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Neurons are spatially extended cells. Different parts of a neuron have specific voltage dynamics. Important
types of neurons even generate different spikes in different parts of the cell. Neurons’ inputs are also often
spatially compartmentalized, with different sources targeting different locations on the cell. Classic mean-field
theories for neural population activity, however, rely on point-neuron models with at most one type of spike,
the sodium-potassium action potential. Here, we develop a statistical field-theoretic approach to understanding
collective activity in networks of compartmental neurons, including those generating multiple types of spikes.
We use this to examine simple models of cortical networks with pyramidal cells that generate dendritic calcium
spikes. In the weakly coupled regime, we uncover an exact mean-field limit for these networks that maps them
to a marked point process. We use this mean-field limit to compare the impact of compartmentalized recurrent
excitatory and inhibitory connectivity on the equilibrium phase diagram. This exposes regions of metastability
between various activity states, including activity with silent vs active dendrites, with and without inhibitory
activity, and oscillations.
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I. INTRODUCTION

The collective activity of neuronal networks underlies sen-
sory perception, motor planning and execution, learning and
memory, and other cognitive functions. Mean-field theories
for neuronal population activity explain collective activity
using a few order parameters. Classical mean-field theories
exhibit a wide variety of dynamics [1].

Individual neurons also exhibit a broad range of non-
linear dynamics. The most famous of these may be the
sodium-potassium (Na+/K+) action potential, generated near
the cell body, that drives neurotransmitter release to allow
fast intercellular communication [2,3]. Furthermore, neurons
are spatially extended cells. Cortical neurons have richly
branched dendritic trees, on which they receive synaptic in-
puts. Neurons can also generate spikes in their dendrites [4].

For example, consider thick-tufted pyramidal cells, a main
class of cortical long-range projection neurons. These neu-
rons have a cell body in layer 5 of the cortex and an apical
dendrite that extends up to layer 1 [Fig. 1(a)]. The apical
dendrites of these neurons generate calcium spikes [5]. These
trigger bursts of somatic action potentials, giving the neuron
a parallel output train that can be separately modulated by
learning and attention [6,7]. A variety of other important
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neuron types also generate calcium spikes, including thalamic
relay neurons, cerebellar Purkinje cells, and layer-2/-3 and
hippocampal pyramidal cells [8–16].

Different types of synaptic input are also spatially localized
on pyramidal cells. In the neocortex, long-range feedforward
and feedback projections preferentially target specific layers
[17,18]. The major classes of cortical inhibitory neurons also
preferentially target specific compartments. Somatostatin-
positive (SOM) Martinotti cells preferentially synapse onto
pyramidal cells’ apical dendrites, while parvalbumin-positive
(PV) basket cells synapse onto cell bodies [19].

Together, these experimental observations beg the ques-
tion: how does the spatial compartmentalization of synaptic
connectivity interact with somatic and dendritic spiking to
shape collective activity in cortical networks?

Due to their complexity, large networks of compartmental
neurons are generally studied through careful and laborious
simulation, e.g., Refs. [20–23]. Using simulation to survey
the parameter combinations underlying healthy or patholog-
ical network dynamics becomes intractable as the complexity
of the model grows. Classical mean-field theories of neural
activity, on the other hand, rely on single-compartment models
that either neglect spiking or model only the somatic Na+/K+
spike [24–35].

Here, we propose a statistical field-theoretic approach for
networks of compartmental neurons with stochastic spike
emission. We construct the joint density functional of the
subthreshold voltages of, and spikes generated by, each
compartment of each neuron in a network. We apply this to
simple models of cortical networks with dendritic calcium
spike-dependent bursting in pyramidal cells. The large-N
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FIG. 1. A compartmental point process model of thick-tufted
layer-5 pyramidal cells. (a) Rendition of a thick-tufted layer-5 pyra-
midal cell. (b) Na+/K+ action potentials at the soma can back
propagate to the apical dendrite and trigger a dendritic calcium action
potential. (c), (d) Event rates for a neuron with threshold-linear
somatic spike intensity and dendritic conditional spike probability
functions, as a function of the somatic depolarization (c) and den-
dritic deporalization (d). Yellow line: Eq. (5). Black dots: simulation.

mean-field limit of this density functional exposes exact pre-
dictions for the rate and fluctuations of somatic and dendritic
spikes. We use these to study how the compartmentalization
of excitatory and inhibitory connectivity controls activity in
recurrent networks.

II. APPROACH AND MODEL

We divide each neuron i into a set Ci of isopotential spa-
tial compartments. The membrane voltage of compartment
c in neuron i is vc

i (t ). Rather than describing the nonlinear
membrane potential dynamics that generate spikes explicitly,
we model them as point processes. Let nc

i (t ) be the counting
process for the spikes of type c in neuron i (the cumulative
number of spikes emitted until time t). Its time derivative,
ṅc

i (t ), is the point process describing spikes of type c in neuron
i, also called a spike train. The intensities of these point
processes model the underlying generating mechanisms. For
example, the classic Na+/K+ action potential generated in
the somatic compartment (c = S) is typically modeled with
rectified power-law voltage-intensity transfer functions:

ṅS
i (t ) ∼ PP

(
f
(
vS

i (t )
))

,

f
(
vS

i (t )
) = ⌊

vS
i (t ) − θ

⌋p

+, (1)

where PP ( f (vS
i (t ))) denotes a point process with conditional

intensity [ f (vS
i (t ))]. Here, θ is a spike threshold and p a

power that typically ranges between 1 and 5 in cortical cells
[36]. Other choices for the conditional intensity function f are
admissible. We only require limv→∞ f (v) = ∞ so that if the
somatic voltage blows up, the neuron emits an action potential
with probability one.

Here, we focus on a model of thick-tufted layer-5
pyramidal cells with somatic (S) and apical dendritic (D) com-
partments [Fig. 1(a)]. The somatic compartment generates
Na+/K+ action potentials with intensity f (vS

i (t )) [Eq. (1)]. In
thick-tufted layer-5 pyramidal cells, dendritic calcium spikes
are reliably triggered by the backpropagation of a somatic ac-
tion potential into a depolarized apical dendrite [5]. Following
Naud and Sprekeler [6], we model this as

ṅD
i (t ) ∼ PP

(
ṅS

i (t ) g
(
vD

i (t )
))

, (2)

where vD
i is the dendritic voltage and the dendritic transfer

function g(vD
i (t )) determines the probability that a somatic

Na+/K+ spike triggers a dendritic calcium spike. We require
that 0 � g � 1; it is a probability.

To focus on the role of compartmentalized action potential
types, we here assume linear subthreshold voltage dynamics
within each compartment and linear (current-based) synaptic
coupling so that the membrane voltage of compartment b in
neuron i obeys

(∂t + 1)vb
i = Eb

i +
N∑

j=1

∑
c∈Cj

Jbc
i j ∗ ṅc

j, (3)

where Eb
i is an effective reversal potential, which may also

depend on external inputs, and the synaptic filter Jbc
i j (s) mod-

els the impact of an action potential of type c in neuron j
on compartment b of neuron i at time delay s. Jbc

i j ∗ ṅc
j is

the convolution of that filter with the presynaptic spike train.
Due to the distance between the two spike-initiating zones
in thick-tufted layer-5 pyramidal cells, the two compartments
interact only through action potentials [Eq. (2)]. The model
variables and parameters are summarized in Table I. This
formulation can be readily extended to passive voltage prop-
agation, as well as nonlinear voltage dynamics and/or spike
resets [37,38]. Without the dendrite, this model is a nonlinear
Hawkes process.

In our model, each compartment generates one type of
action potential. However, one could use this modeling frame-
work for neurons that generate more than one type of action
potential in the same compartment by taking their intensities
to both depend on the compartment’s membrane potential.

To understand how the location and strength of recurrent
connectivity controls collective activity in these networks, we
first aim to develop a theory for the expected activity:

〈
ṅS

i (t )
〉 =

〈
f

[
GS

i ∗
(

ES
i +

N∑
j=1

∑
c∈Cj

JSc
i j ∗ ṅc

j

)
(t )

]〉
,

〈
ṅD

i (t )
〉 =

〈
ṅS

i (t ) g

[
GD

i ∗
(

ED
i +

N∑
j=1

∑
c∈Cj

JDc
i j ∗ ṅc

j

)
(t )

]〉
,

(4)
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where Gb
i are the fundamental solutions associated with

the voltage dynamics [Eq. (3)]: Gb
i ∗ xb

i (t ) = vb
i (t0)e−(t−t0 ) +∫ t

t0
ds e−(t−s)xb

i (s). Here, a moment closure problem becomes
apparent. When f is nonlinear, the mean depends on second-
or higher-order moments of the presynaptic spike trains. (This
can be seen by expanding f in a Taylor series.) This is the
same problem faced in similar single-compartment models
[39–41].

The dendrite faces a more difficult moment closure prob-
lem: even if g is linear, the dendritic activity rate depends on
the correlation of somatic spikes with the dendritic input. We
will address this problem by a mean-field approach in Sec. IV,
and by examining the joint density functional of the network
(Sec. V, Appendixes B, C). We will calculate the mean-field
equilibrium phase diagrams in networks with recurrent con-
nectivity targeting the soma vs apical dendrite, and compare
the dynamics of excitatory-inhibitory networks with recurrent
inhibition targeting either of the two compartments. First, we
briefly consider the case of an uncoupled population.

III. SOMATIC AND DENDRITIC SPIKE RATES
IN SINGLE NEURONS

In this case, the expected intensities of the somatic and
dendritic spikes can be calculated directly:

〈ṅS (t )〉 = f [GS ∗ ES (t )],

〈ṅD(t )〉 = 〈ṅS (t )〉 g[GD ∗ ED(t )]. (5)

As the somatic depolarization ES increases, the somatic spike
rate increases. For simplicity, we will take threshold-linear
somatic and dendritic transfer functions:

f (x) = 	x
+ ≡ max(x, 0),

g(x) = [x]1
+ ≡ min (max(x, 0), 1). (6)

The equilibrium dendritic rate also increases with ES , with
a proportionality factor given by g(ED) [Fig. 1(c)]. If the
dendritic voltage is below threshold (ED � 0), it does not
spike. As ED increases, the somatic voltage and therefore also
the somatic spike rate are unaffected [Fig. 1(d), top] since the
two compartments interact only through spikes. The dendritic
spike rate, on the other hand, increases with ED until it reaches
an upper bound [Fig. 1(d), bottom]. This upper bound reflects
the saturation of g. Once the dendrite converts every somatic
spike into a dendritic calcium spike (ED � 1), its rate satu-
rates at the somatic rate.

IV. MEAN-FIELD THEORY OF RECURRENT NETWORKS

We next turn to recurrent networks. We assume that each
dendritic calcium spike triggers a stereotyped burst of somatic
spikes, as in the thick-tufted layer-5 pyramidal cells [42–45].
So, for projections from neuron j to i, we take

JbD
i j = βJbS

i j . (7)

Here, β is the strength of the total postsynaptic potential
induced by a presynaptic burst, relative to that from a single
presynaptic spike. Since dendritic calcium spikes require a
somatic spike in this model [Eq. (2)], both ṅS

i and ṅD
i contain

a point when a dendritic calcium spike occurs. When a so-
matic spike fails to trigger a dendritic calcium spike, only ṅS

i
contains a point. ṅS

i (t ) contains points marking the first spike
in a burst, but not the subsequent within-burst spikes. From
here on, we may also refer to ṅD

i (t ) as the burst process. The
difference ṅS

i − ṅD
i isolates the nonburst singlet spikes. We

will also drop the superscript denoting the presynaptic activity
type; Jb

i j ≡ JbS
i j and βJb

i j ≡ JbD
i j .

To uncover a simple, low-dimensional description of the
population activity we scale the synaptic weights as Ji j ∼ N−1

and consider the limit N → ∞. The net input to each
compartment then concentrates around its population mean
(Appendix C). For networks of a single cell type,

〈ṅS (t )〉 = f [GS ∗ (ES + JS ∗ 〈ṅS〉 + βJS ∗ 〈ṅD〉)(t )]

〈ṅD(t )〉 = 〈ṅS (t )〉g[GD ∗ (ED + JD ∗ 〈ṅS〉
+ βJD ∗ 〈ṅD〉)(t )]. (8)

Here, parameters without neuron subscripts refer to the pop-
ulation mean, e.g., JS is the mean of JS

i j . Equation (8) can
be derived heuristically by averaging over the population and
assuming that the synaptic weights and activity are uncor-
related. A field-theoretic calculation (Appendix C) justifies
this assumption in the large-N limit, under the hypothesis
of self-averaging activity: that the behavior of a sufficiently
large network follows the average over realizations of the
matrices J . Otherwise, it involves no approximations. Similar
mean-field limits for various versions of the soma-only model,
nonlinear Hawkes networks, have recently been rigorously
established [46–49].

A solution of Eq. (8) describes a joint trajectory of firing
rates for each type of action potential. Time-independent solu-
tions describe stationary regimes of the network. These states
can be examined in a common type of experiment, namely
extracellular electrical or optical physiology experiments in
live animals.

Equation (8) does not, however, expose information about
the stability of those solutions to perturbations or fluctuations
in the population activity. To examine stability, we exploit the
duality between activity and voltage-based formulations of
our model. Averaging Eq. (3) and again taking the mean-field
limit, we find

(∂t + 1)〈vb〉= Eb + Jb ∗ f (〈vS〉) +|, βJb ∗ [ f (〈vS〉) g(〈vD〉)],

(9)

where c ∈ {S, D}, f (〈vS〉), and f (〈vS〉) g(〈vD〉) are the so-
matic and dendritic spike rates. This is a set of two coupled
differential equations for the mean voltage in each compart-
ment that exposes standard stability analyses. Solutions of
Eq. (9) correspond directly to the arguments of f and g in
Eq. (8). We next examine how recurrent connectivity targeting
the cell body vs apical dendrites impacts population activity.

A. Soma-targeting connectivity

We begin by examining networks in which synapses target
only the somatic compartment, setting JD = 0 [Fig. 2(a)].
For simplicity, we again assume threshold-linear intensity
functions, Eq. (6). At equilibrium, this yields the mean-field
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FIG. 2. Soma-targeting recurrent connectivity. (a) Rendition of
recurrent synapses targeting the somatic compartment. (b) Raster
plots in each of the activity regimes: spiking with no (i), sparse
(ii), or saturated (iii) dendritic activity, and runaway activity (iv).
(c) Mean-field equilibrium phase diagram in the (ES, ED ) plane.
(β, J ) = (2, 1/4). Gray region: soma and dendrite are quiescent,
labeled (Q,Q). Yellow region: soma and dendrite both active. (A,A):
soma and dendrite are active with sparse dendritic spikes (not every
somatic event triggers a dendritic spike). (A, Sat.): the dendritic rate
is saturated (every somatic event triggers a dendritic spike). Blue
region: soma is active and dendrite is quiescent (A,Q). (d) Mean-field
equilibrium phase diagram in the (ED, JS ) plane. (β, ES ) = 2, 1/10).
Colors as in (c). White region: no stable fixed point. (e), (f) Rates
along the gray dashed lines in (b), (c). Dots: simulation. Curves:
mean-field prediction [Eq. (10); Table IV].

equations

〈ṅS〉 = 	ES + J〈ṅS〉 + βJ〈ṅD〉
+

〈ṅD〉 = 〈ṅS〉[ED]1
+. (10)

Since recurrent connectivity does not target the dendrite, 〈ṅD〉
can be directly substituted into the somatic rate to yield

a one-dimensional mean-field theory, which has the form
of a single-compartment network with rescaled connectivity,
J + βJ[ED]1

+. We list the solutions to this mean-field equa-
tion and their existence and stability conditions in Table IV
(Appendix D).

There are three types of mean-field fixed point, each
representing a regime of macroscopic population activity
[Figs. 2(b)–2(d)]. First, there is a stable silent state (〈ṅS〉 =
〈ṅD〉 = 0), which exists if the somatic input is below threshold
[Fig. 2(c), gray region]. There can be somatic spiking without
dendritic calcium spikes if the external drive to the soma is
above threshold, the dendrite is below threshold, and recur-
rent excitation is not too strong [Figs. 2(b)i; 2(c), 2(d), blue
region]. There can be activity with dendritic calcium spikes if
the external drive to both soma and dendrite are above thresh-
old and recurrent excitation is not too strong [Figs. 2(b)ii; 2(c),
2(d) yellow region]. The dendritic rate saturates at 〈ṅS〉ED if
ED > 1; in this regime, every somatic spike triggers a den-
dritic calcium spike [Figs. 2(b)iii; 2(c), 2(d), black dashed].
In each of these regions, the mean-field theory of Eq. (10)
provides an accurate prediction of the firing rates [Fig. 2(e)].
Finally, if recurrent excitation is strong enough the activity can
diverge [Fig. 2(b)iv]. This occurs when J (1 + βg(ED)) > 1.
This instability can occur with ES > 0, in which case there is
no stable fixed point [Fig. 2(d), white region], or with ES < 0,
in which case there is a stable quiescent state in addition to
the unstable active state.

B. Dendrite-targeting connectivity

We next examine networks where recurrent synapses target
only the dendrite, setting JS = 0 in Eq. (8) [Fig. 3(a)]. This
yields the equilibrium mean-field equations

〈ṅS〉 = 	ES
+,

〈ṅD〉 = 〈ṅS〉[ED + J〈ṅS〉 + βJ〈ṅD〉]1
+. (11)

Since recurrent connectivity does not target the soma, 〈ṅS〉
can be directly substituted into the second equation to yield
a one-dimensional mean-field theory. In contrast to the model
with soma-targeting connectivity, this does not map directly
to a standard single-compartment model due to the somatic
gating of the dendritic activity. The solutions to Eq. (11) and
their existence and stability conditions are summarized in
Table V (Appendix D). Similarly to the network with somatic
synapses, there are three types of fixed point: a silent state,
spiking without dendritic activity, and spiking with dendritic
activity (either saturated or not) [the last shown in Fig. 3(b)].
The silent state exists so long as the somatic drive is below
threshold, and is always stable [Fig. 3(c), gray region]. Spik-
ing with silent dendrites requires the total dendritic input to
remain below threshold [Figs. 3(c)–3(d), blue region]. Spiking
with dendritic activity requires the total dendritic input to be
above threshold [Figs. 3(b)i; 3(c)–3(d), yellow region]. When
the total dendritic input brings the conditional dendritic spike
probability g to 1, the dendritic rate saturates [Figs. 3(c)–3(d),
dashed black line].

Finally, if the dendritic drive is dominated by recurrent
excitation rather than external input, there can be bista-
bility between spiking with and without dendritic activity
[Figs. 3(b)ii; 3(c)–3(d), green region]. In finite-size networks,
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FIG. 3. Dendrite-targeting recurrent connectivity. (a) Rendition
of recurrent synapses targeting the apical dendrite compartment.
(d) Raster plots in two of the activity regimes: spiking with sparse
bursting (i), and bistability between high and low dendritic rates
(ii). (c) Mean-field equilibrium phase diagram in the (ED, ES ) plane.
(β, J = 6, 1/10). Regions colored as in Fig. 2. Gray region: soma
and dendrite silent (Q,Q). Yellow region: soma and dendrite both
active (A,A), with the dendritic rate saturated above the dashed line
(A,Sat). Blue region: Soma active, dendrite quiescent (A,Q). Green
region: bistability between (A,Sat) and (A,Q) states. (d) Mean-field
phase diagram in the (ED, JD ) plane. (β, ES = 6, 1/2). Regions col-
ored as in (c). (e), (f) Rates along the gray dashed lines in (b), (c) .
Dots: simulation. Curves: mean-field prediction [Eq. (11); Table V].

this bistability correspond to stochastic metastability and we
observe spontaneous transitions between the two activity
states [Fig. 3(b)ii]. In the bistable regime, the two activity
states differ only in the dendritic rate and so cannot be dis-
tinguished by observing the somatic rate. This is because the
model does not explicitly record spikes after the first in a
dendritic calcium spike-induced burst. In real neurons, this
regime would thus correspond to bistability between bursting
and nonbursting states. In terms of the total equilibrium action
potential rate, this would appear to be high/low bistability. It
is, however, generated by a different mechanism than standard
up/down states [32,50–52].

The mean-field theory of Eq. (11) provides a quantitative
prediction of the firing rates in each of these states [Figs. 2(e)–

2(f)]. The main qualitative difference between the networks
with soma-targeting and dendrite-targeting synaptic connec-
tivity is that the former have an instability due to runaway
excitation, while in the latter there can be bistability between
activity with silent or vocal dendrites.

V. DENSITY FUNCTIONAL APPROACH
TO FLUCTUATIONS

Dendritic calcium spikes and somatic bursts can allow
neurons to multiplex their coding and are powerful drivers
of long-term synaptic plasticity [6,7,53–55]. The structure
of multiplex codes and the dynamics of synaptic plasticity
thus depend on correlations between somatic and dendritic
spikes. While dendritic nonlinearities were first hypothe-
sized to endow neurons with additional computational power
by compartmentalizing inputs, in vivo experiments showing
correlated somatic and dendritic activity call this compart-
mentalization into question [56,57].

To understand and predict correlations between somatic
and dendritic spikes, we study the joint density functional of
neurons’ spike trains (Appendix B). In the response variable
path integral formalism [58–61], that joint density is

p[ṅ] =
∫

Dñ exp −S[ṅ, ñ],

S[ṅ, ñ] = (ñS )T ṅS + (ñD)T ṅD − (
eñS − 1

)T
f [GS ∗ (ES

+ JS ∗ ṅS + βJS ∗ ṅD)] − (ṅS )T ln
{
1 + (

eñD − 1
)

× g[GD ∗ (ED + JD ∗ ṅS + βJD ∗ ṅD)]
}
, (12)

where xT y = ∫
dt
∑

i xi(t ) yi(t ). S is the action functional.
This density functional can be used to calculate cross cor-
relations between neurons’ somatic and dendritic spikes as
functions of the somatic and dendritic drive and coupling
matrices, similarly to single-compartment models [41]. Here,
we focus on the mean-field limit of this density functional. We
average over the quenched disorder of the synaptic connectiv-
ity (Appendix C) and take the classical mean-field 1/N scaling
for the synaptic weights. In the limit N → ∞, the density then
factorizes over neurons to yield an effective single-neuron
system governed by the action

S[ṅ, ñ] = (ñS )T ṅS + (ñD)T ṅD − (
eñS − 1

)
f [GS ∗ (ES

+ JS ∗ 〈ṅS〉 + βJS ∗ 〈ṅD〉)]

− (ṅS )T ln
{
1 + (

eñD − 1
)
g[GD ∗ (ED

+ JD ∗ 〈ṅS〉 + βJD ∗ 〈ṅD〉)]
}
. (13)

The connectivity matrices have been reduced to their mean
elements, JS and JD. Equation (13) describes a single neu-
ron receiving self-consistent somatic and dendritic inputs. It
can be viewed as a marked point process: the soma gener-
ates events as a Poisson process with intensity f [G ∗ (ES +
JS ∗ 〈ṅS〉 + βJS ∗ 〈ṅD〉)]. Each of those events is marked as
a dendritic calcium spike/burst with conditional probability
g[GD ∗ (ED + JD ∗ 〈ṅS〉 + βJD ∗ 〈ṅD〉)]. The corresponding
dendritic spike train is a doubly stochastic point process.
The intensities of the somatic and dendritic processes are
self-consistently determined by solutions to the mean-field
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equations. The action, Eq. (13), exposes the mean-field equa-
tions of the previous sections and all joint statistics of the
somatic and dendritic spike trains within a typical neuron.
In Appendixes C 1, C 2 we present a set of graphical rules
(Feynman rules) for calculating those statistics.

In the mean-field limit, the somatic event train is a Poisson
process and its autocovariance function is

〈〈ṅS (t ) ṅS (t ′)〉〉 = δ(t − t ′) 〈ṅS (t )〉. (14)

Similarly, in the mean-field limit the dendritic spike train is
a doubly stochastic Poisson process and its autocovariance
function is

〈〈ṅD(t ) ṅD(t ′)〉〉 = δ(t − t ′) g(t )〈ṅS (t )〉, (15)

with g(t )≡g[GD ∗ (ED + JD ∗ 〈ṅS〉+ βJD ∗ 〈ṅD〉)(t )]. Finally,
the mean-field limit of the cross covariance of spikes and
bursts within a neuron is

〈〈ṅS (t ) ṅD(t ′)〉〉 = δ(t − t ′)g(t ′)〈ṅS (t )〉. (16)

These predictions match well simulations of sparsely con-
nected networks of 100 neurons (Fig. 4).

VI. EXCITATORY-INHIBITORY NETWORKS

Inhibitory neurons in the cerebral cortex can be divided
into three main types, based on their expression of the proteins
parvalbumin (PV), somatostatin (SOM) and 5-HT3A receptor
[19]. SOM and PV cells provide most of the inhibition onto
pyramidal cells. Most SOM interneurons are anatomically
classified as Martinotti cells, which preferentially target the
apical dendrites of pyramidal neurons. Most PV cells are
anatomically classified as basket cells, which preferentially
target the cell body and proximal dendrites of pyramidal cells.
We next investigate how these different types of inhibition
regulate collective somatic and dendritic activity in recurrent
excitatory-inhibitory networks. We model the inhibitory neu-
rons with a single isopotential compartment, without dendritic
calcium spikes.

A. Dendrite-targeting inhibition

We first examine recurrent networks with SOM inhibitory
cells, where both excitatory and inhibitory synapses on
pyramidal cells occur on their apical dendrite compartment
[Fig. 5(a)]. We expect that the inhibitory population may exert
direct control over the dendritic activity. To determine how, we
study the population rates of somatic, dendritic, and inhibitory
spikes.

We take symmetric output connectivity: JEE = JIE ≡ JE

and JEI = JII ≡ JI . We take JE and JI to be both non-negative.
For threshold-linear fE , fI and piecewise-linear g [Eq. (6)],
the equilibrium mean-field equations are〈

ṅS
E

〉 = 	ES
+〈
ṅD

E

〉 = 〈
ṅS

E

〉[
ED + JE

〈
ṅS

E

〉+ βJE
〈
ṅD

E

〉− JI〈ṅI〉
]1

+
〈ṅI〉 = ⌊

EI + JE
〈
ṅS

E

〉+ βJE
〈
ṅS

E

〉− JI〈ṅI〉
⌋

+,

(17)

a two-dimensional piecewise-polynomial system for the den-
dritic and inhibitory rates. We summarize the equilibrium
solutions to these mean-field equations for threshold-linear

FIG. 4. Spike and burst covariances in the mean-field limit.
(a) Left column: soma-targeting synapses, parameters (ES, J, β ) =
(.1, .25, 2). Right column: Dendrite-targeting synapses, parameters
(ES, J, β ) = (.5, .1, 6). (b)–(d) Soma-soma (b), dendrite-dendrite
(c), and soma-dendrite (d) covariances. Black dots: simulations
(N = 100). Solid lines: theoretical predictions, Eqs. (14)–(16) with
the relevant mean-field rates inserted. Colors correspond to those in
Figs. 2, 3.

f , g, h, and their existence and stability conditions, in
Table VI (Appendix D). We observe eight types of equilib-
rium:

(i) a silent state,
(ii) inhibitory activity alone,
(iii)–(v) pyramidal activity alone with no (iii), sparse (iv),

or saturated (v) dendritic activity,
(vi)–(viii) pyramidal and inhibitory activity with no (vi),

sparse (vii), or saturated (viii) pyramidal dendritic activity.
We observe metastability between activity with silent or

active dendrites, which can occur either with or without SOM
activity [Figs. 5(b)i vs 5(b)ii]. This metastability is predicted
by bistable regions in the mean-field phase diagram, which we
now describe.

If ES and EI are both nonpositive there is a quiescent
state (i), and if ES � 0 but EI > 0 there is SOM activity
alone (ii). When ES is positive, our analysis of the mean-field
fixed points reveals three characteristic types of phase diagram
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FIG. 5. Networks with SOM inhibition. (a) Rendition of thick-tufted layer-5 pyramidal cells and SOM inhibitory cells. (b) Raster plots
in two activity regimes: (i) bistability between full activity and pyramidal soma-only activity, and (ii) bistability between activity with or
without pyramidal dendritic spikes. (c)–(e) Slices of the mean-field equilibrium phase diagram in the (ED, EI ) plane. Yellow region: somatic
and dendritic activity in pyramidal cells, quiescent SOM cells, (A,A,Q). Blue region: somatic activity in pyramidal cells only (A,Q,Q). Green
region: bistability between (A,A,Q) and (A,Q,Q). The dendritic rate may be saturated or unsaturated depending on the parameters. Light
purple region: somatic and dendritic activity in pyramidal cells with SOM activity (A,A,A). Dark purple region: bistability between (A,Q,Q)
and (A,A,A). Red region: Somatic activity in pyramidal cells and SOM activity, no pyramidal dendritic activity. Dashed line: saturation of
the dendritic rate above the dashed line. Dotted lines: (EI , ES ) values for (f) [(c)] and (g) [(d)]. (c) ES = 0.2. Dotted line: (EI , ES ) values
for (g). (d) ES = 0.43. (e) ES = 1. (f) Rates versus pyramidal dendritic depolarization, ED. (ES, EI ) = (0.2, −0.5). The x ticks are ED

1 =
−(EI + JE ES )(1 − βJE ES )/(βJE ES ) − JE ES and ED

2 = 1 + (JI EI − JE ES (1 + β ))/(1 + JI ). (g) Rates vs SOM depolarization. (ES, ED ) =
(0.43, −0.4). (h) Rates vs pyramidal somatic depolarization, ES . (ED, EI ) = (−0.9, −0.8). In panels (c)–(h), (JE , JI , β ) = (3/4, 3/4, 4).

in the EI , ED plane, depending on the relative strengths of
bursting excitation βJE and inhibition JI [Figs. 5(c)–5(e)].

First, if burst-driven excitation is weak (βJE < 1/ES , or
equivalently βJE ES < 1) the phase diagram includes pyrami-
dal activity with no, sparse, or saturated dendritic activity and
no inhibitory activity [(iii)–(v); Figs. 5(c), 5(f); blue, yellow]
and full network activity with no, sparse, or saturated dendritic

activity [(vi)–(viii); Figs. 5(c), 5(f); purple, red]. In this case,
there is no bistability.

If burst-driven excitation is strong enough (1 < βJE ES),
two regions of bistability emerge in the phase diagram
[Figs. 5(d)–5(e)]. The first region has bistability between
pyramidal-only activity with silent or active dendrites [with
quiescent inhibitory cells in both states; Figs. 5(d), green
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region; 5(g), yellow/blue]. This region requires sufficiently
negative input to the inhibitory cells EI ; it corresponds to
the bistable region observed in the single-population network
(Fig. 3).

As the inhibitory drive EI increases, we move into a second
region of bistability between pyramidal-only activity with
silent dendrites and full network activity [Figs. 5(d)–5(e),
dark purple region]. In the fully active state, the pyramidal
dendrites’ rate is initially saturated, with every somatic event
triggering a dendritic calcium spike, and stimulating the in-
hibitory cells does not affect the pyramidal rates [Fig. 5(g),
purple]. As the inhibitory drive increases further, the network
moves into a regime with sparse dendritic activity. In this re-
gion, stimulation of the inhibitory cells paradoxically reduces
their firing rate [Fig. 5(g)iii, purple]. Here, the paradoxical
reduction of inhibitory rates comes with a decrease in the
pyramidal cells’ dendritic rate but does not affect their so-
matic event rate [Figs. 5(g)i–5(g)ii]. If the inhibitory drive is
sufficiently strong, inhibition silences the pyramidal dendrites
[Fig. 5(d), red region; 5(g), red].

When burst-driven excitation is intermediate (1 < βJE ES <

1 + JI ), the second bistable region may feature sparse or
saturated dendritic activity. As burst-driven excitation be-
comes stronger, the dendritic saturation boundary [Fig. 5(d),
dashed line] meets the boundary between the regions with and
without dendritic activity [Fig. 5(d), boundary between dark
purple and blue regions]. After this, the second bistable region
always features saturated dendritic activity [Figs. 5(e), dark
purple region; 5(h), purple].

In summary, dendrite-targeting recurrent inhibition al-
lows for a variety of stationary activity regimes, including
bistability between states with silent or active dendrites.
The inhibitory cells can control the strength of recurrent
dendrite-dependent burst-driven excitation, including silenc-
ing the dendrite. The bistable regions we uncover in the
mean-field theory describe metastable active states in finite-
size networks [Fig. 5(b)]. Finally, we found a paradoxical
response to inhibitory stimulation that appears in the dendritic
rate without affecting the somatic event rate (because all re-
current inputs target the dendrite).

B. Soma-targeting inhibition

We next examine PV inhibition, targeting the pyramidal
cells’ somatic compartment [Fig. 6(a)]. Similarly as for the
network with SOM interneurons, we assume symmetric mean
output synaptic weights for each population and threshold-
linear intensity functions to obtain the equilibrium mean-field
equations〈

ṅS
E

〉 = 	ES − JI〈ṅI〉
+

〈
ṅD

E

〉 = 〈
ṅS

E

〉[
ED + JE

〈
ṅS

E

〉+ βJE
〈
ṅD

E

〉]1

+

〈ṅI〉 = ⌊
EI + JE

〈
ṅS

E

〉+ βJE
〈
ṅD

E

〉− JI〈ṅI〉
⌋

+.

(18)

We list the solutions to this piecewise polynomial system
and their existence and stability conditions in Table VII
(Appendix D). There are the same eight types of equilibria as
listed previously for the pyramidal-SOM network, describing
stationary regimes of the spiking network. We also observe

metastability between these states, including between full net-
work activity and pyramidal-only activity without bursting
[Fig. 6(b)] and between full network activity with and without
bursting [Fig. 6(b)ii]. We next describe the various regions of
the mean-field phase diagram.

There is a quiescent regime if ES � 0 and EI � 0, and
PV-only activity if ES � 0 but EI > 0. When both ES

and EI are above threshold, our analysis of the mean-field
equations again reveals three characteristic types of phase
diagram in the EI , ED plane, depending on the relative
strengths of burst-related excitation and inhibitory feedback
[Figs. 6(c)–6(e)].

First, if dendrite-dependent burst-related excitation is weak
(βJE ES < 1), we can observe all types of active fixed point:
PV-only activity [(ii); Fig. 6(c), orange region], pyramidal-
only activity with no, sparse, or saturated dendritic activity
[(iii)–(v); Figs. 6(c), blue and yellow regions; 6(f), blue,
yellow], and pyramidal and PV activity with no, sparse, or
saturated pyramidal dendritic activity [(vi)–(viii); Figs. 6(c),
purple region; 6(f), purple; parameters show only the active
dendrite solutions].

When burst-driven excitation is intermediate (1 < βJE ES <
1+JI (1+JI )

1+JI
), two regions of bistability emerge [Figs. 6(d)–6(e)].

The first is bistability between pyramidal-only activity with
silent or active dendrites [Figs. 6(d), green region; 6(g), yel-
low/blue]. This region requires sufficiently negative input to
the inhibitory cells to shut them off, as in the network with
SOM inhibition.

As the inhibitory drive increases, that bistable region tran-
sitions into bistability between pyramidal-only activity with
silent dendrites and full network activity [Figs. 6(d), dark
purple region; 6(g), blue/purple]. As in the network with SOM
cells, in the fully active state the pyramidal dendritic rate is
initially saturated and increasing inhibitory drive suppresses
pyramidal activity. As the inhibitory drive increases further,
the network moves into a regime with sparse dendritic activity.
Here, a small increase in the inhibitory drive leads to a para-
doxical suppression of the inhibitory rate [Fig. 6(g)iii, purple].
This paradoxical reduction of the inhibitory rate comes with a
decrease in the pyramidal cells’ dendritic rate but an increase
in the somatic event rate [Figs. 6(g)i–6(g)ii, purple].

From that region of the phase diagram, a further increase
in the inhibitory drive reduces the pyramidal activity enough
that their dendritic input falls below threshold [Figs. 6(d), red
region; 6(g), red]. In contrast to the SOM network, further
increasing the inhibitory drive can also silence the pyrami-
dal cells’ somatic activity [Figs. 6(d), orange region; 6(g),
orange].

When burst-driven excitation is strong ( 1+JI (1+JI )
1+JI

<

βJE ES), a third bistable region emerges [Fig. 6(e), small dark
purple/red region in the middle of the phase diagram]. This
region features bistability between pyramidal somatic and PV
activity without dendritic activity [Fig. 6(h), red] and full
network activity [Fig. 6(h), purple].

In summary, the network with PV inhibition has the same
regions of fixed-point bistability as the SOM network does
and an additional region with bistability between pyramidal
and PV activity with silent or active pyramidal dendrites.
It also has a region of paradoxical response to inhibitory
stimulation. In the pyramidal-PV network the paradoxical
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FIG. 6. Networks with PV inhibition. (a) Rendition of thick-tufted layer-5 pyramidal cells and PV inhibitory cells. (b) Raster plots in two
activity regimes: (i) bistability between (1) sparse pyramidal dendrite and PV activity and (2) silent pyramidal dendrites and PV cells, and
(ii) bistability between (1) sparse pyramidal dendrite and PV activity and (2) silent pyramidal dendrites with PV activity. (c)–(e) Slices of the
mean-field equilibrium phase diagram in the (ED, EI ) plane. Yellow region: somatic and dendritic activity in pyramidal cells, quiescent PV cells
(A,A,Q). Blue region: somatic activity in pyramidal cells only (A,Q,Q). Green region: bistability between (A,A,Q) and (A,Q,Q). The dendritic
rate may be saturated, depending on parameters. Purple region: somatic and dendritic activity in pyramidal cells with PV activity (A,A,A). Dark
purple region: bistability between (A,Q,Q) and (A,A,A). Red region: Somatic activity in pyramidal cells and PV activity, no pyramidal dendritic
activity (A,Q,A). Orange region: PV activity alone, no pyramidal activity (Q,Q,A). Dashed line: saturation of the dendritic rate above the dashed
line. Dotted line: (EI , ES ) values for panel (f). (c) ES = 0.2. Dotted line: (EI , ES ) values for (f) [(c)] and (g) [(d)]. (d) ES = 0.43. (e) ES = 1. (f)
Rates versus pyramidal dendritic depolarization, ED. (ES, EI ) = (0.2,−0.5). The x ticks are ED

1 = −[EI/(JE ES ) + 1](1 − βJE ES )/β − JE ES

and ED
2 = 1 − JE (1 + β ){ES − JI [EI + JE ES (1 + β )]}/{1 + JI [1 + JE (1 + β )]}. (g) Rates vs PV depolarization. (ES, ED) = (0.43, −0.4). (h)

Rates vs pyramidal somatic depolarization, ES . (ED, EI ) = (−0.9, −0.8). In (c)–(h), (JE , JI , β ) = (3/4, 3/4, 4).

response to inhibitory stimulation features increased pyrami-
dal somatic activity, while in the pyramidal-SOM network the
pyramidal somatic activity is unaffected. In both networks,
the paradoxical response features reduced pyramidal dendritic
activity.

In the PV network, we also find a subcritical Hopf bifur-
cation of a full network-activity state. From the region where

the only stable fixed point is pyramidal somatic-only activity
[Fig. 7(a), light blue region], increasing the dendritic drive
ED leads to the appearance of an unstable state with full
network activity [Fig. 7(a), gray region], which then stabi-
lizes through a subcritical Hopf bifurcation [Fig. 7(a), black
line]. Numerically continuing the unstable limit cycle from
the bifurcation, we saw that it undergoes a fold to generate
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FIG. 7. Metastable oscillation networks with PV inhibition.
(a) Phase diagram in the EI , ED plane for (JE , JI , β, ES ) =
(3/4, 3/4, 8, 1), zoomed in around the location of the Hopf bifur-
cation. Here we show boundaries that involve the appearance of
unstable fixed points. Light blue region: Pyramidal-only activity with
silent dendrites is the only equilibrium and it is stable. Gray region:
stable pyramidal activity with silent dendrites, and unstable full net-
work activity. Purple region: Stable full network activity and stable
pyramidal-only activity with silent dendrites. Dashed gray line: the
pyramidal dendritic rate saturates above the dashed line. Black line:
Hopf bifurcation of the full network activity state. Gray line: appear-
ance of the full network activity state. Black dot: parameter for (b).
(b) Example simulation of the stochastic network. Top: raster plot.
Blue: pyramidal spikes. Orange: pyramidal bursts. Green: PV spikes.
(c) Simulation of the mean-field dynamics (top) and the stochastic
mean-field dynamics, Eq. (19) (bottom). (d) Transition times from
the limit cycle to the fixed point in the stochastic mean-field dynam-
ics. Error bars: standard error of the mean. Example raster plot at the
parameter value marked with a black dot in (a).

a region of tristability between two fixed points and a limit
cycle (not shown). Simulating the stochastic spiking network
in this region, we observed that initial conditions on the stable
limit cycle quickly transitioned to the stationary state with
pyramidal somatic activity [Fig. 7(b)].

Integrating the mean-field voltage dynamics confirmed the
presence of a stable limit cycle [Fig. 7(c), top]. Since the
mean-field theory is exact in the limit N → ∞, the transitions
are driven by finite-size fluctuations in the synaptic field. To
characterize these transitions, we examine a heuristic finite-
size mean-field theory for the PV network:

v̇S
E = −vS

E + ES
E − JI	vI
+ + ξ S

E√
N

v̇D
E = −vD

E + ED
E + JE

⌊
vS

E

⌋
+ + βJE

[
vD

E

]1

+ + ξD
E√
N

(19)

v̇I = −vE + EI + JE
⌊
vS

E

⌋
+ + βJE

[
vD

E

]1

+ − JI	vI
+ + ξI√
N

,

where ξ are zero-mean, uncorrelated, white Gaussian pro-
cesses. The 1/

√
N scaling of the finite-size fluctuations is

inherited from the 1/N scaling of the synaptic weights. These
dynamics neglect temporal correlation of the fluctuations and
their potential correlation across pyramidal compartments or
pyramidal and PV cells. Despite this simplification, these
dynamics display similar transitions from the stable limit cy-
cle to the pyramidal soma-only fixed point as in the spiking
network [Fig. 7(c), bottom]. We then calculated the lifetime
of the limit cycle in Eq. (19) for increasing network size, N
[Fig. 7(d)]. The mean lifetime of the limit cycle was less than
ten time units for N � 104. Long persistence in the limit cycle
required very large networks of 105 or more neurons. This
suggests that in the (vS, vD, vI ) phase space, the limit cycle
lies very near a transition path to that one stable fixed point so
that even small fluctuations can destabilize the orbit.

VII. DISCUSSION

Here, we developed a statistical field-theoretic approach
to multicompartmental neuron models with stochastic spike
emission. We applied it to recurrent networks with den-
dritic calcium spike-dependent bursting, using a single-neuron
model developed in Ref. [6]. We examined the impact of the
compartmental targeting of excitatory and inhibitory synapses
on the networks’ mean-field equilibrium phase diagrams.

In our recurrent model networks, the interaction between
the soma and dendrite allows network activity with no, sparse,
or saturated dendritic calcium spikes and bistability between
activity with silent or active dendrites. With recurrent SOM
inhibition targeting pyramidal dendrites, there was also bista-
bility between full network activity and pyramidal soma-only
activity. Long-term plasticity of SOM inhibition can, in a
similar model, bring the network into the sparse dendritic
activity state [62].

Recurrent PV inhibition targeting pyramidal somata could
silence the pyramidal cells fully, while the SOM inhibition
could only silence their dendrites. Recurrent PV inhibition
also generated a subcritical Hopf bifurcation of the fully active
state and a corresponding region of tristability between a
fully active stationary state, stationary pyramidal soma-only
activity, and a limit cycle involving the pyramidal somatic and
dendritic and inhibitory activity. However, for the parameter
values we explored that limit cycle had short lifetimes due to
finite-size fluctuations in the net synaptic input. A rigorous,
rather than heuristic, finite-size theory could expose explicit
predictions for those transition rates [63–65]. Some single-
compartment models with Hodgkin-Huxley style dynamics
can display both spiking and bursting behavior [66,67]. In
single-compartment models, however, it may be difficult to
disentangle the impact of inhibitory inputs from different cell
classes targeting the soma (PV inhibition) vs apical dendrite
(SOM inhibition).

In networks with either PV or SOM inhibition, we ob-
served a regime of paradoxical reduction of inhibitory rates
after stimulation of inhibitory cells [68]. These paradoxical
responses have been widely observed in the mouse cortex
[69]. In the classic excitatory/inhibitory model, that paradox-
ical reduction of inhibitory rates after inhibitory stabilization
is due to a loss of recurrent excitation; excitatory rates are
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also reduced. Here, we saw that paradoxical reductions in
inhibitory activity after inhibition stimulation can come with
either unchanged (SOM network) or increased (PV network)
pyramidal firing rates. In both cases, the paradoxical response
still involved a reduction of pyramidal dendritic activity. In
single-compartment networks with PV and SOM cells, the
paradoxical response involves a reduction in the net inhibitory
input to pyramidal cells [70]. The dynamics of inhibitory sta-
bilization in compartmental networks with multiple inhibitory
and excitatory cell types remain to be analyzed.

A variety of other important neuron types also generate
somatic or dendritic calcium spikes. These include thalamic
relay neurons, cerebellar Purkinje cells, and layer 2/3 and hip-
pocampal pyramidal cells [8–16]. The methods we developed
here may be useful in analyzing the cellular and circuit mech-
anisms of thalamocortical sensorimotor processing, cerebellar
motor control, and hippocampal spatial and relational process-
ing and memory dynamics.

Limitations and future directions

The field-theoretic approach provides exposes a variety of
other questions about networks of compartmental neurons to
analytical treatment. It provides convenient graphical algo-
rithms for computing joint statistics of identified neurons’
activity outside of the large-N limit [41]. It exposes methods
for understanding the statistics of activity even in the absence
of a deterministic mean-field limit, for example in the cases
of correlated external inputs or strong coupling (Ji j ∼ 1/

√
N)

[28]. Finally, the action functional is closely related to the
large deviations rate function, exposing predictions for the
rates of rare extreme fluctuations and transitions between
metastable states [71].

Here, we analyzed a highly simplified model of thick-
tufted layer-5 pyramidal cells. This model assumed lin-
ear subthreshold voltage dynamics, electrotonically isolated
compartments, current-based synaptic interactions, and a
piecewise-linear maps from the somatic and dendritic volt-
ages to spike probabilities. Nonlinear voltage-rate intensity
functions can generate additional qualitative dynamics [36].
This model could also be extended by including current
or conductance-based interactions between the somatic and
dendritic compartments, as increases in dendritic calcium
concentrations can shape somatic responses even without a
dendritic calcium spike [72]). The model we studied as-
sumes that dendritic calcium spikes are only generated by
backpropagating action potentials [Eq. (2)]. In more detailed
biophysical models and in vitro, sufficiently strong dendritic
stimulation can also trigger calcium spikes, although it is not
clear whether typically occurs in vivo [56,73–75]. Despite the
model’s simplicity, our mean-field theory uncovered a vari-
ety of macroscopic dynamics. It remains to be seen whether
these predictions are accurate with more detailed single-cell
models.

Spiking neurons can exhibit mean-driven and fluctuation-
driven regimes of activity, depending on whether the mean
voltage is above or below the spike threshold [76]. Here,
we employed the classical mean-field scaling of the synap-
tic weights (Jbc

i j ∼ 1/N ) so that in the large-N limit, the net
synaptic drive concentrates around a constant and the activity

is mean driven. Neurons with active dendrites can exhibit two
types of fluctuation-driven activity, depending on whether the
dendrite is mean driven or fluctuation driven [77]. The field-
theoretical formulation can be straightforwardly extended to
networks with fluctuation-driven activity, either due to exter-
nal inputs or strong coupling [28].

We examined excitatory-inhibitory networks with exci-
tatory synapses targeting the apical dendrite. Long-range
cortical projections of thick-tufted layer-5 pyramidal cells
target both layer 5 and the superficial layers, and thus could
potentially provide both forms of input. Synapses between
nearby thick-tufted layer-5 pyramidal cells in the juvenile
rat target both their basal and apical dendrites, with a bias
towards the basal dendrites [78,79]. The majority of their
local synapses are, however, onto inhibitory neurons [80]. The
excitatory-inhibitory network models studied here could thus
serve a preliminary examination of the homogenous equilibria
of networks with local inhibitory connectivity and long-range
excitation. The methods we developed here can be directly ap-
plied to networks including multiple pyramidal and inhibitory
cell types; how the relative spatial profiles of their projections
to, and inputs from, different inhibitory and excitatory cell
types and different compartments affects pattern formation
remains an interesting open question.

Thick-tufted layer-5 pyramidal neurons can also generate
other types of action potential in their dendrites, including
NMDA spikes in the basal and apical tuft dendrites [4,81–83].
The methods developed here can be applied to models with
finer dendritic compartmentalizations to study the interaction
of different types of dendritic spike.

Finally, calcium is an important signal for long-term synap-
tic plasticity [84–86]. Dendritic calcium spikes drive synaptic
plasticity in pyramidal cells during learning [53–55]. Here,
we analyzed the mean within-neuron somatic/dendritic spike
correlations in the large-N limit. These methods could also
be used to calculate the correlation between different neurons
in finite-size networks, and thus to predict synaptic plasticity
driven by dendritic calcium spikes.
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APPENDIX A: MODEL

We describe our model in discrete time first, before taking
a continuous-time limit. We consider a network of N neurons,
the first NE of which are pyramidal cells and the remainder
inhibitory cells. Each neuron i has a set of compartments, Ci.
vb

i,t is the membrane voltage of compartment b in neuron i at
time t . The neuron may generate different types of spike. Let
nc

j,t be the number of spikes of type c emitted by neuron j up
to time t and dnc

j,t the associated increments: the neuron emits
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TABLE I. Model variables.

Variable/Term Interpretation

vb
i,t membrane potential of compartment b

of neuron i at time step t
τ b

i membrane potential time constant
of compartment b of neuron i

Eb
i external input/depolarization/excitability/

leak/reversal potential of compartment b
of neuron i

N total number of neurons
T total number of time steps
Jbc

i j,s impact of activity of type c in neuron j on the
membrane voltage in compartment b
of neuron i at time lag s · dt

dnc
i,t ∈ {0, 1} action potential of type c generated by neuron i

at time step t
f
(
vS

i,t

)
intensity function for somatic spike generation

of cell i at time step t
g
(
vD

i,t

)
probability that a somatic spike in neuron i

at time t triggers a dendritic calcium spike

dnc
j,t ∈ {0, 1} spikes of type c of neuron j at time t . We assume

that each compartment generates one type of action potential.
Here, we assume the membrane voltages evolve according to:

vb
i,t+1 = vb

i,t + dt

τ b
i

⎛
⎝Eb

i − vb
i,t +

N∑
j=1

∑
c∈Cj

T −1∑
s=1

Jbc
i j,s dnc

j,t−s

⎞
⎠.

(A1)

In the above equations, Eb are the leak reversal potentials
(and/or external drives) of compartment b in neuron i. The

last term in Eq. (A1) models the input to compartment b due
to presynaptic activity of type c. Jbc

i j contain the weighted
synaptic filters for compartment b of neuron i, in response to
inputs of type c in neuron j.

Here, we study pyramidal neurons with somatic and apical
dendrite compartments (Ci = {S, D}) and inhibitory neurons
with a somatic compartment (C = {S}). We introduce the
model for the pyramidal neurons; the inhibitory neurons fol-
low the same construction without the dendritic compartment.

The spike increments dnc
j,t are generated as conditionally

Bernoulli random variables. The pyramidal cells generate so-
matic events dnS

i,t with event probability f (vS
i,t ) dt , where vS

i,t
is the somatic membrane voltage. Each somatic event mod-
els a Na+/K+ action potential. One of these somatic events
may trigger a dendritic calcium spike. These are also gener-
ated as conditionally Bernoulli random variables with success
probability dnS

i,t g(vD
i,t ), where vD

i,t is the dendritic membrane
voltage. The function g(vD

i,t ) determines the probability that a
somatic action potential will trigger a dendritic calcium spike.

As described in the main text, we assume that each den-
dritic calcium spike triggers a stereotyped burst of somatic
Na+/K+ action potentials. This is why we call dnS the so-
matic events, rather than somatic spikes. A dendritic calcium
spike/burst has (dnS

i,t , dnD
i,t ) = (1, 1) while an isolated so-

matic spike has (dnS
i,t , dnD

i,t ) = (1, 0). We will employ pulse
coupling such that Ji j,s = Ji jδs,1, but present our derivations
with general synaptic filters.

APPENDIX B: JOINT PROBABILITY DENSITY
FUNCTIONAL OF VOLTAGE AND ACTIVITY

We write the conditional joint probability density function
of the membrane potentials and activity as

p(v, dn | J,χ) =
T −1∏
t=0

i=N∏
i=1

∏
b∈Ci

δ
(
dnb

i,t − χb
i,t

)
δ

⎛
⎝vb

i,t+1 −
⎡
⎣vb

i,t + dt

τ b

⎛
⎝Eb

i − vb
i,t +

N∑
j=1

∑
c∈Cj

T −1∑
s=1

Jbc
i j,s dnc

j,t−s

⎞
⎠
⎤
⎦
⎞
⎠, (B1)

where Ci is the set of compartment indices associated with neuron i: Ci = {S, D} for i = 1, . . . , NE and Ci = {S} for i =
NE + 1, . . . , N . χS

i,t and χD
i,t are Bernoulli random variables with success probabilities f (vS

i,t ) dt and dnS
i,t g(vD

i,t ), respectively.
Introducing the Fourier representation of those delta functions yields

p(v, dn | J,χ) =
∫

Dṽ
∫

Dñ exp [−S(v, dn, ṽ, ñ,χ)],

S(v, dn, ṽ, ñ,χ) =
t=T∑
t=0

N∑
i=1

∑
b∈Ci

ñb
i,t

(
dnb

i,t − χb
i,t

)+ ṽb
i,t

⎛
⎝vb

i,t+1 −
⎡
⎣vb

i,t + dt

τ b
i

⎛
⎝Eb

i − vb
i,t +

N∑
j=1

∑
c∈Cj

T −1∑
s=1

Jbc
i j,s dnc

j,t−s

⎞
⎠
⎤
⎦
⎞
⎠, (B2)

where Dṽ = ∏T −1
t=0

∏i=N
i=1

∏
b∈Ci

d ṽi,t

2π i and similarly for Dñ, and the negative exponent, S, is called the action. The integrals over
the response variables, ṽb

i,t and ñb
i,t , are along the imaginary axis. We marginalize over the auxiliary noise variables χ. Since the

action is linear in χ, this introduces the cumulant generating functions of χ into the action:

p(v, dn | J ) =
∫

Dṽ
∫

Dñ exp [−S(v, dn, ṽ, ñ)],

S(v, dn, ṽ, ñ) =
t=T∑
t=0

N∑
i=1

∑
b∈Ci

ñb
i,t dnb

i,t − Wb
(
ñb

i,t

)+ ṽb
i,t

⎡
⎣vb

i,t+1 −
⎛
⎝vb

i,t + dt

τ b
i

⎛
⎝Eb

i − vb
i,t +

N∑
j=1

∑
c∈Cj

T −1∑
s=1

Jbc
i j,s dnc

j,t−s

⎞
⎠
⎞
⎠
⎤
⎦, (B3)
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where Wb(ñb
i,t ) = ln〈exp ñb

i,t 〉χb . Since the spikes and bursts are Bernoulli,

WS
(
ñS

i,t

) = ln
[
1 + f

(
vS

i,t

)
dt
(
eñS

i,t − 1
)]

(B4)

WD
(
ñD

i,t

) = ln
[
1 + dnS

i,t

(
eñD

i,t − 1
)
g
(
vD

i,t

)]
= dnS

i,t ln
[
1 + (

eñD
i,t − 1

)
g
(
vD

i,t

)]
. (B5)

We take the continuous time limit, dt → 0 and T → ∞ with their product fixed, and expand WS around one to obtain

p[v, ṅ|J] =
∫

Dṽ
∫

Dñ exp (−S[v, ṅ, ṽ, ñ, J]),

S[v, ṅ, ṽ, ñ, J] =
∫

dt
N∑

i=1

∑
b∈Ci

ñb
i (t )ṅb

i (t ) − δbS
(
eñS

i (t ) − 1
)

f
(
vS

i (t )
)− δbD ṅS

i (t ) ln
[
1 + (

eñD
i (t ) − 1

)
g
(
vD

i (t )
)]

+ ṽb
i (t )

⎡
⎣v̇b

i (t ) − 1

τ b

⎛
⎝Eb

i − vb
i (t ) +

N∑
j=1

∑
c∈Cj

Jbc
i j ∗ ṅc

j (t )

⎞
⎠
⎤
⎦, (B6)

where Dṽ = limT →∞ Dṽ, similarly for Dñ, and ẋ = dx/dt .
With the functional inner product xT y = ∫

dt
∑

i

∑
c∈Ci

xc
i (t )yc

i (t ), and similarly for the inner product of vector-valued
functions of time, we write this in condensed notation as

S[v, ṅ, ṽ, ñ, J] = ñT ṅ − W [ñ; μ(v)]

+ ṽT (τv̇ + v − E − J ∗ ṅ),

W [ñ; μ(v)] = (
eñS − 1

)T
f (vS )

+ (ṅS )T ln
[
1 + (

eñD − 1
)
g(vD)

]
, (B7)

where μS
i (t ) = f (vS

i (t )), and μD
i (t ) = g(vD

i (t )).

APPENDIX C: LARGE-N LIMIT AND AVERAGE
OVER THE QUENCHED DISORDER

To obtain a reduced, lower-dimensional description of the
collective activity in large networks, we marginalize out the
synaptic weights from the density functional. This assumes
that the system is self-averaging with respect to the connec-
tivity: that the average over realizations of J will give us an
accurate description of a single large system.

p[v, ṅ] =
∫

DJ p(J) p[v, ṅ|J]

=
∫

Dṽ
∫

Dñ exp(−{ñT ṅ − W [ñ; μ(v)]

+ ṽT (v̇ + v − E)})
∫

DJ p(J) eṽT J∗ṅ

=
∫

Dṽ
∫

Dñ exp(−{ñT ṅ − W [ñ; μ(v)]

+ ṽT (v̇ + v − E) − WJ (ṽṅ)}) (C1)

so that a cumulant generating function of the synaptic weights
appears in the action. We then consider the limit of a large
network, taking N → ∞. We assume that the elements of Jbc

are drawn from a distribution with mean of order 1/N and
negligible higher cumulants. (For example, if the connection
probability is order 1 and J ∼ 1/N , the nth cumulant of Jbc

i j

scales as N−n, so we can truncate WJ at first order when taking
the large network limit.) The synaptic connectivity matrix is
then effectively replaced with its first cumulant.

Here, we endow the mean connectivity with a block struc-
ture reflecting the connectivity between neuron types. That
connectivity may depend on the postsynaptic compartment
type and presynaptic activity type. We assume that the neurons
are divided into M types, with Nm neurons of type m. Each
neuron type m has a common set of action potential types
Cm, so that the net synaptic field onto compartment b of any
neuron can be organized as

M∑
m=1

∑
c∈Cm

Jbc
km

Nm

Nm∑
j=1

ṅc
j, (C2)

where Jbc
km/Nm is the mean strength of activity type c in neuron

type m onto compartment b of neurons of type k.
In the limit of a large network, with the number of cell

types fixed, the sample mean in Eq. (C2) concentrates around
the population mean of each activity type c, 〈ṅc〉, and the den-
sity factorizes into that of N independent neurons, with those
of each type receiving the same mean-field input. This can
be seen through a standard auxiliary-field calculation for the
partition functional Z = ∫

Dv
∫
Dṅ p[v, ṅ], which we now

outline [88].
Let Rbc

km = Jbc
km

Nm

∑Nm
j=1 ṅc

j . We enforce this by integrating Z

against
∏

k,m,b,c δ(NmRkm − Jbc
km

∑Nm
j=1 ṅc

j ). This leads to a gen-
erating functional for the auxiliary fields:

Z =
∫

DR
∫

DR̃

× exp

⎛
⎝∑

k,b

−Nk
(
R̃b

k

)T
Rb

k +
Nk∑

i=1

ln Zi[R, R̃]

⎞
⎠

Zi[R, R̃] =
∫

Dvi

∫
Dṽi

∫
Dṅi

∫
Dñi exp(−{ñT ṅ

− W [ñ; μ(v)]+ṽT (v̇+v−E−R) − R̃T (J ∗ ṅ)}).

(C3)
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Note that within each cell type, the generating functional
for the neural dynamics factorizes over the neurons. So,
we drop the neuron index i and write

∑Nk
i=1 ln Zi[R, R̃] =

Nk ln Zk[R, R̃]. For large N , we make a saddle-point ap-
proximation for the integrals over the auxiliary fields. The
saddle-point equations are

0 = −NkRbc
km + Nk

∂ ln Zk[R, R̃]

∂R̃ab
km

0 = −NkR̃bc
km + Nk

∂ ln Zk[R, R̃]

∂Rab
km

(C4)

so that in the limit of large N ,

Rbc
km = Jbc

km

〈
ṅc

m

〉
R̃bc

km = 〈
ṽc

k

〉
(C5)

and in a stationary regime, 〈ṽc
k〉 = 0 [88]. Here, 〈ṅc

m〉 is the
population-averaged rate of activity type c in neurons of type
m. The disorder average and saddle-point approximation make
the concentration of the synaptic input explicit. This yields the
reduced joint density of the typical neuron’s voltages in the
somatic and dendritic compartments and spike trains:

S[v, ṅ, ṽ, ñ] = ñT ṅ − W [ñ; μ(v)]

+ ṽT (v̇ + v − E − J ∗ 〈ṅ〉), (C6)

where now the inner products involve sums over neuron types
instead of neurons. If there are M types, each with |Cm|
compartments, the mean-field variables have dimensionality∑M

t=1 |Cm|. Equation (13) is a simplified form of this for one
cell type.

1. Mean-field expansion for the activity

We marginalize out the membrane potentials to obtain the
mean-field limit of the density functional of the activity:

p[ṅ] =
∫

Dñ exp(−S[ṅ, ñ]),

S[ṅ, ñ] = ñT ṅ − W[ñ; μ(G ∗ (E + J ∗ 〈ṅ〉))]. (C7)

We expand the activity around a background field:
ṅ = ṅ∗ + δṅ. Here, we give the expansion for a network with
one neuron type. The free and interacting actions for the
expansion around the mean-field theory are

S0 = ñT δṅ − (ñD)T gδṅS

SV = −
∞∑

p=2

(
(ñS )p

p!

)T

f

−

⎡
⎢⎢⎣

∞∑
q=1

−1q+1

q

⎛
⎜⎜⎝

∞∑
p=1

p=q=1

(ñD)p

p!
g

⎞
⎟⎟⎠

q⎤
⎥⎥⎦

T

((ṅS )∗ + δṅS ),

(C8)

where f := f ((G ∗ (E + J ∗ 〈ṅ〉))S ) and g := g((G ∗ (E +
J ∗ 〈ṅ〉))D). Note that, unlike the derivation of the free and in-
teracting components of the action in Sec. IV, the derivatives

TABLE II. Vertices corresponding to the interacting action, SV ,
in Eq. (C8). All vertices have a greater out degree than in degree.
Filled vertices are source vertices, and the open vertex is internal.
p and q are both positive integers. g is the dendritic nonlinearity
evaluated at the mean-field dendritic input as below Eq. (C8).

In-degree Out-degree
Vertex Factor (δnS, δnD) (ñS, ñD)

• f (0, 0) (p � 2, 0)
� (ṅS )∗

∑r
p,q=1
pq=r

(−1)q+1 (pq)!
q(p!)q gq (0, 0) (0, r � 2)

�
∑r

p,q=1
pq=r

(−1)q+1 (pq)!
q(p!)q gq (1, 0) (0, r � 2)

of the intensity functions f and g with respect to the activ-
ity variables in the population-averaged action vanish as the
intensity functions are functions of the population-averaged
activities 〈ṅ〉.

The mean-field approximation ṅ∗ ≈ 〈ṅ〉 is exact in the
large-N limit since all vertices in the action have greater out
degree than in degree (Table II). So without loss of generality,
we here take ṅ∗ = 〈ṅ〉. (If the mean-field approximation were
not the exact, then to enforce the constraint ṅ∗ = 〈ṅ〉 one
would make a Legendre transformation from the action S
to an effective action for the mean, yielding a hierarchy of
equations for 〈ṅ〉 [38,89,90].)

2. Feynman rules

Here we give the Feynman rules for an expansion around
the mean-field theory. These define a graphical algorithm for
computing arbitrary joint cumulants of the activity variables
ṅS, ṅD. The Feynman rules for this model are derived in the
standard way [37,41]. The main difference with our previous
works [38,41] is that there are two stochastic activity variables
in this model. The propagator determined by the free action of
Eq. (C8) is

�(t, s) =
(


SS (t, s), 
SD(t, s)

DS (t, s), 
DD(t, s)

)
=
(

1, 0
g, 1

)
δ(t − s).

(C9)

We denote its nonzero elements with the edges in Table III.
In the subscripts, the first item corresponds to the re-
sponding configuration variable and the second item to the
fluctuating source variable, i.e., 
SD = 〈δnSñD〉. The source
and internal vertices corresponding to the interacting ac-

TABLE III. Edges corresponding to the components of the prop-
agator from S0 in Eq. (C8). Each measures the linear response of
one configuration variable to a perturbation of another. For example,

DS measures the linear response of the dendritic rate to a somatic
fluctuation. g is the dendritic nonlinearity evaluated at the mean-field
dendritic input as below Eq. (C8).

Edge Propagator Factor


SS (t, s) δ(t − s)

DS (t, s) gδ(t − s)

DD(t, s) δ(t − s)
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tion are in Table II. To calculate the joint cumulant density
〈〈∏c

i=1 ṅS (ti )
∏d

j=1 ṅD(t j )〉〉:
(i) Place an external point for each of the c + d factors of

ṅS and ṅD. Each external point carries the corresponding time
variable.

(ii) Using the vertices and edges in Tables II and III,
construct all connected graphs such that each external point
has one incoming propagator edge. Each of these vertices
carries an internal time variable. The time arguments of each
propagator correspond to the vertices it links.

(iii) To evaluate a connected diagram, multiply the factors
of every edge and vertex together and integrate over all inter-
nal time variables.

(iv) Sum the contributions of all the connected diagrams
constructed in step (ii).

The vertices due to the dendritic spike/burst generation can
be thought of as having multiplicity. For the same total out
degree, there are multiple possible versions of those vertices
that may exist due to the nested expansion of the logarithm
and exponential in SV . For example, both (p, q) = (1, 2) and
(p, q) = (2, 1) give rise to source vertices with out degree
two. Rather than drawing these vertices separately, we sum
their contributions in the vertex factors of the burst vertices.

As an example, below is the calculation for the typical
burst-burst autocovariance in a stationary regime, using Feyn-
man diagrams.

〈〈ṅD(t )ṅD(t ′)〉〉 = +

=
∫


DS (t, s) 
DS (t ′, s) f (s) ds

+
∫


DD(t, s) 
DD(t ′, s) (ṅS )∗(s)

×
2∑

p,q=1

pq=2

(−1)q+1 (pq)!

q(p!)q
gq(s) ds

= g2δ(t − t ′) +
∑

(p,q)∈
{(1,2),(2,1)}

(−1)q+1

× (pq)!

q(p!)q
gq(ṅ∗)δ(t − t ′)

= g2 f δ(t − t ′) − g2(ṅS )∗δ(t − t ′)

+ g(ṅS )∗δ(t − t ′). (C10)

Using the fact that f = (ṅ∗)S then yields Eq. (15).

3. Stability

The mean-field limit exposes a very simple description of
the network’s activity: neurons spike as uncorrelated Poisson
processes with self-consistently determined rates [Eq. (C7)].
With recurrent coupling, the nonlinear interaction between
soma and dendrite can lead to multiple co-existing self-
consistent activity states. This description, however, does not
describe the stability of those states. To analyze the stability
of the mean-field fixed points, we turn to the equivalent mean-
field voltage dynamics. These are

〈
v̇c

α

〉 = Ec
α − 〈

vc
α

〉+∑
t

∑
d∈Ct

Jcd
αt ∗ 〈ṅd

t

〉
, (C11)

which can be derived by marginalizing out the activity vari-
ables from Eq. (C6). Stationary regimes of the network
correspond equivalently to equilibria of Eq. (C11) or solutions
of the equilibrium mean-field rate equations described in the
main text. The maximum real part of the eigenvalues of the
Jacobian of Eq. (C11) around its equilibria describe stability
of those stationary regimes in the large-N limit. Due to the
piecewise-linear nonlinearities used here, those can be evalu-
ated at the rate solutions described in the main text.

APPENDIX D: MEAN-FIELD FIXED POINTS

Here, we collect the mean-field fixed points and their exis-
tence and stability conditions.

PV inhibition

The network with dendritic excitation and somatic inhibi-
tion has a three-dimensional piecewise-polynomial mean-field
equilibrium system [Eq. (18)]. When this network is fully
active and the dendrite is not saturated the system is quadratic,
and else linear. In the quadratic case, the roots are

(
ṅS

E

)∗
± = ES − JI (ṅI )∗±,

(
ṅD

E

)∗
± = 1 − βJEφ + ψ (ED + 2JEφ) ±

√
[1 − βJEφ + ψ (ED + 2JEφ)]2 − 4φ(ED + JEφ)[ψ (JEψβJE )]

2(JEψ − βJE )
,

(ṅI )∗± = EI + JE ES + βJE (ṅD
−)∗

γ
, where

ψ = βJE JI

γ
, γ = 1 + JI (1 + JE ), φ = ES − JI

(
EI + JE ES

γ

)
. (D1)
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TABLE IV. Mean-field fixed points and their existence and stability conditions in the soma-targeting network (Fig. 2). Inequalities in the
stability column are the stability conditions (stable if the inequality is satisfied).

〈ṅS〉, 〈ṅD〉 Existence Stability

(0,0) ES < 0 stable(
ES

1−J , 0
)

ED � 0 and
ES < 0, J > 1 or
ES > 0, J < 1

J < 1

(
ES

1−J (1+βED ) ,
ES ED

1−J (1+βED )

)
0 < ED � 1
ES < 0
J (1 + β ED ) > 1

J (1 + β ED ) < 1

0 < ED � 1
ES > 0
J (1 + β ED ) < 1

J (1 + β ED ) < 1

(
ES

1−J (1+β ) ,
ES

1−J (1+β )

)
ED > 1, ES < 0
J (1 + β ) > 1

J (1 + β ) < 1

ED � 1, ES > 0
J (1 + β ) < 1

J (1 + β ) < 1

TABLE V. Conditions for existence and stability of fixed points in the dendrite-targeting network. Inequalities in the stability column are
the stability conditions (stable if the inequality is satisfied).

〈ṅS〉, 〈ṅD〉 Existence Stability

(0,0) ES � 0 stable

(ES, 0) ES > 0
ED � −JES

stable

(
ES, ES (ED+JES )

1−βJES

)
ES > 0
1 − βJES � ED + JES < 0

βJES < 1

ES > 0
0 < ED + JES � 1 − βJES

βJES < 1

(ES, ES ) ES > 0
ED + JES (1 + β ) � 1

stable
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TABLE VI. Conditions for existence and stability of fixed points in the dendrite-targeting excitation and inhibition network.

〈
ṅS

E

〉
,
〈
ṅD

E

〉
, 〈ṅI〉 Existence Stability

(0,0,0) ES � 0
EI � 0

stable

(
0, 0,

EI
1+gJ

)
ES � 0

EI
1+gJ > 0

1 + gJ > 0

(ES, 0, 0) ES > 0
ED � −JES

EI � −JES

stable

(
ES, 0,

EI +JE ES

1+JI

)
ES > 0
ED � −(JE ES − JI

( EI +JE ES

1+JI

))
EI +JE ES

1+JI
> 0

1 + gJ > 0

(
ES,

ES (ED+JE ES )
1−βJE ES , 0

)
ES > 0
1 − βJE ES � ED + JE ES < 0
EI � −JE ES

(
1 + β

( ED+JE ES

1−βJE ES

))
βJE ES < 1

ES > 0
0 < ED + JE ES � 1 − βJE ES

EI � −JE ES
(
1 + β

( ED+JE ES

1−βJE ES

))
βJE ES < 1

(ES, ES, 0) ES > 0
ED + JE ES (1 + β ) � 1
EI � −JE ES (1 + β )

stable

(
ES, ES ED (1+JI )+JE ES−JI EI

1+JI −βJE ES ,
EI (1−βJE ES )+JE ES (1+βED )

1+JI −βJE ES

)
ES > 0
1 + JI − βJE ES � ED(1 + JI ) + JE ES − JI EI < 0
EI (βJE ES − 1) > JE ES (1 + βED )
1 + JI < βJE ES

βJE ES < 1 + JI

ES > 0
0 < ED(1 + JI ) + JE ES − JI EI � 1 + JI − βJE ES

EI (βJE ES − 1) < JE ES (1 + βED )
1 + JI > βJE ES

βJE ES < 1 + JI

(
ES, ES,

EI +JE ES (1+β )
1+JI

)
ES > 0
ED + JE ES (1 + β ) � 1 + JI( EI +JE ES (1+β )

1+JI

) EI +JE ES (1+β )
1+JI

> 0

1 + JI > 0
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TABLE VII. Conditions for existence and stability of fixed points in the dendrite-targeting excitation and soma-targeting inhibition network.

〈
ṅS

E

〉
,
〈
ṅD

E

〉
, 〈ṅI〉 Existence Stability

(0,0,0) ES, EI � 0 stable(
0, 0,

EI
1+JI

)
ES � JI

EI
1+JI

EI > 0
1 + JI > 0

(ES, 0, 0) ES > 0
ED, EI � −JE ES

stable

(
ES − EI +JE ES

1+JI (1+JE ) , 0,
EI +JE ES

1+JI (1+JE )

)
ES > JI

EI +JE ES

1+JI (1+JE )

ED � −(JE ES − JI JE

( EI +JE ES

1+JI (1+JE ) d
))

EI +JE ES

1+JI (1+JE ) > 0

stablea

(
ES,

ES (ED+JE ES )
1−βJE ES , 0

)
ES > 0
1 − βJE ES � ED + JE ES < 0
EI � −JE ES

(
1 + β

( (ED+JE ES )
1−βJE ES

))
βJE ES < 1

ES > 0
0 < ED + JE ES � 1 − βJE ES

EI � −JE ES
(
1 + β

( (ED+JE ES )
1−βJE ES

))
βJE ES < 1

(ES, ES, 0) ES > 0
ED + JE ES (1 + β ) � 1
EI � −JE ES (1 + β )

stable

(ṅS
E )∗±, (ṅD

E )∗±, (ṅI )∗± (Eq. (D1))
(
ṅS

E

)∗
±,
(
ṅD

E

)∗
±, (ṅI )∗± > 0

(1 − βJEφ + ψ (ED + 2JEφ))2

4φ(ED + JEφ)(ψ (JEψ − βJE ))(
ṅD

E

)∗
± �

(
ṅS

E

)∗
±
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stableb

aunstable (stable) for Re{−2 − JI + βJE 〈vs〉 ±
√

(JI + βJE 〈vs〉)2 − 4(JI + βJE 〈vd〉)} < 0; the + fixed point is always unstable due to the
conditions for the existence of the fixed point and sign constraints on parameter values, while the − fixed point is unstable for some sets of
parameter values and stable for others.

bstable for Re{−2 − JI ±√
(2 + JI )2 − 4(1 + JI (1 + JE )(1 + β ))} < 0 which is always true since β, JE , JI are non-negative. The constants

φ, ψ, γ are defined in Eq. (D1).
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