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Thermally Robust Cooperative Function in Mechanical Networks
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Elastic networks can be tuned to exhibit complex mechanical responses and have been extensively used to
study protein allostery, where a localized strain regulates the conformation at a distant site. We show that
cooperative binding, where one site enhances the other’s ability to function, can be improved by tuning for
bidirectional allostery: a symmetric coupling where the strain propagated between the two sites is independent
of which site is perturbed. We identify a crossover temperature above which functionality breaks down due to
thermal fluctuations. We introduce a modified tuning process to increase this crossover temperature, showing
that function can be robust at biologically relevant temperatures if thermal stability is important.
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I. INTRODUCTION

Many proteins exhibit allostery, where binding at a source,
known as the allosteric or regulatory site, affects binding at a
target, the active site, to regulate biological processes [1-4].
Folded proteins are often modeled as bead-spring networks
[5-10]. When viewed through this mechanical lens [10-12],
allostery occurs when binding-induced strain at the allosteric
site (source) is transmitted through the protein to produce
specified strain at the active site (target) that enables or pro-
hibits binding. One approach to understanding allostery has
been to design mechanical spring networks that produce a
localized target strain in response to a localized strain at the
source [4,12-20].

Cooperative binding is an important function of allosteric
mechanisms that measures cross-communication between
multiple binding sites [21,22]. It is particularly important
when considering proteins with equivalent binding sites, such
as hemoglobin. In its simplest form, the mechanism for such
proteins can be modeled via bidirectional allostery; a source
strain at one location produces a target strain at the other
location and vice versa. Mechanical networks can display
allosteric relations between multiple source-target pairs [17],
but bidirectional allostery requires the response to be sym-
metric. We adapt an existing process for tuning allostery to
optimize for bidirectional allostery instead. As in previous
work [12-20], we study ensembles of networks tuned at zero
temperature.

A mechanical network that exhibits allostery has displace-
ments due to the source strain that extend across the system to
the target. These displacements tend to project strongly onto a
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low-frequency vibrational normal mode [14—16,23]. This re-
sult is quite general; tuning a physical network with reciprocal
interactions to develop desired responses leads to low-lying
eigenvalues of the physical Hessian [24,25]. Various algo-
rithms have been used to tune mechanical networks for
function, including discrete gradient descent [13,26], directed
aging [27], fitness Monte Carlo [14,15], and evolutionary
optimization [12,28]. Despite their differing tuning processes,
the resulting mechanical networks share a common property:
the emergence of a low-frequency mode that dominates the
network’s functional response. Thus, low-lying eigenmodes,
which correspond to low-frequency vibrational modes in me-
chanical networks, are a generic result of tuning, independent
of the tuning process or function [29]. Indeed, such modes
have been reported and associated with function in allosteric
[30-33] and other proteins [34,35] through computation and
simulation, and the slow, large-amplitude collective motions
they describe have been directly observed experimentally in
allosteric proteins via NMR relaxation methods [36]. How-
ever, proteins function at a nonzero temperature, and such a
low-frequency response will inevitably be sensitive to thermal
excitations that can alter or destroy the function. This poses
questions about the stability of function to fluctuations: Can
fluctuations lead to functional failure? Are there trade-offs
between function and thermal stability?

Here we explore how thermal fluctuations affect tuned
mechanical networks. Specifically, we use analytical and
numerical methods to study the effects of temperature on
bidirectional allostery, identifying a crossover temperature,
T*, above which the functionality is destroyed. Based on
estimates matching our networks’ dimensions and stiffness to
those of proteins, we find that proteins operate in a thermally
challenging environment, near 7*. This suggests that robust-
ness to fluctuations caused by the environmental temperature
is an important constraint that must be satisfied by protein
evolution. Here, we introduce a modified tuning protocol
that raises 7* so that functionality is more robust to higher
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temperatures. To do this, we not only tune for function but
also simultaneously for thermal stability.

II. TUNING COOPERATIVE FUNCTION VIA
BIDIRECTIONAL ALLOSTERY

We generate an ensemble of three-dimensional disordered
central-force spring networks, and tune them at zero tem-
perature to achieve the desired functionality [37]. It is now
generally accepted that, in allosteric regulation, ligand binding
changes the energy landscape of the protein [38,39], altering
the structure or dynamics at a distant site. In our model, bind-
ing is represented by the addition of a prestressed spring at the
source site, causing the system to favor a new equilibrium con-
figuration. In this simple mechanical model, strain represents
the conformation coordinate. We define allosteric function-
ality of magnitude A as a strain & = ;A at a target site in
response to a strain & at a source site [13,17]. Under this
definition, A represents a partial conformation change in the
unoccupied binding site toward the bound conformation [40].
As is discussed later, thermal fluctuations allow the network
to transition between the unbound and bound conformations,
consistent with the ensemble view of proteins [41].

To increase cooperative function, we tune for bidirectional
allostery, where we require allosteric functionality of magni-
tude A at target site B in response to strain applied at source
site A and simultaneously allosteric functionality of the same
magnitude A at A in response to strain applied at B.

We construct more than 100 three-dimensional networks
from the contact network of randomly generated packings
of 128 bidisperse soft spheres (radius ratio of 0.8 between
the large and small spheres, with each sphere having an
equal probability of being large or small). The spheres are
enclosed in a soft external shell bounded by the unit cube
and compacted to a mean contact number of z = 7.4 + 0.2
by shrinking the shell in a damped molecular dynamics sim-
ulation. Nodes of mass m = 1 are placed at the center of
each sphere, with average center-to-center distance of [y =
0.086. The unstretched spring stiffnesses are initialized to
ko = 10 2kpmax, Where the maximum stiffness is defined as
kmax = 1, yielding ky = 0.01. Underconstrained nodes on the
surface are removed until the network has no floppy modes
[13]. We randomly select two pairs of neighboring nodes on
opposing sides of the surface of the packing to serve as the
two “binding” sites A and B [see Fig. 1(a)] and, following
Ref. [13], remove the edge connecting each of these pairs.

To achieve cooperative functionality, we tune the spring
stiffnesses, k;, of each bond (edge) i in the network using the
coupled learning algorithm [42]. This tuning process defines
two states with different boundary conditions. In the free state,
an external strain & is applied only between the pair of nodes
at the first (source) site, inducing a response &, at the second
(target) site. In the clamped state the source strain &, is applied
as before, while an additional strain & + n(e;A — &), with
n < 1, is imposed at the target site, thereby gently nudging
its response toward the desired strain g;A.

In this contrastive learning algorithm, the spring stiff-
nesses, which mediate interactions between the nodes, serve
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FIG. 1. Unidirectional and symmetric tuning. (a) A randomly
generated spring network; a task A — B (B — A) with allosteric
ratio A is defined by the black (white) nodes moving apart and
achieving a target strain &z (g4) in response to a source strain
€a (ep) imposed on the white (black) nodes, such that eg/e4 = A
(ea/ep = A). (b) The reverse response (B — A) of networks tuned
for A — B (red squares), and the response (A — B or B — A) of
networks tuned symmetrically (blue circles). Unidirectional tuning
results in a weak response when the sites of source and target are
reversed. Open symbols at A =0, 1 are determined by theoretical
arguments, not simulation. Panels (b)—(f) show aggregated data; error
bars in panels (b)—(d) indicate standard errors. (c) Binding energies
of networks tuned for A = 0.7; E and E?® are the free state energies
required to strain one of the sites; EA® and E5 are the additional
energies required to strain the second site. For unidirectional tuning,
the energy barrier EAB is larger than EZ. The vertical axis is scaled
by the typical energy required to strain a bond, (k;/?)e2. (d) Co-
operativity; symmetric tuning results in increased cooperation. The
curves agree with the analytically calculated data points at A = 0, 1.
(e) Identifying the cooperative or allosteric mode involves decom-
posing the free state response using the normal modes, and singling
out the mode with the highest projection coefficient. Here we plot
the maximal projection coefficient A4 for systems tuned for A = 0.7,
showing that the free state is highly aligned with the cooperative or
allosteric mode. (f) Density of states for systems tuned for A = 0.7.
Colored bars indicate the frequency of the cooperative or allosteric
mode (one for each system), showing that it lies at low frequencies
compared to the rest of the modes (gray). Frequencies w are derived
from the eigenvalues of each system, which are first normalized with
respect to the average stiffness.
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as tunable degrees of freedom. These degrees of freedom are
adjusted to minimize the contrast function,

C=EC—EF, 6))

where E€ and E¥ are the elastic energies of the clamped and
free states, derived from spring stiffnesses and the physical
degrees of freedom, namely, the node positions. This approach
minimizes the difference between the free and clamped states.
To accomplish this minimization, we tune spring stiffnesses
in conjunction with a 7 = 0 overdamped molecular dynamics
simulation which governs the node positions.

To tune cooperative functionality, we use a symmetric ap-
plication of coupled learning, where two sites (A and B) serve
as both source and target to one another. We simultaneously
consider four copies of the system, each subjected to a differ-
ent set of strain boundary conditions at sites A and B. The first
two copies correspond to the free and clamped states when
the input strain is applied at A (denoted by A — B). The third
and fourth copies correspond to the free and clamped states
when the input strain is applied at B (B — A). The tunable
degrees of freedom (k;) are the same across all four copies.
The physical degrees of freedom (node positions) are adjusted
separately for each copy to minimize the energy under the
applied boundary condition. The spring constants are tuned
using

dk; a d

o= —;d—ki(cA—m + Cp—1), 2
where « is the learning rate, and n is the nudge factor in-
troduced earlier. Two timescales govern the dynamics of our
tuning process. The mechanical relaxation time, t,, ~ 2m/b,
is set by the mass of the nodes and the viscous damping
coefficient b. The adaptation time, 7, ~ k/(ane?l?), on the
other hand, is set by the tuning and the network’s parameters.
In our simulations, the mechanical relaxation time is much
smaller than the adaptation time, 7,, < 7. Although we work
near the quasistatic limit, we note that is not necessary for the
node positions to equilibrate fully before each adjustment of
the tunable degrees of freedom, and that the tuning process
avoids oscillatory learning dynamics up to t,, ~ t; [43].

Using Eq. (1) and carrying out the derivatives in Eq. (2),
we obtain the local learning rule:

dk; a1 2 2
=@y - @),

3@ - @o),L] @

where Al; is the elongation of spring i with respect to its
rest length /;, and (/;) = [y = 0.086. Before tuning, all springs
have a uniform initial stiffness kyp = 0.01 and are at their rest
lengths in the absence of any applied strain. The minimum and
maximum allowed stiffnesses are 10~ 2k (essentially no bond,
as in Refs. [13,14,18]) and 10%k. This range is consistent with
coarse-grained elastic models of proteins [44—48].

In Fig. 1(b), the blue circles show that for symmetric
tuning, the system achieves bidirectional allostery; the re-
sponse strain of site A to input strain at site B and of site
B to strain at site A are both close to the desired value A.
The red squares show that when the system is trained for

unidirectional response, A — B, the response in the opposite
direction, B — A, is much smaller.

Cooperation between binding sites is the degree to which
binding at one site facilitates (or restricts) binding at the other.
We use the elastic energy corresponding to the energy cost of
a specified strain as a proxy for the binding energy barrier. To
quantify the degree of cooperativity, we calculate the coop-
erative energy Ecoop = E* + EB — EAB [15,49], which can be
written as

Ecoop = $((E* — ENP) + (EP — EPMY), )

where E4 and E? are the energies required to strain each
site individually, and EA® (E®) is the energy required to
strain site A (B) given that site B (A) is already strained.
For cooperative binding, we want EA® < E4 and EB¥ < Ep.
That is, it should cost less energy to strain each site when the
other is already strained than when it is not. Note that Ref.
[15] tuned networks to raise Ecop directly instead of tuning
bidirectional strain tasks.

Figure 1(c) compares E4, EB, EAB and EB for unidi-
rectional allostery tuning (red) and bidirectional symmetric
tuning (blue) at A = 0.7. It is useful to define the nondimen-
sional cooperativity parameter R:

R= 2Ecoop ]
EA+EB

In the absence of any cooperativity, straining one site does not
affect the energy required to strain the other site and R = 0. If
it costs no additional energy to strain the other site (E5" = 0
and EAB = 0) then the system is fully cooperative and R =
1. The cooperativity parameter for allosteric unidirectional
tuning (red) versus symmetric bidirectional tuning (blue) is
shown in Fig. 1(d). Figure 1(d) shows that symmetric tuning
leads to higher cooperativity R.

In the absence of tuning, the target site can either elongate
or compress as a result of a strain at the source; the energy
required to apply a strain in a desired direction is equally
likely to increase or decrease. Therefore, on average A = 0
and R = 0, consistent with Fig. 1(d).

Tuning the network to A > 0 leads to the development of
a low-frequency mode that is aligned with the functionality
[15,25]. As we tune the network to progressively higher values
of A, the frequency of the mode decreases and the free state
projects more strongly onto the mode. Figures 1(e) and 1(f)
show that for an ensemble of networks at A = 0.7 the free
state already projects primarily on one mode, which typically
is also the mode with the lowest frequency. On average, the
projection onto the relevant mode is 0.84 for unidirectional
tuning and 0.95 for bidirectional tuning. For the case of bidi-
rectional (unidirectional) tuning, we refer to this mode as the
“cooperative mode” (“allosteric mode”).

We find that successfully tuned bidirectional cooperative
tasks fall in the range 0 < A=g /&s < 1, where A is the
attained response. Note that this behavior is quite different
from unidirectional allostery, where arbitrarily high values of
A can be tuned in the linear regime [13]. In the limit A=1,
EP4 and EA® both vanish, so the system is fully coopera-
tive (R = 1). Figure 1(d) shows that the cooperativity indeed
approaches R =1 as A — 1. In that limit, we find that the
displacements collapse onto a single cooperative mode that

(&)
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becomes floppy (its frequency vanishes). For unidirectional
allostery, by contrast, we find that displacements collapse onto
a single floppy mode in the limit A — oo. Note that it should
be possible to find balanced force states at A = 1 that are not
floppy, but our tuning process does not find such states.

III. CROSSOVER TEMPERATURE

The tuning process presented in Sec. II is designed to en-
hance cooperative function via bidirectional allostery at zero
temperature. It means that the strain at the responding site
approaches £;A, where ¢; is the strain applied to the other site.
In a thermal environment, however, the network experiences
fluctuating forces that strain all the springs. With increasing
temperature, the fluctuating strain at one site is increasingly
likely to reach the desired value even in the absence of ex-
ternally applied strain at the other site. If that occurs, then
binding at the target does not require binding at the source, so
the functionality is destroyed.

Here, we calculate the strain fluctuations at the target as
a function of the temperature in the linear response regime.
We define the crossover temperature 7* as the value at which
1o thermal fluctuations at the target without the source strain
[dashed orange line in Figs. 2(a)-2(c)], which we refer to
as the “unbound case,” reach A, the attained target strain
when the source is applied (solid green line), which we refer
to as the “bound case.” This physical picture is conveyed for
three different values of A in Figs. 2(a)-2(c). For each value
of A, we show the mean strain at the target in the bound case
(solid green) and the mean and standard deviation of the target
strain in the unbound case (orange) as a function of the di-
mensionless temperature ® = KzT'/ (k,-liz). The dimensionless
temperature is scaled by sf to offset the dependence of the
crossover temperature on the input strain.

As derived in Appendix B, the strain fluctuations in linear
response at the network’s bonds can be written as a sum of
contributions from the system’s normal modes. We are inter-
ested in the fluctuations at the two binding sites. Each of them
can be considered a target for a source strain applied at the
other site. The standard deviation of strain fluctuations at the
target can be written as

1 kgT -

2 B - \2

g__E_R.A’ 6
& jmwjz'(tej) ©

where [, is the equilibrium length of the target bond, R, is
the row of the rigidity matrix R corresponding to the target
site, ma)? is the eigenvalue corresponding to eigenvector ¢; of
mode j, and the sum over eigenmodes excludes the trivial zero
modes corresponding to global translations and rotations.

In the Supplemental Material [50], we compare the strain
fluctuations predicted by Eq. (6) to those observed in molec-
ular dynamics simulations of the same networks (lammps
[51]). We find that the linear response calculation predicts
the magnitude of strain fluctuations extremely well even for
input strains in the range 0.1-0.3 (10%-30%), far beyond the
linear regime [13,52]. We also find that it works well up to
surprisingly high temperatures, even two orders of magnitude
above the crossover temperature that we define below.
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FIG. 2. Crossover temperature. [(a)—(c)] Analytical calculations
of the crossover temperature of a particular network tuned for in-
creasing values of A. The solid and dashed lines depict the expected
and lo fluctuation ranges of the target strain for the cases with
(green) and without (yellow) binding at the source. The tempera-
tures are scaled with respect to the characteristic energy scale of
the springs, ® = KT/ (k,-l,.z), and to the input binding strain ¢;. The
target strain is also scaled with respect to the input strain and matches
A (solid green line). The crossover temperature ®*, where the green
and yellow regions first intersect, is indicated with a vertical black
line. As A is increased, the crossover temperature first increases and
then decreases. This nonmonotonic behavior is explored in the blue
curve in the panel below. (d) The dimensionless crossover tempera-
ture ©* as a function of the attained response ratio 0.05 < A < 0.95
at increasing values of the parameter r, the relative importance of
raising the energy of the free state as defined in Eq. (9). ©* = 0 at A
because (¢,) = 0, and at A because the systems become floppy. Ver-
tical and horizontal bars (too small to see) indicate standard errors.
The dashed gray line corresponds to 300 K, obtained by matching
our coarse-grained model with typical (median) protein values. The
shaded gray region reflects the 25th to 75th percentile range across
different proteins.

Specifically, we are interested in the fluctuations of the
target strain in the absence of strain applied at the source,
which we refer to as the unbound case. From Eq. (6) we see
that it depends on temperature as

o—;fB = kBTang, (7)

where 6;”3 is independent of temperature.
The mean strain at the target, (g;), can also be derived
from linear response. In the unbound case, the target strain

fluctuates about zero so (&) = 0. With an applied source
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strain, which we refer to as the bound case, it fluctuates about
a nonzero value (&) & g;A.

We now define a crossover temperature above which ther-
mal fluctuations destroy bidirectional allostery. As mentioned
earlier, we regard the unbound and bound cases as qualita-
tively distinct if the mean strain values for the two cases
are more than the 1o fluctuations in the unbound case. We
therefore define the crossover temperature 7* using

(&) = VkgT*(61P). ®)
We note that this estimate does not include the effects of
the fluctuations 05113 that are present when the source is bound,
which are typically smaller than in the unbound case (see
Ref. [50]). An alternative definition of the crossover temper-
ature that also accounts for fluctuations in the bound state is
discussed in Ref. [50] and yields qualitatively similar results.
We turn now to the dependence of the dimensionless
crossover temperature ®* on the amplitude of the tuned re-
sponse, A, plotted as the dark blue symbols and curve in
Fig. 2(d). For A =0, there is no difference between the
bound and unbound cases, so clearly ®* = 0. At the other
extreme, A = 1, the strain fluctuations at the target, o, di-
verge at any nonvanishing temperature because the frequency
of the cooperative mode vanishes [see Eq. (6)]. As a result,
®* =0 at A =1 and the behavior of ®* is nonmonotonic
in A. For small A, the increase of (&) ~ &;A means that
the responses at the target with and without the source strain
are easier to distinguish, so ®* increases. For sufficiently large
A, however, the decrease of the frequency of the cooperative
mode causes the fluctuations in the unbound case, a;[JB, to
increase, allowing them to reach & at lower temperatures,
leading to a decrease in ®*. The aggregated results for ®*
from different systems are shown in the dark blue curve in
Fig. 2(d).

IV. DIMENSIONLESS TEMPERATURE
ESTIMATIONS FOR PROTEINS

Converting from dimensionless temperature ® calculated
in our simulations to real temperature for real proteins requires
matching the thermal energy scale kg7 with the mechanical
scale set by protein size and stiffness. To interpret the ratio
®/e2, we also need a typical strain that represents binding in
proteins.

The melting temperatures of proteins fall in a rather narrow
range, from approximately 300 K to 370 K in very extreme
cases [53]. For biological relevance, we consider a threshold
temperature of 300 K, and we nondimensionalize it using
representative protein values for length, stiffness, and strain.

We consider hemoglobin as a representative protein due to
its well-studied cooperative function, and make our estimates
accordingly. The total size of a hemoglobin macromolecule
is approximately 5 nm [54]. We model proteins using a spring
network with 128 nodes; the corresponding equilibrium length
of bonds therefore translates to about 1 nm. Recent advances
in modeling Young’s moduli of proteins based on molecular
interactions allow a distinction between bulk properties and
the interface region, estimating the former at ¥ ~ 10 GPa
[55]. From this value, we estimate the typical coarse-grained
spring stiffness to be approximately 10 N/m.

To identify a representative range for the binding-induced
source strain g5, we use the topological analysis developed
in Ref. [20] to identify the source sites in actual allosteric
protein structures, and observed the binding-induced defor-
mations reported in the Protein Data Bank [56]. We analyze
the distribution of strain between individual atom pairs at the
source for 24 different proteins, calculating a median value for
the source strain &, = 0.19, and a 25th to 75th percentile range
of 0.09 to 0.31 to reflect interprotein variability. We further
estimate the size of these proteins by measuring the distance
between their furthest atoms. The median length is 5.4 nm,
and the 25th to 75th percentiles are from 4.7 to 6.6 nm.

A rough estimate of a typical binding strain can also
be derived from energy considerations. For hemoglobin, the
binding energy is approximately 0.5 eV [57,58]. Assuming
an interaction length scale [ ~ 1 A, the effective interaction
stiffness is then k; ~ [Y = 1 N/m. To connect these values
with the dimensionless binding energies E# and E® [approx-
imately 200; see Fig. 1(c)] we assume the binding energy
scales as NSSZ. Under these assumptions, the required source
strain is &; &~ (.2, in good agreement with our estimates based
on protein structures.

Finally, to compute the protein-equivalent 300 K
threshold for Fig. 2 (dashed gray line), we use
kg x 300 K/(£2(10 N/m)(1 nm)?). To estimate the 25th
to 75th percentile range for the temperature, we use the strain
and length of the same protein together, and then compound
the results across the different proteins. This approach yields
an estimated range of values, shown as the gray band in Fig. 2,
against which we compare simulation results for ©* /2.

Note that the crossover temperatures of our tuned net-
works do not necessarily lie above the gray band, suggesting
that cooperative function might not remain robust at biologi-
cally relevant temperatures. Clearly, however, the cooperative
function of real proteins does remain robust at relevant tem-
peratures. This suggests that it should be possible for tuned
networks to have higher crossover temperatures. We show
next that indeed it is possible to modify the tuning process
to raise the crossover temperature significantly.

V. RAISING THE CROSSOVER TEMPERATURE

From Eq. (8), we see that the crossover temperature is
set by the competition between the mean strain response of
the target in the bound case (which increases with A) and
the strain fluctuations in the unbound case (which also in-
crease with A). Clearly, one can increase the crossover
temperature by decreasing fluctuations. This can be accom-
plished simply by increasing all spring stiffnesses by the same
factor. That is not a realistic strategy for proteins, however,
where the range of available stiffnesses is limited and cannot
simply be increased across the board. Our aim is therefore to
raise the dimensionless crossover temperature ®*, where the
trivial scaling with spring stiffnesses is canceled out.

Recall from Figs. 1(e) and 1(f) that the node displace-
ments from bidirectional allostery project strongly onto a
single low-frequency vibrational mode. Equation (6) shows
that increasing the frequency of that mode would reduce tar-
get fluctuations in the unbound state, potentially raising the
dimensionless crossover temperature, ®*. We show here that
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an effective strategy for increasing ®* is to tune the free state
to have a higher energy while still preserving function.

Coupled learning provides a natural framework to tune
the network while raising the energy of the free state. We
introduce a generalized contrast function:

C=0-rE—EF—rET, )

where the parameter r controls the trade-off between raising
the free state energy (r = 1) and attaining an allosteric func-
tion (r = 0). For symmetric tuning (increased cooperativity),
the learning rule becomes

dk,' o d - ~

o _;d_](i(CA—>3+CB—>A)- (10)

Because it is still important to maintain cooperativity,
we want to choose r such that rEf « E¢ — Ef. We can
approximate EX ~ (k;I?)e2. The energy difference between
the free and clamped states depends on the nudge factor
n and the performance error ¢ = |A — A|/A, (E€ —EF) ~
(kil?)e2n . We thus should choose r < n¢. Forn = 0.01, and
aiming for solutions with error ¢ ~ 1%, we restrict ourselves
tor <« 1074

Figure 2(d) depicts aggregated results for the dimension-
less crossover temperature ®* for various r, tuned for 0.05 <
A < 0.95 with a performance error of |[A — A|/A < 0.025.
For all r values, the crossover temperature still vanishes at
A = Qbecause (&) = 0.1t also vanishes at A = 1 because the
cooperative mode becomes floppy. Remarkably, as shown in
Fig. 2, we find that for a range of r the networks can preserve
their functionality at biologically relevant temperatures. The
highest crossover temperature is obtained when A = 0.65—
0.7.

The benefit of increasing r is nonmonotonic; ®* increases
up to " ~ 5 x 107° and then decreases for higher r. At r'
the springs important for the function have already attained
the maximum stiffness allowed. For r > r¥, less important
springs are also stiffened, raising the dimensional crossover
temperature 7* (see the Supplemental Material [50]) but low-
ering ®*.

VI. MELTING TEMPERATURE

To maintain allosteric functionality, not only the dimen-
sional crossover temperature 7* but also the denaturation
(melting) temperature T), must lie above biologically relevant
temperatures. While 7* is controlled by thermal fluctuations
at specific target sites, Ty, reflects the loss of overall struc-
tural stability due to fluctuations across the entire network.
To quantify these fluctuations, we adopt a generalized Linde-
mann parameter.

Originally introduced to capture the solid-to-liquid tran-
sition, the Lindemann criterion hypothesizes that crystalline
solids melt when the ratio L of the root-mean-square atomic
fluctuations to interatomic spacing exceeds some threshold,
Ly, where Ly = 0.15 [59]. This concept has been extended
to finite inhomogeneous systems such as proteins by replac-
ing the interatomic spacing with the mean nearest-neighbor
distance [60—62]. For such systems, melting transitions occur
at a threshold Ly, in the range 0.14-0.19, remarkably close to
the value for crystalline solids [61,63]. In our spring system,

0.25 - r=5x10"°
r=1x10"°

0.20 A

0.05 A

FIG. 3. Melting temperature. The dimensionless melting temper-
ature ®), as a function of attained response ratio 0.05 < A <0.95
at increasing values of the parameter r. The colors match the scheme
in Fig. 2. ®) = 0 at A because the systems become floppy. Vertical
and horizontal bars (too small to see) indicate standard errors. The
dashed gray line (shaded region) corresponds to 300 K, obtained
by matching our coarse-grained model with median (25th to 75th
percentile) protein values.

the Lindemann parameter can be expressed in linear response
(Appendix A) in terms of the vibrational modes as

1 ksT
N Zj mw%
2 9
(17)
and, as before, we exclude the trivial zero modes from the

sum over eigenmodes j. Here, /; are the equilibrium lengths
of bonds. The melting temperature is then

an

2
kgTy = Lgu(%. (12)

N £<j mo?

Notice that Ty, depends on L3, similarly to how T* de-
pends on 8? [Eq. (8)]. Figure 3 illustrates the dimensionless
melting temperature, ®y = kzTy /(k,-ll-z), as a function of A
for several values of r [defined in Eq. (9)]. ®y, is further scaled
by L3, to offset the dependence on the Lindemann threshold.
According to Eq. (12), the melting temperature approaches
zero when any eigenvalue becomes zero; hence, ®); = 0 at
A =1, where the system develops a floppy mode. Tuning
the system for progressively larger A leads to a reduction in
the melting temperature, due to softening of the cooperative
mode (blue curve in Fig. S25 [50]). For a given A, however,
the system stiffens with increasing r, resulting in an increasing
Ty with r (Fig. S25). The dimensionless melting tempera-
ture ®,;, however, consistently decreases with increasing r.
Thus, r raises the dimensionless crossover temperature ©* but
lowers the dimensionless melting temperature ®,,. The bio-
logically relevant regime of temperatures is again represented
by the gray shaded region, assuming Lindemann parameters
Ly in the range 0.1-0.2.
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0.0 0.2 04 ~ 06 0.8 1.0
A

FIG. 4. Crossover to melting ratio. The ratio between the
crossover temperature and the melting temperature as a function of
the attained response ratio 0.05 < A < 0.95, at increasing values of
the parameter r. Dashed orange, gray, and cyan lines indicate where
®* = Oy (functionality is maintained all the way to melting) for
choices of Ly, and &, corresponding to the 25th percentile, median,
and 75th percentile, respectively. Open circles of the same colors
around data points indicate that both temperatures exceed the 300 K
threshold, calculated using the 25th percentile, median, and 75th
percentile values. These thresholds correspond to the bottom of the
gray band, the dashed gray line, and the top of the gray band in Figs. 2
and 3. Solid circles indicate that, in addition to both being above the
300 K threshold, the crossover temperature is also larger than the
melting temperature.

Clearly, actual proteins with cooperative binding must have
values of T* and Ty that both lie above the biologically
relevant range. Figure 4 shows the ratio ©®*/®),, allowing
us to assess if functionality is maintained all the way to the
melting point (dashed lines). We find a range of values of A
and r where both dimensional temperatures lie above 300 K
(circled points).

VII. DISCUSSION

We have shown that cooperative binding can be achieved
via a symmetric application of allosteric tuning between dif-
ferent sites in elastic networks. Strong strain coupling between
the sites leads to higher cooperativity. As demonstrated in
previous works using evolutionary algorithms [15], we find
that the functional mechanism relies on the development of a
low-frequency mode. The existence of such a mode threatens
stability of function at higher temperature because it implies
large fluctuations at the target.

Our work goes beyond previous studies that have tuned
mechanical spring networks to develop protein allostery or
cooperativity which only considered function at zero temper-
ature [13-17,19,20,64], or studies that have focused only on
fluctuations, where the temperature is a prefactor to the free-
energy barrier controlling the rate of the binding or unbinding
[49,64,65]. This paper introduces a theoretical framework for

1.75 1

1.50 A

1.25 A

1.00 A1

UUB _ O'B

0.75 1

0.50 1

0.25 1

0.00

0.0 0.2 0.4 0.6 0.8 1.0
A

FIG. 5. Change in fluctuations. The difference between the tar-
get’s strain fluctuations at the unbound (%) and bound (c,?) states,
as a function of the allosteric ratio A at increasing values of the
parameter r defined in Eq. (9). The tuning process weights ther-
mal stability more strongly with increasing r. As A increases, the
fluctuations in the unbound state become dominant. The difference
o® — 6P also grows with temperature as ~+/7". The results for in-
creasing r values collapse well, suggesting that the coupling between
conformational and dynamic allostery is a robust characteristic of the

functionality rather than of the tuning process.

how thermal fluctuations affect allostery and cooperativity
as a function of temperature. From the theory, we identify
a crossover temperature, 7%, above which functionality is
destroyed by thermal fluctuations. In comparing our results
to proteins, we find that 7* can lie below biologically relevant
temperatures for networks tuned only for allosteric function-
ality. To raise 7™, we tune using a modified contrast function,
which selectively stiffens the mode responsible for coopera-
tive function, to a degree controlled by the parameter r. We
find that r lowers the melting temperature, but that there is a
range of values of A and r for which both the crossover tem-
perature and the melting temperature lie above biologically
relevant temperatures.

Of course, proteins are tuned by the evolutionary process,
not by the process that we use to tune our networks. Our work
should be considered a proof of principle, showing that it is
possible to obtain networks with cooperative function that is
robust at biologically relevant temperatures.

Because we tune in functionality at 7 = 0, however, the
mechanisms underlying cooperative function in our models
are fundamentally energetic in origin, involving strains prop-
agating within the network. In the protein literature, this
form of allostery is known as “conformational allostery.”
In proteins, which necessarily function at nonzero tempera-
ture, allostery is a dynamic process [40,66—68]. The literature
points to another form of allostery, called “dynamic allostery,”
which can occur even in the absence of any conformational
change [49,64,65,69,70]. In this nonzero-temperature phe-
nomenon, fluctuations of the target depend on whether the
source is bound or not. This is viewed as an entropic effect.
Figure 5 shows that in our systems, tuned for conformational
allostery at T = 0, the target fluctuations at 7 > 0 differ in
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the bound and unbound cases, consistent with dynamic al-
lostery. As discussed earlier, when the system is trained to
exhibit a high A, its response to binding is governed by a
low-frequency mode. This mode also dominates fluctuations
of both the source and target site in the unbound state (o’®)
but does not have a counterpart in the bound state. In that case,
fluctuations in the source site are suppressed via the addition
of a stiff spring. This addition suppresses the contribution of
the lowest-frequency mode to fluctuations at the target site
so that target fluctuations (quantified by aff) are markedly
smaller. The difference in the fluctuations in the unbound and
bound cases increases with 7 and A. Thus, our networks,
which are tuned to exhibit conformational allostery, also dis-
play the characteristic features required for dynamic allostery,
showing that entropic and conformational effects can go hand
in hand. This result raises an important direction for future
work: to develop simple models of allostery with entropic as
well as energetic mechanisms. In particular, models with pre-
stress lead to frustration and a rugged energy landscape [19],
suggesting that even richer possibilities for such mechanisms
can arise at nonzero temperature and prestress.
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APPENDIX A: LINEAR RESPONSE THEORY

The node displacements of a network are a sum of two
contributions: an athermal part i resulting from stresses on
the bonds due to the imposed strain at the source, and a
thermal contribution ¥ stemming from thermal fluctuations.
For a three-dimensional network of N nodes and N, bonds,
i and ¥ contain 3N entries, one for each particle’s degree of
freedom. In the linear regime, i is derived using the Hessian
and rigidity matrices, H and R:

i=-H"'f=-H'R"2 = H'R"KL¢;,, (A1)
where f is the force applied to the nodes and 7 is the N,-long
vector of bond stresses, which in turn can be written using
the N, x N, diagonal stiffness and rest length matrices K and
L, and the N,-long input strain vector &, which is &; at the
source and zero everywhere else. The thermal contribution v
can be expressed using the projection on the normal modes of
the system {¢;},

(A2)

where we exclude the six zero modes corresponding to global
rotations and translations. The random coefficients a; follow a
zero-mean normal distribution stemming from equipartition,

kgT
oy~ (w=0.0 =225,

ma)j

(A3)

where ma)f is the eigenvalue corresponding to mode ¢;.

We then convert node displacements to strain using the
rigidity matrix and the inverse of the rest length matrix. Com-
bining the two contributions, the target strain is

3N
Le, 1 B}
& = ““[RH'R"Kl, ++ > a; R - &, (Ad)
lr lr ],:7

where /; and /; are the rest length of the target and source sites,
ﬁ, is the 7th row of matrix R, and subscripts ¢ and s indicate
the entry of the bracketed matrix that corresponds to the target
and source bond indices, respectively.

APPENDIX B: FLUCTUATIONS IN LINEAR
RESPONSE THEORY

Equation (A4) describes the target strain as a sum of a
mechanical and a thermal component. Written this way, we
see that the resulting strain fluctuations stem from the second
component and, using Eq. (A3), can be expressed as follows:

o =E[(&)’] - El&]?

&) = kpT57, (B1)

where 58% is the combined mechanical prefactor from all the
modes. Written this way, we find that the contribution from
each mode results from two factors: the first is how much the
mode is excited by energy, which is inversely proportional
to the mode’s frequency squared; the second is the mode’s
specificity to the bond, namely, the extent to which exciting
this mode results in changing the length of this specific bond.

In the unbound case, where no external strain is applied
at the source (g, = 0), the first term in Eq. (A4) vanishes
and (g;) = 0 because the coefficients a; are drawn from a
distribution with zero mean [Eq. (A3)]. The target strain thus
fluctuates about zero with the “unbound” standard deviation
agB given by Eq. (B1). For systems tuned for high A values,
08 is dominated by the contribution of the allosteric mode.
This low-frequency mode is easily excited and closely aligned
with the free-state conformation, in which the target (and
source) site experiences high strain. As a result, it exhibits
high specificity for the target site.

In the bound case, (g;) # 0 and approaches Ag; at the end
of tuning. In this case, the fluctuations o are derived by
considering a modified system where a stiff spring (two orders
of magnitude stiffer than the stiffest spring of the unbound
system) is added to the source bond to fix it close to the desired
strain. If / is the length of the source site, then the rest length of
this bind-enforcing spring is set to be (1 + &;)/. The modified
system does not support the allosteric mode and, therefore, no
corresponding increase in af is recorded in systems tuned for
high A.
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