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Quantifying the energetic cost of implementing quantum operations is essential for assessing the effi-
ciency and scalability of quantum sensing and information-processing technologies. Here, we introduce a
framework for analyzing the interplay between complexity and energy cost of quantum processes. In
particular, we apply our framework to a sequential quantum phase estimation protocol, where a phase of
physical significance is encoded in a quantum channel. The channel is applied to a probe state repeatedly
until the probe is measured and the outcome leads to an estimate on the phase. We establish a trade-off
relation between the total energy cost of the protocol and the number of times the channel is applied
(complexity), while reaching a desired estimation precision. A sweet spot is located where the two
quantities are co-optimized. The principles of our analysis can be adapted to benchmark the energetic
requirements in other quantum protocols and devices.
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I. INTRODUCTION

Quantum protocols are known to outperform their
classical counterparts for various tasks. This so-called
quantum advantage relies on different characteristics
available in the quantum realm, such as coherent super-
positions [1] and entanglement of quantum states [2,3].
Identifying and characterizing the resources enabling
quantum advantages is a major goal of quantum informa-
tion science, often studied under the umbrella of quantum
resource theory [4]. The advantage itself may manifest in a
variety of forms and can be quantified by means of
different figures of merit, depending on the task at hand.
In particular, by quantum advantage in complexity we
mean that, while reaching the same goal, the total number
of elementary operations performed by a quantum protocol
is smaller than that by a classical one. For example, in
quantum computation [5,6], Grover’s algorithm [7]
achieves a quadratic speed-up for the searching problem,
and, more remarkably, Shor’s algorithm [8] is able to
attain an exponential speed-up for integer factorization.
Both are relevant to important computational fields such

as cryptography [9]. Exponential speed-up is also possible
for Hamiltonian simulation [10,11]—following from the
idea of simulating physical systems through quantum
computers as originally raised by Feynman [12]. Mean-
while, in quantum metrology, there exists a quadratic
speed-up to reach the desired estimation precision, termed
the Heisenberg limit [13–15]. This can help improve
performance in a wide range of applications, including
gravitational sensing [16], biological imaging [17], and
timing [18].
Despite their promises, the above quantum advantages

typically only hold under a noise-free setting. In realistic
experimental situations, the target system inevitably inter-
acts with its surroundings, either the experimental device
or the inaccessible environment, causing decoherence in
its evolution [19]. The resulting noisy quantum operation
deviates from the desired one and the implementation
error generally leads to a larger complexity, sometimes
even losing the quantum advantage: under commonly en-
countered noise models, Refs. [20–23] show that Grover’s
algorithm and Shor’s algorithm, respectively, can only
attain partial complexity advantage if the noise is weak
enough, while Refs. [24–26] indicate that the metrological
advantage is reduced to a constant factor unless specific
structures of the noise are assumed.
In order to retain the ideal quantum complexity, various

error mitigation techniques have been designed [24–31],
and the resulting noisy intermediate-scale quantum tech-
nologies [32] represent the state-of-the-art progress made
toward commercialization. Generally, to reduce the imple-
mentation error we can increase the power of the coupled
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device, or exert external controls to detect and correct the
noise. Either way, complexity reduction comes with extra
energy cost and a competition takes place between a
smaller number of operations and larger energy cost per
operation. In Refs. [33–35], the total energy cost of
quantum protocols is treated as another important quantity
that one wants to optimize for both scientific interest and
near term realization. From this perspective, since the
optimal complexity—corresponding to zero implementa-
tion error—can be expensive, some finite error may indeed
be preferred for an energy optimization task.
Motivated by the quest to explore more concretely the

aforementioned trade-off between the key resources of
gate complexity and energy cost, we study the balance
between the two in the context of quantum metrology. A
typical metrological task consists of a pair ðGϕ; StratÞ,
where Gϕ is an operation that encodes the parameter ϕ to
be estimated and Strat refers to strategies adopted to
extract the parameter. The complexity here is represented
by the number of times Gϕ is queried. A strategy consists
of three main components: state preparation, intermediate
controls (including error mitigation procedures), and
measurements. References [36–39] have studied the cost
of these components, while in most cases Gϕ is assumed to
be the result of a free evolution and so does not incur
additional cost. In this work, we will introduce scenarios
where energy is required to initiate the evolution. The form
of Gϕ then depends on its implementation energy, and the
larger this cost, the smaller the number of iterations of Gϕ is
required to reach a desired estimation precision, leading to a
complexity-energy trade-off relation. The corresponding
implementation error is quantified by a distance between
Gϕ and its ideal form. The main finding of this work exposes
a critical error level for complexity-energy co-optimization,
beyond which the saving in one factor is overwhelmed by
the overhead in the other. We also expect that the combi-
nation of our results and the established complementary
ones can lead to a more complete energy benchmarking in
quantum sensing and metrology protocols.
The overall flow of the paper is as follows: Sec. II

introduces the key concepts behind the trade-off relation that
are expected to apply qualitatively to all relevant protocols,
Sec. III describes the basics of the quantum phase estimation
protocol in metrology and its connection with the trade-off
framework, while Sec. IV dives deeper into this connection
by quantitatively analyzing a full sequential phase estima-
tion protocol carried out on an optical platform and drawing
general insights on the interplay between complexity and
energy cost in quantum processes. The paper is concluded
by a summary and outlook in Sec. V.

II. THE TRADE-OFF FRAMEWORK

Let us begin with a qualitative description of the origin
of the trade-off. Suppose we have a fixed objective and a

protocol to reach it. The protocol takes energy to be
implemented and involves a certain notion of complexity.
Both can depend on various factors, with the implemen-
tation quality being the focus of this work. In general, the
better the protocol is implemented, the objective can be
achieved with a smaller complexity, but at the expense
of a larger energy cost. The optimal quality level can be
determined accordingly.
To formalize the notion of complexity clearly, we focus

on quantum tasks with the following ideal structure:

ρ0 ⟶
UN

ρN ð×QNÞ: (1)

In words, an input state ρ0 undergoes a sequence of N
identical unitary transformations U. Desired information
accumulates in the final state ρN and is often extracted
through classical postprocessing of measurement results.
The whole sequence is repeated independently for QN
rounds in order to gain a set amount of total information.
This set goal can be represented by a fixed constraint,
denoted as Con, whose exact form depends on the task.
The total number of gates implemented is QN · N and
optimizing over N with respect to the fixed goal gives the
(gate) complexity C of the protocol:

C ≔ min
N

ðQN · NÞjCon: (2)

In terms of the energy cost, the implementation of each
gate is assumed to be independent and identically distrib-
uted (i.i.d.); therefore, we can denote E as the energy cost
for constructing each U-block. The total energy cost,
denoted as R, is then

R ¼ C × E:

However, perfect implementation can be affected by
both experimental and fundamental limitations. The actual
implemented gates will not be unitary in general and an
error dependence needs to be added to the quantities
defined so far:

RðϵÞ ¼ CðϵÞ × EðϵÞ; (3)

where ϵ is some error parameter quantifying deviation
from the desired unitary gate. A larger error (i.e., lower
implementation quality) tends to increase the complexity
[20–26,40–42], as intuitively less information is encoded
in each implemented gate, while reducing the energy cost
per gate [43,44].
We are interested in scenarios where such a trade-off

leads to an initially decreasing total energy cost RðϵÞ as a
function of the error ϵ, as illustrated in Fig. 1. Note that
if ϵ—and hence EðϵÞ—is fixed, the total energy cost
becomes equivalent to the gate complexity as a resource
quantifier. It is thus precisely through the dynamic
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interplay between the two, as mediated by a variable
implementation error, that we can introduce a novel
resource analysis on the quantum protocol at hand. In
particular, minimizing the complexity is not equivalent to
minimizing the total energy cost RðϵÞwith respect to ϵ. We
also emphasize that the objective here is on optimizing
the quantum protocol itself, rather than determining if a
quantum over classical energetic advantage exists; for
works on the latter, we refer to Refs. [45–47].
For a similar purpose to ours (see also the earlier

analysis in Ref. [37]), Ref. [33] brings up the necessity
to build a framework within which costs of quantum
protocols can be analyzed and compared in a universal
fashion. The proposed framework is dubbed metric-noise-
resource (MNR) [34]: a metric is chosen to assess the
performance, the effect of noise is taken into account, and
the total resource cost is evaluated. A notion of efficiency
is correspondingly defined as

Efficiency η ¼ Metric
Resource

: (4)

For us, the constraint can be quantified by a suitably
chosen metric, on which both resource cost (taken to be
energy here) and complexity depend. Then for a fixed
constraint, or equivalently a target value of the metric, we
can minimize the total energy cost over ϵ to determine
the optimal energy efficiency η. We shall return to this
connection in Sec. IV D, after the energy analysis is carried
out for a quantum phase estimation protocol performed on
an optical platform, with the quantum Fisher information
acting as the metric.
Finally, note that the i.i.d. assumptions underlying

Eq. (1) may be relaxed. Quantum circuits used to perform
quantum information processing tasks typically consist of
unitary gates selected from a restricted set fU1;…; Ung—
for example, composition of single-qubit Pauli gates and
CNOT gates leads to universal quantum computation [5,48],
while in quantum simulation tasks one only has access to a

limited set of control Hamiltonians [10,49]. Each elemen-
tary gate can then be characterized by its own implemen-
tation error ϵi, gate complexity CiðϵiÞ, and energy cost
EiðϵiÞ, and the quantities in Eq. (3) are extended to

C ¼
Xn
i¼1

CiðϵiÞ; R ¼
Xn
i¼1

CiðϵiÞ × EiðϵiÞ: (5)

Optimization on the two types of resource is now over
a set of error parameters for each elementary gate.
Furthermore, one can introduce implementation schemes
where energy is shared or recycled across multiple gates,
resulting in spatiotemporal correlations among them.
There is no more simple product form for computing
the total energy cost, and we may only define an effective
mean energy cost of implementing each gate Ē ¼ R=C.
These generalizations would cover a wider range of
practical schemes; nevertheless, our simpler yet illustrative
i.i.d. case will turn out to provide already valuable insight
on the desired complexity-energy trade-off relation.

III. QUANTUM PHASE ESTIMATION

A. Quantum Fisher information and complexity

A quantum metrology task can often be recast in the
form of quantum phase estimation (QPE). In general, a
phase ϕ is encoded in some quantum operations which are
applied to a probe state and by measuring the probe, we
can obtain an estimate on the phase. The precision of the
estimation can be quantified by the quantum Fisher
information (QFI), which captures geometrically the rate
of change of the probe state under an infinitesimal varia-
tion of the phase parameter [50]. To compute the QFI, we
first introduce the classical Fisher information (CFI): for a
positive operator-valued measurement (POVM) defined
by the set of operators M ¼ fMig and a probe state ρϕ
parametrized by the phase ϕ, the CFI is

FIG. 1. A qualitative plot of the key variables characterizing a quantum protocol as in Eq. (3). Here ϵ is a generic quantifier for the
implementation error of each elementary unitary gate, with ϵ → 0 corresponding to the ideal limit of perfect implementation.
Competition takes place between (a) growing gate complexity CðϵÞ and (b) decreasing energy cost EðϵÞ per gate as ϵ increases. (c) The
resulting total energy cost RðϵÞ may (solid curve) or may not (dashed curve) have a global minimum at finite ϵ.
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Fc½M�ðϕÞ ¼
X
i

TrðρϕMiÞl2i ;

li ¼ ∂ϕ log TrðρϕMiÞ ¼
Trðρ̇ϕMiÞ
TrðρϕMiÞ

; (6)

where the dot denotes the derivative over ϕ.
The QFI is achieved by optimizing the CFI over all

possible POVMs:

FqðϕÞ ¼ max
M

Fc½M�ðϕÞ:

It turns out that the optimal measurements M are
projectors onto the eigenspaces of the symmetric loga-
rithmic derivative (SLD) operator Λϕ, which satisfies
the equation ∂ϕρϕ ¼ 1

2
ðΛϕρϕ þ ρϕΛϕÞ. Suppose the same

procedure is repeated independently for Q times, by the
additive nature of the QFI for product states [51], the total
QFI becomes QFqðϕÞ, and the quantum Cramér-Rao
bound [52] states that

Var½ϕ̂� ≥ 1

QFqðϕÞ
; (7)

where ϕ̂ is an unbiased estimator of ϕ based on the Q
measurement outcomes and Var½ϕ̂� is its variance. Note
that the bound is only achievable in the asymptotic limit of
large Q ≫ 1 by employing adaptive estimation procedures
for determining the optimal measurement [53,54].
Within this framework we study the sequential stra-

tegy of the type described in Eq. (1) as inspired by
Refs. [55–57]: the phase ϕ is ideally imprinted via a
unitary phase shift operator expð−iϕH=2Þ, where H is a
control Hamiltonian. The operator functions as an oracle
and each time we make a query it is repeatedly applied to
the probe state, which will carry accumulating information
about the phase. Finally the state is measured, yielding an
estimate on the phase. If the oracle is applied N times, we
denote the QFI of the final state by FN. In the rest of this
work we will treat N ≥ 1 as a continuous variable for
simplicity [57,58].
To determine the complexity, we quantifyCon in Eq. (2)

by demanding a target value, denoted as δ2, of the quantity
on the right hand side of (7), so that δ2 lower bounds the
estimator variance. Naively, the number of independent
repetitions of an N-step sequence needed to reach the set
goal is

qN ¼ 1

δ2 · FN
; (8)

and so the complexity can be derived as

c ¼ min
N

ðqN · NÞjδ2

¼ 1

δ2
· min

N

N
FN

¼ 1

δ2
·
Nopt

FNopt

; (9)

where Nopt is the optimal step for the minimization and jδ2
is a shorthand for the constraint j½QFqðϕÞ�−1≤δ2 .
However, Eq. (9) must be taken with a pinch of salt, and

c will be referred to as the raw complexity; the discrepancy
arises due to the fact that qN as calculated by Eq. (8) is
not necessarily an integer and hence implicitly assumes FN
to be linear over N, while Q in (7) is an integer. In
Appendix A, we elaborate on the general behavior of FN
and how its nonlinearity calls for a correction to c. To
address this discrepancy, the true complexity of the QPE
protocol will be determined as follows.
Suppose an N-step sequence is first repeated fully for

QN ¼ bqNc times, bqNc being the integer part of qN,
followed by a final sequence with N0 ≤ N steps. By
additivity of the QFI, the overall QFI from the ðQN þ 1Þ
sequences isQNFN þ FN0

. Thus, to meet the constraint set
by δ2, N0 must be such that

FN0
¼ 1

δ2
−QNFN: (10)

The true complexity is then given by

C ¼ min
N

ðNQN þ N0Þjδ2 : (11)

The minimization will be computed numerically and the
minimal point is anticipated to be near N ≈ Nopt. As seen
shortly and qualitatively explained in Appendix A, the true
complexity can be well approximated by the raw one when
the implementation error is large enough.

B. Modeling the gate implementation error

To incorporate the implementation error, we assume that
the (ideally unitary) quantum channels imprinting the
phase in each round of the QPE protocol are in fact
generated by a random Hamiltonian. For a qubit system,
this amounts to taking Hn ¼ n · σ, where n is a unit Bloch
vector sampled from some probability distribution pðnÞ
and σ is the vector of Pauli operators. In the ideal limit,
pðnÞ is a Dirac delta function at n0, where n0 is the Bloch
vector of the desired control HamiltonianH. Both the error
and the QFI, FN ≡ FNðp;ϕÞ, depend on the distribution.
We will use a semicolon to separate free parameters that
affect the implementation error. The resulting noisy gate
(channel) is
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Gp;ϕð·Þ ¼
Z
jnj¼1

e−iϕn·σ=2ð·Þeiϕn·σ=2pðnÞdn: (12)

Correspondingly, the channel performs a random rota-
tion on the Bloch sphere. Let s be the Bloch vector of the
probe qubit. It is transformed by the implemented gate as

s → Gp;ϕ s; Gp;ϕ ¼
Z
jnj¼1

RnðϕÞpðnÞdn; (13)

where RnðϕÞ represents the rotation around n by an
angle ϕ.

C. Computing complexity: An example

As an example of the model introduced in the pre-
vious two subsections, we first consider the following
setup, studied by Ref. [56]. The initial state is set to
be ρ0 ¼ jψ0ihψ0j, jψ0i ¼ ðj0i þ j1iÞ= ffiffiffi

2
p

and the desired
Hamiltonian is H ¼ σz. The random Bloch vector is
sampled from the von Mises-Fisher distribution [59],
pκðθÞ ¼ κeκ cos θ

4π sinh κ, where θ is the azimuthal angle, and κ is
the concentration parameter. Hn becomes uniformly dis-
tributed as κ → 0, and is sharply peaked at σz as κ → ∞.
This distribution can be seen as the counterpart of a
Gaussian over the Bloch sphere and the implementa-
tion error can be represented by ϵ ∼ 1=κ. Furthermore,
since pκðθÞ has axial symmetry around z, the resulting

quantum channel is phase-covariant (commuting with σz)
and the transformation matrix (13) can be expressed in the
form of [60]

Gκ;ϕ ¼
2
4 λ⊥ðκ;ϕÞ cosϕ −λ⊥ðκ;ϕÞ sinϕ 0

λ⊥ðκ;ϕÞ sinϕ λ⊥ðκ;ϕÞ cosϕ 0

0 0 λkðκ;ϕÞ

3
5:
(14)

Using the formula for FNðκ;ϕÞ derived in Appendix C
of Ref. [56], we compute the complexity (11) and plot it in
Fig. 2(b). Note that the step that maximizes the QFI is not
Noptðκ;ϕÞ for the raw complexity (9): the quantity to be
maximized here is FN=N (plotted in Fig. 2(a)) rather than
FN. The latter is shown to be well approximated by

FNðκ;ϕÞ ≈ N2λ2N−2⊥
�
λ2⊥ þ ð∂ϕλ⊥Þ2

�
; (15)

so that FN and FN=N attain their maximum at around
−½logðλ⊥Þ�−1 and Nopt ¼ −½2 logðλ⊥Þ�−1, respectively.
With the a priori probability distribution comes the

lack of knowledge on physical details on how the phase-
encoding channel is achieved. Consequently, only an
educated guess can be made on the energy cost of the
implementation. In the next section, we restart with
another more practical example and approach the QPE

FIG. 2. (a) Plots of the ratio between the QFI and the steps number, FN=N, for different values of the concentration parameter of the
von Mises-Fisher distribution κ and a fixed phase ϕ ¼ 0.5 to be estimated. Observe the nonmonotonic behavior predicted by Eq. (15):
the ratio grows linearly withN first, reaches its maximum and decays exponentially afterward. As indicated by the vertical dotted lines,
the optimal step Nopt is well approximated by −½2 logðλ⊥Þ�−1. (b) The resulting complexity (11) is plotted against 1=κ (representing the
implementation error ϵ) for the desired lower bound on the estimator variance, δ2 ¼ 10−4, implied by Eq. (7). Observe the growing
pattern as anticipated by Fig. 1(a). The inset shows an enlargement at small 1=κ for ϕ ¼ 0.25. Each tooth of the zigzag pattern
corresponds to a region that applies the same number of complete sequences QN. The dotted line corresponds to the raw complexity
computed by Eq. (9). Notice that the raw complexity vanishes in the ideal limit, and approximates the true complexity better as 1=κ
grows, as discussed in Appendix A.
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protocol from its physical foundation to realize a com-
prehensive resource analysis.

IV. CONSTRUCTION FROM FIRST PRINCIPLES

In this section, we adopt the sequential procedure from
Sec. III for a physically motivated task based on light-
matter interaction. A coherent laser pulse is used to drive a
probe qubit, and the unknown field-qubit coupling strength
g appears as the rotation angle of the induced unitary gate.
Repeated applications of this gate sequentially encode
the parameter g in the probe state, allowing the coupling
strength to be estimated through the QPE protocol.
The microscopic construction enables both the imple-

mentation error and the associated energy cost to be
derived from the same physical model, rather than postu-
lated as in Sec. III C. For each application of the phase-
encoding gate, the field is initialized from the vacuum
in a coherent state, then allowed to interact with the
probe qubit, and subsequently discarded. The field is
therefore not reused between successive gates, so no field
memory is retained [61], resulting in a Markovian process.
Accordingly, the energy cost of each gate is the initial-
ization energy required to prepare the corresponding laser
pulse, evaluated as the increase in the field energy relative
to its vacuum state. The effect of the implementation error
on the complexity is also derived. Combining both factors
gives us the total energy cost of the estimation protocol.
For completeness, we also include the cost of state prepa-
ration and measurement that take place at the beginning
and end of each sequence, respectively. Figure 7 at the end
of this section exhibits the overall circuit structure, while
Table I below makes clear the meaning of each parameter
to be defined in the following subsections.

A. Energy bookkeeping

Before proceeding, we need to establish a consistent
operational definition of energy cost, which will be applied
throughout the remainder of the paper. Each building block

of the QPE protocol can be described by an initial quantum
state ρ of the system under consideration, assumed to be
provided at no cost, followed by a target unitary operation
V, after which only energy-conserving operations O are
allowed (including unitary evolution, discarding subsys-
tems, and measurements). The full QPE circuit is con-
structed through concatenation of such building blocks: the
output quantum state of one block is treated as the free
input state for the next one.
We define the energy cost of a block as the change in the

system energy induced by V,

E ¼ Tr½H0 ðVρV† − ρÞ�; (16)

where H0 denotes the system’s Hamiltonian. This defi-
nition follows directly from energy conservation [44]:
any change in the system energy must be supplied by an
external energy storage device, referred to as a battery.
Accordingly, E quantifies the energy exchanged with the
battery per application of V.
Operationally, V can be realized by coupling the system

to a battery state ρB via an energy-conserving joint uni-
tary Ṽ satisfying ½Ṽ; HB ⊗ I0 þ IB ⊗ H0� ¼ 0 (where HB
denotes the battery’s Hamiltonian), followed by decou-
pling [43,44,62–66]:

TrB½ṼðρB ⊗ ρÞṼ†� ≈ VρV†: (17)

Following [39,44], we implicitly assume access to a
battery with sufficiently large energy storage to implement
all V operations across the protocol [67].
We shall adopt the above as a bookkeeping convention

throughout: different components of the protocol corre-
spond to different choices of ρ and V, but the defining
principle of E remains unchanged. Figure 3 illustrates this
energy accounting, and Table II summarizes the corre-
sponding objects for each building block of the QPE
protocol. This convention isolates the fundamental imple-
mentation cost associated with non-energy-conserving
operations, leaving aside additional thermodynamic or

TABLE I. Summary of parameters relevant to our model.

Variable parameters

m̄ Number of photons spent per gate
δ2 Lower bound on the estimator variance as implied by (7)
Ms Number of cooling qubits per sequence during state

preparation
Mm Number of cooling qubits per sequence during measurement

Fixed parameters

g Field-qubit coupling strength (the “phase” to be estimated)
T0 Temperature of the free qubits used for cooling
ω0 Transition frequency of the system qubit
ω1 Transition frequency of the pointer qubit
ω Frequency of the electromagnetic field

FIG. 3. An elementary building block used to quantify the
energy cost: a free initial state ρ undergoes a non-energy-
conserving unitary V, followed by energy-conserving operations
collectively represented by O. The energy cost E is counted as
the energy change of the state caused by V, supplied by a battery.
The quantum output leg of O is treated as the initial state for the
next elementary block.
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hardware overheads. These are briefly considered in
Appendix C for the protocol at hand.

B. Gate implementation

Let the target system qubit (probe) be governed by the
Hamiltonian −ℏω0σz=2, where ω0 is the transition fre-
quency of the two-level system. The qubit is coupled to a
resonant monochromatic electromagnetic (EM) field of
frequency ω ð≈ω0Þ traveling in the z direction. Suppose
the rotating wave approximation [68] holds, jω0 − ωj ≪
ω0 þ ω. In the interaction picture, the system is then
governed by a time-independent Hamiltonian [69,70]:

HS ¼ ℏgk0ðEj1ih0j þ E�j0ih1jÞ ¼ ℏgk0E0ðn · σÞ; (18)

where k0 is a unit quantity (time−1) to keep the coup-
ling constant g dimensionless, n ¼ ½cos θ; sin θ; 0�⊺, and
E ¼ E0eiθ is the amplitude of the field with phase θ.
Physically, the parameter g reflects the magnitude of the
qubit dipole moment. To estimate it, we set the initial state
to be ρ0 ¼ j0ih0j and aim to implement the unitary gate

Ug ¼ e−igσx=2:

Classically, this is achieved by tuning θ ¼ 0 and
2k0E0t ¼ 1, t being the total evolution time. Quantum
fluctuation of the field, however, sets a fundamental limit
on the implementation quality: semiclassically, E0 and θ
can be treated as random variables with means Ē0 and 0,
respectively, and the evolution time is t ¼ 1=ð2k0Ē0Þ. The
gate implemented is then sampled from the set of unitary
operators consisting of

e−iHSt=ℏ ¼ exp
�
−igE0

Ē0

n · σ=2
�
¼ exp

�
−ig

ffiffiffiffi
m
m̄

r
n · σ=2

�
;

(19)

where m is the (coherent) photon number of the EM field,
treated as a random variable with mean m̄. The ideal limit
corresponds to m̄ → ∞ when Ug is exactly applied to the
qubit and the error may thus be characterized by ϵ ∼ 1=m̄.

For small m̄, quantum statistics becomes significant and
we have to resort to a full quantum treatment [71,72],
where random variables are further replaced with
quantum operators.
Appendix B shows that in the semiclassical regime the

QFI is well approximated by

FN ≡ FNðm̄; gÞ ≈ N2r2N;

r ≈ 1 − ΔðgÞ
2m̄

; ΔðgÞ ¼ g2 þ 1 − cosðgÞ
4

; (20)

provided m̄≳ 100, g2=m̄ ≪ 1, and the EM field is in its
coherent state, representing lasers. Geometrically, the
transformation on the yz plane of the Bloch sphere by
the implemented channel (13) is reduced approximately to
a rotation of angle g (corresponding to the desired unitary
Ug) combined with a shrinking of factor r, matching the
phase-covariant channel (14). The optimal step for the
raw complexity (9) and the corresponding number of
repetitions (8) are

Nopt≡Noptðm̄;gÞ ¼− 1

2 logðrÞ≈− 1

2 log ð1− ΔðgÞ
2m̄ Þ

≈
m̄

ΔðgÞ ;

qNopt
≡qNopt

ðm̄;g;δ2Þ ¼ 1

δ2 ·FNopt

≈
1

δ2
·
�
ΔðgÞ
m̄

�
2

·
�
1−ΔðgÞ

2m̄

�− 2m̄
ΔðgÞ

≈
e
δ2

·
�
ΔðgÞ
m̄

�
2

:

(21)

The raw complexity can be computed as

cðm̄; g; δ2Þ ¼ qNopt
· Nopt ≈

e
δ2

·
ΔðgÞ
m̄

: (22)

This is a good approximation of the true complexity
(11), Cðm̄; g; δ2Þ, for large enough 1=m̄, as observed in the
inset of Fig. 4(a).
Moreover, we now have knowledge of the physical

details of the implementation and hence its energy cost. To
construct the nth phase-encoding channel in a sequence,

TABLE II. Summary of the initial state ρ, the non-energy-conserving unitary operation V, and the subsequent energy-conserving
operations O in each building block of the QPE protocol, as illustrated in Fig. 3. Here S, P label the system probe qubit and pointer
qubit, respectively, ρvac is the vacuum state of the EM field, and ρβ is the thermal state of the cooling auxiliary qubits, as introduced in
the following subsections.

Building block ρ V O

Implementation of nth gate ρðSÞn−1 ⊗ ρvac
Displacement operator on the field Field-qubit free evolution through the coupling (18)

Discarding the postevolution field state

State preparation ρβ Cooling unitary Discarding the auxiliary qubits

Measurement ρðSÞN ⊗ j0ih0jðPÞ CNOT between system and
pointer qubits

Measurement on the pointer qubit
Discarding the probe qubit
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we follow the established procedure in Fig. 3. As antici-
pated in Table II, the initial state ρ here is the tensor

product of the probe state after the ðn − 1Þth step ρðSÞn−1 and
the vacuum state ρvac of the EM field, the non-energy-
conserving unitary V is the displacement operator,
Dð ffiffiffiffi

m̄
p Þ, on the field that creates the coherent state of mean

photon number m̄, and the ensuing energy-conserving
operations O consist of the free evolution through the
field-qubit coupling (18) followed by a complete discard-
ing of the field state at the end of the evolution. The output

probe state ρðSÞn then acts as part of the free initial state for

the ðnþ 1Þth step, or as the premeasurement state ρðSÞN after
the final step. More precisely, the quantities entering in the
energy-defining Eq. (16) are

ρ ¼ ρðSÞn−1 ⊗ ρvac; V ¼ I2 ⊗ Dð ffiffiffiffi
m̄

p Þ;
H0 ¼ −ℏω0

σz
2
⊗ I ðFÞ þ I ðSÞ ⊗ ℏωn̂;

where n̂ is the number operator on the field, and I ðSÞ;I ðFÞ
are the identity operators on the system qubit and the field,
respectively. Since V acts trivially on the probe, the probe
contribution to the energy change vanishes, while the
energy cost of the displacement operator, as computed
by Eq. (16), is the energy difference between the vacuum
and the coherent state, E ¼ m̄ℏω, supplied by an external
battery as in Fig. 3. For convenience, we will set the pho-
tonic energy to be unit, ℏω ¼ 1, and so Eðm̄Þ ¼ m̄ ∼ 1=ϵ.

The total energy cost (3) is then

R≡ Rðm̄; g; δ2Þ ¼ Cðm̄; g; δ2Þ · m̄: (23)

Note that here EðϵÞ diverges in the ideal limit of a
perfect unitary implementation (ϵ → 0 or m̄ → ∞) and so
the total energy cost RðϵÞ is expected to decrease initially,
matching the qualitative pattern illustrated in Fig. 1. We
shall return to this point in Sec. IV D, where more general
scenarios are considered.
We plot R in Fig. 4 within the approximation range.

Starting from the ideal limit 1=m̄ → 0, the total energy cost
goes through a sharp drop, then plateaus after a saturation
point. Since the complexity increases with 1=m̄, this point
may serve as the sweet spot for complexity-energy co-
optimization, beyond which energy saving becomes inef-
ficient with respect to complexity overhead. Reading from
the graph, the plateau appears around when more than one
repetition of the sequence takes place and the sweet spot
can be located by setting qNopt

¼ 1 in Eq. (21) and using
Eqs. (22) and (23), which leads to

m̄0 ≈ ΔðgÞ
ffiffiffiffiffi
e
δ2

r
; C0 ≈

ffiffiffiffiffi
e
δ2

r
; R0 ≈

eΔðgÞ
δ2

: (24)

From Eq. (22), the product c · m̄ ≈ R0 does not depend
on m̄, explaining the flattening up to the leading order.
Two remarks are in order. First, the implementation

error of the phase-encoding channel, as modeled in this

FIG. 4. (a) Plots of the total energy cost R (23), with the desired lower bound on the estimator variance set to δ2 ¼ 10−4, and the
implementation error ϵ represented by 1=m̄, i.e., the inverse of the number of photons spent on implementing each phase-encoding gate.
As reflected by the y-axis label, R is computed in units of the photonic energy of the EM field, ℏω, and so numerically equals the total
number of photons spent in implementing all the gates. The range of m̄ is such that the condition after Eq. (20) is met for our chosen
values of the unknown coupling g, so that the QFI is well approximated by its leading order term. The vertical and horizontal dotted
lines locate the saturation point (24) where the energy plateau starts. This matches the behavior indicated by the dashed curve in
Fig. 1(c). Solid and dotted lines in the inset are the corresponding true and raw complexities (22), respectively. As already observed in
Fig. 2(b) and predicted in Appendix A, the latter approximates the former better as the error increases. (b) The total energy plot in (a) is
repeated for various δ2 and fixed g ¼ 2.5. The blue solid curve depicts the evolution of the saturation point as both m̄ and δ2 vary.
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section, comes solely from the quantum fluctuation of the
EM field. In particular, we treat the field parameters as
random variables instead of quantum operators and only
extract the leading order effect to allow an analytical
derivation. In doing so, we have ignored other sources of
noise, including laser inefficiency, decoherence caused by
system-environment interaction, and higher-order effects
from the field fluctuation, which become significant if the
field power is reduced.
Second, a caveat in identifying the sweet spot concerns

the attainability of the quantum Cramér-Rao bound (7).
Recall that the bound is tight only in the asymptotic limit,
requiring in principle many repetitions, whereas the
energy-optimal regime identified here involves only a
small number of repetitions. Our analysis therefore uses
the QFI metric as a benchmark rather than a guarantee of
achievable performance. Finite-sample effects may shift
the precise location of the optimum, but do not alter the
qualitative trade-off between implementation quality and
repetition cost. As shown in Appendix D, operating at a
smaller photon number per gate m̄, in particular in the
regime 102 ≲ m̄≲ 5 × 102, improves the consistency
between the actual estimator performance and the asymp-
totic bound.

C. Other sources of cost

1. Complexity and energy minimization

Apart from gate implementation, other components of
the protocol also require energy to implement and they
may have an impact on the complexity as well. We will
next consider a few of these contributions for a more
complete energy bookkeeping (see also Appendix C),
namely the tasks of state preparation and measurement
at the beginning and end of each sequence, respectively.
Before proceeding, we first describe qualitatively the
difference brought by the additional cost.
The two key quantities involved in the trade-off

relation as illustrated in Fig. 1 are the complexity C,
or the minimal number of gates needed to reach a set
objective (11), and the corresponding total energy cost R.
For the latter, we now take into account the additional
(or “external”) cost of each sequence other than the one
spent on gate implementation, denoted as Eext. Here it is
treated as a constant for simplicity, while in general it may
depend on parameters that can also affect the complexity,
as we will see in Sec. IV C 2. The total energy cost as a
function of the sequence steps number N is accordingly
modified as

RN ≡ RNðm̄; g; δ2; EextÞ

¼

8>>><
>>>:

ðNQN þ N0Þ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
number of gates

× m̄ þ ðQN þ 1Þ|fflfflfflfflffl{zfflfflfflfflffl}
number of sequences

× Eext if N0 > 0;

NQN × m̄þQN × Eext if N0 ¼ 0.

(25)

We may denote NC and NR as the steps that minimize
the total number of gates and the total energy cost,
respectively, with the same constraint as in Eq. (11):

NC ≡ NCðm̄; g; δ2Þ ¼ argmin
N

ðNQN þ N0Þjδ2 ;
NR ≡ NRðm̄; g; δ2; EextÞ ¼ argmin

N
ðRNÞjδ2 : (26)

In Sec. IV B, Eext ¼ 0 and the two optimal steps
coincide, NC ¼ NR. However, with the additional energy
cost they start to differ and the step optimization becomes
dependent on the quantity to be minimized. By construc-
tion, optimizing for the total number of gates will result
in a lower complexity at the expense of a higher total
energy cost,

RNC
≥ RNR

; (27)

and vice versa, with the equality attained if Eext ¼ 0.

2. State preparation

State preparation often aims to cool a thermal state
from its initial temperature to a lower one. In our case, the
ideal initial state of the system qubit is j0ih0j. However,
the third law of thermodynamics implies that no process
can reach zero temperature, corresponding to a pure state,
with finite resources [73], and so the cooled state can only
lie in the vicinity of j0ih0j. For the implementation,
we adopt the technique of dynamic cooling [74,75].
Consider Ms identical qubits, with one target system
and Ms − 1 auxiliary qubits. They are governed by the

same Hamiltonian, Hi ¼ −ℏω0σ
ðiÞ
z =2, i ¼ 1; 2;…;Ms.

Their initial state is a product of thermal states with
environmental temperature T0:

ρβ ¼ ⨂
Ms

i¼1

�
e−βHi

ZðβÞ
�
; (28)

where β ¼ 1=kBT0, kB being Boltzmann’s constant, and
ZðβÞ is the corresponding partition function. A unitary
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operation Vsp then acts on all qubits and the auxiliary ones
are discarded afterward, leaving the system qubit in a state
with new temperature T < T0. It is shown in Ref. [75] that
in the low temperature regime, the minimal temperature
achievable through cooling is

T ≈
2T0

Ms
; if kBT0 ≪ ℏω0: (29)

The energy cost of state preparation is again interpreted
as in Sec. IVA. Here the initial state ρβ is considered free
of cost [76,77], as it is in thermal equilibrium with the
environment. The costW comes from the energy change of
the qubits induced by the non-energy-conserving unitary
Vsp, and the ensuing free operation consists of discarding
the auxiliary qubits. Equation (16) thus reads

W ¼ Tr

�X

i

Hi

�
ðVspρβV

†
sp − ρβÞ

�
: (30)

According to the model of Fig. 3, W can be interpreted
as the free energy drawn from an external battery [78] to
implement the cooling unitary. Reference [75] shows that
W in Eq. (30) is an extensive quantity and the energy cost
per qubit in the thermodynamic limit is

w̄ ¼ lim
Ms→∞

W
Ms

¼ ω0

2ω

tanhð 1
2ξÞ

e
1
ξ þ 1

; ξ ¼ kBT0

ℏω0

; (31)

where the energy unit remains the photonic energy of the
EM field. As seen shortly, in practice only a small number
of cooling qubits are needed for energy optimization and
so the thermodynamic limit does not apply. For small T0,
we can nevertheless approximate w̄ as the energy change
of each qubit. The external cost per round for state
preparation is then

EðpreparationÞ
ext ¼ w̄ ·Ms: (32)

This quantity later turns out to be much smaller than the
cost of gate implementation for state-of-the-art technology.
In this subsection, we will thus ignore the distinction
between complexity and energy minimization introduced
in Sec. IV C 1.
After cooling, each sequence now starts with the

initial state

ρ0ðTÞ ¼
e−βHi

ZðβÞ ¼ 1þ γðTÞ
2

j0ih0j þ 1 − γðTÞ
2

j1ih1j; (33)

where γðTÞ ¼ tanhð ℏω0

2kBT
Þ characterizes the closeness to

j0ih0j as the Bloch vector of ρ0 is ½0; 0; γðTÞ�⊺. Derivations
in Appendix B imply that the leading correction to the QFI
due to the nonideal initial state is a multiplicative factor
of ½γðTÞ�2. With Eq. (29) this yields a modification to
Eqs. (20)–(22) as

FNðm̄; gÞ⟶state preparation
FNðm̄; g;MsÞ ≈



γ

�
2T0

Ms

��
2

· FNðm̄; gÞ;

Noptðm̄; gÞ⟶state preparation
Noptðm̄; g;MsÞ ≈ Noptðm̄; gÞ;

qNopt
ðm̄; g; δ2Þ⟶state preparation

qNopt
ðm̄; g; δ2;MsÞ ≈



γ

�
2T0

Ms

��−2
qNopt

ðm̄; g; δ2Þ;

cðm̄; g; δ2Þ⟶state preparation
cðm̄; g; δ2;MsÞ ≈



γ

�
2T0

Ms

��−2
cðm̄; g; δ2Þ: (34)

The total energy cost is computed through Eq. (25), with
N determined by the minimization in (11) and Eext given
by Eq. (32). For small m̄, this can be approximated through
the raw complexity: using Eq. (34) on Eq. (25) leads to,

Rðm̄; g; δ2;MsÞ ≈
e
δ2

·
ΔðgÞ2
m̄2

·
w̄Ms þ m̄2

ΔðgÞh
tanh

�
Ms
4ξ


i
2
: (35)

A characteristic value of ξ for contemporary quantum
technologies based on techniques such as superconducting
and ion trap qubits is approximately 0.2 [79,80]; Eq. (31)
then yields w̄ ≈ 0.003, where we take advantage of the

resonance condition ω ≈ ω0. Within this range, Fig. 5
shows that the total energy cost quickly converges to a
minimal value when more cooling qubits are consumed
per sequence. From Eq. (35) we anticipate the total cost
to eventually increase with Ms—complexity reduction
brought by further cooling is overpowered by its energy
cost. However, this does not manifest until Ms grows
significantly large, since the relative magnitude between
the cost of state preparation and gate implementation is as
small as

cost of states
cost of gates

∼
w̄MsΔðgÞ

m̄2
∼ 10−7Ms: (36)
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3. Measurement

To implement the measurement procedure, we adopt the
pointer model [81,82]: the system qubit is coupled to a
pointer qubit through a CNOT gate controlled by the
system, the pointer is measured with respect to the optimal
POVM that maximizes the CFI, reported in Eq. (E1), and
the outcome should follow the statistics of the system state.
The pointer thus acts as a measuring device. Let it be
governed by the Hamiltonian −ℏω1σz=2, ω1 being the
transition frequency.
For perfect measurement, we want to initialize the

pointer in j0ih0j. However, again, a pure state requires
an infinite amount of resource to prepare, and so does an
ideal projective measurement [83]. The resulting nonideal
measurement affects the QPE performance [84,85]. In
Appendix E, we evaluate the CFI from a mixed pointer
state prepared through the dynamic cooling protocol.
Despite the imperfection, as observed in Sec. IV C 2, in
current setups the energy cost of cooling is negligible
compared to that of the phase-encoding gate implementa-
tion for energy optimization. We will therefore assume the
initial pointer state is j0ih0j for free. For an N-step

sequence the system-pointer state prior to the correlating

gate is then of the form ρðSÞN ⊗ j0ih0jðPÞ, where super-
scripts are used to label the two parts. This is taken as the
free initial state in the bookkeeping model of Fig. 3 when
formalizing the energy cost, while measurement on the
pointer [86] and discarding of the system qubit amount to
the free operations at the end. The cost in this case comes
from the correlating CNOT gate: the resulting energy
increase it causes on the pointer qubit (since the system
qubit acts as the control, its energy is not changed) is
given by

EðmeasurementÞ
ext ¼ Tr

h�
I ðSÞ ⊗

−ω1

2ω
σðPÞz



·
�
CNOT

�
ρðSÞN ⊗ j0ih0jðPÞ�CNOT†

− ρðSÞN ⊗ j0ih0jðPÞ

i

¼ h1jρðSÞN j1i · ω1

ω
; (37)

in units of the photonic energy. Here EðmeasurementÞ
ext depends

on the system state just before the CNOT gate is applied.
For both simplicity and generality, we will instead use the
loose yet constant upper bound on the correlating cost,
namely the gap between the two energy levels of the
pointer qubit:

EðmeasurementÞ
ext ≅

ω1

ω
: (38)

Both types of total energy cost in Eq. (27) are plotted in
Fig. 6 for a range of ω1

ω chosen for illustrative purpose. Note
that they are within the approximation range according to
Eq. (36)—replacing ω0 with ω1 when computing w̄ in
Eq. (31)—to validate the omission of the state preparation
(cooling) cost for the pointer.
The gap between the two costs emphasizes the impor-

tance of deciding the optimization priority between com-
plexity and energy, a task closely related to practical
constraints. Finally, recall Eq. (24) and its preceding
arguments. Due to the additional cost each round, the
sweet spot now becomes a turning point of the total energy
cost as a function of the implementation error. This
characteristic—reminiscent of the qualitative behavior
displayed by the solid curve in Fig. 1(c)—further justifies
the spot as a feasible candidate for complexity-energy co-
optimization. Interestingly, such an optimal working point
is uniquely identified regardless of which minimization is
chosen for the number of steps, as the gap between RNC

and RNR
only begins to open up at larger error values.

D. Discussion

Figure 7 summarizes the QPE protocol constructed in
this section. For a fixed number of photons m̄ spent on
each gate, we have determined the minimal number of

FIG. 5. Plots of the total energy cost (in units of ℏω) of
implementing the phase-encoding gate (see Fig. 4), now com-
bined with that of state preparation for initializing the probe
qubit, with g ¼ 2.5, ξ ¼ 0.2, δ2 ¼ 10−4 and the error represented
by 1=m̄. The number of cooling qubits used per sequence,Ms, is
also varied to show that a small amount of cooling suffices to
approach the ideal limit. Solid lines are computed by Eq. (25),
while dashed ones (35) approximate the cost through the raw
complexity. Contrary to the plateau in Fig. 4, the total energy
cost ends up increasing with larger implementation error as
shown in the inset, since a larger error, or smaller m̄, leads to
more repetitions [see Eq. (21)] and hence a larger cooling cost.
This corresponds to the behavior indicated by the solid curve
in Fig. 1(c). However, the increment is negligible and only
observable by the close-up in the inset as the cost of cooling is
much smaller than that of gate implementation.
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gates needed, or the complexity, and their spatial arrange-
ment to reach a desired lower bound on the estimator
variance. We have also analyzed the corresponding total
energy cost and identified a sweet spot for complexity-
energy co-optimization while varying m̄.
As mentioned at the end of Sec. II, our energy analysis

on the QPE protocol fits naturally into the MNR frame-
work [33,34]. In Eq. (4), we can identify the metric as the
total QFI of the sequential protocol, constrained by the
target bound 1=δ2, while the resource is the total energy
cost R computed so far. The noise in our case comes from
the quantum fluctuation of the EM field. Therefore, for
each fixed δ2, maximizing the efficiency (4), η ¼ 1

δ2R, is
equivalent to minimizing the total energy cost.
When only the cost of the sequential gate implementa-

tion is factored in as in Sec. IV B, the minimal cost
corresponds to the saturation point (24). In this case the
efficiency becomes independent of the metric: η ¼
1

δ2R0
¼ 1

eΔðgÞ. Once the other sources of cost—including

but not limited to the ones analyzed in Sec. IV C—kick in,

the total energy cost increases and the metric dependence
of the efficiency starts to show. Therefore, within the MNR
framework the QPE protocol constructed in this section
has an efficiency upper bounded by

η ≤
1

eΔðgÞ : (39)

From Eq. (20), ΔðgÞ is a monotonically increasing func-
tion of g and so, the larger the unknown parameter g, the
less energy-efficient the QPE protocol is. The primary
objective of our analysis is the joint optimization of CðϵÞ
and EðϵÞ so as to minimize RðϵÞ at fixed metrological
performance. Equation (39) recasts the resulting optimum
within the MNR framework and quantifies the intrinsic
efficiency of the quantum implementation considered
here. More broadly, the MNR framework can incorporate
additional platform-dependent contributions, such as the
operation of control equipment and the effects of envi-
ronmental noise, through the corresponding extensions of
the total cost and performance metric. The bound in
Eq. (39) therefore provides a fundamental benchmark
against which the efficiency of more complete experimen-
tal implementations can be assessed.
The energy plateau observed in Fig. 4 motivates us to

ask if the asymptotic scaling of the total energy cost with
sufficiently large implementation error can be inferred
from just a small set of parameters that are well defined
for all physical realisations of the QPE protocol, so that
qualitative conclusions can be drawn in a universal
fashion. This can serve for both theoretical and engineer-
ing purposes in designing energy-optimal physical real-
isations of sequential QPE tasks. Here we undertake a
preliminary investigation and determine a condition for the
energy plateau to exist.
First, we state our general assumptions, which hold

in particular for the optical implementation analyzed in
this section:

1. We will stay in the semiclassical regime so that the
implementation error ϵ can be treated as a small
parameter;

2. Meanwhile, ϵ shall also be large enough such that
the raw complexity well approximates the true
complexity;

3. Recalling the qualitative form of the QFI in
Eq. (A1),

FN ¼ N2e−fðN;ϵÞ;

the exponent f will be assumed to grow no more
than polynomially as a function of the number of
steps N;

4. The implementation energy of each phase-encoding
gate will be assumed to follow an inverse power law,
so that EðϵÞ ∼ ϵ−τ for some τ > 0.

FIG. 6. Plots of the combined total energy cost of measure-
ment and gate implementation (in units of ℏω). The fixed
parameters are g ¼ 2.5, δ2 ¼ 10−4. Solid and dashed lines
correspond to when the total energy cost and the number of
gates are minimized, respectively, amounting to RNR

and RNC
;

see Eqs. (25)–(27), with the measurement cost Eext given by
Eq. (38), or ω1=ω. The two costs coincide when they involve the
same number of complete sequences, QN, since then their
measurement costs, Eext · ðQN þ 1Þ, are the same and so min-
imizing the total energy cost and only the cost of gate imple-
mentation are equivalent. Otherwise, a gap opens up between
RNC

and RNR
when the numbers of full sequences for each differ.

This happens when the measurement cost of an extra sequence
outweighs the cost of the gates it saves for complexity mini-
mization. Observe that the larger Eext and the smaller m̄ are,
respectively, the larger the gap grows between the two energy
costs and the choice regarding which quantity to optimize
becomes more important.
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In the ideal limit of vanishing implementation error,
ϵ ¼ 0, we reach the Heisenberg limit of a sequential QPE
strategy [87], FN ∝ N2. Without loss of generality, set
fðN; 0Þ ¼ 0 so that the constant of proportionality is 1.
Then, f admits a power series expansion with respect to
ϵ → 0 with some leading order ν > 0:

fðN; ϵÞ ≈ gðNÞϵν;

for some polynomially-bounded function gðNÞ. The opti-
mal step Nopt for the raw complexity (9) is determined by
minimizing the quantity NfðN; ϵÞ, leading to

Nopt
∂fðNopt; ϵÞ

∂N
¼ 1 ⟶ Nopt g0ðNoptÞ ≈ ϵ−ν:

Let gðNÞ admit a power series expansion with leading
order q > 0, so that gðNÞ ≈ cqNq as N → ∞. The optimal
step and the corresponding raw complexity can then be
expressed as

Nopt ≈ ðcqqϵνÞ−1=q;
cðϵ; δ2Þ ¼ 1

δ2Nopte−fðNopt;ϵÞ ≈ δ−2ðecqqϵνÞ1=q:

Within the regime of validity of our assumptions, the
total energy cost (3) then behaves as

Rðϵ; δ2Þ ¼ EðϵÞ × cðϵ; δ2Þ ∼O
�
ϵ
ν
q−τ


: (40)

Observe that ν ¼ qτ and ν > qτ correspond to the
dashed and solid curve in Fig. 1, respectively, where the
total energy cost either eventually plateaus or exhibits a
global minimum; on the other hand, ν < qτ indicates that
the total energy cost vanishes asymptotically, which is
incompatible with the stated assumptions.
The example in Sec. IV B has ϵ ¼ 1=m̄, and so,

according to Eq. (20), fðN; ϵÞ ¼ −2N logð1 − ΔðgÞϵ=2Þ
with ν ¼ 1, q ¼ 1 and cq ¼ ΔðgÞ. The energy cost per gate
is proportional to the photon number, τ ¼ 1. Thus qτ ¼
1 ¼ ν yields the energy plateau as expected. Including the
additional costs associated with state preparation and
measurement effectively reduces τ: this breaks the plateau
and pushes the total energy (40) in the regime ν > qτ,
leading to the appearance of the turning point as identified
in Sec. IV C.
Finally, note that assumption 4 captures the physically

relevant situation in which increasingly accurate gates
require increasingly energetic control fields. Conse-
quently, the implementation cost diverges as ϵ → 0, ruling

FIG. 7. Full circuit diagram of the QPE protocol for which a trade-off between complexity and energy is established in this work.
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out the ideal limit as the energy-optimal operating point
and allowing a sweet spot to occur at finite error, as
illustrated in Fig. 1. This behavior is not specific to QPE:
inverse-power-law relations between control energy and
implementation error arise broadly when qubits are driven
by EM fields [43,88], including in optical [89,90] and
trapped-ion [91,92] platforms.
This interpretation is also consistent with the energy

accounting framework introduced in Sec. IVA. The
external source prepares the control field, which then
supplies the energy required to implement the desired
qubit transformation. When the target unitary does not
conserve the qubit energy, approaching an ideal imple-
mentation generally requires an increasing energetic
investment in the control operation [44,67]. Combining
this error-energy relation with the corresponding error
dependence of the protocol complexity, as in Eq. (5), leads
to the same form of complexity-energy co-optimization for
a broader class of quantum information-processing tasks.

V. CONCLUDING REMARKS AND OUTLOOK

In this work, we have established a framework for
analyzing and quantifying the trade-off between gate
complexity and energy cost in quantum processes com-
posed of elementary building blocks. We have applied our
framework to the case study of a sequential quantum phase
estimation protocol and identified physical conditions
for the joint optimization of complexity and energy,
given a target metric benchmarking the desired estima-
tion precision. Our analysis rests on a consistent charac-
terization of energy cost across the different components
of the protocol, encompassing input probe-state prepara-
tion, phase-encoding gate implementation, and output
measurement.
Gravitational-wave detection provides a prominent

example of quantum-enhanced optical metrology in which
energetic and temporal resources must be carefully bal-
anced [93]. Laser interferometers detect the minute rela-
tive displacements of suspended mirrors induced by
passing gravitational waves, using intense optical fields
whose sensitivity is ultimately constrained by quantum
noise, including photon shot noise [94–96]. In such
settings, increasing the optical energy can improve pre-
cision but also raises the energetic cost of operating the
detector. Our framework provides a natural starting
point for analyzing this type of trade-off between estima-
tion performance, interrogation time, and optical energy
expenditure.
As mentioned in the Introduction, all components other

than the phase-encoding channel (12) constitute an esti-
mation strategy for the metrology task. A strategy that
obeys causal order can be represented by a quantum comb
[97–102]. Quantum combs encompass structures more
general than the protocol considered here, including
temporal and spatial correlations, entanglement among

probe qubits, memory effects across successive gates, and
correlated decoherence noise [103]. A particularly impor-
tant alternative is the parallel strategy, in which several
probes interact with the parameter-encoding process
simultaneously, employing entanglement among the
probes to improve robustness and estimation performance
[104,105]. These advantages must be balanced against the
additional hardware required to prepare, control, and
preserve multipartite entanglement [106,107]. Further-
more, causally indefinite strategies, such as the quantum
switch [108], have the potential to surpass conventional
precision bounds [109–111]. The energetic cost of quan-
tum-comb strategies for metrology has received compa-
ratively less attention, with Ref. [39] providing one recent
development; see also Ref. [112] for a complementary
study of work extraction from quantum combs. Combining
these results with the framework developed here may help
determine the complexity-energy trade-off for both com-
ponents of a quantum metrology task—the estimation
strategy and the parameter-encoding process—and thereby
enable a more complete co-optimization.
It is also worth remarking that quantum resources can

take forms other than energy. For the QPE protocol,
entanglement among the probes can provide the quantum
enhancement underlying parallel estimation strategies
[87], while Ref. [113] investigates how the quality of
phase estimation can be characterized in terms of quantum
coherence. A more general framework should therefore be
capable of accounting consistently for different types of
resource cost. This may be achieved by constructing con-
version schemes between resources [114], which could, for
example, relate energy expenditure to the generation of
entanglement [115–117] or coherence [118,119], or by
introducing task-dependent hybrid cost functions.
Finally, the building-block principle developed in this

work may be applied to other quantum tasks with struc-
tures analogous to Eq. (1). Whenever a protocol consists of
repeated elementary units, reducing the energy invested in
each unit will generally increase its implementation error
and, consequently, the number of units required to achieve
a prescribed performance. In Sec. IV D, we obtained a
qualitative understanding of this trade-off for QPE without
relying on the details of the specific physical implemen-
tation. The essential ingredient for extending the analysis
is a metric MðN; ϵÞ that depends on the number of
elementary units N and their implementation error ϵ,
and that quantitatively assesses the performance of the
protocol. For the examples discussed in Sec. I, this metric
may be the QFI in quantum metrology as adopted in this
work, the overlap between the final and target states in
Grover’s algorithm [7], or a suitable norm distance
between the implemented and desired evolutions in
Hamiltonian simulation [10]. The reasoning developed
here can therefore be adapted to a broad range of quantum-
information-processing tasks.
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A comprehensive analysis on practical complexity-
energy trade-off relations for existing and upcoming
quantum technology primitives will be pivotal for their
sustainable development and widespread impact.
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APPENDIX A: RAW VERSUS TRUE
COMPLEXITY

In Sec. III A, we introduce the QFI as a metric
quantifying the estimation precision of the QPE protocol.
In general, in noisy quantum metrology [24,120] the QFI
can be empirically expressed as

FN ¼ N2e−fðN;ϵÞ (A1)

for some function f > 0 that grows with both N and ϵ,
characterizing the information-destroying effect of the
error. In the ideal limit, ϵ ¼ 0, we have fðN; 0Þ ∼ 1 and
we attain the Heisenberg limit for the sequential QPE
protocol, FN ∝ N2 [57,87]. However, in the presence of
noise, this scaling often cannot be realized in practice. In
particular, for f ∼ logðNÞ we reach the standard quantum
limit, FN ∼ N, while, for even stronger implementation
error, the QFI eventually decays as N grows, and adding
more steps becomes detrimental for the estimation pre-
cision. The examples we study in this work correspond to
the latter case; see Figs. 2(a) and 9.
With the general qualitative form (A1), the difference

between the raw and the true complexity becomes clearer
to see. For N-step sequences, the raw complexity (9) is
computed assuming the last partial sequence consists of
N · fqNg steps, where fqNg is the fractional part of qN,
while for the true complexity (11), the last sequence
contains N0 steps that satisfy the condition (10). In
general, FNfqNg ≠ FN0

unless FN is linear over N, or
when qN is an integer (and so N0 ¼ fqNg ¼ 0). More
precisely, we have

NfqNg
N

¼ FN0

FN
¼ N2

0e
−fðN0;ϵÞ

N2e−fðN;ϵÞ >
N2

0

N2
;

and a rough upper bound on the difference between the
actual length of the final sequence needed to reach the
desired total QFI and the one as computed by the raw
complexity is N0 − NfqNg < N0 − N2

0=N ≤ N=4. These
quantities are demonstrated in Fig. 8 for a typical FN with
an eventual decay. Intuitively, as ϵ increases, the decaying
of both FN and FN=N becomes faster and the turning
point of the latter, Nopt, decreases. As the difference
between the raw and the true complexity is upper bounded
by roughly Nopt=4, and both supposedly increase with
increasing error, we anticipate the true complexity to be
well approximated by the raw complexity for large enough
implementation error ϵ. This is confirmed by the obser-
vation made in Figs. 2(b) and 4.

APPENDIX B: COMPUTATION OF THE
QUANTUM FISHER INFORMATION FN

To evaluate the QFI resulting from the implementation
scheme in Sec. IV B, we first compute the action of the
imperfect quantum channel. Recall Eqs. (12) and (13).
Write a general qubit state in its Bloch representation,
ρ ¼ 1

2
ðI2 þ s · σÞ, s being the Bloch vector. From Eq. (19),

the action of the implemented quantum channel on the
state can be expressed as

FIG. 8. Typical graph of the QFI FN and its ratio with N for an
asymptotically decaying QFI with respect to the number of steps
N in one sequence. Initially, FN increases quadratically while
FN=N increases linearly. Note that they attain their maximum at
different values of N; in particular, Nopt maximizes FN=N and
leads to the raw complexity in Eq. (9). In the computation there,
NoptfqNopt

g < Nopt is taken to be the number of steps in the last
sequence, while N0 given by Eq. (10) is instead the true number
of steps needed to reach the desired QFI. The discrepancy
between the two is caused by the nonlinearity of FN and is
expected to decrease as the implementation error grows.
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Gm̄;gðρÞ ¼
I2
2
þ 1

2

�Z
2π

0

Z
∞

0

Rn

�
g

ffiffiffiffi
m
m̄

r �
pðθÞqðmÞdmdθ

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≔Gm̄;g

s · σ;

where n ¼ ½cos θ; sin θ; 0�⊺ and pðθÞ, qðmÞ are the probability distributions followed by the phase and the photon number,
respectively. The rotation matrix can be found through Rodrigues’ formula: in general,

RnðαÞ ¼ I3 þ ðsin αÞNþ ð1 − cos αÞN2; N ¼
" 0 −nz ny

nz 0 −nx−ny nx 0

#
:

To assist with analytical derivation, we assume that the average photon number m̄ is large enough (≳100) such that pðθÞ
and qðmÞ are well approximated by normal distributions:

qðmÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
2πσ2m

p e−
1
2

�
m−m̄
σm

�
2

; pðθÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2θ

q e−
1
2

�
θ
σθ

�
2

;

σm and σθ being the corresponding variances. With these the integral can be computed to be

Gm̄;g ¼ I3 þ η
1
4B

2
4 0 0 0

0 0 −1
0 1 0

3
5þ ð1 − AÞ

2
4− 1−η

2
0 0

0 − 1þη
2

0

0 0 −1

3
5; η ¼ e−2σ2θ ; (B1)

where

A ¼ m̄ffiffiffiffiffiffiffiffiffiffiffi
2πσ2m

p Z
∞

−1
cos ðg ffiffiffiffiffiffiffiffiffiffi

1þ t
p Þe−1

2

�
m̄
σm

�
2
t2dt; B ¼ m̄ffiffiffiffiffiffiffiffiffiffiffi

2πσ2m
p Z

∞

−1
sin ðg ffiffiffiffiffiffiffiffiffiffi

1þ t
p Þe−1

2

�
m̄
σm

�
2
t2dt:

In our case, the Bloch vector of the initial state, j0ih0j, is s0 ¼ ½0; 0; 1�⊺. Since Gm̄;g acts irreducibly on the yz plane, we
may restrict dynamics to this subspace. The restricted Bloch vector after each step evolves as

sN ¼ ðGm̄;gÞNs0

¼
"
1 − 1

2
ð1 − AÞð1þ ηÞ −η1

4B

η
1
4B A

#
N


0

1

�

¼ rN−1
sin α


 −η1
4B sinðNαÞ

A sinðNαÞ − r sinððN − 1ÞαÞ

�
; (B2)

where the two eigenvalues of Gm̄;g are expressed as

re�iα ¼ 1

4

�
1 − ηþ Aðηþ 3Þ � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16η

1
2B2 − ð1 − AÞ2ð1 − ηÞ2

q �
:

The state after the Nth step is ρN ¼ 1
2
ðI2 þ sN · σÞ. From its Bloch representation, the QFI after the Nth step with

respect to the parameter g can be readily calculated (see, for example, Ref. [121]):

FN ¼
(
j∂gsNj2 þ ðsN ·∂gsNÞ2

1−jsN j2 ; jsNj < 1;

j∂gsNj2; jsNj ¼ 1.
(B3)

To continue the computation, we assume further that the light field has photon statistics corresponding to either a
Poisson (coherent) or sub-Poisson distribution, such that σm ¼ km

ffiffiffiffi
m̄

p
; σθ ¼ kθ

2
ffiffiffī
m

p with km ∼Oð1Þ. Then, for m̄ ≫ g2,
various terms may be approximated as
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A ≈

ffiffiffiffiffiffiffiffiffiffiffi
m̄

2πk2m

s Z
∞

−∞
cos
�
g
�
1þ t

2

��
e
−m̄t2

2k2mdt ¼ e−
ðgkmÞ2
8m̄ cosðgÞ ≈

�
1 − ðgkmÞ2

8m̄

�
cosðgÞ;

B ≈
�
1 − ðgkmÞ2

8m̄

�
sinðgÞ; η ≈ 1 − k2θ

2m̄
;

leading to

α ≈ g; r ≈ 1 − ΔðgÞ
2m̄

; ΔðgÞ ¼ k2mg2 þ k2θð1 − cosðgÞÞ
4

:

Similarly, the Bloch vector (B2) and its derivative are

sN ¼ rN
�


0 − sinðNgÞ
cosðNgÞ

�
þO

�
g2

m̄

��
; ∂gsN ¼ rN

 
−N
"

0

cosðNgÞ
sinðNgÞ

#
þO

�
g
m̄

�!
: (B4)

The leading order effect of Gm̄;g on the yz plane is a
rotation of angle g combined with a shrinking of factor r.
This coincides with the phase-covariant channel (14) by
identifying r with λ⊥ (and replacing the Z basis with X
basis). Equation (15) may thus be adopted to estimate the
QFI, leading to

FNðm̄; gÞ ¼ N2r2N
�
1þO

�
g
m̄

��
≈ N2

�
1 − ΔðgÞ

2m̄

�
2N
:

(B5)

The merit of the approximation is confirmed by Fig. 9
for coherent states.

Finally, the number-phase uncertainty relation states
that σmσθ ≥ 1

2
and so kmkθ ≥ 1 [122]. This implies the

lower bound,

ΔðgÞ ≥ kmkθg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − cosðgÞp
2

≥
g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − cosðgÞp

2
; (B6)

with equality attained at km ¼ g−1=2ð1 − cosðgÞÞ1=4 ¼ k−1θ .
A squeezed coherent state with real squeezing parameter s
has km ¼ e−s, kθ ¼ es and so the QFI is maximized at
s ¼ 1

2
logð gffiffiffiffiffiffiffiffiffiffiffiffiffi

1−cosðgÞp Þ; notice this optimal squeezing level is

dependent on the unknown parameter g. That said, in the
main text we will set the control field to be in coherent
states (s ¼ 0 and km ¼ kθ ¼ 1 [123]) due to their near-
classical properties and easier experimental preparation.

APPENDIX C: FURTHER REMARKS ON
ENERGY COST

1. Cost of discarding subsystems

In Sec. IVA, we set the energy cost E to originate from
energy conservation, and for each gate applied to the
system qubit in the QPE protocol this cost amounts to
m̄ℏω ≈ m̄ℏω0. Meanwhile, Landauer’s principle [124,125]
states that the minimal energy cost of erasing information
from one qubit is on the scale of kBT0, with T0 being the
system temperature. The relative magnitude between the
two fundamental energy costs is then

Econservation

ELandauer
∼
m̄
ξ
; ξ ¼ kBT0

ℏω0

: (C1)

Using the value ξ ≈ 0.2 as quoted in Sec. IV C 2 under
typical experimental settings, one sees that, for the range
of photon number m̄≳ 100 considered in our semiclassical
approximation on the EM field, the energy cost from

FIG. 9. Plots of FN=N for various m̄ and g, when the field is in
coherent states. Solid lines are the exact results using Eqs. (B2)
and (B3) and the dashed ones are the approximated ones (B5).
The vertical dotted lines approximate the optimal step Nopt ¼
−½2 logðrÞ�−1. As expected, the percentage error becomes more
negligible as g decreases and m̄ increases.
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conservation as defined in Eq. (16) is at least several orders
of magnitude larger than the fundamental thermodynamic
erasure cost arising from Landauer’s principle, justifying
the omission of the latter in our analysis. This in parti-
cular validates our assumption in Table II that discarding
ancillary qubits can be regarded as a free operation. As per
the fundamental thermodynamic cost of discarding the
field state after implementing each phase-encoding chan-
nel, note that the backaction on the field due to the field-
qubit interaction (18) is small in our semiclassical regime,
meaning that the postevolution field state is still very
close to a pure state (with vanishing temperature), and its
discarding cost is consequently assumed to be negligible
as well compared to the total energy of the field. In the
following subsection, we briefly discuss how reusing or
recycling the postevolution field state may incur further
energy savings.

2. Energy saving strategies

Here we qualitatively describe two possible generaliza-
tions to reduce the total energy cost, both of common
practice. First, as shown in Appendix B, ΔðgÞ may be
reduced according to Eq. (B6) if squeezing is introduced
to the EM field. For a fixed m̄, this leads to a smaller
complexity [see Eq. (22)], at the cost of extra squeezing
energy per gate (the energy of a squeezed coherent state
with real squeezing is m̄þ sinh2ðsÞ). An energy-optimal
squeezing level can be accordingly determined.
The energy cost can be further saved through field

recycling. After the implementation of each channel, the
field state is slightly entangled with the system qubit and
its final (mixed) state will marginally deviate from the
initial (pure) state, leading to larger implementation error
for the next iteration if we reuse the final field state as it is.
To circumvent such backaction—which, albeit small in
each gate implementation, can accumulate significantly
throughout the full QPE protocol—in the main text we
completely reset the field after each phase-encoding gate is
implemented. Note that this may also be the result of an
operational constraint, where each query to the agent in
charge of implementing the gate must be made independ-
ently and hence the implementation error at each step is
uncorrelated from the previous history. Instead, we can
imagine that some restoring procedure may be allowed to
recycle the same field for the next step, hence saving the
reinitialisation energy of the field. For example, as studied
in Refs. [88,126], consider a squeezed coherent state after
interacting with the system qubit and slightly perturbed by
the backaction. The original field state can be well restored
by sequentially interacting the field with an additional
ancilla qubit for some carefully tailored duration, through
the free interaction (18). The more times the interaction is
repeated, the closer the final field state will be to the
original squeezed coherent state, and the smaller the
implementation error will be for the next step, at the cost

of larger ancilla overhead. This leads to another complex-
ity versus (recycling) energy trade-off relation. The
improvement may also be enhanced if monitoring is
allowed on the field [127,128]. A precise treatment on
the energy reduction brought by more sophisticated field
manipulation procedures is left to a later work.

3. Error mitigation controls

Although we aim to keep the current QPE protocol
simple to demonstrate the qualitative behavior of its energy
cost from basic building blocks, it is interesting to
investigate whether (in addition to varying the number
of photons spent per gate) adding intermediate control
operations on the probe system, as illustrated in Fig. 10,
may help improve the QPE performance.
Recall the implemented channel, whose action on the

Bloch sphere is described by Eq. (B4), can be approxi-
mated as the desired unitary operationUg followed by a bit
flip channel with flipping probability p ¼ 1−r

2
¼ ΔðgÞ

4m̄ :

Gm̄;gðρÞ ¼ ð1 − pÞUgρU
†
g þ pσxUgρU

†
gσx:

The goal of the control operations would then be to
reduce the bit flip noise.
However, since in our case the noise generator σx

coincides with the Hamiltonian that generates the signal,
it is fundamentally impossible to isolate and suppress the
noise. Indeed, results in Ref. [57] indicate that the QFI
obtained in Eq. (20) is optimal within our sequential
framework. Common error mitigation techniques, such
as quantum error correction [28,129–131], feedback con-
trols [26,29], and passive ancillae [24,56,132] cannot help
increase the QFI; in other words, for our protocol the best
possible control operations C1; C2;… in Fig. 10 all reduce
to the identity. Further improvement is only possible if we
introduce entanglement among probes of different sequen-
ces. We refrain from doing so since combining energy and
entanglement, as two distinct resource quantities, demands
more careful bookkeeping of the total resource cost, a
point brought up again in the concluding Sec. V.
The aforementioned error mitigation techniques

nevertheless become effective when other types of noise
take place—such as decoherence arising from system-
environment interactions that do not commute with Ug;
common examples include dephasing and depolariza-
tion [5]. If the field state is recyclable as described in
Appendix 2, the implementation errors at each step are

FIG. 10. A typical ancilla-assisted control sequence used to
suppress the noise on the system qubit.
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correlated through the shared field (as well as other
potential sources of memory effects from the environment)
and the effective noise becomes non-Markovian, which
can be suppressed, e.g., through dynamical decoupling
procedures [133,134]. Even within the current scope, when
the photon number m̄ is small enough, apart from the
leading order bit flip noise, noncommuting terms also start
to have a significant effect. Intuitively, we anticipate the
appearance of yet another complexity versus (control)
energy trade-off relation, where the error mitigation
control increases the total QFI and hence reduces the
complexity, while introducing extra energy cost for its
implementation. A more thorough analysis on such an
interplay will be explored in a forthcoming work.

APPENDIX D: FINITE-SAMPLE EFFECTS ON
ESTIMATOR VARIANCE

The sweet spot discovered in Sec. IV B corresponds to
the regime where a single sequence suffices to reach the
target total QFI, and hence the desired variance bound δ2

implied by the quantum Cramér-Rao bound (QCRB) (7).

While the QFI provides a well-established figure of merit,
leading to a convenient and computable constraint when
determining the complexity in Eq. (2), it does not auto-
matically reflect the achievable estimation precision in the
finite-sample regime. This is because, as remarked in the
main text, the QCRB assumes an unbiased estimator from
the optimal measurement, which in general only holds
asymptotically when the sequence is repeated for a
sufficiently large number of times, Q ≫ 1, and adaptive
strategies are implemented [13–15].
To assess the impact of finite-sample effects, one may

consider alternative bounds on the estimator variance that
do not rely on asymptotic or unbiasedness assumptions,
such as the Bayesian generalization of the Cramér-Rao
bound based on the van Trees inequality [135]. In what
follows, we focus on the quantum Ziv-Zakai bound
(QZZB) as a universally valid lower bound that holds
for any estimator bias [136] and is therefore applicable
even in the single-shot regime Q ∼ 1. Assuming a uniform
prior distribution for g over an interval of width Γ and
mean μ, the QZZB reads

Var½ĝ� ≥ 1

2Γ

Z
Γ

0

dx x
Z

μþΓ
2−x

μ−Γ
2

dg
h
1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − FðρNðgÞ; ρNðgþ xÞÞ
p i

; (D1)

where Fð·; ·Þ is the quantum fidelity between two states
and ρNðgÞ is the final state afterN steps, for a value g of the
parameter to be estimated. For a qubit system, the fidelity
between two states with Bloch vectors s1 and s2 is

Fðρ1; ρ2Þ ¼
1

2

�
1þ s1 · s2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − js1j2Þð1 − js2j2Þ

q 

:

In our setting, using Eq. (B4) for the Bloch vector and
working in our usual semiclassical regime specified by
m̄≳ 102, we can approximate the shrinking factor with the
constant r ≈ 1 − ΔðμÞ

2m̄ . Under this approximation, the fidel-
ity becomes independent of g and reads

FðρNðgÞ; ρNðgþ xÞÞ ≈ 1 − r2N sin2
�
Nx
2

�
:

Substituting into the QZZB (D1), we get

Var½ĝ�≳ 1

2

Z
Γ

0

dx x
�
1 − x

Γ

�
ð1 − rNj sinðNx=2ÞjÞ:

For large N ≈ Nopt, as done in Eq. (21), we use the
approximation rN ≈ e−1=2 and replace the oscillatory term
by its average value, j sinðNx=2Þj → 2=π, obtaining

Var½ĝ� ≳ kΓ2; k ¼
1 − 2

π
ffiffi
e

p

12
≈ 0.05: (D2)

This bound provides a finite-sample benchmark that can
be compared with the asymptotic QCRB. For the QFI
derived in the main text to reflect the achievable estimation
precision, we require the QCRB (7) to be at least as
informative as the QZZB bound (D2). This is satisfied if,
again using the derivation in Eq. (21),

1

FNopt

≈ e
�
ΔðμÞ
m̄

�
2 ≳ kΓ2 ⇒ Γ≲ 14.8

m̄
;

for μ ≈ 2.5 as adopted in Figs. 4–6. Therefore, a smaller m̄
allows for a less stringent demand on the prior knowledge
on g, translating into a more informative QCRB in the
finite-sample regime. Furthermore, recall that the con-
straint to determine the complexity (11) is a desired lower
bound δ2 on the estimator variance. Naturally, this bound
should be at least tighter than the one given by the prior
uniform distribution on g, meaning that δ2 ≲ Γ2=12,
and thus

m̄≲ 4.3
δ

:
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For our choice of δ2 ¼ 10−4 in the main text, this
imposes a constraint on the photon number, m̄≲ 5 · 102.
Combining the above considerations, we identify a

Goldilocks regime

102 ≲ m̄≲ 5 · 102; (D3)

in which the assumptions underlying the analysis in the
main text—most notably the semiclassical approximation—
are satisfied and the QCRB remains an informative bench-
mark for the achievable estimation precision despite
finite-sample effects. Consequently, the sweet spot iden-
tified in Sec. IV B yields a physically meaningful resource
trade-off.
Overall, the analysis in this section indicates that

operating at smaller photon number per gate not only
reduces the implementation energy, but also improves the
consistency between finite-sample performance and the
asymptotic precision benchmark.

APPENDIX E: CLASSICAL FISHER
INFORMATION FROM IMPERFECT

MEASUREMENTS

Following from the pointer model introduced at the
beginning of Sec. IV C 3, suppose the optimal measure-
ment that yields the QFI is represented by the POVM
operators M ¼ ðM1;M2Þ and we perform it on the pointer
state. If the pointer is initially in the pure state j0ih0j, then
it can be checked that the corresponding POVM operators
on the system qubit are exactlyM as desired. However, the
pointer is instead prepared in a thermal state (33) after a
dynamic cooling procedure, as described in Sec. IV C 2.
For simplicity, we assume the cooling qubits are the same
as those during the state preparation stage, although in the
main text they may have different initial temperatures and
transition frequencies depending on experimental realiza-
tion. The same measurement procedure now yields the
modified POVM operators,

M̃ ¼ ð1 − εÞMþ εN; N ¼ ðσxM1σx; σxM2σxÞ; ε ¼ 1 − γðTÞ
2

;

where T ≈ 2T0=Mm and Mm is the number of qubits
consumed to cool the pointer. Consequently, the estimation
precision is reflected by the CFI (6) achieved by the
nonoptimal M̃, rather than the QFI achieved by M. To
compute the effect of this imperfect measurement, we
adopt the results from Ref. [85]. The susceptibility of the
CFI with respect to a small disturbance on the POVM
operators is defined as

χ½M;N� ¼ lim
ε→0

Fc½M� − Fc½M̃�
εFc½M� :

In our case, Fc½M� ¼ FNðm̄; gÞ. The CFI can be
approximated up to the leading order of the perturbation
ε as Fc½M�ð1 − εχ½M;N�Þ. By plugging in Eq. (6) explic-
itly and using M1 þM2 ¼ N1 þ N2 ¼ I2, TrðρNÞ ¼ 1,
Trðρ̇NÞ ¼ 0, this can be simplified to

FNðm̄; gÞ⟶measurement
FNðm̄; g; εÞ ¼ FNðm̄; gÞ −

�
ṗ2ðq − pÞð1–2pÞ

p2ð1 − pÞ2 − 2ṗðq̇ − ṗÞ
pð1 − pÞ

�
εþOðε2Þ;

where p ¼ TrðM1ρNÞ, q ¼ TrðN1ρNÞ ¼ TrðσxM1σxρNÞ
and ṗ ¼ TrðM1∂gρNÞ, q̇ ¼ TrðN1∂gρNÞ. To determine
the optimal POVM, recall that while extracting the leading
order contribution to the QFI (B5), the Bloch vector of the
probe state is approximated by Eq. (B4); in particular,
sN · ∂gsN ≈ 0. The SLD operator can then be easily
guessed as Λg ¼ ∂gsN · σ ¼ 2∂gρN (also see Ref. [121]).
The POVM operators that maximize the CFI are projectors
onto the eigenspaces of Λg,

Mi ¼
I2 þ m̂i · σ

2
; m̂i ≈� ∂gsN

j∂gsNj
; (E1)

leading to

p ¼ 1þ m̂1 · sN
2

≈
1

2
; q ¼ 1 − m̂i · sN

2
≈
1

2
;

ṗ ¼ −q̇ ¼ m̂1 · ∂gsN
2

≈
j∂gsNj
2

;

where we use the fact that sN always stays in the yz plane
and so a σx-rotation merely flips its sign. Therefore, the
leading order CFI is

FNðm̄; g; εÞ ≈ FNðm̄; gÞ − 4j∂gsNj2ε ≈ ð1–4εÞFNðm̄; gÞ;

where the last relation comes from Eq. (B3).
Combined with Eq. (34), the overall modification to the

QFI due to nonideal state preparation and measurement is
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FNðm̄; gÞ⟶state preparation þ measurement
FNðm̄; g;Ms;MmÞ ≈



γ

�
2T0

Ms

��
2


2γ

�
2T0

Mm

�
− 1

�
FNðm̄; gÞ: (E2)

The resulting complexity and total energy cost can be derived in the same fashion as in Sec. IV C 2.
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[33] A. Auffèves, Quantum technologies need a quantum
energy initiative, PRX Quantum 3, 020101 (2022).

[34] M. Fellous-Asiani, J. H. Chai, Y. Thonnart, H. K. Ng, R. S.
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