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Metal hydrides are important across diverse applications, such as hydrogen storage, batteries, gas sen-
sors, nuclear reactions, and high-temperature superconductivity. Previous computational studies of metal
hydrides under extreme pressures, e.g., O(10%) GPa, usually treat them as stoichiometric compounds with-
out considering interstitial lattice disorder. As pressures become more moderate in the O(10°) GPa and
below range, hydrogen disorder at interstitial lattice sites becomes prominent, e.g., in the N-doped Lu
hydride that was recently claimed superconducting near 1 GPa. Further adding compositional complexity
from alloying and/or multielement interstitial occupation makes elucidating pressure- and temperature-
dependent observables intractable by first-principles calculations alone. We therefore propose a lattice
graph neural-network surrogate modeling approach to predict configuration- and pressure-dependent
equation-of-state properties. Their efficiency permits Monte Carlo simulations to calculate Gibbs energies
and pressure-dependent phase diagrams, thereby revealing insights into the synthesis conditions required
for achieving desired phase equilibria. We demonstrate this concept for the compositionally complex cubic
Lu(H,N,Va); system where three constituents (hydrogen, nitrogen and vacancy) have disordered multiele-
ment interstitial occupancies and insights into pressure-dependent phase equilibria are critically needed,
e.g., N-doping levels can significantly lower dehydrogenation temperatures and provide a new strategy
to optimize hydrogen-storage alloys. This work can improve the thermodynamic understanding of the
Lu-H-N system and help rational synthesis of N-doped Lu hydrides, but more generally demonstrates an

efficient approach to model pressure-dependent thermodynamics of multicomponent solid solutions.

DOI: 10.1103/bsxd-qtph

I. INTRODUCTION

Enormous progress has been made in recent years in
the pursuit of room-temperature superconductors, mainly
driven by metal hydrides. Near-room-temperature super-
conductor was predicted [1,2], synthesized [3], discovered
[4], and subsequently confirmed [5] in the La-H system
for the first time. In addition, the same theoretical tech-
niques that led to the discovery of superconductivity in
LaHjy predict even higher-temperature superconductors
such as Li;MgH , with T, as high as approximately 470 K
at 250 GPa [6]. However, creation of these superhydrides
requires megabar (>100 GPa) pressure, which is a signif-
icant hurdle for large-scale synthesis. Therefore, lowering
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the pressure for synthesizing these novel materials is a cru-
cial milestone in the pursuit of practical room-temperature
superconductivity [7], with several approaches proposed,
including optimized chemical precompression [8], impu-
rity doping in hydrides [9-12], and combining multi-
ple stimuli (e.g., pressure and electrochemical potential)
[13,14]. An especially remarkable report was the claim of
room-temperature superconductivity at near-ambient pres-
sures in N-doped Lu hydrides [15], which subsequently
stimulated a rush [16-25] trying to clarify and reproduce
the superconducting phase whose structure is reported to
have an FCC Lu lattice but with undetermined stoichiom-
etry and atomic positions of H and N. However, these
verification efforts, no matter experimental or computa-
tional, have not reproduced the claim and the original study
has since been retracted. The difficulty of characterizing
the material under such extreme conditions and subsequent
lack of knowledge of the exact phase(s) present in the orig-
inal experiment drastically exacerbated the difficulty for
subsequent studies to reproduce it.

To facilitate solving similar future problems, which are
not unique to the Lu-N-H system in question or specific
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to applications of hydrides for superconductivity, we intro-
duce a general workflow for predicting temperature- and
pressure-dependent phase equilibria in a given multiele-
ment, interstitiated lattice type. We demonstrate this by
addressing a remaining open question of how N, along
with H, is incorporated into the interstitials of the Lu FCC
lattice. Specifically, the pressure-composition-temperature
(PCT) phase behavior of the Lu-N-H system has yet to
be predicted, i.e., the expected N and H concentrations
as a function of N and H chemical potentials (tempera-
tures and partial pressures). More generally, quantitative
prediction of PCT behavior [26-28] is difficult due to
the computational cost of density functional theory (DFT)
and the required high-throughput sampling of the potential
energy surface of hydrogen and metal alloy interactions;
nonetheless, tractability has been demonstrated for simpler
metal hydride systems at near ambient pressures by com-
bining machine learning surrogate models for DFT and
first-principles thermodynamics [29]. However, PCT pre-
diction becomes even more difficult if a metal or alloy is
open to multiple species that can populate its interstitials
(i.e., H and N) or if the pressure range to be modeled is suf-
ficiently high that the pressure contribution to the enthalpy
is non-negligible.

Our goal is therefore to generally address both chal-
lenges in a unified computational workflow so that
PCT behavior of high-pressure, multielement interstitial
hydrides can be more rapidly predicted. We will demon-
strate this for the cubic Lu(H,N,Va), system, but expect

its applicability to translate to other materials science
domains relying on (high-pressure) interstitial incorpo-
ration in intermetallic alloy lattices. Modern machine-
learning techniques offer the ability to accurately approx-
imate high-dimensional functions [30], opening up new
possibilities for solving “curse of dimensionality,” a key
challenge in materials science. We propose the use of graph
neural networks (GNNs) [31-33] as surrogate models to
directly predict computationally expensive DFT-relaxed
properties from an unrelaxed crystallographic represen-
tation [29,34,35], specifically the zero-pressure relaxed
formation energy, Er o, and specific volume, vy, using just
the idealized (i.e., unrelaxed) FCC crystallographic lat-
tice and coordinates as inputs. This sufficiently accurate
and fast surrogate model for Er o and vy, trained on a
reasonable number (approximately 1200) of DFT relax-
ations, enables the extensive sampling required by lattice
model Monte Carlo to estimate free energies dependent on
composition, pressure and temperature. From this, differ-
ent types of phase equilibria and thermodynamic properties
can be calculated. Additionally, we propose a new dop-
ing strategy to optimize hydrogen-storage alloys based on
thermodynamic modeling. By facilitating the assessment
of thermodynamic stability of high H-content hydrides,
we anticipate this general approach will help with future
rational design strategies to reduce the extreme pressures
needed for their synthesis, as well as provide an efficient
approach for thermodynamic modeling of multicompo-
nent solid solutions as an alternative to the conventional
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Graphical summary of the machine-learning-accelerated workflow for calculating pressure-dependent thermodynamics of

compositionally complex solid solutions. (a) Solid-solution configurations on an idealized lattice, Xgcc, are first generated by sampling
different end member and intermediary compositions. (b) Configuration-dependent energy and pressure vs volume curves are fit to an
equation of state to extract a set of four parameters, P: zero-pressure formation energy (£ o), zero-pressure volume (vp), bulk modulus
(B), and pressure-derivative of bulk modulus (B’). (¢) GNN surrogate models are trained to predict these properties using Xpcc as
input. (d) A multitude of lattice Monte Carlo simulations across fixed composition, temperature, and pressure are performed using
the GNN models. (e) Gibbs free energies as a function of composition, temperature, and pressure are computed, from which relevant
macroscopic properties can be computed (which may be complicated to experimentally extract), such as expected composition as
a function of chemical potentials, (xy), (xg)(un, tz), or the temperature-dependent equilibrium hydrogen pressure as a function of

concentrations, Py, (xy; T, xy).
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method based on cluster expansion (CE) [36]. Finally, we
conclude with some insights into current limitations and
the promising opportunities for extending this work in the
future.

II. RESULTS AND DISCUSSION

Our workflow for computing pressure-dependent ther-
modynamics in compositionally complex solid solutions is
graphically summarized in Fig. 1 and discussed in detail
below. The major steps consist of the following: (a),(b)
high-throughput sampling and first-principles calculations
of solid solution configurations are used to fit equation-
of-state parameters, (c) GNN training to predict these
configuration-dependent parameters using the idealized
starting structure as input, (d) Monte Carlo simulations
of pressure-dependent enthalpies, (e) calculation of Gibbs
energies and phase diagrams.

A. High-throughput sampling of Lu-N-H system

First we generate 1179 2 x 2 x 2 ideal FCC supercell
configurations, Xpcc, of Lu(H,N,Va);. Each initial con-
figuration, consisting only of Lu at each packing site,
differs only by the identity (N, H, or Va) of the octahedral
and tetrahedral interstitials. For each initial configuration,
energy-volume calculations are performed by calculating
the energy of the relaxed structure at multiple volumes.
The volume sampling is a two-stage procedure. First, sev-
eral initial volumes with a spacing of 2% volume change
are sampled, generating an initial equation of state (EOS).
Then, guided by the initial EOS, the rest of the volumes
are sampled to ensure the pressure range from 0 to approx-
imately 10 GPa is covered. In each relaxation, atomic posi-
tions and the cell shape were allowed to change, but the
cell volume was fixed. The resulted energy-volume data
are used to fit the Rose-Vinet EOS [37] and obtain Ef , v,
bulk modulus B, and pressure derivative of bulk modulus
B’. In addition, from the energy-volume data, pressure-
dependent enthalpy for each configuration at a series of
pressures from 0 to 2 GPa at a step of 0.01 GPa is calcu-
lated. The brute-force DFT-sampled potential energy land-
scape from the approximately 1200 configuration training
data is shown in Fig. 2(a) as a function of xy and xr,.
To construct Fig. 2(b), we compute the standard deviation,
o, of a configuration’s nearest-neighbor Lu-Lu interatomic
distances, then summarize the data as a box-and-whisker
plot, grouping configurations by xy. This indicates that,
as expected, higher N concentrations are more likely than
higher H concentrations to introduce larger structural dis-
tortions to the idealized FCC lattice where o = 0.

B. GNN surrogate model validation

We seek a surrogate model, parameterized by 6, that
can utilize an unrelaxed and idealized representation of
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FIG. 2. (a) The DFT calculated formation energies of train-

ing configurations as a function of xy /x;, and xy/xr,. (b) For
each configuration, the standard deviation of all nearest-neighbor
Lu-Lu interatomic distances, o ({dLy.Ly}), 1S computed and sum-
marized as a box and whisker by grouping configurations for a
given xy /xLy.

an alloy and its interstitial site occupations (denoted here
Xrcc) to predict the relaxed formation energies and spe-
cific volumes,

{Ef 0, v0} = fonn(Xrcc; 0). (D

We adopted a graph neural-network (GNN) approach (see
Sec. IV for more details), but we note that this prob-
lem can equivalently be formulated for a more traditional
cluster-expansion (CE) approach [36,38,39]. We there-
fore quantified a CE models’ performance in the Supple-
mental Material [40] (including Refs. [17,23,36,38,39,41—
49]) to confirm that our selected GNN approach delivers
improved accuracy. Finally, it is worth noting that this
approach explicitly bypasses the force calculations needed
to directly optimize structures and obtain £ o, which could
in principle be performed if one were to utilize more recent
and advanced equivariant models [50,51]. However, these
approaches and potentially more complicated model archi-
tectures can require orders of magnitude larger training
datasets than the one considered here and were not required
to achieve the desired accuracy in relaxed £/  predictions,
as discussed next.

Figure 3’s top and bottom rows summarize the perfor-
mance of our trained GNN models on the E; and v
prediction tasks, respectively. For each prediction target,
three versions of parity plot for the combined K = 10-fold
test set predictions are differentiated by color coding either
H content (xg/xry), N content (xy/xr,) or the data den-
sity. The parity plots immediately reveal that low Ef o is
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Model validation for (a),(b) £/ ¢ and (c),(d) vy predictions. Parity plots (a),(c) correspond to the combined K = 10-fold

test set predictions, differentiated by color coding H content (xz /xr,), N content (xy /xLy), or the data density. (b),(d) show expected
(K-fold averaged test set) MAE R? in purple and orange, respectively, as a function of the maximum xy /xp, considered.

correlated with high N content. Additionally, we plot the
expectation mean absolute error (MAE) and coefficient
of determination (R?) across K-fold test sets, (MAE)g
and (R?)k, respectively, as a function of xy/xi,, wWhere
any configurations with a higher N content are excluded
from the performance metric. This reveals critical insight
into model performance: for xy/x , < 1 we can achieve
expected MAE, depending on xy, of 2040 meV/atom and
R? > 0.9. Considering the errors of 96 meV/atom that have
been observed for DFT with respect to experimental for-
mation energies [52,53], the additional MAE introduced
by the GNN model can be considered marginal. There-
fore, the overall expected performance is quite good and
outperforms a traditional CE approach (see Supplemental
Material [40]), but performance indeed starts to deteriorate
for xy /xry > 1 where MAE increases are driven by a small
number (note the data density’s log scale) of difficult-
to-predict configurations. This generally arises because
high N content configurations undergo significant distor-
tion from the ideal FCC lattice and interstitial geometry
[Fig. 2(b)], meaning the actual structure deviates further
from the idealized lattice that must be used as input to
the ML model. Note that increasing MAE with increas-
ing xy /XL, is due to a relative error increase as well since
R? also begins to drop for higher N content configura-
tions. This insight bounds the expected accuracy of the
subsequent phase diagram predictions as a function of N
content. As discussed next, for the material system and

conditions of interest here, a high-accuracy approximation
of the dependence of enthalpy on pressure for an individ-
ual configuration only requires accurate GNN predictions
for E; o and vg. Although not necessary for the current
study, it is nonetheless noteworthy that more advanced
recent (equivariant) GNN architectures [54] can predict
even more complex mechanical properties (e.g., elasticity
tensors) and could be integrated into this workflow, likely
at the cost of needing to significantly expand our training
dataset size.

C. Gibbs energies and phase equilibria of cubic
Lu(H,N,Va);

The Monte Carlo (MC) simulations were employed to
calculate Gibbs energies at a fixed chemical composition,
temperature and pressure. The enthalpy is obtained by

— P = , , ,
H ZH Puo Z(COa+ClaP+ )1005 (2)
o

o

where H, is enthalpy of a sampled configuration «, P
is pressure, and p, is the frequency of the configuration
« appearing in the simulation. As a function of P, H,
is expanded as a series, with coy,C14,- .. as coefficients.
As discussed in the Supplemental Material [40], a linear
approximation is sufficiently accurate by making the trun-
cation error less than 1 meV/atom within the pressure range
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studied (02 GPa):

H= Z (CO,a + Cl,(xP) Pa> (3)

where Coo = Ha'P:O = Eo’a and Cloa = aHa/aP|P:0 =
Vo, which are predicted by the present lattice GNN
model. We have the exact differential

d(BG) =d(BH —TS)) =Hdp + pVdP, 4)

where G is the Gibbs energy, g = (kzT)~!, kg is Boltz-
mann constant, and 7 is temperature. Using limg_,
BG = Xy;Iny;, where y; is the site fraction of species i
(i = H, N, Va) in the interstitial sites, the Gibbs energy at
temperature 7, pressure P, and compositions xz and xy can
be calculated as

B

BG(T, P, xy,xn) =n2yilny,-+/ H(B',P,xy,xy) dp’.
0

(%)

The number of interstitial sites » is three per Lu

atom. The site fractions and compositions are related by
yu = xp/BxLy) and yy = xy/(Bxr,). Gibbs energies of

the cubic Lu(H,N,Va); solid solution under three pres-
sures (0, 1, 2 GPa) and two temperatures (273, 1273 K) are
shown in Fig. 4. More details including site occupancies
of each species in each of the interstitial sites, the MC-
sampled distribution of enthalpies of configurations and
plots of Gibbs energies as functions of temperature can be
found in the Supplemental Material [40]. The Gibbs ener-
gies are most sensitive with respect to yy, most negative
when yy ~ 1/3, i.e., xy /xLy ~ 1, and increase drastically
when yy further increases. Notably, the Gibbs energy
surfaces are nonconvex, with multiple local minima, indi-
cating immiscibility between the three constituents H, N,
and vacancy within the interstitial sites. The temperature
and pressure up to 2 GPa have an effect on, but do not
majorly alter, the features of the Gibbs energy surfaces
fundamentally.

Based on the calculated Gibbs energies, the ternary
phase equilibria of cubic Lu(H,N,Va), are computed and
shown in Fig. 5 for different combinations of temperatures
and pressures. Instead of compositions, chemical poten-
tials (uy and py) are chosen as the diagram axes since
they are control variables for H and N more frequently
in experiments and can be tuned via temperature and par-
tial pressure when these components are in a vapor state.
However, it should be noted that here the phase equilibria

©
3 S 3 ) ? 4 &
Yva Yva Yva
P=0GPa P=1GPa P=2GPa

FIG. 4. Gibbs energies of the cubic Lu(H,N,Va); solid solution under different pressures and temperatures. The reference states are

the elements at their standard states.
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are calculated for the cubic Lu-H-N phases only without
assuming a solid-vapor equilibrium, otherwise the total
four conditions (7, P, iy, and wy) cannot be varied inde-
pendently according to the phase rule. Within the range
of conditions shown in the figures, there are four phase
regions, i.e., Lqu_xNy, Lquile_y, LuH0_7ixN1:|:y, and
LuHg5+,Nj+,. The composition changes discontinuously
across the phase boundaries, while it changes gradually
within each single-phase region. Due to the fact that the
GNN energy model has increasing errors when xy /xp, > 1
and the high sensitivity of calculated phase boundaries
with respect to Gibbs energy errors, it is possible that
the relatively small composition discontinuity between the
two H-poor phases LuHg 74N+, and LuHp 54N+, may
be artifacts and they belong to the same continuous solid
solution. With temperature increasing, LuHg 7+,Ni+, has
a larger phase region, mainly due to its larger configura-
tional entropy since it has more equal fractions of H, N, and
vacancy compared with the other phases. A decreasing H
stoichiometry with increasing temperature is observed for
the LuH;_N, phase, similarly due to the entropy effect.
With pressure increasing, both H-rich LuH;_N,, and N-
rich LuHp 74N+, have expanded phase regions, while the
LuH,.N;_, phase with significant fractions of both H and

3.0 - T T T T T
—0.50-0.25 0.00 0.25 0.50 0.75 1.00 1.25 1.50

3.0 - . : : - -
~0.50-0.25 0.00 0.25 050 0.75 1.00 125 1.50

Uy (eV/atom) Uy (eV/atom)

P=1GPa P=2GPa

Equilibrium phase diagrams of the cubic Lu(H,N,Va); solid solution under different pressures and temperatures.

N shrinks, indicating the larger immiscibility between H
and N under pressure.

An important conclusion from Fig. 5 is that it is difficult
to achieve significant N-doping levels in the LuH;_N,,
phase under thermodynamic equilibrium, which agrees
with some experimental works where no or low N content
(xy/xLu < 0.02) were detected [25,55]. Evidently, equi-
librium N concentration in LuH3;_,N, is significant only
at near-ambient pressures with uy > 0.7¢V and uy >
—0.7 eV and uy much larger than .y, a region close to the
LuH3_N, /LuH;+,N;_, phase boundary. However, pro-
viding such a high H chemical potential at near-ambient
pressures is quite difficult using conventional methods,
although nonconventional methods such as the pressure-
potential approach introducing electrochemical driving
force have been proposed for this purpose [13,14]. For
H; in equilibrium with the hydrides, increasing pressure
can increase gy, but lower equilibrium N solubility in
LuH3;_N, at the same time. Despite this, it is noted
that there have been other experimental studies reporting
successful synthesis of Lu hydrides with a significant N
content under high pressures [18,19]. In the work by Xing
et al. [19], the averaged nitrogen content was 0.84 wt.%,
i.e., xy/xLu ~ 0.11. Li et al. reported a sample with an
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average nitrogen content of 1.3wt.% (xy/xpy ~ 0.17),
where nitrogen was widespread homogeneously, though
they attributed this phenomenon to the presence of LuN
[56]. The large discrepancy in the reported N contents
from different studies indicates the need for more detailed
characterization of distribution of H and N to determine
whether a homogeneous solid solution forms or phase sep-
aration occurs. If the presence of N is not due to secondary
phases, then it is very likely that the reported samples
are nonequilibrium phases with supersaturated N solutes,
based on the present calculations.

In addition to phase equilibria and compositions, site
occupancies are also of interests in some applications. For
example, theoretical investigations show that N in the octa-
hedral interstitial sites may be key for the special electronic
properties of N-doped Lu hydrides [24,57]. In the present
study, it is found that for low N contents, N prefers the first
nearest-neighbor interstitial sites of Lu, i.e., the tetrahedral
interstitial sites (Fig. S2), which is consistent with a previ-
ous calculation [17]. When the N content is high enough,
N prefers the octahedral interstitial sites, similar with LuN.
For low N contents, a small but non-negligible portion of
N in the octahedral interstitial sites may be obtained if
quenched from a very high temperature (Fig. S2).

D. Paraequilibrium of cubic Lu(H,N,Va); at fixed
N-doping levels

When there is a large difference in mobility of dif-
ferent components in a solid solution, instead of a full
equilibrium, a temporary paraequilibrium state may occur,
where rapidly diffusing elements reach equilibrium while
slowly diffusing elements are treated as immobile [58]. In
a paraequilibrium, the ratios of molar fractions of immo-
bile components are the same in all phases. The concept
of paraequilibrium has been applied in hydrogenation of
alloys, where metal atoms were treated as immobile and
H atoms were treated as mobile [59]. Here, based on the

fact that the diffusivity of H in metals is much higher than
that of heavy interstitials like O and N [60], we calculate
paraequilibrium of the cubic Lu(H,N,Va); solid solution
by assuming: (1) the diffusion of N atoms can be ignored
and (2) H atoms are mobile enough to reach equilib-
rium between different phases. Such paraequilibrium can
be obtained from minimization of Gibbs energies at fixed
N-doping levels. In addition, we assume the Lu-H-N solids
are in equilibrium with a H,/N, fluid phase, thus we can
include partial pressures as condition variables. We are
most interested in low N compositions, which indicates
that wy needs to be much larger than uy based on Fig.
5 and therefore the fluid phase pressure is dominanted by
H, with P ~ Py,, where Py, is partial pressure of H,. The
following equation is used to correlate chemical potential
and partial pressure of Hj:

P,
111, (T, Pyyy) = iy (T, Po) + ksTn (Pi) + kpT'In v,
0
(6)

We choose 1 bar (0.1 MPa) for the reference hydrogen par-
tial pressure Py, and kp is the Boltzmann constant. yy, is
the fugacity coefficient of H,, and is calculated using the
model of Joubert [47]. uy, (T, Po) can be written as

w, (T, Po) = En, (Po) + Aun, (T, Po), (7
where Ey,(Py) is the DFT-computed energy of a H»
molecule at reference pressure, while Apuy, (7, Po) is the
finite-temperature contribution. In the present work, lattice
vibration of solid phases is not explicitly calculated, since
its treatment needs expensive calculations like SSCHA
due to anharmonic phonons of Lu hydrides [23]. Alterna-
tively, for Aup, (T, Py), an effective value A ,ufg(T L Py) ~
136 * T'J/mol (T in K) based on the literature [48] is used to
implicitly consider the vibrational contributions to Gibbs
energies of solids in a simple approximate way (detailed

(a) (b) (c)
B 2 2 -—:JJ
0 0 0
T -2 i -2 -2
K — T =773K, Calc.
e -4 -4 -4 T =873K, Calc.
& ——T =973K, Calc.
S -6 -6 -6 ——T=1073K, Calc.
—T=1173K Calc.
-8 -8 -84 — T =1273K, Calc.
* T =1173 K, Expt.
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XH/XLU XH/XLu XH /XLu
XnIXL, =0 XnIX, =116 XnIx =113

FIG. 6. Paraequilibrium pressure-composition-temperature isotherms of the cubic Lu(H,N,Va); solid solution at fixed N-doping

levels under near-ambient pressures.
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FIG. 7. Temperature-dependent paraequilibrium H composition of the cubic Lu(H,N,Va); solid solution at fixed N-doping levels

under different pressures.

discussions can be found in the Supplemental Material
[40]). By using Auig(T,Po) for Auw, (T, Po) in Egs. (6)
and (7), Py, can be solved from a given puy, (7, Py,).

The paraequilibrium PCT isotherms of the cubic
Lu(H,N,Va), solid solution at several fixed N-doping lev-
els under near-ambient pressures are shown in Fig. 6.
These PCT isotherms all show plateau pressures within
certain composition ranges due to equilibrium between an
H-poor phase and an H-rich phase, which is a usual feature
of metal-hydrogen systems. To our best knowledge, the
only available experimental PCT data within the whole Lu-
H-N system are those measured for the binary Lu-H system
in the temperature range 824-950 °C [48]. The agreement
between the present calculations and the experimental data
is quite good, demonstrating the validity of our approach. It
is evident that, regardless of the N-doping level and within
near-ambient pressures (<1000 atm), synthesizing a cubic
Lu(H,N,Va); phase with xz/xp, 2 2.5 by pure chemical
hydrogenation using fluid H, is quite challenging, which
necessitates introducing pressures in the GPa level or other
driving forces [13,14]. Remarkably, the N-doping level
can significantly change the PCT isotherms. A higher
N-doping level leads to orders of magnitude higher plateau
pressures, only slightly smaller maximum H capacities,
and steeper shapes of the PCT isotherms.

The temperature-dependent paraequilibrium H compo-
sitions of the cubic Lu(H,N,Va); solid solution at several
fixed N-doping levels are shown in Fig. 7. The gen-
eral trend under different pressures is the decrease of H
composition with increasing temperature, regardless of
the N-doping level. At Py, = 1atm, a phase transition
between H-rich and H-poor occurs at a critical tempera-
ture Tgenyd, Which corresponds to the hydrogenation and
dehydrogenation temperature. Clearly, Tgenyq iS very sen-
sitive with respect to the N-doping level. Compared with
the undoped Lu-H phase, a N-doping concentration of
xy /XLy = 1/3 can lower Tyepya by near 600K, although

the maximum H capacity also simultaneously decreases.
At Py, =1GPa and Py, =2GPa, no transition to a
H-poor phase is observed up to 1473 K within the studied
temperature range.

The remarkable effects of the N-doping level on the
PCT isotherms and Tgepya imply an anion-doping strategy
to optimize thermodynamic behaviors of metal hydrides.
A major problem for some of the highest capacity
hydrogen-storage alloys, such as Mg-based alloys [61]
or refractory metal-based high entropy alloys [62,63], is
their high Tyepya. Doping is well known to destabilize
metal hydrides [64], but previous efforts mainly focused
on cation-doping, which may be subjected to some lim-
itations like cost of the dopants and weight increase. If
this strategy can be generalized to those materials systems,
i.e., a moderate anion doping can significantly lower Tgenyd
with a small trade-off in maximum H capacity, superior
hydrogen-storage alloys can be made. We note that the
complex hydrides also feature incorporation of N or B, but
in a much larger amount. One disadvantage of complex
hydrides is the great difficulties in reversing the hydrogen
release reaction, while the anion-doping strategy may cir-
cumvent such drawback. Although one possible hurdle for
applying the new strategy may be synthesizing a hydrogen-
storage alloy and hydride with supersaturated N solutes
without N-rich secondary phases, some experimental stud-
ies have reported successful high-pressure synthesis of Lu
hydrides with significant N doping [18,19]. Experimental
explorations are desirable for verifying the anion-doping
strategy, which may lead to hydrogen-storage alloys with
superior performance.

ITI. CONCLUSIONS

In conclusion, we developed an ab initio thermody-
namic approach by combining Monte Carlo simulation
and GNN models trained on first-principles data. This
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approach can be used to predict pressure-dependent ther-
modynamics and phase equilibria of multicomponent solid
solutions, as exemplified by the cubic Lu-H-N phases.
An integral expression is formulated to calculate pressure-
dependent Gibbs energies from enthalpies, which can
be obtained from MC simulations. The MC simula-
tions use surrogate models based on a GNN (instead
of the conventional CE approach), which, respectively,
achieve approximately 20—40meV/atom and approxi-
mately 0.1-0.4 A3 Jatom MAE’s in cross-validated relaxed
formation energy and volume per atom test set predic-
tions using the idealized FCC lattice structure as input.
In the future, we anticipate building separate datasets and
models for the same target quantities in different lattice
types (e.g., BCC, HCP, etc.), in order to predict phase
equilibria beyond composition, temperature, and pressure,
i.e., account for the possible decomposition and phase-
coexistence between multiple lattice types.

Based on the calculated Gibbs energies, phase equilibria
of cubic Lu-H-N phases are predicted under differ-
ent pressures and temperatures. Under full thermody-
namic equilibrium, N solubility in LuH3_N, is quite
small, which leads to a hypothesis that the experimen-
tally reported N-doped Lu hydride samples are likely to
be nonequilibrium phases with supersaturated N solutes
or contain secondary N-rich phases. Considering the
large difference between interstitial H and N mobili-
ties, paraequilibrium of cubic Lu(H,N,Va), at fixed N-
doping levels are calculated, showing good agreement
with experimental data. N-doping levels can significantly
modify thermodynamic properties, such as the dehydro-
genation temperature, indicating a potential anion-doping
strategy to optimize performance of hydrogen-storage
alloys.

We expect this work to provide a general approach to
model thermodynamics of multicomponent solid solutions
efficiently, which will be especially useful for composi-
tionally complex materials such as high-entropy alloys,
high-entropy ceramics, and mixed-anion compounds. It
also offers a first-principles method that can be inte-
grated into semiempirical frameworks of thermodynamic
modeling like CALPHAD (CALculation of PHAse Dia-
grams) [49,65—67] and its deep learning counterpart [68].
The approach can be further extended to systems with
lower dimension like surfaces, with applications in high-
entropy catalysts [69,70]. The approach can be also fur-
ther improved by introducing other machine learning
techniques such as active learning [71,72] for acquir-
ing the data needed to more efficiently train the GNN
model. Additionally, at the cost of requiring much larger
amounts of training data than we acquired in this study,
machine learning interatomic potentials [73] and more
recently developed equivariant models [51] could poten-
tially serve as a DFT forces surrogate model to explicitly
relax each lattice structure sampled within the Monte

Carlo simulations, rather than relying on our predic-
tion of relaxed formation energy from an unrelaxed
representation.

IV.METHODOLOGY

A. First-principles calculations

All DFT calculations were done with the Perdew-Burke-
Ernzerhof (PBE) [74] exchange correlation functional
using the Quantum Espresso software [75]. The employed
pseudopotentials of the PAW (projector augmented wave)
type [76] were taken from the PSLibrary (version 1.0.0)
[77]. The 5s, 6s, 5p, 6p, and 5d electrons of Lu atoms, 1s
electrons of H atoms, and 2s and 2p electrons of N atoms
were treated as valence electrons. The kinetic-energy cutoff
for the plane-wave basis of electronic wave functions and
the charge density cutoff were chosen as 42 and 333 Ry,
respectively. A 4 x 4 x 4 mesh of Monkhorst-Pack &
points [78] was adopted for sampling the Brillouin zone.
For each structure, the geometry was relaxed to satisfy the
convergence criterion that all components of all forces are
smaller than 0.001 Ry/Bohr and the total energy changes
less than 0.0001 Ry. For the solid phases, the Gibbs ener-
gies include 0K total energies and contributions from
pressure, while the finite-temperature vibrational contri-
butions are not explicitly calculated. For each pressure, a
Vinet EOS was fitted to find the equilibrium volume that
minimizes the Gibbs energy, and the corresponding Gibbs
energy was also determined simultaneously.

B. Graph neural network models

We train a GNN, parameterized by model weights,
0, to predict DFT-computed Vinet EOS parameters, P,
for a given solid solution configuration from its ideal
(unrelaxed) FCC crystal structure representation, Xgcc,

{P} = fonnXecc; 0). (8)

Any input structure therefore has identical lattice vectors
and metal and interstitial site coordinates, while the only
difference between them is the population or absence of
N or H at the possible octahedral or tetrahedral intersti-
tial sites. Here, the fitted parameters we wish to predict
are P = {Ey, Vy, B, B'}, which correspond to the energy at
zero pressure, the volume at zero pressure, the equilibrium
bulk modulus, and its pressure derivative. To aid in model
training we convert £y to the formation energy at zero pres-
sure, Er o and convert V to the volume per atom at zero
pressure vy.

While a plethora of increasingly complex and accurate
GNN methodolgies [31-33] have been proposed for mate-
rials science applications in recent years, we utilize here
the cystal graph convolutional neural-network (CGCNN)
formalism [31] since it facilitates training in low data
regimes (approximately 10° or less training examples)
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by maintaining sufficiently expressive models with low
parameter complexity. The method is resummarized here
with the minor modifications made for the GNNs trained
in this work.

(1) The idealized crystal structure Xgcc is constructed
as a graph with nodes corresponding to atoms and
edges representing connections between neighbor-
ing atoms with distance less than a cutoff radius,
r.=4.5 A. Lattice vectors for Xgcc are set such that
the distance between nearest-neighbor Lu atoms is
3.53 A (i.e., ag of the FCC lattice is 3.53 A).

(2) The initial node feature vector of atomic site i, Vgtzo),
is generated by one-hot encoding its atomic number.
Initial edge features between neighbors i and j, b;;,
are encoded by two-body symmetry functions [73]
of the bond distance according to a set of Gaussian
widths (n), centers (R;), 7., and a cutoff function, f;:

by = {exp [~n(y —R)*] (i)} 9)

Here we use n = {0.5,1.0,1.5}, R, = {1.0,2.0,3.0,
4.0,5.0}, and

(cos <nr,-j> + 1) /2, forry; <
fC(rlj) = re ’ e

0, forry > re.

(10)

(3) Ateach convolution layer, ¢, node feature vectors are
updated according to the following filter:

NG U ZU (Zlgjz)wgz) n bY))
J

og(Z/W+b) ]

Here z;; = v; ® v; @ b;; is the concatenation of fea-
tures between connected nodes in the graph, W, W,
and by, b, represent weights and biases of differ-
ent learnable weight matrices (i.e., fully connected
neural network layers), o denotes a sigmoid activa-
tion function, g denotes a softplus activation, and ®
denotes element-wise multiplication.

(4) Following ¢ convolution layers, node feature vec-
tors for all N atoms in the crystal are pooled
to compute a global crystal feature vector, v, =
Pool <v(()’/), vgf), - v](\l;) .

(5) Finally, nj, fully connected hidden layers are utilized
to predict target properties, {P}.

All GNN models were constructed and trained with the
architecture and hyperparameters in Table 1. Note that

TABLE I.  Architecture and training hyperparameters used for
all models in this study.

Hyperparameter Value
Node feature vector dimensionality VE’) eR8
Number of convolution steps /=3
Crystal feature vector dimensionality v. € R®
Number of feed forward layers postconvolutions ny =2
Training epochs 1000
Learning rate 0.05
Optimizer Adam

the selection of # =3 allows for site interactions [e.g.,
Eq. (11)] beyond 7.

C. Monte Carlo simulations

The isothermal-isobaric (NPT) Monte Carlo method
was employed to simulate the Lu(H,N,Va); solid solution,
where the number of each species, pressure and temper-
ature are constant in each simulation. In each MC move,
a new configuration is proposed by swapping the posi-
tions of a randomly chosen pair of species and changing
the volume with all the positions of species rescaled. The
Metropolis acceptance probability for the move is given by
Ref. [79]:

Pyce = min(1, e F27), (12)

with
[ / -1 V
AH =E() —E@) + PV = V) = p~'NIn . (13)

where r, N is the number of atoms, /" and E(r) are species
coordinates, volume and energy of the old configuration,
and r’, V' and E(r’) are the corresponding variables of the
new configuration. For simplicity, the volume fluctuation
around the equilibrium value for each configuration at a
given pressure is neglected, and only the equilibrium vol-
ume V), and energy Ey are sampled, which can be readily
obtained from the present lattice GNN model.

The MC simulations were implemented based on the
ASAP code (https://gitlab.com/asap/asap), at a series of
temperatures 5000/i K (i =1,2,3,...) and at three pres-
sures 0, 1 and 2 GPa. A supercell containing 3 x 3 x 3
FCC conventional unit cells was used for simulations,
which has 108 Lu atoms, 108 octahedral interstitial sites,
and 216 tetrahedral interstitial sites. To sample the compo-
sition triangle of Lu(H,N, Va);, the sampling step along the
site fraction of each species (H, N, or Va) is 1/18, which
leads to 190 sampled compositions in total. The average
energy in each MC simulation is converged to 0.001 eV.
The enthalpy of the solid solution phase can then be calcu-
lated from the ensemble average using Eq. (3), which can
be used to calculate Gibbs energy based on Eq. (5).
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