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The recent development of Neural Quantum States (NQS) has established them as one of the most accurate
methods for studying strongly correlated many-fermion systems, outperforming existing many-body approaches
for large systems. However, NQS calculations are currently highly resource intensive. In this work, we introduce
an improved Pareto frontier of efficiency and accuracy for NQS in the simulation of strongly correlated lattice
fermions. This frontier is defined by two complementary backflow-related architectures: the Sparse Convolu-
tional Ansatz for Lattice Electrons (SCALE), which achieves high computational efficiency, and the Accurate
Convolutional ansatz for lattice Electrons (ACE), which delivers high variational accuracy, based on benchmark
results on the Hubbard model and the t–J model on large lattice sizes. SCALE utilizes a tailored convolutional
design to enable an efficient local update based on the low-rank update of determinants. This structure reduces
the computational scaling from O(N4) to O(N3) in backflow methods, resulting in a practical speedup exceeding
40× in our test cases while retaining accurate variational accuracy. As an application, we study the 1/8-doped
pure Hubbard model up to size 32 × 32 and find no significant energy difference between the horizontal and
vertical unit-filled stripe states, in contrast to the half-filled stripe state when next-nearest-neighbor hoppings
are included. ACE, conversely, employs a deep convolutional stack to maximize expressive power, achieving
high accuracy on large systems. We perform extensive benchmark calculations on the Hubbard and t–J models
with the two architectures. On the challenging repulsive Hubbard model, SCALE achieves variational energies
competitive with leading methods at a fraction of the computational cost. Meanwhile, ACE achieves lower
variational energies than previously reported results while requiring only one-sixth of the run-time for system size
16 × 4. These NQS approaches provide scalable, affordable, and accurate tools for exploring the rich physics
of strongly correlated fermionic systems.
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I. INTRODUCTION

Understanding the emergence of exotic physics in strongly
correlated fermion systems is a central and persistent chal-
lenge in condensed matter physics. Except for rare cases [1],
exact analytical solutions are unattainable, necessitating the
application of computational methods. However, strongly cor-
related systems usually harbor competing states with nearly
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degenerate low energies, a feature that poses significant chal-
lenges for numerical simulations [2–4]. Consequently, results
can be highly sensitive to finite-size effects and boundary
conditions [5–9] as well as algorithmic biases, which may
artificially favor one state over another. Over the past decades,
a diverse array of numerical many-body methods has been
developed, and benchmark calculations have been performed
on iconic systems [10]. These methods collectively populate a
Pareto front of computational tools, and the primary challenge
remains to advance this frontier toward higher accuracy and
greater efficiency.

Among existing numerical many-body methods, varia-
tional approaches are particularly powerful for determining
the ground-state properties of strongly correlated quantum
many-body systems. For instance, the density matrix renor-
malization group (DMRG) [11] method can provide nearly
exact results for quasi-one-dimensional systems. However,
the application of DMRG to two-dimensional (2D) systems
suffers from the limited entanglement entropy encoded in
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the underlying wavefunction ansatz, i.e., the Matrix Product
States (MPS) [12–14]. Although two-dimensional extension
of MPS like projected entangled pair states (PEPS) [15] can
encode the entanglement area law of the ground state of
two-dimensional systems, they are often hindered by high
computational complexity [14,16,17]. More recently, neural
quantum states (NQS) have emerged as a highly flexible and
expressive class of variational ansatz [18].

To effectively incorporate neural networks, approaches that
directly generalize mean-field theories, such as Neural Net-
work Backflow (NNBF) [19] and Hidden Fermion states [20],
have proven to be highly accurate and efficient. Building
upon these foundations, various architectures have been devel-
oped to better capture complex many-body correlations. For
example, transformer backflow utilizes an attention mecha-
nism to effectively capture long-range correlations, surpassing
the best tensor network methods for large systems [21].
Conversely, the tensor-backflow method [22] generates the
backflow Slater determinant based on tensor representation.
Other specialized architectures, such as the Hidden Fermion
Pfaffian State (HFPS) [23,24], offer fresh perspectives on
complex phases by suggesting that superconductivity is en-
hanced by the next-nearest-neighbor hopping t ′. Furthermore,
recent studies have demonstrated that even simpler Mul-
tiLayer Perceptron (MLP) network backbones can achieve
significantly enhanced accuracy when augmented with rigor-
ous symmetry projections [25].

Despite these advancements, accurate NQS calculations re-
main extremely resource intensive. Developing more efficient
and accurate NQS architectures is crucial for enabling their
widespread application in the study of strongly correlated
many-electron systems. In this work, that define an improved
Pareto frontier for NQS simulations: the Sparse Convolutional
Ansatz for Lattice Electrons (SCALE) and the Accurate Con-
volutional ansatz for lattice Electrons (ACE).

SCALE is engineered for high efficiency while remaining
competitive in accuracy. It employs a convolutional layer that
processes only local regions of the input at each time. This
locality is the key to a highly optimized local update scheme,
which leverages cached intermediate computations and fast
low-rank matrix updates. This design reduces the compu-
tational scaling of the simulation from O(N4) to O(N3),
unlocking a practical speedup that exceeds 40× for large
systems. Complementing the efficient SCALE architecture,
we introduce ACE to push the limits of variational accuracy
on this frontier. ACE replaces SCALE’s efficient layer with
a deep stack of convolutional blocks, maximizing expressive
power. While this design forfeits the fast update capability, it
is built to further increase the accuracy over SCALE.

We perform extensive benchmark calculations on sev-
eral canonical strongly correlated models. For the attractive
Hubbard model, our results agree well with the intrinsically
unbiased Determinant Quantum Monte Carlo (DQMC) simu-
lation [26–29] and correctly identify the expected long-range
s-wave pairing. On the more challenging repulsive Hubbard
model, our framework demonstrates its utility. The efficient
SCALE ansatz achieves a lower variational energy than sev-
eral leading methods, including PEPS [30], tensor backflow
[22], and HFPS [23]. It is also directly competitive with the
top-tier transformer backflow [21], but at a fraction of the

computational cost. Meanwhile, the ACE results establish
a new accuracy benchmark, surpassing recent results [25],
while requiring only one-sixth of the computational cost. Cru-
cially, the efficiency of SCALE allows us to address an open
question concerning the orientation of stripe state that was
computationally prohibitive for previous methods [21]; our
simulations on 16 × 32 systems show that, in contrast to the
partially filled stripe in the Hubbard model with next-nearest-
neighboring hoppings [21], we find no significant difference
in the energies for the horizontal and vertical unit-filled stripes
in the pure Hubbard model with only nearest-neighboring
hoppings. We further apply our method to the t–J model, ob-
taining energies comparable to large-scale DMRG on narrow
cylinders [7] and lower than the DMRG results for wide cylin-
ders. These comprehensive results establish SCALE and ACE
as robust and efficient methods for scalable and high-accuracy
simulations of strongly correlated systems.

II. METHODS

A. Variational Monte Carlo

The Variational Monte Carlo (VMC) method approxi-
mates the ground state of a quantum system by optimizing
a parametrized trial wavefunction or ansatz, |ψθ 〉. Accord-
ing to the variational principle, the energy expectation value
E (θ ) = 〈ψθ |Ĥ |ψθ 〉/〈ψθ |ψθ 〉 provides a rigorous upper bound
to the true ground-state energy. In practice, this expectation
value is computed stochastically by sampling configurations
in the Fock basis {n} with respect to the probability distribu-
tion P(n) ∝ |ψθ (n)|2, where ψθ (n) ≡ 〈n|ψθ 〉. This approach
reformulates the energy expectation value as an average of the
local energy, defined as Eloc = ∑

n′ ψθ (n)−1 〈n|Ĥ |n′〉ψθ (n′),
and can be obtained from configurations sampled using
Markov chain Monte Carlo algorithms. The wavefunction pa-
rameters θ are then optimized using gradient-based methods
to minimize the estimated energy, yielding the best variational
approximation of the ground state. The details of the optimiza-
tion method will be discussed in the following sections.

B. Sparse convolutional ansatz for lattice electrons

In this section, we introduce an NQS architecture that com-
bines high expressive power with locality. A key requirement
for efficient VMC simulations is the rapid calculation of wave-
function amplitude ratios, ψθ (n′)/ψθ (n), for configurations n
and n′ that differ only locally. This operation is fundamental
not only to the MCMC sampling process but also to the eval-
uation of the local energy for Hamiltonians containing local
operators, such as hopping terms in the Hubbard model. Our
architecture, most directly inspired by FiRE [31], is designed
explicitly to take advantage of this locality.

The wavefunction ansatz takes the form of ψθ (n) =
det[�(n)], where the Slater matrix � is constructed from
quasiparticle orbitals. These orbitals are not static but dynam-
ically generated via a deep neural network that implements
a backflow transformation [32–34], allowing the orbitals
to depend on the particle configuration, and thereby cap-
ture complex electronic correlations. The generation of these
configuration-dependent orbitals proceeds through a sequence
of computational steps, as shown in Fig. 1(a).
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FIG. 1. Network architecture and efficient local updates. (a) Given an input configuration, a convolutional layer gathers information from
local neighborhoods. The wavefunction is expressed as the determinant of the resulting backflow matrix. (b) SCALE enables efficient updates
by only recomputing the orbitals of the affected sites. The computational cost of the determinant is reduced from O(N3) to O(N2) via the
Sherman-Morrison-Woodbury formula.

(1) Embedding layer: Each lattice site i ∈ {1, . . . , Lx × Ly}
has a discrete physical state determined by its occupancy with
spin degrees of freedom. For the Hubbard model, the local
Hilbert space is four dimensional, corresponding to the states
|0〉, |↑〉, |↓〉, and |↑↓〉. We first map these physical states to
high-dimensional vectors using a learnable embedding matrix
Ei ∈ R4×h, where h is the hidden dimension. Therefore, for
a configuration n, this gives an embedding matrix H(0) =
[E1(n1), . . . , ELx×Ly (nLx×Ly )]
 ∈ R(Lx×Ly )×h.

(2) Convolutional layer: The initial features are refined via
a convolutional operation with residual connection [35]:

H(1) = H(0) + σ
(
Convθc

(
H(0)

))
. (1)

Here, Convθc denotes a convolutional layer parametrized
by θc = {K, b} (convolution kernel K ∈ Rk×k×h×h, with ker-
nel size k, bias b ∈ Rh), operating with the same boundary
conditions as the Hamiltonian. The k × k kernel specifies the
local neighborhood, and σ denotes the Sigmoid Linear Unit
(SiLU) activation function [36].

(3) Sitewise MLPs: Each site’s feature vector undergoes
transformation through an MLP consisting of LMLP fully con-
nected layers, introducing nonlinear expressivity through a
sequence of affine transformations and activations. For layer
indices l = 1, . . . , LMLP, the transformation follows:

H(l+1) = σ
(
H(l )W(l ) + b(l )

)
, (2)

where W(l ) ∈ Rh×h and b(l ) ∈ Rh represent the weight matrix
and the bias vector for the lth layer, respectively.

(4) Orbital projection: The final output H(LMLP+1) is trans-
formed by a linear layer to produce backflow orbitals M ∈
R2N×Ne , where N = Lx × Ly, 2 denotes spin-up and spin-
down, and Ne is the number of electrons. The Slater matrix
� is generated by selecting the rows of M corresponding to
the occupied sites.

This architectural sequence ensures that orbitals are dy-
namically generated according to the particle configuration,
capturing nonlocal correlations while maintaining the locality
required for efficient wavefunction update.

C. Efficient local updates

The design of our ansatz enables an optimized local update
scheme, leveraging both cached intermediate results and low-
rank matrix update techniques as shown in Fig. 1(b). In this
section, we show the details of the mathematical formalism
for these highly efficient implementations, which reduce the
computational overhead of wavefunction updates during local
energy evaluation and MCMC sampling.

(1) Cached computation for neural network propagations:
To avoid redundant calculations when the particle config-
uration undergoes local changes, we maintain a cache of
intermediate network outputs. For a configuration update from
n to n′, the cache allows us to recompute only the affected
components of the orbital generation pipeline. We first iden-
tify sites where occupancy changes:

exchange = {i | n′
i �= ni}. (3)

Due to the locality of convolutional layers, changes propa-
gate only within a finite neighborhood determined by the size
of the convolution kernel. For a convolutional kernel of size
k × k, the set of sites affected by changes in exchange is

affect sites =
⋃

i∈exchange

Nk (i), (4)

where Nk (i) denotes the neighborhood of site i within Cheby-
shev distance (k − 1)/2. Instead of reevaluating the entire
network, we only update features for affected sites. This
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caching strategy reduces the computational complexity of net-
work updates from O(N ) to O(|affect site|).

(2) Fast determinant updates via Sherman-Morrison-
Woodbury formula: For Slater matrix �(n) ∈ RNe×Ne , a local
configuration change induces a low-rank modification [37].
We exploit this structure to update the determinants along with
their inverses efficiently.

Let �′ = �(n′) denote the updated Slater matrix. The
difference between �′ and �(= �(n)) lies in the rows cor-
responding to the changed indices:

�′ = � + UV
, (5)

where U ∈ RNe×r and V ∈ RNe×r , with r � Ne. Using the
Sherman-Morrison-Woodbury formula, the ratio of determi-
nants and the inverse of the updated matrix are

det(�′)
det(�)

= det (A),

(�′)−1 = �−1 − �−1UA−1V
�−1, (6)

where A = Ir + V
�−1U. Critically, both the determinant
and the inverse of A can be derived from a single LU decom-
position, further optimizing the calculation.

This combined strategy of cached network computations
and low-rank matrix updates reduces the per-update complex-
ity significantly, enabling large-scale VMC simulations.

D. Accurate convolutional ansatz for lattice electrons

We also introduce a second, computationally intensive
ansatz: the ACE, which is designed to achieve high accuracy
and establish definitive benchmarks. This architecture prior-
itizes maximal expressive power through increased network
depth and a large neighborhood size, albeit at the cost of the
efficient local update capabilities described in the previous
section.

While ACE retains the overall structure of SCALE, it re-
places the single convolutional layer [Eq. (1)] with a deep
stack of LCNN convolutional blocks. Starting from the initial
embedding H(0), the propagation through this deep stack pro-
ceeds as follows for each layer l = 0, . . . , LCNN − 1:

H(l+1) = LN
(
H(l ) + σ

(
Conv(l )

θc

(
H(l )

)))
, (7)

where Conv(l )
θc

denotes the lth convolutional layer and σ is the
SiLU activation. We employ Layer Normalization (LN) [38]
to stabilize the training across this deeper network. The final
output H(LCNN ) is subsequently passed to the sitewise MLPs
and orbital projection defined in Sec. II B.

The primary trade-off for the increased accuracy in ACE
is a reduction in computational efficiency. As the number of
layers LCNN increases, the network’s effective range expands
significantly. In a sufficiently deep network, a local change at a
single site i propagates through the layers, altering the feature
vectors H(LCNN ) across all lattice sites. This global dependency
destroys the locality property required for the cached com-
putation scheme [Eq. (4)]. Consequently, any update from
configuration n to n′ necessitates a full reevaluation of the net-
work pipeline. Thus, ACE serves as a powerful, high-accuracy
architecture that can take advantage of the trade-off between
expressivity and efficiency.

E. Comparison to existing architectures

To contextualize the advancements of SCALE and ACE, it
is instructive to compare their fundamental design principles
with other recent competitive approaches, such as transformer
backflow [21] and Hidden Fermion methods like HFPS [23].
The Hidden Fermion approach is conceptually completely
distinct from the NNBF paradigm that underpins SCALE and
ACE. Specifically, HF methods construct wavefunctions by
evaluating Slater determinants in an augmented Hilbert space
involving “hidden” additional fermionic degrees of freedom.
These states are then projected back onto the physical Hilbert
space through a constraint that is optimized using a neural
network parametrization. In contrast, backflow-based meth-
ods operate strictly within the original physical Hilbert space,
using neural networks to dynamically generate configuration-
dependent, multiparticle orbitals.

Within the backflow paradigm, the defining feature of
SCALE is its resolution of the asymptotic scaling bottlenecks
inherent to NQS. In standard NNBF architectures, the neural
network introduces global dependencies: A local change in a
single electron’s position instantly alters the hidden features
of all spatial orbitals. This inflicts a severe computational
penalty, necessitating a full O(N ) reevaluation of the neural
network for every single local update. By explicitly restricting
the network’s receptive field using a tailored convolutional
geometry, SCALE ensures that physical updates only perturb
a mathematically bounded local neighborhood. This architec-
tural sparsity allows for exact caching, slashing the network
forward-pass cost from O(N ) down to an O(1) operation per
update.

On the other hand, ACE adopts a design choice that de-
parts from prevailing machine learning practice. While global
attention mechanisms (such as vision transformers [39]) have
become the default for 2D structured data, they effectively
discard the strict spatial geometry of the lattice in favor of
fully connected, all-to-all graphs. Reverting to deep con-
volutional stacks instead of attention is a highly nontrivial
choice in modern machine learning, but it is uniquely suited
to the problem domain in this work. Strongly correlated lat-
tice fermions are governed by strictly local operators (e.g.,
nearest-neighbor hopping t and on-site repulsion U ), mean-
ing long-range correlations build up spatially through local
correlations. ACE respects this physical inductive bias by em-
ploying a deep stack of localized convolutional blocks. This
forces the network to extract features hierarchically, matching
the physical reality of the lattice, rather than relying on naive
all-to-all attention. In this sense, ACE resembles the spirit of
renormalization. ACE demonstrates the fundamental physi-
cal insight that deep, geometrically constrained convolutions
are actually more effective at propagating information and
capturing ground-state correlations for these specific local
Hamiltonians than global attention mechanisms. By doing so,
ACE achieves high variational accuracy, outperforming both
transformer backflow and HFPS, while maintaining a lighter
computational footprint than full-attention models.

F. Optimization and ground-state projection

We use the pretrain method [21] to provide NQS
with better initialization. The variational parameters of the
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TABLE I. Comparison of ground-state energy for the 16 × 16 Hubbard model. Our SCALE and SCALE + GFMC are among the most
accurate methods, while ACE and ACE + GFMC methods consistently find the lowest variational and projected energies, giving the lowest
energies among the methods compared for this system. For results where statistical errors are not shown, they are one or several orders of
magnitude smaller than the last displayed significant digit. The lowest variational energy and the lowest projected energy in each column are
shown in bold.

Systems t ′ = 0, OBC t ′ = 0, PBC t ′ = −0.2, PBC

PEPS [30] −0.7260(2)
HFPS + sym [24] −0.7515(1) −0.7360(1)
Tensor backflow [22] −0.7219 −0.7509 −0.7335
Tensor backflow + Lanczos [22] −0.7257 −0.7552 −0.7386
Transformer [21] −0.7275 −0.7563
SCALE −0.7236 −0.7529 −0.7373
SCALE + GFMC −0.7267 −0.7560 −0.7405
ACE −0.7280 −0.7573 −0.7430
ACE + GFMC −0.7288 −0.7583 −0.7440

wavefunction are then optimized within the VMC framework
using the MARCH optimizer, a sophisticated stochastic gra-
dient method designed for the stable and efficient training of
NQS [21]. To further improve upon the variational result, we
subsequently employ Green’s function Monte Carlo (GFMC),
a projector method that filters out residual excited-state con-
tributions from the optimized VMC wavefunction under the
fixed-node approximation [40,41]. Throughout this paper, we
have ensured sufficiently large Monte Carlo sampling such
that, unless explicitly denoted with parentheses, the statistical
error bars are one or several orders of magnitude smaller than
the precision of the reported numbers in all tables and smaller
than the data markers in all figures.

III. RESULTS

To illustrate the performance of SCALE and ACE, we
perform extensive calculations for the two-dimensional Hub-
bard model [42] and for a reduced t–J model; the benchmark
results are summarized in Tables I–III. The Hamiltonians con-

TABLE II. Energy of horizontal vs vertical stripes on the 32 × 16
Hubbard model with PBC. The two systems shown are a unit-filled
stripe at t ′ = 0 and a half-filled stripe at t ′ = −0.2. The results from
both SCALE and SCALE + GFMC show a clear energy preference
for the horizontal stripe in the half-filled case, while there is no sig-
nificant difference between the horizontal and vertical stripe energies
within our accuracy for the unit-filled stripe case with t ′ = 0. Statis-
tical errors in the energies are one or several orders of magnitude
smaller than the last displayed significant digit.

t ′ = 0, t ′ = −0.2,
unit-filled half-filled

Systems stripe (λ = 8) stripe (λ = 4)

SCALE, horizontal −0.7507 −0.7371
SCALE, vertical −0.7507 −0.7359
SCALE + GFMC, horizontal −0.7546 −0.7406
SCALE + GFMC, vertical −0.7547 −0.7397

sidered here are the Hubbard model

Hh = − t
∑

〈i, j〉,σ
(c†

iσ c jσ + H.c.) − t ′ ∑
〈〈i, j〉〉,σ

(c†
iσ c jσ + H.c.)

+ U
∑

i

ni↑ni↓ (8)

and the reduced t–J model

Ht–J = − t
∑

〈i, j〉,σ
PG(c†

iσ c jσ + H.c.)PG

− t ′ ∑
〈〈i, j〉〉,σ

PG(c†
iσ c jσ + H.c.)PG

+ J
∑
〈i, j〉

Si · S j, (9)

respectively. In these Hamiltonians, 〈i j〉 denotes nearest-
neighbor sites and 〈〈i j〉〉 denotes next-nearest-neighbor sites.
ciσ (c†

iσ ) is the annihilation (creation) operator for spin species
σ at site i. Si is the spin operator at site i. We set the nearest-
neighbor hopping amplitude t = 1 as the unit of energy and
primarily focus on the 1/8 hole doping. In the reduced t–J
Hamiltonian, PG = ∏

i(1 − ni↑ni↓) is the Gutzwiller projec-
tion operator to remove double occupancy. Notice that the
t–J model from large U expansion of Hubbard model also in-
cludes a density-density term − J

4

∑
〈i, j〉 nin j and other terms.

A. Computational complexity

We first analyze the computational scaling of NQS by iden-
tifying the primary bottleneck: MCMC sampling and local
energy evaluation, which requires O(N ) steps of local update.
In global architectures like ACE or transformers, any local
change to the configuration propagates through the entire net-
work. This necessitates a full reevaluation of the wavefunction
for every proposed update. Since the determinant calculation
scales as O(N3), performing O(N ) updates yields an asymp-
totic theoretical complexity of O(N4) per sweep. However,
in practice, the total computational cost must account for the
neural network overhead. For ACE, the total cost takes the
form of aN2 + bN4, where the aN2 term arises from the neu-
ral network evaluations [e.g., convolutional neural network
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TABLE III. The comparison of energies for the t–J model with J/t = 1/3, t ′/t = 0.2, hm = 0.5 at 1/8 doping. For wider cylinders, SCALE
and ACE achieve comparable and lower energies to DMRG with bond dimension D = 30 000 [7]. Statistical errors in the energies are one or
several orders of magnitude smaller than the last displayed significant digit. The lowest variational energy and the lowest projected energy in
each column are shown in bold.

Systems 32 × 4 32 × 6 16 × 8 16 × 10

DMRG −0.5071 −0.4994 −0.5000 −0.4961
SCALE −0.5025 −0.4926 −0.4974 −0.4974
SCALE + GFMC −0.5044 −0.4942 −0.4986 −0.4985
ACE −0.5066 −0.4964 −0.5001 −0.5001
ACE + GFMC −0.5067 −0.4967 −0.5003 −0.5003

(CNN) processing] across N updates, and the bN4 term orig-
inates from the determinant calculations. Because the neural
network prefactor a is relatively large, the asymptotic O(N4)
limit is not yet fully dominant for the finite system sizes stud-
ied here. This interplay results in the observed intermediate
empirical scaling of roughly O(N2.19).

In contrast, SCALE is explicitly designed to overcome
this bottleneck. By leveraging cached convolutional compu-
tations, the feature update cost becomes O(1). The locality
of this ansatz ensures that the determinant can be updated
iteratively using the Sherman-Morrison-Woodbury formula,
reducing the cost from O(N3) to O(N2) for each update
[37]. Consequently, the total theoretical complexity for an
optimization step of O(N ) updates is reduced to O(N3).
Analogous to the global case, the practical cost for SCALE
is a combination of efficient local neural network updates
and the iterative determinant updates, yielding a total cost
model of aN + bN3. Within our tested system sizes, the
efficient O(N ) feature updates heavily mitigate the overall
operational cost, resulting in an effective empirical scaling of
approximately O(N1.65).

Figure 2 validates this analysis with numerical data, show-
ing the scaling of cost for each optimization step for SCALE,

FIG. 2. Time cost per optimization step as a function of system
size. The plot compares the run-time scaling of SCALE against
global architectures (ACE and transformer) under a fixed batch size.
SCALE achieves a highly favorable asymptotic complexity [em-
pirically ≈ O(N1.65)], resulting in substantial speedups for larger
systems compared to the steeper scaling of ACE [≈ O(N2.19)] and
transformer [≈O(N2.90)].

ACE, and transformer backflow [21]. As we can see from the
figure, for the largest system size tested (N = 512), SCALE
completes an optimization step in approximately 11 s. In
comparison, the ACE architecture requires about 120 s, while
the transformer needs over 400 s, resulting in speedups of
roughly 10× and 40×, respectively. The run-time measure-
ments demonstrate that SCALE maintains a significantly
lower effective scaling exponent (N1.65) compared to the ACE
(N2.19) and transformer (N2.90) baselines, indicating that the
efficiency gain becomes increasingly dramatic for large-scale
simulations.

B. Attractive Hubbard model

To show the accuracy of our NQS architectures, we first
apply them to the attractive Hubbard model with negative U .
This model is a canonical benchmark for s-wave supercon-
ductivity, where the attractive on-site interaction induces the
formation of Cooper pairs [43,44].

A standard method for quantifying this state in a
particle-conserving system is through the pair-pair correlation
function, Cp(x, 0) = 〈�̂†(x)�̂(0)〉, where �̂(x) = cx↓cx↑. The
long-range behavior of Cp(x, 0) as x → ∞ serves as a direct
proxy for the off-diagonal long-range order [45] that char-
acterizes the superconducting phase. Crucially, the attractive
Hubbard model is free of the fermion sign problem in the spin-
balanced sector, which allows DQMC simulations to provide
numerically exact, unbiased results. The energies from ACE
and SCALE agree perfectly well with the QMC results, and
the comparison can be found in Table IV.

In Fig. 3, we plot pair correlations Cp(x, 0) as a function
of distance x for two different system sizes and interaction
strengths. We study both the weak-coupling regime (U = −2)
and the strong-coupling regime (U = −8), choosing t ′ = 0
and 1/8 hole doping. The results demonstrate outstanding
accuracy for both ACE and SCALE. Across all systems
and parameters tested, the correlations calculated by both
SCALE and ACE are almost indistinguishable from the nu-
merically exact DQMC benchmarks. The perfect alignment
confirms that our methods can faithfully capture the complex
quantum correlations of the s-wave superconducting ground
state.

The high accuracy of SCALE and ACE on the negative U
model is supported by an analysis detailed in Appendix A.
We show that, through a particle-hole transformation (PHT),
a BCS wavefunction can be explicitly mapped to our wave-
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TABLE IV. Comparison of the energies in the attractive Hubbard model. The energies from SCALE and ACE agree perfectly well with
DQMC. For results where statistical errors are not shown, they are one or several orders of magnitude smaller than the last displayed significant
digit.

Systems 8 × 8,U = −2 8 × 8,U = −8 12 × 12,U = −2 12 × 12,U = −8

DQMC −2.0343 −4.017(1) −2.0416 −4.016(1)
SCALE −2.0337 −4.0161 −2.0404 −4.0141
SCALE + GFMC −2.0338 −4.0167 −2.0406 −4.0158
ACE −2.0338 −4.0165 −2.0405 −4.0159
ACE + GFMC −2.0339 −4.0168 −2.0407 −4.0161

function ansatz. This confirms that the generalized backflow
transformation provides the necessary flexibility to accurately
describe the superconducting ground state [34] without requir-
ing explicit pairing terms.

C. Repulsive Hubbard model

We now turn to the 2D repulsive Hubbard model, an iconic
model for strongly correlated many-body physics [42] and
is believed to be relevant for Cuprate superconductors [46].
We focus on the most challenging and intriguing regime with
U = 8, and hole doping δ = 1/8. We compare the ACE and
SCALE results with several leading methods to demonstrate
their superior accuracy and efficiency.

1. Accuracy on 16 × 4 systems

We focus first on a relatively small system with size 16 ×
4 under periodic boundary conditions (PBC). In Fig. 4(a),
we plot the ground-state energy against the total com-
putational cost, comparing the energies from ACE with
previous state-of-the-art results. As it is well established that
explicitly projecting a wavefunction onto the correct symme-
try subspace can significantly lower the variational energy
[23,25,47], we also evaluate the energy in the fully symmetric
sector to provide a fair comparison against other symmetrized
methods.

Our standard ACE architecture, trained without explicit
symmetries, achieves a ground-state energy of −0.764 64(1).

This result is already more accurate than that of HFPS [23]
while requiring only one-fifteenth of the cost. By directly
optimizing the projected, symmetrized state, we obtain a
variational energy of −0.766 23(1). This surpasses the pre-
vious best result −0.766 073(6) from NNBF [25] with only
one-sixth of the computational cost. Additionally, a GFMC
calculation with the ACE trial wavefunction gives an even
lower energy of −0.766 47(2). Details of the symmetry pro-
jection process can be found in Appendix B.

2. Accuracy on large systems

We then study a large system with size 32 × 8 and in-
cluding the next-nearest-neighboring hopping t ′ = −0.2, a
challenging regime where the trade-off between variational
accuracy and computational cost is critical. Our new results
with SCALE and ACE and the comparison with the trans-
former backflow results [21] are summarized in Fig. 4(b),
where the ground-state energy against computational cost is
plotted. For the sake of simplicity, from here we report ener-
gies without symmetry projection. We want to emphasize that
the energies can be further lowered by performing symmetry
projections.

We further push the system size to as large as 32 × 32
(with t ′ = 0), achieving a variational ground-state energy
of −0.7501, and can be further reduced to −0.7548 using
GFMC. The unit-filled stripe pattern for this repulsive Hub-

FIG. 3. Pair correlations Cp(x, 0) for the attractive Hubbard model. The plots show results for (a) 8 × 8 and (b) 12 × 12 systems at weak
(U = −2) and strong (U = −8) interaction strengths, with t ′ = 0. The results from our ACE and SCALE models perfectly align with the exact
DQMC benchmarks, demonstrating their high accuracy. Statistical uncertainties from Monte Carlo sampling are smaller than the marker size
in all panels.
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FIG. 4. Accuracy vs cost trade-off on the U = 8 Hubbard model. The plots compare variational ground-state energy against relative
computational cost. (a) For the 16 × 4 (t ′ = 0) system, we analyze the effect of progressively enforcing symmetries on the ACE architecture
(purple stars). Labels denote the cumulative addition of point group (D2), spin-flip (σ ), half-translation (T1/2), and quarter-translation (T1/4)
symmetries. ACE achieves lower energies than transformer [21], HFPS [23], and NNBF [25] while maintaining a fraction of the computational
cost of the full-symmetry NNBF. (b) On the larger 32 × 8 (t ′ = −0.2) system, the ACE and SCALE variants establish an improved Pareto
front, outperforming transformer-based models [21] in both accuracy and computational efficiency.

bard system is shown in Appendix D. This confirms the
scalability of our method.

As Fig. 4(b) shows, our ACE and SCALE results clearly
establish an improved Pareto front, outperforming the pre-
vious state-of-the-art transformer-based architectures [21] by
a large margin. The plot highlights two distinct advantages
offered by our architectures. SCALE is highly efficient, be-
ing 10× faster than the small transformer while achieving a
better variational energy. ACE achieves a substantially lower
ground-state energy than any other method. Remarkably, it
reaches this new level of accuracy while also being more
computationally efficient than all the tested transformer ar-
chitectures. These results confirm that our proposed new
architectures offer a significantly better trade-off between cost
and accuracy. SCALE enables rapid computations with high
efficiency, whereas ACE establishes state-of-the-art accuracy
without sacrificing practical run-time. Details of the optimizer
settings and of the configurations for each architecture are
listed in Tables V and VI, respectively.

3. Comparison with other leading methods

In this subsection, we show a comparison of our results
with other leading methods for a large-scale 16 × 16 system.
We consider systems under different boundary conditions,

i.e., open boundary conditions (OBC) and PBC, and systems
with and without t ′. As shown in Table I, both SCALE and
ACE demonstrate exceptional performance. SCALE is highly
competitive, delivering accuracy on par with previous leading
methods, including PEPS [30], HFPS [24], tensor backflow
[22], and transformer [21]. In the meantime, ACE gives the
lowest variational energies among the methods compared
here, confirming the capabilities of our method in large-
scale simulation of strongly correlated quantum many-body
systems.

4. Orientation of stripe order

In a previous work [21], it was found that the half-filled
stripe state for the Hubbard model with t ′ = −0.2 tends to
align along the horizontal direction when the studied system
has a rectangular geometry (i.e., the length Lx is greater than
the width Ly). In this context, a horizontal stripe refers to states
where the rivers of holes run along the longer x direction,
whereas in a vertical stripe, the river of holes runs along the
shorter y direction. The stripe filling denotes the number of
doped holes per unit length along this one-dimensional river
of holes; a unit-filled stripe has one doped hole per lattice
spacing along the stripe. Reference [21] reported that the
vertical stripe has a significantly higher energy. Their analysis

TABLE V. Hyperparameters for the MARCH optimizer. Shared parameters apply to both models, while model-specific settings are listed
in their respective columns.

Hyperparameter ACE SCALE

Learning rate schedule (t) 10−1(1 + max(t −1000, 0)/4000)−1 5 × 10−1(1 + max(t −1000, 0)/8000)−1

Optimizer momentum (μ, β) 0.95, 0.995
Damping (λ) 0.001
Batch size clip(32Lx × Ly, 4096, 8192)
Local energy clipping 5.0
MCMC steps per sample 2.5Lx × Ly

Total optimization steps 50 000
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TABLE VI. Model hyperparameters for SCALE and ACE vari-
ants. We list the details of the convolutional hidden dimension (hconv),
MLP hidden dimension (hMLP), number of convolutional layers
(Lconv), and number of MLP layers (LMLP). Note that SCALE-L uses a
convolutional filter with a neighborhood range of Euclidean distance
L2 � 2, as opposed to the L2 �

√
2 range used in other models. The

SCALE-XL hyperparameters are used for 32 × 32 system size only.

showed that a horizontal stripe allows the doped holes to
delocalize over a longer contiguous distance, which provides
a more favorable gain in kinetic energy, while the potential
energy difference between the two orientations remains small.
It was proposed [21] to also study the preference of stripe
orientation of the unit-filled stripe in the pure Hubbard model
without t ′ in finite systems. However, such a comparison
requires simulating much larger systems (e.g., a 32 × 16 lat-
tice for 1/8 doping), which was computationally intractable
using the transformer backflow with the resources available
then. The efficiency of our SCALE architecture makes these
large-scale simulations feasible. We calculate the energies for
both the horizontal and vertical unit-filled stripe states for
the 32 × 16 system, and the results are listed in Table II.
The temporary pinning-field procedure used to initialize the
desired stripe orientation is described in Appendix C. For the
t ′ = −0.2 case, we find similar results; i.e., the horizontal
stripe has a lower energy. However, for the t ′ = 0 case, the
energies for the horizontal and vertical stripe states are com-
parable within the accuracy of our method. A possible reason
for this result is that the wavelength for the unit-filled stripe
at 1/8 is already very large (λ = 16 for spin density), so the
kinetic energies of the doped hole in a hole river with length
16 and 32 have little difference.

D. t–J model

We also apply our methods to the t–J model defined in
Eq. (9), where the density-density term − J

4

∑
〈i, j〉 nin j is not

included.
The crucial feature of the t–J model is the constraint of no

double occupancy, which is enforced by the Gutzwiller pro-
jection operator, PG = ∏

i(1 − ni↑ni↓), as shown in Eq. (9).
This operator projects the wavefunction onto the subspace of
states without double occupancy. In our variational Monte
Carlo framework, this constraint is implemented explicitly.
The physical wavefunction amplitude is computed as 
(n) =
PGψθ (n). In practice, this means that any proposed config-
uration n containing a doubly occupied site is immediately
discarded by setting its amplitude to zero.

We follow the setup in a recent large-scale DMRG cal-
culation in Ref. [7] and set the parameters to J/t = 1/3,

t ′/t = 0.2, and a hole-doping level of δ = 1/8, to study a
situation that is mathematically equivalent to electron-doped
cuprates (t ′/t = −0.2, 1/8 electron doping) via a particle-hole
transformation in the corresponding Hubbard model. We can-
not directly study electron-doped carriers in this t–J Hilbert
space because double occupancy is excluded. The simulations
are performed on cylindrical boundary conditions. To help
stabilize the expected order, an antiferromagnetic pinning
field with strength hm = 0.5 is applied to the first column
of sites on the left open edge. Table III presents our results,
comparing SCALE and ACE (with and without GFMC pro-
jection) to highly accurate DMRG data (with bond dimension
D = 300 00) for 32 × 4, 32 × 6, 16 × 8, and 16 × 10 lattices.
As expected, DMRG is more accurate in narrow cylinder
systems with widths 4 and 6. However, when the width of
the system is increased to 8, the SCALE and ACE results are
comparable to the DMRG energy. For an even wider cylinder
with width 10, the SCALE and ACE energies are much lower
than the DMRG energy.

It was found that 1/8 doping is likely to lie near the
boundary between the Neel antiferromagnetic phase at lower
doping and a unit-filled stripe phase at higher doping levels
in the t–t ′–J model [7]. In Fig. 5, we compare the energy,
spin, and hole density of the 16 × 10 t–t ′–J model calculated
with ACE for both the unit-filled stripe state and the Neel
antiferromagnetic state. We find that the unit-filled stripe state
has a lower energy. Within the reduced model considered here,
our results support placing this parameter point near or on the
stripe side of the transition as electron doping is increased. We
leave the determination of the precise phase boundary in this
model for future investigations.

These results show that our architectures are highly ac-
curate for the t–J model, especially for larger (wider)
system sizes. It was found in Refs. [5–9] that large finite-
size effects exist in the Hubbard and t–J model when
the t ′ term is included. The SCALE and ACE methods
therefore provide alternative accurate tools for determining
the ground state of these models in the thermodynamic
limit.

IV. CONCLUSION AND PERSPECTIVES

In this work, we have introduced a powerful and comple-
mentary pair of neural quantum state architectures, SCALE
and ACE, which together establish a new Pareto frontier of the
NQS for the simulation of strongly correlated many-fermion
systems on lattice. This framework directly addresses the
fundamental trade-off between computational efficiency and
variational accuracy that has long defined the limits of the
field. By providing two specialized tools, one for scalability
(SCALE) and one for high accuracy (ACE), our work offers
a flexible and robust toolkit to address key challenges in con-
densed matter physics.

SCALE provides an algorithmic improvement. Its tailored
convolutional design, combined with the fast low-rank up-
date scheme, successfully breaks the O(N4) scaling barrier
of conventional backflow methods, achieving a much more
favorable O(N3) complexity. This asymptotic improvement,
which translates to a practical speedup exceeding 40× for
32 × 16 system, is not merely an incremental gain. It fun-
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FIG. 5. Comparison between the stripe phase and the Neel state for the 16 × 10 t–J model. The parameters are set to J/t = 1/3, t ′/t = 0.2
with 1/8 hole doping (corresponding to the J/t = 1/3, t ′/t = −0.2, 1/8 electron-doped case), and hm = 0.5 under cylindrical boundary
conditions. (Left) The true ground state exhibits a clear unit-filled stripe pattern with a lower energy (E = −0.5001). (Right) A competing
Neel phase lies higher in energy (E = −0.4989). For both plots, the circle color represents the local hole density, while the arrows indicate the
magnitude and direction of the local spin density.

damentally alters the landscape of what is computationally
feasible. We demonstrated this directly by addressing an open
question regarding the orientation of stripe order of the pure
Hubbard model (with only nearest-neighboring hopping t) on
a 32 × 16 lattice, a system size previously intractable for other
NQS methods with high accuracy. Our findings suggest that,
unlike partially filled stripes in the Hubbard model with next
nearest-neighboring hoppings [21], the horizontal and vertical
unit-filled stripes in the pure Hubbard model have comparable
energy within the accuracy of our method. Moreover, with the
favorable scaling of SCALE, we can reach the large 32 × 32
system for the pure Hubbard model.

Furthermore, the high accuracy of SCALE, transformer
backflow, challenges the prevailing assumption that mecha-
nisms capturing long-range interactions at the input layer are a
prerequisite for highly accurate ground-state simulations. Our
results suggest that a deep yet local convolutional backflow is
exceptionally effective at propagating information and captur-
ing the complex, long-range correlation characteristic of the
ground state for strongly correlated systems.

On the other end of the frontier, ACE provides high varia-
tional accuracy. By replacing the efficient sparse layer with a
deep convolutional stack, ACE maximizes expressive power.
As shown in Fig. 4 and Table I, it consistently gives lower
variational energies than the methods compared here, includ-
ing transformer-based models [21] and enhanced backflows
[25]. Crucially, ACE achieves this new level of accuracy while
being more computationally efficient than its competitors, re-
quiring, for example, only one-sixth of the run-time of NNBF
for a more accurate result for a system with size 16 × 4. This
combination of precision and relative efficiency is vital for
the study of strongly correlated systems, where the central
challenge, as noted in our introduction, is often the resolu-
tion of competing states with nearly degenerate energies [3].
ACE provides a powerful and reliable new tool for this exact
purpose.

In summary, we have introduced a unified (SCALE/ACE)
framework that advances the state of the art in variational
simulations of strongly correlated lattice fermions, provid-

ing a scalable path forward. The efficiency of SCALE, with
its O(N3) scaling, enables systematic, large-scale studies of
finite-size effects, allowing for more reliable extrapolations
to the thermodynamic limit. Simultaneously, the accuracy of
ACE makes it an ideal instrument for a definitive search for
elusive phases, such as d-wave superconductivity, in the re-
pulsive Hubbard and t–J models. Future work can leverage
this platform to explore key physical problems, such as the
microscopic mechanism of high-Tc cuprate superconductors.
Extending these methods beyond ground-state calculations
presents another promising research direction.
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APPENDIX A: REPRESENTABILITY OF PAIRING
WAVEFUNCTIONS

A general mean-field wavefunction can be written as
the Thouless state, |ψ〉 = exp( 1

2

∑
p,q Fpqĉ†

pc†
q ) |0〉, where p, q
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runs over all orbital and spin indices and F is an antisymmet-
ric matrix. The BCS state, in particular, can be viewed as a
special instance. The ground state of the attractive Hubbard
model, despite its many-body nature, is believed to be close to
such mean-field wavefunctions.

When benchmarking our method on the attractive Hub-
bard model, we use a PHT defined by U = ∏N

i=1(c†
i↓ +

(−1)ici↓), where N is the number of sites and (−1)i gives
opposite signs to different sublattices. Under this PHT, we
have ci↑ → ci↑, ci↓ → (−1)ic†

i↓, and the Hubbard Hamilto-

nian transforms as Ĥ → ĤPH = −t
∑

〈i, j〉,σ (c†
iσ c jσ + H.c.) +

U
∑

i ni↑(1 − ni↓).
Specifically, a BCS wavefunction |ψBCS〉 ∝

exp (
∑

i, j Fi j ĉ
†
i↑c†

j↓) |0〉 is transformed to a particle-number-
conserved one

|
BCS〉 ∝ exp

⎛
⎝ N∑

i, j=1

(−1) jFi, jc
†
i↑c j↓

⎞
⎠ N∏

l=1

c†
l↓ |0〉 . (A1)

This is a Slater determinant, as can be verified using the
identity

exp

⎛
⎝ N∑

i, j=1

Mi, jc
†
i↑c j↓

⎞
⎠c†

l↓ exp

⎛
⎝−

N∑
i, j=1

Mi, jc
†
i↑c j↓

⎞
⎠

= c†
l↓ +

∑
i

c†
i↑Mil . (A2)

By taking Mi j = (−1) jFi, j , we have

〈n|
BCS〉 ∝ 〈n|
N∏

l=1

(
c†

l↓ +
∑

i

c†
i↑Mil

)
|0〉

= det

[
n �

(
M
I

)]
, (A3)

where n� denotes selecting N rows of the subsequent matrix
based on the occupied orbitals of n. This form is well within
the representability of our NQS ansatz, which motivates us
to simulate the particle-hole transformed Hamiltonian ĤPH

instead, with the intuition that the s-wave pairing presented
in this model is better captured.

APPENDIX B: SYMMETRY PROJECTION

The symmetrized wavefunction, ψsym, is obtained by pro-
jecting the initial wavefunction:

ψsym =
∑

g

�(n, g)χgψ (gn), (B1)

where g ∈ G is an operation from the symmetry group,
�(n, g) = ±1 is the fermionic sign from permutations, and
χg is the character of the symmetry representation.

Our procedure involves two stages. In the first stage, we
perform 3 × 104 initial steps without enforcing any sym-
metry. The resulting state is then projected onto the fully
symmetric state, a step with essentially no computational
cost. This baseline projection corresponds to “naive” in
Fig. 4(a).

In the second stage, we gradually enforce symmetry fol-
lowing the procedure in Ref. [50] through a sequence of
training steps, as shown in Fig. 6. First, we restore D2 and

FIG. 6. Variational energy of ACE as a function of optimization
steps. The system is a Hubbard model with size 16 × 4 and t ′ = 0.
We can see that symmetry projection greatly increases the variational
accuracy.

spin inversion symmetry and train for 4 × 103 steps. Next,
we additionally restore the half-translation symmetries and
train for another 4 × 103 steps. Finally, we restore the 1/4-
translational symmetries and train for 103 steps. After this
sequential training, the state is once again projected onto the
fully symmetric state at essentially no cost.

APPENDIX C: PINNING FIELD

To avoid convergence to local minima during optimiza-
tion, temporary pinning fields are applied following Ref. [21].
Different types of pinning fields are imposed to get desired
patterns for a simple backflow network. Next, the pattern is
transferred to SCALE or ACE using a pretraining method.
The final optimization with MARCH [21] is performed with
the pinning field removed, allowing the wavefunction to relax
and find the true ground state of the original Hamiltonian.
With this method, we can stabilize vertical or horizontal stripe
states with different fillings or wavelengths.

APPENDIX D: ADDITIONAL DATA

We provide additional benchmark results for the attrac-
tive Hubbard model in Table IV. The table compares the
ground-state energies from our models (SCALE, ACE, and
their GFMC variants) against established DQMC benchmarks
for various system sizes and interaction strengths. We also
provide the ground-state charge and spin density for the re-
pulsive (U = 8) 32 × 32 Hubbard model in Fig. 7.

APPENDIX E: HYPERPARAMETER

For full reproducibility, this Appendix outlines the specific
parameters used in our experiments. We provide the settings
for the MARCH optimizer, followed by the architectural de-
tails for the SCALE and ACE model variants.
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FIG. 7. Ground-state density and spin distribution for the repulsive (U = 8) 32 × 32 Hubbard model with t ′ = 0 at 1/8 doping under PBC.
The color of the circles indicates the local hole density, and the arrows represent the magnitude and direction of the local spin density. We can
see a clear unit-filled stripe state from the results.
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