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Bacteria regulate their motility through a variety of mechanisms, including quorum sensing and other density-
dependent responses mediated by diffusible signals. While nonlinear density-dependent motility is well known in
active-matter theory to generate nonequilibrium spatial patterns, its consequences for the coexistence of growing,
interacting species remain less explored. Here we develop a minimal spatially structured model for two strongly
competing species in which local demographic interactions are coupled to an escape response: Each species
increases its motility nonlinearly (sigmoidal) with the local abundance of its competitor. We show that this sig-
moidal motility regulation promotes optimal spatial self-organization and can sustain long term coexistence via
segregation, even in parameter regimes that yield competitive exclusion in well-mixed Lotka-Volterra dynamics.
On two-dimensional lattices, the interplay between demographic competition and density-dependent motility
generates a range of emergent patterns, including regimes in which the weaker competitor counterintuitively
has higher total abundance. Overall, our results identify nonlinear, competitor-induced motility as a fundamental
mechanism capable of sustaining coexistence in competing microbial populations.

DOI: 10.1103/4t9n-nvgc

I. INTRODUCTION

Many bacterial species exhibit various forms of motility,
ranging from swimming in liquid environments to coordi-
nated swarming across solid substrates [1]. These behaviors
are often regulated responses to environmental and physio-
logical signals, mediated by mechanisms such as chemotaxis
[2] or quorum sensing (QS) [3], whereby the accumulated
autoinducer signals reflect the local bacteria density and
trigger coordinated changes in gene expression. In several
species, QS represses motion by downregulating the flag-
ellar apparatus or inducing adhesive phenotypes that favor
surface attachment and reduced mobility [4,5]. In contrast,
signaling can also stimulate motion: QS-controlled synthesis
of biosurfactants such as surfactin in Bacillus subtilis [6],
putisolvins in Pseudomonas putida [7], or Acyl-homoserine
lactone-mediated responses in Rhizobium etli [8] has been
shown to promote swarming, surface expansion, and micro-
colonization dispersal. All these mechanisms correspond to
changes in motility driven by the local concentration of sig-
naling molecules, which reflect the density of the nearby cells
that synthesize them.

From a theoretical perspective, density-dependent motility
has been a central theme in active-matter physics because
it can generate spatial structure in the absence of explicit
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attractive interactions. Tailleur and Cates [9] showed that run-
and-tumble particles which reduce their speed in high density
regions can spontaneously separate into dense and dilute
phases, a phenomenon now referred to as motility-induced
phase separation (MIPS) [10]. Subsequent work has extended
these ideas to multispecies systems and to more general forms
of density-dependent motility, revealing a rich spectrum of
nonequilibrium patterns, including clusters, concentric rings,
and propagating bands [11-16].

Although density-dependent motility is well established as
a pattern formation mechanism, its consequences for survival
and coexistence in growing multispecies communities remain
comparatively less explored [17]. This gap is notable given
the challenge of explaining the high diversity observed in
microbial communities [ 18]. Coexistence among species com-
peting for the same resources typically requires some form
of niche differentiation [19], and such differences may arise
from an interplay between local competitive dynamics and
spatial processes operating at larger scales. Even in spatially
homogeneous environments, coexistence can be achieved
through competition-colonization trade-offs, in which supe-
rior competitors are poorer colonizers of empty space than
inferior ones [20]. Spatial segregation maintained by escape
or fugitive strategies [21] of the weaker competitor has been
repeatedly documented in ecology [22-24].

This raises the question of whether density-dependent
motility can itself generate an effective competition-
colonization trade-off in microbial systems. Previous studies
have combined density-dependent diffusivity with population
dynamics, largely emphasizing the resulting spatial pat-
terns. Cates et al. [25] investigated this in a single species
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FIG. 1. Schematic illustration of the model. (a) Demographic dynamics within each patch, including intrinsic growth at rate r, carrying

capacity K, and intra- and interspecific competition terms A; and A;;,

respectively. (b) Sigmoidal escape response functions [Eq. (2)] for the

species 1 with A}, = 1.1 (blue line) and for species 2 for Ay; = 2.0 (red line), considering A = 0.5 and & = 10. (c) Initial configuration of the
system in the case of the two-patches setting, in which both species are initially present in patch « and may subsequently migrate to patch 8

with species-specific migration rates 1§ and u3”.

undergoing logistic growth, showing that phase separation can
still arise, although growth eventually arrests the coarsening.
Curatolo et al. [11] analyzed density-dependent motility in a
pair of competing bacterial strains, reporting demixing and
colocalization patterns, yet within a framework where the
species are indistinguishable.

Here we focus instead on coexistence between asymmet-
rically competing species that would undergo competitive
exclusion in a well-mixed Lotka-Volterra setting. We develop
a minimal description for two strongly competing species in
which local demographic interactions are coupled to an escape
response: Each species increases its motility nonlinearly with
the local abundance of its competitor, with the strength of the
response tied to the strength of interspecific competition.

We show that this coupling can promote coexistence across
broad parameter regimes. We first characterize a two-patch
setting analytically, isolating how the functional form of the
motility response controls the emergence of coexistence. Then
we extend the analysis to two-dimensional lattices where the
same mechanism generates diverse spatial patterns, including
regimes in which the weaker competitor occupies a larger
spatial region than its stronger rival.

II. RESULTS
A. The model

The model is a standard extension of the competitive
Lotka-Volterra equations for two species, labeled by indices
1 and 2, to a spatially structured system. The full system
consists of 2m coupled equations, where m is the total number
of spatial units, or patches. For the abundance of species 1 in
patch «, x§ (¢), the dynamics reads

dx§ (1)
dt

A

K

o A,
= rxj (t)|:1 — 7x1 (t) —

x5 (t)]

D A GEAG A GEA] R)
B

The first line represents the demographic dynamics: 7 is the
intrinsic growth rate, K is an environmental carrying capacity
parameter setting the characteristic population scale of the
system, and A;; and A, quantify intraspecific limitation and
interspecific competition, respectively. The effective carrying
capacity of species i in the absence of competitors is given
by K/A;;. Furthermore, in our notation, A;; denotes the effect
of species j on species i. This is schematically represented in
Fig. 1(a).

The second line encodes motility between neighboring
patches, being u‘f‘g () the rate at which species 1 move from
o to B at time ¢. This rate reads:

2us
. ()
1+ exp [£(A —Apx$(t)/K)]

where we have expressed species motility as the combina-
tion of a constant diffusivity o and a nonlinear sigmoidal
modulation that increases with the local abundance of the
competitor. The rate parameter g sets the amplitude of this
density-dependent contribution to motility. The choice of a
sigmoid function is common when modeling processes such
as quorum sensing [11,15,16,26] where reaching a critical
density threshold triggers a qualitative change. In our case,
such response is an “escape” response, moving a species apart
from the areas with high local density of its competitor. The
parameter & controls the steepness of this response, while
A sets its inflection point, that can be seen as an activation
threshold for & — oo. Note that the abundance of competitors
enters the motility function multiplied by the interaction co-
efficient Aj,. This choice guarantees that the influence of one
species on the growth of the other is consistently mirrored in
the modulation of its motility, thereby coupling demographic
and escape pressures. This functional form of the escape
response is plotted in Fig. 1(b), where we show how the com-
petition coefficients Ay, and Aj, affect the steepness and the
inflection point of the sigmoid for both species. Finally, M is
an mxm symmetric matrix that encodes the spatial adjacency
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FIG. 2. (a) Phase diagram distinguishing segregated coexistence from competitive exclusion as a function of the motility threshold A and
the interaction ratio A,; /A, for two neighboring patches, in the theoretical limits £ — oo and uy — 0. The background heatmap is obtained
from numerical integration of Egs. (1), while dashed lines indicate analytical predictions (see Appendix A). The three markers correspond to
the parameter values Ay  /A;; = 1.4and A = 0.12, 0.8, 1.8, for which representative temporal dynamics are shown in panels (b)—(d). [(b)—(d)]
Representative time series illustrating the different dynamical outcomes. Symbol ¥ denotes competitive exclusion resulting from the migration

of both species to patch §; » indicates coexistence driven by the migration of species 2; and 4 corresponds to competitive exclusion when
neither species migrates. All simulations use Aj; = Ap =1, ug =0.1,and A, = 1.1.

between patches. In the two-patch scenario, we simply have
Myg = Mg, = 1. For lattice geometries, neighboring sites sat-
isfy My = Mgy = 1/N, where N denotes the number of
nearest neighbors, while all other entries are zero.

In what follows, we work in a fully dimensionless frame-
work. Defining the rescaled variables

i B

rt,

the new dynamics dX{ /di = 1/(rK) x dx{ /dt only involves
dimensionless variables and parameters. Throughout the
manuscript, species abundances are therefore expressed as
fractions of the carrying capacity, while the motility should be
interpreted relative to the intrinsic growth rate. For simplicity,
we omit the tildes in the following and work exclusively
with these rescaled variables. Furthermore, by setting A;; =
Ay =1, we isolate the effects of interspecific competition
on both the demographic dynamics and the density-dependent
motility.

Throughout, we understand coexistence as long-term per-
sistence of both species at the metapopulation level, i.e.,
xi=,x{>0and x, =), x>0 as t — oo. In the
competitive-exclusion regime A, > 1 and A; > 1, stable co-
existence within a single patch is impossible in the classical
Lotka-Volterra dynamics, so coexistence in our spatial system
necessarily relies on spatial segregation and/or sustained spa-
tial patterning. In what follows, we begin with the simplified

setting consisting of two neighboring patches, and later we
extend the analysis to two-dimensional lattices, which can be

seen as discrete representations of an underlying continuous
space.

B. Two patches

Let us consider two connected patches, « and B, and as-
sume an initial condition where a small seed of both species is
present only in patch «, while patch g is empty [Fig. 1(c)].
Regarding the demographic interactions of the species, we
assume the regime of competitive exclusion, where, in our
setup, the interaction rates must fulfill A > 1, Ap; > 1, and
A1y # Apy. Within the classical Lotka-Volterra framework,
stable coexistence of both species within a single patch is
impossible in this regime. Our goal is therefore to investigate
whether the nonlinear motility response introduced in Eq. (2)
can generate the conditions required for coexistence across the
two patches. To address this question, let us first explore the
scenario in the limits 1o — 0 and & — oo, thus neglecting the
constant bacterial diffusion and considering a step function
triggering species motility when the density of the competitor
exceeds A. We will study later the effects of relaxing both
assumptions. Note that in this limit the fully segregated two-
patch configuration (x{, x‘f, x5, xg) = (1,0,0, 1) is an exact
asymptotically stable equilibrium.

In Fig. 2(a) we show the phase diagram of the system as
a function of the ratio between the interaction rates A»;/A»
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and the motility threshold A. The resulting phase diagram
reveals a broad coexistence region, which arises specifically
from the structure of our motility function. As both species
cannot coexist within a single patch, the only viable config-
uration for both species to thrive is spatial segregation: One
species ultimately colonizes one patch while the other species
colonizes the other. Under the initial conditions depicted in
Fig. 1(c), species 2 must cross its motility activation condition,
escape patch « and colonize patch 8, while species 1 must
never activate its escape response, preventing it from invading
both patches. Mathematically, if A; > Aj;, then this occurs
when
x5(t) < A
: Ann

vt € [0, oo], 3)

so species 1 always stays in o and there exists a time 7 for
which

2 )
A’
thus triggering the motility of species 2.

For a fixed value of the competition ratio A;;/Ajp, in-
creasing the motility threshold A leads to two successive
transitions: first from competitive exclusion to coexistence
and then from coexistence back to exclusion. The first transi-
tion separates a regime in which the dominant species remains
mobile and ultimately colonizes both patches, so that con-
dition (3) is violated, from a segregated coexistence state in
which each species occupies a different patch and both condi-
tions are satisfied. In Appendix A we analytically derive the
boundary between these two regimes, shown as the blue curve
in Fig. 2(a). This curve defines the minimum activation thresh-
old, Anin = f(A21/A12), required for condition (3) to hold. In
Figs. 2(b)-2(c) we show the time evolution of the abundances
of both species in both patches in these first two regimes.
Within this coexistence region, for A < Aj,, species 1 could
in principle migrate to patch B. However, its motility is not
activated because the competitive pressure exerted by species
2 never becomes sufficiently large. For A > A, instead, the
motility of species 1 cannot be activated regardless of the
abundance of species 2, since the exponent of the sigmoid
remains positive.

However, further increasing A prevents the weak species
from escaping from patch «, as Eq. (4) is no longer satis-
fied. Consequently, none of the species invades patch 8 and
the weak species becomes extinct in patch «, as shown in
Fig. 2(d). The boundary can be found analytically by setting
x; = K in Eq. (4), yielding A = A, as K = 1.

We now separately relax the limits up — 0 and & — oo
to explore how increasing linear diffusion and reducing the
steepness (and thus the nonlinearity in the competitor’s abun-
dance) of the motility response affect coexistence. When
o # 0, the fully segregated state (1,0,0,1) is no longer an
exact steady state because baseline diffusion continuously
transfers a small number of individuals to the opposite patch,
leading to imperfectly segregated stationary states. However,
these states are still stable and their stability originates from
the same mechanism: Minority populations are maintained at
low abundances by the balance between diffusion, competi-
tion, and the escape response, while resident populations relax
toward their local carrying capacities. In the general case of
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FIG. 3. (a) Range of motility thresholds, A — Amin, that per-
mit segregated coexistence as a function of the linear diffusion rate
o, shown for different values of the interspecific competition ratio
A1 /A1 and in the limit £ — oo. (b) Range of motility thresholds,
Amax — Amin, as a function of the steepness parameter £ of the
sigmoidal escape response, again for fixed values of A, /A, and
in the limit wo — 0. The dashed lines indicate the corresponding
asymptotic values obtained in the limit & — oco. All curves in both
panels are obtained from numerical integration of Egs. (1) with
parameters A;; = A»p =1, us = 0.1, and Ay, = 1.1.

finite £ and pp, we have confirmed stability numerically by
computing the eigenvalues of the full Jacobian matrix and
verifying that all their real parts are negative.

In Fig. 3 we show how the coexistence interval in
motility thresholds, Apax — Amin, changes as a function of
wo [Fig. 3(a)] and & [Fig. 3(b)], for different values of
the ratio A, /Aj,. Increasing linear diffusion monotonically
shrinks the coexistence range, which eventually vanishes
(Amax — Amin = 0) once g is sufficiently large. Figure 3(a)
highlights the breakdown of the competition-colonization
trade-off when linear diffusion becomes strong: For small
diffusion, stronger asymmetry (larger A,;/Aj2) enlarges the
coexistence interval because it enhances the ability of species
2 to quickly escape and colonize patch 8. In contrast, at higher
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diffusion rates, asymmetry no longer favors coexistence, as
it mainly amplifies the exploitation of species 2 by species
1. Consequently, less asymmetric interactions require larger
values of 1 to eradicate coexistence.

Regarding the influence of the steepness of the motility
response, we show in Fig. 3(b) that coexistence range exhibits
a sharp increase with & before saturating at the asymptotic
value reached in the limit & — oo for all values of Ay /Aj>.
This behavior indicates that a minimum degree of nonlinear-
ity in the escape response is required to sustain coexistence.
In Appendix B, we provide theoretical arguments showing
that segregated coexistence cannot occur when & — 0 in the
regime Ajp > 1 and Ay > 1.

Interestingly, some curves in Fig. 3(b) exhibit a non-
monotonic behavior, with coexistence being maximized at
an intermediate value of £. Further investigation of this be-
havior revealed an additional coexistence region at finite &,
corresponding to A > Aj;. Recall that, in this region, the
motility of species 2 is suppressed in the & — oo limit.
Decreasing £ reduces the sharpness of the motility func-
tion, allowing species 2 to move through an exponentially
small diffusive flux to patch B, while the response remains
sufficiently sharp to prevent the simultaneous movement of
species 1. This promotes spatial segregation and, therefore,
coexistence even for A > Ajj, increasing the range of A sup-
porting coexistence compared with the £ — oo limit. Further
decreasing £ eventually allows species 1 to move as well,
thereby hampering spatial segregation and, consequently,
coexistence.

Importantly, we do not consider this finite-§, A > Ay
regime to be particularly informative for the mechanism in-
vestigated in this work, as coexistence here relies on small
but persistent diffusive fluxes rather than on the interplay
between species abundances, competitive interactions, and the
activation of the adaptive escape response that characterizes
the A < Ay regime.

In the next section, we extend this analysis to two-
dimensional lattices of various sizes, showing that the
simplified two-patch framework developed above remains to
some extent informative in these more complex settings.

C. Two-dimensional lattices

We now extend our analysis to more complex metapopula-
tions beyond the two-patches system. To this end, we consider
multiple two-dimensional lattices composed of L x L cells,
and we vary the side length L. As L increases, this can
be interpreted either as an expansion of the available space
or, equivalently, as a reduction of the characteristic spatial
scale at which bacteria interact and grow locally. The equa-
tions describing this extended setting are identical to those
in Eq. (1), with Mys = Mg, = 1/N for neighboring cells,
where N is the fixed number of neighbors of each cell, and
Mg = Mg, =0 otherwise.

As before, we initialize the system by placing a small seed
of both species in a single cell, specifically the central one,
to mimic experiments in which a central inoculum spreads
across a Petri dish or a plate. Likewise, we construct the
mobility matrix M by assuming a Moore neighborhood, thus
connecting each patch with each eight nearest neighbors in

the lattice. In the Supplemental Material [27] we also analyze
the case of more heterogeneous initial spatial distributions and
other mobility matrix by setting a Von Neumann neighbor-
hood, connecting each patch with each four nearest neighbors.
In the following analysis we fix £ = 100, as we have seen that
the steepness of the sigmoid function favors coexistence. We
also keep a nonzero diffusion term fixed at po = 1073, the
density-dependent motility rate at ug = 0.1, and A}, = 1.1,
while letting A,; vary. These values were chosen not with
a specific biological setup in mind but rather as those that
better highlight the phenomenology that we are going to
discuss in the following. In the Supplemental Material [27],
we performed additional analyses varying all the parameters
mentioned above, showing that, although some differences
arise, the main phenomenology persists also in these other
parameter regimes.

Figure 4 displays the same phase diagram shown in
Fig. 2 expressed in terms of the ratio of competition coef-
ficients Ay /Aj> and the activation threshold A, for multiple
values of the spatial dimension L. In contrast to Fig. 2,
the heatmap here represents the total abundance difference
xi—x =y, (xf —x%), between the two species at equilib-
rium, normalized by the total available area L2, that we indi-
cate with x. The darkest blue region corresponds to parameter
combinations for which coexistence is not achieved, and only
the stronger species 1 persists. The most evident feature is
that increasing L leads to a general expansion of the coexis-
tence region. Intuitively, larger lattices provide more empty
frontier for the faster-escaping species to colonize before
diffusive inflow can reestablish local competitive exclusion,
thereby strengthening the competition-colonization trade-off.
Within this region, the dominance of one species over the
other depends on several factors, although some clear patterns
emerge. For small values of A and increasing ratios A,; /A2,
the system consistently transitions from complete dominance
of species 1 (noncoexistence) to coexistence with comparable
abundances of the two species (white or lightly shaded blue
and red areas). When L is small, the reddish regions in which
species 2 dominates are a consequence of the reduced spatial
structure of the system. For instance, in the case L = 3, the
reddish region corresponds to the situation in which species
2 colonizes the unique concentric square surrounding the
central patch, while species 1 remains confined to the latter.
This configuration is essentially equivalent to the two-patch
case, with the only difference that eight of the nine cells are
colonized by species 2 instead of only one. As L increases,
coexistence becomes possible over a broader range of A; in
particular, for large L and A > 1, a region appears in which
the weaker competitor, species 2, becomes largely dominant.

Remarkably, as the lattice size increases, the coexistence
region approaches the phase diagram obtained in the two-
patch system without standard diffusion (o = 0), shown in
Fig. 2 (the analytical prediction derived for that case is plotted
as a dashed line in Fig. 4). This convergence suggests that
a system with limited spatial extent (or, equivalently, with a
large interaction range) but no diffusion, behaves similarly
to a larger spatial system (or shorter-range interactions) and
nonzero diffusion. In this sense, the theoretical description
developed for the simpler two-patch setting also captures
to some extent the behavior of this more realistic spatial
framework.
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FIG. 4. Heatmaps for lattices with different side lengths (L = 3,5, 7, 11, 21, 51) showing the equilibrium difference in total abundances
between species 1, x; = ) x{, and species 2, x, = ) x5. This difference is normalized by the total available area L x L and we call the
normalized difference x = (x; — x,)/L%. Blueish regions indicate dominance of species 1, whereas reddish regions indicate dominance of
species 2. As in Fig. 2, the activation threshold A is reported on the x axis and the ratio of competition coefficients A,; /A, on the y axis.
The gold dashed line represents the analytical prediction obtained for the two-patch case without linear diffusion (see Fig. 2). Each cell in
the heatmap corresponds to a numerical integration of Eq. (1) with parameter values A;; = Ay =1, Aj, = 1.1, £ = 100, wo = 0.001, and
s = 0.1. Initial conditions are x{(0) = x5(0) = 0.001 in the central cell and zero elsewhere. For all lattices, the mobility matrices M are
constructed considering a Moore neighborhood. In the Supplemental Material [27] we show the same heatmaps changing initial conditions,

type of neighborhood and the chosen fixed values for Aj,, &, uo, and pus.

To further examine these results, Figs. 5(a)-5(c) show how
the equilibrium abundances of the two species vary with
increasing interspecific competition for three different val-
ues of the motility threshold: A = 0.6 [Fig. 5(a)], A =0.8
[Fig. 5(b)], and A = 1.0 [Fig. 5(c)]. These results illustrate
how the interplay between Lotka-Volterra demographic dy-
namics and nonlinear motility responses leads to qualitatively
different effects of increasing interspecific competition on
coexistence. Depending on the value of A, increasing the ratio
Aj /A1 can (i) reduce the abundance of the weaker species
[Fig. 5(a)], (ii) promote coexistence with comparable spatial
abundances of the two species [Fig. 5(b)], or (iii) even lead
to the spatial dominance of the weaker competitor over the
stronger one [Fig. 5(c)].

To understand the disparate effect of interspecific competi-
tion, we explicitly study the spatial self-organization of the
species by plotting representative spatial patterns observed
at equilibrium for A = 0.6 [Fig. 5(d)], A = 0.8 [Fig. 5(e)],
A =1 [Fig. 5(f)] and different values of A,;/A|,. In the co-
existence regime with A < 1, we consistently observe the
emergence of concentric rings in which the two species al-
ternate in space. This organization arises because, for small
A, the density-dependent motilities of both species eventually
gets activated. Since Ay < Ajj, species 2 reaches its activa-
tion threshold first and escapes outward, colonizing the first
ring around the central cell, while species 1 diffuses more
slowly with 11¢. In this newly occupied ring, species 2 attains a

density high enough to trigger the escape response of species
1, which then fills the next outer ring. This process repeats,
producing alternating concentric domains of the two species.

As the competitive effect of species 1 on species 2 in-
creases (i.e., for larger values of Aj;/Aj2), the concentric
rings become destabilized and give rise to more irregular
spatial patterns. This occurs because, under sufficiently strong
competition, the small inflow of species 1 generated by the
diffusion term wo can locally out-compete species 2 even
where species 2 is initially more abundant [Fig. 5(d)].

When A approaches 1, a different mechanism becomes
relevant. For low values of A,; /Ay, the density-dependent
motility of species 2 activates too late, and it may fail to
survive. In this regime, stronger competition is required for
species 2 to reach the activation threshold early enough to
escape and re-establish the concentric rings pattern, as shown
in Fig. 5(e).

Finally, when A > 1, the escape response of species 1 is
hardly activated, and its spread is limited to standard diffu-
sion. In contrast, species 2 escapes more rapidly as Az /A»
increases, colonizing regions farther from the center. Stronger
competition leaves species 1 progressively less time to ex-
pand before species 2 establishes itself. This regime is shown
in Fig. 5(f) and it is particularly notable because species
2, despite being the inferior competitor, becomes substan-
tially more abundant and occupies a larger spatial region than
species 1. This counterintuitive behavior can be traced back
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FIG. 5. [(a)—(c)] Final total abundances of species 1 (x;) and species 2 (x;), normalized by the lattice size L2, as a function of A, /A5, for
three values of the activation thresholds A = 0.60, 0.80, 1.00. [(d)—(f)] Stationary spatial patterns for species 1 (blue) and species 2 (red) on a
two-dimensional lattice with side length L = 51. Rows correspond to activation thresholds A = 0.60, 0.80, 1.00, and columns to increasing
values of the competition ratio A,;/A;,. All results are obtained from numerical integration of the model with parameters A;; = Ay =1,
A, = 1.1, £ =100, up = 0.001, and g = 0.1. Initial conditions place both species at density 0.001 in the central cell and zero elsewhere.
The mobility matrix M is constructed considering a Moore neighborhood.

to the colonization—exploitation trade-off, whereby enhanced
motility allows the weaker species to preferentially occupy
empty spatial patches.

III. DISCUSSION

Microbial communities display both high taxonomic di-
versity and remarkable long-term stability in composition
[28,29]. This empirical evidence has motivated sustained
theoretical efforts to extend classical ecological models,
such as Lotka-Volterra and consumer-resource frameworks,
which generally predict that increasing diversity leads to
instability [30]. One line of explanation reconciles diversity
and stability by assuming weak or sparse interactions be-
tween species [31,32]. An alternative view is that classical
ecological frameworks are overly reductionist and lack key
ingredients required to account for the observed levels of
diversity. From this perspective, incorporating explicit spatial
structure emerges as a promising direction [33], as microbial
communities are typically far from well mixed at local scales
and instead exhibit pronounced patchiness and spatial segre-
gation among species [34-36].

In this work, we show that, in a spatially structured
model, coexistence among strongly competing species can
be sustained by an escape response in which motility in-
creases nonlinearly with the local abundance of competitors.

In the competitive-exclusion regime (A, > 1 and Ay > 1),
coexistence does not occur within single patches, and there-
fore persistence at the metapopulation level relies on spatial
self-organization. In our framework, coexistence arises via a
classical competition-colonization trade-off, which emerges
from coupling demographic interactions to the sigmoidal,
quorum-sensing-like functional form assumed for the es-
cape response. In this setting, a high ability to escape from
competitors also entails an increased susceptibility to being
outcompeted, and coexistence relies on a balance between
these opposing effects. If the inferior competitor grows too
rapidly, then it can trigger the escape of the superior com-
petitor, ultimately leading to exclusion; conversely, if it grows
too slowly, then it risks being outcompeted, again resulting
in exclusion. This interplay is what generates the rich phe-
nomenology in the phase diagrams discussed previously.

The role of spatial segregation in promoting coexistence
has a long history in theoretical ecology. In one of the first
works in this direction, Levin [37] showed that, in patchy en-
vironments, linear diffusive fluxes can have a stabilizing effect
on the coexistence of competing species. In that framework,
however, coexistence relied primarily on initial heterogeneity
in patch colonization combined with sufficiently low diffusion
rates. Subsequent work introduced nonlinearities in migration
by allowing dispersal to depend explicitly on competitor den-
sities, as in Shigesada et al. [38] and Mimura and Kawasaki
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[39]. In these models, the effect was typically implemented
through terms proportional to the product of species abun-
dances (e.g., —cx{x5, with ¢ a coupling constant). As in
our case, these studies showed that nonlinear migration can
enable coexistence in regimes where it is otherwise forbidden
in well-mixed systems.

In all these aforementioned approaches, growth, com-
petition, and migration are typically decoupled, allowing
coexistence to be recovered by independently tuning motil-
ity parameters. A key difference in our approach is that
competition and motility are not tuned independently: The
same interspecific interaction coefficients that determine
demographic suppression also enter the escape response.
Moreover, motility dependence on competitor abundance is
strongly nonlinear, being mediated by the sigmoid function.
In the limit & — 0, this formulation reduces to the linear
(in terms of competitor’s abundance) models discussed above
and coexistence is no longer observed within our coupled
setup [Fig. 3(b) and Appendix B]. In our case, the weaker
competitor is not endowed a priori with a higher colonization
ability (especially when Aj, ~ Aj;). Instead, the competition-
colonization trade-off emerges spontaneously from the growth
dynamics: The stronger competitor grows faster and there-
fore activates the escape response of the weaker one earlier.
This asymmetry arises solely from the nonlinear, threshold-
like nature of the escape response, which is essential for the
emergence of coexistence in our framework.

In ecology, near-perfect reciprocal exclusion of species
across sites, leading to alternating patches, is commonly re-
ferred to as a checkerboard distribution [40]. The origins
of checkerboard distributions have long been debated [41].
While they are often interpreted as signatures of interspecific
competition [42], it has also been argued that similar pat-
terns may arise purely from environmental filtering, even in
the absence of direct interactions [43]. Our results identify
an additional mechanism through which competition, when
coupled to a strongly nonlinear escape response, can both
generate and maintain checkerboard-like spatial organization.

Beyond coexistence, we have also shown the emergence
of rich spatial pattern formation in lattice geometries as
a function of the motility threshold and the interspecific
competition. Several of the coexistence and spatial seg-
regation patterns predicted by our model have also been
observed experimentally. In particular, the concentric ring
structures arising from the reciprocal activation of motility
in two competing species have been previously observed
both in silico and experimentally by Curatolo et al. [11].
Moreover, Gude et al. [44] experimentally observed that
a competition-colonization trade-off can promote coexis-
tence through reciprocal spatial exclusion, whereby the faster
grower colonizes the center of the colony while the faster
migrator colonizes the surrounding empty space, qualita-
tively resembling the coexistence patterns observed in our
model for A > 1. Interestingly, they also showed that the
locally disadvantaged species may become globally domi-
nant in abundance, as observed in our model. While in their
case the competition-colonization trade-off originates from
intrinsic phenotypic differences between the two species, in
our model it emerges dynamically from coupling compe-
tition with an escape response. Despite these mechanistic

differences, both works highlight the fundamental role of
competition, colonization dynamics, and space in promoting
coexistence between strong competitors. We believe that these
experimental observations provide further support for the
general ecological mechanism highlighted by our theoretical
framework.

While we have adopted a discrete-space metapopula-
tion framework, continuous-space descriptions are equally
legitimate alternatives. At the most detailed level, micro-
bial populations with motility-mediated interactions can be
described by nonlocal integropartial differential equations,
where individuals continuously interact over finite spatial
scales. Such formulations are, however, mathematically in-
tricate and typically require additional approximations to
become analytically tractable. In particular, classical active-
matter frameworks describing MIPS-like behavior usually
rely on coarse-grained continuum equations obtained by as-
suming smooth density fields and approximating nonlocal
interactions through local or gradient-expansion terms.

In contrast, metapopulation models perform the coarse-
graining directly in space by partitioning the system into
discrete patches connected by migration. This approach nat-
urally accounts for interactions occurring over finite spatial
scales through patch-level processes while retaining a rel-
atively intuitive and analytically tractable description based
on coupled ordinary differential equations. Such tractability
is one of the reasons why metapopulation models are the
standard framework in theoretical ecology when the primary
focus is on coexistence, persistence and diversity rather than
on microscopic pattern formation [45-47]. The price paid
for this simplification is the assumption that populations are
locally well mixed within each patch and that demographic
interactions occur at the mesoscopic scale set by the patch
size. The plausibility of this assumption naturally depends
on both the biological system and the spatial scale of inter-
est. Microbial environments are often intrinsically patchy or
porous or, even in homogeneous environments, microorgan-
isms can spontaneously self-organize into spatially segregated
microcolonies. Moreover, questions concerning coexistence
and diversity typically concern intermediate-to-large spatial
scales rather than microscopic ones. At these scales, reducing
the spatial resolution through a discrete description may not
necessarily imply a significant loss of ecological information.

In conclusion, the theoretical framework here intro-
duced represents one of the first attempts to frame the
exploitation-colonization trade-off as the natural coupling be-
tween demographic interactions and motility responses driven
by quorum-sensing like mechanisms. In a broader perspective,
our findings are relevant to two closely related yet distinct
research directions: the identification of mechanisms that pro-
mote coexistence in microbial ecology, and the introduction of
a spatial framework that generates novel patterns of relevance
to active-particle physics.
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APPENDIX A: ANALYTICAL DESCRIPTION
FOR THE TWO-PATCH SETTING (¢ — o0, g — 0)

We recall the two-patch scenario in which two species,
labeled 1 and 2, inhabit two connected but distinct patches,
a and B, whose dynamics follow Eq. (1). Throughout this
appendix we consider the limits £ — oo and @y — 0, so that
the motility function reduces to a step function. As already
mentioned in the main text, we start from an initial condition
where a small seed of both species is present only in patch «,
while patch 8 is initially empty.

In this regime, stable coexistence can occur only if the infe-
rior competitor, here species 2, activates the escape response
and colonizes patch f, while species 1 does not. We recall
that this requirement is equivalent to imposing the conditions
established Eqs. (3) and (4). The second condition is automat-
ically satisfied if Ay; < A, since species 1 always dominates
locally and reaches the carrying capacity K = 1. To determine
when the first condition holds, we must compute explicitly
the time evolution of x§(¢) for all . In order to do so, we
approximate the equation for species 1 in patch « as

dxjt(t) — xtly(t) (1 —X?([) _A12 6), (Al)

where we have replaced x§(f) with a small constant value
€. This approximation is valid when species 2 activates the
escape response sufficiently early, so that species 1 experi-
ences only weak competitive pressure arising from the low

J

abundance of species 2. With this simplification and rewriting

1 1 1 1
= + ,
x‘f(t)(l—x‘f‘(t)—Alze) l1—¢ <x‘1"(t) l—x‘f‘(t)—A126>
we can easily integrate Eq. (A1), yielding

(1—-Ape)

1= O A€y ,—t(1-Ape)’
1+ ( 0 )e ( 12€)

(1) = (A2)

which is a shifted logistic form. With this we can now express
explicity the time 7 at which x{(t) = A/Ay, i.e., the time at
which the escape response is activated and species 2 starts to
migrate towards patch 8. After some algebra

A
)=— &= 1=———
() Ay 1 —-Ape

8 ln[ﬁ (1—-x¢0)—Ap e)/x‘l"(O)
Ay 1—Ape—A/Ay
Fort < 7, the variable x5 (¢) experiences neither in-migration

nor out-migration and therefore evolves solely according to
the Lotka-Volterra dynamics

] (A3)

d o
% O (1 =) — A D). (Ad)

Since the coupling between x§ (¢) and x5 () has been removed
in Eq. (A1), this equation becomes a quadratic Bernoulli dif-
ferential equation, which can be solved explicitly. By defining

E(t) = exp [/O (1 = Ayxf (@) dﬂ}, (A5)

and applying a simple change of variables, one finds that the
solution can be written as

E(1)
1/x5(0) + [y E(t)dt'

In our setup, both E(¢) and its integral can be computed
explicitly. The first one, after a simple change of variables,
reduces to an elementary integral and yields

—Az
xo(e429) — 1) —Ape+1
E(t)=¢ ( of ) —An . (AD)

Kt <t)= (A6)

1—A126

where, for simplicity, we have introduced the shorthand nota-
tion x{(0) = x5 (0) = xo. The time integral of the latter can be
written as

e’
dr’, (A8)

ftE(t’)dt’ =(1—=Ape)™ ft
0 0 [X()(

et’(lfAlge) _ 1) _AIZE + 1]A2]

which has a known solution in terms of incomplete beta functions B, (a, b) [48]:

1-Ay1+A12Ar €

t
/ E()dt =(1 —Ape —xy) e
0

where

1 1
(1 —Ap ey =ty "h [BX,,(

Ayt — €ApAy — 1\]™
21 € A12A421 >i| 7 (A9)

1—A]267 1—A12€

t'=0

Xo e(1—Ane)’

X, =

(A10)

B 1 —Aje —xo(l — e(l—Alze)t’)'

Substituting expressions (A7) and (A9) into Eq. (A6), we obtain a complete description of x§ (¢) fort < 7. Att = 1, the dynamics
of x§(t) changes due to the appearance of a migration term, —ug x5 (), representing the flux from patch o toward patch 8.
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Therefore, for t > t, the evolution is given by

x5t > 1) =x5(O)(1 — x5 () — Agix{ (t) — 25 x5(1)),

(Al1)

which is again a Bernoulli equation, and its solution has the same structure as in (A6). The procedure is identical to the previous
case, but with a modified integrating factor E’(¢) and its corresponding integral, both affected by the migration term and by the

fact that integration now starts at t = t. Explicitly,

—Ape —-A
Bty = et-0ti-amp( €020 4 (L% —€)/x ) ™ (A12)
et1=A416) 4 (1 — x5 — €)/x0
and
1-2ug—Ag| +€AjpAy]
./IE/(I/)dﬂ _ et Crs=1) 1 1 —Apne—x %
: (e=A4re) + (1 —xg — A €)/x0) ™ 1 —App e X0
<5 1 —2us Az —€ApAy +2us —1 = (A13)
X 1—A|267 I —Ape t’:r’
[
with can exist.

e1-An er

X, = (A14)

1—A ’ 1-Ajppe—xp °
e et 4 —1;0 0
With E’(¢) and frt E(t')dt’, we can compute x5(t) fort > 1
again as

E'(t)
1/x5(0) + [LE@)dr’

where x5 (7) is obtained from the previous phase [Eq. (A6)],
together with the explicit formula for t [Eq. (A3)].

With these expressions at hand, it is possible to determine
which combinations of parameters lead to coexistence through
segregation. Indeed, the theoretical curves shown in Figs. 2
and 4 are obtained by computing the minimum value of A for
which condition (3), namely

x5(t) < AJAp, Vi,

is satisfied, using x5 (¢) from Eq. (A15). All the curves de-
picted in the figures in the main text are obtained considering
€ = 0.05.

Bt >1)=

(A15)

APPENDIX B: THE LIMIT &£ — 0

Here we analyze the limit in which the sigmoidal escape
response becomes linear in the competitor abundance, corre-
sponding to £ — 0. For small argument x, the sigmoid admits
the expansion

1

x
= - - +0).
[Fer 2 379W)
Applying this expansion, for instance, to the motility rate of
species 1 from patch « to 8, we obtain to leading order

1P (0 = My |:M0 + 2us<1 i M)} (B2)

(BI)

2 4 4

With this approximation, the system of four equations describ-
ing the two-patch model becomes analytically tractable. We
investigate whether segregated coexistence remains possible
in this linearized limit, i.e., whether a steady state of the form

(x?,xlf,xg,xf):(l_el, €1, €2, 1_62)5 €1, €2 << 19

Linearizing the steady-state equations and solving those for
x{ and x’lg , we obtain

¢ = us(2 —&A) ’ (B3)
2[us(2 —EA) + s + D(A2 — 1]
and
& — us(2 —EA)2 —Ap)
2812[ns2 —EA) + (Eps + DA — 1)]
2
- (A_lz - 1)61, (B4)

where, for readability, we have taken the limit oy — O.

Two trivial cases leading to full segregation are already ap-
parent. The first corresponds to s = 0, for which no motility
is present and segregation can only persist if it is imposed by
the initial conditions. The second occurs when £ A = 2, which
in the limit £ — 0 requires A — o©.

We next focus on the nontrivial case €; > 0 and ¢, > 0.
From Egs. (B3) and (B4), this requires

2—EA>0 2—EA < Epns+1)(Ap—1)
{ or { ’

Hs BS5
A12 < 29 A12 < 2. ’ ( )

Substituting Egs. (B3) and (B4) into the linearized equations
for species 2, denoted by E3 and E4, we obtain:

Es=—€ P, Ej=—€[P+2(A1n+4 —2)], (B6)
with
P=(An+Ay — 2)[An +Epo(l — A)App — 1)]
+ (A — D[Ap + &1 — A)]. (B7)

A steady configuration, i.e. E5 =0 and E4 =0 can only
appear if Aj; + Az = 2, which lies outside our competitive
exclusion regime (A > 1, Ay > 1). We therefore conclude
that, within our coupled framework, the limit £ — 0 does
not permit segregated coexistence. This result confirms the
numerical findings shown in Fig. 3(b) and demonstrates that
a strongly nonlinear, thresholdlike escape response is a neces-
sary ingredient for coexistence.
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APPENDIX C: NUMERICAL INTEGRATION DETAILS

All numerical results presented in the manuscript are
obtained by integrating the dynamical equations using the
adaptive Runge-Kutta method RK45, as implemented in
solve_ivp from SciPy. Relative and absolute tolerances are
set to 107° and 1078, respectively, and the maximum allowed
integration step is fixed to 0.1. We have also established at
each integration step a lower bound for species abundances

equal to 10~°. Simulations are evolved up to when a stationary
state is reached. More specifically, stationarity is defined by
the condition

dyi

<107°,

max
1

where the maximum is taken over all dynamical variables of
the system.
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