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Quantum batteries are emerging as highly efficient energy-storage devices that can exceed classical
performance limits. Although there have been significant advancements in controlling these systems,
challenges remain in stabilizing stored energy and minimizing losses due to inevitable environmental
interaction. In this paper, we propose a protocol that employs selective weak measurements to protect
quantum states from such influence and mitigate battery discharging and that is feasible in state-of-the-art
technologies. We establish thermodynamic constraints that allow this method to be implemented without
disrupting the overall energy and ergotropy balance of the system, i.e., with no extra net recharging. Our
findings demonstrate that appropriately chosen measurement intensity can reduce unwanted discharging
effects, thereby preserving ergotropy and improving the stability of quantum batteries. We illustrate the
protocol with single- and two-qubit systems and establish the generalization for N -cell batteries. Addition-
ally, we explore how weak measurements influence the coherent and incoherent components of ergotropy,
providing new insights into the practical application of quantum coherence in energy-storage technologies.
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I. INTRODUCTION

In recent years, quantum batteries have emerged as
promising devices for energy storage. These systems, com-
posed of quantum states as energy carriers, aim to employ
genuine quantum properties, such as coherence and entan-
glement, to surpass classical limits [1–7]. In this sense,
quantum batteries have been shown to exhibit unique
features such as coherence-driven and collective enhance-
ments in ergotropy and charging processes [2,5,8–18].
Significant progress has been made in understanding and
manipulating these devices, with studies exploring diverse
models [14,19–25] and approaches such as collisional
models [26,27], super- and subradiance [28], reservoir
engineering [29,30], phase transitions [31], micromaser
quantum batteries [32,33], topological features [34,35],
catalysis [36], non-Markovian effects [37], wireless charg-
ing [38–40], reinforcement learning [41,42], charging by
measurement [43], and optimal-control strategies [44–46].
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Various physical platforms have been proposed as viable
candidates for quantum energy storage. Under cryogenic
conditions, technologies such as superconducting circuits
[46–52], semiconductor quantum dots [53], and ultra-
cold atoms [54] provide promising options, enabling the
quantum coherence and collective behavior necessary for
efficient charging. On the other hand, room-temperature
approaches, including organic microcavities [4], optical
setups [55], nitrogen-vacancy (N-V) centers in diamond
[56] and nuclear-spin systems [57,58], showcase the poten-
tial for robust quantum energy storage through mecha-
nisms that minimize decoherence, marking key advance-
ments toward practical quantum batteries across a range of
operating conditions.

Nevertheless, despite ongoing efforts, significant chal-
lenges persist, particularly in more realistic scenarios in
which quantum coherence is susceptible to decoherence
effects [38,59–72]. In this context, a charged quantum
battery exposed to a dissipative environment renders not
only the irreversible leakage of energy from the battery
into the environment but also the loss of its charge, com-
monly quantified by the ergotropy, i.e., the extractable
work from a quantum state [73]. For instance, the weak
contact with a thermal reservoir leads the battery to a Gibbs
state, which is completely passive [74]. Such effects are
particularly detrimental to the performance of quantum
technologies, as they limit the ability to harness ergotropy
for practical applications. Therefore, characterizing and
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mitigating the influence of thermal reservoirs is essential
for the reliable operation of quantum devices in gen-
eral [75–79]. As proposed in Ref. [80], a possible way
to preserve a quantum system from decaying is given
by the continuous observation of the quantum system by
a sequence of frequent projective measurements (a fea-
ture of the Zeno effect [81]), which can hinder the dis-
charging process, effectively freezing the energy stored
in a quantum battery. However, this method may not be
experimentally friendly due to the required frequent state
observation.

Furthermore, measurements are also being incorporated
in quantum thermodynamics, e.g., as additional strokes
in thermal cycles, with measurement-powered engines
exploiting the fact that the measurement action generally
disturbs the observed system, thereby altering its internal
energy [82–84]. For instance, by employing nonselective
measurements, a single-temperature heat engine without
feedback control to extract work has been introduced [82],
and several other measurement-based protocols have been
explored [85–110]. In particular, since generalized mea-
surements can be implemented as a sequence of weak
measurements [111,112], their intensity can be continu-
ously adjusted to transition between weak- and strong-
measurement regimes [113,114]. Thus, weakly measured
systems have been shown to be crucial for consistently
observing work and heat contributions in an externally
driven quantum stochastic evolution [115] and have been
employed to develop a deterministic protocol based on
nonselective variable-strength measurements to perform
a heat-engine cycle [96,109,116]. Considering bipartite
quantum systems, local strong (projective) measurements
have been shown to improve the quantum battery capac-
ity [117], while selective weak measurements can offer
more work extraction than the one described by the dae-
monic ergotropy [118], i.e., the amount of extractable work
that arises from information gained in a strong measure-
ment [119]. In this sense, weak measurements have been
widely adopted across diverse quantum platforms, with
successful implementations in nuclear magnetic resonance
(NMR) [109,120,121], N-V centers [122], trapped-ion sys-
tems [113], photonic systems [123–125], and supercon-
ducting qubits [126–130], demonstrating their versatility
for contemporary quantum applications. The thermody-
namic cost of implementing weak measurements fun-
damentally depends on the underlying protocol and the
physical nature of the probe, necessitating an analysis
of interconnected factors such as measurement strength,
energy consumption, information extraction, and ther-
modynamic irreversibility [131,132]. Furthermore, renor-
malization procedures used in postmeasurement state
analysis introduce additional energetic considerations,
which are essential to characterize the impact of mea-
surements on the performance of such thermodynamic
protocols.

Here, we investigate the potentiality of weak measure-
ments in attenuating environment-induced losses, aim-
ing to harness quantum mechanical subtleties for more
efficient energy storage and extraction in two-level-
systems–based quantum batteries. The two-time weak-
measurement (TWM) protocol builds on the structure of
previous theoretical and experimental studies on protect-
ing quantum states from decoherence using weak mea-
surements and measurement-reversal operations [124,125,
133–139]. The key distinction lies in our incorporation
of thermodynamic based constraints applied on the target
system while considering the measurements as resources,
enabling these methods to be applied without altering the
overall energetics of the protocol. Specifically, as shown
in Fig. 1, before the discharging process, an initial weak
measurement is performed, modifying the system energy
and ergotropy. Subsequently, the charged system under-
goes dissipative dynamics, during which a second weak
measurement is carried out to compensate for the previ-
ously induced energetic and ergotropic changes. Despite
the net exchange of these quantities being constrained to
be null, a positive gain can be observed at the end of the
protocol by tuning the relevant parameters. The feasibility
of such a procedure is a direct consequence of the symme-
try of weak measurement and its reversal, and the different
discharging rates resembling the ergotropic counterpart of
the Mpemba effect [140,141]. We have separated the anal-
ysis to consider both the isolated incoherent and coherent
components of ergotropy. Notably, without affecting the
overall probability of success of the protocol, quantum
coherence can be employed to enhance the measurement-
based battery recovery process from discharging effects, as
suggested in this work. The protocol is investigated for
batteries composed of single- and two-qubit systems and
generalization to N -cell batteries is introduced.

The remainder of this paper is structured as follows.
In Sec. II, we introduce the physical context and model
to explain the dissipation-loss-mitigation protocol. In Sec.
III, we present our main results by analyzing the proto-
col performance for the incoherent and coherent parts of
the ergotropy, as well as the total ergotropy, and identify
parameter regions in which the protocol yields promis-
ing outcomes. In Sec. IV, we describe how the protocol
is extended to multiqubit quantum batteries and illus-
trate the procedure for a two-qubit system with quantum
correlations. Finally, in Sec. V, we summarize our main
conclusions and discuss potential perspectives for future
work.

II. ERGOTROPY LOSS MITIGATION: THE TWM
PROTOCOL

Consider a d-dimensional quantum battery represented
by the density matrix ρ̂ =∑d

j pj |j 〉〈j | and governed by
the Hamiltonian Ĥ =∑d

k Ek|Ek〉〈Ek|. We assume that the
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FIG. 1. The two-time weak-measurement (TWM) protocol.
We consider an initially charged quantum battery, which then
undergoes a discharging process. Before this, a weak measure-
ment with strength m is applied in the first step, changing the
energy and ergotropy (charge) of the system, represented by the
dashed blue line. In the intermediate step, during the discharging
phase, a second weak reversal measurement with strength w is
performed at instant τ , compensating for the previous changes.
By carefully tuning the measurement intensities, the protocol can
offer an advantage despite null net recharging, over a purely dis-
charging process undergone by R[ρ̂(t)] (continuous red line),
which is quantified by the ergotropy gain Rmw(τ ) := Rmw(τ )−
R[ρ̂(τ )].

probability distribution and energy spectrum are ordered
as p1 > p2 > · · · > pd and E1 < E2 < · · · < Ed, respec-
tively. The maximum amount of energy extractable via a
unitary process that preserves cyclic Hamiltonian control
is known as ergotropy, which is defined as [73]

R[ρ̂] := Tr
[(
ρ̂ − ρ̂p) Ĥ

]
=

d∑

k,j

Ekpj
(|〈Ek|j 〉|2 − δk,j

)
,

(1)

where ρ̂p =∑d
i pi|Ei〉〈Ei| is the passive state, which is

unitarily related to the initial state ρ̂. Generally, the bat-
tery state may exhibit coherences in the Ĥ basis, which is
a unique quantum resource [142]. Identifying the contri-
bution of coherence to the battery ergotropy is therefore
insightful. To capture this, the coherent ergotropy within ρ̂
is defined as [143–145]

Rcoh[ρ̂] := R[ρ̂] − Rinc[ρ̂], (2)

where Rinc[ρ̂] represents the incoherent component of the
ergotropy, such that Rinc[ρ̂] = R[ρ̂diag], where ρ̂diag =
∑d

k〈Ek|ρ̂|Ek〉|Ek〉〈Ek| denotes the diagonal (incoherent)
state of ρ̂, obtained by removing its off-diagonal elements

in the energy basis. Note that by definition, Rcoh[ρ̂] is zero
for incoherent states.

A. Setup and the TWM-protocol description

For closed-system dynamics, the ergotropy is preserved.
Since the populations {pj } remain invariant under unitary
dynamics, R[ρ̂] remains unchanged during the free evo-
lution of the battery. In contrast, if the battery is an open
quantum system interacting with an external environment
[59], its dynamics are no longer unitary, typically result-
ing in irreversible behavior that can lead to dissipation and
discharging. Therefore, it is crucial to develop strategies
to either stabilize its ergotropy or mitigate its inevitable
leakage. To achieve this, we propose a protocol, depicted
in Fig. 1, based on weak measurements performed before
and after the battery-discharging process.

More specifically, we consider a quantum battery com-
posed of a single qubit weakly coupled to a thermal reser-
voir with inverse temperature β. The state of the battery
is represented by ρ̂ and its Hamiltonian is given by Ĥ =
Eg|g〉〈g| + Ee|e〉〈e|, where Ee − Eg = ω defines the qubit
energy gap, with |g〉 (|e〉) corresponding to the ground
(excited) state. Without loss of generality, we assume that
Eg = 0 for the rest of the paper. Note that the maximum
possible ergotropy for this system is given by ω, character-
ized by the state |e〉〈e|. The time evolution of ρ̂ is governed
by the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS)
master equation [59] (� = kB = 1),

d
dt
ρ̂(t) = −i

[
Ĥ , ρ̂(t)

]
+ D↓[ρ̂(t)] + D↑[ρ̂(t)], (3)

where the dissipative terms are given by

D↓[·] = γ (1 − f )
(

σ̂+ · σ̂− − 1
2
{
σ̂−σ̂+, ·}

)

,

D↑[·] = γ f
(

σ̂− · σ̂+ − 1
2
{
σ̂+σ̂−, ·}

)

,
(4)

where γ denotes the decay rate, σ̂− = σ̂
†
+ = |e〉〈g| are

the jump operators, and the thermal population is defined
as f = e−βω(1 + e−βω)−1 ∈ [0, 1/2). The characteristic
timescale of these dynamics is τγ = γ−1. Due to the form
of the dissipators, the dynamical fixed point of Eq. (3)
is the thermal (Gibbs) state τ̂th = (1 − f )|g〉〈g| + f |e〉〈e|,
determined by the reservoir temperature. Thus, regardless
of the initial state, we have limt→∞ ρ̂(t) = τ̂th.

This time evolution results in an inevitable decay of
ergotropy R[ρ̂(t)] to zero, indicating the discharging of the
battery as thermalization proceeds. Further details can be
found in Appendix A.

The proposed protocol for mitigating ergotropy loss
consists of the following steps:
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(i) Assume that the battery is initially charged,
meaning that it has been prepared in an active
state, such that ρ̂0 = (1 − P0) |g〉〈g| + P0|e〉〈e| +
(Q0|g〉〈e| + h.c.), where |Q0|2 ≤ P0(1 − P0) and
h.c. denotes the Hermitian conjugate.

(ii) Immediately after charging, a weak measure-
ment is performed of the form M̂m := |g〉〈g| +√

1 − m|e〉〈e|, with measurement strength 0 ≤ m ≤
1. This process results in the postmeasurement state

ρ̂m(0) = M̂mρ̂0M̂ †
m

Nm
, (5)

with probability

Nm := Tr[M̂mρ̂0M̂ †
m] = 1 − mP0. (6)

Note that ρ̂m(0) = ρ̂0 ∀m for a fully charged bat-
tery, i.e., P0 = 1 and Q0 = 0. In this particular case,
the action of M̂m has no effect. However, due to the
nonunitary nature of thermalization dynamics, one
can wait for P0 < 1 and proceed with the protocol.

(iii) During a dissipation time t ∈ [0, τ ], the battery is
assumed to interact with the external environment.
In this interval, its dynamics are governed by Eq.
(3). Consequently, the state of the battery evolves as

ρ̂m(t) =
(

1 − Pm(t) Qm(t)
Q∗

m(t) Pm(t)

)

, (7)

with

Pm(t) = P(t)− m
[
(1 − f ) e−γ t + f

]
P0

Nm
,

Qm(t) =
√

1 − m
Nm

Q(t),

(8)

where P(t) = (P0 − f ) e−γ t + f and Q(t)
= Q0e−(γ t/2)+itω are the population and coherence,
respectively, when no measurement is performed
(i.e., m = 0) (see Appendix A).

(iv) Finally, at instant t = τ , a reversal measurement
Ŵw := √

1 − w|g〉〈g| + |e〉〈e|, with strength 0 ≤
w ≤ 1, is performed. The resulting final state is then

ρ̂mw(τ ) = Ŵwρ̂m(τ )Ŵ
†
w

Nmw(τ )

=
(

1 − Pmw(τ ) Qmw(τ )

Q∗
mw(τ ) Pmw(τ )

)

, (9)

with probability

Nmw(τ ) := Tr[Ŵwρ̂m(τ )Ŵ†
w] = 1 − w + w

P(τ )
Nm

− w
(1 − Nm)

Nm

[
(1 − f ) e−γ τ + f

]
,

(10)

in which

Pmw(τ ) = N−1
mw(τ )Pm(τ ),

Qmw(τ ) = N−1
mw(τ )

√
(1 − w)Qm(τ ).

(11)

The probability of successfully performing the protocol is
defined as the product of the probabilities relative to the
desired measurement outcomes, as

	mw(τ ) := NmNmw(τ ). (12)

It is important to emphasize that the measurements are
assumed to be instantaneous. While measurements inher-
ently require finite time, our previous assumption holds
valid when the characteristic dynamic timescale of the sys-
tem exceeds the measurement duration. Experimental evi-
dence from both NMR [109] and superconducting qubits
[126–128,130] corroborates that weak measurements can
be performed in time frames significantly shorter than
the relevant relaxation and decoherence times. Also, note
that the diagonal states and probabilities at each step are
independent of the initial coherence Q0. This indepen-
dence arises from the commutation relations [M̂m, Ĥ ] =
[Ŵw, Ĥ ] = 0 and from Eq. (3), implying that the popu-
lation changes induced by the successive actions of M̂m,
thermalization dynamics, and Ŵw do not couple them with
the off-diagonal elements. The opposite, however, does not
hold; i.e., the coherence is coupled with the population
during the measurements.

As previously mentioned, the ergotropy can be decom-
posed into coherent and incoherent parts, allowing us to
quantify the final ergotropy of the battery as Rmw(τ ) :=
R[ρ̂mw(τ )] = Rcoh

mw(τ )+ Rinc
mw(τ ). For two-level systems,

simple analytical expressions for both components can be
derived [143,144]. The incoherent component of the final
ergotropy can be expressed as

Rinc
mw(τ ) = ω (2Pmw(τ )− 1)

[
1 −


(
w′ − w

)]
, (13)

where 
(x) is the Heaviside function, such that 
(x) = 1
if x ≥ 0 and null otherwise, and

w′ := (1 − 2Pm(τ ))Nm

Nm + (1 − Nm) [(1 − f ) e−γ τ + f ] − P(τ )
(14)
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is the threshold strength for obtaining a finite final incoher-
ent ergotropy, i.e., one has to guarantee w > w′ to have an
active post-reversal-measurement diagonal state. In gen-
eral, the coherent component for two-level systems with
Hamiltonian Ĥ = ω|e〉〈e| can be written as

Rcoh[ρ̂] = ω

2

(

ψ −
√

ψ2 − 4 |Q|2
)

, (15)

where ψ :=
√

2μ[ρ̂] − 1, in which μ[ρ̂] := Tr
[
ρ̂2
]

is the
purity of the state ρ̂ and Q is the off-diagonal element.
Thus, at the end of the protocol, one has Rcoh

mw(τ ) =
Rcoh[ρ̂mw(τ )].

After successfully applying the described sequence of
steps, a higher ergotropy in the final state is expected,
compared to the amount one would have obtained with-
out executing the protocol. In this sense, to quantify the
performance of the procedure, we define the ergotropy
gain as

Rmw(τ ) := Rmw(τ )− R[ρ̂(τ )], (16)

where ρ̂(τ ) is the state subjected only through the purely
dissipative dynamics given by Eq. (3). This quantity can be
also decomposed into coherent and incoherent parts, i.e.,

Rmw(τ ) = Rcoh
mw(τ )+ Rinc

mw(τ ), (17)

where

Rcoh(inc)
mw (τ ) := Rcoh(inc)

mw (τ )− Rcoh(inc)[ρ̂(τ )]. (18)

In such a way, the role of the initial coherence Q0 in the
protocol performance is fully captured by Rcoh

mw(τ ), i.e.,
given an initial state ρ̂0, this term quantifies the effect of
Q0 relative to the incoherent state ρ̂diag

0 .

B. Protocol working regime

Note that the weak measurement and its reversal gen-
erally disturb the battery state; specifically, the former
brings the battery closer to the ground state, while the latter
pushes it toward the excited state. As a result, these pro-
tocol steps inevitably induce energy changes, potentially
charging (or discharging) the battery. We therefore define
εmw(τ ) as the energy shift of the battery, quantifying the
total (net) energy change induced by the measurements as

εmw(τ ) := 
Em +
Emw(τ )

= ω

[(
(1 − m)

Nm
− 1
)

P0 + Pmw(τ )− Pm(τ )

]

,

(19)

where


Em := Tr
[
Ĥ
(
ρ̂m(0)− ρ̂0

)]
,


Emw(τ ) := Tr
[
Ĥ
(
ρ̂mw(τ )− ρ̂m(τ )

)]
,

(20)

are the energy changes induced by the weak and reversal
measurements, respectively. It is worth highlighting that
this quantity is independent of the initial coherence of the
battery Q0. In fact, εmw(τ ) can be defined and computed
only in terms of the diagonal (incoherent) component of
the states.

These energetic changes are expected to be accompa-
nied by ergotropic counterparts. Thus, to account for the
total measurement-induced ergotropy difference, we define
the ergotropy shift Wmw(τ ) as

Wmw(τ ) := 
Rm +
Rmw(τ ), (21)

where


Rm := R[ρ̂m(0)] − R[ρ̂0],


Rmw(τ ) := R[ρ̂mw(τ )] − R[ρ̂m(τ )]
(22)

are the individual ergotropy contributions for each mea-
surement. Alternatively, from the ergotropy definition
given by Eq. (1), one can rewrite the ergotropy shift
as Wmw(τ ) = εmw(τ )− ε

p
mw(τ ), where εp

mw(τ ) represents
the total energetic changes relative to the passive
states of each step, i.e., εp

mw(τ ) = Tr
[
Ĥ
(
ρ̂

p
m − ρ̂

p
0

)]+
Tr
[
Ĥ
(
ρ̂

p
mw(τ )− ρ̂

p
m(τ )

)]
.

Observe that if at the end of the protocol one has
induced net positive (negative) ergotropy, part of the
recovered (loss) charge is due to the measurements them-
selves, which means that the procedure would be directly
(dis)charging the battery. Hence, to ensure that the TWM
protocol does not actively provide a net external resource
to the battery and effectively (dis)charge it, one should
specify the measurement strengths m and w and the dis-
sipation time τ such that

εmw(τ ) = 0,

Wmw(τ ) = −εp
mw(τ ) = 0.

(23)

The simultaneous validation of both requirements restricts
the parameter space to valid working regions for our pro-
posed protocol. In fact, given Eq. (20) for the energetic
shift and fixed values of γ , f , P0, the weak-measurement
strength m, and the dissipation time τ , one can find the
expression for the reversal-measurement strength w̃ needed
to restore the energy lost due to the weak measurement,
i.e., from the constraint for εmw̃(τ ) = 0, one can invert the
relation and show that
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w̃ = Nm
1 − P0 − Nm (1 − f )+ eγ τ [Nm (Pm(τ )+ P0 − 1 − f )+ 1 − P0]
[Nm(Pm(τ )+ P0 − 1)+ 1 − P0] [Nm(1 − f ) (eγ τ − 1)+ 1 − P0]

(24)

ensures a null energetic shift. In addition, we should limit
ourselves to physical regions, characterized by strengths
that satisfy w̃ ∈ [0, 1]. Hence, given Eq. (24), one can
also find the subspace with null ergotropic shift, satisfying
Wmw̃(τ ) = 0 (for further discussion, see Appendix B).

Along these lines, it is instructive to consider the partic-
ular case of equal measurement strengths, such that m =
w = η ∈ [0, 1]. In such a scenario, it is possible to show
that Eq. (24) reduces to the following null-energetic-shift-
strength curves:

⎧
⎪⎨

⎪⎩

η1 := 0,
η2 := f −P0

(f −1)P0
,

η3 := eγ τ (f +P0−1)−f +P0
P0(eγ τ (f +P0−1)−f +1) ,

(25)

where η1 is analogous to the trivial case of no measure-
ments. The η2 curve is constant for fixed values of f and
initial population P0, and it corresponds to protocols such
that

ρ̂η2(0) = τ̂th + f

√
f − 1

f (P0 − 1)P0

(
0 Q0

Q∗
0 0

)

(26)

and

ρ̂η2η2(τ ) = ρ̂
diag
0 + e− 1

2 τγ

(
0 Q0eiωτ

Q∗
0e−iωτ 0

)

(27)

for the postmeasurement states. Note that after applying
M̂η2 , the battery diagonal state, ρ̂diag

η2 (0), is thermal with
the inverse of temperature β, which remains invariant
under the dissipative dynamics described by Eq. (3) (see
Appendix A). This implies that while coherence decreases,
no energy is lost due to environmental interaction. Then,
after the application of Ŵη2 , the diagonal state returns to
its initial form, ρ̂diag

0 , regardless of the elapsed time. Thus,
the energy shifts induced by both measurements satisfy

Eη2 = −
Eη2η2(τ ) = ω(f − P0) for all τ , ensuring that
εη2η2(τ ) = 0. For incoherent states, where Q0 = 0, this
results in a cyclic transformation ρ̂0 → τ̂th → ρ̂0, so that

Rη2 = −
Rη2η2(τ ) and Wη2η2(τ ) = 0. On the other
hand, the η3 curve explicitly depends on the dissipation
time τ , leading to a nontrivial interpretation. Nonetheless,
one can show that along this curve, it holds that 
Eη3 =
−
Eη3η3(τ ) = ω (f − P0 − eγ τ (f + P0 − 1)).

In short, a successful and suitable application of the
described TWM protocol is characterized both by (i) a
positive ergotropy gain, Rmw(τ ) > 0, and (ii) zero energy
and ergotropy shifts, εmw(τ ) = 0 and Wmw(τ ) = 0. While

the former means that the TWM protocol provides some
advantage, the latter guarantees that this gain is not due to
extra net recharging.

In the following, we present our main results, demon-
strating that this protocol yields an ergotropy gain,
effectively mitigating battery discharging when the two
measurement intensities and the dissipation time are appro-
priately selected. Additionally, we identify the impact of
both the coherent and incoherent components of the bat-
tery ergotropy. Without loss of generality and unless stated
otherwise, it will be assumed that f = 0.3 and γ = 10−2

for the following analyses.

III. ERGOTROPY GAIN: THE ROLE OF
INCOHERENT AND COHERENT PARTS

A. Incoherent ergotropy

We begin our analysis by characterizing the protocol
steps for the incoherent component of ergotropy, given
by Rinc[ρ̂] = R[ρ̂diag]. Note that since the state popula-
tions are independent of the initial coherence at every step,
this is equivalent to describing an incoherently prepared
battery. Thus, for the initial state ρ̂0, the corresponding
incoherent ergotropy can be written as

Rinc
i = ω (2P0 − 1) [1 −
(1/2 − P0)] , (28)

where P0 > 1/2 ensures that the state is active. During step
(ii), the weak measurement slightly projects the battery
toward the ground state, which inevitably decreases the
battery ergotropy, i.e., Rinc

ii − Rinc
i ≤ 0. Note that the post-

weak-measurement state ρ̂m(0) will remain active as long
as m < 2 − P−1

0 is satisfied, meaning that if the measure-
ment strength is high enough, the battery state will become
passive. Consequently, the ergotropy can be expressed as

Rinc
ii = ω

(

1 − 2
1 − P0

Nm

)
[
1 −


(
m − 2 + P−1

0

)]
. (29)

As previously mentioned, the unavoidable coupling with
an external environment is detrimental to the stored
ergotropy, which is asymptotically leaked, leading to
Rinc

iii − Rinc
ii ≤ 0 (for more details, see Appendix A). Dur-

ing this process, the ergotropy is given by

Rinc
iii = 2ω

[(
(1 − m)P0

Nm
− f

)

e−γ t + f − 1
2

]

× [1 −

(
m − 2 + P−1

0

)] [
1 −


(
t − τ1/2

)]
,

(30)
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(a) (b) (c)

FIG. 2. The incoherent-ergotropy gain as a function of the weak-measurement strength m and initial population P0 along the null-
energetic-shift reversal-measurement strength w̃ ∈ [0, 1] for distinct dissipation times (a) τ = τγ /2, (b) τ = τγ , and (c) τ = 10τγ . The
hatched red region and red curves indicate that Wmw̃(τ ) = 0. The η2 lines are highlighted.

where

τ1/2 = − 1
γ

ln

[(
1
2

− f
)(

(1 − m)P0

Nm
− f

)−1
]

> 0

(31)

is the time required for the diagonal state to become pas-
sive (Pm(τ1/2) = 1/2), i.e., completely discharged. Finally,
after some dissipation time τ , the reversal measurement
is performed, restoring part of the ergotropy, such that
Rinc

iv > Rinc
iii , where Rinc

iv = Rinc
mw(τ ) is given by Eq. (13)

for the incoherent component of the final ergotropy.
Along with null energy and ergotropy shifts, the pro-

tocol performance is characterized by the ergotropy gain,
quantifying the amount of ergotropy saved, relative to a
quantum battery subjected to a purely discharging process.
In this context, in Fig. 2, we illustrate the behavior of
the incoherent-ergotropy gain as a function of the weak-
measurement strength m and the initial population P0,
computed along w̃ ∈ [0, 1] at various dissipation times:
0.5τγ [Fig. 2(a)], τγ [Fig. 2(b)], and 10τγ [Fig. 2(c)].

For clarity, the region in which Rinc
mw̃(τ ) ≤ 0—indicating

no gain following protocol execution—has been omit-
ted. The hatched red areas and red curves denote oper-
ational regions in which Wmw̃(τ ) = 0. The red lines η2
show points characterized by the equal-strength curve,
as defined in Eq. (25). Note that in general, stronger
measurements m yield higher gains, being a direct con-
sequence of the smaller discharging rate for less charged
states. It is also evident that not all parameter space cor-
responds to valid operational regions. The size of these
working regions depends strongly on the dissipation time
τ , gradually decreasing over time and eventually saturating
for long dissipation times, characterized by the reversal-
measurement strength limτ→∞ w̃. In this regime, the only

remaining valid execution of the protocol with a finite gain
is characterized by η2.

To better illustrate how the protocol functions, in Fig. 3
we show the variation of the incoherent ergotropy dur-
ing each step (dashed blue line), assuming that P0 = 0.9,
m = 0.4, the dissipation time τ = τγ , and w = w̃ ≈ 0.2,
which ensure εmw̃(τγ ) = 0. This is compared to the purely
discharging process (continuous red line). The blue arrows
indicate the discontinuous (instantaneous) ergotropy jumps
caused by the weak and reversal measurements. Accord-
ing to Fig. 2(b), the chosen parameters lie within the
operational region, with Wmw̃(τγ ) = 0. Note that while
M̂m decreases the initial battery ergotropy, the execution
of the final step, Ŵw̃, increases it. Furthermore, the bat-
tery becomes nearly fully discharged due to environmental
interaction at step (iii), since τγ ≈ τ1/2. As a result, at the
end of the protocol, the final incoherent ergotropy Rinc

iv

exceeds the red curve, yielding Rinc
mw̃(τγ ) ≈ 0.71ω × 10−1,

which represents a saving of 100 × Rinc
mw̃(τγ )/Ri ≈ 8.89%

of the initial charge. It is important to emphasize that
this gain is achieved without actively introducing any
additional (net) external resources, which is ensured by
an appropriate choice of parameters that results in null
energetic and ergotropic shifts.

B. Coherent ergotropy

The effect of quantum coherence in the protocol can
be analyzed by employing the coherent ergotropy, defined
in Eq. (15). Before analyzing each step, it is useful to
highlight some general properties that hold regardless of
the protocol. Consider a quantum state of the form ρ̂ =
(1 − P) |g〉〈g| + P|e〉〈e| + (Q|g〉〈e| + h.c.). The purity of
this state is given by μ[ρ̂] = P2 + (1 − P)2 + 2|Q|2 ≤ 1,
which implies that the coherent term is constrained by
|Q|2 ≤ P (1 − P). From this, the coherent ergotropy is
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inc

inc

inc
inc

inc

in
c

FIG. 3. The incoherent-ergotropy comparison. The incoherent-
ergotropy changes with (dashed blue) and without (continu-
ous red) the execution of the protocol for P0 = 0.9, dissipation
time τ = τγ , and strengths m = 0.4 and w = w̃ ≈ 0.2. The blue
arrows highlight the incoherent-ergotropy jumps due to the
measurements.

expressed as

Rcoh[ρ̂] = ω

2

(
−|1 − 2P| +

√
(1 − 2P)2 + 4|Q|2

)
.

(32)

By construction, Rcoh[ρ̂] is always non-negative and van-
ishes whenever coherence is absent (Q = 0), including
at the limits P = 0 and P = 1. Additionally, this func-
tion is symmetric with respect to population inversion and
coherence conjugation, i.e., Rcoh[ρ̂(P, Q)] = Rcoh[ρ̂(1 −
P, Q)] and Rcoh[ρ̂(P, Q)] = Rcoh[ρ̂(P, Q∗)], with maxi-
mum value Rcoh[ρ̂] = ω|Q|, which occurs at P = 1/2,
leading to an increasing behavior in terms of P for P <
1/2 and a decreasing behavior for P > 1/2. Furthermore,
the convexity condition ∂2Rcoh[ρ̂]/∂P2 > 0 holds for all
values of P and |Q|.

In Fig. 4, we illustrate the coherent ergotropy as a func-
tion of the population P and coherence |Q|2, highlighting
these key properties. Any dynamical evolution follows a
trajectory within this landscape. Specifically, under the
evolution governed by Eq. (3), the behavior of Rcoh[ρ̂(t)]
depends on both the initial state (P(0), |Q(0)|2) and the sta-
tionary thermal state characterized by a fixed population
f ∈ [0, 1/2). During thermalization, |Q(t)|2 always decays
exponentially, while P(t) asymptotically approaches f ,
with dP(t)/dt > 0 for 0 ≤ P(0) < f and dP(t)/dt < 0 for
f < P(0) ≤ 1. In Fig. 4, black (red) curves represent tra-
jectories for initial states with P(0) < 1/2 (P(0) > 1/2).
Regardless of the initial condition, the system reaches the
stationary state given by f (purple star). When P(0) <
1/2, Rcoh decreases monotonically. However, for P(0) >
1/2, we observe a more complex behavior: the coherent
ergotropy initially increases until the population reaches

FIG. 4. The coherent-ergotropy profile in terms of P and
|Q|2 ∈ [0, P(1 − P)]. The black (red) curves represent the dis-
sipative dynamics of Eq. (3) for initial states with P(0) < 1/2
(P(0) > 1/2). The purple star highlights the thermal state, while
the red dots indicate the instant τ1/2 at which P(τ1/2) = 1/2.

P = 1/2 at time τ1/2, after which it begins to decrease
(asymptotically reaching f ). This nonmonotonic behavior
means that before the inevitable discharge, systems with
P(0) > 1/2 experience a temporary enhancement of their
coherent ergotropy during the interval t ∈ [0, τ1/2].

Considering the TWM protocol, since the measurement
operations are incoherent, the coherent ergotropy is non-
null if and only if Q0 �= 0. Hence, given ρ̂0 and Eq.
(32), the initial coherent component of the ergotropy is
written as

Rcoh
i = ω

2

(
−|1 − 2P0| +

√
(1 − 2P0)2 + 4|Q0|2

)
.

(33)

After performing the weak measurement at step (ii), in
terms of the relevant parameters, the ergotropy jumps to

Rcoh
ii = −ω |2 − 2P0 − Nm|

2Nm

+ ω

√
(2 − 2P0 − Nm)2 − 4|Q0|2 (1−P0−Nm)

P0

2Nm
.

(34)

After contact with the thermal reservoir, during step (iii),
one has

Rcoh
iii = −ω

2
|1 − 2Pm(t)|

+ ω

2

√
(1 − 2Pm(t))2 + 4|Qm(t)|2. (35)

As mentioned above, in contrast to the incoherent coun-
terpart, the transient dynamical behavior of the coherent
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ergotropy during the thermalization process is consider-
ably less trivial. Thus, depending on the initial state of the
dissipation, given by the post-weak-measurement state and

population Pm(0), Rcoh
iii may exhibit nonmonotonic behav-

ior with a temporary increase. Finally, after the reversal
measurement at step (iv), the coherent ergotropy becomes

Rcoh
iv = −ω |Nmw(τ )− 2Pm(τ )|

2Nmw(τ )
+ ω

√
(Nmw(τ )− 2Pm(τ ))2 + 4|Qm(τ )|2 (Pm(τ )−Nmw(τ ))

(Pm(τ )−1)

2Nmw(τ )
. (36)

To provide a broader characterization of the role of coher-
ence, in Fig. 5 we illustrate the landscape of coherent-
ergotropy gain in terms of m and initial coherence |Q0|2 ∈
[0, P0(1 − P0)]. This is computed along w̃ ∈ [0, 1] at τγ
for fixed initial populations: P0 = 0.4 [Fig. 5(a)], P0 = 0.6
[Fig. 5(b)], and P0 = 0.9 [Fig. 5(c)]. As before, the red
lines indicate the working points, at which Wmw̃(τ ) = 0.
It is evident that, depending on the parameters, coherence
can offer an advantage to the protocol and contribute posi-
tively to the ergotropy gain. Nevertheless, at P0 = 0.6, no
combination of Q0 and m yields a Rcoh

mw̃(τγ ) > 0 at oper-
ational points. Still, it is noteworthy that its scale is one
order of magnitude lower than the incoherent part, sug-
gesting that the overall protocol may still be beneficial
despite small negative contributions. Also, note that given
the monotonic decay of the coherence independently of
the protocol, no gain is anticipated for long dissipation
times. In this sense, Fig. 6 complements Figs. 5(b) and
5(c) by showing how the coherent-ergotropy gain behaves
in terms of τ for different measurement strengths m and
w̃ ∈ [0, 1], assuming that maximum coherence is allowed

for each P0, given by |Q0|2 = |Qmax|2 := P0(1 − P0) for
P0 = 0.6 [Fig. 5(a)] and P0 = 0.9 [Fig. 5(b)]. It is possible
to see that for small τ , the operational values of m change.
After that, it asymptotically approaches a stationary
value.

Finally, as an illustrative example, in Fig. 7 we dis-
play how the coherent ergotropy changes at each step of
the protocol, assuming the same set of parameters used
in Fig. 3, with the additional initial coherence satisfying
|Q0|2 ≈ 7.67 × 10−2 to achieve an operational point [see
Fig. 5(c)]. As anticipated, since Pm(0) = P0(1 − m)/Nm >

1/2, the coherent ergotropy exhibits nontrivial behav-
ior during the environmental interaction. Namely, Rcoh

iii
increases over time, reaching a turning point at τ1/2 given
by Eq. (31), at which the diagonal state becomes passive.
However, since τγ ≈ τ1/2 for the chosen parameters, the
decaying part of the dynamics and the nonmonotonicity
are not observed, i.e., the reversal weak measurement is
performed around the maximum value achieved by the
coherent ergotropy during the thermalization. Also, under
these conditions and in contrast to the incoherent part,

(a) (b) (c)

FIG. 5. The coherent-ergotropy gain as a function of m and initial coherence |Q0|2 ∈ [0, P0(1 − P0)] computed along w̃ ∈ [0, 1] and
τγ for (a) P0 = 0.4, (b) P0 = 0.6, and (c) P0 = 0.9. The white line represents the points at which Rcoh

mw̃(τγ ) = 0. The red lines highlight
the region in which Wmw̃(τ ) = 0.
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(a)

(b)

FIG. 6. The coherent-ergotropy gain in terms of dissipation
time and measurement strength m for (a) P0 = 0.6 and (b) P0 =
0.9, assuming that |Q0|2 = |Qmax|2 and w̃ ∈ [0, 1]. The dashed
white lines represent the points with null coherent-ergotropy
gain. The red curves indicate the operational points, where
Wmw̃(τ ) = 0.

the actions of M̂m and Ŵw̃, respectively, increase and
decrease the coherent ergotropy. Despite that, at the end
of the protocol, Rcoh

iv still remains above the red curve,

resulting in a small finite gain of Rcoh
mw̃(τγ ) ≈ 0.5ω × 10−2,

equivalent to a 100 × Rcoh
mw̃(τγ )/Rcoh

i ≈ 5.66% of extra
charge.

It is important to highlight that although the incoher-
ent and coherent components of the ergotropy gain behave
differently according to the protocol parameters, the post-
selection probabilities—and therefore the success proba-
bility—for a coherent battery and an equivalent incoherent
one (with the same diagonal states) remain the same. In the
following analysis, we examine the total-ergotropy gain
alongside the success probability to assess how likely it
is to achieve the desired postselections, while also weigh-
ing this against the benefits of mitigating the discharging
dynamics.

co
h

coh
ii

i

iii
ivcoh
coh

coh

coh

FIG. 7. The coherent-ergotropy comparison. The coherent-
ergotropy changes with (dashed blue) and without (continuous
red) the execution of the protocol for the same parameters used
in Fig. 3 and |Q0|2 ≈ 7.67 × 10−2. The blue arrows highlight the
coherent-ergotropy jumps due to the measurements.

C. Total-ergotropy gain and success probability

To better assess the overall performance of the pro-
tocol, in Fig. 8 we present the relevant figures of merit
for two different temperatures: higher temperature (f =
0.30) in Figs. 8(a)–8(c) and lower temperature (f = 0.15)
in Figs. 8(d)–8(f). Each row compares three key quan-
tities as a function of the initial population P0 and the
weak-measurement strength m. These quantities have been
computed along w̃ ∈ [0, 1] and for dissipation time τ = τγ ,
and for the initial coherence we have assumed |Q0|2 =
|Qmax|2 for each P0. The dashed blue lines represent
the points at which the ergotropy gains are null, while
the continuous red line highlights the working points of
the protocol, at which Wmw̃(τγ ) = 0 is also satisfied. In
Figs. 8(a) and 8(d), we display the total-ergotropy gain
Rmw̃(τγ ). Note that despite being positive for most of
the surface P0 × m, for the chosen set of parameters,
the operational points of the protocol are approximately
constrained to P0 ∈ [0.6, 0.85] for all m [Figs. 8(a)–8(c)]
and P0 ∈ [0.8, 1] for high values of m ∈ [0.95, 1] [Figs.
8(d)–8(f)]. Also, it is possible to observe that one obtains
higher gains for stronger measurements, even in regions in
which the coherence contribution is negative. In this sense,
in Figs. 8(b) and 8(e) we show the coherent-ergotropy
gain Rcoh

mw̃(τγ ), revealing both positive and negative inputs
at operational points, with stronger quantum coherence
effects at lower temperatures [darker regions in Fig. 8(e)].
Finally, in Figs. 8(c) and 8(f) we present the success prob-
ability 	mw̃(τγ ), showing a very similar behavior for both
the temperatures considered. As a probabilistic protocol,
its performance should be evaluated alongside its prob-
ability of success. In this sense, note that Rmw̃(τγ ) and
	mw̃(τγ ) are inversely related in general, i.e., higher gains

023011-10



TWO-TIME WEAK-MEASUREMENT PROTOCOL. . . PRX ENERGY 4, 023011 (2025)

(a) (b) (c)

(d) (e) (f)

FIG. 8. The protocol performance in terms of the weak-measurement strength m and initial population P0 for (a)–(c) f = 0.30
and (d)–(f) f = 0.15, at higher and lower temperatures, respectively. These quantities have been computed along the null-energetic-
shift curve w̃ ∈ [0, 1], considering |Q0|2 = |Qmax|2 for each P0 and τ = τγ . The dashed blue curves indicate the points with null
ergotropy gain, while the red lines highlight the points satisfying Wmw̃(τγ ) = 0. (a),(d) The total-ergotropy gain. (b),(e) The coherence
contribution to the protocol, quantified by the coherent-ergotropy gain. (c),(f) The success probability of the protocol.

are obtained with lower probabilities of success and vice
versa. Indeed, as described by Eq. (12), stronger mea-
surements are less probable. On the other hand, as shown
in Fig. 8(e), the coherent-ergotropy gain may present a
positive contribution in the higher-probabilities region. It
should be stressed that the observed probability landscape
is a generic feature of the protocol, due to its indepen-
dence from the initial coherence Q0, i.e., the fact that
the probability is maximized in the direction of lower m
and P0 is observed regardless of the amount of coher-
ence initially assumed. Overall, this figure provides a more
detailed understanding of the behavior of the protocol,
emphasizing that temperature influences both the total-

and coherent-ergotropy gains, as well as the likelihood
of success. Indeed, it is possible to observe that—for the
chosen parameters—the operational points are constrained
in the high-gain–low-probability region for lower tem-
peratures (lower f ), while for higher temperatures, the
number of operational points grows, suggesting that ther-
mal fluctuations help balance the net ergotropy balance
(see Appendix B).

Additionally, to better understand the relationship
between gain and probability, in Fig. 9 we illustrate the
ergotropy gain and the probability of success behavior
as a function of P0 and m for f = 0.30 in Figs. 9(a)
and 9(b) and f = 0.15 in Figs. 9(c) and 9(d). Each row
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(a) (b)

(c) (d)

FIG. 9. The ergotropy gain and success probability in terms
of P0 and m, computed at τγ and w̃ ∈ [0, 1] for (a),(b) f = 0.30
and (c),(d) f = 0.15. In (a) and (c) we have assumed |Q0|2 =
|Qmax|2, while in (b) and (d) we have assumed |Q0|2 = 0. The
dashed red and continuous red lines, and the hatched areas, indi-
cate the points at which Wmw̃(τγ ) = 0. The null-energetic-shift
curve η2 is highlighted.

considers different values of the initial coherence, with
|Q0|2 = |Qmax|2 and |Q0|2 = 0 for the first and second row,
respectively. The red lines and the hatched areas indicate
the points at which Wmw̃(τγ ) = 0 is also satisfied. The red
dots in Fig. 9(a) denote the working points with different
values of m, while the dashed red lines in Figs. 9(b) and
9(d) indicate the η2 curve given by Eq. (25). The inverse
relationship between Rmw̃(τγ ) and 	mw̃(τγ ) is evident
and is due to the unlikely nature of strong measurements
and the decay of the ergotropy during dissipation. When
stronger measurements are applied (higher m values), they
create a more pronounced modification of the battery state,
decreasing its ergotropy and leading to slower dissipa-
tion dynamics compared to the unmeasured case. Indeed,
as discussed in Appendix A, the discharging rate for cer-
tain partially charged states is lower than that for charged
ones. This enhanced-state manipulation results in greater
ergotropy gains by effectively modifying how the battery
exchanges energy with its environment. However, these
same stronger measurements substantially reduce the prob-
ability of obtaining the desired measurement outcomes,
as they more definitively project the quantum state along
specific measurement directions. This creates an inherent

i

ii

iv

iii

FIG. 10. The ergotropy comparison. The ergotropy changes
with (dashed blue) and without (continuous red) the execution
of the protocol for P0 = 0.9, |Q0|2 ≈ 7.67 × 10−2, dissipation
time τ = τγ , and strengths m = 0.4 and w = w̃ ≈ 0.2. The blue
arrows highlight the ergotropy jumps due to the measurements.
The probability of success is 	mw̃(τγ ) ≈ 0.57.

trade-off, clearly illustrated in Fig. 9, where measurements
with high strength values, e.g., m = 0.9, produce substan-
tial ergotropy gains but with low success probabilities.
In contrast, weaker measurements (m = 0.1) yield more
modest gains with much higher reliability. This relation-
ship suggests that practical implementations must balance
effectiveness with reliability based on specific application
requirements.

The total-ergotropy changes induced during the proto-
col, composed of both the incoherent and coherent com-
ponents, are depicted in Fig. 10 for the same parameters
introduced previously. Note that in this case, the resulting
battery discharging process after the weak measurement
(dashed blue line) is indeed slower than the one obtained
without performing it (continuous red line). Such a dif-
ference in ergotropy loss leads to the crossing of both
curves and, ultimately, more ergotropy is saved after some
dissipation time. Moreover, despite satisfying the con-
straint εmw̃(τγ ) = Wmw̃(τγ ) = 0, the reversal measurement
gives even more ergotropy to the battery, providing a
positive gain at the end of the protocol of Rmw(τγ ) ≈
0.76ω × 10−1, or 100 × Rmw(τγ )/Ri ≈ 8.57% of saved
charge with the protocol. The probability of success for
this particular example is 	mw̃(τγ ) ≈ 0.57.

IV. EXTENSION TO MULTIQUBIT OPEN
QUANTUM BATTERIES

Practical quantum batteries will likely require systems
composed of multiple energy-storing units, or battery cells.
Here, we extend our TWM protocol to quantum batter-
ies with N -qubit cells. To demonstrate this approach, we
analyze a two-qubit interacting system and examine its
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behavior when quantum correlations are present. For a
quantum battery comprising N identical qubits, the Hamil-
tonian takes the form Ĥ = ω

∑N
k |e〉〈e|k +∑N

k �=j Jkj σ̂
k
+σ̂

j
−,

where Jkj represents the coupling strength between the
kth and j th cells, determined by the specific architec-
ture. The open battery dynamics are strongly influenced by
parameter ranges and underlying assumptions. We adopt
a local master equation derived under standard Born-
Markov approximations with a common environment [59,
146]. This framework requires that internal couplings sat-
isfy Jkj � ω for all k, j , allowing jump operators to be
computed in their local bare-Hamiltonian basis. Under
these conditions, the time evolution follows the structure
of Eq. (3), with dissipators given by

D↓[·] = γ (1 − f )
(

Ŝ+ · Ŝ− − 1
2

{
Ŝ−Ŝ+, ·

})

,

D↑[·] = γ f
(

Ŝ− · Ŝ+ − 1
2

{
Ŝ+Ŝ−, ·

})

,
(37)

where Ŝ± =∑N
k σ̂

k
± represent the raising and lowering lad-

der operators. These dynamics can be realized in, e.g.,
atomic chains [147,148]. Notably, as a consequence of the
local approach, the above expression is independent of
the internal couplings Jkj . Nevertheless, their effects are
incorporated through the Hamiltonian component of the
dynamics. It is important to note that Eq. (37) includes
not only local dissipators but also cross terms that cou-
ple different battery cells. Considering, e.g., two qubits,
these contributions may arise when the full secular approx-
imation fails for resonant qubits, resulting in environment-
induced coupling [146]. Common environments have been
shown to produce significant effects, including collective
phenomena [76,149,150] and steady-state entanglement
[151–153], with various potential applications [154–158].
Also, it is important to highlight the dynamics induced
by this master equation and, therefore, the stationary state
strongly depends on the choice of the initial state.

For a N -cell battery, the TWM protocol follows a direct
generalization of the procedure introduced in Sec. II. The
protocol involves applying multiple simultaneous local
weak measurements during both the measurement and
reversal steps. Specifically, for each kth cell, measurements
M̂k and Ŵk are applied with respective forces mk and wk,
such that M̂ =⊗N

k M̂k and Ŵ =⊗N
k Ŵk, where

M̂k = |g〉〈g|k +
√

1 − mk|e〉〈e|k,

Ŵk =
√

1 − wk|g〉〈g|k + |e〉〈e|k.
(38)

The operational points of the protocol are defined by
regions in the parameter space that ensure null ener-
getic and ergotropic shifts, i.e., ε(τ ) = 0 and W(τ ) = 0,
respectively. While the number of measurement strengths

increases with the number of cells, such that m =
(m1, . . . , mN ) and w = (w1, . . . , wN ), operational points
remain achievable by relying on numerical methods. Fur-
thermore, it is important to note that not all local mea-
surements are required to obtain some gain, as long as
the net effects of all local weak and reversal measure-
ments compensate for each other. This implies that not all
cells are required to be measured for a successful protocol
execution.

To demonstrate this procedure, we will examine a two-
qubit quantum battery, focusing on the feasibility of our
protocol when quantum correlations, such as entanglement
and quantum discord, are present. Without loss of gen-
erality, the following analysis will assume γ = 10−2 and
J = 2ωγ , such that J � ω.

A. Example: Two-qubit open quantum battery

Given two uncoupled qubit batteries individually
prepared in the same incoherent state ρ̂0 = q|g〉〈g|
+ (1 − q)|e〉〈e|, one can unitarily produce an X state in
the form of

ρ̂X (q) =

⎛

⎜
⎝

ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ∗

23 ρ33 0
ρ∗

14 0 0 ρ44

⎞

⎟
⎠ , (39)

which optimally enhances the quantum correlations
between the cells. The resulting bipartite state ρ̂X (q)
is given by ρ11 = ρ44 = q/2, ρ14 = q2 − q/2, ρ23 = 0,
ρ22 = q(1 − q), and ρ33 = (1 − q)2 [159,160] (for more
details, see Appendix C). Bipartite local weak measure-
ments and their reversal have been shown to effectively
restore quantum entanglement lost due to decoherence
[124] and dissipation [139]. Importantly, the symmetries
of this model allow a meaningful comparison between two
distinct scenarios with the same initial ergotropy—one in
which entanglement is present and another in which it is
absent due entanglement sudden death.

Since J < ω by hypothesis, the ergotropy of ρ̂X (q)
is given by R [ρ̂X (q)

] = ω |1 − 2q|, while the entan-
glement, quantified by the concurrence, is C[ρ̂X (q)] =
max

[{
0, 2q2 − q − 2(1 − q)

√
q(1 − q)

}]
. In Fig. 11, we

illustrate the behavior of these quantities as functions
of the excited population 1 − q. In Fig. 11(a), the
ergotropy exhibits a symmetric profile with respect to
q, such that pairs of different X states share the same
ergotropy: R[ρ̂X (1/2 − x)] = R[ρ̂X (1/2 + x)] = 2ω|x|,
for x ∈ [−1/2, 1/2]. Meanwhile, in Fig. 11(b) we reveal
entanglement sudden death, with concurrence vanishing
for q ≤ 0.7.

In addition, assuming the initial charged state ρ̂X (q),
the battery dynamics under the master equation given by
Eq. (37) can be shown to keep the X structure of Eq. (39)
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(a) (b)

FIG. 11. The X -state properties: (a) the ergotropy and (b) the
concurrence in terms of 1 − q, assuming that J < ω. The sym-
metry of the ergotropy reveals parameter choices where systems
share the same ergotropy but differ in the presence or absence of
correlations.

invariant, such that

ρ̂(t) =

⎛

⎜
⎝

ρ11(t) 0 0 ρ14(t)
0 ρ22(t) ρ23(t) 0
0 ρ∗

23(t) ρ33(t) 0
ρ∗

14(t) 0 0 ρ44(t)

⎞

⎟
⎠ . (40)

Due to ergotropy symmetry, distinct initial states can share
the same ergotropy and yet evolve differently, leading to
separate steady states. Interestingly, certain initial con-
ditions enable the generation of entanglement and/or an
increase in ergotropy during both transient dynamics and
in the steady state. In Fig. 12, we depict the time evolution
of the ergotropy [Fig. 12(a)] and the concurrence for q =
0.1 and q = 0.9 over the relevant protocol window γ t ∈
[0, 1] [Fig. 12(b)]. Initially, R[ρ̂X (0.1)] = R[ρ̂X (0.9)] =
0.8ω, while the concurrence values differ: C[ρ̂X (0.1)] = 0
and C[ρ̂X (0.9)] = 0.66, for ω = 1. The ergotropy decays
monotonically in both cases but the concurrence evolves
differently. For q = 0.1, the system generates correlations,
leading to an initial increase in concurrence, followed by
a decrease and slight oscillations. In contrast, for q = 0.9,
the concurrence monotonically decreases due to environ-
mental interactions.

Given the number of parameters involved, particularly
the sets m = (m1, m2) and w = (w1, w2), determining the
exact analog of Eq. (24) for the null-energetic-shift sur-
face is challenging. Nevertheless, as previously discussed,
operational points can still be identified. To illustrate this,
in Fig. 13 we present the energetic shift ε(τγ )/ω pro-
files for ω = 1 as a function of the reversal-measurement
strengths w. Specifically, Fig. 13(a) corresponds to q = 0.1
with weak-measurement strengths m ≈ (0.5, 0.6), while
Fig. 13(b) shows the case for q = 0.9 with m = (0.5, 0.9).
In each plot, the dashed blue and continuous red curves
indicate the points at which ε(τγ ) = 0 and W(τγ ) = 0,
respectively. The intersections of these curves, marked

(a) (b)

FIG. 12. The ergotropy and concurrence dynamics for the X
state: (a) the ergotropy and (b) the concurrence for ω = 1. The
solid red and dashed blue curves represent q = 0.1 and q = 0.9,
respectively. While the ergotropy decays rapidly in both cases,
the concurrence exhibits different behaviors: for q = 0.1, it ini-
tially increases due to the dissipation dynamics given by Eq. (37)
before eventually decreasing, whereas for q = 0.9, it decreases
monotonically throughout the process. It has been assumed that
f = 0.3, γ = 10−2, and J = 2ωγ .

by red stars, correspond to the operational points for the
selected parameters and used for the following analysis.

In Figs. 14 and 15, we confirm the effectiveness of
the TWM protocol for two-qubit batteries in both initially
nonentangled and entangled scenarios, demonstrating its
potential for scaling to more complex coupled systems.
In Fig. 14, the total [Fig. 14(a)], incoherent [Fig. 14(b)],
and coherent-ergotropy [Fig. 14(c)] evolutions during the
protocol (dashed blue curves) are compared with purely
dissipative dynamics (continuous red curves) for q =
0.1, with measurement strengths m ≈ (0.5, 0.6) and w ≈
(0.21, 0.21). Across all ergotropy components, the weak
measurement initially reduces the energy, followed by a
monotonic decay and a subsequent increase due to the
reversal measurement. At the end of the protocol, a net
ergotropy gain ofR(τγ ) ≈ 0.49ω × 10−1 is achieved, with
a success probability of 	(τγ ) ≈ 0.37. This represents a
100 × R(τγ )/Ri ≈ 6.12% of saved charge due to the pro-
tocol execution. Similarly, in Fig. 15 we examine the same
quantities for initially quantum correlated batteries with
q = 0.9, using measurement strengths m = (0.5, 0.9) and
w ≈ (0.97, 0.17) and ω = 1. Despite having the same ini-
tial charge as in the q = 0.1 case, the ergotropy evolution
differs significantly. In the limit of strong measurements,
almost all the ergotropy is removed. Furthermore, due to
collective dissipation in the shared reservoir, some ini-
tial states experience an ergotropy increase. Here, while
the coherent ergotropy decreases, the incoherent and total
ergotropy exhibit some growth. The overall ergotropy gain
is R(τγ ) ≈ 6.1ω × 10−1, with a success probability of
	(τγ ) ≈ 0.09. Interestingly, due to environment-assisted
charging, the final ergotropy after the reversal measure-
ment slightly exceeds the initial value, yielding Riv −
Ri ≈ 0.3ω × 10−2 and a recovery of 100 × R(τγ )/Ri ≈
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(a)

(b)

FIG. 13. The energy-shift profile at τγ in terms of the reversal-
measurement strengths w1 and w2 for (a) q = 0.1 with weak-
measurement strengths m ≈ (0.5, 0.6) and (b) q = 0.9 with
weak-measurement strengths m = (0.5, 0.9). The red stars high-
light the operational points at which ε(τγ ) = 0 (dashed blue
curve) andW(τγ ) = 0 (continuous red curve) are simultaneously
satisfied. It has been assumed that f = 0.3, γ = 10−2, J = 2ωγ ,
and ω = 1.

75.81% of the initial charge. The protocol also affects the
quantum correlations within the cells (see Appendix C). In
particular, for q = 0.1, the TWM enhances the final con-
currence compared to the purely dissipative process, with
gain C = C[ρ̂mw(τγ )] − C[ρ̂(τγ )] > 0.

Finally, in Fig. 16 we illustrate the relation between
ergotropy gain R(τγ ), success probability 	(τγ ), and
q, evaluated at the operational time τγ , for fixed mea-
surement strength m1 = 0.5, and temperature parameters
f = 0.30 [Fig. 16(a)] and f = 0.15 [Fig. 16(b)]. All dis-
played configurations satisfy the zero-energy-shift con-
dition. The red lines highlight representative operational
pathways with zero ergotropy shift W(τγ ) = 0, while the
vertical dashed orange lines in the q = 0.1 and q = 0.9
surfaces in Fig. 16(a) mark the configurations analyzed

in Figs. 14 and 15, respectively. From both Figs. 16(a)
and 16(b), we observe that temperature variations have
a more pronounced effect on higher values of q. Addi-
tionally, for lower q, the operational points are predom-
inantly confined to the low-gain high-success-probability
regime, whereas higher q values exhibit the opposite
behavior, favoring high-gain but lower success proba-
bilities. In particular, for q � 0.7—where the initial X
states are nonentangled [cf. Fig. 11(b)]—a clear trade-
off emerges: achieving higher success probabilities 	(τγ )
typically comes at the cost of lower ergotropy gains R(τγ ).
This is visible in the downward-sloping red trajectories
embedded within the green and black surfaces in that
regime. In contrast, for q � 0.7, where the initial states
exhibit entanglement, this trade-off becomes less strin-
gent—several operational points simultaneously offer both
appreciable success probabilities and enhanced ergotropy
gain. This indicates that initial entanglement may play
a constructive role in alleviating the gain-probability
trade-off.

Therefore, the TWM protocol can be effectively applied
to multiqubit quantum batteries. Specifically, we have
compared its behavior for two-qubit batteries in a com-
mon reservoir, where the initial states had the same charge
but differed in their quantum correlations. Notably, due
to collective dissipation, the initially correlated cells have
not only mitigated energy loss but even gained additional
charge, with the cost of it being unlikely. Finally, we
note that similar behavior and conclusions are expected
to hold for other values of the internal coupling J ,
provided that J � ω. In the local approach, the cou-
pling primarily affects the unitary dynamics. Stronger
couplings, however, fall outside the validity of Eq.
(37), requiring a global master equation for an accurate
description.

V. DISCUSSION AND CONCLUSIONS

Given recent advancements in quantum thermodynam-
ics [161] and the growing ability to manipulate quantum
systems [108], the development of quantum technologies
for energy control and management has become increas-
ingly crucial [162–165]. In this context, the design and
analysis of efficient quantum devices for energy storage
have gained significant interest, with proposals across dif-
ferent settings and physical platforms [4,46–49,52–54,56–
58]. Nevertheless, due to the fragile nature of quantum
systems, realistic implementations must consider envi-
ronmental interactions, which often lead to unwanted
discharging. Developing methods to counteract such dis-
charge effects has thus become a key focus for practical
quantum battery applications [80] and this work con-
tributes to this ongoing effort.
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FIG. 14. The ergotropy comparison without initial entanglement. The ergotropy changes with (dashed blue) and without (continuous
red) the protocol for (a) the total ergotropy, (b) the incoherent ergotropy, and (c) the coherent ergotropy, assuming that q = 0.1,
m1 = 0.5, m2 ≈ 0.6, and w1 = w2 ≈ 0.21. For this particular state, which initially has no entanglement, the protocol is more effective
in recovering the incoherent part of the ergotropy.

Here, we have introduced a protocol for mitigating the
inevitable discharging process in open quantum batter-
ies by applying two selective weak measurements. More
specifically, a first weak measurement is performed right
after the battery charging—before being subjected to envi-
ronmental interaction—followed by a reversal measure-
ment after some dissipation time. The operating points
of the protocol have been set by thermodynamic con-
straints, namely, by simultaneously meeting the conditions
εmw(τ ) = 0 and Wmw(τ ) = 0, which, respectively, define
the proper parameter space for minimum external energetic
and ergotropic influences. Such conditions can be achieved
due to the symmetry of the weak measurement and its
reversal. In this way, we have shown that by properly exe-
cuting the protocol, one can obtain positive gain, i.e., the

final ergotropy can be higher compared to a purely dis-
charged quantum battery, effectively mitigating the effects
of environmental interactions. Nevertheless, it is worth
mentioning that the previous constraints can be relaxed,
provided that the ergotropy shift Wmw(τ ) remains below
the protocol-induced ergotropy gain; in other words, even
allowing for small extra recharging from the measurements
can be advantageous, depending on the success probability.
In the more restrictive case—in which both measurements
result in zero energy and ergotropy shifts—we have ana-
lyzed the differences in behavior for the incoherent and
coherent components of ergotropy.

Our results demonstrate that quantum coherence can
be analyzed separately to optimize the performance of
the protocol, allowing for better conditions for both the

(a) (b) (c)
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FIG. 15. The ergotropy comparison with initial entanglement. The ergotropy changes with (dashed blue) and without (continuous
red) the protocol for (a) the total ergotropy, (b) the incoherent ergotropy, and (c) the coherent ergotropy, assuming that q = 0.9,
m1 = 0.5, m2 = 0.9, w1 ≈ 0.97, and w2 = 0.17. For the last step, it has been assumed that ω = 1. For the initially entangled state, the
protocol performs effectively in recovering both the incoherent and coherent parts of the ergotropy, demonstrating its feasibility when
quantum correlations are present.
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(a)

(b)

FIG. 16. The ergotropy gain and success probability in terms
of q and m2, w1, and w2, computed at τγ , ω = 1 and m1 = 0.5 for
(a) f = 0.30 and (b) f = 0.15. The red spots highlight the opera-
tional points, with zero ergotropy shift. The orange dots (vertical
lines) at q = 0.1 and q = 0.9 in (a) highlight the operational
points used for Figs. 14 and 15, respectively.

ergotropy gain and the probability of success. The optimal
setup will naturally depend on the specific characteris-
tics of the battery system and the environment. Our work
characterizes a general scenario to facilitate adaptation to
specific applications.

To validate the TWM protocol, we have selected specific
parameter examples. Since any quantum system decays
over the timescale determined by the dissipation rate into
the environment, we have concentrated on the energy
(ergotropy) mitigation in the period of τγ = 1/γ . It is also
worth mentioning that the role of temperature, encoded
in f , directly influences the dissipation process, affect-
ing both the stationary state and the rate at which it is
reached. Nevertheless, the choice of temperature does not
fundamentally constrain the presented results. The find-
ings are expected to hold for different temperature values,
provided that the relevant parameters—particularly the

weak and reversal measurement strengths, and the dissipa-
tion time—are appropriately adapted. In general, we have
observed that achieving higher ergotropy gains comes at
the cost of lower probabilities of success, and vice versa,
indicating an inverse relationship. Notably, the success-
probability landscape of the protocol for a single qubit
battery remains invariant with respect to the initial coher-
ence. Through our examples, we have demonstrated how
the coherent-ergotropy gain can positively contribute at
higher probabilities, showcasing how quantum features
such as coherence can be effectively harnessed to enhance
the overall performance of the protocol.

Moreover, we have discussed how to extend the anal-
ysis to multicell quantum batteries, demonstrating how
the TWM protocol generalizes to systems composed of
N qubits. To validate this approach, we have examined
a specific scenario consisting of two interacting qubits
sharing a common environment. This kind of dynamics
captures nontrivial phenomena due to collective dissipa-
tion, such as entanglement and ergotropy increase. To
contemplate the potential role of correlations, we have con-
sidered X states as a case study. In particular, we have
employed the symmetries within these states to compare
two distinct scenarios with the same initial ergotropy, one
not containing entanglement and the other containing it.
The protocol is shown to work in both cases, mitigat-
ing the ergotropy loss compared to the purely dissipative
case.

The results presented here can be straightforwardly
expanded to consider multiqubit batteries in different rel-
evant regimes. In particular, future work should consider
strongly coupled cells and should characterize the role
of internal coupling on the overall performance of the
TWM protocol. We highlight that this regime is beyond
the validity of Eq. (37), requiring the use of a global
master equation for an accurate dynamic description and
thorough analysis of the coupling. Additionally, it would
be valuable to deeply understand the general features
of quantum correlations such as entanglement and quan-
tum discord [166,167] within the overall performance of
the TWM protocol, especially how it could scale with
the number of cells and depend on the configuration
of internal couplings. Besides, it would be relevant to
consider how the recently proposed notions of parallel
ergotropy [168], local ergotropy [169,170], and extended
local ergotropy [171] change during such a procedure.
Investigating its viability for strong system-environment
couplings [170] and non-Markovian environments [37,
66] is also of fundamental interest. Examining the ener-
getic cost of measurements, following Landauer’s prin-
ciple [172], would also be important, as this would pro-
vide insights into the thermodynamic cost associated with
implementing the weak measurements, allowing for a
more comprehensive assessment of the practicality of the
protocol.
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Finally, optimal parameter choices for successfully
applying the protocol will likely depend on system-specific
and environmental constraints. In realistic setups, it may
not always be possible to control factors such as the dis-
sipation time and the temperature or to precisely modulate
the measurement strength, which could limit the achiev-
able gains. Future work should examine optimization
techniques and consider these constraints to investigate
adaptive protocols that can respond to variable conditions,
enabling the practical application of this approach across
a wider range of quantum battery designs and operational
environments. In this context, it is worth highlighting that
the proposed protocol is practically feasible using state-of-
the-art platforms. The implementation of weak measure-
ments and measurement-reversal operations for mitigating
decoherence has already been demonstrated [121,124,125,
137], while quantum batteries have been realized in com-
parable settings. Thus, by considering the thermodynamic
constraints, one could in principle achieve the working
regime of the protocol. Considering recent experimental
advancements in both areas, NMR [58,109] and supercon-
ducting circuits [46,52] are emerging as promising candi-
dates for the application of the TWM protocol introduced
in this work.
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APPENDIX A: DISSIPATION AND BATTERY
DISCHARGING

In the basis {|g〉 , |e〉}, the density matrix of the battery
is written as

ρ̂(t) =
(

1 − P(t) Q(t)
Q∗(t) P(t)

)

. (A1)

Equation (3) provides its time evolution when the battery is
exposed to an environment with the inverse of temperature
β. In this case, it is straightforward to obtain the follow-
ing set of uncoupled differential equations for the matrix

elements P(t) and Q(t):

d
dt

P(t) = γ (f − P(t)),

d
dt

Q(t) = −1
2

Q(t)(γ − 2iω),
(A2)

such that

P(t) = (P0 − f ) e−γ t + f ,

Q(t) = Q0e− γ t
2 +itω,

(A3)

where P0 and Q0 represent the initial population of the
excited state and the initial coherence, respectively. It is
important to note that these quantities evolve indepen-
dently over time, without any coupling between them.
Furthermore, in the long-time limit (t → ∞), we have
P∞ = f and Q∞ = 0, i.e.,

lim
t→∞ ρ̂(t) = τ̂th, (A4)

where τ̂th := (1 − f ) |g〉〈g| + f |e〉〈e| is the thermal
(Gibbs) state relative to β. Thus, it is clear that energy is
irreversibly leaked into the environment during the battery
thermalization, leading to its inevitable discharge.

This phenomenon is illustrated in Fig. 17 for various
coherent and incoherent initial states, characterized by P0
and |Q0|2. Notably, when the initial state is active, the
ergotropy decreases monotonically and irreversibly over
time. In contrast, for passive states, the ergotropy remains
constant and zero, as indicated by the dashed red line.
Additionally, note that the discharging rates vary signifi-
cantly. For instance, in the case of a fully charged battery,
represented by the solid black line, the decay is faster
than for the initially coherent states. From this perspec-
tive, certain partially charged initial states may retain more
ergotropy after a period of dissipation, presenting a poten-
tial advantage. This counterintuitive behavior arises from
the complex interplay between the incoherent and coherent
components of ergotropy during thermalization, resem-
bling the ergotropic counterpart of the Mpemba effect
[140,141].

In such a scenario, the evolution of the incoherent
ergotropy reads

Rinc[ρ̂(t)] = ω (2P(t)− 1) [1 −
(1/2 − P0)]

× [1 −
(t − τ1/2)
]

, (A5)

where 
(x) is the Heaviside function, such that 
(x) = 1
if x ≥ 0 and null otherwise, and

τ1/2 := − 1
γ

ln
[(

1
2

− f
)

(P0 − f )−1
]

(A6)

is the time instant at which the diagonal state of the bat-
tery becomes passive (P(τ1/2) = 1/2) and the ergotropy
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FIG. 17. The discharging process: the ergotropy behavior as a
function of the dissipation time for distinct initial states, charac-
terized by P0 and |Q0|2. It has been assumed that f = 0.3 and
γ = 10−2.

reaches zero. In this sense, in Fig. 18, we show the incoher-
ent ergotropy-landscape behavior relative to the dissipa-
tion time and initial population. For initially active diago-
nal states (P0 > 1/2), the monotonicity of the ergotropy is
evident. The dashed red line highlights the points at which
the battery is fully discharged, defined by τ1/2.

On the other hand, the coherent ergotropy at time t is
written according to Eq. (15). As elucidated in the main
text, it possesses a less trivial structure and dynamics,
which is monotonic for P0 ≤ 1/2 and nonmonotonic other-
wise. Thus, despite environmental interaction, Rcoh[ρ̂(t)]
may initially increase before eventually decreasing for t >

in
c

FIG. 18. The incoherent ergotropy in terms of the dissipation
time and initial population P0. The dashed red line highlights the
curve τ1/2, representing the instant at which the diagonal state
becomes passive (P(τ1/2) = 1/2). It has been assumed that f =
0.3 and γ = 10−2.

(a)

(b)

co
h

co
h

FIG. 19. The coherent ergotropy in terms of the dissipation
time and the initial coherence |Q0|2 ∈ [0, P0(1 − P0)] for (a)
P0 = 0.2 and (b) P0 = 0.8. The dashed red line highlights the
curve τ1/2. It has been assumed that f = 0.3 and γ = 10−2.

τ1/2, which significantly influences the discharge rate of
the battery. To better access the dynamics of the coher-
ent ergotropy, in Fig. 19 we illustrate its landscape as a
function of the dissipation time and the initial coherence
|Q0|2 ∈ [0, P0(1 − P0)] for P0 = 0.2 [Fig. 19(a)] and P0 =
0.8 [Fig. 19(b)]. The dashed red lines indicate the curves
τ1/2. As expected, in Fig. 19(a), the coherent ergotropy
decays monotonically over time while P(t) approaches f .
In contrast, in Fig. 19(b), the previously described behav-
ior is observed: Rcoh[ρ̂(t)] increases over t ∈ [0, τ1/2],
followed by a subsequent decay for t > τ1/2. It is also note-
worthy that the contribution of the coherent component to
the total ergotropy is smaller than that of the incoherent
component.

In short, although the discharging process due to envi-
ronmental interaction has a relatively straightforward
description, the decay of total ergotropy arises from a
complex interplay between the incoherent and coherent
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components. While the incoherent component exhibits
monotonic behavior, the coherent component may show
a nontrivial time dependency within certain parameter
ranges.

APPENDIX B: ENERGY AND ERGOTROPY
SHIFTS

By design, the described protocol requires the applica-
tion of M̂m and Ŵw to the battery state before and after
some dissipation time. Both actions inherently cause ener-
getic changes, resulting in additional charging or discharg-
ing of the battery. To ensure minimal external disturbance,
it is essential that no net energy or ergotropy is imparted.
In other words, the valid working regime of the protocol
should be constrained to parameters that simultaneously
satisfy εmw(τ ) = 0 and Wmw(τ ) = −εp

mw(τ ) = 0. For fixed
values of γ , f , P0, m, and τ , the former condition can be
achieved by adjusting the reversal-measurement strength
to w̃, as defined in Eq. (24). In Fig. 20, we illustrate the
behavior of the w̃ surface for a null energetic shift in terms
of the initial excited population P0 and strength m, evalu-
ated at τ = τγ for different temperatures (encoded in f )
given by f = 0 [Fig. 20(a)] and f = 0.30 [Fig. 20(b)].
The suppressed region in Fig. 20(b) represents nonphysi-
cal values of measurement strength, where w̃ /∈ [0, 1]. In
general, higher values of w̃ are required as m increases.
However, its behavior in terms of P0 clearly depends on
the temperature, especially for P0 < 0.5. In this sense,
for f = 0.30, the stronger values of w̃ are constrained to
the intermediate values of P0, while this region increases
for lower temperatures toward small P0. Also, for both
cases, one should have w̃ = 0 to ensure that εmw̃(τ ) = 0
for P0 = 1 and P0 = 0 [not visible in Fig. 20(a)], i.e., since
the post-weak-measurement state remains invariant under
the action of M̂m no energy is transferred during the initial
measurement, which means that the reversal-measurement
strength should be null. These general characteristics hold
for different dissipation times τ . Notably, for long times
and f �= 0, the w̃ surface converges:

lim
τ→∞ w̃ = (1 − P0)(1 − Nm)

(1 − f ) [(1 − P0)(1 − Nm)+ f Nm]
. (B1)

For f = 0 and τ → ∞, the battery thermalizes to the
ground state, such that the reversal measurement has no
effect and the only energetic contribution is due to the first
weak measurement. In this case, the only way to guarantee
a null energetic shift is by m = 0 or P0 = 0, 1.

Nevertheless, since εmw̃(τ ) = 0, it is crucial to iden-
tify the parameters that also satisfy Wmw̃(τ ) = −εp

mw̃(τ ) =
0. To illustrate this and the influence of temperature, in
Fig. 21 we present the ergotropy-shift profile at τγ for dif-
ferent parameter settings. In Figs. 21(a)–21(c), we show
how the ergotropy shift depends on the initial population

(a)

(b)

FIG. 20. The null-energetic-shift w̃ surface in terms of P0 and
m, computed at τγ for (a) f = 0 and (b) f = 0.3. The nonphys-
ical region, w̃ /∈ [0, 1], is suppressed. It has been assumed that
γ = 10−2.

P0 and measurement strength m, assuming maximal initial
coherence |Q0|2 = |Qmax|2 = P0(1 − P0). These plots cor-
respond to different temperatures: f = 0 [Fig. 21(a)], f =
0.15 [Fig. 21(b)], and f = 0.30 [Fig. 21(c)]. The desired
condition Wmw̃(τ ) = 0 (marked by red curves) is not sat-
isfied for any P0 and m when f = 0, indicating that at
zero temperature, the protocol inevitably causes nonzero
ergotropy shift. However, as f increases, the number of
operational points grows, suggesting that thermal effects
help to balance the ergotropy changes. Additionally, the
dashed black and blue curves indicate the null-energy-shift
curves η2,3, revealing the interplay between ergotropy and
energy changes. Similarly, in Figs. 21(d)–21(f), we illus-
trate the ergotropy shift for the same temperatures but
with |Q0|2 = 0, revealing a significantly different behav-
ior. As the temperature increases, the regions satisfying
Wmw̃(τ ) = 0 (hatched red regions) expand, particularly for
larger P0. This suggests that higher temperatures intro-
duce a stabilizing effect, enabling the protocol to operate
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(a) (b) (c)

(d) (e) (f)

FIG. 21. The ergotropy-shift profile at time τγ along w̃. (a)–(c) The ergotropy shift in terms of the initial population P0 and mea-
surement strength m, assuming |Q0|2 = |Qmax|2 = P0(1 − P0) for each P0, for (a) f = 0, (b) f = 0.15, and (c) f = 0.3. (d)–(f) The
ergotropy shift in terms of the initial population P0 and measurement strength m, assuming |Q0|2 = 0 for (d) f = 0, (e) f = 0.15,
and (f) f = 0.3. The hatched red region and continuous red curves highlight where Wmw̃(τ ) = 0. The dashed black and blue curves
represent contours of the energy shift η, revealing the interplay between ergotropy and energy transfer. It has been assumed that
γ = 10−2.

within the required conditions over a broader parameter
range, reinforcing the idea that thermal fluctuations can
counteract undesired energy and ergotropy shifts.

As mentioned above, the operational points of the TWM
protocol are defined by the simultaneous fulfillment of
both null energetic and ergotropic shifts. In this sense, in
Fig. 22 we present the energetic shift profile for different
parameters. In Figs. 22(a)–22(c), we show the behavior
of the profile with respect to the reversal-measurement
strength w and the dissipation time τ , assuming f =
0.30, an initial coherence |Q0|2 = |Qmax|2 = P0(1 − P0),
and weak-measurement strength m = 0.5, for different ini-
tial population values: P0 = 0.4 [Fig. 22(a)], P0 = 0.8
[Fig. 22(b)], and P0 = 0.9 [Fig. 22(c)]. As expected, most
of the parameter space shows a nonzero net energetic
exchange. However, the intersection of the dashed black
and continuous red curves marks the operational points
of the protocol. The former indicates a null energetic
shift, characterized by w̃, while the latter identifies points
at which Wmw(τ ) = 0 holds. For the chosen parameters,
these intersections may only occur at specific dissipation
times. Analogously, in Figs. 22(d)–22(f), we present the
energy-shift landscape for the same initial populations,
assuming |Q0|2 = 0 and equal measurement strengths,

m = w = η. The dashed black lines mark points defined
by the null-energetic-shift curves η2,3, while the continu-
ous red lines and hatched red areas highlight where a null
ergotropy shift is obtained. Again, the intersections repre-
sent the desired working regime. As discussed in the main
text, the η2 curve for incoherent states leads to a cyclic
transformation, ρ̂0 → τ̂th → ρ̂0, ensuring that the battery
state remains unchanged during dissipation, thus satisfy-
ing εη2η2 = Wη2η2 = 0 for all τ . However, for the selected
parameters, the η3 curve does not exhibit any operational
points.

It is important to emphasize that Fig. 22 serves as a
proof-of-concept illustration of the proposed protocol. The
operational points depend heavily on the selected values.
Nevertheless, some general insights can be observed: (i) a
finite energetic change exists over most of the parameter
space; and (ii) the conditions required to minimize exter-
nal influence significantly constrain the working regime.
Nonetheless, it is still possible to identify intersection
points at which εmw(τ ) = 0 and Wmw(τ ) = 0 are simulta-
neously satisfied. Therefore, in principle, even with addi-
tional external constraints in experimental scenarios (such
as temperature or measurement strength), it is feasible to
adapt the protocol accordingly.
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(a) (b) (c)

(d) (e) (f)

FIG. 22. The energy-shift profile. (a)–(c) The energy shift in terms of the reversal strength w and dissipation time τ , assuming fixed
strength m = 0.5 and |Q0|2 = |Qmax|2 = P0(1 − P0), for (a) P0 = 0.4, (b) P0 = 0.8, and (c) P0 = 0.9. The dashed black lines represent
the points along w̃, given by Eq. (24), where εmw(τ ) = 0, while the continuous red curves highlight where Wmw(τ ) = 0. (d)–(f) The
energy shift for equal measurement strengths m = w = η relative to τ , assuming that |Q0|2 = 0, for (d) P0 = 0.4, (e) P0 = 0.8, and (f)
P0 = 0.9. The dashed black lines represent the curves η2 and η3 for a null energetic shift, given by Eq. (25). The hatched red region
and continuous red curves represent the points at which Wmw(τ ) = 0 is satisfied. It has been assumed that f = 0.3 and γ = 10−2.

APPENDIX C: TWO-QUBIT OPEN QUANTUM
BATTERY DYNAMICS—THE X STATE

Given two uncoupled qubit batteries individually pre-
pared in the same incoherent state ρ̂1,2 = q|g〉〈g|1,2 + (1 −
q)|e〉〈e|1,2, one can ask what is the optimal unitary oper-
ation that can be realized in order to maximize quantum
correlations between them? Note that whenever q ≥ 1/2,
this is equivalent to a thermal-equilibrium system with a
reservoir at the inverse of temperature β, such that the
bipartite state reads ρ̂0 = τ̂β ⊗ τ̂β , where τ̂β = Z−1

β e−βĤ ,
with local Hamiltonians Ĥ =∑k=g,e Ek |k〉 〈k| and parti-

tion function Zβ = Tr[e−βĤ ]. Assuming that the ground-
and excited-state energies are Eg = 0 and Ee = ω, respec-
tively, the probability of occupying the ground state is
q = (1 + e−βω)−1. On the other hand, whenever q < 1/2,
the state is active and, therefore, possesses some finite
ergotropy. Interestingly, by applying the mentioned opti-
mal unitary transformation, as we show in the following
(for details, see Ref. [159]), one can construct a ther-
mally correlated state that achieves the same ergotropy
while allowing for different parameter choices that either
produce or avoid quantum entanglement. To introduce

thermal correlations, we apply a unitary operation
Û = V̂2V̂1, where V̂1 = |gg〉 〈gg| + |ge〉 〈ge| + |ee〉 〈eg| +
|eg〉 〈ee| and V̂2 = |φ+〉 〈gg| + |ge〉 〈ge| + |eg〉 〈eg|
+ |φ−〉 〈ee|, with |φ+〉 = (|gg〉 + |ee〉)/√2 and |φ−〉 =
(|gg〉 − |ee〉)/√2. The resulting correlated state is ρ̂X (q)
= Ûρ̂0Û†, which, in the basis {|gg〉 , |ge〉 , |eg〉 , |ee〉}, is
represented as

ρ̂X (q)=

⎛

⎜
⎜
⎝

q/2 0 0 q2 − q/2
0 q(1 − q) 0 0
0 0 (1 − q)2 0

q2 − q/2 0 0 q/2

⎞

⎟
⎟
⎠ .

(C1)

This particular unitary operation has been shown to max-
imize the quantum correlations presented in the final
state. Moreover, entanglement (measured using concur-
rence, relative entropy, or entanglement negativity) van-
ishes at a finite critical temperature, while other notions
of quantum correlations—such as global quantum dis-
cord, local quantum uncertainty [159], and realism-based
nonlocality [160]—gradually decay as the temperature
increases.
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As discussed in the main text, the dynamics of a two-
qubit quantum battery in contact with a common environ-
ment are given by the following master equation:

d
dt
ρ̂(t) = −i

[
Ĥ , ρ̂(t)

]
+ D↓[ρ̂(t)] + D↑[ρ̂(t)], (C2)

where the Hamiltonian reads Ĥ = ω|e〉〈e|1 + ω|e〉〈e|2 +
J
(
σ 1

+σ
2
− + σ 1

−σ
2
+
)
, in which J is the coupling strength of

the qubit and the dissipators are written as

D↓[·] := γ (1 − f )
(

Ŝ+ · Ŝ− − 1
2

{
Ŝ−Ŝ+, ·

})

,

D↑[·] := γ f
(

Ŝ− · Ŝ+ − 1
2

{
Ŝ+Ŝ−, ·

})

,
(C3)

Ŝ± = σ̂ 1
± + σ̂ 2

± being the raising and lowering ladder oper-
ators. Assuming as initial state ρ̂0, the X state from Eq.
(C1), one can show that for all t ≥ 0, the density matrix is
written as

ρ̂(t) =

⎛

⎜
⎝

ρ11(t) 0 0 ρ14(t)
0 ρ22(t) ρ23(t) 0
0 ρ∗

23(t) ρ33(t) 0
ρ∗

14(t) 0 0 ρ44(t)

⎞

⎟
⎠ , (C4)

where, according to Eq. (C2), the dynamics are given by
the following set of coupled differential equations:

dρ11(t)
dt

= −2γ f ρ11(t)− γ (f − 1)

× [ρ22(t)+ 2Re [ρ23(t)] + ρ33(t)] ,

dρ14(t)
dt

= − (γ − 2iω) ρ14(t),

dρ22(t)
dt

= γ f ρ11(t)− γ [ρ22(t)+ (f − 1) ρ44(t)]

− (γ + 2iJ )Re [ρ23(t)] + 2iJρ23(t),

dρ23(t)
dt

= 1
2
γ (2f ρ11(t)− ρ22(t)− ρ33(t)− 2(f − 1)

× ρ44(t)− 2ρ23(t))+ iJ (ρ22(t)− ρ33(t)),

dρ33(t)
dt

= γ f ρ11(t)− γ [ρ33(t)+ (f − 1) ρ44(t)]

− (γ − 2iJ )Re [ρ23(t)] − 2iJρ23(t),

dρ44(t)
dt

= 2γ (f − 1) ρ44(t)+ γ f

× (ρ22(t)+ 2Re [ρ23(t)] + ρ33(t)) . (C5)

Note that the nondiagonal elements ρ23(t) and ρ∗
23(t) are,

in general, non-null during the dissipative dynamics. More
importantly, the solution of previous equations allows one
to compute the time evolution of the relevant quantities

(a) (b)

FIG. 23. (a) The concurrence dynamics for q = 0.1, m1 = 0.5,
m2 ≈ 0.6, and w1 = w2 ≈ 0.21: changes with (dashed blue) and
without (continuous red) the protocol. The result demonstrates
that weak measurements can enhance the entanglement gener-
ated by dissipation. (b) The concurrence dynamics for q = 0.9,
m1 = 0.5, m2 = 0.9, w1 ≈ 0.97, and w2 = 0.17: changes with
(dashed blue) and without (continuous red) the protocol. The
result shows that weak measurements while preserving ergotropy
in this specific state, diminish entanglement when it is already
present before dissipation takes place.

in terms of q, in particular ergotropy, as presented in Sec.
IV A. In this sense, the concurrence change along the pro-
tocol execution for the examples without (q = 0.1) and
with (q = 0.9) initial entanglement is presented in Figs.
23(a) and 23(b), respectively. For the former, the dynamic
induced entanglement observed for the purely dissipative
time evolution is shown to be enhanced with the execution
of the TWM protocol. For the latter, the entanglement is
shown to be consumed faster compared to the case without
the weak measurements. Nevertheless, in both scenarios,
the use of the TWM protocol mitigates ergotropy loss.
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