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Fidelity of Machine-Learned Potentials: Quantitative Assessment for Protonated Oxalate
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There has been a veritable explosion of methods and software to perform machine-learned regression on
datasets of electronic energies and forces to develop high-dimensional machine-learned potential energy surfaces
(ML-PESs). A major, but not deeply studied aspect is how well different ML-PESs represent the same dataset
on which they were trained, beyond the standard statistical precision measures. Here, this is examined using
several “stress tests,” for two widely used machine-learned potential approaches. One is based on permutationally
invariant polynomial linear least-square regression and the other is the message-passing neural network PhysNet
approach. The energies from the two PESs are directly compared as are the IR spectra determined from
vibrational self-consistent field/vibrational configuration interaction calculations using fitted dipole moment
surfaces. In addition, tunneling splittings for the hydrogen transfer between two equivalent structures are
reported using three different methods: ring polymer instanton theory, diffusion Monte Carlo simulations, and
the Qim-path method. These calculations require the evaluation of on the order of one billion energies that are
widely dispersed in the 15-dimensional configurational space. The two PESs yield results for these quantities in
excellent agreement with each other.

DOI: 10.1103/jfjx-djk2

I. INTRODUCTION

Reliable, quantitatively accurate potential energy surfaces
(PESs) are key for investigating, characterizing, and under-
standing chemical and biological systems in the gas and
condensed phases based on molecular simulations [1–4]. Ad-
vances in machine learning (ML) methodologies have led to
the development of machine-learned potential energy surfaces
(ML-PESs), which are now widely used to simulate such
systems and have become part of the standard toolbox for
studying physical and chemical processes. Recent applica-
tions include the simulation of a water box with ≈12 M atoms
and a solid-state system of Cu with 100 M atoms [5] using the
DeepMD model [6]. Similarly, ML-PESs have been used in
atomistic simulations of biological systems [7,8]. One of the
largest such simulations was that of the human immunodefi-
ciency virus capsid with 44 M atoms using the Allegro model
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[9,10]. On the other hand, such impressive system sizes are
still small compared to what can be handled using empirical
energy functions (billions of atoms for several million time
steps) [11–16]. Depending on the level of theory used for
the reference data, the use of ML-PESs promises to reach
new levels of accuracy and realism compared with all-atom
simulations based on empirical and even physics-enhanced
energy functions [17].

Within the broader physical chemistry community, ML-
PESs together with established molecular dynamics (MD)
suites and methods have become a new standard approach
[18–24]. Likewise, performance and stability challenges
for ML-PESs have been established that explicitly target
biomolecular systems [25,26]. Such studies are required to
pave the way toward confident and competent use of these
new technologies by the broader science community as had
been the case with empirical energy functions and electronic
structure methods.

The profound and lasting impression ML-PESs make on
the field of computer-based approaches applied to the dy-
namics and reactivity of chemical, biological, and materials
systems in the gas and condensed phase is also reflected in
the large number of computer codes that have become avail-
able over the past decade. A recent review article presents a
sweeping overview of the status of the field up to 2025 and
lists more than 90 software packages [27]. Two among this
list are used here to address a major, but not deeply studied,
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FIG. 1. Structures of protonated oxalate anion, OxH, at the
global minimum (GM) and proton-transfer saddle point (SP).

aspect of ML-PESs. Namely, how well different approaches
represent the same dataset on which they are trained going
well beyond statistical precision metrics [25,28].

The present work reports results on several “stress tests”
beyond fitting precision for a permutationally invariant poly-
nomial PES, based on standard linear regression and a
PhysNet neural network (NN)-based potential [29]. The PIP
and related methods using PIPs have been reviewed in a recent
Perspective, where it was noted that more than 200 ML-PESs
have been reported using PIPs [30]. PhysNet belongs to the
family of message passing neural networks and was one of
the early architectures developed in that class of NN-based
approaches [29]. Specifically, the features in PhysNet are
continuously refined and together with a model for the to-
tal energy PhysNet also provides geometry-dependent partial
charges. The implementation and broader scope of PhysNet
have also been described in the literature [21,31,32]. Impor-
tantly, the present work assesses the quality of the ML-PESs
with a particular focus on comparisons with experiment for
a recently characterized system for which high-level (HL)
reference calculations are feasible. The spirit of the present
work readily extends and generalizes to other systems for
which rigorous and validated experimental results are avail-
able. However, no survey extending to questions related to
chemical space is attempted here.

The present work examines the performance of the PIP
and PhysNet ML-PESs for a number of vibrational proper-
ties of the protonated oxalate anion ([HO2CCO2]−), hereafter
referred to as OxH (see Fig. 1), with a major focus on
normal modes, the infrared (IR) spectrum, and the ground-
state tunneling splitting. The splitting was determined using
ring polymer instanton (RPI) theory, unbiased, fixed-node
diffusion Monte Carlo (DMC) simulations, and the one-

dimensional (1D) Qim path. The remainder of this article is
organized as follows. Brief descriptions of the theoretical
methods are given, followed by results, discussion, a sum-
mary, and conclusions.

II. METHODS

In the following, the datasets and construction of the ML-
PESs are described. Methods for the spectroscopic studies
[33–36], diffusion Monte Carlo calculations [37–40], and
computing tunneling splittings [41–46] are provided in the
Supplemental Material [47].

A. Reference data for the PESs

For the present work, two reference datasets were used.
Set2025-LL (LL for “low level”; MP2/aug-cc-pVTZ) com-
prised 22100 OxH structures for which energies, forces, and
dipole moments were determined at the MP2/aug-cc-pVTZ
level of theory. To improve the performance of the LL model,
transfer learning (TL) to an HL dataset determined at the Cou-
pled Cluster with Single, Double, and perturbative Triple ex-
citations [CCSD(T)/aug-cc-pVTZ] level of theory was carried
out [43,48–51]. This high-level dataset, Set2025-HL, com-
prised a total of 2688 structures selected semirandomly from
Set2025-LL: 1067 structures were sampled using MD simu-
lations at 1000 K, and 960 and 661 structures were obtained
from normal mode sampling around the minimum and transi-
tion state (TS), respectively, for which energies, forces, and
dipole moments were determined at the CCSD(T)/aug-cc-
pVTZ level of theory using molpro [52]. Set2025-HL is the
dataset from which PES2025 was trained, vide infra [53].
A detailed description of the structural sampling and dataset
generation procedures can be found in previous work [53,54].

Set2026-HL, which is based on Set2025-HL, was specif-
ically introduced to validate the computed H-tunneling
splittings. This set consisted of Set2025-HL, which was aug-
mented in a targeted fashion as follows. (1) 200 points were
extracted along the minimum energy path (MEP), which in-
cludes 100 points sampled in each direction from the TS
toward the global minimum, and (2) 200 points were gener-
ated along the instanton path (IP) generated using PES2025,
which was available from previous work [53]. For all new
structures, energies, forces, and dipole moments were com-
puted at the CCSD(T)/aug-cc-pVTZ level of theory using
molpro [52]. This yields Set2026-HL that is the combination
of Set2025-HL and the 400 structures generated as described
in (1) and (2) above. Since Set2026-HL is entirely based
on Set2025-HL together with improved coverage around the
MEP and IP, normal modes and infrared spectra are expected
to be very close.

B. PIPs and �-machine learning

PIPs provide a direct representation of a PES that respects
permutational symmetry. In this representation, the potential
is given by the equation

V (y) =
np∑

i=1

ci pi(y), (1)
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where ci are linear coefficients, pi are PIPs, np is the total
number of polynomials for a given maximum polynomial
order, and y are the variables of the potential and the PIPs. In
this work, y are Morse variables, given by yi j = e−ri j/α , where
ri j are the N (N − 1)/2 internuclear distances among N atoms.

The general theory underlying this representation was
given by Braams and Bowman [3]. Two approaches were
outlined to obtain PIPs. One is given in terms of so-called
primary and secondary invariants and the second is based
on “monomial symmetrization.” The second approach can be
illustrated for the simple case of a triatomic. In that case, the
potential is given by

V =
M∑

m=0

DmS
[
ya

12yb
13yc

23

]
, (2)

where “S” is the operator that symmetrizes monomials. This
yields the symmetrized basis function for the representation
of V , which for convenience we write in compact notation of
Eq. (1). An efficient algorithm, denoted by “monomial sym-
metrization approach,” has been coded to obtain higher-order
polynomials from lower-order ones [55,56].

The coefficients, ci, are obtained using a linear least-
squares procedure; i.e., they are optimized to minimize the
L2 loss, i.e., sum of the squared differences between the PIP
representation of the potential and the electronic energies. If
gradients are also available, these are included in the L2 loss,
where the analytical gradient of V is used.

In general, the number of coefficients is much less than
the dataset size and so this is an overdetermined linear least-
squares problem that was solved by using dgelss from the
MKL library [57] to obtain the linear coefficients. The dgelss
routine is chosen because it uses singular value decomposition
and therefore is the most robust (numerically stable) algorithm
for such a problem. Details of the software to generate the
PIPs as well as further processing of them, e.g., fast reverse
differentiation using Mathematica scripts, have been given
previously [56,58].

�-machine learning PIPs. A �-ML approach can be used
to efficiently elevate a low-level PIP ML-PES, e.g., from ex-
tensive density functional theory or MP2 calculations to the
CCSD(T) level [59–62]. In brief, the �-ML approach is given
by the equation

VLL→CC = VLL + �VCC-LL, (3)

where VLL→CC is the corrected PES, VLL is a PES fit to low-
level reference electronic structure data, and �VCC−LL is the
correction PES based on high-level data, e.g., coupled cluster
energies. Since the difference between LL and HL energies,
�VCC-LL, is not as strongly varying as VLL with respect to the
nuclear configurations, only 2688 high-level electronic ener-
gies were required to fit the correction PES. It is also possible
to simply refit the original low-level dataset by incorporating
(I) the difference energies directly into a new dataset to yield
Set2025-I [63,64]. The two approaches, as expected, lead to
nearly identical final results [64]. The latter approach is used
here.

C. PIP fits to dipole moment data

Separate fits to dipole moment data are done, using a phys-
ically motivated expression for this vector quantity, namely,

μ = Xq, (4)

where X is the 3 × N matrix of Cartesian coordinates and q is
an N × 1 column vector representing the “effective charges”
on the N atoms, which are scalar quantities that can be ex-
panded using a basis of PIPs to reflect relevant permutational
invariance and with the linear coefficients determined by a lin-
ear least-squares fit. More details can be found in Refs. [3,65].

D. PhysNet and transfer learning

PhysNet is a message-passing neural network that learns to
represent an atom in its chemical environments directly from
nuclear charges and Cartesian coordinates [29]. The atomic
feature vectors are used to predict atomic energy contributions
and partial charges for any molecular configuration. Forces
are obtained through reverse-mode automatic differentiation
[66], while the partial charges are used to predict the electric
dipole moment.

Following previous work [53], PhysNet’s learnable param-
eters are adjusted to minimize the loss function

L = wE |E − E ref| + wF

3N

N∑

i=1

3∑

α=1

∣∣∣∣−
∂E

∂ri,α
− F ref

i,α

∣∣∣∣

+ wQ

∣∣∣∣∣

N∑

i=1

qi − Qref

∣∣∣∣∣ + wp

3

3∑

α=1

∣∣∣∣∣

N∑

i=1

qiri,α − pref
α

∣∣∣∣∣ + Lnh

(5)

using the Adam optimizer [67,68]. The hyperparameters
[21,29] wi i ∈ {E , F, Q, p} differentially weigh the contri-
butions to the loss function and were wE = 1 [1/energy],
wF ∼ 52.92 [length/energy], wQ ∼ 14.39 [1/charge], and
wp ∼ 27.21 [1/charge/length], respectively, and the term Lnh

is a “nonhierarchical penalty” that regularizes the loss func-
tion [29]. For training, a random 80%/10%/10% split of the
data as training/validation/test sets was used.

The present work employs two PhysNet-based PESs:
PES2025 (available from previous work [53]) and PES2026.
For PES2025, first an LL model was trained on Set2025-
LL. To improve the quality of the LL model for molecular
spectroscopy and tunneling splitting calculations, TL was
used to refine and elevate the PES from the MP2/aug-cc-
pVTZ to the gold-standard CCSD(T)/aug-cc-pVTZ level of
theory using Set2025-HL [43,48–51]. For transfer learning,
the learning rate was reduced to 10−4 and the hyperparam-
eters were wE = wF = wQ = wp = 1. This transfer-learned
model is referred to as PES2025 and additional details are
provided in the original publication [53]. To validate and po-
tentially further improve PES2025 for calculating H-tunneling
splittings, PES2026 was trained based on Set2026-HL using
transfer learning with Set2025-LL as the low-level model.

In addition to the energies, PhysNet also learns an under-
lying atom-centered charge model with geometry-dependent
charges qi that recovers the molecular dipole moment for
each configuration. Hence, the final PhysNet model provides
the total molecular energy as the sum of atomic energies
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TABLE I. Statistical performance for PES2025, PES2026, and PIP PES across the MP2/aug-cc-pVTZ (Set2025-LL, Set2025-I) and
CCSD(T)/aug-cc-pVTZ (Set2025-HL, Set2026-HL) datasets. Results on MAE and RMSE for energies, forces, and molecular dipole moment
are reported as indicated together with the datasets the models were trained on.

Model Technique Dataset MAE(E ) (cm−1) RMSE(E ) (cm−1) RMSE(F ) (cm−1/a0) RMSE(D) a.u. (D)

PES2025 Base Set2025-LL 3.1 16.4 84.9 2.1 × 10−3 (5.4 × 10−3)
TL Set2025-HL 1.7 4.1 12.0 1.0 × 10−3 (2.6 × 10−3)

PES2026 TL Set2026-HL 3.7 7.8 26.3 2.1 × 10−3 (5.3 × 10−3)

PIP PES �-learn Set2025-I 7.6 23.1 47.8 1.0 × 10−3 (2.6 × 10−3)
�-learn Set2025-HL 12.2 31.1 65.1 1.1 × 10−3 (2.7 × 10−3)

and the total dipole moment �μ(R) = ∑N
i=1 qi(R)�ri for each

geometry, which yield the full-dimensional potential energy
and dipole moment surfaces (DMSs). Machine-learned fluctu-
ating charge models, which capture the nuances of electronic
redistribution during nuclear motion, have recently also been
derived from kernel-based approaches and from an equivari-
ant neural network [69,70].

The fluctuating charges in PhysNet are directly trained on
the molecular dipole moment �μ and are smooth functions of
the geometry. Because these charges are forced to be a smooth
function of the coordinates to minimize the dipole loss, the
resulting dipole moment surface is inherently continuous and
differentiable. This is vital for obtaining high-quality relative
intensities in IR signatures, as the model accurately captures
the dipole derivatives ∂μ

∂Q across the PES. This methodol-
ogy aligns with previous work on formaldehyde [71], which
demonstrated that allowing electrostatics to fluctuate naturally
with geometry provides a robust foundation for reproducing
complex spectroscopic features. High-quality dipole moment
surfaces also allow for the comparison of relative intensities of
infrared responses. However, for characterizing the energies
at which particular vibrational modes appear, more qualitative
models based on, for example, point charges are sufficient.

III. RESULTS

A. Fits and validation of the machine-learned PESs

The present work employs three different PESs. The
PhysNet-based PES2025 was previously trained on Set2025-
LL and Set2025-HL and used for spectroscopic applications
(VPT2 calculations and MD simulations). To extend its valid-
ity to tunneling splitting calculations, it was supplemented by
additional reference calculations at the same level of theory
along the IP and MEP to give Set2026-HL (see Sec. II). Com-
pared with PES2025 [mean absolute error (MAE) of E = 3.1
cm−1; root mean squared error (RMSE) of E = 16.4 cm−1 on
Set2025-LL; MAE(E ) = 1.7 cm−1; RMSE(E ) = 4.2 cm−1

on Set2025-HL], PES2026 on Set2026-HL for an indepen-
dent test set features RMSE(E ) = 7.8 cm−1, 26.3 cm−1/a0 for
gradients (compared with 12.0 cm−1/a0 for Set2025-HL), and
2.1 × 10−3 a.u. (5.3 × 10−3 D) for dipoles (see Table I).

Complementary to these PhysNet-based PESs, a PIP-
represented PES [3,30] was generated using the PES2025-LL
dataset. The PIPs used full “421 symmetry,” indicating that all
four oxygens permute with one another and the two carbons
permute with one another. The polynomial basis has 9923
polynomials/coefficients. As described in Sec. II, this fit was

then elevated to the CCSD(T) level using the �-ML method
and the Set2025-HL dataset. The rms errors of the final PES
on Set2025-I are 23.1 cm−1 for energies and 47.8 cm−1/a0 for
gradients, and on Set2025-HL they are 31.1 cm−1 for energies
and 65.1 cm−1/a0 for gradients. The DMS using PIPs featured
a training error of 1.0 × 10−3 a.u. (2.6 × 10−3 D).

The representations PES2025 and PIP-PES are compared
in Fig. 2(a). For this, 1000 configurations were randomly
sampled from an MD trajectory generated using PES2025 at
a temperature of 300 K. This dataset covers a comparatively
narrow energy range of ∼10 kcal/mol. The two PESs feature
an MAE(E ) and RMSE(E ) of 0.010 and 0.014 kcal/mol.
Similarly, PES2025 and PES2026 are juxtaposed in Fig. 2(b)
for which MAE(E ) and RMSE(E ) are even closer: 0.002 and
0.003 kcal/mol, respectively. These comparisons demonstrate
that all three PESs are consistent with one another. On the
other hand, the subtle differences are relevant when compar-
ing observables obtained from using them in the subsequent
simulations.

PES2026 features a barrier height for H-transfer of 3.349
kcal/mol compared with 3.351 kcal/mol for PES2025, which
matches the CCSD(T) reference value. Normal mode frequen-
cies for the global minimum and the TS were also determined
using PES2026 and their MAE(ω) match those from PES2025
to within better than 0.1 cm−1. Compared with the frequen-
cies from CCSD(T) calculations for the minimum energy and
TS structure, the MAE(ω) are 0.41 and 0.55 cm−1. All these
comparisons underline the high quality of both PES2025 and
PES2026. The quality of the normal mode frequencies is also
in line with previous work using the same methods [72].

For the PIP-PES, the barrier height for H-transfer is
1171.7 cm−1, in excellent agreement with the CCSD(T) value
of 1172.2 cm−1 (3.351 kcal/mol). The harmonic frequencies
of these two stationary points are listed in Table II. The MAE
between the reference values and those from the PIP-PES
are 0.47 and 0.85 cm−1, respectively. This compares with
0.34 cm−1 [CCSD(T)/aug-cc-pVTZ) and 0.09 (MP2/aug-cc-
pVTZ] for the global minimum of PES2025 [53].

B. Infrared spectroscopy

The computed IR spectra from PES2025 and the PIP-PES,
computed using their respective dipole moment surfaces,
together with the most recent experiment, are shown in Fig. 3
[53]. It can be seen that the spectra (blue for the PIP-PES
and red for PES2025) from vibrational self-consistent
field/vibrational configuration interaction (VSCF/VCI)
calculations using both PESs successfully capture the
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FIG. 2. (a) Comparison between PES2025 (based on PhysNet) and the PIP-based PES. (b) Comparison between PES2025 and PES2026.
The statistical performance for PES2025, PES2026, and PES-PIP on the CCSD(T)/aug-cc-pVTZ reference data is summarized in Table I.

location and breadth of the highly dispersed band in
the expected OH-stretch region ranging from ∼2500 to
∼3200 cm−1. A detailed analysis of this band and its
implications for quantum chaos using the PIP-PES has been
recently discussed [36]. The focus in the present work is on
the fidelity of the potential and dipole moment surfaces that
are constructed with two different approaches (neural network
versus polynomial regression) using the same reference data.
A direct comparison of the VSCF/VCI energies from both

ML-PESs is given in Fig. S1 of the Supplemental Material
[47].

The two computed spectra in Fig. 3 (blue and red traces)
are visually identical, even for the fine structures in the highly
dispersed band between 2000 and 3500 cm−1. The quantita-
tive difference between the two computed spectra is the green
trace: peak positions for MULTIMODE (MM) calculations
using the two PESs differ by a few cm−1 and arise primar-
ily for the framework modes (1200–1800 cm−1). It is also

TABLE II. Comparison of harmonic frequencies (cm−1) from CCSD(T) and the PIP-PES for the two structures shown in Fig. 1. For
PES2025, the frequencies have been reported previously with MAEs of 0.34 cm−1 for the minimum and 0.57 cm−1 for the transition state for
H-transfer [53]. Given the very small overall MAE(ω) = 0.1 cm−1 between PES2025 and PES2026, the results for PES2026 are not explicitly
reported.

Min mode CCSD(T) PES Diff TS Mode CCSD(T) PES Diff

1 104.15 104.44 0.29 1 1143.01i 1141.21i 1.80
2 300.53 300.48 0.05 2 142.08 142.68 0.60
3 434.85 435.22 0.37 3 333.55 334.10 0.55
4 488.55 488.20 0.35 4 492.74 493.82 1.08
5 565.63 565.45 0.18 5 602.51 602.91 0.40
6 700.53 700.64 0.11 6 715.09 714.51 0.58
7 829.31 828.73 0.58 7 750.74 749.58 1.16
8 849.26 849.41 0.15 8 852.74 851.81 0.93
9 968.64 967.52 1.12 9 865.80 865.14 0.66
10 1140.19 1141.01 0.82 10 1296.66 1298.50 1.84
11 1335.09 1335.15 0.06 11 1299.88 1299.93 0.05
12 1455.66 1455.68 0.02 12 1322.91 1323.09 0.18
13 1726.89 1727.56 0.67 13 1748.71 1748.66 0.05
14 1816.52 1816.89 0.37 14 1790.83 1791.51 0.68
15 3203.91 3205.81 1.90 15 2101.26 2099.06 2.20

MAE 0.47 0.85
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FIG. 3. IR spectrum for OxH calculated at the respective global
minimum using MM and a 4MR with two different potential
and dipole moment surfaces. The spectra using the PIP-PES and
PES2025 are reported in blue and red, respectively, whereas the
difference between the two computed spectra is shown in green.
The IR spectrum for PES2026 was not calculated explicitly because
(1) PES2025 and PES2026 agree to within better than 1 cm−1 [see
Fig. 2(b)] and (2) the normal modes from the two PESs agree
to within 0.1 cm−1. The experimentally measured spectrum is dis-
played in black [53,73]. Results with a 3MR are reported in Fig. S2 of
the Supplemental Material [47], and those for PES2026 using 4MR
are in Fig. S3 of the Supplemental Material [47].

noted that the relative intensities of the modes are realistic
and in reasonable agreement with the measurements. It is
recalled that PhysNet uses fluctuating charges from which the
fluctuating molecular dipole moment is computed, whereas
for the PIP-PES the dedicated DMS PIP representation is
used.

The spectra from MULTIMODE calculations are com-
pared over the full range that was reported from the
measurements [53,73], starting at the red side of the spectrum.
The weak band below 1000 cm−1 is not correctly described by
the MM calculations, whereas the quartet below 1500 cm−1

rather closely follows the experiments. The spacing for the
first doublet is somewhat too wide and the intensity of the
highest-frequency peak is too low. For the doublet (experi-
ment) between 1500 and 2000 cm−1, the MM calculations
reveal more detail for the low-frequency peak, whereas the
high-frequency peak is correctly described. Overall, the agree-
ment between the two computed spectra is excellent and they
closely match the experiments. For the diffuse band extending
from 2500 to 3200 cm−1 (see black traces in Fig. 3), the
MM calculations using the two different PESs (PES2025 and
PIP-PES) yield nearly identical results (green trace in Fig. 3).

The computations using MM confirm that the intensity of the
spectroscopic feature(s) associated with H-transfer are spread
out across several hundred wave numbers. On the other hand,
the computed lineshape does not find the plateau centered
around 2750 cm−1.

C. Tunneling splittings

Next, tunneling splittings from the methods described
above are presented here. Most determinations are for the
ground vibrational state, but some excited state splittings are
also reported using the Qim method.

Instanton calculations. Tunneling splittings had been pre-
viously determined using PES2025, which was transfer
learned from the MP2 level of theory to CCSD(T). For this
PES, the training dataset was not specifically tailored to tun-
neling splitting calculations as had been done previously for
malonaldehyde or tropolone [43,74]. In order to further im-
prove PES2025 for tunneling splittings, reference energies at
the CCSD(T)/aug-cc-pVTZ level of theory were determined
along the minimum energy and instanton paths. Subsequently,
the TL procedure was repeated that yielded PES2026 (see
Fig. 2). The tunneling splitting calculated using perturbatively
corrected (pcRPI) RPI theory using PES2025 was 35.0 cm−1.
This compares with a value of 34.9 cm−1 when employing
PES2026. The difference of 0.1 cm−1 indicates that both sur-
faces provide comparable performance and that the prediction
at the CCSD(T)/aug-cc-pVTZ level of theory is ∼35.0 cm−1.

DMC calculations. Diffusion Monte Carlo calculations
were performed with both the PIP-PES and the PES2025
surfaces to determine the zero point and first excited levels of
OxH. The latter calculation was accomplished by preventing
the walkers from crossing the nodal surface. The calculation
with the PIP-PES was performed in terms of normal modes,
while that using the PES2025 surface was performed in
Cartesian coordinates. Uncertainties were calculated from the
standard deviation of five simulations. For the zero-point en-
ergy, the PIP-PES gave 7820.1 ± 1.6 cm−1, and the PES2025
surface gave 7819.0 ± 2.0 cm−1. For the first excited levels,
the results were 7853.1 ± 0.9 and 7856.9 ± 1.0 cm−1, re-
spectively, resulting in tunneling splittings of 33.0 ± 1.8 and
37.9 ± 2.3 cm−1. Given that PES2026 and PES2025 agree
to within better than 1 cm−1 on average [Fig. 2(b)] and the
differences on the 1 to few cm−1 scale between PES2025 and
the PIP-PES, DMC simulations were not carried out using
PES2026.

Qim calculations in 1D and 2D. For additional scientific in-
terest and deeper understanding, tunneling splittings were also
determined from reduced-dimensionality Qim calculations.
This was done only for the PIP-PES; however, connections
between the PESs will be drawn at the end of this subsec-
tion. Figure 4 reports V (Qim) together with the energy levels
and probability densities derived from the wavefunctions. The
barrier is 1172 cm−1. Using the normal coordinate system of
the saddle point, the normal coordinate of the minimum is
�Qmin = [34.2, 0.0, 20.2, 0.0, 0.6, 31.0, 10.3, 0.0, –14.2, 0.0,
–4.5, 3.2, 3.4, 0.1, –8.4] (or − �Qmin for the other minimum),
where the 15 numbers represent distances in multiples of the
unit vectors associated with the normal modes of the saddle
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FIG. 4. V (Qim) potential for OxH (black) with DVR energy
levels (solid horizontal lines) and |�2| distributions (dashed). The
coloring of the energy levels corresponds to the coloring of the
distributions. The ground-state tunneling splitting between the lowest
doublet (blue/red solid lines) is clearly visible.

point, starting with that of the imaginary frequency and then in
order of the frequencies from lowest to highest (see Table II).

Energy levels were also calculated for a barrier height of
1250 cm−1 to agree with the complete basis set (CBS) limit
extrapolated from CCSD(T)-F12a/aug-cc-pVXZ (X = D and
T) calculations (see Table S1 and Fig. S4 of the Supplemental
Material [47]). Using the geometries of the Qim path for the
1172 cm−1 barrier, points along the path were calculated at
the CCSD(T)-F12a CBS level and then fit by a polynomial
function that was used in the DVR calculation. Use of DVR
for this curve gave a tunneling splitting of 28 cm−1.

A two-dimensional (2D) version of the PES was also exam-
ined using Qim and Q15, the highest-frequency normal mode at
the saddle point, as the two dimensions, and then performing
an optimization of the remaining 3N − 8 normal coordinates
at each value of Qim between –100.0 a0 and 100.0 a0; and at
each value of Q15 between –72.0 a0 and 40 a0; Q is reported
in mass weighted atomic units, whereby the mass is in units
of me. The potential surface is shown in colored contour form
in Fig. 5. The grid spacing for the diagram is 0.5 a0 in each
dimension. The black solid line shows the Qim path on the
PIP-PES, the green dashed line shows the minimum energy
path on PES2025, and the red line shows the instanton path
on PES2025. Importantly, despite using two different PES

FIG. 5. Two-dimensional (colored contours) for OxH as a func-
tion of Qim and Q15 with all other normal modes optimized at each
point using PIP-PES. The instanton, minimum energy, and Qim path
are the red, green dashed, and black paths. The instanton and min-
imum energy paths were determined on PES2025 and the Qim path
on the PIP-PES. One division along either coordinate corresponds to
the unit vector along the relevant normal mode.

representations (PES2025, PIP-PES) and the different meth-
ods used for computing them (RPI, MEP, 2D-Qim), the three
paths are essentially superimposed in the regions between
the transition state and the global minimum. The associated
tunneling splitting is also 33 cm−1, nearly identical to that
from the 1D Qim analysis and in close agreement with the
DMC simulations using the PIP-PES as well as with the RPI
calculations using PES2025. Because the RPI and Qim paths
pass through the saddle point, corner cutting in OxH is small,
unlike in tropolone, where pronounced corner cutting was
observed [61]. This contributes to the present finding that
�H from the 1D-Qim approach, which is simpler and more
approximate than DMC and RPI simulations, compares rather
favorably with these methods and representations of the PESs.
A paper comparing the Qim method for a variety of H-transfer
molecules has recently appeared [75].

Tunneling summary. A summary of the tunneling split-
tings for OxH is provided in Table III. Given the similarities
between the various PESs, it is not surprising that all splitting
from using PESs with a barrier of 1172 cm−1 give compara-

TABLE III. Comparison of the tunneling splittings �H for H-
transfer in OxH using the different methods described in the text.

Barrier Tunneling
PES (cm−1) splitting (cm−1) Method Reference

PES2025 1172 35 RPI [53]
PES2026 1171 35 RPI This work
PIP-PES 1172 33 DMC This work
PES2025 1172 38 DMC This work
PIP-PES 1172 33 1D Qim This work
PIP-PES 1172 33 2D Qim This work
PIP-PES 1250 28 1D Qim This work
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ble splittings. What is more encouraging is that the different
methods—RPI, DMC, and Qim—also give consistent results.
For a barrier of 1172 cm−1, all tunneling splittings are quite
consistently between 33 and 36 cm−1. A comparison of the
instanton and Qim curves on the 2D PIP surface shows that
they are almost identical. This explains why the RPI and
Qim calculations agree to within ∼2 cm−1, i.e., within ∼5%.
The corrected barrier height of 1250 cm−1—estimated from
the CCSD(T)/CBS extrapolation and used for a corrected 1D
Qim curve—leads to a smaller splitting �H = 28 cm−1. Given
the high level of the electronic structure calculation for that
higher barrier, the splitting of 28 cm−1 may indicate that the
actual splitting is in the 28–33 cm−1 range. This is a testable
prediction from highest-level treatments for experimental
verification.

Summary of validations. For all three PESs considered
in the present work, their statistical performance on the
test set and their capability to correctly describe the normal
mode frequencies at the CCSD(T)/aug-cc-pVTZ level were
established. The overlap for the IR spectra from the MM
simulations for PES2025 and PIP-PES with each other and
with measurements is remarkable. Using PES2025 for the
tunneling splitting calculations based on RPI and DMC simu-
lations, �H differs by 3 cm−1 (see Table III). This is within the
expected errors of the RPI and DMC methods, respectively.
For tunneling simulations based on PES2025 and PES2026
from RPI simulations, ��H is negligible. This is consistent
with Fig. 2(b). Hence, PES2026 establishes the validity of
PES2025 for computing tunneling splittings. Overall, since
the MAE between PES2025 and PES2026 is negligible (0.002
kcal/mol), ��H ∼ 0 from RPI simulations, and such simula-
tions probe regions around the minimum and the TS, no MM
calculations are needed to further validate PES2026. Never-
theless, Fig. S3 of the Supplemental Material [47] compares
the IR spectrum with that computed from PES2025 and finds
the two to be rather close, as expected. DMC simulations with
PES2025 and PIP-PES yield a difference of 2 cm−1 for the
tunneling splittings. Again, this is within the expected error
of the nuclear dynamics method. The consistent agreement
across this set of observables demonstrates the comparable
performance of the PESs and suggests that exhaustively com-
puting every observable with every method considered is
largely redundant for mutual PES verification.

IV. SUMMARY AND OUTLOOK

The performance of two machine-learned potentials, �-
ML PIP and TL-PhysNet, trained on the same datasets of
energies and forces, was examined for OxH. Dipole mo-
ment fits were also done using two corresponding approaches.

With both representations of the PESs, the IR spectra and
ground-state tunneling splittings were calculated by using
state-of-the-art quantum methods, with nearly identical re-
sults and good agreement with experiments for the vibrational
spectra. This suggests that, at the given level of theory
[CCSD(T)], for the given datasets, and with the methods to
represent these ML-PESs (PhysNet and PIP), a saturation
in the accuracy of the ML-PESs has been reached. Each of
these calculations—the VSCF/VCI calculations and the DMC
simulations—sample of order 109 configurations. Hence, this
represents a major and quantitative test of the agreement be-
tween the predictions of the two ML-PESs.

From the full body of simulations carried out in the present
work, it emerges that both representations—PhysNet and
PIP—are of comparable quality without a clear preference of
one over the other. This confirms earlier findings [76] for the
O + O2 reaction and indicates that the field of small-molecule
reaction dynamics has reached a level of maturity that enables
predictive simulations of measurable quantities, as demon-
strated in the present work for oxalate ([HO2CCO2]−), a
considerably larger system.

Although not the main point of the paper, it is worth noting
that the width of the highly diffuse and weak OH-stretch
band from using both PESs is consistent with experiment.
This also indicates the high accuracy of the two ML-PESs.
However, the fine details are not in perfect agreement with
the measurements. The ground-state double-well tunneling
splitting, predicted to be ∼30 cm−1, has not been measured
nor explicitly treated in any of the calculations of the IR
spectrum, including the ones shown here. Hence, the influence
of the double-well splitting on the computed IR spectrum is as
yet unknown and remains challenging. Hopefully, this will be
uncovered both in future experiments and calculations. The
present PESs are of sufficient quality to be used in such future
studies.
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