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Broken Neural Scaling Laws in Learning the Optical Properties of Solids
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In materials science, data are scarce and expensive to generate, whether computationally or experimentally.
Therefore, it is crucial to identify how model performance scales with dataset size and model capacity to
distinguish between data- and model-limited regimes. Neural scaling laws provide a framework for quantifying
this behavior and guide the design of materials datasets and machine learning architectures. Here, we investigate
neural scaling laws for predicting the optical properties of solids, using over 200 000 dielectric functions
and Drude frequencies of metals from high-throughput ab initio calculations. We study the scaling of three
multiobjective graph neural network architectures trained to simultaneously predict the frequency-dependent
complex interband dielectric function as a continuous spectral response and the Drude frequency as a scalar
quantity. Across two rotationally invariant graph neural networks that differ in their effective body order and
an equivariant graph neural network evaluated at different maximum angular degrees, we consistently observe
broken neural scaling laws with respect to dataset size. In contrast, scaling with respect to the number of model
parameters is well described, in all cases, by saturating power laws.
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I. INTRODUCTION

Neural scaling laws (NSLs) quantify how the predictive
performance of machine learning (ML) models depends on
the resources used for training, primarily the amount of data,
the number of model parameters, and the available compute.
Their conceptual roots lie in statistical learning theory and
early neural network research, where learning curves were
studied theoretically and numerically to relate the general-
ization error to the number of training examples and model
capacity [1–5]. While much of the early work relied on ideal-
ized assumptions or on datasets and models that are small by
today’s standards, modern NSL studies [6–10] extend these
ideas empirically to large-scale ML settings. Although the
theoretical origins of these empirical power laws remain an
active area of research [11,12], NSLs are now widely used
to guide model development across domains, including com-
puter vision and large language models.

In many large-scale studies [6–10], NSLs are reported to
follow simple power-law behavior over multiple orders of
magnitude with respect to dataset size, model size, and the
amount of compute used for training. However, this behav-
ior is not universal. Earlier work on learning curves already
discussed distinct asymptotic regimes, crossovers, and phase-
transition-like changes in the scaling of the generalization
error [1–4]. In a more modern setting, deviations from simple
power laws, i.e., crossovers between scaling regimes with
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different scaling exponents, have been reported for a number
of tasks and learning settings and are often referred to as
broken neural scaling laws (BNSLs), a term introduced, to the
best of our knowledge, by Caballero et al. [13].

NSL analyses are also well established in chemistry and
materials science, where they are used to assess the scaling
behavior of ML models for tasks such as the prediction of
molecular atomization energies [14], the generation of small
molecules [15], and the training of machine-learned inter-
atomic potentials (MLIPs) [16–24]. However, these studies
have largely focused on molecular datasets or on material
properties related to the potential energy surface (PES) of
solids, such as energies, forces, and stresses. NSL studies for
ML models that learn excited-state properties of solids beyond
the PES remain limited, largely because such properties are
difficult to compute systematically at large scale. A recent
study on screening photovoltaic materials by Walker and
Butler [25] provided an initial small-data analysis of how sur-
rogate models for band gaps, absorption spectra, and derived
efficiency metrics improve with increasing dataset size, but
was limited to datasets of only a few thousand materials and
did not aim to establish robust large-scale NSLs. It therefore
remains unclear how ML models for excited-state properties
of solids scale with increasing data availability.

To address this question, we investigate NSLs for the
optical properties of metals as a representative class of
excited-state properties of solids beyond the PES. Specifi-
cally, we focus on the complex-valued dielectric function ε(ω)
of metals, i.e., a physical response that encodes how solids
interact with light and underpins a wide range of optical tech-
nologies. From an ML perspective, learning ε(ω) for metals
is challenging, as it constitutes a multiobjective task requiring
the prediction of both the interband dielectric function and
the intraband response, which is characterized by a Drude
frequency [26]. In addition, this task provides a controlled
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setting for studying the scaling behavior of multiobjective
ML models in materials science [24], because the interband
contribution defines a continuous spectral target whereas the
Drude frequency defines a scalar target.

Previous work by us [27–29] and others [30–32] has shown
that graph neural networks (GNNs) can efficiently learn op-
tical spectra of semiconductors and insulators. However, the
corresponding training datasets remain limited in size and
accuracy, largely due to the computational cost of climbing
the Jacob’s Ladder of optoelectronic properties [28]. Metals,
in contrast, provide a physically well-controlled regime in
which it is feasible to generate accurate optical data on a large
scale using comparatively lower-level ab initio methods. This
is facilitated by strong electronic screening in metals, which
suppresses excitonic effects and often allows for quantitative
agreement with experiments within the independent-particle
approximation (IPA) augmented by a Drude term [33–35].
Consequently, the optical properties of metals combine tech-
nological relevance with the computational tractability needed
for accurate large-scale data generation, making them well
suited for probing NSLs under the data availability and gener-
ation constraints typical of materials science.

Based on these considerations, and to resolve data-scaling
behavior over a broad range of dataset sizes, D, we gen-
erated a dataset containing 201 361 dielectric functions of
metals using high-throughput ab initio calculations. This
dataset exceeds existing datasets [27–32] for dielectric func-
tions of semiconductors and insulators by about an order of
magnitude.

To probe the scaling behavior with respect to model param-
eter count, N , and the role of architectural inductive biases, we
employ three multiobjective GNNs. At this point, we note that
throughout this study, the words “invariant” and “equivariant”
refer to symmetries with respect to the special Euclidean
group SE(3). We use two invariant architectures based on our
previous work [27–29], which were deliberately streamlined
to minimize architectural degrees of freedom and enable con-
trolled variation of N . These models differ in their use of
two- and three-body interactions, allowing us to assess how
increasing the effective body order affects both the predictive
performance and NSLs. To test whether the NSLs change
when transitioning from an invariant to an equivariant model
architecture, we include an equivariant GNN based on the
universal models for atoms (UMA) backbone, which builds on
the ESEN architecture [20,36], and evaluate its performance
for different maximum angular degrees �max. Here, �max cor-
responds to Lmax in the original UMA notation [20], with �

used to avoid confusion with the loss function L.
Together, the size of our dataset and the selected ML mod-

els allow us to investigate neural scaling behavior across a
wide range of dataset sizes and test whether the observed scal-
ing behavior is specific to a particular invariant architecture or
persists across both invariant and equivariant representations.
Across the three model architectures, we consistently observe
BNSLs with respect to dataset size, whereas scaling with
respect to the number of model parameters is well described
by saturating power laws. This finding is significant for ML in
materials science, where data generation is often the limiting
factor. Furthermore, by resolving how performance changes
with dataset size, model capacity, and architectural induc-

tive bias, the presented NSLs help identify whether further
improvements are more likely to come from additional data,
larger models, or more expressive architectures.

II. RESULTS

In the following, we analyze the scaling behavior of GNNs
that predict ε(ω) of metals from structural information alone.
As detailed in Sec. IV, the dielectric response can be separated
into a complex interband contribution, εinter (ω), and a Drude
term proportional to the square of the Drude frequency, ωD.
Both are in general tensors [32], but we restrict ourselves to
rotationally invariant averages [27,28,37] (Greek indices refer
to the Cartesian components): εinter (ω) = Tr[εinter,αβ (ω)]/3
and ω 2

D = Tr[ω2
D,αβ]/3 (consistent with the quadratic appear-

ance of ωD in the intraband contributions), respectively.

A. Dataset

Extracting reliable NSLs requires large and robust datasets,
which are scarce in materials science, particularly for op-
tical properties. Even the largest existing datasets contain
fewer than 30 000 spectra [29], which is insufficient to sys-
tematically probe scaling behavior across multiple orders of
magnitude in dataset size.

To address this limitation, we generated a large-scale
dataset of dielectric functions for 205 224 intermetallic com-
pounds using high-throughput ab initio calculations based
on structures filtered from the ALEXANDRIA database [38,39]
(downloaded March 2024). All calculations were automated
using custom in-house workflows to ensure full reproducibil-
ity. Converged calculations for εinter (ω) and ωD were obtained
for 201 361 materials, while for the remaining 3863 materials
the IPA part of the workflow could not be converged within
the available computational budget. The structural filtering
criteria, calculation methodology, and design of the high-
throughput workflow are described in Sec. IV. Supplemental
Note 1 of the Supplemental Material [40] provides statistics
on the distribution of elements and the distribution of the
number of atoms per unit cell across the dataset. The gen-
erated dataset and workflow code are available through the
repositories provided in the Data Availability statement.

To validate the quality of the employed calculation
methodology and, consequently, of the resulting dataset, we
compared the dielectric functions of 27 elemental metals
computed with our workflow against experimental data (see
Supplemental Note 2 of the Supplemental Material [40]).
Overall, we find good agreement between the calculated
and experimental spectra in both peak positions and spectral
shape, consistent with the results of Prandini et al. [34].

B. Model setup

We investigate NSLs using three GNN architectures: two
invariant architectures and one equivariant architecture de-
rived from a state-of-the-art MLIP.

For the invariant models, we build upon our previous
OPTIMATE models for the optical spectra of semicon-
ductors and insulators [27–29], adapting the architecture
to the present multiobjective task and introducing two
variants, OPTIMETAL2B and OPTIMETAL3B. OPTIMETAL2B
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follows the original two-body message-passing formulation of
OPTIMATE, whereas OPTIMETAL3B extends this framework
by explicitly incorporating three-body interactions, building
on our recent OPTIMATE3B developments [29]. Both mod-
els share the same design philosophy and training protocol,
differing only in their effective body order (two-body ver-
sus three-body interactions) and, for selected variants, their
message-passing formulation (crystal graph convolution [79],
CGC, versus transformer convolution [80], TC). The basis
for both OPTIMETAL2B and OPTIMETAL3B is a set of in-
variant input features (atom types and bond lengths for both
models, with bond angles additionally included for OPTI-
METAL3B), which enables us to isolate the effect of body
order on model performance and scaling behavior. To investi-
gate NSLs in a controlled setting, we deliberately constrained
the architectural degrees of freedom of OPTIMETAL2B and
OPTIMETAL3B, whose architectures are described in detail in
Supplemental Note 3 of the Supplemental Material [40]. Prior
to the NSL analysis, the architectural components and training
hyperparameters of the OPTIMETAL models were systemat-
ically optimized at a fixed model width (see Supplemental
Note 4 of the Supplemental Material [40]), ensuring that the
resulting scaling laws reflect near-optimal model performance
rather than architectural inefficiencies.

For the equivariant architecture, we use an adapted UMA
model, whose backbone builds on the equivariant ESEN archi-
tecture [20,36]. We refer to Fu et al. [36] and Wood et al. [20]
for architectural details and describe our task-specific modi-
fications in Sec. IV. For the NSL analysis presented below,
the adapted UMA backbone was kept fixed, with the maxi-
mum angular degree �max ∈ {0, 1, 2, 3} as the only additional
architectural variable besides model width. In line with the
OPTIMETAL models, the training hyperparameters were opti-
mized at a fixed model width using the workflow described in
Supplemental Note 4 of the Supplemental Material [40].

All models trained on the full training set accurately predict
εinter (ω), ωD, and material colors on the held-out test set. De-
tailed performance metrics and representative predictions are
reported in Supplemental Note 5 of the Supplemental Material
[40].

C. Neural scaling laws

Next, we quantify how the predictive performance of the
GNNs scales with dataset size, D, and parameter count, N ,
across model architectures. For data scaling, we randomly
subsampled the training set into seven subsets containing
2500, 5000, 10 000, 20 000, 40 000, 80 000, and 160 000
materials, respectively, and used these subsets consistently
throughout the subsequent NSL analysis. To assess whether
these subsets remained representative, we compared the dis-
tribution of elements and the distribution of the number of
atoms per unit cell, finding no substantial deviations (see
Supplemental Note 6 of the Supplemental Material [40]). The
parameter count was controlled by varying the hidden dimen-
sion dh (cf. Supplemental Note 3 of the Supplemental Material
[40]) in powers of 2 from 16 to 1024 for the OPTIMETAL

models, corresponding to models with approximately N ≈
100 k–100 M trainable parameters. For the adapted UMA
model, dh was varied in powers of 2 from 16 to 256, resulting

in models with approximately N ≈ 100 k–50 M trainable pa-
rameters, depending on �max. The upper end of this range was
limited by the higher memory requirements of the equivariant
architecture, since the adapted UMA model with dh � 512
exceeded the 40 GB memory of the NVIDIA A100 graphics
processing units (GPUs) under the fixed training setup and
batch size used for all NSL experiments (see Sec. IV).

First, we analyze one-dimensional (1D) NSLs, i.e., we
investigate L(D) while holding N constant and vice versa. The
loss function L is defined as the sum of mean absolute errors
(MAE) for the interband dielectric function and the Drude
frequency (see Sec. IV). For data scaling, i.e., L(D), we use
a fixed hidden dimension dh = 256 for all model architec-
tures, which corresponds to N ≈ 10 M trainable parameters
and matches dh used in the OPTIMETAL architecture optimiza-
tion described in Supplemental Note 4 of the Supplemental
Material [40]. For parameter scaling, i.e., L(N ), we fix the
dataset size to D = 20 000.

Before presenting the 1D NSLs, we describe how the
functional forms used to fit the validation loss, Lval, were
chosen. For data scaling, this choice is central to identifying
whether the observed scaling behavior follows a conventional
power law or a BNSL. Inspired by previous studies on NSLs
[6,7,9,13,15,22], we evaluated four candidate functions for
the data-scaling analysis [see Eqs. (8)–(11) in Sec. IV]: a
simple power law, a simple power law with a saturation floor,
and two smoothly broken power laws, one without and one
with an adjustable amplitude. To determine the function that
best describes the data-scaling behavior, we compared all
fitted functional forms using the Akaike information crite-
rion corrected (AICc) for small sample sizes [81]. The AICc
balances fit quality with the number of parameters used to
achieve it by penalizing overly complex functions that would
otherwise overfit the data. The fit with the lowest AICc value
was selected as the preferred functional form. In contrast,
for parameter scaling, we do not perform an AICc-based
functional-form selection but instead use the expected simple
power law with a saturation floor, i.e., Eq. (9), reflecting
the expected scaling behavior when increasing N at fixed D:
Once the model capacity becomes sufficient for the available
data, further increases in N yield diminishing returns and the
validation loss approaches an effective finite-data irreducible
loss. Accordingly, we interpret the parameter-scaling results
in terms of finite-data saturation rather than broken scaling.
The functional forms of the 1D NSLs are defined in Sec. IV,
and Supplemental Note 7 of the Supplemental Material [40]
reports the AICc values for all tested data-scaling fits.

Figure 1 summarizes the resulting 1D NSLs for data scal-
ing, Lval(D), and parameter scaling, Lval(N ), shown in the
top and bottom panels, respectively, across the OPTIMETAL

architectures and one representative adapted UMA model
with �max = 2. The corresponding fit parameters are given in
Table I.

To assess the sensitivity of NSLs to the message-passing
operator, we compare OPTIMETAL2B variants with CGC [79]
and TC [80] message passing in Fig. 1, as both yield nearly
identical performance after the architecture optimization (see
Supplemental Note 4 of the Supplemental Material [40]).
Furthermore, we compare OPTIMETAL2B and OPTIMETAL3B
to assess how increasing the effective body order from two-
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FIG. 1. 1D NSLs for dataset size and parameter scaling across
model architectures. The top panel shows the validation loss, Lval,
as a function of dataset size, D, at fixed parameter count, N . The
bottom panel shows Lval as a function of N at fixed D. Dots rep-
resent Lval averaged over three random model initializations, and
error bars indicate the standard deviation. The dashed lines show the
corresponding NSL fits, whose functional form is given in the panel
legends (see Sec. IV for details). The corresponding fit parameters
are given in Table I. In the top panel, we show two conventional NSLs
(simple power laws) fitted to the first and last three data points of
OPTIMETAL2B (CGC) (dotted black lines, annotated as “Asymptotic
fit”), to highlight the “brokenness” of the neural scaling behavior.

body to three-body interactions affects the NSLs. Finally, we
include the adapted UMA model with �max = 2 to determine
whether the use of an equivariant model architecture affects
the scaling behavior of the invariant prediction task considered
here.

Based on the AICc analysis described above, we found
that 1D data scaling across all models shown in the top
panel of Fig. 1 is best described by a smoothly broken power
law without an adjustable amplitude. OPTIMETAL2B (CGC
and TC), OPTIMETAL3B, and the adapted UMA model with
�max = 2 exhibit similar scaling exponents in the low-data
regime, with αD,1 ≈ 0.15–0.19, suggesting that all models
extract information from small datasets with comparable ef-
ficiency. Above the model-dependent crossover point Dc =
26.6–52.4 k, the scaling slope steepens significantly to αD,2 =

TABLE I. Fit parameters of the 1D NSLs across model ar-
chitectures. The reported parameters are obtained from nonlinear
least-squares fits to validation losses averaged over three random
model initializations. For data scaling, we use the smoothly broken
power law in Eq. (10), following the AICc-based functional-form
selection described in the text. This fit yields the low- and high-data
exponents αD,1 and αD,2, as well as the crossover point Dc. For pa-
rameter scaling, we use the expected saturating power law in Eq. (9),
characterized by the exponent αN , the characteristic parameter count
N0, and the irreducible loss L∞. The corresponding 1D NSL fits are
shown in Figs. 1 and 2.

Data scaling αD,1 αD,2 Dc

OPTIMETAL2B (CGC) 0.15 0.42 52.4 k
OPTIMETAL2B (TC) 0.18 0.39 42.1 k
OPTIMETAL3B (TC) 0.17 0.38 26.6 k
UMA (�max = 0) 0.16 0.50 96.9 k
UMA (�max = 1) 0.18 0.46 49.3 k
UMA (�max = 2) 0.19 0.43 30.0 k
UMA (�max = 3) 0.19 0.41 25.1 k

Parameter scaling αN N0 L∞

OPTIMETAL2B (CGC) 0.53 25.1 k 1.01
OPTIMETAL2B (TC) 0.58 21.5 k 1.03
OPTIMETAL3B (TC) 0.41 9.0 k 0.89
UMA (�max = 0) 0.27 689 1.12
UMA (�max = 1) 0.40 6.4 k 1.00
UMA (�max = 2) 0.37 7.4 k 0.89
UMA (�max = 3) 0.66 22.6 k 0.92

0.38–0.43, indicating a shift to a regime in which additional
data yields disproportionately larger performance gains. In
this high-data regime, the scaling behavior appears to be
largely model independent, with similar scaling exponents
across all models. Consistent with this, the data scaling of
the TC- and CGC-based variants of OPTIMETAL2B is nearly
identical. The CGC-based variant performs slightly better in
the low-data regime, although it has a slightly lower scaling
exponent αD,1. The addition of three-body interactions in OP-
TIMETAL3B improves performance through a constant shift of
the scaling curve toward lower validation losses. However,
within the 1D NSL analysis, three-body interactions have
no significant impact on the scaling exponents, a conclusion
that is revised in the subsequent 2D NSL analysis. Since the
equivariant adapted UMA model exhibits similar qualitative
and quantitative BNSL behavior to the invariant OPTIMETAL

models, this suggests that the equivariant representation does
not measurably improve the 1D data-scaling behavior for the
invariant prediction task considered here. However, as for the
effect of three-body interactions, this conclusion is revised in
the subsequent 2D NSL analysis.

Looking at the bottom panel of Fig. 1, we observe that
parameter scaling follows the expected behavior. All mod-
els follow a simple power-law trend with exponents αN =
0.37–0.58 up to approximately 5 M parameters, beyond which
the validation loss begins to saturate. This behavior is consis-
tent with finite-data saturation, in which the available training
data, rather than model capacity, limits further improvement
at a fixed D. The validation loss with respect to the number
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FIG. 2. 1D NSLs for dataset size and parameter scaling across
the adapted UMA model at different �max. The top panel shows
the validation loss, Lval, as a function of dataset size, D, at fixed
parameter count, N . The bottom panel shows Lval as a function of
N at fixed D. Dots represent Lval averaged over three random model
initializations, and error bars indicate the standard deviation. The
dashed lines show the corresponding NSL fits, whose functional
form is given in the panel legends (see Sec. IV for details). The
corresponding fit parameters are given in Table I.

of model parameters saturates more slowly for OPTIMETAL3B
with αN = 0.41 and the adapted �max = 2 UMA model
with αN = 0.37 compared to the OPTIMETAL2B models with
αN = 0.53–0.58. As with data scaling, the parameter scaling
of the TC- and CGC-based variants of OPTIMETAL2B is quite
similar. However, the TC-based variant now performs slightly
better in the low-parameter regime, though it saturates at a
higher validation loss as N increases. The adapted �max =
2 UMA model reaches the same fitted irreducible loss as
OPTIMETAL3B, with L∞ = 0.89 for both models, suggesting
that the equivariant architecture does not reduce the finite-data
saturation limit relative to the invariant three-body model in
this 1D parameter-scaling analysis.

To assess the effect of �max on the scaling behavior of the
adapted UMA architecture, Fig. 2 shows the corresponding
1D NSLs for the adapted UMA model with �max ∈ {0, 1, 2, 3}.
The corresponding fit parameters are also included in Table I.
Consistent with the preceding 1D NSL analysis across dif-

ferent model architectures, the adapted UMA model exhibits
broken data scaling and saturating parameter scaling for all
�max. In the following, we focus on how increasing �max affects
the NSLs.

Examining the top panel of Fig. 2, we find that the low-data
exponents remain in a narrow range of αD,1 = 0.16–0.19,
while increasing slightly with �max. Increasing �max also im-
proves performance by shifting the scaling curves toward
lower validation losses. This improvement is accompanied
by a significant reduction in the crossover point, from Dc =
96.9 k for �max = 0 to 25.1 k for �max = 3, indicating that
increasing the maximum angular degree reduces the amount
of training data required to enter the favorable high-data
regime. At the same time, the high-data exponent decreases
from αD,2 = 0.50 for �max = 0 to αD,2 = 0.41 for �max = 3,
approaching the values found for the invariant OPTIMETAL

models. The observed improvements in performance, the in-
crease in αD,1, and the earlier onset of the high-data regime
largely saturate beyond �max = 2, as the scaling curves and fit
parameters for �max = 2 and �max = 3 are very similar.

The 1D parameter scaling in the bottom panel of Fig. 2
shows how the finite-data saturation limit depends on �max.
Increasing �max from 0 to 2 lowers the fitted irreducible loss
from L∞ = 1.12 to L∞ = 0.89, showing that higher angular
degrees improve the finite-data saturation limit of the adapted
UMA architecture. The adapted �max = 2 model reaches the
same fitted irreducible loss as OPTIMETAL3B, with L∞ =
0.89. For �max = 3, the fitted irreducible loss is slightly higher
at L∞ = 0.92, although this small difference in the extrap-
olation should be interpreted cautiously, as larger �max =
3 models would be required to determine the finite-data
asymptotic limit more robustly. Together with the data-scaling
results, this suggests that the benefit of increasing �max likely
diminishes for larger �max, with only limited additional gains
expected beyond �max = 3 for the invariant optical-property
prediction task considered here.

In addition to the 1D NSLs for the total multiobjective
validation loss, we verified that its two components exhibit the
same qualitative scaling behavior when analyzed separately
using the presented multiobjective models. The loss contribu-
tions for both the continuous interband dielectric function and
the scalar Drude frequency exhibit broken data scaling and
saturating parameter scaling, demonstrating that the observed
NSLs are not dominated by one part of the multiobjective loss
alone (see Supplemental Note 8 of the Supplemental Material
[40]).

Since the hidden dimension was set to dh = 256 (i.e.,
N ≈ 10 M parameters) for the 1D data-scaling experiments,
the models operate in a strongly overparametrized regime
across all dataset sizes. In the low-data regime, however,
the limited training data may not uniquely constrain the
structure-property relationship, possibly allowing many pa-
rameter configurations to fit the data equally well. As a
result, the models may exhibit a type of “best-guess” be-
havior, capturing broad, global trends correlated with the
optical response. Meanwhile, finer spectral features remain
inadequately constrained, which is consistent with the small-
data-scaling exponent observed in the low-data regime.

In contrast, the increase of the data-scaling exponent above
Dc suggests a transition to a data-efficient regime, in which

013011-5



GROßMANN, GRUNERT, AND RUNGE PRX INTELLIGENCE 1, 013011 (2026)

larger datasets sample a broader range of structural and elec-
tronic environments, enabling the learning of more detailed
and complex structure-property correlations. In this regime,
each additional material may provide increasingly informative
constraints, resulting in the second, steeper branch of the
scaling curve.

This interpretation raises the question of whether the
observed BNSLs persist when both D and N are varied si-
multaneously. If the BNSLs were primarily an artifact of
performing data scaling with overparametrized models, then
models whose capacity is well matched to the available data
should exhibit simple power-law scaling. To test this, we an-
alyze two-dimensional (2D) NSL maps, i.e., L(D, N ), which
allow us to disentangle the interplay between dataset size and
model capacity, thereby determining whether the observed
BNSLs in data scaling are intrinsic to the learning task or
specific to the fixed-model-size setting.

Since the CGC- and TC-based variants of OPTIMETAL2B
exhibit nearly identical scaling behavior in the 1D NSLs, we
focus the 2D NSL analysis on the TC-based architectures of
OPTIMETAL2B and OPTIMETAL3B. This choice isolates the
effect of increasing the effective body order from two to three.
To assess whether the 2D NSLs change when transitioning
from invariant to equivariant representations, we additionally
analyze the adapted UMA model with �max ∈ {0, 1, 2, 3}.

To determine the functional form of the 2D NSL maps, we
used the AICc to compare two candidate forms: a smoothly
interpolating form inspired by Kaplan et al. [7] and an additive
form following Hoffmann et al. [9] [see Eqs. (14) and (15)].
Based on this comparison, the Kaplan-type formulation was
selected for the analysis presented here to provide a consistent
description of L(D, N ) across all model architectures. The
full AICc comparison, including the sensitivity of the adapted
UMA fits to the smallest-width models, is reported in Supple-
mental Note 7 of the Supplemental Material [40].

The resulting Kaplan-type 2D NSL maps based on Eq. (14)
are shown in Fig. 3. For clarity, the main figure shows OP-
TIMETAL2B, OPTIMETAL3B, and the adapted UMA model
with �max = 2 and �max = 3, while the corresponding 2D NSL
maps for �max = 0 and �max = 1 are shown in Supplemental
Note 9 of the Supplemental Material [40]. In each subfigure,
the top panel shows L(N ) at different dataset sizes D, whereas
the bottom panel shows L(D) at different parameter counts N .
The corresponding fit parameters for all models are given in
Table II.

Looking at the top panel of each subfigure of Fig. 3,
we observe that, across all investigated model architectures,
the performance improvement with increasing N slows down
once N � 10 M, a trend that appears to be largely independent
of dataset size. However, the extent to which increasing N
improves performance prior to saturation strongly depends on
the amount of training data: Small datasets exhibit weak pa-
rameter scaling, whereas larger datasets benefit substantially
more from increased model capacity before performance
gains diminish. Compared with the 1D parameter-scaling ex-
ponents given in Table I, the 2D NSL maps yield smaller
effective parameter-scaling exponents, indicating that the
apparent benefit of increasing N is reduced when the dataset-
size dependence of the scaling is taken into account. For
the OPTIMETAL models, the 2D NSL analysis yields simi-

TABLE II. Fit parameters of the 2D NSL maps across model
architectures. The reported parameters are obtained from nonlinear
least-squares fits to validation losses averaged over three random
model initializations. The Kaplan-type 2D NSL in Eq. (14) was
used to describe L(D, N ) across all model architectures, following
the AICc-based functional-form selection described in the text. This
functional form combines the 1D data- and parameter-scaling laws
shown in Figs. 1 and 2, but omits the irreducible loss term L∞ in the
parameter NSL, as explained in Sec. IV. This fit yields the low- and
high-data exponents αD,1 and αD,2, as well as the crossover point Dc,
along with the parameter-scaling exponent αN and the characteristic
parameter count N0. The corresponding 2D NSL maps are shown in
Fig. 3 and Supplemental Note 9 of the Supplemental Material [40].

Model αN αD,1 αD,2 N0 Dc

OPTIMETAL2B (TC) 0.30 0.20 0.37 226.7 k 32.6 k
OPTIMETAL3B (TC) 0.33 0.16 0.46 137.4 k 29.4 k
UMA (�max = 0) 0.34 0.16 0.49 61.0 k 86.1 k
UMA (�max = 1) 0.27 0.16 0.60 37.1 k 51.2 k
UMA (�max = 2) 0.23 0.17 0.61 27.1 k 35.4 k
UMA (�max = 3) 0.25 0.17 0.53 31.5 k 30.3 k

lar parameter-scaling exponents of αN = 0.30 and 0.33 for
OPTIMETAL2B and OPTIMETAL3B, respectively, indicating
that increasing the effective body order does not signifi-
cantly affect parameter scaling. For the adapted UMA models
with �max = 2 and �max = 3, the corresponding exponents
are slightly smaller, with αN = 0.23 and 0.25, respectively.
This suggests that, once �max is fixed, increasing model width
yields smaller performance gains for the equivariant architec-
ture than for the invariant OPTIMETAL models within the 2D
NSL analysis.

Turning to data scaling, shown in the bottom panel of each
subfigure in Fig. 3, we observe a pronounced dependence
on model capacity. For the smallest models, L(D) initially
follows a simple power law in the small-data regime but
begins to saturate above D = 40 k, reflecting the limited ca-
pacity of the model in the high-data, low-parameter limit. This
saturation is more pronounced for the invariant OPTIMETAL

models than for the adapted UMA model. In the intermediate-
parameter regime (N ≈ 1 M), this bottleneck is lifted: All
architectures exhibit simple power-law data-scaling behavior,
indicating that model capacity and available data are well
matched. As the parameter count N increases further, the data-
scaling slope steepens, and for sufficiently overparametrized
models, BNSLs emerge. This effect is more pronounced for
OPTIMETAL3B than for OPTIMETAL2B, consistent with the
larger separation between its fitted exponents (αD,1 = 0.16
and αD,2 = 0.46) compared to OPTIMETAL2B (αD,1 = 0.20
and αD,2 = 0.37). In contrast to the 1D NSLs, this suggests
that increasing the effective body order improves data scal-
ing in the high-data regime. For the adapted UMA model,
the separation between the low- and high-data exponents is
even larger, with αD,1 = 0.17 and αD,2 = 0.61 for �max = 2,
and αD,1 = 0.17 and αD,2 = 0.53 for �max = 3. Thus, in con-
trast to the 1D data-scaling analysis, the 2D NSL analysis
suggests that the adapted equivariant UMA architecture im-
proves data scaling more strongly in the high-data regime than
the invariant OPTIMETAL architectures. This is reflected by
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FIG. 3. 2D NSL maps across model architectures. The validation loss, Lval, is shown as a function of dataset size, D, and parameter count,
N , for (a) OPTIMETAL2B (TC), (b) OPTIMETAL3B (TC), and the adapted UMA model with (c) �max = 2 and (d) �max = 3. Dots represent
Lval averaged over three random model initializations, and error bars indicate the standard deviation. The dashed lines show the corresponding
Kaplan-type 2D NSL fits based on Eq. (14) (see Sec. IV for details). Each subfigure provides two complementary views of the scaling behavior:
The top panel shows the validation loss for models with different dataset sizes as a function of parameter count, as indicated by the color bar.
The bottom panel swaps the roles of dataset size and parameter count. The corresponding fit parameters are given in Table II.
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the larger high-data exponents of αD,2 = 0.61 and 0.53 for
�max = 2 and �max = 3, respectively, compared to αD,2 = 0.46
for OPTIMETAL3B. Consistent with the 1D NSL analysis, the
crossover point decreases with increasing �max, from Dc =
86.1 k for �max = 0 to Dc = 30.3 k for �max = 3, indicating
that higher angular degrees reduce the amount of data required
to enter the high-data-scaling regime.

Together, the 1D and 2D NSL analyses demonstrate that
the broken data scaling observed in the 1D setting persists
when the dataset size and parameter count are varied jointly,
suggesting genuine multiregime learning behavior. The 2D
NSL maps reveal that simple power-law data scaling emerges
when dataset size and model capacity are well matched,
whereas BNSLs arise in the overparametrized regime. Over-
all, the global scaling behavior of the invariant and equivariant
GNNs trained to predict the optical properties of metals is
best described by a combination of smoothly broken data
scaling and saturating parameter scaling, with the sharpness
of the data-scaling transition depending on the architectural
inductive bias. The 2D NSL analysis further shows that archi-
tectural changes, such as increasing the effective body order
or transitioning from invariant to equivariant architectures,
affect data scaling in the high-data regime. In contrast, the
low-data regime and parameter scaling are comparatively in-
sensitive to both body order and equivariant representations.
This distinction only becomes apparent when D and N are
varied simultaneously.

III. DISCUSSION

In this study, we examine neural scaling behavior across in-
variant and equivariant GNN architectures using over 200 000
ab initio dielectric functions of metals as a representative task
for learning the excited-state properties of solids beyond the
PES.

Our key finding is the emergence of BNSLs in data scaling
across model architectures. Rather than following a sim-
ple power law, model performance exhibits distinct scaling
regimes, with a pronounced steepening of the data-scaling
slope above a characteristic dataset size. In contrast, parameter
scaling follows a saturating power law, indicating that, in the
data-scarce regime of materials science, increasing model size
is only beneficial up to a point, after which it yields pro-
gressively diminishing returns. By comparing invariant GNNs
that differ only in their effective body order and message-
passing operator, we further isolate the influence of the model
architecture on the neural scaling behavior. Variations in the
message-passing operator have little influence on the observed
scaling trends, whereas increasing the effective body order
improves data scaling in the high-data regime while leaving
parameter scaling largely unchanged. Extending this compar-
ison to the adapted UMA model shows that the equivariant
architecture can further improve high-data scaling, while ex-
hibiting similar saturating parameter scaling. Notably, the
dependence of the NSLs on architectural inductive bias be-
comes apparent only in 2D NSL analyses that jointly consider
dataset size and model capacity.

These findings are particularly relevant for materials sci-
ence, where training data are scarce and costly to generate,
yet model sizes remain modest compared to those in other

ML domains. Although increasing model capacity or adopting
more expressive architectural inductive biases can provide
rapid performance gains for a fixed dataset, this strategy may
be impractical for many applications due to increased training
cost and slower inference, especially for MLIPs [20,82,83].
Therefore, looking ahead, data availability and generation are
likely to remain the primary bottlenecks for improving the
predictive performance of ML models in materials science,
motivating strategies that improve data efficiency.

In this context, two particularly active and competitive
areas of research stand out. The first is the development of
architectures with improved physical and geometric inductive
biases, including higher-body-order message passing [84],
equivariant neural networks [85,86], and architectures that
more explicitly capture long-range interactions [87,88]. The
second is the strategic use of �-ML [89,90] and transfer
learning [28,91–94]. These approaches use correlations be-
tween related tasks or levels of theory to reduce the amount of
high-fidelity target data needed for accurate predictions. From
the perspective of the present NSL analysis, such approaches
can be viewed as attempts to improve the effective data scal-
ing or to move the crossover point to smaller high-fidelity
dataset sizes. This makes them particularly attractive in do-
mains where high-fidelity observables are computationally or
experimentally expensive to obtain, such as optical spectra.

Finally, while this study focuses on the optical properties
of metals, applying the same NSL analysis to other learning
objectives in materials science remains an important direction
for future research. Of particular interest are, in our opin-
ion, multiobjective tasks [24] that combine different target
domains, such as band gaps and other electronic properties,
with properties related to the PES, such as energies, forces,
and stresses. In such multidomain training settings, differ-
ent combinations of task complexity, data availability, target
noise, and model expressivity may lead to qualitatively dif-
ferent scaling regimes. Understanding these regimes could
ultimately help guide the development of more general foun-
dation models for materials science.

IV. METHODS

A. Dielectric functions of metals

The linear dielectric response of a homogeneous solid in
the optical limit can be expressed via the frequency-dependent
dielectric tensor εαβ (ω). Within the IPA, and neglecting mi-
croscopic local-field effects [33], the total response, εαβ , is
usually separated into interband, εinter,αβ (ω), and intraband,
εintra,αβ (ω), contributions.

εαβ (ω) = εinter,αβ (ω) + εintra,αβ (ω). (1)

Within the abovementioned limits and approximations, the
interband term describes transitions between different bands
and is given by [34]

εinter,αβ (ω) = δαβ − 4π

V

∑
k

∑
n,n′
n �=n′

M∗
nn′k,αMnn′k,β

(En′k − Enk )2

× fnk − fn′k

ω − (En′k − Enk ) + iγinter
, (2)
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where Enk are band energies and fnk are Fermi-Dirac oc-
cupations of Bloch states �nk with band index n at wave
vector k in the Brillouin zone. V is the unit-cell volume and
γinter is an ad hoc numerical broadening parameter. Mnn′k,α =
〈�n′k|vα|�nk〉 are the matrix elements of the velocity operator
vα = −i[rα, HKS] along Cartesian direction α, where HKS is
the Kohn-Sham (KS) Hamiltonian.

The intraband contribution arises from carriers at the Fermi
surface and is approximated by a Drude model [34]

εintra,αβ (ω) = − ω2
D,αβ

ω (ω + iγD)
, (3)

with the Drude frequency tensor

ω2
D,αβ = 4π

V

∑
k,n

(
− ∂ fnk

∂Enk

)
M∗

nnk,α Mnnk,β , (4)

where γD is the Drude damping, an ad hoc broadening pa-
rameter similar to γinter. For semiconductors and insulators at
T = 0, the Drude frequency vanishes, i.e., ωD,αβ = 0, leaving
only the interband contribution. Therefore, datasets of dielec-
tric functions for semiconductors and insulators only contain
the interband contribution εinter,αβ (ω).

B. Ab initio calculations

The density functional theory (DFT) calculations were per-
formed with the plane-wave code QUANTUM ESPRESSO [95,96]
using optimized norm-conserving Vanderbilt pseudopoten-
tials from the SG15 library [97] and PBE [98–100] as the
exchange-correlation functional. The interband dielectric ten-
sor and the Drude frequency tensor in the IPA were calculated
using the SIMPLE code [101], which is part of the QUANTUM

ESPRESSO distribution. We selected the SIMPLE code because
it implements the optimal basis (OB) method introduced by
Shirley [102] for the periodic part of the Bloch wavefunctions,
thus enabling their interpolation to arbitrary k points [103].
Such interpolation is particularly valuable for optical calcula-
tions, as these usually require dense sampling of the Brillouin
zone to converge. This is especially true for metals, as their
optical response depends sensitively on the precise electronic
structure at the Fermi surface, requiring extremely fine k-point
grids (see Supplemental Note 10 of the Supplemental Ma-
terial [40] for an example). Thus, the interpolation scheme
implemented in SIMPLE allows for the efficient evaluation
of optical properties on dense k-point grids. However, even
with this interpolation scheme, calculating and converging the
dielectric functions for the 201 361 intermetallic compounds
required 2.3 million CPU hours using the workflow described
below.

The crystal structures for the calculations were taken from
the ALEXANDRIA database [38,39] (downloaded March 2024)
of theoretically stable crystals and filtered by the following
criteria: compounds containing only metallic elements from
the first six rows of the periodic table (excluding lanthanides),
ten or fewer atoms in the unit cell, a space group number
greater than or equal to 75, a distance from the convex hull of
less than 250 meV, and a nonmagnetic ground state. Following
these criteria, we kept up to the five most stable crystal struc-
tures for each unique composition. After applying these filters,

205 224 intermetallic compounds remained, which were then
reduced to their primitive standard structure using SPGLIB

[104].
For every material, we performed the following three-step

high-throughput workflow to calculate the diagonal com-
ponents of the interband dielectric tensor, εinter,αα (ω), and
the diagonal components of the Drude frequency tensor,
ωD,αα . All k-point grids (kx × ky × kz) were generated from
a structure-independent reciprocal density nk per atom, as
defined in PYMATGEN [105], using Monkhorst-Pack grids (i.e.,
the automatic k-point grid mode of QUANTUM ESPRESSO).
The number of subdivisions along each reciprocal-space di-
rection was chosen to be even, such that any odd subdivision
was increased to the next (even) integer.

First, we converged the DFT plane-wave cutoff energy
and the k-point grid, employing the same strategy as in our
previous G0W0 benchmark workflow [106]. Here, we adopted
a looser convergence threshold of 1 kcal/mol (0.04 eV per
atom) for the total energy, rather than the 1 meV per atom used
in the benchmark setting, in order to reduce computational
cost. For all calculations, we used a “cold” smearing [107]
of 300 meV to improve convergence for the metallic systems
considered here. The resulting converged plane-wave cutoff
energy and converged k-point grid were used in all subsequent
steps, unless otherwise noted.

Second, following the converged ground state calculation,
we performed a non-self-consistent DFT calculation on a
uniform 2 × 2 × 2 k-point grid without symmetry reduction,
as required by SIMPLE for constructing the OB [34,101].
Here, the number of bands included in the KS Hamiltonian
was chosen such that all transitions up to 20 eV above the
Fermi energy were included. Based on this calculation, we
constructed the OB with the threshold for the Gram-Schmidt
orthonormalization algorithm set to 10−2 a.u. (input variable
s_bands in SIMPLE [101]).

Before describing the final step of the workflow,
we briefly outline the settings used to compute optical
properties in the IPA in SIMPLE. To ensure consistent
Fermi energies in SIMPLE, we again used a smearing
of 300 meV (simpleip_in%fermi_ngauss = −1,
simpleip_in%fermi_degauss= 0.022 05 Ry). When
evaluating the derivative of the Fermi-Dirac distribution
in Eq. (4), SIMPLE employs a Gaussian smearing to
improve convergence of the Drude frequency with respect
to the k-point grid [101], which we set to 100 meV
(simpleip_in%drude_degauss = 0.007 35 Ry). Dielectric
functions were evaluated on a uniform frequency grid of
2001 points between 0 and 20 eV with γinter = 300 meV
(simpleip_in%inter_broadening = 0.022 05 Ry) and
γD = 100 meV (simpleip_in%intra_broadening =
0.007 35 Ry) [cf. Eqs. (2) and (3)].

In the third and final step, we converged εinter,αα (ω) and
ωD,αα with respect to the k-point grid. We initialized the
convergence loop with a k-point grid corresponding to 8 × nk,
effectively doubling the converged DFT k-point grid. Since
individual calculations are efficient due to interpolation, this
dense starting point reduces the number of iterations required
to achieve convergence. Here, we increased nk such that the
number of subdivisions in at least two directions of the next
grid exceeded those of the previous grid, i.e., kn+1

i > kn
i for
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at least two directions i ∈ {x, y, z}. For each k-point grid, we
computed εinter,αα (ω) and ωD,αα . The procedure was repeated
until (1) the change in ωD,xx between successive grids was
below 100 meV, and (2) the similarity coefficient (SC) [27]:

SC[ε̃(·); ε(·)] = 1 −
∫ |ε̃(ω) − ε(ω)| dω∫ |ε(ω)| dω

(5)

between the rotationally invariant average of consecutive total
dielectric tensors, i.e., ε(ω) = Tr[εαβ (ω)]/3, evaluated from 1
to 20 eV, exceeded 0.98. In Eq. (5), ε̃(ω) refers to the dielectric
function computed on the current k-point grid, and ε(ω) refers
to that computed on the preceding, less dense k-point grid. The
k-point grid convergence loop terminated once both criteria
were satisfied or after 20 iterations. In the latter case, the
material was discarded from the dataset.

For each material, we stored the crystal structure, along
with all information relating to the convergence of the total
energy and optical properties, the converged εinter,αα (ω), and
ωD,αα in the form of a ComputedStructureEntry from PY-
MATGEN [105] (essentially a JSON file).

C. Machine learning

All ML models were implemented using PYTORCH and
PYTORCH GEOMETRIC. For training and evaluating the mod-
els, the dataset was split by unique chemical composition
[27,108] into fixed training, validation, and test sets in an
80:10:10 ratio, each containing 160 728, 20 179, and 20 454
materials, respectively. Supplemental Note 11 of the Supple-
mental Material [40] provides statistics on the distribution of
elements and the distribution of the number of atoms per unit
cell across the training, validation, and test sets. As stated
at the beginning of Sec. II, for each material we used rota-
tionally invariant averages of the interband dielectric tensor,
εinter (ω) = Tr[εinter,αβ (ω)]/3, and Drude frequency tensor,
ω 2

D = Tr[ω2
D,αβ]/3, as targets for all GNNs. For each material,

the primary graph was created by converting crystal struc-
tures into multigraphs [79]. Each node in the primary graph
corresponds to an atom in the unit cell, and edges are cre-
ated between nodes if the distance between the corresponding
atoms is less than or equal to r2B

c = 5.5 Å, taking into account
periodic boundary conditions. The line graph, required for
OPTIMETAL3B, was then obtained by connecting edges whose
lengths are less than or equal to r3B

c = 4.0 Å, in line with
M3GNET [109] and MATTERSIM [110].

For the equivariant models, we adapted the UMA archi-
tecture [20], which builds on the ESEN backbone [36], to the
present optical-property prediction task. Because charge-state,
spin-state, and DFT-task labels are not included in the input-
target mapping for our task, we removed the corresponding
input embeddings, as well as the mixture-of-linear-experts
routing used in the original UMA model [20]. The UMA
backbone, configured with two message-passing layers, was
then used to construct atom-wise equivariant latent features,
from which we retained the � = 0 channel for graph-level
predictions. These scalar node features were pooled using
mean pooling into a global latent representation and passed to
two output multilayer perceptrons (MLPs), analogous to those
used in the OPTIMETAL models described in Supplemental
Note 3 of the Supplemental Material [40]. While the OPTI-

METAL output MLPs used batch normalization and rectified
linear unit activations, consistent with the other MLPs in the
OPTIMETAL architectures, the output MLPs in the adapted
UMA model followed the MLP design of the original UMA
implementation, using layer normalization and sigmoid linear
unit activations in the hidden layers. Apart from these modifi-
cations, the UMA backbone was left unchanged.

The loss function used for training the multiobjective
GNNs is defined as the sum of the MAEs

MAE[Y ; Ỹ ] = 1

D

D∑
i=1

|Yi − Ỹi| (6)

for εinter (ω) and ωD:

L = MAE
[
εML

inter (ω); εDFT
inter (ω)

] + MAE
[
ωML

D ; ωDFT
D

]
(7)

following our previous finding that MAE-based training per-
forms better than MSE-based training for optical spectra [27].

All models were trained for 500 epochs with ADAMW
[111], employing a cosine annealing learning-rate schedule.
For the OPTIMETAL models, each training run began with
a 5-epoch warm-up phase, during which the learning rate
increased linearly from zero to the initial maximum learning
rate, ηmax, of the cosine annealing schedule. Note that the
warm-up epochs were included in the total training epoch
count. After the warm-up phase, the learning rate gradually
decayed to zero over the remaining epochs using a half-cosine
cycle. For the adapted UMA model, no warm-up phase was
used, and instead, the learning rate followed a half-cosine
decay from ηmax to zero starting at the first epoch. We ap-
plied gradient clipping with a gradient norm threshold of
100 and used a fixed batch size of 256 for all training runs.
Each model was trained with three different random initializa-
tions to ensure robust performance metrics. All training and
inference runs for the OPTIMETAL models were performed
on NVIDIA A100 GPUs in mixed-precision mode using
bfloat16 to reduce memory usage and accelerate computa-
tion. The adapted UMA model was trained using float32,
following the numerical-precision considerations reported in
Ref. [20].

For the OPTIMETAL models, all architectural choices and
optimizer hyperparameters were fixed to the values identified
during the architecture optimization described in Supplemen-
tal Note 4 of the Supplemental Material [40], which was
performed at dh = 256 using the 20 000-sample training sub-
set. However, we found that training became unstable for
the TC-based OPTIMETAL models at dh > 256 when using
ηmax optimized at dh = 256. To address this issue, we scaled
ηmax as a function of N using a simple power-law relation,
thereby avoiding width-specific learning-rate reoptimization.
Based on additional experiments reported in Supplemental
Note 12 of the Supplemental Material [40], we found that a
fitted learning-rate scaling exponent equal to one yielded the
best overall stability and performance. For the adapted UMA
model, optimizer hyperparameters were optimized using the
first stage of the workflow described in Supplemental Note 4
of the Supplemental Material [40] at dh = 256 and with the
20 000-sample training subset.
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A total of 9707 GPU hours were used to optimize the
architecture of the OPTIMETAL models and train all models
for the NSL analysis.

D. Functional forms of neural scaling laws

Guided by previous studies on NSLs [6,7,9,13,15,22], we
evaluated four candidate functional forms for the 1D NSL
analysis:

L(X ) =
(

X0

X

)α

, (8)

L(X ) = L∞ +
(

X0

X

)α

, (9)

L(X ) =
(

Xc

X

)α2
[

1 +
(

Xc

X

)]α1−α2

, (10)

L(X ) = A

(
Xc

X

)α2
[

1 +
(

Xc

X

)]α1−α2

. (11)

Here, X ∈ {D, N} denotes either the dataset size, D, or the
number of trainable parameters, N . In the simple NSLs
in Eqs. (8) and (9), X0 sets the point where L(X0) = 1
and L(X0) = L∞ + 1, respectively, while in the BNSLs in
Eqs. (10) and (11), Xc marks the crossover point where the
scaling exponent changes. The parameters α, α1, and α2

control the decay of the loss with increasing X , while L∞
represents a possible irreducible loss and A an optional mul-
tiplicative amplitude. In learning settings based on ab initio
data, we generally expect that, in the limit of sufficiently large
D and N , L∞ = 0, since no residual entropy or irreducible
uncertainty is expected. In practice, however, finite numerical
accuracy can produce an effective irreducible loss. Each of
the four functions was fitted, using nonlinear least-squares
regression, to the validation loss averaged over three random
model initializations.

To compare the descriptive quality of these functions, we
used the AIC, which balances how well a function fits the data
with the number of parameters used for the fit [81]. For least-
squares fits, the AIC is given by

AIC = 2k + n ln

(
1

n

n∑
i=1

[L(Xi ) − Lval(Xi )]
2

)
, (12)

where k is the number of fit parameters and n is the number
of data points used for the fit. Since the 1D NSL fits are based
on only a small number of data points, we applied the finite-
sample correction to obtain the AICc

AICc = AIC + 2k2 + 2k

n − k − 1
, (13)

which prevents overly flexible models from being favored
when n is small relative to k [81].

After determining the 1D NSL forms that best describe
the data scaling, i.e., Eq. (10), and observing that the param-
eter scaling follows the expected saturating power law, i.e.,
Eq. (9), we constructed 2D NSL maps L(D, N ) by combin-
ing their respective dependencies. Inspired by the work of

Kaplan et al. [7], we tested the smoothly interpolating form

L(D, N ) =
⎡
⎣ (

N0

N

) αN
αD,2 +

(
Dc

D

)(
1 + Dc

D

)(
αD,1
αD,2

−1
) ⎤
⎦

αD,2

.

(14)
In contrast to the 1D parameter-scaling fits, the Kaplan-type
2D formulation does not include an irreducible loss term L∞,
as it already encodes saturation with respect to N at small D.
As an alternative formulation, following Hoffmann et al. [9],
we also tested the additive description

L(D, N ) =
(

N0

N

)αN

+
(

Dc

D

)αD,2
(

1 + Dc

D

)αD,1−αD,2

. (15)

For the additive Hoffmann-type formulation, we also tested
an additional irreducible loss term L∞, but the nonlinear least-
squares regression converged to L∞ = 0 for the fitted 2D NSL
maps.
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those used to obtain the neural scaling laws, are available in
Ref. [115].
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