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Independent Training Trajectories Learn the Same Interaction Parameters
in Coarse-Grained Protein Models
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This work introduces a self-consistent training framework for learning residue–residue interaction parameters
in matrix-based coarse-grained protein models. By combining direct coupling analysis with a physics-based
design model, we construct a feedback loop in which the interaction matrix is iteratively updated from sequences
generated by the model itself. We provide a mathematical foundation for this behavior by showing that, for
a given iterative map satisfying explicit contact-locality and spectral assumptions, the training process is a
contraction, guaranteeing convergence to a unique fixed point independent of the initial interaction matrix. This
fixed-point property is general for coarse-grained models in which the residue-residue energy is represented
by a distance-dependent term modulated by a type-dependent coupling matrix, while the learned interaction
parameters remain specific to the underlying model physics. We then examine the empirical consequence of this
framework in Caterpillar, a coarse-grained potential for folding and design. Independent training trajectories,
defined by different target structures and stochastic sampling, converge to statistically equivalent interaction
matrices. Each trajectory recovers the full interaction solution without requiring ensemble averaging, and the
averaged trajectory reaches the same result. The resulting framework provides a link between sequence statistics
and physically modeled interaction energies. Applied to protein design, it yields interaction matrices associated
with improved structural fidelity and accurate contact prediction, while clarifying how learned sequence patterns
relate to the interactions that stabilize protein structure.

DOI: 10.1103/dmcv-sx8q

I. INTRODUCTION

Protein design plays a central role in biotechnology,
medicine, and fundamental studies of biomolecular function
[1–5]. The ability to engineer sequences with prescribed
structural and functional properties enables the development
of enzymes, therapeutic agents, and synthetic biomaterials.
Existing strategies rely primarily on rational design or di-
rected evolution [6]. Rational approaches depend on detailed
structural knowledge, which is not always available, whereas
directed evolution requires extensive experimental screen-
ing and optimization. A longstanding complementary goal
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is to formulate reduced physical models that capture how
sequence encodes foldability and stability while remaining
simple enough to analyze mechanistically [7–10].

A major objective in protein design is to establish
a quantitative relationship between amino acid sequence
and structural stability. Machine learning methods, includ-
ing AlphaFold and Rosetta-based approaches [11–13], have
significantly improved predictive accuracy. These models cap-
ture complex statistical patterns in sequence and structure
data, yet their internal representations remain difficult to inter-
pret in terms of physical interactions [14]. This gap motivates
complementary frameworks in which learned parameters can
be related directly to underlying biophysical principles. In
particular, maximum-entropy and inverse-statistical-physics
approaches provide an interpretable route for connecting se-
quence statistics to effective couplings and to quantities that
can be related to biophysical energetics [15–18]. Interpretable
approaches provide a route for analyzing the statistical struc-
ture learned by data-driven models while preserving a direct
connection to physical energetics. This perspective is also
consistent with the broader energy-landscape view of protein
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folding, in which effective interactions are expected to encode
the funnel-like organization that stabilizes native structure
while suppressing competing states [9,19]. Recent advances
in sequence design using neural networks [20] and reviews of
generative modeling in protein science [21] further underscore
the need for such frameworks.

The present work develops a self-consistent training frame-
work based on Direct Coupling Analysis (DCA) integrated
with a coarse-grained physical model. Building on earlier
correlated-mutation analyses [22] and later global inference
approaches [23], DCA uses maximum-entropy or Potts-model
inference to disentangle direct from indirect correlations in
sequence alignments and thereby infer effective residue–
residue couplings [15,16,24–26]. Its predictive performance
has improved through advances in statistical inference, in-
cluding pseudolikelihood maximization [27], and has been
validated through extensive benchmarking [28,29]. Because
DCA yields an explicit pairwise statistical model, it is espe-
cially well matched to coarse-grained frameworks in which
residue energetics are also represented through pairwise inter-
action matrices. Applications to designed sequences indicate
that DCA can recover interaction patterns in the absence of
evolutionary constraints [30,31]. More broadly, related sta-
tistical models have been used to probe energetic couplings
and evolutionary sectors, to quantify context-dependent muta-
tional effects, and to enable generative protein design [32–36].
These properties make DCA suitable for a closed-loop proce-
dure in which interaction parameters are learned directly from
sequences generated by a physical model.

More generally, coarse-grained protein models provide a
well-established framework for representing protein folding,
dynamics, and design using reduced physically motivated in-
teractions [37–41]. We implement this framework within the
Caterpillar model, a coarse-grained protein design and folding
approach defined by physically motivated interaction terms
[42]. Throughout this paper, interaction matrix is the primary
term for the object that encodes effective residue–residue in-
teractions. In related contexts, the same object may also be
described as a coupling matrix, energy matrix, or potential.
Here we use a single term to keep the mapping between
inference and design explicit.

The workflow begins from a target protein structure and
an initial interaction matrix Minitial, which provides a generic
starting point and is not derived from sequences associated
with that target. Given an input matrix Mi, the Caterpillar
model generates an ensemble of designed sequences com-
patible with the target fold through Monte Carlo sampling.
The resulting multiple sequence alignment is analyzed with
DCA to infer an updated interaction pattern Mi+1. A positive
global scaling factor then sets the energy scale, equivalently
the effective design temperature, for the next physical simu-
lation; it is not propagated as an independent matrix update.
In the implementation studied here, the initial condition is
Minitial = M1

CAT.
The central hypothesis of the paper is that this self-

consistent procedure converges to a unique model-specific
interaction matrix. At the mathematical level, the relevant
object is a fixed iterative map acting on normalized interaction
patterns. For a given map satisfying the stated contraction
assumptions, we show convergence to a unique fixed point

independent of the initial interaction matrix. This fixed-point
property is not restricted to Caterpillar, but applies to the class
of coarse-grained models in which a type-dependent matrix
M(Si, S j ) modulates a model-specific distance function �(ri j ).
The identity and physical interpretation of the converged fixed
point remain determined by the underlying model.

The empirical question is distinct from the theorem-level
statement. In the specific Caterpillar implementation, the re-
finement depends on the target structure used during sequence
generation and on Monte Carlo sampling fluctuations. Dif-
ferent targets and independent simulations therefore define
different realizations of the overall procedure. We test whether
these target-conditioned stochastic trajectories converge to
statistically equivalent interaction matrices.

The interaction matrix recovered at convergence is model-
specific because it reflects the effective energetics of the un-
derlying coarse-grained representation. This convergence can
be rationalized by separating directional interactions, which
stabilize local secondary-structure motifs, from the longer-
range sequence-dependent interactions that mainly tune pack-
ing and select among compatible local arrangements[43–47].
Because the refinement targets these packing-dominated ef-
fective interactions rather than the hydrogen-bond network
itself, an interaction matrix learned from one protein family
can remain transferable to another family even when their
secondary-structure content differs substantially. The class-
general result concerns the existence and uniqueness of a
self-consistent solution within this family of models. The
converged interaction matrix then defines the parameters that
stabilize foldable sequences for a given structural topology
while remaining consistent with the statistical structure ex-
tracted from the generated sequences.

II. METHODS

A. Overview of the approach

This study builds upon the Caterpillar protein model [48]
and the mean-field approximation of direct coupling analysis
(mfDCA) [24] to introduce a self-consistent iterative frame-
work for refining the interaction matrix through sequence
design and analysis. Detailed descriptions of the Caterpillar
model, including its energy terms and coarse-grained repre-
sentation, are provided in the Supplemental Material (The
Caterpillar protein model; Fig. S1), together with the full
mathematical formulation of mfDCA (Direct Coupling Anal-
ysis) [49]. Here we focus on the elements required to define
the iterative framework and the objects that are passed be-
tween the design and inference steps.

B. mfDCA: Mean-field direct coupling analysis

mfDCA refers to a family of computational methods devel-
oped to improve the accuracy of covariance-based approaches
for inferring protein three-dimensional structure from evolu-
tionary sequence data. Its key contribution is the ability to
filter out indirect correlations, which are the main source of
noise in traditional covariance analyses. Each DCA variant
uses its own strategy to isolate direct statistical couplings, but
all share a common mathematical foundation built around the
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following Hamiltonian:

HmfDCA = −
∑

1�i< j<L

ei j (Ai, Aj ) −
L∑

i=1

hi(Ai ). (1)

Here the coupling term ei j (Ai, Aj ) represents the inferred
interaction energy between residue types Ai and Aj at posi-
tions i and j of the sequence, respectively. The local-field term
hi(Ai ) corresponds to the estimated propensity of observing
residue type Ai at position i. In the present framework, these
inferred couplings are mapped to an interaction matrix so
that the output of mfDCA can be compared directly with the
matrix used in the Caterpillar design model. The full mfDCA
formulation and matrix-construction details are provided in
the Supplemental Material (Direct Coupling Analysis) [49].

C. The Caterpillar protein model

To design the sequences, we employed the Caterpillar
model, a protein framework capable of folding and design-
ing sequences in which side chains are coarse-grained as
self-avoiding spheres with a diameter of 2 Å. The Caterpillar-
based sequence design approach guarantees that solutions
refold to the target structure with high precision (2–3 Å).
Although these artificial sequences are not intended for ex-
perimental validation, they encode the structural logic needed
to test the self-consistency of the interaction matrix in a con-
trolled environment. At this stage, they should be regarded as
computational constructs for evaluating the framework rather
than as biologically meaningful sequences ready for experi-
mental use.

In design simulations, exploration of the vast sequence
space is guided by a Monte Carlo scheme that minimizes the
following energy function:

HCAT = EH +
∑

i

Esol(Ai ) +
∑

i< j

Eres(i, j). (2)

Here EH corresponds to the hydrogen-bond energy, which
remains constant throughout sequence-design simulations,
Esol(Ai ) represents the solvation contribution modeled by pe-
nalizing buried hydrophilic residues and exposed hydrophobic
ones, and Eres denotes the residue–residue interaction term.
Further details of the Caterpillar Hamiltonian, including the
hydrogen-bond, side-chain, and residue-solvent terms, are
provided in the Supplemental Material (The Caterpillar pro-
tein model; Fig. S1 [49]).

The residue–residue interaction component of the energy
is computed as

Eres(i, j) = M1
CAT(Si, S j )�(ri j ), (3)

where i and j are the residue indices along the sequence,
M1

CAT(Si, S j ) are the entries of a 20 × 20 matrix defining
interaction strengths between amino-acid types Si and S j , and
�(ri j ) is the Caterpillar distance function evaluated at the
Cα–Cα distance between residues i and j. The matrix M1

CAT
was derived in previous work [42], where it was optimized
using the Maximum Entropy Principle. Specifically, residue-
residue and residue-solvent parameters were tuned so that
the hydrophobicity profiles and total interaction energies of
the designed sequences matched those of naturally occurring

sequences. Caterpillar-designed sequences, which fold to the
target structure while remaining free from evolutionary noise
and alignment artifacts, provide a controlled environment for
benchmarking mfDCA. This setting allows us to test whether
mfDCA recovers the interaction patterns embedded during
the design process and therefore whether the inference step
is suitable for feedback into the iterative framework (see
Supplemental Material: Accurate Recovery of Embedded In-
teractions via mfDCA; Table S1 [49]).

D. Sequence design algorithm

To minimize external biases, we employ the sequence
design algorithm recently introduced in Ref. [50]. By us-
ing revised mutation probabilities and optimized acceptance
rules, this algorithm improves the efficiency of sequence
space exploration (see Supplemental Material: Virtual Move
Parallel Tempering for Sequence Space Sampling; Sequence
Design; Parameters of the Caterpillar simulations [49]). The
design strategy aims to replicate the sequence heterogeneity
characteristic of natural proteins by relaxing constraints on
amino acid usage. Unlike conventional algorithms that fix
the global amino acid composition to a specific target, this
approach allows the composition to vary dynamically through
stochastic reshuffling. By permitting evolution without preim-
posed distributions, the system spontaneously converges to a
“permutation composition”—a metric of selective amino acid
utilization—that aligns closely with natural sequences rather
than the theoretical maximum. This unconstrained methodol-
ogy was validated through folding free energy calculations,
which confirmed high-precision refolding to native structures,
and by mfDCA, which demonstrated contact prediction accu-
racy exceeding 82%.

E. Protein dataset selection

To evaluate the effectiveness of the self-consistent iterative
refinement framework, we selected six protein structures from
the Protein Data Bank (PDB), with lengths ranging from 56
to 220 residues. This dataset was chosen to represent the
diversity found in naturally occurring proteins, encompassing
a range of three-dimensional configurations and varying de-
grees of structural disorder (see Fig. 1).

Extensive design simulations were performed for each
target structure, producing between 20 000 and 300 000 can-
didate sequences. To maintain a representative and diverse
set of sequences, only those with less than 90% sequence
identity to one another were retained. This threshold balances
diversity without overly restricting the number of sequences
for analysis. Additionally, subsets were limited to a maximum
of 20 000 sequences and required a minimum of 10 000 se-
quences to proceed to further analysis.

F. Folding simulations and validation metrics

Folding simulations were conducted to evaluate the perfor-
mance of the self-consistent iterative framework at the level
of structural behavior. Sequences with the lowest free energy,
F (E , ln(Np)), from each design generation were selected,
where Np represents the number of possible sequence permu-
tations based on length. These simulations mapped folding
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FIG. 1. Selected protein structures and corresponding dataset information. Each panel shows the target structure together with its protein
name, PDB identifier, and sequence length.

free energy landscapes, F (DRMSD), against the Distance
Root-Mean-Square Deviation (DRMSD) from the native PDB
structures to quantify how closely the designed sequences
refolded to their original configurations. Folding quality was
evaluated using two quantities: the DRMSD at which the free
energy minimum was located and the DRMSD error within 1–
2 KbT units of energy. These metrics provide a direct readout
of folding accuracy and stability. We tested the folding sim-
ulations of Caterpillar-designed sequences and verified that,
as in previous publications [42,50], the designed sequences
reliably adopt native-like conformations. The DRMSD values
ranged from 4.1 to 5.5 Å, confirming the structural fidelity
of the designed sequences relative to their respective PDB

structures. In addition, the free energy landscapes exhibited
distinct funnel shapes, indicative of stable folding pathways
directed toward the target structures (see Supplemental Mate-
rial: Folding Simulations; Fig. S5 [49]). These observations
justify using DRMSD and landscape shape as downstream
indicators of the quality of the refined interaction matrix.

G. mfDCA application and PPV metrics

The accuracy of mfDCA in predicting residue-residue in-
teractions was evaluated by calculating the positive predictive
values (PPVs) for the designed sequences, using the top
direct information (DI) values as contact predictors. PPVs
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TABLE I. PPV for contact predictions using mfDCA on de-
signed sequences. The top L/5 DI scores exhibit PPVs nearing
perfect prediction, while extending to the top 5L maintains high
accuracy.

Protein L PPV L/5 PPV 5L

1PGB 56 0.89 0.82
1A19 89 0.86 0.95
2PPN 107 0.96 0.96
1NXW 118 1.00 0.98
1A33 174 0.97 0.96
1MBQ 220 0.90 0.96

quantify the fraction of predicted residue-residue contacts that
are true contacts and therefore provide a direct measure of
DCA reliability. Specifically, we calculated PPVs for two sets
of predicted contacts: the top L/5 residue pairs, where L is
the sequence length, and the top 5L residue pairs. The L/5
subset focuses on the highest-ranked contacts, whereas the
5L subset provides a broader assessment of accuracy across
a larger number of predicted contacts. These complementary
metrics allow us to evaluate both the precision of DCA in
identifying the strongest interactions and its overall reliability
across a wider range of predicted pairs.

The Caterpillar model is particularly useful in this context
because it generates sequences without biological functional
constraints. The absence of evolutionary pressure reduces
confounding noise, allowing the designed sequences to reflect
primarily the physical interaction rules embedded within the
model. For Caterpillar-designed sequences, we generally ob-
serve high PPVs for the top DI pairs, indicating that mfDCA
captures the structural logic encoded by the design model (see
Table I).

H. Interaction matrix extraction

The extraction of the interaction matrix is a central com-
ponent of this work and builds on a previously introduced
method [30]. mfDCA first returns position-dependent cou-
plings ei j (α, β ), whereas the Caterpillar Hamiltonian uses
a position-independent 20 × 20 matrix whose indices are
amino-acid types. Positional and structural dependence enters
the physical model through �(ri j ). We define the selected pair
set

P = {(i, j) : |i − j| > 4, 6 Å < ri j < 11 Å} (4)

and project the position-dependent couplings onto the amino-
acid-type matrix according to

MDCA
αβ = 1

|P|
∑

(i, j)∈P

ei j (α, β )

�(ri j )
. (5)

The sequence-separation cutoff removes local backbone cor-
relations, while the spatial window focuses the average
on nonlocal residue-residue-mediated interactions and sup-
presses hydrogen-bond contributions. The normalization is by
the number of selected pairs. This projection produces the
position-independent interaction matrix compared with the
Caterpillar matrix used in design (see Supplemental Material:

Direct Coupling Analysis; Accurate Recovery of Embedded
Interactions via mfDCA; Table S1 [49]).

After extraction, the inferred matrix is rescaled to set the
global energy scale used in the next Caterpillar design sim-
ulation. Specifically, MN

DCA is divided by the slope of the
regression line obtained by comparing the design matrix MN

CAT
with the recovered matrix MN

DCA. Multiplying the interaction
matrix by a positive global factor is equivalent to chang-
ing the effective Monte Carlo design temperature. At every
generation, however, the next interaction matrix is inferred
anew from the correlations of the newly generated sequence
ensemble. The regression factor is therefore not propagated
as an independent matrix update and does not define an ad-
ditional nonlinear operation in the fixed-point Jacobian. It
remains physically necessary to balance the residue-residue
term against the other contributions to the Caterpillar Hamil-
tonian.

I. Self-consistent iterative refinement framework

The primary innovation of this work lies in the self-
consistent iterative refinement process, termed the Design
Generation framework (see Fig. 2), which systematically im-
proves the interaction matrix by integrating sequence design
with mfDCA analysis. The formal map analyzed for con-
vergence is F = I ◦ G on normalized interaction patterns,
equivalently on projective classes [M] = {λM : λ > 0}. The
generation step G produces a designed sequence ensemble
at the effective design temperature set by the input matrix
amplitude, and the inference step I returns a newly extracted
normalized interaction pattern from that ensemble. The subse-
quent regression scaling selects the amplitude used in the next
physical simulation but is not a third operation in the analyzed
map.

Starting from an initial interaction matrix (M1
CAT), se-

quences are designed using the Caterpillar model. mfDCA
then infers position-dependent couplings ei j , which are pro-
jected onto an updated amino-acid-type interaction pattern
(MN

DCA). The extracted matrix is rescaled as described above
and used in the next generation as MN+1

CAT . The matrix pattern is
inferred anew at each generation; only its physical amplitude
is calibrated before feedback into Caterpillar.

J. Independent and averaged refinement paths

To assess the flexibility of this self-consistent framework,
we explored two refinement paths. In the Independent Paths
approach, each protein’s interaction matrix was iteratively
refined separately, allowing the design process to evolve along
target-specific trajectories. In the Averaged Paths approach,
interaction matrices derived from multiple proteins were aver-
aged at each iteration to produce a generalized matrix (Mavg

DCA).
These two settings provide different empirical realizations of
the same overall workflow, while the theorem-level argument
in the Results section applies to a fixed map defined by a
specific choice of generation and inference steps.

K. Statistical analysis and iterative improvement

Correlations between the updated interaction matrices,
MDCA, and the design matrices, MCAT, were evaluated using
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FIG. 2. Schematic of the Design Generation process. Starting with MCAT, sequences are designed and subjected to DCA to extract MDCA.
After scaling, MDCA is used as MCAT for the next generation. This iterative process allows continuous refinement and optimization of the
interaction matrix, maintaining equilibrium between energy components.

R2 metrics. This analysis quantifies the iterative improvement
of matrix alignment across generations. Additional compar-
isons based on rotational alignment and Z-score statistics are
introduced in the Results section to evaluate whether inde-
pendently refined matrices are statistically equivalent beyond
direct element-wise correlation.

III. RESULTS AND DISCUSSION

A. Convergence to a fixed-point solution

At the theorem level, we ask whether the self-consistent
framework converges for a fixed iterative map. One normal-
ized update is

M (n+1) = F (M (n) ) = I ◦ G(M (n) ), (6)

where G generates a sequence ensemble at the effective design
temperature associated with the input matrix and I infers a
new normalized interaction pattern through mfDCA. The map
acts on projective classes [M] = {λM : λ > 0}: the positive
regression factor used in the physical implementation sets the
amplitude for the next design simulation but is not propagated
as an independent matrix update. In the theorem-level discus-
sion F is fixed; target-conditioned and Monte Carlo-sampled
Caterpillar pathways considered below are separate empirical
realizations.

The model class consists of coarse-grained Hamiltonians
whose type-dependent matrix modulates a model-specific dis-
tance function,

H = −1

2

∑

k �=l

∑

g,h

Mgh�(rkl )δ(Xk, g)δ(Xl , h). (7)

Thus the fixed-point property is not restricted to Caterpillar,
but the map, fixed-point location, and physical interpretation
remain model-specific.

The Banach fixed-point theorem guarantees convergence
to a unique fixed point independent of the initial matrix if, for
a fixed map, there is a k < 1 such that

‖F (M ) − F (M ′)‖ � k‖M − M ′‖. (8)

For a differentiable map, a sufficient local condition is ‖J‖ <

1, where J = ∂F/∂M. The chain-rule and linear-response
derivation in the Supplemental Material [49] yields the esti-
mate

‖J‖ � ε, ε = 1

(L(q − 1))2

∑

(ia)( jb)

|(C−1)(ia)( jb)|. (9)

The localization assumption entering this bound is formu-
lated on the physical contact graph, not as literal bandedness
in sequence order. Excluded volume gives a minimum
representative-point separation a > 0, and the finite contact
cutoff of �(ri j ) gives a contact radius R. Every neighbor of a
residue therefore lies in a fixed-radius ball while neighboring
representative points remain separated by at least a. A sphere-
packing argument gives

deg(i) � zc(a, R) < ∞, (10)

where zc is independent of protein length. Closest-packing
residue coordination supports this physical picture [51], while
protein contact-network studies support the use of a local
contact graph [52].
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We decompose the regularized covariance into a contact-
local part and a residual,

C = CG + R, (11)

where CG retains covariance blocks on the bounded-degree
contact graph and R contains weak indirect and finite-
sampling correlations. We assume length-independent spec-
tral bounds for CG and ‖C−1

G R‖ < 1, so that

C−1 = (
I + C−1

G R
)−1

C−1
G =

∞∑

n=0

( − C−1
G R

)n
C−1

G . (12)

This identity gives perturbative stability in operator norm.
Entrywise localization of the full inverse additionally requires
R to belong to a compatible off-diagonally localized matrix
class, for which inverse-closedness results apply [53].

Ordinary band-matrix inverse decay provides the historical
starting point [54,55], but the contact graph is not generally
one-dimensional. For any polynomial p,

(p(CG))uv = 0 when deg p < dG(u, v), (13)

because a power Ck
G connects only vertices joined by a graph

path of length at most k. Combining this polynomial locality
with polynomial approximation of f (x) = 1/x on the spec-
trally bounded interval containing σ (CG) gives the sparse
matrix-function estimate [56]

∣∣(C−1
G

)
uv

∣∣ � K exp[−γ dG(u, v)], (14)

with constants controlled by the spectral bounds rather than
matrix size.

To express this localization in sequence order, we use
compact-globule scaling. A compact segment containing s =
|i − j| residues occupies volume proportional to s, so its
characteristic linear extent scales as s1/3 [57–59]. Identifying
contact-graph distance with this compact spatial scale is a
physical assumption of the present model,

dG(i, j) ∝ |i − j|1/3, (15)

and yields the stretched-exponential sequence-localization
bound

|(C−1)(ia)( jb)| � K ′ exp[−α|i − j|1/3]. (16)

This is the precise sense in which the inverse covariance is
effectively or pseudo-banded along sequence order. Because

∑

s�0

exp(−αs1/3) < ∞, (17)

the absolute row sum remains bounded, the total absolute
weight grows at most linearly with L, and ε = O(1/L). Hence
ε < 1 for sufficiently large systems within this explicitly de-
fined contact-local, spectrally bounded class; this is not a
claim for arbitrary covariance matrices.

For the Caterpillar implementation, the numerical value
ε = 0.3908 was computed from the covariance matrix at
convergence of the averaged pathway, which combines the
sequence ensembles generated for all proteins in the dataset.
It is a numerical check of the contraction condition for that
implementation, rather than the sole basis of the analytical
scaling argument. Under the stated assumptions, a fixed map
converges to a unique model-specific fixed point; agreement

among different target-conditioned paths is tested separately
below.

We now turn to the empirical results for the specific
Caterpillar implementation. The following results address
trajectory-level behavior under specific model realizations.
The discussion proceeds in three steps. We first examine con-
vergence of the interaction matrices across generations. We
then evaluate whether different target-conditioned stochas-
tic trajectories are statistically equivalent. Finally, we assess
whether this convergence is reflected in contact prediction and
folding behavior.

B. Self-consistent refinement of residue-residue
interaction parameters

This subsection examines how the iterative refinement pro-
cess improves the alignment between the inferred interaction
matrices MDCA and the design interaction matrices MCAT over
successive generations. At each step I , the interaction ma-
trices MI

DCA, obtained from mfDCA, were compared with
the corresponding design matrices MI

CAT, which encode the
interaction patterns used in the Caterpillar model at that
generation. These matrices were also evaluated against the
original design matrix MCAT used as the initial input for the
algorithm (see Fig. 3). In the first generation, the correlation
coefficient R2 values ranged from 0.76 to 0.84 across the
six proteins (see Table I). This strong initial correlation is
consistent with earlier findings [30] and indicates that mfDCA
already captures much of the interaction structure embedded
in the design process even in the absence of evolutionary
constraints.

As the design iterations progressed, the correlation be-
tween MN

DCA and MN
CAT consistently improved, indicating

that the feedback loop between design and mfDCA progres-
sively aligns the inferred and applied interaction matrices
(see Table I). A consistent scaling effect was observed across
iterations, as expected from the design temperature and the
statistical invariance of coupling values under constant shifts.
The normalization described in the Methods section removes
this scale ambiguity while preserving the relative interaction
structure, which allows successive generations to be compared
on a common basis.

Figure 3 shows this progressive increase in alignment
across generations for both refinement protocols. The steady
improvement in R2 values indicates that the interaction ma-
trices derived through the iterative design process become
increasingly consistent with the matrices used to generate the
sequences. This pattern is consistent with the expected be-
havior of a self-consistent refinement procedure and provides
the empirical starting point for the stronger comparison across
independent trajectories.

By implementing the design generation process over six
generations, we observed clear improvements in matrix align-
ment across three testing scenarios. Both the Independent
Paths method (see Supplemental Material: Figs. S2 and S3
for the alternative initial matrix and its convergence behavior
[49]) and the Averaged Paths method converged to near-
perfect correlation (R2 approaching 1) by the sixth generation.
This result shows that the iterative protocol stabilizes the
interaction matrix within the Caterpillar implementation. We
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FIG. 3. Evolution of interaction matrix correlations across Design Generations for Independent and Averaged Paths. (a) R² values between
recovered and previous generation matrices for each protein in the Independent Paths method, showing rapid convergence to high correlation.
(b) R² values for the Averaged Paths method, similarly reaching near-perfect correlation. (c) Correlation between the recovered MDCA and
original MCAT matrices in the first generation (Independent Paths). (d) Same as (c) for the Averaged Paths, showing strong initial correlation
with the Caterpillar matrix. (e) Correlation between the recovered and used matrices in the sixth generation for the Independent Paths method,
demonstrating nearly perfect alignment. (f) Same as (e) for the Averaged Paths, further confirming the high accuracy of interaction matrix
recovery by the final generation.

now move from matrix-level convergence to trajectory-level
comparisons.

Convergence to a common interaction matrix
across independent paths

We now address a distinct empirical question. Different
target structures and independent Monte Carlo simulations
define different refinement trajectories, so agreement among
their converged matrices is not implied by initialization-
independence alone. To compare these trajectories, we first
define what statistical equivalence means in this context.

Direct element-wise comparison is insufficient because in-
teraction matrices can represent the same effective physical
structure in different orthogonal bases. A meaningful compar-
ison therefore requires alignment in a common basis and a
statistical test against an appropriate random-matrix baseline.

Two interaction matrices are considered statistically equiv-
alent when, after an orthogonal rotation into a common
interaction basis, their similarity exceeds the expectation from
a null ensemble of random matrices. The rotation is required
because residue–residue interaction matrices define effective
Hamiltonians up to an orthogonal transformation of the in-
teraction basis, so physically equivalent interaction structures

043010-8



INDEPENDENT TRAINING TRAJECTORIES LEARN … PRX LIFE 4, 043010 (2026)

FIG. 4. Z-scores for initial alignment via Q-reconstruction between interaction matrices of selected proteins at Gen 6 (M6
CAT), the synthetic

averaged matrix (AVG), the initial matrix (M1
CAT), and the matrix derived from natural sequences (NAT → M3

CAT). Pearson correlation
coefficients (r) for each comparison, approximated to a single significant digit, are provided in parentheses. Higher Z-scores indicate statistical
significance relative to a null distribution of random symmetric matrices. Negative values signify structural divergence exceeding the null
expectation, indicating that the matrices cannot be aligned more effectively than random symmetric matrices. Hence the M1

CAT matrix is
spectrally different from the AVG → M3

CAT matrix. The heatmap makes the relative statistical similarity among independently converged,
averaged, initial, and natural-sequence-derived interaction matrices directly visible while the table retains the exact Z-scores and Pearson
correlations.

need not appear identical in their original coordinate represen-
tations [30]. The null-model comparison is required because
standard correlation metrics can yield high values for com-
plex symmetric matrices even when the apparent agreement is
induced by generic spectral structure rather than by a shared
physical interaction pattern.

We quantify this equivalence with a two-tier Z-score
analysis. The relevant background is the Wigner semicircle
distribution [60], which implies that random matrices of this
type possess inherent spectral features that can generate non-
physical correlations. We therefore construct independent null
ensembles for each matrix comparison, rotate the matrices
into the eigenbasis of a reference matrix, and evaluate ZScore =
[rPearson(Arot, B) − μnull]/σnull. This quantity measures how
many standard deviations (σnull) the observed similarity ex-
ceeds the random expectation, where rPearson(Arot, B) is the
Pearson correlation between the appropriately rotated target
matrices A and B, and μnull is the average correlation obtained
from the corresponding null ensemble of random matrices.
Meaningful similarity is established only when the Z-score
exceeds the null expectation (Z > 1). The derivation of the
null-model construction, eigenbasis rotation, Pearson-based
similarity metric, and conservative Z-score procedure is pro-
vided in the Supplemental Material [Statistical Significance of
Matrix Similarity (Z-Score)] [49].

Figure 4 reports the resulting Z-scores and provides a
graphical summary of the same Q-reconstruction compar-
isons. With the appropriate orthogonal rotation, all Gen 6
(M6

CAT) matrices from the independent paths become sta-
tistically equivalent. Most interprotein comparisons yield

Z-scores well above 3.0, indicating that these separate target-
conditioned paths converge to a shared effective interaction
topology rather than merely reflecting stochastic noise. In the
context of this statistical test, the high Z-scores are notable
because the target proteins differ in fold and secondary-
structure composition: after the orthogonal-basis alignment,
the common signal is therefore unlikely to be only a target-
specific hydrogen-bond pattern. Instead, it is consistent with
the Caterpillar separation between directional terms that stabi-
lize local secondary-structure motifs and sequence-dependent
matrix terms that encode packing preferences among compat-
ible local arrangements [43–47]. This interpretation explains
why independently learned matrices can align across protein
families while still preserving the local structural information
required by each target. In the specific Caterpillar imple-
mentation, this is the key empirical result: each independent
refinement trajectory recovers the full interaction solution
without requiring ensemble averaging.

The same table also shows that the comparisons between
each independent M6

CAT matrix and the averaged matrix are
statistically significant (compare rows 1PGB, 1A19, 2PPN,
1NXW, and 1A33 vs the column AVG in Fig. 4). The averaged
path therefore reaches the same common converged matrix
rather than generating that matrix only through averaging. The
negative Z-score between the M1

CAT and M6
CAT matrices (see

the AVG → M1
CAT entry in Fig. 4) indicates no significant

similarity, which in turn shows that the converged solution is
not a trivial recovery of the input matrix.

The identification of this shared effective interaction solu-
tion is further supported by initializing the refinement protocol
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FIG. 5. Positive Predictive Values (PPVs) for DI contact predictions across generations for the top L/5 contacts. The upper panel reports
the exact PPV values for six proteins across six generations using the Independent Paths and Averaged Paths protocols. The lower panel
displays the same generation-resolved values graphically, highlighting the progression toward high contact-prediction accuracy.

with matrices derived from natural sequence data. An initial
coupling matrix, NAT, was inferred from natural multiple
sequence alignments for the protein families in the dataset
[24]; the protein IDs, MSA sizes, and convergence of the
natural averaged path are provided in the Supplemental Ma-
terial (see Matrix obtained from natural sequences [49]).
Iterative application of the map F to this naturally derived
matrix produced a convergence trajectory toward a fixed point
NAT → M3

CAT (only three iterations needed for convergence;
see Fig. S4 [49]), which is statistically equivalent to the
model-specific matrix M6

CAT (see Fig. 4).
This comparison has important limitations. No folding val-

idation is performed for the naturally seeded matrices, and no

energy-landscape comparison is provided for those trajecto-
ries. The present analysis therefore establishes only statistical
alignment at the level of the interaction matrix.

Under that limitation, the result suggests that the effective
interaction physics encoded by natural sequence statistics is
statistically aligned, up to an orthogonal transformation of
the interaction basis, with the fixed-point interaction matrix
obtained within the Caterpillar framework. In this sense, the
natural and Caterpillar-derived interaction matrices are con-
sistent with different coordinate representations of the same
underlying interaction structure. This interpretation remains
conditional until the naturally seeded potentials are tested by
direct folding and landscape analysis.
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FIG. 6. Distance Root-Mean-Square Deviation (DRMSD) of the free-energy minima for the lowest-free-energy structure sampled at the
folding temperature for each simulation and target structure. The upper panel reports the exact DRMSD values. The lower panel illustrates the
changes in the energy minima across generations for the averaged path (left) and independent path (right).

C. Superior predictive power and structural fidelity
of the converged matrix

1. Improvements on mfDCA predictive power

We next examine the functional consequence of matrix
convergence for contact prediction. The improved alignment
between MDCA and MCAT matrices is reflected in the predictive
power of mfDCA, with a representative example of DI-based
contact-map recovery shown in the Supplemental Material
(Fig. S6 [49]). Positive predictive values (PPVs) for DI con-
tact predictions were calculated across six generations for six
proteins using both Independent Paths and Averaged Paths
methods (see Fig. 5). These values provide a direct measure
of mfDCA accuracy because they quantify the proportion of
predicted residue-residue contacts that are true contacts.

In the first generation, PPV values were already high, rang-
ing from 0.82 to 0.96, which indicates that the initial matrices
captured much of the relevant interaction structure. As the it-
erative process progressed, the PPV values steadily increased,
with most proteins achieving near-perfect PPVs (PPV = 1.0)
by Generation 6 in the Independent Paths method. This pattern
shows that greater self-consistency of the interaction matrix
is accompanied by more accurate recovery of residue-residue
contact information.

The Averaged Paths method showed the same trend, al-
though the improvement was more gradual. By the sixth
generation, the averaged method reached PPVs close to 1.0
for most proteins, indicating that the common converged in-

teraction structure remains predictive at the contact level even
when learned through the averaged trajectory.

Figure 5 therefore links matrix convergence to contact pre-
diction by combining the exact PPV values with a graphical
representation of the generation-resolved trends for the inde-
pendent and averaged pathways. Improved matrix consistency
is reflected in improved PPV, providing the first step in the
empirical chain connecting convergence of the interaction
matrix to improved design performance.

2. Improved refolding of designed sequences

We next test whether the convergence of the interaction
matrix is reflected at the level of folding behavior. To do so, we
conducted folding simulations on sequences from Generation
3 and Generation 6 and compared their stability and structural
fidelity with those of Generation 1. The relevant observables
are the DRMSD values and the shapes of the corresponding
free-energy landscapes (see Fig. 6).

Generation 3 folding simulations showed enhanced sta-
bility relative to Generation 1, with a more clearly defined
funnel-shaped energy landscape (see Supplemental Material:
Fig. S5 for representative free-energy landscapes and Figs. S9
and S11 for representative folded structures from Genera-
tion 3 independent and averaged paths, respectively [49]).
This funnel-like shape indicates that the folding pathways
for Generation 3 sequences are more consistently directed
toward the target structures. In both the Averaged Paths and
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Independent Paths methods, the improved matrix consistency
observed during refinement is therefore already reflected in
more reliable native-like folding by Generation 3.

By Generation 6, the folding simulations showed a fur-
ther sharpening of this behavior, with more pronounced
funnel-shaped energy landscapes that guide the folding
process toward the target structures (see Supplemental Ma-
terial: Fig. S5 for representative free-energy landscapes and
Figs. S10 and S12 for representative folded structures from
Generation 6 independent and averaged paths, respectively
[49]). This refined landscape corresponds to a high degree
of structural fidelity, with Generation 6 sequences folding
into stable, native-like conformations that closely match the
intended designs. The reduction in DRMSD values at Gen-
eration 6 completes the empirical chain established in this
section: convergence of the interaction matrix is reflected first
in improved PPV and then in improved folding accuracy.

IV. CONCLUSION

In this work we introduced a self-consistent iterative re-
finement scheme that progressively optimizes residue-residue
interaction parameters. At the mathematical level, we es-
tablished a class-general basis for convergence through the
Banach fixed-point theorem. For a given iterative map sat-
isfying the contact-locality and spectral assumptions, the
DCA-based update is a contraction for coarse-grained models
whose residue-residue energy is a distance-dependent term
modulated by a type-dependent coupling matrix. This guar-
antees convergence to a unique fixed point independent of
the initial interaction matrix. The fixed-point property is not
specific to Caterpillar, but the location and physical meaning
of the fixed point remain specific to the underlying model
physics.

In the specific Caterpillar implementation, the empirical
question is whether different target-conditioned stochastic re-
finement trajectories approach the same effective solution.
Despite differences in starting conditions, target structures,
and Monte Carlo fluctuations, independent paths converge to
statistically equivalent interaction matrices, and the averaged
path reaches the same solution. This indicates that the shared
solution is recovered at the level of individual trajectories
rather than produced only by averaging. The result also clar-
ifies what is transferable in the model: the converged matrix
should be interpreted primarily as a self-consistent descrip-
tion of sequence-dependent packing preferences, whereas the
directional terms of the coarse-grained model supply the lo-
cal secondary-structure stabilization. This division of roles
is consistent with previous work on directional interactions
and heteropolymer design [43–47], and explains why a com-
mon interaction matrix can support families with different
secondary-structure content without implying that the same

hydrogen-bond pattern is being transferred. The same con-
vergence is reflected in systematic improvements of PPV and
DRMSD metrics across generations, linking convergence of
the interaction matrix to enhanced contact prediction and fold-
ing accuracy.

The broader interpretation of these results should remain
tied to the demonstrated scope of the study. The self-
consistent iterative map offers a class-general strategy for
refining amino acid energetics across diverse physical models
within the same matrix-based coarse-grained framework, and
a mathematically grounded route for tuning design models
toward foldable sequences. The statistical alignment between
the learned interaction matrices and matrices extracted from
natural sequence data suggests that a more realistic represen-
tation of natural amino acid physics may be related to the
present results through a coordinate transformation or matrix
rotation. This suggestion remains conditional because no fold-
ing validation or energy-landscape comparison is provided
for the naturally seeded matrices in the present work. Within
those limits, the framework offers a controlled basis for link-
ing sequence statistics to model-specific physical interactions
and for clarifying the interaction rules that govern protein
design in coarse-grained models.
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