
Nonlinear Thermoelectric Effects Driven by Electron Quantum Geometry

Xu Yang1,2 and Brian Skinner 1

1Department of Physics, Ohio State University, Columbus, Ohio 43202, USA
2School of Physical and Mathematical Sciences, Nanyang Technological University, 637371, Singapore

(Received 24 November 2025; revised 12 June 2026; accepted 15 July 2026; published 26 August 2026)

Nonlinear thermoelectric effects offer the potential to enable new energy technologies, such as voltage-
controlled thermal switching and thermoelectric rectification. In this work, we examine how the quantum
geometry of the electron bands gives rise to nonlinear thermoelectric responses in materials with suitable
symmetries. We derive a series of nonlinear thermoelectric effects governed by the Berry curvature dipole
and the quantum metric dipole, respectively. Among them, we identify a particularly interesting quantized
thermoelectric response that directly measures the total chirality of Weyl points below the Fermi level. For
general nonlinear responses, we derive the nonlinear analogs of the Wiedemann-Franz law and Mott’s
formula. These provide a means to estimate the magnitude of nonlinear thermoelectric responses based on
existing nonlinear Hall measurements. Our estimates suggest that these effects should be observable in
several candidate materials, with In-doped Pb1−xSnxTe standing out as the most promising. Our work
offers new insights into the experimental study of quantum geometry through nonlinear thermoelectric
measurements.
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I. INTRODUCTION

Electrons moving through a solid material carry both
electric current and heat. This dual role gives rise to
thermoelectric effects in a conducting solid material,
which allow for the conversion between electrical and
thermal energy. The strength of thermoelectric effects is
usually quantified by various linear response coefficients,
such as the Seebeck and Nernst coefficients. Research into
thermoelectric energy technologies generally aims to
maximize the values of these coefficients (while main-
taining relatively high electrical conductivity and low
thermal conductivity) [1–7].
Very recent work, on the other hand, has suggested the

potential importance of nonlinear thermoelectric effects
[8–15], in which a current response (electrical or thermal)
is proportional to the product of an electric field and
temperature gradient. Such nonlinear responses can be
generated by a variety of effects that are extrinsic to the
electron system, such as skew scattering or side-jump
scattering by impurities [16], or by the chirality of the
phonon system [15]. Here, we focus instead on nonlinear
thermoelectric effects that are intrinsic to the electron
system, driven by the quantum geometry of the electronic

band structure. Such effects have the potential to enable
qualitatively new kinds of thermoelectric technologies,
such as voltage-controlled heat switches [17], in which a
transverse electric field controls a material’s thermal
conductivity, and thermoelectric rectifiers [18,19], in
which an ac voltage generates a dc heat flux, or vice versa.
Further, the effects we consider here are controlled by the
time scales associated with the electron system (e.g., the
momentum relaxation time) so that they constitute time-
reversal-symmetry-breaking effects that can be controlled
or switched at THz frequencies (as compared, say, to the
much slower time scales associated with magnetic switch-
ing [20]). At a more fundamental level, since the quantum
geometric response is an intrinsic property of the elec-
tronic band structure, measurements of its magnitude
provide a direct probe of the electronic quantum geometry.
A fundamental quantity that captures the geometric

structure of electronic wave functions is the quantum
geometric tensor (QGT), defined in momentum space as

TαβðkÞ≡ h∂kαukj∂kβuki − h∂kαukjukihukj∂kβuki; (1)

where juki is the periodic part of the Bloch wave function
with wave vector k.
The QGT encodes both the quantum metric g (real part)

and the Berry curvatureΩ (imaginary part) [21–26]. While
the Berry curvature governs various topological and trans-
port phenomena—including the quantum Hall effect
[27,28], anomalous Hall effect [16,29,30], and chiral
anomaly in Weyl semimetals [31,32]—the quantum metric
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influences physical properties such as superfluid weight in
a flat band [33], exciton spectra [34], and orbital magnetic
susceptibilities [35,36]. The ability to experimentally
probe these geometric properties is therefore of great
significance.
Among the most effective probes of quantum geometry

are nonlinear Hall effects (NLHE), where an electric
current emerges at second order in an applied electric
field [37–44]. These effects arise in systems lacking
inversion symmetry and can be driven by two primary
mechanisms: (i) the Berry-curvature-dipole (BCD)-
induced NLHE, which stems from a momentum-space
dipole in the Berry curvature, and (ii) the quantum-metric-
dipole (QMD)- induced NLHE, which originates from a
similar dipole structure in the quantum metric. Crucially,
these two mechanisms transform differently under time-
reversal symmetry: BCD-induced NLHE has been
observed in time-reversal symmetric systems, while
QMD-induced NLHE emerges in PT -symmetric antifer-
romagnets. This difference in symmetry allows the two
effects to be individually observed in experiments.
Despite the substantial theoretical and experimental

progress made in studying the electronic NLHE, the
exploration of nonlinear thermoelectric effects remains
relatively underdeveloped. In this paper, we aim to fill this
gap by formulating a unified theoretical framework for
nonlinear thermoelectric effects induced by BCD and
QMD, which offer an alternative pathway for probing
quantum geometry in materials. Specifically, of all the
different kinds of nonlinear thermoelectric effects
[8–13,45–47], we focus on the charge and heat currents
resulting from the interplay between electric fields and
temperature gradients: je; jQ ∝ Eð∇TÞ. Using Boltzmann
equations, we derive the expressions for the nonlinear
thermoelectric effects induced by the BCD and the QMD.
While the expressions for the BCD-induced nonlinear
thermoelectric coefficients were first derived in Ref. [13],
a key result of our work is the identification of a novel
quantized nonlinear thermoelectric effect that directly
measures the total Weyl chirality below the Fermi energy.
Remarkably, this effect is robust against band curvature
and interaction effects, making it an advantageous tool
for probing quantum geometry. We highlight SrSi2 as a
promising material for experimental observation of this
effect. In addition, we uncover a new nonlinear thermo-
electric effect arising from the QMD) and derive it
microscopically. Building on these results, we present
simple model calculations to support experimental inves-
tigations, demonstrating the behavior of BCD-induced and
QMD-induced nonlinear thermoelectric responses with
respect to doping and temperature.
Finally, we employ Sommerfeld expansions to relate

nonlinear thermoelectric effects to nonlinear Hall effects,
enabling realistic estimates of thermoelectric responses
based on existing NLHE data. This allows us to identify a

wide range of promising candidate materials, including In-
doped Pb1−xSnxTe, TaAs, and MnBi2Te4, with In-doped
Pb1−xSnxTe standing out due to its sizable change in
thermal conductivity under an electric field, readily acces-
sible with current experimental techniques. A comprehen-
sive table of realistic estimates for the nonlinear
thermoelectric coefficients is provided for these materials,
establishing a concrete benchmark for future experimental
investigations.

II. THEORETICAL FORMULATION

To set the stage for detecting quantum geometry via
second-order nonlinear thermoelectric effects, we begin
with the nonlinear electrical response and its connection to
quantum geometry. The second-order conductivity tensor
σabc relates the induced current to the applied electric
fields via jae ¼ σabcEbEc, with repeated indices summed
over. A broad class of second-order responses arises from
disorder-mediated mechanisms, such as side jumps and
skew scattering, and is collectively termed extrinsic
effects. Their connection to quantum geometry, as well
as the discussion of their thermoelectric analogs, depends
sensitively on the underlying scattering processes and is
thus left for future work. The intrinsic mechanisms, on the
other hand, are determined solely by the properties of the
quantum state. They include both Ohmic and Hall con-
tributions, analogous to the linear response case. The
Ohmic part, second order in relaxation time τ, accounts
for dissipative effects and arises from symmetrizing over
all permutations of a; b; c. As a natural extension of the
linear Drude term, it is referred to as the nonlinear Drude
effect. It typically involves energy derivatives and is
generally unrelated to quantum geometry. The Hall part
is then defined as the total response minus the Ohmic part
and is closely linked to quantum geometry [48]. More
specifically, nonlinear Hall effects enable direct probing of
the Berry curvature dipole and the quantum metric dipole.
Based on their τ dependence, nonlinear Hall effects can be
classified into the following two types:

1. The Berry curvature dipole (BCD)-induced non-
linear Hall effect, with coefficient denoted as σBCD,
is linear in the relaxation time τ. This effect arises
only when PT symmetry is broken.

2. The intrinsic nonlinear Hall effect, with coefficient
denoted as σINH, is independent of the relaxation
time τ and occurs only when T symmetry is broken.
We refer to this as the QMD-induced nonlinear Hall
effect, a term that will be justified in Sec. II B.

While these two mechanisms for nonlinear Hall effects
generally coexist in noncentrosymmetric systems, their
distinct transformation properties under time-reversal
symmetry allow us to isolate them when the system
possesses either T or PT symmetry.
These considerations motivate us to seek analogs of

nonlinear Hall effects that probe quantum geometry
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through nonlinear thermoelectric responses. In particular,
we focus on nonlinear thermoelectric effects driven by the
Berry curvature dipole and the quantum metric dipole. The
most general second-order nonlinear responses contain
components such as jQ ∝ EE and je ∝ ð∇TÞð∇TÞ. In this
work, however, we restrict our attention to mixed
responses je; jQ ∝ Eð∇TÞ. This choice is motivated by
two reasons. First, the mixed nonlinear thermoelectric
effect is experimentally accessible either as an electric-
field-induced correction to the thermal conductivity or as a
temperature-gradient-induced correction to the electric
conductivity (see Sec. V B). Second, as we shall see in
Sec. III, the nonlinear thermoelectric effect gives rise to a
quantized response arising from the interplay between
electric and thermal probes, which is absent in purely
electric or purely thermal channels. More specifically, the
two types of nonlinear thermoelectric effects under con-
sideration are

1. Charge current induced by the interplay between
the electric field and the temperature gradient,
je ∝ Eð∇TÞ. Following the expression in Ref. [13],
we write

jae ¼
X
b;c

ðL̂112
abc þ M̂112

abcÞEb∇cT; (2)

where L and M are tensors that describe the
BCD- and QMD-induced nonlinear thermoelectric
effects, respectively, and the first index 1 of the
superscript indicates the electric current, the second
index 1 indicates the electric field, and the third
index 2 indicates the temperature gradient, a con-
vention we use below. Because a temperature
gradient ∇T transforms under symmetry in exactly
the same way as an electric field, the symmetry
discussion for the nonlinear Hall effects continues
to hold. Therefore both L and M vanish for a
centrosymmetric system, L̂112 vanishes if the sys-
tem has PT symmetry, and M̂112 vanishes for
T -symmetric system. For a generic system, the
nonlinear thermoelectric effects have contributions
from both L̂112 and M̂112, but these contributions
can be singled out if either PT or T symmetries are
present. In Fig. 1(a), we illustrate an instance of
these nonlinear thermoelectric effects.

2. Heat current induced by the interplay between
the electric field and the temperature gradient,
jQ ∝ Eð∇TÞ. We can express these effects as

jaQ ¼
X
b;c

ðL̂212
abc þ M̂212

abcÞEb∇cT; (3)

where the first index 2 of the superscript indicates the
heat current, and all other conventions follow from

the previous discussion. The heat current jQ trans-
forms under symmetry in exactly the sameway as the
electric current, and therefore, the symmetry proper-
ties of L̂212; M̂212 are exactly the same as L̂112; M̂112

and σBCD; σQMD listed above. In Fig. 1(b), we
illustrate an instance of these nonlinear thermoelec-
tric effects.

Below, we derive the expressions for nonlinear thermo-
electric responses induced by the BCD and the QMD
based on the semiclassical equations of motion. The
contribution arising from the BCD was first presented
in Ref. [13], and we briefly recapitulate the result and
proceed to discuss its physical consequence. In contrast,
the nonlinear thermoelectric effect induced by QMD
constitutes a novel contribution, for which a detailed
derivation is in Sec. II B.

A. Berry-curvature-dipole-induced nonlinear
thermoelectric effects

In this section, we first provide a brief summary of the
semiclassical dynamics method that will be used to derive
the expressions for nonlinear thermoelectric effects
induced by both the BCD and the QMD. We then present
the expressions for the BCD-induced nonlinear thermo-
electric coefficients, namely L̂112 and L̂212. The derivation
was first given in Ref. [13]. Here, we simply reproduce the
result and refer the reader to Appendix A for technical
details. We note that the same thermoelectric responses
can, in principle, also be derived within a Kubo formalism
using the thermal length-gauge approach for nonlinear
thermal transport [46], which admits a natural diagram-
matic interpretation analogous to nonlinear optical
responses [49].
Within the framework of semiclassical dynamics, one

can construct wave packets of Bloch electrons that possess
both a well-defined center-of-mass position and momen-
tum. In the presence of an E field, the position r and the
wave vector ℏk of an electron wave packet satisfy the
following:

FIG. 1. Schematic illustrations of two instances of the non-
linear thermoelectric effect. (a) Measuring the change in σxy
induced by a temperature gradient ∇xT, from which we can
extract L̂112

yxx þ M̂112
yxx. (b) Measuring the change in κxx induced by

an electric field Ez, from which we can determine L̂212
xzx þ M̂212

xzx .
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ṙ ¼ 1

ℏ
∇kε − k̇ ×Ω; ℏk̇ ¼ −eE; (4)

where the second term on the rhs in the first equation,
−k̇ ×Ω, is the anomalous velocity term [23,29,50] that
arises from the semiclassical wave-packet dynamics, and
Ω≡ ih∇kukj × j∇kuki is the Berry curvature that acts like
a k-space “Lorentz force.” The Berry curvature Ω is the
curl of the Berry connection A so that Ω≡∇k ×A with
A ≡−ihukj∇kjuki. It is worth commenting that all the
quantum geometric effects studied in this work originate
from this anomalous velocity term.

From the Boltzmann equation, the nonequilibrium
distribution function gr;k satisfies the following equation:

∂gr;k
∂t

þ ṙ ·∇rgr;k þ k̇ ·∇kgr;k ¼ − gr;k − f
τ

; (5)

where f ¼ 1=½expððεk − μÞ=kBTÞ þ 1� is the equilibrium
Fermi-Dirac distribution function with chemical potential
μ, and we have made the relaxation time approximation
with τ the relaxation time. If we assume the electric field is
applied at frequency ω so that EðtÞ ¼ Re½eiωtE0�, we can
solve the Boltzmann equation to give the following
expression for the electric current [13] (see Appendix A):

je ¼
Z

½dk�ð−evÞ 1

iωþ 1=τ
e
ℏ
½ðE ×ΩÞ ·∇T� ðε − μÞ

T
∂εf þ ð−eÞ

Z
½dk�τ½v ·∇T� ðε − μÞ

T
ð∂εfÞ

�
e
ℏ
E ×Ω

�
; (6)

where ½dk� denotes a shorthand for theD-dimensional momentum integration measure dDk
ð2πÞD. From this expression, we can

obtain the coefficient L̂112
abc [51]:

L̂112
abc ¼

e2τ
ℏ

Z
½dk� ðε − μÞ

T

�
ϵbcd

iωτ þ 1
ð∂afÞΩd − ϵabdð∂cfÞΩd

�
: (7)

Similarly, we can compute the heat current induced by a temperature gradient and an electric field. The result is

L̂212
abc ¼ − eτ

ℏ

Z
½dk� ðε − μÞ2

T

�
ϵbcd

iωτ þ 1
ð∂afÞΩd − ϵabdð∂cfÞΩd

�
: (8)

The BCD is defined as DBerry;bdðεFÞ ¼ ℏ
R ½dk�vbΩdδðε − εFÞ. Then we can reexpress the above formulas in terms of

weighted averages over Berry curvature dipoles:

L̂112
abc ¼

e2τ
ℏ2

Z
dε

ðε − μÞ
T

ð∂εfÞ
�

ϵbcd
iωτ þ 1

DBerry;adðεÞ − ϵabdDBerry;cdðεÞ
�
; (9)

L̂212
abc ¼ − eτ

ℏ2

Z
dε

ðε − μÞ2
T

ð∂εfÞ
�

ϵbcd
iωτ þ 1

DBerry;adðεÞ − ϵabdDBerry;cdðεÞ
�
: (10)

At low temperature, we can use the Sommerfeld expansion to relate L̂112 and L̂212 to the Berry curvature dipole (which
is defined at zero temperature):

L̂112
abc ¼ − e2

ℏ2

π2

3
ðk2BTÞ

�
ϵbcdτ

iωτ þ 1

dDBerry;adðμÞ
dμ

����
μ¼εF

− ϵabdτ
dDBerry;cdðμÞ

dμ

����
μ¼εF

�
þOðT3Þ; (11)

L̂212
abc ¼

e
ℏ2

π2

3
ðk2BTÞ

�
ϵbcdτ

iωτ þ 1
DBerry;adðεFÞ − ϵabdτDBerry;cdðεFÞ

�
þOðT3Þ; (12)

where in the derivation we have also replaced μðTÞ by Fermi energy at zero temperature εF using μ ¼ εF − π2

6
g0ðεFÞ
gðεFÞ ðkBTÞ2

[52], with gðεÞ being the density of states.
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These relations are reminiscent of Mott’s formula and
the Wiedemann-Franz law in linear response. As we show
in Sec. VI below, the Sommerfeld expansion provides a
useful guide for experiments.
Finally, let us comment on the validity of the constant

relaxation time approximation employed throughout this
work. In general, the relaxation time possesses momentum
dependence and is determined by τ−1k ¼ P

k0 Wkk0Fðvk;
vk0 Þ, where Wk;k0 is the scattering matrix element and
Fðvk; vk0 Þ is a geometric factor depending on quasiparticle
velocities. For instance, in an isotropic system, this factor
simplifies to F ¼ 1 − cosðθk;k0 Þ, where θk;k0 is the angle
between the initial and final wave vectors [53]. The energy
dependence τðϵÞ is typically weak for a single, simply
connected Fermi surface, where only states in a narrow
window around the Fermi level contribute and τk is well
approximated by its Fermi-surface value. A pronounced
momentum-dependent τk arises only when (i) multiple
symmetry-unrelated Fermi pockets introduce distinct, in-
dependent scattering channels—a scenario we discuss
in Sec. III—or (ii) the underlying scattering mechanism
itself is highly anisotropic, which we leave for a model-
dependent study.
Notably, the scattering matrix elements Wk;k0 can carry

intrinsic quantum metric information via overlaps of Bloch
states at different momenta. However, integrating over k0
compresses this geometric information into the scalar τk
without generating new tensor structures. This smooth and
positive-definite scalar modulation is easily distinguished
from the intrinsic Berry curvature dipole contribution,
which is a highly concentrated, symmetry-constrained
rank-2 tensor that can alternate in sign.

B. Quantum-metric-dipole-induced nonlinear
thermoelectric effects

We now consider QMD-induced nonlinear thermoelec-
tric effects, defined by the tensors M̂112 and M̂212, which
are intrinsic effects independent of the relaxation time τ.
These effects are the thermoelectric analogs of the intrinsic
nonlinear Hall effect [42,43,54,55]. The derivation of the
expressions for M̂112; M̂212 are entirely new, so we will
explain it in detail here.
Let us derive the coefficient M̂112 from the anomalous

Nernst effect, which is characterized by the generation of
transverse electric current in response to a temperature
gradient [54,56–58]:

je ¼ −∇T
T

×
e
ℏ

Z
½dk�Ω½ðε − μÞf − kBTlnð1 − fÞ�: (13)

This equation gives the Nernst conductivity α, defined
by ðje;i ¼ αij∇jTÞ.
Equation (13) can be understood in the following way

(we follow the quick derivation in Ref. [59]). First let us

consider the coefficient ᾱ defined as jQ;i ¼ ᾱijEj, which
characterizes the transverse heat current in response to an
electric field. The electric-field-induced transverse heat
current can be represented as the entropy density multi-
plied by the anomalous velocity (since this component of
the heat current is perpendicular to the electric field, it has
no associated dissipation and is described by the thermo-
dynamics of reversible processes, which dictates that the
energy current is equal to T times the entropy current [60]).
This expression gives

jQ ¼ e
βℏ

Z
½dk�ðE ×ΩÞsðkÞ; (14)

where sðkÞ ¼ −fk logðfkÞ − ð1 − fkÞ logð1 − fkÞ is the
entropy of electrons with wave vector k. We then use the
Onsager relation α ¼ ᾱ=T to obtain the Nernst conduc-
tivity, which gives us Eq. (13).
This derivation of Eq. (13) assumes implicitly that the

Berry curvature is unmodified by the electric field. But the
presence of an electric field generically modifies the Berry
connection A and therefore also the Berry curvature Ω.
To linear order in field, we can write

A0
a ¼ Aa þ eGabEb; (15)

where the physical Berry connection is denoted A0, and
Aa ≡−ihu0j∇ka ju0i, with the subscript 0 indicating the
band index of the electronic wave function under consid-
eration. Gab is termed the Berry connection polarizability
tensor in the literature [55,61]. The physical origin of Gab
is the first-order correction to the eigenstate ju0i of the
Hamiltonian when perturbed by an electric field, and
hence it can be conveniently calculated as

Gab ¼ 2Re
X
n≠0

ðAaÞ0nðAbÞn0
ε0 − εn

; (16)

where ðAaÞ0n ≡−ihu0j∇ka juni is the interband Berry
connection between band 0 and band n (and ðAaÞn0 is
similarly defined). It is worth noting that although Aa and
A0

a are gauge-dependent, the first-order correction eGabEb
is gauge invariant, as can also be seen from the explicit
expression for G given above (c.f. Ref. [55]). Note that
only the interband Berry connection appears in the Berry
connection polarizability, with Anm ¼ vnm

iðεn−εmÞ for n ≠ m,

where vnmðkÞ≡ 1
ℏ hunkj∇kHðkÞjumki is the velocity

matrix element. Since velocity matrix elements and band
energies are gauge invariant, this form makes the gauge
invariance of the Berry connection polarizability, Eq. (16),
more explicit.
Inserting Ω0 ¼ ∇ ×A0 and Eq. (15) into Eq. (13)

and extracting the part that is proportional to ð∇TÞE⃗,
we arrive at
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je ¼ −∇T
T

× e2
Z

½dk�½ðG · EÞ × v�ðε − μÞ∂εf; (17)

where the bold symbol G indicates its tensorial nature.
From it we get

M̂112
abc ¼ − e2

T

Z
½dk�ðGabvc − GcbvaÞðε − μÞ∂εf: (18)

The coefficient M̂212 can similarly be derived starting
from the expression of the linear thermal Hall response and
considering the first-order correction to the Berry curva-
ture in an electric field.
The thermal Hall response coefficient has been widely

studied in the literature, and its derivation involves
techniques beyond the scope of this work [57,62–65].
Here, we simply state the result and refer interested readers
to the relevant literature:

jQ ¼ − k2BT
ℏ

∇T ×
Z

½dk�Ω
�
π2

3
þ β2ðε − μÞ2f

− ln2ð1 − fÞ − 2Li2ð1 − fÞ
�
; (19)

where Li2ðxÞ is the dilogarithm function.
In the presence of an electric field, the Berry curvature

receives a correction that is first order in the electric field.
Once again utilizing Eq. (15) and replacing Ω by
Ω0 ≡∇ ×A0, the desired nonlinear response originating
from the interplay between ∇T and E⃗ can be written as

jQ ¼ −e∇T
T

×
Z

½dk�½ðG · EÞ × v�ðε − μÞ2∂εf; (20)

which yields

M̂212
abc ¼ − e

T

Z
½dk�ðGabvc −GcbvaÞðε − μÞ2∂εf: (21)

Similar to the case of BCD-induced nonlinear thermo-
electric effects, we can utilize the Sommerfeld expansion
to relate the M̂112 and M̂212 to the intrinsic nonlinear
Hall coefficient at zero temperature. To this end, we
recall the definition of the intrinsic nonlinear Hall coef-
ficient [42,43]:

σINH;abcðμÞ ¼ −e3
Z

½dk�ðGabvc −GbcvaÞ∂εf: (22)

We can then express the intrinsic nonlinear thermoelec-
tric coefficients as a weighted integral of σINH;abc over
different chemical potentials at zero temperature:

M̂112
abcðμ; TÞ ¼ − 1

eT

Z
dεðε − μÞð∂εfÞσINH;abcðε; T ¼ 0Þ;

(23)

M̂212
abcðμ;TÞ¼− 1

e2T

Z
dεðε−μÞ2ð∂εfÞσINH;abcðε;T¼0Þ;

(24)

Therefore, at low temperature, we can once again use
the Sommerfeld expansion to relate M̂112 and M̂212 to σINH:

M̂112
abcðμ; TÞ ¼

π2

3

k2BT
e

dσINH;abcðμ; T ¼ 0Þ
dμ

����
μ¼εF

þOðT3Þ;

(25)

M̂212
abcðμ; TÞ ¼

π2

3

�
kB
e

�
2

TσINH;abcðεF; T ¼ 0Þ þOðT3Þ:
(26)

Let us now comment on the quantum geometrical
meaning of the intrinsic nonlinear thermoelectric response.
First, we recast the quantum metric gα;β ≡ ReðTα;βÞ for a
band 0 in terms of the interband Berry connection:

gab ¼ Re
X
n≠0

½ðAaÞ0nðAbÞn0�: (27)

Comparing with the definition of Berry connection
polarizability Eq. (16), we find that the only difference
is the energy denominator. In the special case of a 2-band
system labeled by band indices 0 and 1, we have a direct
relation: G2-band

ab ¼ 2g2-bandab =ðε0 − ε1Þ:
If the system consists of multiple bands, then, in general,

there is no direct relation between Gab and gab. But if the
quantity Re½ðAaÞ0nðAbÞn0� only takes significant values
for band n ¼ 1 that is close to band 0 in energy, i.e., when
the wave-function mixing between states in band n ≠ 1
and 0 are small, the summation can be restricted to bands
0; 1 and the two-band approximation still holds. To assess
the role of remote bands, we consider a simple three-band
setting in which a low-energy subspace is coupled to a
distant band separated by an energy scale Δ ≫ jε0 − ε1j.
Using Anm ¼ vnm

iðεn−εmÞ, interband processes involving the
remote band necessarily enter through virtual transitions.
The resulting correction to the Berry connection polar-
izability is therefore parametrically suppressed as
δG ∼ v2=Δ3, demonstrating that remote-band contribu-
tions are subleading in the well-separated limit. This
confirms the quantitative validity of the two-band descrip-
tion when Δ is large. We further note that this behavior
is consistent with model studies of quantum metric
dipole nonlinear responses. For example, in topological
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antiferromagnetic systems, it has been shown that the
dominant contribution arises from Dirac surface states,
while remote bands contribute only weakly [44].
Let us now consider the case of two bands denoted as

band 0 and band 1 and explicitly illustrate the role of
quantum metric dipole in nonlinear thermoelectric effects.
Let us further replace the energy difference ε0 − ε1 by
some typical energy splitting ε̄ which depends approx-
imately linearly on the chemical potential μ.
The quantum metric dipole for a band is defined as [44]

DMetric;abcðεFÞ ¼ ℏ
Z

½dk�ðgabvc − gcbvaÞδðε − εFÞ:
(28)

Then the intrinsic nonlinear thermoelectric responses
can be expressed as

M̂112
abc ¼ − e2

ℏT

Z
dε

ðε − μÞ
ε̄

ð∂εfÞDMetric;abcðεÞ; (29)

M̂212
abc ¼ − e

ℏT

Z
dε

ðε − μÞ2
ε̄

ð∂εfÞDMetric;abcðεÞ: (30)

From the Sommerfeld expansion, we can derive that

M̂112
abcðμÞ ¼

e2

ℏ
π2

3
ðk2BTÞ

d
dμ

�
DMetric;abcðμÞ

ε̄ðμÞ
�����

μ¼εF

þOðT3Þ;

(31)

and

M̂212
abcðμÞ ¼

e
ℏ
π2

3
ðk2BTÞ

DMetric;abcðεFÞ
ε̄ðεFÞ

þOðT3Þ: (32)

Therefore, at low temperatures, the quantum metric
dipole and its derivative with respect to the chemical
potential directly govern the intrinsic nonlinear thermo-
electric effects. Equivalently, the quantum metric dipole
can be extracted through nonlinear thermoelectric mea-
surements in this regime.

III. A QUANTIZED NONLINEAR
THERMOELECTRIC EFFECT

One remarkable consequence of our results is a quan-
tized nonlinear thermoelectric effect, which we describe in
this section. First, the trace of the Berry curvature dipole
tensor is a constant that reflects the total chirality Stot
(following the notation of Ref. [66]) of Weyl nodes below
the Fermi energy and can be represented as

TrðDBerryÞ ¼
Stot

4π2
: (33)

When inversion symmetries and mirror symmetries are
broken (i.e., in chiral structures), Weyl nodes with opposite
chiralities are in general at different energies and hence
Stot can be non-zero when the chemical potential lies
within certain energy windows.
Our crucial observation is that the trace of the Berry

curvature dipole can be obtained by performing a cyclic
summation over the thermoelectric coefficients L̂212

abc where
a; b; c cycle through the permutations of spatial directions
x; y; z:

X
cyc: sum

L̂212 ≡ L̂212
xyz þ L̂212

yzx þ L̂212
zxy

¼ eτ
ℏ2

iωτ
iωτ þ 1

Z
dε

ðε − μÞ2
T

ð∂εfÞTrðDBerryðεÞÞ: (34)

Now consider a system in an ac electric field with
ωτ ≫ 1 at low temperature (e.g., under THz light). In this
limit, the above expression can be simplified to the
following form:

X
cyc: sum

L̂212 ≃ − e3

h2
L0Tτ · Stot; (35)

where we have used the Sommerfeld expansion Eq. (12)
and the definition Eq. (33), we have approximated
iωτ

iωτþ1
≈ 1, and L0 ≡ π2

3
ðkBe Þ2 is the Lorenz number.

Equation (35) is the central prediction of this section.
Put another way, it predicts the following quantization law:

� X
cyc: sum

L̂212

���
− e3

h2
L0Tτ

�
≃ Stot; (36)

with Stot an integer.
Several comments about this result are in order. First,

the experiments can be done as the combination of three
separate experiments. The only nonuniversal constant on
the rhs of Eq. (36) is the relaxation time τ, which can be
extracted, for example, by ultrafast pump-probe experi-
ments. An alternative approach would be to do the
measurement of

P
cyc: sum L̂212 with electric fields at

different frequencies, thereby extracting both the value
of τ and the part ð− e3

h2 L0T · StotÞ by fitting the following
form as a function of ω:

X
cyc: sum

L̂212ðωÞ ≃
�
− e3

h2
L0T · Stot

�
·

iωτ2

iωτ þ 1
: (37)

Specifically, by measuring the response at two distinct
frequencies, ω1 and ω2, and taking the ratio of these
signals, one obtains an equation involving τ as the only
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unknown parameter according to Eq. (37). The relaxation
time can then be determined directly and used to isolate the
universal topological contribution to the response.
Second, a key advantage of the nonlinear thermoelectric

effect over the nonlinear Hall effect lies in the fact that the
temperature gradient is applied at zero frequency, while the
electric field can have a finite frequency. This distinction
allows us to access the trace of the Berry curvature dipole
at large ω. In contrast, the nonlinear Hall effect behaves
quite differently. Starting from the expression for the
BCD-induced nonlinear Hall response [38]: σBCD;abc ¼
−ϵadc e3τ

2ð1þiωτÞDBerry;bd and applying the symmetrization
procedure discussed in Ref. [66]—namely (b ↔ c,
ω ↔ −ω)—we obtain σBCD;xyz þ σBCD;yzx þ σBCD;zxy ¼
−e3τ

2ð1þiωτÞTrðDBerryÞ þ e3τ
2ð1−iωτÞTrðDBerryÞ ¼ ie3ωτ2

1þω2τ2
TrðDBerryÞ.

This expression decays as 1=ω at large ω and becomes
appreciable only in a narrow window around ω ∼ 1=τ,
making experimental detection challenging. We also briefly
comment on a recent proposal, Ref. [67], which employs a
cyclic experimental protocol to probe quantized nonlinear
Hall responses. Their setup relies on the difference in
scattering times between Weyl nodes of opposite chirality,
leading to a low-frequency response proportional to τþ − τ−.
At high frequencies, the nonlinear Hall response still decays
as 1=ω followingour discussion above. For thematerialCoSi
studied in Ref. [67], Stot ¼ 0, and thus Eq. (36) appears
to yield zero. However, due to the imbalance between τþ
and τ−, the nonlinear thermoelectric response described
above still survives and yields a value ðPcyc: sum L̂212Þ=
½− e3

h2 L0Tðτþ − τ−Þ� ≃ C, where C denotes the total number
of pairs of Weyl nodes below the Fermi energy.
Third, unlike the seminal prediction of the quantized

circular photogalvanic effects (CPGE) [68–71], our result
remains robust despite variations in band geometry and
interactions and holds well within an extensive temper-
ature range. The quantized CPGE relies on a low-energy
two-band approximation, and therefore, it receives correc-
tions from higher bands. CPGE also corresponds to real
optical absorption processes, and therefore, the quantiza-
tion law is modified when interactions are present [72]. Our
nonlinear thermoelectric response, in contrast, is a Fermi-
liquid property that involves only the quasiparticles at the
Fermi surface at low temperatures. Consequently, it is
expected to remain quantized regardless of band disper-
sions and interactions. More explicitly, following the
prescription of Refs. [30,73,74], the fact that the inverse
of the exact Green’s function is strictly Hermitian at the
Fermi surface allows the quasiparticle Bloch state to be
defined as its eigenvector with a zero eigenvalue.
Consequently, the Berry connection and Berry curvature
are well-defined on the Fermi surface even for an interact-
ing system, resulting in the robustness of the quantized
response. We defer a more detailed discussion to
Appendix B.

Now let us consider the temperature dependence. Notice
that Stot is a step function and only changes value when the
Fermi energy sweeps across a Weyl node. Assuming that
the closest Weyl node is at an energy �Δ relative to the
chemical potential, the weighting function in Eq. (34) can
only take values beyond that energy scale when kBT ≳ Δ.
We therefore expect the quantization law Eq. (36) to hold
well when kBT ≪ Δ. Given that Δ is typically on the
order of several tens of meV, the temperature range in
which the quantization law holds well in practice can be
quite broad.
Ideal material candidates for observing the quantized

nonlinear thermoelectric effect are those with a large
energy difference between Weyl nodes of opposite chi-
rality. For example, the chiral Weyl semimetal SrSi2 has an
energy offset of ∼0.1 eV between double Weyl nodes [75],
CoSi has an energy offset of ∼0.2 eV [70,76], and RhSi
has an energy offset of ∼0.65 eV [69].

FIG. 2. Nonlinear thermoelectric responses dominated by the
trace of the Berry curvature dipole. (a) A schematic picture of
the bands. We consider a pair of Weyl nodes with opposite
chiralities. The energy of the “þ1” Weyl node is lower than that
of the “−1”Weyl node with an energy offset of 0.1 eV. The Fermi
energy is 0.04 eV above the “þ1” node. (b) The temperature
dependence of

P
cyc: sum L̂212 ≡ L̂212

xyz þ L̂212
yzx þ L̂212

zxy . At temper-
atures below ∼50 K, the Sommerfeld expansion is highly
accurate, from which we can extract the quantized value of
the total chirality Stot below the Fermi energy.
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We now demonstrate the temperature dependence of the
quantization law [Eq. (36)] by a simple example calcu-
lation that considers a single pair of Weyl nodes with
opposite chiralities for which the energy of the “þ1”Weyl
node is lower than the energy of the “−1” Weyl node by
0.1 eV. We take the Fermi energy εF to be 0.04 eV above
the “þ1”Weyl node, and we calculate

P
cyc: sum L̂212 using

the integral expression of Eq. (34). The chemical potential
μ depends only very weakly on temperature at kBT ≪ εF,
so we assume a constant μ ¼ 0.04 eV in our calculation.
Thus, we have TrðDBerryðε − εFÞÞ ¼ 1=ð4π2Þ for
−0.04 eV < ε − εF < 0.06 eV and zero elsewhere. The
results are displayed in Fig. 2, and a quantization plateau of
ðPcyc: sum L̂212Þ=ð− e3

h2 L0TτÞ ≈ 1 is clearly observed for
temperatures below ≈50 K.
We conclude this section by discussing the experimental

conditions on ω and T for observing such quantized
responses. For a system with a relaxation time of approx-
imately τ ∼ 10 ps, the condition ωτ ≫ 1 can be readily
achieved using terahertz-frequency light. Furthermore, for
the candidate materials SrSi2, CoSi, and RhSi, the char-
acteristic energy offset is Δ≳ 0.1 eV. We note that for
T ≲ 100K, the condition kBT ≪ Δ is well satisfied, and
the next-to-leading correction in the Sommerfeld expan-
sion of Eq. (34) is small, as confirmed in Fig. 2.

IV. MODEL CALCULATIONS

In this section, we use two models to illustrate nonlinear
thermoelectric effects. The model calculations also serve
as a guide for optimizing signals based on doping levels
and temperatures.

A. Weyl node with band-bending for BCD-induced
nonlinear thermoelectric effects

The necessary ingredient to capture the antisymmetric
part of the BCD is the introduction of quadratic terms
in the dispersion relation. Therefore, we consider the

following model Hamiltonian, which describes two
Weyl nodes of opposite chirality [77]:

H ¼ ℏvxkxσx þ
λ − ðℏkyÞ2

2m
σy þ ℏvzkzσz þ ℏuxkxσ0:

(38)

For λ > 0, there are two Weyl nodes separated by a
distance of 2

ffiffiffi
λ

p
=ℏ. (The velocity near the Weyl point in

the y direction is vy ¼
ffiffiffiffiffijλjp
=m.) For negative λ, there is a

band gap between the conduction and valence bands equal
to Δ ¼ jλj

m . Numerical plots below use the following
parameter values: ℏvy ¼ 1 eVÅ, vx ¼ vz ¼ 10vy; ux ¼
8vy; λ

2m ¼ 10 meV, and τ ¼ 10 ps. See Fig. 3 for an
illustration of the dispersion relation, Berry curvature,
and Berry curvature dipole of this model Hamiltonian. We
take εF ¼ 7 meV and study the temperature dependence of
various thermoelectric responses.
A note on the choice of parameters: this model describes

a pair of Weyl nodes with finite tilt ux ¼ 0.8vx, where the
Fermi velocities are vx ¼ vz ∼ 106 m=s, which are typical
values for Weyl semimetals. The relaxation time corre-
sponds to that of a relatively clean system, while vy is taken
to be suppressed due to the proximity of the two Weyl
nodes. The nodes are separated by 2

ffiffiffi
λ

p
=ℏ ∼ 0.04 Å−1,

consistent with a scenario where two Weyl nodes emerge
from the splitting of a Dirac semimetal under weak
inversion-symmetry breaking.
In the following, we focus on the antisymmetric part

ðDBerry;xy −DBerry;yxÞ=2 of the BCD. This is because, for
materials such as TaAs, in the transition-metal monop-
inicide family, the crystalline point group C4v constrains
the BCD tensor such that the only nonzero elements are
DBerry;xy ¼ −DBerry;yx (see Table I). As a result, only the
antisymmetric component of a single Weyl node pair
contributes to the total DBerry;xy after averaging over all

FIG. 3. Plot of the dispersion relation, Berry curvature, and Berry curvature dipole of the model Hamiltonian defined in Eq. (38).
(a) Dispersion relation of the Hamiltonian in the kz ¼ 0 plane, which consists of two Weyl nodes with opposite chiralities that are
separated along the ky direction. (b) The y component of Berry curvature, Ωy, in the kx − ky plane with kz ¼ 0.3 Å−1. Notice that the
Berry curvature distribution is centered on the two Weyl nodes. (c) The distribution of the quantity ℏvF;xΩy in the kx − ky plane with
kz ¼ 0.3 Å−1. Integrating this quantity over the Fermi surface gives the Berry curvature dipole Dxy. We have also plotted the contour
describing the Fermi surface with εF ¼ 22 meV.
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symmetry-related Weyl node pairs. The thermoelectric
responses are computed via Eqs. (9) and (10), and the
results are displayed in Fig. 4. Two remarks are in order.
First, at high temperatures, the Berry curvature dipole is
averaged over a broad energy window and becomes
smeared out. Second, in the low-temperature regime, the
Sommerfeld expansions [Eqs. (11) and (12)] hold well,
and the coefficients L112 and L212 are expressed in terms of
the zero-temperature Berry curvature dipole and its energy

derivatives, multiplied by temperature T and universal
constants. As a result, they exhibit a linear-in-T enhance-
ment at low temperatures, which is evident in Figs. 4(c)
and 4(d).

B. Massive Dirac node for QMD-induced nonlinear
thermoelectric effects

We now consider a massive Dirac node respecting PT
symmetry following Refs. [42,43]. Owing to the PT
symmetry, the Berry curvature vanishes at every k point;
as a result, the Berry curvature dipole is absent, making the
quantum metric dipole effect stand out as the dominant
contribution to the nonlinear thermoelectric effect. The
Hamiltonian is

H ¼ ℏðvxkxτxσ0 þ vykyτyσy − uykyτ0σ0 þ vzkzτzσ0Þ
þ Δτyσz;

(39)

where σ and τ are two sets of Pauli matrices acting on the
spin and orbital degrees of freedom, respectively, follow-
ing the notation of Ref. [42]. The PT symmetry is
represented by−iσyKwhereK is the complex conjugation
operator taking i → −i. We take Δ ¼ 5 meV,
vx ¼ vy ¼ vz ¼ 3 eVÅ=ℏ, and uy ¼ 0.8vz, corresponding
to a Fermi velocity v ∼ 105 m=s and a small gap scale
typical of narrow-gap Dirac semimetals. The tilt parameter
uy=vz ¼ 0.8 describes a moderately tilted Dirac
dispersion. In determining the temperature dependence
of the chemical potential and hence the nonlinear thermo-
electric responses, we have chosen εF ¼ 9 meV and
assumed the total electron density is fixed. See Fig. 5
for an illustration of the dispersion relation and the
distribution of quantum metric and quantum metric dipole
in the Brillouin zone.
With these parameters, we have computed the intrinsic

nonlinear thermoelectric effects induced by the quantum
metric dipole using Eqs. (22)–(24). The results are dis-
played in Fig. 6.
The behavior of the QMD-induced nonlinear thermo-

electric effects discussed here closely parallels that of the
BCD-induced nonlinear thermoelectric response discussed
in the previous subsection. In particular, the quantum
metric dipole is thermally smeared out at high temper-
atures resulting in a suppression of σINH. The responses
M̂112 and M̂212 also exhibit a linear-in-T enhancement at
low temperatures, consistent with the Sommerfeld expan-
sions [Eq. (25)], which relate them to σINH and its energy
derivatives multiplied by T. In the two-band limit consid-
ered here, Eqs. (31) and (32) further allow for direct
extraction of the quantum metric dipole and its energy
derivative.

TABLE I. Symmetry-allowed forms of the BCD tensor
DBerry;ab, which transforms as D0 ¼ detðUÞUDUT under a point
group operation U. Only noncentrosymmetric systems (NCSs)
permit a nonzero BCD. The coordinate system is chosen such
that, whenever present, the principal rotation axis is aligned with
the z axis and the mirror plane mv coincides with the yz plane.
For the cubic groups O and T, DBerry;ab ∝ δab. Point groups not
listed do not admit a nonzero BCD.

NCS PGs Matrix form of DBerry;ab

C1 General form

C2

0
B@

Dxx Dxy 0

Dyx Dyy 0

0 0 Dzz

1
CA

C3; C4; C6

0
B@

Dxx Dxy 0

−Dxy Dxx 0

0 0 Dzz

1
CA

Cs
0
B@

0 Dxy Dxz

Dyx 0 0

Dzx 0 0

1
CA

C2v
0
B@

0 Dxy 0

Dyx 0 0

0 0 0

1
CA

C3v; C4v; C6v
0
B@

0 Dxy 0

−Dxy 0 0

0 0 0

1
CA

D2
0
B@

Dxx 0 0

0 Dyy 0

0 0 Dzz

1
CA

D3; D4; D6
0
B@

Dxx 0 0

0 Dxx 0

0 0 Dzz

1
CA

O;T DBerry;ab ∝ δab

S4
0
B@

Dxx Dxy 0

Dxy −Dxx 0

0 0 0

1
CA
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V. EXPERIMENTAL CONSEQUENCES

A. Symmetry constraints

The symmetry properties of L̂ and M̂ dictate the
symmetries of the BCD-induced nonlinear Hall effects
and intrinsic nonlinear Hall effects. Both effects require the
breaking of inversion symmetry. TheBerry curvature dipole
can be nonzero in systems respecting T symmetry, but it is
zero in systems respecting PT symmetry. Its symmetry
transformation rule can be found in Refs. [38,78]. For
completeness, we list the nonzero components of DBerry;ab
for all the point groups (PGs) in Table Table I. The quantum
metric dipole is zero in systems respecting T symmetry but

can be nonzero in systems respecting PT symmetry.
A complete symmetry analysis of the intrinsic nonlinear
Hall effects can be found in Table I of Ref. [42] and applies
to M̂112 and M̂212.
The Levi-Civita symbol in the definition of the L̂ tensors

implies constraints on their nonzero components. Therefore,
we have listed all possible components of L̂112 and L̂212,
as well as the Berry curvature dipoles related to them via
Eqs. (9) and (10), in Tables II and III, respectively.
The coefficients M̂112

abc and M̂212
abc are antisymmetric with

respect to the exchange of a and c and are otherwise
unconstrained.

FIG. 4. Berry curvature dipole contribution DBerry;xy to the nonlinear electric/thermoelectric responses for the model Hamiltonian
shown in Fig. 3. (a) The μ dependence of Berry curvature dipole DBerry;xy at T ¼ 0. The inset shows DBerry;xy over a broader range of
chemical potential. (b) The temperature dependence ofDBerry;xy with a fixed εF ¼ 7 meV. The inset shows the temperature dependence
of μ assuming a fixed electron density. (c),(d) The temperature dependence of L̂112

xzx and L̂212
xzx with a fixed εF ¼ 7 meV. The T

dependence of μ is the same as that in the inset of (b).

FIG. 5. Plot of the dispersion relation, quantum metric, and quantum metric dipole of the model Hamiltonian defined in Eq. (39).
(a) Dispersion relation of the Hamiltonian in the kz ¼ 0 plane. (b) Distribution of the quantum metric gxx in the kx − ky plane with
kz ¼ 0. Notice that the quantum metric is centered on the massive Dirac point. The value of gxy is an order of magnitude smaller than
gxx and is therefore omitted here for clarity. (c) Distribution of the quantum metric dipole ℏðvxgyx − vygxxÞ in the kx − ky plane with
kz ¼ 0. We have also plotted the contour describing the Fermi surface with εF ¼ 9 meV. The quantum metric dipole is primarily
concentrated around kx ¼ ky ¼ 0.
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Therefore, one can experimentally distinguish the
underlying mechanisms of these nonlinear thermoelectric
responses by examining their distinct symmetry properties
under time-reversal and crystalline symmetries.

B. Experimental setups

We can recast the nonlinear transport coefficients in a
way that makes their physical meaning transparent. First
we notice that the coefficients L̂112; M̂112 can be viewed as
describing the temperature-gradient-induced change of
electric conductivity. To be more specific, we have

jae ¼ σabEb þ ðL̂112
abc þ M̂112

abcÞEb∇cT

¼ ðσab þ L̂112
abc∇cT þ M̂112

abc∇cTÞEb: (40)

Therefore L̂112
abc and M̂112

abc can be viewed as the coef-
ficient of linear correction to σab in the presence of ∇cT.
Similarly, we have

jaQ ¼ −κab∇bT þ ðL̂212
acb þ M̂212

acbÞEc∇bT

¼ ð−κab þ L̂212
acbEc þ M̂212

acbEcÞ∇bT; (41)

so that L̂212 and M̂212 can be viewed as the electric-field-
induced correction to the thermal conductivity. Note that
the above framework yields a response linear in both E and
∇T. From an experimental protocol perspective, this

allows one to eliminate contributions proportional to
EbEc and ð∇bTÞð∇cTÞ, which are even under sign reversal
of either E or ∇T, and thereby isolate the mixed term
within this framework.

VI. DISCUSSION

In this work, we derived nonlinear thermoelectric
responses induced by the Berry curvature dipole
[Eqs. (7) and (8)] and the quantum metric dipole
[Eqs. (18) and (21)], providing a theoretical framework
for probing quantum geometry through nonlinear thermo-
electric measurements. We used this framework to identify
a quantized nonlinear thermoelectric effect that directly
detects the Weyl node chirality [Eq. (35)].
Candidate materials for observing nonlinear thermo-

electric effects include Weyl semimetals and topological
insulators near topological phase transitions [79–81],
where the quantum metric and Berry curvature diverge
near Weyl nodes or band-touching points, leading to
potentially large effects. As there are already plenty of
DFT calculations and experiments on the BCD- and QMD-
induced nonlinear Hall effects, we can utilize the
Sommerfeld expansion to give a realistic estimate of the
nonlinear thermoelectric signal in candidate materials.
Promising candidates include transition-metal monopini-
cide Weyl SMs such as NbP, NbAs, TaAs, TaP, and
transition-metal dichalcogenide Weyl SMs such as
MoTe2 and WTe2, chiral Weyl SMs such as SrSi2,

FIG. 6. Intrinsic nonlinear electric/thermoelectric responses for the model Hamiltonian depicted in Fig. 5. (a) The μ dependence of
the intrinsic nonlinear Hall response σINH;yxx at T ¼ 0. (b) The temperature dependence of σINH;yxx with a fixed εF ¼ 9 meV. The inset
shows the temperature dependence of the chemical potential μ assuming a fixed electron density. (c),(d) The temperature dependence of
M̂112

yxx and M̂
212
yxx with a fixed εF ¼ 9 meV. The T dependence of μ is the same as that in the inset of (b). This example usesm ¼ 5 meV,

vx ¼ vy ¼ vz ¼ 3 eVÅ=ℏ, uy ¼ 0.8vz as parameters for the Hamiltonian in Eq. (39).
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CoSi, RhSi, and magnetic topological insulator
MnBi2Te4 [44,82].
As a closing comment, let us focus on one especially

promising candidate material, In-doped Pb1−xSnxTe, and
summarize other candidate materials in Table IV. For the
purpose of making order-of-magnitude estimates, we use
the following physical parameters throughout our estima-
tion [83]:

1. The relaxation time τ, which we take to be 10 ps.
2. External electric field E, which we take to be

∼102 V=m.
3. Temperature gradient ∇T, which we take as

∼1 K=mm.

In-doped Pb1−xSnxTe has an experimentally observed
giant Berry curvature dipoleDBerry;xy ∼ 10when the temper-
ature is around 10 K [84,85] and the chemical potential
μ ≈ 10 meV relative to the Weyl nodes. After the formation
of ferroelectric order, thematerial has a polar axis along the z
direction. In order to observe the BCD-induced nonlinear
thermoelectric effects, we can either measure the change of
σxz in thepresence of∇xT or the changeof κxz in thepresence
of Ex (see Tables II and III for other DBerry;xy measurement
setups). For our estimate, we assume that the material
has DBerry;xy ¼ 10 over an energy range of ∼10 meV so
that the energy derivative dD=dμ ≈ 1 meV−1. Using the

TABLE II. Temperature-gradient-induced electric responses.
For a dc electric field, the nonlinear response can be obtained by
integrating −eτðϵbcdDBerry;ad þ ϵabdDBerry;cdÞ according to
Eq. (9). We have listed the BCDs that are integrated in the last
column. At low temperatures, the response is proportional to
derivatives of Berry curvature dipoles according to Eq. (11).

Modified
σ

Temperature
gradient direction

Corresponding
L̂112

Corresponding
BCDs

σxx ∇Tx Not available 0
∇Ty L̂112

xxy
Dxz

∇Tz L̂112
xxz −Dxy

σxy ∇Tx L̂112
xyx

−2Dxz

∇Ty L̂112
xyy

−Dyz

∇Tz L̂112
xyz

Dxx −Dzz

σxz ∇Tx L̂112
xzx 2Dxy

∇Ty L̂112
xzy

−Dxx þDyy

∇Tz L̂112
xzz Dzy

σyx ∇Tx L̂112
yxx

Dxz

∇Ty L̂112
yxy

2Dyz

∇Tz L̂112
yxz

−Dyy þDzz

σyy ∇Tx L̂112
yyx

−Dyz

∇Ty Not available 0
∇Tz L̂112

yyz
Dyx

σyz ∇Tx L̂112
yzx

Dyy −Dxx

∇Ty L̂112
yzy

−2Dyx

∇Tz L̂112
yzz

−Dzx

σzx ∇Tx L̂112
zxx −Dxy

∇Ty L̂112
zxy

Dzz −Dyy

∇Tz L̂112
zxz −2Dzy

σzy ∇Tx L̂112
zyx

Dxx −Dzz

∇Ty L̂112
zyy

Dyx

∇Tz L̂112
zyz

2Dzx

σzz ∇Tx L̂112
zzx Dzy

∇Ty L̂112
zzy

−Dzx

∇Tz Not available 0

TABLE III. Electric-field-induced thermal responses. For a dc
field, the response can be obtained by integrating
ðϵbcdDBerry;ad − ϵabdDBerry;cdÞ according to Eq. (10). At low
temperatures, we can utilize the Sommerfeld expansion, and
the response is proportional to temperature times the Berry
curvature dipoles at εF according to (12).

Modified
κ

Electric field
direction

Corresponding
L̂212

Corresponding
BCDs

κxx Ex Not available 0
Ey L̂212

xyx
−2Dxz

Ez L̂212
xzx 2Dxy

κxy Ex L̂212
xxy

Dxz

Ey L̂212
xyy

−Dyz

Ez L̂212
xzy

−Dxx þDyy

κxz Ex L̂212
xxz −Dxy

Ey L̂212
xyz

Dxx −Dzz

Ez L̂212
xzz Dzy

κyx Ex L̂212
yxx

Dxz

Ey L̂212
yyx

−Dyz

Ez L̂212
yzx

Dyy −Dxx

κyy Ex L̂212
yxy

2Dyz

Ey Not available 0
Ez L̂212

yzy
−2Dyx

κyz Ex L̂212
yxz

−Dyy þDzz

Ey L̂212
yyz

Dyx

Ez L̂212
yzz

−Dzx

κzx Ex L̂212
zxx −Dxy

Ey L̂212
zyx

−Dzz þDxx

Ez L̂212
zzx Dzy

κzy Ex L̂212
zxy

Dzz −Dyy

Ey L̂212
zyy

Dyx

Ez L̂212
zzy

−Dzx

κzz Ex L̂212
zxz −2Dzy

Ey L̂212
zyz

2Dzx

Ez Not available 0
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Sommerfeld expansion as given in Eq. (11), we obtain a
realistic estimate of the temperature-gradient-induced cor-
rection to electrical conductivity at T ¼ 10 K as follows:

L̂112
xzx∇xT ∼

e2

ℏ2

π2

3
k2BTτ

�
2
dDBerry;xy

dμ

�
ð∇xTÞ ∼ 2 S=m;

(42)

which is a sizable effect.
Similarly, using Eq. (12), we obtain a realistic estimate

of the electric-field-induced correction to thermal conduc-
tivity at T ¼ 10 K as follows:

L̂212
xxzEx ∼ L0T

e3τ
ℏ2

DBerry;xyEx ∼ 1 mW=ðKmÞ; (43)

which is a measurable effect with available experimental
techniques [86,87].
Throughout this work, we have limited our discussion

to effects driven by the quantum geometry of the electron
system. But phonons play a significant role in thermal
conductivity, raising the natural question of whether they
interfere with the effects we predict. One possible mecha-
nism for phonon-induced electric-field dependence of κ
can be described as follows [88]. In ferroelectric materials,
the electric field affects the phonon dispersion, which in
turn modifies the thermal conductivity along the field
direction. Crucially, this mechanism is purely longitudinal
and is fundamentally distinct from the transverse nonlinear
responses derived in this work, which are rooted in Berry

curvature effects of the electron system, with L̂212
aaa and

M̂212
aaa identically vanishing. For this reason, a compelling

demonstration of a quantum geometry-driven nonlinear
thermoelectric effect may involve observing either a
transverse response or a consistency between both a
E-induced modification to κ and a ð∇TÞ-induced modifi-
cation to σ in the same material. Alternatively, one could
examine the doping dependence of the effect across
multiple samples, since doping strongly affects the BCD
by changing the Fermi energy but has little influence on
the phonon system. Preliminary measurements in In-doped
Pb1−xSnxTe observe a field-induced modification of the
longitudinal thermal conductivity on the order of
1–10 mW=ðK mÞ, as compared to an overall magnitude
κ ≈ 2 W=mK (which is phonon-dominated) [89]. These
measurements are consistent with our theoretical estimates
above. Other more exotic phonon-related mechanisms
might still emerge. We leave the exploration of these
interesting possibilities for future study.
Finally, we note that nonlinear thermoelectric responses

can be extended to other condensed matter systems,
including superconductors [90–93] and magnonic systems
[94–97], providing new ways to experimentally explore
quantum geometry in these materials.
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DFT calculations. In estimating L̂112 and M̂112 based on Eqs. (11) and (25), we need assumptions on the energy derivative of BCD/
QMD, which is characterized by a typical energy scaleΔμ over whichDBerry=DMetric varies significantly. We estimate this energy scale
based on existing DFT calculations on band structures.

Material candidate T symmetry
Geometric
quantity

Measurement
setup

Values used in
estimation

Magnitude
of response

NbP (TMMP family) Nonmagnetic DBerry;xy Ez induced κxx DBerry;xy ∼ 20 4 mW/(K m)
∇zT induced σxx Δμ ∼ 10 meV 4 S=m

MoTe2 (TMDC family) Nonmagnetic DBerry;xy Ez induced κxx DBerry;xy ∼ 1 0.2 mW/(K m)
∇zT induced σxx Δμ ∼ 50 meV 40 mS=m

ðPb1−xSnxÞ1−yInyTe Nonmagnetic DBerry;xy Ez induced κxx DBerry;xy ∼ 10 2 mW/(K m)
∇zT induced σxx Δμ ∼ 10 meV 2 S=m

SrSi2 (Chiral Weyl SM) Nonmagnetic Weyl chirality Stot Sum of the following:
Ex induced κyz,
Ey induced κzx,
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∇xT induced σxy Δμ ∼ 0.1 eV 30 μS=m
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APPENDIX A: DERIVATION OF BCD-INDUCED
NONLINEAR THERMOELECTRIC

COEFFICIENT

We provide a derivation of the BCD-induced nonlinear
thermoelectric responses here. A similar derivation was
provided in the high-energy context in Ref. [10] and in the
condensed matter context in Ref. [13].
The nonequilibrium distribution function gr;k satisfies

the following equation:

∂gr;k
∂t

þ ṙ ·∇rgr;k þ k̇ ·∇kgr;k ¼ − gr;k − f0
τ

; (A1)

where τ is the relaxation time. Assume the electric field is
at frequency ω: EðtÞ ¼ Re½eiωtE0�, then we expand

g ¼ f þ g∇T þ gE∇T; (A2)

where g∇T ∝ ∇T, and gE∇T ∝ E∇T. Keeping terms up to
the same order, we can solve for g∇T and gE∇T . First, for
g∇T , we have

g∇T ¼ −τ½v ·∇T� ∂f
∂T

: (A3)

Next, for gE∇T, we have

iωgE∇T þ ṙ ·∇rfðrÞ ¼ −gE∇T=τ; (A4)

where fðrÞ is in the local equilibrium with a position-
dependent temperature TðrÞ. Inserting it into the equation
of motion, we have

gE∇T ¼ − τ

iωτ þ 1

e
ℏ
½ðE ×ΩÞ ·∇T� ∂f

∂T
: (A5)

The transport coefficient can be obtained from
je ¼

R ½dk� R ½dr�ð−eṙÞg. Then L̂112 has two contributions
from the second-order nonlinear distribution function and
the anomalous velocity. The result is

je ¼
Z

½dk�ð−evÞ 1

iωþ 1=τ
e
ℏ
½ðE ×ΩÞ ·∇T� ðε − μÞ

T
∂εf

þ ð−eÞ
Z

½dk�τ½v ·∇T� ðε − μÞ
T

ð∂εfÞ
�
e
ℏ
E ×Ω

�
:

(A6)

From this expression, we can obtain the coefficient
L̂112
abc:

L̂112
abc ¼

e2τ
ℏ

Z
½dk� ðε − μÞ

T

×
�

ϵbcd
iωτ þ 1

ð∂afÞΩd − ϵabdð∂cfÞΩd

�
:

(A7)

Similarly, from the definition of heat current
jQ ¼ jE − μje, we have jQ ¼ R ½dk� R ½dr�½ðε − μÞṙ�g and
the expression for L̂212

abc is

L̂212
abc ¼ − eτ

ℏ

Z
½dk� ðε − μÞ2

T

×
�

ϵbcd
iωτ þ 1

ð∂afÞΩd − ϵabdð∂cfÞΩd

�
:

(A8)

APPENDIX B: ROBUSTNESS OF QUANTIZED
THERMOELECTRIC EFFECT

In this section, we provide more details on the robust-
ness of the quantized nonlinear thermoelectric response
against interactions and band curvature.
Following the topological Fermi-liquid framework

[30,73,74], the inverse of the exact one-particle Green’s
function G−1ðk;ω ¼ 0Þ is Hermitian at zero temperature
(T ¼ 0). This allows us to define an effective single-
quasiparticle Hamiltonian right at the Fermi surface:

Hqp
ij ðkÞ ¼ −lim

ω→0
G−1

ij ðk;ω;T ¼ 0Þ: (B1)

From this interaction-renormalized Hamiltonian, we can
self-consistently determine the Fermi surface topology, the
quasiparticle Bloch states, and the renormalized Fermi
velocities:

HqpðkFÞjuqpkF
i ¼ 0; (B2)

vFðkFÞ ¼
1

ℏ
∇kHqpðkÞjk¼kF

: (B3)

A key distinction between a strongly interacting
Fermi liquid and a free electron gas is that well-defined
quasiparticles only exist strictly on the Fermi surface.
Consequently, the Berry connection computed from these
quasiparticle Bloch states AqpðkÞ ¼ −ihuqpk j∇kjuqpk i and
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its corresponding Berry curvatureΩqpðkÞ are only defined
via derivatives parametrizing the 2D Fermi surface
manifold.
When calculating the nonlinear transport coefficients

via the semiclassical Boltzmann equation, the response is
governed by the geometric property of the Fermi surface.
The corresponding Berry curvature dipole integral sim-
plifies as follows:

TrðDBerryÞ ¼ ℏ
Z

½dk�δ½ðεF − εðkÞ�ÞvFðkÞ ·ΩqpðkÞ

¼ ∯FS d2kk
ð2πÞ3

∇kε ·Ωqp

j∇kεj
¼ 1

8π3
∯FSΩqp · dS

¼ 1

4π2
N:

(B4)

Crucially, the density-of-states factor 1=j∇kεj exactly
cancels the norm of the quasiparticle velocity, leaving only
the unit vector normal to the Fermi surface. The resulting
expression is therefore purely geometric and independent
of microscopic band-structure details. Moreover, since
the flux of the Berry curvature through a closed two-
dimensional Fermi surface is a topological invariant
associated with the homotopy class π2ðS2Þ, the integral
is strictly quantized and yields the Chern number of the
Fermi surface.
At low temperatures, the nonlinear thermoelectric

response receives contributions from states within a
thermal window of width kBT near the Fermi surface.
In a Landau Fermi liquid, however, the quasiparticle
scattering rate vanishes as τ−1 ∼ T2, meaning that quasi-
particles become asymptotically long-lived as T → 0.
Consequently, transport is governed entirely by quasipar-
ticle states in the immediate vicinity of the Fermi surface.
Provided that kBT ≪ εF, thermal broadening remains
confined to a narrow shell around the Fermi surface,
and the Fermi-liquid description remains valid. Therefore,
so long as adiabatically turning on interactions does not
induce a Lifshitz transition that alters the topology of the
Fermi surface, the quantization of the nonlinear thermo-
electric coefficient remains robust.
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