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Using a statistical mechanics framework, we investigate the parameter space of transformer models trained
on protein sequence data. We sample the loss landscape at varying temperatures using Langevin dynamics
to characterize the low-loss manifold and to understand the mechanisms underlying transformers’ superior
performance in protein structure prediction. We find that, at variance with networks not based on the attention
mechanism, the lack of a first-order-like transition in the loss of the transformer produces a range of intermediate
temperatures with good learning properties; this is true for both synthetic and natural protein sequences. We also
show that the parameters of most layers are highly conserved at these temperatures if the dimension of the
embedding is optimal, and we provide an operative way to find this dimension. Additionally, we show that the
attention matrix is more predictive of the contact maps of the protein at higher temperatures and for higher
dimensions of the embedding than those optimal for learning. Finally, we showed that the models sampled
at intermediate temperatures can predict the free-energy variation upon mutation, better than models obtained

through standard optimization techniques.
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I. INTRODUCTION

Large language models, based on the transformer archi-
tecture [1], have had a significant impact on a broad range
of machine-learning tasks. In particular, they have affected
the field of biophysics, enabling computers to predict the
native conformation of proteins from the knowledge of their
sequences alone [2,3]. Despite their significance, the compre-
hension of their intrinsic mechanisms remains significantly
less understood than that of other types of feedforward
networks.

In the case of simple feedforward networks, a large amount
of information is now available about how they work, how
they generalize from the training data, and how the space of
solutions looks like [4—11].

Apart from the fact that it is more cumbersome than
training feedforward networks with the same number of pa-
rameters but not based on the attention mechanism, less is
known about the learning mechanism of transformers [12].
In one-layer systems, gradient optimization was shown to act
in two stages, first learning causal relations by amplifying
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attention weights between words that are distinctive in an
example and suppressing those between common ones, and
then refining the results logarithmically slowly [13,14].

Remarkably, it was proved analytically that a single trans-
former learns the couplings of a Potts model in a way
that is equivalent to that obtained from pseudolikelihood
learning [15]. Since Potts models describe well the coevolu-
tion of amino acids in proteins [16], transformers seem the
ideal machine-learning tool to capture proximity relations in
proteins.

As with the coevolution described by Potts models, trans-
formers can be studied using the formalism of the canonical
ensemble, thus treating them in the context of statistical me-
chanics. This approach has been shown to be effective in the
study of simple feedforward networks. In these networks, the
low-loss manifold has been found to be fully connected and to
have a spiky shape [11].

In this work, we present results from sampling the param-
eters of a transformer to better understand how it works and
why it efficiently retrieves spatial and chemical relationships
between amino acids along the chain. We compare these
results with those from a pooled feedforward architecture
lacking an attention mechanism. We framed the problem of
exploring the parameter space in terms of statistical mechan-
ics to leverage the computational algorithms developed in this
field, in particular, in connection with the canonical ensemble.

We sampled the space of parameters of the model with an
algorithm based on the numerical solution of the Langevin
equation, where the gradients are evaluated approximately
on minibatches of training sequences to gain computational
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efficiency [17]. This algorithm relies on the control of the
noise introduced by the approximation, adjusting in real
time the masses and the friction coefficients of the Langevin
equations to sample the canonical ensemble at the desired
temperature. In this way, we combine the advantages of
stochastic gradient descent, which is fast for optimization
problems but does not sample specific probability distribu-
tions, and of Langevin equations, which samples Boltzmann’s
distribution but requires a lengthy calculation of the forces
acting on the system.

Initially, we assigned a simple task to the network, which
is learning a set of synthetic sequences that fold into a single
structure. We chose this task because it is computationally
efficient enough to collect statistics and draw robust conclu-
sions about the system. This allows us to obtain information
about how transformers function in general and their ability
to predict protein structures. We then generalized our results
by studying the same problem for datasets composed of se-
quences belonging to different protein families.

In the next sections, we show that transformers display an
intermediate range of temperatures with optimal generaliza-
tion properties, while pooled feedforward networks have a
sharper transition from low to high temperatures that prevents
this regime (Sec. III A for the case of synthetic sequences).
Moreover, we demonstrate that the parameters of most layers
are highly conserved among models sampled at the optimal
temperature, provided that the embedding is properly dimen-
sioned, and we suggest an operative way to find this ideal
dimension (Sec. IIIB). Additionally, we show that the at-
tention matrix is more predictive of the contact maps of the
protein at temperatures and for dimensions of the embedding
that are higher than those optimal for learning (Sec. III C).
Finally, we obtain the same qualitative thermodynamic results
for real sequence data and we demonstrate that, on aver-
age, sampling at intermediate temperatures can improve the
generalization performance and the prediction of free-energy
variation due to single-site mutations with respect to standard
optimization techniques (Sec. III D).

II. DATASETS, MODELS, AND ALGORITHMS
A. The synthetic datasets

The task we addressed is a masked language modeling
problem, for a synthetic dataset of amino acid sequences
folding to the native structure of the acyl-coenzyme A binding
protein (Fig. 1, pdb code: 2abd) [18].

The dataset was generated following the same strategy as
in Ref. [19]: We defined the energy of a sequence x as

U@)=Y_ By Ay, (1
ij

where B,, is a randomly generated symmetric interaction
matrix between amino acids, extracted from a Gaussian dis-
tribution with zero average and unitary variance, while A;;
is a binary symmetric contact matrix, derived from the native
conformation of the acyl-coenzyme A binding protein so that
A;; = 1if the corresponding amino acids x; and x; have a pair
of heavy atoms closer than 3.5 10\, a standard threshold that
accounts for atomic interactions. In the canonical ensemble

FIG. 1. The structure of acyl-coenzyme A binding protein (pdb
code: 2abd), where the contacts between amino acids are indicated
with dashed red lines.

framework, we generated 15 000 low-temperature (7; = 1.27,
in energy units; cf. Ref. [19]) sequences x of length n = 86
with an adaptive simulated tempering algorithm [20].

For each generated sequence x", we selected approxi-
mately 15% of its amino acids and replaced them with a
masking token. The true amino acids in the masked sites were
gathered in a vector y*, which was kept fixed for each se-
quence. Then, we partitioned the whole dataset {(x", y“)}}fzol00
into three subsets: train, validation, and test, composed of
1000, 1000, and 13 000 pairs, respectively.

B. The Pfam datasets

We addressed the same masked language modeling prob-
lem described in Sec. IT A, using sequences belonging to ten
different protein families, as defined in the Pfam database
[21]. Each family was associated with a different dataset,
where, as previously, we masked approximately 15% of the
amino acids of each sequence and replaced them with a mask-
ing token. Each dataset was then partitioned into three subsets:
train, validation, and test, corresponding to 70%, 15%, and
15% of the total, respectively. The generation process of each
Pfam dataset, along with the list of the selected protein fami-
lies, can be found in Appendix A.

C. The prediction models

We selected three different architectures to tackle the
masked language modeling problems described in Secs. II A
and II B. Two of these are transformers [1], made up of either
one (TF;) or four (TF4) modules in series (upper panel in
Fig. 2), and the third is a pooled feedforward network (FF)
whose number of parameters (1.74 x 10°) is approximately
equal to that of the four-module transformer (1.69 x 10°), and
four times that of TF; (4.4 x 10* parameters).

All of these models follow a three-stage structure com-
prising an input construction stage, an encoder, and a final
output projection layer. The input and output components
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FIG. 2. The scheme of the L-module transformer (upper scheme)
and of the pooled feedforward model (lower scheme) used in this
work.

are the same for the two network families studied here, but
the internal encoder differs between transformer-based and
pooled feedforward networks.

The encoders of transformer-based models use the atten-
tion mechanism to efficiently capture long-range dependen-
cies in the input and produce a context-aware representation
of each input component.

In the pooled feedforward encoder, we modeled the ar-
chitecture to resemble a transformer as closely as possible,
replacing only the attention matrix with a pooling layer. This
allows us to isolate the effects of the attention mechanism.
Furthermore, each architecture is designed so that all possible
permutation symmetries are eliminated without impairing the
learning capabilities of the model. The detailed description of
each neural network can be found in Appendix B.

For a given masked input, each model produces a matrix.
Every line of the matrix represents the predicted probability
distribution over the vocabulary tokens (in this case, amino
acid types) for the corresponding site along the sequence. The
quality of this prediction has been evaluated using the cross-
entropy loss function and the error function (see Appendix C
for mathematical details).

D. The sampling algorithm

The space of parameters of the system is sampled accord-
ing to Boltzmann’s probability, using the loss as the energy
of the system and considering it in the canonical ensemble of

statistical mechanics. In fact, Boltzmann’s distribution is the
maximum-entropy distribution at fixed average loss; sampling
the parameter space at different temperatures 7 allowed us
to study the manifold corresponding to different loss values
without biasing the exploration. Moreover, we could take ad-
vantage of the large set of theoretical and computational tools
developed in the realm of statistical mechanics.

Operatively, we first minimized the loss of each network
with the Adam optimizer (cf. Appendix D), producing two
types of trained weight vectors, namely, early stopped (ES)
and overtrained (OT). Then, we sampled the space of all the
parameters that define the networks using a norm-constrained
version (cf. Appendix E) of the pseudo-Langevin sampling
algorithm, recently developed for high-dimensional param-
eter spaces like those of artificial neural networks [17]. It
basically consists of solving the Langevin equations, using ap-
proximate forces evaluated on minibatches and adjusting the
fictitious masses associated with the parameters in real time
to guarantee that the noise term of the dynamical equations is
thermalized at the correct temperature.

At each temperature, we could thus collect a large number
of sets of parameters, corresponding to different prediction
models. We used these sets to estimate average quantities over
the sampled models (such as the average validation error) and
probability distributions (such as the similarity distribution
between the parameters of the models). Assuming the sys-
tem is ergodic, the averages converge to the thermodynamic
averages and the probability distributions to Boltzmann’s.

III. RESULTS

We studied the properties of models sampled according to
Boltzmann distribution at different temperatures when trained
either with synthetic sequences (Secs. III A, III B, and III C)
or with families of natural sequences (Sec. III D).

A. The generalization error is minimal
at intermediate temperatures

We compared the sampling of the parameter space at dif-
ferent temperatures for the single-block transformer TF, the
four-block transformer TF,, and the pooled feedforward net-
work FF, acting on the same data with the same task (cf.
Sec. IIC). The comparison is extended to the results ob-
tained with the standard optimization of the parameters by
gradient-descent techniques, which in the present context can
be regarded as zero-temperature calculations. For each archi-
tecture type, the system is in the overparametrized regime,
as clear from the fact that OT solutions and low-temperature
weight vectors are associated with a training error equal or
close to O (Fig. 12(b) and Table II in the Appendixes). The
most apparent difference between transformers and pooled
feedforward architectures is in the behavior of the average
loss as a function of the temperature [Fig. 3(a)]. While the
pooled feedforward network displays a sharp jump in the loss
[corresponding to a sharp peak in the specific heat, Fig. 3(b)],
reminiscent of a first-order phase transition, both transformers
display a much smoother shape. For the purposes of compar-
ison, we have normalized the temperature with respect to the
temperature 7Tj/, at the maximum in the specific heat (which
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FIG. 3. Right of the line: The average value of the potential
energy (U)r [panel (a)], of the specific heat d(U)7 /dT [panel (b)],
of the validation error (€,4)7 [panel (c)], and of the test error (€ )r
[panel (d)] as functions of the rescaled temperature 7'/T;,, for the
models TF; (red curves), TF, (blue curves), and FF (green curves).
Left of the line: The same for ES solutions and OT solutions obtained
with Adam. Circles denote numerical measurements, while solid
lines represent spline interpolations. All points have an error bar that
indicates the standard deviation.

is architecture dependent), in order to make the temperature
scales of the different models comparable.

The accuracy of the prediction on the test set quantifies
the ability of the model to generalize. The generalization
accuracy for all models has a nonmonotonic shape, reaching
a maximum right after the transition temperature [Fig. 3(d)].
This intermediate-temperature regime can be easily identified
on the fly, looking at the error function computed on the
validation set [Fig. 3(c)]. In this range of temperatures, the
four-block transformer has the greatest generalization ability.
In any case, the one-block transformer performs better than
the feedforward architecture, despite the size difference be-
tween the two models (cf. Table I in Appendix B).

The OT weigths of TF; and FF display loss, training, and
generalization errors similar to the averages at low temper-
atures (Fig. 3), in agreement with the expectation that OT
corresponds to zero temperature. On the contrary, the OT
weights of TF, have much lower generalization error, while
the loss is again what is expected at zero temperature. The ES
weights show an average loss that is similar to that obtained
from sampling at intermediate temperatures, and they consis-
tently demonstrate higher generalization ability. However, the

average test error €.y over the ES vectors is always larger than
the average at the best temperature (by 0.01 at 7*' = 1.3 T 2
for TF;, by 0.02 at Tbest — 1.1 Ty, for TF,4, and by 0.04
at TPt =117y 2 for FF). Moreover, the variability of the
generalization error for different realizations of the ES min-
imization is much larger than that observed in the sampling at
intermediate temperature [error bars in Fig. 3(d)].

B. Varying conservation of the parameters
in the different layers

We then examined the variability of the parameters in the
different layers of the networks during the sampling. For
this purpose, we calculated the distribution of the mutual
similarity

;o w@-w@)

, = ——— 2
9 = Tl )l ()] @

of each layer [ over the sampling, where w'(¢) is the vector
containing the parameters of the layer / sampled at time ¢ dur-
ing a simulation at temperature 7" (see Sec. IIT A). We could
compare the weights elementwise because the permutation
symmetries of the networks had been broken by construction
(see Appendix B).

In the one-block transformer, the distribution ,o(ql) of
mutual similarity between pairs of models is either peaked
around zero or very broad for most layers, indicating that
the network can find several sets of parameters that maintain
a sufficiently low loss (Fig. 14 in Appendix F). There are,
however, exceptions. The parameters ngight and ywze)ight that
weight the rows in the normalization layers display similarity
distribution strongly peaked toward 1, indicating that the val-
ues are well conserved throughout the sampling (red curves
in the lower panels in Fig. 4). The parameters W) that
control the value layer and E controlling the embedding are
also conserved, although their distribution is more broadened
than that of the normalization layers (Fig. 4, red curves in the
middle panels). The parameters W(? controlling the output
and the query-key parameters W (2% are peaked at intermedi-
ate values (Fig. 4, upper panels, red curves). Different layers
of TF; are then conserved at varying degree at the optimal
temperature.

In the case of a network made of four transformer blocks,
the variability of the parameters in each block is very similar
to that of the TF; system (the distributions for the first layer
are shown as blue curves in Fig. 4). An exception is the set of
value parameters W(C) that is peaked around O in the last
three blocks (Fig. 14), while it is peaked around 1, as for
the single-module architecture, only in the first block of the
transformer.

The distribution of similarities in the layers of the pooled
feedforward network FF (Fig. 4, green curves) is overall quite
similar to that of the corresponding layers in the transformers,
suggesting that their conservation is not a consequence of the
attention mechanism.

The strong conservation of the weights yivle)igh[ and yfaizight
in all architectures facilitated the inspection of the values
they assume during the sampling. For the TF; model, the
distribution is bimodal (Fig. 5, solid red curves), with one
peak centered around zero (amounting to approximately 60%
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FIG. 4. The distributions p of the similarity ¢’ of parameters for
some of the layers, obtained by comparing equilibrated configura-
tions at temperature 7*** for each architecture (identified by different
colors). The complete set is displayed in Fig. 14 in Appendix F. The
architectures labeled as TF2® and TF}* correspond to transformers of
reduced dimensionality (see text).

of the elements for yf,vle)ight and 80% of the elements for yfjffight)
and the other one around a positive value. Since these vectors
have size equal to the embedding dimension d = 64 and they
weight the information after the attention matrix, we hypothe-
sized that the elements with value close to zero are essentially
useless for the network’s task.

Interestingly, the distribution of both sets of parameters
has a single-peaked distribution for ES weights, centered at
nonzero values. This is similar to the higher peak obtained
through sampling for TF; (Fig. 5, dashed red curves), which
suggests that our hypothesis would not apply to the parameters
obtained from loss minimization.
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FIG. 5. The distribution p of the values of p"

weight [Panel (a)] and
y(wze)igm [panel (b)] obtained from the sampling at 7** of the original
and reduced transformers (solid lines). The dotted red lines indicate
the distribution of yi}c/é;“ values obtained from the ES minimization.
The values reported for the four-module transformers refer to the last

module.

To verify the hypothesis, we trained a new network (details
in Appendix D), where the dimension of the embedding is re-
duced to d = 26, corresponding to the elimination of the rows
associated with values of yf;e)ight close to zero. This new archi-

tecture will be referred to as TF%6 (cf. Table I in Appendix B).
We performed a sampling of the parameters at temperature
Tt 2 1.5 T, obtaining an average generalization error of
(€gest) ot = 0.40 £ 0.001, which is comparable to that of the
original larger model (€geg) 7o = 0.38 £ 0.002. As expected,
the values assumed by the new weight vectors ygvle/fin during
the sampling are now distributed according to a sing%e-peaked
distribution at nonzero values (Fig. 5, orange curves) and
remain very conserved during the sampling (Fig. 4, orange
curves in the lower panels).

Moreover, the per-layer similarities of the matrices E,
WO W@ and WO for the compact architecture TF2% are
now all peaked toward higher values (Fig. 4, orange curves).
This suggests that the high variability these layers had in the
larger system was primarily due to their oversized dimensions.
Summing up, in a single-block transformer whose embedding
dimension is carefully tuned, only the layers W, W® after
the attention and the biases b of the output can vary quite
freely along the sampling, while the other layers are essen-
tially fixed.

This line of reasoning can also be applied to the TF4
architecture. We examined the distributions of the values as-
sumed by the vectors yse/éin in the last transformer block,
observing that they have qualitatively the same distribution
we identified in the single-block model (Fig. 5, blue curves).
Again, we trained a new network with a reduced embedding
dimension d = 14 (called TF}*), corresponding to the number
of nonzero values of y\(;e)ight in the last block. The sampling at
Thest ~ 1.7T4 /2 of the parameters of this reduced architecture

shows a distribution p(y%ﬁt) that is unimodal and centered
at nonzero values (Fig. 5, purple curves; the complete set
of distributions of p is reported in Fig. 15 in Appendix F).
The average generalization error is (€)7o = 0.36 £ 0.002,
comparable to that of the TFy (i.e., (€qest) rres = 0.33 &= 0.004).
The similar generalization ability occurs in spite of the huge
difference in size between the two models (cf. Table I in
Appendix B). For the different layers of TF}*, the similarity
of the sampled parameters is overall smaller than that for the
one-block architecture, but is anyhow larger, in general, than
0.5, with the exception of biases that can vary much from
model to model (Fig. 4, purple curves).

C. The attention matrix is optimal at higher temperatures
and larger embeddings

When applied to the structure prediction of proteins, a key
property of transformers is that their attention matrix resem-
bles the adjacency matrix of the input sequence [22].

For the one-block transformer TF, the mean attention ma-
trix (i.e., the attention matrix symmetrized and averaged over
the test set sequences) for models sampled at intermediate
temperatures (T = 277 ,,) resembles the experimental contact
map (cf. upper panels in Fig. 6 and Fig. 11 in Appendix F).
However, the same is not true for the mean matrices asso-
ciated with ES or OT vectors [cf. Figs. 13(a) and 13(b) in

023003-5



L. GHIRINGHELLI, A. ZAMBON, AND G. TIANA

PRX INTELLIGENCE 1, 023003 (2026)

&

FIG. 6. Left column: The mean attention matrix, symmetrized and averaged over the test set sequences, for the TF; (upper row) and for
the TF, (lower row) models, obtained during a sampling a temperature T = 277, and T = 1.1 T 5, respectively. Center column: The contact
map obtained from the mean attention matrix using P@L; true positives are in blue, false positives in pink, and false negatives in gray. Right
column: The contact map obtained from the mean attention matrix using P@Ly;.

Appendix F, respectively]. The mean attention matrix can be
regarded as a self-averaging quantity, since individual models
sampled at the same temperature produce mean matrices that
are very similar to each other [e.g., Figs. 13(d), 13(f), and
13(g) in Appendix F].

The mean attention matrix of one of the blocks of the TF,
model has a better similarity to the experimental contact map
(lower panels in Fig. 6) than that of TF;. In this example,
the map giving the improved agreement is that belonging to
the third attention block of a model sampled at T = 1.1 Tj ;.
The mean attention matrix can capture most contacts within
alpha helices and many tertiary contacts. Most false-positive
contacts are actually between residues that are adjacent to
residues forming true contacts.

The mean attention matrices belonging to the other blocks
are very dissimilar from the contact map of the protein [cf.
Figs. 13(j), 13(k), and 13(1) in Appendix F]. In another
independent sampling we conducted, the mean matrix that
resembled the experimental contact map ranged from the
third to the fourth. The mean attention matrix of the best-
matching block seems self-averaging also in the TF, model
[e.g., Figs. 13(m), 13(n), and 13(0) in Appendix F].

At variance with the TF; model, in the TF, also ES and
OT give mean matrices reasonably predictive of the contact
map, though they perform worse than those obtained through
sampling [cf. Figs. 13(g), 13(h), 13(m), 13(n), and 13(0) in
Appendix F].

A metric commonly used to assess the model capability of
predicting protein contacts is the “precision at L’ (P@L) [23],
which is the fraction of correct contacts predicted from the

highest L elements of the attention matrix. In the present case,
the metric is computed on the mean attention matrices, with
L = 86 (i.e., the length of the protein sequence). The fraction
of correctly predicted contacts in the case of very large lan-
guage models ranges typically between 0.4 and 0.6 [24].

We calculated the P@L metric by averaging over the
models sampled at each temperature for both TF; and the
best-matching block of TF,. We repeated the same calculation
for the ES and OT solutions [Fig. 7(a)]. However, we observe
that this metric does not recapitulate the intuition that TF,
is more predictive than TF, as suggested by Fig. 6. In fact,
the P@L prioritizes, in the list of the L top scores, contacts
close to the diagonal, not providing a metric that quantifies
the ability of the mean attention matrices to predict the contact
map as a whole.

To solve this problem, we introduce a new metric, P@LﬁT,
which takes into account the contacts between residues i and j
only if | j — i| > 7. Additionally, it defines a predicted contact
(ip, jp) as correct if it is within an interval A from a true
contact (i, ji) (i.e., if |i; — i;| + |jp — ji| < A). According to
the new metric, TF, is more predictive at all intermediate
temperatures than TF; [Fig. 7(b)]. The overall lower values
of P@L},; with respect to P@L are due to the fact that the
former is agnostic of the alpha helices, which are anyway easy
to predict with other algorithms [25]. Increasing the value of
A in the definition of P@L{; does not change qualitatively
the results, just shifting the curves upward (cf. Fig. 16 in
Appendix F).

For the TF, and TF, architectures, the mean attention ma-
trices obtained by sampling perform much better than those
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FIG. 7. The average and standard deviation of the P@L [panel
(a)] and of the P@LI'\,T [panel (b)] metrics for ES and OT vectors
(left of the line) and for models obtained from sampling at different
rescaled temperatures T/ T, for each architecture type.

obtained from training [Fig. 7(b), blue and red points]. This
improvement is smaller (for TF%G) or absent (for TF }‘4) for
transformer with reduced embedding dimension.

Interestingly, there is not a straightforward correlation be-
tween generalization error and contact prediction capability
[cf. Figs. 3(d) and 7(b)]. The values of P@LII\IT for the TF,
model stay constantly high in the whole range of intermediate
temperatures, whereas (€ )7 increases shortly after 77 /,. For
the TF; architecture, the best-matching mean attention ma-
trices are found at temperatures consistently higher than 7j ;.
We then conclude that the temperatures that provide predictive
attention matrices do not match those at which the prediction
of the protein sequence is optimal.

The models with a reduced embedding dimension d (i.e.,
TF3;® and TF}*) exhibit a similar behavior. However, their
performance is clearly worse [Fig. 7(b)]. Thus, while these
minimal models can reproduce protein sequences as well as
those with a larger embedding dimension, their ability to
predict contact maps is much poorer. This further points to
the fact that contact prediction (for which the network has
not been trained) is not completely correlated with sequence
prediction. Modifying the models to improve the training and
the generalization error thus is not a good strategy to improve
the predictivity of the attention matrix. This is also confirmed
by the better performance of the OT models with respect to
the ES solutions for almost every architecture [and especially
for TF, and TF}*; Fig. 7(b)].

D. Application to natural proteins

We then studied ten families of natural proteins, to validate
the results obtained for the synthetic sequences (Sec. III C) in

the real-life case, where evolution is driven by constraints that
are more complex than thermodynamic stability. For each pro-
tein family (see Sec. I B), we sampled the space of parameters
of the four-block transformer TF, at different temperatures
(Fig. 8, blue dots). As for the synthetic scenario, we observed
a range of intermediate temperatures where the test error has
a minimum. Moreover, in most cases the optimal temperature
T is found just after the peak in specific heat (T /7;,, ~ 1),
as for synthetic proteins. There are some exceptions, namely,
protein families PF00041, PF00096, and PFO0153, where the
best generalization performance is obtained at lower tempera-
tures (T'/Th» < 1).

We also compared the sampled averages with the results
obtained with standard optimization of the parameters by
gradient-descent techniques (Fig. 8, orange dots), as already
done in Sec. IIT A for synthetic sequences. As a rule, the gen-
eralization capabilities of the network either are improved (as
for PFO0018, PF00072, and PF00096) or remain unchanged
(for PFO0013, PFO0014, PFO0076, PFO0887, and PF13354)
after sampling at 7%, The only exceptions are the protein
families PFO0041 and (especially) PFO0153, where the sam-
pling worsens the test error obtained after the training with
Adam and early stopping.

To understand whether the dominant feature learned by
the network is still thermodynamic stability, we investigated
the ability of the trained and sampled models to predict the
free-energy variation AAG caused by single-site mutations
within a specific sequence, which are known for some proteins
as the result of protein-engineering experiments. For four such
proteins (belonging to the families PF00014 [26], PFO0018
[27], PFO0041 [28], and PFO0887 [29], respectively), we pre-
dicted the free-energy change A AGP™ from the variation of
the logarithmic output score [Eq. (C6)]. We then calculated
the Spearman correlation coefficient between the experimen-
tal values (AAG®P) and the predicted values (AAGP™),
obtained by either ES solutions or models sampled at 7"
(Fig. 17). In three cases (Fig. 9), the correlation coefficient
obtained from the sampled models is larger than 0.5, sug-
gesting that the model takes the energetic properties of the
protein into account. In the fourth case (PFO0887), the results
of the sampled models vary considerably, with some unable to
capture the interactions between amino acids.

Finally, in three out of four cases, the distribution of the
correlation coefficients for the sampled models is peaked at
larger values than those obtained by gradient minimization.
The only exception is the sequence belonging to the PFO0041
protein family, which is also one of the two datasets over
which the sampling slightly worsens the model performance
in terms of test error (see Fig. 8).

IV. DISCUSSION AND CONCLUSIONS

Transformers are a widespread tool used for many tasks,
most notably in large language models and protein structure
prediction. They are extremely powerful and have surpassed
multilayer perceptrons and recurrent networks in many areas,
yet a deep understanding of how they work is lacking. In this
regard, statistical mechanics has been useful in elucidating
the working mechanisms of several artificial neural network
architectures [4—11].
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FIG. 8. For each panel, at the right of the gray dotted line, the average value of the test error (€. )7 as a function of the rescaled temperature
T /Ty, for the TF, model. At the left of the line, the same for ES solutions obtained with Adam. All points have an error bar that indicates the

standard deviation.

In order to clarify how transformers function in protein
structural prediction, we explored the parameter space of
transformers that were trained to recognize protein sequences.
Our goal is to understand why transformers are so efficient by
exploring the low-loss manifold of the system. One way to do
this is to sample the parameter space at a low temperature in
the canonical ensemble. This transforms the problem into the
realm of statistical mechanics, allowing us to use computa-
tional algorithms developed in this field over the last 50 years.
Specifically, we employed a type of molecular dynamics in
the parameter space driven by approximate Langevin equa-
tions, which are highly effective for sampling artificial neural
networks [17].

We studied small transformers made of either one or four
blocks for the simple task of learning the statistical proper-
ties of amino acid sequences. We used for training and test

<% ® {b

[ Thest
3 ES
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0.61
0.51
0.4
0.3 D
0.2

0.1

0.0

PF00014 PF00018 PF00041 PF00887

FIG. 9. The distribution of the Spearman correlation coefficient
computed between experimental and predicted AAG, for models
sampled at 7" (blue curves) and for early-stopped solutions (orange
curves), for four sequences belonging to different protein families
(from left to right, PF00014, PFO0018, PF00041, and PFO0887). The
correlation coefficient associated with each model (either sampled or
trained) is shown as a dot in the respective distribution.

either synthetic sequences, generated by energy minimization
on a specific native conformation, having the only property
of folding stably [19,30], and real sequences, belonging to
ten different protein families. This allowed us to explore the
space of parameters in detail under different conditions with-
out being strongly limited by computational constraints. Of
course, we cannot yet determine how our results scale for
larger transformers and more ambitious tasks, such as learning
the structure of all known proteins.

An interesting feature that emerges from our calculations
is a wide range of intermediate temperatures at which the
generalization capability of the transformer is particularly
high, as testified by lower values in test error. Basically,
the generalization error is a nonmonotonic function of the
temperature for both synthetic and real proteins. At lower tem-
peratures, the loss and the training error are smaller, but also
the ability to generalize is smaller. In this respect, transformers
behave quite differently from pooled feedforward networks
with similar number of parameters and similar architecture,
but lacking the attention mechanism. Pooled feedforward net-
works display a sharp transition in the average loss (and
consequently in the training error) with respect to temperature
from a low-temperature state with good training but bad gen-
eralization accuracy (i.e., the network interpolates the data), to
a higher-temperature state where the training error increases
drastically. This behavior seems to affect pooled feedforward
networks independently of their detailed architecture and task
[11]. On the contrary, in transformers the transition is smooth
and does not appear to sharpen increasing the size of the
network, generating a wide range of temperatures where the
training error is still small enough and where generalization is
more efficient.

This behavior explains why the typical large language
models work so well despite being largely undertrained [31].
Due to the huge number of parameters, it would anyway be
impossible to minimize their loss to a state corresponding to
the low-temperature states observed in our system. Instead,
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their optimization approaches the wide intermediate- tem-
perature region that is associated with better generalization
properties.

From the sampling at intermediate temperatures, we also
learn that most layers of the transformer can be highly vari-
able from model to model. Similarly, the pooled feedforward
network that we use as a control displays similar patterns;
therefore, this behavior does not depend on the attention
mechanism. A group of particularly conserved parameters are
the ones associated with normalization layers, whose value
distribution assumes a bimodal shape with one peak centered
around zero during samplings in the intermediate-temperature
range. Since these vectors have dimension d equal to the em-
bedding size, the peak centered around higher values identifies
the minimal dimension needed to obtain good performances
on the masked-token prediction task.

In the minimal model obtained from decreasing the size
of the embedding, the parameters of several layers become
significantly more conserved along the sampling compared
to those of the larger model. The matrices defining the em-
bedding, the query/key, the value, the normalization, and the
output have little freedom to vary in the one-block trans-
former, and somewhat more in the multiblock architecture.
Only the biases are really free to vary.

The fact that the attention matrix is similar to the contact
map of proteins is a useful by-product of transformers trained
with amino acid sequences [22]. The sampling at intermediate
temperatures produces attention matrices that are more similar
to the experimental contact map than loss optimization. This is
true for both transformer architectures we studied, although in
the case of multiblocks one faces the problem of identifying a
priori what block has the most informative attention matrix.
Interestingly, transformers sampled at temperatures higher
than those optimal for training and testing sequences produce
attention matrices that are more similar to the experimental
contact map. Overtrained solutions seem to perform better
in the prediction of native contacts than early-stopped ones.
The reduction of the dimension of the embedding that has
little effect on the ability of the transformer to learn protein
sequences decreases the ability to predict the contact map.
The misalignment between conditions that favor sequence
learning and those that favor the prediction of the contact
map is not unexpected. As a matter of fact, the network is not
trained to reproduce the latter. We can speculate that at higher
temperatures or for larger embeddings, it is more difficult for
the transformer to predict protein sequences out of noise, and
this requires a more selective representation of the correlations
between amino acids; the attention matrix is then expected to
be cleaner and more similar to the contact map.

The results obtained with real protein families are as a rule
in agreement with those obtained with synthetic sequences.
For the former, we had also the possibility to compare the
energetic effect of mutations with the experimental values,
which are an independent set of data available for some of
them. The fair match we obtained suggests not only that the
sampled models are learning correctly the properties of the
proteins, but also that they are dominated by thermodynamic
requirements.

Finally, we suggest that the Langevin strategy we used in
this study can be an efficient tool for optimization of large

language models, as it provides configurations with better
predictive capabilities for both problems, i.e., masked-token
prediction and native contact prediction. A proper tuning of
the temperature in the intermediate-to-high range could help
find models with better generalization properties.
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APPENDIX A: THE PFAM DATASETS

The ten datasets of real protein sequences were obtained
from the complete, annotated Pfam sequence alignment using
the following procedure.

First, we identified all sequences belonging to the same
selected protein family. From these sequences, we selected
a representative one. We then removed all sites containing
a gap in the reference sequence from each sequence in the
alignment. Then, we discarded all those with more than 10%
of their length composed of gaps after the removal of the
sites. Finally, we clustered the remaining sequences using
MMseqs2 [34] with a similarity threshold of 70%, and then
selected a single representative sequence from each cluster.

In this way, we created protein datasets of fixed length (as
in the case of the synthetic dataset), discarding sequences with
a high proportion of gap sites and also sequences that were too
similar to each other. The selected protein families and the
code of the associated representative sequence can be found
in Table III.

APPENDIX B: THE MODELS

The architectures considered in this study follow a com-
mon three-stage structure: an input construction stage, an
encoder, and a final output projection layer. The input and
output components are identical for the two network fami-
lies studied here, while the internal encoder differs between
transformer-based and pooled feedforward models.

1. Embedding

All models operate on sequences X = (xy,...,x,) of n
discrete tokens drawn from a finite vocabulary. The latter is
composed of 20 amino acid tokens and a special masking
symbol added to represent missing or hidden tokens in the
input sequence. Its cardinality is therefore |V | = 21.

In the input stage, each token x; € {1,...,|V]} is rep-
resented by a one-hot vector e, € {0, 1}Vl whose x;th
component is equal to 1 and all other components are 0, and
then is mapped to a continuous vector representation through
an embedding layer. Given an embedding matrix E € RIV/*?,
the embedded representation of the token is obtained as

xP =ETe, eRY, (B1)
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producing a matrix sequence representation as X ) ¢ R"™*¢,
where n denotes the sequence length and d the embedding
size. After the embedding, positional information is added
through standard sinusoidal positional encoding [1],

PS) = sin Kk PY) . = cos _k
kar 100002/z )* " k2rtl 10000%/2 )
(B2)
with P© e R™<<, This yields the common encoder input

X =Xx® 4 p@, (B3)

2. Compact transformer encoder

The first encoder considered in this work is a simplified
compact transformer inspired by the standard architecture in
Ref. [35].

Let X € R™*¢ denote the input representation of a given
encoder block. The self-attention mechanism computes inter-
actions between embedded tokens through a bilinear form

¢ K)T

XW(Q )X > c Rnxn
Vd

where the softmax is applied rowwise, and where the ma-

trix WK = W@ W NI ¢ RI*d represents the combined

query-key transformation.

The attention weights are then used to aggregate token
information as follows:

A= softmax( (B4)

U® =AZWO e R™, (B5)

with WO = wWw© ¢ R9%4 a5 the combined value-
output projection matrix.

This contribution is added to the residual branch and
normalized

U =Norm" (X + U ), (B6)

where “Norm” denotes layer normalization applied indepen-
dently to each token representation. Given a generic matrix
V € R the normalization is performed rowwise, i.e., in-
dependently for each vector V; € R?. For the ith row, we
compute

1 b

Wi = ZZV"/’

b
1
2 2
2= YWy - ) B7
2 o; bj=1( i 2, B7)

and the normalization layer output is then
Vij — Wi
JT(Vweight)j + (Vbias)j’ (B8)

1

Norm(V);; =

With Yyeiohis Vbias € R? being learnable vectors applied ele-
mentwise along the feature dimension.

The subsequent feedforward stage expands the representa-
tion to a higher-dimensional space

H=UW® +pV e R™™, (B9)

where m represents the size of the hidden feedforward layer,
and where W € R¥" and b € R™ are the associated
weight matrix and bias vector, respectively.

After applying a nonlinearity, an additional positional con-
tribution is introduced in the hidden representation

H = ReLU(H) + P"™, (B10)

where the function ReLU(x) = max(0, x) is applied element-
wise.

The representation is then projected back to the model
dimension

zO =Aw® +p® e R, (B11)

where W® e R and b'® € R? are the weight matrix and
the bias vector of the second hidden feedforward layer of
size d.

Finally, the output of the encoder block is obtained through
a second residual connection followed by a normalization

Z =Norm® (U +z©) e R™, (B12)

which represents the contextualized token representation pro-
duced by the block.

The encoder described above corresponds to a single trans-
former block. To increase the expressive capacity of the
model, multiple identical blocks can be composed sequen-
tially. Let L denote the depth of the encoder, or the number
of stacked blocks. Given an input representation, the output of
each block is used as the input for the next block. Thus, the
full encoder is obtained by composing L transformations. The
stacked blocks share the same functional form, yet they have
separate, trainable parameters.

3. Feedforward encoder

The second type of encoder can be interpreted as a feed-
forward network with an organization similar to that of a
transformer. It has the same residual structure as the trans-
former block but replaces the attention mechanism with a
simpler global context aggregation step. Rather than comput-
ing pairwise token interactions through an attention matrix,
contextual information is introduced via a pooling opera-
tion over the sequence. This difference makes the model
a useful baseline for isolating the contribution of self-
attention and, more generally, of explicit contextualization
mechanisms.

Starting from the shared input representation X [see
Eq. (B3)], the first step consists of applying layer normaliza-
tion independently to each token representation,

U = Norm" (X). (B13)

This normalization stabilizes the representation and ensures
that feature magnitudes are comparable across positions. The
next step is to construct a simple form of contextual infor-
mation shared by the whole sequence, extracting a global
summary from the visible tokens only.

More precisely, given a binary visibility mask x € {0, 1}",
where x; = 0 for masked positions and 1 otherwise, we define
the global context vector g as the columnwise average of the
representations of the visible tokens,

1 n
g==r— xiUieR" (B14)

Zi:l Xi i=1
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The vector g provides a coarse summary of the sequence
based only on unmasked tokens, and it is then broadcast to
all positions,

G=1,g" e R™, (B15)

The local representation U and the global broadcast con-
text G are finally concatenated along the feature dimension,

S=[U G]eR™™. (B16)

Through this construction, each token receives both its local
features and a shared global summary of the sequence. This
pooling mechanism provides a simple form of contextualiza-
tion that replaces the pairwise interactions produced by the
attention matrix in the transformer encoder [see Eq. (B4)].
Then, similarly to the transformer encoder, a two-layer
feedforward transformation is applied. The first linear projec-
tion expands the representation to an internal dimension m,

H=SW®D 4 p) e R (B17)

where W € R2*" and bV € R™ are the weight matrix and
bias vector of the first hidden layer.

A nonlinearity is applied and then a positional contribution
is introduced in the hidden representation,

H = ReLU(H) + P™. (B18)

The hidden representation is then processed by a second
linear transformation within the internal space,

F =ReLU(AW® +b?) e R™™, (B19)
where once more W® e R and b'® € R™ are the weight
matrix and the bias vector of the second feedforward layer.

In parallel, a residual projection of the normalized input is
computed,

R=UW" +p" e R™™, (B20)

with W@ e R4*™ and b € R™. The encoder output is then
obtained by combining the two streams and applying a nor-
malization layer

Z = Norm®(R + F). (B21)

In contrast to the transformer architecture, this feedforward
encoder is implemented using a single block and no stacking
is considered. Therefore, no depth parameter L is introduced
for this model.

4. Output

After the input construction stage, the encoder transforms
the input representation into contextual features that capture
dependencies between sequence positions. The encoder out-
put is a sequence of hidden representations

Z e R™, (B22)

where & denotes the dimensionality of the internal represen-
tation. The precise transformation that produces Z depends
on the specific encoder architecture described in the previous
sections.

TABLE 1. Model configurations and number of trainable
parameters.

Encoder type L d m Parameters [ x 10°]
Transformer 1 26 104 8
Transformer 1 64 256 44
Transformer 4 14 56 9
Transformer 4 64 256 169
Feedforward - 64 320 174

In the final stage, the encoded representation is projected
back into the vocabulary space through a linear transforma-
tion,

i=W)VZ+b, (B23)

where W@ e R*™IVI and b € R"I. The resulting vector
§; € RIVI contains the model scores associated with each vo-
cabulary token for the site i along the input sequence.

5. Details and hyperparameters of our models

All models share the same input embedding and output
projection layers introduced in the previous section and differ
only in the internal encoder. This makes it possible to com-
pare architectures while keeping the input representation and
prediction head fixed.

We consider two transformer-based models, obtained by
stacking identical encoder blocks with depth L € {1, 4}. In
both cases, the embedding dimension is fixed to d = 64 and
the internal feedforward width to m = 4d = 256. These two
configurations allow us to compare a shallow and a deeper
transformer while preserving the same block structure.

In addition, we consider two smaller transformer-based
model, again with one module (with d = 26 and m = 4d =
104) and four modules (with d = 14 and m = 4d = 56),
whose embedding size d is derived from the Boltzmann sam-
pling of their respective larger counterparts (see Sec. I1I B).

As a baseline, we also consider a feedforward-based
model. For this model, the dimensions are fixed to d = 64
and m = 320. The size of the first feedforward layer m is
chosen so that the total number of trainable parameters is
comparable to that of the bigger transformer (i.e., L = 4 and
d = 64). In this way, the comparison isolates the effect of
attention while keeping the overall parameter scale similar.
The resulting model configurations are summarized in Table 1.

Finally, it should be noted that both encoder architectures
have slight modifications to their typical compositions. For
example, in the transformer-based encoder, we merged the
query and key matrices [see Eq. (B4)] and the value and output
matrices [see Eq. (B5)]. Additionally, we applied an extra po-
sitional encoding to the output of the first hidden layer for both
architectures [see Eqgs. (B18) and (B10)]. These modifications
were made to eliminate all possible permutation symmetries
within the studied models, without strongly affecting their
learning capabilities (see Table II).
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APPENDIX C: OBSERVABLES

Let us consider a neural network model among the ones
previously described (Appendix B5) and let us call w the
weight vector representing all its parameters. The quality of
the prediction of the NN over a dataset D (as the ones defined
in Secs. II A and II B) is evaluated using two quantities: the
cross-entropy loss function and the error function.

For a given pair (x,y), let M C {1, ..., n} denote the set
of associated masked indices, and let §; € R!V! be the vector
of output scores for the masked position i (see Appendix B 4).

For the selected input-label pair, the cross-entropy loss is
defined as

4

Z ey, v, In(softmax(y,),),

ieM v=1

1

Lep(w(x,y)) = —W

(CDH

where e,, € {0, 1}Vl denotes the one-hot encoded vector rep-
resenting the true amino acid at masked site i. Analogously,
the global loss function is obtained by averaging over all the
pairs, that is,

1 P
L@ID) = 5> Lee(wl@",y"), (C2)

u=1

which in our case coincides with the potential energy U (w|D)
associated with the weight vector w, as no regularization
terms were added.

From the same §; vector, we can define the most probable
amino acid at the masked position i as

¢; = argmax,[softmax(¥;),], (C3)

with ¢; € V being a token from the vocabulary. The masked-
token accuracy evaluated on the (x, y) pair is then

1
a(w|(x,y)) = — > 1[& =y (C4)

|M| ieM

As before, the global error function can be computed by
averaging over all the input-label couples in the dataset,

P

1
D)= 2 ) [ —a(wl",y")l.

pn=1

(C5)

Fianlly, in Sec. Il D, we characterized the capability of a
given model to predict the free-energy variation in a sequence
after a single-site mutation, that is, AAGP™ Let us consider
a sequence x masked on site j, and a single-site mutation
on the same site, that is, x; = 0 — &. Then, the predicted
free-energy variation deriving from such mutation is defined
as follows:

red i softmax (¥ g
AAG™(wlx,0,&, j) = —log| ————=—], (C6)
softmax(y; ),

where, as before, J; is the vector of output scores for the site
J given the masked sequence x as input.
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FIG. 10. The training error €., (upper panel), the validation
error €, (middle panel), and the squared norm |w|? (lower panel)
as functions of the training epoch during several first-stage trainings
for the TF; model (red curves), the TFf(’ model (orange curves), the
TF, model (blue curves), the TFJ‘4 model (purple curves), and the FF
model (green curves).

APPENDIX D: TRAINING ALGORITHMS

All models are trained using standard optimization tech-
niques commonly adopted for transformer-based architectures
[1]. Both the transformer-based and the feedforward mod-
els are optimized with Adam, using momentum parameters
(B1, B2) = (0.9,0.98) and € = 10~°. The learning rate fol-
lows the standard schedule, consisting of a linear warm-up
phase followed by inverse square-root decay. At optimization
step ¢, the learning rate is

n(t)=d""* min(t™"/, t57?), (D1)
where d denotes the embedding dimension and s = 4000 is
the number of warm-up steps.

A dropout rate of pgrop = 0.1 is used throughout, following
the placement adopted in the original transformer: Dropout
is applied to the input embeddings, and to the outputs of
attention and feedforward sublayers. No additional explicit
regularization term is introduced during training.

We adopt a two-stage training protocol. In the first stage,
multiple independent instances of each model are trained with
early stopping based on validation cross-entropy. From the
ensemble of trained networks, we compute the empirical dis-
tribution of the squared norm of the parameter vectors, [wl|?,
and estimate its mean value, with w denoting the full vector
of trainable parameters of the network. For each architecture,
the first stage is repeated over ten independent runs with dif-
ferent random initializations. The resulting training dynamics
and norm evolution across independent runs for the synthetic
dataset are shown in Fig. 10.
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TABLE II. Results of the second-stage trainings for ES (v') and OT () solutions, with the associated number of training epochs (Epochs)
and their average performance on the train and test synthetic datasets evaluated through the error function ({€y,,) and (€. ), respectively).

Encoder type L d m Parameters [ x 10°] ES Epochs (€qcain) (€est)
Transformer 1 26 104 8 X 100k 0.31 £0.006 0.40 £ 0.006
Transformer 1 26 104 8 v 10k 0.32 £ 0.006 0.39 £ 0.005
Transformer 1 64 256 44 X 500k 0.02 4 0.003 0.43 £+ 0.004
Transformer 1 64 256 44 v 240 0.35£0.02 0.40 £0.008
Transformer 4 14 56 9 X 100k 0.22 £0.014 0.36 £ 0.16
Transformer 4 14 56 9 v 2k 0.40 £0.012 0.37 £ 0.006
Transformer 4 64 256 169 X 1k 0.00 £ 0.00 0.36 £ 0.005
Transformer 4 64 256 169 v 170 0.22 £0.04 0.35+£0.016
Feedforward - 64 320 174 X 2k 0.00 = 0.00 0.50 £ 0.012
Feedforward - 64 320 174 v 170 0.42 +0.012 0.46 £ 0.006

In the second stage, we train three final reference models
for each architecture type while explicitly monitoring |w|>.
Training is stopped as soon as the squared norm reaches the
mean value estimated in the first stage for the corresponding
model class, to save the reached configuration (ES models).
The ES solutions are then employed as starting points in
the samplings at fixed norm performed using the constrained
pseudo-Langevin algorithm (see Appendix E).

Additionally, for the synthetic dataset, each training proce-
dure continues without any norm constraints up until both the
cross-entropy function and the error function evaluated on the
train set saturate (OT models).

The performances of trained models for each architec-
ture are summed up in Table II (for the synthetic sequence
datasets) and in Table III (separately for each protein family
studied).

APPENDIX E: THE SAMPLING ALGORITHM

The pseudo-Langevin (pL) algorithm [17] is an ap-
proximate integrator of the Langevin stochastic differential
equations of motion. It produces a dynamics in the phase
space (w, p), with p being the momenta associated with the
weight vector w, which efficiently samples the Boltzmann
equilibrium distribution at a certain temperature 7 .

We modified the pL sampling scheme, in order to perform
a norm-constrained dynamics in the space of the weights of
the neural network. Imposing a constant norm for the vec-
tor of parameters w at all times during integration can be
translated into two equations, that is, one for the holonomic
constraint

Cw)=[w]>— Q=0 (E1)
and one for its time derivative
Cw)=2ww=0 = wM 'p=0, (E2)

where w stands for the time derivative of the vector w,
which we have rewritten in terms of the corresponding mo-
menta p = Muw, with M being a fictitious diagonal mass
matrix. The interpretation is obvious; that is, the momenta
must be perpendicular at all times to the hypersphere norm
vector.

During the numerical integration of the stochastic equa-
tions of motion, the unconstrained pseudo-Langevin update
generally produces configurations that do not exactly satisfy
this condition. To restore the constraint, the configuration
must be projected back onto the constraint hypersphere of
radius /0. Let us call (w*(t + 8t), p*(t + 8t)) the uncon-
strained update of the current vectors (w(t), p(t)) through pL,
with 8¢ being the integration time step. The integration scheme

TABLE III. Results of the second-stage trainings for TF,4 ES solutions on each Pfam dataset (Pfam), with the associated number of training
epochs (Epochs) and their average performance on the train and test sets evaluated through the error function ({€uain) and (€. ), respectively).
Each protein family code is associated with the PDB code of the reference sequence used to generate the dataset.

Encoder type L d m Parameters [x 10%] Pfam PDB Epochs (€tcain) (€test)
Transformer 4 64 256 169 PF00013 4QVZ 40 0.586 + 0.004 0.619 + 0.005
Transformer 4 64 256 169 PF00014 1PIT 50 0.491 £ 0.003 0.515 £ 0.007
Transformer 4 64 256 169 PF00018 1ISHG 60 0.502 + 0.007 0.560 + 0.008
Transformer 4 64 256 169 PF00041 1FNF 70 0.565 + 0.003 0.602 £ 0.0014
Transformer 4 64 256 169 PF00072 3CHY 100 0.544 + 0.0005 0.549 + 0.0007
Transformer 4 64 256 169 PF00076 1HA1 60 0.573 £ 0.004 0.616 + 0.002
Transformer 4 64 256 169 PF00096 1SP1 30 0.545 + 0.0008 0.546 + 0.0009
Transformer 4 64 256 169 PF00153 10KC 130 0.503 + 0.005 0.568 £ 0.0009
Transformer 4 64 256 169 PF00887 2ABD 80 0.484 +0.028 0.539 + 0.005
Transformer 4 64 256 169 PF13354 1HTZ 120 0.447 + 0.005 0.538 +0.0011
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is then modified as follows:
52
w(t +8t) = w*(t + 8t) + ATM_'VC(w(t)),
p(t +68t) = p*(t + 81)

+ CIT&[AVC(w(t)) +AVC(w( +61)l,
(E3)

where ¢ accounts for the dissipation caused by the viscosity
of the medium, VC(w) = 2w, and A, A are two Lagrange
multipliers that can be computed by imposing the validity of
Egs. (E1) and (E2) for w(¢ + ) and p(t + 4t), respectively.

First, we fix the norm of the updated weight vector by
solving

lw(z +8t)* —Q =0. (E4)
This leads to
. =81+ ,/S? —53(5. — Q) E5)
8128, ’
where we defined
S1 = w*(t + SHM 'w(r),
Sy = |lw*(t + 81))%,
S3 = |IMw). (E6)

Among the two roots from Eq. (ES), we select as A the one
with the smallest absolute value, since it corresponds to the
minimal correction compatible with the constraint.

Once the weight vector has been projected back to the cor-
rect hypersphere, we proceed to orthogonalize the momenta
vector by solving

w(t + 8OM ™' p(t + 8t) = 0. (E7)
Analogously, the solution to this equation is
S.
A=——2r, (E8)
c16t Ss

where we introduced
Sy = w(t + SOM ™ p*(t + 8t) + re1Stw(t + 81)],
Ss = w(t + S)M 'w(t + 5t). (E9)

Finally, we should mention that a projection is also applied
when the initial momentum is generated. Given an uncon-
strained initial draw p(zy) ~ N (0, MT), we project it onto
the tangent space defined by the starting parameters configu-
ration w(#) by subtracting its normal component

w(to) M~ p(ty)

w0

p(t0) < p(to) — (E10)

which satisfies Eq. (E2).

FIG. 11. The acyl-coenzyme A binding protein contact map.

APPENDIX F: SUPPORTING FIGURES

The detailed thermodynamic features of the synthetic se-
quences generated for acyl-coenzyme: A binding protein
(whose contact map is plotted in Fig. 11) are reported in
Figs. 12—15. Those obtained for natural protein sequences are
reported in Figs. 16 and 17.
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FIG. 12. Right of the line: The average value of the potential
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FIG. 13. Each panel shows a mean attention matrix, which is
symmetrized and averaged over the test set sequences. The top six
images are relative to the TF, architecture. Images (a), (b), and
(c) are the mean attention matrices for an early-stopped vector, an
overtrained vector, and a single model sampled at 7. Images (d),
(e), and (f) are the mean attention matrices for three different models
sampled at T = 2 T} ,. The remaining images are relative to the TF,
architecture. Images (g), (h), and (i) are the best-block mean attention
matrices for an early-stopped vector, an overtrained vector, and a
single model sampled at T, respectively. Images (j), (k), and (1)
are the mean attention matrices of the first, second, and fourth blocks
of the TF4 model sampled at T = 1.1 T, ,. Images (m), (n), and (o)
are the mean attention matrices of the third block of the TF, model
for three different models sampled at 7 = 1.1 Ty ,.
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comparing equilibrated configurations at temperature 7", different
for each architecture, i.e., TF; (red curves), TFf() (orange curves),
TF, (blue curves), TF}(‘ (purple curves), and FF (green curves). For
the transformer-based models with four modules, in the panels for
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the solid lines represent the distribution computed between weights
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