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When Many Noisy Genes Optimize Information Flow

Nicholas Lawson * and William Bialek †

Joseph Henry Laboratories of Physics and Lewis–Sigler Institute for Integrative Genomics, Princeton University,
Princeton, New Jersey 08544, USA

(Received 2 February 2026; accepted 3 August 2026; published 8 September 2026)

It often is emphasized that gene expression is noisy. A seemingly contradictory view is that control mecha-
nisms have been optimized to squeeze as much information as possible out of a limited number of molecules.
Here we revisit these issues in a simple model where a single transcription factor (TF) controls a large number
of target genes. We include only the physically required noise sources—random arrival of TFs at their targets
and counting noise in the synthesis and degradation of messenger RNA (mRNA). If the cell has a limited total
number of mRNA molecules, then the capacity to transmit information about TF concentration is maximized
when these resources are distributed across the largest possible number of target genes. To realize this capacity
the distribution of TF concentrations must be biased toward smaller values. Thus, in some limits, information
transmission is optimized when individual expression levels are noisy. In addition, the dependence of information
transmission on the parameters of this multigene system has a “sloppy” spectrum, so that optimal performance
can coexist with substantial variability.
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I. INTRODUCTION

The macroscopic behaviors of organisms can be reliable,
reproducible, and robust. In some cases, as with the ability
of our visual system to count single photons on a dark night,
performance is so precise that it approaches the limits of what
is allowed by the laws of physics [1,2]. But as we look at
the microscopic structures that underlie these macroscopic
behaviors things can seem much messier: the array of recep-
tors in our retina is highly disordered [3], numbers of ion
channels vary wildly from neuron to neuron even in organisms
where these cells can be identified and numbered [4], and the
expression levels of individual genes fluctuate substantially
across genetically identical cells [5]. Although more attention
is given to noisiness and disorder, there are enough examples
of precision and near optimality that we should worry about
how to reconcile these different classes of observations [6,7].

It is an old idea that part of the problem in understanding
the physics of life is to understand how reliable functions
emerge in networks with unreliable components [8]. On the
other hand, neurons in the brain can give reliable responses
to injected currents [9] and to less proximal sensory inputs
[10,11]. Similarly, the genetic networks operating in the first
few hours of embryonic development in the fruit fly provide
evidence for optimization in the encoding and decoding of in-
formation through the regulation of gene expression [12–15].
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Here we develop a different scenario connecting noise and
optimization in the regulation of gene expression. We imagine
a single transcription factor that can regulate many genes; for
simplicity we imagine that these genes are noninteracting,
so that the single input “broadcasts” to many outputs, as
schematized in Fig. 1. We can think of the information that
is transmitted from the input transcription factor concentra-
tion c to the output expression levels {gi} as a measure of
the performance of the system, quantifying the power of the
transcription factor to control the state of the cell. The genes
might drive some further downstream process, the reliability
of which will be limited by the information transmitted in the
first layer. Therefore, here we consider only the first layer.

The mutual information I (c; {gi}) is limited by the maxi-
mum absolute concentration of the input molecules and by the
total number of messenger RNA (mRNA) molecules that can
be transcribed. We will assume that this total is large enough
that the system as a whole is not especially noisy—by looking
at the expression levels {gi} we (or the cell) could infer the
input signal c with high precision. The question is how the
resources should be distributed. If there are a small number
of target genes, then each of them will be controlled precisely,
but if the same total number of mRNA molecules is distributed
across many targets, then each of them will be very noisy.
We will show that, in a well-defined limit, the capacity for
information transmission is optimized by using the maximum
possible number of targets, so that each expression level is
highly variable.

It is common to think that if elements are noisy, then cells
or organisms must average over many of these elements to
achieve reliable functions. The surprise here is that with a lim-
ited (but large) set of molecular resources, it actually is better
to use many noisy elements than a few reliable ones. It is not
that we need to average in order to collect enough information,
but rather that to maximize information the signal should be
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FIG. 1. A schematic of the broadcasting model. One input
species, a transcription factor at concentration c, independently regu-
lates the expression levels {gi} of M output genes (i = 1, 2, . . . , M).

distributed among many noisy genes: noisiness is a solution
to the optimization problem.

Once we have many target genes we also have many
parameters. Behind each arrow c → gi is a schematic de-
pendence of the expression level on the input transcription
factor (TF) concentration (Fig. 2). Such dependencies are
defined (at least) by a characteristic concentration scale Ki

and a sensitivity ni. In a simple model we can think of these
parameters as the affinity and cooperativity for binding of the
TF to the relevant enhancer sites [16,17], although we need
not take this literally. We will see that at large M, where infor-
mation transmission is optimized, the dependence of I (c; {gi})
on the parameters {Ki, ni} is “sloppy” [18–21], so that there
are soft modes in parameter space along which combinations
of parameters can vary with little impact on function. This
means that ensembles of cells could achieve nearly optimal

FIG. 2. Schematic input-output relation and noise associated
with one arrow in Fig. 1. Mean expression level ḡ(c) as a function of
the transcription factor concentration c (solid blue) ± one standard
deviation σg(c) (dashed red). Expression is normalized so the maxi-
mal mean value is ḡ = 1 and TF concentration is in units of c0 from
Eq. (25). We mark the scale of half-maximal activation K/c0 = 0.5
and the sensitivity n = 4 from Eq. (20). Orthogonal error bars show
how noise in expression (black) is equivalent to an error in input
concentration σc(g) (red).

information transmission with many different parameter set-
tings, allowing the coexistence of optimality and variability,
as in other problems [22].

There are examples of TFs that can regulate hundreds
of targets, and therefore that operate in something like the
broadcasting mode schematized in Fig. 1. In different contexts
these have been labeled both “master” and “promiscuous”
regulators [23,24], but we suspect that the scenario we explore
here is too simple to be a realistic model for these particular
systems. However, our approach provides proof of princi-
ple that noisiness and variability, rather than being evidence
against optimization, can in fact emerge as consequences of
an optimization principle.

II. FORMULATING THE PROBLEM

Information transmission in genetic and biochemical net-
works is limited by noise from the random behavior of
individual molecules. Given a maximum total number of
molecules there is a bound on how much information can
be represented or transmitted, but it is not obvious how to
distribute these molecular resources. Should cells use as many
molecules as possible to make a single signal reliable, or dis-
tribute them across many noisy channels? We want to address
this problem in the context of transcriptional control, and we
use what we believe is the simplest setting, the broadcasting
network in Fig. 1.

Broadcasting is defined as a two-layer network in which
inputs control a set of noninteracting outputs in feed-forward
fashion. Here, we focus on the case where a single input drives
M outputs. Concretely, we imagine a transcription factor that
controls, independently, the expression of multiple genes. In-
teractions among output genes, which we neglect here, have
been studied in previous work, e.g., Ref. [25]. These interact-
ing networks can produce nonmonotonic input-output curves
that allow the system to transmit more information than in
the broadcasting case, if the parameters are set correctly. Thus
the broadcasting model that we study here provides a lower
bound on the information that can be transmitted by richer
architectures with the same resource constraints.

Limitations on molecular resources are set by the concen-
tration c of the TF having a maximum cmax, and by fully
expressed genes being encoded by Nmax mRNA molecules.
We include only the minimal noise sources from random ar-
rivals of the TF molecules at their binding sites [26,27] and the
Poisson fluctuations in mRNA synthesis and degradation [28].
In addition, we work in steady state, where concentrations
are numbers rather than functions of time. Our analysis of
information transmission in this system follows earlier work
[29] but pushes into a new regime with unexpected results.
The discussion in this section is largely a review, included for
completeness and to establish notation.

Before we begin the technical discussion we note that there
are three layers of optimization even in this simple problem.
First, if we think of the regulatory mechanisms as fixed,
along with their noise levels, then we can adjust the distribu-
tion PTF(c) of input concentrations to maximize information
transmission [30,31]; the information that is transmitted at
this optimum is referred to as the information capacity of
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the network [32].1 Second, we can adjust the parameters of
the network to maximize the information capacity with fixed
limits on molecular resources [29]. Finally, with M target
genes and Nmax mRNA molecules for each, the cell has a total
budget of Ntot = MNmax molecules, and we can ask how best
to distribute these resources: is information maximized by a
small number of reliable genes (small M, large Nmax) or a
large number of noisy genes (large M, small Nmax)? To solve
the first two layers of optimization we follow previous work
[29–31].

We begin with definitions of the relevant probability dis-
tributions. The input drives the output, so that if we know
the TF concentration c, then there is some distribution of
expression levels P({gi}|c) that results. The statement that the
target genes do not interact is formalized by saying that this
distribution factorizes,

P({gi}|c) =
M∏

i=1

Pi(gi|c). (1)

If the TF concentrations are drawn from a distribution PTF(c),
then the probability (density) to find a combination of inputs
and outputs is

P({gi}, c) = P({gi}|c)PTF(c) (2)

and the distribution of output expression levels

P({gi}) =
∫

dc P({gi}, c) =
∫

dc P({gi}|c)PTF(c). (3)

In addition to thinking of the input as driving the output, we
can also think of the output as an encoding of the input, and
there is a distribution P(c|{gi}) of input TF concentrations that
is consistent with a measured set of expression levels. Bayes’
rule tells us that

P(c|{gi}) = P({gi}, c)

P({gi})
= P({gi}|c)PTF(c)

P({gi})
. (4)

We will work in the limit where the total amount of informa-
tion is large, so that patterns of expression point sharply to
a small range of TF concentrations around some most likely
value c∗({gi}). Then we can approximate

P(c|{gi}) = 1√
2πσ 2

c ({gi})
exp

{
− [c − c∗({gi})]2

2σ 2
c ({gi})

}
, (5)

where σc({gi}) is the error in estimating c from {gi}.
The mutual information between the input and outputs is

defined, as usual [32,33], as

I (c; {gi}) =
∫

dc dMgP({gi}, c) log2

[
P({gi}, c)

PTF(c)P({gi})

]
(6)

= S[PTF(c)] − 〈S[P(c|{gi})]〉{gi}, (7)

1There are two quantities that can be described as the information
capacity. The first, which we use here, is the maximum mutual infor-
mation between input and output that can be achieved by adjusting
the distribution of inputs. The second, which is more relevant for
engineered systems, is the maximum number of bits (or bits/s) that
can be transmitted without error. The fact that these quantities are the
same for many communication channels is one of the foundational
results of information theory [32,33].

where we identify S[P(x)] generally as the entropy of the
distribution P(x),

S[P(x)] = −
∫

dx P(x) log2 P(x). (8)

We see from Eq. (5) that P(c|{gi}) is approximately Gaussian,
and we can compute the entropy of a Gaussian analytically, so
that

S[P(c|{gi})] = 1
2 log2

[
2πeσ 2

c ({gi})
]
. (9)

Working consistently in the small noise limit, we can trade
averages over the output for averages over the input:

〈 f ({gi})〉{gi} ≡
∫

dMgP({gi}) f ({gi}) (10)

≈
∫

dc PTF(c) f ({gi})|{gi=ḡi (c)}. (11)

For compactness we will write

σ 2
c ({gi})|{gi=ḡi (c)} = σ 2

c (c). (12)

Putting the pieces together we have

I (c; {gi}) = −
∫

dc PTF(c) log2 PTF(c)

− 1

2

∫
dc PTF(c) log2

[
2πeσ 2

c (c)
]
. (13)

The first layer of optimization is to choose the distribution
of inputs. We impose no constraints on the distribution other
than that it be bounded by cmax. We must introduce a Lagrange
multiplier α to fix the normalization of PTF(c), so we have to
solve the variational problem

δ

δPTF(c)

[
I (c; {gi}) − α

∫
dc PTF(c)

]
= 0. (14)

Substituting from Eq. (13) and solving we find [30]

P∗
TF(c) = 1

Z
1

σc(c)
, (15)

where the partition function

Z =
∫ cmax

0

dc

σc(c)
. (16)

This yields a compact result for the optimal information trans-
mission,

Iopt = log2

( Z√
2πe

)
bits. (17)

The second layer of optimization is to choose the parameters
of the network. We see from Eqs. (16) and (17) that these
parameters can enter only through the effective input noise
level σc(c). If the mean expression level of each gene is ḡi(c)
and the noise level in the expression is defined by a standard
deviation σgi (c), then for a single gene Fig. 2 shows the usual
propagation of errors

1

σc(g)
=

∣∣∣∣dḡ(c)

dc

∣∣∣∣ 1

σg(c)
, (18)

although again this makes sense only if the noise is small. If
we can use the expression levels of multiple genes to infer the
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input TF concentration c, then these signals combine to reduce
the effective noise level [34]

1

σ 2
c ({gi})

=
M∑

i=1

∣∣∣∣dḡi(c)

dc

∣∣∣∣
2 1

σ 2
gi

(c)
. (19)

To proceed, we need to specify the form of the input-output
relations ḡi(c) and the sources of noise in the network. We
make use of a phenomenological description, the Hill function
[35]

ḡi(c) = cni

cni + Kni
i

. (20)

We can imagine that ni molecules of the transcription factor
bind cooperatively to sites close to the target, and that the
expression level is proportional to the probability that all these
sites are occupied; in this view Ki is the affinity of the sites for
the TF [16,17]. As far as we can tell this mechanistic view is
not essential for what follows, and one can think of the Hill
function as a prototypical monotonic function characterized
by a scale K along the concentration axis and a sensitivity or
slope n (Fig. 2). For simplicity, we consider only activators
(n > 0), but this is not essential to the results that follow.

We have chosen to measure expression in normalized units,
so that the maximum mean value in Eq. (20) is 1. If this
maximum mean expression involves Nmax mRNA molecules
we expect that there will be Poisson fluctuations as these
molecules are transcribed and degraded, contributing a vari-
ance proportional to the mean expression,

σ 2
Poisson = 1

Nmax
ḡ(c). (21)

In addition, there is noise as the TF molecules arrive at their
binding sites, as first emphasized by Berg and Purcell [26].
We can think of this as a variance in the concentration that the
regulatory mechanism “sees,”

〈(δc)2〉 = c

Daτ
, (22)

where D is the diffusion constant, a is the linear size of
the binding sites, and τ is the effective integration time for
expressed molecules. This will make a contribution to the
variance that we can calculate by propagating errors,2

σ 2
BP = c

Daτ

∣∣∣∣dḡ(c)

dc

∣∣∣∣
2

. (23)

Putting these terms together, we have

σ 2
gi

(c) = 1

Nmax

[
ḡi(c) + c0c

(
dḡi(c)

dc

)2
]
, (24)

where

c0 = Nmax

Daτ
(25)

2This is not quite right [36], but should be a good enough approxi-
mation to help us understand the essential trade-offs considered here.

is a natural concentration scale; the optimization problem is
interesting because c0 is comparable to the real concentrations
of TFs [29].

Since the information capacity is a monotonic function of
the partition function Z , we can take Z itself as the objective
function to be optimized. From Eqs. (16), (19), and (24), we
can write Z in dimensionless form as

Z =
√

Nmax

∫ C

0
dx

[
M∑

i=1

[dḡi(x)/dx]2

ḡi(x) + x[dḡi(x)/dx]2

]1/2

, (26)

where x = c/c0, C = cmax/c0, and the natural parameters are
{Ki/c0, ni}. This is the optimization problem addressed in
previous work [29], and we follow their path in maximizing
Z numerically. What is new is that we push to larger numbers
of genes M.

III. MANY NOISY CHANNELS

The partition function Z in Eq. (26) depends on the param-
eters {Ki/c0, ni}, and we can optimize over these numerically.3

The resulting optimum Zopt still depends on the number
of genes M, the maximum concentration of the inputs C =
cmax/c0, and the maximum number of mRNAs for each gene
Nmax. The explicit dependence on Nmax is simple, Z ∝ √

Nmax,
but there is also an implicit dependence through the concen-
tration scale c0 [Eq. (25)].

Results for Zopt (C, M )/
√

Nmax are shown in Fig. 3(a). We
see that the dependence on both M and C is monotonic, as
expected: with more molecules available the system can al-
ways transmit more information. Results at different M seem
to have the same dependence on C, and this is made precise
by rescaling in Fig. 3(b).

The first result from Fig. 3 is that Zopt ∝ √
M. This is what

we would expect if each of the terms inside the brackets of
Eq. (26) made the same contribution. This suggests that the
optimal choices of {Ki, ni} serve to distribute the contribution
of these terms along the c axis in some uniform way. To see
this more explicitly we can define

Fi(x) = [dḡi(x)/dx]2

ḡi(x) + x[dḡi(x)/dx]2 , (27)

so that

Z =
√

Nmax

∫ C

0
dx

[
M∑

i=1

Fi(x)

]1/2

. (28)

In Fig. 4 we show the functions Fi(x), with all the parameters
{Ki, ni} set to their optimal values, for M = 20 and C = 50.

We see that the different Fi(c/c0) tile the concentration
axis, increasing their spacing and increasing their width as
their centers move toward larger concentrations. This spacing

3We use the matlab function fmincon, and fix n > 0 so that we are
describing a TF that functions consistently as an activator of all its
targets. Over a wide range of C we achieve good convergence of
the optimization up to M = 30, beyond which the algorithm slows
substantially.
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FIG. 3. The partition function as a function of the dimensionless maximal input concentration. (a) Zopt (C, M )/
√

Nmax for networks with
different numbers of genes. (b) Zopt (C, M )/

√
NmaxM for each network, shown on a log-log scale. The curves collapse onto Zopt ∝ √

MC1/4.

makes it plausible that each term can make a similar contribu-
tion to the integral that defines Z . If we add the terms

1

Nmax

1

σ 2
c (c)

=
M∑

i=1

Fi(x), (29)

we find that σ 2
c ∝ c over most of the dynamic range, as ex-

pected if the use of multiple target genes allows the effective
noise level to become proportional to the Berg-Purcell limit
from Eq. (22).

At large M it is useful to think about a continuum limit,
with the sum over genes becoming an integral over the binding

FIG. 4. Tiling the concentration axis. Functions Fi(c/c0 ) from
Eq. (27); parameters {Ki, ni} are set to their optimal values for
M = 20 and C = 50 (thin colored curves). The sum (solid black
line) determines the effective noise level σc(c) from Eq. (29). For
comparison, if the effective noise level is given by the Berg-Purcell
limit in Eq. (22), we expect the sum to be proportional to 1/c (dashed
red line).

constants Ki,

M∑
i=1

Fi(x; Ki/c0, ni ) → M
∫ C

0
dk ρ(k)F (x; k, n∗(k)), (30)

where we make explicit that F (x) also depends on k = K/c0

and n, n∗(k) is the optimal n for each k, and the density is
normalized ∫ C

0
dk ρ(k) = 1; (31)

we assume that once the network is optimized there are no
binding constants outside the natural range 0 � K � cmax.
The function F peaks at k ∼ x, so that each gene makes its
dominant contribution near the point of half-maximal activa-
tion. The peak height is

Fpeak (x; k = x, n) ∼ n2

x2 + n2x
, (32)

and the peak width is �k ∼ x/n. We recover simple scaling
if n∗(k) ∼ √

k, which we observe from the numerics. This
means that the width of Fi(x) should be �x ∼ x1/2

peak and this
is consistent with what we see in Fig. 4. Then, if the density
is smooth we can approximate∫ C

0
dk ρ(k)F (x; k, n∗(k)) ∼ ρ(x)Fpeak (x)�k ∼ ρ(x)√

x
. (33)

To recover σ 2
c ∝ c from Eq. (29) then requires ρ(x) ∼ 1/

√
x,

and this again is consistent with the spacing of the optimal
Fi(x) in Fig. 4. But to keep ρ(x) normalized we must have
ρ(x) = 2/

√
Cx. Finally, we put these terms together to give

Zopt ∼ √
NmaxM

∫ C

0
dx

[
ρ(x)√

x

]1/2

∼ √
NmaxMC1/4, (34)

and this is what we see in Fig. 3(b).
Another way of understanding the result in Eq. (34) is

that if we had just one concentration sensor that reached the
Berg-Purcell limit, we would have Zopt ∼ C1/2. We have M
sensors, but these have limited dynamic range and so must be
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distributed along the concentration axis to match the noise lev-
els. Since there are roughly

√
C distinguishable concentration

levels, the number of sensors “looking” at each concentration
is Nsens ∼ M/

√
C. Then we have

Zopt → √
NsensC

1/2 ∼
√

MC1/4, (35)

as in Eq. (34).
For the third and final layer of optimization, we assume that

the organism incurs a metabolic penalty to produce an mRNA
molecule, such that a reasonable constraint is to allow for a
total mRNA “budget.” If we hold this budget Ntot = MNmax

fixed, we can rewrite Zopt as

Zopt ∝ (NtotMcmaxDaτ )1/4. (36)

Recalling that the maximal input concentration cmax and bio-
physical parameters D, a, and τ are externally fixed, we see
that, no matter what the total mRNA budget is, the best thing
to do is always to increase the number of genes. In principle,
optimizing would push the network toward arbitrarily large
M, but at some point our small noise approximations will
break down. Nonetheless, the prediction is that the optimal
strategy is to increase the number of information-transmitting
channels, rather than to decrease the noise in any given chan-
nel. Counterintuitively, perhaps, information transmission is
optimized in this system when individual expression levels are
noisy.

We have also investigated numerically the case that Nmax is
allowed to vary between genes. In this scenario, the constraint
Ntot = MNmax is modified to Ntot = ∑M

i=1 Ni. We find that
the information transmission is not affected: the scaling in
Eq. (36) holds, and there is a negligible change to the order
one prefactor. Thus, for simplicity, we fix Nmax to be equal for
all genes.

A corollary of these results is that the distribution of input
concentrations and the distribution of binding constants are
both strongly biased toward low values. It seems fair to say
that, in the absence of a concrete calculation, one might not
have expected the combination of low input concentrations
and noisy outputs to be a consequence of optimizing informa-
tion flow. However, we note that the spatial profile of the TF
Bicoid in the Drosophila embryo decays exponentially along
the anterior-posterior axis, and thus is an example of a real
PTF(c) that is biased toward low input concentrations. This
is a system in which there is evidence for optimization of
information transmission at many stages [7,12–15].

IV. PARAMETER VARIATIONS

Once we have a system where a single TF broadcasts
to many genes, we also have a large number of parameters
{Ki, ni}. One might worry that, while having many genes
optimizes information transmission, achieving this optimum
could require fine-tuning of these many parameters. To ex-
plore this we consider how information transmission behaves
in the neighborhood of the optimum.

Let us label the parameters θ ≡ {Ki, ni}. Then there is an
optimum setting θ = θ∗ that maximizes I (c; {gi}), and near

FIG. 5. Spectrum of the Hessian matrix. Rescaled eigenvalues
of Ĥ from Eq. (37) are plotted against fractional rank for varying
numbers of genes with cmax/c0 = 50.

this setting we have

I (θ) = Imax − 1

2

2M∑
n,m=1

(θn − θ∗
n )Ĥnm(θm − θ∗

m) + · · · , (37)

where Ĥ is the Hessian matrix that describes the “stiff-
ness” holding parameters near their optimal values. In general
the different parameters interact, so it is natural to look
at the eigenvalues {λμ} and eigenvectors of the Hessian—
eigenvectors define directions in parameter space that have
independent effects on performance (to leading order), and
eigenvalues measure this sensitivity.

Figure 5 shows the spectrum of the Hessian for varying
numbers of genes and cmax/c0 = 50; no other parameters en-
ter. Since K is measured in units of c0 it is dimensionless,
as is n, so all elements of Ĥ have the same units (bits).
We see that, when rescaled by the number of genes, the
spectra for networks of different sizes collapse, confirming
that the maximum eigenvalue of each system scales ∼1/M.
More notably, the eigenvalues span nearly four decades, with
much of the spectrum forming an exponential tail. A similar
exponential tail is seen in setting the parameters for reading
out the information encoded by gene expression levels in the
fly embryo [37].

An exponential tail is equivalent to the statement that these
eigenvalues are distributed uniformly on a logarithmic scale
or, more ambitiously, that the spectrum is scale invariant. This
pattern is seen in many multiparameter fits to data on complex
systems: some combinations of parameters are determined
precisely, and others are not [18,19]. Sethna and colleagues
have argued that this behavior defines a broad class of “sloppy
models” [20] and that this gives a path to model simplification
[21].

Why does sloppiness emerge in this model? The objec-
tive function is an integral of a sum of many terms, and
the information depends only on the sum, not on each term
individually. More precisely, in the continuum limit, the
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information transmission depends only on the distribution
of binding constants ρ(k) and, implicitly, on n(k). Any re-
arrangement of individual parameters that preserves ρ(k) is
therefore approximately a zero mode of the Hessian, and the
number of such rearrangements grows with M. The emer-
gence of sloppy modes in our model may therefore be a
reflection of “population coding,” i.e., using many genes to
tile the input domain.

Since the parameters are physical properties of the genome,
in our case there is no natural path to model simplification.
We can imagine evolution modifying individual values Ki by
changing the sequence to which the TF binds in the enhancer
for gene i, and modifying the individual ni by duplicating
or deleting binding sites, but there is no obvious way to
remove some fractional superposition of these elements and
“simplify” the network.

However, the sloppy spectrum does mean that cells can
tolerate substantial variations in parameters, as emphasized
recently in other contexts [22]. This invites us to think about
an ensemble of cells with parameters chosen at random from
a distribution P(θ). We can ask for a distribution that allows
parameters to be as random as possible while, on average,
cells convey some near-optimal information 〈I (θ)〉. The dis-
tribution with these two properties is the Boltzmann-like
distribution,

P(θ) = 1

Z (T )
exp [I (θ)/T ], (38)

where the information plays the role of (negative) energy,
varying the “temperature” T trades between the degree of
variation and the magnitude of information, and Z (T ) serves
to normalize the distribution. This picture of a Boltzmann-
like functional ensemble of cells or organisms—exploring
parameter space as widely as possible while maintaining some
high average performance—has arisen in multiple contexts,
with different interpretations [38–43]. In the approximation
of Eq. (37) we can compute both the average information
transmission and the entropy S of the distribution in parameter
space

S = −
∫

d2Mθ P(θ) ln P(θ); (39)

each is a function of T but they can be related directly to one
another to give

〈I (θ)〉 = I (θ∗) − M�

πe
eS/M , (40)

where � is the geometric mean of the Hessian eigenvalues
{λμ} [22].4

4This relationship is valid when the temperature is low enough
that the effects of the perturbations δθμ are well described by the
quadratic expansion. We restrict our analysis to the region near the
optimum, where we can be sure that the optimization landscape
is effectively quadratic and we have analytic control. At higher
temperatures, a more complex phase structure could emerge in the
Boltzmann-like distribution.

For the example in Fig. 5 with M = 25 genes, we have � =
3.86×10−4. This means that we can have, on average, more
than one bit of variation in each parameter and still achieve
information transmission within ∼0.01 bits of the maximum.
Thus optimization of information transmission with bounded
molecular resources not only drives the system into a regime
where each of the many target genes has noisy expression,
but the parameters of each TF/DNA interaction can fluctuate
substantially with hardly any loss of information. We have
optimality without fine-tuning.

V. DISCUSSION

Life depends on information as much as on energy. In
order to survive and reproduce, organisms need to know what
to do and when to do it. Just a decade after the introduc-
tion of information theory, Barlow proposed that part of the
function of neural computation was to generate efficient repre-
sentations of sensory information [44,45], and this hypothesis
remains a driver of thinking about neural coding more than
six decades later [46]. Efficient representation means con-
veying as much relevant information as possible with limited
resources, and perhaps this is even clearer in biochemical and
genetic networks where the resources are molecules [30,31].
The early fruit fly embryo provides evidence for such efficient
representation [13–15], and the theory of optimal information
flow in such networks is now a substantial field [47]. From a
physics point of view it is especially attractive that the same
principles are being used at such different levels of biological
organization [6,7].

For both neural and genetic networks, direct observations
of noisiness and variability seem like prima facie evidence
against ideas of optimization. The result of our work is that
this conflict can be resolved. Maximizing the information
transmitted by transcriptional regulation leads to a distribution
of molecular resources across many genes, so that expression
of each gene becomes very noisy. The optimal distribution of
transcription factor concentrations also is biased toward very
low values. Finally, the “broadcasting” network that maxi-
mizes information flow is enormously tolerant to parameter
variations, so that we expect an ensemble of near-optimal cells
to explore these parameters widely in the absence of other
constraints.
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Statistical analysis and optimality of neural systems, Neuron
109, 1227 (2021).

[44] H. B. Barlow, Sensory mechanisms, the reduction of redun-
dancy, and intelligence, in Proceedings of the Symposium on
the Mechanisation of Thought Processes, Volume 2, edited by

D. Blake and A. Uttley (HM Stationery Office, London, 1959),
pp. 537–574.

[45] H. B. Barlow, Possible principles underlying the transformation
of sensory messages, in Sensory Communication, edited by W.
Rosenblith (MIT Press, Cambridge, MA, 1961), pp. 217–234.

[46] M. B. Manookin and F. Rieke, Two sides of the same coin:
Efficient and predictive neural coding, Annu. Rev. Vis. Sci. 9,
293 (2023).
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