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Complex, high-dimensional data are often analyzed by grouping their constituent units into components,
sometimes referred to as latent features, which afford physical or biological interpretation. However, a priori
many different types of latent features and data decompositions can be defined, and one typically uses a
trial-and-error approach to determine a decomposition that is natural to the system and its data. A principled
understanding of which decomposition is appropriate for a given dataset is needed. In this work, we take a
step in this direction and argue that sample-sample correlations carry important information to this effect. We
construct a generative random latent feature matrix model of high-dimensional data based on linear mixing of
latent features. As a key ingredient, we allow for a statistical dependence between the mixing coefficients. We
argue that, with only two parameters (latent dimensionality and the structure of the statistical dependence), the
resulting model captures characteristic properties found in many types of natural data. Specifically, the model
can produce (overlapping) clusters, sparse mixing, and constrained (non-negative) mixing. We describe typical
correlations and eigenvalue distributions of each pattern. Finally, we fit the model on correlation patterns in a
benchmark natural images dataset, and we find a good match between the data and the sparse mixing regime
of our model. This is in line with the well-known sparse coding structure in natural images, arguing that our
approach identifies a correct latent decomposition of these data. We believe that our work will deliver similar
insights for other diverse datasets.
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I. INTRODUCTION

Complex physical, biological, and social systems, charac-
terized by numerous interacting units, often exhibit emergent
collective properties [1]. To understand such systems, one
typically relies on high-throughput experimental data. In such
data, many variables (a.k.a., channels or degrees of freedom,
such as neural activities, mutations, or pixel values) are mea-
sured in parallel. They are recorded across multiple samples,
which may correspond to different time points, experimen-
tal trials, or distinct stimuli [2–5]. Considerable success in
modeling such data has been achieved by the detailed study
of correlations between the variables of the system [6–11].
In contrast, correlations among samples within these datasets
have not been as extensively studied, and it remains less
clear how they can unveil the hidden structures within the
data. Nevertheless, several studies have argued that sample-
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sample covariance can reveal crucial information about the
data [12,13]. Similarly, statistical correlations among samples
may determine the ability to learn from the sample [14].

Here, our primary focus is on analysis and modeling of
sample-sample correlations within complex datasets. To this
end, we develop a generative random latent feature model to
capture the statistical properties of high-throughput datasets.
Remarkably, with only a handful of parameters, our model
qualitatively describes a wide variety of data patterns typically
seen in experiments. Within our model, these patterns emerge
from different ways of mixing latent features. Thus, we ar-
gue that the sample-sample correlations encode information
on the nature of feature mixing and, as a result, about the
suitable method for decomposing the data into features. As
an example, we show how the model quantitatively describes
statistical properties of image patches extracted from natural
scenes, a classic dataset [15,16].

We consider data with N variables recorded over T
samples. The data are high-dimensional, meaning T, N �
1. Generally, T ∼ N , though modern experiments often
push us to N � T � 1. Surprisingly, such high-dimensional
data coming from natural systems are often simpler than
they could have been in that they reveal an intrinsically
lower-dimensional, latent structure. The number of latent fea-
tures (a.k.a., collective degrees of freedom, which may be
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externally imposed or emergent) present in each sample is
often much smaller than N [9,17–28]. Importantly, we note
that even if the total number m of features in the entire dataset
is m ∼ N or even larger, individual data samples may still be
low-dimensional, or sparse, in that only a few of the features
may be combined to form each specific sample [16].

Apart from dimensionality, the structure of data is deter-
mined by how latent features are combined to form each
datum. Here, we only explore linear mixing of features.
Nonetheless, even for linear mixing, many different types
of data can be observed, such as clusters [9], overlapping
clusters [29], low-dimensional manifolds [30], and sparse data
[16]. The richness of low-dimensional latent feature models
is further increased since some types of data have constrained
values: e.g., activities are often non-negative [31]. Ideally, one
generative model should be able to reproduce as many of these
data structures as possible under different values of model
parameters.

A realistic way to build a generative model is to rely on a
random latent feature model realized as T ×N data matrices
with elements taken from different probability distributions.
Crucially, random matrix theory (RMT) can be used as a
powerful tool to calculate analytical properties of such data
[32]. A number of such random latent feature models have
been described in a variety of contexts [30,32–36]. However,
to the best of our knowledge, no model exists that captures
the diversity of patterns between samples in the data described
above.

It is therefore an open question how the distribution of
observable quantities like the correlations between variables
and between samples, or the eigenvalues of the correlation
matrix (nonzero values of which are the same for variable-
variable and sample-sample correlations) [32], depend on the
properties of the model, and, in particular, on its latent di-
mensionality and the type of feature mixing. For instance, a
gap in the eigenvalue spectrum often indicates a hidden low-
dimensional structure due to the low-rank nature of the data.
However, as pointed out above, for the case of sparse mixing
of features, overall data need not have a low-rank structure, yet
they still may possess a notion of low-dimensionality. With a
generative random latent feature model at hand, precisely how
observable distributions depend on model properties can be
studied numerically or analytically.

Here, we present a random latent feature matrix model
able to generate diverse types of mixing of latent features.
The diversity is achieved by introducing statistically depen-
dent mixing, which gives rise to distinct data patterns. We
discuss the distribution of sample-sample correlations and the
eigenvalue density in different regimes of the model. We show
that, in the regime of sparse mixing of features, the model
is in excellent agreement with the statistics of natural image
patches. We explain how this fact points to the appropriate
decomposition, or coding scheme, for the data.

II. THE MODEL

We consider data matrices X with N variables (columns)
recorded in T samples, or observations (rows). We focus on
models in which X is the product of three random matrices of
the following form (note that � denotes elementwise multi-

plication):

X = (S � U) V or, for the matrix elements, (1)

xtn =
m∑

μ=1

stμutμvμn. (2)

We refer to this as the SUV model and denote matrix elements
by lower case letters throughout this article. We call V the
latent feature matrix (dimensions m×N). Each row of the ma-
trix describes how one of m latent features, each specified as a
row vector across the N variables, manifests itself in the data
space. Further, U is the coefficient matrix (dimensions T ×m),
which measure how “active” each of the m latent features is
in each of the T samples. Finally, S (dimensions T ×m) is the
modulation matrix, which can change the contribution of a
feature to a sample by amplifying, zeroing it out, changing
its sign, etc. Overall, the product S � U is the mixing matrix,
which describes how each of the T samples is obtained as a
mixture of m latent features. The reason for representing the
mixing matrix as a product of two factors will become clear
later. Briefly, this is because products of two factors, each with
simple statistical properties, can produce data with complex,
more natural features.

As examples of data, which we hope to represent by this
model, consider first a dataset of images. Here, the dataset
may contain T images, each with N pixels. The latent fea-
tures are m “basis” images, which are linearly combined to
construct an image in the sample. Another example of data
that we would like to represent is neural population activity.
Here the variables are the N recorded neurons, with T samples
of activity of each. The latent features represent m modes
of collective neural activity [19–21]. We will assume that
T, N � 1, which is often the case for such data.

In [34], we considered possibly the simplest model of
the SUV structure, namely X = UV (with additional additive
noise), for the case when the elements of U and V were i.i.d.
Gaussian random variables, and the elements of S were all 1’s.
We summarize the details of the model in Appendix A. In this
model, each sample is a linear combination of m features, and
the coefficients are independent Gaussian random variables
themselves. Thus sample correlations are introduced by sta-
tistically independent mixing of the m latent features. Going
forward, we will refer to this model as the Gaussian-Gaussian
(GG) model. Here, we consider more complicated SUV mod-
els by dropping the condition of statistical independence of the
mixing matrix components. Specifically, we seek to introduce
mixing matrices that can model sparsity, often seen in biolog-
ical data [37], so that only a few of many features contribute
to a particular sample. We propose to model this by viewing
the elements of U as taken from a Dirichlet distribution [38]
(see also [39,40] for related models):

Dir({uμ}; βU ) = 1

B(βU )

m∏
μ=1

uβU −1
μ ,

∑
μ

uμ = 1, (3)

where βU ∈ R>0 is a hyperparameter, B(βU ) is

B(βU ) = �m(βU )

�(mβU )
, (4)
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FIG. 1. In different parameter regimes, the SUV model admits locally low-dimensional and not low-dimensional data. We show the data
scatter of the SUV model for different choices of S and βU . The data have a characteristic aster structure. The matrix V with random Gaussian
features is the same for all three plots, and N = 2, T = 1000, and m = 7. (a)–(c) Typical samples of the Dirichlet distribution for βU = 1×10−8,
0.2, and 1×103, respectively. (d) stμ = 1 (trivial modulation; p = 1) and βU = 1×10−8. Each sample is given by one of the m = 7 feature
vectors (visible dots), creating well-defined clusters (dots), which can be further smeared by the measurement noise. (e) stμ ∼ N (0, 1) and
βU = 1×10−8. Each sample is still associated with a single feature vector, but the activation strength of the features follows the Gaussian
distribution. This creates data that are locally low-dimensional, even though the overall dimensionality of the data cloud is not low. (f) stμ ∼
N (0, 1) and βU = 0.2. Each sample is given by a mixture of multiple feature vectors (on average mβU = 1.4 features), and the locally
low-dimensional structure, while still visible, is not as prominent. (g) stμ ∼ N (0, 1) and βU = 1000. On average, each sample is given by a
mixture of all feature vectors, and the local low-dimensional structure has disappeared.

and �(βU ) is the usual Gamma function of its argument. The
Dirichlet distribution generates random vectors of m weights
{uμ : μ = 1, . . . , m}, with the weights summing to unity; see
Figs. 1(a)–1(c) for typical samples of Dirichlet random vec-
tors with m = 7 for different values of βU . If the rows of
the coefficient matrix are Dirichlet-distributed, then (positive)
contributions of different latent features to the observations
are statistically dependent due to the row normalization con-
dition. While in principle we can consider feature matrices
V with more complex statistical structure (which may be
important, for instance, for generating data that are required to
be strictly non-negative), for most of this article we continue
to model the features themselves as Gaussian-distributed:

vμn ∼ N (μV , σ 2
V ). (5)

For convenience, we set μV = 0 and σ 2
V = 1 in the following,

unless explicitly stated otherwise.
To develop some intuition for what follows, we note that

the mean, the variance, and the covariance of weights in the
random vector sampled from the Dirichlet distribution are
easy to calculate [41],

μu ≡ ūμ = 1

m
, (6)

σ 2
u ≡ var uμ = 1 − m−1

m(1 + mβ )
, (7)

cov(uμ, uν ) = δμν − m−1

m(1 + mβ )
. (8)

Entries of U are limited to [0,1], which is too restrictive to
allow agreement with real data. Thus, we use S, which mod-
ulates the coefficient matrix by multiplying each of its entries
by a random number. We take the elements of S to be statisti-

cally independent, so that all correlations between the entries
of the mixing matrix are in the coefficients, and not in their
modulation. Note that the sign and magnitude of the elements
of S allow us to model qualitatively different aspects of the
data structure. Having both positive and negative modulation
coefficients captures anticorrelations between samples. On the
other hand, the varying magnitude of elements of S affects
the distribution in the activation strength of the latent features,
allowing, for example, long-tailed (outlier) contributions or no
contributions with very small activations. Modeling different
types of data would require different choices for the distribu-
tion of elements of S, and we will not investigate these choices
exhaustively here.

Figure 1 illustrates typical data scatter of the SUV model
for different parameter values and m = 7. In Fig. 1(d), we
set all elements stμ = 1, such that the modulation is trivial.
For small βU (e.g., β = 1×10−8), only one latent feature con-
tributes significantly to each sample, and we can thus expect to
see exactly m points in the scatter plot. In contrast, in Fig. 1(e),
the components of S are i.i.d. random variables drawn from a
Gaussian distribution. For small βU , still only a single feature
is associated with each sample, but the activation strength
of features varies, producing a characteristic aster scatter of
samples, reminiscent of some neural data [42]. These data are
locally low-dimensional, but globally they are not. That is, in
each single petal of the aster in Fig. 1(e), the data are locally
one-dimensional, while the whole aster has the dimensionality
of 2. In contrast, in Fig. 1(f), βU = 0.2, and multiple features
contribute at different activation strengths, so that the one-
dimensional structure of the aster is broken, though remnants
of it are still visible. Each petal now has the same dimension-
ality as the whole aster. Finally, in Fig. 1(g), βU = 1000, so
that all features contribute to each sample significantly, and
no locally low-dimensional structure is observed.
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For most of this paper, we are going to focus on the case of
binary modulation, stμ ∈ {±1}, such that S only influences the
distribution of correlation signs among samples. For this, we
draw elements of the modulation matrix from the Bernoulli
distribution:

stμ ∼ P(k) =
{

p, k = 1,

1 − p, k = −1.
(9)

That is, each entry of S is an i.i.d. binary random number,
equal to +1 with a probability of p, and −1 with a probability
of 1 − p. This modulation flips the sign of each entry of
the coefficient matrix U with probability 1 − p, allowing for
negative mixing weights S � U. In Appendix B, we compute
the distribution of mixing weights in this model.

Data analysis usually focuses on correlations among the
measured variables (columns of the data matrix X). Since
such variables may have widely different units, one often
uses empirically standardized data X′, where each variable (a
column) is independently centered to zero mean and scaled
to unit variance. One then makes inferences about the data
based on the empirical variable-variable (denoted by subscript
v) correlation matrix,

Cv = 1

T
X′T X′. (10)

In contrast, in this work we focus on the correlations between
samples. We also work with empirically standardized data X̃,
where now each sample (row of the data matrix X) is inde-
pendently centered to zero mean and scaled to unit variance.
The empirical sample-sample correlation matrix (denoted by
subscript s) is

Cs = 1

N
X̃X̃T , (11)

and we will simply refer to this matrix as the ECM. The
empirically standardized data approximate the theoretically
standardized random variables

x̃ ≡ x − μx

σx
, (12)

where the mean μx and the standard deviation σx of the pdf of
each element x of X (also denoted as theoretical values) are
obtained from Eq. (1):

μx = E[x] =
∑

μ

E[sμuμvμ] =
∑

μ

E[sμ]E[uμ]E[vμ], (13)

σ 2
x = E[(x − μx )2] =

∑
μ

var(sμuμvμ)

+
∑
μ �=ν

cov(sμuμvμ, sνuνvν ). (14)

Above we used the fact that sμ, uμ, and vμ are statistically
independent from each other.

We will study the eigenvalues of the sample-sample cor-
relation matrix Cs, denoted λs. However, we note that there
is a well-known relation between the eigenvalues of Cs

and eigenvalues of Cv, denoted λv: nonzero eigenvalues of
both matrices differ only by a multiplicative constant [32].

Specifically,

λv ≈ σ̄ 2
s N

σ̄ 2
v T

λs, (15)

where σ̄s is the empirical standard deviation along the dimen-
sion of variables (the bar denotes that we take the average
value of all samples), and σ̄v is the averaged empirical stan-
dard deviation along the dimension of samples (averaged over
variables) of X. For T, N � 1, σ̄s and σ̄v both converge to the
theoretical value σx and σ̄s/σ̄v → 1. In what follows, we focus
on N, T � 1, so that the row and the column sample variances
are well approximated by their theoretical values.

III. DATA PATTERNS AND DISTRIBUTIONS
OF OBSERVABLES

To explore the effects of statistically dependent mixing of
latent features on the structure of the data, we first choose
p = 1 in Eq. (9). This choice implies a trivial modulation
matrix S with all its entries stμ = 1. As a result, the mixing
matrix S � U is identical to the coefficient matrix U. We will
refer to the model in this parameter regime as the Dirichlet-
Gaussian (DG) model.

A. Data patterns in the DG model

We give a description of the data patterns obtained in
different regimes of the parameter βU . We consider both the
case when m ∼ O(1) and when m ∼ O(N ). In Figs. 2(a) and
3(b), we visualize data patterns for different values of βU

by presenting the pairwise correlation of the samples. We
plot the correlation matrices with samples ordered using the
nearest-neighbor clustering [43], which groups the samples
hierarchically based on their correlations. The dendrograms
above the correlation matrices illustrate the obtained hierar-
chical clustering. Below we describe typical patterns observed
in the data.

Clusters, Fig. 2(a) (left column), emerge for m ∼ O(1) and
βU � 1. Here, each column of the coefficient matrix U is
concentrated on a single feature, and each feature defines a
separate cluster. The clusters are clearly visible in the cor-
relation matrix. The dendrogram shows that the clusters are
separated, and each cluster includes multiple samples.

Overlapping clusters, Fig. 2(a) (middle), are visible for
m ∼ O(1) and mβU ∼ O(1). Here, O(1) features contribute
to each sample. The correlation structure between samples
becomes fuzzy, and samples may belong to more than one
cluster. The dendrogram reveals groups of samples of different
sizes and varying cluster distances.

Uniform mixing, Fig. 2(a) (right), describes the regime
m ∼ O(1) and βU � 1. All of the m latent features contribute
approximately uniformly to each sample, and all the samples
are therefore highly correlated. The dendrogram confirms that
there is effectively a single cluster of samples (note that the
range of cluster correlation distances is 10−3 in this subplot).

Sparse mixing, Fig. 3, is observed for m � 1, and
mβU � m [mβU can be O(1), or � 1]. In this regime, the
number of features available is much larger than the number
of features that contribute to any given sample, see Fig. 3(a).
In Appendix Fig. 5(a), we show the distribution of elements
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1×101
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FIG. 2. Qualitatively different correlation patterns emerge in the Dirichlet-Gaussian model in different regimes of the parameter βU : We
illustrate this for T = 30, N = 100, and m = 5, and V has i.i.d. Gaussian entries with σ 2

V = 1. (a) Sample-sample correlation matrices and
dendrograms obtained from hierarchical clustering of the ECM for different βU . (b) Probability densities of correlation coefficients for a range
of βU values. For reference, the gray curve shows the Gaussian distribution with the variance 1/N , as expected for correlations of pure Gaussian
noise data. (c) Eigenvalue densities for the same βU values. Inset: zoom-in for βU = 4×10−1, which is in the overlapping clusters regime. The
vertical bars show the positions of eigenvalues for the single realization of the model; the height of the bars is not meaningful. Note a single
large eigenvalue separated from the rest by a gap. Averages are computed from 2×104 independent realizations of the model.

of the simulated mixing matrix S � U (gray) and an analytic
curve (red) given by Eq. (B5). The plot shows a large number
of small entries and a small number of large entries, as ex-
pected for sparse mixing. From the dendrogram, Fig. 3(b), we
see that there are no clear clusters of more than two samples.

B. Distributions of second-order observables

Next, we qualitatively discuss the distribution of correla-
tion coefficients and the spectral density of the ECM, Eq. (11).
In the simulations, the pairwise correlations between variables
are computed from empirically standardized data. These ap-
proximate the theoretically standardized random variables in
Eq. (12), whose means and variances we now compute.

The mean of a product of a zero mean Gaussian and a
Dirichlet random variable vanishes. Hence, by Eq. (13), the
mean of elements x of the data matrix also vanishes,

μx =
∑

μ

E[vμ]E[uμ] = 0. (16)

In Appendix C we evaluate Eq. (14) to find the variance:

σ 2
x = m

(
σ 2

u + m−2
)
σ 2

V =
(

1 − m−1

1 + mβU
+ 1

m

)
σ 2

V . (17)

We verify this expression numerically in Appendix Fig. 6,
and we note the following limits: when m � 1, while mβU is
finite, the variance approaches σ 2

x ≈ σ 2
V /(1 + mβU ); when βU
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FIG. 3. The SUV model admits a sparse mixing regime. We use T = 60, N = 1000, m = 20, and σ 2
V = 1. (a) Typical samples of the

Dirichlet distribution for βU = 0.15. (b) Sample-sample correlation matrix and dendrogram obtained from hierarchical clustering of the ECM.
(c) Density of sample-sample correlations of the Dirichlet-Gaussian model for p = 1, 0.9, and 0.5. The observable density of the Gaussian-
Gaussian model (gray) is shown for reference. (d) Eigenvalue densities of the same models. Vertical bars show positions of eigenvalues for the
single realization of the Dirichlet-Gaussian model; the height of the bars is not meaningful. Note a single large eigenvalue separated from the
rest by a gap. Averages are computed from 2×104 independent model realizations.

approaches zero, σ 2
x ≈ σ 2

V ; and when βU approaches infinity,
σ 2

x ≈ σ 2
V /m.

1. Correlations

The family of correlation distributions in Fig. 2(b) re-
flects the transition between the two extreme limits (from
pure clusters to uniform mixing). The first observation is
that the density is not symmetric around zero. In the clusters
limit (black curve), the density of correlations has a nearly
δ-function peak at 1, corresponding to correlations between
samples that are built from the same features. The density
also has an approximately Gaussian peak around zero, which
emerges from correlations between samples that include dif-
ferent features, and hence from feature-feature correlations.
In the opposite limit of uniform mixing (yellow curve), all
small correlations have disappeared and the density is ap-
proaching a δ function concentrated at 1 because all variables

approximately behave as a single cluster. For the regime of
overlapping clusters between the two extremes, we observe
intermediate correlation values between zero and one, signi-
fying the existence of variables that can be attributed to more
than one cluster.

In the sparse mixing regime, the correlation density [purple
curve in Fig. 3(c)] is again nonsymmetric around zero. It has
a large peak around small, positive correlations and few large
correlation values. This is due to the sparse selection from
a large number of features, so that there are now samples
with different numbers of the same features, smearing the
high correlation peak of the clusters limit. The peak near
zero still comes from correlations between samples that do
not have the same features, and hence from feature-feature
correlations. For reference, we show the correlation density
of the Gaussian-Gaussian random latent feature model. We
also show the correlation density for p = 0.9 (magenta) and
p = 0.5 (orange).
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2. Eigenvalues

The shape of the eigenvalue density depends on the model
parameters T , N , m, and βU . From RMT, we know that the
eigenvalue densities of random matrices often converge to
their limiting form when T , N , etc. tend to infinity, while
ratios, such as N/T or the ratio of the number of latent fea-
tures to the number of observables m/N , remain fixed. This
is known as the thermodynamic or large-N limit, in which the
fixed ratios control the shape of the density [32,34]. We expect
these ratios to control the shape of the eigenvalue distributions
of the Dirichlet-Gaussian model as well. However, here we
focus on the qualitative description of eigenvalue densities,
and we leave a detailed analytic description for the future.

When m � N, T , but we still consider it to be large, the
rank of the ECM satisfies rank(C) < N, T , implying that there
are trivial zero eigenvalues. Beyond these, analogous to the
correlations, the eigenvalue densities in Fig. 2(c) reflect the
transition between the two limits of the model.

First, in the clusters limit (black curve), the eigenvalue
density has a broad, “spiky” bump. The spikes result from
the interaction of (on average) m dominant eigenvalues of
a similar magnitude. In Appendix Fig. 7, we show how the
resolution of the δ spikes increases at better sampling (smaller
T/N ratio). In the opposite limit of uniform mixing (yellow
curve), the spectrum becomes degenerate with two δ peaks.
One peak is for a single eigenvalue at λ = N , corresponding
to all variables being in one cluster, and the other peak has
N − 1 eigenvalues at zero.

For the regime of overlapping clusters, between the two
limits, the density has two bumps [inset in Fig. 2(c)]. The
bumps move in opposite directions as βU increases, and
they develop into δ peaks in the extreme limit. To under-
stand the origin of the two bumps, we show the position
of eigenvalues of a particular realization of the overlapping
clusters model from Fig. 2(a) by vertical bars in Fig. 2(c),
inset. The right density bump is due to a single, top-ranked
eigenvalue, and the left bump is due to the remaining m − 1
nontrivial eigenvalues. In the particular case shown, the left
bump is the distribution of four eigenvalues. We verified
numerically our expectation that the left bump carries ap-
proximately four times as much mass as the right bump. The
top-ranked eigenvalue is due to a baseline correlation across
all variables that comes from the nonzero, positive mean of
the correlation density. Its origin can be further understood
from analyzing the eigenmode associated with the top-ranked
eigenvalue. For this, we decompose the correlation matrix into
two contributions, as expressed in Appendix Fig. 8(a). The
first contribution is the projection of the correlation matrix
onto the top-ranked eigenmode, and the second contribution
is the projection on all other eigenmodes. The decomposition
is shown in Appendix Fig. 8(b), and the distributions of matrix
entries of each contribution is shown on the right. The mean
values of the correlation density and the top-ranked contribu-
tion are the same, and the mean of the remaining contribution
vanishes. Thus the top-ranked mode can be considered as a
baseline contribution, similar to the “market mode” found in
the analysis of financial data, which captures the collective
up-and-down of the stock market [44]. As βU grows, more
and more of the total variance goes into this mode, until all
variables are strongly correlated. The remaining m − 1 modes

capture correlations between specific subgroups of variables.
As βU is increased, less and less of the total variance belongs
to these modes.

Finally, in Fig. 3(d) we show the eigenvalue density in the
sparse mixing regime (blue curve). For reference, we also
show the eigenvalue density of the Gaussian-Gaussian model
(gray curve) [34]. The density of the Gaussian-Gaussian
model has a single peak with upper and lower eigenvalue
bounds given by λ± = (1 ± √

N/m)2 ≈ 0.54, 7.46, respec-
tively, as was derived in [34]. In contrast, the eigenvalue
density of the sparse mixing model has two peaks. The qual-
itative understanding of the origin of the two peaks is anal-
ogous to the one just described for the overlapping clusters
regime. The eigenvalues of a specific realization of the sparse
Dirichlet-Gaussian model are shown by the vertical blue bars.
The right and the left bumps are due to a single top-ranked
and the m − 1 remaining nontrivial eigenvalues, respectively.
The decomposition of the sparse Dirichlet-Gaussian correla-
tion matrix into the two contributions is shown in Appendix
Fig. 8(c), together with the contributions’ densities.

For the computation of the sparse model, we have selected
parameters such that the density is well sampled. This is the
case when both T and N are large. In particular, N has to be
large enough to ensure that sampling of the different ways
of sparsely selecting features is sufficient. In other sampling
limits, the form of the eigenvalue density is more compli-
cated, and a detailed analysis will be needed to understand its
structure.

Finally, in Appendix Fig. 9, we show the influence that fea-
ture structure has on the correlation and eigenvalue observable
distributions for the sparse mixing regime. As examples, we
consider features that are Dirichlet random vectors, features
with entries that are i.i.d. random variables drawn from an
exponential distribution, and features with entries that are i.i.d.
binary random variables taking values {±1}. We note that the
first two examples lead to non-negative data, and the SUV
model is a form of non-negative matrix factorization [31] in
these cases. We observe that feature structure only has a small
influence on the correlation and eigenvalue distributions.

IV. SAMPLE STATISTICS OF NATURAL IMAGES

We now turn to the analysis of the statistics of natural scene
images. Significant success has been achieved in studying
the correlation statistics between different pixels of natural
images [8,11]. Here, we study the correlations between sam-
ples (patches from natural scene images), fit SUV random
latent feature models on the correlations, and we also make
predictions for the eigenvalues of the sample-sample correla-
tion matrix.

Our data come from the classic Sparsenet dataset [15] used
by Olshausen et al. to train a model of receptive fields in
the mammalian visual system [16]. The dataset consists of
ten natural scene images (of North American landscape) in
grayscale, and each image has been whitened. Specifically, we
construct a T ×N data matrix X, containing T flattened, square
image patches with N pixels. These relatively small image
patches are randomly sampled from across the ten much larger
images of the dataset.
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FIG. 4. Sample statistics of natural scene images is well-described by the SUV model. We compare the sample-sample correlation and
eigenvalue distributions of the Sparsenet dataset with predictions of the maximum-likelihood (ML) SUV model. Our Sparsenet data matrix
consists of T = 100 square image patches each of size N . To obtain the observable distributions (gray), we sample the data matrix multiple
times, stated as the number of trials below. (a) Image patch size N = 12×12 = 144: The elements of the modulation matrix S are i.i.d. binary
random variables taking values {±1}, each with probability p = 0.5. We show the comparison of sample-sample correlations of the Sparsenet
data (gray) and the ML SUV model with mML = 92 ± 2 and βML = 0.30 ± 0.05 (blue), on linear-linear (left) and log-linear scale (right). For
reference, we also show the distribution of correlations expected for pure noise data (black), and the ML Gaussian-Gaussian latent feature
model with mML = 91 ± 2 (purple). (b) Comparison of the eigenvalue density of the Sparsenet sample-sample correlation matrix (gray) and
the model prediction (blue), on log-linear scale (left) and log-log scale (right). For reference, we show the Marčenko-Pastur distribution
(black), with sampling ratio T/N . (c) Image patch size N = 24×24 = 576: The elements of the modulation matrix S are i.i.d. binary random
variables as above, but with a small number of large entries randomly introduced into the matrix (z = 5, preplace = 5×10−3; see the main
text). We show the comparison of sample-sample correlations of the Sparsenet data (gray) and the ML SUV model with mML = 310 ± 2 and
βML = 0.25 ± 0.05 (blue). (d) Comparison of the eigenvalue density of the Sparsenet sample-sample correlation matrix (gray), the model
prediction (blue), and the Marčenko-Pastur distribution (black). All curves from model simulations and Sparsenet data were computed with
800 trials.

We standardize the rows of the data matrix and compute its
sample-sample correlation matrix Eq. (11). The distribution
of the correlations is shown in gray in Fig. 4(a). There are,
in principle, two ways of arranging the samples. The first is to
view them as a single data matrix with a large number T of im-
age patches. The second is to arrange them into multiple data
matrices with a smaller T , and average the observables over
these matrices. This results in fewer correlation coefficients
or eigenvalues, but averaging determines their distributions
better. We adopt the latter approach, choose T = 100, and
average over 800 repetitions, which we will refer to as trials in
the following. We compare the two approaches in Appendix
Figs. 10(a) and 10(c), showing that they lead to very similar
correlation distributions.

To first demonstrate that the sample-sample correlation
distribution captures the nontrivial structure of the data, we
compare empirical correlations to the distribution correlations
for i.i.d. Gaussian noise data (black) in all panels of Fig. 4.
Such correlations follow a Beta distribution [45], whose ex-
pression we provide in Eq. (D1) of Appendix D. For large
enough N , the curve approaches a Gaussian normal distribu-
tion with variance 1/N . The distribution of such pure noise
correlations substantially differs from the correlations in the
Sparsenet data, as seen in Figs. 4(a)–4(c). Next, we model the
Sparsenet correlations with a variant of our SUV model.

The first step is to fit the correlation matrix S. We start with
relatively small patches, N = 12×12 = 144 pixels. As before,
we choose the elements of the modulation matrix to be binary
{±1}, obeying the Bernoulli distribution in Eq. (9). We note
that the correlation distribution in image patches, Fig. 4(a), is
symmetric around zero, taking on both positive and negative
correlation values. This requires setting the Bernoulli distri-
bution parameter to p = 1/2. The second step is to fit the
model parameters βU and m to the empirical distribution of
the correlations [gray in Fig. 4(a)] using maximum-likelihood
(ML) estimation. We find as ML values mML = 92 ± 2 and
βML = 0.30 ± 0.05, and the fit is shown in blue in Fig. 4(a).
We find a near-perfect match between the Sparsenet corre-
lations and our model, both in the bulk (near zero) and in
the tails of the distribution, where the density is five orders
of magnitude smaller [cf. Fig. 4(a)]. To verify that the ML
value mML ≈ 92 is not controlled by the sample size, T =
100, in Appendix Fig. 10(b) we use T = 200 and again find
mML ≈ 93.

We next investigate the quality of fits as a function of (i) the
patch size N , and (ii) different choices for the distribution of S
matrix elements. First, in Fig. 4(c) and Appendix Figs. 11(a)–
11(c), we compare different patch sizes with N = 12×12,
18×18, and 24×24 pixels. With the increasing patch size,
the tails of the sample-sample correlation distribution data
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(gray) become more pronounced, especially for the positive
correlation values. We wondered if we could find a simple
way to model these tails. This would require a small number
of strongly positively correlated samples. To achieve this, we
start as above, with an S with {±1} drawn from a Bernoulli
distribution with p = 1/2. However, now, with a small proba-
bility preplace = 5×10−3, we randomly replace some elements
by a large, positive value z = 5. In Appendix Fig. 5(c), we
present a simulation, showing the effect that this change has
on the distribution of elements of the mixing matrix S � U.
This ad hoc modeling leads to an improved fit, even of the
right tail, shown in blue in Fig. 4(c). It is likely possible
to make this fit even better via a systematic search over the
parameters preplace and z. However, we choose not to do this
since the fit is already great and since the main point here is
not a perfect fit, but a demonstration that adjustments leading
to quantitative improvements of the fit can be incorporated
without changing the general structure of the SUV model.

Next, we investigate the effect of using a distribution of
S matrix elements different from Bernoulli. Specifically, we
consider the case when the elements of the modulation matrix
S are drawn from a Gaussian distribution with zero mean and
unit variance. We show the corresponding ML fit with mML =
93 and βML = 0.8 in Appendix Fig. 12(b). We find that the
fit is in very good agreement with the data. However, we note
that βML is significantly larger than for Bernoulli-distributed
S elements (βML ≈ 0.3). This shows that for the continuous
Gaussian case, on average more modes are required to rep-
resent any given sample (image patch), presumably because
many modulation values are near zero.

Now, we ask what the general agreement between the SUV
model and the data tells us about the underlying structure of
the data. First, we note that the ML parameter values mML ≈
92 and βML ≈ 0.3 imply that, for each sample (image patch),
only a relatively small number of the total available features
is used for mixing, and the ML model is thus of the sparse
mixing type. Note that sparse in the name of the original
dataset refers to the activity of the neural network used to
analyze it. It is thus encouraging that the data themselves can
be modeled as sparse.

Second, we point out that, with the inferred parameters,
the overall dataset is not particularly low-dimensional (even if
each patch is), since the number of features, ∼92, is similar
to the number of variables, 144. Thus we check whether
the data could also be fit by a simpler, low-rank model that
does not model correlations between features. For this, we
use the Gaussian-Gaussian model from [34], summarized
in Appendix A, and we fit its single parameter m on the
sample-sample correlation data. We find an ML value of
mGG

ML = 91 ± 2 closely matching the ML value determined
for the SUV model. Yet, as seen in Fig. 4(a), the distribu-
tion of sample-sample correlations produced by the best-fit
Gaussian-Gaussian model is dramatically different from the
data. In other words, these data are not purely low-rank in
the traditional sense, but their low dimensionality emerges
through sparse mixing of features. We suggest that this is
the reason why data decomposition methods like independent
component analysis and sparse coding applied to these natural
images yield latent features that are interpretable as receptive
fields [16,46].

Finally, to make a prediction instead of a fit, we use the
SUV model with parameters inferred from the distribution of
correlations and compare the eigenvalue distribution of its cor-
relation matrix to the Sparsenet data. We show the comparison
in Figs. 4(b) and 4(d). We find a good match between the data
(gray) and the model prediction (blue). For reference, we also
show the distribution of eigenvalues expected for pure noise
data (black curve), given by the well-known Marčenko-Pastur
distribution [47], which we state in Appendix D in Eq. (D5).
In Appendix Fig. 13, we show the prediction versus data for
eigenvalue distributions for larger T . While the predictions are
good for modest T (≈100), the prediction quality for small
eigenvalues becomes bad as T is increased. In other words, as
a larger number T of samples per trial is available, the smaller
eigenvalues of the sample-sample correlation matrix are sam-
pled better, and the SUV model cannot capture these small
details. This behavior is different from the sample-sample
correlation values themselves, whose distribution does not
significantly depend on T . We leave a detailed investigation
of this phenomenon to future work.

V. DISCUSSION

We have presented a random latent feature model for struc-
tured data based on linear mixing of latent features, Eq. (1).
We call this the SUV model. A key ingredient in our model is
the statistical dependence of the mixing coefficients. In differ-
ent parameter regimes, this dependence gives rise to different
patterns, commonly found in natural datasets, from clusters
to sparse models. As an example, we showed that the SUV
model is an excellent model for the sample-sample statistics of
natural images, requiring fitting of just two hyperparameters:
the size of the feature set and the average number of features
used to generate any particular sample, though the agreement
becomes quantitatively worse at larger patch sizes. We are
not aware of similar simple, analytical generative models that
can approximate such statistics in this or other similar natural
datasets—usually fitting of many parameters, such as synaptic
weights of generative neural networks, is required for a similar
accuracy [6,21,48–51].

A central point of our analysis is that the qualitative struc-
ture of the distribution of various observables can inform
us about a class of models best suited for representing the
data. For example, in the case of Sparsenet data, we observed
that quantitatively small differences in the tails of the dis-
tribution of sample-sample correlations suggest that sparse
mixing of features is more appropriate to describe this dataset
than more traditional low-rank models. For data analysis, this
means that decomposition schemes like independent compo-
nent analysis [52,53], non-negative matrix factorization [31],
and similar sparse coding models are more natural to ap-
ply to the data—and are more likely to yield physically and
biologically interpretable latent features—than other decom-
position methods, such as principal component analysis [54].
Similarly, a characteristic feature of our model is the aster
structure of the data scatters, cf. Figs. 1(e) and 1(f). These data
are locally low dimensional, but globally they are not. Since
such structures, indeed, occur in data and models of neural
activity [42,55], one should question whether models based on
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low-dimensional neural activity manifolds are the best model
for such datasets.

In this article, we have focused mostly on sample-sample
correlations. This is because, in our opinion, these statistics
do not receive enough attention in the literature, though the
kernel representation of data covariance is used routinely.
However, nonzero parts of spectra of sample-sample and
variable-variable correlations are the same up to a normal-
ization constant, and the SUV model can equally be applied
to the variable-variable statistics, making the analysis more
general.

The SUV model, Eq. (1), is very simple, and it is unclear
a priori why it should be so effective in modeling Sparsenet
data. We believe that there are two reasons for this. First,
note that we assumed that the latent features are Gaussian
i.i.d. vectors, which is certainly a bad model for receptive
fields in [16]. However, the structure of features becomes
practically irrelevant to sample-sample correlations as long
as the individual features are uncorrelated either due to (a)
the central limit theorem at large enough N , or (b) features
forming a sparse, overcomplete code, as in [16]. Second, in
our model, sparsity emerges as a consequence of the Dirichlet
distribution in a particular parameter regime. This is analyt-
ically tractable, but is also unlikely to be a precise model of
the world. Yet Olshausen et al. [16] showed that different ways
of imposing sparsity on their model resulted in quantitatively
similar conclusions. Thus, one may expect that the details of
the sparseness mechanism in the generative model would not
be especially important either. The insensitivity of our model
to the feature and the sparsity structures points to a notion of
universality—a yet undiscovered class of models with quan-
titatively similar sample-sample correlations. Analysis of this
class would need to be done using RMT approaches [32], and
would parallel other universality classes discovered within
the theory. Note, however, that traditional universal results in
RMT emerge from matrices with i.i.d. entries, and tools for
analysis of statistically dependent mixing coefficients are not
well developed. We hope that the need to analyze the SUV or
similar models will lead to advances in the RMT methods as
well.
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APPENDIX A: GAUSSIAN-GAUSSIAN MODEL

We give a brief summary of the Gaussian-Gaussian model,
which has been analyzed and discussed at length in [34]. This
model can be used to describe pure low-rank structure in data.
While in Ref. [34] the model included additive noise, we focus
here only on the signal part of the model. The model’s data
matrix is given by a product of two random matrices:

X = UV, (A1)

with matrix entries given by i.i.d. zero mean Gaussian random
numbers:

utμ ∼ N
(
0, σ 2

U

)
, vμn ∼ N

(
0, σ 2

V

)
, (A2)

t = 1, . . . , T, μ = 1, . . . , m, n = 1, . . . , N. (A3)

In general, the random variables have variances σ 2
U and σ 2

V ,
but throughout this article we set the variances to unity σ 2

U =
σ 2

V = 1. The dimensions of the factor matrices U and V are
T ×m and m×N , respectively, and the latent dimensionality is
m.

APPENDIX B: ANALYTICAL DISTRIBUTION
OF THE MIXING MATRIX ELEMENTS

FOR BINARY MODULATION

We derive an analytical expression for the distribution of
mixing coefficients (S � U)tμ for the case when the rows of
the coefficient matrix U are given by Dirichlet random vectors
as defined in Eq. (3), and each element of S is an i.i.d. binary
random variable {±1}, drawn according to Eq. (9). To obtain
the distribution of individual entries of the mixing matrix, we
marginalize the Dirichlet distribution Eq. (3) over all, but a
single component. It is well-known that this results in the Beta
distribution∫

du1 · · · dum−1δ

(
1 −

∑
μ

uμ

)
Dir({uμ}; βU ) (B1)

= Beta(um; βU , (m − 1)βU ). (B2)

Since the hyperparameter βU of the Dirichlet distribution
in Eq. (3) is the same for all variables uμ, the result of
marginalizing is independent of which of the m − 1 directions
we choose to marginalize over. All elements of the coefficient
matrix thus follow the same Beta distribution:

utμ ∼ Beta(utμ; βU , (m − 1)βU ). (B3)

FIG. 5. Distribution of mixing matrix elements. (a) p = 1, m = 20, and βU = 0.15. (b) p = 0.5, m = 90, and βU = 0.3. (c) Same
parameters as (b) but with some elements of the S matrix randomly replaced with a probability of preplace = 5×10−3 by z = 5. For all
simulations, T = 100 with 400 independent trials. The red line shows the distribution without disorder for reference.
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FIG. 6. Comparison of the analytic (solid lines) and simulated
(markers) values of the data variance. Dirichlet-Gaussian model with
a trivial modulation matrix, σ 2

V = 4 for m = 5, 30, and 100 over
a range of βU values. Simulated values are averages over 3.6×104

independent model realizations.

To obtain the elements of the mixing matrix, the coefficients
are modulated by S, flipping their sign with a probability of
1 − p. To account for the modulation, we have to weight the
distribution of positive and negative elements of the mixing
matrix by p and 1 − p, respectively. The distribution of mix-
ing matrix elements

x ≡ (S � U)tμ (B4)

is therefore given by

pdf(x) = [pH (x) + (1 − p)H (−x)]Beta(|x|; β, (m − 1)β ),

(B5)

3×10-1

3×10-2

3×10-3

FIG. 7. Eigenvalue density spikes in the clusters regime of the
Dirichlet-Gaussian model are resolved by small sampling ratios:
We show this for T = 30, m = 5, βU = 4×10−8, and σ 2

V = 1.
The resolution of the spikes increases as the sampling ratio
q = T/N decreases. Averages are computed from 2×104 independent
realizations.

where H is the Heaviside step function. Figure 5 shows a
comparisons between the analytics and simulations.

APPENDIX C: DATA MEAN AND VARIANCE
IN THE DIRICHLET-GAUSSIAN MODEL

We compute the theoretical mean and variance of data from
the Dirichlet-Gaussian model with a trivial modulation matrix
(stμ = 1), and i.i.d. Gaussian latent features. Starting from the
model definition, Eq. (1), we see that the mean, Eq. (13), and
variance, Eq. (14), are

μx =
∑

μ

E[uμvμ] =
∑

μ

E[uμ]E[vμ], (C1)

σ 2
x =

∑
μ

var(uμvμ) +
∑
μ �=ν

cov(uμvμ, uνvν ), (C2)

where we imposed trivial modulation. We note that the ex-
pression for the variance of the product of two independent
random variables is

var(uμvμ) = (
σ 2

u + μ2
u

)(
σ 2

v + μ2
v

) − (μuμv )2. (C3)

To compute the first term on the right-hand side of
Eq. (C2), we use Eqs. (7), (5), and (C3) to find

var(uμvμ) = (
σ 2

u + μ2
u

)(
σ 2

V + μ2
V

) − (μuμV )2

= (
σ 2

u + μ2
u

)
σ 2

V =
(

1 − m−1

m(1 + mβU )
+ 1

m2

)
σ 2

V .

(C4)

The second term on the right-hand side of Eq. (C2) vanishes
for μ �= ν, since

cov(uμvμ, uνvν ) = E{[uμvμ − E(uμvμ)][uνvν − E(uνvν )]}
= E[uμvμuνvν] − E[uμuν]E[vμvν] = 0,

(C5)

where we have used statistical independence of u and v, and
the fact that v has zero mean. Therefore, the expression for the
variance is

σ 2
x = m var(uμvμ) =

(
1 − m−1

1 + mβU
+ 1

m

)
σ 2

V . (C6)

We verify this expression numerically in Fig. 6.

APPENDIX D: OBSERVABLE DENSITIES
OF I.I.D. GAUSSIAN NOISE DATA

In this Appendix, we collect some known results on the
distribution of correlations and eigenvalues of the correlation
matrix for i.i.d. Gaussian noise data. Specifically, we consider
a T ×N matrix with i.i.d. Gaussian random variables as en-
tries.
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4.7643×10-1

4.7477×10-1

1.6561×10-3

1.9105×10-1

1.9069×10-1

3.6268×10-4

FIG. 8. Decomposition of the correlation matrix of the Dirichlet-Gaussian model. We show this for a single realization with T = 360.
(a) General decomposition of the correlation matrix (black) into contributions of the top-ranked eigenmode ψ1 (purple) and the sum of the
remaining eigenmodes ψ2,...,T (red). The contributions are given by the outer product ⊗ of eigenmodes, weighted by the eigenvalues. (b) The
overlapping clusters model with N = 100, m = 5, and βU = 0.4. The distributions of matrix elements of the different contributions are shown
on the right in their respective color. The numerical mean values are also stated. (c) The sparse mixing model with N = 1000, m = 20, and
βU = 0.15. To the extent that the mean of the matrix elements of the first mode is essentially indistinguishable from the means of the overall
ECM, and the means of all other eigenvalue contributions are nearly zero, this shows that the mean correlation in the ECM is captured by the
top-ranked eigenmode.

The correlation coefficient r between samples is given by
the product of two mutually independent random vectors of
length N with i.i.d. Gaussian entries, and the distribution of
the correlation coefficient was derived in [45]. See also [34]
for an extensive discussion. The coefficients are distributed
according to a symmetric Beta distribution

pdf(r) = Beta(r; α, α; 	 = −1, s = 2) (D1)

= �
(
α + 1

2

)
�

(
1
2

)
�(α)

(1 − r2)α−1, (D2)

where � is the Gamma function, and 	 and s are the location
and scale parameter, respectively. The parameters 	 and s are
set such that the density is defined on the correlation interval
r ∈ [−1, 1], and

α = N − 1

2
. (D3)

The variance of the distribution with the scale s = 2 is given
by

var = s2

4(2α + 1)
= 1

2α + 1
= 1

N
. (D4)

For large values N , the distribution approaches the normal
distribution with variance 1/N .

Next, we turn to the eigenvalues of the sample-sample cor-
relation matrix. The eigenvalues follow the famous Marčenko-
Pastur distribution:

ρ(λ) =
√

(λ+ − λ)(λ − λ−)

2πqλ
(D5)

with

λ± = (1 ± √
q)2 (D6)

and q = T/N . We note that, as we consider the eigenvalue
spectrum of the sample-sample correlation matrix Cs, the
sampling ratio q = T/N is the inverse of the ratio N/T , which
would apply for the variable-variable correlation matrix Cv,
more commonly encountered in applications.

023014-12



HIDDEN DATA STRUCTURES AND STATISTICS … PRX LIFE 3, 023014 (2025)

FIG. 9. Latent feature structure has almost no influence on the correlation and eigenvalue densities of the SUV model in the sparse
mixing regime. We use T = 60, N = 1000, m = 20, βU = 0.15, and stμ = 1 for all entries. We test the following types of latent features
V: blue line, i.i.d. Gaussian entries for reference; dashed red, binary {±1} i.i.d. Dashed red, Bernoulli entries with p = 0.5; dash-dotted
green, i.i.d. exponentially distributed entries with rate parameter λ = 1; dotted orange, Dirichlet random vectors with βV = 5×10−2.
(a) Correlation densities computed from 800 independent realizations of simulated data. Bottom plot is a zoom-in version of the top
plot. (b) Eigenvalue densities computed from 2×104 independent realizations of simulated data. Bottom plot is a zoom-in version of the
top plot.

FIG. 10. Different approaches to sampling lead to similar sample-sample correlation distributions. Maximum-likelihood fits on the
correlation distribution of image patches of size N = 12×12 for different sampling approaches. (a) T = 100, ntrials = 800. (b) T = 200,
ntrials = 800. (c) T = 2000, and a single sample, ntrial = 1.
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FIG. 11. The correlation distribution develops tails for increasing patch size. Maximum-likelihood fits on data of increasing patch size.
(a) N×N = 12×12. (b) N×N = 18×18. (c) N = 24×24. All simulations with T = 100 computed from 800 independent samples.

FIG. 12. The correlation distribution can be fit with S matrix elements following a Gaussian distribution. (a) N×N = 12×12, T = 100.
(b) N = 12×12 image patches with T = 100 and elements of S are drawn as i.i.d. Gaussian random variables. All simulations with T = 200
computed from 800 independent trials.

FIG. 13. The prediction quality of the eigenvalue spectrum is good for modest T but deteriorates for large T . Prediction of the eigenvalue
spectrum (blue) made by maximum-likelihood fits on the correlation distribution for image patches of size N = 12×12 for increasing numbers
of observation: (a) T = 50 (mML = 89, βML = 0.3); (b) 100 (mML = 92, βML = 0.3); (c) 150 (mML = 93, βML = 0.35); and (d) 200 (mML = 91,
βML = 0.3). The eigenvalue spectrum computed from data is shown in gray. The Marčenko-Pastur distribution (black) is shown for reference.
For all simulations, we use 800 independent trials.
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