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Autoregressive generative models—including Transformers, recurrent neural networks, classical Kalman
filters, state space models, and Mamba—all generate sequences by sampling each output from a deterministic
summary of the past, producing genuinely non-Markovian observed processes. We develop a general theoret-
ical framework based on stochastic thermodynamics for this class of architectures and introduce the entropy
production, which can be efficiently estimated from sampled trajectories without exponential overhead, despite
the non-Markovian nature of the observed dynamics. As a proof-of-concept experiment with a large language
model (LLM), we evaluate the entropy production for a pretrained Transformer-based model, GPT-2. We find
that the token-level entropy production is dominated by a syntactic artifact, while the sentence-level entropy
production tends to be larger for causally ordered than for noncausal text sets. This observation is supported
by a reevaluation with a substantially larger model, Qwen3-4B-Base. We also demonstrate the framework in
the linear Gaussian case, where the model reduces to the Kalman innovation representation and the entropy
production admits an analytical expression. We also show that the entropy production decomposes exactly into
non-negative per-step contributions in terms of retrospective inference, and each of those terms further splits into
information-theoretically meaningful terms: a compression loss and a model mismatch. Our results establish a
bridge between stochastic thermodynamics and modern generative models, and provide a starting point for using
irreversibility as a quantitative probe of the highly non-Markovian processes generated by models such as LLMs.
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I. INTRODUCTION

Stochastic thermodynamics provides a general framework
for quantifying irreversibility in stochastic processes, with
entropy production playing the role of a central diagnostic
[1-5]. Although the theory is most fully developed for Marko-
vian processes, substantial progress has extended it in several
complementary directions. One line of work characterizes
irreversibility directly from the forward and backward path
measures, including for non-Markovian time series [6—14].
A related line of work studies non-Markovian or partially
observed entropy production through various constructions
[15-23]. In parallel, the interplay among thermodynamics,
information, and computation has been extensively studied
[24-35]. Stochastic thermodynamics of neural networks has
also been explored, including in the context of the learning
process [36], and more recently for dense associative memory
(modern Hopfield) networks [37].

Autoregressive generative models have become the central
architecture of modern generative Al. These models gener-
ate a sequence of elements, with each new element drawn

“Contact author: sagawa@ap.t.u-tokyo.ac.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

3070-0329/2026/1(2)/023013(27)

023013-1

from a conditional distribution that depends on a determin-
istic summary of the preceding observations. For a language
model, each such element is a token: a discrete unit such as
a word, a subword, or a punctuation mark. The Transformer
architecture [38—41], which underlies most contemporary
large language models (LLMs), uses causal self-attention to
construct a context vector from the full past sequence; the
deterministic summary cannot in general be reduced to a
fixed-order recursive update, so the resulting observed token
sequence is genuinely non-Markovian. Recurrent neural net-
works (RNNs) [42,43] are also regarded as autoregressive
generative models, but have a simpler structure with recur-
sive updates of latent states. The Kalman filter [44—46], long
studied in control theory and signal processing, can be viewed
as a generative model of this recursive class. Moreover, struc-
tured state space models (SSMs) and Mamba (an alternative
architecture for LLMs) [47-49] also fall into this recursive
class. Despite their diverse origins, all of these architectures
share the same abstract structure: a stochastic emission from
a deterministic latent state that encodes past observations.

In this paper, we develop a stochastic thermodynamic
framework for the class of non-Markovian processes gen-
erated by autoregressive models with deterministic internal
memory. This class encompasses diverse architectures as de-
scribed above; we bring them under a single framework
(Table I) and develop the stochastic thermodynamics of the re-
sulting non-Markovian observed process in a unified manner,
by constructing a backward process with the same architec-
tural components applied in reversed temporal order.
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TABLE I. Correspondence between our general framework and representative architectures. In all cases, y, denotes the observed variable
(token or measurement). The last column indicates whether the recursive special case holds [, = ¢(h,—1, y;)]-

Model h, O, or ¢ PiOr | y) Recursive
Transformer Attention context ®(yy, ...,y ) (full sequence) softmax(Wouh: )y, ., X
RNN RNN latent state ¢(h,y) = tanh(W,h + W,y + b) softmax(Wouth: + bout)y, ., v
Kalman Rty ¢(h,y) =A[I — KC)h + Ky] N(Ch,, S) v
SSM SSM state ¢(h,y) =Ah+ By softmax(Wou Ch; )y, ,, v
Mamba hy = (hy, 1) &', y) =AM+ BG)y, ¥) PGt | hy) = softmax(Wou C(v:) by )y, v

Conceptually, our definition of the entropy production
builds on a line of research in which the Kullback-Leibler
(KL) divergence between forward and backward path mea-
sures serves as an operational characterization of irreversibil-
ity for the observed process [6—14]. The central observation
about the autoregressive class studied here is that every factor
in the forward/backward path-probability ratio is supplied
explicitly by the emission kernel evaluated at a determin-
istic latent state, making the stochastic entropy production
computable from a single sampled trajectory despite genuine
non-Markovianity.

As a proof-of-concept experiment with a pretrained LLM,
we evaluate the stochastic entropy production for GPT-2. We
show that the token-level entropy production is dominated by
a syntactic artifact of token-order reversal, whereas the block-
level coarse-grained entropy production, which reverses the
order of sentences rather than individual tokens, tends to be
larger for causally ordered than for noncausal texts. Addition-
ally, a reevaluation is performed with a substantially larger
model, Qwen3-4B-Base, which reproduces the qualitative pat-
tern with improved statistical resolution.

LLMs are often argued to acquire internal representations
of the real world, including spatial and temporal structure—
a capacity sometimes discussed in terms of a learned world
model [50,51]. From this perspective, the entropy production
of an LLM ultimately aims to probe the irreversibility of the
real-world process described by the token sequence—ideally,
the temporal or causal ordering of the events narrated in the
text. Our GPT-2 and Qwen3-4B-Base experiments should be
viewed as a first step toward assessing this possibility.

Meanwhile, as an analytically tractable demonstration, we
examine the linear Gaussian case, where the autoregressive
model coincides with the innovation representation of the
Kalman filter. We derive an analytical expression for the en-
tropy production, which is numerically verified by applying
the Monte Carlo sampling procedure.

Furthermore, we show that the entropy production S,
admits an exact retrospective decomposition into a sum of
non-negative per-step contributions D, > 0, each measuring
how well the backward model retrodicts the present ob-
servation y; from the future. Each D, further splits into a
compression loss L,, arising when the backward latent state
is a lossy summary of the future, and a model mismatch
M,;, arising because the emission kernel designed for for-
ward prediction is reused in the backward direction. The
decomposition is formally reminiscent of the evidence lower
bound (ELBO) decompositions used in variational inference
[52-54], but arises from a fundamentally different starting

point (namely, time reversal and entropy production). This
connection suggests that the stochastic-thermodynamic and
machine-learning perspectives on generative models may ben-
efit from further mutual exchange.

This paper is organized as follows. In Sec. II, we formu-
late the general autoregressive framework with deterministic
latent memory. In Sec. III, we construct the backward process
by reusing the architectural components in reversed temporal
order and define the entropy production as the KL divergence
between the forward and backward path measures. In Sec. IV,
we analyze the computational cost of estimating the entropy
production, show that the autoregressive structure renders it
tractable without exponential sampling overhead, and intro-
duce a temporal coarse-graining. In Sec. V, we present a
proof-of-concept experiment with GPT-2, evaluating both the
token-level and block-level entropy production. In Sec. VI,
we illustrate the framework in the linear Gaussian case, where
the model reduces to the Kalman innovation representation
and the entropy production admits an analytical expression. In
Sec. VII, we derive an exact decomposition of the entropy pro-
duction into non-negative per-step contributions, each further
splitting into a compression loss and a model mismatch, and
discuss the connection to the thermodynamics of information.
We conclude with a summary and perspectives in Sec. VIII.

II. SETUP

In this section, we introduce a general framework for
autoregressive generative models with deterministic latent
memory, and show that Transformers, RNNs, Kalman filters,
SSMs, and Mamba all fall into this class (Table I). While each
of these concrete architectures is well known, establishing
such a unified framework itself constitutes one of the contri-
butions of this paper.

A. State variables and forward process

Consider the following stochastic process. The variables
are y, ¢ =1,2,...,T)and h, ¢t =0,1,...,T), where hg
is a fixed initial condition. These variables can be discrete
or continuous in our general setup; in the continuous case,
summations appearing below should be replaced by integrals.

The dynamics proceeds as follows. At each time step:

(1) hy is updated deterministically: b, = ©,(y1, ¥2, ..., Vs)
fort =1,2,...,T,and hy = Py( ) is set to a constant.

(2) y;41 is drawn from the conditional distribution
DP:(Viy1 | hy), also called the emission kernel, fort =1, ...,
T — 1, and po(y; | hg) = p(y1) is the initial distribution.
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FIG. 1. Schematic of the general causal structure of our setup
for the general (nonrecursive) case. (a) The forward process (3) and
(b) the backward process (13). The blue arrows indicate deterministic
functions, while the green arrows indicate stochastic influences. This
figure illustrates the particular realization y; = yr_,,; even in this
case, ﬁs # hr_s41 in general.

Here, each &, is a deterministic map that accepts a
variable-length sequence of observations and returns a latent
state. The subscript 7 indexes parameters of the map (e.g.,
its learnable parameters), but not the length of the input
sequence; indeed, in the backward process (Sec. III A), ®;
will be applied to an input whose length differs from ¢. For
Transformers, @, is independent of ¢ (i.e., the same attention
mechanism with shared parameters is applied at every step)
and can process input sequences of arbitrary length within the
context window.

The marginal process y, is in general non-Markovian, since
the latent state i, accumulates information from past obser-
vations. The joint process (4, y;) is generally not Markovian
either, because #, = ®,(yy, ..., y;) cannot in general be de-
termined from (k,_1, y;) alone.

We now rewrite the update of the latent state 4, as

hy =f,_)(YI:t), (1)

where y;; = (y1, 2, ..., ¥:) and

f;ﬁ(yl:t)E(Dt(ylv-"syl)‘ )

The reason why we introduce the separate notation f;~ is that
@, will be used for the definition of the backward process as
well.

The forward process generates the sequence y|.; =

1,2, ..., yr) by iterating the update-emission rule above.
Its path probability is
T-1
PoGur) =[] peGe | £7 Grao) 3)
=0

See Fig. 1(a) for a graphical representation.

We note that if one simply defined 4, = (y1,y2,...,¥:)
(i.e., ®, were set to the identity map on the entire history), the
resulting model could represent an arbitrary non-Markovian
process on y,. However, the important restriction of our archi-
tecture lies in treating &, as having a fixed finite state space
(or, for continuous variables, a fixed finite dimensionality)
independent of ¢: i, must encode the growing history y;., into
a representation of bounded size. Note that this constraint

FIG. 2. Schematic of the causal structure for the recursive case.
(a) The forward process [Eq. (3) with Eq. (4)] and (b) the backward
process [Eq. (13) with Eq. (20)]. The blue arrows indicate determin-
istic functions, while the green arrows indicate stochastic influences.
By following the arrows, one can see that this recursive diagram is
a special case of the general diagram (Fig. 1). This figure illustrates
the particular realization J; = yr_+1; even in this case, By # hr_sq1
in general.

concerns the size of 4, alone; the input sequence to ®; may
be of arbitrary length.

Because the emission kernel p;(y,+1 | ;) depends on the
history only through the deterministic latent state %,, each
factor in the forward (and backward) path probabilities (3)
[and Eq. (13)] is directly evaluable for any given trajectory,
and the entropy production S, can be estimated by Monte
Carlo sampling without an exponential cost from enumerating
histories, as shown in Sec. IV.

Moreover, the latent state 4, is not merely a convenient
computational device but plays the role of a sufficient statis-
tic of the past y;, for predicting the next observation y, .
Indeed, the conditional distribution of y,;; given the entire
history y;., factorizes through A, by construction: P_, (y;41 |
Vi) = pr(Vi+1 | A), which is precisely the defining property
of a sufficient statistic. Thus, the bounded-size compression
from y;.; to A, incurs no loss of predictive information in the
forward direction, regardless of how long the history is. The
interplay between sufficient statistics and entropy production
in Markovian systems has been studied in Ref. [55].

B. Recursive case

An important special case is that %, is determined only by
(hy—1, y;) through a deterministic function ¢ as

he = @(hi—1, y1). 4

Here, we assume that ¢ is time independent, but the emission
kernel p, may still depend on time. Correspondingly, ® fac-
tors as

POy nyi) =GR, - Yie1), 1) &)

The graphical representation of the dependency structure is
shown in Fig. 2(a).

In this case, the joint process (%, y;) is Markovian (see
also Appendix A). Moreover, the marginal dynamics of 4
alone is Markovian if y, is marginalized, as is the case for
the predicted state %41, in the Kalman filter. Even so, the
marginal dynamics of y; is non-Markovian in general.
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Most of the results below hold in the general (nonrecursive)
setting; when additional structure specific to the recursive case
is relevant, it will be noted explicitly.

C. Examples

We show that several well-known architectures can indeed
be regarded as special cases of our general setup. In all
cases below, implementation details (e.g., layer normaliza-
tion, multihead decomposition, and residual connections for
Transformers) are omitted, and only a simplified description
is given. The correspondence between the general framework
and each example is summarized in Table I.

Transformers. In a simplified autoregressive Transformer,
the observed variable y, is a discrete token taking values in a
finite vocabulary ). Each token is first mapped to a continuous
vector by an embedding matrix E € R¥*Y!, and causal self-
attention then computes a context vector 1, = ®(yy, ..., ;) €
R? from the full past sequence. (Concretely, the token y, € )
is first encoded as a one-hot vector e, € {0, 1} and the em-
bedding is the matrix-vector product Ee,, ; the variable y, itself
remains a discrete label throughout the framework.) Thus, y;
is discrete while /4, is continuous; the embedding step is ab-
sorbed into the deterministic map ®. The next token is drawn
from the emission kernel p(y;4 | A;) = softmax(Woy Ay )y, »
where the subscript y, 4 selects the component of the softmax
vector corresponding to the token y,; € V.

Since ® accesses the entire history and cannot in general
be reduced to a function of (4,_1, y;), this is an instance of the
general (nonrecursive) case: h, corresponds to the general map
®, and the joint process (%, y,;) is not Markovian. Note that
the model parameters for ®, and p, are both time-independent
in Transformers. (While the positional encoding added to each
token embedding depends on the token’s position within the
input sequence to &, this position is the argument index of the
function & and not its external time label 7.)

We remark that, in a multilayer Transformer, the key-value
pairs cached at each layer up to step ¢ (the KV cache) consti-
tute an alternative representation of the past. If one redefines
the latent state as the full KV cache, denoting it by #XY, then
the update at step ¢+ computes new key-value pairs at each
layer from A*Y, and y,, and the emission kernel p(y.+1 | A<Y)
is read off from the final-layer output. The resulting update
hEY = @(hKY,, y;) thus formally satisfies the recursive struc-
ture. However, 1<V consists of ¢ key-value pairs per layer per
head, so the dimensionality of the state space grows linearly
with ¢, violating the fixed-size requirement on 4, for large ¢.

RNN. An Elman-type RNN updates its latent state by
a two-argument recurrence i, = ¢(h;—1, y;) = tanh(Wyh,_; +
W,y; + b) (a nonlinear activation function) and predicts via
Pr1 | By) = softmax(Wouchy + bout)y,,, - This is the recursive
special case (Sec. II B). As in the Transformer case, y; is a
discrete token and 4, € R? is a continuous latent vector; the
product W, y, implicitly performs embedding via the one-hot
encoding of y,.

Steady-state Kalman filter. Consider a linear Gaussian sys-
tem x, .1 = Ax; + w;, y, = Cx; + v; with w, ~ N(0, Q), v, ~
N(0, R) independent. The true state x; has no counterpart in
our framework; we interpret the Kalman filter as a generative
model that reproduces the trajectory distribution of y;.

In the innovation representation of the Kalman filter, we set
h,—1 as %, (the one-step-ahead prediction). We also assume
that the Kalman filter has reached steady state. Then, p(y, |
h_1) = N(Ch,_y, S), with S = CPCT + R, where P is the
steady-state prediction error covariance. The recursive map
is the linear update ¢ : (h,y) — A[(I — KC)h + Ky], where
K = PCTS™!. This is the recursive special case with linear
activation and Gaussian output. In contrast to the Transformer
and RNN cases, both y, and &, are continuous variables here
(see Sec. VI for details).

SSM. By “SSM,” we mean a discrete-time linear state space
model layer (e.g., Refs. [47,48]) whose parameters A, B, and
C are time independent. The latent state is updated by h, =
Ah;_1 4+ By,, and the next-token distribution is obtained from
Ch, via an output projection and softmax. This is the recursive
special case with ¢ : (h,y) — Ah + By (where y stands for
its one-hot encoding ey, as in the Transformer case), which is
linear in both arguments. Since C is independent of the input
¥:, the emission kernel p(y;4i | ;) = softmax(Wou Chy )y, .,
depends on A, alone. As in the Transformer and RNN cases,
y, is a discrete token while #, € R is continuous.

Mamba (selective SSM). Mamba [49] introduces input-
dependent (“selective”) parameters: A(y;), B(y;), and C(y;)
are all functions of the current input y,. While the state update
hy = A(y;) hy—1 + B(y;) y; remains a deterministic function of
(h;—1, y:), the output projection involves C(y;) h;, so that the
emission kernel depends on y; as well as A;. Since y; cannot in
general be recovered from 4, alone, the SSM state 4, by itself
is not a sufficient statistic of the past for predicting y, 4.

To accommodate Mamba within the recursive frame-
work, it suffices to augment the latent state as i; = (h;, y;).
The augmented update is A, = ¢'(h,_;, y) = (AQy) b1 +
B(y;)y:, y:). This is a deterministic function of (4;_,, y;) and
preserves the recursive structure. As in the SSM case, y, is
discrete and A, is continuous, so the augmented state h, =
(h, y;) comprises both continuous and discrete components.

III. BACKWARD PROCESS AND ENTROPY PRODUCTION

In this section, we construct the backward process by
reusing the same architectural components in reversed tem-
poral order and define the entropy production as the KL
divergence between the forward and backward path measures.

A. Backward process

The backward process is defined by reusing the same emis-
sion kernels p, and deterministic maps @, in the backward
direction to produce a sequence in the reversed temporal order.
Concretely, we fix an initial latent state ho for the backward
process and generate a sequence (¥, ¥2, . . ., yr) according to
the following:

€))] By is updated deterministically: hy = d~>s(y1, Vo,

. F) for s=1,2,...,T, and hy= Py() is set to a
constant (initial condition).

(2) ¥541 is drawn from the conditional distribution
PsGs1 | By fors =1,....T — 1, and po(5; | ho) = p3y) is
the initial distribution of the backward process.
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The backward path probability is then given by

T-1

P_Grr) = [ [ sGosr | 551,92, - .
s=0

V) (6)

We now relate these notations to those in the forward process.
We interpret this backward process as generating the forward-
time sequence in reversed order. That is, we identify

Vs = Yr—s+1- (7N
We also set
ps=pr-ss=1,....T = 1),
b, =Or 1 (s=1,...,T), ®)

which is consistent with the standard notion of backward
protocols in stochastic thermodynamics (as explicitly shown
later). We note that we assume that y and % do not involve
any parity-odd quantity that changes sign under time reversal
(such as the momentum of the underdamped Langevin equa-
tion).

As mentioned above, the initial distribution of the back-
ward process is given by

PG = PoGit | ho), ©)

where fzo is a fixed constant. In our framework, it is natural
to assume that py is a known function chosen independently
of p(yr) in the forward process. On the other hand, another
natural choice in stochastic thermodynamics is

p(31) = pOyr), (10)

which means that the initial distribution of the backward pro-
cess is identical to the final distribution of the forward process.
We do not assume Eq. (10) in this paper unless otherwise
stated, because it is operationally intractable in our framework
in general. We emphasize that, also in the standard formu-
lation of stochastic thermodynamics, Eq. (10) is not always
assumed (e.g., Ref. [56]), and even in such cases the entropy
production still has a clear physical meaning, especially when
the initial distribution of the backward process is chosen to
be the Gibbs distribution with respect to a fixed Hamiltonian.
This point will be discussed in Sec. IV B in more detail, and a
concrete example will be illustrated in Sec. VI.

Since each @, accepts variable-length input, the map
@7 _s11 can be applied to the s-element backward sequence
(1, ..., ¥s), using the parameters (e.g., attention weights)
indexed by T — s 4 1. The backward process thus “runs the
same machinery in reverse”: The same operators &, and
kernels p, are reused, but they are invoked in the order ¢t =
T,T —1,...,1,0, and their input is the backward sequence
accumulated so far. Note that &7 () = ®( ) has no counter-
part in the forward process, but it just gives a chosen constant

hg.
Then,
T-1
P_(yr1) = 1_[ Pr—sOr—s | Pr—si 11, Y71, -+, YT—531))-
s=0
(11)

Here, pr for s =0 is introduced solely to denote the ini-
tial distribution of the backward process: pr(yr) = p(yr) =

PoOyr | o). We reindex by t =T — s (e, s =T — 1) to ex-
press this in forward-time indices and introduce the notation

g;:Ll(yT:t+l) =007, Y11, - Yi41) = hr_,. (12)

We finally obtain

T
P_Gr) = [ PO | 851 Gras))- (13)

t=1

See Fig. 1(b) for a graphical representation.

We emphasize that we cannot assume fzs = hr_s41 even
for the event that the time-reversed sequence ¥y = yr_gy; is
realized. This is because the reverse run of y, does not nec-
essarily produce the reverse run of /4, by applying the given
deterministic function @, in the reverse way, even for the
recursive case.

It is also important to distinguish the backward process
introduced here from Bayesian retrodiction P_ (y; | Yi+1.7)
(see Sec. VII); rather, in direct analogy with Crooks-type
stochastic thermodynamics, the backward process is obtained
by reversing the protocol implemented by p, and ;.

B. Entropy production

We now define the entropy production of the observed
sequence as the KL divergence between the forward and back-
ward path measures:

P (y.
S}, = DKL(P»()’I:T)”PE()’T:I)) = ]Epﬁ [ln M] >0

P_(yr.1)
(14)

Non-negativity follows from the general property of KL di-
vergence. This can be equivalently represented as

[ln M= pGen | £ (yu))]

[T 2O | 851 Ora41))
=Ep_[—In pyr) + In p(y1)]

I D (V41 |f;ﬁ()’1:r)) - (15)
PO | 851 Orat1))

Sy =Ep

—

If we assume Eq. (10), the first term becomes

Ep.[—Inp(yr) +Inpy)l ==Y p(yr)In p(yr)

yr

+Zp(y1)lnp(y1), (16)

M1

which is the change in the Shannon entropy of the single-time
marginal distribution in the forward process.

Correspondingly, the stochastic entropy production is de-
fined as

P (1)
) = In =201 17
o(ir)=1In P Or) (17)
which gives
Sy =Ep_ o)l (18)
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The integral fluctuation theorem [3-5] is automatically satis-
fied:

Ep. [6*0(}'1:1)] = 1. (19)

Here, rigorously speaking, the integral fluctuation theorem
requires that P, (y;.r) > O whenever P, (y7.;) > 0. This con-
dition is satisfied in all examples of Table I: For discrete-token
models (Transformers, RNNs, SSMs, and Mamba), the soft-
max emission kernel assigns strictly positive probability to
every token, while for the linear Gaussian case the forward
and backward path measures share the same support by con-
struction.

We note that S, depends not only on the forward path
measure P, (y;.r) but also on the specific decomposition
into emission kernels p; and deterministic maps &;, since
the backward process (13) reuses these architectural compo-
nents in reversed temporal order. This parallels a situation
in stochastic thermodynamics for non-Markovian processes:
The entropy production based on Crooks-type protocol re-
versal depends on the specific underlying dynamical model,
such as the memory kernel and bath structure in generalized
Langevin systems [13,14]. In the Markovian limit, the back-
ward transition kernel P (y; | y,+1) is naturally determined
by the forward process, consistent with the reduction to the
standard Crooks formulation [4] as shown below.

C. Recursive case

In the recursive special case of Sec. I B, we choose the
backward model so that its latent state is updated recursively
by

hs = ¢(hs—1, ). (20)

The graphical representation of the dependency structure is
shown in Fig. 2(b). We also assume that sy = ho.

As mentioned before, the reverse run of y, does not
necessarily produce the reverse run of i, by applying the
given deterministic function ¢. To explicitly see this, the
following small example suffices: Let T = 2, ¢(h, y) = 2h +
3y, and hg = ho = 0. Then, h; = 3y; and hy = ¢(h1,y2) =
#(3y1,y2) = 6y1 + 3yz. In the reverse run, hy =3y, and h, =
(b(h],y[) = ¢(3y2,y1) = 3y1 + 6y2 ObVlOUSly h] ;ﬁ ]’l2 and
hy # hy.

This mismatch has an important implication when one
considers the Markovian embedding x; = (4, y;), which is
available in the recursive case (see Appendix A for details).
From the above consideration, the forward and backward tran-
sition kernels of x, have disjoint support in general, so that the
entropy production Sy defined at the x level may diverge and
would not be informative. Even so, the entropy production of
y itself, S,, stays finite, as explicitly shown in Sec. VI for a
concrete example. This provides an additional motivation for
our approach, which defines the entropy production S, solely
through the path probabilities of the observed sequence y;.r,
without relying on a Markovian embedding.

Markovian case. As a further specific subclass of the
recursive class, we remark on the case where y; itself is
Markovian. Indeed, the standard formulation of stochastic
thermodynamics of Markovian dynamics can be regarded
as a special case of our formulation, where we can take
Dy, ...,y) =y so that h, =y, for all t. Then, automat-

ically g7 (vra1) = @7, yr—1, -+ Yip1) = yiy1. Equiva-
lently, ¢(h,y) =y gives h; = y; and h; = J,. Therefore, the
second term of Eq (15) reduces to

Z]EP [ln P Vet | )’t)i|

Py | Yit1)
which is exactly equivalent to the standard definition in
Markovian stochastic thermodynamics a la Crooks [4]. Here,
it is important that the forward transition y, — y;4; and the
backward transition y,; — y, are induced by the same kernel
p; with index ¢. If we further assume the local detailed bal-
ance condition, this term is regarded as —BQ, with B being
the inverse temperature and Q being the heat absorbed from
a thermal reservoir. We emphasize that we assume neither
Markovianity nor detailed balance in our general framework.

2y

D. Discussion

Let us clarify the relation of our definition of the entropy
production (14) to existing notions. A line of work directly
related to the present approach quantifies irreversibility on the
basis of the KL divergence between the forward and backward
processes [56]. Seminal works [7,8] adopted this approach for
the observed non-Markovian process; see also the stationary
Gaussian analysis of Ref. [12]. Closely related observed-
path constructions arise from marginal or coarse-grained path
measures, including lower bounds from coarse-grained tra-
jectories [6,9-11]. Another approach treats non-Markovian
physical dynamics by explicitly assuming the presence of
thermal reservoirs, especially generalized Langevin systems
with colored baths [13,14].

In contrast, in our deterministic-memory autoregressive
setting, each factor of the forward/backward path-probability
ratio is supplied directly by the model’s emission kernel
together with the deterministic-memory update. As a con-
sequence, S, is directly computable from the model itself
without empirical estimation of long-history conditionals, and
without introducing an auxiliary stochastic hidden-state dy-
namics.

Because our framework does not presuppose any thermal
reservoir, we impose no local detailed balance condition. In
particular, when the framework is applied to an LLM, S,
does not directly quantify the physical energy cost or heat
dissipation of the hardware that executes the model. If one
regards the full physical state of the computing device as a
Markovian process x; that generates the token sequence y,
(see Appendix A and assumptions there), the coarse-graining
inequality S, > S, implies that S, may serve as a lower bound
on the physical entropy production, but the two quantities are
in general distinct. For a concrete physical implementation,
the actual dissipation depends on hardware-specific details
and is therefore not determined by S, alone. Quantifying
the tightness and operational significance of this bound for
specific hardware architectures remains an open problem.
Constructing a simplified physical model that explicitly im-
plements the autoregressive update and comparing S, and Sy
would be a worthwhile direction for future work.

In all architectures listed in Table I, the only externally
observable variable is y;. The latent state h, = &,(y1,...,y;)
is a deterministic function of the observed history and
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carries no independent stochastic degrees of freedom. On
the other hand, behind the observations y, there may exist a
true environmental state x, whose dynamics generates y,. The
Kalman filter example (Sec. VI) makes this explicit: x, evolves
as x;4+1 = Ax; + w, and produces observations y, = Cx; + v,
but x; has no counterpart in the framework. In the case of an
LLM, there are at least two fundamentally different candidates
for such a state x;: the physical internal state of the hardware
executing the model, and the state of the real-world process
that the text describes.

Meanwhile, the asymmetry between forward and back-
ward modeling of natural language has been studied from
machine-learning perspectives. Reference [57] quantified the
irreversibility of language models by separately training the
backward model on the time-reversed dataset of natural lan-
guage, which is distinct from our definition of the backward
process for which the same model as the forward process is
used. Reference [58] computed the per-trajectory difference
between forward and backward losses under a single model,
but the model itself is trained on both directions. Note that
neither work formulated a connection to stochastic thermody-
namics.

We also remark on terminology. Reference [59] intro-
duced a quantity called the entropy production rate for LLMs,
defined as the average Shannon entropy of per-token predic-
tive distributions; this involves neither time reversal nor a
latent-state architecture, and is conceptually distinct from our
entropy production Sy (14).

IV. ESTIMATION OF ENTROPY PRODUCTION

The entropy production S, defined in Eq. (14) involves
the log-ratio of the forward and backward path probabilities
summed over all time steps. A central question for practical
applications—particularly for LLMs and other large-scale au-
toregressive models—is whether S, can be estimated from a
finite number of sampled trajectories. In this section, we show
that the structure of the autoregressive framework (Sec. I[I A)
makes S, itself efficiently computable by standard Monte
Carlo sampling. This sampling method will be applied to
GPT-2 in Sec. V A as a proof-of-concept demonstration with
a pretrained language model and will be demonstrated in
Sec. VIE for the linear Gaussian case. We further show
that temporal coarse-graining, in which the backward pass
reverses the order of blocks rather than individual tokens, can
be evaluated at the same per-trajectory cost (Sec. IV D).

A. Sampling cost for general non-Markovian processes

To clarify why the present framework is special, it
is instructive to first consider the generic situation. Sup-
pose one observes a non-Markovian stochastic process y;
from an unknown source (e.g., a physical experiment) and
wishes to estimate the entropy production of the form
Ep [}, InP (g1 | y12) —=InP(y; | y7441)]. The condi-
tional probability P_, (y;+1 | ¥1.) is then an unknown function
of the entire past history. Estimating it from data requires
observing many trajectories that share the same prefix y.;
in a continuous or large observation space, the number of
such coincidences is negligible, and the required sample size

grows combinatorially with the length of the conditioning his-
tory. No compression is available unless one makes additional
modeling assumptions.

B. Tractability within the autoregressive framework

The framework of Sec. I A circumvents this difficulty
through the following structural features that make the path
probabilities directly evaluable.

Deterministic latent state. The latent state h; =
®,(y1,...,¥) is a deterministic function of the observed
history. Given a single trajectory y;.r, every latent state
ho, hy, ..., hy is uniquely determined without any stochastic
marginalization. This is in sharp contrast with models with
stochastic latent states, such as hidden Markov models, where
PO I yia) = 3, POt | Xi40)P(xig1 | y1y) involves a
sum over latent states x, rather than a direct evaluation from
a deterministic state.

Explicit emission kernel. The conditional distribution
p: (Vi1 | hy) 1s an explicit, evaluable function provided by the
model. For a Transformer-based LLM, this is the softmax
output:

exp ((Woul he )y, /T)

> " exp (Wou 1)y /7)
y

PO | ) = ; (22)

where t > 0 is the temperature parameter (usually set to 1).
No additional sampling or density estimation is needed to
obtain In p;(yi11 | ).

Boundary distributions. The initial distributions of the
forward and backward processes are also explicit. In the
forward process, the initial distribution is given by p(y;) =
po(y1 | hy), which is a known function of y; if py and kg are
given. In the backward process, the initial distribution is given
by Eq. (9), i.e., p(51) = po(§1 | ko), which is also a known
function of §; if py and ho are given. This is precisely the
strategy adopted in the linear Gaussian example of Sec. VI,
where p(31) = N (C%1j0, S). These choices make the bound-
ary terms directly evaluable for any sampled trajectory. On
the other hand, if one adopts Eq. (10), i.e., p(¥;) = p(yr),
then evaluating this term requires computing the marginal
distribution p(yr) = Zy“....,yr_l P_, (y1.r), which involves a
summation (or integration in the continuous case) over the
entire set of earlier observations and is in general intractable.

C. Cost estimates for specific architectures
Using the product decompositions (15), the stochastic en-
tropy production is written as

T-1

o)=Y Inp it | £ G1))

t=0

forward log-likelihood

T
=) Inp il g Ores)). (23)

t=1

backward log-likelihood

For a single sampled trajectory y;.7 ~ P_,, each term in the
sum is obtained as follows.
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(1) Forwardpass: Feedyy, v, ..., yr sequentially into the
model. At each step ¢, the model computes i, = f;~ (y1,) and
outputs In p,(yi+1 | hy).

(2) Backward pass (evaluation only): Feed the reversed
sequence yr, yr_i, ..., y] into the same model (with the same
emission kernels p, and maps ®, invoked in reverse temporal
order, as specified in Sec. III A). At backward step s, the
model processes yr, ..., Yr—s+1, computes fzs, and outputs
Inpr_s(yr—s | fzx). Note that sampling from the backward pro-
cess is not necessary to evaluate (23).

Each of the two terms in Eq. (23) is computationally iden-
tical to a single log-likelihood evaluation: Given a sequence
1, .., ¥r), compute the sum Z, In p,(y;+1 | hy) by feeding
the tokens through the model. This is one of the most basic
operations in autoregressive modeling; it is in fact performed
during training (where the negative log-likelihood serves as
the loss function). Note that o (y;.7) evaluated on a single
trajectory y;.r, without taking the sample average (24) below,
is itself the stochastic entropy production for that particular
realization. It therefore provides trajectory-level information
about the irreversibility of the process.

The entropy production is then estimated by Monte Carlo
averaging:

N

1
Sy=Ep 0]~ & > o) (24)

n=1

For a target accuracy e, the required number of sample trajec-
tories scales as N = O(Var(o)/€?). Thus, the estimator has
the standard N~!/2 Monte Carlo convergence, with no ad-
ditional combinatorial overhead from enumerating histories.
In general, Var(o') itself may depend on the sequence length
T and on the statistics of the process. In Appendix B2, we
numerically demonstrate convergence of the estimator (24) for
T =120 and N =~ 500.

The total computational cost of the Monte Carlo estimator
(24) is written as

Ctolal = NC] ) (25)

where C; is the cost of evaluating o on a single trajectory.
Here and below, “cost” refers to the number of floating-point
operations, the standard hardware-independent measure of
arithmetic complexity for numerical computations. Since o
requires one forward and one backward pass, and each pass is
a log-likelihood evaluation, the per-trajectory cost is

C =2C, (26)

where Cp 1, denotes the cost of a single log-likelihood evalua-
tion for the architecture in question.

Roughly speaking, the cost Cyy, of a single log-likelihood
evaluation scales at most as O(T?) for Transformers [38]
and as O(T) for recursive architectures such as RNNs
[42,43] and state space models and Mamba [47-49]; in
particular, no combinatorial overhead from enumerating non-
Markovian histories enters either factor in Eq. (25), the only
T-dependence of N being the Monte Carlo factor Var(o).

D. Temporal coarse-graining

When our framework is applied to language models, the
backward process (13) evaluates the path probability of the
token sequence in reversed order. For instance, given the for-
ward sequence y;.4 = (This, is, a, book), the backward path
probability is that of (book, a, is, This), which is extremely
small under a model trained on natural language. The entropy
production is then dominated by this artifact of token-level
reversal, rather than by physically or semantically meaningful
irreversibility that may reflect the structure of the real-world
processes described by the text.

A natural approach to this issue is temporal coarse-
graining: reversing the order of blocks of tokens rather than
individual tokens. In this subsection, we restrict to the time-
homogeneous case

pr=p, & =& forallt, 27

with a common initial latent state sy = ho. This is the set-
ting directly relevant for typical pretrained LLMs, in which a
single set of model parameters is applied at every time step.
Under Eq. (27), the forward path probability (3) becomes
T—1
PO1r) =[] pOrst | @010, (28)
=0
where ®() = hy.
To define coarse-grained reversal, we group consecutive
tokens into blocks

Vi = V@e—1)i41s - -« Ye1) (29)

of length [ (with T = T'1) and define the block-reversed token
sequence

~/ _
Yp = (y<f—1>l+1’ e YTL YT -1 - - Y-

/ J/
V7 Y1

..,yl,...,y1>, (30)
N ———’
Y

which concatenates blocks y’T, y’T_], ..., Y} in reversed block
order while preserving the token order within each block. For
example, with T =6, [ = 3, and y;., = (a, b, c,d, e, f), the
token-level reversal is (f, e, d, c, b, a), while the block-level
reversal is ¥|., = (d, e, f,a, b, ¢).

If one chooses the blocks at the level of sentences or
“episodes” (contiguous segments forming semantically co-
herent units), the backward sequence reverses the order of
episodes but generates the tokens within each episode in
the forward order. The intraepisode conditional probabilities
would remain those of natural language, and thus the entropy
production would be governed by interepisode retrodiction,
which may carry a more interpretable signal. This expectation
is consistent with the GPT-2 demonstration in Sec. V.

Since the model is time homogeneous, the coarse-grained
backward path probability is simply the path probability of the
block-reversed sequence evaluated by the same model:

P_(y}.)) = P .4)- €19}
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The coarse-grained stochastic entropy production for a single
trajectory yi.r ~ P, is then

o' (i) = InP(yir) — NP3, 5), (32)

which is the difference in log-likelihood between the original
text and its block-reversed version, both evaluated by the same
model in a single forward pass each.

Since the block-reversal map is a bijection on VT, P, is
a normalized distribution on y;.7. The coarse-grained entropy
production

Sy, =Ep_[0'] = Dgr. (P~ (1) IIP_(5,)) = 0

is non-negative as a KL divergence, and the integral fluc-
tuation theorem Ep [e®1=1 follows directly from the
normalization of P, . The Monte Carlo estimator takes the
same form as (24): S; ~ & Y o/ 017,

Concretely, o/(y.7) is evaluated as follows. Given a single
sampled trajectory y;.r, the forward log-likelihood In P(y;.r)
is obtained by the standard forward pass: Feed y;, y2, ..., yr
sequentially into the model, compute the latent states h, =
®(y1,) at each step, and accumulate ), In p(y,11 | ). For
the second term, one constructs the block-reversed token se-
quence 5/1:T (30) and feeds it into the same model as if it were
an ordinary input sequence: The model computes new latent
states /11, hy, . .. by applying ® to successive prefixes of y’ﬁ,
and one accumulates the log-likelihood of each token in j/ﬁ

(33)

conditioned on the corresponding £, yielding In P(-)N/I:T)' No
sampling from the backward process is required; the entire
computation consists of two forward passes of the model
(one on the original sequence and one on its block-reversed
version), so the per-trajectory cost is C; = 2 Crr, the same as
for the token-level o (26). Setting [ = 1 reduces the block-
reversed sequence to the fully reversed sequence, and (31)
recovers the token-level backward path probability (13).

The construction extends to variable-length blocks. Let S
be a segmentation rule that partitions every sequence y;.r into
consecutive blocks By, ..., By of possibly unequal lengths
summing to T. Given a forward sample y;.; ~ P, one applies
S to obtain the blocks, concatenates them in reversed order
Rs(y1.7) = ByBi—1 - - - By, and evaluates the log-likelihood of
Rgs(y1.7) under the same model; the stochastic entropy pro-
duction is again o'(y;.r) = In P(y;.r) — In P(Rs(y1.7)), as in
Eq. (32). For P(Rs(y1.7)) to be a normalized distribution [and
hence for Eq. (33) to remain a valid KL divergence], Rg must
be a bijection. A natural strategy is to segment at every occur-
rence of a distinguished delimiter token (e.g., a sentence-final
period or an end-of-sentence marker) and to require that yr
itself be such a delimiter. In this case, the segmentation of the
reversed sequence is uniquely determined, and thus Ry is a
bijection on the restricted space conditioned on this terminal
constraint. We then replace P with the conditional distribution
P., which leaves o’ unchanged. The fluctuation theorem for
the coarse-grained entropy production is then satisfied:

Eple™® )] = 1. (34)

V. PROOF-OF-CONCEPT EXPERIMENT WITH GPT-2

As a demonstration of the estimation method formulated
in Sec. IV, we evaluate the stochastic entropy production

for a pretrained Transformer-based language model, GPT-2
(124M parameters) [39]. Since GPT-2 uses time-independent
parameters, it satisfies the time-homogeneous condition (27),
and the path probability takes the form (28). For each text
yi.7, Wwe compute two quantities: The first is the token-level
stochastic entropy production, here written as Oyoken, and the
second is the block-level stochastic entropy production with
variable-length blocks (32), written as opjck. The segmen-
tation and reversal are both performed at the level of the
token-ID sequence.

In the following, we evaluate these quantities for the tra-
jectory probabilities of GPT-2, using sampling from GPT-2
itself (Sec. V A) and using fixed (externally prepared) text sets
(Sec. VB).

A. Monte Carlo sampling from GPT-2

We generate sequences of T = 120 tokens from GPT-2
(see Appendix B 1 for details). Sampling is carried out by
an explicit autoregressive loop that draws one token at a
time using the model’s KV cache, rather than by the library’s
default model.generate () method; this excludes any post-
processing that deforms distributions, and ensures that exactly
T tokens are always produced. The forward log-likelihood can
be accumulated from the same logits used for sampling.

The path probability P(y;.7) in Eq. (28) includes the t = 0
factor p(y; | ho), where hy = ®() is the initial latent state.
We compute this factor by conditioning on GPT-2’s spe-
cial <|endoftext|> token as the initial token. Intuitively,
this choice of the initial token means that any user-specified
prompt is absent. The same initial token is used for both the
original and reversed sequences, so that the common initial
latent state g = hyg is satisfied.

For the token-level entropy production oioken, We use each
generated sequence of length 7. For the block-level en-
tropy production opjock, We truncate each sequence at the last
sentence-final punctuation token so that yrs is a delimiter,
as required by the bijection condition (Sec. IV D), where
T’ < T denotes the truncated length. Sequences containing no
sentence-final punctuation are excluded from the block-level
analysis but retained for the token-level one. For each sam-
ple, we compute the token-level per-token entropy production
oroken/ T using the full sequence, and the block-level ook /T
using the truncated sequence. Additionally, for the sake of
comparison, we compute the token-level entropy production
Otoken(T") = Otoken (¥1:7) ON the same truncated sequence used
for the block-level analysis.

Figure 3 shows the resulting distributions of the stochas-
tic entropy production. The token-level values [panel (a)]
are concentrated well above zero, confirming the large
irreversibility of token-order reversal: The token-level en-
tropy production is dominated by the artifact of syntactic
destruction—a reversed token sequence such as “book a
is This” receives extremely low probability under GPT-2.
This dominance of the syntactic artifact in oy, motivates
the block-level coarse-graining, which has no counterpart in
previous studies of forward-backward asymmetry in LLMs
[57,58]. In fact, the block-level values shown in Fig. 3(b)
are much smaller, which is consistent with the discussion in
Sec. IV D. Note that the reference distribution ooen(77)/T/,
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FIG. 3. Distribution of the per-token stochastic entropy production for sequences of 7 = 120 tokens sampled from GPT-2 (no top-k or
nucleus truncation). The temperature parameter is T = 1. (a) Token-level reversal oyen/7T, computed on full generated sequences (filled
purple); the dashed orange step histogram shows the reference o, (77)/7T’, i.e., token-level reversal applied to the truncated sequences of
length T'. (b) Block-level reversal oy /T, where each sequence is post hoc truncated at the last sentence-final punctuation token (length
T’ < T). Dashed red lines indicate the sample means; the dotted orange line in panel (a) indicates the mean of the reference distribution.
We collect samples until N = 500 of them satisfy the bijection condition for block reversal [panel (b)]. Samples that fail this condition are
excluded from the block-level analysis but retained for the token-level one, so the token-reversal count in panel (a) is slightly larger (namely,

516). Note the different horizontal scales between panels (a) and (b).

overlaid in panel (a), has almost the same mean as that of
Otoken/ T, indicating that the much smaller block-level values
in panel (b) are mainly due to the coarser reversal rather than
the truncation from T to T".

We also numerically observe that, for both token reversal
and block reversal, the Monte Carlo estimate of the entropy
production converges to a positive value by around N = 500
(see Appendix B 2 for supplemental numerical results, includ-
ing a verification of the integral fluctuation theorem for token
reversal, as a consistency check).

The token-level Monte Carlo sampling without truncation
[the filled purple in Fig. 3(a)] is taken over the true dis-
tribution P(y;.7) of GPT-2, which exactly fits our general
theoretical description. For the block-level reversal, however,
the estimated quantity deviates from the true distribution
in two respects. First, sequences lacking any sentence-final
punctuation are excluded; this exclusion rate is about 3% in
our experiment. Second, each retained sequence is truncated
at the position of its last delimiter. Denoting the trunca-
tion point T'(yy.7), the block-level Monte Carlo estimator
converges to E, . ~p/[oviock 1:77) /T’ (y1.7)], where P’ is the
conditional distribution under the abovementioned exclusion.
Therefore, rigorously speaking, our Monte Carlo estimate for
the block-reversal case deviates from the ideal theoretical set-
ting described in Sec. IV D. However, we expect this deviation
to be small, given that the analogous deviation for token-level
reversal is minor [compare the filled purple and dashed orange
distributions in Fig. 3(a)].

In addition, the dependence of the coarse-grained entropy
production on the block scale, for both fixed-length blocks and
k-sentence superblocks, is examined in Appendix B 3 (Fig. 9).

B. Evaluation of externally prepared texts

An important challenge is to clarify the meaning and im-
plications of the entropy production at both the token-reversal

and block-reversal levels, when applied to real language mod-
els. As a first step in this direction, we present an experiment
in which we evaluate the stochastic entropy production of
GPT-2 on externally prepared texts, rather than on sequences
generated by GPT-2 itself. This is still meaningful as a
probe of GPT-2, because the stochastic entropy production
quantifies the irreversibility of a single realized trajectory.
A practical difficulty, however, is how to prepare test texts
systematically while avoiding arbitrary choices by the experi-
menter.

To address this issue, we use multiple input-text gener-
ators and examine whether the observed causal/noncausal
difference depends on the model used to prepare the texts.
Specifically, we submit the same fixed prompt to five language
models: Claude Opus 4.6, Claude Fable 5, Gemini 3.1 Pro,
GPT-5.4 Pro, and GPT-5.6 Pro. For each generator, we pre-
pare the following two sets of English-language texts, each
containing 100 four-sentence samples:

(1) Causal texts: Short narratives in which the sentences
describe a temporally ordered chain of events (e.g., “The glass
slipped from Alice’s hand. The glass fell to the floor. The glass
broke into many pieces. The glass left a wet stain on the tile
floor”). Reversing the sentence order yields a description in
which effects precede their causes.

(2) Noncausal texts: Collections of independent factual
statements whose ordering carries no temporal or causal im-
plication (e.g., “The library lent a heavy atlas. The library
hosted a chess tournament. The library displayed old framed
photographs. The library received a donated wooden shelf
from a volunteer”). Reversing the sentence order leaves the
meaning essentially unchanged.

The two examples above are included as fixed entries in
every corpus. To make the surface form of the two sets more
comparable, the prompt imposes a common format: All four
sentences in each text begin with the same noun phrase, every
sentence is written in the simple past tense, and pronouns,
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FIG. 4. Distributions of the stochastic entropy production evaluated using GPT-2 for the fixed texts generated by the five input-text
models. (a) Token-level reversal oyen/T . (b) Sentence-block reversal oyock /T . For each generator, red and blue denote the 100 causal and
100 noncausal texts, respectively. All individual observations are shown with horizontal jitter, and no observations are removed as outliers.
Boxes span the interquartile range, horizontal lines indicate the median, whiskers extend to the most extreme observation within 1.5 times the
interquartile range from the box, and black diamonds indicate the mean. Since the input texts are not sampled from GPT-2’s distribution, the
averages of o are not guaranteed to be non-negative. Note the different vertical scales in the two panels.

demonstratives, and intersentence connectives are excluded.
The complete text sets, prompts, analysis code, and raw
numerical results are provided in the GitHub repository (see
the Data Availability statement).

For every text, both the token-reversal quantity oyoken/T
and the sentence-block-reversal quantity opock/7 are evalu-
ated using the same GPT-2 model; the five models listed above
are used only to generate the input texts.

The resulting distributions are shown in Fig. 4. The token-
level difference between the two categories varies strongly
across input-text generators, whereas the block-level differ-
ence is consistently larger for the causal texts.

For each generator and reversal scheme, we compare the
causal and noncausal samples using a two-sided asymptotic
Mann-Whitney U test under an independence approximation.
We quantify the direction and magnitude of the difference by
the rank-biserial correlation

_ e | _N--N

nchnc nchnne

(35)

where Uc is the Mann-Whitney statistic for the causal sample,
nc and nyc are the causal and noncausal sample sizes, and N-.
(N.) is the number of cross-group pairs for which the causal
value is larger (smaller) than the noncausal value. Tied pairs
contribute one half to Uc and zero to N. — N_. Thus, —1 <
r < 1: r > 0 means that the causal value tends to be larger,
r < 0 means that the noncausal value tends to be larger, and
r = 0 indicates no net pairwise ordering preference.

Figure 5 reveals a qualitative difference between the two
reversal schemes. For token reversal, the causal/noncausal
difference depends strongly on the input-text generator: Three
of the five models show significantly smaller oioken/7T for
the causal texts (r = —0.46 to —0.20), while the other two
show small positive estimates whose 95% confidence intervals
include zero. This variation, which far exceeds the sam-
pling uncertainty, is consistent with sensitivity to generator-

specific stylistic or structural properties, although the
present experiment does not identify which such properties
drive it.

For block reversal, in contrast, every significant difference
(three of the five generators) is in the direction of larger
opiock /T for the causal texts (r = +0.26 to +0.46), which
is the direction expected by construction. The remaining two
estimates are positive but small and not significant, and no
generator shows a significant difference in the opposite direc-
tion. That is, the magnitude of the block-level effect varies
across generators, but its sign always agrees with the expected
direction. Detailed values of U, p, and r are reported in Ap-
pendix B 4.

These results favor block reversal over token reversal as
a probe of intersentence ordering in the present setting: Its
response to the causal/noncausal manipulation is consistent in
sign and interpretable in terms of event ordering.

In Appendix C (Figs. 10 and 11), we repeat the experiment
with the same five corpora but with a substantially larger
evaluator, Qwen3-4B-Base (4.0 billion parameters). The
block-level difference is then statistically significant for all
five generators (largest p = 0.045, Table III; all five individual
unadjusted tests are significant). In contrast, the token-level
difference remains generator dependent, with significant ef-
fects in both directions. This reevaluation thus supports the
GPT-2 results with improved statistical resolution.

We do not claim, however, that these results establish
oviock /T as a general quantitative measure of causal structure.
The causal/noncausal labels are defined by the generation
prompt rather than by a formal criterion, and correlations
between these labels and generator-specific stylistic features
cannot be completely excluded. A more rigorous assessment
would require a prompt-independent definition of causal or-
dering; constructing such a definition remains an important
direction for future work.

Finally, our “causal” and “noncausal” categories do not
rigorously distinguish mere temporal ordering from genuine
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FIG. 5. Cross-generator comparison of the causal/noncausal difference in the per-token stochastic entropy production evaluated by GPT-
2. The labels on the vertical axis indicate the language model used to generate each input-text corpus. (a) Token-level reversal oioken/T -
(b) Sentence-block reversal oy e /T . Each point is the rank-biserial correlation r defined in Eq. (35) for 100 causal and 100 noncausal texts.
Positive values indicate that the causal texts tend to have larger values than the noncausal texts. Error bars show pointwise 95% percentile
bootstrap confidence intervals obtained by resampling independently within the two text categories (B = 10*). All observations are included;

no outlier removal is performed.

causal dependence—a distinction that is inherently difficult
even in principle [60]. Recent work has shown that LLMs in
fact tend to confound these two relations [61].

VI. LINEAR GAUSSIAN CASE: KALMAN INNOVATION
REPRESENTATION

As an analytically tractable demonstration of the general
framework, we specialize to the linear Gaussian case, where
the autoregressive model coincides with the innovation repre-
sentation of the steady-state Kalman filter [44—46]. We obtain
an analytical expression for the entropy production S, by
introducing the innovation reversal matrix R, which is also
verified by Monte Carlo sampling.

We note that Refs. [62—-65] studied entropy production
associated with the information flow between the signal pro-
cess x; and the observation process y; in continuous-time
Kalman-Bucy and nonlinear filters. In contrast, the quantity
computed below is the KL divergence between the forward
and time-reversed path measures of the observation sequence
v, alone, with no reference to the underlying state x;.

Separately, thermodynamic aspects of linear Gaussian sys-
tems involving Kalman filtering have also been explored from
complementary perspectives in Refs. [55,66—68]. We note that
the entropy production in continuous-time linear Gaussian
systems has also been analyzed in the context of multivariate
Ornstein-Uhlenbeck processes [69-71].

A. Setup

Consider a linear Gaussian process with state dimension 7,
and observation dimension 7,:

Wy ~ N(Os Q)v (36)

X1 = Ax, + wy,

Y =Cxi +v, v~ N(O,R), 37

where we assume, for simplicity, A € R™*™"  C € R™*"™,
0 € R™*™ (positive semidefinite), and R € R™*™ (positive
definite) are all time independent. The noise sequences {w;}
and {v,} are mutually independent and independent across
time.

We assume that the Kalman filter [44] has reached steady
state (see, e.g., Ref. [45] for standard results used below).
Then, the following relevant quantities are all time indepen-
dent: The prediction error covariance P is given by the positive
semidefinite solution of the Riccati equation

P=AP —PC"(CPC" +R)"'CP)AT + 0, (38)

the innovation covariance is given by S = CPC" + R, and the
Kalman gain is given by K = PCTS~!. This stationary as-
sumption concerns the filter parameters only; by itself, it does
not imply that the finite-time observation path probability is
stationary.

To connect with the general framework of Sec. IT A, note
that the true state x; in Egs. (36) and (37) has no counterpart in
our framework: It appears neither in the latent state /4, nor in
the emission kernel p,. Instead, the latent state is identified
as h; = X411, the one-step-ahead predicted estimate (with
ho = %1)0), which is a deterministic function of past obser-
vations yi, ..., ¥, and the emission kernel is p;(y;+1 | b)) =
N(Chy, S). The generative process of Sec. VIB thus pro-
duces y;.r entirely through the deterministic-stochastic loop
between 4, and y,11, with x; absent; this is the sense in which
we regard the Kalman filter as a generative model (see also
Sec. I1 C and Table I).

B. Forward process

The generative process produces a sequence yi, y2, ..., yr
as follows. Fix an initial predicted state estimate Xy
(e.g., %10 =0). Then, forr =1,2,...,T:

(1) Draw an innovation: Sample e, ~ N (0, S) indepen-
dently.

(2) Generate the observation: Set

Vi = Cxj—1 + ;. (39)

(3) Kalman filter update: Compute the next predicted state
estimate deterministically:

)%tlt = )ACt|1—1 + K@ — C)ACt|t—1)s (40)

Xt-ﬁ-lll ZAﬁtlt' (41)
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Since e, = y; — C%;;—1 and X%, is a deterministic function
of yi, ..., y:—1, the conditional distribution is

Vil yi—1 ~ N(C-i'ﬂt—la S).

By the innovation decomposition [45], the joint density of the
forward path is

(42)

T
P (i) =[[NV(e30,9)

t=1

T
! ! T -1
= (27)Tm/2(det §)T/2 eXp(—E Z e S et)'
t=1
(43)

This coincides with the marginal distribution of y;.r obtained
by integrating out the states x;.7 in the original dynamics, for
a compatible initial distribution of x;. Hence, for any fixed ini-
tial predictor Xy)o, the forward path vector y;.7 = (y1, ..., yr)
is Gaussian:

P, (y1.1) = NQyirsm, X),

where m and X are the mean vector and the covariance matrix,
determined by the update rule described above. If %o =0,
then m = 0; this is always assumed in the following.

Combining the filter update (40) and prediction (41) and
iterating from X9 = 0, one obtains the causal moving-average
(innovation) representation [45,46]

(44)

t

v =Y H e, (45)
k=1
where the impulse-response coefficients are

Hy=1,, H=CAK (>). (46)
With the stacked vectors y=(y/,...,y;)" and e=

(e],...,e;)", Eq. (45) reads
y = He, (47)

where H € RT%>T™ s the block lower-triangular matrix with
(i, j)block H;_; fori > j and zero otherwise. The covariance
matrix of e is given by

Ep [ee']=1Ir ®S, (48)

where I7 is the identity matrix of the auxiliary T'-dimensional
system that encodes the labels of time and ® denotes the
tensor product between the auxiliary space and the original n,-
dimensional space. The path covariance matrix is then given
by

T=FEp [yy' l=HUr @SH". (49)

C. Backward process

Following the general protocol described in Sec. IIT A, we
run the generative mechanism of Sec. VIB on the backward
sequence yi.r:

(1) Draw an innovation: Sample &% ~ N(0, S) indepen-
dently.

(2) Generate the observation: Set

Jo=Cif_ +& (50)

(3) Kalman filter update: Compute the next predicted state
estimate deterministically:

~B ~B ~ ~B
Xgls = xsls—l + K(yY - Cxxls—l)’

s|s

(51
(52)

We set the initial condition as fcﬁo = Xy)0.

Since each innovation in the generative process is an inde-
pendent draw from A/ (0, S), the backward path density is the
product of the densities N (éf; 0, S) evaluated at the values
(50

T
P_(rr) = l_[/\/(éf;(), S)

s=1

T

! ! 5B\ T ¢—15B
= 22 (det $)T/2 exp(—z Z @)'s eX)_

s=1
(53)

Here, we do not assume Eq. (10) but assume that ¥, is sampled
from an independent Gaussian distribution ' (C%, o, S). Since
the forward and backward path probabilities [Egs. (43) and
(53)] share the same functional form,

P_(§) =N(F:0, %). (54)
We now consider the particular event that the backward-
trajectory realization is the exact time-reversal of the forward
trajectory,

Vs =yr—st1, s=12,...,T. (55)
With the time-reversal (permutation) matrix
o ... 0 Iny
J = 0 o I':’vv | e RTm*Tn, (56)
L 0 0

we have Jy = (v}, ... ,yI)T. Note that J =JT =J~! and
detJ = +£1. By substituting § = Jy into Eq. (54),

P_(Jy) =N(y;0, %), (57)

with covariance

~

T =J3J. (58)

Therefore, the sampling of observed trajectories in the back-
ward process can be mapped to the sampling in the forward
process, just by applying J as above.

We now introduce (e, €5, ..., e8) viaJy = He®, that is,
(59)

ef =H"Uy.
Note that H is always invertible because the diagonal blocks
are given by Hy = I,. From y = He, ef is related to the
original forward innovation as

e? = Re, (60)
where we introduced the innovation reversal matrix
R =HJH. (61)
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The backward path density (53) defines a probability measure
P. on the space of observation sequences via the gener-
ative process (50)—(52), in which the innovations éf are
independently sampled from N(0, S) and causally produce
the observations ¥;. To compute the entropy production o =
InP_(y) —InP_(Jy) for a given forward realization y, one
needs the value of P_(Jy). This value is obtained without
sampling from the backward process: One substitutes j; =
yr—s+1 into the density (53), which requires the innovations
éf as a function of the observations. To this end, one reads
the relation (50) in the reverse direction: given an observa-
tion ¥y, one extracts the innovation as &% = j, — C)Acﬁsfl’ and
then updates the state via Eqs. (51) and (52). Substituting
the particular values §; = yr_;1 and writing €® for the re-
sulting innovations, one obtains, starting from fcﬁo = %10, for

s=1,2,...,T,

e =yr_ —C&5_ . (62)
&5, =20 +Kel, (63)
&2, = ARL (64)

This is precisely the operation encoded by H~' in ef =
H~'Jy: It runs the Kalman filter on the time-reversed ob-
servation sequence (yr,yr—i,...,Yy1) and deterministically
extracts the innovation at each step. We note that fcfls_l is
not the time reversal of %,,_; even when J; = yr_,, as
mentioned for the general case in Sec. IIL.

For the particular realization J; = yr_sy1, the quantities éf
and e? take the same numerical value, since they are computed
by the same recursion applied to the same input sequence; the
distinction lies solely in the probability distributions. In the
backward generative process, & is the independent random
input that produces j; via Eq. (50); under P, it is indepen-
dent and identically distributed (i.i.d.) according to A/ (0, S)
by construction. In contrast, e is deterministically extracted
from the forward trajectory y;.r via Egs. (62)—(64); under P_,,
ef = [Re]y is in general correlated across time steps and not
identically distributed. It is precisely this mismatch between
the i.i.d. statistics assumed by the backward model and the
actual statistics of ef under P_, that gives rise to a nonzero
entropy production.

D. Analytical expression for entropy production

In general, the KL divergence between two Gaussians
N(uy, 1) and N (12, X7) is (see, e.g., Ref. [72])

Dxt NV (1, TOIN (2, 7))

1
= §|:tr(22121) + (1 — w2) T2 — )

—d+1n (65)

det X,
det E] ’

where d is the dimension of the random vector.

We now evaluate each term with u; = pp =0, &) = %,
¥, =X =JXJ (58), and d = Tn,. Since both distributions
have zero mean, the quadratic mean-difference term vanishes.

Since J is an orthogonal matrix (J TI=1D,

det £ = det(JEJ) = (detJ)> det T = det . (66)
Therefore,
In 22 _ g 67)
det®

The inverse of ¥ is L '=(JZJ) '=/-lx-1J-1=75"1J,
where we used J~! = J. Thus,
r(E'Y) = a2 U, (68)
Combining Egs. (67) and (68) into Eq. (65), we obtain
DL (P (WIIP-Jy)) = %[U”(JEAJE) —Tnyl.  (69)

We next rewrite Eq. (69) in terms of R (61). From the factor-
ization (49) and by letting G =H ', 2 ' =Gy @ S™HG.
Substituting into the trace term in Eq. (69) and using the cyclic
property of the trace together with J = J T = J~!,

r(JT"US) =tr ((IT QS HGIHUr @ SYHTIGT )
R RT
(70)
Therefore, we obtain

=3 (r @ STHRUr @ HRT) =Tyl (71)
Meanwhile, since e? = Re and e ~ AV (0, Iy ® S) under the
forward measure P_,, each ef = Z,{zl [R]srex has covariance

T
28 =Ep [5(F) ] = Y [RluEr.leel 1IRT,
k=1 S5

T

> [R14SIRI. (72)

k=1

where the subscripts run over the auxiliary subspace of the
time indexes. Thus, Eq. (71) can be written as

1 T
D (P-WIP- () = 5 3 [u(S7'E) = m]. (73)

s=1

By noticing that

Er.[(¢f)'s7ef] = u(s'xP), (74)
Eq. (73) can be further rewritten as
e -
D (P WIPUy) = 5 3~ (Br[(ef) 8 "el] = n).

s=1

(75)

As a consistency check, we directly calculate the log-ratio of
the forward and backward path probabilities from Egs. (43)
and (53) (i.e., the stochastic entropy production):

T 1z
(ef)TS_lef —3 Ze,TS_lef,
=1

(76)
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FIG. 6. Numerical verification of the analytical entropy production (71) by Monte Carlo sampling (23)—(24) with N = 20000 trajec-
tories. Solid curves: analytical values; circles with error bars: Monte Carlo estimates. Error bars indicate &1 standard error of the mean,
SE = std(a)/\/]v. (a) Scalar case (n, =n,=1) with A=09,C=1, Q=1, and R=1, and (b) multivariate case (n, = n, =2) with
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where we used &% = ¢? for the realization J; = yr_,y1 (see
the discussion above). Indeed, Eq. (75) is reproduced from

P_(y) 1 -
e [ 28] < 13 6 ()5 8] ).

s=1
where we used

Ep, [e?S’le,] = Epﬁ[tr [S’le,e;r]] =tr [1,,4\‘] =n,. (78)

The expression (75) provides an operational meaning of the
entropy production. Under the forward measure P_,, the co-
variance X% of the backward innovation e? generally differs
from S, and Eq. (75) quantifies this cumulative mismatch
between the backward innovation statistics expected by the
model and those actually realized under the forward dynam-
ics.

Finally, we remark on the asymptotic regime 7 — oo,
where we assume that A is stable (that is, all eigenvalues
strictly lie inside the unit circle). In the scalar case (n, = 1),
every stationary Gaussian process is time reversible [73], so
the entropy production remains bounded as 7 — oo and is a
boundary effect of the deterministic initial condition %19 = 0.
In the multivariate case (n, > 1), stationary Gaussian pro-
cesses can be time irreversible whenever the cross-covariance
matrices are not symmetric [74,75], and the entropy produc-
tion can grow linearly with T'.

Scalar case (ny = n, = 1). When n, = n, = 1, the factors
S~ and S in Eq. (71) cancel, yielding

Dk (P WIP-UY) = 3(IRIF = T). (79

where ||R||12F = ZS’ k Rfk is the squared Frobenius norm.
We consider a further specific case: T =2. Let H =

CAK = H,. Then,
1 0 1 0 0 1
H=(H l), G (_H 1), J=(1 O), (80)
H 1

so that
— H? —H)'

R =GJIH = (1 (81)

Hence, ||’R||12F =2+ H*and

H*  (CAKY
Dy (P (WIIP-(Jy)) = 5 =5

(82)

E. Numerical verification by Monte Carlo sampling

As a demonstration of the sampling procedure proposed
in Sec. IV C, we numerically verify the analytical expression
(71) for the entropy production in the linear Gaussian setting.
Two parameter sets for Eqgs. (36) and (37) are examined: a
scalar case (n, = n, = 1) and a multivariate case (n, = n,
2); the specific values are listed in the caption of Fig. 6. All
eigenvalues of A lie strictly inside the unit circle. We set %o =
X0 =0.

For each sequence length T, N = 20000 trajectories yﬁ”}
are sampled from the forward generative process (Sec. VI B),
and the stochastic entropy production a(y(l':’}) (23) is com-
puted via the forward and backward passes as described in
Sec. IV C. In the present Gaussian setting, the normalization
constants of the emission kernels cancel between the forward
and backward sums, reducing o to the difference in quadratic
forms as shown in Eq. (76). The entropy production is then
estimated by Eq. (24).

Figure 6 shows the analytical entropy production (71) to-
gether with the Monte Carlo estimates as functions of 7'. For
both parameter sets, the Monte Carlo estimates are in good
agreement with the analytical values across the entire range
T =5,10,...,50. In the scalar case [panel (a)], the entropy
production saturates to a finite value, consistent with the time
reversibility of stationary scalar Gaussian processes [73]. In
the multivariate case [panel (b)], the entropy production grows
approximately linearly with 7', reflecting the genuine time
irreversibility of the multivariate process [74,75].

We emphasize that the Monte Carlo procedure involves
stochastic sampling only in the forward direction. For each
sample trajectory yi"} ~ P_,, the forward innovations e, are
drawn independently from A/ (0, §), from which y.r is gen-
erated via Eqgs. (39)—(41). The backward innovations ef
are then obtained deterministically from the same y;.r via
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Egs. (62)-(64), without any additional random sampling. As
discussed in Sec. VIC, for the realization j; = yr_s11, the
quantities e® and &% take the same numerical value, but their
statistical properties under P_, differ from the i.i.d. N'(0, S)
assumed by the backward model.

VII. RETROSPECTIVE DECOMPOSITIONS
OF ENTROPY PRODUCTION

Turning to the general setup of Sec. II A, we derive exact
decompositions of the entropy production that hold in the
general, nonrecursive setting. The entropy production is first
split into non-negative per-step contributions via retrospective
Bayesian inference, and each contribution is further decom-
posed into a compression loss and a model mismatch. These
decompositions reveal a set of information-theoretic struc-
tures and are of fundamental interest for the thermodynamics
of information in non-Markovian processes. Note that retro-
spective refers only to the Bayesian decomposition below, not
to the definition of the protocol-reversed backward process
introduced in Sec. III.

A. Per-step decomposition

We decompose the entropy production into a sum of
non-negative per-step terms by comparing the forward and
backward path measures at each time step through retrospec-
tive Bayesian inference.

From the standard Bayesian rule (i.e., the chain rule),

P%(yt:T) = P%(yt | yt+1:T)Pﬁ(yt+1:T)- (83)
By applying this iteratively, we obtain

T
P (i) = [ [PoOr [ yisrr)- (84)
t=1
Also by definition,
T
P_Gr) =[] O | 851G ras))- (85)

t=1

Thus,

B PL(Oir)] :
Sy —EPH [ln m]_EPH [Z In

t=1

P | g,i]()’T:z-&-l))

(86)
We finally obtain
T
S, = ZD,, 87)
=1
where D, =E,, ,~p [Dxe(Ps s | Yerr:0)I P Or |

&+101+1))] 2 0, or equivalently,

Py | yis11)
PO | 851 Orut1))

D, =Ep, |:1n (88)
The above result implies that the total entropy production
can be decomposed into non-negative terms associated
with individual time steps, even when the entire process

Po (i | Yesrr) }

is non-Markovian. From this, the equality S, = 0 holds if
and only if D, = 0 for every ¢, equivalently, if and only if
i | &1 0r41)) = P (- | yryr.r) for almost every yi1.r
and every 7.

The quantity D, is the expected mismatch between the
Bayesian retrospective distribution P_ (y; | y;+1.7) and the
conditional distribution used by the actual backward model.
This sheds light on the concept of entropy production; the
total entropy production can be interpreted as the gap between
the retrospective Bayesian distribution and the physical (that
is, protocol-reversed) backward model. In the spirit of vari-
ational inference theory [52-54], p;(y: | g5 (y7:+1)) can be
interpreted as a test function that approximates the Bayesian
posterior P, (y; | Yr+1.7)-

We note that the reverse process employed in diffusion
models [76-78] corresponds to the Bayesian retrodiction,
where the time evolution of the probability distribution itself
is time reversed [79]. This is conceptually distinct from the
backward process in stochastic thermodynamics, where the
control protocol is time reversed. Their gap is measured pre-
cisely by the entropy production for continuous-time diffusion
models [80]; our result above represents another manifestation
of this gap.

A simple everyday example may help illustrate this gap.
Consider a statement: “If I don’t study, then my mom will
get angry.” Here, we take y; as an episode “I don’t study”
and y, as “my mom gets angry.” The retrospective Bayesian
inference is “If my mom gets angry, that implies I didn’t
study,” which we intuitively expect to be true in daily life (its
probability should be close to one). (Note that the contraposi-
tive is “If my mom doesn’t get angry, that implies I studied,”
which is logically true if the original statement is true.) On the
other hand, the backward process of our framework is given
by reversing the real-time ordering, “If my mom gets angry,
then I will not study,” which we intuitively expect to be false in
daily life (its probability should be close to zero). Therefore,
this daily-life situation is highly irreversible.

B. Compression loss and model mismatch

We further decompose each per-step contribution D, into
two separately non-negative terms: A compression loss, which
quantifies the retrospective information discarded by the back-
ward summary, and a model mismatch, which quantifies the
cost of reusing the forward emission kernel in the backward
direction.

Write g7, = g7, (yr:++1) for brevity. For each fixed y; 1.7,
insert the intermediate distribution P, (y; | g;,) into the KL
divergence:

Dy (P (i | Yirr:DIPe e | 851))
= DxL (P~ (vt | Yevr:)IP- Or | g741))
Py | &751)

. 89
PO 1 8750) 9

+ Y P | yiprr)In

e

Here, P, (y; | g,) denotes the Bayesian retrospective dis-
tribution of y; conditioned on g, instead of the full future
vi+1.7- Taking the expectation over y,41.7 ~ P-,, the two terms
become the terms called the compression loss and the model
mismatch as follows.
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Compression loss. Since g, is a deterministic function of
VerrT> P e | yivr:r) = P (O | yet1:7, 851)- Therefore,

Ey, 0 [Pk (P 01 | Yeerr)IPS O | 8751
=Ip. O yerrr 1 851 = Lo, (90)

where Ip_ (y;; Y17 | g/11) 18 the mutual information between
y: and y; 1.7 under the condition of g7, with respect to
the forward distribution P_,. This is the information about
y; contained in the full future y,, .7 that is discarded by the
compression from y, ;1.7 to g/ ;.

Model mismatch. The logarithmic factor in the second term
depends on y;; 1.7 only through g7 ;. Hence,

Pyl g51)

P, (ye+1:1) P_,(yt | yr41:7)1In =
2 Porar) 2P0 Ly pOr 1850

Vi+1:T Vi

=> P, (g,H)ZP O | g7 In

&

P (y: | g,ﬂ)

91
PO |g,+1) oD

Therefore, the second term in Eq. (89) equals

Egijﬁ [DxL(P= (3 | g;._;.])”pt(Yt | g;:-]))] =M, (92)

This represents the additional cost of using p, (- | g/, ) instead
of the Bayesian retrospective distribution P, (- | g/ ).
The decomposition. Combining Eqs. (90) and (92) gives

Dy =L+ M,, 93)

where £; and M, are non-negative.

The decomposition (93) is formally similar to the ELBO
decompositions familiar from variational inference [52-54],
where the average KL term in the ELBO likewise splits into a
mutual-information term and a distributional-mismatch term.
The shared algebraic origin is the chain rule for KL divergence
applied via an intermediate distribution. In the present setting,
however, the object being decomposed is not the KL term of
an ELBO but a per-step contribution to the entropy production
Sy, defined through the path-probability ratio [Eq. (14)]. Ac-
cordingly, £, [Eq. (90)] and M, [Eq. (92)] acquire a physical
interpretation as distinct sources of temporal irreversibility;
the former from lossy compression of the future, the latter
from reuse of the forward emission kernel. We note that the
term of mismatch cost also appears in the stochastic thermo-
dynamics of computation [32,34] with a related but distinct
meaning, quantifying the extra dissipation due to a nonoptimal
initial distribution of a physical process.

C. Refined second law

Combining the compression-loss decomposition with the
chain rule for mutual information, we obtain a lower bound
on the entropy production in terms of the gap between the
predictive information carried by the forward and backward
latent-state summaries.

Since gﬁrl is a deterministic function of y; .7, the chain
rule for mutual information gives

Lo =1Ip isyirrr) — Ip. (s g4 ) 94)

On the forward side, since f,”; (y1,—1) is a sufficient summary
of the past for predicting y;,

Ip_ (yisy140-1) = 1Ip. ()’t§f;)1(y1:tfl))- 95)

That is, the forward summary loses no predictive informa-
tion by construction of the dynamics, whereas the backward
summary generally does. We also note that the forward and
reverse chain rules for conditional Shannon entropies, written
as Hp_(-|-), give

T T
> Hp O | yie-1) = Hp_ (i) = > Hp_ (v | yisrr),
t=1 t=1
(96)

and thus

T T
D I Gy =Y e (s yerrr). 97)

t=1 =1

Combining all of the above, we obtain

Z L, = Z Ip ()’ﬁf,jl 14-1)) — Ip., (yt;g;:Ll(yT:hLl))]a

t=1

98)

where the raw past and future are replaced by their determin-
istic summaries f,”, and g . Therefore,

T
>3 e, 03 £ Gra-1) = I, O3 8551 1)) = 0
t=1

99)

This is regarded as a refined version of the second law; the
entropy production is bounded from below by the gap between
the mutual information terms associated with the past and the
future. The more memory of the past the current state has lost,
or the more the future summary retains of the information
about the current state, the smaller the entropy production can
be. In the special case where g/, is injective for all ¢, every
L, vanishes, so that D; = M, and Eq. (99) reduces to S, > 0.

We note that Ref. [28] related dissipation to the predictive
information retained by a driven system, but assumed that the
system is Markovian and did not define the entropy produc-
tion at the level of an observed non-Markovian output. We
emphasize that their main result in Ref. [28] is distinct from
our result (99) even in the Markovian case.

Another structurally relevant concept is the backward
transfer entropy (BTE) [31], which considers a bipartite
stochastic process (x;, y;) and defines the backward transfer
entropy as the transfer entropy computed on time-reversed
trajectories. Expressed in forward-time variables, the BTE
between two variables x, y is defined as

T, () =1 | Xgrr), (100)

which quantifies how much the future of y retrodicts the
present of x beyond what the future of x itself reveals. The
compression-loss term of the present work, £, in Eq. (90),
shares a similar information-theoretic form. However, the
BTE is an intervariable quantity: It measures the retrospective
information that one subsystem (y) carries about a distinct
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subsystem (x). In contrast, £, is an intravariable quantity
involving a single observed process y; at different times; the
conditioning variable g;,(yr.+1) is a deterministic function
of y’s own future.

D. Estimation of retrospective decomposition terms

While S, is directly computable by Monte Carlo sampling,
the individual decomposition terms D;, £,, and M, are not.
The obstacle is the Bayesian retrospective distribution P_, (y; |
Yr+1:7 ), Which appears in the definition of D, (88). This distri-
bution is obtained by marginalizing the forward path measure
over all possible pasts:

Z\' y P»(YI:T)
Po O [ yenr) = 1 :
r 2y P Oir)

(101)

Even though each factor p,(y;+1 | h;) in the forward path
probability is explicitly evaluable, the summations in the
numerator and denominator couple all time steps through
the deterministic maps &;. Unlike the forward conditional
P Vi1 | y14) = p: g1 | By ), which the model provides by
construction, the retrospective conditional P_, (v, | ¥;4+1.7) is
not directly supplied by any component of the autoregressive
architecture.

As discussed above, the Bayesian retrospective distribution
P_, (v | yi+1.7) plays a role analogous to the reverse-time
transition in diffusion models [76-79], where the intractable
reverse-time transition is approximated by a neural network
trained on samples from the forward process. This suggests
a parallel strategy for the present setting: Training a reverse-
direction autoregressive model [e.g., rg (V;|y;+1.7) With model
parameters 6] on trajectories sampled from the forward
process to approximate P, (y; | ¥1+1.7), from which the indi-
vidual terms D;, £,, and M, could be estimated. Developing
such estimation procedures remains an open problem.

VIII. SUMMARY AND PERSPECTIVES

We have developed a stochastic-thermodynamic frame-
work for non-Markovian processes generated by autoregres-
sive models with deterministic internal memory, encom-
passing Transformers, RNNs, the Kalman filter, state space
models, and Mamba under a single formalism (Table I). The
entropy production Sy, defined as the KL divergence between
the forward and backward path measures (14), is efficiently
computable from sampled trajectories without combinatorial
overhead from enumerating histories, owing to the determin-
istic latent state and the explicit emission kernel (Sec. IV);
the same cost applies to the temporally coarse-grained vari-
ant that reverses blocks rather than individual tokens. We
have demonstrated the framework through a proof-of-concept
experiment on GPT-2 (Sec. V), where the sentence-level en-
tropy production tends to be larger for causally ordered than
for noncausal texts (with statistically significant differences
for three of the five corpora with GPT-2, and for all five
with a larger evaluator, Qwen3-4B-Base; Appendix C). More-
over, we have analyzed the linear Gaussian (Kalman) case
(Sec. VI), where the analytical entropy production is con-
firmed by Monte Carlo sampling (Fig. 6). We have further
shown that S, decomposes exactly into non-negative per-step

contributions D, [Eq. (87)], each splitting into a compression
loss £; and a model mismatch M, [Eq. (93)]. This decom-
position is formally reminiscent of the ELBO decompositions
for variational inference [52-54], which reveals an interesting
connection between fundamental concepts in stochastic ther-
modynamics and machine learning.

From the viewpoint of stochastic thermodynamics, an in-
teresting direction concerns finite-time trade-off relations. In
Markovian stochastic thermodynamics, thermodynamic un-
certainty relations [81,82] and thermodynamic speed limits
[83] constrain the interplay among the precision of currents,
the speed of state transformations, and the entropy production.
Indeed, such trade-off relations have been demonstrated for
diffusion models [84] and dense associative memory networks
[37]. Extending these relations to the non-Markovian autore-
gressive setting could yield new bounds linking the speed,
accuracy, and irreversibility of sequence generation in autore-
gressive generative models.

In standard implementations, LLMs often terminate gener-
ation upon producing an end-of-sequence (EOS) token, mak-
ing the sequence length a stopping time. References [33,34]
developed thermodynamic bounds at stochastic stopping
times, which could be applied to generalize the present
framework to variable-length processes. It would also be of
interest to explore connections with computational mechanics
[85-87], where the minimal sufficient statistic of the past
(the causal state or € machine) plays a role analogous to the
forward latent state.

Applying our framework to larger and more capable lan-
guage models than those examined here remains an important
direction for future research and raises further challenges
at different levels. At the technical level, a single semantic
episode can often be expressed by multiple distinct token
sequences (e.g., paraphrases), so that coarse-graining at the
token-sequence level may not fully capture the irreversibil-
ity at the level of meaning; an additional coarse-graining
over token sequences that encode the same semantic content
may be needed. At a more fundamental level, the block-level
entropy production reflects at least three intertwined con-
tributions: genuine causal dependence among the described
events, mere temporal ordering without causal relationship,
and the conventions of discourse structure (e.g., narrative
arc and rhetorical organization). Disentangling these contri-
butions remains a highly nontrivial open problem. If these
challenges can be addressed, the entropy production could
provide a quantitative probe of irreversibility and causality of
the real-world processes whose structure is implicitly encoded
in the internal representations of an LLM—often referred to as
a world model in the machine-learning literature.
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DATA AVAILABILITY

The code and data used in this study are available in
Ref. [88].

APPENDIX A: MARKOVIAN EMBEDDING

In this Appendix, we clarify the relationship between the
autoregressive framework developed in the main text and the
concept of Markovian embedding.

1. General definition

In this paper, we say that a process X, provides a Markovian
embedding of the observed non-Markovian process y, if X, is
Markovian and the joint law factorizes as

T-1 T
P (xpr,yir) = px) [ [ peGesn | %) [ [ @G 1 %0). (AT
t=1 t=1

That is, y, is emitted memorylessly from the Markovian
state X, at each time step. This definition can be graphically
represented as follows, where = and |} describe stochastic
influences:

X2 = X1 = X = Xy
U v U U (A2)
V-2 Yi—1 Vi Yi+1

Note that a more standard definition of Markovian embedding
is a special case of the above definition, where y, is obtained
from x, by a deterministic projection [89].

The corresponding backward process is defined as

T-1 T
P (Rir, $rr) = p&) [ [ PG 1 %0 [ [ 4G 1 %0,

s=1 s=1

(A3)

where we choose p;, = pr_; and §; = gr—_s+1 to be consistent
with Crooks’ notion of the backward process [4]. Here, we
assume that the backward y-marginal coincides with the dis-
tribution defined in Sec. III A, but we do not assume Eq. (10).

We define the x marginal and y marginal of these path
distributions, and write P_ (X.7), P—(X7:1), P— (y1.7), and
P_(yr.1) by substituting X.7 = x7.; and J;.7 = yr.; for the
backward process. We then introduce the entropy production
associated with x,

Sx = D (P, (X1.7) 1P (X7:1)), (A4)

and with y,

Sy = DxL(P-, (YI:T)”Pe(yT:I))- (AS)

Here, the product channel x;.7 — y;.7 defined by Hszl q:(yr |
X;) = ]_[XT= 1 Gs(7—s4+1 | X7_s41) is a stochastic map (“Marko-
vian” map) from x paths to y paths. Applying it to P_, (X;.7)
yields P_, (y1.r), and applying it to P (X7.;) yields P (yr.1).
The monotonicity of KL divergence under Markovian maps

(data-processing inequality) [72] therefore gives
S =28, 20. (A6)

This is the coarse-graining inequality familiar from the
stochastic thermodynamics literature [6—11]: The entropy

production of the Markovian process X, is at least as large as
the irreversibility detectable from the observation y, alone.

2. Relation to the present framework

We examine how the autoregressive framework of the main
text relates to the Markovian embedding defined above. First,
remember that in the general setting including Transformers,
h, = ®,(y1,...,Y:) does not factor through a two-argument
recursion, and thus even (#4;, y;) is not Markovian in general.

In the recursive case discussed in Sec. IIB with &, =
¢(h,—1, y;), the joint process (h,, y,) is Markovian. Therefore,
x, = (h;, y;) is a Markovian embedding of y,. (Note that &,
alone does not constitute a Markovian embedding of y; in
general.)

In this case, the forward path probability P, (y;.7) defined
in Sec. IT A coincides with the y marginal of the joint forward
process (A1). Explicitly, we set

Pr(Xeq1 1 X)) = pregr | )8 (e — d(he, yiq1)); (AT)

the recursive integration like

/ dhysrdh py Ot 108 Chiss — (hi. yia1)
X PrrOrl1)8 (s — (h_t, y0))
= /dht Pt()’t+1 |hz)Pt71(yt|ht71)5(hz - ¢)(ht71s )’t))

= P Qi1 dhi—1, Y ) Pi—1 Qe lhi—1) (A8)

confirms that it produces P (y;.r) defined in Sec. ITA.
Moreover, the backward path probability P. (y7.;) defined in
Eq. (A3) above and that in Sec. III A coincide, if we choose
the appropriate boundary term

p&1) = plhi, 1) = poGiilho)s(hi — (ho, 1)),

where iy = hy is a fixed constant as in our general framework.
Indeed, by letting ; = yr_s+1, a similar recursive integration
gives

(A9)

/ dhy1dhpr—y (- Ji)8(hss — By, yr-0)
X PT—s+1 0754115 1)8(hy — P(hs—1, YT —511))
= /dh‘sprs(nys“:‘ls)prer](nys+1|}~1571)

x 8(hy — ¢(hs—1, Yr—511))

= pr—sOT sl 51, Y15 1)) PT—5+1 VT —s1 1151
(A10)

Therefore, S, defined above coincides with our general defi-
nition of the entropy production (14).

On the other hand, as noted in Sec. III, applying the deter-
ministic maps ¢ backward to the time-reversed sequence yr.
does not reproduce the reversed sequence of A;.7 in general;
hy = hr_s+1 does not necessarily hold. Explicitly, if we sub-
stitute X;.7 = X7.; into the backward path probability (A3),
each transition kernel becomes

P | X)) = pre | hig1) 8(hy — @(higr, yi)). (AL
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In general, the arguments of the delta functions in Eqs. (A7)
and (A11) cannot be zero at the same time. As a consequence,
X1.7 = X7.1 is not realized in general, implying that the deter-
ministic part of the dynamics may be completely irreversible.
Therefore, Sy defined in Eq. (A4) may diverge and would not
be informative. This consideration provides another basis for
our approach to the non-Markovian entropy production, which
is defined solely by the path probabilities of y;.; without
embedding into another Markovian dynamics.

3. True environmental state as a possible Markovian embedding

Behind the observations y, there may exist a true envi-
ronmental state x; whose dynamics generates y,. If the joint
process (x;, y;) satisfies the factorization (Al) with x; = x;,
then x; constitutes a Markovian embedding of y,. The Kalman
filter example (Sec. VI) is a concrete instance: x; evolves
as x;+1 = Ax; + w; and produces observations y; = Cx; + vy,
which is exactly of the form (Al).

In the present general framework, however, a true environ-
mental state x, is not explicitly assumed. The latent state z, =
@, (y1, ...,y is a deterministic function of the observations
and carries no independent stochastic degrees of freedom; it
is not an environmental state but a computational latent state.

APPENDIX B: DETAILS OF THE GPT-2 EXPERIMENT

We describe the details of the GPT-2 experiment in Sec. V
and show some supplemental results. Our implementation
uses the Hugging Face transformers library [90], which
provides pretrained weights and a tokenizer for GPT-2.

The Hugging Face implementation may differ from the
original OpenAl release [39] in default generation parameters
and tokenizer behavior; the details relevant to our exper-
iment are described in the subsections below. Note that
the original paper [39] reported 117M parameters for GPT-
2; OpenAl later noted that this count was erroneous [91],
and model.parameters() in Hugging Face yields approx-
imately 124M, as in our metadata.

All GPT-2 sampling and likelihood-evaluation runs were
performed on NVIDIA T4 or V100 graphics processing units
(GPUs). Exact token-by-token reproducibility of sampled tra-
jectories is not guaranteed across different hardware/software
environments, even with a fixed random seed.

1. Details of sampling from GPT-2

For the sampling experiment from GPT-2 itself (Sec. V A),
the path probability in Eq. (28) contains the boundary term
p(y1 | ho). This term must be specified separately, because the
tokenizer used in our implementation does not prepend an ini-
tial beginning-of-sequence (BOS) token automatically. In the
Hugging Face GPT-2 tokenizer, the EOS token and the BOS
token are both assigned to the same token <|endoftext|>,
and the tokenizer backend adds the BOS token only when
explicitly requested [92,93].

Accordingly, our implementation explicitly prepends
<|endoftext|> to the tokenized sequence before each
forward pass: The model receives [<|endoftext]>,

Y1, ..., yr]. Therefore,

T-1

P(yir) =[] P41 | <lendoftext]> yi,...,%); (BI)
1=0

the map ®(yy, ..., y;) corresponds to the latent state after pro-

cessing [<|endoftext|>,yy, ...,y ]. Note that GPT-2 uses
absolute position embeddings. For ¢t = 0, we adopt the initial
condition

pO1 | ho) = p(yi | <lendoftext|>). (B2)
Since < | endoftext | > is always fixed, the above construction
exactly fits our general theoretical framework.

Hugging Face has a default function model . generate ()
for generating tokens. In our experiment, to make the
construction more explicit, we replace model.generate ()
with an explicit autoregressive loop that uses the KV
cache of GPT-2 directly. At each step ¢, the logits are
computed from the cached latent state, the next token
Ver1 18 drawn from p(- | <|lendoftext|>, y,...,y;), and
the log-likelihood In p(y,4; | <|lendoftext|>, yi, ..., ;) is
recorded from the same logits. Therefore, in our implementa-
tion, the forward log-likelihood is taken from exactly the same
logits within each run.

Meanwhile, Hugging Face’s model.generate()
terminates decoding upon emitting the EOS token
<|endoftext|>. On the other hand, our above implemen-
tation always executes exactly 7 steps of token generation,
where the EOS token may appear within the generated
sequence but does not trigger termination.

For the reversed sequence, we use [<|endoftext]|>,
Y7, Yr—1, - - -, 1] to calculate the backward log-likelihood, so
that the boundary term is treated identically in both directions.
That is, the same fixed initial context is used for y;.7 and
for yr.1, and the assumption o = hy is satisfied. The reverse
log-likelihood In P(yr, yr—1,...,y1) is obtained by feeding
the reversed sequence [<|endoftext|>, yr, yr_1,...,y1] to
the model by using the same protocol as the forward process
with the KV cache.

We do not need any stronger statement about the unpub-
lished details of the original training-data pipeline. For the
numerical experiment, the only required point is that the rule
above gives a concrete and reproducible definition of the
boundary term for the publicly released model.

Note that, in the fixed-text experiment of Sec. VB where
no sampling is performed, the log-likelihood of each sequence
is evaluated by a single full-sequence forward pass of GPT-2
(one pass per sequence), rather than by the KV-cache incre-
mental path used in Sec. V A.

2. Convergence of entropy production and fluctuation theorem

We next show supplemental numerical results for the
Monte Carlo sampling from GPT-2.

To examine how the Monte Carlo estimates stabilize as the
sample size grows, Fig. 7 plots the cumulative sample mean
of Goken/T and opiock /T’ for T = 120, as a function of N. The
shaded bands indicate 95% confidence intervals obtained by
the bootstrap percentile method (B = 2000 resamples at each
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FIG. 7. Convergence of the Monte Carlo estimates of the per-token entropy production for 7 = 120 in GPT-2, as a function of the number
of samples N. The temperature parameter is T = 1. (a) Token-level reversal oyoken /7’5 (b) block-level reversal oyck /7. Solid lines show the
cumulative sample mean; shaded regions are 95% bootstrap percentile confidence intervals (B = 2000). Dashed red lines indicate the final

estimates at N = 516 or 500 (see the caption of Fig. 3).

N), which does not assume normality of the sampling distri-
bution. Both estimators converge to positive values, consistent
with the positivity of the entropy production.

We also perform a numerical verification of the fluctua-
tion theorem Ep[e™%kn] = 1, where oen 1S the stochastic
entropy production with token-level reversal without trunca-
tion, and the samples are drawn from the forward distribution
of GPT-2. Because oyoken grows with 7, choosing a large
sequence length makes e v extremely small for typical
Otoken > 0, resulting in intractably slow convergence of the
exponential average. We therefore set 7 =5 in this experi-
ment. Similarly, since the convergence is poor at 7 = 1, we
instead adopt v =3 and t =4, for which the cumulative
sample mean roughly converges toward the theoretical value
of 1 as the number of samples N increases. Figure 8 shows
this convergence behavior for N = 5000 samples at each

temperature. While the fluctuation theorem directly follows
from the definition of the entropy production, our numerical
result serves as a consistency check for our sampling method.

3. Dependence on the block scale

We further examine how the entropy production depends
on the scale of the block reversal, using the same N = 500
truncated sequences y;.7- as in Fig. 3. This analysis reuses the
saved trajectories; no new text is sampled. For each original
or reordered sequence, the log-likelihood is reevaluated with
GPT-2.

We consider two block constructions. First, for the
sentence-based construction, sentence boundaries are recon-
structed using the same sentence-final punctuation-token rule
as in Fig. 3(b). Consecutive groups of k sentences are treated

7=3.0 7=4.0
5 95% Bootstrap Cl 95% Bootstrap ClI
—— Cumulative mean 3.0 —— Cumulative mean
---- Theoretical =1 ---- Theoretical =1
4
25
—3 —~20
g <
i i
? ?
Q Q15
=, 2
1.0 KR
| RS- -
0.5
0

2000 3000 4000 5000

N (number of samples)

1000

2000 3000 4000

N (number of samples)

1000 5000

FIG. 8. Convergence of the Monte Carlo mean of e~k as a function of the number of samples N, for sequences of T = 5 tokens sampled
from GPT-2. Temperatures are T = 3 and 7 = 4. Solid lines show the cumulative sample mean; shaded regions are 95% bootstrap percentile
confidence intervals (B = 2000). The dashed red line indicates the theoretical prediction Ep[e%cken] = 1, namely, the integral fluctuation
theorem. In both panels, the cumulative mean trends toward the theoretical value 1, as N grows.
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FIG. 9. Dependence of the mean per-token entropy production
on the block scale for the N = 500 GPT-2 samples used in Fig. 3. The
blue circles show reversals of superblocks formed from k consecutive
sentences and are plotted at k/’, with I’ = 22.55 tokens per sentence;
the plotted values are k = 1, 2, 3. The orange squares show reversals
of fixed-length blocks with block length [ = 1, 10, 20, 40, 60 and
are plotted at /. Each point is the arithmetic mean of the per-sample
values divided by 7’, and error bars show 95% percentile bootstrap
confidence intervals (B = 2000). Lines are guides to the eye.

as superblocks and the superblock order is reversed, while the
order of sentences and tokens within each superblock is re-
tained. The final superblock is allowed to contain fewer than k
sentences. The blue circles in Fig. 9 show the mean per-token
entropy production for this sentence-based construction. The
horizontal axis is kI’, where I’ = 22.55 is the mean sentence
length. To focus on block scales up to approximately 60—70
tokens, we used k = 1,2, 3. The case k = 1 corresponds to
the sentence-block reversal used in Fig. 3(b).

Second, we consider the fixed-length construction dis-
cussed in Sec. IV D, where each sequence was split from its
beginning into consecutive blocks of / tokens with / being
fixed. Note that the final block was allowed to be shorter
than /. The orange squares of Fig. 9 show the mean per-token
entropy production for this fixed-length construction. We use
! =1, 10, 20, 40, 60, and plot each result at / on the horizontal

axis. In particular, [ = 1 corresponds to the token-level rever-
sal of the same truncated sequences y;.7 .

As seen from Fig. 9, the mean entropy production
decreases over the plotted block-scale range for both con-
structions. The entropy production for the fixed-length
construction is always greater than that for the sentence-based
construction. This is consistent with the observation that the
former contains syntactic artifacts, because block boundaries
do not coincide with sentence boundaries.

4. Input text sets and statistical analysis

For the fixed-text experiment in Sec. VB, we used five
language models as input-text generators: Claude Opus 4.6,
Claude Fable 5, Gemini 3.1 Pro, GPT-5.4 Pro, and GPT-5.6
Pro. The same fixed prompt was submitted to each gener-
ator. For every generator, the resulting corpus contains 100
causal and 100 noncausal English texts, with four sentences
in each text. The causal texts are short narratives in which the
sentences describe a temporally ordered sequence of events,
whereas the noncausal texts consist of independent statements
whose ordering has no intended temporal or causal implica-
tion. These categories are defined operationally by the prompt
and are not based on a formal criterion for causal dependence.
The complete prompts, text sets, analysis code, and raw nu-
merical results are provided in the GitHub repository (see the
Data Availability statement).

The prompt contains one causal example and one non-
causal example, both of which are required to appear as fixed
entries in the generated lists. Consequently, these two texts
are shared across all five corpora, while the remaining 99
causal and 99 noncausal texts are generator specific. The
shared examples are the two texts displayed in Sec. VB.
When a generator’s output violated the required format (e.g.,
invalid JSON or an incorrect number of texts or sentences),
the generation was repeated with the same fixed prompt until
the format constraints were satisfied; the resulting texts were
used verbatim, with no editing and no selection based on their
content. Note that three of the 100 causal texts generated by
Gemini 3.1 Pro contain “then” or “later” despite the prompt’s
prohibition of such words. We note that each corpus was
obtained from one model response, and therefore, strictly

TABLE II. Statistical comparison of the GPT-2 experiment with causal and noncausal fixed-text samples discussed in Sec. V B. For every
row, nc = 100 and nyc = 100, and all observations are included without outlier removal. Uc is the Mann-Whitney statistic for the causal
sample, and r = 2Uc/(ncnne) — 1 is the rank-biserial correlation; r > 0 indicates that the causal values tend to be larger than the noncausal
values. The reported p values are from the individual two-sided asymptotic Mann-Whitney test.

Input-text generator Reversal Uc r p
Claude Opus 4.6 Token 3282 —0.3436 2.710x107°
Claude Opus 4.6 Block 7286 0.4572 2.346x 108
Claude Fable 5 Token 3984 —0.2032 0.013 09
Claude Fable 5 Block 6356 0.2712 9.263x10~*
Gemini 3.1 Pro Token 5507 0.1014 0.2159
Gemini 3.1 Pro Block 6312 0.2624 0.001 353
GPT-5.4 Pro Token 5389 0.0778 0.3425
GPT-5.4 Pro Block 5467 0.0934 0.2544
GPT-5.6 Pro Token 2687 —0.4626 1.601x1078
GPT-5.6 Pro Block 5468 0.0936 0.2533
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Input-text generator

FIG. 10. Distributions of the stochastic entropy production evaluated using Qwen3-4B-Base for the fixed texts generated by the five input-
text models. (a) Token-level reversal oen /7 . (b) Sentence-block reversal opck /7. The plotting conventions are the same as those in Fig. 4.

speaking, the texts within a corpus are not guaranteed to be
statistically independent.

All likelihoods are evaluated using GPT-2 at tempera-
ture T = 1. To preserve interblock whitespace when sen-
tence blocks are permuted at the token-ID level, each
fixed text is tokenized with the GPT-2 tokenizer using
add_prefix_space=True; this encodes the first word in the
same space-prefixed form as words preceded by whitespace
elsewhere in the text. As in Appendix B 1, every original or re-
versed sequence is evaluated with the fixed <|endoftext|>
token as its initial context.

For each input-text generator and reversal scheme, we
compare the causal and noncausal samples using a two-sided
asymptotic Mann-Whitney U test with the standard tie cor-
rection to the variance and with continuity correction. The
direction and magnitude of each difference are quantified by
the rank-biserial correlation r defined in Sec. V B. Point-
wise 95% confidence intervals for r are obtained using the
percentile bootstrap with independent resampling within the
causal and noncausal categories. The summary of these test
statistics is shown in Table II. All reported p values are indi-
vidual and unadjusted for multiplicity.

APPENDIX C: FIXED-TEXT ANALYSIS
WITH QWEN3-4B-BASE

In this Appendix, we examine whether the fixed-text results
of Sec. VB (Appendix B4) depend on the relatively small
GPT-2 evaluator, by repeating the entire analysis with a sub-
stantially larger evaluator, Qwen3-4B-Base [94,95]. Because
the input corpora are unchanged, this analysis tests robustness
across evaluator models and tokenizers.

Qwen3-4B-Base is an open-weight, pretrained language
model with 4.0 billion parameters. We used the base model
rather than a posttrained instruction or chat model. Accord-
ingly, no chat template, system prompt, or generation prompt
was applied. All likelihood-evaluation runs were performed
on NVIDIA V100 GPUs.

The evaluator was applied separately to the same five
fixed-text corpora used in Sec. V B (Appendix B 4). For like-
lihood evaluation, one ASCII space was prepended when
a string did not already begin with a space, and the re-
sulting string was tokenized by the Qwen3 tokenizer with
add_special_tokens=False. This explicit leading-space
rule plays the role of add_prefix_space=True in the
GPT-2 implementation and preserves the whitespace attached

(a) (b)
Claude Opus 4.6 —0— i . i R o
1 1
1 1
Claude Fable 5 —— | 1 i O
1 1
1 1
Gemini 3.1 Pro | ——t 1 ! ——
1 1
1 1
GPT-5.4 Pro - e @t ] L
1 1
1 1
GPT-5.6 Pro - —— : i l._’_,
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

Rank-biserial correlation r
(positive: causal > noncausal)

Rank-biserial correlation r
(positive: causal > noncausal)

FIG. 11. Cross-generator comparison of the causal/noncausal difference in the per-token stochastic entropy production evaluated by
Qwen3-4B-Base. The labels on the vertical axis indicate the language model used to generate each input-text corpus. (a) Token-level reversal
owken/ T . (b) Sentence-block reversal opck /7. The plotting conventions and statistical annotations are the same as those in Fig. 5.
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TABLE III. Statistical comparison of the Qwen3-4B-Base experiment with causal and noncausal fixed-text samples. The statistical

annotations are the same as those in Table II.

Input-text generator Reversal Uc r p
Claude Opus 4.6 Token 3324 —0.3352 4.242x107°
Claude Opus 4.6 Block 7846 0.5692 3.585x10712
Claude Fable 5 Token 3409 —0.3182 1.018x10~*
Claude Fable 5 Block 6886 0.3772 4.085x107°
Gemini 3.1 Pro Token 5969 0.1938 0.017 96
Gemini 3.1 Pro Block 7219 0.4438 5.938x 1078
GPT-5.4 Pro Token 5235 0.0470 0.5667
GPT-5.4 Pro Block 6771 0.3542 1.518x107
GPT-5.6 Pro Token 3810 —0.2380 0.003 656
GPT-5.6 Pro Block 5820 0.1640 0.045 25

to sentence blocks when their token-ID sequences are per-
muted. No EOS target was appended; T counts only the
tokens obtained from the fixed input text. Reversal was per-
formed only after tokenization; reversed strings were not
retokenized.

As in the GPT-2 analysis, we used an explicit fixed
initial-context token, although the relevant tokenizer
metadata differs. The Qwen3 tokenizer does not
automatically prepend a BOS token; we explicitly chose
model.config.bos_token_id, namely, token ID 151643
(<|lendoftext|>), as the common fixed initial-context
token for the original and reversed paths. The official model
configuration designates this token as both BOS and EOS,
and it coincides with the tokenizer’s EOS token. Thus,
the resulting boundary term parallels the <|endoftext|>
convention of the GPT-2 implementation (Appendix B 1).

For each text, the forward log-likelihood was eval-
uated once and reused in the two reversal analyses.
Likelihood evaluation used torch.inference_mode() and
use_cache=False. We report Oiken/7 and opiock /T, Where
T is the number of tokens assigned by the Qwen3 tokenizer.
The GPT-2 and Qwen3 tokenizers generally produce different
token sequences and different values of 7.

The resulting distributions are shown in Fig. 10, and
the corresponding rank-biserial correlations are shown in

Fig. 11. The summary of the test statistics is reported in
Table III.

The qualitative pattern closely reproduces the GPT-2 re-
sult of Sec. VB, and the statistical resolution improves. For
token reversal, the causal/noncausal difference again depends
strongly on the input-text generator, with significant differ-
ences now occurring in both directions: significantly smaller
Ooken/ T for the causal texts of Claude Opus 4.6, Claude Fable
5, and GPT-5.6 Pro, significantly larger for those of Gemini
3.1 Pro, and no significant difference for GPT-5.4 Pro. Thus,
even with the substantially larger Qwen3 evaluator, the token-
level direction remains a generator-specific property of the
text corpora.

For block reversal, in contrast, the causal texts show sig-
nificantly larger opock/7 for all five input-text generators,
including GPT-5.4 Pro and GPT-5.6 Pro, for which no signifi-
cant difference was resolved with GPT-2. The same direction
is therefore recovered across the five input-text generators and
the two evaluators, despite the large difference in model size
and the use of different tokenizers. This provides additional
support for the conclusion of Sec. V B that block reversal is
the more suitable probe of intersentence ordering. As before,
however, it does not by itself establish oy /7T as a general
quantitative measure of causal structure.
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