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Proliferating Nematic that Collectively Senses an Anisotropic Substrate
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Motivated by recent experiments on growing fibroblasts, we examine the development of nematic order
in a colony of elongated cells proliferating on a nematic elastomer substrate. After sparse seeding, the cells
divide and grow into locally ordered but randomly oriented domains that then interact with each other and the
substrate. Global alignment with the substrate is only achieved above a critical density, suggesting a collective
mechanism for the sensing of substrate anisotropy. The system jams at high density, where both reorientation and
proliferation stop. Using a continuum model of a proliferating nematic liquid crystal, we examine the competition
between growth-driven alignment and substrate-driven alignment in controlling the density and structure of the
final jammed state. We propose that anisotropic traction forces and the tendency of cells to align perpendicular
to the direction of density gradients act in concert to provide a mechanism for collective cell alignment.
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I. INTRODUCTION

Biological tissues composed of elongated cells often ex-
hibit nematic order where the cells align with each other
along their long axis [1]. Such order and its disruption have
been shown to control a variety of biological processes, such
as directed collective cell migration [2], and play a central
role in morphogenetic processes in vivo and in vitro [3–5].
An important question is how the interplay between cell-cell
interactions (steric repulsion and adhesion) and influences
from the environment control nematic order. It is known that
alignment of long biopolymers in the extracellular matrix can
guide individual cell motion through contact guidance of loco-
motion [6–9], playing an important role in metastatic invasion
[10]. Less explored is the effect of environment anisotropy
on collective cell patterns and migration, as relevant, for in-
stance, in wound healing [11] and morphogenesis [1]. The
ability to use a structured environment to direct collective
cell organization and migration also has direct relevance to
bottom-up tissue engineering and organoid morphogenesis,
where substrate patterns could be used to shape tissues by
designing nematic texture [9,12–14].

Recent work has demonstrated that microgrooved and pat-
terned substrates can both direct the dynamics of single-cells
and organize the collective dynamics of confluent cell mono-
layers [15]. More surprising is the observation of the behavior
of cells cultured on liquid crystal elastomers (LCE) substrates
that are topographically flat, but can be prepared in a nematic
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state, where the substrate fibers are aligned at the molecular
scale. Experiments by one of us [16] and others [17,18] have
shown that in this case single cells appear insensitive to the
molecular-scale orientation of the substrate, but cell collec-
tives are able to align with the direction of broken symmetry of
the substrate and to develop nematic order on the scale of the
entire tissue. This suggests a new and intrinsically collective
mechanism for sensing molecular-scale substrate anisotropy.
In this work we reexamine these experiments and demonstrate
a new collective mechanism for nematic cell alignment due
to anisotropic friction. In contrast with a previously studied
scenario that requires flow alignment [19], the mechanism we
propose operates via density gradients and growth dynamics
and requires neither flow alignment nor active shear stresses.

We begin with a brief summary of the experiments [16] to
highlight the main open questions that our model will address.
In these experiments human dermal fibroblasts (hdFs) are
seeded at low density on an LCE substrate. Cells then grow
and divide along their long axis, organizing in locally aligned
high-density domains separated by low-density disordered re-
gions.

While cells are aligned within each domain, the domains
themselves are oriented in random directions, regardless of
whether the LCE substrate is in its isotropic or nematic state.
Upon a further increase in density, however, the behavior on
isotropic and nematic substrates is distinctly different. On
isotropic substrates no further alignment across domains is
observed as the density continues to increase. On nematic
substrates the ordered domains grow in size and align with the
direction of order of the substrate, resulting in cell alignment
with the substrate at the global scale of the entire monolayer.
At even higher densities cells jam orientationally and eventu-
ally growth ceases. There are two key observations that we
aim to elucidate. First, the degree of nematic order in the
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FIG. 1. Analysis of experimental data highlights the interplay of order and density. Snapshots of (a) jammed hdF cells growing on an LCE
substrate, (b) their orientation fields, and the local density (heat-map). Dots in panels (a) and (b) are topological defects in the orientation field
of the cells with charges +1/2 (red dots) and −1/2 (cyan dots). (c) Histogram of the angle between the cell orientation (n̂) and the density
gradient (∇ρ) showing preferential cell orientation perpendicular to density gradients in a jammed monolayer grown on a nematic substrate
(data collected from n = 5 distinct experiments). The purple histogram is weighted by S|∇ρ|, while the gray histogram is unweighted. (d) Cell-
substrate order parameter in experiments on hdF monolayers growing on a nematic (red dots) and an isotropic (blue stars) substrate. Each
group of points corresponds to a separate experiment recorded at different times after seeding with ρseed = 50 cells/mm2, with higher densities
corresponding to later times as cells proliferate. The cyan solid lines are numerical solutions to Eqs. (23) and (22) with parameters: γ0 = 0.25
and � = 0.0015. (e) Cell-substrate order at jamming as a function of seeding density. Red dots are experimental data from n = (3, 1, 1, 1, 3, 2)
experiments respectively with error-bars showing the standard deviation. Cyan crosses represent numerical solutions to Eqs. (23) and (22) with
parameters: γ0 = 0.25 and � = 0.0015. The error bars show standard deviation obtained from 50 simulations with random starting angles. (f)
Illustration of the alignment mechanism mediated by the interplay of cell proliferation, anisotropic friction and cell-alignment perpendicular
to density gradients.

jammed state depends on the initial seeding density, with a
lower seeding density leading to a more ordered final state.
Second, individual cells do not align with the direction of
liquid crystalline order of the substrate. Moreover, at inter-
mediate density, cells align with each other in large regions
via steric effects, but not with the substrate direction. At even
higher densities the entire cell layer aligns with the substrate.
These observations suggest that substrate alignment occurs
via collective sensing.

A new analysis of experimental data [16] based on a k-
nearest neighbor (kNN) method has enabled us to tease out
the role of density gradients in driving cell alignment. This
method allows us to construct continuum fields in systems
with strong density fluctuations by averaging over topological
instead of metric neighbors [20]. This analysis shows a cor-
relation between cell alignment and the direction of density
gradients (see Fig. 1), demonstrating that cells preferentially
align tangentially along the contours of high-density domains,
i.e., perpendicular to the density gradient. Guided by this
insight, we formulate a hydrodynamic theory for a proliferat-
ing cellular nematic that aligns with external cues and driven
toward a jammed state.

First we examine the interplay between alignment due to an
external field proportional to cell density and alignment from

steric effects in a minimal spatially homogeneous setting. This
model provides a simple explanation of the observation that a
low initial seeding density results in a more ordered state at
long times as arising from the competition between the rate
of cell growth and the rate of cell reorientation that drives
nematic order. Essentially, at low seeding density, appreciable
order can build up before cells jam due to steric effects.

We then incorporate spatial inhomogeneities to tease out
the mechanisms that drive the collective sensing of substrate
order. Since the LCE substrate is very stiff (≈ 300 MPa [16]),
it is unlikely that mechanical interactions mediated by sub-
strate deformations play a role. Instead, we propose that
nematic order of the substrate enters through anisotropic trac-
tion forces, resulting in lower friction along the direction
of the substrate’s liquid crystalline order. Isotropic pressure
due to proliferation of cells then generates anisotropic flows
that stretch high-density domains along the low-friction axis.
The resulting anisotropic gradients lead to the reorientation
of cells, eventually causing their global alignment with the
substrate. We stress that this alignment mechanism is dis-
tinct from ones previously considered in the literature, where
flows generated by deviatoric active stresses and enhanced
by anisotropic friction promote order through flow alignment
[19].
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FIG. 2. Illustration of kNN coarse-graining method for k = 4.
At point x, where cells are sparse, the coarse-graining radius, cho-
sen to encompass exactly k cells, is larger than at point y near
which cells are dense. Each cell neighboring point x is indexed by
j = 1, 2, . . . , k and is at a distance r j and makes an angle φ j with
the x axis. For expressions of coarse-grained density and order-
parameter fields, see Sec. II.

The remainder of the article is organized as follows: In
Sec. II we present an additional analysis of experimental data
that demonstrates the correlation between density gradients
and cell orientation. In Sec. III we formulate the continuum
model of a proliferating nematic capable of jamming. In
Sec. IV we examine the competition between cell growth and
substrate-driven alignment in the case of a spatially homoge-
neous system. In Sec. V we consider the spatially extended
model and show that anisotropic tractions and density fluc-
tuations together provide a mechanism for collective cell
alignment to the substrate. We conclude in Sec. VI with a sum-
mary of our results and some comments on open questions.
Section VII gives details on data analysis and computational
methods.

II. INTERPLAY OF ORDERING AND DENSITY
IN HDF-LCE SYSTEM

In the following we describe an alternative analysis of
previously published experimental data for hdF cells growing
on an LCE substrate [16]. To construct continuum fields from
discrete experimental data we use a k-nearest neighbor (kNN)
method, which allows us to describe nonconfluent monolayers
with large density fluctuations and empty regions between
cells. Let the k cell nuclei nearest to an arbitrary query point x
be labeled by j = 1, 2, . . . , k. Each of the k elongated nuclei
is located at a distance r j from x and oriented along the angle
φ j measured from the positive x axis. For a graphical illustra-
tion of the method, see Fig. 2. The coarse-grained density and
nematic order-parameter fields are then defined as

ρ(x) = k

π max j
[
r2

j

] , (1)

q(x) =
∑k

j=1 w je2iφ j∑k
j=1 w j

, (2)

FIG. 3. Cartoons to illustrate the distinction between average
local cell-cell order (S̄), global cell-cell order (S̄g), and cell-substrate
order (S̄cs). The direction of nematic order of the substrate is taken as
the x axis (double arrows).

where max j denotes the maximum among the k neighbors and

w j = exp

[
− r2

j

1
k

∑k
j=1 r2

j

]
. (3)

The complex coarse-grained order-parameter field q(x) can
also be written as q(x) = S(x)e2iθ (x), where S(x) = |q(x)| is
the magnitude of the order-parameter field and θ (x) the direc-
tor angle field. In our analysis below we use k = 10 and have
verified that our results are robust to variations of k.

To quantify nematic order we introduce three average
quantities:

S̄ = 〈|qρ|〉x/〈ρ〉x, (4)

S̄g =
√

|〈qρ〉x|2/〈ρ〉x, (5)

S̄cs = 〈Re qρ〉x/〈ρ〉x, (6)

where the brackets denote a spatial average over the entire
system. The quantities are then averaged over ensembles.

Here S̄ measures average local cell-cell nematic alignment
and is finite in a state with large randomly oriented nematic
domains with an intermediate size that is much larger than the
cell spacing but smaller than the system size. It will be referred
to in the following as the local order parameter. S̄g quantifies
global cell-cell order and S̄cs captures global alignment with
the substrate’s direction of broken symmetry, chosen by con-
vention as the x axis. The cell-substrate order S̄cs ranges from
−1 for monolayers aligned with the y axis to +1 for mono-
layers aligned with the x axis. Note that S̄cs < S̄g < S̄, i.e.
local order is a requisite for global order, and global order is a
prerequisite for cell-substrate order. The distinction between
the three order parameters is illustrated in the cartoons shown
in Fig. 3. A monolayer globally aligned to the substrate has
high values of S̄cs, S̄g, and S̄ [see Fig. 3(a)]. A monolayer that
is globally ordered but not aligned with the substrate would
have finite S̄g and S̄, but small S̄cs [see Fig. 3(b)]. A monolayer
with aligned but randomly oriented domains has finite local
order S̄, but vanishing global and cell-substrate order in the
limit of large system size [S̄g � 0 and S̄cs � 0, see Fig. 3(c)].
Finally, a monolayer that is disordered on the cell scale has
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S̄ ≈ 0 and thus also vanishing global and cell-substrate order
[see Fig. 3(d)]. Global order clearly also implies local order,
but not the opposite. Similarly, a small value of global order
necessitates low cell-substrate order, but not vice versa.

The cell-substrate order shows a strong dependence on the
density, as can be seen in Fig. 1(d). Below 300 cells/mm2,
there is little-to-no cell-substrate order in the monolayer. Or-
der, however, develops sharply at higher density and plateaus
around 550 cells/mm2 at S̄cs ≈ 0.7, where the monolayer
jams orientationally. We see a significant dependence of the
cell-substrate order at jamming on the initial seeding density,
namely, smaller seeding densities lead to more aligned mono-
layers; see Fig. 1(e).

The orientation of individual cells is affected by mechan-
ical stress exerted by neighboring cells, and hence, by the
density of cells. We observe that the cells’ orientation tends
to be orthogonal to density gradients [see Fig. 1(c)]. In other
words, cells tend to align parallel to the interface separating
high- and low-density regions. The same behavior has been
observed before in proliferating bacteria [21] and is consis-
tent with what is expected in extensile active fluids [22]. In
the following we use the above observations to formulate a
continuum nemato-hydrodynamic theory.

III. A PROLIFERATING NEMATIC CAPABLE
OF JAMMING

To capture the interplay between cell growth and orien-
tation, we consider a minimal continuum model where the
steady-state nematic texture minimizes the Landau-de Gennes
free energy, given by

F =
∫

d2r[ fLdG(Q) + fχ (Q) + f�(Q)], (7)

with free-energy densities

fLdG(Q) = f 0
LdG(Q) + Kρ

2ρIN

|∇Q|2, (8)

f 0
LdG(Q) = a(ρ)

2
|Q2| + b(ρ)

4
|Q2|2], (9)

fχ (Q) = χ̃Qi j (∂iρ)(∂ jρ), (10)

f�(Q) = −�̃ρPi jQi j . (11)

The real order-parameter field Qi j (x) is a symmetric traceless
tensor related to the complex order parameter q(x) by q/2 =
Qxx + iQxy, with Qyy = −Qxx and Qyx = Qxy. It can also be
written in the familiar form Qi j = S(nin j − δi j/2), where S
measures the degree of nematic order and n = (cos θ, sin θ )
is the director field that identifies the direction of broken
orientational symmetry, with n = −n and |n| = 1. The first
two terms in Eq. (8) control the equilibrium state in the ab-
sence of substrate coupling, with a(ρ) = a0(1 − ρ/ρIN) and
b(ρ) = 2a0(1 + ρ/ρIN). The third term denotes nematic elas-
ticity in a one constant approximation, which we scale with
density, as is seen in simulations of hard rods [23]. When
�̃ = 0 the steady state is controlled by the isotropic–nematic

transition density ρIN. For ρ < ρIN the cell layer is isotropic,
with S = 0. For ρ > ρIN the cell layer is in a nematic state,
with S = [(ρ − ρIN)/(ρ + ρIN)]1/2, which saturates to 1 for
ρ � ρIN. In the absence of alignment terms (χ = �̃ = 0), the
direction of broken symmetry is chosen spontaneously. In the
following, all densities are measured in units of ρIN unless
otherwise indicated.

The free-energy density fχ couples orientation to density
gradients, favoring alignment of the director normal to density
gradients for χ̃ > 0 [as seen in Fig. 1(c)]. We define a nondi-
mensional parameter χ = χ̃ρ2

IN/K to refer to this coupling
strength. Finally, f� describes the interaction with the sub-
strate modeled as an external field Pi j that aligns cells with the
direction of nematic order in the substrate. In the following we
consider a uniform substrate anisotropy aligned, by conven-
tion, with the x axis: Pxx = −Pyy = 1 and Pxy = Pyx = 0. The
strength of alignment is controlled by the energy scale �̃. Col-
lective sensing of the substrate is incorporated via the factor of
cell density in f�. We note that a similar extra-cellular guiding
term with density and order dependence was proposed earlier
to explain density dependent isotropic–nematic transition in
human melanocytes [24].

The external field term is a phenomenological stand-in for
the many ways environmental anisotropic forces affect cells.
Examples include vascular endothelial cells aligned by fluid
shear flow [25], fibroblasts that align with the extracellular
matrix (ECM) they deposit [6–9], nonmotile bacteria under
spatial confinement [26,27], confined amnioserosa cells in
drosophila embryos [28], actin fibers in hydra guided mor-
phogen gradients [29], and various elongated cells guided by
micro- or nanogrooves on surfaces [15].

To describe the ordering dynamics during cell growth,
we augment a well-established continuum model of active
nematic liquid crystals [30] to include cell proliferation
and incorporate the density dependence of various align-
ment rates. We assume that cells are seeded at a density
〈ρ(t = 0)〉= ρseed and then proliferate, with the density grow-
ing logistically up to a characteristic carrying capacity ρc(S)
(defined as the number of cells that can attach to a given sub-
strate area), which depends on the local nematic order. This
dependence incorporates the fact that an aligned monolayer
can accommodate a larger carrying capacity. The biological
motivation for this is the reduced density seen in defect cores
which are regions of vanishing nematic order. The nematic
order parameter in turn evolves with relaxational dynamics
controlled by the free energy F , while getting advected,
rotated, and aligned by cellular flows with velocity v. The
coupled dynamics of density, nematic order and flow is then
given by

∂tρ + ∇ · (ρv) = ρ

τg

[
1 − ρ

ρC(S)

]
, (12)

Dt Q = λ(ρ)E − 1

γ (ρ)

[
δF
δQ

]T

+ 
(ρ) N, (13)

ρζi jv j = ∂ jσ
a
i j − ∂i p. (14)

Here τg is the proliferation time at low density, which we use
to nondimensionalize all timescales in the system, and Dt Q =
∂t Q + ∇k (vkQ) + Q · � − � · Q, with �i j = (∂ jvi − ∂iv j )/2
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and Ei j = (∂ jvi + ∂iv j − δi j∂kvk )/2. Here [·]T denotes the
traceless part. In experiments, it is observed that cell orien-
tation dynamics arrests upon jamming at high density. We
therefore include a density dependence of the nematic “mobil-
ity” and flow alignment rate so that both vanish at the jamming
density ρJ(S):

1

γ (ρ)
= 1

γ̃0
�[ρJ(S) − ρ], (15)

λ(ρ) = λ0H[ρJ(S) − ρ], (16)

where �(x) = xH (x), with H (x) the Heaviside step function.
The jamming density ρJ is assumed to depend on the degree
of nematic order,

ρJ(S) = ρJ(0) + [ρJ(1) − ρJ(0)]S2, (17)

where ρJ(0) and ρJ(1) are the jamming densities in the
isotropic and nematic state, respectively. We set ρJ(1) > ρJ(0)
because aligned cells can pack better, and thus, jam at a higher
density. Estimates of the various densities in the system are
provided in Appendix A.

The dependence of the nematic relaxation rate on jamming
density, which is itself controlled by the scalar order parame-
ter, introduces a feedback between density and order, which is
inherently nonequilibrium in nature and cannot be captured
by equilibrium Landau-like theories. We show in the next
section how this feedback encodes a dependence on initial
conditions.

In general the density ρJ where orientational order freezes
and the density ρC where cells stop dividing (the carrying
capacity) can be different. For simplicity, we choose their ratio
to be constant, with

ρC(S) = rJρJ(S). (18)

The ratio rJ will be an important parameter of the model. This
choice is motivated by the form of the equation of state, where
pressure is chosen to increase exponentially as the system
reaches jamming [26],

p(ρ, S) = Beρ/ρJ (S). (19)

Here, B plays the role of a bulk modulus, akin to an inverse
compressibility. As the system reaches carrying capacity ρ =
ρJ(S), pressure becomes uniform, implying that density inho-
mogeneities can exist postjamming without creating flows.

Finally, the Q dynamics includes a nonconserved Gaus-
sian white noise Ni j (x, t ) with zero mean, variance 
(ρ) =
ηQρ/γ (ρ), and correlations

〈Ni j (x, t )Nkl (x′, t ′)〉 = Ji jklδ(x − x′)δ(t − t ′), (20)

with Ji jkl = (δikδ jl + δilδ jk − δi jδkl )/2.
The force balance equation (14) contains an anisotropic

friction ζi j = ζ0(δi j − εPi j ), where Pi j encodes the substrate
orientation and ε is a dimensionless parameter that controls
the friction anisotropy.

The first term of the right-hand side of Eq. (14) is the
gradient of the active stress with deviatoric component

σ a
i j = α�[ρJ(S) − ρ]Qi j, (21)

where α < 0 corresponds to extensile activity and the prefac-
tor is chosen to make the active stress vanish as the cells jam.

Note that the active stress also vanishes for small ρ because
the magnitude of Q vanishes below the isotropic-nematic tran-
sition density ρIN.

Fibroblast colonies exhibit various active processes that
may be relevant on different time and length scales. Individual
cells crawl on the substrate at speeds of around 10 µm/h
[16] and reverse their direction of motion roughly every hour
[7]. On timescales shorter than the reversal time, cells move
by generating contractile force dipoles. At longer times the
back-and-forth motion along the cell’s long axis effectively
yields extensile stresses. For elongated cells that divide along
their long axis, growth and division are a source of extensile
activity [31]. The cell’s doubling time is around 50–60 h [16].
In this study, we focus on the two dominant long-time sources
of anisotropic active stresses in the monolayer, both extensile
in nature: cell growth and back-and-forth motion of cells
along their long axis. Notably, as we shall see below, these
anisotropic active stresses are not essential for the collective
alignment of cells on an anisotropic substrate. Rather it is the
isotropic proliferation-induced pressure gradient that drives
collective alignment.

IV. A LOWER SEEDING DENSITY YIELDS
A MORE ORDERED STATE

The dependence of the structure of the final jammed state
on seeding density can be captured through a simple model
that neglects all spatial variations. It simply originates from
the interplay between growth, jamming, and alignment to the
substrate.

Neglecting all gradients, the coupled dynamics of density,
nematic order parameter, and director angle is given by

dρ

dt
= ρ

(
1 − ρ

rJρJ

)
, (22)

dS

dt
= − 1

γ0
�(ρJ − ρ)h(ρ, S), (23)

dθ

dt
= − 1

γ0S
�(ρJ − ρ)�ρ sin 2θ, (24)

where h(ρ, S) = S[1 − ρ + (1 + ρ)S2] − 2�ρ. We have
rescaled times with τg, densities with ρIN, and energies with
a0. The equations now contain three dimensionless parame-
ters: � = �̃/a0, γ0 = γ̃0/(a0τg) = τQ/τg, where τQ = γ̃0/a0

is the nematic relaxation time, and rJ is the ratio of the car-
rying capacity to the density at which orientations jam. These
equations are solved with initial conditions ρ(t = 0) = ρseed,
S(t = 0) = 0 and randomly chosen θ (t = 0). In the homoge-
neous case, once the angle variable aligns due to the external
field, the average local order parameter (S̄), the global order
parameter (S̄g), and the cell-substrate order parameter (S̄cs) all
coincide and will be simply denoted by S.

The steady states of these ODEs and their stability are
summarized in Fig. 4. The angle θ aligns with the nematic
direction of the substrate and the equations can be simplified
to just examine the coupled dynamics of S and ρ. There are
two nullclines (defined by dρ

dt = 0 and dS
dt = 0) in the S-ρ

plane. We find it instructive to divide our analysis into three
cases based on the value of rJ.
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FIG. 4. Phase portraits of the ODE model showing the dynamics as light gray trajectories. The black dashed line in each plot is the
S-nullcline obtained from the solution of h(ρ, S) = 0. The dotted and dash-dotted lines show the jamming density ρJ(S) and carrying capacity
ρC(S), respectively. (a) Phase portrait for rJ = 0.9 with a single stable fixed point [green dot; h(ρC, S) = 0]. The red crosses show the state
at T = 2τg for simulations started from S = 0 and ρ uniformly spaced between 1.2 and 2.5 (red dots) illustrating that the dynamics slows as
the seeding density is increased. (b) Phase portrait for rJ = 1 where the jamming and carrying capacity lines coincide, forming a line of fixed
points (solid line). Green (orange) segments correspond to stable (unstable) fixed points. Blue stars indicate exceptional points where the two
eigenvalues coalesce. (c) Phase portrait for rJ = 1.2 showing the line of fixed points (solid green line) which is always stable. Parameters:
� = 0.02, γ0 = 0.67.

When rJ < 1, or the carrying capacity of the monolayer
is smaller than the jamming density, the only steady state
is a stable fixed point [green dot in Fig. 4(a)] given by
h[ρC(S), S] = 0. In this case the late-time behavior of the
system is independent of the seeding density. However, the
dynamics of approach to the fixed point depends strongly
on seeding density. When the system is initialized at high
seeding density the dynamics significantly slows near ρJ(S).
On the other hand, trajectories starting at low seeding density
rapidly approach the fixed point, since they are far from ρJ. To
illustrate this, we indicate the state of the system at T = 2τg by
gray crosses in Fig. 9(a) of Appendix B, showing that the rate
of build-up of order is inversely proportional to the seeding
density.

This behavior has dramatic consequences at rJ = 1, where
two nullclines coincide and the jammed state ρ = ρJ(S) is
a steady state for any value of S. This condition identifies
a line of fixed points shown as a solid line in Fig. 4. The
stability of the fixed points determines the behavior of the
trajectories. Stable (green) and unstable (orange) segments
are separated by exceptional points (EPs). In Appendix B
we derive conditions for the presence and positions of the
pair of EPs and create a bifurcation diagram (see Fig. 9 of
Appendix B) that clearly shows that a part of the phase-space
becomes inaccessible to the system due to the emergence of
an unstable segment along the line of fixed points.

Finally we examine the case rJ > 1, where the carrying ca-
pacity of the monolayer is larger than the jamming density. In
this case ρ = rJρJ is a line of fixed points due to the Heaviside
function in Eq. (23). This line of fixed points is always stable
and supports the observation that the seeding density inversely
determines the degree of final order. Trajectories that start
equally spaced from the x axis cluster toward small and large S
and become diluted for intermediate S even though the entire
line is stable. This behavior can be understood as a “ghost”
of the segment of unstable fixed points found for rJ = 1 at
intermediate S. The dynamics in the regime rJ > 1 robust

for small noise in both variables and our full spatiotemporal
simulations, described in the next section, are carried out in
this regime. The results of the numerical solution of Eqs. (23)
and (22) with rJ = 1.5 are shown in Figs. 1(a) and 1(b). These
show that the model successfully captures the dependence of
order at jamming on the seeding density.

We can intuitively understand the observed dynamics as the
result of two competitions: a competition of timescales and
a competition of alignment mechanisms. The two competing
timescales are the rate of growth of density, which drives the
density toward its jamming value ρJ(S), and the rate h(ρ, S) at
which steric effects and the external field drive nematic order.
To reproduce the experimental observations, ordering must be
sufficiently fast for cells to align before jamming occurs, but
not too fast such that high seeding density results in jamming
before an ordered state has been reached. The competition
between steric alignment and alignment driven by the external
field controls the behavior of the ordering rate h(ρ, S). For
small values of � the external field selects the direction of
broken symmetry, but the onset of order is dominated by
steric effects and the isotropic to nematic transition density
ρIN determines the threshold for the onset of order. For large
� alignment is controlled by the external field. In this case
the system reaches an ordered state for all seeding densities.
For intermediate values of � the ordering rate h(ρ, S) is
fast enough to align before jamming. In this regime smaller
seeding densities reach more ordered states.

V. SPATIALLY EXTENDED MODEL

The minimal set of ODEs described in the previous sec-
tion explains how the emergence of order depends on the seed-
ing density. It does not, however, distinguish between local
and global order nor does it address the question of how cells
collectively align with the substrate. It is known that inhibiting
focal adhesions results in the loss of collective directional
sensing [16]. We therefore hypothesize that cell attachment
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FIG. 5. Emergence of order in numerical simulations of a proliferating nematic. (a) Cell-substrate order as a function of mean density.
(b) Local order parameter as a function of mean density. Black and cyan lines show results for the model variant with an external aligning
field (average of 10 runs) and anisotropic friction (average of 20 runs), respectively. Red disks and blue stars show experimental data for cells
growing on nematic vs isotropic substrates, respectively. Simulations for external field and asymmetric friction are for n = (10, 20) runs per
ρseed, respectively. (c)–(f) Snapshots of a simulation with asymmetric friction starting at ρseed = 100 mm−2 showing the local nematic director
(dashes) and the local density (color map). Initially (c) cells are clustered and locally aligned within the cluster, but the clusters are randomly
oriented. (d) As cells divide, and the mean densities increases clusters grow, merge, and rotate to align with the substrate. (e) As density
increases everywhere, significant local order develops in the entire monolayer. (f) At the highest density, the orientations jam. Comparing
panels (e) and (f), one can see that jamming prevents annihilation of defects pairs. Scale bar shows 2 mm. For details about the simulation
parameters, refer to Sec. VII B.

depends on the cell’s orientation relative to the substrate or-
der due to the microscopically anisotropic structure (polymer
chains) of the LCE which may affect focal-adhesions. We
incorporate this in our model as anisotropic traction forces
responsible for the anisotropic friction in Eq. (14). In the
simulations with anisotropic friction, we set the “external
field” � = 0. Simulations with isotropic friction and � > 0
are presented in Appendix E. As expected, this model variant
also reproduces the experimental findings but does not explain
the mechanism underlying collective alignment.

To mimic the initial conditions found in experiments after
cell seeding, we initialize simulations with randomly oriented
cell clusters (or colonies as seen in Videos 1–3 with descrip-
tions in the Supplemental Material [32]); see Appendix C
for details. Starting from a global average density ρseed =
50 cells/mm2, we find that both local order and cell-substrate
order increase over time as cells proliferate, reproducing the
experimental observations; see Figs. 5(a) and 5(b). In par-
ticular, at intermediate density (≈200 cells/mm2) there is
appreciable local order but little cell-substrate order (see lower
middle panels in Videos 1–3). Increasing the seeding den-
sity results in reduced cell-substrate alignment in the final,
jammed state; see Fig. 13 in Appendix E. Thus, the spatially
extended model reproduces the experimental findings and

the results obtained from the minimal ordinary differential
equation (ODE) model. We conclude that anisotropic friction
is sufficient for cells to collectively align with the substrate
direction. We next investigate the underlying mechanism.

A. Anisotropic friction and density gradients
drive collective alignment

To reveal the key processes driving collective cell align-
ment in our model, we performed simulations with flow
alignment and active deviatoric stresses turned off (λ = 0,

α = 0). Remarkably, these simulations still show significant
cell substrate order at jamming Fig. 6(b). Parameter sweeps
of the bulk modulus (B) show that proliferation-driven stress
plays a key role.

In the presence of anisotropic friction, this isotropic stress
drives anisotropic flows which are stronger along the low-
friction direction. As a result, density gradients become
shallower along this direction compared with the high-friction
direction. In turn, anisotropic density gradients cause re-
orientation of the nematic through alignment perpendicular
to density gradients. Indeed, setting the density-alignment
parameter χ = 0 results in a significant reduction of cell-
substrate order, even in the presence of flow alignment
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FIG. 6. Collective alignment in simulations with asymmetric
friction. (a) Cell-substrate order at jamming as a function of the
nondimensionalized bulk modulus B̃ = Ba0τg/(ζ0KρIN ) for three
different values of friction anisotropy: ε = 0.4 (cyan diamonds),
ε = 0.17 (blue dots), and ε = 0.0 (purple triangles). Lines are drawn
for visual clarity. Simulations were performed with finite density
alignment (χ = 1.2), but no flow alignment nor activity (λ = 0,
α = 0), with ρseed = 50 mm−2. (b), (c) Magnitude of density gra-
dients (heat-map) and local nematic director (white segments) for
a single cell patch in a simulation with asymmetric friction at two
different times, corresponding to two values of mean density. At
earlier times, the gradients have azimuthal symmetry and the director
is oriented azimuthally, with broad regions where it is normal to the x
axis (b). After doubling of the mean density, the density gradients are
stronger in the in y direction, the patch itself is elongated and cells
have aligned with the x axis (c). Scale bars show 500 µm.

and deviatoric active stresses [see Figs. 11(a) and 11(b) in
Appendix D].

To illustrate the above mechanism in simulations, we
looked at a single initially circular cell cluster with initially
uniform nematic order at an angle relative to the low-friction
direction. Alignment of cells to density gradients rapidly ori-
ents the nematic circumferentially around along the cluster
edge; see Fig. 6(b). A snapshot at a later time, Fig. 6(c), clearly
shows the anisotropic density gradients which are smoother
along the low-friction direction (x axis) and the resulting
reorientation of the nematic directors toward that axis. To
test whether this mechanism may explain the emergence of
cell-substrate order in experiments, we quantified gradients
of cell density. In agreement with our theory, we find that
gradients perpendicular to the direction of substrate order are
steeper; see Fig. 11(b) in Appendix D. We must emphasize
that initial density gradients are a necessary ingredient for
this mechanism. The density heterogeneity in the initial state
which gives rise to these gradients is estimated from the ex-
periments (see Appendix C for details). In contrast with this
initial heterogeneity, dynamical noise added to Eq. (13) does
not significantly affect the behavior of the system.

B. Topological defect dynamics

Regions of appreciable local cell-cell order consist of
aligned domains separated by topological defects [pink and
cyan dots in Figs. 1(a) and 1(b)]. We find that at intermediate
to high mean densities (500–900 cells/mm2), the defect cores
are regions of low cell density for both the comet-shaped
+1/2 [Fig. 7(d)] and the trefoil-shaped −1/2 [Fig. 7(e)] de-
fects. This is in contrast with previous studies on different cell
types where it was observed that cells accumulate at defect

FIG. 7. Topological defects in simulations and experiments.
(a) Defect number density (units of mm−2) at jamming increases
with seeding density in experiments on nematic substrates (red dots)
and in simulations with (cyan diamonds) and without (blue stars)
external aligning field as well as simulations with (green pentagons)
asymmetric friction. (b), (c) Histograms of relative cell density at
a distance r from the defect core in simulations. Note the low cell
density for both +1/2 and −1/2 defects. Data from 30 simulations
with initial low seeding densities (50–150 mm−2) yielding 23 defect
pairs. (d), (e) Experimental density histograms near defects in a
jammed monolayer on a nematic substrate. The histograms clearly
show lower density at the defect cores. Data from four experiments
containing a total of 23 defects with charge +1/2 and 21 with charge
−1/2. Error bars show standard deviation.

cores (neural progenitor cells [33] and Myxococcus xanthus
bacteria [34]) or are even extruded due to the large compres-
sive stress that develop in this region (epithelia [35]). At even
higher densities (�1300 cells/mm2), however, fibroblasts have
been found to form mounds at the core of +1/2-defects where
the system starts forming a second cell layer [36]. Details
on calculating the density near defect cores are presented in
Sec. VII A.

We investigated the motion of topological defects in more
detail. Topological defects emerge in cell clusters where “an-
choring” to the density gradient along the cluster edge induces
a net charge of +1. The compensating negative topological
charge is initially distributed across the low-density regions
where S ≈ 0. As clusters grow into one another, this neg-
ative charge localizes in −1/2 defects along the domain
borders where clusters with different cell orientation meet.
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The negative and positive defects eventually annihilate as the
monolayer orders (see Videos 1–3). Upon orientational jam-
ming, some defect pairs freeze before they can annihilate. The
monolayer then is in an arrested state with jammed topological
defects, as previously seen in epithelial cells [36–42]. The
number of defect frozen in the jammed state of the mono-
layer increases with increasing seeding density, as shown in
Fig. 7(a). This is expected because starting at higher seeding
densities results in a faster approach to jamming, giving de-
fects little time to annihilate.

In the original publication of the experiments [16], it was
noted that defects were seen moving in the direction of their
head (signature of extensile activity) when they are oriented
in the direction of the substrate’s broken symmetry. This was
attributed to activity due to proliferation. However, defects
were also observed to move in the direction of their tail (sig-
nature of contractile activity) when oriented perpendicular to
the direction of the substrate’s broken symmetry. In our work
activity is always extensile and the role of the deviatoric active
stress is to stretch the ordered high-density clusters into a
spindle shape due to extensile defect self-propulsion. At both
early and late times in the simulations, we see defects move as
expected in extensile systems (see Videos 1–3), in agreement
with previous calculations [43].

Finally, we find that cell density is always reduced at the
core of both +1/2 and −1/2 defects in simulations [Figs. 7(b)
and 7(c)]—consistent with the observations from experiments
[Figs. 7(d) and 7(e)]. In the model, reduced cell density near
topological defects arises from our assumption that cells can
pack better when aligned [cf. Eq. (17)], so that density is
higher in regions of high nematic order, while disordered
defect cores tend to be depleted of cells. This behavior likely
arises from the steric repulsion between the elongated cells
and is similar to what is observed in active nematics made
from microtubule-kinesin mixtures, where defect cores are
indeed void of microtubules [44].

By contrast experiments on bacteria [34] and epithelial
cells [35] have found cell accumulation near +1/2 defects.
The cause for this striking difference might be the very large
aspect ratios of fibroblast cells and microtubule bundles com-
pared with those of bacteria and epithelial cells. Furthermore,
investigating this phenomenon is an interesting direction for
future research.

VI. DISCUSSION

Motivated by recent experiments [16], we have developed
a hydrodynamic model of a proliferating nematic aligned by
external cues and capable of jamming. Our work captures
two important observations seen in the system of hdF-cells
growing on an LCE substrate: the order in the final jammed
monolayer depends on seeding density, and cell ordering is a
collective phenomenon.

We consider two ways of modeling the alignment with the
nematic substrate: (i) an external field that aligns the director
field of the continuum model to the direction of order of the
substrate, and (ii) anisotropic traction forces exerted by cells
on the substrate. Importantly, the strength of each of these
couplings is proportional to density to capture the collective
nature of the alignment.

A minimal spatially homogeneous model with no activity-
driven flows is sufficient to explain the dependence of final
order on seeding density. In short, a lower seeding density
gives cells more time to align before jamming, resulting in a
more ordered final state, as seen in experiments. This depen-
dence on the dynamic history emphasizes the nonequilibrium
nature of the system.

Our analysis of previously published experimental data
reveals that cells preferentially align perpendicular to density
gradients, i.e., along density contour lines. This suggests a
mechanism for global cell alignment mediated by anisotropic
density gradients, which, in turn, originate from anisotropic
substrate tractions on a nematic LCE substrate. This mech-
anism is inherently collective in nature, which is consistent
with the experimental observation that individual cells do not
align with the direction of the LCE substrate [16]. Notably,
cell alignment mediated by density gradients and anisotropic
friction occurs even in the absence of deviatoric active stresses
and flow alignment [Fig. 6(a)] but requires cell prolifer-
ation and (initial) density inhomogeneities. Therefore, this
mechanism is fundamentally different from ones previously
considered in the literature which rely on deviatoric active
stresses and flow alignment [19].

Preliminary results suggest that a more heterogeneous ini-
tial state can result in a more ordered jammed state. Exploring
systematically this type of “order from disorder” is an in-
teresting direction for future work. The dependence of the
continuum model on the amount of heterogeneity in the initial
state may be related to the fact that the continuum model itself
misses the discrete nature of cell division and neglects the
associated small scale fluctuations that are amplified at later
times, especially near jamming.

Since the proposed mechanism for cell alignment on an
LCE substrate depends on cell proliferation, we predict that
cells should no longer align with the substrate direction when
proliferation is inhibited (e.g. by arresting the cell cycle). The
molecular mechanism of the proposed cell-traction anisotropy
on an LCE substrate remains an open question. Experiments
have shown that suppressing focal adhesions impedes the
onset of global alignment [16], which supports our proposed
mechanism and provides a starting point for future experi-
ments.

VII. METHODS

A. Image analysis

Images of cell nuclei were segmented using Cellpose3’s
Cyto3 algorithm [45,46]. The generated regions of inter-
est were measured in Fiji [47]. A k-nearest-neighbor (kNN)
method was used to generate smooth fields out of discrete
nuclei position and orientation data in PYTHON (see Fig. 2).
The kNN method is used extensively for nonparametric prob-
ability density estimation [20] in the data-science community.
To our knowledge, it has not been used to construct continuum
fields out of discrete data in the biological physics community.
The most commonly used method to construct local fields out
of discrete quantities is a box-based method where boxes of
size l inversely proportional to the mean number density of
the system are chosen to discretize the system and quantities
are calculated as averages within boxes. This methods works
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TABLE I. Values of various parameters used for simulation of the full spatially extended model.

Parameter Description Value

ρseed Seeding Density ρIN/3
γ̃0 Rotational viscosity τg/40a0

λ Flow-alignment parameter 1
rJ Ratio of carrying capacity to jamming density 1.5
B/ζ0 Ratio of bulk modulus to friction coefficient 15 KρIN/(a0τg)
α/ζ0 Ratio of activity to friction coefficient −1.0 K/(a0τg)
ηQ Nematic order noise amplitude 1/ρIN; 10/ρIN

χ Strength of normal alignment to density gradients 1.2
ε Anisotropic friction coefficient 0.4
� External field strength 0.002

well at high density, but it is problematic in systems with
large density fluctuations and regions that are “empty” of
particles. In contrast, the kNN method performs well even in
a system with large number density fluctuations (most active
systems display giant number fluctuations). This is because
when number density fluctuations are large, it is impossible
to choose a single box-size that will work in both sparse and
crowded regions. In contrast, the kNN-method is akin to scal-
ing the box-size inversely with the local number density. The
kNN method does, however, have its disadvantages—mainly,
that it does not perform well when the fields it is approxi-
mating have long-tailed distributions or are at arbitrarily small
number densities (for example, our lowest seeding densities,
≈30–40 mm−2). In these cases, we propose an adaptive-kNN
method inspired by recent work in information theory [48].
This method adaptively chooses k and performs well over the
standard kNN method for globally sparse data. In future work
we plan to benchmark both methods for single-cell resolution
data.

Defects were detected by calculating the local wind-
ing number at every pixel of the smooth orientation field
(smoothed with a Gaussian kernel of size 100 µm). Connected
pixels with the same winding number were grouped together
as a single defect. Cell density around a +1/2 defect was
calculated inside a rectangle of length 500 µm and width
100 µm centered at the defect core and oriented along the de-
fect direction. Cell density around −1/2 defect was calculated
inside a circular region of radius 500 µm.

B. Numerical simulations

All numerical simulations were performed in PYTHON.
Units for space, time, and density were chosen as τg � 35 hr
[16],

√
K/a0 ∼ �cell � 100 µm, and ρIN = 150 cells/mm2.

The homogeneous model was integrated with a backward
differentiation method (BDF) from the SciPy library with
n = 8×103 time steps for a total time T = 40τg. For the
spatially extended differential equations, we developed a cus-
tom PYTHON code with pseudospectral solver made available
on Github [49]. All PDE simulations were performed with
n = 8×104 time steps for a total time T = 8τg. This time
was found sufficient for reaching the carrying capacity for
all starting densities considered. Unless otherwise specified,
the PDE numerical simulations used the parameters given in
Table I.

Grid spacing, dx = dy = √
K/a0, is always smaller than

the nematic correlation length for all densities ρ > ρIN, �Q =
{Kρ/[a0(ρ − ρIN)]}1/2, since �Q is bounded below by

√
K/a0.

Simulation box with periodic-boundary conditions has length
Lx = Ly = 100

√
K/a0, which corresponds to 10×10 mm2.

The field of view in the experiments is ≈6×3 mm2. Defects
and density were quantified by the same method used in the
analysis of experimental data.
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APPENDIX A: PARAMETER ESTIMATES
FROM EXPERIMENTS

The various densities entering our model are summarized
in Table II. Here we describe how we have estimated the range
of values for these densities.

The density ρIN can be estimated assuming the cells behave
like ellipsoidal particles of length ≈100 µm and aspect ratio
of about 6. Fibroblasts, however, move back and forth along
their long axis [7], which could increase their effective aspect
ratio to 12–15. The continuous isotropic to nematic transition
for hard ellipsoids in two dimensions has been studied nu-
merically for aspect ratio ranging from 2.4 to 9 [51], where
the IN transition happens at packing fractions between 0.85
to 0.45, respectively. We estimate that these cells with higher
effective aspect ratio than 9 transition at a packing fraction of
about 0.25, which gives ρIN ≈ 150 cells/mm2. For uniform
distribution, this density corresponds to 4–5 cells within a
circle of radius 100 µm. Our results do not change qualita-
tively when changing this value between 100 and 175 mm−2.
The experiments reported in Ref. [16] give ρIN ≈ 320 mm−2.
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TABLE II. Definitions and values of various densities.

Density Description Value

ρseed Seeding density ρ(t = 0) = ρseed 50–350 mm−2

ρIN Isotropic to nematic transition density 150 mm−2

ρJ(S = 0) Arrest of cell reorientation in a disordered monolayer 400 mm−2

ρJ(S = 1) Arrest of cell reorientation in an ordered monolayer 700 mm−2

ρC(S) Carrying capacity of the monolayer rJρJ(S)

Previous experiments on human melanocytes have estimated
ρIN ≈ 110 mm−2 [24].

The various jamming densities can be estimated from
the experiments of Ref. [16] as ρJ(0) ≈ 300–400 mm−2, and
ρJ(1) ≈ 600 mm−2. Alternatively, one can estimate ρJ(1) by
noting that a nematic to solid transition is observed in two-
dimensional (2D) simulations of hard ellipsoids above a
packing fraction of about 0.85 [52] for aspect ratios near 5.
Since our cells are considerably longer, we estimate this num-
ber to be about ρJ(1) � 700 mm−2. Using ρJ(0) � 400 mm−2,
This gives ρJ(0)/ρIN = 2.4 and ρJ(1)/ρIN = 3.47. We use
these parameters in all numerical and simulation studies pre-
sented.

APPENDIX B: STABILITY ANALYSIS
FOR THE ODE MODEL

In the marginal case rJ = 1, the ODE model exhibits a line
of fixed points. This Appendix presents a stability analysis
that reveals exceptional points where stability switches along
this line of fixed points.

For sufficiently large values of �/γ0, we can assume that
the director angle θ quickly aligns with the x direction and
just consider the coupled dynamics of S and ρ. To examine
the stability of the line of fixed points ρ = ρJ(S), we consider
the Jacobian of this reduced S-ρ system evaluated at the fixed
points, given by

J = 1

γ0

[
−ASh(ρJ(S), S) h(ρJ(S), S)

γ0AS −γ0

]
, (B1)

with A = 2(ρNJ − ρIJ ) > 0. The eigenvalues and eigenvectors
of the Jacobian are given by

λ0 = 0, e0 = (1, AS), (B2)

λ1 = −1 − A

γ0
Sh(ρJ, S), e1 =

(
−h(ρJ, S)

γ0
, 1

)
. (B3)

Here ρJ depends on S via Eq. (17), hence eigenvectors and
eigenvalues are only functions of S. The eigenvector e0 always
points along the tangent to the line of fixed points, implying
that perturbations in that direction are marginally stable. The
stability of the fixed points in the other direction is controlled
by the sign of λ1(S) (see Fig. 8). For λ1 < 0, trajectories are
attracted toward the line of fixed points, which becomes an
absorbing boundary as shown in Fig. 4 (green portions). For
λ1 > 0, trajectories are repelled from the line of fixed points,
corresponding to the orange portion in Fig. 4. When λ1(S) =
0, both eigenvalues vanish and e1 = (1/AS, 1), hence the two
eigenvectors become colinear and both are tangent to the line

of fixed points. The values of S corresponding to λ1(S) = 0
are denoted by the blue stars in Fig. 4 and correspond to
exceptional points.

The existence of these exceptional points bounding the
region of stability of the fixed points ρ = ρJ(S) implies a
change in the behavior of the system because in this region all
trajectories are repelled from the line of fixed points and reach
a jammed state with same density and value of S, regardless
of the initial seeding density.

We can show that the exceptional points, when present,
always come in pairs and lie below the point of intersection
of the S nullcline and the line of fixed points ρ = ρJ(S).
This intersection point, denoted by S∗, is the solution to
h(ρJ(S∗), S∗) = 0. Exceptional points are the solutions of
λ1(S) = 0, which requires both the following inequalities to
be satisfied:

h(ρJ, S) < 0, (B4)

1

γ0
>

−1

A min [Sh(ρJ, S)]
. (B5)

The first condition is satisfied in the region below the S-
nullcline for any value of �. Thus exceptional points will
always be below the intersection point S∗. To see that ex-
ceptional points always come in pairs, we note that λ1(S =
0) = −1 and λ1(S∗) = −1. For λ1(S) to be zero between these
extrema, the function must cross the x axis at an even number
of points, hence the exceptional points always come in pairs.

FIG. 8. Plot of λ1(S) for 1/γ0 = 2 for a few illustrative values
of external field strength (�). As � crosses a threshold, exceptional
points (blue stars) appear.
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FIG. 9. (a), (b) Phase-space flows and (c) bifurcation diagram for 1/γ0 = 2 and rJ = 1. The red lines in panels (a) and (b) are the trajectories
in (ρ, S) space, starting in a disordered state [S(t = 0) = 0] for various values of the initial seeding density ρ(t = 0) = ρseed. In all cases the
trajectories end on the line of fixed points as the system evolves from the initial disordered state to a state with ρ = ρJ and finite alignment
(S �= 0). All densities on the x axis are scaled by ρseed. In (a) we set � = 0.04 and all points on the lines of fixed points are stable, with
no exceptional points. The final order at jamming depends inversely on seeding density and the order-disorder transition is continuous, as
shown in the inset. In panel (b) for � = 0.07 there are two exceptional points (blue stars) bounding the unstable portion of the line of fixed
points. For all values of ρseed where the system evolves to an ordered state, the final order at jamming is independent of seeding density and
the order-disorder transition is discontinuous, as shown in the inset. The shaded region in the inset is unstable and is bounded by exceptional
points. (c) Bifurcation diagram: each triangle represents a jammed state and the color scale indicates the seeding density. The unstable region
is bounded by lines of exceptional points shown in dark blue.

The second condition, Eq. (B5), where γ0 = τQ/τg, re-
quires that growth controlled by τg be slower than the
remodeling of nematic texture on timescales τQ. This sets the
threshold for the transition from a disordered to an ordered
state. Physically this condition says that if the dynamics of
alignment is fast enough compared with growth, the system
can order through alignment before jamming. Alignment is
driven by two mechanisms: steric effects captured by the

FIG. 10. Clustering of cells at low seeding densities. (a) Snap-
shot of cells on a nematic substrate seeded around ≈45 mm−2.
(b) Local order (heat map) of cells calculated using the adaptive-
kNN method. Cells are superimposed as red sticks with uniform
approximate lengths. (c) Local order as a function of local density
shows a correlation between density and order. Error-bars are the
standard error of the mean. (d) The histogram of local density shows
a long-tailed distribution due to clustering.

nematic free energy and the external field � that describes the
role of substrate anisotropy. Note that increasing � lowers the
minimum value of 1/γ0 = τg/τQ required for ordering. This is
shown in Fig. 9, where Figs. 9(a) and 9(b) correspond to two
values of �: in Fig. 9(a) for � = 0.04 there are no exceptional
points, while they are present in Fig. 9(b) for � = 0.07.

Finally, we note that the qualitative form of the phase-space
flows does not depend on the exact dependence of ρJ on S. The
results remain the same provided the jamming density ρJ is an
increasing function of S.

APPENDIX C: CELL CLUSTERS

In experiments the initial cell density is strongly inhomo-
geneous, as shown in Fig. 10. Cells are organized in dense
clusters and are aligned with each other within the cluster
due to steric effects. The presence of clustering is evident
in histograms of local density that exhibit long tails. Local
order follows local density. Local order is calculated using
an adaptive kNN [48] with cutoff radius a ≈ 200 µm and
cutoff number of neighbors, nc = 2. Essentially near a point
if the number of neighbors within the cutoff radius is less
than the cutoff number of neighbors, the order is set to zero.
The number of neighbors to average, k is chosen adaptively as
k = 
n2/3�. This method results in an order field that is con-
sistent with individual cell orientations, as seen in Fig. 10(b).

To replicate the clustering of cells observed in experiments,
we initialize our system with circular patches of high density
(≈180 mm−2) embedded in a low-density background where
the density at each grid point is drawn from a uniform distribu-
tion between 0 and 15 mm−2. The above numerical values are
chosen from experimental data. Both the number of clusters
and the mean value of the fluctuating background density
are assumed to scale linearly with the seeding density. The
resulting spatially inhomogeneous density field is normalized
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FIG. 11. (a), (b) Dependence of steady-state cell-substrate order on the nondimensionalized bulk modulus B̃ in simulations with asymmetric
friction for friction asymmetry, ε = 0.4. Lines are drawn to guide the eye. (a) Simulations performed with only flow alignment and no density
alignment or activity (λ = 1.0, χ = 0, α = −0.1). (b) Simulations performed with activity and flow alignment but no density alignment
(λ = 1.0, χ = 0, α = −0.1) show that “active anchoring” can lead to substantial order but less compared with explicit anchoring (λ =
1.0, χ = 1.2, α = −0.1). Simulations performed with ρseed = 50 mm−2. Error bars are standard deviations for n = 10 simulations per
data point. (c) Asymmetry of density gradients in experiments on nematic (red dots) and isotropic (blue stars) substrates as compared with
simulations with asymmetric friction (red line).

so that its mean is the seeding density. Initially, each cluster is
uniformly oriented in a randomly chosen direction with scalar
order proportional to the local density. The background region
is disordered, with random orientation and infinitesimal scalar
order.

APPENDIX D: SIGNATURES OF COLLECTIVE
ALIGNMENT MECHANISM

Even though asymmetric friction generates asymmetric
flow profiles, flow-alignment alone does not seem to drive
the ordering to the extent that is seen in experiments. We
confirm this in simulations with asymmetric friction where
we set activity and density-gradient alignment terms to zero
and look at flow-alignment only. We find in Fig. 11(a) that
flow-alignment can drive ordering but it is not strong. The
error-bars are large due to initial conditions being strongly
heterogeneous.

We next look at activity and flow-alignment-induced active
anchoring of cells to density gradients that can also, in prin-
ciple, drive alignment without any explicit anchoring of cells
to density gradients. We find in Fig. 11(b) that indeed activity
and flow alignment can drive ordering but it is not as strong as
compared with the case with explicit alignment.

It is clear from Fig. 11(a) that flow-alignment and active
pressure can generate cell-substrate alignment. Deviatoric ac-
tivity [compare blue points in Figs. 11(a) and 11(b)], can also
strengthen cell-substrate order, but its effect is much weaker.
This is because the initial state of the system has no nematic
order and gradients of active pressure (hence density) dom-
inate over deviatoric active stresses. In the time the system
takes to build nematic order, active-pressure-driven alignment
is the dominant mechanism. Flows driven by deviatoric active
stress cannot be sustained for a sufficient amount of time
because the system jams.

Initial density gradients are crucial for engendering flows,
and thus alignment, driven by active pressure. This can be
made apparent by considering an isotropic Gaussian patch of
high cell density. Assuming ρJ = ρJ(0), the flow driven by
the corresponding initial density gradients is then given by
Eq. (14), which takes the form

vi = (ζ−1)ik

ρ
[−B̃∇kρ − α�[ρJ(0) − ρ](Qk j∇ jρ + ∇ jQk j )],

(D1)

where B̃ = Beρ/ρJ (0)/ρJ(0) derives from the gradient of the
pressure p = Beρ/ρJ (S) evaluated in the isotropic state S = 0.
The first term on the right-hand side of Eq. (D1) proportional
to B is the contribution from the active pressure due to pro-
liferation. It is finite only in the presence of nonzero density
gradients. The terms proportional to α contribute very little
because there is little nematic order in the patch initially;
S ≈ 0, Qi j ≈ 0. The first two terms give anisotropic diffusion
when the velocity is substituted in the evolution equation for
the density, but again the main contribution to the initial
spreading of density comes from the active pressure.

Active pressure gradients can generate cell-substrate align-
ment through both the χ term and the flow-alignment term
(proportional to λ). Here we compare their relative impor-
tance. To do so we consider the effect of the first term in
Eq. (D1) on the spreading of a Gaussian density mound (of
initial radius r0 and max density ρ0). The root-mean-square
(rms) spread in a time τg can be calculated by ignoring birth
and death and considering only diffusion. The rms spreads are
(
x)2 ∼ B̃τg/ζxx and (
y)2 ∼ B̃τg/ζyy. Since ζyy > ζxx, the
rms spread in x is higher than the spread in y. Thus in a time
≈τg the density gradients become anisotropic and of order
|∇xρ| ∼ ρ0/(r0 + 
x) and |∇yρ| ∼ ρ0/(r0 + 
y). Since the
spread is higher in x than in y, we have |∇xρ| < |∇yρ|. With
these estimates for density gradients we can determine the
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contribution of gradient alignment to cell-substrate order

[
Scs]χ ∼ χτg

2
[(∇xρ)2 − (∇yρ)2] ∼ ε

χτgρ
2
0

r3
0

√
B̃τg

ζ0
. (D2)

For flow alignment, we have

[
Scs]λ ∼ λ(ρ)[∇xvx − ∇yvy]τg. (D3)

The velocities are approximated as

vx ∼ B

ζxxρJ(0)

∇xρ

ρ
, vy ∼ B

ζyyρJ(0)

∇yρ

ρ
, (D4)

which gives

[
Scs]λ ∼ λ(ρ)

(
B̃τg

r2
0

)3/2
[

1

ζ
3/2
xx

− 1

ζ
3/2
yy

]

∼ 3ε λ(ρ)

(
B̃τg

ζ0r2
0

)3/2

. (D5)

Hence both flow alignment (≈λ) and density-gradient-driven
alignment (≈χ ) contribute to ordering to first order in the
friction anisotropy, ε, but the χ term scales as ρ2

0 while the
flow-alignment contribution scales as ρJ − ρ due to the de-
pendence of λ on ρ. For the initial Gaussian mound where
densities are generally above the I–N transition density but
less than the jamming density, the χ term will be stronger
than the flow-alignment term. We once again stress that here,
unlike in the previous literature, flow-alignment is gener-
ated by anisotropic density gradients not by deviatoric active
stresses.

Next we looked for asymmetry in density gradients along
the x versus y direction in experiments as well as simula-
tions with asymmetric friction. We find that in experiments
on nematic substrates the asymmetry in gradients is consis-
tently present at all densities [see red dots in Fig. 11(c)].
However, in experiments on isotropic substrates the asym-
metry averages out to zero across experiments [see one set
of blue stars above 1 and another below 1 in Fig. 11(c)].
In simulations with asymmetric friction (ε = 0.4) the asym-
metry gradually increases but is consistently higher than
experiments.

APPENDIX E: EXTERNAL ALIGNMENT FIELD

The main text presents simulations of the spatially ex-
tended model with anisotropic friction, which we show leads
to collective cell alignment along the low-friction direction. In
this Appendix, we compare this model variant to one where
the orientational bias imparted on the cells by the substrate
is implemented via an external field, analogously to the ODE
model.

We find that both model variants reproduce the growth
of local and global order with mean density and the depen-
dence of cell-substrate order on the initial seeding density,

FIG. 12. Snapshots at jamming of the cell substrate order field
(color maps) and nematic orientations (black directors, length
scaled by nematic order magnitude). The area fraction of substrate-
aligned regions (red) reduces with increasing seeding density
(see Fig. 13 for a quantification). For the highest seeding density
ρseed = 300 cells/mm2, local nematic order is also low in large re-
gions, as indicated by short directors.

as shown in Figs. 5(a)–5(c), Videos 1–3, and Fig. 12. In
particular, both variants capture the experimental observation
that at intermediate density (≈200 cells/mm2) there is appre-
ciable local order [see Fig. 5(b)] but little cell-substrate order
[see Fig. 5(a)]. Moreover, the spatially extended model also
reproduces the result obtained with the ODE that the cell-
substrate order at jamming decreases with increasing seeding
density (Fig. 13). The model with an external field does not,
however, explain the mechanisms that drive collective align-
ment to the substrate.

FIG. 13. The cell-substrate order at jamming obtained from sim-
ulations with an external aligning field (black dots) and asymmetric
friction (cyan squares) decreases with increasing seeding density.
Red dots are experiments on a nematic substrate.
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