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Biological active matter like the cytoskeleton or tissues is characterized by its ability to transform chemical
energy into mechanical stress. In addition, it often exhibits orientational order, which is essential for many
cellular and morphogenetic processes. Experimental evidence suggests that defects in the orientational order field
play an important role in organizing active stress. However, defects tend to annihilate unless the material is in a
chaotic state or hydrodynamic interactions are suppressed. Using a hydrodynamic description of compressible
active polar fluids, we show that renewal readily leads to a stabilization of defects. Depending on the renewal
rate, topological defects arrange in a multitude of different phases, including lattices, active foams, and vortex
glasses. Our work suggests that renewal plays a crucial role for organizing biological active matter.
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I. INTRODUCTION

The physics of active matter [1] is known to play a
key role in various morphogenetic processes that occur in
single cells or tissues. Well-known examples include the for-
mation of lamellipodia in migrating single cells [2], apical
constriction during gastrulation of the fruit fly Drosophila
melanogaster [3], or cortical actin flows during head-tail
symmetry breaking in the nematode Caenorhabditis elegans
[4]. These processes are driven by gradients in active stress,
which is generated autonomously by the biological systems
through the conversion of chemical energy released during
the hydrolysis of adenosine-triphosphate (ATP) into mechan-
ical work. How gradients in active stress are organized to
result in the observed morphogenetic events remains largely
unknown.

On a molecular level, active stress is generated by mo-
tor proteins that interact with protein filaments, for example,
myosin motors and actin filaments. The stress generated in
this way is anisotropic due to the elongated form of the fila-
ments. This molecular anisotropy can translate to macroscopic
orientational order when filaments align on cellular scales
or when elongated cells align on tissue scales. The corre-
sponding orientational order fields are often nematic [5,6],
when the arrangement is invariant under inversion of the
orientation, or polar [7–9], when this invariance is broken.
Higher order orientational order is also possible [10]. Active
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stress is tightly coupled to the orientational order in a cell or
tissue [11].

In recent years, experimental evidence has accumulated
that topological defects play an important part in organizing
active stress [12–15]. These defects are singularities of the
orientational field and are characterized by their topologi-
cal charge [16]. Defects can themselves be oriented [17,18],
but the interaction of defects is not fully accounted for by
local properties [19]. Topological defects can lead to the ac-
cumulation of stress [12,20], which could be related to the
localization of cell death [12], accumulation [13] as well as
differentiation [15], but also to morphogenetic processes like
the formation of protrusions [14,15,21,22].

In passive materials with orientational order, topological
defects tend to spontaneously annihilate, unless their exis-
tence is required by the boundary conditions or the system’s
topology through the Poincaré-Hopf theorem. In contrast,
active stress can lead to a continuous proliferation of sin-
gularities in the orientation field [5,23,24]. However, this
proliferation is related to chaotic dynamics—or low Reynolds
number turbulence [25]—such that it does not seem to
be appropriate for a robust organization of active stress.
Mechanisms for stabilizing topological defects in active mat-
ter remain largely elusive. Theoretical studies suggest that
anisotropic substrates [26] and coupling to extrinsic curvature
can generate orientational defect alignment [27]. In turbulent
states, defect binding has been reported [28]. Finally, substrate
friction leads to stable defect lattices [29–31].

In spite of a large body of theoretical work on the dy-
namics of defects [32] and the accumulating evidence that
topological defects organize active stress during develop-
mental processes [33,34], the effects of renewal on defects
in active fluids are hardly known. In this work we intro-
duce generalized hydrodynamic equations for compressible
active polar fluids in the presence of renewal [Fig. 1(a)].
We find that renewal can stabilize topological defects. Using
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FIG. 1. Compressible active polar fluids in the presence of renewal. (a) Schematic of the physical processes considered in this work:
renewal, active stress, and density-polarity coupling. (b)–(d) Snapshots of the density heatmaps from numerical solutions of the dynamic
equations presented in Sec. II. Parameters are ρ0 = 0.45 (b), ρ0 = 0.6 (c), and ρ0 = 0.75 (d) as well as τ = 5 and ζρ = 4. In (b)–(d) the
system size is L = 50. Other parameter values as in Table I. Maximal and minimal densities are, respectively, ρmax = 0.96 and ρmin = 0.37
(b), ρmax = 0.87 and ρmin = 0.44 (c), and ρmax = 0.79 and ρmin = 0.58 (d).

long-time numerical solutions of the dynamic equations in
large systems, we find a number of different states, includ-
ing active foams, density waves, and vortex glass states
[Figs. 1(b)–1(d) and Movies S1–S3 [35]]. In the presence of
anisotropic active stress additional phases appear. We show
that the linear dynamics of density and polarity perturbations
rationalize selection of the phases. These results indicate a
central role of renewal in stabilizing topological defects and
suggest a basic mechanism for a well-controlled organization
of active stress.

II. HYDRODYNAMICS OF AN ACTIVE POLAR FLUID
IN THE PRESENCE OF RENEWAL

Motivated by the actin cortex, we study a two-component
system consisting of a compressible active polar fluid and a
passive fluid on a two-dimensional space [36–39], Fig. 1(a). In
the context of the actin cortex, the former represents the acto-
myosin network and the latter the cytoplasm containing actin
monomers and unbound molecular motors. In the following,
we derive hydrodynamic equations that describe the system’s
behavior on large space and time scales. As in Ref. [38], we
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neglect permeation flows of the passive component and focus
only on the active component from here on. We denote the
corresponding mass density by ρ and its velocity field by v. In
addition, the active component can exhibit macroscopic polar
order, which is captured by the polarity field p.

The equilibrium behavior of the system is determined by
the total free energy F = ∫

f d2r, where d2r is an infinitesi-
mal area element and f is the free-energy density f given by

f = a

4
ρ4 + ρ2

(
−χ

2

ρ

ρ0
|p|2 + χ

4
|p|4 + κ

2
(∇p)2

)
. (1)

The first term captures the energetic cost for concentrating the
active component with an elastic coefficient a. Due to steric
interactions between the components of the actomyosin net-
works and between them and other solutes in the cytoplasm,
the maximal active fluid density is limited. We account for this
limit by choosing this term to be quartic in the mass density ρ.
Note that this choice also suppresses density divergences. As
long as it is large enough, the precise value of the exponent
is not important though. The remaining terms correspond to
the Landau-Ginzburg free energy for the polarity field p [16].
For χ > 0, we have |p|2 = ρ/ρ0 in equilibrium, reflecting an
increase of polar order with increasing density. For the time
being, ρ0 is some reference density. The final term penalizes
distortions of the polarity field with an elastic constant κ [16].
We neglect a potential spontaneous splay term.

In the presence of polar order, the hydrostatic pressure
generalizes to the Ericksen stress σ e with components

σ e
αβ = ( f − ρμ)δαβ − ∂ f

∂ (∂β pγ )
∂α pγ , (2)

where Greek indices run from 1 to 2 and δαβ = 1 if α = β

and zero otherwise. We adopt the convention that summation
is implied over repeated indices. In the above expression,
μ = δF

δρ
is the active fluid’s chemical potential and hα = − δF

δpα

are the components of the molecular field. We give their
expressions in Appendix A. The isotropic part of σ e can be
interpreted as a pressure, 
eff = − f + ρμ with


eff = 3

4
aρ4 − ρ2

(
χ

ρ

ρ0
|p|2 − χ

4
|p|4 − κ

2
(∇p)2

)
. (3)

In equilibrium, when |p|2 = ρ/ρ0, the effective isother-
mal compressibility 1

ρ

∂ρ

∂

is positive only if ρ0 >

√
5χ/6a.

For smaller values of ρ0, the system is thermodynamically
unstable.

We now turn to the dynamics of the system. We assume
that it is maintained out of equilibrium by the continuous
consumption of a chemical fuel. In the case of the actin
cortex, this fuel is adenosine triphosphate (ATP), which is hy-
drolyzed to form adenosine diphosphate (ADP) and inorganic
phosphate (Pi). The hydrodynamic description is based on
conservation laws for mass and momentum and on the broken
continuous symmetry under rotations resulting from the polar
field [40].

Mass conservation of the active fluid reads

∂tρ + ∂α (ρvα ) + ∂α jα = −τ−1(ρ − ρ0). (4)

The total material current is decomposed into an advective
part ρv and a diffusive part j. The source terms account for

assembly and disassembly of the active fluid. We consider
a linear expression for renewal, which is determined by the
characteristic timescale τ and the target density, which we
take to be equal to ρ0. The values of ρ0 and τ are related
to the fluid’s assembly and disassembly rates ka and kd via
τ = k−1

d and ρ0 = ka/kd . In the context of tissues, these rates
are associated with cell division and cell death processes,
[41,42]. We take τ and ρ0 to be constant and indicate in the
discussion how heterogeneity of renewal could be captured.

As cytoskeletal flows or tissue flows are typically associ-
ated with a low Reynolds number, we neglect inertial effects.
From now on, ρ denotes the number density of the active fluid,
which is related to its mass density by some molecular mass
that we consider to be constant. Furthermore, momentum
conservation reduces to the force balance equation

∂βσ tot
αβ = ξvα, (5)

where σ tot denotes the total stress tensor. The right hand side
corresponds to a viscous friction term with friction coefficient
ξ . For the actomyosin cortex, it mainly results from interac-
tions between the actomyosin network and the cell membrane
or an underlying substrate although permeation of the acto-
myosin network by the cytosol also contributes to this term.

To close the system of equations, we need to provide con-
stitutive equations of the active fluid. Following the standard
approach of nonequilibrium thermodynamics [43], we iden-
tify the thermodynamic forces conjugate to the fluxes and
express the latter to linear order in terms of the former. Explic-
itly, the fluxes are the symmetric part of the deviatory stress
σ d ≡ σ tot,s − σ e,s, the diffusive current j, the convected coro-
tational derivative of the polar field Dp/Dt , and the rate r of
ATP hydrolysis. Here the superscript s denotes the symmetric
part of the respective tensors and the convected corotational
derivative is defined by Dpα/Dt = ∂t pα + vβ∂β pα + ωαβ pβ ,
where ωαβ = (∂αvβ − ∂βvα )/2 are the components of the vor-
ticity tensor. Note that the total stress tensor in Eq. (5) also
contains an antisymmetric part such that

σ tot
αβ = σ d

αβ + σ e
αβ + 1

2 (pαhβ − pβhα ). (6)

The conjugated thermodynamic forces are the symmetric
part of the velocity gradient tensor with components vαβ =
(∂αvβ + ∂βvα )/2, the gradient of the active fluid’s chemi-
cal potential μ, the molecular field h, and the difference in
chemical potentials of ATP and its hydrolysis products �μ =
μATP − μADP − μP. Explicitly, the constitutive equations are

σ d
αβ = 2ηvαβ + ν

2
(hα pβ + hβ pα )

+ ρ�μ(ζρρ
2δαβ + ζp pα pβ ), (7)

jα = −γ ∂αμ, (8)

Dpαt = −νpβvαβ + 1

�
hα. (9)

Here, for simplicity, among others we have neglected a term
proportional to p in Eq. (8) and terms containing gradients of
the chemical potential μ in Eqs. (7) and (9). Also, in principle,
the distributions of ATP, ADP, and Pi should be treated as
dynamic fields. However, we consider �μ = const as only
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TABLE I. Values of the dimensionless parameters used in this work. Dimensionless parameters are denoted by the same symbol as the
corresponding dimensional parameter, with a prime. The relation between dimensionless and dimensional parameters, as well as the choice of
unit system, is detailed in Appendix B. ∗ a′ = 4/3 if ζρ = 0. For simplicity, we omit the prime notation in Secs. III–V.

Parameter ρ ′
0 a′ χ ′ κ ′ ν ′ ζ ′

ρ ζ ′
p γ ′ �′ τ ′ �μ

value 0.4-1.5 4ζ ′
ρ/3 ∗ 0.1 10−4 0 0–24 0 10−4 1 0.01–100 1

a few examples of spatiotemporal ATP patterns have been
reported so far (for example, [44]).

The constitutive equations contain a number of phe-
nomenological parameters that characterize the material
properties. The shear viscosity η, the rotational viscosity �,
the mobility coefficient γ , and the flow-alignment coefficient
ν are familiar from conventional liquid crystals. In addition,
there are active coefficients ζρ and ζp that couple the devia-
toric stress σ d to the chemical potential difference �μ. We
have neglected a potential coupling between �μ and the time
derivative of the polarization as it amounts to a redefinition
of the equilibrium polarization amplitude [45]. In agreement
with the Curie principle, we have used the polarization p to
couple fluxes and forces of different tensorial order. Further-
more, we included a dependence on the density ρ in the active
terms, because active stress is expected to increase with the
active fluid’s density. Similar hypotheses have been used in
other descriptions of the actomyosin cortex [38,46].

In the following, we use the dynamic equations in nondi-
mensionalized form. Unless stated otherwise, the parameter
values given in Table I. The values of τ , ρ0, and ζρ are
varied. Additionally, in Eq. (7) we ignored an isotropic vis-
cous stress η̄vγ γ δαβ , an isotropic active stress ζ̄p pγ pγ δαβ , and
an isotropic elastic stress ν̄hγ pγ δαβ , as we checked that our
results are robust to variations in the parameters ζ̄p and ν̄.
Finally, we set �μ = 1 to simplify the notation.

III. DEFECT STABILIZATION THROUGH RENEWAL

Through minimization of the free energy associated with
orientational order, pairs of topological defects with opposite
charges tend to merge and annihilate upon relaxation to ther-
modynamic equilibrium [17–19]. In the absence of noise, this
relaxation process stops, when the defect configuration with
minimal energy and consistent with the boundary conditions
is reached. In contrast, active processes can promote the sep-
aration of defect pairs and even increase their number [5,47].
For active nematics, this requires, for instance, an anisotropic
active stress [48]. In polar fluids, we find that renewal can sta-
bilize topological defect pairs both in the presence or absence
of active stress (Fig. 2 and Movies S4 and S5 [35]). In this
section we show that, in the presence of renewal, topological
defects are associated with a continuous matter outflow sus-
tained by renewal. This effect underlies an effective repulsion
and thus stabilization of defects.

We consider the rotationally invariant steady-state solution
of the dynamic equations presented in the previous section for
an aster with ρ ≡ ρ(r), p ≡ p(r)er , and v ≡ v(r)er , where r
is the radial coordinate and er the radial unit vector. We focus
on the case when active stress and flow alignment are absent,

�μ = 0 and ν = 0. Under these conditions, we obtain for the
chemical potential μ and the molecular field h = her

μ = aρ3 − 3χ

2ρ0
ρ2 p2 + χ

2
ρp4 + κρ

(
(∂r p)2 + p2

r2

)
, (10)

h = χ

ρ0
ρ3 p − χρ2 p3 + κ

(
∂r (ρ2r∂r p)

r
− ρ2 p

r2

)
. (11)

If we denote the radial component of the divergence of the
Ericksen stress as f e

r , then

f e
r = −ρ∂rμ − h∂r p, (12)

where μ and h are given by Eqs. (10) and (11), respectively.
Finally, the dynamic equations, Eqs. (4), (5), and (9), re-

duce to

∂tρ + 1

r
∂r (r(ρv − γ ∂rμ)) = −τ−1(ρ − ρ0), (13)

ξv − 2η

(
∂2

r v + 1

r
∂rv − 1

r2
v

)
= f e

r , (14)

∂t p + v∂r p = �h. (15)

A numerical solution of the dynamic equations shows that the
density is minimal at the defect location r = 0 [Fig. 3(a)]. As

N
o.

 o
f 

�

FIG. 2. (a) Number of defects as function of time for different
values of τ and ρ0 = 1, ζρ = 4, L = 10. Solid lines: number of
defects averaged over 50 runs per τ , shaded area: standard deviation.
(b) Snapshot of density (heatmap) and polarity (black arrows) maps
for a pair of topological defects. Parameters: ρ0 = 0.6, τ = 1, ζρ =
12. The image was cropped from a square domain of length L = 10.
(c) Critical distance below which a pair of oppositely charged defects
annihilates, as a function of ρ0 and ζρ for τ = 1 and L = 10. The
black region corresponds to a critical distance larger than half of
the system size L/2. (d) Snapshot of density (heatmap) and velocity
(white arrows) maps for the same defect pair shown in panel (b).
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FIG. 3. Steady-state configuration of a single defect at r = 0.
(a) Numerical solution of Eqs. (13) and (14). Full lines: density ρ

(blue), polarization p (red), and velocity v (black). Dashed lines:
approximation for small r; see text. Inset: (c) Maximal fluid velocity
as a function of the turnover time τ . (b) Spatial dependence of the
divergence of the advection flux vρ (blue), the diffusive flux −γ ∂rμ

(red), and renewal −(ρ − ρ0 )/τ (black). Parameter values are χ = 1,
γ = 10−2, τ = 0.2, κ = 10−3, ζρ = 0, and as in Table I.

the distance from the defect increases, the density increases
and overshoots before relaxing to its target value, ρ0. Simi-
larly, the polar order increases with the radial distance, reaches
a maximum, and then converges to the value p = 1, the value
that minimizes the Landau-Ginzburg contribution to the free
energy (1). This configuration is accompanied by an outward
material flow that initially increases with distance from the
defect before decaying to zero. In steady state, this advective
flux is largely balanced by fluid renewal, whereas diffusion,
which results in a flux toward the defect, contributes only
weakly [Fig. 3(b)].

For sufficiently small r, we can approximate the steady-
state density, polarization, and velocity fields by

ρ = ρ̄

(
1 + r2

λ2
ρ

)
, (16)

p = r

λp
+ r3

λ̄3
p

, (17)

v = r

τv

(
1 + r2

λ2
v

)
. (18)

By substituting these expressions into the dynamical equa-
tions and matching coefficients of equal powers of r, we
obtain relations between the constants ρ̄, λρ , λp, λ̄p, τv , and
λv . Explicitly, we consider the first-order terms in Eqs. (14)
and (15), and the zeroth- and second-order terms in Eq. (13).

However, in each order, the viscous term and the splay diffu-
sion term proportional to κ introduce dependencies on higher
order terms. The profiles are thus not entirely determined by
the local dynamics but require information from the system
boundary at r = rmax, where we impose ρ(rmax) = ρ0 and
p(rmax) = 1.

As we have chosen κ = 10−3, it is appropriate to neglect
the splay diffusion term. In this case, the condition resulting
from Eq. (15) yields

τv = ρ0�
−1χ−1ρ̄−3. (19)

The slope of the velocity is thus determined by the core
density alone. From force balance, Eq. (14), we can express
λv in terms of ρ̄, λρ and λp. These three values are linked by
the continuity Eq. (13):

2�χρ̄4 − 12γ aρ0

λ2
ρ

ρ̄3 + 6γχ

λ2
p

ρ̄2 + ρ0

τ
ρ̄ − ρ2

0

τ
= 0. (20)

This leaves two free parameter at the lowest order. We obtain
the values of ρ̄ and λp from the numerical solutions. The
values of λρ and τv are then determined by Eqs. (19) and
(20). The approximate fields agree well with the numerical
solutions for sufficiently small values of r [Fig. 3(a)].

If, in the continuity equation, we also neglect the contri-
bution of the diffusion term, which contributes only a little
[Fig. 3(a)], then 2�χρ̄4 = ρ0

τ
(ρ0 − ρ̄ ), such that ρ̄ is fully

determined by material parameters, in particular, τ . For the
parameter values this gives ρ̄ � 0.82, which is close to the
value 0.815 of the numerical solution of the full equations.

From the analysis in this section, we conclude that, in the
presence of renewal, it is favorable for the fluid density to de-
crease below its target value at the defect location. Continuous
material injection at the defect then generates a net outward
flux. The maximum flow velocity increases with decreasing
turnover time τ [Fig. 3(a), inset].

In large systems, these flows lead to a sustained finite
density of defects. As these flows are eventually driven by
material renewal, one might expect that the maximum defect
density increases with the renewal rate τ−1 [Fig. 3(a), inset].
Indeed, with larger flows, defects can be kept separate at
smaller distances in spite of the increased cost of polar field
deformations. This is typically the case (Fig. 4). The precise
value of the maximal density, however, depends on the full
radial velocity profile and not just its maximum. In addition
to the turnover rate τ−1, it also depends on the target density
ρ0. The target density enters the dynamic equations through
the renewal term in Eq. (4). For an increase of ρ0, one might
expect an increase of renewal, hence, of the flux and of
effective defect repulsion, which should lead to a decrease
of the final defect density. This is indeed what we observe
(Fig. 4).

The picture changes, when active stress is included. Indeed,
the parameter ζρ affects the critical distance at which two
defects annihilate [Fig. 2(c)], which in turn dictates the final
defect density (Fig. 4). Generally, an increase in ζρ leads to a
decrease in the defect density. Furthermore, it can render the
dependence of the defect density on the target fluid density ρ0

nonmonotonic. We provide more insight into this dependence
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FIG. 4. Defect density in the (ρ0, ζρ ) plane for different values of
τ . For each data point, a single numerical solution for a system size
of L = 10 has been analyzed. White dots indicate the critical activity
ζ c
ρ obtained by solving Eq. (23) with a = 4ζ c

ρ /3 (values of ζ c
ρ < 1 are

not shown). Blue symbols indicate solutions for ρ0 = 0.4 (diamond),
0.8 (triangle), and 1.2 (circle) shown in Fig. 6 below. Other parameter
values as in Table I.

through a linear stability analysis, which we present in the
following section.

IV. DEFECT STATES FOR ISOTROPIC ACTIVE STRESS

In this section we show how topological defects arrange
as a function of the target density ρ0, which is set by the
renewal rates. We start with a linear stability analysis of the
homogeneous polarized state. Then we present numerical so-
lutions of the dynamic equations, and finally rationalize the
observed sequence of states using a linear stability analysis of
the isotropic state.

A. Linear stability analysis

Consider the uniform polarized state, ρ = ρ0 and p = p0

with |p0|2 = 1, which is a steady state of the dynamic equa-
tions (1)–(9). The linearized dynamics for a small perturbation
of this state is given in Appendix C. The ensuing stability
diagram shows that this state is unstable for a critical level
of active stresses ζρ > ζ c

ρ , where the critical value ζ c
ρ is a

nonmonotonic function of the target density ρ0 [Fig. 5(a)].
The instability is mainly driven by fluctuations in the den-

sity. To see this, we computed the growth rate sρ associated
with density fluctuations alone. In the special case χ = 0, it
takes the form

sρ (q) = −
(
q2 − q2

c

)2

τq4
c (1 + 2q2)

+ 3q2ρ3
0

(
ζρ − ζ c

ρ

)
1 + 2q2

. (21)

The variable qc denotes the wave number of the perturbation
with the maximal growth rate sm

ρ at the critical value ζρ = ζ c
ρ ,

where sm
ρ = 0. It is given by

qc = 1

[2γ A(χ = 0)τ ]1/4
(22)

FIG. 5. Linear stability analysis of homogeneous states. (a) Sta-
bility diagram of the homogeneous polar stationary state as a
function of ρ0 and ζρ for τ = 5 and a = 4/3ζ c

ρ . Solid line: density
and polarity perturbations; diamonds: only density perturbations.
(b) Fastest growth rate of density (red) and polarity (blue) perturba-
tions of the homogeneous isotropic state for ζρ = 4 and τ = 5, other
parameters as in Table I. Diamond and triangle indicate the same
parameter values as in Fig. 4.

with A = 3aρ2
0 − 5χ/2; see Appendix C 1. In turn, ζ c

ρ is
given by

ζ c
ρ = A(χ = 0)

3ρ0
+

(√
A(χ = 0)γ

3ρ3
0

+
√

2

3ρ3
0τ

)2

. (23)

This value provides a good approximation for ζ c
ρ , when χ =

0.1 [Fig. 5(a)].
Let us point out that the linear dynamics are qualitatively

different in absence of renewal. In that case, density perturba-
tions with q = 0 are marginal, implying a type II instability
according to the classification of Cross and Hohenberg [49].
In contrast, the instability in the presence of renewal is of
type I.

B. Nonlinear dynamics

To explore the system dynamics beyond linear stability,
we numerically solved the dynamic equations (1)–(9) using
a custom code written in Julia [50]. Details are given in
Appendix D. The code can be found at [51]. Typically, we
used square domains of size L = 10 with a discretization
length �x = 10−2 and a total simulated time of 105. Selected
simulations were run for a total simulated time of 2 × 106 or
square domains of size L = 50. Units are set as described in
Appendix B.

Simulations are initiated with a slight perturbation of the
uniform disordered state by randomly perturbing both the uni-
form density, ρ = ρ0, and the uniform polarity field, p = 0.
We observed a variety of different asymptotic behaviors. In
the following we describe the different phases observed in the
computations (Fig. 6).

1. Active foams

For target densities such as ρ0 = 0.7 (Fig. 6 and Movie S9
[35]), the system organizes into a fully developed active foam:
high-density edges form a connected network that encloses
cells of lower density. At ρ0 = 0.4 [Fig. 6(a) and Movie S6
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FIG. 6. Snapshots of the density (heatmaps) and polarity (black arrows) of asymptotic states of the dynamic equations (1)–(9) for different
target densities ρ0 for τ = 5 and ζρ = 4. The system size is L = 10. Other parameters as in Table I. The same states are presented for a system
of length L = 50 in Fig. S1 [35]. The bottom right panel shows zoomed-in views of selected snapshots, labeled A–D. Maximal and minimal
densities are indicated in legends.

[35]], the system instead displays predominantly high-density
puncta, which mark the vertices where the edges meet. The
puncta are embedded in a background of density ρ0, while
the connecting edges and the enclosed cells are far less pro-
nounced. Although the two snapshots look markedly different,
our metrics identify them as the same physical phase, with
similar defect densities and structural persistence times. In
both cases the network is dynamic, undergoing constant rear-
rangements. We denote this phase an active foam and discuss
its similarities and differences with active foam states reported
in other systems in Sec. VI.

2. Density waves

As ρ0 is increased further, traveling density waves appear,
ρ0 = 0.6 and ρ0 = 0.65 in Fig. 6 and Movies S2 and S8 [35].
At the same time, uniform polar order emerges throughout the
whole system. In contrast to lower densities, the cell shapes
are elongated in one direction. The direction of elongation is
on average perpendicular to the direction of motion of the
density waves, but not correlated with the direction of the
polarity field. These states are identical to the waves obtained
when starting with a fully polarized state p = p0 = const with
|p0|2 = 1. At ρ0 = 0.7 (Fig. 6 and Movie S9 [35]), we observe
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reentrant behavior of active foams. This time the interfaces
are thicker along the edges compared to active foams at lower
densities [Fig. 6(b)]. This state also features traveling density
waves.

3. Defect lattices

As the target density is increased further, the size of defect
cores is again monodisperse. For densities around ρ0 = 0.8,
locally, regular defect lattices appear spontaneously [Fig. 6(d)
and Movie S10 [35]]. The topological defects have charges
of ±1 and the lattices are either square or hexagonal. We
discuss the lattice phase in more detail in Sec. V below, but
mention that they need not be static and can move as a whole
at constant velocity.

4. Homogeneous uniformly polarized state

For target densities ρ0 beyond a critical value, the system
asymptotically settles into a homogeneous state with uni-
form polarity (Movie S11 [35]). Indeed, the critical value ζ c

ρ

[Eq. (23)] increases with the density ρ0. By increasing ρ0 and
keeping all other parameter values constant, the homogeneous
uniformly polarized state becomes linearly stable. Our numer-
ical results suggest that for sufficiently large densities ρ0 the
state is globally stable.

5. Coexistence of phases

Foams and waves. Not all of the states we observe
correspond to a single, well-defined phase. In a range of in-
termediate target densities, our metrics instead resolve states
in which two phases coexist. Between the foam and wave
regimes we find two such coexistence regimes, which we refer
to as foam-in-wave and wave-in-foam depending on which
phase forms the connected background. With increasing target
density ρ0, the density along the edges increases; at ρ0 = 0.5
(Fig. 6 and Movie S7 [35]) the system forms two sorts of
cells. One kind contains a single integer topological defect
of the polar order field, as in the active foam, whereas cells
of the other kind contain no defect and the polarity is aligned
throughout the cell, as in the wave phase. Some edges termi-
nate in a vertex that is not connected to any other edge; this
typically occurs in the defect-free cells. We therefore interpret
this state as a coexistence of the foam and wave phases rather
than as a distinct phase of its own.

Vortex glass. At a target density of ρ0 = 0.75 (Fig. 6 and
Movie S3 [35]), topological defects with cores of two distinct
sizes emerge. The state is dynamic, with “small” defects flow-
ing between “large” ones. Because of its resemblance to states
found in the complex Ginzburg-Landau equation, we refer to
this state as a vortex glass [52]. However, this state appears
only in a narrow parameter window at the boundary between
the foam and defect-lattice phases, and it combines charac-
teristic features of both: the dynamic, continually rearranging
network of the foams together with the regularly arranged
defect cores of the lattices. We therefore interpret it not as
an independent phase but as a coexistence of the foam and
defect-lattice phases, and consequently it can be reached only
by fine-tuning the parameters toward this phase boundary. As
in the defect lattices, the charge +1 disclinations need not be
vortices but can also be asters or spirals [Fig. 6(c)].

�

FIG. 7. Quantitative characterization of states as a function of the
renewal parameters τ and ρ0. Symbols: classification of states as in
Sec. IV B. HUPS: homogeneous uniformly polarized state. Colors:
defect density (red), structural persistence time Tp (blue), and mean
〈A〉 (yellow) and standard deviation σA of low-density surface areas
(green); see text. Transparency decreases with higher values. There
are no vortex glass states for the parameter values considered.

C. Quantitative characterization of states

To clarify the relation between the different states pre-
sented above, we introduce four quantities to quantitatively
characterize them (Fig. 7). In addition to the defect density,
we introduce the structural persistence time Tp as a measure
of how dynamic the patterns are. To this end we consider the
temporal correlation between density distributions at different
times, where we take the maximum over all possible transla-
tions in space; see Appendix E for details. By considering the
maximum correlation over translations of the density distri-
bution, steady states and states moving with a constant drift
velocity both have infinite structural persistence times.

Furthermore, we measure the extent of the low-density
regions by the following procedure. First, we binarize the
density field ρ by discriminating between regions with ρ

below and above 9
10 〈ρ〉 + 1

10 min(ρ). This definition of the
threshold value turned out to give a robust measure for distin-
guishing between different states. After segmenting space in
this way, we consider the mean 〈A〉 and the standard deviation
σA = 〈A2〉 − 〈A〉2 of the distribution of the low-density region
surface areas; see Appendix E for details. These quantities
distinguish, for example, defect lattices from waves and foams
as the latter have typically much larger sized low-density
regions and also waves from foams, where the former have
a larger variance in the size of low-density regions.

We summarize these four quantities for varying values of
the renewal parameters τ and ρ0 in Fig. 7. The defect density
decreases as τ and ρ0 are increased. The intrinsic pattern
correlation time is large (infinite) for defect lattices and homo-
geneous uniform polarized states. The former exist for target
densities and renewal times below threshold values, whereas
the latter require a minimum target density and renewal time.
In the transition region from defects seas to homogeneous
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uniform polarized states, defects move incoherently as in the
vortex glass state.

Below a threshold target density ρ0 and for large enough
renewal times τ , the system generates density waves. Active
foams exists in the transition region from defect seas to den-
sity waves. As the region of density waves is approached by
increasing τ , the low-density regions expand, that is, 〈A〉 in-
creases, which corresponds to the emergence of active foams.
As the value of τ is increased further, states composed of
foams and waves appear. We would like to point out that
for τ = 5, active foams exhibit reentrant behavior as ρ0 is
increased.

D. Competition between density and polarity perturbations

We can rationalize the transitions between the states in
Fig. 6 as a function of the average density ρ0 by comparing the
rates associated with the fastest growing mode of density fluc-
tuations λm

ρ and polarity fluctuations λm
p around the isotropic

homogeneous state. The calculation of these two rates is given
in Appendix C. For the parameters used in Fig. 6, we present
their values as a function of ρ0 in Fig. 5(b).

For intermediate target densities ρ0 � 0.35 and ρ0 � 0.7,
density fluctuations grow faster than polarity fluctuations
[Fig. 5(b)]. Correspondingly, density patterns dominate in this
parameter regime and impose polarity patterns (Fig. 6). With
increasing average density ρ0, the extent of the high-density
domains increases.

Because the growth rate λm
p grows quadratically with ρ0,

whereas the growth rate λm
ρ is nonmonotonic with ρ0, there

is a crossover at about ρ0 � 0.75 to a regime where polarity
fluctuations grow faster than density fluctuations [Fig. 5(b)].
In this case the final pattern results from the interaction be-
tween defects; see states at ρ0 = 0.75 and ρ0 = 0.8 in Fig. 6.
At even larger target densities ρ0 > 0.85, the system always
relaxes to a polarized homogeneous phase (Fig. 6).

V. DEFECT LATTICES

In the defect lattices we described in the previous section,
the topological defects in the polarity field locally arrange
into regular polygons. This behavior is robust across vary-
ing parameter values. To further characterize these states, we
performed longer simulations with a total time of t = 2 ×
106. Over time a global crystalline order of defect positions
emerged (Fig. 8). We observed both square and hexagonal
lattices [Figs. 8(a) and 8(c)].

Let us recall that numerical computations start from a
slightly perturbed uniform disordered state. Due to local
spontaneous symmetry breaking, defects in the polarity field
appear throughout the system, initially forming an irregular
arrangement. The defects created in this way are stabilized by
the mechanism discussed in Sec. III and eventually arrange
in a nearly disclination-free lattice as in Figs. 8(a) and 8(c).
We checked that different initial conditions lead to the same
final states up to rotation and translation (Fig. S3 and Table SI
[35]).

A striking feature of these lattices is that they move at
constant velocity without defect rearrangements (Movies S12

FIG. 8. Examples of square and hexagonal defect lattices. (a), (c)
Density heatmaps at t = 2 × 106 for ρ0 = 0.7, τ = 1, and ζρ = 10
(a) and for ρ0 = 1.3, τ = 0.2, and ζρ = 1 (c). (b), (d) Angle of the
polarity field corresponding to (a) and (c). System size L = 10; other
parameters as in Table I. The corresponding time evolution of the
shape order �p defined in Eq. (25) is given in Fig. S2 [35].

and S13 [35]). Defect lattices move at constant velocity along
a direction that is not determined by the symmetry axes.

A detailed inspection of defect lattices reveals an alter-
nating pattern of defects with topological charges +1 and
−1 [Figs. 8(b) and 8(d) and Figs. S2(a) and S2(d) [35]. In
the one-constant approximation, isolated +1 defects of either
type—aster, spiral, and vortex—have the same total free en-
ergy [16]. Consistently, these subtypes appear in both, square
and hexagonal defect lattices, but do not show any specific
spatial organization [Figs. 8(b) and 8(d)].

The formation of defect lattices with clearly peaked
structure factors takes too much time as if a thorough char-
acterization of the corresponding phase space were feasible.
To quantify the emerging crystalline order from shorter com-
puter runs, we use the fact that the emergence of long-range
translational order in the defect arrangement is preceded by
long-range orientational order and use a method described
in Ref. [10] for its quantification. We start by computing
the Voronoi tesselation of defect centers, which assigns a
polygonal cell to each defect based on its surrounding defects.
From these polygons, we compute the shape function γp for
p = 1, 2, 3, . . ., which quantifies the degree of orientational
order in the spatial arrangement of defect centers. Explicitly,
for a single cell

γp = 1

�p

V∑
v=1

|rv|p eipφv , (24)
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FIG. 9. Transition from square to hexagonal defect lattices.
(a) Average of the shape function 〈�p − �0

p〉 given by Eq. (25). For
each value of ρ0, the average is taken with respect to numerical
solutions with τ = 0.1, 0.2, 0.5, 1, 1.2, 1.7, 2.5, 5, 10, 100 and
ζρ = 0, 1, 2, 4, 6, …, 24. Only solutions with defect density larger
than 1.5 were analyzed. (b) Shape function �p − �0

p as a function of
the defect density for the solutions used in (a). Error bars in panel
(a) are SD. In both panels, the domain size L = 10.

where V is the number vertices of the cell, rv the position of
vertex v relative to the defect center, φv its angle with the x
axis, and �p = ∑V

v=1 |rv|p. For a regular p polygon, one has
γp = 1, because |rv| = const and because the angle between
two adjacent vertices, �(rv, rv+1), is 2π/p. Finally, for each
p, we average the absolute value of the shape function γp over
all defect centers,

�p = 〈|γp|〉. (25)

To assess the degree of order, we compare �p to �0
p, its value

for randomly distributed vertices, by computing the difference
�p − �0

p.
The trajectories of �p − �0

p, which we computed for p =
2, . . . , 6, indicate early on, t � 105, the developing crystalline
order present in the arrangement of defects [Figs. S2(c) and
S2(f) [35]). For each parameter set that displays a defect
lattice, we use �p at t = 1.4 × 105 to characterize the organi-
zation of the defects. Although, in principle, this quantity can
depend on the initial conditions, we find that it is essentially
determined by the defect density [Fig. 9(b)]. Specifically,
at sufficiently small defect densities, the dominant type of
order is hexatic (p = 6). In contrast, at intermediate defect
densities, the dominant order changes to quartic symmetry
(p = 4), indicating that the emergence of quartic crystalline
order is not an effect of packing constraints. This observation
is further supported by defects with smaller cores arranging in
triangular lattices, while those with bigger cores form square
lattices. At intermediate defect densities (>1.5 per unit area),
the crystalline order in the spatial arrangement of defect cen-
ters can also be controlled by the target density ρ0 [Fig. 9(a)].

VI. DISCUSSION

In this work we studied the effect of renewal on the dynam-
ics of active polar fluids with a focus on couplings between
the density and polarity fields. Through a combination of
extensive numerical computations and analytical calculations,
we found various macroscopic phases, most notably active

foams and defect lattices. The former are characterized by
low-density regions surrounded by high-density interfaces,
forming a dynamic network that continuously rearranges. The
latter corresponds to arrays of integer topological defects that
over time develop long-ranged crystal order, in particular
triangular and square lattices. The topological defects are
stabilized by an interplay between density gradients at the de-
fect core and renewal. This mechanism is independent of the
strength of the (anisotropic) active stress, unlike the mecha-
nism for defect pair separation in active nematic fluids without
renewal [48,53]. We find an overall similar behavior for active
nematic fluids with renewal, which we report elsewhere. In
active fluids with mixed nematic and polar orientational order,
new structures, for example, stable topological strings appear
[54].

Renewal is a generic feature of living matter, on subcellular
[55–57] as well as tissue scales [58–60]. We expect our find-
ings to be particularly relevant for cellular processes involving
the actin cortex and tissue homeostasis. Some the states sim-
ilar to those we have reported above have been described in
cytoskeletal and multicellular systems.

An active foam state has been reported in three-
dimensional microtubule-motor mixtures [61]. Motor accu-
mulation at microtubule ends is an important feature of this
state. As our theory does not distinguish between filaments
and motors, it is not obvious how to relate this experimental
feature to our theory. Furthermore, in the experiment, the ac-
cumulation of motors at microtubule ends rather leads to high
motor-filament densities in asters, which is opposite to the de-
pletion of active fluid generated by the free energy density (1).
With respect to multicellular systems, nonconfluent tissues
seem to be interesting candidates for active foam states. Even
in this case, orientational order can be observed in tissues,
either in the presence of a structured substrate [62] or not [6].

Theoretically, a contractile network with some similarity
to the active foam state has been obtained in Ref. [63]. In that
work renewal of the active fluid is assumed to be regulated
by biochemical reactions. However, in that description, the
active fluid is isotropic and the contractile network eventually
approaches a stationary state. In addition, an active foam
state has been reported for so-called Malthusian flocks of
self-propelled particles in the limit of constant density [64].
There the “bubbles” of the foam are delimited by line defects
in the orientational order field.

Cytoplasmic compartmentalization by microtubule asters
in frog extracts and zebrafish embryos exhibit spatial and
orientational order that is comparable to foam states or defects
lattices [65,66]. The interplay between renewal and elastic
stress or active stress might thus be a key ingredient for
partitioning the cytoplasm in syncytia [67]. The density distri-
bution of the states reported above is, however, inverted with
respect to the experimentally observed arrangements. If and
if yes, how our description can be modified to appropriately
capture the mechanism underlying compartmentalization in
these systems remains to be seen.

There have been a number of theoretical works on defect
lattices in active fluids [29–31,68–71]. In two-dimensional
nematic active fluids, defect lattices were notably reported in
the case of high surface friction compared to internal friction
[30,31,71]. In these works the active anisotropic stress was
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extensile. As we have shown in Sec. III, in our polar fluid,
renewal leads to a repulsive interaction between defects in the
absence of active stress and even in the presence of contractile
activity. In Ref. [72], a lattice of density maxima was reported
in an active nematic. There, nematic order is perfectly aligned
in regions of high density.

We would like to point out that we restricted our analysis
to the simplest form of renewal, which depends linearly on
the fluid density. In the presence of nonlinear terms, as long
as the density remains everywhere in the basin of attraction of
the target density, we expect the dynamics to remain qualita-
tively the same as in the linear case. We have checked this
explicitly for quadratic terms in the renewal dynamics. In
general, however, phenomena in addition to those reported in
this present work might be observed. Instead of a systematic
study of the effects of nonlinear terms in the renewal dynam-
ics, we suggest to focus on specific nonlinear terms based on
experimental observations.

A potentially more interesting modification of the renewal
dynamics is by including biochemical regulation as already
alluded to above. Indeed, qualitatively distinct states and new
dynamics has been reported, when such regulation is included
in the description [63,73–76]. Also experimentally interesting
dynamics of proteins regulating cytoskeletal renewal have
been observed [77,78]. In future work, it will be interesting to
study the effects of couplings between biochemical regulation
and the dynamics of active fluids in the presence of renewal.

Coupling to biochemical signaling networks is not the only
way to generate heterogeneous renewal. In tissues, cell divi-
sion and death depends on cell density [79,80]. Alternatively,
cell division and death can depend on the stress in the fluid
[81,82]. This is also true for the renewal of actin filaments
[83]. Such situations could be captured by introducing a
stress dependence in the assembly or disassembly rates, for
example, similar as in Ref. [83]. Finally, renewal dynamics
could be localized or accelerated at boundaries [84]. Such
effects could be captured by appropriate boundary conditions
[38,85]. Alternatively, a phase field can be introduced to dis-
tinguish between the in- and outside of a cell or a tissue. This
approach is of particular interest, when the boundary is itself
dynamic [86,87]. The special conditions at the boundary are
then be captured by turnover rates that depend on phase-field
gradients.

Our work highlights renewal as a fundamental ingredient
of active matter, capable of qualitatively altering its collective
dynamics and giving rise to emergent states that are inacces-
sible in systems with conserved mass. We therefore expect
that explicitly accounting for renewal will prove essential for
understanding the organization and dynamics of living matter
across scales.
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APPENDIX A: EXPRESSIONS FOR THE CHEMICAL
POTENTIAL, MOLECULAR FIELD, AND

ERICKSEN STRESS

In this section we give the explicit expressions of the chem-
ical potential μ = δF

δρ
, the molecular field h = − δF

δp , and the
Ericksen stress σ e

αβ given by Eq. (2). The total free energy is
F = ∫

f dr, where dr is an infinitesimal area element and f
is the free-energy density given by Eq. (1). We obtain

μ = aρ3 + ρ

(
−3

2
χ

ρ

ρ0
p2

γ + 1

2
χ

(
p2

γ

)2 + κ (∂γ pδ )2

)
, (A1)

hα = χρ2

(
ρ

ρ0
− p2

γ

)
pα + κ∂β (ρ2∂β pα ), (A2)

σ e
αβ = −

[
3

4
aρ4 − ρ2

(
χ

ρ

ρ0
p2

γ − 1

4
χ

(
p2

γ

)2
)]

δαβ

− ρ2

[
1

2
κ (∂γ pδ )2

]
δαβ − κρ2(∂α pγ )(∂β pγ ). (A3)

APPENDIX B: DIMENSIONLESS EQUATIONS

Let us begin by defining the units used in our theoretical
description. The time unit is set by an arbitrary timescale T ,
the length scale by λ =

√
ηξ−1, and the viscosity scale by

η. Combining these expressions, we define a density scale as
ρ̃ = ηT λ−2.

In this unit system, the dimensionless parameters are a′ =
aρ̃4T η−1, χ ′ = χρ̃2T η−1, κ ′ = κρ̃2T η−1λ−2, ρ ′

0 = ρ0ρ̃
−1,

τ ′ = τT −1, ν ′ = ν, ζ ′
ρ = ζρρ̃

3T η−1, ζ ′
p = ζpρ̃T η−1, γ ′ =

γ ηλ−2ρ̃−2, and �′ = �η−1.
Finally, we set �μ = 1 to simplify the notation.

APPENDIX C: LINEAR STABILITY ANALYSIS
OF THE HOMOGENEOUS STATE

In this section we present the linear stability analysis of
two homogeneous states: the polarized state and the isotropic
state. We focus on the special case with no flow alignment,
ν = 0 and no anisotropic stress, ζp = 0.

1. Polarized homogeneous state

To study the linear stability of the polarized state, we
consider without limiting generality that the polar field is
aligned along the x axis, p0.ey = 0. We set ρ = ρ0 + δρ, p =
p0 + δp with |p0| = 1, and v = δv, and derive the dynamic
equations to first order in the perturbations δρ, δp, and δv.
By setting δρ = ρ̂(qx, qy)ei(qxx+qyy) and similarly defining the
Fourier components v̂x and v̂y for the velocity perturbation
δv and p̂x and p̂y for the polarity perturbation, we use force
balance (5) to express v̂x and v̂y in terms of ρ̂, p̂x, and p̂y.
Explicitly,

v̂x = −iqxρ0

2q2 + 1
[(A − 3ρ0ζρ )ρ̂ − χρ0 p̂x] − 1

2

iqyq2ρ2
0

q2 + 1
κ p̂y,

(C1)

v̂y = −iqyρ0

2q2 + 1
[(A − 3ρ0ζρ )ρ̂ − χρ0 p̂x] + 1

2

iqxq2ρ2
0

q2 + 1
κ p̂y.

(C2)
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Here, as in the main text, A = 3aρ2
0 − 5

2χ > 0 and q2 =
q2

x + q2
y denotes the squared magnitude of the wave vector

q = (qx, qy).
Substituting the expressions for v̂x and v̂y into the lin-

earized equations (1)–(9), we obtain, to linear order in
perturbations, the following dynamical equations for the den-
sity and the polarization:

∂t ρ̂ = −[τ−1 + B(q)]ρ̂ + C(q) p̂x, (C3)

∂t p̂x = χρ0

�
ρ̂ − ρ2

0
2χ + κq2

�
p̂x, (C4)

∂t p̂y = −κρ2
0 q2

(
1

�
+ 1

4

q2

q2 + 1

)
p̂y (C5)

with B(q) = q2[ρ2
0 (A − 3ρ0ζρ )/(1 + 2q2) + γ A] and C(q) =

q2χρ0[ρ2
0/(1 + 2q2) + γ ]. Note that perturbations in the po-

larization component perpendicular to the x axis py always
decay, as shown by Eq. (C5). The linear dynamics of pertur-
bations in ρ and px are in general coupled, and the resulting
expressions for the two associated growth rates are rather
involved, such that we do not present them here. However,
valuable insights can be gained by considering the special case
χ = 0, in which the linear dynamics of ρ and px decouple.
In this case, perturbations in px always decay [see Eq. (C4)],
while perturbations in ρ evolve with a growth rate sρ , δρ ∼
esρ t , which can be recast in the form

sρ (q) = −
(
q2 − q2

c

)2

τq4
c (1 + 2q2)

+ 3q2ρ3
0

(
ζρ − ζ c

ρ

)
1 + 2q2

. (C6)

The variable qc denotes the wave number of the perturbation
with the maximal growth rate sm

ρ at the critical value ζρ = ζ c
ρ ,

where sm
ρ = 0, and is given by

qc = 1

(2γ A(χ = 0)τ )1/4
. (C7)

The critical value ζ c
ρ of the active stress for which sm

ρ = 0 at
q = qc vanishes is given by

ζ c
ρ = A(χ = 0)

3ρ0
+

(√
A(χ = 0)γ

3ρ3
0

+
√

2

3ρ3
0τ

)2

. (C8)

2. Isotropic homogeneous state

In the following, we present the linear stability analysis
of the isotropic homogeneous state. This state with a small
random perturbation was used in our numerical integration of
Eqs. (1)–(9).

We set ρ = ρ0 + δρ, p = δp, and v = δv, and derive the
dynamic equations to first order in the perturbations δρ, δp,
and δv. In Fourier space (see previous section), we use force
balance (5) to express v̂x and v̂y in terms of ρ̂, p̂x, and p̂y.
Explicitly,

v̂x = 3E
iqx

2q2 + 1
ρ̂, (C9)

v̂y = 3E
iqy

2q2 + 1
ρ̂ (C10)

with q2 = q2
x + q2

y and E = (ζρ − aρ0)ρ2
0 . Substituting the

expressions above for v̂x and v̂y into the linearized equa-
tions (1)–(9), we obtain the following dynamical equations for
the density and the polarization:

d

dt
ρ̂ = −

{
1

τ
+ 3q2

[
aρ2

0γ − ρ0
E

2q2 + 1

]}
ρ̂, (C11)

d

dt
p̂ = ρ2

0

�
(χ − κq2)p̂. (C12)

As long as χ > 0, the isotropic state is unstable to pertur-
bations in the polarity field, with a growth rate increasing
quadratically with the target density ρ0.

In Fig. 5 we represent the growth rates sm
ρ and sm

p associ-
ated with the fastest growing modes of density and polarity
perturbations of the isotropic homogeneous state. These rates
were calculated using (C11) and (C12). The rate sm

p = χρ2
0/�

is quadratic in the target density ρ2
0 , but independent of the

elastic coefficient κ .

APPENDIX D: NUMERICAL METHODS

In this appendix we provide some details on the numerical
used to integrate (1)–(9). The code is available at [51].

Spatial derivatives were calculated by first transforming
the dynamic fields to the reciprocal space using the two-
dimensional Fast Fourier Transform (FFT) technique, then
multiplication with the corresponding wave vectors and,
finally, transforming back to real space using FFT. Tem-
poral integration was executed through the explicit Euler
forward method. The computational grid encompassed at
least 1008 × 1008 discrete points, with a spatial discretiza-
tion of �x = 10−2. The maximal temporal discretization
is set to �tmax = 10−2 and �t is chosen at every time
unit �t according to the rule �t = min{�tmax, 5 × 10−2�x/
max(||v||), 1.25�tprev} with �tprev being the previous time
step. These computations were performed on GPUs.

At each time step, the chemical potential μ [Eq. (A1)],
the molecular field hα [Eq. (A2)], and the total stress minus
the viscous stress σ nv

αβ = σ tot
αβ − 2ηvαβ , were computed in real

space. Then the velocity field was computed by solving the
force balance [Eq. (5)] in Fourier space. Finally, the temporal
the density and polarity fields were updated by time integra-
tion of Eqs. (4) and (9).

APPENDIX E: IDENTIFICATION AND
CHARACTERIZATION OF PHASES

To characterize the various asymptotic states of the dynam-
ics, we monitor four observables: the density of topological
defects, the average size of low-density regions along with
its standard deviation, and the structural persistence time Tp.
The latter serves as a measure of structural persistence, which
quantifies the time period over which a spatial configuration
of the density field remains autocorrelated.

The number of defects Ndef is determined by identifying
the regions, where |p|2 < pmax/4, where pmax is the maximum
polarization amplitude, and then counting the number of these
regions. The density of defects is defined as ndef = Ndef/L2.

To obtain the distribution of the areas of the low-density
regions, we analyze the density field over a series of snapshots
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FIG. 10. Examples of the correlation function Ĉ(t ) for ρ0 = 0.7,
τ = 1, and Tp = 7.2 × 104 (dark blue), ρ0 = 1.2, τ = 0.5, and Tp =
2.7 × 104 (lighter blue), and ρ0 = 0.7, τ = 5, and Tp = 8.8 × 103

(lightest blue). Dots: numerical data, dashed lines: exponential fit. In
all cases, t f = 287 × 103. Other parameter values as in Table I.

at the end of a numerical solution. The solutions were evolved
for long enough to have converged to the asymptotic solu-
tion. Each snapshot is first extended periodically to respect
the boundary conditions. We then binarize the field, labeling
as low-density every pixel with ρ below the threshold ρ∗ =
9

10 〈ρ〉 + 1
10 min(ρ); snapshots with negligible density contrast

(maxρ − minρ < 10−5) are treated as uniform and discarded.
Since adjacent low-density regions can be connected through
narrow necks, we separate them using a Euclidean distance
transform, assigning to each low-density pixel its distance
to the nearest high-density pixel and retaining the resulting
cores. These cores are segmented into individual regions with
the Felzenszwalb algorithm (scale parameter k = 5, minimum
region size 50 pixels), and the pixel count of each segment is
converted into a physical area through the grid spacing. The
single largest region, corresponding to the system-spanning
background, is discarded. Aggregating the areas of all remain-

TABLE II. Classification criteria for homogeneous uniformly
polarized states (HUPS), defect lattices, foams, waves and mixed
states based on the defect density ndef , the average area of low-
density regions Ā, the corresponding standard deviation σA, and the
structural persistence time Tp.

ndef 〈A〉 σA Tp

HUPS ∼0 ∅ ∅ →∞
Defect lattices >0 ∈]0, 0.5] <Ā �104

Foams >0 ∈]0.5, L/4] <Ā <2.5 × 103

Waves 0 ∈]0.5, L/4] <Ā <2.5 × 103

Foams + Waves >0 ∈]0.5, L/4] >Ā <2.5 × 103

Foams + Lattices >0 ∈]0, 0.5] > Ā �104

ing regions over every snapshot yields the distribution, from
which we compute the mean 〈A〉 and standard deviation σA.

Finally, the structural persistence time Tp is computed us-
ing the correlation between the fluctuations of the two density
fields ρ and ρ ′, C(ρ, ρ ′).

C(ρ, ρ ′) =
⎧⎨
⎩

〈δρ×δρ ′〉√
〈δρ2〉〈δρ ′2〉 , 〈|δρ|〉 < 10−6, 〈|δρ ′|〉 < 10−6

1, otherwise

where the fluctuation of the density field ρ is defined as δρ =
ρ − 〈ρ〉, and 〈×〉 denotes spatial averaging over the system.
Since patterns can move with a constant velocity, we also
consider the correlation with translated patterns. Specifically,
let T ρ denote the density ρ after performing a translation
T over a discrete space of [−3, 3] pixels. We define Ĉ(t ) ≡
maxT C(ρ(t f ), T ρ(t f − t )). Here t f denotes the final time
of a numerical solution. Asymptotically, we expect Ĉ(t ) ∼
exp(−t/Tp). Although, numerically, our correlation functions
deviate from this expectation, we still fit an exponential to the
data to obtain a value for Tp (Fig. 10).

These quantities provide a comprehensive characterization
of the system, enabling a clear distinction between regimes
defined by defect concentration, the fragmentation of low-
density domains, and the persistence of dynamical structures.
The specific criteria used for identifying the different states
are given in Table II.
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