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Identifying the network of species interactions is a fundamental step toward understanding ecosystem stability
and biodiversity. However, the interpretability of empirical interaction measures remains a major challenge.
Experimental estimates frequently exhibit puzzling temporal fluctuations, including sign shifts typically inter-
preted as transitions between competition and facilitation. Here, we analyze the temporal behavior of pairwise
interaction measures to demonstrate that these fluctuations—and apparent shifts in ecological roles—can
emerge intrinsically from standard population dynamics, without any underlying change in the actual ecological
relationships. We show that inferred interactions are heavily distorted by experimental protocol choices, partic-
ularly the duration of observation and microbial growth constraints. By systematically evaluating interactions
across timescales, we uncover a principled mechanism to mitigate these biases: short-term measurements
reliably isolate direct, pairwise species couplings, whereas longer-term observations inevitably absorb indirect
community feedbacks and systemic experimental constraints. By disentangling direct couplings from indirect
network effects, our framework provides a robust, timescale-aware approach to interpreting empirical interaction
matrices, offering critical quantitative guidance for experimental design and predictive ecosystem modeling.
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I. INTRODUCTION

The success of a species is rarely shaped in isolation; it
emerges from a web of direct and indirect ecological inter-
actions. Characterizing these interactions is challenging, as
they involve complex relationships among multiple organisms
[1] that are shaped by a continuously changing environ-
ment [2] and eco-evolutionary feedbacks [3]. For example,
the stress gradient hypothesis suggests that as environmental
stress increases, facilitative interactions become more promi-
nent while competitive interactions diminish [4]. This implies
that the environment not only determines the relative im-
portance of species, but can also shift their roles between
competitors and facilitators. Large-scale syntheses confirm
broad empirical support for this prediction across taxa and
ecological settings, with important implications for conserva-
tion under accelerating global change [5-9]. The difficulty of
isolating clear relationships between community members has
led to theories that either ignore species interactions altogether
[10-12], or model them as random variables [13-16]. While
such approaches have successfully explained some statistical
patterns and broad ecological trends, constructing accurate,
system-specific models—when feasible—requires robust em-
pirical measurements of species interactions [17-20].
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Correlations or co-occurrences across species are typically
the first step in inferring interaction networks [21-23]. Inter-
action measures are also commonly derived by fitting species
abundance data with Lotka-Volterra or other population dy-
namics models, which are assumed to represent the underlying
dynamics of the ecological communities [24—28]. Among the
various model-free approaches to quantifying species inter-
actions, estimates of the interaction matrix—defined as the
effect of perturbations on a target species’ per-capita growth
rate—are widely used [29-33]. Empirical estimates of interac-
tion matrices have quantitatively supported the stress-gradient
hypothesis by detecting changes in the sign of interactions,
which are associated with shifts between facilitative and com-
petitive roles [21,34-36]. However, a gap remains between the
theoretical definition of interaction matrices—which assumes
data of infinite resolution—and their empirical estimation,
which is constrained by the finite resolution of measure-
ments. Moreover, interaction measures do not inherently
reveal whether species interactions are direct or mediated
[37,38]; such interpretations typically rely on contextual un-
derstanding of the biological system [39]. Overall, interaction
measures may be biased not only by sampling limitations,
environmental effects, and experimental design, but also by
the theoretical framework used to interpret them. Such biases
can obscure whether the measured interactions are direct or
mediated, or whether they depend on the temporal or spatial
scale of observation. This leads us to ask: How do empirical
conditions affect interaction measures, and what kind of in-
formation do these measures truly convey? Is it possible to
determine whether interactions are direct or mediated based
on the measures alone?

To address these questions, we primarily study empirical
interaction matrices extracted from synthetic data generated
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using paradigmatic ecological models. This approach allows
us to clearly observe how interaction measures repre-
sent a perfectly known and controllable ecological process.
Additionally, it enables the derivation of analytical results that
provide general insights into the behavior of these interaction
measures. We examine the impact of various empirical param-
eters, such as the resolution used to compute per-capita growth
rate estimates, putting special focus on the experiment dura-
tion, i.e., the time elapsed from the ecosystem perturbation to
the measurement of the per-capita growth rate. This parameter
is particularly relevant in the analysis, as, even if it is infinites-
imal in the theoretical definition of the interaction matrix,
it can be substantial in experimental setups [32,38,40]. Fur-
thermore, it has been argued that long experimental durations
reduce fluctuations in interaction estimates [38]. Through
analytical calculations and simulations, we demonstrate that
changes in the sign of the empirical interaction matrix can
occur in purely competitive systems when the experiment
duration is long enough. This is noteworthy because sign
changes, traditionally linked to facilitation-competition trade-
offs, may instead result from oscillations in species’ relative
abundances, even while their ecological roles remain fixed.
Overall, we assess the critical role of experimental
duration in characterizing ecological interactions. By tempo-
rally expanding the interaction matrix, we demonstrate that
short-term measurements capture explicit couplings among
ecological agents, whereas longer-term measurements in-
creasingly reflect indirect feedback from the broader species
community and environmental factors. Measuring interactions
across different timescales therefore provides a more compre-
hensive view of system behavior: explicit species couplings
can be inferred from short-term data, while indirect effects
emerge over longer durations. In particular, we show that
the nature of the experimental setup in microbial growth
studies—such as chemostats, batch cultures, or biotic resource
conditions—can significantly influence interaction estimates.
Ultimately, we argue that interactions inferred at short dura-
tions, either through direct measurements or extrapolations
from long-duration data, offer a systematic approach to dis-
tinguishing between direct and indirect interactions.

II. THE EMPIRICAL INTERACTION MATRIX

In this section, we characterize the pulse perturbation ex-
periments and recall the standard definition of the empirical
interaction matrix derived from them [29]. Let us consider a
general ecological community consisting of N species with
densities x;, i = 1, ..., N. We denote by x;(t|¥?)) the density
of species i at time ¢ given that the state of the ecological
system at time ¢ = 0 is ¥?. Since we aim to analyze interac-
tions in arbitrary ecological systems, the term “species” may
refer not only to organisms within a community but also to
resources, either organic or inorganic. Likewise, “densities”
should be understood in a general sense, representing quanti-
ties such as biomass, abundance, or other relevant measures
depending on the context. This information allows measuring
the per-capita growth rate of species i at time ¢, during the
time interval At, as

xi(t + AtE?) — x(t¥)
At x;(t]XO)

B AL, 1,30 = (1)

In experimental settings, the per-capita growth rate can only
be estimated at a finite set of time points ¢, #,, 3, . .. where
species densities are measured. Consequently, in real applica-
tions, the parameter At in Eq. (1) is the temporal resolution of
the time series, At; = tj4 —t;.

Pulse experiments are based on having access to (at least)
two time series of the same ecological system with different
initial conditions. Specifically, the empirical interaction ma-
trix is estimated by comparing pairs of time series, where the
difference in the per-capita growth rate is evaluated between
a baseline (unperturbed) evolution and a perturbed evolution.
In the perturbed evolution, the initial density of species j is
altered by an amount Ax, allowing us to assess the impact of
this change on the system’s dynamics,

Mj_>,' = Mi,j()_f(o), t, Ax, At)
= ¢P1An 1,70 + Ax J1 - gP[An, 1,70, ()

where J is the unit vector in the jth direction. In Fig. 1 we
show a graphical representation of the baseline and perturbed
experiments, together with experimental parameters.

The interactions measured via Eq. (2) echo the central idea
of linear response theory, namely, that small perturbations can
be used to extract information about the structure and stability
of physical [41] and ecological [42] systems. However, Eq. (2)
reflects how perturbations would be implemented in real ex-
periments, where practical constraints such as finite sampling
times and perturbation sizes become relevant. In this sense,
the matrix in Eq. (2) is the empirical interaction matrix, which
is intended to capture ecological interactions (e.g., facilitation,
competition) and may differ from the coupling parameters
appearing in ecological models.

The matrix in Eq. (2) provides direct insight into the
relationships between species: the sign of M;_,; indicates
whether changes in species j promote or inhibit the growth
of species i, while its magnitude reflects the strength of
this influence. However, M ;_,; also depends on experimental
parameters that are not intrinsic to ecological dynamics. In
particular, it is affected by the perturbation size Ax, the total
experiment duration ¢, and the sampling interval Az. When ¢ is
large, we show that M ;_,; captures more of the system-wide
feedback, incorporating indirect effects. In contrast, for small
t, it predominantly reflects the direct impact of species j on
species i, providing a clearer measure of their direct interac-
tion, with minimal contributions from the rest of the system.

Although measures of interaction matrices based on pulse
experiments are theoretically well founded and potentially
highly informative, their empirical implementation remains
challenging. In particular, perturbing natural ecosystems in
a controlled and targeted way is rarely feasible, and eco-
logical data are often sparsely sampled in time. Moreover,
experimental perturbations that are treated as infinitesimal in
theory are necessarily finite in practice [29,32], creating a gap
between theoretical studies of interaction matrices [29,32,33]
and their empirical estimation. These constraints are fur-
ther compounded by the difficulty of applying unidirectional
perturbations and obtaining high-temporal-resolution mea-
surements of system responses. This work therefore focuses
on understanding how experimental parameters influence the
information that can be extracted from M;_,;.
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FIG. 1. Sketch of the experimental protocol to measure interactions with pulse experiments. The axes represent the experiment duration (t),
the population density of the perturbed species (bottom, depicted as a sheep; x; in the text), and the population density of the target species (top,
depicted as a goat; x; in the text). The per-capita growth rates are measured in the curves of the top (g(,.E ), while perturbations are introduced
in the species of the bottom. Each element of the interaction matrix is calculated as the difference between the growth rates of the perturbed

and baseline trajectories.

III. RESULTS

A. Temporal fluctuations in empirical interaction measures:
Evidence from microbial and consumer systems

Here, we apply the interaction measure presented in Eq. (2)
to two distinct consumer-resource systems to illustrate the
significance of temporal fluctuations in interactions. The first
system involves the temporal dynamics of a yeast culture
(Saccharomyces cerevisiae) grown in a medium initially con-
taining galactose as the sole carbon source. As the yeast
consumes galactose, it produces ethanol as a by-product,
which can subsequently be used as a secondary resource
[43]. This system thus represents a simple consumer-resource
system composed of a single species interacting with two
resources. We employ a consumer-resource model, fitted to
experimental data from Ref. [43], to generate time series
from which the interaction matrix is computed using Egs.
(1) and (2). Since we can generate time series with arbi-
trary resolution, we focus on the effect of the experiment
duration (¢) in the limit of small perturbation and sam-
pling time (Ax, At — 0). Figures 2(a) and 2(b) illustrate the
evolution of interactions, which includes sign changes over
time. Fluctuations in Fig. 2(a) reflect changes in the rele-
vance of metabolic pathways. In the early stages, ethanol
production exceeds consumption, resulting in a net posi-
tive interaction between ethanol and yeast. Similarly, during
this initial phase, the benefits of ethanol production out-
weigh any competitive pressures, leading to initially positive
yeast self-interactions. However, this situation changes dra-
matically as galactose becomes depleted. Once the system
runs out of galactose, ethanol consumption surpasses pro-
duction, and further increases in yeast concentration begin
to inhibit both yeast growth and ethanol levels. In Fig. 2(b),
we examine how ethanol perturbations affect yeast growth
rates (Mg_,y). This setup compares yeast growing in a dilu-
tion containing only galactose (the baseline experiment) with

another evolution where a small amount of ethanol is also
present (the perturbed experiment). Since resource addition
typically promotes consumer growth, Mg_,y is initially pos-
itive, and yeast densities are higher in solutions containing
both ethanol and galactose than in those with only galac-
tose [see Fig. 2(b)(iii)]. However, the perturbed condition
depletes galactose more quickly, entering faster the phase
where yeast growth relies solely on ethanol [see Fig. 2(b)(i)],
which supports a lower growth rate. This dynamic explains
the sign shift in Fig. 2(b)(iv) and illustrates how resource
addition can eventually lead to negative interactions with
consumers.

The second dataset consists of empirical measure-
ments of the population dynamics of three grasshopper
species (Melanoplus femur-rubrum, Spharagemon collare,
and Phoetaliotes nebrascensis) maintained in captivity. The
data originate from experiments reported in Ref. [44], in
which enclosures were placed in areas of natural grassland.
Each enclosure contained native vegetation (serving as the
grasshoppers’ shared resource) and was initialized with dif-
ferent population densities. Grasshoppers are expected to
compete for common resources. The varying initial conditions
are treated as perturbations that allow us to infer interspecific
interactions (see Appendix A for details and confidence in-
tervals). In Fig. 2(c), we show that the inferred interactions
oscillate over time, with many of them changing sign dur-
ing the course of the experiment. Such sign changes were
not reported in the original study, which only analyzed in-
teractions at the final time point of the experiment (r = 28
days). That analysis was interpreted through a biological
lens: dietary niche overlap among grasshoppers and possible
indirect positive interactions with plants—mediated by soil
enrichment—were proposed to explain the observed interac-
tion patterns. It is noteworthy that this interpretation could be
significantly affected when considering interactions at inter-
mediate experiment durations.
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FIG. 2. Temporal variability of interaction measures. (a) Top: Temporal evolution of yeast (Y), galactose (G), and ethanol (E) densities
in the baseline trajectories. Bottom: Temporal evolution of interactions induced by yeast perturbations. (b)(i) Galactose dynamics in the
baseline trajectory—initially ethanol-free—and in the perturbed trajectory, which includes ethanol from the start (dotted and solid lines,
respectively). (b)(ii) Similar to pane (b)(i) but showing ethanol evolution. (b)(iii) Yeast population dynamics with and without the initial
presence of ethanol. (b)(iv) Evolution of the interaction measure Mg_,y. (c) Temporal evolution of inferred interactions among grasshoppers:
Melanoplus femur-rubrum (M), Spharagemon collare (S), and Phoetaliotes nebrascensis (P). Details of the parameters and model used to

generate (a) and (b) are given in Sec. V B.

Through these examples, we examine the emergence of
fluctuating interaction measures in both microscopic and
macroscopic consumer-resource systems. Understanding the
meaning of interaction sign changes in the yeast-galactose-
ethanol system requires a great level of knowledge of
organism dynamics, which was not possible to apply in the
grasshopper system, which is more difficult to interpret as it
is affected by noise.

These results illustrate that variability in interaction mea-
sures can arise from multiple sources in both microscopic
and macroscopic ecosystems. In Fig. 2(a), we observe that
the shifts between facilitation and competition correspond to
changes in the sign of interactions, consistent with previous
findings [27,35,40]. In contrast, fluctuations observed in the
grasshopper system [Fig. 2(c)] are harder to interpret. These
may stem from the intrinsic randomness of the real-world
data and the complex dynamics of the system as a whole.
More striking is the behavior seen in Fig. 2(b): although
resource addition typically promotes consumer growth, sug-
gesting consistently positive interactions, we observe sign
shifts that defy this expectation. In the following section, we
demonstrate that such sign changes are not anomalies but a
general feature, even in deterministic (error-free) models of
purely competitive ecological systems.

B. A general framework for computing interaction
measures from synthetic data

In order to ensure total controllability of the ecosystem’s
dynamics, we study interaction measures in synthetic time
series generated with paradigmatic ecological models. In par-
ticular, we focus on deterministic models defined through the
instantaneous per-capita growth rate,

X = x; gi(X). 3)

By integrating Eq. (3), we can generate time series starting
from any initial condition ¥® and with arbitrary sampling
times. Evidently, the empirical estimations of the per-capita
growth rate [given by Eq. (1)] converge to the instantaneous
growth rate that defines the model in the limit of small Az,

lim g (At, 1,30 = g:(Z(t|¥)). (4)
At—0

We note that Egs. (1) and (2) make no model assumptions,
since they only depend on raw data. The model in Eq. (3) just
provides the time series where Eq. (2) is evaluated. This ap-
proach also allows to compute the value of M; ; analytically
to gain general insights into the effects of Az, Ax, andz. In real
experiments, much care is taken to keep the sampling time and
perturbation magnitude small relative to the scales of density
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fluctuations [33]; however, the duration of the experiment can
be relatively long. Long durations of experiments have also
been claimed to decrease fluctuations of interaction estimates
[32]. Therefore, we perform a Taylor expansion on Eq. (2) to
obtain interactions using small Ax and Ar while maintaining
arbitrary ¢ (see details in Appendix B). In doing so, we find
a scalar product form of a vector only dependent on species i
and another one only dependent on species j,

M j =Gi-Ej Ax + O(Ar) + O(Ax?), 5)

where we define the gradient vector,

-

Gi=V-g®) , (6)

F=R(t|FO)
and the evolution vector,

E; = 3,0x(t[¥). 7
J

Therefore, species j facilitates (hinders) the growth of
species i when the evolution vector E aligns with (opposes)
the direction of maximum variation in the growth rate of
species i at time ?.

Equation (5) allows us to relate the interaction matrix M
derived from pulse perturbation experiments to other com-
monly used measures of species interactions. In particular, in
the limit of short experiment times the interaction matrix re-
duces to the coupling constants of Lotka-Volterra models (see
Sec. IITF), and therefore coincides with the interaction coef-
ficients obtained through regression methods applied to such
models (e.g., Ref. [24]). This finding shows that interaction
measures based on pulse perturbations recover the standard
Lotka-Volterra interaction coefficients in the appropriate limit.
Moreover, Eq. (5) generalizes similar expressions previously
derived for environment-organism models in Ref. [40] (see
Appendix F 1).

Shifts in self-interactions for single-species models are
straightforward to analyze, since the interaction sign coincides
with the sign of the gradient vector, which reduces to a scalar
in this setting (see proof in Appendix C):

sign(M) = sign(G). 8)

However, in multispecies models, the interaction sign depends
on the evolution of both the gradient G;, which is typically
computable, and the vector E j» which is more difficult to
evaluate analytically. This difficulty arises because computing
derivatives with respect to xl(co) requires explicit knowledge
of how the system’s trajectories depend on initial conditions.
In practice, this means solving the full dynamics, which is
generally infeasible for most systems. Therefore, we approxi-
mate the vector E ; in specific time regimes to gain analytical
insight.

C. Interaction measures exhibit intrinsic temporal fluctuations
and sign shifts even in pure competitive systems

We focus on synthetic datasets generated with multispecies
consumer-resource models without facilitation, meaning that
simulated species only compete for limited resources, which
themselves follow their own dynamics. Specifically, we con-
sider a classical consumer-resource model with a general

renewal function for the resources [44—47],

ng
G=¢ (&' > aiRe - dz), ®
¢

and

nc
Ry =h(R) =R, Y Cjatjo, (10)
J

where ng and nc are the number of resources and species,
respectively; «;, is the rate of consumption of resource £
by species i; ¢; is the consumer’s uptake efficiency; and d;
is the death rate. The renewal function /i, encodes the rate
at which resource ¢ enters the system. All parameters and
the renewal function are considered to be non-negative. This
modeling framework is particularly well suited for microbial
communities, where pulse perturbations are easier to imple-
ment experimentally and spatial structure often plays a less
important role compared to macroscopic ecosystems.

Using dynamical systems theory [48,49], we show that
empirical interactions measured between consumers and re-
sources in these systems may differ from the coupling
constants ¢, which encode the direct coupling between them.
More importantly, we demonstrate that changes in the sign
of interactions among consumers can occur in systems with
an arbitrary number of consumers and resources (see details
in Sec. V A). Consequently, interaction measures may switch
sign even in purely competitive ecological systems.

To illustrate this result, we analyze interactions in a simpler
setting consisting of one consumer and one resource charac-
terized by

C R R
—=¢aR—-d and —=r|1——=]—-aC. (11)
C R K

For r > 0, this model describes a biotic resource undergoing
logistic growth. Thus, this version of the consumer-resource
model can also be interpreted as a predator-prey system,
where the prey (resource) is depleted by the predator (con-
sumer). The model admits a single coexisting stationary state.
We focus on the regime in which this fixed point is sta-
ble. In this regime, small perturbations around the stationary
state decay over time and the system returns to equilibrium.
The timescales governing this relaxation are determined by
two key quantities: the characteristic damping timescale tp =
[Re(r)|~", and the oscillation timescale, 7o = |[Im(A4)|~",
where X is the eigenvalue of the Jacobian matrix with the
largest real part. It is well known that this model displays
a threshold tuning the appearance of oscillations [50,51].
Specifically, when

Vdr+d? +d

e <éemu= 2K , (12)
the system relaxes without oscillations (7, ''=0), and the dy-
namics are dominated by exponential damping [see Fig. 4(a)].
See details of this analysis in Appendix E.

Intuitively, the interaction Mc_ g, i.e., how perturbations
in C affect the growth rate of R, should be negative, reflect-
ing that the addition of a consumer hinders resource growth.
However, by varying the consumer’s uptake efficiency (¢),
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FIG. 3. Interaction sign changes in purely competitive systems:
one-consumer, one-resource model. (a) Ratio between damping and
oscillating timescales in the one-consumer, one-resource model with
biotic resource [Eq. (11)] for different values of the consumer uptake
efficiency. Vertical dashed line signals the threshold ety below which
there are no oscillations in the relaxation toward equilibrium. Dots
correspond to the data used in (b)—(d). [(b)—(d)] Instances of per-
turbed trajectories (top) and the associated measure of interactions
(bottom), with continuous lines corresponding to interactions com-
puted from raw data, while the dashed line corresponds to analytical
results [Egs. (29) and (22)]. (b) Monotonic relaxation corresponds to
interaction measures that do not change sign. (c) Small fluctuations
rapidly damped exhibit changes of sign in the interactions. (d) Re-
laxation dominated by oscillations corresponds to wild oscillations in
the interaction measures. R* and C* denote, respectively, the densities
of consumers and resources at equilibrium. See parameter values in
Sec. VB.

we observe a range of interaction scenarios—from predom-
inantly negative [Fig. 3(b)], to weakly oscillatory [Fig. 3(c)],
to strongly oscillatory [Fig. 3(d)]. This variability arises be-
cause ¢ not only controls the onset of oscillations through
Eq. (12), but also determines the relative importance of damp-
ing and oscillatory timescales, as shown in Appendix E. When
population oscillations are present, fluctuations in interaction
measures reflect the inherently oscillatory nature of the pop-
ulation dynamics. Therefore, linear analysis at the population
level, which has been used to study ecological responses to
perturbations [42], can also be used to quantitatively explain
the observed variability of interaction measures.

Overall, this simple example demonstrates that interaction
measures form a dynamical system in their own right, with
temporal dynamics that can be analyzed similarly to species
dynamics in traditional population models. The relevance
of fluctuations in these measures depends on the biologi-
cal characteristics of the system or, in the case of synthetic
data, on the underlying model parameters. In multispecies
consumer-resource systems, when there is a clear separation
of timescales between consumers and resources [46], fluctu-
ations driven by population dynamics become negligible [see

Fig. 4(a)]. In contrast, significant fluctuations, both in species
densities and interaction measures, are expected when the
temporal scales of consumers and resources are comparable
[see Fig. 4(b)]. In Fig. 4(c), we show that the temporal integral
of interactions over a finite time window [0, ¢],

1 t
Igc(®@, t, At, Ax) = ;/ Mpoc(®, s, At, Ax)ds, (13)
0

exhibits different dominant signs depending on the system’s
parameters. Therefore, sign switches are not “averaged out*
through temporal integration; depending on these parameters,
interactions can be predominantly negative or positive within
a fixed time window.

D. Short-time expansion reveals the distinction
between direct and indirect interactions

In the previous section, we demonstrated that sign changes
in interaction measures can arise from intrinsic oscillations
during relaxation processes. This presents challenges for in-
terpreting the outcomes of pulse perturbative experiments,
as identical species and environmental conditions can lead
to significantly different results depending on the experi-
ment’s duration. Consequently, a natural question arises: What
experiment duration should practitioners use to ensure that
interaction measures are informative? In the following, we
show that by performing interaction measurements at multiple
experiment durations, one can obtain a more comprehen-
sive understanding of system dynamics, capturing not only
species-specific behavior but also the species’ interactions
with the environment and the experimental setup. To do so,
we turn our attention to interactions occurring over short ex-
periment durations. This analysis is carried out through the
expansion of Eq. (5) as a power series in the experiment
duration, #, and in the limit of vanishing At,

M; G = MA@+ M@+ MEE@ 2+

(14)
The zeroth order in the expansion simply becomes the deriva-
tive of the per-capita growth rate evaluated at the perturbation

point (see Appendix F for details):
MA@ = ig,(x) Ax. (15)

dx;
Therefore, the zero-order term in the expansion depends
solely on the gradient vector G; and captures the explicit
couplings between species i and j present in the model used
to generate the synthetic data. As such, this term represents
the direct interactions between species. In contrast, the higher-
order terms in time in Eq. (14) depend on both G; and E;,
and they encode the effects of indirect interactions among
species, environmental dynamics, and experimental protocols.
Specifically, if there is no explicit coupling between species
i and j, i.e., if aixjg,-()?) =0, then the leading term in the

expansion becomes (see Appendix F)

M@ = V(3,8(®) X+ Vai(®) - 9,8 (16)

For a broad class of systems, Eq. (16) simplifies, and M(l)(x)
coincides with the instantaneous interaction matrix deﬁned
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FIG. 4. Interaction sign changes in purely competitive systems: multiple consumers and resources. Multispecies data can either show
(a) consistent interaction measures that do not change sign or (b) erratic interaction sign switches. (c) Integral of interactions in a time window
according to Eq. (13) for different values of the consumer and resource uptake efficiency (¢ and r, respectively) also exhibit different signs
depending on the parameter values. Synthetic datasets and parameter choices are available in Sec. V B.

in Ref. [40], which characterizes indirect interactions among
species mediated by the environment (see Appendix F 1).
The above analysis provides a method to determine
whether an interaction measure reflects direct or indirect in-
teractions between species. The key idea is to exploit the fact
that these two types of interactions behave differently in the
limit + — 0. While indirect interactions should tend to zero
near t &~ 0, direct interactions should intercept the y axis at a
finite value corresponding to MEQ) [see sketch in Fig. 5(a)]. In
Fig. 5(b), we show the different behavior of direct and indirect
interactions using a multispecies consumer-resource model.
The interactions Mg_,c—which quantify how resource per-
turbations affect consumer growth—tend toward a positive
value as t — 0, reflecting the explicit coupling between con-
sumers and resources. In contrast, the interactions Mc_c
tend toward zero, indicating that the consumer-consumer in-
teractions are indirect and mediated by resource availability.
In Fig. 5(c), we show the case where M¢_, ¢ interactions are
only available at finite experimental times. Although measures
with finite ¢ are always finite and negative, reflecting mediated
competition, the uncoupled nature of consumers is revealed
by the limit + — 0, which is accessed through extrapolation.
In practice, we use a parabolic fit, which allows us to directly

match the coefficients of the fit with the terms of the series
expansion of the interaction matrix [Eq. (14)]. Other extrapo-
lation schemes, such as higher-order polynomial fits or spline
interpolation, could also be used to estimate the r — 0 limit.

E. Experimental protocols shape interaction
measures through resource dynamics

In experimental realizations of consumer-resource
communities—both those involving macroscopic organisms
and microbial communities—the experimental protocol is
often largely defined by the nature of resource input into
the system. One approach is to sample species’ growth rates
under natural resource conditions (see, e.g., Refs. [38,52]).
To achieve more controlled conditions, experimentalists can
instead isolate communities from their natural environments
and (i) study population decay when only an initial
quantity of resources is provided without external input
[20,44,53,54], or (ii) provide a continuous input of selected
resources to investigate stationary properties [26,27,55].
Since we have shown that population dynamics influence
the outcomes of interaction measures, we expect that the
choice of experimental protocol may significantly affect these
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FIG. 5. Temporal dependence disentangles direct and indirect interactions. (a) Sketch illustrating the hallmarks of direct and indirect
interactions. In the limit # — 0, direct interactions approach a finite value (M}f)j)), while indirect interactions vanish proportionally to /\/lflj) I
(b) Interaction measures for short experiment durations in a multispecies consumer-resource model. The interactions Mc_.¢ tend to zero,
while Mz_c converge to a positive value as t — 0. (c) Interaction measures between consumers at various discrete experiment durations

(dots); data are fitted with a parabolic function (solid line), and extrapolation to + = 0 correctly recovers the interaction limit (M

Synthetic datasets and parameter choices are available in Sec. V B.
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measures. In the consumer-resource model defined in Egs. (9)
and (10), different experimental protocols can be analyzed
through the choice of the resource renewal function A4,. In
particular, we focus on three types of resource renewal that
can be found in experiments of microbial communities:

(1) Batch culture. There is no renewal of resources. An
initial quantity of resources is present and decays due to
consumption. Thus, &, (R) = 0.

(2) Chemostat. Abiotic resources are introduced at a con-
stant rate, establishing a steady state. This state corresponds
to a constant renewal function, A, (I_é) =T.

(3) Biotic resource. Resources follow their own natural
dynamics and coevolve with the consumers. We model this
with logistic growth: hg(ﬁ) =rRy(1 — R¢/Kp).

By computing the explicit parameter dependence of the
expansion in Eq. (14), we find that the first two terms be-
have identically across all experimental protocols, as they
do not depend on the resource renewal functions or on the
consumers’ death rates (see Appendix F 2):

©0) —
MCj—>C; - O’
nR
1
M(Cj)—>C,- = —SiZRg Qg Qjyg. (17)
=1

In Egs. (17), M© reflects the absence of direct interactions
among consumers, while M) captures the expected nega-
tive indirect interactions mediated by resource competition.
Notably, M generalizes the interaction structure found in
the Lotka-Volterra approximation of the consumer-resource
model with fast resource dynamics [46]. In Appendix F 2 we
show that the next term in the expansion, MC% Lc,’ already
depends on the renewal function and can be either positive
and negative. In Fig. 6 we show trajectories and interactions in
a two-consumer, two-resource model with different resource
renewal functions but identical consumer-resource coupling
constants, thus representing constant consumer-resource rela-
tionships under different experimental conditions. Interaction
measures in all experimental settings behave similarly at very
short times, when consumer-resource coupling dominates, in
line with Egs. (17). However, as the experiment progresses,
the impact of the experimental protocol on interaction mea-
sures grows. Additionally, we show that changes of sign in the
interaction could critically depend on the renewal function,
suggesting that sign changes could be artifacts induced by the
experimental setting.

F. Model inference from empirical interaction measures

So far, we have demonstrated how empirical estimates of
the interaction matrix behave on synthetic data generated by
models. However, we could also ask which types of model
can be inferred from measurements of the interaction matrix.
Using the normalized version of the interaction matrix [33],

1
a4;;(X) = —M,; (X, 1, Ax, At), (18)
. Ax .
then the zero-order model inferred from interactions is

Xj
).Cizxi E / &ij(xl,...,xj_l,s,xjH,...)ds+xici. (19)
— Jo
J
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FIG. 6. Renewal type affects measures of interactions. (a) Base-
line (solid) and perturbed (dashed) trajectories of consumers in a
two-consumer, two-resource model, with different colors represent-
ing resource renewal types (biotic, chemostat, batch), while coupling
constants are identical across all types. (b) Similar to (a), but showing
trajectories of resource dynamics. (c) Interaction measures across
renewal types corresponding to the trajectories in (a).

The derivation of Eq. (19), detailed in Appendix G, relies on
the fact that, in the limit — 0, the relationship between inter-
action measures and per-capita growth rates becomes trivial,
and model inference becomes similar to Jacobian reconstruc-
tion approaches [56]. This inference method cannot capture
one-body processes (such as death, asexual reproduction, or
migration), which remain undetermined and are parametrized
by the constants ¢. The advantage is that these constants can be
estimated from single-species experiments. In Fig. 7, we show
that Eq. (19) can be used to infer the coupling parameters [« in
Eqg. (9)] in a consumer-resource model with many species. The
errors of the parameter estimation depend on the experiment
duration 7.

We note that the model inferred from Eq. (19) is quite
general and can, in principle, account for multibody interac-
tions. This generality arises because the estimated interaction
coefficients a;; may depend on the densities of all species,
denoted by X. However, the method recovers the classical
generalized Lotka-Volterra model when the coefficients 4;; are
constant:

)'Ci = X; Z &ijxj =+ x;c;. (20)

J
Equation (20) illustrates the universal emergence of general-
ized Lotka-Volterra dynamics from empirical measurements
of pairwise interactions, provided these interactions are
not sampled across different initial conditions. In other
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FIG. 7. Parametric inference from empirical interaction mea-
sures. Inference of coupling constants [@ in Eq. (9)] in a 20-
consumer, 20-resource model using interaction measures with three
different experiment durations. The x axis shows true parameter
values, the y axis shows inferred values, and the solid line indicates
perfect inference. Parameter choices for the synthetic dataset are
available in Sec. V B.

words, when the estimators &;; do not depend on species
densities—either because densities are sufficiently small for
independence to hold approximately, or because interactions
are measured only from baseline trajectories with constant
initial conditions—the inferred model necessarily reduces to
a generalized Lotka-Volterra form.

G. Interaction measures in stochastic systems

So far, we have used deterministic models to evaluate
ecological interactions. Here, instead, we analyze interactions
under stochastic dynamics, capturing the intrinsic variability
of biological processes. In this setting, the measured interac-
tion matrix becomes a random variable, reflecting variability
arising from both the underlying process and the experimental
conditions. Even if synthetic data are affected by noise, it is
still valid to apply Egs. (1) and (2) in the stochastic setting for
finite £, At, and Ax. As an illustration, we consider geometric
Brownian motion, a minimal model of exponential growth of
a small population far from saturation at its carrying capacity,

dX, = vX, dt + DX, dW,. @21

The multiplicative fluctuations in Eq. (21) prevent the pop-
ulation from becoming negative and are representative of

(a)

environmental variability [11]. For small Az, self-interactions
in this model reduce to a simple form (see Appendix H),

M(At)%,/AitDJ\/(O, 1),

where A/(1, 0%) is a normal random variable with mean y and
variance o 2. Therefore, the self-interaction takes both positive
and negative values erratically [Fig. 8(a)].

We note that the infinitesimal limit in Eq. (4) may not
exist for time series with abrupt fluctuations. This mathe-
matical remark is relevant to our analysis, since this limit is
required for the method in Sec. III D to disentangle direct and
indirect interactions. For example, time series generated by
white-noise-driven processes such as Eq. (21) do not have
well-behaved infinitesimal growth rates or self-interactions, as
evidenced by the divergence of Eq. (22) in the limit Az — 0.
However, well-behaved empirical growth-rate estimates along
stochastic paths may still arise, as in synthetic time series
generated by stochastic processes with correlated noise—a
more natural choice for ecological modeling, as discussed
in Appendix I. Hence, synthetic data aimed at studying in-
teraction measures should be generated using colored-noise
stochastic models.

In summary, random fluctuations in population dynamics
can cause sign changes in interactions that are unrelated to
facilitation-competition trade-offs. Indeed, in Fig. 8(b) we
show that small fluctuations in a simple consumer-resource
model considerably increase temporal variability, an effect
that can be even more pronounced if stochastic amplifica-
tion plays a role [57]. Averaging over N realizations reduces
this variability. Specifically, if the same experiment can be
repeated N times, each yielding a different empirical inter-
action matrix M®;, Jj,k=1,..., N, the interaction between
species can be estimated as the sample mean over realizations,

(22)

N

M; ;= 11\/ > o ME. (23)
k=1

By virtue of the central limit theorem, this average interaction

matrix loses stochasticity as N grows [see Fig. 8(c)]. There-

fore, while disentangling oscillations induced by population

dynamics requires extrapolation to reach the At — 0 limit,
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FIG. 8. Effect of noise in interaction measures. (a) Self-interaction measures in a dataset generated with a noisy process [Eq. (21)].
(b) Top: Trajectory of a consumer and a resource with small white-noise perturbations. Bottom: Effect of small noise on interaction
estimates in a consumer-resource model from a single realization. The dashed line in (b) indicates the interaction measure in the absence
of noise. (c) Absolute difference between the average interaction computed using Eq. (23) and the interaction measured without noise,
Er(M) = | M — (M)|. As expected, statistical errors decrease as the number of realizations, N, increases. Synthetic datasets and parameter

choices are available in Sec. V B.
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oscillations induced by noise have a fundamentally different
nature and can instead be analyzed through extrapolation in N
to access the limit N — oo. In this limit, the average interac-
tion matrix can be interpreted as a statistical correlation,

-

lim M ;= (M) = (Gi - Ep), (24)

highlighting that M; j expresses a statistical—not necessarily
causal—relationship between the growth rate of species i and
that of species ;.

IV. DISCUSSION

Measurements of the empirical interaction matrix are
influenced by the experimental protocol, particularly the
experiment’s duration. In short-duration experiments, the in-
teraction matrix directly captures the causal relationships
between ecosystem components. However, as the experiment
duration increases, these measurements increasingly reflect
correlations between per-capita growth rates and density fluc-
tuations, rather than direct causal interactions. This shift does
not mean that longer-duration measurements are uninforma-
tive. Instead, the emergence of correlations allows the analysis
of indirect interactions that may not be evident in direct causal
relationships between species [58].

That said, these measurements should be interpreted with
caution. For instance, changes in the sign of interactions
might be seen as support for the stress-gradient hypothesis,
which posits that interactions are a mix of facilitation and
competition, with the balance shifting based on environmen-
tal context. However, our findings suggest that even when
species roles are fixed—meaning there is no explicit depen-
dence on environmental conditions in growth rates and no
facilitation-competition trade-offs—the sign of interactions
can still change due to intrinsic fluctuations in the system’s
dynamics. This finding emphasizes that ecologists should con-
sider the possibility of intrinsic temporal fluctuations when
interpreting changes in interaction signs observed in empirical
data. Moreover, we show that measures of interactions can
be influenced by experimental decisions, such as how nutri-
ents are supplied to species in controlled growth experiments.
Thus, clearly documenting and standardizing experimental
protocols is crucial to ensure comparability and reliability of
inferred ecological interactions across different studies.

Identifying whether an interaction measure captures direct
or indirect species interactions is a challenging task that has
traditionally relied on a detailed understanding of the un-
derlying biological processes. Based on such understanding,
researchers infer how to interpret the resulting interaction
measures [38,52,59,60]. Here, we propose a systematic ap-
proach to distinguish the nature of interactions. By evaluating
interaction measures at finite times, we can extrapolate their
behavior in the short-time limit, which provides direct in-
sight into the directness of the interactions. Practically, this
approach offers researchers a robust analytical method for
interpreting ecological experiments, even when direct short-
term measurements are challenging or noisy.

The interaction matrix does not assume any specific un-
derlying model for its empirical estimation. This raises the
natural question of whether such measures can provide in-
sights into plausible generating models for the data, which
we address with a proposed inference method. The method
is based on sampling short time series over many initial
conditions that are then perturbed. This approach offers a
paradigm shift compared to typical inference methods, which
often require rich longitudinal data, i.e., long and station-
ary time series. A key feature of the proposed method is
that its information is additive: it disentangles single-species
and multispecies dynamics, making it possible to separate
data from individual-species and multispecies experiments
and then combine the information. However, it is important
to acknowledge that the accuracy of inferred models is sen-
sitive to the density and precision of data collected at very
short timescales, which may be challenging to achieve in field
studies.

The framework developed here demonstrates, within a
minimal setting, that measures of interaction may fluctuate
even when the relationship between species remains constant
over time. Such fluctuations arise from both deterministic
population dynamics and stochastic effects, such as measure-
ment error. A first option to address statistical fluctuations
is to repeat measurements and replace single estimates with
averages, which are less affected by statistical variability.
However, performing many experiments may not be feasible
in all settings; therefore, robust statistical tools are required to
disentangle faithful signals from noise when analyzing single-
experiment data [61-63]. Additional processes, such as delays
in species responses and spatial correlations arising from
dispersal, may further influence population dynamics and,
consequently, the inferred interaction matrices. A systematic
analysis of how these processes affect empirical interaction
estimates remains an important direction for future work.

The main limitation in the study of interactions in ecologi-
cal communities remains experimental: data are often scarce,
sparse, and noisy, and perturbing natural ecosystems in a con-
trolled manner is rarely feasible. These challenges hinder the
application and validation of inference techniques. Precisely
because of these difficulties, theoretical approaches can play
an important role by clarifying the limits of what can be in-
ferred from available data and by helping design experiments
that maximize the information gained a priori.

The main takeaway from this work is the idea that the
experimental protocol is intrinsically linked to the outcomes
of measurements, even when assuming error-free data. There-
fore, parameters characterizing the experimental setting are
just as crucial as those governing species behavior in de-
termining the dynamics of measured interactions. We show
that mathematical models not only aid in understanding the
general properties and underlying mechanisms of ecological
systems but also provide a framework to assess the extent
of information in empirical measurements. Ultimately, in-
tegrating models with empirical estimates offers a valuable
perspective for designing more informative experimental pro-
tocols and improving the quality of empirical data.
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V. METHODS

A. Interactions in consumer resource model

To compute interactions in the general consumer-resource
model defined in Egs. (9) and (10), we can use the framework
developed in Sec. III B simply considering a system with N =
nc + ng entities with densities

C,‘ i g n
X = { ¢ (25)

Ri—nc > l > nCa
and per-capita growth rates
nR
€i gy it Xene — dis
8i =

hi(X) ne .
T = 2 X iene, 1> nc.

i < nc
(26)

An interesting feature of this sort of consumer-resource model
is that the gradient vector associated with consumers is time

J

- 1
Mij Rt AX) T ™ {L(m)

dRy

where J is the Jacobian,

(30)

7 =% * 8 =
()i =06i; &(X*) +x; a—gi(x)

Xj

X=X*

Equations (29) are obtained by linearizing the dynamics
around X*, as shown in Appendix D. The elements of the expo-
nential matrix appearing in Egs. (29) can be either positive or
negative in multispecies models [64,65]. Therefore, we expect
to observe changes in the sign of interaction measures even in
the case of purely competitive ecosystems.

B. Parameters used in figures

(1) Figures 2(a) and 2(b): Data are generated with the
yeast-galactose-ethanol model of Ref. [43],

2

. R,

cC=C Vo —d|, 31
(;1 s ) 3D

and

2
. Ry R; )

Ry=—-Cla +C ay W, , (32
‘ (ZKHR@) ; ‘ ﬂ(Kj"‘Rj ¢y

where C represents the density of yeast, values and parameters
with £ = 1 are associated with galactose, and those with £ = 2
with ethanol. Parameter values correspond to the fit to real
data also performed in Ref. [43]. Values used are d = 107
(™Y, K, =673x10"* (gmL™"), K; =103 (gmL™"),
v =2.03 x 10° (g7"), vy =4.35 x 10" (g71), oy = 1.13 x
1071% (gh™), ap =121 x 107" (gh™h), Wy, =Ws, =
Wo1 =0, Wi, =03, C(t =0)=162734.08 Ri(t =0) =
4.5 x 1073 (gmL™"), and R, (t = 0) = 0. Regarding the sam-
pling times and perturbations, At = 1 (hour), Axg = 107*
(gmL™1), Axc = 10* (m~2). Uncertainties are not available
since they are not provided in Ref. [43]. The parameters are
used to reproduce realistic temporal scales of the system rather
than for detailed parameter estimation.

% ) ke €k = D pcne € jklhine, P> nc,

independent:
N A .
- €i Zl:nc-H Qi —nc zv l < ne
Gi = \V/ hi(X) ne N . (27)
T Tx ijl WjincJ, 1>nNc.

Therefore, any temporal variability in interaction measures
associated with consumer growth is driven by the evolution
vector E;. The behavior of the evolution vector becomes
more transparent at the stationary regime, where it can be ap-
proximated through linear response theory. Assuming initial
conditions in the vicinity of a fixed point X* such that

¥ gi(®) =0, Vi, (28)

the interaction matrix in the small-Ar and small-Ax limit
becomes

€ Y jone (@) jkik—nc» i<nc

(29)

(

(2) Figure 3: Data generated using the model in Eq. (11).
In Figs. 3(a)-3(d),nc = l,ng=1,a=12,K=2,d =0.1,
and r = 1. In Figs. 3(b)-3(d), e =5 x 1072, & = 0.12, and
¢ = 10. Initial conditions coincide with stable fixed points
[Eq. (E3)].

(3) Figure 4: In Figs. 4(a)—4(c), data are generated using
Eq. 9) with nc =2, ng = 2, o = 0.05, oy = 1, o) = 2,
a1=0,K=2,d=0.1,r=3, Rt =0)=C(t =0) =1,
& = 0.08 in Fig. 4(e), and ¢ = 0.5 in Fig. 4(f).

(4) Figure 5: Data generated using the model in Egs. (9)
and (10). In Fig. 5(b), ng = n¢ = 10, and the renewal function
is hy (ﬁ) =TIy = 100. Defining Uy as a uniformly dis-
tributed random variable in the interval [a, b],d ~ Ujj, 10, & ~
Uo.1)» @ij = @;,5di/ Y, @ims K ~ Upn,10), C(t = 0) ~ Uy 107
R(t = 0) ~ Uj1,10;. (c) Same as in Fig. 4(b).

(5) Figure 6: Data generated using the model in Egs. (9)
and (10) with nc = ng = 2, r = 1, & = 01, o~ U[(),l], K =
5, I'= 1, C(l = 0) ~ U0,10—3.

(6) Figure 7. nc = nRp = 20, o~ U[O’Q].

(7) Figure 8: (a) Data generated with Eq. (21) withv =1,
D = 1,and Xy = 1. In(b) and (c), as in Fig. 3(d), with additive
noise and diffusion constant Dc = Dg = 10~*.
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FIG. 9. Estimated interspecific interaction time series for the grasshopper dataset. Each panel shows the interaction measure between a pair
of species, computed as the difference between per-capita growth rates in the perturbed (pairwise) and baseline (single-species) trajectories.
Points represent the estimated interactions at each time step. Shaded bands correspond to 95% pointwise confidence intervals obtained using
a residual bootstrap procedure with 1000 resamples. The intervals reflect sampling uncertainty in the estimated growth-rate increments. The

horizontal line at zero indicates the absence of interaction.
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with the particular datasets used in figures is available in
Ref. [66]. The grasshopper dataset is also present in Ref. [66],
but it was extracted from Ref. [44].

APPENDIX A: MEASURES OF INTERACTIONS
IN GRASSHOPPER DATA

In Ref. [44], time series of abundances are reported for
three grasshopper species: M. femur-rubrum, S.collare, and

P. nebrascensis. The time series span approximately one
month and correspond to experiments in which grasshop-
pers were maintained under different initial abundances and
species combinations. In particular, the dataset includes
time series for each species growing alone. We use these
single-species trajectories as baseline dynamics to compute
interactions. The dataset also includes time series for each
pairwise combination of species, which we treat as perturbed
trajectories.

For example, consider the estimate of the interaction
My, which describes how adding S. collare (denoted S)
affects the growth of M. femur-rubrum (denoted M). The
time series corresponding to the evolution of M with no other
grasshopper species is used as a baseline trajectory. In such
a trajectory, empirical growth rates are measured through
Eq. (1). Similarly, empirical growth rates of M are measured
in an experiment in which S is also present. Such growth rates
correspond to the perturbed evolution. Once both growth rates
are computed, the interaction is obtained through Eq. (2).

In Fig. 9, we report 95% pointwise confidence intervals
for the estimated interactions. These intervals are obtained
using a residual bootstrap procedure applied to the growth-
rate increments. For each bootstrap sample, the increments
are resampled with replacement, the interaction time series
is recomputed, and confidence bands are constructed from the
empirical 2.5 and 97.5 percentiles of the bootstrap distribution
over 1000 realizations.
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APPENDIX B: ANALYTICAL EXPRESSION FOR
INTERACTIONS EVALUATED ON SYNTHETIC DATA

In this section, we provide the proof for Eq. (5) from
the main text, which enables the evaluation of the empirical
interaction matrix when applied to a synthetic dataset gener-
ated by a model with a known per-capita growth rate. The
derivation makes use of multidimensional Taylor expansions.
Consider that the per-capita growth rate is evaluated on a
vectorial function F that depends itself on a vectorial quantity
¥ : gi[F(3)]. Then, let us perturb the jth component of y in a
small amount Ay:

SlFG+ Ay )]
= &lF3)+ ] - VF@) Ay + O(AY))]
= glF M) + V&GIF )] - 3y, F ) Ay + O(AY?).  (B1)
Therefore,
gilF (5 + Ay )] — &ilF ()]
= V&IF®]- 0, FG) Ay + O(AY)). (B2

The above expression directly leads to Eq. (5) by substituting
3 by X, and F () by X(17).

APPENDIX C: INTERACTIONS IN SINGLE-SPECIES
SYSTEMS: SELF-INTERACTIONS

As discussed in Sec. III B of the main text, it is not gen-
erally possible to compute the value of empirical interactions
measured over synthetic data as this entails solving the entire
dynamics of the species densities. However, this approach is
feasible in one-dimensional systems, where one would obtain
x(t|x©) solving the equation

x(t]x©) d
/ 4 (C1)
x© sg(s)

Moreover, it is possible to extract information about interac-
tion measures even without solving Eq. (C1). Let us rewrite
Eq. (3) in a one-dimensional setting and making explicit the
dependence on the initial condition

0

prall X @) = x(t1x©)g(x(t1xO)). (C2)

Deriving with respect to x(*) the above equation and assuming
that derivatives can be exchanged, we can write an ordinary
differential equation for 55x(t|x®),

9 9
o g ) = Hixax ] ——mx@x®),  (C3)

with
Hx(t|x)] = gt 1x?)) + x(t|xO)g (x(tx ). (C4)

Therefore,

ix(ﬂx(“)) = exp [ / dsH[x(s|x(0))]i|, (C5)
9x® 0
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e
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FIG. 10. Self-interactions in the logistic model. Interactions
computed on synthetic data generated with Eq. (C8) (solid blue lines)
and using the analytical approximation results (dashed dark lines)
from Eq. (5).

where we fixed the integrating constant imposing
d

Fo5x(0[x@) = 1. Using this result we can rewrite Eq. (5) as

M(t, Ax, At) = ¢ (x(t)x?)) exp [ / dsH[x(s|x(0))]:|Ax
0

+ O(AD) + O(AXP). (C6)

Since the range of H(-) belongs to the reals, the exponential
in the above equation is always positive, and changes in the
sign of the interactions only depend on the sign of the deriva-
tive of the per-capita growth rate. Therefore, in this setting,
changes of sign in the self-interactions only can arise from
competition-facilitation trade-offs.

Self-interactions with logistic growth

To illustrate measures of self-interactions in single-species
growth, we analyze the logistic growth:

c=rx[1- 2 c7
x-rx( —E>, (C7)

rt

with the solution

xoKe™

e C8
K — xo + xpe™"* €8

x(tlxo) =
Equation (C8) can be used to generate time series with the
desired sampling time Af, magnitude of perturbation, Ax,
and experiment duration . Moreover, having the explicit so-
lution allows us to evaluate Eq. (5) exactly. In the case of
single-species evolution, the interaction matrix reduces to a
single value that accounts for self-interactions, i.e., the effect
of small perturbations in the species population on the overall
density growth.

In Fig. 10 we show that Eq. (5) properly describes the self-
interactions measured from realizations of the process. The
sign of self-interactions is always negative, being consistent
with the system’s dynamics, as increasing the density only
decelerates the per-capita growth if x) < K or accelerates the
per-capita decay if x > K. We also observe that interactions
converge to zero as the experiment duration ¢ grows; this trend
is expected as both the baseline and perturbed trajectories will
end up at the same stable fixed point, x* = K. Indeed, in the
logistic growth ¢(x) = —r/K, and thus changes of sign of
self-interactions are not possible.
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APPENDIX D: INTERACTION MEASURES
CLOSE TO A FIXED POINT

In this section, we consider initial conditions in the vicinity

of a fixed point X¥* such that
Xgi(x*)=0, Vi (D1)

When ¥© = 3*, the equation of motion for the evolution of
the perturbed time series can be linearized. Considering

8X(t, j) = X(t|X* + Axj) — X, (D2)
then
8% = J68%, (D3)
where J is the Jacobian,
(D)ij =8 jai®) + x}kaigi()_f) (D4)

X =,
i Fx*

Therefore, trajectories in the vicinity of fixed points look like

X(F + Ax]) = ¥ + 1870, j) = ¥ + /' (F + Ax)).
(D5)

The derivative of the above expression with respect to Ax
gives the evolution vector, which we can identify as the jth

column of the exponential matrix e,

E; ="k (D6)
k

Therefore, interactions in the vicinity of fixed points can be

computed as

Mij =Y @)u(CiAx + O(A1) + O(AL).
k

D7)

APPENDIX E: LINEAR ANALYSIS IN ONE-CONSUMER,
ONE-RESOURCE MODEL

In this section, we make the linear stability analysis for the
simple model

¢ = ¢aCR — Cd, (E1)

. R
R = rR(l — —) — aRC.
K

Among the model’s five parameters (7, K, o, d, and ¢), three
can be eliminated through rescaling of the variables R, C,
and ¢. This approach leaves only two independent parameters
that govern the possible behaviors of the interactions. For our
analysis, we choose these to be r and, in particular, ¢.

The eigenvalues of the Jacobian of the dynamics evaluated
at the coexistence fixed point,

and

(E2)

N d
R* = —,
oe
. r R*
Cr=—(1——), (E3)
o K

reads
. dr
A =-2(1+J/w), with A=-——, and
2K e
4aK 20Ke)?
o= 14 JoKe (QoKe) (E4)
r rd

The coexistence fixed point is always stable, as the real parts
of both eigenvalues are negative. However, this fixed point has
positive components only if R* < K, or equivalently, if ¢ <
%. Therefore, we focus on this parameter region.

The timescales of damping and oscillations characterizing
the relaxation toward equilibrium are related with the real and

imaginary parts of the eigenvalues, respectively:

1 A if &€>eéery
5, =|Re(rA )l = . (ES)
[Apl if & < e,
and the oscillation timescale,
_ Aw| if &> emn
7o' = ImGy)| = : (E6)
0 if &< e,
with ety = —der;in(erd

Tp characterizes the exponential decay toward the coexis-
tence fixed point, with larger tp indicating a slower decay.
Similarly, 7o determines the frequency of oscillations, with
larger 7o corresponding to greater temporal distance between
consecutive peaks. The ratio

T_D:{\/m

if € > et E7)

T0 0 if g ETH

describes the relative importance of damping versus os-
cillatory behavior. A small value of tp/7p indicates that
oscillations are slower than damping, and thus perturbation
relaxation is expected to be mostly monotonic. In contrast, a
large tp /70 corresponds to a highly fluctuating relaxation, as
illustrated in Fig. 4.

The oscillation threshold ety increases with ». Therefore,
as r increases and ¢ decreases, oscillations become less signif-
icant. In this limit, the resource evolves much faster than the
consumer, allowing the consumer dynamics to be effectively
decoupled from the resource. The resulting approximation is

. c
C%rC<1—T),
K

where 7 =¢aK —d and K = %. Therefore, in this
timescale separation limit, oscillations are suppressed as the

system effectively lives in a one-dimensional space.

APPENDIX F: EXPANSION OF THE EMPIRICAL
INTERACTION MATRIX FOR SHORT
EXPERIMENT DURATIONS

In this section, we provide more details about the derivation
of the equations apearing in Sec. III D. Integrating the model
definition, we obtain

X (11y) = +/ ds gi[X(s|¥) e (s1y), (F1)
0

where j = x©.
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The Taylor-series expansion to first order reads
0(t15) = yi + vt + O, (F2)

where we define the “velocity”

i=) na@i. (F3)
4

Inserting the above series expansion again in Eq. (FI1), we
increase one order in the expansion:

t
3 (t15) = i + / ds gul5 + Bs + Ok + vis + O]
0

— et / ds [g:5) + Vs 3) - Bs + O]
0
x [y + vis + O(sH)]

t2
=i+ vt + [k () + 9 Ve 3) - 015 + o).
(F4)
Using
V(w) = V(yrgr) = wVer + ik, (F5)

then

t2
(1) = e+ vt + Vsve Do + o),  (F6)

which leads to the following expression for the components of
the evolution vector:

- 9 . 12
(Ej = 9 X (1Y) = 8k + 9y, vt + ayj[Vyvk-U]E +0).
Vi

(F7)

Next, using Eq. (F6) we approximate the gradient to second
order:

Gi = Vgilx(t|y)]

NS
= Vgi|:i + Ut + Z (Vg - T))ZE + O(l3):|
14

2
= V&) + ) _kV[3, 8] [m +) (V- r))é%]
14

k
+ 0@, (F8)

Inserting Eqgs. (F7) and (F8) in Eq. (5), we can get the coeffi-
cients of the interaction matrix,

Mi,j = Ml(,oj) + Ml(,lj) t+ Ml(,zj) t2 4+ (F9)
In particular,

©
LJ

A = B, F10
and
MO
—L =V(3,,8()) - B+ V&) - 9, (F11)
Ax y; &y 8ilY) - oy, V.

1. Expansion of interaction matrix
in environmental-organism models

Environmental-organism models are a generalization of
consumer-resource models proposed in Ref. [40] to capture
a broader range of interactions between species and environ-
mental factors. In particular, the model is defined as follows:

C: = Cigi(R), (F12)

and

Re =Y Cofi®) + he(R). (F13)
4

Here, the vector R represents environmental traits that
influence species growth, including resource availability, tem-
perature, light, and other abiotic factors [40].

Notably, this model does not include direct interactions
between species populations (C;). As a result, the leading-
order term in the time expansion of the interaction measure
vanishes:

M =0. (F14)
Thus, the first nonzero contribution is the next-order term

M;lj), which captures fast, indirect interactions mediated by

the environment. The expression for .M,Slj) in Eq. (F11) sim-
plifies when both indices refer to species, since

V:8i(R) = Vzg:(R), (F15)
I, = g;(R)] + fj. (F16)

and
dc,8i(R) =0, (F17)

where Vi and Vj represent the nabla operator in the space of
species and environmental vector jointly and the nabla opera-
tor in the space of environmental vector, respectively. We also

define fj as a vector that has zeros in the species components

and is equal to fj in the environmental components.
Substituting these expressions into Eq. (F11), we obtain the
environmental-mediated interaction:

(1)

i -
Ax = Vigi(R) - fj,

(F18)

which corresponds to the instantaneous interaction matrix de-
fined in Ref. [40].

2. Expansion of interaction matrix
in consumer-resource models

In this section, we give the explicit form for the expan-
sion of the interaction matrix in the consumer-resource model
defined in Eqgs. (9) and (10). In particular, we focus on the
interaction between two consumers. The gradient vector asso-
ciated to consumers reads

N
Gi=e¢ Z Qigone b, i < ne. (F19)

L=nc+1
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The coefficients M@, MM and M are obtained by insert-
ing Egs. (F7) and (F19) in Eq. (5):

MO =& > i 810 =0, (F20)
{>ne
ng nR
M) =&Y aicoc(Rg,) =—6 Y airaxRe, (F21)
=1 k=1

ngr nRr
=5 2%t |:—0lj,ij (87 + 8kne) + Z Op,hectje Ry
=1 =1

+ ) wsajiRe (F22)

w<ne

APPENDIX G: MODEL INFERENCE FROM
INTERACTION MATRIX

If we were to measure the empirical interaction matrix,
M, (%, t, Ax, At), based on synthetic paths generated by the
general model in Eq. (3) for small values of At, Ax, and 7, we
could access the limit

. 1 . .
zlgr(l) BMi,j(xv z, Ax’ At) - aij(x)a (Gl)
Ax—0
At—0
where
MO )
aij(x) = A—]x (G2)

is the theoretical definition of the interaction matrix [33]. We
can define the following vector function,

F@) =Y aj®]. (G3)
J
which, by virtue of Eq. (15), fulfills
F(®)-di=(V-g) di=dg;. (G4)

Therefore, the vector field F}()’C’) is conservative; i.e., F”, derives
from a potential (scalar field) that we can identify as the per-
capita growth rate of species i.

Now let us consider the situation in which we have real data
with finite ¢, At, and Ax. From these data, we could compute
the estimators

1
&ij = EMLJ'()-C), tv Ax» At)» (GS)

and

@ =3 a,®]. (G6)
J

Ifﬁ(fc’) is conservative, i.e.,if V - Fl ~ 0, then Eq. (G4) can
be seen as a differential equation for the per-capita growth rate

with solution

5@ = / 3" ij(5)ds + 2:0). (G7)
0 =
J

Moreover, considering again that F; is conservative, then its
integral does not depend on the integration path, and we can
write

gi(E)ZCi+ E f Elij(xl,...,Xj_l,S,Xj+1,...)dS, (G8)
~ Jo
J

where ¢; = g(0) are integration constants, independent of the
measure of interactions.

Using the definition of the local growth rate [Eq. (3)], the
model inferred from the leading term of interactions would
read

Xj
Xi = X; E / a,-j(xl,...,xj_l,s,xjH,...)dsj+xici.
: 0
J

(G9)
We note that the inference framework relies on the assump-

tion that the empirical vector field, F; => j a;j, derives from a
potential. However, it is not guaranteed that real data will sat-
isfy this condition. In general, we would expect vector fields
to have rotational contributions. According to the developed
theory, this would imply that the species dynamics are not
compatible with an equation of the form given by Eq. (3), or
that the errors introduced by finite Ax, At, and ¢ are too big
to apply this method.

APPENDIX H: SELF-INTERACTIONS IN THE
GEOMETRIC BROWNIAN MODEL

In this section, we compute self-interactions over paths
generated with the geometric Brownian model,
dX; = vX, dt + DX, dW;, (H1)

with solution
X, = Xoe(”_nzi)“’DW’ ) (H2)

In this case, the instantaneous per-capita growth rate measured
from a realization of the process with Xy = xj,

Xt + At)x©@) — X (t[x©)

Er, At]x V) = , H3
gB . Arx®) A X (H3)
can be computed exactly using Eq. (H2),
1 D2
(E) t. At 0y — = [,(v=F)A+D AW, _ 1 H4
g, Ar|x™) Az[e ], (H4)
where
AW, =Win — Wi (H5)

The empirical measure of interactions can also be evaluated
from Eq. (H4) as

M(t, Ax, At)
=gB@, At|xY + Ax) — gB(t, Ar|x )
1

N}

2
[e(v—%)AH—D AW, _ 1] -

1 [e(u—%)AH-DAW, ~1]

)

(H6)
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where W, and W, represent two distinct realizations of the
Wiener process. For small Az, Eq. (H6) can be further sim-
plified to

D -
lim M(z, Ax, At) = lim —[AW, — AW,]
At—0 At—0 At

. /2

APPENDIX I: EFFECT OF NOISE CORRELATIONS
IN GROWTH-RATE ESTIMATES

In this section, we study per-capita growth-rate estimates
measured over trajectories generated by a process with col-
ored noise:

dX, = (v+ 0,)X, dt, 11
where O; is an Ornstein-Uhlenbeck process:
t
O, =0pe* —i—D/ e~ dW,. 12)
0
The process in Eq. (I1) has the solution

X, = Xo evH—fOt 05(15. (13)

Inserting this solution into Eq. (1), we obtain the empirical
growth rate over stochastic paths:

t+At
ev AH—f, Os,ds __ 1

E)i[At, t, x0] = ) 14
g™l Xo] y (14)

The limit Az — 0 can be safely computed,

Jlim g [Ar 1. x0] = v + O, (15)
t—

which is a well-defined random quantity corresponding to the
deterministic growth rate with Gaussian perturbation.
If instead we generate data using uncorrelated noise,

dX, = (vdt +dW) X, 16)
we obtain
¢EAn L xg) = S L )
! At
which has no well-defined limit as At — 0, since
im0 = v im SR
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