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Achieving Angular-Momentum Conservation with Physics-Informed Neural Networks
in Computational Relativistic Spin Hydrodynamics
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We propose physics-informed neural networks (PINNs) as a numerical solver for relativistic spin hydrody-
namics and demonstrate that the total angular momentum, i.e., the sum of orbital and spin angular momentum, is
accurately conserved throughout the fluid evolution by imposing the conservation law directly in the loss function
as a training target. This enables controlled numerical studies of the mutual conversion between spin and orbital
angular momentum, a central feature of relativistic spin hydrodynamics driven by the rotational viscous effect.
We present two physical scenarios for a rotating fluid confined in a cylindrical container: one case in which initial
orbital angular momentum is converted into spin angular momentum in analogy with the Barnett effect, and the
opposite case in which initial spin angular momentum is converted into orbital angular momentum in analogy
with the Einstein–de Haas effect. Assuming translational invariance along the axial direction and a rotational
symmetry, we reduce the dynamics to an effective (1 + 1)-dimensional problem in time and radial coordinates
and investigate these conversion processes governed by the rotational viscous effect by analyzing the spacetime
profiles of thermal vorticity and spin potential. Our PINN-based framework provides the first numerical evidence
for spin-orbit angular momentum conversion with fully nonlinear computational relativistic spin hydrodynamics.

DOI: 10.1103/kxr4-dd7g

I. INTRODUCTION

Macroscopic transport of angular momentum plays a fun-
damental role in a wide range of physical phenomena. For
quark-gluon plasma (QGP) created by noncentral high-energy
heavy-ion collisions, intensive studies have been put on the
spin polarization/alignment induced by not only a large net
angular momentum [1–6] but also local vorticity [4,7–11],
as proposed in early theoretical predictions [12–21]. Con-
trolling spin currents by mechanical rotation is a key topic
in spintronics [22–24]. Rotational motion is also essential
in violent astronomical events such as neutron star mergers
[25] and magnetorotational supernovae [26]. Understanding
these experimental observations demands theoretical studies
on analytic and computational hydrodynamics that describe
the transport of angular momentum as well as other conserved
quantities in a long spacetime scale.

In particular, relativistic hydrodynamics has been a funda-
mental framework in the physics of QGP [27–29], and it is

*Contact author: da.matsu.00.bbb.kobe@gmail.com
†Contact author: koichi.hattori@zju.edu.cn
‡Contact author: kmurase@rcnp.osaka-u.ac.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

important to extend it with spin degrees of freedom carried
by quarks and gluons. This framework is called relativistic
spin hydrodynamics. Stimulated by the early experimental
observations of spin polarization in QGP [1,2], rapid the-
oretical developments have taken place in the relativistic
spin hydrodynamics [30–68]. However, most studies focus
on theoretical issues or analytic modeling, often relying on
linearized analyses. To step forward to phenomenological ap-
plications, it is essential to perform numerical simulations of
the relativistic spin hydrodynamics. Existing numerical stud-
ies in Refs. [65,66] have considered the evolution of the spin
degrees of freedom under a background hydrodynamic flow
that is unperturbed by the spin dynamics, but they have not
yet included the mutual conversion between spin and orbital
angular momentum. In relativistic spin hydrodynamics, in
general, the orbital angular momentum converted from spin
drives hydrodynamic flow, and spin polarization can further
acquire feedback from the flow modification. Such effects
may play a role toward a resolution of the “spin sign puzzle”
[8], which refers to a discrepancy between experimental and
theoretical results in the direction of local spin polarization.
In these circumstances, it is important to establish robust and
reliable simulations of relativistic spin hydrodynamics that
fully incorporate the mutual coupling between spin and flow
beyond spin dynamics on top of a background flow as well
as the nonlinear evolution of the fluid beyond the linearized
analysis. We identify the first goal of computational spin
hydrodynamics as accurately achieving the conservation of
the total angular momentum, i.e., the sum of spin and orbital
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FIG. 1. Schematic illustration of a neural network fψ , parametrized by trainable parameters ψ , approximating the solution f of a partial
differential equation.

angular momentum. This requirement is essential to address
genuine physical consequences of the spin-orbit conversion
that are free of numerical artifacts. Regarding this point, con-
ventional numerical frameworks, such as the family of the
finite-volume method (FVM), are challenged as we discuss
below. In this work, we show that the physics-informed neural
networks (PINNs) serve as a suitable method for this objective
and provide the first relativistic numerical simulation with
accurate total angular momentum conservation.

PINNs have attracted attention as a numerical solver for
fluid dynamics and have already been applied in numerous
studies of nonrelativistic hydrodynamic equations [69–72].
This application of neural networks is different from the typ-
ical use of neural networks as an emulator of an existing
simulation or experimental data. In contrast, a neural network
for PINNs takes a spacetime point, such as (t, x, y, z), as the
input variables and outputs field values, such as f (t, x, y, z).
The neural network is trained so that the output variables sat-
isfy the target partial differential equations supplemented by
initial and boundary conditions [73] (see Fig. 1). In short, the
trained neural network is a representation of an approximate
solution of the target differential equations, and the proce-
dure of finding a solution is achieved by training the neural
network model. PINNs have been shown to be particularly
effective for inverse problems [72], utilizing noisy data [74],
and complex system geometries [75]. An outstanding feature
of PINNs is that they provide a smooth solution as a neural
network model and are free from explicit discretization both
in space and time. For the present purpose of the application
to spin hydrodynamics, a more important feature of PINNs is
the flexibility to directly incorporate specific physical laws of
interest as training targets, which is made possible by adding
corresponding terms to the loss function. Taking advantage of
this feature, we achieve total angular momentum conservation
in our numerical simulations.

We illustrate a rotating fluid confined in a cylindrical con-
tainer. First, we verify that our PINN-based method can solve
the spin hydrodynamic equations while accurately preserv-
ing the total angular momentum. On top of this illustration,
we investigate the rotational viscous effect that induces the
spin-orbit conversion in two physical setups. In the first setup,
we show that an initial orbital fluid flow is converted to spin
polarization, which is an analogy with the Barnett effect [76]
and mimics the situation in QGP [30–65,67,68] (see also

Refs. [77–102]). In the second setup, we show that an initial
spin polarization is converted to orbital fluid flow, which is
similar to the Einstein–de Haas effect [103,104]. For both
simulation setups, we find that the time evolution of the hydro-
dynamic flow is strongly influenced by the rotational viscous
effect stemming from the coupling between spin and flow.
This is expected to further cause nonlinear time evolution of
the hydrodynamic flow, which underscores the importance of
solving the fully nonlinear evolution of relativistic spin hydro-
dynamics. We also observe the rotational viscous effect as a
macroscopic manifestation of the relaxation of slip between
rotations of microscopic spin degrees and the ambient fluid
motion (cf. Fig. 2).

It is worth noting the difficulty of ensuring the angular mo-
mentum conservation in conventional numerical schemes. The
essential part of hydrodynamic equations is conservation laws,
for which schemes based on FVM are widely used. In FVM,
the space is discretized into a finite number of control volumes
(i.e., fluid cells) and the state of the fluid is represented as a

FIG. 2. Conceptual sketch of the rotational viscous effect.
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set of conserved quantities contained in cells. The transport of
the conserved quantities among cells is determined by fluxes
evaluated at cell interfaces, which ensures the conservation
of the quantities to be free from discretization errors. How-
ever, it is generally nontrivial to maintain the conservation
of angular momentum simultaneously with that of energy
and linear momentum. The reason is that FVM guarantees
conservation only for the quantities explicitly solved, whereas
the conservation of the angular momentum, following from
those of the energy and linear momentum, generally receives
discretization errors. This becomes an issue when discussing
the conversions between spin and orbital angular momentum,
which can be a small fraction of the total angular momentum.
In astrophysical contexts with the axial symmetry, the angular
momentum conservation is achieved by discretizing the con-
tinuity equation for the angular momentum instead of that for
the linear momentum [105], while the linear momentum con-
servation is trivial because of the axial symmetry. However, in
the general case, it is still difficult to ensure the conservation
of the angular and linear momenta simultaneously, which
will be important in the application of relativistic spin hydro-
dynamics to high-energy heavy-ion collisions. Simultaneous
conservation of energy and linear and angular momenta may
be achieved by extending the fluid state with new variables
related to the rotational fluid motion inside each cell and tak-
ing these into account for the spatial reconstruction of the fluid
fields and determining the flux [106]. Another way is to adjust
the velocity field so that all the angular momentum is carried
by the center-of-mass motion of each cell [107], neglecting
the rotational motion of the matter within the cell. However,
these directions complicate the implementation significantly
in spin hydrodynamics, where the microscopic spin degrees
also carry angular momentum. It is also nontrivial how much
the scheme’s details for preserving the orbital angular mo-
mentum leave side effects in the spin sector. Therefore, it
is advantageous to obtain continuous solutions with PINNs,
which do not assume any explicit discretization, while en-
suring physical constraints including the angular momentum
conservation.

In Sec. II A, we present a theoretical framework of rel-
ativistic spin hydrodynamics up to the first order in the
gradient expansion. We choose a pseudogauge of the energy-
momentum (EM) tensor such that the spin tensor becomes
totally antisymmetric, and adopt the Landau frame. In
Sec. II B, we derive a Müller-Israel-Stewart (MIS)-type relax-
ation equation [108–110] for the second-order couple-stress
tensor (i.e., the spatial antisymmetric part of the EM tensor),
based on the entropy current analysis. After summarizing the
thermodynamic relations used in our calculations in Sec. II C,
we obtain the spin hydrodynamic equations of a fluid con-
fined in a cylindrical container in Sec. II D. In Sec. III A, we
introduce a numerical framework based on PINNs for solving
the spin hydrodynamic equations. We describe the input and
output variables of the neural network, as well as the construc-
tion of the loss function. In Sec. III B, we show that the loss
function decreases and converges during the training process
successfully. In Secs. IV A and IV B, we present numerical
results on the conversion between spin and orbital angular mo-
mentum, and its inverse process, both driven by the rotational
viscous effect. In Sec. V, we provide a summary of this study.

In the Appendixes, we discuss details including a comparison
between the violation of the conservation of the total angular
momentum with and without an explicit constraint in the loss
function.

Our conventions are as follows. The metric is denoted by
ημν = diag(−,+,+,+), and we normalize the totally anti-
symmetric symbol as ε0123 = 1. The fluid four-velocity uμ is
normalized as uμuμ = −1 and defines the projection opera-
tor as �μν ≡ ημν + uμuν . For shorthand notations, we define
the expansion rate by θ ≡ ∇μuμ, the convective derivative
by D ≡ uμ∇μ, and the spatial derivative by ∇μ

⊥ ≡ �μν∇ν ,
where ∇μ is the covariant derivative. Symmetrization and
antisymmetrization of tensors are denoted by the following
brackets, respectively: A(μν) = (Aμν + Aνμ)/2 and A[μν] =
(Aμν − Aνμ)/2.

II. RELATIVISTIC SPIN HYDRODYNAMICS

We first provide a formulation of relativistic spin hy-
drodynamics, which describes the macroscopic transport
of spin angular momentum, treated as a quasiconserved
quantity, in addition to fundamental conserved quantities
such as energy and momentum. A set of differential equa-
tions that we solve in the subsequent sections is given in
Eqs. (35)–(39).

A. Relativistic spin hydrodynamics up to first order

We begin with the theoretical framework of (3 + 1)-
dimensional relativistic spin hydrodynamics up to the first
order in the derivative expansion, formulated in general
coordinates.

The governing equations of relativistic spin hydrodynam-
ics are continuity equations for energy, momentum, and
angular momentum, which are the Noether charges associ-
ated with symmetries under temporal and spatial translations
and Lorentz transformations, i.e., rotations and boosts. The
Noether currents corresponding to these charges are the EM
tensor �μν and the total angular momentum tensor Jμνξ ,
whose continuity equations are expressed as

∇μ�μν = 0, (1)

∇μJμνξ = 0. (2)

Based on prior knowledge from the field theory, the total an-
gular momentum tensor is assumed to be composed of orbital
and spin parts as

Jμνξ = (xν�μξ − xξ�μν ) + 
μνξ , (3)

where 
μνξ denotes the spin tensor. Then, the continuity
equation for the total angular momentum tensor reads

∇μ
μνξ = −2�[νξ ]. (4)

Note that the definitions of the EM tensor and angular
momentum tensor are not unique: One may simultaneously
redefine �μν and 
μνξ as

�μν → �′μν = �μν − ∇λGλμν, (5)


μνξ → 
′μνξ = 
μνξ + 2Gμ[νξ ], (6)
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while the continuity equations still hold. Here, the tensor Gμνξ

is antisymmetric with respect to the first two indices, μ and ν.
This freedom of redefinition is referred to as a pseudogauge.
The choice of the pseudogauge determines how the total an-
gular momentum is decomposed into spin and orbital parts.
We adopt the pseudogauge in which the spin tensor 
μνξ is
totally antisymmetric with respect to all its indices. The totally
antisymmetric pseudogauge is consistent with the structure
of the spin tensor for Dirac fermions. In this gauge, the spin
density, defined as

Sμν = −uλ

λμν (7)

satisfies the Frenkel condition

uμSμν = 0. (8)

This condition means that the spin has no temporal component
in the local rest frame of the fluid element, and thus pos-
sesses only three independent degrees of freedom associated
with spatial rotations in that frame. Indeed, by projecting the
continuity equation along the fluid four-velocity uμ under the
Frenkel condition, one obtains

uν∇μ
μνξ = −2uν�
[νξ ], (9)

which represents three independent constraints. In the local
rest frame, Eq. (9) contains no temporal derivatives, which
makes it clear that the relation is nondynamical and imposes
a constraint.

In the framework of spin hydrodynamics, spin is regarded
as a quasiconserved quantity that relaxes much more slowly
than other nonhydrodynamic modes. Accordingly, the first
law of thermodynamics and the Euler relation are modified
so as to account for the spin density Sμν and its conjugate
variable ωμν ,

T ds = de − ωμνdSμν, (10)

T s = e + P − ωμνSμν. (11)

Here, ωμν is referred to as the spin potential. The spin poten-
tial ωμν is antisymmetric and spatial (uμωμν = 0), as is the
spin density Sμν , reflecting its role as a Lagrange multiplier
for Sμν . The energy density is defined by projecting the EM
tensor with the fluid four-velocity as

e ≡ uμuν�
μν. (12)

Equations (7) and (12) serve as matching conditions that
relate microscopic currents of conserved quantities to thermo-
dynamic variables in the local rest frame. In what follows,
we adopt the Landau frame, where the fluid four-velocity is
defined as a timelike eigenvector of the symmetric part of the
EM tensor,

�(μν)uν = −euμ, (13)

with the same energy density e as defined in Eq. (12).
We turn to the decomposition of the fundamental dynam-

ical tensors, namely, the EM tensor and the spin tensor, to
determine the functional dependence of these tensors on prim-
itive variables in hydrodynamics. We begin by presenting the
general tensor decomposition of the EM tensor in the Landau

frame,

�μν = euμuν + P�μν + πμν + 2u[μqν] + φμν. (14)

In this decomposition, the first term euμuν and the second
term P�μν represent the temporal and spatial isotropic parts,
respectively, of the energy-momentum tensor. The third term,
πμν , is the spatial symmetric traceless component, referred to
as the shear-stress tensor. Furthermore, the fourth term 2u[μqν]

and the fifth term φμν constitute the spatiotemporal and spatial
components, respectively, of the antisymmetric part, where qμ

is the boost heat current and φμν is the couple-stress tensor.
Note that the symmetric spatiotemporal part is excluded by
the Landau condition. We also present the general tensor
decomposition of the spin tensor with a totally antisymmetric
pseudogauge,


μνξ = (uμSνξ + uνSξμ + uξ Sμν ) + X μνξ , (15)

where the terms in parentheses represent the temporal compo-
nent, while the last term X μνξ is the spatial component.

Assuming that thermodynamic variables vary slowly in
directions orthogonal to the fluid four-velocity, fundamental
dynamical tensors are approximated by a spatial gradient ex-
pansion. At the zeroth order in the gradient expansion, the EM
tensor is expressed as

�
μν
ideal = euμuν + P�μν, (16)

where P = P, and the terms πμν , qμ, and φμν vanish. As-
suming that both the spin density and the spin potential are
first-order quantities, the spin tensor has no zeroth-order com-
ponent [30,59]. The tensor decomposition at the zeroth order
describes an ideal fluid with no dissipation. Dissipative effects
specific to materials appear as higher-order corrections in the
gradient expansion. In particular, the first-order corrections
are given by

� ≡ P − P = −ζθ, (17)

πμν = −2ησμν, (18)

φμν = −2γ ρμν, (19)

where

σμν ≡ ∇ (μ
⊥ uν) − 1

3θ�μν, (20)

ρμν ≡ ∇[μ
⊥ uν] − 2ωμν, (21)

and ζ , η, and γ denote the bulk, shear, and rotational vis-
cosities, respectively [59]. It should be noted that the boost
heat current qμ does not appear in the first-order correc-
tions because it is counted as a second-order quantity in the
present gradient expansion. From the constraint equation (9),
qμ is expressed by a derivative of the spin tensor as qμ =
−(1/2)uα∂β
μαβ , which is of the second order since the spin
tensor 
μαβ is counted as a first-order quantity. In our order
counting, the spatial part of the spin tensor, X μνξ , vanishes at
the first order, and the spin tensor is consequently given by


μαβ = uμSαβ − uαSμβ + uβSμα. (22)

Substituting Eq. (19) into Eq. (9), we have

∇μ
μνξ = 4γ ρ[νξ ]. (23)
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The divergence of the spin tensor is induced by ρμν , which we
call the rotation-rate mismatch. This quantity can be rewritten
as the difference between the transversely projected thermal
vorticity, �

μν

⊥ ≡ �μα�νβ∂[αββ], and the spin potential as

ρμν = β−1�
μν

⊥ − 2ωμν, (24)

where βμ = βuμ = T −1uμ is the inverse-temperature current.
Conversion between spin and orbital angular momentum oc-
curs when the difference in ρμν is nonzero. Therefore, the
rotational viscous effect can be interpreted as the friction
between microscopic spin degrees of freedom and the sur-
rounding rotational fluid motion, as illustrated in Fig. 2. The
conversion rate is quantified by the rotational viscosity γ . In
what follows, we focus on the rotational viscous effect and set
the bulk and shear viscosities to zero.

B. Causal spin hydrodynamics from the
Müller-Israel-Stewart approach

The hydrodynamic equations with the zeroth- and first-
order tensor decompositions given in the previous section are
of parabolic type, which implies violation of causality. To ad-
dress this issue, we incorporate higher-order corrections with
the MIS approach, extending the hydrodynamic equations to
causal forms [108–110]. Mathematically, these corrections
lead to additional relaxation-type equations, as shown below,
rendering the full system of hydrodynamic equations hyper-
bolic and ensuring causality. To derive these corrections, we
employ the entropy current analysis. In this analysis, we begin
by introducing an assumption for the entropy current sμ and
impose constraints on the structure of the tensor decomposi-
tion such that its divergence remains non-negative, ∇μsμ � 0,
in accordance with the second law of thermodynamics.

As a starting point, we assume that the thermodynamic
entropy is carried by fluid elements, and hence the entropy
current is given by sμ = suμ. This assumption will be relaxed
later. Under this assumption, using the first law of thermody-
namics and the Euler relation, the divergence of the entropy
current can be written as

∇μsμ = β(De − ωμνDSμν ) + β(e + P − ωμνSμν )θ. (25)

Within the zeroth-order tensor decomposition, shown in
Eq. (16), this divergence vanishes, ∇μsμ = 0, implying that
no entropy is produced. Then, within the first-order tensor
decompositions, shown in Eqs. (19) and (22), it takes the form

∇μsμ = 2βγρ2 + O(∇3
⊥). (26)

From this equation, the requirement, ∇μsμ � 0, leads to a
constraint that the rotational viscosity γ must be a non-
negative quantity.

Here, we revisit the assumption of the entropy current,
sμ = suμ, which is not justified in general. To relax such a
strong assumption, we add a second-order term proportional
to φαβφαβ to the entropy current sμ = suμ as

sμ = suμ − A

2
βμφαβφαβ, (27)

where A is an undetermined constant. Here, we regard that
the couple-stress tensor φμν contains not only the first-order

contribution, −2γ ρμν in Eq. (19), but also some higher-order
contributions. Computing its divergence yields

∇μsμ = −βφμν
[
ρμν + A

2
(θ + β−1Dβ )φμν + ADφμν

]
+ O(∇3

⊥). (28)

To guarantee ∇μsμ � 0, we impose the following constitutive
equation:

φμν = −2γ�μ
α�ν

β

[
ραβ + A

2
(θ + β−1Dβ )φαβ + ADφαβ

]
.

(29)

This equation describes the relaxation of φμν toward −2γ ρμν ,
which becomes manifest when rearranged as

τφ�μ
α�ν

βDφαβ = −2γ ρμν − φμν − τφ

2
�φμν, (30)

where τφ ≡ 2γ A is the relaxation time for the couple-stress
tensor, and � ≡ θ + β−1Dβ. The couple-stress tensor φμν is
now regarded as a dynamical variable, and Eq. (30) serves as
the equation of motion for φμν . We finally note that, in the
limit of vanishing A and τφ = 2γ A where Eq. (30) reduces to
the first-order case, φμν = −2γ ρμν , the entropy current [Eq.
(27)] becomes consistent with our initial assumption sμ =
suμ. Thus, the assumption sμ = suμ corresponds to assuming
the vanishing relaxation time of φμν within the MIS picture.

C. Thermodynamic relations

Finally, to make the hydrodynamic equations a closed
equation system, it is necessary to provide thermodynamic in-
puts, which make relations among the hydrodynamic variables
and reduce the number of independent degrees of freedom.
We regard the energy density, fluid four-velocity, spin den-
sity, and couple-stress tensor as independent variables, while
the temperature, pressure, and spin potential are regarded as
dependent variables, determined through the thermodynamic
relations, namely, equation of state, heat capacity, and spin
susceptibility. For simplicity, we adopt the thermodynamic
relations for a rarefied gas consisting of massless two-flavor
fermions and gluons in thermal equilibrium. In this setup, the
equation of state takes the form

P = 1
3 e = 37

90π2T 4, (31)

where the factor 1/3 reflects the conformal nature of the
system. Accordingly, the term β−1Dβ appearing in Eq. (30)
is expressed as

β−1Dβ = −βC−1
v De, (32)

where Cv ≡ ∂e
∂T = 4βe is the heat capacity. Under the same

setup, the spin susceptibility is given by

χ = 19

3

(
30e

37π2

)1/2

. (33)

The derivation of the spin susceptibility is provided in Ap-
pendix A. We relate the spin potential to the spin density by
assuming a linear relation between them:

Sμν = χωμν. (34)
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FIG. 3. Illustration of fluid dynamics in a 2D spatial disk.

D. Relativistic spin hydrodynamic equations in a 2D disk

Here, we apply the hydrodynamic equations of a (3 + 1)-
dimensional relativistic spin fluid, derived in Secs. II A–II C,
to a fluid confined in a cylinder in the flat spacetime. We
assume translational invariance along the axial (z) direction
and the absence of parity-odd tensor components with respect
to z, such as uz = 0, φμz = 0, and Sμz = 0. Under the latter
assumption, the fluid dynamics is effectively restricted to a
two-dimensional (2D) spatial disk in the transverse plane, as
shown in Fig. 3.

The set of hydrodynamic equations is written in the cylin-
drical coordinate system. The rotational symmetry in the
transverse plane is further assumed, simplifying the setup into
a two-dimensional problem in time t and radial direction r. In
traditional computational fluid dynamics based on FVM, it is
required to choose the density of conserved quantities, such
as �0μ and J0αβ , as state variables of the fluid. In contrast,
PINNs do not have this restriction. Instead of the conserved
quantities, we choose the primitive variables (e, uμ,
μαβ )
as the state variables to avoid the complexity of recovering
the primitive variables from the conserved quantities. Taken
together, we have five independent hydrodynamic variables:
e, ur , uϕ , Sz ≡ 
txy, and φrϕ , and their evolution equations are
given as follows.

(1) Energy conservation (uν∇μ�μν = 0):

De = − 4
3 eθ + uν∂μφμν. (35)

(2) Momentum conservation in the radial and azimuthal
directions (�λ

ν∇μ�μν = 0 for λ = r, ϕ):

4
3 eDur = − 1

3 urDe − 1
3∇re − �r

ν∇μφμν, (36)

4
3 eDuϕ = − 1

3 uϕDe − �ϕ
ν ∇μφμν. (37)

(3) Conservation of total angular momentum along the z
axis (∇λ


λxy = −2�[xy]):

∂t S
z = −2rφrϕ. (38)

(4) Relaxation equation for the couple-stress tensor:

τφ�r
α�

ϕ
βDφαβ = −2γ ρrϕ − φrϕ − 2τφ

3
θφrϕ. (39)

In Eq. (39), we make use of the energy conservation equa-
tion of a conformal ideal fluid, De = − 4

3 eθ , for simplicity,
resulting in � = 4

3θ . The more detailed expressions of these
equations are provided in Appendix B. The boundary and
initial conditions are given in Sec. IV, and further details of
the boundary conditions are provided in Appendix C.

III. NUMERICAL METHODOLOGY: PINNs

We find solutions for relativistic spin hydrodynamics using
the framework of the PINNs. The PINNs framework [73]
is based on neural networks trained with the loss function
that directly incorporates differential equations, as well as
initial and boundary conditions. We employ a multilayer per-
ceptron (MLP) as the underlying architecture of our PINN
implementation.

To begin, we recapitulate the concept of a standard MLP
before going into PINNs. This type of neural network is
assembled from an input layer, one or more hidden layers,
and an output layer. Each layer is composed of multiple in-
terconnected units called neurons. Then, the neural network
works as a function that returns output values at the output
layer when input variables are given at the input layer. When
each neuron receives inputs from the neurons in the previous
layer, it applies a linear transformation followed by a non-
linear transformation using an activation function such as the
hyperbolic tangent, rectified linear unit, or sigmoid-weighted
linear unit, and passes the result to the neurons in the next
layer.

The universal approximation theorem [111,112] states that
a neural network can approximate any continuous function
to arbitrary accuracy, provided it has a sufficient number
of neurons. To approximate the target output values (i.e.,
the desired outputs), the parameters of the network are
iteratively adjusted by minimizing a loss function that quan-
tifies the errors between the predicted and target outputs.
This iterative optimization process is known as training.
During training, the backpropagation algorithm is used to
compute gradients of the loss function with respect to each pa-
rameter. The parameters are then incrementally updated using
an optimization method such as stochastic gradient descent,
Adam, or RMSProp, based on the computed gradients.

A. PINNs as hydrodynamics solver

In the framework of PINNs, the target outputs are iden-
tified with the values of an exact solution of differential
equations on randomly chosen points called the collocation
points, so that the predicted outputs become close to the exact
solution after a successful training (cf. Fig. 1). However, the
specification of the target outputs is indirect in the PINNs
framework. Instead of directly specifying the exact solution
as target outputs, the loss function is given by the differential
equations representing the physics laws of the system. This
strategy enables us to train the model by informing only “the
physics” (i.e., the differential equations) without knowing the
exact solution in advance. Complicated initial and boundary
conditions may also be imposed on the predicted outputs
by incorporating them into the loss function. As a crucial
extension, the loss function can be designed to incorporate
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additional physical constraints that the solution must inher-
ently satisfy, e.g., conservation laws. We achieve the total
angular momentum conservation by using this flexibility.

1. Designing output variables

We investigate a solution for the hydrodynamic equa-
tions given in Eqs. (35)–(39), which is a set of real-valued
functions of the temporal and radial coordinates, t and r,
defined over the time interval t ∈ [0, tmax] and a cylinder of
radius R, r ∈ [0, R]. The input layer of the neural network
consists of two neurons, while the output layer consists of
five neurons. The temporal and radial coordinates (t, r) con-
stitute input variables. The output variables are parametrized
by trainable parameters ψ and consist of five components
corresponding to the five hydrodynamic degrees of freedom,
denoted as NNψ,i(t, r) (i = 1, 2, . . . , 5).

Appropriate choices of the output variables enhance the
efficiency of the solution search. To impose a part of the initial
and boundary conditions efficiently, we adopt the following
representation of the hydrodynamic fields:

eψ (t, r) = e(t = 0, r) + r[NNψ,1(t, r) − NNψ,1(t = 0, r)],

(40a)

ur
ψ (t, r) = ur (t = 0, r) + r[NNψ,2(t, r) − NNψ,2(t = 0, r)]

− r[NNψ,2(t, r = R) − NNψ,2(t = 0, r = R)],

(40b)

uϕ

ψ (t, r) = uϕ (t = 0, r) + r[NNψ,3(t, r) − NNψ,3(t= 0, r)],

(40c)

Sz
ψ (t, r) = Sz(t = 0, r) + r2[NNψ,4(t, r) − NNψ,4(t= 0, r)]

− r2[NNψ,4(t, r = R) − NNψ,4(t = 0, r = R)],

(40d)

φ
rϕ
ψ (t, r) = φrϕ (t = 0, r) + r[NNψ,5(t, r) − NNψ,5(t= 0, r)]

− r[NNψ,5(t, r = R) − NNψ,5(t = 0, r = R)].

(40e)

By subtracting the output variable NNψ,i(t, r) from its values
at the initial time or at the outer boundary of the cylinder, the
parametrization is designed to automatically satisfy the initial
conditions of e, ur , uϕ , Sz, and φrϕ at t = 0, as well as the
Dirichlet boundary conditions of ur , Sz, and φrϕ at r = R.
Multiplying the output variables by r ensures the Dirich-
let boundary conditions for e, ur , uϕ , Sz, and φrϕ at r = 0,
while maintaining the regularity of the solution at the origin
by eliminating divergences arising from the 1/r term in the
hydrodynamic equations. The multiplier r2 in Eq. (40d) is
motivated by the behavior Sz ∝ r2 as r → 0, which is satisfied
when imposing φrϕ ∝ r as r → 0, as clearly seen in Eq. (38).
We also impose the Neumann boundary conditions on ur

and φrϕ at r = R, which are, however, implemented through
the loss function as explained below. Further details on the
boundary conditions are provided in Appendix C.

In Eq. (40) and following, we attach a subscript ψ to a
function f of the hydrodynamic variables, denoted as fψ ,
when the function f is approximated by the output variables.
If a function f also depends on temporal and spatial deriva-

tives of the hydrodynamic variables, it is understood that
fψ is evaluated with automatic differentiation of the output
variables.

2. Designing the loss function

The loss function in our calculations comprises multiple
components, each of which quantifies how well the governing
differential equations, boundary conditions, and conservation
laws are satisfied during training. The corresponding residuals
are denoted as RG.E.

i , RB.C.
i , and RC.L.

i , with the superscripts
for these three loss categories and the subscript i referring to
individual residuals classified in each category.

In designing the loss function, we use the approach pro-
posed in Ref. [113]. A key advantage of this approach is its
ability to automatically rebalance the contributions of resid-
uals with large-scale separations. Without such rebalancing,
there is a risk of imbalanced optimization, where the training
process may overly focus on particular losses that can be
reduced more easily than others. Each residual is assumed
to follow a Gaussian distribution with a trainable variance
parameter, and the overall loss is defined as the sum of the
corresponding negative log-likelihoods:

L(ψ, σ ) =
∑

i

[
1

2
(
σ G.E.

i

)2 R̄G.E.
i (ψ ) + ln σ G.E.

i

]

+
∑

i

[
1

2
(
σ B.C.

i

)2 R̄B.C.
i (ψ ) + ln σ B.C.

i

]

+
∑

i

[
1

2
(
σ C.L.

i

)2 R̄C.L.
i (ψ ) + ln σ C.L.

i

]
, (41)

where R̄G.E.
i , R̄B.C.

i , and R̄C.L.
i are the averaged residuals spec-

ified below, and σ G.E.
i , σ B.C.

i , and σ C.L.
i are the trainable

variances. Trained with these variance parameters, the net-
work can automatically adjust the relative balance of residuals
even when there are large separations in the magnitudes of the
residuals. This approach corresponds to introducing a likeli-
hood model in a Bayesian framework, explicitly accounting
for aleatoric uncertainty, as originally proposed in Ref. [114].
It was later shown in Ref. [113] that this formulation provides
an additional benefit in multitask learning, enabling automatic
balancing among different tasks.

However, even with the above balancing mechanism, we
still observed imbalanced optimization. During training, the
model tends to overemphasize losses from the boundary con-
ditions and conservation laws, which can be reduced more
easily than those from the governing equations. As a result,
the residuals associated with the governing equations tend to
be underweighted in comparison. To address this issue, we
regularize the coefficients in front of residuals in Eq. (41) by
introducing an upper bound on the scale differences among
multiple components. Specifically, for each index i, (σ B.C.

i )2

and (σ C.L.
i )2 are rescaled as(

σ B.C.
i

)2 → max
{(

σ B.C.
i

)2
, 0.01 × max

j

(
σ G.E.

j

)2}
, (42)(

σ C.L.
i

)2 → max
{(

σ C.L.
i

)2
, 0.01 × max

j

(
σ G.E.

j

)2}
, (43)

respectively.
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Now, we are in position to provide an explicit form of each
residual. First, the averaged residual R̄G.E.

i (ψ ) is designed to
measure how well the ith hydrodynamic equation is satisfied,

R̄G.E.
i (ψ ) = E(t,r)

[
rRG.E.

i (ψ ; t, r)2
]
, (44)

where r accounts for the cylindrical volume element. The
expectation E(t,r) denotes the average over the domain of
(t, r). The explicit forms of the residuals RG.E.

i (ψ ; t, r) follow
from the hydrodynamic equations (35)–(39) as

RG.E.
1 (ψ ; t, r) = uψ ν∇μ�

μν
ψ , (45a)

RG.E.
2 (ψ ; t, r) = �r

ψ ν∇μ�
μν
ψ , (45b)

RG.E.
3 (ψ ; t, r) = �

ϕ
ψ ν∇μ�

μν
ψ , (45c)

RG.E.
4 (ψ ; t, r) = ∇λ


λxy
ψ + 2�

[xy]
ψ , (45d)

RG.E.
5 (ψ ; t, r) = τφ�

μ

ψα�ν
ψβDψφ

αβ

ψ + 2γ ρ
μν

ψ + φ
μν

ψ

+ τφ

2
�ψφ

μν
ψ . (45e)

Next, the averaged residual R̄B.C.
i (ψ ) is designed to im-

pose the Neumann-type boundary conditions on the surface
of cylinder at r = R, which are given by

R̄B.C.
i (ψ ) = E(t )

[
RB.C.

i (ψ ; t )2
]
, (46)

where

RB.C.
1 (ψ ; t ) = ∂rur

ψ (t, R) − ∂rur
ψ (0, R), (47a)

RB.C.
2 (ψ ; t ) = ∂rφ

rϕ
ψ (t, R) − ∂rφ

rϕ
ψ (0, R). (47b)

The expectation E(t ) denotes the average over the domain of
t .

Finally, the averaged residuals R̄C.L.
1 (ψ ) and R̄C.L.

2 (ψ ) are
designed to enforce the conservation of angular momentum.
The former accounts for the local conservation defined by the
fulfillment of the continuity equation, while the latter accounts
for the global conservation defined as the time invariance of
the spatially integrated angular momentum. Explicit forms of
these residuals are given by

R̄C.L.
1 (ψ ) = E(t,r)[rRlocal (ψ ; t, r)2], (48a)

R̄C.L.
2 (ψ ) = E(t )[Rglobal(ψ ; t )2], (48b)

where Rlocal(ψ ; t, r) follows from the continuity equation for
the xy component of the angular momentum:

Rlocal (ψ ; t, r) = ∇λJλxy
ψ . (49)

The other residual Rglobal(ψ ; t ) quantifies the deviation from
the angular momentum over time and is defined as

Rglobal(ψ ; t ) =
∫

dr rJtxy
ψ (t, r) − ∫

dr rJtxy
ψ (0, r)∫

dr rJtxy
ψ (0, r)

. (50)

Note that both Eqs. (38) and (49) represent the same
angular momentum conservation law, ∇λJλxy = 0. The for-
mer makes use of the energy-momentum conservation,
∇μ�μν = 0, to rewrite the relation as the evolution equa-
tion for the spin tensor, ∇μ
μxy = −2�[xy], whereas the latter
keeps the expression without such a reduction, thereby di-
rectly quantifying numerical violations of angular momentum
conservation.

Before proceeding to simulation results, we specify how
we evaluate the expectations with the discrete simulation data
at the collocation points in the t-r plane. First, for the eval-
uation of R̄G.E.

i (ψ ) and R̄C.L.
1 (ψ ), we use collocation points

{t (n), r (n)}Ncol
n=1, sampled from a uniform distribution over t =

[0, tmax] and r = [0, R], and approximate the expectations as

E(t,r)
[
rRG.E.

i (ψ ; t, r)2
] ≈ 1

Ncol

Ncol∑
n=1

r (n)
[
RG.E.

i

(
ψ ; t (n), r (n)

)2
]
,

(51)

E(t,r)
[
rRlocal(ψ ; t, r)2] ≈ 1

Ncol

Ncol∑
n=1

r (n)
[
Rlocal

(
ψ ; t (n), r (n))2

]
.

(52)

Next, for the evaluation of R̄B.C.
i (ψ ), we use the collocation

points {t (n), R}Ncol
n=1, whose time coordinates are the same as

those introduced above, and approximate the expectation as

E(t )
[
RB.C.

i (ψ ; t )2
] ≈ 1

Ncol

Ncol∑
n=1

[
RB.C.

i

(
ψ ; t (n)

)2
]
. (53)

Finally, for the evaluation of R̄C.L.
2 (ψ ), we use Ncol,global =

Nt × Nr collocation points, which are the Cartesian product
of {t (n)

global}Nt
n=1 and {r (n)

global}Nr
n=1. The time points {t (n)

global}Nt
n=1 are

constructed as follows: The interval [0, tmax] is divided into Nt

blocks, and one point is sampled uniformly from each block,
except for the last block. The point in the last block is fixed
at tmax because it turned out to improve the training accuracy
near the boundary. The radial points {r (n)

global}Nr
n=1 are a uni-

formly spaced grid, defined as r (n)
global = R(n − 1/2)/Nr , with

n = 1, 2, . . . , Nr . Using these points, the integral appearing in
the definition of Rglobal(ψ ; t ), shown in Eq. (50), is discretized
at each time slice t (n) as∫ R

0
dr rJtxy

ψ

(
t (n)
global, r

) ≈ R

Nr

Nr∑
m=1

r (m)
globalJ

txy
ψ

(
t (n)
global, r (m)

global

)
.

(54)

The integrals at t = 0 in Rglobal(ψ ; t ) [Eq. (50)] are evalu-
ated using the same radial grid. This discretization enables
us to evaluate the function Rglobal(ψ ; t (n) ). Then, R̄C.L.

2 (ψ ) is
approximated by averaged Rglobal(ψ ; t (n) ) over Nt time points
as

E(t )
[
Rglobal(ψ ; t )2

] ≈ 1

Nt

Nt∑
n=1

[
Rglobal

(
ψ ; t (n)

)2]
. (55)

B. Evaluation of training progress

Here, we analyze both the training convergence and the
accuracy of the total angular momentum conservation. We
first summarize the numerical setup. The number of hid-
den layers is 4, with 250 units in each layer. We use
the hyperbolic tangent function as the activation function.
The weights connecting the units are initialized using the
Xavier method. The loss function is minimized using the
Adam optimization method, with the initial learning rate set
to 10−3. After the overall loss has sufficiently decreased,
the learning rate is gradually reduced to 10−4 and then to
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TABLE I. Parameters used in Sec. III B, expressed in units of ē.

ē 1
R 1

tmax 0.4
γφ 2
τφ 2
δ1 0.2

10−5, thereby promoting convergence to the optimal solu-
tion. The autograd engine is implemented using PyTorch.
The full batch size is 2Ncol + Ncol,global = 2Ncol + Nt Nr = 2 ×
50 000 + 10 × 1000 = 110 000, which corresponds to the to-
tal number of collocation points. In the actual optimization,
a set of Ncol collocation points is divided into minibatches
of 5000 points. For an update with each minibatch, R̄G.E.

i (ψ ),
R̄C.L.

1 (ψ ), and R̄B.C.
i (ψ ) are evaluated using the corresponding

minibatches, while R̄C.L.
2 (ψ ) is always evaluated on the full

Nt Nr grid. Therefore, the effective minibatch size for one
optimization step is 2 × 5000 + 10 × 1000 = 20 000. The
training takes approximately 2 h, using one NVIDIA H100
NVL graphics processing unit (GPU).

The initial conditions for the hydrodynamic variables are
provided as

e(t = 0, r) = ē, (56a)

ur (t = 0, r) = 0, (56b)

uϕ (t = 0, r) = δ1 sin4
(πr

R

)
, (56c)

Sz(t = 0, r) = 0, (56d)

φrϕ (t = 0, r) = 0, (56e)

where δ1 is a parameter controlling the magnitude of the
initial angular velocity. When δ1 = 0, the system is in a
global thermal equilibrium state. When δ1 
= 0, the time evo-
lution of the system starts from an out-of-equilibrium state,
carrying finite orbital angular momentum while the initial
spin angular momentum is vanishing. The parameters used in
the simulation are summarized in Table I. These parameters
as well as the quantities shown below are normalized with
respect to ē.

We set the maximum time to tmax = 0.4. To enhance the
efficiency of the learning process, we first train the network
on a shorter time interval and then gradually extend the train-
ing domain in time. We begin training with a limited time
range, setting a tentative maximum time to t ′

max = 0.2. Once
the training has progressed sufficiently, we iteratively extend
t ′
max to min{1.2t ′

max, tbuf}, where tbuf = 0.42 is introduced as
a small numerical buffer beyond the physical maximum time
tmax = 0.4. Since the accuracy tends to deteriorate near the
upper end of the training interval, we use only the results in
the physical range t � tmax.

As the time domain is enlarged, both Ncol and Ncol,global =
Nt Nr are updated accordingly. Specifically, each time the time
domain [0, t ′

max] is extended, Ncol and Nt are reset to new larger
values, and collocation points are regenerated over the new
time domain, while Nr is kept fixed throughout the training.
The values of Ncol = 50 000 and Nt = 10 quoted earlier in

this section are the values used at the end of the training,
when the time domain has reached its full extent [0, tbuf].
Smaller values of Ncol and Nt are used earlier in training,
before the time domain reaches tbuf. When training contin-
ues within the same time domain without extension, both
sets of points are also regenerated at regular intervals. The
Nt points are regenerated approximately every 5000 training
iterations, whereas the Ncol points are regenerated approx-
imately every 25 000 training iterations. Numerical results
shown in this section are obtained after 150 000 iterations
for γ = 2.

In the left panel of Fig. 4, we show a decreasing behavior
of the loss function [Eq. (41)] as the training proceeds. The
loss function decreases rapidly in the early stage of training
after which the rate of decrease slows down and eventually
reaches a plateau. This plateau signals the convergence of the
training process. The four observed jumps in the loss function
are attributed to the update of the time domain mentioned
above.

The middle panel of Fig. 4 shows the decreasing behavior
in the total residual of the governing equations during the
same training process as in the left panel. This total residual
is computed as the sum of R̄G.E.

i defined in Eq. (44) and is
expressed as R̄G.E.

sum = ∑
i R̄G.E.

i . It is found that R̄G.E.
sum even-

tually falls below 1.5 × 10−2, although it rises tentatively
on every extension of the time domain t ′

max, confirming that
the governing equations are well satisfied with only minor
violations.

In the right panel of Fig. 4, we show the time evolution of
the global angular momentum, obtained by spatial integration
of the angular momentum density, Jtxy, over the 2D disk. The
result shown in this figure is normalized by its initial value
at t = 0. We find a well-controlled conservation of the global
angular momentum within 0.4% of violation with respect to
the initial value. In Appendix D, we also compare the cases
in which the loss function includes or excludes the term that
explicitly enforces the angular momentum conservation law
and verify that the global conservation is hardly achieved
without this penalty term.

Finally, we mention the conservation of net energy, defined
as the spatial integral of T tt over the 2D disk. Violation
relative to the initial net energy remains below 0.05%. In
contrast to the angular momentum conservation, the energy
conservation is well satisfied with only minor violation even
without imposing it as a penalty term in the loss function.

IV. NUMERICAL DEMONSTRATION OF MUTUAL
SPIN-ORBIT CONVERSION

We now provide the first numerical demonstration of the
mutual conversion between spin and orbital angular momen-
tum in the two limiting cases: (1) An initial state with purely
orbital angular momentum and no spin polarization, which
is analogous to the Barnett effect [76] and is also relevant
to noncentral heavy-ion collisions [30–65,67,68]; and (2) an
initial state with purely spin polarization and no orbital angu-
lar momentum, which is analogous to the Einstein–de Haas
effect [103,104]. All the quantities shown in this section are
normalized by ē.

023014-9



MATSUDA, HATTORI, AND MURASE PRX INTELLIGENCE 1, 023014 (2026)

-6

-5

-4

-3

-2

-1

 0

 1

0 0.5 � 105 1 � 105 1.5 � 105

L(
�

,�
)

Number of iterations

10-4

10-3

10-2

10-1

100

101

102

0 0.5 � 105 1 � 105 1.5 � 105

R- G
.E

. su
m

(�
)

Number of iterations

 0.994

 0.996

 0.998

 1

 1.002

 1.004

0 0.1 0.2 0.3 0.4

An
gu

la
r M

om
en

tu
m

t

FIG. 4. Left: Decrease in the loss function [Eq. (41)] as the training process proceeds. Middle: Decrease in the total residual of the
governing equations, R̄G.E.

sum = ∑
i R̄G.E.

i , as the same training process proceeds as in the left panel. Right: Time evolution of the total angular
momentum, accurately conserved over the 2D disk. The vertical axis is normalized by its initial value at t = 0.

A. Orbital to spin angular momentum conversion:
test case for high-energy heavy-ion collisions

We discuss the first case where an initial orbital angular
momentum is converted into spin polarization. We adopt the
initial conditions in Eqs. (56a)–(56e) with the parameters
summarized in Table II. To isolate the role of the rotational
viscosity γ , the key quantity in spin hydrodynamics, we per-
form a control test with γ = 0 for the ideal fluid and compare
the results with those for γ = 2. Numerical results shown in
this section are obtained after 50 000 iterations for γ = 0 and
150 000 iterations for γ = 2. After these iterations, the loss
function converges, maintaining the total energy conserved
with deviations from the initial value suppressed below 0.02%
for γ = 0 and 0.05% for γ = 2. The numerical setup for the
γ = 2 run is the same as that described in Sec. III B, and the
γ = 0 run uses the same setup except for the value of γ . The
training takes approximately 1 h for γ = 0 and 2 h for γ = 2,
using one NVIDIA H100 NVL GPU.

1. Orbital-to-spin conversion

We show the time evolution of the orbital and spin angular
momentum densities, Lz = x �ty − y �tx = r2(4/3eut uϕ +
urφrϕ/ut ) and Sz. While Fig. 5 shows the global values, i.e.,
the integral of these quantities over the spatial volume of the
2D disk, Fig. 6 shows the local values without the integration.

In Fig. 5, we observe a sizable net conversion from orbital
to spin angular momentum at γ = 2, which is approximately
7% of the initial orbital angular momentum within the shown
time scale. Importantly, global angular momentum conser-
vation is maintained with high accuracy, with deviations
controlled to less than 0.06% and 0.4% for γ = 0 and γ = 2,
respectively. Therefore, the conversion magnitude is approx-
imately 20 times larger than the error stemming from the
violation of the total angular momentum. In the ideal-fluid

TABLE II. Parameters used in Sec. IV A, expressed in units of ē.

ē 1
R 1

tmax 0.4
γφ 0, 2
τφ γφ

δ1 0.2

case, where the conversion is turned off (γ = 0), the conver-
sion rate is less than 0.02% of the total angular momentum.
This deviation is of the same order as the 0.06% error in
the total angular momentum and is considered numerical ar-
tifacts. Figure 6 presents heatmaps of the local orbital and
spin angular momentum densities in the t-r plane. In the
upper panels for the ideal fluid (γ = 0), both orbital and spin
components remain essentially unchanged, with variations of
order 10−5 − 10−4, which is smaller than the error in the
total angular momentum conservation. In the lower panels,
a finite rotational viscosity (γ = 2) acts to redistribute the
local orbital and spin angular momentum densities, as well
as the global quantities found in Fig. 5. In the time evolu-
tion of orbital angular momentum, the initial peak structure
near r = 0.5 splits into two, with the lower and higher peaks
migrating inward and outward in the cylinder, respectively.
A corresponding structure emerges in the spin component
shown in the lower right panel. Namely, positive and negative
spin polarization emerge in the interior and exterior regions,
respectively.

The time evolution of the local quantities in Fig. 6 can
be understood based on a development of the rotation-rate
mismatch ρμν . The spin-orbit conversion rate is proportional
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FIG. 5. The time evolution of the net orbital and spin angular
momentum. All quantities are normalized by the spatially integrated
total angular momentum at the initial time t = 0.
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FIG. 6. Heatmaps in the t-r plane of the orbital and spin angular momentum density. The upper and lower rows show those for γ = 0 and
γ = 2, respectively.

to ρμν that appears in the first-order spin evolution equa-
tion (23) and is given by the difference between the transverse
thermal vorticity �

μν

⊥ and the spin potential 2βωμν as shown
in Eq. (24). The local density profiles found in Fig. 6 are basi-
cally generated by the mismatch between these two measures
of orbital motion and spin. This draws an intuitive picture in
Fig. 7; the initial rotational flow (blue arrows) activates the
rotational viscous effect with position-dependent signs at the
initial time ρμν (t = 0) = β−1�

μν

⊥ that in turn creates spin
density (orange arrows).

FIG. 7. Conceptual sketch: spin angular momentum (orange ar-
rows) induced by initial orbital angular momentum (blue arrows).

In the MIS extension for causal hydrodynamics, it is more
legitimate to refer to the couple-stress tensor φμν , which
relaxes to ρμν following the relaxation equation (39). We
numerically examine the dynamics of φμν to support the
aforementioned picture in Fig. 7. In Eq. (39), the early
time evolution of φμν is governed by ρμν as φμν (t = 0) = 0
in the initial condition (56e). In Fig. 8, we show the xy
components of the couple-stress tensor φμν , the transverse
thermal vorticity �

xy
⊥ , and the spin potential ωxy for γ = 2.

Since these three tensors are totally antisymmetric, their xy
components are represented as the rϕ components multiplied
by r.

According to the flow initial condition given in Eq. (56),
the transverse thermal vorticity �

xy
⊥ in the early time evolution

has positive and negative values in the interior and exterior
of the cylinder, respectively, while ωxy remains negligibly
small. Therefore, the early time dynamics of φxy is strongly
correlated with the transverse thermal vorticity �

xy
⊥ as ob-

served in the left two panels. At later times, the rotational
viscous effect creates the spin density Sz as seen in Eq. (38)
with a two-peak structure similar to that of φxy but with the
opposite signs. That is, the transverse thermal vorticity �

xy
⊥

and the spin potential ωxy develop similar structures to re-
solve their mismatch and diminish the rotational viscous effect
accordingly.
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FIG. 8. Heatmaps in the t-r plane of the xy components of the couple-stress tensor, the transverse thermal vorticity, and the spin potential,
shown from left to right, for the case of γ = 2.

2. Feedback on the flow profile

The initial rotational flow induces the finite spin angu-
lar momentum in the fluid through the Barnett effect, but it
further alters the initial rotational flow and the energy distribu-
tion. We here demonstrate such feedback to the time evolution
of the flow and energy density by comparing the simulation
results for γ = 2 and the ideal fluid (γ = 0).

In Fig. 9, we show the heatmaps in the t-r plane of the
radial velocity ur , the angular velocity uϕ , and the thermody-
namic energy density e.

The radial velocity ur (left panels) receives strong influence
from the dynamics of the angular momentum. In the ideal
fluid case (γ = 0), the flow is oriented outward everywhere
in the cylinder, consistent with centrifugal expansion. In con-
trast, for γ = 2, inward motion also develops, suggesting that
rotational viscosity drives a significant redistribution of radial

flow. As we further elaborate below, the angular velocity and
energy density also exhibit significant modifications by the
rotational viscous effect.

In the case of an ideal fluid (γ = 0), one can understand
the flow evolution with the effect of the centrifugal force.
The radial flow ur is absent at the initial time, but gradually
develops a peak structure near r ∼ 0.5 as the system evolves.
In contrast, the angular velocity uϕ remains nearly unchanged
from its initial profile. Near r � 0.5, where both ruϕ and ur

reach their maximum values, the absolute value of ruϕ is
approximately 20 times larger than ur , showing that the dy-
namics is dominated by the rotational component rather than
the radial one. The thermodynamic energy density, initially
uniform in r, decreases for r < 0.5 and increases for r > 0.5
as the system evolves. This is consistent with the effect of the
centrifugal force.

FIG. 9. Heatmaps in the t-r plane of the radial velocity ur , the angular velocity uϕ , and the thermodynamic energy density e, shown from
left to right, for γ = 0 in the upper row and γ = 2 in the lower row.
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The formation of the peak structure in ur is understood by
the centrifugal force. In fact, the ideal hydrodynamic equa-
tion for ur , Dur ∼ r(uϕ )2 + · · · , contains a term analogous to
the centrifugal force in the Newton equation dvr/dt = r(ωϕ )2

for the radial velocity vr and angular velocity ωϕ of a rotating
rigid body. This term is expected to play an important role
in the development of the peak structure since the angular
velocity uϕ is much larger than the radial velocity ur in the
present setup.

The evolution in the spinful fluid with γ = 2 exhibits qual-
itatively different features from those of the ideal fluid, arising
from the competition between the ideal fluid behavior and
rotational viscous effects. In particular, the radial profile of uϕ

is significantly modified from its initial distribution, whereas
in the ideal fluid it remains almost unchanged. Initially, uϕ

has a single peak structure at r = 0.5, but in the viscous case
this peak splits into two, with one migrating toward smaller r
and the other toward larger r. Furthermore, the energy density
develops a positive peak in the deep interior of the cylinder,
which overrides the naive expectation based on the centrifugal
force alone. These features indicate that the rotational viscous
effect not only mediates orbital-to-spin conversion but also
leaves a clear imprint on the collective flow and thermody-
namic structure of the spinful fluid.

B. Spin to orbital angular momentum conversion:
the Einstein–de Haas effect

We investigate the conversion of spin polarization to orbital
angular momentum, in the opposite way to that discussed in
the previous subsection. This is the second case mentioned
in the beginning of this section and is an analog of the
Einstein–de Haas effect [103,104], in which spin polarization
in a magnetized material is converted into mechanical rigid
rotation of the material through microscopic interactions. In
the context of spin hydrodynamics, rotational fluid motion is
driven by the initial spin polarization in the presence of the
rotational viscous effect.

We perform the simulation with a nonzero spin polarization
and no orbital angular momentum at the initial time. The
initial conditions are provided as

e(t = 0, r) = ē, (57a)

ur (t = 0, r) = 0, (57b)

uϕ (t = 0, r) = 0, (57c)

Sz(t = 0, r) = δ2 sin4
(πr

R

)
, (57d)

φrϕ (t = 0, r) = 0, (57e)

where δ2 is a parameter controlling the magnitude of the initial
spin density. The parameters used in the simulation are sum-
marized in Table III. Unlike in the previous subsection, we do
not perform the simulations for the ideal fluid (γ = 0) because
under the present initial conditions, which correspond to a
global equilibrium configuration, all the hydrodynamic vari-
ables obviously remain unchanged in the ideal fluid dynamics.
Numerical results shown in this subsection are obtained after
150 000 iterations. After these iterations, the loss function
converges, maintaining the total energy conserved with de-
viations from the initial value suppressed below 0.01%. The

TABLE III. Parameters used in Sec. IV B, expressed in units of ē.

ē 1
R 1

tmax 0.4
γφ 2
τφ 2
δ2 0.2

numerical setup is the same as that described in Sec. III B. The
training takes approximately 2 h, using one NVIDIA H100
NVL GPU.

1. Spin-to-orbital conversion

As in the previous subsection, we first show the numerical
results for the global and local angular momentum, and the
rotation-rate mismatch ρμν just below, and then the impact of
the rotational viscous effect on the flow profile in Sec. IV B 2.

In Fig. 10, we show the time evolution of the global orbital
and spin angular momentum, obtained by spatial integration
of Lz and Sz over the 2D disk. Our numerical simulations
indicate spin-to-orbital conversion for approximately 30% of
the initial spin, with global angular momentum accurately
conserved within 0.05%. The conversion magnitude is ap-
proximately 600 times larger than the error stemming from
the violation of the total angular momentum conservation.
The ideal fluid case with γ = 0 is a trivial static solution
for a reference. The comparison between these results clearly
demonstrates the spin-to-orbital conversion by the rotational
viscous effect.

In Fig. 11, we show the heatmaps in the t-r plane of orbital
and spin angular momentum for γ = 2. The spin density
Sz, which initially has a large positive magnitude, gradually
disappears as the system evolves. This behavior agrees with
the decrease of the global value of spin angular momentum
in Fig. 10. On the other hand, the orbital angular momentum
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FIG. 10. Time evolution of the global orbital and spin angu-
lar momentum for γ = 2, shown with a trivial case at γ = 0. All
quantities are normalized by the spatially integrated total angular
momentum at the initial time t = 0.
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FIG. 11. Heatmaps in the t-r plane of orbital and spin angular momentum, shown from left to right, for γ = 2.

Lz develops negative and positive values in the interior and
exterior regions of the cylinder, respectively. The magnitude
of the positive component is slightly larger than that of the
negative one, so that the global value of orbital angular mo-
mentum increases as shown in Fig. 10.

As we analyzed the orbital-to-spin conversion in the
previous subsection, the spin-to-orbital conversion is also
understood within the framework of first-order spin hydro-
dynamics, in terms of the rotational viscous effect induced
by the mismatch between the transverse thermal vorticity
�

μν

⊥ and the spin potential ωμν . This picture is illustrated
in Fig. 12, where the initial spin of the internal degrees of
freedom (orange arrows) induces a rotational viscous effect
with position-dependent sign of ρμν = −2ωμν at the initial
time t = 0. In turn, the rotational viscous effect generates a
position-dependent rotational flow (blue arrows) at later times.

To perform a more legitimate analysis, we evaluate the
couple-stress tensor φμν as in the previous subsection. In
Fig. 13, we show the xy components of the couple-stress
tensor φxy, the transverse thermal vorticity �

xy
⊥ , and the spin

potential ωxy for γ = 2. The couple-stress tensor φxy is zero
in the initial state, but starts to develop a peak near r = 0.5
after t ∼ 0.02. This spatial profile is correlated with that of
the spin potential ωxy concentrated near r = 0.5; since ωxy is
much larger than �

xy
⊥ in the early time dynamics at t < 0.02,

this mismatch gives rise to the initial growth of φxy. Thus,
both ωxy and φxy have peak structures centered near r = 0.5.
Shortly afterward, the transverse thermal vorticity �

xy
⊥ starts

FIG. 12. Conceptual sketch: orbital angular momentum induced
by initial spin angular momentum.

to develop negative and positive peaks in response to the
rotational viscous correction −2γ ρμν . The development of
these opposite rotational flows is consistent with the picture
in Fig. 12. Such a phenomenon never occurs in an ideal fluid,
and is characteristic to spin hydrodynamics driven by the
rotational viscosity γ .

2. Impact on the flow profile

Finally, we discuss the evolution of the energy density and
fluid flow induced by the rotational viscous effect. In Fig. 14,
we show the heatmaps in the t-r plane of the radial velocity
ur , the angular velocity uϕ , and the thermodynamic energy
density e as in the previous subsection.

We find that ur and uϕ gradually develop from their vanish-
ing initial conditions. They are purely induced by the initial
spin angular momentum through the rotational viscous effect.
The radial flow ur acquires both negative and positive peaks,
indicating emergence of an inward flow against the centrifugal
force. The two-peak structure in uϕ further shows that the
interior and exterior regions of the cylinder rotate in opposite
directions, as sketched in Fig. 12. This position-dependent
growth of the rotational flow can be understood from the evo-
lution equation at the initial time t = 0, 4

3 e∂t (ruϕ ) = −∂rφ
xy.

This indicates that uϕ is generated by the radial derivative
of the couple-stress tensor φxy. The thermodynamic energy
density e shows a larger magnitude near the center than in
the exterior region. This behavior again overrides the naive
expectation based solely on the centrifugal force and provides
further evidence of the rotational viscous effect.

V. SUMMARY

We have presented the first numerical analysis of relativis-
tic spin hydrodynamics with special care of the numerical
treatment of the angular momentum conservation using
PINNs. We have considered a rotating fluid confined in a
cylindrical container to investigate the conversions of spin
and orbital angular momentum, the Barnett and Einstein–de
Haas effects, in the fully nonlinear evolution of relativistic
spin hydrodynamics for a finite time range.

In the first part of the paper, we have shown that PINNs
can successfully solve the relativistic spin hydrodynamic
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FIG. 13. Heatmaps in the t-r plane of the xy components of the couple-stress tensor, the transverse thermal vorticity, and the spin potential,
shown from left to right, for γ = 2.

equations while accurately preserving the total angular mo-
mentum. This indicates that our PINNs-based prescription
offers an approach to addressing the challenge of angular
momentum conservation in computational relativistic spin
hydrodynamics.

In the latter part of the paper, we have investigated the
role of the rotational viscous effect in driving the conversion
between spin and orbital angular momentum. Two comple-
mentary scenarios have been studied: a case where orbital
angular momentum is converted into spin angular momen-
tum, and the opposite case where spin angular momentum
is converted into orbital angular momentum. This conver-
sion effect has been confirmed in our numerical analysis
on the time evolution of relativistic spinful fluid. Further-
more, by analyzing the couple-stress tensor, the transverse
thermal vorticity, and the spin potential, we have revealed
the detailed mechanism of the conversion process: An initial
imbalance between the transverse thermal vorticity and the
spin potential enhances the couple-stress tensor, which subse-
quently leads to the transfer between orbital and spin angular
momentum.

It should be noted that this conversion process, particularly
the transfer from orbital to spin angular momentum, may
play an important role in the spin generation in high-energy
heavy-ion collisions. Furthermore, for both simulation setups,
the rotational viscous effect not only leads to the spin-orbit
conversion but also largely influences the time evolution of
the hydrodynamic flow during the finite time range, which is
nonlinear in nature. This underscores the importance of fully
nonlinear relativistic spin hydrodynamics.

No numerical simulations of fully nonlinear relativistic
spin hydrodynamics have been performed to date, and their
nonequilibrium and nonlinear properties remain largely un-
explored. Against this background, this study lays a basis
for future accurate numerical studies of relativistic spin hy-
drodynamics based on PINNs. In particular, comparisons of
nonlinear numerical results with linear analyses will be es-
sential for understanding nonlinear effects in relativistic spin
hydrodynamics, which represent a first step toward the further
development of the theory. It is also of interest to examine
how the system behaves when the spin potential and thermal
vorticity are treated at the zeroth order, or when second-order
effects, such as those induced by the boost heat current, are
incorporated.

The method is also important in developing dynamical
models used for the quantitative description of high-energy
heavy-ion collision reactions. Although the direct use of
PINNs for event-by-event simulations is challenged by the
large training cost of PINNs, the PINN solutions can be
used as reference in calibrating and validating relativistic
spin hydrodynamic codes based on conventional numerical
schemes. Finally, we conclude that approaches based on
PINNs open possibilities for general physics problems where
specific physical constraints are important but difficult to en-
force numerically in conventional methods.
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APPENDIX A: SPIN SUSCEPTIBILITY

We derive the spin susceptibility for a system composed
of massless two-flavor fermions and gluons in the rarefied
gas limit. The spin susceptibility characterizes how sensitively
the spin is induced in response to perturbations on the spin
potential. We focus on the linear regime with an infinitesimal
perturbation. The expression for the spin susceptibility we use
is given as

χ = ∂〈Sμν〉
∂ωμν

= 2V

T
〈(Sμν )2〉, (A1)

where we assume rotational symmetry and 〈Sμν〉 = 0. For
the purposes of this Appendix, we focus on the case where
both the spin potential and chemical potential vanish in an
equilibrium state. The brackets 〈·〉 denote thermal averages in
this system. Without loss of generality, we consider the μ = x
and ν = y components. For an ideal gas, where the gauge and
fermion fields are not coupled, the susceptibility is given as
the sum of the susceptibilities for each field,

χ = χG + χF. (A2)

The spin operators for the gauge and fermion fields are linear
combinations of the number operators as

Sxy
G = N↑

G − N↓
G, (A3)

Sxy
F = 1

2

[
N↑

F − N↓
F

]
, (A4)

where ↑ and ↓ represent spin orientations along the z axis,
corresponding to the positive and negative directions of the
axis, respectively, and fermion-antifermion symmetry is as-
sumed, meaning that the expectation values of fermion and
antifermion numbers are equal. Thus, the spin susceptibilities
are related to the number susceptibility as follows:

χG = 2V

T

[〈(N↑
G )2〉 + 〈(N↓

G )2〉] = 32 χN,B, (A5)

χF = V

2T

[〈(N↑
F )2〉 + 〈(N↓

F )2〉] = 12 χN,F, (A6)

where χN,B/F is the number susceptibility for a single degree
of freedom, and it can be calculated using the Bose/Fermi
distribution,

χN,B/F =
∫

d3k

(2π )3

∂ fB/F(ω)

∂μ

∣∣∣∣
μ=0

=
∫

d3k

(2π )3
β fB/F(ω)[1 ± fB/F(ω)]

∣∣∣
μ=0

. (A7)

In the massless limit, these integrals yield

χN,B = T 2

6
, χN,F = T 2

12
. (A8)

In summary, the spin susceptibility is obtained as

χ = 19

3
T 2 = 19

3

(
30e

37π2

)1/2

. (A9)

In the last line of this equation, we use the expression for the
energy in the current setup, e = 37

30π2T 4.

APPENDIX B: HYDRODYNAMIC EQUATIONS

Here, we present the detailed expressions for the hydro-
dynamic equations that we are working with, as derived in
Sec. II D. First, Eq. (35) is given by

uμ∂μe = − 4

3
e

(
∂μuμ + 1

r
ur

)
− 2ruϕφrϕ

− r2φrϕ

ut
(ut∂ruϕ − uϕ∂rut + ur∂t u

ϕ − uϕ∂t u
r ).

(B1)

Next, Eqs. (36) and (37) are
4

3
euμ∂μur = 4

3
re(uϕ )2 − 1

3
uruμ∂μe − 1

3
∂re + 2ruruϕφrϕ

+ r2urφrϕ

ut
(ut∂ruϕ − uϕ∂rut + ur∂t u

ϕ − uϕ∂t u
r )

+ r2

(ut )2
[ut (∂t u

ϕ )φrϕ−uϕ (∂t u
t )φrϕ+ut uϕ∂tφ

rϕ],

(B2)
4

3
euμ∂μuϕ = − 8

3r
euruϕ − 1

3
uϕuμ∂μe − 1

r
φrϕ

+ 2r(uϕ )2φrϕ − ∂rφ
rϕ

+ r2uϕφrϕ

ut
(ut∂ruϕ − uϕ∂rut +ur∂t u

ϕ−uϕ∂t u
r )

− 1

(ut )2
[ut (∂t u

r )φrϕ−ur (∂t u
t )φrϕ+ut ur∂tφ

rϕ].

(B3)

There is no further need to expand Eq. (38). Moving on to
Eq. (39), we have

τφuμ∂μφrϕ

= −φrϕ + τφφrϕ

[
1

ut
uμ∂μut − 2

3
∂μuμ − 5

3r
ur

]

− γ [uruμ∂μuϕ − uϕuμ∂μur + ∂ruϕ + r(uϕ )3]

− 2γ

r

{[
1 + (ur )2

]
uϕ − 6π

19

(
37

30

) 1
2 ut Sz

√
e

}
. (B4)

APPENDIX C: BOUNDARY CONDITIONS

We consider a cylindrical system with radius R, and impose
boundary conditions at both r = 0 and r = R to ensure the
uniqueness of the solution. First, we discuss the boundary at
r = 0. The hydrodynamic equations shown in Appendix B
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contain terms proportional to 1/r, which can diverge at r → 0
unless appropriate boundary conditions are applied. To elim-
inate such divergences, we impose the following Dirichlet
boundary conditions:

e(t, r = 0) = e(t = 0, r = 0), (C1)

ur (t, r = 0) = 0, (C2)

uϕ (t, r = 0) = uϕ (t = 0, r = 0), (C3)

Sz(t, r = 0) = Sz(t = 0, r = 0), (C4)

φrϕ (t, r = 0) = 0, (C5)

with

uϕ (t, r = 0) − 6π

19

(
37

30

)1/2 Sz(t, r = 0)√
e(t, r = 0)

= 0. (C6)

To avoid this divergence, the coefficient attached to 1/r must
approach zero at r = 0 at a rate equal to or faster than r. There-
fore, this boundary condition alone is insufficient to prevent
divergence throughout the entire time evolution. However,
since PINNs can inherently represent only smooth functions,
they may automatically approximate a seemingly regular so-
lution around r = 0, even if the true solution exhibits singular
behavior there.

Next, we consider the boundary condition at r = R. We
intend to impose the boundary condition at r = R such that
energy and angular momentum are conserved within the
cylinder. The continuity equations for energy and angular
momentum, ∇μT μt = 0 and ∇μJμxy = 0, give

∂μ(rT μt ) = 0, (C7)

∂μ(rJμxy) = 0, (C8)

where the derivative ∂μ is taken in cylindrical coordinates.
This leads to the conservation laws,

∂t

(∫ R

0
dr r T tt

)
= −

∫ R

0
dr ∂r (rT rt )

= −R

(
4

3
e ut ur − R uϕ φrϕ

ut

)∣∣∣∣
r=R

, (C9)

∂t

(∫ R

0
dr r Jtxy

)
= −

∫ R

0
dr ∂r (rJrxy)

= −R3

(
4

3
e uruϕ + φrϕ

)∣∣∣∣
r=R

. (C10)

These quantities are conserved if we impose the following
Dirichlet-type conditions:

ur (t, r = R) = φrϕ (t, r = R) = 0. (C11)

Furthermore, the hydrodynamic equation for the spin density,
∂t Sz = −2rφrϕ , implies that the spin density must also be
fixed at r = R:

Sz(t, r = R) = Sz(t = 0, r = R). (C12)

The remaining boundary conditions at r = R are given in
the Neumann type, meaning that the radial derivatives of the

TABLE IV. Parameters used in Appendix D, expressed in units of ē.

ē 1
R 1

tmax 0.2
γφ 2
τφ 2
δ1 0.2

variables are kept constant over time. Specifically, we impose

∂rur (t, r = R) = ∂rφ
rϕ (t, r = R) = 0, (C13)

but we do not impose the Neumann conditions on e and uϕ at
r = R.

APPENDIX D: IMPROVEMENT OF ANGULAR
MOMENTUM CONSERVATION

We verify that including the penalty term for the angular
momentum conservation law, i.e., the last term in Eq. (41),
successfully suppresses its violation by comparing the numer-
ical results with and without the penalty term. The numerical
setup used in this section is as follows. The number of hidden
layers is two. The batch size is set to 2Ncol + Ncol,global =
2Ncol + Nt Nr = 2 × 25 000 + 5 × 1000 = 55 000. All other
numerical parameters are the same as those presented in
the main part of the paper. The initial conditions are given
in Eqs. (56a)–(56e) using the parameters summarized in
Table IV. These parameters, as well as the physical quantities
discussed below, are normalized with respect to ē. We set the
full time domain up to tmax = 0.2 from the start, without up-
dating the time domain during training. The numerical results
shown in this section are obtained after 100 000 iterations. The
training takes approximately 1 h, using one NVIDIA H100
NVL GPU.

10-6
10-5
10-4
10-3
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10-1
100
101
102

0 2.5 � 104 5 � 104 7.5 � 10410 � 104

R- C
.L

. 2(
�

)

Number of iterations
FIG. 15. Decrease in the averaged residual associated with the

global conservation of angular momentum, as defined in Eq. (48b).
The red line corresponds to the case with the penalty term enforcing
angular momentum conservation, while the blue line corresponds to
the case without the penalty term.
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FIG. 16. Left: Radial distribution of I (ψ ; r), the time-integrated local violation of angular momentum conservation defined in Eq. (D1).
Right: Power spectrum of I (ψ ; r) defined in Eq. (D2).

In Fig. 15, we show the decrease in the averaged residual
associated with the global conservation of angular momen-
tum, as defined in Eq. (48b), during the training processes
described above. The residual decreases to the range from
10−4 to 10−6 when the penalty is imposed. Without the
penalty term, the residual still decreases during training,
reaching the range from 10−2 to 10−4; however, it remains
larger than in the case with the penalty term. In addition, its
convergence behavior is found to be less stable. This indicates
that the penalty term is essential for enforcing global angular
momentum conservation with high accuracy.

We then consider the local violation of angular mo-
mentum conservation, as quantified by rRlocal(ψ ; t, r), af-
ter 105 training iterations in the same simulations for
Fig. 15. The integration of this local violation is di-
rectly related to the violation of the global conservation
of angular momentum. In the left panel of Fig. 16, we
show the radial distribution of rRlocal integrated over t ,

defined as

I (ψ ; r) ≡ 1

tmax

∫ tmax

0
dt rRlocal(ψ ; t, r), (D1)

where it is normalized by tmax. The results show that the
penalty term reduces the overall magnitude of the local vi-
olation. It is also noted that a positive amplification of the
violation is observed near r = R.

In the right panel of Fig. 16, we show the power spectrum
of I (ψ ; r) defined as

ρ( f ) =
∣∣∣∣
∫ R

0
dr I (r)e−2π i f r

∣∣∣∣
2

. (D2)

The numerical result shows that the penalty term reduces the
violation of angular momentum conservation particularly in
the low-frequency regime, f � 5. This reduction in the low-
frequency regime suggests that an impact of violation on the
long-wavelength dynamics of the fluid is negligible.
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