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Nonlinear thermoelectric effects offer the potential to enable new energy technologies, such as voltage-
controlled thermal switching and thermoelectric rectification. In this work, we examine how the quantum
geometry of the electron bands gives rise to nonlinear thermoelectric responses in materials with suitable
symmetries. We derive a series of nonlinear thermoelectric effects governed by the Berry curvature dipole
and the quantum metric dipole, respectively. Among them, we identify a particularly interesting quantized
thermoelectric response that directly measures the total chirality of Weyl points below the Fermi level. For
general nonlinear responses, we derive the nonlinear analogs of the Wiedemann-Franz law and Mott’s
formula. These provide a means to estimate the magnitude of nonlinear thermoelectric responses based on
existing nonlinear Hall measurements. Our estimates suggest that these effects should be observable in
several candidate materials, with In-doped Pb;_,Sn,Te standing out as the most promising. Our work
offers new insights into the experimental study of quantum geometry through nonlinear thermoelectric

measurements.
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I. INTRODUCTION

Electrons moving through a solid material carry both
electric current and heat. This dual role gives rise to
thermoelectric effects in a conducting solid material,
which allow for the conversion between electrical and
thermal energy. The strength of thermoelectric effects is
usually quantified by various linear response coefficients,
such as the Seebeck and Nernst coefficients. Research into
thermoelectric energy technologies generally aims to
maximize the values of these coefficients (while main-
taining relatively high electrical conductivity and low
thermal conductivity) [1-7].

Very recent work, on the other hand, has suggested the
potential importance of nonlinear thermoelectric effects
[8—15], in which a current response (electrical or thermal)
is proportional to the product of an electric field and
temperature gradient. Such nonlinear responses can be
generated by a variety of effects that are extrinsic to the
electron system, such as skew scattering or side-jump
scattering by impurities [16], or by the chirality of the
phonon system [15]. Here, we focus instead on nonlinear
thermoelectric effects that are intrinsic to the electron
system, driven by the quantum geometry of the electronic
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band structure. Such effects have the potential to enable
qualitatively new kinds of thermoelectric technologies,
such as voltage-controlled heat switches [17], in which a
transverse electric field controls a material’s thermal
conductivity, and thermoelectric rectifiers [18,19], in
which an ac voltage generates a dc heat flux, or vice versa.
Further, the effects we consider here are controlled by the
time scales associated with the electron system (e.g., the
momentum relaxation time) so that they constitute time-
reversal-symmetry-breaking effects that can be controlled
or switched at THz frequencies (as compared, say, to the
much slower time scales associated with magnetic switch-
ing [20]). At a more fundamental level, since the quantum
geometric response is an intrinsic property of the elec-
tronic band structure, measurements of its magnitude
provide a direct probe of the electronic quantum geometry.

A fundamental quantity that captures the geometric
structure of electronic wave functions is the quantum
geometric tensor (QGT), defined in momentum space as

Taﬂ(k) = <aka”k|akﬂuk> - <akauk|”k><uk|akﬂuk>’ (D

where |uy ) is the periodic part of the Bloch wave function
with wave vector k.

The QGT encodes both the quantum metric g (real part)
and the Berry curvature Q (imaginary part) [21-26]. While
the Berry curvature governs various topological and trans-
port phenomena—including the quantum Hall effect
[27,28], anomalous Hall effect [16,29,30], and chiral
anomaly in Weyl semimetals [31,32]—the quantum metric
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influences physical properties such as superfluid weight in
a flat band [33], exciton spectra [34], and orbital magnetic
susceptibilities [35,36]. The ability to experimentally
probe these geometric properties is therefore of great
significance.

Among the most effective probes of quantum geometry
are nonlinear Hall effects (NLHE), where an electric
current emerges at second order in an applied electric
field [37-44]. These effects arise in systems lacking
inversion symmetry and can be driven by two primary
mechanisms: (i) the Berry-curvature-dipole (BCD)-
induced NLHE, which stems from a momentum-space
dipole in the Berry curvature, and (ii) the quantum-metric-
dipole (QMD)- induced NLHE, which originates from a
similar dipole structure in the quantum metric. Crucially,
these two mechanisms transform differently under time-
reversal symmetry: BCD-induced NLHE has been
observed in time-reversal symmetric systems, while
QMD-induced NLHE emerges in P7 -symmetric antifer-
romagnets. This difference in symmetry allows the two
effects to be individually observed in experiments.

Despite the substantial theoretical and experimental
progress made in studying the electronic NLHE, the
exploration of nonlinear thermoelectric effects remains
relatively underdeveloped. In this paper, we aim to fill this
gap by formulating a unified theoretical framework for
nonlinear thermoelectric effects induced by BCD and
QMD, which offer an alternative pathway for probing
quantum geometry in materials. Specifically, of all the
different kinds of nonlinear thermoelectric effects
[8-13,45-47], we focus on the charge and heat currents
resulting from the interplay between electric fields and
temperature gradients: j,, j, « E(VT). Using Boltzmann
equations, we derive the expressions for the nonlinear
thermoelectric effects induced by the BCD and the QMD.
While the expressions for the BCD-induced nonlinear
thermoelectric coefficients were first derived in Ref. [13],
a key result of our work is the identification of a novel
quantized nonlinear thermoelectric effect that directly
measures the total Weyl chirality below the Fermi energy.
Remarkably, this effect is robust against band curvature
and interaction effects, making it an advantageous tool
for probing quantum geometry. We highlight SrSi, as a
promising material for experimental observation of this
effect. In addition, we uncover a new nonlinear thermo-
electric effect arising from the QMD) and derive it
microscopically. Building on these results, we present
simple model calculations to support experimental inves-
tigations, demonstrating the behavior of BCD-induced and
QMD-induced nonlinear thermoelectric responses with
respect to doping and temperature.

Finally, we employ Sommerfeld expansions to relate
nonlinear thermoelectric effects to nonlinear Hall effects,
enabling realistic estimates of thermoelectric responses
based on existing NLHE data. This allows us to identify a

wide range of promising candidate materials, including In-
doped Pb;_,Sn,Te, TaAs, and MnBi,Te,, with In-doped
Pb,_,Sn, Te standing out due to its sizable change in
thermal conductivity under an electric field, readily acces-
sible with current experimental techniques. A comprehen-
sive table of realistic estimates for the nonlinear
thermoelectric coefficients is provided for these materials,
establishing a concrete benchmark for future experimental
investigations.

II. THEORETICAL FORMULATION

To set the stage for detecting quantum geometry via
second-order nonlinear thermoelectric effects, we begin
with the nonlinear electrical response and its connection to
quantum geometry. The second-order conductivity tensor
o4 Telates the induced current to the applied electric
fields via j¢ = o,,.E,E., with repeated indices summed
over. A broad class of second-order responses arises from
disorder-mediated mechanisms, such as side jumps and
skew scattering, and is collectively termed extrinsic
effects. Their connection to quantum geometry, as well
as the discussion of their thermoelectric analogs, depends
sensitively on the underlying scattering processes and is
thus left for future work. The intrinsic mechanisms, on the
other hand, are determined solely by the properties of the
quantum state. They include both Ohmic and Hall con-
tributions, analogous to the linear response case. The
Ohmic part, second order in relaxation time z, accounts
for dissipative effects and arises from symmetrizing over
all permutations of a, b, c. As a natural extension of the
linear Drude term, it is referred to as the nonlinear Drude
effect. It typically involves energy derivatives and is
generally unrelated to quantum geometry. The Hall part
is then defined as the total response minus the Ohmic part
and is closely linked to quantum geometry [48]. More
specifically, nonlinear Hall effects enable direct probing of
the Berry curvature dipole and the quantum metric dipole.
Based on their 7 dependence, nonlinear Hall effects can be
classified into the following two types:

1. The Berry curvature dipole (BCD)-induced non-
linear Hall effect, with coefficient denoted as opp,
is linear in the relaxation time z. This effect arises
only when P7 symmetry is broken.

2. The intrinsic nonlinear Hall effect, with coefficient
denoted as oy, is independent of the relaxation
time 7 and occurs only when 7" symmetry is broken.
We refer to this as the QMD-induced nonlinear Hall
effect, a term that will be justified in Sec. II B.

While these two mechanisms for nonlinear Hall effects
generally coexist in noncentrosymmetric systems, their
distinct transformation properties under time-reversal
symmetry allow us to isolate them when the system
possesses either 7 or P7 symmetry.

These considerations motivate us to seek analogs of
nonlinear Hall effects that probe quantum geometry
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through nonlinear thermoelectric responses. In particular,
we focus on nonlinear thermoelectric effects driven by the
Berry curvature dipole and the quantum metric dipole. The
most general second-order nonlinear responses contain
components such as jy « EE and j, « (VT)(VT). In this
work, however, we restrict our attention to mixed
responses j,, jo &« E(VT). This choice is motivated by
two reasons. First, the mixed nonlinear thermoelectric
effect is experimentally accessible either as an electric-
field-induced correction to the thermal conductivity or as a
temperature-gradient-induced correction to the electric
conductivity (see Sec. V B). Second, as we shall see in
Sec. III, the nonlinear thermoelectric effect gives rise to a
quantized response arising from the interplay between
electric and thermal probes, which is absent in purely
electric or purely thermal channels. More specifically, the
two types of nonlinear thermoelectric effects under con-
sideration are
1. Charge current induced by the interplay between
the electric field and the temperature gradient,
Je « E(VT). Following the expression in Ref. [13],
we write

e =Y (Lige + M) EV.T, 2)
b,c

where L and M are tensors that describe the
BCD- and QMD-induced nonlinear thermoelectric
effects, respectively, and the first index 1 of the
superscript indicates the electric current, the second
index 1 indicates the electric field, and the third
index 2 indicates the temperature gradient, a con-
vention we use below. Because a temperature
gradient VT transforms under symmetry in exactly
the same way as an electric field, the symmetry
discussion for the nonlinear Hall effects continues
to hold. Therefore both L and M vanish for a
centrosymmetric system, L'? vanishes if the Sys-
tem has P7 symmetry, and M''? vanishes for
7T -symmetric system. For a generic system, the
nonlinear thermoelectric effects have contributions
from both L''2 and Mllz, but these contributions
can be singled out if either P7 or 7 symmetries are
present. In Fig. 1(a), we illustrate an instance of
these nonlinear thermoelectric effects.

2. Heat current induced by the interplay between
the electric field and the temperature gradient,
Jo « E(VT). We can express these effects as

Jo =Y (Like + MG2)ENV.T, 3)
b,c

where the first index 2 of the superscript indicates the
heat current, and all other conventions follow from

(b)

FIG. 1. Schematic illustrations of two instances of the non-
linear thermoelectric effect. (a) Measuring the change in o,,
induced by a temperature gradient VT, from which we can
extract ﬁ;g +M }1}026 (b) Measuring the change in «, induced by
an electric field E., from which we can determine L22 + /212,

the previous discussion. The heat current j, trans-
forms under symmetry in exactly the same way as the
electric current, and therefore, the symmetry proper-
ties of ﬁzu, M*'2 are exactly the same as ﬁm, M2
and opcp,ogup listed above. In Fig. 1(b), we
illustrate an instance of these nonlinear thermoelec-
tric effects.

Below, we derive the expressions for nonlinear thermo-
electric responses induced by the BCD and the QMD
based on the semiclassical equations of motion. The
contribution arising from the BCD was first presented
in Ref. [13], and we briefly recapitulate the result and
proceed to discuss its physical consequence. In contrast,
the nonlinear thermoelectric effect induced by QMD
constitutes a novel contribution, for which a detailed
derivation is in Sec. I B.

A. Berry-curvature-dipole-induced nonlinear
thermoelectric effects

In this section, we first provide a brief summary of the
semiclassical dynamics method that will be used to derive
the expressions for nonlinear thermoelectric effects
induced by both the BCD and the QMD. We then present
the expressions for the BCD-induced nonlinear thermo-
electric coefficients, namely L''2 and L*'2. The derivation
was first given in Ref. [13]. Here, we simply reproduce the
result and refer the reader to Appendix A for technical
details. We note that the same thermoelectric responses
can, in principle, also be derived within a Kubo formalism
using the thermal length-gauge approach for nonlinear
thermal transport [46], which admits a natural diagram-
matic interpretation analogous to nonlinear optical
responses [49].

Within the framework of semiclassical dynamics, one
can construct wave packets of Bloch electrons that possess
both a well-defined center-of-mass position and momen-
tum. In the presence of an E field, the position r and the
wave vector ik of an electron wave packet satisfy the
following:
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1 . .
i’:%vks—kxﬂ, flkz—eE, (4)

where the second term on the rhs in the first equation,
—k x Q, is the anomalous velocity term [23,29,50] that
arises from the semiclassical wave-packet dynamics, and
Q = (Vi uy| x |Viuy) is the Berry curvature that acts like
a k-space “Lorentz force.” The Berry curvature Q is the
curl of the Berry connection A so that Q = V. x A with
A = —i(uy |V |uy). It is worth commenting that all the
quantum geometric effects studied in this work originate
from this anomalous velocity term.

|

Q). v E=H

o= [[ldk(—ev) 2 (B -

where [dk| denotes a shorthand for the D-dimensional momentum integration measure

obtain the coefficient L2 [51]:

2
jue e dk (e —n)
abc h [ ] T

J+<>/Wﬁuvn

€bcd
— (0,1
ia)T—I—l(af)d

From the Boltzmann equation, the nonequilibrium
distribution function g, satisfies the following equation:

a‘ZA +r- vrgr,k +k- vkgr.k = Irik f ’ ()
t T

where f = 1/[exp((ex — u)/kgT) + 1] is the equilibrium
Fermi-Dirac distribution function with chemical potential
u, and we have made the relaxation time approximation
with 7 the relaxation time. If we assume the electric field is
applied at frequency w so that E(t) = Re[e''E,), we can
solve the Boltzmann equation to give the following
expression for the electric current [13] (see Appendix A):

Q) Q)

de . .
205 From this expression, we can

(e —n) e

— €apa(0.f )Qd] . (7

Similarly, we can compute the heat current induced by a temperature gradient and an electric field. The result is

=

The BCD is defined as Dgeyyy pa(€r)
weighted averages over Berry curvature dipoles:

€ped
d
iwt + 1 (9af)

Q;— eabd(acf)gd:| . (8)

= [[dk]v,Q,6(¢ — ). Then we can reexpress the above formulas in terms of

A e’r E—u €pe

LLLZL = ﬁ de ( T ) (asf) La):—i 1 DBerry,ad(E) - eabdDBerry.cd(g):| ’ (9)
fR i —— d (e —n)? _Cbed D 10

abc — _ﬁ € T ( Sf) iwr + 1 Berry,ad(e) — €abd Berry.cd(g) : (10)

At low temperature, we can use the Sommerfeld expansion to relate L''? and L' to the Berry curvature dipole (which

is defined at zero temperature):

5 i 4t dD (u) dDgerry ca (i)
Lz _e_”_ 2 €hcd® Berry,ad . erry,c oO(T3 7 11
abc flz 3 ( B ) ior + 1 d/l e €abdT d/,t . + ( ) ( )
N €pedT
L= W? (k2 T) {ﬁ Dgerry.aa(€F) — eadeDBerry,cd(gF):| +O(1%), (12)
where in the derivation we have also replaced x(T') by Fermi energy at zero temperature e using y = &5 — %25;1 (< )> (kgT)?

[52], with g(¢&) being the density of states.
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These relations are reminiscent of Mott’s formula and
the Wiedemann-Franz law in linear response. As we show
in Sec. VI below, the Sommerfeld expansion provides a
useful guide for experiments.

Finally, let us comment on the validity of the constant
relaxation time approximation employed throughout this
work. In general, the relaxation time possesses momentum
dependence and is determined by 7! = > Wy F (v,
Vi), where Wy o is the scattering matrix element and
F (v, vy) is a geometric factor depending on quasiparticle
velocities. For instance, in an isotropic system, this factor
simplifies to F = 1 — cos(fy x’), where 6y \ is the angle
between the initial and final wave vectors [53]. The energy
dependence 7(e) is typically weak for a single, simply
connected Fermi surface, where only states in a narrow
window around the Fermi level contribute and 7j is well
approximated by its Fermi-surface value. A pronounced
momentum-dependent 7; arises only when (i) multiple
symmetry-unrelated Fermi pockets introduce distinct, in-
dependent scattering channels—a scenario we discuss
in Sec. III—or (ii) the underlying scattering mechanism
itself is highly anisotropic, which we leave for a model-
dependent study.

Notably, the scattering matrix elements Wy, can carry
intrinsic quantum metric information via overlaps of Bloch
states at different momenta. However, integrating over k’
compresses this geometric information into the scalar 7
without generating new tensor structures. This smooth and
positive-definite scalar modulation is easily distinguished
from the intrinsic Berry curvature dipole contribution,
which is a highly concentrated, symmetry-constrained
rank-2 tensor that can alternate in sign.

B. Quantum-metric-dipole-induced nonlinear
thermoelectric effects

We now consider QMD-induced nonlinear thermoelec-
tric effects, defined by the tensors M"? and M?'?, which
are intrinsic effects independent of the relaxation time 7.
These effects are the thermoelectric analogs of the intrinsic
nonlinear Hall effect [42,43,54,55]. The derivation of the
expressions for M 112,M212 are entirely new, so we will
explain it in detail here.

Let us derive the coefficient #''> from the anomalous
Nernst effect, which is characterized by the generation of
transverse electric current in response to a temperature
gradient [54,56-58]:

VTT %/[dk]ﬂ[(e—ﬂ)f_ kgTIn(1 — f)]. (13)

R

This equation gives the Nernst conductivity «, defined
by (jet aljva)
Equation (13) can be understood in the following way

(we follow the quick derivation in Ref. [59]). First let us

consider the coefficient a defined as j,; = @;;E;, which
characterizes the transverse heat current in response to an
electric field. The electric-field-induced transverse heat
current can be represented as the entropy density multi-
plied by the anomalous velocity (since this component of
the heat current is perpendicular to the electric field, it has
no associated dissipation and is described by the thermo-
dynamics of reversible processes, which dictates that the
energy current is equal to 7" times the entropy current [60]).

This expression gives

e

ph

where s(k) = —fy log(fi) — (1 — fi) log(1 — fy) is the
entropy of electrons with wave vector k. We then use the
Onsager relation @ = @/T to obtain the Nernst conduc-
tivity, which gives us Eq. (13).

This derivation of Eq. (13) assumes implicitly that the
Berry curvature is unmodified by the electric field. But the
presence of an electric field generically modifies the Berry
connection A and therefore also the Berry curvature Q.
To linear order in field, we can write

Jo = (14)

/[dk](Exm (K).

A; = Aa + eGabElw (15)
where the physical Berry connection is denoted A’, and
A, = —i(up|Vy |ug), with the subscript 0 indicating the
band index of the electronic wave function under consid-
eration. G, is termed the Berry connection polarizability
tensor in the literature [55,61]. The physical origin of G,
is the first-order correction to the eigenstate |ug) of the
Hamiltonian when perturbed by an electric field, and
hence it can be conveniently calculated as

On Ab

ab_2RZ s

n;éo l‘l

(16)

where (A,)q, = —i{uo|Vy |u,) is the interband Berry
connection between band 0 and band n (and (A,),, is
similarly defined). It is worth noting that although .4, and
A, are gauge-dependent, the first-order correction ¢G ,, E),
is gauge invariant, as can also be seen from the explicit
expression for G given above (c.f. Ref. [55]). Note that
only the interband Berry connection appears in the Berry
connection polarizability, with A, = i(en w— for n # m,

where  v,,,,(k) = 1 (k| Vi H(K) i) s the velocity
matrix element. Since velocity matrix elements and band
energies are gauge invariant, this form makes the gauge
invariance of the Berry connection polarizability, Eq. (16),
more explicit.

Inserting @' =V x A" and Eq. (15) into Eq. (13)
and extracting the part that is proportional to (VT)E,
we arrive at
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o= =@ [@hI(G By e - o, ()

where the bold symbol G indicates its tensorial nature.
From it we get

mz = -2 / [dK)(Gupve — Gepvy) (e — p)oef.  (18)

The coefficient M>'? can similarly be derived starting
from the expression of the linear thermal Hall response and
considering the first-order correction to the Berry curva-
ture in an electric field.

The thermal Hall response coefficient has been widely
studied in the literature, and its derivation involves
techniques beyond the scope of this work [57,62-65].
Here, we simply state the result and refer interested readers
to the relevant literature:

k3T

jo=~"8vrx [laal5 +pe—urs

—In?(1 — f) — 2Liy(1 —f)}, (19)

where Li,(x) is the dilogarithm function.

In the presence of an electric field, the Berry curvature
receives a correction that is first order in the electric field.
Once again utilizing Eq. (15) and replacing Q by

=V x A’, the desired nonlinear response originating
from the interplay between VT and E can be written as

o= e x [IIG B xvl(e—ppas. @0

which yields

Mﬁﬁ = —;/[dk](Gava - Gcbva)(g —pt)zagf. (21)

Similar to the case of BCD-induced nonlinear thermo-
electric effects, we can utilize the Sommerfeld expansion
to relate the #''? and M*"? to the intrinsic nonlinear
Hall coefficient at zero temperature. To this end, we
recall the definition of the intrinsic nonlinear Hall coef-
ficient [42,43]:

OINH,abc (ﬂ) = —83 /[dk](Gab Ve — Gbcva)aef- (22)

We can then express the intrinsic nonlinear thermoelec-
tric coefficients as a weighted integral of oy 4, OVer
different chemical potentials at zero temperature:

1
411}7% (:u’ ) = _e_T/ dg(g - ﬂ)(asf)GINH.abc(& T= O>7
(23)

1
My (u.T) = _ez—T/ de(e—p)*(0ef)oinm.ape (6. T =0),
(24)

Therefore, at low temperature, we can once again use
the Sommerfeld expansion to relate M 12 and M*'2 to oy

ﬂ_ZICJZQ_TdUINH,abC (Iuv T = O)

My (u.T) = +O(1?).
Rt =272 e B
(25)
0212 7 (kg\? 3
Mpe(u. T) = 3\ Townape(er, T = 0) + O(T°).

(26)

Let us now comment on the quantum geometrical
meaning of the intrinsic nonlinear thermoelectric response.
First, we recast the quantum metric g, 3 = Re(T, ) for a
band 0 in terms of the interband Berry connection:

Yab = Rez

n#0

On ('Ab nO (27)

Comparing with the definition of Berry connection
polarizability Eq. (16), we find that the only difference
is the energy denominator. In the special case of a 2-band
system labeled by band indices O and 1, we have a direct
relation: G2Pand = 2g2band /(g — ¢,

If the system consists of multiple bands, then, in general,
there is no direct relation between G, and g,,. But if the
quantity Re[(A,)q,(Ap),0] only takes significant values
for band n = 1 that is close to band 0 in energy, i.e., when
the wave-function mixing between states in band n # 1
and 0 are small, the summation can be restricted to bands
0, 1 and the two-band approximation still holds. To assess
the role of remote bands, we consider a simple three-band
setting in which a low-energy subspace is coupled to a
distant band separated by an energy scale A > |y — &].
Using A, = - En”_”’gm), interband processes involving the
remote band necessarily enter through virtual transitions.
The resulting correction to the Berry connection polar-
izability is therefore parametrically suppressed as
8G ~ v?/A3, demonstrating that remote-band contribu-
tions are subleading in the well-separated limit. This
confirms the quantitative validity of the two-band descrip-
tion when A is large. We further note that this behavior
is consistent with model studies of quantum metric
dipole nonlinear responses. For example, in topological
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antiferromagnetic systems, it has been shown that the
dominant contribution arises from Dirac surface states,
while remote bands contribute only weakly [44].

Let us now consider the case of two bands denoted as
band O and band 1 and explicitly illustrate the role of
quantum metric dipole in nonlinear thermoelectric effects.
Let us further replace the energy difference &, — &; by
some typical energy splitting € which depends approx-
imately linearly on the chemical potential u.

The quantum metric dipole for a band is defined as [44]

DMelric,ahc (EF) =h /[dk] (gabyc - gcbya)é(g - SF)'
(28)

Then the intrinsic nonlinear thermoelectric responses
can be expressed as

N e’ £—p
111}726 - ﬁ/ de ( F ) (aef)DMetric,ahC(g)v (29)
2
N e e—u
Mﬁﬁ = _ﬁ dg( F ) (aef)DMetric,abc(E)' (30)

From the Sommerfeld expansion, we can derive that

A R d [Dytetsic.abe (1)
M(IIIZC u) = e_ﬂ_ sz “ |: Metflc.abc :| +0 T3 7
b() h3(3)d//¢ 8(//{) e ( )
(31)
and
7212 e > DMctricabc(£F> 3
Mape(n) = —— (k3T) ———~——+ O(T°). (32

h3 E(ep)

Therefore, at low temperatures, the quantum metric
dipole and its derivative with respect to the chemical
potential directly govern the intrinsic nonlinear thermo-
electric effects. Equivalently, the quantum metric dipole
can be extracted through nonlinear thermoelectric mea-
surements in this regime.

III. A QUANTIZED NONLINEAR
THERMOELECTRIC EFFECT

One remarkable consequence of our results is a quan-
tized nonlinear thermoelectric effect, which we describe in
this section. First, the trace of the Berry curvature dipole
tensor is a constant that reflects the total chirality S
(following the notation of Ref. [66]) of Weyl nodes below
the Fermi energy and can be represented as

S
Tr(Dgerry) = @ (33)

When inversion symmetries and mirror symmetries are
broken (i.e., in chiral structures), Weyl nodes with opposite
chiralities are in general at different energies and hence
St can be non-zero when the chemical potential lies
within certain energy windows.

Our crucial observation is that the trace of the Berry

curvature dipole can be obtained by performing a cyclic
summation over the thermoelectric coefficients L2} where
a, b, c cycle through the permutations of spatial directions

X, ¥,z

§ : £212 _ 7212 7212 7212
L = nyz + Lyzx + szy

cyc. sum
ot Ja =1 o ) Tr(Dgery(6). 34
T iwr+1 ) T\ Berry \£))-

Now consider a system in an ac electric field with
w7 > 1 at low temperature (e.g., under THz light). In this
limit, the above expression can be simplified to the
following form:

A 63
> e LT S, (35)
cyc. sum

where we have used the Sommerfeld expansion Eq. (12)
and the definition Eq. (33), we have approximated

iwt_~ 1, and Ly =% (%2)2 is the Lorenz number.
iot+1 3 \e
Equation (35) is the central prediction of this section.

Put another way, it predicts the following quantization law:

A 63
( > Lm) / (—#Jr) =Soe  (36)
cyc. sum

with S, an integer.

Several comments about this result are in order. First,
the experiments can be done as the combination of three
separate experiments. The only nonuniversal constant on
the rhs of Eq. (36) is the relaxation time z, which can be
extracted, for example, by ultrafast pump-probe experi-
ments. An alternative approach would be to do the
measurement of 3 .. L*? with electric fields at
different frequencies, thereby extracting both the value
of 7 and the part (—Z—;LOT -S,,1) by fitting the following
form as a function of w:

3 )
£912 - e LT

cyc. sum

Specifically, by measuring the response at two distinct
frequencies, @w; and @,, and taking the ratio of these
signals, one obtains an equation involving z as the only
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unknown parameter according to Eq. (37). The relaxation
time can then be determined directly and used to isolate the
universal topological contribution to the response.
Second, a key advantage of the nonlinear thermoelectric
effect over the nonlinear Hall effect lies in the fact that the
temperature gradient is applied at zero frequency, while the
electric field can have a finite frequency. This distinction
allows us to access the trace of the Berry curvature dipole
at large @. In contrast, the nonlinear Hall effect behaves
quite differently. Starting from the expression for the

BCD-induced nonlinear Hall response [38]: opcp ape =

adcmDBeﬂy »a and applying the symmetrization

procedure discussed in Ref. [66]—namely (b < c,
W < —W)—Wwe obtain OBCD.xyz T OBCD, yex + OBCD 2y =

2(1+1(f)r) Tr(DB@H’y) + 2(1 larr) Tr(DBeHy) = lli(:l)};:r2 <DB°1TY)'
This expression decays as 1/w at large @ and becomes
appreciable only in a narrow window around w ~ 1/7,
making experimental detection challenging. We also briefly
comment on a recent proposal, Ref. [67], which employs a
cyclic experimental protocol to probe quantized nonlinear
Hall responses. Their setup relies on the difference in
scattering times between Weyl nodes of opposite chirality,
leading to a low-frequency response proportionaltor, —7_.
At high frequencies, the nonlinear Hall response still decays
as 1 /w following our discussion above. For the material CoSi
studied in Ref. [67], S;s = 0, and thus Eq. (36) appears
to yield zero. However, due to the imbalance between 7,
and 7z_, the nonlinear thermoelectric response described

above still survives and yields a value (3 cyc sum L*2)/

[— Z—i LoT(z, —7_)] =~ C, where C denotes the total number
of pairs of Weyl nodes below the Fermi energy.

Third, unlike the seminal prediction of the quantized
circular photogalvanic effects (CPGE) [68—71], our result
remains robust despite variations in band geometry and
interactions and holds well within an extensive temper-
ature range. The quantized CPGE relies on a low-energy
two-band approximation, and therefore, it receives correc-
tions from higher bands. CPGE also corresponds to real
optical absorption processes, and therefore, the quantiza-
tion law is modified when interactions are present [72]. Our
nonlinear thermoelectric response, in contrast, is a Fermi-
liquid property that involves only the quasiparticles at the
Fermi surface at low temperatures. Consequently, it is
expected to remain quantized regardless of band disper-
sions and interactions. More explicitly, following the
prescription of Refs. [30,73,74], the fact that the inverse
of the exact Green’s function is strictly Hermitian at the
Fermi surface allows the quasiparticle Bloch state to be
defined as its eigenvector with a zero eigenvalue.
Consequently, the Berry connection and Berry curvature
are well-defined on the Fermi surface even for an interact-
ing system, resulting in the robustness of the quantized
response. We defer a more detailed discussion to
Appendix B

Now let us consider the temperature dependence. Notice
that S, is a step function and only changes value when the
Fermi energy sweeps across a Weyl node. Assuming that
the closest Weyl node is at an energy +A relative to the
chemical potential, the weighting function in Eq. (34) can
only take values beyond that energy scale when kT = A.
We therefore expect the quantization law Eq. (36) to hold
well when k3T <« A. Given that A is typically on the
order of several tens of meV, the temperature range in
which the quantization law holds well in practice can be
quite broad.

Ideal material candidates for observing the quantized
nonlinear thermoelectric effect are those with a large
energy difference between Weyl nodes of opposite chi-
rality. For example, the chiral Weyl semimetal SrSi, has an
energy offset of ~0.1 eV between double Weyl nodes [75],
CoSi has an energy offset of ~0.2 eV [70,76], and RhSi
has an energy offset of ~0.65 eV [69].

(a)
@ +1 Weyl Node
@ -1 Weyl Node
Occupied States
—-—- Fermi Level

EF+0.06eV
Er

L
o
kS

cyc.sum

02
0 100 200 300

Temperature (K)

FIG. 2. Nonlinear thermoelectric responses dominated by the
trace of the Berry curvature dipole. (a) A schematic picture of
the bands. We consider a pair of Weyl nodes with opposite
chiralities. The energy of the “41” Weyl node is lower than that
of the “—1” Weyl node with an energy offset of 0.1 eV. The Fermi
energy is 0.04 eV above the “+1” node. (b) The temperature

dependence of 3.y qum L= Li‘lg + nglf + L212 At temper-
atures below ~50 K, the Sommerfeld expansion is highly
accurate, from which we can extract the quantized value of

the total chirality S;,; below the Fermi energy.
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We now demonstrate the temperature dependence of the
quantization law [Eq. (36)] by a simple example calcu-
lation that considers a single pair of Weyl nodes with
opposite chiralities for which the energy of the “+1” Weyl
node is lower than the energy of the “—1” Weyl node by
0.1 eV. We take the Fermi energy ¢ to be 0.04 eV above
the “+1” Weyl node, and we calculate D .. um L' using
the integral expression of Eq. (34). The chemical potential
u depends only very weakly on temperature at k3T < e,
so we assume a constant y = 0.04 eV in our calculation.
Thus, we have Tr(Dpeyy(e—ep)) =1/(4x%) for
—0.04 eV < e —¢ep < 0.06 eV and zero elsewhere. The
results are displayed in Fig. 2, and a quantization plateau of
(2 eye. sum L%/ (—Z—ZLOTT) ~ 1 is clearly observed for
temperatures below ~50 K.

We conclude this section by discussing the experimental
conditions on @ and T for observing such quantized
responses. For a system with a relaxation time of approx-
imately 7 ~ 10 ps, the condition w7z > 1 can be readily
achieved using terahertz-frequency light. Furthermore, for
the candidate materials SrSi,, CoSi, and RhSi, the char-
acteristic energy offset is A = 0.1 eV. We note that for
T < 100K, the condition kzT < A is well satisfied, and
the next-to-leading correction in the Sommerfeld expan-
sion of Eq. (34) is small, as confirmed in Fig. 2.

IV. MODEL CALCULATIONS

In this section, we use two models to illustrate nonlinear
thermoelectric effects. The model calculations also serve
as a guide for optimizing signals based on doping levels
and temperatures.

A. Weyl node with band-bending for BCD-induced
nonlinear thermoelectric effects

The necessary ingredient to capture the antisymmetric
part of the BCD is the introduction of quadratic terms
in the dispersion relation. Therefore, we consider the

(b)

FIG. 3.

-1.0 -05 0.0 05 1.0
k(107241

following model Hamiltonian, which describes two
Weyl nodes of opposite chirality [77]:

A — (hk,)?
H:hvxkxax—i—(iy)

P + hv,k,0, + hu.k.0y.

(38)

For 4 > 0, there are two Weyl nodes separated by a
distance of 2+/A/A. (The velocity near the Weyl point in
the y direction is v, = \/m /m.) For negative A, there is a
band gap between the conduction and valence bands equal
to A= % Numerical plots below use the following
parameter values: Av, =1 eV A, vy = v, = 100y, u, =
SUy,ﬁ =10 meV, and 7z =10 ps. See Fig. 3 for an
illustration of the dispersion relation, Berry curvature,
and Berry curvature dipole of this model Hamiltonian. We
take e = 7 meV and study the temperature dependence of
various thermoelectric responses.

A note on the choice of parameters: this model describes
a pair of Weyl nodes with finite tilt u, = 0.8v,, where the
Fermi velocities are v, = v, ~ 10® m/s, which are typical
values for Weyl semimetals. The relaxation time corre-
sponds to that of a relatively clean system, while v, is taken
to be suppressed due to the proximity of the two Weyl

nodes. The nodes are separated by 2v/1/h ~0.04 A7,
consistent with a scenario where two Weyl nodes emerge
from the splitting of a Dirac semimetal under weak
inversion-symmetry breaking.

In the following, we focus on the antisymmetric part
(Dgerry.xy — DBerry yx)/2 of the BCD. This is because, for
materials such as TaAs, in the transition-metal monop-
inicide family, the crystalline point group C,, constrains
the BCD tensor such that the only nonzero elements are
Dgerry vy = —Dgerry,yx (see Table I). As a result, only the
antisymmetric component of a single Weyl node pair
contributes to the total Dgeyy ,, after averaging over all

x 10%V A2

-1.0 -05 0.0 05 1.0
k,(1072A°1)

Plot of the dispersion relation, Berry curvature, and Berry curvature dipole of the model Hamiltonian defined in Eq. (38).

(a) Dispersion relation of the Hamiltonian in the k, = 0 plane, which consists of two Weyl nodes with opposite chiralities that are
separated along the k, direction. (b) The y component of Berry curvature, €, in the k, — k, plane with k, = 0.3 A~!. Notice that the
Berry curvature distribution is centered on the two Weyl nodes. (c) The distribution of the quantity Avy ,Q, in the k, — k, plane with
k, =03 A~ Integrating this quantity over the Fermi surface gives the Berry curvature dipole D,,. We have also plotted the contour
describing the Fermi surface with ey = 22 meV. '
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TABLE 1. Symmetry-allowed forms of the BCD tensor
Dgery app» Which transforms as D' = det(U)UDU" under a point
group operation U. Only noncentrosymmetric systems (NCSs)
permit a nonzero BCD. The coordinate system is chosen such
that, whenever present, the principal rotation axis is aligned with
the z axis and the mirror plane m, coincides with the yz plane.
For the cubic groups O and T, Dgeyry, 4 & S4p,- Point groups not
listed do not admit a nonzero BCD.

NCS PGs Matrix form of Dgepry a5

C, General form
G D, D, 0
Dy, D,, 0

0 0 D,

C3.Cy. G Dy, D, 0
-D,, D, 0

0 0 D,

Cs 0 D, D,
Dy, 0 0
D, O 0
G 0 D, O
D, 0 O
0 O

C3v7 C4v’ C6v 0 ny 0
D, 0 O

0 0 0
D, D, 0 0
0 b, O

0 0 D,
D3, Dy, Dy D, O 0
0O D, O

0 0 D,
0’ T DBerry,ab 53 6ab
S4 Dy, D, 0
ny _Dxx 0

0 0 0

symmetry-related Weyl node pairs. The thermoelectric
responses are computed via Egs. (9) and (10), and the
results are displayed in Fig. 4. Two remarks are in order.
First, at high temperatures, the Berry curvature dipole is
averaged over a broad energy window and becomes
smeared out. Second, in the low-temperature regime, the
Sommerfeld expansions [Eqgs. (11) and (12)] hold well,
and the coefficients L''? and L?'? are expressed in terms of
the zero-temperature Berry curvature dipole and its energy

derivatives, multiplied by temperature 7" and universal
constants. As a result, they exhibit a linear-in-7 enhance-
ment at low temperatures, which is evident in Figs. 4(c)
and 4(d).

B. Massive Dirac node for QMD-induced nonlinear
thermoelectric effects

We now consider a massive Dirac node respecting P7
symmetry following Refs. [42,43]. Owing to the P7T
symmetry, the Berry curvature vanishes at every k point;
as a result, the Berry curvature dipole is absent, making the
quantum metric dipole effect stand out as the dominant
contribution to the nonlinear thermoelectric effect. The
Hamiltonian is

H = h(vik, 760 + v,kyt,0, — uk, 1960 + vk, 7,00)
+ Aryaz,
(39)

where ¢ and 7 are two sets of Pauli matrices acting on the
spin and orbital degrees of freedom, respectively, follow-
ing the notation of Ref. [42]. The P7 symmetry is
represented by —io, KC where K is the complex conjugation
operator taking i— —i. We take A =35 meV,
y=1v,=3¢eV A/h, and u, = 0.8v,, corresponding
to a Fermi velocity v~ 10° m/s and a small gap scale
typical of narrow-gap Dirac semimetals. The tilt parameter
u,/v, =0.8 describes a moderately tilted Dirac
dispersion. In determining the temperature dependence
of the chemical potential and hence the nonlinear thermo-
electric responses, we have chosen ¢r =9 meV and
assumed the total electron density is fixed. See Fig. 5
for an illustration of the dispersion relation and the
distribution of quantum metric and quantum metric dipole
in the Brillouin zone.

With these parameters, we have computed the intrinsic
nonlinear thermoelectric effects induced by the quantum
metric dipole using Eqgs. (22)—(24). The results are dis-
played in Fig. 6.

The behavior of the QMD-induced nonlinear thermo-
electric effects discussed here closely parallels that of the
BCD-induced nonlinear thermoelectric response discussed
in the previous subsection. In particular, the quantum
metric dipole is thermally smeared out at high temper-
atures resulting in a suppression of opny. The responses
M'"'? and M*'"? also exhibit a linear-in-7 enhancement at
low temperatures, consistent with the Sommerfeld expan-
sions [Eq. (25)], which relate them to oy and its energy
derivatives multiplied by 7. In the two-band limit consid-
ered here, Egs. (31) and (32) further allow for direct
extraction of the quantum metric dipole and its energy
derivative.

Ve =70
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@) .04 - (b) o000
- 0‘:\]\[\ =-0.01
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FIG. 4. Berry curvature dipole contribution Dgeyy .y to the nonlinear electric/thermoelectric responses for the model Hamiltonian
shown in Fig. 3. (a) The u dependence of Berry curvature dipole Dgeyy v, at T = 0. The inset shows Dpeyyy 1, Over a broader range of
chemical potential. (b) The temperature dependence of Dgeyyy ,, With a fixed e = 7 meV. The inset shows the temperature dependence
of p assuming a fixed electron density. (c),(d) The temperature dependence of ﬁ}éf and iig with a fixed e =7 meV. The T
dependence of y is the same as that in the inset of (b).

h'UF..l?g.l/l' — hvp, y9ur

’f 0F (meV)

x 10°eV A®

[
/‘ —50

-1 0 1 -1 0 1
k, (1072271 k. (107*A1)

FIG. 5. Plot of the dispersion relation, quantum metric, and quantum metric dipole of the model Hamiltonian defined in Eq. (39).
(a) Dispersion relation of the Hamiltonian in the k, = 0 plane. (b) Distribution of the quantum metric g,, in the k, — k, plane with
k, = 0. Notice that the quantum metric is centered on the massive Dirac point. The value of g,, is an order of magnitude smaller than
gxy and is therefore omitted here for clarity. (c) Distribution of the quantum metric dipole #(v,g,, — v,9,,) in the k, — k, plane with
k, = 0. We have also plotted the contour describing the Fermi surface with ¢z = 9 meV. The quantum metric dipole is primarily
concentrated around k, = k, = 0.

V. EXPERIMENTAL CONSEQUENCES can be nonzero in systems respecting P7 symmetry.
) A complete symmetry analysis of the intrinsic nonlinear
A. Symmetry constraints Hall effects can be found in Table I of Ref. [42] and applies
The symmetry properties of L and M dictate the  to M''? and M*'2.
symmetries of the BCD-induced nonlinear Hall effects The Levi-Civita symbol in the definition of the L tensors

and intrinsic nonlinear Hall effects. Both effects require the
breaking of inversion symmetry. The Berry curvature d1p'01.e we have listed all possible components of 2112 and 1212,
can be nonzero in systems respecting 7 symmetry, but it is . .
zero in systems respecting P7 symmetry. Its symmetry 25 well as the Berry c.urvature dipoles related to therp via
transformation rule can be found in Refs. [38,78]. For ~ Eds- (9) and (10), in Tables II and III, respectively.
completeness, we list the nonzero components of Dpe,, ., ~ The coefficients M2 and M2!% are antisymmetric with
for all the point groups (PGs) in Table Table I. The quantum  respect to the exchange of a and c¢ and are otherwise
metric dipole is zero in systems respecting 7 symmetry but  unconstrained.

implies constraints on their nonzero components. Therefore,
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Intrinsic nonlinear electric/thermoelectric responses for the model Hamiltonian depicted in Fig. 5. (a) The u dependence of

the intrinsic nonlinear Hall response oiny, .y at 7 = 0. (b) The temperature dependence of iy, With a fixed e = 9 meV. The inset
shows the temperature dependence of the chemical potential 4 assuming a fixed electron density. (c),(d) The temperature dependence of
M)l}(f and M%}o% with a fixed ez = 9 meV. The T dependence of y is the same as that in the inset of (b). This example uses m = 5 meV,

vy =,

Therefore, one can experimentally distinguish the
underlying mechanisms of these nonlinear thermoelectric
responses by examining their distinct symmetry properties
under time-reversal and crystalline symmetries.

B. Experimental setups

We can recast the nonlinear transport coefficients in a
way that makes their physical meaning transparent. First
we notice that the coefficients ﬁ”z, M2 can be viewed as
describing the temperature-gradient-induced change of
electric conductivity. To be more specific, we have

Jjé=0wEy + (Lij: + M) EN, T
= (6ap + LypiV. T + M}V T)E,. (40

Therefore L)}2 and M.}% can be viewed as the coef-
ficient of linear correction to o, in the presence of V_.T.

Similarly, we have

i =k VoT + (Lo + M EN T
= (—Kap + LichEc + MIGEIV,T. (A1)

ach
so that 22 and M>'? can be viewed as the electric-field-
induced correction to the thermal conductivity. Note that
the above framework yields a response linear in both E and
VT. From an experimental protocol perspective, this

=v,=3eVA/n, u, = 0.8v, as parameters for the Hamiltonian in Eq. (39).

allows one to eliminate contributions proportional to
E,E, and (V,T)(V.T), which are even under sign reversal
of either E or VT, and thereby isolate the mixed term
within this framework.

VI. DISCUSSION

In this work, we derived nonlinear thermoelectric
responses induced by the Berry curvature dipole
[Egs. (7) and (8)] and the quantum metric dipole
[Egs. (18) and (21)], providing a theoretical framework
for probing quantum geometry through nonlinear thermo-
electric measurements. We used this framework to identify
a quantized nonlinear thermoelectric effect that directly
detects the Weyl node chirality [Eq. (35)].

Candidate materials for observing nonlinear thermo-
electric effects include Weyl semimetals and topological
insulators near topological phase transitions [79-81],
where the quantum metric and Berry curvature diverge
near Weyl nodes or band-touching points, leading to
potentially large effects. As there are already plenty of
DFT calculations and experiments on the BCD- and QMD-
induced nonlinear Hall effects, we can utilize the
Sommerfeld expansion to give a realistic estimate of the
nonlinear thermoelectric signal in candidate materials.
Promising candidates include transition-metal monopini-
cide Weyl SMs such as NbP, NbAs, TaAs, TaP, and
transition-metal dichalcogenide Weyl SMs such as
MoTe, and WTe,, chiral Weyl SMs such as SrSi,,
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TABLE II. Temperature-gradient-induced electric responses.
For a dc electric field, the nonlinear response can be obtained by
integrating  —ez(€peyDperry.aa + €apaDperry,ca) according  to
Eq. (9). We have listed the BCDs that are integrated in the last
column. At low temperatures, the response is proportional to
derivatives of Berry curvature dipoles according to Eq. (11).

TABLE III.  Electric-field-induced thermal responses. For a dc
field, the response can be obtained by integrating
(€bcaDRerry.ad — €abaDPperry.ca) according to Eq. (10). At low
temperatures, we can utilize the Sommerfeld expansion, and
the response is proportional to temperature times the Berry
curvature dipoles at €5 according to (12).

Modified Temperature ~ Corresponding  Corresponding ~ Modified ~ Electric field ~ Corresponding  Corresponding

o gradient direction L BCDs K direction 212 BCDs

Oy VT, Not available 0 Ky E, Not available 0
VT, Ly D, E, 222 -2D,.
VTZ i;}cg _ny E. ﬁﬁlﬁ 2ny

Oxy VT, I:}C;)ZC —2D,, Kxy E, 12)201(% D,,
v, i D, E, i D,
VTZ i,)l(ig Dxx 74 Ez i}%l\Z} _DXX + D,V}’

O VT, L2 2D, Kz E, L2 D,,
VT, i —D, + Dy, E, i D, —D..
VT, L2 Dy E, L Dy

Oyx VTx l:ll)lci sz Kyx Ex i‘%g sz
VT, L2 2D,, E, 122 -D,,
VT, ]:;)lf —D,,+ D, E, [:313 D,,—D,,

Oyy VT, i;;z _DyZ Kyy E, I:%)lcf 2Dyz
VTy Not available 0 E, Not available 0
vr. e D, E. 721 -2,

oy VT, L1 Dy, — Dy, Ky E, i —Dy, +D..
VT, i —2D,, E, iz Dy,
VTZ i;lg _DZX Ez i%}g _sz

Ozx VT.X I:;}o% _ny Kox Ex ﬁ?g _ny
VTy i;g D, — Dyy Ey [A,%)IU% =D + Dy
VT, I:;chg —2D y E; 1:213 D,

Ozy VT, iéyl)% Dy =D Kzy E, i%iyz D..— Dy,
VT, Ll Dy, E, Ly? Dy,
VTZ ﬁ;é? 2Dz)c Ez i?zl)z, _sz

.. VT, L2 D, K. E, 1212 -2D,,
vr, it D., £, R 20,
VT, Not available 0 E. Not available 0

CoSi, RhSi, and magnetic topological insulator

MnBizTe4 [44,82]

As a closing comment, let us focus on one especially
promising candidate material, In-doped Pb;_,Sn,Te, and
summarize other candidate materials in Table IV. For the
purpose of making order-of-magnitude estimates, we use
the following physical parameters throughout our estima-
tion [83]:

1. The relaxation time 7, which we take to be 10 ps.

2. External electric field £, which we take to be
~10% V/m.

3. Temperature gradient VT, which we take as
~1 K/mm.

In-doped Pb;_,Sn,Te has an experimentally observed
giant Berry curvature dipole Dy v, ~ 10 when the temper-
ature is around 10 K [84,85] and the chemical potential
1~ 10 meV relative to the Weyl nodes. After the formation
of ferroelectric order, the material has a polar axis along the z
direction. In order to observe the BCD-induced nonlinear
thermoelectric effects, we can either measure the change of
o, inthe presence of VT or the change of k., in the presence
of £, (see Tables II and III for other Dy ,,, measurement
setups). For our estimate, we assume that the material
has Dgeyy o, = 10 over an energy range of ~10 meV so

that the energy derivative dD/du~ 1 meV~!. Using the
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TABLE IV. Candidate materials for experimental observation of nonlinear thermoelectric effects. In the estimation, we have used
relaxation time 7 = 10 ps, £ = 100 V/m, VT =1 K/mm throughout. We have also used 7 = 10 K throughout with the only
exception being the chiral Weyl SM case with 7 = 100 K. In estimation, we have used Sommerfeld expansions [Egs. (11), (12), (25),
and (26)], which enable us to infer the value of nonlinear thermoelectric responses from the existing nonlinear Hall measurements or
DFT calculations. In estimating £.''? and #''? based on Egs. (11) and (25), we need assumptions on the energy derivative of BCD/
QMD, which is characterized by a typical energy scale Au over which Dpeyry / Dyieyic Varies significantly. We estimate this energy scale

based on existing DFT calculations on band structures.

Geometric Measurement Values used in Magnitude
Material candidate T symmetry quantity setup estimation of response
NbP (TMMP family) Nonmagnetic Digerry xy E. induced k., Diperry vy ~ 20 4 mW/(K m)
V.T induced o, Ap ~ 10 meV 4 S/m
MoTe, (TMDC family) Nonmagnetic Dgerry xy E. induced k,, Dgerry xy ~ 1 0.2 mW/(K m)
V.T induced o, Ap ~ 50 meV 40 mS/m
(Pb;_,Sn,),_,In,Te Nonmagnetic Dgery .y E, induced K, Diperrycy ~ 10 2 mW/(K m)
V.T induced o, Ap ~ 10 meV 2 S/m
SrSi, (Chiral Weyl SM) Nonmagnetic ~Weyl chirality S,,, Sum of the following: T =100 K 0.24 mW/(K m)
E, induced «,,
E, induced «_,,
E, induced «,,
MnBi, Te, Magnetic Djetsic yxx E, induced x,, ONHye ~ 10 mA/VZ - 0.25 pW/(K m)

V,T induced o,, Ap~0.1eV

30 uS/m

Sommerfeld expansion as given in Eq. (11), we obtain a

realistic estimate of the temperature-gradient-induced cor-

rection to electrical conductivity at 7 = 10 K as follows:
e’ n?

. dDperry vy
L}C;,%VXT~W 3 k%Tr<2%> (V,T)~2S/m,
U
(42)

which is a sizable effect.

Similarly, using Eq. (12), we obtain a realistic estimate
of the electric-field-induced correction to thermal conduc-
tivity at 7 = 10 K as follows:

3
12e ~ LOT%DBerry,xysx ~1mW/(Km), (43)

which is a measurable effect with available experimental
techniques [86,87].

Throughout this work, we have limited our discussion
to effects driven by the quantum geometry of the electron
system. But phonons play a significant role in thermal
conductivity, raising the natural question of whether they
interfere with the effects we predict. One possible mecha-
nism for phonon-induced electric-field dependence of «
can be described as follows [88]. In ferroelectric materials,
the electric field affects the phonon dispersion, which in
turn modifies the thermal conductivity along the field
direction. Crucially, this mechanism is purely longitudinal
and is fundamentally distinct from the transverse nonlinear
responses derived in this work, which are rooted in Berry

curvature effects of the electron system, with L2!2 and

Mﬁﬁ identically vanishing. For this reason, a compelling
demonstration of a quantum geometry-driven nonlinear
thermoelectric effect may involve observing either a
transverse response or a consistency between both a
E-induced modification to x and a (VT)-induced modifi-
cation to ¢ in the same material. Alternatively, one could
examine the doping dependence of the effect across
multiple samples, since doping strongly affects the BCD
by changing the Fermi energy but has little influence on
the phonon system. Preliminary measurements in In-doped
Pb,_,Sn,Te observe a field-induced modification of the
longitudinal thermal conductivity on the order of
1-10 mW/(K m), as compared to an overall magnitude
k~2 W/mK (which is phonon-dominated) [89]. These
measurements are consistent with our theoretical estimates
above. Other more exotic phonon-related mechanisms
might still emerge. We leave the exploration of these
interesting possibilities for future study.

Finally, we note that nonlinear thermoelectric responses
can be extended to other condensed matter systems,
including superconductors [90-93] and magnonic systems
[94-97], providing new ways to experimentally explore
quantum geometry in these materials.
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APPENDIX A: DERIVATION OF BCD-INDUCED
NONLINEAR THERMOELECTRIC
COEFFICIENT

We provide a derivation of the BCD-induced nonlinear
thermoelectric responses here. A similar derivation was
provided in the high-energy context in Ref. [10] and in the
condensed matter context in Ref. [13].

The nonequilibrium distribution function g, satisfies
the following equation:

fo

dg —
rk_|_r vrgrk"'k vkgrk_ ’kT ’

ot

(AD)

where 7 is the relaxation time. Assume the electric field is
at frequency w: E(t) = Re[e''E,), then we expand

9= [+ gvr+ gevr, (A2)

where gyr « VT, and gpyr o« EVT. Keeping terms up to
the same order, we can solve for gy; and gpys. First, for
gy, we have

of
=— VT A3
gvr tlv- VT oT (A3)
Next, for gpyr, we have
iogpyr + 1 Vi f(r) = —gpvr /7, (A4)

where f(r) is in the local equilibrium with a position-
dependent temperature 7'(r). Inserting it into the equation
of motion, we have

T
iwt + 1

f

gpvr == ((EXQ) VI (AS)

The transport coefficient can be obtained from

= [[dk] [[dr](—ek)g. Then L''? has two contributions
from the second-order nonlinear distribution function and
the anomalous velocity. The result is

o= [len bt ) 91 o s

+eo) [y v 7 o) (B x0).

(A6)

From this expression, we can obtain the coefficient

abc
2
jue €7 [dK] (e—n)
abc f T
(A7)
€bcd
0.f)Qy — 0.f)Rqy|.
|:lC()T+1(uf) d eubd( Lf) d
Similarly, from the definition of heat current
Jo =Jr—Hj. we have jo = [[dk] [[dr][(e — p)i]g and
the expression for L212 is
L212 [dk] (8 _ﬂ)z
abc — h T
(A8)
—_— 0.f)Ry].
o (0,119 ~ a0

APPENDIX B: ROBUSTNESS OF QUANTIZED
THERMOELECTRIC EFFECT

In this section, we provide more details on the robust-
ness of the quantized nonlinear thermoelectric response
against interactions and band curvature.

Following the topological Fermi-liquid framework
[30,73,74], the inverse of the exact one-particle Green’s
function G~!(k, w = 0) is Hermitian at zero temperature
(T =0). This allows us to define an effective single-
quasiparticle Hamiltonian right at the Fermi surface:

HIM (k) = —limG;! (k,w; T = 0).

w—0

(B1)

From this interaction-renormalized Hamiltonian, we can
self-consistently determine the Fermi surface topology, the
quasiparticle Bloch states, and the renormalized Fermi
velocities:

M (kp)|uf’) =0, (B2)

vr(kr) = 4 VMo (), (B3)

A key distinction between a strongly interacting
Fermi liquid and a free electron gas is that well-defined
quasiparticles only exist strictly on the Fermi surface.
Consequently, the Berry connection computed from these
quasiparticle Bloch states A% (k) = —i(uj”|V\|uj”) and
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its corresponding Berry curvature Q47 (k) are only defined
via derivatives parametrizing the 2D Fermi surface
manifold.

When calculating the nonlinear transport coefficients
via the semiclassical Boltzmann equation, the response is
governed by the geometric property of the Fermi surface.
The corresponding Berry curvature dipole integral sim-
plifies as follows:

Tt(Dpery) = / (dkI5](er — (k)] wr(k) - Q97 (k)

dzkH Vke - Qar 1
- kSR g Qar .
fles (27)3 Vel 87 fs a5
1
T

(B4)

Crucially, the density-of-states factor 1/|Vye| exactly
cancels the norm of the quasiparticle velocity, leaving only
the unit vector normal to the Fermi surface. The resulting
expression is therefore purely geometric and independent
of microscopic band-structure details. Moreover, since
the flux of the Berry curvature through a closed two-
dimensional Fermi surface is a topological invariant
associated with the homotopy class 7,(S,), the integral
is strictly quantized and yields the Chern number of the
Fermi surface.

At low temperatures, the nonlinear thermoelectric
response receives contributions from states within a
thermal window of width kz7T near the Fermi surface.
In a Landau Fermi liquid, however, the quasiparticle
scattering rate vanishes as 7! ~ 72, meaning that quasi-
particles become asymptotically long-lived as 7 — 0.
Consequently, transport is governed entirely by quasipar-
ticle states in the immediate vicinity of the Fermi surface.
Provided that kzT < ep, thermal broadening remains
confined to a narrow shell around the Fermi surface,
and the Fermi-liquid description remains valid. Therefore,
so long as adiabatically turning on interactions does not
induce a Lifshitz transition that alters the topology of the
Fermi surface, the quantization of the nonlinear thermo-
electric coefficient remains robust.
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