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Assembly Factors Resolve Speed and Encoding Bottlenecks in Multifarious Self-Assembly
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Cytoplasm is a heterogeneous mixture containing many types of proteins that self-assemble into a wide
variety of complexes. The accuracy and speed of cytoplasmic self-assembly is astonishing because it involves the
correct identification of components shared among different structures, despite pervasive thermal fluctuations.
Typical toy models of self-assembly are based on the specificity of binding energies among components.
However, kinetics plays a key role in biological self-assembly, often catalyzed by a plethora of assembly factors.
Building on this observation, we extend a previous heteropolymer growth model to describe the retrieval of
two-dimensional structures via quasi-two-dimensional growth. We find that the self-assembly of structures in
this model is subject to strong speed and encoding bottlenecks. Moreover, we show that these bottlenecks can
be suppressed by increasing the connectivity of a small fraction of components. This mechanism of kinetically
controlling a small number of critical binding events provides a simple explanation for the timely assembly of
large heteromeric protein complexes and suggests a unifying principle for the role of assembly factors.
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I. INTRODUCTION

Many proteins assemble into heteromeric complexes, i.e.,
complexes composed of multiple protein species, to carry out
essential cellular functions. During assembly, protein com-
plexes must accurately identify their specific components
from a crowded mixture of thousands of species. Assembly
must be not only precise but also rapid, so that cellular func-
tions proceed in a timely manner. Two remarkable examples
are spliceosomal complexes and ribosomal subunits, each
composed of dozens of proteins [1,2], with ribosomal subunits
assembling in under 2 min [3]. Advances in high-throughput
cryogenic electron microscopy have steadily expanded our
knowledge of the molecular and structural details of such
complexes. Yet, the generic physical principles that enable
high assembly speed and low error rates to coexist in hetero-
geneous cellular environments remain elusive.

What are the key biological ingredients of cellular self-
assembly? We identify two such ingredients, assembly factors
and assembly geometry, which we describe below. Assem-
bly factors are proteins that transiently assist the growth of
complexes [2,4,5], akin to chaperones in protein folding [see
the schematic in Fig. 1(a)]. Assembly factors bind at specific
locations and times during the growth of protein complexes
[see examples in Figs. 1(b) and 1(c)]. Moreover, their number
is often comparable to that of the proteins in the complex
itself [see Fig. 1(d)]. Their specific molecular functions are di-
verse: Some block premature binding, others catalyze specific
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events [4,8,9,17] and yet others act as proofreading enzymes
[2,4,18]. Overarching this diversity is the general observation
that depletion of assembly factors slows down self-assembly
and leads to the accumulation of incomplete intermediates
[17–20]. Another common feature is that assembly factors are
dissipative, hydrolyzing ATP or GTP to perform their function
[4,9,10,17]. Thus, assembly factors are a key ingredient in
protein complex assembly, ensuring both speed and accuracy
by strongly driving specific binding events.

A second fundamental ingredient is the diversity of pro-
tein shapes and connectivities within heteromeric complexes.
Even at a coarse-grained level, some proteins (or RNA com-
ponents) are large and elongated, while others are small
and globular [21,22]. Consequently, their connectivity varies
widely: Some proteins bind to many other proteins in the final
complex, while others bind to few [see Fig. 1(e) for exam-
ples across complexes]. This structural diversity has important
kinetic consequences. In particular, the kinetic cooperativ-
ity of neighboring proteins is known to largely accelerate
self-assembly [23,24]. We thus expect that highly con-
nected proteins can be kinetically discriminated and quickly
assemble without errors. Overall, unlike large homomeric
complexes such as actin filaments [25,26], microtubules [27],
or viral capsids [28], which are highly symmetric and require
few assembly factors, large heteromeric complexes feature
far more intricate geometries and involve many catalyzing
assembly factors.

In this paper, we develop a toy model of heteromeric
multifarious self-assembly to investigate the role of the two
ingredients above. Our goal is not to undertake the detailed
molecular dynamics of heteromeric self-assembly [29,30], but
rather to design simplified models that illuminate fundamental
principles of nonequilibrium self-assembly and geometry, and
their implications in biological and synthetic systems [31–34].
Building on previous work in self-assembly [31,35–37] and
nonequilibrium information processing [38–42], we explore
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FIG. 1. Formation of large heteromeric complexes rely on many assembly factors. (a) Schematic representation of the self-assembly of
a protein complex. The self-assembly of protein subunits is driven by assembly factors, which have the ultimate role of favoring speed and
accuracy of complex formation. The complete protein assembly contains no assembly factor. (b) Structural snapshots of assembly intermediates
of the yeast ribosome large subunit. As we can see, assembly factors are transiently bound to the RNA-protein assembly (Protein Data Bank
IDs 6EM3 and 6LSR [6]). (c) Intermediates of the human proteasome (8QZ9) and of the bacterial photosystem II (7NPQ). (d) In purely
asymmetric complexes, numbers of assembly factors roughly increase with the numbers of protein subunits. By contrast, complexes with a
local rotational symmetry require fewer assembly factors. Data are detailed in Sec. S1 of Ref. [7] and Refs. [2,4,5,8–16] therein. (e) The
connectivity of components in an assembly is highly variable. Highly connected components correspond to RNAs. A detailed plot is given in
Sec. S1 of Ref. [7]. (f) Our kinetic encoding model consists in the acceleration of correct binding events via kinetic cooperativity and catalyzing
assembly factors.

how kinetic discrimination and variable connectivity enable
fast and accurate assembly in the presence of confounding
interactions.

The paper is structured as follows. In Sec. II, we introduce
a minimal lattice model for far-from-equilibrium heteromeric
self-assembly. In Sec. III, we study the assembly of a sin-
gle square target with fixed connectivity using Monte Carlo
simulations and identify speed bottlenecks. In Sec. IV, we
extend the model by encoding an additional structure with the
same components and show that the speed bottlenecks also act
as encoding bottlenecks. In Sec. V, we derive conditions for
rapid assembly of multiple structures and propose alleviating
bottlenecks by increasing the connectivity of a small subset
of components. In Sec. VI, we numerically validate these
analytical predictions. In Sec. VII, we show that increased
connectivity yields combinatorial scaling of the encoding ca-
pacity. In Sec. VIII, we summarize, discuss our findings, and
offer prospects for future work.

II. MODEL SETUP

Within our framework, a set of square tiles with vary-
ing connectivity can reversibly bind at specific locations on
the boundary of a growing structure, aided by catalyzing
assembly factors [see Fig. 1(f)]. We abstract the action of
assembly factors and the kinetic cooperativity discussed in

the Introduction by accelerating binding events that lead to-
ward the formation of a target two-dimensional (2D) structure
representing a protein complex. The corresponding unbinding
events are likewise accelerated so that the target structure is
encoded purely kinetically. To capture the promiscuous nature
of proteins [43,44], which may lead to erroneous bonds be-
tween monomers not in contact in the final structure, we allow
multiple target structures to be encoded simultaneously from
the same components. This corresponds to the multifarious
regime [35,36,45–47]. In this setting, monomer promiscuity
increases uniformly with the number of encoded structures.
Our model thus constitutes an abstraction of protein complex
assembly, which we now describe in greater mathematical
detail.

We consider a set of N � 1 component species labeled
i = 1, . . . , N [see Fig. 2(a)]. Each component corresponds
to a tile with a fixed orientation on a square lattice, which
can bind with its neighbors. All tiles have the usual nearest-
neighbor binding sites (north, n; south, s; east, e; and west,
w), and some tiles may have additional next-nearest-neighbor
binding sites (north-east, ne; north-west, nw; south-east, se;
and south-west, sw). The components are held at fixed chem-
ical potentials μi = μ and may self-assemble into S � 1
heteromeric square target structures of side length � = √

N .
Each target corresponds to a reshuffling of all N species,
so S determines the degreee of promiscuity. Crucially, reuse
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FIG. 2. Kinetic encoding of multiple target structures. (a) A
mixture of N = 9 component species can assemble into S = 3 struc-
tures of size N = � × �. Components bind via the black rectangles.
Vertical periodic boundaries imply that, e.g., in the yellow target,
components 1, 2, and 3 also bind to 7, 8, and 9. (b) Growth occurs
by adding/removing monomers at the boundary locations x = (x, y)
(dashed contour). (c) Addition (k+

i ) and removal (k−
i ) rates depend on

the number of correct partners ri in the neighborhood Nx (0 denotes
empty sites). Here component 3 binds to the three neighbors as in
the yellow target, while component 6 binds to only one of its two
neighbors. Note that bonds serve to accelerate binding, rather than
to stabilize it. (d) Example self-assembly pathway of the yellow
structure from a small seed. Each monomer binding decreases free
energy via μ. The acceleration of correct binding/unbinding events
via δ [Eq. (1)] is sketched as larger arrows. Binding of component 3 at
the first assembly step is a thermal error, due to thermal fluctuations,
whereas binding of component 7 is a combinatorial error, due to
component reuse across targets.

of components across different structures compromises the
reliability of self-assembly, a phenomenon previously de-
scribed as multifarious [35,36,45–47].

To study retrieval of a structure, we model growth from
a nucleation seed as a boundary-driven process, in which
components bind/unbind at lattice locations x = (x, y) of a
single boundary of the assembly [48,49] [see Fig. 2(b) as well
as Sec. S3 in Ref. [7]]. The perpendicular lattice direction has
periodic boundary conditions connecting the lattice locations
x = � to x = 1. This setup corresponds to a quasi-2D assem-
bly process. The rates k±

i for adding and removing component
i at x depend on the identity of the components in the neigh-
borhood Nx, which we write as a seven-dimensional vector

Nx = (ine, in, . . . , ise ) [see Fig. 2(c) for examples]. (The
eastern neighbor is not taken into account since components
with an eastern neighbor are not part of the boundary.) To en-
able fast and reliable self-assembly of multiple targets, we en-
code structures in the binding kinetics, instead of the energet-
ics. Following earlier work on polymerization [37,39,40], we
define

k+
i (Nx) = exp[ri(Nx)δ],

k−
i (Nx) = exp[ri(Nx)δ − μ]. (1)

In this expression, δ is a kinetic discrimination parameter that
quantifies differences in kinetic barriers, and ri(Nx) counts
the number of neighbors in Nx that also neighbor i at the
corresponding relative locations in any target structure (not
necessarily the one being assembled) (see Ref. [7] for the
explicit expression). Thus, binding of i at location x cre-
ates ri(Nx) bonds. Note that, since k+

i /k−
i = exp(μ), the

free-energy change due to growth contains no structural in-
formation, unlike in Refs. [35,36,50–53]. Instead, Eq. (1)
accelerates addition/removal events that are consistent with
target neighborhoods, so the structures are kinetically encoded
[see the schematics in Fig. 2(d)]. In Sec. S2 of Ref. [7], we
show how Eq. (1) can be interpreted within a simple frame-
work combining kinetic cooperativity and assembly factor
catalysis.

In the case where components participate in multiple tar-
gets (S > 1), their connectivity may differ from one structure
to another. We thus define zi as the connectivity of component
i within the seeded structure. Components with higher con-
nectivity (zi large) can achieve larger ri(Nx), enabling faster
binding and stronger discrimination than a weakly connected
component (zi small). For instance, in Fig. 2, component i = 5
has z5 = 6 in the yellow target due to two diagonal bonds.
As a consequence, its addition rate at the correct location
x = (2, 2) in the growing yellow structure of Fig. 2(d) is
k+

5 (Nx) = exp(2δ), compared to k+
5 (Nx′ ) = exp(δ) at a loca-

tion x′ = (3, 2) consistent with the red structure.
We track assembly size by counting the number of

monomers on the lattice in units of N , and we define two
measures of accuracy of tiles, a global and a local one. Global
accuracy is measured as the fraction of correctly placed tiles
relative to the seeded target within the square x = (1, 1) to
(�, �) [Fig. 2(b)]. A tile contributes to the global accuracy
of the seeded structure regardless of its local neighborhood.
By contrast, local accuracy is defined through bonds: A tile is
locally accurate if ri(Nx) � 1. This measure is used to iden-
tify chimeric structures. We moreover characterize assembly
dynamics via two characteristic timescales. The retrieval time
τret corresponds to the time it takes to retrieve a target struc-
ture, i.e., the time for the global accuracy to reach unity.
Likewise, we define the lifetime τlife as the time it takes to
add one extra monomer to the completed structure.

In the following, we analyze retrieval of kinetically en-
coded structures under the rates of Eq. (1) for mixtures of
components with varying connectivity.
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FIG. 3. The nearest-neighbor case yields slow retrieval. (a) As-
sembly snapshots showing retrieval of a single square target of side
length � = 14 tiles from a two-layer nucleation seed. Assembly is
allowed to grow beyond the target size � up to 2�. White denotes
empty locations, yellow shows correctly placed tiles, and shades of
gray denote incorrect tiles of different species (actually correspond-
ing to chimeras of the target). Other growth regimes are described in
Sec. S4 of Ref. [7]. (b) The global retrieval accuracy, i.e., the fraction
of correctly placed tiles (line), follows the normalized assembly size
(circles) over time and exhibits speed bottlenecks. (c) The target
retrieval time τret from Eq. (5) separates from the target lifetime
τlife for δ > δmin [Eq. (4)]. (d) In the irreversible high-discrimination
regime, each addition event maximizes the number of bonds. The
mean waiting time is dominated by the inverse of the addition rate
[Eq. (1)], so additions with few bonds slow down the assembly.

III. SPEED BOTTLENECKS

As a starting point, we consider a mixture of N compo-
nents, whose kinetics encode a single target structure S = 1
with bulk connectivity z = 4. (While bulk components have
zi = 4 encoded bonds, boundary components only have zi =
3.) This corresponds to a simple model of heteromeric 2D
self-assembly [31,34–36,45,51–53]. Based on previous work
on kinetic encoding [37,40,42], successful self-assembly is
expected when the kinetics are both highly irreversible, large
μ, and highly discriminatory, large δ. Figure 3(a) shows snap-
shots of such a growing assembly from a small nucleation
seed. In this regime, the target structure (yellow) is retrieved
within a time τret, but because it is not a free-energy minimum,
i.e., not thermodynamically stable, incorrect tiles are eventu-
ally incorporated after a lifetime τlife.

A closer analysis of the retrieval dynamics reveals that
τret is not governed by a typical timescale but instead by
a few rare, slow events [see Fig. 3(b)], unlike in the case
of heteropolymer growth [37]. Specifically, these bottleneck
events have a characteristic time exp(−δ), so that the retrieval
time scales as τret ≈ exp(−δ) [Fig. 3(c)]. By contrast, the tar-
get lifetime τlife is asymptotically independent of δ, ensuring
kinetic stability of the structure. Yet, a much larger timescale
separation is prevented due to the few events that act as speed
bottlenecks.

FIG. 4. Speed bottlenecks are also encoding bottlenecks. (a) As-
sembly snapshots for S = 2 arbitrary targets (yellow and red) show
the formation of a chimeric structure (detailed description in Sec.
S4 of Ref. [7]). Here tiles are colored according to the target with
which they share the most correct neighbors, irrespective of global
accuracy. (b) Errors make the global retrieval accuracy (line) depart
from the normalized assembly size (circles). (c) For S = 2 targets,
the maximal accuracy at large δ is around 50%. (d) Since each
component has two different partners, kinetic discrimination is im-
possible at addition events with only one bond.

The origin of the bottlenecks can be understood intuitively
as follows (a formal derivation is carried out in Sec. V).
In the highly irreversible regime, the assembly dynamics is
governed by the addition rates k+

i . For any boundary config-
uration, the most probable next additions are those with the
largest k+

i . Assuming error-free growth, addition events fall
into three classes: O(N ) addition events correspond to lateral
layer growth, with k+

i = exp(2δ); O(
√

N ) events close a layer,
with k+

i = exp(3δ); and O(
√

N ) events nucleate a new layer,
with k+

i = exp(δ). As illustrated in Fig. 3(d), the slowest of
these, i.e., nucleation of new layers, sets the overall scaling
of the retrieval time. Thus, although most growth events are
fast, lasting a mean time exp(−2δ), the rare bottleneck events
dominate the assembly time, leading to τret ≈ exp(−δ).

IV. ENCODING BOTTLENECKS

So far, we have shown that for large μ and δ a single
target structure can be reliably assembled, albeit with speed
bottlenecks. We now turn to the case in which the same
mixture encodes two distinct assemblies S = 2. (Bulk com-
ponents thus have a set of zi = 4 partners in each structure.)
Figure 4(a) shows that, in this setting, a seed corresponding
to a given target (yellow) does not grow reliably. Instead,
the resulting structure is a chimera: Fragments of the alter-
native target (red) appear interwoven with those of the seeded
target (yellow). Consequently, although the assembly grows
over time, retrieval accuracy remains low, around 50% [see
Fig. 4(b)]. Importantly, this low fidelity cannot be remedied
by increasing the discrimination energy δ [see Fig. 4(c)]. The
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reason is that the errors are not of thermal origin, but of com-
binatorial origin, as already noted for equilibrium assemblies
[35,36].

The emergence of chimeras for S = 2 is directly linked
to the speed bottlenecks identified above. To see this, recall
that in the fully irreversible regime the added components are
those with maximal rate k+

i . For components of the seeded
target (yellow), these rates scale as exp(δ), exp(2δ), and
exp(3δ) for nucleating, growing, and closing a layer, respec-
tively. By contrast, erroneous additions from the confounding
target (red) almost never benefit from multiple coincident
neighbors, and thus their rate scales as exp(δ). As a re-
sult, at the onset of each new assembly layer, the correct
and incorrect components compete on equal footing, lead-
ing to a roughly 50% chance of error [see Fig. 4(d)]. These
rare but slow nucleation events thus have two implications:
They limit the overall growth speed and, at the same time,
render kinetic discrimination ineffective, producing encoding
bottlenecks.

In the next section, we characterize the general condi-
tions required for both fast and accurate retrieval and propose
a simple change in our model that resolves these dual
bottlenecks.

V. CONDITIONS FOR FAST RETRIEVAL

So far, we have seen that fast retrieval of target structures is
possible, but limited by encoding and speed bottlenecks (see
Figs. 3 and 4). In this section, we determine the conditions
on the chemical potential μ, the discrimination barrier δ, the
number of encoded structures S, and the assembly size N that
allow for fast retrieval of multiple structures. To this end, we
unravel the origin of both speed and encoding bottlenecks so
that they can be resolved.

A. Speed and encoding bottlenecks

We begin by defining speed and encoding bottlenecks more
precisely. Retrieval of kinetically encoded targets is most ef-
fective in the strongly irreversible and highly discriminatory
limit μ → ∞ and δ → ∞. In this scenario, the assembly of a
structure of size N from a seed of size Nseed proceeds through
exactly Ntot = N − Nseed successive addition events, without
removals [Eq. (1)].

We label these Ntot subsequent addition events in order
of occurrence by a “time” index t = 1, 2, . . . , Ntot , distinct
from the physical time τ . Each event is characterized by a
pair (it , xt ) indicating the component it added at location xt .
Given that, at time t − 1, the assembly is characterized by
neihborhoods N t−1

x at each location x, the event at time t is
among those that maximize the addition rate:

(it , xt ) ∈ arg max
(i,x)

[
k+

i

(
N t−1

x

)]
. (2)

Typically, multiple components and locations satisfy Eq. (2),
so there are multiple kinetically equivalent events at each
time. We further denote the rate associated to the addition
event (it , xt ) by kt , and the corresponding number of bonds
is defined as nt = ln(kt )/δ [see Eq. (1)].

Critical events correspond to “correct” addition events that
are much slower than the rest, potentially as slow as an “in-

correct” addition. We therefore compute the critical addition
rate as the mini-max

kc = min
t

kt = min
t

max
(i,x)

[
k+

i

(
N t−1

x

)]
(3)

and accordingly define nc = ln(kc)/δ. A speed bottleneck oc-
curs when kc corresponds to few events, so these few slow
additions determine the overall retrieval time. An encoding
bottleneck occurs when the critical rate kc is equal to the max-
imal rate of incorrect additions so that incorrect and correct
monomers are indistinguishable.

As an example, consider the case in which structures have
a bulk connectivity z = 4, already discussed before. As the
assembly grows from a seed, the number of bonds nt es-
tablished by each added component changes over time. As
sketched in Fig. 3(d), layer nucleation events create nt = 1
bond, layer growth events create nt = 2 bonds, and layer com-
pletion events create nt = 3 bonds. Because there are many
fewer layer nucleation events than the total number of events,
and because these events are the slowest, they act as speed
bottlenecks, with a critical addition rate of kc = exp(δ). Fur-
thermore, if S = 2 structures are encoded, incorrect additions
also occur at rate exp(δ), and therefore these nucleation events
also constitute encoding bottlenecks [see Fig. 4(d)].

B. Conditions for accuracy at high speed

To investigate the conditions for accurate high-speed as-
sembly, we focus on a mixture that encodes a single structure,
and so S = 1. In this scenario, only one correct monomer can
be added at each boundary location, and so μ > 0 is necessary
to ensure growth. To determine the minimum discrimination
strength necessary for reliable assembly, δmin, we focus on
the Nc � Ntot critical events with kt = kc that may act as
speed bottlenecks. For large but finite δ, each critical event
may correspond to either a correct or an incorrect addition.
Correct additions respect the condition in Eq. (2) and have
an addition rate kc = exp(ncδ), while incorrect additions have
a rate exp(0) = 1. Denoting the multiplicity of correct and
incorrect additions at critical events by �C and �I, we show
In Sec. S6 of Ref. [7] that the minimum discrimination barrier
necessary for accurate high-speed retrieval is

δmin = 1

nc
ln

Nc�I

�C
. (4)

For the simple scenario with connectivity z = 4 and a square
target with side length � = √

N (Fig. 3), we have that addition
events that nucleate a new layer create only nc = 1 bond. At
each of these Nc = � critical events (minus the initial seed
length), there is one correct monomer and N − 1 incorrect
monomers at each of the � locations. This corresponds to a
multiplicity of correct additions �C = � and a multiplicity
of incorrect additions �I ≈ �(N − 1) ≈ �3. Equation (4) then
yields δmin ≈ 3 ln �.

Conditions μ > 0 and δ > δmin result in accurate retrieval
of a target structure, as confirmed in Figs. 3(a) and 3(b). We
can further estimate the time it takes to retrieve a structure
from the sum of the mean waiting times of all Nc critical
events, since these are exponentially slower than the remain-
ing ones. For each critical event, we approximate the mean
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waiting time as 1/�Ckc. We therefore have

τret ≈ Nc

�C
exp(−ncδ), (5)

which reduces to τret ≈ exp(−δ) for the case z = 4 shown in
Fig. 3(c). By contrast, the lifetime of the target structure τlife,
defined as the time it takes to add a few incorrect monomers,
reads τlife ≈ 1/�I, because monomers at the target boundary
do not have encoded bonds with further monomers. At large
δ, these two timescales separate, ensuring kinetic stability
of the target. Notice, however, that in the thermodynamic
limit N → ∞, the minimum discrimination energy diverges
logarithmically and the lifetime vanishes. Therefore, kinetic
encoding only applies to structures of finite size.

C. Conditions for combinatorial encoding

In this section, we discuss the conditions for encoding sev-
eral targets from the same components. When the components
of the target being assembled are shared among S � 2 targets,
some incorrect additions will also be accelerated via δ. These
combinatorial errors arise whenever two components have the
same neighbors in different targets. For instance, in Fig. 2(d)
at time t = 2, both components 5 and 8 can bind to component
7 with rate exp(δ), because they are partners of 7 in the red
and yellow structures, respectively. As a result, components
5 and 8 become effectively indistinguishable to the growing
assembly. This implies the existence of an encoding capacity
Smax, above which errors cannot be avoided by increasing δ.

To elucidate the origin of these errors, we focus again
on the critical events with kt = kc that can act as encoding
bottlenecks. In the simple case z = 4, each critical addition in-
volves only nc = 1 bond, which is insufficient to discriminate
between components. Indeed, most components have differ-
ent neighbors in different targets [Fig. 4(d)]. Consequently,
already for S = 2 targets chosen at random, the assembled
structure accumulates numerous errors [see Fig. 4(a)]. Thus,
for nc = 1, the encoding capacity is limited to Smax = 1. By
contrast, for nc � 2, we find

Smax ∼ N1−2/nc (6)

(see Sec. S6 in Ref. [7]). The scaling ranges from O(1) for
nc = 2 to O(N ) in the fully connected case with nc = N �
1. The corresponding increase in encoding capacity results
from a drastic reduction in errors. This is most visible in
the low-promiscuity regime, where S exceeds 1 but remains
well below Smax. In that case, we estimate the minimum error
fraction at large δ as

emin ∼ Nc/Nnc−1 (7)

(see Sec. S6 in Ref. [7]), which decreases rapidly with increas-
ing nc.

Next we examine how reusability of components affects
the characteristic timescales of self-assembly. While the re-
trieval time is still expected to follow Eq. (5), the target
lifetime is shortened. This is because components at a target
boundary generally belong to the bulk of other targets, and
therefore completion of one target accelerates subsequent in-
correct additions, yielding τlife � exp(−δ). More specifically,

as the number of structures S grows, they will overlap more,
which will decrease τlife and thus impede timescale separation.

In summary, the conditions μ > 0, δ > δmin, and S < Smax

are required to ensure forward growth devoid of thermal end
combinatorial errors. Ultimately, the speed, encoding capac-
ity, and error fraction of Eqs. (5)–(7) depend acutely on the
number of bonds at critical events, nc. In the next two sections,
we demonstrate how controlling nc allows us to resolve speed
and encoding bottlenecks.

VI. RESOLVING BOTTLENECKS

To increase robustness in our self-assembly model, we
focus on the critical addition events. These typically manifest
at assembly boundaries and at the onset of new layers. By
contrast, additions that extend a layer tend to create more
bonds and thus proceed faster [Eq. (1)]. In this manner, growth
tends to proceed layer by layer. naturally favoring layered
growth. In the following, we analyze the dependence of the
critical number of bonds per addition nc on the monomer
connectivity z.

In the case of 1D self-assembly with nearest-neighbor in-
teractions, each added monomer forms nc = 1 bond, which
hampers monomer discrimination and limits assembly speed
[37]. Achieving nc = 2 requires that each monomer interacts
with its next-nearest neighbors, increasing the bulk connec-
tivity from z = 2 to 4. By contrast, for quasi-2D assemblies
which are the focus of this paper, nc can be increased with-
out significantly increasing the connectivity of the whole
assembly. Indeed, because the critical events correspond to
the creation of new layers, one additional diagonal bond per
layer in each target suffices to reach nc = 2 [see Fig. 5(a)].
Therefore, among the N = � × � assembly components, only
2� need an increased connectivity zi = 5 instead of zi = 4,
which only marginally increases the average bulk connec-
tivity of structures to z = 4 + 2/� (hereafter written as 4+).
From Eqs. (5)–(7), we expect drastic improvements in re-
trieval time τret, encoding capacity Smax, and minimum error
emin, even though the change in connectivity of structures is
small.

This minor connectivity modification raises the rate of
critical additions to kc = exp(2δ) and increases their number
from Nc = � to �(� − 1) so that there are no more speed bot-
tlenecks (see Sec. S5 in Ref. [7]). Moreover, the multiplicity
of correct additions at critical events collapses from �C = �

to 1 or 2, while the multiplicity of incorrect additions �I

remains unchanged. This enables fast and reliable retrieval of
the seeded target despite components being reused in S = 2
targets [see Fig. 5(b)]. Separation between retrieval time and
lifetime occurs above the reduced discrimination threshold
δmin = 5

2 ln � [Fig. 5(c) and Eq. (4)]. While the lifetime short-
ens to τlife ∼ exp(−δ), retrieval becomes exponentially faster
due to the elimination of bottlenecks, consistent with the
prediction τret ≈ N exp(−2δ) [Eq. (5)]. Furthermore, Eq. (6)
correctly predicts a nonscaling encoding capacity Smax =
O(1) for nc = 2 [see Fig. 5(d) herein and Fig. S10 in Ref.
[7] regarding error fraction].

To conclude, increases in local connectivity at assembly
bottlenecks funnels growth toward the seeded target. This
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FIG. 5. Local increases in connectivity resolve assembly bottle-
necks. (a) Schematic showing that adding one diagonal bond per
layer enables fast and accurate retrieval of S = 2 targets by ensuring
nc = 2. (b) Assembly snapshots show faithful retrieval for the same
settings as in Fig. 4(a), except that z = 4+. The coloring is the same
as in Fig. 4(a). (c) Retrieval time and lifetime separate at large δ,
as predicted. (d) Accuracy, rescaled between 0 and 1, decreases
sigmoidally with S. The inset shows that the sigmoid midpoint Smax

depends only weakly on N [Eq. (6)].

results in drastic improvements in retrieval speed and ac-
curacy, conferring robustness against moderate component
promiscuity.

VII. COMBINATORIAL SELF-ASSEMBLY

In the preceding section, we showed that encoding bottle-
necks can be overcome by adding an extra bond to 2� 
 N
components. However, the maximal number of stored struc-
tures did not scale with N . Equation (6) predicts that the
encoding capacity Smax scales with N for nc � 3. In this sec-
tion, we explore how to achieve this combinatorial scaling in
the number of target structures.

To guarantee that nc = 3, we consider assemblies with a
bulk connectivity z = 6, whereby all components form di-
agonal bonds with their north-west and south-east neighbors
in each target. We then repeat the strategy in the preceding
section and add an additional bond for one component per
layer (in the south-west direction) so that these components
and their partners have zi = 7. This modification raises the
average bulk connectivity to z = 6 + 2/� (hereafter denoted
by 6+) and ensures that nc = 3 [see Fig. 6(a)].

The higher connectivity leads to faithful retrieval for S � 2
targets [Fig. 6(b)] above the reduced discrimination threshold
δmin ≈ 5

3 ln � [Eq. (4)]. As shown in Fig. 6(c), for S near Smax,
the large overlap between targets shortens lifetimes to τlife ≈
exp(−2δ), while τret ≈ N exp(−3δ) [Eq. (5)], ensuring ki-
netic stability of targets. Likewise, the encoding capacity Smax

follows the predicted scaling N1/3 from Eq. (6) [Fig. 6(d)]. Al-
ternatively, for just S = 2 targets at z = 6+, the error fraction
decreases with size as emin ∼ 1/N [Eq. (7)] (see Fig. S10 in
Ref. [7]). This validates our predictions and points to robust
target designs.

To further assess the effect of connectivity, we interpo-
late between z = 4+ and 6+ by gradually adding diagonal
bonds in the square lattice [see Fig. 6(e)]. Despite this gradual

FIG. 6. Larger increases in connectivity enable combinatorial encoding of target structures. (a) The connectivity is raised to z = 6+,
ensuring a minimum number of bonds per addition nc = 3. (b) Assembly snapshots show faithful retrieval for S = 8 targets. Here μ = 20
and δ = 7. (c) Retrieval time and lifetime separate once again at large δ, ensuring kinetic stability. (d) For nc = 3, Smax scales as N1/3, in
agreement with Eq. (6). (e) To interpolate between the cases z = 4+ and 6+, we gradually increase the number of diagonal bonds in target
structures as shown. (Tile contours and nondiagonal bonds are omitted for clarity.) (f) Dependence of timescales on connectivity z > 4 for
S = 2, μ = 20, δ = 10, and target side lengths � = 7, 14, 20. The retrieval time τret follows Eq. (5) (lines). Cases with connectivities z = 4+

and 6+ are indicated by + markers. (g) The encoding capacity increases with target size depending on connectivity. The fits (lines) use the
scaling exponent α = 1 − 4/z from Eq. (8).
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increase in connectivity, the critical number of bonds nc

changes discretely, e.g., from 2 to 3 as z increases from 6 to 6+
(see Sec. S5 in Ref. [7]). We thus expect corresponding jumps
in the downward trend of retrieval times τret [Eq. (5)] and in
the upward trend of encoding capacity Smax. Indeed, τret drops
sharply with connectivity [see Fig. 6(f) for S = 2 and Fig. S7
in Ref. [7] for S near Smax]. However, the maximum number of
targets Smax, governed by the scaling exponent α = 1 − 2/nc,
grows smoothly with z [see Fig. 6(g)]. Interpolating nc in the
expression for α as z/2 (see Sec. S6 in Ref. [7]) yields the
combinatorial scaling

Smax ∼ N1−4/z for z � 4, (8)

which captures well the observed increase in encoding ca-
pacity with increasing connectivity. This expression shows
that for z = 4, the encoding capacity does not scale with
system size, as previously discussed, unlike in previous mod-
els in which structures are encoded through binding energies
[35,36]. In contrast, the scalings for z = 6 and 8 are O(N1/3)
and O(N1/2), respectively.

In summary, kinetic encoding enables fast retrieval far
from equilibrium. Within a simple quasi-2D geometry, grad-
ually raising the connectivity of structures progressively
accelerates retrieval and buffers it against thermal and com-
binatorial errors.

VIII. DISCUSSION

Summary. In this article we have shown that a large het-
eromeric structure can rapidly self-assemble from a small
seed through kinetic discrimination of its components. This
extends our previous work on polymerization [37] to the case
of quasi-2D growth. Nonetheless, in simple assembly models
with fixed connectivity, few specific additions weaken dis-
crimination and decrease assembly speed. These speed and
encoding bottlenecks constitute a key difference from 1D
growth, where assembly steps have comparable timescales
and error rates. We found that adding a single bond per as-
sembly layer alleviates these bottlenecks, yielding faster and
more robust assembly. In particular, these localized changes in
connectivity greatly reduce errors due to component promis-
cuity. More broadly, gradual increases in connectivity lead to
progressive improvements in assembly speed, accuracy, and
encoding capacity.

Relationship to previous theoretical work. This study builds
on recent advances showing that mixtures with many compo-
nents can encode higher-order structures, both solid [35,36]
and liquid [54,55], as minima of a high-dimensional free-
energy landscape, akin to pattern retrieval in Hopfield neural
networks [56–58]. Beyond classical free-energy minimiza-
tion, achieving rapid far-from-equilibrium growth requires
careful design of assembly pathways [59,60].

Within the framework of nonequilibrium self-assembly,
selectively accelerating specific binding events emerges as
a powerful mechanism to kinetically trap assemblies along
pre-encoded target pathways [37]. Such kinetic discrimination
has proven effective in diverse contexts, including copoly-
merization [39,41,61,62], minimal DNA self-assembly [63],
error correction [34,40,64], random walks [65], and associa-
tive memory [42]. Across these systems, optimal retrieval

occurs far from equilibrium, thereby overcoming the intuitive
speed-accuracy tradeoff [39,40,66].

Previous self-assembly studies have highlighted the impor-
tance of monomer geometry and connectivity [31–33]. Yet,
most 2D lattice models, relying on a single monomer type,
restrict bulk connectivity to discrete values: Triangles bind to
three neighbors [31], squares to four [31,36,45,48,49,52,53],
and hexagons to six [31,67]. Our approach goes beyond these
geometric constraints: By tuning the connectivity of selected
components, we enable a continuous and versatile route to-
ward optimal assembly performance.

Overall, the present work provides a new instance of ki-
netic encoding, in which kinetic discrimination and tailored
connectivity cooperate to robustly guide growth along prede-
fined target pathways.

Implications for biological self-assembly. As shown in the
data analysis of Fig. 1, both kinetic discrimination and vari-
able connectivity are key features of the assembly of large
heteromeric protein complexes. Interestingly, several of our
results parallel biological assembly principles.

First, the speed bottlenecks that naturally arise in our toy
model are similarly observed during in vitro ribosome assem-
bly, where they manifest via the accumulation of assembly
intermediates [17–20]. Assembly speed and robustness are
particularly sensitive to intervention at these bottlenecks. In
our toy model, we increased the connectivity of components
that participate to these bottlenecks to enhance their kinetic
discrimination, leveraging cooperative binding. An alternative
strategy is to catalyze these bottlenecks by way of assembly
factors (see Sec. S2 in Ref. [7]). This may provide a sim-
ple explanation for the increase in the number of assembly
factors with assembly size [Fig. 1(d)]. Second, we find that
assemblies with low-promiscuity components achieve very
low error rates at high connectivity. This feature is especially
relevant for ribosomes, whose components are seldom shared
with other complexes [68], but whose flawless assembly is
vital for accurate protein translation [69]. Third, kinetic en-
coding, whether arising from cooperative binding events or
the action of assembly factors, tends to reduce the number of
possible assembly pathways (see Sec. S7 in Ref. [7]). This
mirrors the ordered assembly observed in many complexes
[5,8,12,20,70], where growth proceeds through well-defined
intermediates.

In conclusion, our toy model offers a unifying framework
that helps simultaneously explain the high assembly speed, the
small number of pathways, and the need for many assembly
factors in large heteromeric protein complexes.

Model extensions. We now review some possible exten-
sions of our toy model. The core assumption behind our
model is cooperative monomer binding: Just as a component
with two bonds has twice the binding energy under energetic
discrimination, its kinetic barrier shrinks twice under kinetic
discrimination. Extensions could explore more general depen-
dences of binding acceleration on the number of bonds. In
Sec. S4 of Ref. [7], we in fact discuss the case of saturation
in binding acceleration. The model further assumes uniform
chemical potential and discrimination strength across compo-
nent species. We find that small variations of these quantities
do not qualitatively alter the main results (see Sec. S8 in
Ref. [7]).
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Additional extensions include fully two-dimensional
growth [35,36] and less constrained off-lattice geometries
[32]. Other important directions include the incorporation
of allosteric interactions [71] beyond the next-nearest inter-
actions considered here, as well as energetic discrimination
mechanisms [35,36,51] alongside the kinetic discrimination
studied in this work. More realistic connectivity patterns
[Fig. 1(e)], as well as component diffusion [72] and deple-
tion effects [73], also constitute relevant extensions (see the
extended discussion in Sec. S9 of Ref. [7] and Refs. [74–77]
therein). More broadly, an important direction for future work
is to determine how the present results extend to more realistic
three-dimensional models of large heteromeric complex self-
assembly [29,30].

The catalysis of correct monomer binding events has
brought about a new high-speed self-assembly regime. Be-
yond catalysis, other roles of assembly factors, such as
proofreading [34,40,78], could be integrated into future

models. More broadly, insights from biological assembly prin-
ciples may guide the design of synthetic systems. For instance,
integrating assembly-factor-like mechanisms into DNA tile
assemblies [79–81] could substantially boost both yield and
speed.
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