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Ecosystems frequently display the coexistence of diverse species under resource competition, typically
resulting in skewed distributions of rarity and abundance. A potential driver of such coexistence is environmental
fluctuations that favor different species over time. How to include and treat such temporal variability in existing
consumer-resource models is still an open problem. In this work, we study correlated temporal fluctuations in
species’ resource uptake rates—i.e., metabolic strategies—within a stochastic consumer-resource framework.
In a biologically relevant regime, we are able to find analytically the species abundance distributions through
the path integral formalism. Our results reveal that stochastic dynamic metabolic strategies induce community
structures that align more closely with empirical ecological observations. Within this framework, ecological
communities show a higher diversity than expected under static competitive scenarios. We find that all species
become extinct when the ratio of the number of species to the number of resources exceeds a critical threshold.
Conversely, diversity peaks at intermediate values of the same ratio. Furthermore, when metabolic strategies
of different species are different on average, maximal biodiversity is achieved for intermediate values of the
amplitude of fluctuations. This work establishes a robust theoretical framework for exploring how temporal

dynamics and stochasticity drive biodiversity and community structure.

DOI: 10.1103/5h2c-thdw

I. INTRODUCTION

Highly biodiverse ecosystems are ubiquitous [1,2]. Ex-
amples include communities of plants, birds, animals, and
microorganisms. The astonishing richness of biodiversity is
reflected in the fact that around 1.75 million species have
been identified; however, this figure represents only about
20% of the estimated total that may exist [2—4]. Within single
trophic levels in the food web, intricate interactions leads to
competition among numerous species [5,6].

The competitive exclusion principle (CEP) [7,8] asserts
that species competing for the same limiting resource cannot
stably coexist at equilibrium: one species invariably excludes
all others [9]. Mathematically, the CEP is supported by the
consumer-resource (CR) model [10] describing the popula-
tion dynamics of species competing for resources [10-13].
In stark contrast, Hutchinson’s “paradox of the plankton”
defies this prediction, with thousands of plankton species
coexisting despite feeding on a common pool of lim-
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ited resources [14—16]. Similar observations are evident in
microbial ecosystems [17—-19] and terrestrial plant communi-
ties [12,20]. However, the empirical data reveal that typically
most individuals in ecological communities belong to a few
species [21,22], i.e., most of the species composing an ecosys-
tem are rare [23,24]. It is thus of paramount interest to uncover
the physical mechanisms that promote and sustain such biodi-
verse ecosystems, while also leading to realistic patterns of
community structure [25,26].

The coexistence of numerous species despite limited re-
sources is often attributed to specific mechanisms such as
resource partitioning [27,28], cross-feeding in microbial com-
munities [29,30], predation in food webs [31], and chaotic
population dynamics in plankton communities [32]. In re-
cent years, the classical CR model has been extended
to incorporate additional mechanisms, including metabolic
trade-offs [33], spatial coarse graining [34,35], dynamic
metabolic adaptation [36], and Liebig’s law of the mini-
mum [32], which states that species growth is determined by
the scarcest available resource rather than the total resource
pool.

While all these mechanisms are realistic and probably im-
portant, we still lack a comprehensive theoretical framework
which takes into account the overall influence of tempo-
ral variability on species’ abilities to uptake resources. In
fact, ecosystems are generally influenced by fluctuations
of various origins [37]. For example, vital rates of organ-
isms may change significantly over time, due to adaptation
dynamics [38,39], environmental variations [40—42], and
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eco-evolutionary processes [43-45]. These temporal varia-
tions do not allow population dynamics to reach equilib-
rium [46] and create conditions under which species can
coexist by exploiting different niches or by experiencing fluc-
tuating selection pressures that prevent any one species from
dominating indefinitely [47,48]. Hutchinson [14] notably pro-
posed that the interplay between environmental and biological
timescales could prevent competitive exclusion, suggesting
that equilibrium would be avoided, and the CEP violated,
when these two timescales are relatively close compared to
others. In these cases, species richness and thus biodiversity
would be increased with respect to other scenarios in which
timescales are well-separated. This idea broadly aligns with
the intermediate disturbance hypothesis (IDH) [48], which
posits that biodiversity is maximized at intermediate lev-
els of disturbance. One source of disturbances is found in
fluctuations induced by environmental changes or shifts in
resource availability, which can disrupt competitive hierar-
chies, preventing dominant species from excluding others and
thereby fostering coexistence [49]. This hypothesis provides a
framework for understanding how biodiversity is maintained
across a variety of ecosystems and emphasizing the dynamic
interplay between competition, resource availability, and en-
vironmental stability. Despite these insights, for ecological
communities composed of numerous species and resources, a
comprehensive understanding of the effects of stochastic fluc-
tuations on species abundance distributions predicted by the
CR model is still lacking. Moreover, the theoretical validity
of the IDH and related patterns of biodiversity remain subject
of active discussion [50-53].

To address these gaps, we introduce stochastic fluctu-
ations in species’ metabolic strategies (i.e., their resource
uptake rate'), representing random variations of the expressed
metabolic functions. Recent studies have explored random
Lotka-Volterra [56-60] and random CR [55,61] models to
examine the effective population densities of large ecological
communities. However, in CR models, only time-independent
(quenched) stochastic metabolic strategies have been consid-
ered [55,62,63]. In our framework, by contrast, metabolic
strategies are modeled as a Gaussian random process with
temporal fluctuations characterized by exponential autocorre-
lation. Here, we consider all possible sources of stochasticity
as included into the random dynamics of metabolic strategies.
This might happen, for example, when a fluctuating essen-
tial resource is integrated out of the model, thus leaving a
statistical signature in the rate of consumption of all other
resources [64]. Throughout this work, we will broadly refer to
such stochastic factors as of environmental fluctuations. Our
approach is complementary to that of recent works [65,66],
where environmental fluctuations are described through time-
dependent resource supply.

Using the path integral formalism [67], we derive an ef-
fective consumer-resource dynamics in the limit of infinitely
many species and resources. These equations enable us to

"'We note that, throughout the literature, these uptake rates are also
referred to by other terms, such as feeding strategies, allocation
strategies or feeding preferences. In this work, we keep to the term
metabolic strategies, used also in Refs. [33,34,36,54,55].

compute the species abundance distribution (SAD) for general
correlation times with minimal approximations, and exactly
for vanishing correlation times. Our analysis, which employs
community evenness as an indicator of effective biodiversity,
reveals that: (i) predicted species distributions closely align
with empirical observations [26], showing Gamma-like dis-
tributions for short correlation times of fluctuating metabolic
strategies; (ii) the CEP is violated for finite correlation times,
with stronger violations for shorter correlation times; (iii)
maximal CEP violation occurs when competition strength
is intermediate, leading to an intermediate competition hy-
pothesis; (iv) in the presence of nonneutral effects, optimal
biodiversity is achieved at intermediate levels of fluctuation
amplitude, a result related to—but independent from—the
intermediate disturbance hypothesis [48].

II. METHODS

Our aim is to study the effects of temporal fluctuations
of organisms’ feeding rates, i.e., of metabolic strategies, on
the patterns and coexistence of the community. We describe
two trophic levels, meaning one level comprising organisms
which interact primarily through the utilization of another
level constituted by a common pool of nutrients, e.g., herbi-
vores feeding on primary producers or bacteriophages feeding
on bacteria. More explicitly, we consider a consumer-resource
model of S species competing for R biotic and substitutable
resources. At time ¢, the population size of species o =
1,2,...,5 is ny,(t), and the concentration of resource i =
1,2,..., R is ¢;(t). These quantities evolve according to the
following equations:

R
Ne |:Z aa,i(t)ci - 80:| + )"na (13)
i=1
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where {a, ;(1)}X , is the metabolic strategy characterizing the
rates of consumption of all resources by species o at time
t, &, is the death rate of species o, w; and k;, respectively, are
the growth rate and carrying capacity of ith resource. Further,
both consumers and resources can immigrate in the system
with constant rates A, and A, respectively, which should be
set to zero for an isolated system.

The dynamical metabolic strategies (1c) incorporate dif-
ferent contributions: all species share the same baseline level
for metabolic strategies, given by &/S; species-specific varia-
tions from that baseline are modeled through A ;/ /S, which
are quenched independent and identically distributed normal
random variables, A, ; ~ N(0, A?). The scaling with S in
Eq. (lc) is necessary so that the limit S — +oo is well-
defined [58,59]. In Eqgs. (1¢) and (1d), &, ;(¢) are independent
Gaussian white noises with zero mean and delta-correlated
in time: (&, ;(t)6, #(t)) = 285 +8;#8(t — t’), such that each
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stochastic process Z,; at stationarity behaves as a colored-
noise with zero mean and exponentially correlated in time:

14+2 ,
(Zo 8) Zo (1)) = BB e M1V (2)
' 2t
= 8y08u0q(1t — 7)), 3)

where 7 defines the correlation time of the metabolic strate-
gies, o, ;, through Z; ;. In Eq. (1c), the parameter X regulates
the amplitude of the colored-noise fluctuations.

In the limits of vanishing and infinite correlation time 7,
the temporal correlation in Eq. (3) behaves as

8@ —1)

ast — 0,
(Za,i(t)za’,i’(t/)) — 86,610i i

“

astT — OQ.

Therefore, in the limit of vanishing correlation time (i.e.,
T — 0), each o, ; behaves as a Gaussian white noise [see
Egs. (Ic) and (4)]:

1) > & 4 Do+ o)

§ VS

whereas in the limit of very large correlation time (i.e.,
T — 00) the metabolic strategies become independent and
identically distributed Gaussian random variables that are
fixed in time (quenched) with average &/S and variance
(A% + X?)/S [see Egs. (1c) and (4)]. Therefore, each a, ;(t)
fluctuates about &/S + A, i/ /S on timescales longer than t,
whereas on shorter timescale it behaves like a quenched Gaus-
sian random variable. We further note from Eq. (1c) that in the
absence of quenched stochasticity of the metabolic strategies,
ie., A,; =0 Vo,i, all S species are equivalent on average
over timescales T > 1. However, over timescales T < T,
interspecific differences are significant, hence the model is not
neutral in a strict sense. We remark that modeling metabolic
strategies’ fluctuations as Gaussian colored noise is a minimal
choice which enable us to describe stochastic effects result-
ing various additive contributions arising from many diverse
sources of environmental variability. Further, the prefactor in
front of the Gaussian noise &, ; in Eq. (1d) is the simplest
choice that leads to the limiting behavior in Eq. (4), which
we are interested in. We stress that, nonetheless, different
choices consistent with the limiting behavior (4) would yield
qualitatively similar results.

We show some examples of solutions of Eq. (1) in Fig. 1,
displaying the qualitative differences in trajectories for differ-
ent values of 7: fluctuations in species abundances become
larger, and correspondingly turnover between species slows
down.

In what follows, for convenience, we set §, = 8, u; = i,
and k; = « for all consumers and resources. We regard all
quantities as dimensionless. We note that choosing to scale
metabolic strategies with R instead of § would produce iden-
tical results up to a redefinition of constants: & — &S/R,
A — AJS/R, T - Z/S/R.

In the following sections, we derive the effective dynamics
for Eq. (1) in the limit of infinite species and resource types,
with a finite species-resources ratio v = S/R. Given that the
total available resource per species decreases both with fixed
R and increasing S, or with fixed S and decreasing R, we
henceforth also refer to v as to the competition strength of

&)
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time ¢

FIG. 1. Examples of trajectories of {n,}, solutions of Egs. (1),
for t =0.1 (a), r =1 (b), and T = 10 (¢), with all remaining pa-
rameters being equal (the values of all other parameters are given
in Appendix G); in particular, A = 0, § = 125 and R = 50. Colored
lines show abundances of individual species, of which only 20 are
shown for each instance, while the thick black lines represent the
average species abundance.

the ecosystem. Then, we give the expression for the stationary
distribution of abundances of both species and resources in
the absence of quenched disorder; these results allow us to
illustrate some key predictions of this model. In particular, in
the limit of vanishing correlation time (i.e., T — 0), we can
write down the exact stationary distributions of the process,
showing directly their dependence on the model’s parameters.
For 7 > 0, we obtain approximated stationary distributions,
which depend on the statistics of the full system. Later, we
explore the case of both quenched and annealed disorders,
illustrating the effects of their interplay.

A. Effective equations in the thermodynamic limit

Equation (1) describes the dynamics of the population
of S species competing for R resources in the presence of
stochastic metabolic strategies o, ;(#). While an exact solu-
tion of the full model, Eq. (1), is not achievable, following
Refs. [55,57] we utilize dynamical mean-field theory (DMFT)
to derive effective dynamical equations that in a biologically
relevant regime we will able to solve analytically. In the
limit of infinite numbers of species S and resources R, with
their ratio v = S/R being fixed and finite, these stochastic
differential equations describe the evolutions of the density,
n, of a representative species and of the concentration of a
representative resource, c. Here, each differential equation is
driven by a self-consistent noise, where the latter represents
the dynamical effect of all other (infinitely many) species and
resources. Here, we report the DMFT equations, while the
details of their calculations are relegated to Appendix A. The
effective equations read

. a 1
n= n|:;(c) —-5— ﬁén}

—nl:%/ dt'(A* 4+ 22q(|t = 1'1)G(t, t')n(") —hn}

0
2, (6a)
¢ = ,uc(l — £>—c[a<n> + £, +f dr' (A2 +2%q(|t — 1))
0
xG(t, t)He(t) — hc] + Ae, (6b)
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where the noises £, and &, satisfy the following self-consistent
equations:

<‘§n> = (&) = O, (73)
(EDE)) = (A* + Z2q(Jt — /D) {ct)e(t)),  (Tb)
(EDE)) = (A* + Z2q(|t — ') (n()n)),  (Tc)

with the two-points time correlation function of the driving
noise, q(|t — t'|), defined in Eq. (3). Averages with angular
brackets in Eq. (7), are understood to be taken with respect to
realizations of the effective dynamics (6). The auxiliary fields,
h,(t) and h.(t), have been introduced for mathematical con-
venience, as they allow us to compute the response functions:

G,(t l/) — <m> (8a)
n\l, (Shn(t/) P
N Se(t)
G.(t,t") = <8hc(t’)>' (8b)

Notice that Eqs. (6a) and (6b) are only coupled through the
self-consistent conditions (7), which makes the effective equa-
tions (6) amenable to analytic calculations. Hereafter, we set
h,(t) = h.(t) =0.

In the following, we investigate this effective dynamics at
steady-state, giving an analytical description in the purely an-
nealed case, i.e., A = 0, unless stated otherwise. Disordered
consumer-resources models have been studied with quenched
disorder present in both metabolic strategies and resource
carrying capacities [55]; in the present work, we focus on fluc-
tuating metabolic strategies, investigating the role of temporal
fluctuations with general autocorrelation time. Our results re-
cover those in Ref. [55] when taking the limit T — +o00.

B. Exact results in the white noise limit

In this section, we solve the Egs. (6a) and (6b) to obtain
the species abundance distribution in the white noise limit:
T — 0. Specifically, we set the auxiliary fields A, . equal to
0 and take the limit T — O [i.e., g(|t —¢'|) — §( — t')], and
we obtain the exact steady-state distributions of n and ¢ (see
Appendix B for more details):

p(s?)(n; T = 0) X n*lerne*ﬂ/bn*ﬁ”/n7 (9a)
P (e; T = 0) oc ¢ e emelbetele (9b)

where all the constants are defined in Appendix B. Setting
the immigration rates A, = A, = O—signifying the system is
closed—results in £, = £, = 0. In this case, the population
and resource concentration distributions (9) become Gamma
distributions, whereas one obtains truncated Gaussian distri-
butions for the quenched disorder system which corresponds
to the opposite limit 7 — oo and has been studied in Ref. [55].
Further, this allows us to obtain closed-form expressions for
the first two moments of n and c. Solving these moment
equations, we can express (n) and (c) in terms of the mod-
els’ parameters, yielding explicit analytical predictions for all
steady-state statistics. For (n) to be positive (or equivalently
for d, to be positive, see Appendix B), the ratio of number of
species to the resources has to be smaller than a critical v,
i.e., v < ak /8§ = v, above which all species become extinct.

C. Approximate stationary distributions for general
correlation time, T

Generally it is difficult to exactly calculate the stationary-
state distributions of processes driven by colored noise. How-
ever, for one-dimensional process driven by Gaussian noise
with exponential correlation (i.e., an Ornstein-Uhlenbeck pro-
cess), the uniform colored-noise approximation (UCNA) [68]
provides a way to compute the stationary-state distribution.
Indeed, the effective variables n and ¢ in Eq. (6) are only
coupled through self-consistent conditions (7), so that the
effective dynamics comprises two one-dimensional equations.
Furthermore, the correlation functions of both # and ¢ have ap-
proximately exponential form, with characteristic times t, and
7. respectively. We apply the UCNA and obtain the approxi-
mated stationary distributions of # and ¢ (see Appendix C for
calculations):

J P
P (n;7) o (n + A n~FEES

2 I
! Cn<——n2+Dnn>:|, (10a)

P T2\ T2

2
Pe; 1) o (¢ + Ap)e™ b

[ 2 o leip (10b)
T20 <\ 72° 7))

Both distributions in Eq. (10) interpolate between a Gamma
and a truncated Gaussian distribution. The various param-
eters appearing in these distributions, (A, By, Cy, Dy)ren,c}»
depend on the first and second moments of n and c, as well
as their correlation times and all of the models’ parameters,
and are reported in Table I in Appendix C. Additionally, the
UCNA leads to the definition of new constants, on which we
comment here briefly. Two of these constants, y, and ., are
related to the memory terms of the effective dynamics [i.e.,
the integrals in Eq. (6)] through the following simplifying
assumption:

X exp

fo G (t,1)q(t, t)y(t)dt' =~ x.y(1), (11)

for (x,y) € {(n,c), (c,n)}. Moreover, the parameters of
the distributions in Eq. (10) depend on two emerging
timescales, given by 7, = (t 7! + 7/7!)~!, which is dominated
by the smallest between 7 and 7| = 7, (x?)/((x?) — (x)?), for
x =n, c. The origin of these timescales is to be found in
the assumption that autocorrelation functions of n and ¢ are
exponential at stationarity, as reported in Appendix C. While
moments and correlation times of n and ¢ can be obtained
directly from numerical simulations of Egs. (1), x, and x.
are not directly accessible, and better considered as fitting
parameters.

D. Evenness as an indicator of effective diversity

As we are working in the limit of infinite number of
species and resources [DMFT, Eqgs. (6)], it is natural to define
fractions of species’ number with respect to S (the initial
number of species in our model ecosystem). We thus want
to investigate how populations’ abundances are spread across
species. At stationarity, only S (< S) species will have
nonnegligible abundance. If individuals are evenly distributed
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across all S species, then one expects Seir =~ S; on the contrary,
if the distribution is highly uneven, then S < S.

A related challenge in both mathematical models and field
observations is defining extinction thresholds. In models like
ours, species with low fitness (i.e., typically negative growth
rate) exhibit exponentially declining abundances in time,
never truly reaching extinction but potentially transitioning
between rare and abundant states over time [24]. In field ob-
servations, finite sample size heavily influences the detection
of rare species, making it difficult to determine whether a
species is locally present or extinct within a specific sampling
framework [69,70]. To address this, a practical abundance
threshold is often applied, but this choice affects observed
metrics such as species count. A more robust approach is to
weight species abundances based on their magnitudes, avoid-
ing arbitrary thresholds and providing a clearer measure of
effective diversity.

These considerations naturally lead to the measure of
community evenness [71,72], which does not require the in-
troduction of any abundance threshold. We use evenness to
characterize community structure as predicted by our model,
Eq. (1), to analyze the effect of different mechanisms in
shaping ecosystems. Evenness describes community propor-
tions, in the sense of relative rarity of species, clarifying the
connection between the SAD and relative abundances of an
ecosystem [71,73,74].

Given the state of a community, represented by the set
of all species abundances {n,}5_,, the relative abundance of
consumer species o is

Ne
Po = .
Za’ g

Then, we define the evenness of a community in a given state
{ns}s as [75]

12)

oM
D= 5 13)
where H is the Shannon entropy:
s
H=-> p;lnp,. (14)
o=1

This definition of evenness is particularly suitable for com-
paring ecosystems with varying numbers of species, while
recognizing that evenness and species richness (S) represent
two distinct yet interconnected dimensions of biodiversity
[76]. The evenness metric satisfies 0 < D < 1, where D ~ 0
indicates communities dominated by a few abundant species,
and D & 1 corresponds to communities where all species have
nearly equal abundances.”> As we show in Appendix D1,
evenness as defined in Eq. (13) directly measures how quickly
different species can be detected in a well-mixed community
[77,78].

Overall, the metric D can be interpreted as an indicator of
the effective fraction of species, relative to the total §, that

2Since Shannon entropy takes values H € [0, In S], evenness is also
bounded, i.e., D € [1/S, 1]. However, in the limit § — oo, D spans
[0, 1].

make up the bulk of the community. Moreover, in the specific
context of a consumer-resource model, where the competition
strength (i.e., the species-resource ratio) is defined as v = S/R,
the product vD represents the effective number of species per
resource: vD = Segr/R. Therefore, this metric measures the
effective violation of the CEP, which we consider to take place
if vD > 1.

‘We have analytically shown that the SAD in the white noise
limit is a Gamma distribution [Eq. (9)]. In Appendix D we
compute the evenness for this case n ~ Gamma(d, b) in the
limit of infinite S, and obtain D = e~ ¥4y _for the digamma
function ¥ (z) = diz In(I"(z)); see Fig. 6. This shows that D is
a well-defined quantity for highly diverse ecosystems, and for
Gamma distributions depends only on one parameter of the
SAD.

For the sake of comparison, in Appendix D we also con-
sider strict diversity described by the fraction ($*/S)., where
S* is the number of species whose abundances lie above
the extinction threshold e, and note® that D < (S*/S)s—0; as
shown numerically (Fig. 7), this inequality also holds for
small but finite ¢. As the CEP in its strict form is violated
when S*/R > 1, from the preceding discussion it follows that
effective CEP violation always implies strict violation.

III. RESULTS

We analyzed how fluctuating metabolic strategies shape
the structure of consumer-resource ecological communities.
These metabolic strategies are characterized by several param-
eters: the heterogeneity among species (A); the amplitude (%)
and correlation time () of the fluctuations; and the competi-
tion strength (v = S/R). The community structure described
by our model is fully captured by the species abundance
distribution (SAD). However, to describe patterns of species
rarity for different realizations of our model, we consider the
evenness indicator D as defined in Eq. (13). This offers a more
nuanced description of biodiversity than presence/absence in-
formation (see Fig. 7). Moreover, we quantify the breaking of
the CEP in an effective sense by the metric vD, which repre-
sent the diversity (or effective number of species) supported
by each resource.

We first considered the case A = 0, where the long-term
interspecific differences in metabolic strategies are negligi-
ble compared to temporal fluctuations. By solving the full
system, we observed that increasing the correlation time t
leads to slower but larger fluctuations in species abundances
(see Fig. 1). As t — +00, communities become more un-
even, with many rare species and a few abundant ones. This
behavior is consistent with the known results for purely

3Consider the homogeneous distribution ¢ ={g;}; and
the generic distribution p = {p;};, both with support on
i=1,....8 ¢=1/8 Vie{l,...,8*), and 18" <S.

The Kullback-Leibler divergence between the two distributions is
KL(pllg) = > ;[p;In(S*p;)] = —H + In($*) > 0, where H is the
Shannon entropy of p. It follows immediately that S* > e = S.,
or equivalently that (§*/S).—o = D.
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0
0.0 0.4 0.8
res. conc. ¢

5 10

9
species abundance n species abundance n

FIG. 2. (a) Comparison of the empirical stationary distributions
[i.e., species abundance distribution (SAD) and distribution of re-
source concentration] obtained from steady-state simulations of
Eq. (1) (markers) with the corresponding analytical distributions
from Eq. (9) (solid lines) for different values of v = S/R,v. =
ak /8 = 10, and annealed metabolic strategies (A = 0). The analyt-
ical results are parameter-free predictions of the DMFT. (b) UCNA
prediction for stationary distributions of species and resource abun-
dances for v =2(v, = 10 and A =0) with t = 0.1, 1, and 100.
Simulation results: Markers. Best-fit of predicted distributions: Solid
lines. Main panels show the distribution of species abundances n,
while the insets show the distribution of resource concentrations c.
All parameters used in the simulations and further numerical details
are reported in Appendix G.

quenched disorder [55], where temporal fluctuations are
absent.

For all numerical results, simulation time #,,x has been
taken to be much longer than the transient time for most
species. Typically, transient times increase with smaller values
of ¥ and larger values of 7, and for A > 0. Thus, accordingly,
we increase the numerical simulation time. Further, in com-
puting stationary quantities we discard data obtained at time
t < ftmax, Where typically f Z 0.5. Without loss of general-
ity, in all simulations we set § = 1 = k. All other parameters
vary across simulations, including species and resources num-
bers; however, we used S, R g 50 to reduce finite size effects.
Further numerical details are reported in Appendix G.

A.t=0

We studied analytically the case of vanishing correlation
time (r — 0). We derived a closed-form expression for the
SAD (9) and an exact functional form for the evenness
(Appendix D). Numerical simulations confirmed the excellent
agreement between the theoretical SAD and the distributions
obtained from the model [Fig. 2(a)].

For larger values of competition strength v, the SAD peak
shifts toward n = 0, as increasing species number S for a fixed
number of resources R leads to lower abundances for most
species. Notably, under annealed uncorrelated disorder, the
SAD takes the form of a Gamma distribution, consistent with
empirical observations from real ecosystems [26,57,79]. This
result emphasizes the robustness of our model in capturing
universal patterns of biodiversity. While our primary focus
was on biotic resources, Appendix F demonstrates that sim-
ilar SADs emerge for abiotic resources, further validating the
generality of our findings.
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FIG. 3. Dependence of evenness D on the annealed disorder am-
plitude ¥ and the correlation time 7 for purely annealed metabolic
strategies (A = 0), and v, = 20, with white noise (a) and colored
noise (b). (a) For t — 0, and for different values of competition
strength v, we compare the analytical prediction for the evenness
of a Gamma distribution, D = d,e~¥*% (solid lines), where d,, is
defined in Appendix B, and results of numerical simulations (mark-
ers) obtained as stationary time-averages of evenness (13) of single
realizations of dynamics (1). Evenness steeply decrease with fluc-
tuations’ size in more competitive ecosystems. (b) For general v >
0, v = 1 and different values of sigma X, we similarly compute even-
ness numerically, showing the interplay of changing fluctuations’
size and timescale. All other parameters are reported in Appendix G.

B. General

For a general 7, aricher phenomenology is observed. Using
the Unified Colored noise approximation (UCNA), we derived
approximate stationary distributions for general t [Eq. (10)],
which interpolate between Gamma and truncated Gaussian
distributions. The parameters of the distributions depend on
the moments of # and ¢ and their correlation times, which we
estimated directly from simulations of the full model, Eq. (1).
Having no access to the values of x, and . for generic 7, we
used these constants as fitting parameters. Figure 2(b) shows
that the theoretical (approximated) SAD closely matches nu-
merical results.

As 7 increases, the turnover between rare and abun-
dant species slows down (Appendix E). For this reason,
rare species will experience longer periods of decay, leading
to even lower abundances. Concurrently, a truncated Gaus-
sian component with large variance emerges in the SAD,
representing abundant species, while rare species form a
Gamma-like peak near n = 0. While, for finite t, these rare
species are not extinct, this result is reminiscent of truncated
Gaussian distributions observed in quenched-noise models
[55,59]. This is also consistent with the predictions of our
model in the limit of long correlation time T — o0.

C. Effective CEP violation

A key finding of our work is that temporal fluctuations in
metabolic strategies allow violations of the CEP. We use the
evenness indicator D (Appendix D) to describe CEP effective
violations. For t — 0, the relationship between v and D is
obtained analytically [Fig. 3(a)], while for general 7 it is ob-
tained numerically [Fig. 3(b)]. In general, for A = 0, evenness
decreases both with ¥ and 7, signaling the emergence of the
aforementioned ecological pattern of many rare species and
few very abundant species.
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FIG. 4. (a) Evenness D in the white noise limit: D (inset) and
effective number of species vD (main panel) as functions of the
competitions strength v for different values of n. Markers: numerical
simulations. Solid lines: analytical evenness D = d,e™V1+%) where
d, is defined in Appendix B. (b) vD as a function of v for different ©
values, with u = 100. Solid line: exact evenness for T = 0, coincid-
ing with the top curve in panel (a). Markers: numerical simulations.
Stars indicate maximal vD for each 7 among the values found nu-
merically. CEP is violated when vD > 1, a threshold indicated by
gray dashed lines. In both panels, A =0 and v, = @« /5 = 10. All
other parameters used in the simulations are reported in Appendix G.

As outlined in Sec. II D, the effective violation of the CEP
is quantitatively captured by the metric vD, which repre-
sents the effective number of coexisting species per resource.
Values of vD > 1 indicate that more species per resource
effectively coexist than allowed under strict competitive ex-
clusion. The effective violation of the CEP holds robustly
across a wide range of model parameters [Fig. 4(a)].

Interestingly, for moderate values of t, the violation of the
CEP is maximized at an intermediate competition strength
[Fig. 4(b)]. In other words, the diversity supported by each
resource is higher for intermediate levels of competition,
which we refer to as intermediate competition principle, a
result only emerging for time-dependent interactions. This
result complements the intermediate disturbance principle by
considering endogenous ecological forces, as in our model
fluctuations in metabolic strategies can lead to effective en-
vironmental fluctuations. For t > 0, competitive exclusion
can still be overcome, but as t increases the optimal value
of vD decreases, eventually becoming smaller than 1, and
the optimal v moves closer to 1. This aligns with previous
results showing that purely quenched disorder does not break
the CEP [55]. In all cases, all species go extinct if v > v;
correspondingly, vD — 0 as v — v.. This singular regime
emerges as a consequence of how the metabolic strategies
scale with the number of species in Eq. (1¢), therefore we may
regard this as a scaling-induced CEP.

D. Combined annealed and quenched disorder

We also investigated the case where both annealed and
quenched disorder are present (A, ¥ > 0). Here, given the
presence of two types of disorder, the model is not analyti-
cally tractable. Figure 5(a) shows how the SAD continuously
transitions from a Gamma distribution (A = 0) to a truncated
Gaussian as A — X. We remark that a similar transition is ob-
served in the purely annealed case as T — 4-00. However, we
also note that in the present case of combined quenched and
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S ]
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0.0F . Ftkammaiiiassassann PPy -
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4
species abundance n fluctuations amplitude ¥

FIG. 5. (a) Species abundance distribution (SAD) in the case
of both quenched and annealed disorder (A, ¥ > 0). Comparison
between DMFT results Eq. (9) in the white noise limit and A =0
(dashed line) and numerical SADs with t = 0.1, ¥ = v = 1 and dif-
ferent values of A (markers), with v, = &k /8 = 10. We highlight the
presence of a highly populated bin of low abundances for A = 0.5
(marker in the top left corner of the panel). (b) Evenness as function
of ¥ and 7, for A =0.1 and v = 1. Figure 9 in Appendix E is
obtained with identical parameters, save for A, which is set to zero.
Brighter hues denote more even communities. Each point is obtained
by computing the stationary evenness of a single realization of the
microscopic dynamics, Eqs. (1). Dashed lines in panel (b) contour
the region of optimal evenness. All other parameters used in the
simulations are reported in Appendix G.

annealed disorder this transitions is rather abrupt, since the
quenched component becomes dominant (as signaled by the
SAD becoming a truncated Gaussian) even when 0 < A < X
as A — ¥. Additionally, evenness as a function of ¥ and t
[Fig. 5(b)] reveals a nontrivial region of maximal diversity
for 0 < A < X, a result analogous to the intermediate dis-
turbance hypothesis for the case of endogenous fluctuations.
This phenomenon does not occur in the purely annealed case;
see Fig. 9.

IV. DISCUSSION AND CONCLUSIONS

The question of which mechanisms prevents competi-
tive exclusion of species, and how these mechanisms affect
ecosystem structure, is a long-standing and important one.
In general, ecosystems are subject to temporal variations in
vital rates due to environmental changes and other factors. To
capture this dynamic aspect, we studied a consumer-resource
model where metabolic strategies are modeled as colored
noise, fluctuating around a fixed value with a finite correlation
time. This approach describes a phenomenon independent of
the specific biological details of organisms, allowing predic-
tions to apply to a broad variety of ecosystems.

Assuming that metabolic strategies of different species
share the same baseline value, meaning that long-term
differences are negligible compared to temporal fluctu-
ations, leads to species neutrality over long timescales,
while over short timescales, time-dependent interspecific
differences significantly affect community structure and non-
neutral effects become important. In this regime, we derived
analytical expressions for the stationary distributions of
abundances. In a range of moderate correlation times, the
competitive exclusion principle (CEP) is violated, and the
effective number of species per resource is maximized at
an intermediate value of competition strength (v =S/R).
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Further, our model aligns with empirical observations that
species abundance distributions (SADs) in most ecosystems
follow a robust pattern of many rare species and few com-
mon ones, often approximated by Gamma-like distributions
[26,57,79]. Nonzero correlation times introduce a truncated
Gaussian component to the SAD, which becomes dominant as
T approaches infinity, consistent with previous findings [55].
While pure Gaussian SADs lack empirical support, moderate
correlation times yield distributions where the Gaussian com-
ponent remains small, resulting in realistic SADs.

Temporal correlations in fluctuations slow the turnover be-
tween rare and abundant species, while stronger competition
amplifies the impact of each species on others. These com-
bined effects cause SADs to concentrate around rare species,
a key characteristic of empirically observed SADs. Our model
further predicts that in the white noise limit, all species go
extinct when competition strength exceeds a threshold de-
termined by a combination of biological and environmental
factors, including baseline metabolic strategies, death rates,
and resource carrying capacities. This ecological constraint
persists also for finite correlation times.

It is important to stress that the analytical results demon-
strating a violation of the CEP—both in its strict and
effective forms—are derived under the assumption of van-
ishing quenched disorder, where species are equivalent on
average over long timescales. In this quasineutral regime, the
influence of temporal fluctuations is most clearly disentan-
gled from species-specific heterogeneity. This result implies
that the observed CEP violation does not hold for strong
interspecific differences. As shown in our numerical results
[Fig. 5(a)], introducing moderate levels of quenched disorder
reduces the extent of CEP violation, signaling that species het-
erogeneity can counteract the diversity-promoting effects of
environmental fluctuations. Therefore, long-term nonneutral
effects, such as niche availability and overlap, play a signifi-
cant role in shaping community structure. In our generalized
model, species-dependent baseline metabolic strategies reveal
how fluctuations of suitable magnitude and correlation time
enhance community evenness, reducing the impact of trait dif-
ferences. These findings are loosely related to the intermediate
disturbance hypothesis, but distinct from it, as they encompass
temporal variations of diverse origins specifically affecting re-
source uptake rates. At the same time, our results clarify how
different aspects of these variations—namely, their magnitude
and temporal correlation—interact to define what makes them
“intermediate,” an aspect often overlooked in prior work (see,
e.g., Fig. 1 of Ref. [48]). Our analysis highlights a novel per-
spective: the emergence of maximal diversity at intermediate
competition strength. This result demonstrates that an optimal

J

degree of resource competition can foster coexistence by bal-
ancing the effects of competitive exclusion and community
evenness. These findings offer a quantitative framework to
explore the ecological implications of resource competition
in a broader context. By linking competition strength and
temporal fluctuations, our results open new avenues for under-
standing how ecosystems maintain biodiversity under varying
environmental pressures.

Future studies could extend this framework to include
nonsubstitutable resources [80] or metabolic strategies con-
strained by realistic trade-offs [33,36]. Analytical derivations
for scenarios combining annealed and quenched disorder
would further clarify the conditions under which maximal bio-
diversity regimes emerge. At the same time, new techniques
need to be developed to make memory terms—which emerge
as unavoidable consequence of correlations between pairwise
couplings—analytically tractable in the stationary regime for
general correlation times. Linear models, which are analyti-
cally solvable [67], provide an ideal mathematical framework
to approach these complex issues. These developments will
help refine our understanding of biodiversity patterns across
ecosystems and provide a robust theoretical foundation for
ecological management and conservation strategies. More-
over, experiments probing species’ metabolic strategies in
highly biodiverse ecosystems would fill an important knowl-
edge gap, thus driving further theoretical developments [81].
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APPENDIX A: DERIVATION OF THE EFFECTIVE DYNAMICS

In this Appendix we compute the effective equations for the microscopic consumer-resource model, Egs. (1), which we repeat

here:
i R
= = apilt)ci— 8+ ho, (A1)
1% X
i=1
éi >
— = p(l —¢i/k) = oi(t) g + hi, A2
o=l —cifi) > it ng + (A2)

o=1
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=2+ 22,0 (A3)
Ug i - 4 —F—=%o,i s
IV
. Zoi 1427
Za,i = _T + — sat( ) (A4’)
Hereo € {1,2,...,8},i € {1,2,...,R}. To make calculations less cumbersome, we neglect immigration terms; this is a matter

of convenience, and they can be safely reinserted at the end of the derivation. Similarly, in this derivation, we omit the quenched
disorder. In fact, the annealed and quenched disorders are integrated out independently, but give rise to analogous terms;
thus, the effective equations (6) are recovered from the end results of this calculation simply by performing the substitution
22q(|t —t']) = A%+ 2%g(|t — t']). Finally, the auxiliary fields 4, and h; have been introduced to later compute response
functions.

We will calculate the dynamical moment generating function as

Z[w’ ¢] = <eizafdrwa(t)na(t)+izjf dtqﬁ,(t)c,'(t))’ (AS)

where the angular brackets indicate the average over paths which are solutions of Egs. (A1) and (A2) for a given realization of
o, i(t), and the overhead bar stands for the average over ensemble of realizations of «, ;(¢); Z[0, 0] = 1 by normalization of the
path’s probability. o, ,(t) whose dynamlcs is given by Egs. (A3) and (A4), is distributed at stationarity according to Gaussian
distribution with mean 5 and variance g 22 1+2T . It also has finite-time exponential correlation, since

2
(Zo i) 2o (1)) = %e"f" U7 8481 (A6)
T

q(lt—1'])
The average over paths in Eq. (AS) is written as

(o) = f Din]Dlc] e Xr [ dt¥eOne X, [ty [ 5 Z"g;‘Zaa,ju)c_,-(rws—ha(r)
ot o j

<15 (C" O = 01+ s 0ne (1) - h,~(r>>, (A7)

i c;(t)

where the [, , indicates the product of over all o indices and over all times . We use the integral representation of the Dirac
delta function,

=30y o [ s, (A8)
in Eq. (A7), leading to the following rewriting:

=/D[n,ﬁ]D[c,é] exp iZ/dtwg(t)ng(t)—f-iZ/ dt ¢;(t)c;(t)
o J

X exp iZfdtﬁg(t) Z:Z;—Zag,j(t)c,-(t)ﬂ—hd(t)
o J

X exXp 12/ dt ,(t)( () — ufl —cj(t)/fc]—i—Zoza,j(t)na(t)—hj(t)) (A9)
=/D[n,ﬁ]D[c,é] exp iZ/dtwg(t)ng(t)—}-iZ/ dt ¢;(t)c;(t)
o J

X exp iZ/dtﬁa(t)<z(’g;+8—ha(t)>:|

X exp Zfdt J(t)<

i(1)/k] hj(t)) (A10)

X exp —iZ/dtﬁa(t)Zozmj(t)cj(t) exp iZfdzej(z)Z%,j(r)na(t) , (A11)
B o j J g
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where in the last line we have isolated all terms which contain o, ;(t). From the previous expression, we take the average over
realizations of o ;(t):

2041 = () = [ Din ADle, el exp [iZf om0 +1Y [ drﬁ(,(r)(fl”g; s —ha(rﬂ

Aln,n]
X exp 12/ dt(])j(t)cj(t)—l-iZ/ dt@(t)(ijg; —/L[l—cj(t)/lc]—hj(t))
J J
- Bln,n]
X exp —iZ/ dt iy (t)ty j(1)cj(t) | exp iZ/ dt &j(t)a,. j(tn, (1) | . (A12)
— Aln,i,c,é] —

Let us rewrite the last term as follows:

Aln, i, ¢, &] = exp iZ/ dt [¢(t)ny () — fip () ()]s (1) | = exp i%Z/dt[é,-(t)na(t)—ﬁg(t)cj(t)]
o,j o,j

22
X exp —XZ/dt/dt/[éj(t)na(t)_ﬁa(t)cj(t)][éj(t/)na(t/)_ﬁo(t/)cj(t/)]Q(V -1'D |, (A13)
0.j
where in the last line we used the following result (see Appendix A 1):
e [iz /.tth(t)Z(t)] e [ = /tdt /ldt A(t)A(t)qg(|t t|)] (A14)
Xp | — =exp|——== — .
Pﬁo p250102126112
Thus,
Aln, #i, 1, &] = exp I:i&S/ dt [, (A (t) — pc(t))“n(t)]:|

2
X exp [—%/ dt/dt/[Q,,(t,t/)LC(t,t/)—f-Qc(t,t/)L,,(t,t/)—2K,1(t,t’)KC(t,t/)]q(|t—t/|)]. (A15)

In Eq. (A15) we defined the following order parameters:

pult) = éan, ha(t) = éwa), (A16)

pe(t) = éZcm, he(t) = ézem, (A17)

Oult, 1) = éZn(,(r)na(r’), Ly(t,1") = éZﬁgama(z’), (A18)
Qc(t.t') = éXijci(mc;(ﬂ), Lo(t.t) = é[jjamaa’), (A19)
Ki(t.1") = é;ﬁa(nna(r’x Ke(t.1) = é;a-(r)c,-(r’). (A20)

We use the Dirac delta function integral representation to treat these order parameters as independent fields: as an example,
for p, this amounts to inserting into Z the identity decomposition

1= l_[8<’0"S _ Z’%(ﬂ) x / D[[)]e’sf At pu()pu(0) p=i 2, [ dt pu(t) s (1) (A21)
' o
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Defining IT = (p, A, O, L, K) and 1=, A4 0L K),we finally write Z:

Z[wv ¢] = / D[H, ﬁ] gs(w[nqﬁ]ﬂ%l)[l'[])

x f Din, A A[n, i] e Lo | dtloaOng (430 Who O] =i X, [ di [ di' 1Qunon;+Lai ity +Raiton )

« / Dlc, &1B[c é\,]e—izifdt[[)ﬁ(t)c,(t)+i,(t)6,-(t)]efiZ,fdtf di' [Qcc;c+Let ¢ +R ¢

where

I, ] =i / dt [pa(®)pa(t) + dn()hn(t) + Pe(t)pe(t) + A (OAe(D)]

+i/ dr/ dt' [0, On+ Ly Ly + 0. Qe + Lo Lo + K, K, + K. K(2, 1),

1] = ia f dt [on(E V() — peltVn0)]

2
_%/ dt/dt’[Q,,(t,t’)Lc(t,t’)+Qc(t,t/)Ln(t,t’)—2Kn(t,t’)KC(t,t’)]q(|t—t/|).

Now Z can be written in a compact form:

Z[¢,¢]=/D[l‘[,fl]e5<“’[“-ﬁ]+¢[ﬂl+fzn[m+sz([m>.

(A22)

(A23)

(A24)

(A25)

To identify Q,[f1], we start from the second line of Eq. (A23). We first write eXal) = ]_[a e, and then we factorize the
path integral over the o indices, since these integrals are not coupled and can be carried out independently. Finally, we turn the
product into a summation through the logarithm function. Since each term inside the summation is identical, the prefactor 1/S
cancels out, we suppress indices o and define a unique auxiliary fields 4,(7), obtaining (we omit some function arguments for

ease of notation, using shorthands such as n(t)n(t") — nn’)

n(t)
n(t)

Q,[11] = ln/ Dln, it] exp [z/ dtw(t)n(t)+i/ dtﬁ(t)(— + 6 — h,(t)

X exp [—i / dt[pa(O)n(t) + Ay ()(t)] — i / dt / dr’ [ann'+ﬁnﬁfz’+lenﬁn’]:|.

In a similar manner we obtain the following object:

(1)

Q.[I1] = %ln/ Dlec, ¢lexp [l/ dt ¢(t)c(t) + i/ dt @(t)(— — [l —c(t)/k] — he(t)

c(t)

X exp [—i / dt[pe(t)c@) + A (1)) — i / dt / dt’ [Qccc’—i-lzcéé’—i—lecéc’]}.

Here, v = S/R appears as sums over the i indices give R identical contributions.

Z, as given in Egs. (A25), can be approximated using the saddle-point method for large S and R, with fixed v:

Z A SOV T -0 14+, [T+ [ 1))

where the fields marked by * solve the saddle point equations:

S N 5 0

ST sm1
W 8Q, Qe
sT1 - sf1 - 811

Eq. (A29) is solved by
Pu(t) = —a@Ar(t) =0, R, (1) = ap.(1),
Pet) = @rn(t) =0, A (t) = —apa(t),
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R 32 R 32
i0y = Tch(lt —1')=0, iL,= Tch(It -], (A33)
o2 ) . X2 ,
iQ. = > nq(t —=t')=0, L. = TQ”"(“ —1']), (A34)
iK, = —X*K.q(t —t']), iK. = —%%K,q(|t —1')). (A35)
Equation (A30) instead gives
() = (n)q,, Iau(t) = (M), (A36)
1 1.
pe(t) = ;(cm, Ae(t) = ;(cmf, (A37)
O, = (nn)q,, L,=(il)q,, (A38)
/ [
K, = (in)q,, Q.= ;(cc e (A39)
1 Anl 1 Al
L= —(e)q, K.=—(éc)q,. (A40)
vV vV

In the equalities above, (- - - )r signifies averaging with respect to the effective action I' = {2,,, Q.}. In Appendices A 2 and
A 3 we prove some of these equalities.

Using the above identities, which are valid in the saddle point approximation (and exact in the limit S, R — 00), we first write
Q,[I1]:

Q,[f1] = ln/ DIn, it] exp [z/ dt 1//(t)n(t)+if dtﬁ(t)(% +8 —hn(t)>:|

2
X exp |:—i/ dtap.(H)n(t) — i/ dt/ dr’ [—i%Qcﬁﬁ/q(lt —t'D+iAZKn'q(t — t/|)ﬂ (A41)
= ln/ Din, i) exp [1/ dtx/r(t)n(t)+i/ dtﬁ(t)(% + 68— h,(t) — &pc(z‘)—iEZ/ dt' K.(t,t"n(t)q(|t —t’|))]
22
X exp [—7/ dtf dr’ [a®)Q.(t, 1t g (|t —t/l)]]. (A42)
This gives the effective equation for n(z):
o) = AW _ s+ iEZ/ dt' K.(t,t"n(t)g(|t —t'|) + h,(t) + E%‘ ) (A43)
n(t) v C\¥> n ﬁ n ’
where the noise has the following correlation:
(En()E)) = Qe (t, 1)g(It —1'1) = q(It — 1" {c(®)e(@)). (Ad44)
Further, redefining the response function G.(z,1")/v = —iK.(¢, t"), we get
n(r)  ale)(r) 2 2 , , N
- =&+ hy(1) + ﬁgn(t) - 7/ dr' q(|t — 1)) Ge(t, t)n("). (A45)

Similarly, we write

Q.[11] =%ln/ DIr, &l exp [l/ dt¢>(t)c(t)+i/ dr@(r)(% — ull —c@)/x] —hc(t)>i|
Cc
22
X exp [—i/ dt[—a paé(t)] —i/ dt/ dr’ |:—i7QnéE’+i22Knér’:|q(|t —t’I):|
= lln/ Dlr, ¢]exp [z/ dt ¢(t)c(t)
v

+ i/ dt é(t)(% — [l —c@)/k] — he(t) +a@p, — i22/ dt' K, (t,t)e(t)g(t — t’|))]

2
X exp [—i/ dt/ dr’ [—i%Qnéé’q(lt—t’l)H. (A46)
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Thus, the effective equation for c(¢) is

% = pll —c@)/k] — a(n)(@) + he(t) + Zé.(1) + iZz/ dt' q(|t —t'DK(t,1")e(t), (A47)
with noise correlations:
(&) = Ou(t, t)q(t —1']) = q(It —t'){n()n(")). (A48)
We redefine the response function G, (,1') = —iK,(z,t") (Appendix A 4), and we get
% = pll —c(t)/k] — a(n)(t) + he(r) + X&c(1) — 22/ dt' q(|t —t'NG,(t, t)e). (A49)

Let us write the effective DMFT equations, which coincide with Egs. (6) of the main text, provided we perform the substitution
22q(|t = t']) = A? 4+ X2g(|t —t’]) as anticipated:

) _ 9y gy Z = "D Gelt, () + h AS50
Pt ;(t)— + ﬁgn(t)_ 7/0 rq(t —1']) Ge(t, £)n(t") + hy (1), (A50)
% = pll —c@)/k] —a(n) () + Z&.(1) — 22/ dt' q(lt —t'NG,(t, t)e(t’) + he(t), (A51)
0
(E.(1)&, (")) = q(t —t'D{c(®)ec)), (A52)
(E.(0)EN)) = q(|t — ') {n(t)n(e)), (A53)
where g(|t — t'|) is given in Eq. (A6), and the response functions are calculated as (see Appendix A 4)
[ dn(r) [ 8c(t)
G,(t,t") = <8hn(t/)>GC(t’t ) = <8hc(t’)>‘ (A54)

1. Proof of Eq. (A14)
Here we give the proof of Eq. (A14):

2

2 t Z t t
exp [Zﬁfo th(t)Z(t)j| =1- 215 ; dn/O diy A(t)A()Z(1)Z(tp)

24 t t t t
+ ns? / dt / dn / dts / diy A(t)DA)AB)AWNZ(0)Z(0)Z(13)2(ts) + - -+, (A55)
w7 Jo 0 0 0
where we have dropped terms which are odd in Z, since these will be zero after averaging over the Gaussian distribution P(Z).

Z is a stationary colored noise with two-time correlation: Z(t))Z(t;) = q(|t; — 12]).
To evaluate the right-hand side of Eq. (A55), we make use of Wick’s theorem for Gaussian random variables:

Z(1)Z(t) = q(|t; — 12), (A56)

Z(t)Z(1)Z(13)Z(1s) = Z(11)Z(tr) Z(t3)Z(ts) + Z(11)Z(t3) Z(2)Z(ta) + Z(11)Z(ts) Z(12)Z(13), (A57)

through which we get

2

E t E 1 t
exp [lﬁfo th(f)Z(l)i| =1- s/, dtl/O dty A(t)A(R)q(It — 1))

324 t t t t
r f d / dt, f dts f dis AUDAWAEAE(n — 6)g(ts — 1)) + -
. 0 0 0 0

22 t t
=1- —/ dll/ dty A(t)A(t)q (|t — 12])

1 /%2 2 t t 2
+5<§> |;/(; dtl/o dty A(t)A(1)q(|t —tzl)] +--- (A58)
22 t t
= exp [—5/ dll/ dty A(t1)A()q(|t —le)}- (A59)
0 0

The above result is used to evaluate the last line of Eq. (A13).

033016-13



DAVIDE ZANCHETTA et al. PRX LIFE 3, 033016 (2025)

2. Proof of Eq. (A36)
The left part of Eq. (A36) reads

pn(t) = (n)q,. (A60)

This equation is obtained from Eq (A30). In the following, we give the detail of the derivation of Eq. (A60).
From Eq. (A30), we have
SV 82, 822
— = — =0. (A61)
SIT 411 811
Let us first consider I1(') = p,(t'), then the first term gives
sw

Spat)

i/ dt st —t)p,(t) = ip, (). (A62)
Similarly, the second term gives

59, f Din, Al - - cemif dl[ﬁn(l)n(r)"’j"n(t)ﬁ(t)](_i%) f dt pa(t)n(t) - - -

Spn(t") - f Din, ﬁ]eif Aty (On()+i [ di i) (S8 +8—, (1)) e—1 ] AtlpaOnO)+AOAO]=i [ dt [ di' [Qunn'+Lyiit+R, i

f Din, il - - ,e—if dt[i)n(l)n(f)-i—in(t)ﬁ(t)](_l')f dt st — t/)n(t) .
B [ DIn et Ay on+if dt AOCE+8=h()) i [ delpu(On()+hn RO i [ dt [ di’ [Qunn'+L,ai +R, ']

= —i(n(t"))q,. (A63)

The third term gives zero. Summing the two contributions in Eqs. (A62) and (A63) we obtain Eq. (A60). We can compute the
expressions of the other order parameters in a similar fashion.

3. Proof of Eq. (A31)
In this section, we give a proof of the leftmost part of Eq. (A31):
pn(t) = —ado(t) =0, (A64)
where A. = 0.

Let us look at the equation for A.(¢):

1
het) =< > &. (A65)

J
We will show that ¢; = 0 for all j:

Z[y, @] =f Din, il Dlr, €1 Aln, A]lAln, @i, r, €]

X exp iZ/dtq)j(t)cj(t)—f-iZ/dl@j@)(
J J

Setting ¢ — 0 and ¢ — 0 gives Z[¢y = 0, ¢ = 0] = 1 (by definition). Differentiating Z[yr = 0, ¢ = 0] with respect to /iy (¢')
gives

t
t

S0 4 —Cj(t)//c]—hj(t)> . (A66)
cj()

SZ[Yy =0,6 =0
Shy(t')
=0

]:/D[n, A1 DIr, &1 Aln, AlA[n, #, r, 6] ¢ =0 @EOCTHO-hON a1y, (A67)

where the term in the square bracket is obtained as we showed in the previous section (Appendix A 2). Since the left-hand side is
identically equal to O for any choice of /(¢') in the functional derivative, and noting that without the factor —ié;(¢') the integral
would evaluate to 1, it has to hold & (z') = 0. By the same token, if we differentiate with respect to ¢, (¢"), we get the equation
of motion for resources in the presence of field 7 (¢). Therefore, A.(#) = 0. The fact that other order parameters are identically
equal to 0 can be shown with analogous calculations.

4. Response function

Here we compute the response functions of the effective dynamics. We begin by considering

Qu[I1] = InZ, 1 [¥], (A68)
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where
(1
Zalw1 = [ Dinilexp [i [ drvomoy+i [ ar ﬁ(r)(% 80 = aput) ~i%? [ dr Kottt e (e - r’|>)}
n
22
X exp [—7 / dt f dt' [At)Q(t, 1A )q(|t — t/l)]]. (A69)
Notice that Z[y = 0] = 1 for any given choice of A, (t).
Differentiating Eq. (A68) with respect to ¥ (¢), we get
8Q,[IT 1 8z,
[ _ Ayl (A70)
Sy ()  Zyaly] $¢(@)
To compute (n(t)), we set ¥ = 0, and this gives
I%,1] [(n(1)) (AT1)
= i(n(t)),
590 |y
where
1(t
(1)) = / Din. Aln(t) exp [i / dr ﬁ(t)(% +8— hat) — @pet) — T2 f dt’ Ko(t. (e (It — t’|))}
n
22
X exp [—7 / dt / dt' [a()Qc(t, 1)t g(It — t/l)]}. (A72)
Here the average is performed over the effective dynamics (A50).
Now, differentiating with respect to A, (¢), we get
G,(t,t) = S(n(®)) = —i{n(On")) = —iK,(t,1). (A73)
8hy(t")
Similarly, consider the response function for the resource:
. 1
Q] = -1nZ,,[4], (A74)
v

where
Zralo]l = / Dlr, élexp [l/ dt ¢(t)c(t)

~|—i/ dt am(% — [l = c(t)/k] = he(t) + @py — iEZ/ dt' Ky (t, t)e()q(t — t’|)):|

2
X exp |: — i/ dt/ dr’ |: - i%Qnéé’q(V - t’|):|i|. (A75)

As before, Z, |[¢ = 0] = 1 for a given auxiliary field A.(¢).
Differentiating Eq. (A74) with respect to ¢(¢), we get

8] 1 1 8Zy,[y]

= — . (A76)
S¢(t) vZyalyl 8y(r)
To compute (c(t)), we set ¢ = O:
LELTLL | s (A77)
So(1) ¢=0 VY

where

(c(®)) =/ DIr, élc(r) exp [1/ dt@(ﬂ(% — [l —c@®)/k] = he(t) + apn —iEZ/ dt’' K, (t, t)e()q(t —I/I)ﬂ

22
X exp [—7/ dt/ dr’ Qné¢'q(|t — t/|)]. (A78)
Here the average is performed over the effective dynamics (A51).
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Differentiating Eq. (A78) with respect to h.(t"), we get
8e(t) _
She(t)

G.(t,t) = —i{c(®)e(t)) = —ivK.(t,1). (A79)

APPENDIX B: STATIONARY DISTRIBUTIONS OF THE EFFECTIVE DYNAMICS IN THE WHITE NOISE LIMIT

The effective dynamics (6) are valid for any choice of 7, which enters the definition of the temporal correlation of the

noise, namely g(|t —t'|) = lerrZT —" In the steady state, i.e., for r — +o00, all two-time quantities (response functions and

correlations) depend solely on the time difference ¢ — ¢’. Furthermore, in the limit of vanishing correlation time, T — 0, the
two noises &, .(¢) appearing in (6) have correlation structures which are local in time: (§,(¢)&,(¢')) = ([c(t)]2)8(t — 1) and
(E-(DE(t)) = ([n(t)]2)8 (t — t'). Using this, we calculate the response functions:

N = (Sn(t) = 8 ce t 4 ! y. .. = ! —¢
G,(t,t") = <5hn(t’)> = <8h,,(t/) /0 dt'n(t"h, (") > = (nt"))\e —1r), (B1)
so that, ast’ — ¢,
Gu(t. 1) = 3(n(1)), (B2)

where the factor % on the right-hand side is due to the definition of the step function ®(-), which has to be consistent with
the Stratonovich interpretation of the stochastic equations (6). Similarly, one finds the response function for the resource
concentration as

G.(t,t") = (c)). (B3)

Taking into account the above Egs. (B2) and (B3), we set the auxiliary fields &, = h. = 0, and rescale the noise terms to make
explicit their dependence on (n) and (c). Further, changing from Stratonovich calculus to Ito calculus by introducing suitable
terms [82], we rewrite (6) as

v Jv 2v
é:uc(l ’i) ( +E\/n2$C+— >+/\c, (B5)

where the noises £,(¢) have zero mean, and are delta-correlated in time: (§,(1)&,(t')) = 8, ,6(t —t'), forx, y € {n, c}. From these,
it is straightforward to write down the stationary distributions of both n and c:

— 2 2
1'1:n<g(0>—8+2 <c>§n—2—<6)n>+kn, (B4)

P ) = 2, g g, (B6)
ps[)(c) —1+d, e—c/b( e—&-/c7 (B7)
where we defined d, = 26‘ o) ”‘S by =) g, = 223?& ,d. = 2’;:2‘)‘"2” b. = 2,L/K+>:2 ol = =25 73 Zn and Z, are normaliza-

tion constants. Let us set A = O = AC, so that the distributions in Egs. (B6) become Gamma dlstrlbutions. In this case we can
write closed equations for the (n) and (c), namely

a(c) —vé
=dyb, =2——, B8
(n) TR (B8)
(¢) = d.b. = z,u——oe(n)7 (B9)
2u/k + 22 (n)
to which a unique positive solution exists, provided that v > v, = &« /§:
) = 2a%K + Kk E2(Bv 4 ) — Vi (dat + 4aT2(@bkv — akpu 4+ 28uv) + k 46y + 1)?) B10)
"= 2aK 2?2 ’
—2a%k + kT2 + ) + Vi (datc + 4aT2(@dkv — axp + 28uv) + kK THSv + ,u)z)
(c) = (B11)
232 (ak + w)
Having found the first moments, we obtain closed equations for the second moments:
) — )2 = b = (), B12)
{c)
() — (0 = dib? = 50— p), (B13)

s+ (n)
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which can be uniquely solved for (n?) and (c?), both found to be positive. Thus, we are able to write down the parameters of the

stationary distributions of n and ¢ in terms of the model’s parameters; in particular, the parameters of p

8 8
b= (14 L),
o 4advu

expressions, reading
J = A 1
" 2ux?v. by,

for

(n)

o« have relatively simple

(B14)

A=kQa®+ 22 + p)) — Ve(datc + 4a$2(28uv + ax(dv — p)) + k4 v + p)?).

(B15)

A is found to be positive if v < v, = &k /6. Having an explicit expression for d, is particularly useful when computing

evenness, as shown in Appendix D.

APPENDIX C: STATIONARY DISTRIBUTIONS
OF THE EFFECTIVE DYNAMICS FOR GENERAL
CORRELATION TIME

Here we show the necessary steps to derive the approxi-
mated stationary distribution of the effective process, Eq. (6),
for generic 7. This procedure is possible because, as noticed
in the main text, the effective dynamics of n(z) and c(¢) in
Eq. (6) are only coupled in statistics, which become constants
at stationarity; i.e., except for mutual self-consistency, the two
equations are independent. We focus on n(t); the correspond-
ing result for c(¢) follows identical steps.

Firstly, the noise which appear in the equation for n(t)
depends on the two-times correlation of c(t). We check nu-
merically that the correlation function of ¢(¢)—and thus, the
correlation of &,~has (approximately, for short times) an ex-
ponential form. Since the stationary autocorrelation function
should interpolate between (c?) at small times and (c)? at
large times, and calling t. the autocorrelation time of c(¢),
we assume, for |r — 1’| < 7,

(c)e)) = () = (@D "™V 4 () & (e T,
(C1)

-2 . . .
{c >C > T.. This enters the correlation function of

where 'L'L{ = W

&,(1), since

(&) /2 = q(t, ') (c(t)e(t))

_ lj,_‘fz ef\t—t’\/r<62>e*|t*f,|/77¢{
T
W 2T
=5 " €2

with 7, = (z7! + tc/_l)fl.
Secondly, we need to approximate the memory terms con-
tained in (6) to a manageable form. We do this by assuming

/ G.(t,t)q(t, tnt")dt = xen(t), (C3)
0

(

where . is a constant. This assumption is exact in the limits
T — 0 and T — +00, and in these cases the value of x. is
known exactly—explicitly for r — 0 (see Appendix B), and
as the numerical solution of a closed self-consistent equa-
tion for T — +o00 case [55]. However, in general, x. is left
as a free parameter, to be determined by fitting the theoretical
result to empirical distributions of abundances.

With the above assumptions, we can apply the results
of Ref. [68] in the case of a stochastic equation with col-
ored multiplicative noise. We are considering a (Stratonovich)
SDE of the form i =n(A + Bn)+ Cne, where € is an
Ornstein-Uhlenbeck process, ¢ = —e/7 + (+/2D/T,), and
& is Gaussian white noise, (§) = 0 and (§()&(t)) = 8(t —
t"). The constants just introduced are A = @{(c)/v —§,B =
22x./v,C =% /v and D = 7,425 (c?). Applying the re-
sult in note 14 of Ref. [68] we obtain the first distribution
(i.e., the SAD) of Egs. (10). In the same way, we obtain
the second distribution of Eqgs. (10), where t, is the auto-

%nﬂ .= '+ H!
and fot G,(t,t")q(t,t")c(t’) = x,c(t). All constants appearing
in Eqgs. (10) are reported in Table I; normalization constants
for both distributions can be computed analytically. It is
straightforward to verify that the expressions above reduce to
the white noise limit results, provided that as t — 0 x. —
—(c)/2 and x, — (n)/2. From this, we assume that x. < 0
and x, > 0Vr, which can be confirmed a posteriori by means
of numerical analysis.

correlation time of n(t), 7, =

APPENDIX D: CONNECTION BETWEEN EMPIRICAL
EVENNESS AND SAD

We consider an ecological community with species rich-

ness S and (absolute) species abundances ny, ny, ..., ns. The
empirical evenness of this community is
“ (D1)
5

TABLE I. Definitions of constants in Eqgs. (10). We highlight the fact that T enters several of these constants, which also depend on the first

and second moments of n and c.

A B C D
v a(e)—vs N N -
n B T (22 @w x[v(+1,") —ao)]
1 —a(n) w/+E2 x 1 _ &
‘ we(44220) s )2 R T M)
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where H stands for the Shannon entropy [83] of the relative
abundances {p,},,

S
H=-Y p;lnp,. (D2)
o=1

We wish to derive an estimate of the evenness from the SAD
of the community, P(n), in the limit of large S. To this end,
we build a (categorical) distribution of relative abundances by
sampling S abundances from the SAD,

ng
o=1,...,85,

(D3)

where (n) = 0+°° dnnP(n). Notice that, since we are treat-
ing the relative abundances as independent quantities, the
constraint y__ p, =1 is only satisfied in the limit S — oo,
given that é >, ne — (n). Within this construction, ef/Sisa
random variable which depends on the sample drawn from the
SAD, therefore we compute the evenness by averaging over
such samples:

D= l(e— Lami po s

S
N
1 — 22 In Jo.
- — 1_[@ Sty sy Y,
S
o=1

Since each of n, is independently and identically distributed
according to the stationary SAD P(n), we write

(D4)

(D5)

N
1 no ne
D= S ]‘[((W“W) (D6)
o=1
1, w o
= g(e‘m In W)S (D7)
T s ]
=§[/ an(n)ewan]. (D8)
0

Now, assume that the population is distributed according to a
Gamma distribution: n ~ Gamma(d, b), so that (n) = db and
({(n?)) = db*. Then,

R R (I
= osLh U T S st
(DY)
— N
| Stn) = dby (1 +d) — dbin (2;)
L1 (D10)
S S{n)
- N
_ l - 1//(1+d)_1n(ds)i| (D11)
S| S
S—>00 le_¢(1+d)+ln(d5) (D12)
s
_ vty (D13)

where 1/ (-) is the digamma function, ¥ (z) = d% In(I"(2)).
Firstly we notice that D is manifestly a scale-free quan-
tity, in that it only depends on the power-law component of
the underlying Gamma distribution. Secondly, by an analo-
gous computation to the one shown above, one easily finds

that, in the limit S — +o0, ((e”/S)z) — D?, so that ¢f /S
is self-averaging (i.e., fluctuations vanish), and in particular
(ef)/S — /S, Figure 6 shows how D changes depend-
ing on the shape of the underlying Gamma distribution of
abundances. Thirdly, as anticipated in Sec. III C of the main
text, numerical analysis of the predictions our model, Egs. (1),
confirms that evenness bounds the fraction of strictly present
species (S*/S), from below*; see Fig. 7. When extinctions do
happen (A > 0 in Fig. 7(a), evenness qualitatively matches
the information given by (§*/S).; instead, in cases where
extinctions are not observed [A = 0 in Fig. 7(b)], evenness
displays a regular pattern which does not depend on any
threshold. As a last observation, in the large S limit, we note
that we may rewrite D in the equivalent form

D = (Wit =@inn)/(n) (D14)
and thanks to Jensen’s inequality applied the the convex func-
tion nlnn, we have D < 1.

1. Connection between evenness and species’ discovery rate

In the following, we calculate (in the limit of large number
of species S) the mean fraction f of species detected by
sampling N individuals from the community according to the
relative abundances of species. In fact, this quantity is closely
related to the species accumulation curve (SAC), also known
as the “collector’s curve” or “rarefaction curve” [78], which
describes the cumulative number of species observed as a
function of sampling effort. SACs are widely used in ecology
to evaluate sampling completeness and biodiversity richness
[84,85]. SACs are related to the more commonly known
species-area relationships (SARs). Although both SACs and
SARs relate sampling effort to species richness, they are
not equivalent [86] as SARs take into account spatial struc-
ture. Additionally, there is a direct connection between SACs
and nonparametric richness estimators, particularly those in-
troduced by Ref. [77], which use the number of species
represented by one or two individuals to infer total species
richness of an ecosystem. Our formulation achieves analyt-
ical control and complements existing empirical approaches
to SACs, while connecting them to the notion of evenness
we use throughout this work. As in the previous section, we
consider an ecological community of S species whose SAD
is P(n). From the SAD, we obtain the relative abundances,
Psso=1,...,8 as in Eq. (D3). Let us denote by Y, the

4Since any species with vanishing abundance is automatically dis-
carded by D, while surviving species contribute according to their
abundance by increasing evenness at most by 1/S, one has D <
(8*/S), for ¢ sufficiently close to 0. Indeed, this is easily shown to
hold in general for ¢ = 0, as we’ve done in Sec. IID; then, if for
& = 0 the inequality is strict, and assuming that (§*/S), depends con-
tinuously on ¢, it follows that the inequality holds also for ¢ € [0, £],
for some small enough positive constant £. In other words, evenness
bounds from below the fraction of species with nonzero abun-
dance; equivalently stated, it always holds Sei < S*, where S =
D x S. Thus, the effective breaking of the CEP implies its strict
breaking.
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FIG. 6. Evenness of different instances of I" distributions, p(n) oc n='*4¢™"/; in all cases, b = 1. Dashed lines indicate the mean of the
distribution. For large values of d, the mean shifts away from 0, and the coefficient of variation o (n)/(n) = d~2 tends to 0, so that most
abundances sampled from the distribution will have similar values and evenness will be close to one.
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FIG. 7. Fraction of species coexisting at stationarity for different extinction thresholds ¢ compared to evenness: lines and envelopes
represent mean =+ standard deviation obtained from 100 replicated simulations for each value of A and t in panels (a) and (b) respectively.
Angular brackets (). denote averaging over many different realizations where all parameters are fixed, and for a given value of ¢. In both
figures, ¥ = 1. (a) T = 1, varying A. Notice that, for A % ¥, lim,_,(S*/S). # 1, where the limit is understood in a numerical sense, as
conveyed by the different curves obtained for different values of e. Conversely, in the regime A « ¥ (dashed line), (S*/S) ~ 1 if ¢ is
sufficiently close to zero. (b) A = 0, varying 7. In this case, lim,_,¢(S*/S). = 1, signaling that there are no true extinction (see the inset for
a magnified view of the region of interest). Aside from A and 7, all parameters used in simulations to obtain (a) and (b) are identical (in
particular, v = 1 and v, = 20) and are reported in Appendix G.
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event that species o is sampled at least once in N draws (thus
Y, € {0, 1}): we find

E[Y,]=Prob(Y, =1)=1 — Prob(Y, =0) =1 — (1 — p,)".
Thus, the (random) number of species detected after N draws
is Xy = 35 _ ¥,, with expected value

S S
EXy] =Y ElY,]=) [1—(1—p,)"l.
o=1 o=1

Now, we compute the fraction of detected species as f =
(E[Xn]/S), where the angular brackets represent averaging
over all possible samples of size S obtained from the SAD.
In the limit of large S, where each p,, is small, we can expand

n

(1 — po)V ~ e NPr = ¢~ /S Therefore,

1S .
FN/S) = < ; / dn P(ny )(1 — ¢~ 5V/5)

=1— (e w®9), (D15)

where a trivial multiplication of independent probability mea-
sures is omitted, and the sum of identical integrals cancels out
with the prefactor 1/S. Then, by defining the sampling effort
A = N/S, we find that the SAC is

f) =1—=0(=2/(n)),

where ®(t) = [dnP(n)e™ is the moment generating func-
tion of P(n). f'(A) represents the discovery rate of species
during sampling: it holds 0 < f'(A) < 1, and particularly
f'(0) =1 and limy_, » f'(1) = 0. The (unrealistic) perfectly
even community, for which the SAD is a Dirac delta function,
P(n) = 6(n — (n)), has exponential discovery rate, namely
f)=1—e?, whereas,® e.g., for a community with a
Gamma SAD with shape parameter d it holds f(A) =1 —
(1 +x/d)~%. More generally, we expect that less even com-
munities will require a greater sampling effort to detect a
given fraction of all species comprised in the ecosystem.
Then, we can quantify the “samplability” of a community by
a cost function such as

+00
/ (e — fFONWO)d A,
0

(D16)

(D17)

where the positive function W(A) serves to attribute differ-
ent weights to discovery rate deviations from the maximally
even case at different stages of sampling. The integrand in
Eq. (D17) is either identically equal to O (this happens when
') = e~ *, i.e., for a Dirac delta SAD), or becomes negative
for A > A, where A depends on the SAD. Hence, we may
interpret the integral in Eq. (D17) as the difference of the

SAs argued in Ref. [85], the number N of individuals collected
is an appropriate measure of sampling effort. Here, we adopt this
very definition of sampling effort up to a rescaling, thus using the
continuous value A = N/S, in the limit of large number of species S.

SFor ecological relevance, we mention that we can obtain closed
or asymptotic forms for the evenness and SACs of other probability
distributions which are commonly used as models for SADs, namely
power law (Pareto) and LogNormal distributions. Hence, this frame-
work can be employed to analyze different models.

two contributions f0+°° e *W(\)dx and f0+°° FOOW)A,
for W(A) o A~'*7 and p > 0. With this choice, both contribu-
tions are finite and positive; moreover, the difference of these
two integrals is finite even in the limit p — 0. Crucially,

evenness is found to be a decreasing function of exactly the
quantity defined in Eq. (D17), with W(L) = A~ "

+00 ,—A _ £/
D = exp (—/ e—mdk)
0 A

To prove Eq. (D18), we begin by rewriting evenness in
Eq. (D14) as

(D18)

D= (n)e” (D19)
We make use of a Frullani identity,
+00 eft _ efnt
Inn = f —dt, (D20)
0 t
to rewrite
+00 (n)e*t _ (nefnt)
(nlnn) = fdt. (D21)
0

In the integral in Eq. (D21), we recognize the term

d d
MY = ——P(—t) = —(1 — D(—1)).
(ne™™) 7 (=1) dt( (=1))
From this, first with the change of variables A = #(n) and then
with simple algebraic manipulations, we obtain

(nlnn) f*"" e~ — @)
(n) 0 A

‘oo ,—A _ £/
=1n(n)+/ S A
A Y

Plugging the last member of Eq. (D22) in Eq. (D19), we
immediately obtain Eq. (D17). Clearly, if f(A)=1—e7*
(corresponding to a Dirac delta SAD), then evenness in
Eq. (D18) assumes its maximum value, D = 1, while in
all other cases D < 1. Thus, given the explicit connec-
tion between evenness and species’ discovery rate given by
Eq. (D17), we can interpret evenness as quantifying how
quickly species are discovered when uniformly sampling in-
dividuals from a well-mixed ecosystem, with highly even
communities requiring the least effort to gauge the underlying
species richness.

(D22)

APPENDIX E: ADDITIONAL ANALYSISFOR A =0

For A = 0, we obtain complementary information to that
of the SAD by the direct examination of statistics of species
abundances, shown in Fig. 8, for increasing competition
strength v/v, and for different values of 7. In all cases, as
v/v. — 1, the mean abundance of species decreases to 0
linearly, while variance changes in a nonmonotonic fashion.
Increasing the correlation time affects mean abundances only
marginally, as its linear decrease with competition strength is
qualitatively maintained. Conversely, the maximum in vari-
ance becomes more pronounced with increasing 7, showing
a significant departure from the white noise limit result and
formation of long tails in the distribution of abundances.
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FIG. 8. Comparing the effect of different correlation times on stationary statistics. Mean (a) and standard deviation (b) of stationary species
abundances for different values of v. Markers are empirical values obtained from simulations, while solid line is the white noise limit analytic
prediction. (c) Mean local time (t_,), i.e., mean length of time intervals spent by any species below a given threshold € (in this case, € = 1073),
computed numerically; thick lines are smoothed (i.e., locally averaged) results, while thin dotted lines display typical fluctuations. As v — v,,
mean local time saturates the observation time 7', i.e., it diverges in the limit 7 — 400, corresponding to the fact that all species become
extinct at stationarity. Notice that different lines, representing mean local times for different values of t, begin at different values of v/v,.. This
signals that, for v < v, and low t, no species will pass through the selected threshold. Correspondingly, we expect the peak of the SAD to

move away from n = 0.

Concurrently, an analysis of temporal statistics of species
abundances shows that the length of time intervals that species
spend below a threshold, which can be interpreted as de-
tectability threshold, diverges as v approaches v, more quickly
for larger values of t. This means that, while in all cases
increasing competition strength will result in lower evenness,
in the presence of rapid fluctuations most species will easily
grow from rare to relatively abundant, even in competitive
ecosystems; however, if environmental fluctuations play out
on longer timescales, then rare species will tend to remain so.

In terms of evenness, we observe no sharp transition be-
tween states of higher and lower evenness; see Fig. 9. We
obtain a continuous gradient, as opposed to the case of A > 0.

APPENDIX F: STATIONARY DISTRIBUTIONS
FOR THE CASE OF ABIOTIC RESOURCES

In general one might be interested in considering different
types of dynamics for resources, to better represent different
ecosystems. While stationary distribution of resources will
change with its dynamics, the species abundance distribution
will have the same form. As an important example, we con-
sider abiotic dynamics for resources, namely the modification
to Egs. (1):

b= pe(l— /) +o > =g —yetoo . (Fl)

The derivation of effective equations is identical to the case
already considered, as is the study of stationary distributions
for consumers and resources, which are identical in form to
those in Eq. (9). However the coefficients of py(c) are rede-

A ) " .
fined to be d. = =2 V;‘(erz”; b, = % and [, = 2%. Notice

thatd, < 0, while /. > 0 even in the case . = 0: this distribu-
tion is normalizable with Zc_l = 2(b.1.)""*K;(2/T]b), where
K.(+) is a modified Bessel function of the second kind. In fact
the first two moments of the distributions can be written as
(¢) = /Bl K1s OITP) o (2 = p g, Kera OVTB) gy g

Kk unTR) Ki. (2VI75) .
case, self-consistent equations may only be solved numeri-

cally.

APPENDIX G: DETAILS ON SIMULATIONS
AND ANALYSIS

All code used to perform numerical analysis was writ-
ten in Julia 1.9.3. All figures have been produced
through the Plot.jl package, using the default GR back-
end. To fit curves to points, we used the function
LsqFit.curve_fit, while to build hisogram from accu-
mulated data we used Distributions.fit to populate
an Histogram object. The random numbers used to build
the trajectories of metabolic strategies have been generated
through the function Base.randn(). Numerical integration
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FIG. 9. Evenness as function of ¥ and 7, for A = 0; v = 1. Each pixel is the result of a single realization of the system; the indicated
value of evenness has been obtained by time average of the time dependent evenness, after discarding transients. The top line represents the
corresponding values of evenness for the specified ¥ in the quenched limit, here realized with T = 10'% &~ oo. Notice that in the quenched
limit evenness fluctuates widely, reflecting how the heterogeneity of steady-state community structure depends on the realization of the system

for relatively low S and R. All parameters are reported in Appendix G.

of Egs. (1) was performed through custom code, without using
DifferentialEquations. j1 or similar packages.

For T > 0, we used the Euler-Maruyama scheme [82] to
integrate the equations of motion, taking cautions that the
integration step dt is smaller than the correlation time t by
at least an order of magnitude, and in any case not larger than
1072, While choosing smaller values of T well approximates
the white noise results, a rigorous analysis of the case T =0
requires that numerical integrations uses exactly white noise;
in this limit, it is well known that one must use Stratonovich
calculus [87], which is implemented numerically by Heun’s
scheme [88]. In this case, choosing df = 107! is often suffi-
cient to obtain accurate results; however, as v — v., smaller
time steps are required to avoid abundances reaching O in
finite times. Similarly, probing large values of X typically
required smaller time steps, dt < 107°.

Initial conditions of both n, and c; have been sampled by
uniform distributions with support on positive real numbers,
but stationary distributions has been found to be indepen-
dent of initial conditions. Initial conditions of Z, ; have been
sampled from the stationary distribution of the corresponding
Ornstein-Uhlenbeck process. Without this precaution, and es-
pecially in simulations for which 7 Z 10 or v — v, the time
required for the system to reach the steady state may become
exceedingly large.

To obtain numerically the stationary distributions to which
compare those of the effective process, Egs. (6), we simulated
Egs. (1) in a time interval [0, f.x], and accumulated all values
of n, and c;, after discarding all abundances in the transient

time interval [0, ftnax], with O < f < 1. The choice of both
tmax and f has been made on the empirical basis: as a thumb
rule, larger values of 7 lead to longer transients times to go
from the initial distribution to the steady-state distributions.
Typically, for white noise simulations, we took fyex = 10 and
f=0.5, while for 7 £ 10 we set fmax = 10* and f=0.7.
Furthermore, for large values of 7, and due to long-lasting
fluctuations, larger values of S and R need to be chosen, to
adequately populate the empirical steady-state distribution, so
that comparisons with the analytical results are meaningful.

Figures: Parameters used and additional notes

Fig. 1. Fixed parameters are @ =5, ¥ =1, A =0, =1,
=10,k =1, =125, R = 50, dt = 1072, tyax = 200.

Fig. 2(a). Fixed parameters are & = 10, X =1, A =0,
§=1,u=10,k =1,R =50,dt = 107", tpax = 5000, f =
0.5. Simulations have been carried out directly with white
noise, i.e., not by choosing a value of t close to 0.

Fig. 2(b) Fixed parameters are =10, X =1, A=0,§=1,
uw=10,k =1,R =500, dt =107, ta = 10*, £ €[0.5, 0.8]
depending on t. Additionally, we report that, for large ,
to successfully fit the theoretical distribution to empirical
data, a suitable cut-off € have to be applied to abundances,
meaning that abundances lower than e have not been
accumulated to form empirical steady-state distributions.
For example, for T = 100, we used € = 0.05. The fit of the
theoretical distribution has been performed using as free
parameters both the constants x,,x =n,c, as explained
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in the main text, and the normalization constants of the
distributions.

Fig. 3(a). Fixed parameters are @ =20, A =0, =k =
1, = 100, tymax = 500, dt = 1073, f = 0.5 R = 10.

Fig. 3(b). Fixed parameters are @ = 20, A = 0,6 =k =
1, ;= 100, tyax = 5000, dt = 1073, f =0.55 = R = 100.

Fig. 4(a). Fixed parameters are ¥ = 10, A =0, X =48 =
k =1, tmaxy = 1000, dt = 1073, f = 0.7 R = 100.

Fig. 4(b). Fixed parameters are @ = 10, A =0, X =§ =
k =1, 1 = 100, tya = 1000, dt = min {1072, 7/10}, f =
0.7 R = 500.

Fig. 5. Fixed parametersare @ = 10, X =8 =« =1, u =
100, T = 0.1, tax = 103, dt = 1072, f = 0.5, S = R = 500.

(b) Fixed parameters are @ =50, A =0.1,6 =k =1, u =
100, tymax = 5000, dt = 1072, f = 0.5, S = R = 50.

Fig. 7. (a) Fixed parameters are @ = 20,7 = 0.5, X =4 =
k=1, =10, tmx = 1000,dt = 1072, f =0.9,S =R =
50. (b) Fixed parameters are @ =20,A =0,X =86 =k =
1, ;0 =10, tyax = 1000, dt = 1072, f = 0.9, S = R = 50.
For both (a) and (b), results’ statistics (lines are means,
envelopes are standard deviations) are obtained through 100
replicates of simulations.

Fig. 8. Fixed parameters are @ = 10,§ =« =1, u = 10.
tmax = 1000, dt = 1072, f = 0.5, R = 50.

Fig. 9. Fixed parameters are @ =50,A =0, =« =
1, = 10, tymax = 5000, dt = 1072, f = 0.5,S = R = 50.
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