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Artificial intelligence (AI) has become an exceptionally powerful tool for analyzing scientific data. In partic-
ular, attention-based architectures have demonstrated a remarkable capability to capture complex correlations
and to furnish interpretable insights into latent, otherwise inconspicuous patterns. This progress motivates
the application of AI techniques to the analysis of strongly correlated electrons, which remain notoriously
challenging to study using conventional theoretical approaches. Here, we propose AI workflows for analyzing
snapshot datasets from tensor-network simulations of the two-dimensional (2D) Hubbard model over a broad
range of temperature and doping. The 2D Hubbard model is an archetypal strongly correlated system, hosting
diverse intriguing phenomena including Mott insulators, anomalous metals, and high-Tc superconductivity. Our
AI techniques yield fresh perspectives on the intricate quantum correlations underpinning these phenomena and
facilitate universal omnimetry for ultracold-atom simulations of the corresponding strongly correlated systems.
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I. INTRODUCTION

The invention of artificial intelligence (AI) has revolu-
tionized the way we interrogate and interpret scientific data.
The attention scheme [1–5] has been proven highly effec-
tive in transduction tasks in conjunction with recurrent or
convolutional networks. Afterward, the transformer [6]—an
architecture built solely upon the attention scheme—was
demonstrated to be compelling in capturing global dependen-
cies in sequential data. Over the past decade, transformerlike
architectures have dramatically enhanced the capability of the
AI models across various domains, including natural language
processing (NLP) [7–12], computer vision [13–16], bioinfor-
matics [17–19], and numerous other areas [20–23]. Compared
with alternative designs, the attention mechanism in the trans-
former excels particularly at encoding the correlation structure
of the input data. This feature motivates the application of the
transformer models in studying strongly correlated electrons.

Strongly correlated systems [24–27] are governed by con-
siderably strong interactions, inducing collective behaviors
that defy descriptions hinged on individual (quasi)particles.
Canonical examples include Mott insulators [28–30], high-Tc

superconductors [31–34], heavy-fermion materials [35–38],
fractional quantum Hall systems [39–41], spin liquids
[42–45], and quark-gluon plasmas [46–49]. The consequent
high levels of quantum entanglement and correlations render
these systems notoriously challenging for conventional theo-
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retical approaches. With advances in computational hardware,
a handful of numerical algorithms—among them quantum
Monte Carlo [50–53], dynamical mean-field theory [54–57],
density matrix renormalization group [58–62], and various
ground-state [63–70] or finite-temperature [71–79] tensor net-
work (TN) methods—have been devised to tackle strongly
correlated systems. Moreover, quantum simulation appa-
ratuses based on ultracold atoms [80–85] have achieved
substantial progress in emulating strongly interacting lattice
systems. Together, these techniques offer valuable many-body
data from which the AI models can learn and distill meaning-
ful insights.

Among the plethora of strongly correlated electron sys-
tems, the two-dimensional (2D) Hubbard model [86,87]
stands out as a paradigmatic arena for a variety of intrigu-
ing phenomena, such as Mott physics, anomalous metals,
and high-Tc superconductivity. The Hubbard model encapsu-
lates the essential physics of itinerant electrons on a lattice
with strong on-site Coulomb repulsion. Over the past few
decades, the 2D Hubbard model has been subject to inten-
sive investigations both numerically [52,53,70,78,79,88–98]
and experimentally [80–85,99–108]. Robust antiferromag-
netic (AFM) orders have been confirmed near half-filling
[70,93,97,109–112], while in the doped regime—especially
with carrier hopping beyond neighboring sites—diverse
charge and spin orders, often coexisting with or competing
against pairing tendencies, have been identified [70,78,93–
95,113]. These properties broadly echo the observations in the
cuprate superconductors.

Despite this decent progress, the majority of the existing
researches focused on local and low-order spin and/or charge
correlations, especially two-point correlators. However,
mounting evidence indicates that high-order [108,114,115],
nonlocal [116,117], polaronic [82,100,118,119] or otherwise
stringlike [99,120,121] correlations play a pivotal role in
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deciphering the complicated phase diagram of the 2D Hub-
bard model. This recognition highlights the promise of the AI
techniques for the global vision of the underlying quantum
correlations.

In this article, we study the 2D Hubbard model using
specifically designed AI models. We start with assembling
a dedicated dataset of snapshots across categories of tem-
peratures and doping levels by sampling the thermal density
matrix via TN simulations. Then, we propose two AI archi-
tectures classifying snapshots into the respective categories:
the pro architecture, an analog of the encoder-only trans-
former, and the core architecture, a streamlined variant in
which the feedforward transformations are deferred until after
the attention stack. This semilinear design constitutes a key
methodological innovation of our work and achieves per-
formance comparable to that of the pro architecture, while
offering better support for parallelism and improved inter-
pretability.

Next, we perform multiple analyses on the trained core
model. We use a confusion analysis to measure the quality of
the classification tasks and obtain insights into the aggregate
strength of quantum correlations in each category. Exploiting
the semilinear structure of the attention stack in the core
architecture, we propose an interpretation in terms of an effec-
tive Markovian dynamics, demonstrating the alignment of the
attention design with intrinsic features of the physical system.
Further examinations on the orthogonality relationships of
the embedding and the attention maps are provided in the
Supplemental Material [122].

Finally, we demonstrate an application of our core AI
models as a universal omnimeter for ultracold-atom quantum
simulations. The AI classifiers produce probablistic scores
(logits) for each category, which serve as posterior likelihoods
conditioned on a snapshot acquired in the experiment. Aver-
aging these outputs over a snapshot ensemble from repeated
observations thus provides an empirical probability distribu-
tion over the categories. Once the categories are calibrated
with predetermined physical quantities, the expectation val-
ues weighted by the probability distribution yield an accurate
estimate of the corresponding quantities for the ensemble.

II. LATTICE MODEL AND DATASET

Lattice models serve as common platforms for the physics
of crystalline materials, wherein charge carriers reside on and
hop between discrete lattice sites. In many materials of inter-
est, itinerant electrons predominantly occupy the outermost s
orbital for transport. Consequently, the local Hilbert space at
each lattice site is spanned by four basis: empty |∅〉, spin-up
|↑〉, spin-down |↓〉, and doubly occupied |↑↓〉 state.

In our study, we focus on the quintessential 2D Hubbard
model on an 8×8 square lattice with open boundary condi-
tions, defined via the following Hamiltonian:

H = −
∑
i, j,σ

ti j[c
†
iσ c jσ + H.c.] + U

∑
i

ni↑ni↓. (1)

Here, c†
iσ (ciσ ) creates (annihilates) an electron with spin σ

on site i and niσ = c†
iσ ciσ denotes the corresponding number

operator. The first term in Eq. (1) describes the kinetic energy

(T )

( )

FIG. 1. A schematic depiction of the locations in phase space
for the nine categories (Cat), created by combining three choices
of temperatures (high, medium, and low) with three doping regimes
(overdoped, medium doped, and underdoped). The red and blue
freehand-shaded areas mark the AFM Mott insulating phase and
the high-Tc superconducting phase, respectively, as expected for the
Hubbard model. The charge doping varies with temperature (see also
Fig. 5); precise values are provided in the Supplemental Material
[122].

associated with electron hopping between sites i and j with
amplitude ti j , while the second term accounts for the on-site
Coulomb repulsion with strength U . Throughout this work,
we consider the minimal Hubbard model, where ti j = 1 for
nearest-neighbor pairs and ti j = 0 otherwise. Also, we set
U = 10 as established to be realistic for cuprate materials
[123,124]. In many elemental metals, electron interactions
are effectively weak (U ≈0) due to electric-field screening
by the surrounding lattice ions, yielding conventional metallic
behavior at half-filling (one electron per site). In contrast, in
materials like high-Tc cuprates, the on-site Coulomb repulsion
becomes abnormally strong for electrons, opening a large
energy gap that penalizes double occupancy. Hence, electron
motion is substantially hindered by a large potential barrier
and the system exhibits Mott insulating behavior at the macro-
scopic level.

Extra charge carriers can be introduced by adding (elec-
tron doping) or removing (hole doping) electrons relative to
half-filling. Upon sufficient doping, charge transport in the
material sets in and superconductivity may emerge, signified
by enhanced pairing correlations at low temperatures. This
evolution underlies the schematic phase diagram as shown
in Fig. 1, where red and blue shaded areas mark the AFM
Mott insulating phase and the high-Tc superconducting dome,
respectively.

The (unnormalized) thermal density matrix ρ = e−βH

characterizes the statistical state of the lattice system, with
inverse temperature β = 1/T . Note that ρ admits a Tay-
lor expansion at high temperature (small β) for a given
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Hamiltonian, and that

ρ(2β ) = ρ(β )ρ(β ). (2)

Accordingly, one may cool the system down by repeat-
edly squaring the thermal density matrix starting from a
high-temperature construct. This idea underlies the eX-
ponential Tensor Renormalization Group (XTRG) method
[76,77,79,101,125], which offers a comprehensive thermal de-
scription of the lattice system over a broad temperature range.
We thus employ XTRG to produce thermal density matrices at
high, medium, and low temperatures at overdoped, medium-
doped, and underdoped regions (hole doped), yielding nine
categories as indicated in Fig. 1.

We then perform standard sitewise sampling on each ther-
mal density matrix [79] to obtain snapshots (Fock bases of
the many-body Hilbert space) of the lattice system. The snap-
shots, each consisting of 8×8 cells containing |∅〉, |↑〉, |↓〉,
or |↑↓〉, are next flattened according to row-major order into
a sequence of 64 elements. For each location in the phase
space, we generate 1000 snapshots, yielding a dataset of 9 cat-
egories and 9000 snapshots in total. This dataset is randomly
partitioned into training (90%) and test (10%) subsets for the
subsequent AI workflows.

III. ARCHITECTURES

Our AI architectures originate from the transformer
paradigm while being tailored for categorical classification.
Given an input snapshot, the objective is to infer a proba-
bility distribution over categories. Rather than appending a
dedicated CLS token [8,16] as a label, we adopt a streamlined
design that endows the involved attention mechanism with a
distinctive and physically meaningful interpretation.

Figure 2 depicts schematic layouts of the models deployed
in this study. Both architectures share the same foundational
components—input codecs, a stack of multihead attention,
feedforward networks (FFNs), and a terminal linear clas-
sification head. The pro architecture (right) is inspired by
an encoder-only transformer, whereas the core architecture
(left) leaves out the feedforward networks between attention
blocks, thereby giving enhanced parallelism and improved
interpretability.

Our exposition below assumes familiarity with standard
components and techniques in the practices of the transformer
architecture [6], and hence will focus on our distinctive de-
signs. Full technical details can be found in the Supplemental
Material [122].

A. Tokenization and input codecs

The tokenization is straightforward in our setting, as the
vocabulary (local Hilbert space) comprises only four distinct
words (local states). We therefore assign 0, 1, 2, and 3 to
the empty, spin-up, spin-down, and doubly occupied states,
respectively. Under this encoding, each snapshot in the dataset
now becomes a sequence of integers (tokens). Formally, let
S = {0, 1, 2, 3} denote the tokenized local state space. The
input sequence becomes �σ ∈ SL, where L is the flattened
sequence length.

FIG. 2. Schematic illustrations of the core (left) and the pro
(right) architecture for classification of sequential inputs. Both
architectures comprise input codecs, multihead attention blocks,
feedforward networks, and a final linear classification head. The
pro architecture is an analog of the encoder-only transformer,
while the core architecture leaves out the feedforward networks
between attention blocks, which enhances parallelism and improves
interpretability.

The input codecs accept and map each tokenized sequence
into the model’s latent parameter space in two stages. Each
token σ is first transformed into a dmodel-dimensional embed-
ding vector e(σ )∈Rdmodel via a learnable embedding module;
this embedding depends solely on the token (local state) and is
agnostic to its location in the sequence. To preserve positional
information, we then add a positional vector �i ∈Rdmodel for site
i to each embedding vector. For this purpose, we employ the
sinusoidal positional encoding [6], which has proved effective
across a wide range of applications.

The input codecs thus assemble a feature matrix Σ with
elements Σ

μ
i = eμ(σi )+�

μ
i for each snapshot, where i indexes

lattice sites and μ indexes latent dimensions. Contingent on
the dataset under consideration, dmodel should be adjusted
for a balance of expressivity against overfitting. Note that in
Ref. [6] the input embeddings are multiplied by a factor of√

dmodel to scale up the weights; in contrast, this operation is
empirically detrimental in our application domain, plausibly
due to the exceedingly small vocabulary size relative to the
sequence length.

B. Locality-biased attention

The (multihead) attention mechanism plays a central role
in harnessing global correlation awareness for both archi-
tectural designs. We adopt the prevalent scaled dot-product
attention scheme [1,6] to acquire raw attention scores, and
subsequently impose a locality bias for an improved training
profile. Even though positional information has been encoded
amid the input codecs, we find that the prototypical atten-
tion setup, which is primarily designed for one-dimensional
sequences, struggles in perceiving 2D spatial relationships.
Hence, an explicit locality bias assists in this regard.
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We start with linear projections of the input embeddings
into query, key, and value vectors

Qi = ΣiWQ, Ki = ΣiWK , Vi = ΣiWV , (3)

with WQ, WK , and WV being learnable weight matrices. Here,
we suppress the latent-space index μ and take matrix multi-
plications implicit. The attention between sites i and j thus
reads

Ai j = softmax
j

(QiK j/T), (4)

where T denotes the model temperature (conceptually distinct
from the physical temperature) that controls the sharpness
of the attention distribution. In our exercises, T = √

dk (see
below for the definition of dk) works reasonably well.

The multihead attention is realized by partitioning the
latent space into h subspaces, each with dimension dk =
dmodel/h. Attention is computed independently within each
head, after which the head outputs are concatenated and lin-
early transformed to yield the final raw attention. In our actual
practice, the multihead configurations fail to outperform their
single-head counterpart, likely attributable to the limited size
of the training set.

Many realistic physical systems exhibit locality: Objects
only significantly influence their immediate neighbors, lead-
ing to a decay of the interactions and correlations with spatial
separation. Accordingly, we apply a locality bias to the raw
attention scores

Ai j = softmax
j

(Ai j ◦ Gi j ), (5)

where Gi j is a handcrafted bias function that decays with the
physical distance di j between sites i and j, and the circle ◦
denotes elementwise (Hadamard) multiplication. This local-
ity bias encourages the mechanism to focus on nearby sites,
effectively accelerating the convergence during the training
process. In our implementation, we choose a Gaussian kernel

Gi j = exp
{−d2

i j

/
2ς2

}
, (6)

with standard deviation ς = λ/2 and λ a characteristic length
scale of the system (e.g., λ = 8 for the 8×8 square lattice con-
sidered here). The eventual performance is not highly affected
by the specific choice of the bias function Gi j . For instance, a
power-law decay kernel works almost equally well.

The locality bias serves as a tunable inductive prior. Its
functional form and characteristic range can be adapted to the
anticipated correlation structure of the physical system. For
systems in which long-range correlations are expected to be
dominant, the bias may be weakened or removed. As an ex-
ample, in the synthetic derangement benchmark presented in
the Supplemental Material [122], the architectures are trained
without a locality bias to capture correlations between spa-
tially separated columns.

Finally, as a standard technique to stabilize the gradient
propagation, we apply a residual connection [126] by adding
a Σi to the output of the attention block as

attn(Σi ) = Σi +
∑

j

Ai jV j . (7)

Afterward, layer normalization [127] is employed in the pro
architecture, whereas the core architecture omits this step for
reasons that will become clear in the ensuing interpretation.

C. Feedforward and classification

The feedforward networks constitute one of the principal
sources of nonlinearity in the model. Each FFN is a sitewise
fully connected three-layer perceptron comprising an input
layer, a hidden layer, and an output layer. The input and output
layers have width dmodel, while the hidden layer has width
dhidden. A ReLU activation is applied between the two affine
maps to introduce nonlinearity. Concretely, the FFN reads

FFN(Σi ) = ReLU(ΣiW1 + b1)W2 + b2, (8)

where W1, W2, b1, and b2 are learnable weights and biases. The
same linear maps are shared across all sites i, whereas dif-
ferent FFN blocks carry independent parameters. A residual
connection and layer normalization follow each FFN.

The arrangement of FFNs constitutes the pivotal difference
between the pro and core architectures. The pro variant inserts
an FFN of dimension dhidden = dff after each attention block,
while the core variant defers nonlinearity to a single FFN of
dimension dhidden = N×dff after the entire stack of N attention
blocks. We call the latter design semilinear attention stack (for
the reason that will become clear in the impending interpreta-
tion).

Under this parametrization, the core and pro architec-
tures contain an almost equivalent amount of learnable model
parameters. However, the postponed feedforward network
markedly reduces the depth of nonlinearity within the core
model, which benefits the upcoming interpretation since phys-
ical objects commonly propagate linearly. Also, centralizing
the FFN boosts parallelism during both training and inference.

The classification head ingests the abstract embedding Σ
ff
i

processed through the preceding attention and feedforward
networks, and returns a categorical distribution over the target
labels. Concretely, the logit yi,c and the corresponding proba-
bility pi,c are computed as

yi,c = Σ
ff
i Wc + bc, pi,c = softmax

c
(yi,c), (9)

where Wc and bc denote the learnable weight and bias associ-
ated with category c. Each site i produces its own distribution;
this is warranted by the attention mechanism, which injects
into each site contextual information aggregated from all other
sites. The overall prediction is obtained by the argmax of the
averaged per-site distributions pc = avgi pi,c over all lattice
sites.

D. Hyperparameters

For the XTRG-generated snapshot dataset of the Hubbard
model, we adopt the following hyperparameters: embedding
dimension dmodel = 128; single-head attention h = 1; feed-
forward dimension dff = 1024; and N = 2 attention blocks.
Increasing either the number of heads or the number of atten-
tion blocks empirically induces severe overfitting and should
be considered only after expanding the dataset.

Furthermore, we implement an ablation toggle that trivial-
izes all attention blocks by hard-setting Ai j = 1 when enabled.
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FIG. 3. Training profiles and benchmarks of the production and baseline models following the core and pro architectures. Metrics are
displayed as raw data (thin lines with muted color) and with an exponential smoothing factor α = 0.4 (thick lines with deep color). For
baseline models (with trivialized attention), the pro architecture consistently outperforms the core variant across all metrics, congruous with
the anticipated benefits of elevated nonlinearity in the pro model. In contrast, for production models (with full-functional attention), the core
architecture achieves merely negligible gaps in performance, indicating an alignment of the semilinear attention with the intrinsic properties
of the dataset.

Under this switch, the effective attention reduces to the fixed
locality kernel, thereby delegating the classification task en-
tirely to the FFNs. This toggle is useful both as a baseline and
during the warm-up phase of training.

IV. TRAINING AND BENCHMARKS

Hardware. All the production and baseline models were
trained on an NVIDIA 3090 GPU. The project utilizes Py-
Torch version 2.2.2 and CUDA 11.8.

Initialization. All learnable parameters are initialized with
Xavier (Glorot) initialization [128]. For production runs, the
first 200 epochs serve as a warm-up phase during which the
ablation toggle is enabled, effectively pretraining the FFNs
with trivialized attention.

Batch and epochs. We use a batch size of 256 and train
for a total of 10 000 epochs. Checkpoints are saved every 100
epochs, and the one with the lowest validation loss is selected
as the final deliverable.

Objective. We optimize the ubiquitous cross-entropy loss
as our optimization objective. The loss is computed as the
negative log-likelihood averaged over all sites:

loss = avgi

[
−

∑
c

ξc ln pi,c

]
, (10)

where ξc denotes the ground-truth one-hot label for category
c (broadcasted across all sites), or specifically

ξc =
{

1, for correct category c,
0, otherwise. (11)

Optimizer. We use the standard Adam optimizer [129] with
β1 = 0.9, β2 = 0.999, and ε = 10−9. The learning rate is
fixed to 5×10−6. We find that both architectural designs are
sensitive to this setting: Materially larger or smaller values
tend to induce premature plateaus at elevated loss.

Regularization. We apply dropouts [130] with a rate of
0.01 to input codecs, attention blocks, FFNs, and all residual

connections. Contrary to the common practice in the NLP
applications, we disable the label smoothing [131] as over-
confidence is not a primary concern for a physically generated
dataset.

Training yield. Owing to stochastic initialization, train-
ing outcomes exhibit variability. Empirically, roughly one in
seven attempts attains a top-performing model.

Benchmarks. Figure 3 summarizes the training profiles of
four models we trained: the production and baseline models
under the core and pro architectures. The baselines are trained
with the aforementioned ablation toggle switched on, such
that their attention mechanisms are effectively disabled.

Benchmarks are reported as test-set accuracy and loss,
along with training loss. Test accuracy is defined as the frac-
tion of correctly classified snapshots in the held-out test set.
All four models achieve stable convergence given sufficient
training, and generalization is satisfactory as indicated by the
proximity of training and test losses.

Moreover, the production models consistently surpass their
baseline counterparts, attesting to the efficacy of the attention
mechanism. For the baselines, the pro variant outperforms the
core across all metrics, consistent with the anticipated benefits
of enhanced nonlinearity. In contrast, in production runs, the
core model closes the gap to within negligible differences,
indicating that FFNs interleaved between attention blocks are
largely redundant and that the semilinear attention stack aligns
well with the intrinsic structure of the dataset.

V. INTERPRETATION

For decades, achieving a principled interpretation of the
internal mechanism of AI models has been one of the highest
endeavors in the field [132]. Unlike opaque black-box ap-
proaches [133], the attention mechanism offers a natural lens
on a model’s focus and decision-making. The calculated atten-
tion scores Ai j are typically construed as a measure of impor-
tance of token j to token i (or equivalently, the attention paid
by token i to token j) [2,3]. This heuristic has been widely
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utilized in a variety of application domains [4,134–142]
for analysis, diagnosis, and debugging.

However, a comprehensive study [143] showed that at-
tention weights often fail to provide consistent or exclusive
explanations of model predictions; in particular, alternative
attention patterns can yield essentially identical perfor-
mance. These observations have ignited a prolonged debate
[143–151] on whether—or to what extent—the attention
meaningfully reveals a model’s reasoning process.

Despite the ongoing controversy, consensus remains that
attention maps furnish at least an (if not the) explanation for
the inner workings of the model [146]. Thereafter, further
aggregation methods, such as attention rollout [152–154] and
attention flow [152,155,156], have been proposed to prop-
agate attention scores across multiple layers. The attention
rollout, in particular, essentially performs a layerwise matrix
multiplication of the (residual-augmented) attention matrices.
Considering the fact that these matrices are all row stochastic,
it becomes natural to interpret them as Markovian transition
kernels [153]. This probabilistic viewpoint forms the basis of
our interpretation.

Our interpretation focuses exclusively on the core archi-
tecture, as it depends critically on the semilinear nature of the
attention stack (the precise meaning of which will be clarified
in the upcoming subsections).

A. Classical and quantum Markov process

Before heading to the interpretation, we first formalize the
relevant constructs for both classical and quantum Markov
processes on the lattice system. For the classical scenario,
consider a discrete-time Markov dynamics in which, at each
update, the state si at site i may overwrite the state s j at site
j; the corresponding transition probability is Ai j . All lattice
sites update synchronously in one time step.

Suppose that a collection of observables is associated with
each local state, and write Σ

μ
i for the μth observable eval-

uated on the state at site i. Under the Markov evolution
described above, the observables update after one step as

Σ
μ
i ←

∑
j

Ai jΣ
μ
j . (12)

For the quantum scenario, the local state can be associated
with a (pure) local density matrix ρi = |σi〉〈σi | ≡ |i〉〈i|. The
quantum Markov process is specified by a completely positive
trace-preserving map E (also known as a quantum channel)
comprising a set of Kraus operators

Kj =
∑

ı

√
Aı j | j〉〈ı|, (13)

whose action on the local state is

E (ρi ) =
∑

j

KjρiK
†
j =

∑
j

Ai jρ j . (14)

Assign to each ρi the same family of observables Σ
μ
i . Under

the channel E , these observables also evolve according to
Eq. (12). Therefore, in both classical and quantum constructs,
Eq. (12) captures the one-step evolution of observables under
the Markov process with the transition kernel Ai j .

B. Interpretation of the attention stack

We now make explicit the link between the attention stack
in the core architecture and the Markovian description above.
Viewing the embedded features as observables, the right-hand
side of Eq. (12) coincides with the application of the attention
matrix Ai j to the input embedding Σ

μ
i . In conjunction with

the embedding projector WV and the residual connection, the
output of a stack of N = 2 attention blocks can be expressed
as

Σ
attn
i = Σi +

∑
k

A(1)
ik ΣkW

(1)
V

+
∑

j

A(2)
i j

[
Σ j +

∑
k

A(1)
jk ΣkW

(1)
V

]
W (2)

V

= Σi +
∑

j

A(1)
i j Σ jW

(1)
V +

∑
j

A(2)
i j Σ jW

(2)
V

+
∑

j,k

A(2)
i j A

(1)
jk ΣkW

(1)
V W (2)

V , (15)

where A(�)
i j and W (�)

V denote, respectively, the attention matrix
and the embedding projector from the �th attention block. On
the right-hand side of the final equality, four terms appear: The
first term carries the original embedding; the second and third
terms propagate features according to the first and second
attention kernels; and the final term captures the cascaded
propagation through both blocks. These terms can be inter-
preted as four distinct Markovian propagation modes acting
on the input Σi. The same expansion generalizes analogously
to deeper stacks.

For trivial embedding projectors W (�)
V = 1 (where 1 is the

identity matrix), Eq. (15) reduces to

Σ
attn
i =

∑
j

Ri jΣ j =
∑

j

[∏
�

(1 + A(�) )i j

]
Σ j, (16)

where Ri j is precisely the standard attention rollout [152]
(without normalization). We refer to this limiting case as a
linear attention stack. However, in practice, the embedding
projectors are generally nontrivial, yielding the semilinear
attention stack. This is the unique feature of the core archi-
tecture; in contrast, in the pro variant, the layer normalization
and the FFN introduce nonlinearity between attention blocks.

This perspective furnishes an interesting interpretation of
the core architecture. First, the input codecs learn a feature
embedding whose components can be construed as physi-
cally relevant observables attached to each local state. The
attention stack then effects a superposition of Markovian
propagation modes that evolve these observables across the
lattice, while residual connections preserve the original fea-
tures. Finally, the classification head operates on the resultant
evolved features (observables). In essence, the model learns an
effective Markov dynamics—encoded in the attention kernels
and embedding projections—that best aligns the propagated
observables with the downstream classification objective. This
structural interpretation provides a concrete diagnostic handle
on the learned attention dynamics, though further connections
to specific microscopic observables and effective theories of
the Hubbard model remain to be established.
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(a) (b)

FIG. 4. (a) Sensitivity matrix (row-normalized confusion matrix) and (b) precision matrix (column-normalized confusion matrix) for the
core model. Color intensity indicates the degree of sensitivity [panel (a)] and precision [panel (b)], with exact values written within each cell.
Top rows indicate the charge doping and temperature of the corresponding categories. Diagonal entries show (a) the probability of correct
classification for each category and (b) the probability of a predicted category being correct.

VI. CONFUSION ANALYSIS

The core (production) model attains an overall 83% ac-
curacy on the test subset, as delineated in Fig. 3. However,
this aggregate metric masks substantial variation across cate-
gories; a nuanced assessment requires a full-scale confusion
analysis of per-category sensitivity (true positive rate) and
precision (positive predictive value).

We construct the confusion matrix Ξ , where each entry
Ξcc′ counts snapshots whose ground-truth category is c but
are classified as c′. Row normalizing Ξ yields the sensitivity
matrix, which estimates the probability p(c′|c) that a snapshot
from category c is predicted as c′. Column normalizing Ξ

produces the precision matrix, which estimates the probability
p(c|c′) that a snapshot predicted as c′ actually originates from
category c.

Figures 4(a) and 4(b) display the sensitivity and precision
matrices, respectively. The 9×9 matrices are partitioned into
a 3×3 (doping) block of 3×3 (temperature) cells and exhibit a
pronounced block-diagonal structure, indicating that misclas-
sifications occur predominantly within the same doping level.
Moreover, sensitivity increases systematically as temperature
decreases (reaching almost 100% at the lowest temperature),
whereas precision does not exhibit an equally monotonic
trend.

To rationalize these tendencies, we identify two principal
sources of randomness in the dataset: thermal and quantum
fluctuations. Thermal fluctuations are essentially structureless
and uncorrelated, while quantum fluctuations can admit non-

trivial quantum correlations. The latter effectively enhance the
system’s entanglement entropy, thereby providing additional
information that aids discrimination across categories.

Under this perspective, sensitivity may be interpreted as the
prominence of a category’s correlation pattern—greater corre-
lation strength raises the likelihood of correct classification;
whereas precision reflects the uniqueness of that pattern—
greater distinctiveness reduces the chance that snapshots from
other categories are misattributed to it.

Consequently, the observed rise in sensitivity at lower
temperatures suggests increasingly prominent correlation
structures, consistent with the suppressed thermal noise (and
relatively accentuated quantum correlations). In contrast, the
more modest gains in precision at the lowest temperatures
imply that low-temperature patterns also occur at a higher
temperature, in line with the known persistence of Mott
physics and superconducting correlations into a moderate-
temperature regime.

Finally, we remark that misclassification is not catastrophic
in our context, since the dataset is itself intrinsically stochastic
and exhibits substantial randomness. Therefore, an argmax-
based decision rule may mislabel even under a Bayes-optimal
classifier. For instance, let us suppose a perfect model assigns
a snapshot 50% probability to category c and 40% to cat-
egory c′; the argmax strategy will thereby deterministically
predict category c, although this snapshot may quite plausi-
bly originate from category c′. Hence, one should regard the
probability distribution pc as the faithful output of the model.
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(a) (b)

FIG. 5. Error in the omnimeter estimation of (a) the thermal exponent and (b) charge doping. Open circles/pentagrams mark the locations
in phase space of the snapshot ensembles under evaluation, with pentagrams (circles) indicating data included (not included) in the training
set. Color scales are obtained via interpolation. Overall performance is good, except for the bands at the unseen doping levels [around 7% and
17% in panel (a) and around 17% in panel (b)].

VII. UNIVERSAL OMNIMETRY

One of the straightforward applications of our AI classifier
is to perform measurements on an arbitrary ensemble of snap-
shots. Each category in the dataset is affiliated with a set of
known observables, and the classifier outputs a distribution
over categories, thereby inducing an estimate of the corre-
sponding observables. We refer to this procedure as universal
omnimetry, since a single classifier acting on the same raw
snapshot ensemble can simultaneously infer all observables
affiliated with its categories.

For a demonstration of this new technique, we augment the
dataset with additional snapshots drawn from regions of phase
space that were not included in the training set (i.e., unseen
by the model). A sufficiently generalizable model should then
produce a distribution over categories that reflects the resem-
blance of the correlation patterns in the input ensemble against
those learned during training. Thus, the performance of the
omnimeter serves as a probe of the underlying correlation
structure across distinct partitions of phase space.

The workflow starts with a calibration of observables for
all categories in the training set. Let ω(α)

c denote the αth
observable affiliated with category c. In our study of the
finite-temperature Hubbard model, the affiliated observables
are temperature and charge doping. As XTRG algorithm pro-
duces thermal density matrices at temperatures T = 1/2nT , we
utilize the thermal exponent nT as a representative observable
in place of temperature. The calibrated categories thereby pro-
vide the reference domain in which the omnimeter associates
ensemble-level snapshot patterns with temperature and dop-
ing. Additional observables can, of course, be accommodated,
provided the dataset supports and a corresponding calibration
is available.

Next, given an ensemble of snapshots {x} generated under
fixed conditions, the core classifier returns, for each snapshot,
a categorical distribution pc(x) over c. Averaging these dis-
tributions across the ensemble yields a collective distribution
measuring the probability that this ensemble corresponds to
category c. The target observable for the ensemble is then esti-
mated by the distribution-weighted average of the calibration:

〈ω(α)〉 =
∑

c

ω(α)
c avgx pc(x). (17)

Figure 5(a) shows the error of the omnimeter’s estimates
of the thermal exponent nT for ensembles drawn from
various locations in phase space. Overall performance is
satisfactory—particularly at doping levels partially covered
in the training set. Notably, two red bands appear at unseen
doping levels (around 7% and 17%), with inferred tempera-
tures systematically higher than the ground truth. This bias
is plausibly attributed to correlation patterns in those regions
that were absent during training; the model interprets these as
signatures of elevated thermal fluctuations and hence predicts
higher temperature. This behavior, in turn, corroborates that
the classifier has genuinely learned to associate correlation
patterns with thermodynamic conditions. In particular, the
nontrivial variation of the error landscape across phase space
indicates that the model responds to variations in the under-
lying correlation structure, rather than merely performing a
nearest-grid interpolation of the calibrated labels. Within the
phase-space coverage of its calibration data, the omnimeter
should therefore be understood as a correlation-aware diag-
nostic rather than a simple interpolation scheme.

Figure 5(b) reports the error in estimating charge doping.
Performance is again strong, aside from a distinct band at the
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unseen doping of around 17%. A similar mechanism applies:
The model finds that the unseen patterns resemble those at
around 22% doping, consistent with both doping levels lying
within the superconducting regime.

These artifacts can be mitigated by enriching the calibra-
tion set in the affected portions of phase space. The missing
doping levels in the nine-category calibration illustrate that
reliable generalization requires representative sampling of the
correlation patterns in the target regime. In practice, the cal-
ibration grid can be tailored to the resolution required for
a given thermometry or doping extraction task. As demon-
strated in the Supplemental Material [122], a 25-category
omnimeter that includes these doping levels substantially sup-
presses the artifacts and reduces the relative error in both
temperature and doping to below 10%. The reference simu-
lations need only be performed once, after which the trained
omnimeter can be applied to many experimental snapshot en-
sembles. A more comprehensive evaluation will be presented
in an upcoming dedicated technical report.

Thermometry remains a central challenge in ultracold-
atom experiments [85,106], and our AI omnimeter offers
a competitive upgrade. Modern quantum gas microscopy
[82,83] produces ensembles of site-resolved snapshots of the
analog cold-atom simulator, which can be compared directly
with our numerical snapshot dataset. Whereas current ther-
mometers often rely on matching hand-selected metrics and
correlators [85,106,107,157], our approach automatically dis-
covers discriminative patterns and aggregates them into robust
temperature estimates. We therefore anticipate that this ap-
proach can materially enhance the reliability of thermometry
in ultracold-atom platforms.

VIII. SUMMARY AND OUTLOOK

In this article, we establish an end-to-end technological
stack for AI-assisted analysis of strongly correlated electron
systems on a lattice. The workflow starts with tensor-network
simulations that generate thermal density matrices and, in
turn, an extensive snapshot dataset. This dataset is then
processed by our tailored AI architectures featuring locality-
biased, semilinear attention with principled interpretability
grounded in effective Markovian dynamics and strong ca-
pacity to capture latent correlation patterns. The trained
model is subsequently subjected to a comprehensive confu-
sion analysis, revealing the prominence and uniqueness of

correlation structures across thermodynamic conditions. Fi-
nally, the model is deployed as an omnimeter to infer multiple
observables from arbitrary ensembles of snapshots. In its
present supervised implementation, the omnimeter operates
within the physical domain covered by reliable and repre-
sentative calibration data; within this domain, however, the
costly reference simulations need only be performed once,
after which the trained model can be efficiently applied to
many experimental snapshot ensembles.

Our research demonstrates the viability of bespoke AI
technologies for interrogating challenging strongly corre-
lated quantum systems. The approach is versatile and readily
extends to lattice models for diverse physical scenarios.
Moreover, the tailored architectures are especially useful
for sequential datasets with small vocabulary but long se-
quence length, a characteristic feature of many scientific
data such as DNA/RNA chains, protein structures, or other
high-resolution imaging. The observation that the core model
attains performance comparable to the pro variant suggests
further opportunities to optimize the transformer architecture.
Besides, the universal omnimetry furnishes a generic mea-
surement methodology for quantum many-body experiments
equipped with site-resolved quantum microscopy [82,83].
Beyond classifiers, alternative AI paradigms—e.g., genera-
tive models—merit applications in, e.g., autoregressive neural
quantum states [158–162] or neural transformer backflow
[163–165]. We therefore anticipate that this work opens a
promising new avenue for the study of strongly correlated
systems and will motivate further researches along these lines.
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