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Ergotropy provides a fundamental measure of the extractable work from a quantum system and, con-
sequently, of the maximal useful energy, or charge, stored within it. Understanding how this quantity can
be manipulated and transformed efficiently is crucial for advancing quantum energy management tech-
nologies. Here, we introduce and formalize the concepts of isoergotropic states and ergotropy-preserving
operations, which reorganize the internal structure of ergotropy while keeping its total value unchanged.
These ideas are illustrated for both discrete (two-level systems) and continuous-variable systems (single-
mode Gaussian states). In each case, we show how ergotropy-preserving operations redistribute the
respective coherent-incoherent and displacement-squeezing components. We further examine the thermo-
dynamic exchanges accompanying ergotropy-preserving operations, including variations in energy and
entropy, and demonstrate that these transformations can be dynamically implemented through standard
beam-splitter-type interactions with an auxiliary system. Finally, we discuss the practical implications of
isoergotropic states and operations in optimizing charging protocols and mitigating charge loss in open
quantum batteries.
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I. INTRODUCTION

Quantum thermal devices designed to perform specific
tasks hold significant promise for emerging energy-based
technologies. The ability to precisely design and control
the energetics across quantum systems has direct appli-
cations in a wide range of small-scale quantum devices.
Thus, the development of machines capable of harness-
ing energy fluxes, performing work, and manipulating
heat transport, such as quantum heat engines, refrigerators,
thermal transistors, rectifiers, etc. [1–9], has been estab-
lished as one of the main motivations behind current efforts
in quantum thermodynamics.

Among such devices, quantum batteries (QBs) have
emerged as a promising and powerful paradigm for energy
storage. In contrast to its classical counterparts, QBs are
capable of allocating a portion of their energy within
their quantum degrees of freedom [10–13]. During the
last decade, it has motivated a growing interest in various
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important aspects of QBs, including the characterization
of QB architectures in a wide range of promising physical
platforms [14–28], in distinct physical contexts [29–36],
and in investigating their intrinsic quantum and collec-
tive advantages [37–51]. From a practical perspective,
considerable attention has been focused on developing
and optimizing charging protocols [52–56], and providing
strategies to ensure stable charge retention in the presence
of detrimental environmental effects [57–73].

In this context, the charge of a QB is commonly iden-
tified by its ergotropy, the operational figure of merit
for quantifying the maximal useful extractable energy in
closed quantum systems and thus its work capacity [74].
This particular thermodynamic quantity is nonadditive and
fundamentally distinct from the internal energy, but closely
related to the role that free energy plays [75,76], since
it implicitly incorporates the notion that energy extrac-
tion requires an external cyclic Hamiltonian control. It is
worth mentioning that different notions and extensions of
ergotropy have been investigated in interacting subsystems
[77] and open quantum systems [78–80].

More recently, ergotropy has been shown to be dif-
ferently distributed within the multiple internal degrees
of freedom of QBs. Notably, it can be generally decom-
posed into two distinct contributions: an incoherent part,
associated with population inversion in the energy eigen-
basis, and a coherent part, arising from quantum coherence
[81,82]. While the former can be readily identified as a
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purely classical contribution, the latter is genuinely quan-
tum, i.e., without any classical analogous. In the context of
QBs, coherence has been shown to enhance energy storage
[81] and help mitigate ergotropy losses in open quan-
tum batteries [73]. More recently, the coherent ergotropy
of a single spin has been experimentally accessible in a
nitrogen-vacancy (NV) center platform [83], elucidating
its practical relevance for the current state-of-the-art tech-
nologies. More importantly, the internal configuration of
charge is not unique, and one can distribute it across all
the accessible variables. Indeed, the ergotropy stored in
arbitrary Gaussian states, for instance, was shown to be
divided between independent displacement and squeezing
contributions [84].

Different degrees of freedom can store useful energy,
so distinct states may carry the same ergotropy (charge)
while differing in how that charge is internally encoded.
These encodings respond unevenly to control fields and
environmental noise, making states with equal charge
operationally nonequivalent. This raises a natural question:
which encoding is best for a given setting or thermody-
namic task? Isoergotropic (ergotropy-preserving) reorga-
nization addresses this question. By redistributing charge
among internal degrees of freedom without changing its
total amount, one can refine charging protocols, enhance
work extraction, propose novel charge stabilization tech-
niques, and prepare batteries that are more robust to
specific noise mechanisms—all of which are crucial for
realistic, open-system implementations. From a thermody-
namic perspective, such operations also enable new cycles
whose strokes reshuffle charge internally at a fixed budget.
Understanding—and exploiting—the interplay between
these internal compositions of ergotropy is therefore both
fundamental and practically important for the design of
energy-based quantum devices.

In this work, we formalize the set L̄ of ergotropically
equivalent quantum states and the class K of opera-
tions that preserve total ergotropy while redistributing its
internal components. Our procedure covers both CPTP
channels and nonselective measurements. We then ana-
lyze the fundamental trade-offs among internal ergotropy
components for two representative battery models: dis-
crete two-level systems (TLSs) and continuous-variable
(CV) single-mode Gaussian states. On the implementation
side, we show that these ergotropy-preserving operations
can be realized dynamically with standard beam-splitter
interactions to an auxiliary system, available in current
platforms. Finally, we illustrate how isoergotropic states
and operations aid practice: they enable the refinement of
charging protocols and mitigate charge loss by exploiting
an ergotropic counterpart of the Mpemba effect.

The remainder of this paper is structured as follows. In
Sec. II we recall the definition of ergotropy and introduce
isoergotropic states and ergotropy-preserving operations.
In Secs. III and IV, we apply these ideas to quantum

batteries built from discrete and continuous-variable cells,
modeled by two-level systems and single-mode Gaus-
sian states, respectively. Each section is self-contained: we
identify the corresponding isoergotropic states, specify the
ergotropy-preserving operations, and describe how to reor-
ganize ergotropy dynamically within the internal degrees
of freedom using a standard beam-splitter coupling. In
Sec. V, we illustrate how the formalism developed here
applies to relevant scenarios for quantum batteries, includ-
ing charging and discharging protocols. Finally, Sec. VI
summarizes the main conclusions and outlines directions
for future work.

II. ERGOTROPY AND ISOERGOTROPIC
OPERATIONS

Let us assume a d-dimensional quantum system
described by a density matrix ρ̂ = ∑d

j pj |j 〉〈j | ∈ L and
Hamiltonian Ĥ = ∑d

k Ek|Ek〉〈Ek|. As a quantum battery,
its charge is commonly characterized by the maximum
extractable energy through a unitary cyclic Hamiltonian
control. This quantity, also known as ergotropy, can be
written as [74]

R[ρ̂] := Tr
[(
ρ̂ − ρ̂p

)
Ĥ
]

=
d∑

k,j

Ekpj
(|〈Ek|j 〉|2 − δk,j

)
,

(1)

where ρ̂p = ∑d
i pi|Ei〉〈Ei| is the passive state relative to

ρ̂, and the canonical spectral ordering p1 ≥ p2 ≥ · · · ≥ pd
and E1 ≤ E2 ≤ · · · ≤ Ed were assumed. Note that Eq. (1)
can equivalently be obtained by identifying the unitary
V̂ that reorders the populations pj so as to minimize the
system’s energy, ρ̂ �→ ρ̂p = V̂ρ̂V̂†. In general, the total
ergotropy of a system may be distributed among distinct
internal degrees of freedom. Consequently, different states
can possess identical ergotropy—hence the same stored
charge—while exhibiting distinct internal configurations.
Formally, we introduce the following definition:

Definition 1. Given an active state �̂ with ergotropy
R̄ = R[�̂], the set of isoergotropic (iso-R) states relative
to �̂ is defined as L̄ :=

{
ρ̂ ∈ L |R[ρ̂] = R̄

}
.

Figure 1 illustrates such states for (a) a two-level system
and (b) a single-mode Gaussian state [85]. In panel (a), the
colored surfaces on the Bloch sphere, and in panel (b), the
colored sheets in the

(|μ|2, |ξ |, N
)

space, collect states with
the same total ergotropy but different internal compositions
of charge. The inset Wigner functions W(α) illustrate dis-
tinct Gaussian states with equal total charge and thermal
occupation N but different displacement μ and squeez-
ing ξ . Transformations connecting states within a given
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(a)

(b)

FIG. 1. Isoergotropic states for (a) a single two-level quantum
battery and (b) a single-mode Gaussian oscillator. Each colored
surface at the (a) Bloch sphere (b) parameter space, corresponds
to states with fixed charge but distinct internal configurations
of ergotropy R, with red and green being, respectively, low
and high charge. The Wigner functions W(α) represent Gaus-
sian states with the same charge and thermal occupation N but
different displacement μ and squeezing ξ components of R [85].

isoergotropic surface correspond to ergotropy-preserving
operations, which redistribute the internal composition of
stored work while keeping its total value invariant. Uni-
taries that commute with the Hamiltonian, [Û, Ĥ ] = 0
(e.g., free evolution), constitute trivial instances of such
operations, leaving the internal configuration unchanged.
We therefore give the following definition:

Definition 2. Given a state �̂ ∈ L̄, iso-R operations are
CPTP (measurements) maps satisfying K : L̄ �→ L̄.

These operations provide the “free transformations” in a
prospective resource theory of ergotropy at a fixed budget.
The resource corresponds to the configuration of stored
work within a given level set L̄, while the iso-R maps K
represent the admissible reshufflings that preserve the total
ergotropy. Below, we instantiate this for discrete (TLS) and
continuous-variable Gaussian batteries.

We emphasize that isoergotropic operations are defined
by the constraint R[K[ρ̂]] = R[ρ̂], whereas the reachabil-
ity of an entire isoergotropic level set under a physically
restricted subclass (e.g., Gaussian-only, LOCC-only, or
energy-preserving dilations) is model dependent; in Secs.
III and IV we provide constructive connectivity results for
the subclasses relevant to our two platforms.

III. TWO-LEVEL SYSTEMS

We begin with a TLS described by the Hamiltonian Ĥ =
ω|e〉〈e| and by the density operator ρ̂ = (1 − p) |g〉〈g| +
p|e〉〈e| + C

(
ei θ2 |g〉〈e| + h.c.

)
/2, where h.c. denotes the

Hermitian conjugate, θ ∈ [0, 4π ] and C := ∑
k 	=j |〈k|ρ̂|j 〉|,

with C2 ∈ [0, 4p(1 − p)], is the l1 norm of coherence in the
energy eigenbasis [86].

In general, Eq. (1) for ergotropy can be split
into a contribution due to population inversion and a
contribution due to coherences (both defined in the
Hamiltonian eigenbasis). Define the incoherent state
ρ̂diag = ∑d

k〈Ek|ρ̂|Ek〉 |Ek〉〈Ek| and set Rinc[ρ̂] := R[ρ̂diag],
Rcoh[ρ̂] := R[ρ̂] − Rinc[ρ̂]. Then the ergotropy is fully
parameterized by (p , C): R(p , C) = Rinc(p)+ Rcoh(p , C),
with [73,81,82]

Rinc(p) = ω(2p − 1) [1 −
(1/2 − p)] , (2)

and

Rcoh(p , C) = ω

2

(
ψ −

√
ψ2 − C2

)
, (3)

where 
(x) is the Heaviside step function (
(x) = 1 for
x ≥ 0, 
(x) = 0 otherwise), μ[ρ̂] := Tr[ρ̂2] is the purity,
and ψ :=

√
2μ[ρ̂] − 1. Both components are independent

of the phase θ ; variations of θ thus generate a trivial family
of isoergotropic states. Moreover, Rcoh(p , C) = 0 for inco-
herent states (C = 0), while Rinc(p) is nonzero if and only
if p > 1/2 (notice the Heaviside step function guarantees
null incoherent ergotropy for passive incoherent states, i.e.,
p ≤ 1/2, and positive values for active ones).

A. Isoergotropic states

Given an active incoherent state �̂p̄ = (1 − p̄) |g〉〈g| +
p̄|e〉〈e| with p̄ ∈]1/2, 1] with ergotropy Rp̄ := R(p̄ , 0) =
Rinc(p̄), the corresponding isoergotropic set is

Lp̄ := {
ρ̂p̄ ∈ L |R[ρ̂p̄(p , θ)] = Rp̄

}
. (4)

A convenient parametrization of the states in Lp̄ is

ρ̂p̄(p , θ) =
(

1 − p Cp̄(p)ei θ2 /2
Cp̄(p)e−i θ2 /2 p

)

, (5)

where C2
p̄(p) = 8(p̄ − p)Pp̄ and Pp̄ ≤ p ≤ p̄ , with Pp̄ =

2p̄ − 1 and θ ∈ [0, 4π ]. As extreme states, one has
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(a) (b) (c)

FIG. 2. (a) Isoergotropic surfaces at the Bloch sphere for distinct values of p̄ . (b) Ergotropy profile in terms of p and C2 ∈ [0,
4p(1 − p)]. The isoergotropic states within Lp̄ are represented by the colored (a) surfaces within the Bloch sphere (b) lines
C2

p̄ (p) = 8(p̄ − p)Pp̄ . The black curve in (b) characterize the isoergotropic pure states ρ̂p̄(Pp̄ , θ) = |�p̄ ,θ 〉〈�p̄ ,θ | (surface of the Bloch
sphere) relative to the incoherent states �̂p̄ = (1 − p) |g〉〈g| + p|e〉〈e| (at sz axis). (c) Top: ergotropy distribution between the internal
(in)coherent components along the path described by C2

0.8(p). Bottom: ergotropy distribution along the pure states ρ̂p̄(Pp̄ , θ) represented
by the black curve.

the mixed reference state �̂p̄ (by construction) for p =
p̄ and its relative isoergotropic pure state ρ̂p̄(Pp̄ , θ) =
|�p̄ ,θ 〉〈�p̄ ,θ | for p = Pp̄ , with |�p̄ ,θ 〉 = √

2(1 − p̄)|g〉 +
e−iθ/2√2p̄ − 1|e〉. Thus, for each fixed p̄ , the total
ergotropy is redistributed between the incoherent and
coherent parts, such that

Rp̄ = Rinc(p)+ Rcoh(p , Cp̄), (6)

while remaining constant. Figure 2(a) shows the Bloch
sphere representation, where sk = Tr[σ̂kρ̂p̄(p)] with k =
x, y, z, and the isoergotropic surfaces generated by differ-
ent values of p̄ . For each p̄ , the incoherent states �̂p̄ lies
on the sz axis, while the isoergotropic pure state ρ̂p̄(Pp̄ , θ)
lies on the surface of the sphere. Figure 2(b) displays the
ergotropy profile on the p − C2 surface; the colored curves
correspond to the same isoergotropic sets as in (a), and the
black curve at p = Pp̄ marks the pure states. Finally, Fig.
2(c) depicts how the internal ergotropy splits into coher-
ent and incoherent components along two representative
paths: (top) C2

0.8(p) and (bottom) Pp̄ .

1. Thermodynamics

Having identified the isoergotropic set Lp̄ , we now
examine how key thermodynamic quantities vary along it.
In this sense, note that, despite having the same ergotropy,
different iso-R states necessarily contain different internal
energies, unambiguously identified as [87]

〈Ĥ 〉 = Tr[Ĥ ρ̂p̄(p , θ)] = ωp . (7)

So, any iso-R transformation ρ̂p̄(p , θ) �→ ρ̂p̄(p ′, θ ′) induces
the following energetic change:

�U ≡ �〈H 〉 = ω(p ′ − p). (8)

If the Hamiltonian is fixed (no explicit time dependence),
no work is performed W = Tr[ρ�H ] = 0 [88,89], and the
first law of thermodynamics �U = Q + W reduces to

Q = ω(p ′ − p). (9)

Therefore, moving between the iso-R states requires the
supply or release of heat. Notice that, for any p̄ , states
closer to the center of the Bloch sphere are more energetic,
i.e., p closer to p̄ and the z axis. Given the invariance of
ergotropy, this also implies the proportion of energy stored
as charge decreases, that is, R/〈Ĥ 〉 < 1 for p < Pp̄ . To
illustrate this, Fig. 3(a) shows the ratio between charge and
internal energy for all values of p and p̄ . Additionally, Fig.
3(b) depicts the internal energy vs entropy diagram for all
isoergotropic states. The von Neumann entropy is written
as

SvN [ρ̂p̄(p , θ)] = H2(2p̄ − p), (10)

withH2(x) = −x ln x − (1 − x) ln (1 − x) being the binary
entropy function, varies across the isoergotropic surfaces.
The blue lines highlight the mixed states along the z axis
with p = p̄ , while the black dashed lines show the region
with pure states p = Pp̄ at the surface of the Bloch sphere,
with SvN [ρ̂p̄(Pp̄ , θ)] = 0. Consequently, there are no non-
trivial operations that simultaneously conserve ergotropy
and are isentropic or energy preserving: along Lp̄ , for fixed
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(a) (b)

FIG. 3. (a) Ratio R/〈H 〉 = (2p̄ − 1)/p on the (p , p̄) plane.
For each p̄ , the ratio decreases monotonically with p from 1 at the
pure point p = Pp̄ to (2p̄ − 1)/p̄ at the incoherent point p = p̄ .
(b) Energy-entropy diagram on Lp̄ : 〈Ĥ 〉 = ωp and SvN (p) =
H2(2p̄ − p) increase monotonically with p . Arrows indicate heat
Q = ω(p ′ − p) absorbed (right, red) or released (left, blue) when
moving along Lp̄ . Black dashed: p = Pp̄ (pure, SvN = 0); blue
solid: p = p̄ (incoherent, SvN = H2(p̄)).

Ĥ , nontrivial iso-R transformations necessarily involve
heat exchange and entropy change; they are not imple-
mentable by system-only unitaries, but arise naturally as
thermal operations or as reduced dynamics of an energy-
conserving global unitary.

B. Ergotropy preserving operations

It is clear that the trade-off between coherent and inco-
herent components of ergotropy within different states of
Lp̄ implies that iso-R operations are, in general, neither
incoherent nor purity-preserving (and, as noted above, not
entropy-preserving either). In fact, incoherent operations
preserve only the incoherent part of ergotropy. Given a
state ρ̂p̄(p , θ) ∈ Lp̄ , we call iso-R operations the CPTP
maps (or measurement instruments) that satisfy

K : Lp̄ −→ Lp̄ , ρ̂p̄(p ′, θ ′) = K
[
ρ̂p̄(p , θ)

]
, (11)

with p ′ ∈ [Pp̄ , p̄]. Let ρ̂p̄(p ′, θ ′) = (1 − pe) |ψg〉〈ψg| +
pe |ψe〉〈ψe| be the spectral decomposition of the tar-
get state, where pe = 2p̄ − p ′ and {|ψg〉, |ψe〉} are its
eigenvectors. A convenient Kraus representation {K̂j },
with

∑4
j =1 K̂

†
j K̂j = Î of a channel Kp̄ ,p ′,θ ′ that connects

ρ̂p̄(p , θ) → ρ̂p̄(p ′, θ ′) is

K̂1 = √
pe |ψe〉〈ψe|, K̂2 = √

pe |ψe〉〈ψg|,
K̂3 =

√
1 − pe |ψg〉〈ψg|, K̂4 =

√
1 − pe |ψg〉〈ψe|,

(12)

FIG. 4. Isoergotropic operations. The continuous and dashed
lines indicate two distinct ergotropy-preserving trajectories along
L0.7 from the black to the red points.

such that

ρ̂p̄(p ′, θ ′) =
4∑

j =1

K̂j ρ̂p̄(p , θ) K̂†
j . (13)

Equation (12) has the structure of the generalized ampli-
tude damping channel (GADC) [90]. Equivalently, the
same map can be realized as a qubit thermal channel (QTC,
or thermal attenuator) [91],

Ep̄ ,p ′,θ ′[ρ̂] = TrAux

[
Û
(
ρ̂ ⊗ τ̂p̄

)
Û†
]

, (14)

with τ̂p̄ ≡ ρ̂p̄(p ′, θ ′) being an auxiliary state and

Û =

⎛

⎜
⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞

⎟
⎠ , (15)

a SWAP gate. We highlight the isoergotropic map itself
explicitly depends on p̄ . To illustrate iso-R operations,
Fig. 4 shows two distinct ergotropy-preserving trajectories
along L0.7 generated from Eq. (12). The black (red) dots
mark the initial (final) states. By choosing the parameters
appropriately, any path on the Bloch sphere within L0.7 can
be implemented through sequential application of iso-R
maps.

1. Iso-R realization via POVM

Iso-R operations can also be realized through selec-
tive measurements (POVM elements). A single selective
measurement is sufficient to realize an isoergotropic oper-
ation that maps an incoherent two-level system active state
to any other state within the same isoergotropic family.
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Indeed, consider the incoherent active state

�̂p̄ = (1 − p̄) |g〉 〈g| + p̄ |e〉 〈e| , (16)

and its corresponding isoergotropic family Lp̄ . When the
desired target is a pure member of Lp̄ , a rank-one selective
measurement suffices. Let the single measurement operator
be

M̂ = |φout〉 〈φin| , (17)

which, acting on �̂p̄ , yields the (unnormalized) postmea-
surement state

M̂ �̂p̄ M̂ † = 〈φin| �̂p̄ |φin〉 |φout〉 〈φout| . (18)

After renormalization, the output is pure, such that

ρ̂ ′ = |φout〉 〈φout| . (19)

To remain within Lp̄ , the output state |φout〉 must be the
normalized eigenvector of the target isoergotropic element,

|φout〉 = |�p̄(p , θ)〉 =
(
Cp̄ (p)

2p eiθ/2 |g〉 + |e〉
)

√

1 + C2
p̄(p)

4p2

, (20)

so that ρ̂ ′ = ρ̂p̄(p , θ) is a pure isoergotropic state.
The success probability of this transformation is

Psucc(p) = 〈φin| �̂p̄ |φin〉 , (21)

which is maximized by choosing |φin〉 as the eigenvector
of �̂p̄ associated with its largest eigenvalue, i.e. |e〉. Hence,
the optimal Kraus operator reads

M̂opt(p , θ) = |�p̄(p , θ)〉 〈e| , (22)

and the maximal success probability follows as

Pmax
succ(p) = p̄ . (23)

For a general mixed target in Lp̄ , a rank-one operator
is no longer sufficient, as it always yields a pure out-
put. Nevertheless, a single selective measurement with a
higher-rank Kraus operator can achieve the transformation

in one step. Specifically, consider the ansatz

M̂ = √
q
√
ρ̂p̄(p ′, θ ′)�̂−1/2

p̄ , (24)

with q ∈ [0, 1] chosen such that M̂ †M̂ ≤ Î. Indeed, defin-
ing

Â := �̂
−1/2
p̄ ρ̂p̄(p ′, θ ′) �̂−1/2

p̄ , (25)

which is positive. The necessary and sufficient condition
for M̂ †M̂ ≤ Î is

qλmax(Â) ≤ 1. (26)

By construction,

M̂ �̂p̄ M̂ † = qρ̂p̄(p ′, θ ′), (27)

and the normalized postmeasurement state (upon the suc-
cess outcome) is precisely the mixed isoergotropic element
ρ̂p̄(p ′, θ ′).

For the present incoherent input, one may compute A
explicitly

Â =

⎛

⎜
⎝

1−p ′
1−p̄

Cp̄ (p ′)
2
√
(1−p̄)p̄

eiθ ′/2

Cp̄ (p ′)
2
√
(1−p̄)p̄

e−iθ ′/2 p ′
p̄

⎞

⎟
⎠ . (28)

An explicit form for the achievable success probability is

qmax = 2

T + √
T2 − 4D

, (29)

where

T = 1 − p ′

1 − p̄
+ p ′

p̄
, D =

(1 − p ′)p ′ −
(
Cp̄ (p ′)

2

)2

(1 − p̄)p̄
. (30)

Finally, if one is allowed to reset the input to �̂p̄ after any
failed attempt, the trials become independent and identical
with per-trial success probability qmax. In that operational
setting the cumulative success probability after N attempts
is the geometric (Bernoulli) form

P (N )
succ = 1 − (1 − qmax)

N , (31)

which tends to unity as N → ∞. Thus, a single selec-
tive measurement suffices to generate any state—pure or
mixed—within the isoergotropic family Lp̄ starting from
the incoherent active state �̂p̄ .
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C. Autonomous dynamic ergotropy conversion

We now show how iso-R operations can be engineered
autonomously by coupling a quantum battery (B) to an
auxiliary system (A). Consider two TLS with total Hamil-
tonian Ĥ = ĤB + ĤA + V̂AB, where ĤA,B = ωA,B |e〉〈e|A,B
and

V̂AB = iη
(
σ̂ B

+ ⊗ σ̂ A
− − σ̂ B

− ⊗ σ̂ A
+
)

, (32)

with coupling strength η. Let us assume ωB ≡ ω and ωA =
ω +�, with � being the detuning between the two sub-
systems. If the initial local states are ρ̂B(0) and ρ̂A(0), then
the joint and local states at later times (t > 0) are, respec-
tively, written as ρ̂BA(t) = Û(t)

(
ρ̂B(0)⊗ ρ̂A(0)

)
Û†(t) and

ρ̂B(A)(t) = TrA(B)[ρ̂BA(t)], with time-evolution operator

Û(t) = e−i( �2 +ω)t

⎛

⎜
⎜
⎜
⎝

ei( �2 +ω)t 0 0 0
0 cos (χ t)− i �2χ sin (χ t) η

χ
sin (χ t) 0

0 − η

χ
sin (χ t) cos (χ t)+ i �2χ sin (χ t) 0

0 0 0 e−i( �2 +ω)t

⎞

⎟
⎟
⎟
⎠

, (33)

where 2χ =
√
�2 + 4η2. Notice that Eq. (33) has the same

swap block structure as Eq. (15). Prepare both systems on
the same isoergotropic curve Lp̄ with ρ̂B(0) = ρ̂p̄(Pp̄ , θ)
and ρ̂A(0) = ρ̂p̄(p̄ ,φ). Then the battery state at time t reads

ρ̂B(t) ≡ ρ̂p̄ (pB(t), θ(t)) ∈ Lp̄ , (34)

where

pB(t) := �2Pp̄ + 2η2(Pp̄ + p̄)+ 2η2(p̄ − 1) cos (2χ t)
4χ2 ,

θ(t) := θ0 + (�+ 2ω)t + 2 tan−1
(

− � sin (χ t)
2χ cos (χ t)

)

,

(35)

i.e., ρ̂B(t) remains within the same isoergotropic surface
for all t. In this sense, Fig. 5(a) shows the total ergotropy
dynamics for the battery (black) and auxiliary (colored)
TLS assuming p̄ = 0.8 for different values of the detun-
ing written in terms of the coupling constant, � = αη,
with α = 0, 1, 2. It is clear that the battery remains on
L0.8 regardless of the value of �, whereas the auxil-
iary generally oscillates with period ηT = 2π/

√
α2 + 4

and amplitude depending on the detuning: higher detun-
ings induces lower ergotropy oscillations for subsystem
A. Figure 5(b) depicts the internal dynamical ergotropy
reconfiguration due to the coupling for � = η (α = 1):
the auxiliary internal ergotropies oscillates, while the bat-
tery cyclically converts coherent ergotropy into incoherent
ergotropy and back. The increase of Rinc

B is accompanied
by the decrease of Rcoh

B with the inverse behavior for A.
More importantly, these continuous oscillations guarantees
the battery ergotropy is constant while the net auxiliary
charge is not. Notice the first minimum (maximum) of

Rcoh
B (Rinc

B ) happens at ηTmin := π/
√
α2 + 4. Hence, to

characterize the role of�, panels (c), (d), respectively, dis-
play the incoherent and coherent components of ergotropy
in terms of α computed at Tmin for both subsystems: the
maximum internal ergotropy reshuffling is obtained for
resonant TLS, i.e., � = 0 and χ ≡ η. This also implies
that high detuning suppresses the internal reconfiguration
of ergotropy and the charge oscillation of A.

Although the total ergotropy of the composite is con-
served because [Û(t), Ĥ ] = 0, the observed local decrease
of auxiliary ergotropy can be seen as the internal energetic
cost of the conversion on the battery. It is important to
mention that, in realistic settings, the interaction strength
η and the detuning � can be modulated in time as knobs
to tailor this conversion. If only local ergotropies are
accessible, the full energetic cost comprises both the aux-
iliary’s ergotropy consumption and the control required to
modulate these parameters. If global access to the com-
posite ergotropy is available, only the external control cost
remains relevant.

To better illustrate the autonomous internal ergotropy
reconfiguration, Figs. 6(a) and 6(b) show the induced tra-
jectories on the Bloch sphere for resonant (� = 0) battery
and auxiliary TLS (for several p̄ and ω = η = 1). Sim-
ilarly to Fig. 5, panels (c), (d) display the dynamics of
total ergotropy and its coherent and incoherent compo-
nents for both subsystems with p̄ = 0.8, showcasing the
same behavior described earlier. Finally, Fig. 7 further
reports (a) ergotropy and (b) the von Neumann entropies
SvN and the mutual information I = SvN [ρ̂B] + SvN [ρ̂A] −
SvN [ρ̂BA] during the interaction for p̄ = 0.8 and � = 0.
The auxiliary’s ergotropy oscillations are in resonance
with changes in local entropies. The growth of mutual
information signals the buildup of correlations, accom-
panying a decrease (increase) of the battery’s coherent
ergotropy (the auxiliary’s ergotropy).
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(a) (b)

(c) (d)

FIG. 5. (a) Battery (black) and auxiliary (colored) TLS
ergotropy dynamics induced by Û(t), assuming ρ̂B(0) =
ρ̂p̄(Pp̄ , θ) and ρ̂A(0) = ρ̂p̄(p̄ ,φ). The ergotropic curves of the
auxiliary system A for different values of detuning � := ωA −
ω ≡ αη are represented. (b) Incoherent (continuous) and coher-
ent (dashed) ergotropy dynamics for B (black) and A (orange)
with � = η (α = 1). Bottom: local (c) incoherent and (d) coher-
ent ergotropy computed at ηTmin = π/

√
α2 + 4 for distinct val-

ues of α. It was assumed p̄ = 0.8.

D. Extension

The scalability of energy storage is also of fundamental
importance for practical applications of quantum batteries.
Naturally, one can extend the iso-R analysis to multicell
batteries composed of several TLSs and identify suitable
ergotropy-preserving operations implemented by local or
global transformations. In this case, the total ergotropy is
not only split into the internal degrees-of-freedom of each
subsystem but also spread across the different cells.

To illustrate this, let us consider a quantum battery con-
sisting of n uncorrelated and noninteracting cells, such
that

τ̂n = �̂1 ⊗ . . .⊗ �̂j ⊗ . . .⊗ �̂k ⊗ . . .⊗ �̂n, (36)

with �̂k = ρ̂p̄k (pk, θk) ∈ Lp̄k being the state of the kth cell
with local ergotropy R[�̂k] ≡ Rp̄k . It is important to men-
tion that, in general, the global ergotropy R[τ̂n] is nonad-
ditive (even for noninteracting systems), which highlight
the nontrivial behavior of this quantity. Now, let us define
the set of isoergotropic states relative τ̂n as

Ln := {ρ̂ ∈ L|R[ρ̂] = R[τ̂n]}. (37)

(a) (b)

(c) (d)

FIG. 6. Top: Bloch sphere representation of the (a) battery
and (b) auxiliary resonant (� = 0) TLS dynamics induced by
Û(t), assuming ρ̂B(0) = ρ̂p̄(Pp̄ , θ) and ρ̂A(0) = ρ̂p̄(p̄ ,φ) (col-
ored dots) as initial states, and ω = η = 1. The isoergotropic
curves Lp̄ for different values of p̄ are represented. Bottom:
ergotropy and internal components dynamics for the (c) battery
and (d) auxiliary system for p̄ = 0.8.

In principle, one can consider maps acting on the whole
system or any subset of d cells, with d < n. As a rep-
resentative example for two-cell operations, note that a
permutation exchanging the states of cells j ↔ k, such that

(a) (b)

FIG. 7. (a) Charge and (b) von Neumann entropy dynam-
ics induced by Û(t) for p̄ = 0.8 and � = 0. The entropy and
ergotropies of the full system (computed without the interac-
tion, i.e., ĤA + ĤB) and the battery are invariant during the time
evolution. The ergotropy of the auxiliary system oscillation is
accompanied by the conversion of coherent ergotropy to inco-
herent. Such oscillation is also observed by the local entropies
SvN and mutual information I .
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�̂j ↔ �̂k and described by

V̂j ↔k τ̂nV̂†
j ↔k = �̂1 ⊗ . . .⊗ �̂k ⊗ . . .⊗ �̂j ⊗ . . .⊗ �̂n,

(38)

swaps the ergotropy of the pair of cells while maintain-
ing the total ergotropy invariant, i.e., R[V̂j ↔k τ̂nV̂†

j ↔k] =
R[τ̂n]. In fact, any permutation of local states, character-
ized by the map Kz[�] := V̂z � V̂†

z with z being the element
of a symmetric group Sn, belongs to a particular subset of
iso-R operations, since

Kz[τ̂n] ∈ Ln, ∀ z. (39)

Observe that if all individual cells belongs to the same
isoergotropic set Lp̄ , i.e., p̄k = p̄ for all k, then Kz[�] is
simultaneously locally and globally ergotropy preserving,
since both the individual cells and full ergotropies are
preserved.

The complexity of this analysis considerably increases
if one also consider correlated states, which opens the
possibility of finding iso-R entangled states. As a sim-
ple and relevant two-cell example, consider the family
of X states with Hamiltonian Ĥ = ω |e〉〈e|1 ⊗ 1̂2 + 1̂1 ⊗
ω |e〉〈e|2 and a single scalar parameter q ∈ [0, 1] [73,92,
93]:

ρ̂X (q) =

⎛

⎜
⎜
⎝

q/2 0 0 q2 − q/2
0 q(1 − q) 0 0
0 0 (1 − q)2 0

q2 − q/2 0 0 q/2

⎞

⎟
⎟
⎠ .

(40)

Equation (40) can be obtained as the output of an opti-
mal unitary applied to two Gibbs states that maximizes
quantum correlations [93]—including entanglement and
discord [92]—and local uncertainty. For this X family, the
concurrence is

C(q) = max
{

0, 2q2 − q − 2(1 − q)
√

q(1 − q)
}

. (41)

While entanglement vanishes at a finite critical temper-
ature [92,94,95], other quantum signatures decay gradu-
ally with temperature [92,93]. The ergotropy within the
bipartition is

R(q) = ω|1 − 2q|, Rinc(q) = ω|(q − 2)(q − 1
2 )|,

(42)

hence R(q) = R(1 − q) for all q. Thus, ρ̂X (q) and ρ̂X
(1 − q) are isoergotropic, even though their entanglement
may differ significantly [73]. Figure 8 (top) highlights the
symmetric ergotropy profile and the split between coher-
ent and incoherent contributions; Fig. 8 (bottom) shows

FIG. 8. Top: ergotropy profile as a function of q. The total
ergotropy satisfies R(q) = R(1 − q) for all q; the dotted curves
show the coherent and incoherent components. Bottom: con-
currence C(q). Every uncorrelated state with 0 ≤ q ≤ 0.3 has
a correlated isoergotropic partner with 0.7 ≤ q ≤ 1. The arrow
illustrates an isoergotropic operation K mapping q �→ 1 − q.

the concurrence, including entanglement sudden death.
In particular, every uncorrelated state with 0 ≤ q ≤ 0.3
has a correlated isoergotropic partner with 0.7 ≤ q ≤ 1.
A notable pair is the pure product ρ̂X (0) and the max-
imally entangled ρ̂X (1): both have the same ergotropy,
with Rinc(1) = Rcoh(1) = ω/2. Moreover, one finds that
the internal energy is constant for all q while the von
Neumann entropy is symmetric about q = 1

2 (with a max-
imum at q = 1

2 ): 〈Ĥ 〉 = Tr[Ĥ ρ̂X (q)] = ω and SvN (q) =
SvN (1 − q). Consequently, the fraction of energy stored as
charge decreases near q = 1/2 and for the isoergotropic
transformation q �→ 1 − q one has �U = �SvN = 0 and
W = −Q.

An explicit iso-R operation connecting the partners can
be written as

K
[
ρ̂X (q)

] = V̂TrAux

[
Û
(
ρ̂X (q)⊗ τ̂Aux

)
Û†
]

V̂†, (43)

where Û is the 42 × 42 SWAP, the auxiliary state is τ̂Aux =
τ̂1 ⊗ τ̂2 with τ̂k = (1 − q)|g〉〈g|k + q|e〉〈e|k, and V̂ = v̂2v̂1
with

v̂1 = |gg〉 〈gg| + |ge〉 〈ge| + |ee〉 〈eg| + |eg〉 〈ee| ,

v̂2 = |φ+〉 〈gg| + |ge〉 〈ge| + |eg〉 〈eg| + |φ−〉 〈ee| ,
(44)

and |φ±〉 = (|gg〉 ± |ee〉)/√2. This construction realizes
the isoergotropic mapping q �→ 1 − q by a thermal aux-
iliary system plus a global unitary and a fixed postprocess-
ing unitary V̂. Note that the mapping q �→ 1 − q cannot
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be implemented deterministically by local operations and
classical communications (LOCC) [96] for q ∈ (0, 1): for
q < 1

2 it generally increases entanglement [e.g., the con-
currence of ρ̂X (q) is smaller than that of ρ̂X (1 − q)], which
is forbidden under LOCC; accordingly, our construction
employs a thermal ancilla and a global unitary.

In this sense, it is natural to consider isoergotropic trans-
formations according to the LOCC paradigm for work
extraction in correlated systems similar to the framework
proposed in Ref. [97], where local heat engines can act on
each subsystem and classical communication is allowed.
In multicell batteries, an operational question is how much
of the global ergotropy can be converted into locally
extractable work if one restricts to LOCC, without imple-
menting global entangling unitaries across the cells. This
question is naturally connected to isoergotropic operations:
while isoergotropic operations preserve the total ergotropy
and hence move the state within a fixed isoergotropic level
set, imposing LOCC further restricts which redistributions
within that level set are physically accessible under local
control. In particular, even at fixed total ergotropy, nonlo-
cal degrees of freedom may prevent unlocking the work
content into local ergotropy.

To formalize this, we define the locally distillable
ergotropy

WLOCC[ρ̂] = sup
�∈LOCC

∑

k

pk
[
RA[ρ̂A|k] + RB[ρ̂B|k]

]
, (45)

where � denotes an LOCC protocol (local measurements,
classical communication, and conditional local unitaries),
producing outcomes k with probabilities pk and condi-
tional local states ρ̂A|k and ρ̂B|k. Here RA and RB denote
ergotropy with respect to the local Hamiltonians of the
cells, and ρ̂A = TrB[ρ̂], ρ̂B = TrA[ρ̂] are the reduced states.
By construction, WLOCC satisfies the general bounds

RA[ρ̂A] + RB[ρ̂B] ≤ WLOCC[ρ̂] ≤ R[ρ̂], (46)

since local unitaries are contained in LOCC, while LOCC
is a subset of global operations used in the definition of
R[ρ̂]. The associated LOCC ergotropy deficit,

�LOCC[ρ̂] = R[ρ̂] − WLOCC[ρ̂] ≥ 0, (47)

quantifies the portion of work content that is intrinsically
nonlocal in the sense that it cannot be unlocked into local
ergotropy by LOCC alone, even though it contributes to
the total ergotropy that is preserved under global isoer-
gotropic operations. Determining tight characterizations
of WLOCC and �LOCC is an interesting open direction;
a concrete near-term program is to (i) obtain analytic
expressions and/or tight bounds for two-qubit X states, (ii)
compute numerical bounds for small systems via relax-
ations of LOCC (e.g., to separable operations), and (iii)

extend the analysis to multimode Gaussian batteries under
local Gaussian operations and classical communication.

From an experimental standpoint, implementing LOCC
distillation requires high-fidelity local readout, fast feed-
forward conditioned on measurement outcomes, and a
consistent phase and energy reference to define and cali-
brate the local work-extraction unitaries. In practice, the
full LOCC cycle must be completed within the coher-
ence time of the cells and under realistic constraints
such as measurement inefficiency, classical communica-
tion latency, and control cross-talk. These considerations
clarify when LOCC can be a competitive alternative to
global entangling extraction, and they provide a direct
bridge to platform-specific implementations (e.g., local
projective readout with conditional single-qubit control, or
local homodyne detection with classical feedforward for
bosonic modes).

From a thermodynamic perspective, the coupling to
the auxiliary system implements a heat exchange Q = ω

(2q − 1), while the subsequent unitary V̂ performs coher-
ent work W = −Q, so that the net energy change
vanishes: �U = Q + W = 0. Moreover, the initial and
final von Neumann entropies coincide, SvN

[
ρ̂X (q)

] =
SvN

[
ρ̂X (1 − q)

]
, so the transformation q �→ 1 − q is

entropy preserving overall. It is worth mentioning that in
the SWAP step, the heat exchanged between the compos-
ite system and the auxiliary does not go to the correlations
inside the composite system since we have no interaction
within them: 〈H 〉 = 〈H1〉 + 〈H2〉. This heat is accounted
for entirely by changes in the local energies.

As for the local ergotropies, the bipartite state in
Eq. (40), the reduced states ρ̂k(q) = Trk̄[ρ̂X (q)] (k =
1, 2; k̄ = 2, 1) are diagonal with p1(q) = 1 − 3

2 q + q2 and
p2(q) = 3

2 q − q2 being the excited-state populations of
the subsystems 1, 2, respectively. Figure 9 plots R1
(black), R2 (orange), and R (green): for q < 1

2 only
cell 2 carries charge; for q > 1

2 only cell 1 does. The
total ergotropy R(q) = ω|1 − 2q| ≥ R1(q)+ R2(q), the
excess being due to correlations and coherences. Under
the isoergotropic mapping q �→ 1 − q, each cell exchanges
heat equal to its energy change (no local work), giving

Q1 = ω

(

q − 1
2

)

, Q2 = −Q1. (48)

Hence, for q > 1
2 cell 1 absorbs heat (Q1 > 0) while cell

2 releases heat (Q2 < 0); the roles reverse for q < 1
2 .

The global energy is constant and the total ergotropy is
preserved.

IV. BOSONIC GAUSSIAN STATES

Consider a single-mode bosonic field of frequency ω
with Hamiltonian Ĥ = ω(â†â + 1

2 ), where â and â† sat-
isfy [â, â†] = 1. Assume the system is in a Gaussian state
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FIG. 9. Ergotropy profile as a function of q for cell 1 (black)
and 2 (orange). The total ergotropy is shown in green.

of the form

ρ̂ = D̂(μ) Ŝ(ξ) π̂(N ) Ŝ†(ξ) D̂†(μ), (49)

where π̂(N ) is a thermal state with occupation N = (eβω −
1)−1, D̂(μ) = exp(μâ† − μ∗â) is the displacement oper-
ator, and Ŝ(ξ) = exp

[ 1
2 (ξ â†2 − ξ ∗â2)

]
is the squeezing

operator, with complex parameters μ = |μ|eiθ and ξ =
|ξ |eiφ . Any single-mode Gaussian state admits the decom-
position in Eq. (49) [98]. Equivalently, Gaussian states
are fully characterized by first and second moments: the
mean vector d = (〈â〉, 〈â†〉)T = (μ,μ∗)T and the covari-
ance matrix � = (N + 1

2 )F(ξ ,φ), with

F(ξ ,φ) =
(

cosh(2|ξ |) eiφ sinh(2|ξ |)
e−iφ sinh(2|ξ |) cosh(2|ξ |)

)

. (50)

A convenient phase-space representation is given by the
Wigner function, defined as

W(α) = 1
π

√|�| exp
[− 1

2 (α − d)†�−1(α − d)
]

, (51)

with α = (α,α∗) and |�| = det �. Both displacement and
squeezing contribute independently to the total ergotropy,
so the stored charge can be parameterized by (μ, ξ , N ) as
R(μ, ξ , N ) = Rd(μ)+ Rs(ξ , N ), with [81,84]

Rd(μ) = ω
|d|2

2
= ω|μ|2,

Rs(ξ , N ) = ω

(
Tr �

2
−
√

|�|
)

= ω
(
N + 1

2

)

× [cosh(2|ξ |)− 1] .

(52)

Note that N enters only the squeezing contribution. More-
over, Eq. (52) is independent of the phases θ and φ, which
provides a trivial class of iso-R states.

A. Isoergotropic states

Given an active Gaussian state of the form �̂μ̄ =
D̂(μ̄)π̂(0)D̂†(μ̄), with ergotropy Rμ̄ := R(μ̄, 0, 0) =
Rd(μ̄), the set of isoergotropic Gaussian states relative to
�̂μ̄ is written as

L|μ̄|2 := {
ρ̂μ̄ ∈ L |R[ρ̂μ̄(μ, ξ , N )] = Rμ̄

}
, (53)

for 0 ≤ |μ| ≤ |μ̄|, |ξ | ≥ 0 and N ≥ 0. These states can
be written as ρ̂μ̄(μ, ξ , N ) = D̂(μ)Ŝ(ξ)π̂(N )Ŝ†(ξ)D̂†(μ),
where μ = √

fμ̄(ξ , N )eiθ with

fμ̄(ξ , N ) = |μ̄|2 −
(

N + 1
2

)

[cosh (2|ξ |)− 1] , (54)

and (ξ , N ) satisfying fμ̄(ξ , N ) ≥ 0. Figure 10 shows the
ergotropy profile in terms of parameters (μ, ξ , N ). In (a),
the isoergotropic surfaces L1, L2.5, and L5 are highlighted.
Figure 10(b) shows the surface N = 1/2. The dashed lines
indicate the surfaces shown in (a). The bottom part of Fig.
10(c) presents the internal ergotropy distribution along the
iso-ergotropic curve represented by f5(ξ , 1/2). The black
vertical lines highlight the points where (i) Rs = 0, (ii)
Rd = Rs and (iii) Rd = 0. The Wigner function W(α) for
each of these cases is presented in the plots at the top.

1. Thermodynamics

As in the TLS case, isoergotropic states on the same
level set can differ in their thermodynamic properties.
For single-mode Gaussian states with Hamiltonian Ĥ =
ω(â†â + 1

2 ), the internal energy reads

〈Ĥ 〉 = Tr
[
Ĥ ρ̂μ̄(μ, ξ , N )

]
= Rs(ξ , N )+ Rd(μ)

+ ω
(
N + 1

2

)
. (55)

Along an iso-R manifold L|μ̄|2 the total ergotropy Rμ̄ =
Rs + Rd is fixed, so

〈Ĥ 〉 = Rμ̄ + ω
(
N + 1

2

)
,

which is independent of the squeezing parameter ξ . Conse-
quently, for fixed |μ̄|2 the ratio of charge to energy depends
only on the thermal component:

Rμ̄

〈Ĥ 〉 = Rμ̄

Rμ̄ + ω
(
N + 1

2

) .

Figure 11(a) shows this behavior on L5 as a function of
N and ξ ; the green dashed curve marks the zero set of
fμ̄(ξ , N ). We quantify mixedness by the Rényi-2 entropy
S2(ρ) = (1 − 2)−1 ln Tr[ρ2] [99], for which

S2
[
ρ̂μ̄(μ, ξ , N )

] = ln (1 + 2N ) , (56)

i.e., S2 depends only on N and is invariant under displace-
ment and squeezing. Figure 11(b) plots the (〈Ĥ 〉, S2,Rμ̄)
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(a) (b) (c)

FIG. 10. (a) Ergotropy profile. The isoergotropic surfaces L|μ̄|2 are shown for different values of μ̄. (b) Ergotropy profile in terms of
|μ|2 − |ξ | for N = 1/2. The colored lines highlight the iso-R curves fμ̄(ξ , 1/2) for the same values shown in (a). (c) Bottom: ergotropy
distribution along the isoergotropic curve f5(ξ , 1/2). The black vertical lines at (i) |ξ | = 0, (ii) |ξ | ≈ 0.96 and (iii) |ξ | ≈ 1.24 highlight
the points where (i) Rs = 0, (ii) Rd = Rs and (iii) Rd = 0, respectively. Top: Wigner function W(α) for each of the cases mentioned,
assuming θ = 0 and φ = π .

diagram for different N and μ̄; black (blue) curves corre-
spond to N = 0 (N = 1), and the red line highlights μ̄ = 0
(no ergotropy: all energy and entropy is thermal). Dif-
ferentiating Eq. (55) and using dRs + dRd = 0 on L|μ̄|2
yields

d〈Ĥ 〉 = ω dN .

With Ĥ fixed (no explicit time dependence) the first law
gives W = 0 and therefore

Q = �U = ω�N .

Hence, reshuffling ergotropy between displacement and
squeezing at fixed N is thermodynamically neutral on the
subsystem:

dN = 0 ⇒ Q = 0, dS2 = 0, dRμ̄ = 0.

Only changes in the thermal occupancy N carry heat (Q =
ω dN ) and entropy [dS2 = 2 dN/(1 + 2N ) under Eq. (56)].
Figure 11(c) shows fixed-N lines on L5; the yellow curve
is an isothermal trajectory (N = 0.5). Moving from the
black to the red point along this line leaves 〈Ĥ 〉, S2, and
Rμ̄ unchanged, while the internal composition Rs ↔ Rd

is reconfigured, as illustrated in Fig. 11(d).

B. Ergotropy-preserving operations

Restricting to Gaussian states, we likewise restrict
to Gaussian iso-R operations. Given an initial state
ρ̂μ̄(μ, ξ , N ), an iso-R Gaussian map K : L|μ̄|2 → L|μ̄|2

(a) (b)

(c) (d)

FIG. 11. (a) Charge-energy ratio on L5: Rμ̄/〈Ĥ 〉 =
Rμ̄/

(
Rμ̄ + ω(N + 1

2 )
)
. It decreases with N (purely thermal

energy) and is independent of ξ . Green dashed: fμ̄(ξ , N ) = 0.
(b) Internal energy vs Rényi-2 entropy vs Rμ̄ for several N and
μ̄; black (blue): N = 0 (N = 1). Red: μ̄ = 0 (no ergotropy).
Arrows indicate heat Q = ω�N absorbed (right, red) or released
(left, blue) when moving along L|μ̄|2 . (c) Fixed-N lines on L5;
yellow: isothermal path (N = 0.5). (d) Along fixed-N paths,
Q = �S2 = 0 and 〈Ĥ 〉 and Rμ̄ are invariant while Rs and Rd

reshuffle.
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produces

ρ̂μ̄(μ
′, ξ ′, N ′) = K

[
ρ̂μ̄(μ, ξ , N )

]
, (57)

with total ergotropy Rμ̄ unchanged. Gaussian channels
are fully specified by their action on the first moments d
and covariance matrix � [85,100]. Therefore, ergotropy
invariance under (μ, ξ , N ) �→ (μ′, ξ ′, N ′) is guaranteed by

� �→ �′ = (
N ′ + 1

2

)
F(ξ ′,φ′), d �→ d′ = (μ′,μ′∗)T,

(58)

with the constraint μ′ = √
fμ̄(ξ ′, N ′) eiθ ′

, so that Rd(μ′)+
Rs(ξ ′, N ′) = Rμ̄. Operationally, such a map can be real-
ized as (i) a thermalization step that sets the target occu-
pation N ′, followed by (ii) a squeezing Ŝ(ξ ′) and (iii) a
displacement D̂(μ′). The first step may be implemented by
a single-mode thermal attenuator of transmissivity η, for
which

d �→ √
η d, � �→ η� + (1 − η)

(
N ′ + 1

2

)
12, (59)

while Ŝ(ξ ′) updates � and D̂(μ′) updates d. Equiva-
lently—and closer to our two-level construction—one can
append an auxiliary single-mode isoergotropic Gaussian
state τ̂Aux = ρ̂μ̄(μ

′, ξ ′, N ′) with moments (d′, �′), realize
a beam splitter-SWAP interaction, and trace out the auxil-
iary mode [90,91]. Writing the joint first moments D =
(d, d′)T and joint covariance � = � ⊕ �′, the idealized
SWAP block acts as

� =
(

� 0
0 �′

)

�−→ Û � Û† =
(

�′ 0
0 �

)

,

D = (μ,μ∗,μ′,μ′∗)T �−→ Û D = (μ′,μ′∗,μ,μ∗)T,

(60)

with

Û =

⎛

⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞

⎟
⎠ , (61)

which swaps the two modes. Tracing out the auxiliary
leaves the target isoergotropic state ρ̂μ̄(μ′, ξ ′, N ′). It is
worth highlighting the map itself depends on the parameter
|μ̄|2.

Figure 12 illustrates two different trajectories induced
by isoergotropic Gaussian operations along L5, together
with the Wigner functions of the depicted states. The black
dot (i) marks the initial state, while the red dots (ii)–(iii)
indicate two distinct final states.

FIG. 12. Isoergotropic Gaussian operations. The continuous
and dashed lines indicate two distinct ergotropy-preserving
trajectories along L5 from the black to the red points. It
was assumed φ = φ′ = π , θ = θ ′ = 0 (i) N = 0.5, |ξ | = 0;
(ii) N ′ = 0.1, |ξ ′| = 1; (iii) N ′ = 0.8, |ξ ′| = 1.

1. Iso-R realization via selective Gaussian
measurements

Let the input be an arbitrary element of the isoergotropic
family

ρ̂μ̄(μ, ξ , N ) = Û(μ, ξ) π̂(N ) Û†(μ, ξ), (62)

with Û(μ, ξ) = D̂(μ)Ŝ(ξ), π̂(N ) = ∑
n≥0 pn(N ) |n〉 〈n|

and

pn(N ) = N n

(N + 1)n+1 . (63)

The eigenvectors of ρ̂μ̄(μ, ξ , N ) are Û(μ, ξ) |n〉 with
eigenvalues pn(N ). In particular the principal eigenvalue
is

λmax
(
ρ̂μ̄(μ, ξ , N )

) = p0(N ) = 1
N + 1

. (64)

For the isoergotropy reference given by the displaced
vacuum, the desired pure target is

ρ̂tar = |μ̄〉 〈μ̄| , |μ̄〉 = D̂(μ̄) |0〉 . (65)

Choose the rank-one Kraus

M̂ = |μ̄〉 〈φ| , (66)

where |φ〉 is any normalized vector. Acting on the input
yields the unnormalized postmeasurement operator

M̂ ρ̂μ̄(μ, ξ , N ) M̂ † = 〈φ| ρ̂μ̄(μ, ξ , N ) |φ〉 |μ̄〉 〈μ̄| . (67)

023004-13



MALAVAZI, AHMADI, HORODECKI, and DIEGUEZ PRX ENERGY 5, 023004 (2026)

After renormalization, the conditional postmeasurement
state is exactly the pure target:

M̂ ρ̂μ̄M̂ †

Tr[M̂ ρ̂μ̄M̂ †]
= |μ̄〉 〈μ̄| . (68)

The success probability for this outcome equals

Psucc(φ) = 〈φ| ρ̂μ̄(μ, ξ , N ) |φ〉 . (69)

Maximizing over |φ〉 yields the principal eigenvalue of the
input:

Pmax
succ = λmax

(
ρ̂μ̄(μ, ξ , N )

) = p0(N ) = 1
N + 1

, (70)

and the optimal vector is

|φopt〉 = Û(μ, ξ) |0〉 , (71)

so that the optimal Kraus reads

M̂opt = |μ̄〉 〈φopt| . (72)

Analogously to the qubit case, this shows that selec-
tive measurements can be employed in Gaussian systems
to transform one state into another while preserving the
ergotropy.

C. Autonomous dynamic ergotropy conversion

Similarly to the TLS case, isoergotropic operations can
be performed dynamically and autonomously in a Gaus-
sian quantum battery (B) by coupling it to an auxiliary
system (A). Assume two bosonic modes with total Hamil-
tonian Ĥ = ĤB + ĤA + V̂AB, where ĤB = ωB(b̂†b̂ + 1/2),
ĤA = ωA

(
â†â + 1/2

)
and a beam-splitter interaction

V̂AB = iη
(

b̂† ⊗ â − b̂ ⊗ â†
)

, (73)

with η being the coupling strength. Under these circum-
stances, the joint unitary dynamics is Gaussian and fully
captured by the following Lyapunov equation

d
dt

D(t) = WD(t),

d
dt

�(t) = W�(t)+ �(t)W†,
(74)

for the first and second moments, with joint mean vec-
tor D(t) = (

μB(t),μ∗
B(t),μA(t),μ∗

A(t)
)T, covariance matrix

�(t) at instant t, and drift matrix

W =

⎛

⎜
⎝

−iωB 0 η 0
0 iωB 0 η

−η 0 −iωA 0
0 −η 0 iωA

⎞

⎟
⎠ . (75)

Equation (74) describes a beam-splitter rotation between
A and B at rate η while both modes freely precess at fre-
quency ωA,B. Formally, the solution of Eq. (74) is given
by

D(t) = �(t)D(0), �(t) = �(t)�(0)�†(t) (76)

where �(t) = eWt. Assuming ωB ≡ ω and ωA = ω +�

with detuning � ≡ αη, and �(0) = �B(0)⊕ �A(0) with

�K(0) = (NK(0)+ 1/2)F(ξ ,φ0), K = B, A (77)

one can compute the displacements and covariance
matrix analytically at later times: defining 2χ :=
η
√
α2 + 4, λK := η (2μK(0)+ iαμK ′(0)) /2χ and gK :=

�2 (NK(0)+ 1/2) (2χ)−2 with K ′ 	= K , we have

μB(t) = e−i
(
ω+�

2

)
t
(λA sin(χ t)+ μB(0) cos(χ t)) ,

μA(t) = e−i
(
ω+�

2

)
t
(μA(0) cos(χ t)− λB sin(χ t)) ,

(78)

and


B(t) = (NB(t)+ 1/2)F(ξ ,φt)+ gBF̃(ξ ,φt,�t),


A(t) = (NA(t)+ 1/2)F(ξ ,φt)+ gAF̃(ξ ,φt,�∗
t ),

(79)

where �t := cos (2χ t)+ i 2χ
�

sin (2χ t) and

F̃(ξ ,φt,�t) =
(

cosh(2|ξ |) eiφt�t sinh(2|ξ |)
e−iφt�∗

t sinh(2|ξ |) cosh(2|ξ |)
)

,

(80)

with time-dependent phase φt = φ0 − (2ω +�) t, and

NK(t) = 2
(NK(0)− NK ′(0)) cos (2χ t)

(
α2 + 4

)

+ 2
NK(0)+ NK ′(0)+ 1

(
α2 + 4

) − 1
2

. (81)

In general, the local dynamics induced by Eq. (74)
are not isoergotropic at all times for fixed parameters.
Still, one can achieve iso-R operations by carefully
tuning the relevant subset of parameters. To illustrate
this, assume initial isoergotropic Gaussian states ρ̂K(0) =
ρ̂μ̄(μK(0), ξ , NK(0)), such that

μK(0) = √
fμ̄(ξ , NK(0))eiθK , (82)

with θA = θB + π/2. Figure 13 shows the ergotropy
dynamics for the (a) battery and (b) auxiliary system
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(a) (b)

(c) (d)

FIG. 13. Ergotropy dynamics of the (a) battery and (b)
auxiliary Gaussian states for α = 0, 0.5, 1, 2, assuming
ρ̂K (0) = ρ̂μ̄(μK (0), ξ , NK (0)) with K = B, A as initial states.
(c) Ergotropy α at half period T/2. The red diamonds represent
the detuning ᾱ where the battery (approximately equal to 0.6) or
the auxiliary (approximately equal to −0.6) system returns to the
initial isoergotropic curve L|μ̄|2 . (d) Internal ergotropy dynamics
for ᾱ. At t = T/2 one can achieve an iso-R operation, with the
displacement and squeezing components being reshuffled. It was
assumed |μ̄|2 = 5, NA(0) = NB(0) = 0.5, and |ξ | = 1.

for different values of detuning α, assuming |μ̄|2 = 5,
NA(0) = NB(0) = 0.5, |ξ | = 1. We observe that both
ergotropies (i) are invariant for α = 0 (ii) oscillate with
period ηT = 2π/

√
α2 + 4; however, in the latter case, RB

can still cross the initial isoergotropic surface at earlier
times, depending on α. In this sense, Fig. 13(c) depicts
the ergotropies as a function of α computed at half period
T/2, showing that with detuning ᾱ ≈ 0.6(≈ −0.6) the
battery(auxiliary system) returns to L5 while the auxil-
iary(battery) state remains outside the surface. Finally,
Fig. 13(d) presents the internal ergotropy dynamics for
ᾱ ≈ 0.6: while the dynamics is not isoergotropic during
all time, for t = T/2 one can achieve an iso-R operation.
Initially, the charge is mainly concentrated in the squeezing
component. After half of a period, one observes an internal
ergotropy reshuffle, leading to Rd

B > Rs
B.

We saw earlier that for resonant modes (α = 0), the
local ergotropies remain invariant. In this case, one has
χ = η, gK = 0 and λK = μK(0), resulting in both battery
and auxiliary systems remaining within the same initial

isoergotropic surface with fixed ξ , i.e.,

ρ̂B(A)(t) ≡ ρ̂μ̄(μB(A)(t), ξ , NB(A)(t)) ∈ Lμ̄2 . (83)

Figure 14 shows the dynamics of the (a) battery and (b)
auxiliary system, assuming |μ̄|2 = 5, NA(0) = 0, NB(0) =
0.8, and fixed |ξ | = 1. The initial state of B (A) is
represented by the yellow (orange) dots. It is clear that,
during the dynamics, both systems change within L5.
While both local ergotropies are constant, the displacement
and squeezing components oscillate with period ηT = π .
The former changes due to μK(t), while the latter is due to
NK(t). Moreover, Fig. 14(e) illustrates the Wigner function
at different instants of time, for θB = 0, φB = π , and ω =
η = 1. For t = 0, most of the battery’s charge is stored
in the squeezing component. In t = π/4, one observes
Rd

B = Rs
B, until the ergotropy is transferred to the dis-

placement component. The auxiliary system follows the
opposite behavior. Notice that such a process has no inter-
nal cost of ergotropy, i.e., both the total and local charges
are invariant, as shown by Fig. 15(a). Thus, the only cost to
realize such internal reorganization is due to the interaction
term. To evaluate how the correlations change, Fig. 15(b)
depicts how the Rényi-2 entropies and mutual information
change during the dynamics.

V. APPLICATIONS

To highlight the potential significance of understand-
ing the set of isoergotropic states, in the following, we
will examine two relevant scenarios for quantum batteries:
charging and discharging.

A. Charging

Charging a quantum battery—i.e., increasing its
ergotropy—amounts to transforming a passive state into
an active one. In the simplest setting this can be done by
coupling the storage to a semiclassical charger for a fixed
duration T . This direct charging protocol [31] is modeled
by a time-dependent Hamiltonian Ĥ(t) = ĤB + V̂(t), with
ĤB the battery Hamiltonian and V̂(t) the charging drive,
switched on only for 0 < t < T (V̂(t) = 0 otherwise). The
evolution is unitary, ˙̂ρ(t) = −i[Ĥ (t), ρ̂(t)], and supplies
both energy 〈ĤB〉 and ergotropy R to the battery. A nat-
ural performance goal is to maximize the average charging
power under realistic constraints. We define

〈P〉 := 〈W〉
T , 〈W〉 = Tr

[
ĤB
(
ρ̂(T )− ρ̂(0)

)]
, (84)

and assume a bounded driving strength, ‖Ĥ(t)‖ ≤ ε. For
a single TLS with ĤB = |e〉〈e| and Bloch representation
ρ̂(t) =

(
1̂ + s(t) · σ

)
/2, s(t)= s (sinαt cosϕt, sinαt sinϕt,
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(a) (b)

(c) (d)

(e)

FIG. 14. Top: parameter space representation of the (a) bat-
tery and (b) auxiliary Gaussian states dynamics induced by
Eq. (78) along the isoergotropic surface L5, assuming ρ̂K (0) =
ρ̂μ̄(μK (0), ξ , NK (0)) with K = B, A (colored dots) as initial
states, and |μ̄|2 = 5, NA(0) = 0, NB(0) = 0.8 and |ξ | = 1. Mid-
dle: ergotropy and internal components dynamics for the (c)
battery and (d) auxiliary system for the same parameters. Bot-
tom: (e) Wigner function isoergotropic dynamics for the bat-
tery at instants t = 0,π/4,π/2, assuming θB = 0, φB = π and
ω = η = 1.

cosαt)
T, the optimal protocol with respect to the power

under the norm bound is [39]

Ĥ(t) = −ε
2

sinϕt σ̂x + ε

2
cosϕt σ̂y , (85)

which drives

ϕt = ϕ0, αt = α0 + εt.

(a) (b)

FIG. 15. (a) Charge and (b) Rényi-2 entropy dynamics
induced by Eq. (74). The full (computed without the interaction)
and local ergotropies are invariant during the time evolution.
The local Rényi-2 entropies and mutual information I oscillate
during the internal conversion of ergotropy.

Starting from a passive (uncharged) state on the north
pole, α0 = 0 and s(0) = s0(0, 0, 1)T with s0 ∈ [0, 1], the
average power evaluates to 〈P〉 = s0 [1 − cos(εT )] /2T .
Maximizing 〈P〉 over T yields

cos(εT )+ εT sin(εT ) = 1, (86)

whose solution gives αT = εT � 0.74π . Thus the set of
active states attainable with optimal power forms a cone
on the Bloch sphere,

sOpt = s (sinαT cosϕ, sinαT sinϕ, cosαT )T ,

with s ∈ [0, 1], ϕ ∈ [0, 2π ]. Figure 16 shows this opti-
mal set together with several isoergotropic surfaces. Their
intersections (solid colored curves) are parameterized by
s̄ = Pp̄ csc2(αT /2) for different Lp̄ . Consequently, for an
initially uncharged battery the isoergotropic family reach-
able at maximum power is

p̄ = 1
2

(

1 + s0

csc2(αT /2)

)

, (87)

and the corresponding states ρ̂p̄(p , θ) are given by

p = 1
2
(1 − s̄ cosαT ) , (88)

as indicated by the colored dots (initial states) and dashed
lines (driven trajectories) in Fig. 16.

B. Open QB and discharging

External dissipation and decoherence degrade the per-
formance of quantum devices in general [101–105]. Miti-
gating ergotropy leakage is therefore essential for realistic
quantum batteries [71,73]. The ability to reshuffle the inter-
nal composition of ergotropy, developed above, enables
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FIG. 16. Isoergotropic surfaces and optimal-power charging.
Starting from passive (uncharged) states, the cone marks all
states reachable at maximal average power in the direct proto-
col (see Ref. [39] for more details); it corresponds to the fixed
polar angle αT = εT � 0.74π . Colored dots and dashed arcs
illustrate representative charging trajectories. The circular arcs
are the intersections between the cone and the iso-R surfaces
Lp̄ ; points on an intersection are optimal states ρ̂p̄(p , θ) with
p = 1

2 (1 − s̄ cosαT ) and s̄ = Pp̄ csc2(αT /2).

the preparation of states that are more robust against envi-
ronmental noise. To illustrate this, we couple the battery
weakly to a thermal reservoir at inverse temperature β.
The local dynamics of a TLS and of a single-mode Gaus-
sian state (GS) are described by the GKLS master equation
(� = kB = 1) [106]:

TLS: ˙̂ρ = −i[Ĥ , ρ̂] + γ (1 − n̄)Dρ[σ̂+] + γ n̄Dρ[σ̂−],

GS: ˙̂ρ = −i[Ĥ , ρ̂] + γ (1 + n̄)Dρ[â] + γ n̄Dρ[â†],
(89)

where γ is the decay rate, n̄ = (eβω ± 1)−1 is the fermionic
(bosonic) occupation number for the TLS (GS), and
Dρ[ô] = ôρ̂ô† − {ô†ô, ρ̂}/2. Equation (89) relaxes each
system to the Gibbs state at temperature 1/β, discharg-
ing the battery. Crucially, the coherent and incoherent
(displacement and squeezing) parts of ergotropy decay dif-
ferently, and the observed discharge reflects their interplay.

Regarding the TLS system at time t the state has
the form ρ̂(t) = (1 − pt) |g〉〈g| + pt|e〉〈e| + Ct(ei θ2 |g〉〈e|
+ h.c.)/2, with populations and coherence evolving inde-
pendently as pt = (p0 − n̄) e−γ t + n̄ and C2

t = C2
0 e−γ t.

Thus p∞ = n̄ and C∞ = 0. The (in)coherent components
of the ergotropy can be computed using Eqs. (2) and

(3). Interestingly, as observed by a previous work [73],
despite the monotonically decreasing behavior of the pop-
ulation and coherence, nonintuitive ergotropy dynamics
can appear due to coherence, i.e., depending on the ini-
tial conditions, the coherent ergotropy becomes nonmono-
tonic in time. More specifically, the maximum of Rcoh

is reached for p = 1/2, thus if p0 > 1/2, one observes
a first increase of the coherent ergotropy until pτ1/2 =
1/2 before asymptotically approaching zero, where τ1/2 :=
γ−1 ln

[
(p0 − n̄) (1/2 − n̄)−1] is the time required for

the incoherent state become passive. Figures 17(a)–17(c)
show, for all initial states on L0.8, that the total and inco-
herent charges decay monotonically, while the coherent
part can exhibit a transient increase. Panel 17(a) marks the
half-life T1/2 defined by R(T1/2) = R(0)/2. States with
larger initial coherence have longer T1/2 despite sharing
the same initial charge. Figure 17(d) depicting the half-
life time in terms of p̄ and Pp̄ ≤ p ≤ p̄ confirms this trend
across different iso-R surfaces: within a given Lp̄ , coher-
ent (near-pure) states on the Bloch-sphere surface are the
most resilient to environment-induced dissipation.

As for the GS states, since the dissipators in Eq. (89) are
linear in â and â†, Gaussianity is preserved. The ergotropy
at time t is given by Eq. (52) with time-dependent parame-
ters (μt, ξt, Nt) evolving as [84]

|μt|2 = |μ0|2e−γ t,

|ξt| = 1
2

cosh−1

[
�t + (2N + 1) e−γ t sinh2 (|ξ0|)

]

Nt + 1/2
,

Nt =
√

�2
t + (2N + 1) (2n̄ + 1)

eγ t(1 − e−γ t)−1 sinh2 (|ξ0|)− 1
2

,

(90)

with �t = 2 (N − n̄) e−γ t + (n̄ + 1/2). Figures 17(e)–
17(g) display the decay of charge for different initial points
on L5 with N = 0.5: both the squeezing and displacement
contributions decrease monotonically, but the half-life is
shorter for larger initial |ξ |. This “hotter empties faster”
behavior is the ergotropic analogue of the Mpemba effect
[84]. Panel 17(h) shows T1/2 versus |ξ | for several N ,
confirming the trend across L5.

In summary, consistent with Refs. [73,84], tailoring
the internal composition of ergotropy—either at prepara-
tion (charging) or via iso-R operations—yields states that
retain charge longer under open-system dynamics, provid-
ing a practical advantage for quantum batteries in realistic
noisy environments.

Many previous works have investigated optimizing
quantum-battery performance by engineering the charg-
ing and discharging dynamics itself, for instance via
time-periodic (Floquet) control to tailor effective gener-
ators, or via reservoir engineering to exploit structured
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(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 17. Ergotropy decay for (a)–(d) TLS (e)–(h) single-mode Gaussian-based open quantum batteries. (a) Ergotropy dynamics
for the distinct isoergotropic states along L0.8. The black dashed line highlights the half-life of the battery. The (b) incoherent and
(c) coherent components present distinct behavior. The blue continuous line indicates the instant with maximum coherent ergotropy,
where pτ1/2 = 1/2. As a result, states with coherence possess lower discharging rates. The half-life behavior for all values of p̄ is shown
in (d). (e) Ergotropy dynamics for the distinct isoergotropic states along L5 and N = 0.5. Both the (f) squeezing and (g) displacement
components present a monotonic decay with time. Also, it is clear that states with higher values of |ξ | discharge faster. This behavior
is observed for distinct values of N , as shown in (h). It was assumed (a)–(d) p̄ = 0.8 n̄ = 0.2, (e)–(h) N = 0.5, n̄ = 0.3, and |μ̄|2 = 5.

environments that stabilize excitations, suppress degra-
dation, or enable remote energy transfer (see, e.g., Ref.
[68] and references therein). A complementary line of
work targets robustness by increasing the fraction of
ergotropy stored in coherence: Ref. [28] reports that coher-
ent ergotropy can decay more slowly than incoherent
ergotropy under self-discharging, and proposes enhanc-
ing stability by maximizing the coherent-to-total ergotropy
ratio.

Isoergotropic operations address a different, orthogonal
layer of optimization: they keep the total ergotropy fixed
while reshuffling its internal composition. This makes
them naturally composable with the above dynamical
strategies. Concretely, (i) after a given charging proto-
col (including Floquet-optimized or reservoir-engineered
schemes), an isoergotropic postprocessing stroke can con-
vert a fragile encoding of ergotropy into a more robust
one without changing the stored work content; (ii) dur-
ing storage in an open system, interleaving isoergotropic

reshuffling provides a direct mechanism to implement the
stabilization intuition of Ref. [28] at fixed total ergotropy
by reallocating ergotropy toward the components that
decay more slowly under the relevant noise; and (iii) in
setups where reservoir engineering yields a fixed steady-
state ergotropy (or where drive constraints fix the reachable
ergotropy), reshuffling can be the dominant performance
lever, because improving the delivered work then requires
optimizing the encoding rather than increasing the total
charge.

These comparisons also clarify when ergotropy reshuf-
fling can outperform conventional methods: in robustness-
limited operation (where dissipation rapidly degrades
certain components) and in constrained-budget regimes
(fixed drive power, fixed cycle time, or fixed steady-
state ergotropy), isoergotropic operations can increase
the usable work extracted over a discharge window by
extending the ergotropy lifetime and/or by steering the
charged state into isoergotropic encodings that optimize
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the operational figure of merit (power, robustness, or local
extractability), without demanding stronger modulation or
additional entangling control.

VI. DISCUSSION

A central challenge in the study of QBs lies not only
in maximizing their stored energy but also in understand-
ing how this charge is internally structured and can be
effectively manipulated. While ergotropy R provides a
fundamental measure of the extractable work from a quan-
tum state, recent insights show that this quantity can be
distributed among distinct internal components, classical
and quantum degrees of freedom. This internal compo-
sition plays a crucial role in determining how the stored
charge can be accessed, transformed, or preserved during
realistic operations, including efficient charging and work
extraction.

In this broader context, we introduced and investi-
gated the set L of isoergotropic states, defined as states
possessing the same total ergotropy but different inter-
nal configurations of ergotropy. Although such states are
equivalent in terms of their stored charge, they may exhibit
markedly distinct physical properties, including internal
energy, purity, and entropy. We further explored the class
K of quantum operations—comprising completely pos-
itive trace-preserving (CPTP) maps and selective mea-
surements that act within L, preserving total ergotropy
while redistributing its internal components. The thermo-
dynamics involved during such processes is also verified,
including heat transfer and the possibility of isentropic
and internal energy-conserving transformations. As rele-
vant examples, these concepts are illustrated and applied
with both discrete and continuous-variable quantum bat-
teries, respectively represented by two-level systems and
Gaussian states. While in the former, the charge is stored
within the coherent and incoherent components, in the lat-
ter, it is independently distributed along the displacement
and squeezing ones.

We also demonstrated that dynamical autonomous con-
version between the internal components of ergotropy can
be achieved by coupling the quantum battery to an auxil-
iary system. In particular, Eqs. (32) and (73), describing
the interactions for the TLS and Gaussian cases, share the
structure of a beam-splitter-type coupling. Such interac-
tions enable coherent energy exchange while conserving
the total number of excitations in the composite system.
These couplings allow the autonomous reconfiguration of
ergotropy and the simultaneous realization of isoergotropic
transformations within the target systems. Based on the
results reported in Ref. [83], we anticipate that these pro-
cesses could be exploited to selectively assess and extract
specific components of the stored charge. Beam-splitter-
type interactions are standard tools in quantum optics

and are widely used across various quantum technolo-
gies [107–109]. Moreover, such couplings can be readily
engineered in both optical and superconducting platforms
[110–112]. Therefore, isoergotropic operations can be real-
istically implemented in quantum batteries using current
state-of-the-art technologies.

To this end, we also explored the practical implica-
tions of iso-R states and operations in relevant scenar-
ios. Considering a direct charging protocol for a TLS,
we characterized the set of states that achieve optimal
charging power and identify the corresponding optimal
isoergotropic states within each Lp̄ , as illustrated by the
intersections in Fig. 16. In this way, one can either tune
the initial discharged state ρ̂0 to reach a desired iso-R sur-
face or determine the optimal charged state attainable from
a given ρ̂0. Similar analyses can be performed for other
optimization criteria and charging strategies. Furthermore,
we investigated the robustness of different isoergotropic
states under environmental noise. By accounting for the
distinct dynamical behavior of the ergotropic components,
one can mitigate dissipative charge loss in open quantum
batteries—either by charging into suitable isoergotropic
states or by dynamically reshuffling the ergotropy between
components. As shown in Fig. 17(a), isoergotropic states
with coherence exhibit longer half-life times T1/2, thus dis-
charging more slowly. A similar advantage is observed
in Fig. 17(b), where maximizing the ergotropy stored in
the displacement component enhances robustness against
dissipation.

The formalism and analyses developed here can be
systematically extended to arbitrary quantum battery archi-
tectures. Future work should aim to identify additional
applications and explicitly incorporate iso-R operations
into practical protocols. For example, optimal charge sta-
bilization strategies can be found through quantum con-
trol techniques for different relevant dynamical scenarios
[113], including non-Markovian environments. Addition-
ally, they can be utilized in the selective charging and
extraction of specific ergotropic components. Such oper-
ations could be harnessed to design novel thermodynamic
cycles whose strokes internally redistribute charge while
maintaining a fixed energy budget. Also, one can study the
potential use of non-isoergotropic local operations along
with global isoergotropic processes in multicell quantum
batteries. In this sense, one can also study and pinpoint
the role of nonclassical correlations for quantum energy
storage and distribution across multipartite batteries.

A complementary figure of merit to ergotropy is antier-
gotropy [114], which quantifies the maximum energy that
must be injected into a state by cyclic unitaries during the
charging leg. Using antiergotropy as a companion metric
thus identifies iso-R encodings that are not only equally
charged but also cheaper to refill in realistic, noisy cycles.

Finally, by taking isoergotropic transformations as free
operations, one can build a resource theory of ergotropy

023004-19



MALAVAZI, AHMADI, HORODECKI, and DIEGUEZ PRX ENERGY 5, 023004 (2026)

in direct analogy with standard quantum resource theories
(see the review [115]). Framed this way, ergotropy can
be integrated with existing resource theories of coherence
[86] and Gaussianity [116], enabling analyses beyond the
usual settings. Notably, recent work has designed nonlin-
ear coherent heat machines that convert passive Gaussian
states into non-Gaussian active ones [117]. This indicates
that nonlinearity cannot be treated as a free resource in any
continuous-variable resource theory of ergotropy. Investi-
gating the interplay among these resources—and identify-
ing appropriate monotones and conversion rules—would
be valuable, but lies beyond the scope of the present work.
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