FGF and ephrin,
a given number of ERK molecules is activated in the cell (E*).
In our previous work [22,23], we showed that FGF signaling
plays a primary role in neural induction. In particular, we
showed that ephrin is not required to obtain the correct profile
(a6.5 > a6.7 > a6.6 > a6.8) of ERK activity in the different
a-line cells (see Figs. S1(b) and S1(c) [29] and Ref [22]).
For this reason, we do not consider ephrin as a source of
information. The value of e, which has been kept fixed, is
listed in Table I. The mutual information transmitted between
the input (c¢) and the output (E*) can be computed as [30]:

I(c;E™) =—/P(E*)log2(P(E*)) dE*—i—/P(c)dc
X fP(E*|c)log2(P(E*|c)) dE*. (6)

The input [P(c)], output [P(E*)] and conditional [P(E*|c)]
distributions are schematized in Fig. 2(b). Since ¢ cannot take
negative values, we assume P(c) to be a log-normal distribu-
tion centered around ¢ = p. with variance o>
1 ( (n(c) - M)2>
exp | — ,
co2m P o?

P(c) = @)
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FIG. 2. (a) The single cell case. S| and S, are the areas of cell surface exposed to FGF and ephrin. The value of §; is constrained to be
at most equal to S.1/2, with S being the total surface of the cell. The value of S, is computed from the value of S; using relation Eq. (5).
(b) We compute the information transmitted between the input ¢ and the output E*. The scheme represents the input P(c), conditional P(E*|c)
and output P(E™) distributions. The distribution of the input P(c) is a log-normal distribution centered around .. The conditional distribution
P(E*|c) is a Gaussian centered around £*(c), with variance o2(c). E*(c) is the number of active ERK molecules in the cell and is computed
with our model as described in Sec. IIl A. o,(c) is the noise in the number of ERK* molecules and is computed using the Langevin approach
as described in Sec. V A. The blue background highlights the relevant region for information transmission [where P(c) % 0]. (c) Information
transmitted between the input ¢ and the output £* as a function of S; in the presence of ephrin (solid line) and in the absence of ephrin (dashed
line). The maximal information [indicated as I*(c; E*)] is transmitted for §; >~ 910 um? (indicated with a star). In purple is represented the
function E*(S;) for i, = 40. (d) The plot shows the steepness % 4. (in blue) and the noise o, (c = i) (in orange) of the input-output relation
E*(c) as a function of S;. The curves are obtained with . = 40. The vertical gray line represents the value of S; for which the information
transmitted I(c; E*) is maximal. (¢) The main plot shows how the relation between E* and ¢ varies depending on the value of S;. The value of
S, is computed from the value of S| through Eq. (5). The lower plot shows the input distribution P(c) centered at w. = 10 (in orange) and at
e = 40 (in red). The steepness of the curves close to ¢ = 10 and ¢ = 40 are shown in orange and red, respectively. (f) Maximal amount of
information I*(c; E*) (red curves) as a function of the position . of the input distribution and the optimal value of S, (i.e., the value for which
information transmission is maximal, green curves) as a function of ., in the presence (solid lines) and absence (dashed lines) of ephrin.
Panels (c), (d) (e), and (f) are obtained assuming: S = 6000 um?, o, = 1.

where

2 o}
n=1In <\/%), 0'2:11’1<1+'u_62> ®)

E* = E*(c) with variance o2(c):
P(E*|c) = G(E*, E*(¢), 0, (c)); ©)

where E*(c) is computed solving Egs. (1)—(3) at steady state
and o2(c) is obtained using the Langevin approach as de-
scribed in Sec. V A. Finally, the output distribution P(E*) can

In line with the assumption that there is no gradient of FGF,
and that all the a-line cells perceive nearly the same concen-
tration of FGF, we consider the input distribution to be very
narrow (o, = 1 compared to the normalized binding constant
of the FGF receptors K; = ky_ /kg4 = 60, which corresponds
to 6 nM), see Fig. 2(b) for a schematic representation. In
the absence of more information, we assume the condi-
tional distribution P(E*|c) to be a Gaussian centered around

be computed directly from the input and conditional distribu-
tions as:

P(E*) = / P(E*|c)P(c) de. (10)

Therefore, the amount of transmitted information I(c; E™*)
is determined once the input P(c) and conditional P(E*|c)
distributions are specified. Mutual information depends on
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the geometrical configuration of the cell (on S} and ) since
both the mean £*(c) and the variance oez(c) of the conditional
distribution P(E*|c) are functions of the surface areas S; and
S,. At this stage in the embryo, S, can be computed from the
value of §; through phenomenological Eq. (5) [23]. We can
therefore study the dependence on the transmitted information
solely as a function of ;.

We directly compute the mutual information I(c; E*) for
increasing values of S; [Fig. 2(c)] for u. = 40, which corre-
sponds to 4 nM, and parameters are given in Table I. The curve
obtained in the presence of ephrin [which is the physiological
case, shown with a solid line in Fig. 2(c)] is compared with
the curve obtained in the absence of ephrin [shown as a dashed
line in Fig. 2(c)]. Both curves have a maximum at intermediate
values of S; (=~ 910 um?). This may seem counterintuitive
since one could expect the maximum of information trans-
mission to occur at the largest possible value of S;, when
the largest number of ERK molecules can be activated. The
optimal cell surface area results from the assumption of a
narrow (0. = 1) input distribution P(c). In fact, information
is transmitted only when P(c) 22 0. As a result, the only
part of the input-output curve that is relevant for information
transmission is the one close to ¢ ~ . (highlighted in the
figure in blue), where P(c) 22 0. The amount of transmitted
information I (c; E*) is determined by the characteristics of the
input-output curve in this narrow region. The steepness of the
curve dE*/dc(c) at ¢ > p. determines how many different
levels of ERK* can be distinguished by varying the input c,
hence a higher steepness corresponds to a larger amount of
transmitted information. The noise o,(c) instead limits the
ability to distinguish different levels of the output and there-
fore higher levels of noise correspond to a lower amount of
transmitted information.

When the input distribution is centered around p. = 40
as in Fig. 2(c), the steepness of the input-output relation
has a peak for intermediate values of §;, while the noise
monotonically increases with S; [see Fig. 2(d)]. The optimal
trade-off between maximizing the steepness and minimizing
the noise is achieved by the surface area ST [vertical gray
line in Fig. 2(d)] at which the transmitted information is
maximal.

The dependence of the steepness dE* /dc(c) [compare the
orange and red bars in Fig. 2(e)] and the noise o,.(c) (not
shown) on S; are both a function of the mean input con-
centration fi., which results in different optimal surfaces S}
[green curves in Fig. 2(f)] and maximal amount of information
I*(c; E*) [red curves in Fig. 2(f)] for increasing values of ..
For small mean input concentrations, the maximal allowed
cell surface area (S = Scenr/2) is exposed to FGF. Information
decreases with . since the steepness of the input-output
relation decreases [see Fig. 2(e)] and the noise increases (not
shown).

The presence of ephrin [solid lines in Figs. 2(c) and 2(f)]
only slightly reduces the amount of transmitted information
[compare solid and dashed lines in Figs. 2(c) and 2(f)] and has
very little impact on the value of the optimal surface area S7.
The reduction of information in the presence of ephrin is most
likely due to the fact that ephrin decreases both the number of
active ERK molecules and the steepness of the input-output
curve dE* /dc(c).

C. Identical cell case: Symmetry breaking is triggered
by the constraint on the total surface

‘We now consider multiple cells exposed to FGF and ephrin.
We first assume that all cells are identical and differ only by
the cell surface contacts with FGF and ephrin. All the other
parameters of the model (listed in Table I), including the total
surface of the cells, have the same values in all the cells and
were kept fixed. We add an external constraint S!™* to take into
account the limited area of FGF producing cells in the embryo
[Fig. 3(a)].

‘We compute the information transmitted between the input
¢ and the number of active ERK molecules E*, generalizing
the procedure in Sec. III B as described in Sec. VC. We
investigate whether there is one (or more) geometrical config-
uration of the cells that maximizes information transmission
and ask how the answer depends on the value of the constraint
S°'. The optimization procedure is described in Sec. V D.

1. Two-cell case

To set up the framework we will first consider a two-cell
system [Fig. 3(a)]. The cells are exposed to FGF through
the surfaces S¢ and SP and to ephrin through the surfaces
$2 and S (not marked in the cartoon). The number of ERK
molecules activated in the two cells in response to the extra-
cellular signals ¢ and e are indicated by E and Ej. In each
cell, the surface area exposed to ephrin (SQ’B ) is computed
from the corresponding value of Sy using Eq. (5). As a con-
sequence, the information /(c; {E}, E5}) transmitted between
the input ¢ and the outputs {E}, E;} depends exclusively on
the cell surface area in contact with FGF (S and S%). The
dependence of I(c; {E}, E;}) on S4 and S? is shown in the
heatmap in Fig. 3(b) for . = 40. At this value of u., the input
distribution P(c) can be approximated with §(c — ), since
0, < .. The two cells therefore are basically independent
and I(c;{Ea, Eg}) = I(c; E4) + I(c; Ep) [compare Figs. 3(b),
3(c), and 3(d) with Figs. S2(a), S2(b), and S2(c)] [29]. As a
result, the globally optimum surface for the two cells is the
same as the one obtained in the single cell case ${* = §F* ~
910 um?.

The presence of the external constraint S imposes that
S‘f‘ + 8% = S'°U As a result, it restricts the possible values of
S{ and S? to straight lines defined by S¥ = S — $4 (some
of these lines are highlighted in the plot with different shades
of gray, indicating different values of S{*'). The information
I(c;{E}, E}}) computed along these lines is shown in the
lower plot of Fig. 3(b) as a function of S{. At low values
of S!*, the transmitted information has a single maximum
[light gray curve in Fig. 3(b)]. In this regime, information
transmission is maximized when both cells expose the same
area of cell surface to FGF (${* = §5* = §\°/2). At higher
values of Sim, information has two equivalent maxima, one
for small Sf (and large Sf ) and another one for large S‘l“ (and
small S¥) [dark gray curve in Fig. 3(b)]. In this case, in order
to maximize information transmission the two cells need to
break their symmetry and expose different surfaces to FGF.

This is analyzed in more detail in Figs. 3(c) and 3(d). The
maximal amount of information I*(c; {E}, E;}) computed for
increasing values of the constraint S is shown with a solid
line in Fig. 3(c). The maximal information, transmitted when
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FIG. 3. (a) The two-cell case. S{ and S? are the surface areas of the cells exposed to FGF. S5 and S% (not shown in the cartoon) are the
surface areas of the cells exposed to ephrin. In each cell, SQ‘B is computed from the corresponding value of Sf‘B using Eq. (5). The value of S
in each cell is constrained to be at most equal to S /2, with Sc. being the total surface area of the cell. S™ represents the total surface area
where FGF is present. The presence of the constraint implies that S¢ + S¥ = S'*. We compute the information transmitted between the input
c and the output {E}, E;}. (b) The heatmap represents the information transmitted between the FGF input ¢ and the ERK output {E}, E;} as
a function of the area of cell surfaces exposed to FGF (54 and S?). The presence of the constraint restricts the possible values of S and S? to
straight lines defined by S¥ = S1 — §¢. The straight lines colored with different shades of gray represent the accessible values of S{ and S?
for the values of S} used in the plot below. The plot below represents I(c; {E}, E;}) as a function of S{‘ for different values of the constraint
St (see colorbar). (c) Maximal information (I*) transmitted between the FGF input ¢ and the ERK output {E}, E;} (solid line, obtained when
the two cells expose the optimal surface areas to FGF) and the information transmitted when the two cells have the same surface areas exposed
to FGF (Jyym, dashed line) as a function of S{. (d) Optimal values of S{ as a function of S{". The purple background highlights the regions
of the plots where it is maximally informative for the two cells to expose different surface areas to FGF. Panels (b), (c), and (d) are obtained

assuming u. = 40, o, = 1, and §4,;, = S&,, = 6000 um?.

the cells expose the optimal surface areas to FGF (i.e., when
St = S*, SF =58*), is compared to the information Iy
transmitted when the cells expose the same surface areas to
FGF (i.e., when §¢ = Sf = S‘l"‘ /2), shown with a dashed line
in Fig. 3(c). The purple background highlights the values
of S for which the symmetry breaking favors information
transmission. The optimal values of S/l‘ are shown in Fig. 3(d)
for increasing values of S{. For small S}, there is a sin-
gle optimal value for 7. As S| increases, one cell initially
reaches the maximum allowed surface area exposed to FGF
(S1 = Scen1/2) set by the total cell area. At this point, the other
cell increases its value of S; until it also hits the maximum
allowed value S /2 [Fig. 3(d)].

Since the two cells are independent, the symmetry breaking
can be simply explained by the properties of the single cell
curve [Fig. 2(c)]. More precisely, it is the concavity of the
single cell curve that determines which geometrical config-
uration of the cells maximizes information transmission. At
low values of Si* only the first part of the curve is accessible
[see scheme in Fig. S2(d)] [29]. Since the curve in this region
is concave, the information transmitted by two symmetric
cells is larger than any other set of ${ and S¥ that satisfies
S{‘ + 8% = S As a result, the cells maximize information
transmission when S = §% = ${° /2. The opposite occurs for
large values of S*'. In this case the accessible region the curve

is convex [see scheme in Fig. S2(d)] [29] and therefore the
two cells maximize information transmission when ${ # S¥.
The transition between these two regimes (i.e., the symmetry
breaking) occurs at S'*/2 ~ 1490 um? corresponding to the
inflection point of the single cell curve.

We obtain qualitatively the same results in the absence of
ephrin [see Fig. S3(a)] [29]. Both in the presence and in the
absence of ephrin, the amount of transmitted information is
quite low (less then 1 bit), but this is strongly dependent on
the position p. of the input distribution, as shown in Fig. S3(b)
[29]. Not only the amount of information but also the values
of $I°* for which the symmetry breaking occurs depend on g,
[see Fig. S3(b)] [29].

The case in which the two cells have different total sur-
faces (S4,, = 3000 um?, S&;, = 6000 um?) is schematized in
Fig. S4(a) [29]. The dependence of I(c; {E}, E;}) on S{‘ and
Sf is shown in the heatmap in Fig. S4(b) [29]. As for the case
in which the cells are identical, there is a single optimal value
for the two cell surfaces in the absence of the constraint, with
the difference that now the optimal values are different for the
two cells (S4* ~ 455 um?, S#* ~ 910 um?). The transmitted
information I(c; {E}, E}) computed for different values of
the constraint is shown in the lower plot of Fig. S4(b) as a
function of S{'. As can be seen by comparing Fig. 3(b) and
Fig. S4(b), the asymmetry introduced in the total cell surfaces
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FIG. 4. (a) The four-cells case. We consider four cells (labeled A, B, C, and D) exposed to FGF and ephrin. In each cell, the surface area
exposed to ephrin (S,, not shown in the scheme) is computed from the corresponding value of S| using Eq. (5). We assume that the value of
Sy in each cell is constrained to be at most equal to See /2 with Sy being the total surface area of the cell. S| represents the total surface
area where FGF is present. The presence of this constraint imposes that §{ + S¥ + S 4 SP = S'°.. We compute the information transmitted
between the input ¢ and the output {E}, Ej, EZ, Ej}. (b) Maximal information (/*) transmitted between ¢ and {E}, E;, EZ, E}} (solid line,
obtained when the cells expose the optimal surface areas to FGF) and the information transmitted when the four cells expose the same surface
area to FGF (I, dashed line) as a function of Si*'. In the regions of the plot with purple (red) background there are two (three) distinct optimal
surface areas. (c) Optimal values of S¢ as a function of S'. In the regions of the plot with purple (red) background there are two (three)
distinct optimal surface areas. These plots are obtained assuming p. = 40, o, = 1, $4;, = S&,, = S, = 52, = 6000 um?. (d) Optimal values
of the surface areas exposed to FGF (S{* in magenta, S¥* in green, S¢* in blue and SP* in gray) as a function of the position j. of the input
distribution. The optimal values are obtained maximizing information transmission in a single embryo using the values of S'', §4, S8 SC .
and S, measured experimentally. The horizontal lines represent the values of S; measured in a6.5 (magenta), 6.6 (green), a6.7 (blue), and
a6.8 cells (gray) obtained in the same embryo. The vertical dashed line highlights the value of w. for which the difference between optimal
and experimental values is minimal. (e) Comparison between the values of S;/S.1 measured experimentally (on the left) and the closest
matching optimal values of S} /Sce obtained by maximizing information transmission (on the right) in each embryo. The optimal values of S;
are computed using the values of the total cell surface areas measured experimentally in the four a-line cells. The value of S} is also obtained
from the experimental data. Each point represents a single cell. The points are colored depending on the cell type (a6.5 in magenta, a6.6 in
green, a6.7 in blue, and a6.8 in gray). The optimal values are compared with the ones measured experimentally in the table below the plot. For
each cell type is computed the mean value of S, /S % the standard deviation.

distorts the curves. In particular when S{™ is large (as for the ~ ERK™* in response to the extracellular FGF and ephrin signals

dark gray curve), the two peaks in the curve are no longer
equivalent. As a result, there is one single optimal geometrical
configuration of the cells [with S1* < 5% see Fig. S4(c)]
[29]. Moreover, the optimal surface contacts with FGF (Sf*
and S‘f*), are always different, regardless of the value of S'*';
see Fig. S4(c) [29].

2. Four-cell case

We now generalize the computation to the four-cell case,
which is the condition that resembles what happens in the
embryo during neural induction with four anterior animal
cells (a6.5, a6.7, a6.6, a6.8) exhibiting different levels of

[Fig. 4(a)]. We consider four cells labeled A, B, C, and D. The
levels of ERK* in the cells are indicated by E}, Ej, Ef, and
Ef. Computing S, from the value of S; with Eq. (5) results in
the information I(c; {E}, Ej, E, E};}) depending only on the
cell surface areas in contact with FGF (S}, S%, ¢, and SP).
Similarly to the two-cell case, the presence of the constraint
implies §¢ + §% + ¢ + SP = s

We compute the maximal transmitted information
I*(c;{EX, E5, EX, ER}) [Fig. 4(b)] and the corresponding
optimal surface areas [S7*, S¥*, S¢*, and SP* [Fig. 4(c)] for
increasing values of the constraint Sﬁ‘“. As in the two-cell case,
we find that the constraint S{' controls the symmetry breaking
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in the cell surface areas in contact with FGE. More precisely,
the value of S° determines whether the optimal geometrical
configuration of the cells corresponds to four cells that expose
the same surface area S7* = §B* = §C* = gD+ — glot /4
to FGF [regions of Figs. 4(b) and 4(c) with a white
background] or to four cells that expose different surface
areas to FGF [regions of Figs. 4(b) and 4(c) with purple and
red backgrounds]. The purple regions correspond to values of
S'° for which there are two distinct optimal values for S7. We
also find regions (with a red background) with three distinct
optimal values for Sf‘. As for the two-cell case, the values of
the constraint for which the symmetry breaking occurs, the
maximal information transmitted I*(c; {E}, E, Ef, E}}}) and
the optimal surface areas depend on the mean value of the
FGF input distribution p. (not shown).

D. The contact surface areas measured experimentally are
compatible with optimal information transmission

In this section we investigate whether the surface contacts
of the a-line cells with FGF-expressing mesendoderm cells in
the embryo could be optimized for information transmission.
We perform the same calculations as in the four-cell case
described in the previous section, but now we consider that
the total surface areas of the four cells are equal to the ones
measured experimentally in a-line cells:

Sten = Seeis Soen = Seeits Scen = Seei's Sean = Seair
Similarly, we consider the value of S** to be equal to the value
measured experimentally.

We compute the optimal surface areas Si‘*, Sf*, Sf*, and
SP* in each embryo and compare them to the values of S
measured experimentally in the different a-line cells. As the
optimal surfaces vary depending on the mean value of the
input distribution u. [see Fig. 4(d)], we consider that the
value of u, can be slightly different in different embryos, as
described in Sec. VE.

The optimal surfaces S{* |, SP*[.x, S*|,2, SP*|. ob-
tained with this approach are compared to the experimental
values in Figs. 4(e) and S5. The optimal relative surface ar-
eas obtained by maximizing information transmission can be
matched surprisingly well to those obtained experimentally.
Moreover, the optimal surfaces preserve the order of nor-
malized cell surfaces (S1/Scen) observed experimentally (a6.5
> a6.7 > a6.6 > a6.8) in the vast majority of the embryos
(23/25). The two exceptions [not shown in Fig. 4(e)] are due
to the fact that in these embryos cell a6.5 is larger than cell
a6.7 (8957 > S47).

In each embryo, we can compute the amount of in-
formation I*(c;{E}, Eg, E¢, Ej}) transmitted with . =
n) and with the optimal surface contacts. On average,
(I*(c; {EX, Eg, EL, Ef})) = 2.4 £ 0.1 bits, which gives an es-
timate of the number of distinguishable collective output
states for the four cells.

IV. DISCUSSION

In this paper we have investigated how the geometry of the
cells influences information transmission in ascidian neural

induction, focusing on the first part of the signaling cascade,
from the input signal ¢ to the activation of the intermedi-
ate output ERK. Specifically, we asked how can the cell
geometry impact information transmission given a fixed in-
put distribution [P(c)] and signaling network between FGF
and ERK.

We investigated this dependence in the single (Sec. III B)
and multiple (Secs. III C and IID) cell cases. The amount
of transmitted information depends on the geometry of the
cells via their surface contacts with FGF-expressing cells [see
Fig. 1(c)]. The optimal geometrical configuration of the cells
for which information is maximized strongly depends on the
position of the input distribution P(c) [see Figs. 2(f) and 4(d)].
We want to highlight that the maximal amount of information
obtained by optimizing cell surface contacts, is not the global
maximum. Information depends on all the parameter values
of the model which were obtained by fitting our model pre-
dictions to the experimental data, and were kept fixed in this
analysis.

In the multicellular case (Secs. III C and III D), the pres-
ence of the external constraint S{ plays a crucial role in
determining the optimal geometrical configurations of the
cells. The constraint is particularly important to determine
whether the configuration that maximizes information trans-
mission consists of cells that expose identical (or different)
surface areas to FGF [Figs. 2(d) and 4(c)]. The presence of
this constraint is motivated by the observation that embryos
do not grow until the gastrulation stage, which limits the size
of contact surfaces. Moreover, FGF-expressing mesendoderm
cells form half of the embryo and their contact surface with
the animal pole remains fixed.

In Sec. III D, we investigated whether the contact surfaces
of a-line cells in the 32-cell stage ascidian embryos could be
close to optimal for information transmission. Interestingly,
we found that the values measured experimentally are com-
patible with optimal information transmission [see Fig. 4(e)].
This is rather surprising since embryo and molecular configu-
rations are expected to be under multiple selective pressures.
Moreover, at the level of the whole developing embryo, the
ERK pathway is used to specify a variety of distinct cell
types [28,31]. Any alterations to cell signaling or contacts
will likely have an impact on subsequent patterning events.
For these reasons, we hypothesize that optimization of in-
formation transmission, if any, is more likely to take place
at the level of the whole embryo patterning. Specifically, the
quantity that might be optimized is the information transmit-
ted between the morphogens in the egg and the expression
levels of the genes needed to specify all the different cell
fates.

To assess the quality of our predictions, we computed how
accurately each cell can express the correct level of ERK*.
More precisely, we computed the probability that each cell
type has to express the wrong level of E*. This is described
in Appendix A. The theoretical average probability of error
ranges from 0.002 to 0.26 which is similar to the range of the
experimental errors: 0.16-0.32.

The observed results may be further refined if we take into
account other outputs regulated by the ERK pathway such
as Otx. Such refinement has been observed for positional
information in the context of gap genes in early Drosophila
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development, where each of the gap genes decreases the un-
certainty in the readout of the Bcd gradient relative to the
positioning of nuclei along the anterior-posterior axis [3].
When addressing the problem of information transmission in
the whole signaling cascade up to cell fate determination, the
ERK activation levels can be seen as a compressed represen-
tation of the inputs [32].

Optimization of information transmission in neural induc-
tion can also be tackled from a different perspective, assuming
the input of our system to be the different cell surface contacts
with FGF-expressing cells (S;) and not FGF concentration.
Experimentally we have access to the distribution of the rela-
tive cell surface contacts (S;/Scen). We could have optimized
I(S1, E*) and compared the optimal distribution of surface
contacts with the one measured experimentally. The challenge
of this approach consists in the computation of the optimal
distribution P(S7, S&, S€, SP). This problem, which is hard to
solve analytically because of the presence of multiple inputs,
could be addressed numerically by the use of the Blahut-
Arimoto algorithm [33]. We analyze the case of a single cell
in Appendix B. As shown in Fig. 7, the results obtained by
optimizing P(S;) are in qualitative agreement with the ones
obtained in Sec. III B, with the prediction of a single cell
surface optimizing information transfer in the presence of a
constraint on the area of the cell exposed to FGF.

Further refinement in understanding the interplay between
geometry and signaling in ascidian development includes
solving the problem of information transmission in realistic
3D geometries, including cellular tensions and divisions. Ex-
tending the approach of Ref. [11] to the 32-cell stage embryo
and combining it with the signaling transmission considered
here is an interesting, although difficult, extension.

Another important aspect of embryogenesis, that we did
not address in this work, is its reproducibility across embryos.
This could be tackled by adopting the approach described in
Ref. [4].

The importance of the contact surface areas is not only
limited to the establishment of the body plan. Despite genetic
diversity different ascidian species show very similar early de-
velopment, and in particular the geometric arrangement of the
cells across different species is conserved [12,14,34]. Overall,
relying on surfaces of contact for development might be a way
of being robust under parameter and genetic changes.

In summary, optimizing information transmission in neu-
ral induction we find that the optimal configuration of the
a-line cells is the one in which the cells expose different
surfaces to FGF [Fig. 4(e)]. This is the same as what occurs
in real embryos in which the a-line cells expose different
surface areas to FGF. The surface areas are used by the cells
as a knob to tune the level of signal they receive, which
is in turn translated into different activation levels of ERK,
leading eventually to differential cell fate induction. This
approach suggests that ascidian neural induction may be a
consequence of the geometrical constraint imposed on the
system.

V. METHODS

The model is implemented in Python. All the codes and the
experimental data are available [35].

A. Stochastic model of ERK activation

To compute the variance in the number of active ERK
molecules we use the Langevin approach [2,36]. We linearize
Egs. (1)—~(3) around steady state and compute the response
of the variables Rj, Qp, and E* to the noise &, &g, &5. The
Langevin noise terms &g, &g, and & are defined by their
statistical properties. They have zero mean:

(6r(1)) = (§o(1)) = (§e(1)) =0
and are uncorrelated in time:
(Er(ER()) = ARS(t —1');
(Eo(t)EQ(t)) = Agd(t —1"); 11
(EeEe(t) = Aps(t —1');

where the noise amplitudes Ag, Ag, Ag are given in Egs. (23),
(24), and (25).

The evolution equations for small departures from steady
state are as follows:

S8Ry = —(kg.c + ka )8Ry, + Eg; (12)
8Qy = —(kere + k. )8Qp + £o; (13)
8E* = TrSRy, — T'p8Q) — 17 'SE* + &i; (14)
where:
R, .
lr=2Vs———=(Er — E7);
(R; +K5)
Tp=V Krg E*:
CT 0+ Ky

+ k.

- R )
TE]ZV&R%"‘KZ_‘_ rng+Krg

The steady-state values for the number of bound FGF and
ephrin receptors are given by:

R, =R i Op=0

s

c+ Ky

where K; = k;_/ky,. and K, = k,_/k...
Equations (12)—(14) can be solved introducing the Fourier
transforms:

e+ K,

dw —iot ¢ D
SRy(t) = Ee ORy(w);

do _,.,  ~
504(1) = / S sy

d . -
SE*(t) = / z—we"“"(SE*(w).
JT

Similarly, the Langevin noise terms can be written with the
Fourier representation:

dw —iwt &
E0) = [ e i)
b4
Solving Eq. (12) for 8R;, we obtain
Er
1

—iw—+T

c

SRy (w) = 5)
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where t7! = (kg.c + k4_). Solving Eq. (13) for 80, we
obtain:
&

—iw+t,

80p(w) = (16)

where 77! = (k,.e + k,_). Finally, solving Eq. (14) we obtain:

80 3
_ .Q Qb71+ 35
—iw+ 1,

. (7
—ia)—i—tgl {17

The noise power spectral density of the protein copy
number is

Se(w) = (SE*(w)SE* (w)), (18)

where the 1 indicates the complex conjugate,

2/8P pi
5o = HORIE )
w” + 15
I2(804(0)80; 3 3l
N of Qz(w) _Qz;,(w)> <§E(620)8§E_(2‘0)). (19)
w” + 15 w” + 15
(8Ry ()8R} (»)) can be computed from Eq.(15) as:
s s (Er(@)Ex(@))
(8Ry(0)SR} () = ﬁ (20)
Similarly:
i 3 (Eg(@)E ()
(30p@B0}(@) = == @1

From the definition of the Langevin forces [Eq. (11)], it fol-
lows:

(Er(@)8E4(@)) = Ag;
(Ep(@)8E) (@) = Ag;
(Ep(@)8EL () = Ap.
Therefore Eq. (19) becomes
I2Ag
(0?4 15%) (0? + 1,2)
rZa
T

Sg(w) =

. 22
L @2)

Each Langevin term in the expression above represents a noise
source: the first two terms represent the noise in the binding

J

and unbinding of the FGF and ephrin receptors, while the last
term represents the noise in the activation of ERK.

The noise amplitudes Ag, Ap, and Ag can be computed
following the procedure described in Ref. [36]:

Ag = 2kg.c(R — Rp); (23)

Ag = 2k, e(Q — Qp); (24)

Arp = 2V, Ri (E E*) (25)
TRk '

The total variance of the protein copy number is given by an
integral over the spectrum:

dw

(08" P) =0} = [ §25e (@) 6)
2

The noise was computed numerically as a function of ¢ and/or

Si.

B. Reproduction of the experimental results

Experimentally, ERK activation levels are quantified by
immunofluorescence (IF) signals [23]. Thus, to compare
the simulation results with experiments we considered that
the level of ERK fluorescence (Ey) is a linear function of the
number of active ERK molecules (E*):

E; = AE* +B; 27)

where A is the gain and B is the background value of the IF
signal. The propagation of the intrinsic noise or to the level
of ERK fluorescence is computed as:
_ 9Ef
~ OE*
where og is computed through the Langevin approach as
described in Sec. V A.

Parameter values were obtained by manual fitting to get

best agreement with experimental observations. The default
values of the parameters are listed in Table I.

AE;

OEg, (28)

C. Computation of mutual information in the multiple cell case

We consider N different cells in contact with FGF and
ephrin through the surfaces S! and S (i=1,...,N). In re-
sponse to the extracellular FGF concentration (indicated as
¢) different numbers of ERK molecules will be activated in
the different cells. Let the number of ERK* molecules in the
ith cell be E}*. It is possible to define the mutual information
I(c;{EY, ..., Ey}) transmitted between the input ¢ and the
output {E}, ..., Ey} as:

I(c;{E], ..., Ex}) = —/P({E*, .. EyDlog,(PHES, ..., EN))) dET ---dEy,

+/P(c) dc/P({E*,...

where P(c) is the distribution of the input, P({E}, ..., Ey}) is
the output distribution, and P({E}, ..., Ey}|c)) is the condi-

,ExYle)log,(PUET, ..., Ey}lc)) dE] - - - dEy, (29)

(

tional distribution of the output given the value of the input.
We assume the input distribution P(c) to be a log-normal
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distribution centered around p. with variance o> as described
in Sec. III B. Since the cells are not interacting the conditional
distribution P({E}, . .., Ey}|c) can be written as:

N
PUET. ... E}}le) = [ [ P(E}lo). (30)
i=1

In the absence of more information, we assume that the con-
ditional distributions P(E*|c) are Gaussian:
1 1 BB
PEflc) = == * ", 31)
27 (ae" (c))

where E}(c) is the number of ERK molecules activated in cell
i, which is computed solving Egs. (1)—(3) at steady state. o/ (c)
is the noise in the number of active ERK molecules in the
ith cell which is computed using the Langevin approach as
described in Sec. V A.

Finally, the output distribution can be computed directly
from the input and the conditional distribution as:

N
P({E*,...,E;{,})=/HP(Ei*|c)P(c) de. (32
i=1

All integrals were evaluated numerically using the composite
trapezoidal rule, implemented with the numpy.trapz() func-
tion.

D. Optimization of information transmission

In the multiple cells case, we considered N cells exposed to
FGF and ephrin through the surfaces S| and S, (i = 1, ..., N).
In each cell, the surface exposed to ephrin (S}) is computed
from the corresponding value of S! using Eq. (5). We assume
that the value of S; in each cell is restricted to be at most
equal to Scep1/2 (with S being the total surface of the cell).
The limiting case in which S’i = Sce11/2 would correspond to
the unrealistic condition in which the cell is completely flat.
To mimic the presence of the vegetal cells in the embryo,
that produce FGF and define a fixed surface in which FGF
is present, we consider the presence of an external constraint
S'°t, given by the following equation:

N
> oSt =5 (33)
i=1

We computed the optimal surfaces of the cells S;, ..., SV*
that maximize information transmission between the input ¢
and the outputs {E}, ..., Ey} and the corresponding maximal
amount of information I*(c; {EY, ..., Ey}). Constrained opti-
mization was performed in Python sampling all the possible
cellular configurations {S], ..., SV} by brute force.

E. Selection of p; values

For each embryo we choose the value of . [indicated with
wk, and highlighted with a vertical dashed line in Fig. 4(d)]
that minimizes the difference between the optimal and exper-
imental data:

W = argmin, AS;

where
A8 = st = 8153 + |5t - sy
S5 =507 [P - s
The values of 1*:
(W =5.4404

are close to the value of [FGF] used to reproduce the experi-
mental data in Fig. 1(c) (¢ = 5).

F. Experimental methods

All the experimental results are taken from our previous
work [23].

ACKNOWLEDGMENTS

We thank C. Hudson and H. Yasuo for their thoughtful
comments about the manuscript. R.B. is supported by a FRIA
fellowship. G.D. is Research Director at the Belgian “Fonds
National pour la Recherche Scientifique” (FRS-FNRS) and
acknowledges financial support from the ARC project “Noise
sensitivity of gene regulatory networks underlying cell fate
specification” financed by the Université libre de Bruxelles
(ULB). A.M.W. is supported by ANR Distant and CZI Biohub
Theory Initiative. The funders had no role in study design,
data collection and analysis, decision to publish, or prepara-
tion of the manuscript. The resources and services used in
this work were provided by the VSC (Flemish Supercomputer
Center), funded by the Research Foundation—Flanders (FWO)
and the Flemish Government.

APPENDIX A: ACCURACY OF ERK LEVELS
PREDICTIONS

In this section we compute the probability that each cell
has to express the wrong level of E*.

In the experimental data, we identify a lower (tl"6'i) and
an upper (¢%%) threshold, which define the acceptable ERK*
fluorescence levels in each cell type:

z‘;116.i — (E}z6z> _ O_(E.;zl().i);

ta6.i — (E}z6t> + O'(E;é'i);

u (AD)
where (E;’.ﬁ'i ) is the mean value of the levels of ERK fluo-
rescence measured experimentally in the cell type a6.i (with
i=35,...,8) and J(E]’?“) is the standard deviation of the
experimental data. The experimental data we used to define
these thresholds are the ones reported in Fig. S1(a) [29]. The
thresholds are shown in Fig. 5(a) as horizontal lines. We
consider the range of acceptable ERK* fluorescence levels
to be (171, 1%1) for cell type a6.6 and 6.7, (0, 12%) for cell
type 6.8, and (#/%, 00) for cell type a6.5. The acceptable
ranges of ERK* fluorescence are highlighted in Fig. 5(a) with
a colored background.
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FIG. 5. (a) Thresholds (tl“ﬁ"' and tjﬁ‘i, with i =5, ..., 8) in the levels of ERK* fluorescence measured experimentally. The data shown

here are the same as the ones in Fig. S1 (a) [29]. The colored background highlights the accepted range of ERK levels for each cell type.
(b) Marginal probability distributions Ps(E™*), Pg(E*), Pc(E*) computed in a single embryo. The thresholds in the numbers of active ERK
molecules shown with vertical lines in this panel are obtained from the fluorescence thresholds shown in panel (a) using relation (27) with
A = 1.25, B = 140, which are the values used to reproduce the experimental data in Fig. S1(a) [29].

If we assume the experimental data to be Gaussian dis-
tributed, then the probability for each cell type to express the
wrong levels of ERK are as follows:

(

( =0.32;
(A2)

(

(

1)) = 0.32;

To compute the theoretical probability that each cell has
to express the wrong level of E* we start from the output
probability distribution P({E}, E, EZ, E}}}), computed with
the experimentally measured total cell surfaces:

A gab.5. B __ @uab6.6. C __ qa6.7. D __ cab6.8.
Scell - Scell > Scell - Scell > Scell - Scell > Scell - Scell 4

e = w, and the surface contacts:

Ak . Bx . Cx . D
51 e 8 e 5 we 5

*9
He

that optimize information transmission, and that are shown
in Fig. 4(e). This distribution (that is computed as described
in Sec. V C) is different for each embryo since each embryo
has a specific value of u¥, as well as different values for the
total surfaces of the cells and different optimal surfaces. The
marginal probability that cell A will have a specific number
E* of active ERK molecules is given by:

Py(E") = / PUE;, E}, B}, ES)AESAESES,.  (A3)

We similarly computed the marginal distributions Pg(E*),
Pc(E™), and Pp(E™). The marginal distributions computed for
cells A, B, and C (in one single embryo) are shown in Fig. 5(b).

The probability of cell A making a mistake can be com-
puted integrating P4(E*) below 7/

a6.5
i

PA(E*)dE*. (A4)

PE ¢ (°.09)] = |

0

Similarly, the probability for the other cells to make a mistake
can be computed as:

Pl ¢ (. 0) = [
0

o0
+ / Py(E*)dE";
ta

6.6
u

a6.6
4

Py(E*)dE*

6.7
4

PC[E* ¢ (tla6'7,t56'7)] — / PC(E*)dE*
0

o0
+ f Pe(E")dE";
t

a6.7
u

Pp[E* ¢ (0,1/°%)] = /OOPD(E*)dE*.

t;lG.S

Averaging these probabilities over all the embryos we obtain:
(PA[E* ¢ (1%, 00)]) = 0.26;

(Ps[E* ¢ (1/°°,12%%)]) = 0.11;

(PC[E* ¢ (57, 1257)]) = 0.17;
(Po[E* ¢ (0,12%%)]) = 0.002.

(A5)

These values are in line with the experimental ones [computed
in Eq. (A2)].

APPENDIX B: OPTIMIZING INFORMATION
BETWEEN S; AND E*

In this work, we maximized the information transmitted
between the extracellular [FGF] and the number of active
ERK* molecules to find the optimal geometrical configuration
of the cell (that is, the optimal value of S;). The same problem
of optimizing information transmission can be tackled con-
sidering the surface S as the input of the signaling cascade.
In this case, we can compute the information 7(S;, E*), and
find the optimal distribution of the input P*(S;). We will
describe below the computation in the case of a single cell. To
perform the optimization, we follow the procedure described
in Refs. [2,5,6]. When considering multiple cells, the analyt-
ical approach becomes challenging and numerical techniques
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must be used. We leave this more complicated problem for
future studies. The information transmitted between S; and
E* can be written as:

IS;E") = — / P(E*) logy(P(E*))dE* + / P(S1)dS,

X /P(E*|Sl)logz(P(E*|S1))dE*. B

We assume that the conditional distribution P(E*|S;) to be
Gaussian:

G(E*, E*(S1), 07(S1)). (B2)
where E*(S;) and 062 (S;) are computed as de-
scribed in Secs. IIA and VA. The integral

f P(E*|S)log,(P(E*|S1)) dE* is simply (minus) the entropy
of the Gaussian distribution, which can be computed as
log,(v/2meo,(S1)). The output distribution can be computed
as:

P(E™) = /P(E*ISl )P(S1) dS;. (B3)
In the small noise limit, we can approximate P(E*|S) with a
delta function:

P(E*|S)) >~ 8(E* — E*(S))). (B4)

As a result, we can rewrite the output distribution P(E™*) in
terms of the input distribution P(S;) as:

-1

P(E*) >~ P(S BS
(E™) (S1) 7S (B5)
Information therefore becomes
|dE*/dS)|
I(S ;E*):/P(S )lo (— ds;. (B6)
: VO8N Vareopsn) !

1. In the absence of external constraints

To maximize information we write the Lagrangian:

LIP(SH] =I(Si;E™) — A</ P(S1)dS, — 1>, (B7)

where A is a Lagrange multiplier that will enforce the nor-
malization of the input distribution P(S;). The optimal input
distribution P*(S|) must satisfy:

OLIP(SI] _
aP(S1)
As a result, the optimal distribution is given by:
dE*| 1
dsy |oe(S1)’

where the normalization constant Z is

/ dE*| 1
7 =

dSy |o.(S1)
The maximal amount of information is obtained inserting the
expression for P*(S) in Eq. (B6):

(B8)

P*(Sy) = ‘ (B9)

1-

I*(S1; E*) = log,(Z). (B10)

0.00100

0.00075 -
2 0.00050 1
[a
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FIG. 6. Optimal input distribution P*(S;) (in red). In orange is
shown the input-output relation £*(S;). The plot is obtained assum-
ing Scen = 6000 um?, ¢ = 40. The value of S, is constrained to be at
most equal to Scey /2.

The optimal input distribution (shown in red) is compared
with the input-output curve E*(S;) (shown in orange) in
Fig. 6.

2. In the presence of the constraint (S;) = S

‘We now consider the presence of an external constraint that
fixes the average area of the cell surface in contact with FGF:
(S1) = S*. In the presence of the constraint the Lagrangian
becomes

LIP(SD] =1(Si;E") — A(/ P(S1)dS, — 1)

— F(/ S1P(S))dS, — S‘f‘),

where I' is the Lagrange multiplier that fixes the average
surface of the cell (S;) = S". The optimal input distribution
in this case becomes

(B11)

. 1 |dE*
P(Sl)=z as,

/ dE*
ds,

1 -Ts
—e 7 B12
Ue(Sl) ( )

with

e ISigs,.

Ue(51)

I*(S1; E*) (bits)

2000 3000

0 1000
S{Ot (umZ)

FIG. 7. Maximal information 7*(S;; E*) transmitted for increas-
ing values of Si*'. The vertical gray line highlights the position of the
maximum (which occurs at (S;) ~ 1340 um?). The plot is obtained
assuming Seer = 6000 um?, ¢ = 40. The value of (S;) = S\ is con-
strained to be at most equal to S /2.
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The maximal information is

I*(S1; E*) = logy(Z) 4 I'S™. (B13)

The information transmitted as a function of S is shown in
Fig. 7. The curve has a maximum for intermediate values of
(S1) ~ 1340 um?, qualitatively in agreement with the results
obtained for the single cell case in Sec. III B.
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