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Kerr-cat qubits have been experimentally shown to exhibit a large noise bias, with one decay channel
suppressed by several orders of magnitude. In superconducting implementations, increasing the microwave
drive on the nonlinear oscillator that hosts the Kerr-cat qubit should, in principle, further enhance this bias.
Instead, experiments reveal that above a critical drive amplitude the tunneling time, which is the less
dominant decay channel, ceases to increase and even decreases. Here, we show that this breakdown arises
from the multimode nature of the circuit implementation. Specifically, additional modes, including the
buffer mode used to deliver the stabilizing drive and higher modes of the Josephson junction array, can
induce multiphoton resonances that sharply degrade Kerr-cat coherence. We uncover this mechanism by
retaining the full circuit nonlinearities and treating the strong drive exactly within a Floquet-Markov
framework that accounts for quasidegeneracies of the Kerr-cat spectrum. Our results not only provide an
explanation for the sudden reduction of the tunneling time, but also demonstrate that the Kerr-cat qubit can
be very robust in the presence of a carefully engineered electromagnetic environment. Beyond the Kerr-cat
qubit, the tools developed here open the door to study a broad range of drive-induced phenomena in
dissipative superconducting circuits, in both resonant and off-resonant driving regimes. Examples include
inelastic scattering in circuits with arbitrary anharmonicity and drive strength as well as subharmonically
driven devices such as parametric amplifiers and couplers and other protected qubits whose coherence is

governed by quasidegeneracies.
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I. INTRODUCTION

Bosonic codes are promising candidates for achieving
fault tolerance with minimal hardware overhead, a feature
often referred to as hardware efficiency [1-7]. These codes
leverage the large Hilbert space of an oscillator to encode
logical information in a carefully chosen d-dimensional
subspace. A particularly compelling example is the cat
qubit, where the logical states are encoded in the manifold
spanned by superposition of coherent states |a) referred to
as Schrodinger cat states, |C) = (|a) & | — a))/Nx with
NZ the normalization [8]. This choice is motivated by the
fact that local noise—acting locally in the oscillator’s phase
space—induces transitions between |+a) and |—a) with
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rates that are exponentially suppressed in |a|? [9-11]. This
suppression of phase-flip errors is only modestly counter-
balanced by a linear in |a|? increase in the rate of bit-flip
errors—that is, transitions between the cat states |C}) and
|C;)—induced by local noise. The resulting large noise
bias can be leveraged to implement error correction
protocols with minimal hardware resources [12-20].

In superconducting quantum circuits, the two main types
of cat qubits are the dissipative cat qubit [10,21-27] and the
Kerr-cat qubit [11,28-34]. In the dissipative approach,
engineered dissipation stabilizes a steady-state manifold
that spans the desired cat-state subspace. By contrast, the
Kerr-cat approach relies on Hamiltonian engineering where
the cat states emerge as degenerate eigenstates of the
squeezed Kerr Hamiltonian

I:I _ KATZ AD A2 % A2
sk = —Ka' a+ead +&a

= —K(a? - a?)(a®> — @®) + K|al*, (1)

where 4 is the annihilation operator of the oscillator, &, is
the strength of the two-photon drive, and K is the self-Kerr
nonlinearity. The factorized form of H sk makes it explicit
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that the coherent states |+ a) with a = /& /K are
degenerate eigenstates of the Hamiltonian [11]. Their
symmetric and antisymmetric superpositions are the cat
states |CF), whose average photon number is given
by |a* = |es| /K.

To gain intuition into the structure of this Hamiltonian,
it is helpful to analyze its phase-space representation
H(Re[a],Im[a]), obtained via the Weyl correspondence
[35]. This metapotential, shown in Fig. 1(a), exhibits a
double-well structure with a barrier height ~K |a|* separating
two minima centered at +a, corresponding to the locations of
the Kerr-cat coherent states. As the two-photon drive and,
hence, |a|? is increased, pairs of states successively enter the
wells. As they drop deeper into the potential landscape,
tunneling between them is rapidly suppressed because of the
barrier. This leads to spectral kissing, where pairs of energy
levels become nearly degenerate; see Fig. 1(b), with circles
indicating the kissing of different pairs [30].

In practice, however, the exponential suppression of
tunneling between the coherent states at the bottom of the
well does not persist indefinitely with increasing |a|?.
Thermal excitation from these coherent states to higher-
lying states that have not yet kissed can restore tunneling
between the wells [36-38]. This phenomenon repeats itself
as each new pair of states enters the wells, resulting in a
staircaselike dependence of the tunneling time with |al|?.
This behavior has been measured experimentally [30,32]
and studied theoretically using perturbative methods [39].
More strikingly, at still larger photon numbers, the staircase
behavior breaks down: the tunneling time is observed to
decrease with increasing photon number, accompanied by
sharp features at specific values of the drive amplitude
[34,40]. While existing theoretical models capture the
qualitative features of the staircase regime, they do not
quantitatively match the experimental data. Moreover, the
breakdown of the staircase pattern is not reproduced by
current theoretical approaches, raising the question of
whether this discrepancy reflects limitations of the pertur-
bative treatment or the presence of additional mechanisms
not yet accounted for in the theory.

In this work, we answer this question by showing that both
the breakdown of the staircase behavior of the tunneling time
and the appearance of sharp resonances originate from the
multimode nature of the circuit implementation of the Kerr-
cat qubit in Refs. [30,34] and can be captured by a model
foregoing any perturbative expansion but including addi-
tional modes of the circuit. In the absence of additional
modes, we find that the Kerr-cat qubit is remarkably robust.
This observation suggests that engineering the Kerr cat’s
electromagnetic environment such as to avoid the presence of
these modes can lead to significantly longer tunneling times
than currently observed experimentally.

These results are obtained using three key ingredients.
First, we retain the full nonlinear potential of the circuit, as
any finite-order expansion of the potential risks missing the
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FIG. 1. (a) Cutalong Re[a] of the metapotential associated with
the shifted squeezed Kerr Hamiltonian Hgx — /K for &, = 10
and K = 1. Horizontal gray lines indicate the eigenenergies, and
the colored curves the marginals of the Wigner distributions of
the corresponding eigenstates. For the quasidegenerate level pairs
0-1, 2-3, and 4-5, dissipative tunneling across the double well is
suppressed due to destructive interference between two relaxation
pathways. Population transfer between wells can instead occur by
climbing the energy ladder—yvia photon emission and absorption
—until nondegenerate levels (here, 6 and 7) are populated. The
number of quasidegenerate level pairs within the well is con-
trolled by the photon number |a|*> = &,/K = 10. (b) Floquet
quasienergy spectrum of the Kerr-cat qubit showing spectral
kissings (circles) where the quasienergy differences between
pairs of excited states asymptotically approach w,/2. Dashed
lines indicate drive amplitudes at which these differences become
comparable to the decay rate. An average photon number &, /K =
10 corresponds to ¢,/27 ~ 2.7 GHz. The circuit parameters are
chosen close to those of Ref. [30], with E;/2x = 272.436 GHz,
Ec/27x = 107.8 MHz, a = 0.046, and ¢, = 0.33 x 27, yield-
ing a 0-1 transition frequency wg /27 = 6.094 GHz and a
self-Kerr nonlinearity K/2z = 1.18 MHz. (¢) Bloch-sphere rep-
resentation of the cat-qubit manifold.
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resonances between the nonlinear oscillator and the other
degrees of freedom in the circuit. Second, the drive is
treated exactly using the Floquet formalism, ensuring that
multiphoton processes and nonlinear drive effects are fully
accounted for. Such multiphoton processes have already
been shown to be at the origin of ionization of highly
excited atoms driven by microwave fields [41] and of drive-
induced resonances of the transmon qubit [42-51]. Third,
we incorporate the interplay between driving and dissipa-
tion using a partial-secular Floquet-Markov master equa-
tion [52-54]. While standard secular Floquet-Markov
treatments become invalid in the presence of near-degen-
erate quasienergies, the partial-secular approach retains the
interference between quasidegenerate relaxation channels.
This feature is essential for accurately describing dissipa-
tion in the Kerr-cat qubit.

More generally, this nonperturbative treatment of the
interplay between driving, circuit nonlinearity, and dissipa-
tion can be applied to a broad range of driven-dissipative
superconducting circuits operating in both resonant regimes,
such as parametrically driven systems and Floquet qubits,
and off-resonant regimes, such as qubit readout. In particular,
itapplies to both low- and high-impedance driven circuits. To
give a few concrete, though nonexhaustive, examples, the
tools developed here could be used to analyze inelastic
scattering processes assisted by the electromagnetic envi-
ronment during fluxonium-qubit readout, thereby extending
previous treatments [50] to high-impedance qubits. They
could also be used to quantify the impact of dissipation on
gates based on subharmonic drives [49,55].

This paper is organized as follows. In Sec. II, we review
the standard single-mode approximation of the Kerr-cat
qubit. We then show how Floquet theory reproduces
essential features of this system, such as spectral kissing,
and introduce a form of the Floquet-Markov Lindblad
master equation that accounts for these near degeneracies.
Using this framework, we compute the tunneling time of
the Kerr-cat qubit, demonstrating its intrinsic robustness. In
Sec. III, we incorporate the buffer mode used to drive the
Kerr-cat qubit in experiments and show that it leads to an
abrupt reduction of the tunneling time above a critical drive
amplitude. In Sec. IV and Appendix G, we examine the
effects of superconducting nonlinear asymmetric inductive
element (SNAIL) array modes and a stray geometric
inductance on the qubit’s coherence. Further details of
the derivations can be found in the Appendixes. Our
findings are summarized and discussed in Sec. V.

II. SINGLE-MODE DESCRIPTION

Experimental realizations of the Kerr-cat qubit in circuit
QED rely on SNAILs [56,57] shunted by a large capacitance
and controlled via a buffer mode; see Fig. 2(a) [29-34]. In
this section, we analyze the behavior of the Kerr-cat qubit in
the single-mode approximation of this circuit, identifying
the key assumptions underlying this simplification. While
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FIG. 2. (a) Circuit implementation of the Kerr-cat qubit,
consisting of an array of SNAILs shunted by a large capacitor
(green) and driven through a buffer mode (blue) whose resonance
frequency is close to the drive frequency. (b) Circuit diagram of a
single SNAIL composed of an array of large Josephson junctions
with energy E; in parallel with a smaller junction of energy aE,
forming a loop threaded by an external magnetic flux (gray).
(c) Semiclassical representation of the circuit in (a)—the driven
buffer mode is replaced by a classical drive (gray) and a
dissipative environment modeled by an admittance Y () (blue).
(d) Typical spectral function J(w) « Re[Y(w)]/C featuring a
broad peak around the drive frequency w, reflecting the low-
quality factor of the buffer mode. The values around J(mw,/2)
for me Z* are taken from Ref. [39].

sufficient to reproduce the physics of the spectral kissing and
the observed plateaus in the tunneling time [30,32,58], we
find that this reduced model does not capture the observed
abrupt reduction of the tunneling time above a drive
amplitude threshold. Building on these observations, in
the next section, we show how this breakdown is captured
when accounting for the multimode nature of the circuit in
Fig. 2(a). The present section introduces the key ideas and
methods necessary to understand this more general multi-
mode case.

Accounting for the buffer mode, the Hamiltonian
describing the circuit in Fig. 2(a) reads (A = 1)

A" = wyala, + A, + igi (a,i - a,,) i) (a; - a,,).
(2)

In this expression, w;, is the frequency of the buffer mode
with annihilation operator d,. The implementation of the
buffer mode varies depending on the experiment: it may
correspond to a 3D box mode defined by the cavity
geometry [29-31,34] or a stripline resonator that facilitates
parametric driving of the SNAILs [33]. In all cases, the
presence of this mode is intentional, with its resonance
frequency engineered to be close to that of the drive
frequency to allow driving the SNAIL. The second term
in Eq. (2), H,, is the SNAIL array Hamiltonian defined
below. The third term corresponds to the coupling of the
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buffer mode to the SNAIL array, with g the strength of that
coupling and 7 the SNAIL array charge operator. The last
term corresponds to a charge drive Q(r) = Qg sin(w,?)
applied to the buffer mode at frequency w, To see more
clearly how the drive on the buffer effectively acts on the
SNAIL array, we displace the buffer mode by its classical
response using a displacement transformation [59]. This
results in the displaced Hamiltonian

A = wyala, + A, + igh (d; - a,,) +egcos(wgt)it, (3)

where ¢, is the amplitude of the effective drive proportional
to the square root of the buffer mode photon population. So
far, no approximations have been made; the displacement
transformation is exact, as seen in Ref. [60], for instance. In
the following, we use &, rather than €, as a measure of the
drive strength. As a first approximation, following
Refs. [45,46], we ignore quantum fluctuations in the buffer
mode resulting in the simplified Hamiltonian

H~H, + e,co8(wyt)A, (4)

which describes a voltage-driven SNAIL, as illustrated in
Fig. 2(c).

As illustrated in Figs. 2(a) and 2(b), the circuit is built
from an array of two SNAILSs, each comprised of an array
of three identical large Josephson junctions with energy E;
in parallel with a smaller junction of energy aE; (with
a < 1). Assuming that the total phase drop across the array
is evenly distributed among the six large junctions allows
the SNAIL array to be described by a single degree of
freedom. This single-phase approximation relies on the
assumption that this forms a weakly nonlinear oscillator
whose resonance frequency @, is much smaller than the
plasma frequency of the individual large junctions. This
condition is satisfied provided the stray capacitance C; , to
ground of each island in the array is small (C, , < C,/ 6%)
[61-63]. We go beyond this approximation in Sec. IV,
where we analyze the influence of higher-frequency col-
lective modes of the array on both the spectrum and lifetime
of the Kerr-cat qubit.

Under the single-phase approximation, the Hamiltonian
of the capacitively shunted double SNAIL is given by

H, = 4E;i* — 6E, cos (%) —2aE; cos (% + goext>, (5)

where E- denotes the charging energy dominated by the
shunting capacitance and @, = 27D,/ P, the external
reduced flux bias of each SNAIL. The operators represent
the phase ¢ across the SNAIL array and its canonically
conjugate charge 7.

Introducing the annihilation operator @ of the shunted
SNAIL such that ¢ = @i, + @gpr(d +a'), where @,

denotes the phase at the minimum of the potential and
@pr represents the amplitude of quantum fluctuations of the
phase operator, we expand the potential energy terms of
Eq. (5) to fourth order in ¢,,¢. Choosing the drive frequency
w4 = 2w, moving to the appropriate frame, and applying
the rotating-wave approximation (RWA), the single-mode
Hamiltonian of Eq. (4) takes the standard form of the Kerr-
cat Hamiltonian Eq. (1) [29]. This approximate model is
sufficient to capture the basic properties of the system [11].
However, in the context of measurement-induced state
transitions in the transmon [42,44,46,64,65], making these
approximations (cosine potential expansion and RWA)
substantially modifies the threshold drive amplitude before
transitions are observed. We expect these approximations to
similarly modify the threshold of the breakdown of the
staircase behavior of the Kerr cat. For this reason, in this
work we use the full cosine potential of Eq. (5).

To accurately account for the effect of the strong drive,
we use Floquet theory. At any time, the state of the system
can be decomposed in terms of periodic Floquet modes
|$,(1)) = |¢,(t 4+ T)) and their corresponding quasiener-
gies ¢, which satisfy the eigenvalue equation

U(t+T.1)|g (1)) = e |, (1) (6)

where U (t+T,t) is the unitary propagator, generated
by the Hamiltonian in Eq. (4), over one period 7 =
27/ w, of the drive [54]. The Floquet modes and quasiener-
gies are obtained by numerically diagonalizing this operator.
Since they are obtained as the argument of a phase, the
quasienergies are defined modulo the drive frequency,
€,€[-wy/2,wy/2). Hereinafter, we denote |[¢,) =
|¢,(0)) the Floquet modes at time ¢ = 0. At &, = 0, the
quasienergies coincide with the eigenenergies (modulo w,;)
of the undriven double-SNAIL Hamiltonian I-AIS, and the
Floquet modes reduce to the corresponding undriven eigen-
states. Starting from this point, we increment ¢, in small steps
and assign labels to the Floquet spectrum at each step by
maximizing their modes’ overlap with the modes at the
previous drive amplitude. This procedure enables a consis-
tent tracking of each mode based on its origin in the undriven
spectrum [41,46,66]; see Appendix A.

Increasing the drive amplitude, the two lowest Floquet
modes, ¢ = 0, 1, continuously evolve from the ground and
first excited states of the undriven Hamiltonian A, into
(displaced) cat states; see Fig. 3 showing the Wigner
distributions of these modes for ¢;/27 =2.5 GHz
Unlike in the approximate squeezed-Kerr Hamiltonian
Eq. (1), where the cat eigenstates are centered at the origin,
here they are slightly displaced because they are displayed
in the laboratory frame and not the displaced frame.
Importantly, in these calculations, to compensate for the
ac-Stark shift the drive frequency w, is adjusted at each
value of the drive amplitude to match twice the Floquet
quasienergy difference between the two lowest modes,

041012-4



BREAKDOWN OF THE KERR-CAT QUBIT TUNNELING TIME ...

PHYS. REV. X 16, 041012 (2026)

| Do) |®1)
34 ] 0.5
3 o N\ ] N\ g
E 0 N N 05
=
_3_ T T T | T T T _05
-3 0 3 -3 0 3
Re[a] Re[a]
FIG. 3. Wigner distributions of the first two Floquet modes,

|po) and |¢), at a drive amplitude e,/27 = 2.5 GHz corre-
sponding to approximately nine photons in the cat manifold.
These two modes are the logical cat states.

g = 2|e; — €p]. The adjustment is no larger than 20 kHz in
the full range of drive amplitude values considered in our
work. This mirrors the experimental procedures used, for
example, in Refs. [30,33,34]. Away from this choice of
frequency, the Floquet modes ¢ = 0 and 1 associated with
the Hamiltonian in Eq. (4) no longer correspond to
symmetric superpositions of opposite coherent states in
phase space [31,34].

A. Spectral Kissing in the presence of strong
drive and full nonlinearities

Having obtained the Floquet spectrum as a function of
the drive amplitude, it is useful to present it in a way that
facilitates comparison with the spectroscopy measurements
reported in Refs. [30-33]; see Appendix A for more details.
To do so, we first unfold the quasienergies from the Floquet
Brillouin zone [-w,;/2,®,/2) onto the real line and then
refold them modulo w,/2 relative to the ground-state
energy. This results in the spectrum shown in Fig. 1(b)
with a series of pairwise degeneracies, or spectral kissings
(circles). This spectral kissing is consistent with exper-
imental observations and is a key feature of the ideal
squeezed Kerr oscillator Hamiltonian of Eq. (1), where it
was previously derived using perturbation theory
[30,37,67]. Here, we show that it is captured without
modification by the exact single-mode Hamiltonian.

Remarkably, the quasienergy spectrum of the Kerr cat
remains free of avoided crossings indicative of unwanted
resonances up to ¢;/2z = 10 GHz, corresponding to 36
photons—the maximum amplitude considered in our sim-
ulations (not shown). This is in stark contrast to other qubits
under strong drives, such as the transmon, where the
quasienergy spectra show a multitude of avoided crossings
resulting from unwanted multiphoton resonances [42—49].
Crucially, in the transmon the quasienergies corresponding
to the computational states experience an ac-Stark shift of
opposite sign to that of states near the top of the transmon’s
cosine potential (where the anharmonicity changes sign).
This can lead to a collision of quasienergies at a “critical”

drive amplitude and to unwanted transitions from the
computational states to highly excited states. Because
the transmon’s cosine potential is relatively shallow and
supports only of the order of 10 states, these collisions
typically occur at moderate drive amplitudes. The situation
is very different in the Kerr-cat qubit, whose robustness to
multiphoton resonances results from its very deep potential
well. Indeed, for the parameters used in this work, which
are close to those of the experiment in Ref. [30] [see
the caption of Fig. 1(b)], the number of bound states in the
SNAIL well is approximately 530. As a result, all the
relevant levels—including the cat states and higher-excited
levels—experience an ac-Stark shift of the same sign.
Collisions of quasienergies are, thus, avoided up to very
large drive amplitudes. Our results show that, in a single-
mode setting, retaining the full circuit potential exactly
does not lead to multiphoton resonances over the drive-
amplitude range where a sudden decrease of the tunneling
time is observed experimentally. We also note that, while
analyses based on classical chaos reveal that the single-
mode Kerr cat eventually becomes unstable [68,69], the
threshold for the onset of this chaotic regime occurs at drive
strengths far exceeding those where the experimental
breakdown is observed [34].

B. Floquet-Markov-Lindblad
with quasidegenerate transitions

To fully account for the effect of the drive and SNAIL
nonlinearity, we employ the Floquet-Markov master equa-
tion [53,54,70]. In contrast to the standard quantum optics
master equation—where dissipation is treated as incoherent
transitions between eigenstates of a time-independent
Hamiltonian [71]—the Floquet-Markov approach descri-
bes dissipation in terms of transitions between Floquet
modes. Crucially, the corresponding rates account for
processes involving simultaneous absorption or emission
of drive photons and environment photons [54,72].

In the context of the Kerr cat, it is essential for the master
equation to capture the spectral kissing of the quasiener-
gies. As a result, in the derivation of the master equation
we cannot employ the commonly used secular approxima-
tion which assumes that all transition frequencies are well
separated, leading to a sum of independent dissipators, one
for each transition [54]. Instead, we use a partial secular
approximation accounting for the near degeneracy of
certain transitions while discarding fast-oscillating off-
diagonal terms between widely separated transition
frequencies [52,53]. This approach allows for an accurate
description of the dynamics near spectral degeneracies,
which are central to the protection of the Kerr-cat
coherence.

More precisely, the Floquet-Markov master equation we
use is given in the interaction picture by

0p = Dineh + Deonh = L, (7)
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with two different collections of dissipators. The first
collection

1nc E K ;wk

v,k

uvk|¢y><¢u|] (8)

with D[L]p=LpL" —{LTL,p}/2, takes the form of an
incoherent sum of all processes involving transitions that
are not nearly degenerate. In this expression,

A,uuk = 6;4 — €, + kﬂ)d (9)

is the detuning between Floquet modes y and v up to k€ Z
drive photons, and

X =7 [ e, 0li@ - g (o) (10

is a Fourier coefficient of the (u, ) matrix element of the
SNAIL’s charge operator A/n, =i(a" —a) in the
Floquet mode basis at time ¢. In Eq. (10), the zero-point
fluctuations of the charge operator, n,y, are implicitly
included in the definition of k(). The index k accounts
for the fact that transitions can involve the emission or

absorption of drive photons. The second collection takes
the form

Dcoh = ZK(AMD/(

v,k

§3X~mm {pol| (11)

(Mbk>

and is the sum of all processes involving transitions that are
quasidegenerate, which are coherently added together inside
the dissipators. The prime indices (¢/, ¢/, k) run over triplets
for which the associated transition frequency A, is
quasidegenerate with A, ;. For the parameters used in this
work, we define two transitions A, and A, as quasi-
degenerate when |A,,; — A,yp| < 27 x 100 kHz, which is
about 10 times the qubit decay rate adopted below.
In both collections, the rates are given by

k(w) = ng(@)J (@) + [1 + ny(-0)l/(-0),  (12)

with ng(w) the thermal population of the environment at
frequency @ and J(w) = 0(w)(wy/®) x RelY (w)]/C the
bath spectral function expressed in terms of the input
admittance Y (w) [73-75]; see Figs. 2(c) and 2(d). With
0(w) the Heaviside function, x(w > 0) corresponds to
absorption from the bath while x(w < 0) to emission.
The derivation of this master equation can be found in
Appendix B

For the Kerr-cat qubit, transitions between the relevant
Floquet modes cluster around harmonics of w,/2 or, in
other words, A, ~ mwy/2 with m € Z; see Figs. 1(b) and

14(b) in Appendix A. We assume that the spectral function
J(w) is flat in the vicinity of each of these harmonics,
consistent with the Markovian approximation [76].
Accordingly, we parametrize the spectral function by
its values at the relevant harmonics. Since the buffer
mode acts as a bandpass filter at w,, we take J(w,) >
J(wy/2) = J(3w,/2), as illustrated in Fig. 2(c). Moreover,
following Ref. [39], we account for imperfect thermal-
ization of the buffer mode resulting in a higher temperature
at the drive frequency than at the other harmonics,
T(wg) > T(wy/2) = T(3wy/2). In Sec. IIE, we explore
in more detail how the spectral function and the thermal
population influence the tunneling rate in the Kerr-cat
qubit.

C. Examples of processes entering D,,, and D;,.

Before presenting results obtained using the above
Floquet-Markov master equation, it is instructive to first
consider a few examples of the kinds of processes that enter
the dissipators D, and D;,.. First, given the choice of drive
frequency w,/2 = |e; — €], there are exact degeneracies
AO]O = AlOl = a)d/2 and AIOO = AO],—] = —a)d/2 for all
drive amplitudes. The corresponding transitions join the
same dissipators in D.y,. For example, focusing on the
transitions of frequency w,/2, the sum of operators entering
D in Eq. (11) is Xoiolbo)(¢1] + X101|¢p1)(bo|- Because
the cat states of amplitude +a are approximately given by
[po1) ~ (| +a) £ e —a))/V2, where B is the dis-
placement from the origin, this expression can be written as

Xot0l#o) (1] + Xio1]1) (ol

:&wgiﬂﬂﬂ+@W+m—w—ww—ﬂ>
+M(|ﬂ+a><ﬁ—a| —p-a)p+al). (13)

The first term on the right-hand side induces bit flips
(logical Pauli X,) at a rate proportional to | X0 + X101/
within the cat qubit manifold. The second and third terms
induce transitions between the coherent states correspond-
ing to phase flips (logical Pauli Z; ) at a rate proportional to
| X010 — X101/>. In other words, these last two terms lead to
tunneling between the two wells of the metapotential.
As expected from the discussion in Sec. I and shown in
Fig. 4(a), this rate decreases exponentially with increasing
drive amplitude (dark blue line) [11,77].

This noise bias is significantly reduced when higher
levels are considered [36—38], something that is captured in
the Floquet-Markov master equation of Eq. (7) by the
incoherent or coherent addition of transitions before and
after level kissings. For example, before kissing, the two
heating processes from the states at the bottom of the well,
{|¢po), 1)}, to the next pair of states, {|¢p,), |p3)}, are
accounted for in D;,. by an incoherent sum of dissipators,
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FIG. 4. Matrix elements of the SNAIL charge operator in the
Floquet mode basis as a function of drive amplitude, responsible
for (a) direct tunneling and (b) intrawell leakage. In (a), the lines
are transparent before the spectral kissing events, since the
corresponding matrix elements enter the same dissipator only
afterward (vertical dashed lines). In (b), we highlight three types
of heating processes: solid lines indicate photon absorption at
®g4/2 and dashed lines at w,, and dotted lines denote drive-
induced processes that persist at zero temperature. Before the
kissing between e, and e; (leftmost vertical dashed line),
tunneling is dominated by the intermediate transitions to these
modes outside of the metapotential double well, with a rate
proportional to |X,0|? + |X301|?, with additional contributions
from other transitions whose matrix elements are shown in (b).
After the kissing, these dominant processes interfere, and their
contribution |X,;y — X30;|* to the tunneling rate becomes sup-
pressed. Furthermore, leakage to these modes does not lead to
direct tunneling, because the rate |X»3 — X3,;|* also becomes
suppressed. This pattern repeats for higher modes at each of the
other two spectral kissing events indicated by the vertical
dashed lines.

K(A210) D[Xa10|¢h2) (1] +K(A301) D[X301[6h3) (o] As dis-
cussed above, upward transition to states that have not yet

kissed leads to tunneling across the double-well potential
happening here at a rate « |X»10|> + |X301|*> given by the
dark blue line in Fig. 4(b). This effect is illustrated in Fig. 5
(a), which shows how the coherent state | + a), initially

&q/2m=1.5 GHz
3{(a) {(b)

&q/2m=2.5 GHz x10-1

T T
o N

T
|
i

° o
—34 4 u

T T T T

-3 0 3 -3 0 3
Rel[al Re[a]

Im[a]
o
1
1
T
|
N
Wigner distribution

FIG. 5. Wigner distributions illustrating how the action of the
dissipator affects the initially localized coherent state |3+ «)
(indicated by the black circle). (a) At e;/2x = 1.5 GHz, before
the spectral kissing, the jump operators L = X5,|¢,)(¢;| and
L, = Xs01|h3) (¢ho| act incoherently. The resulting state is
Pip1 + Papa. where pi,=Li,|f+a)(p+ (1‘1:1-,2/1?1,2 and
pia={p+all],L,|p+a). The state becomes delocalized
across the double-well. (b) At e4/2n = 2.5 GHz, after the
kissing, the jump operators interfere coherently. The resulting

state is L|f + a}/\/(ﬁ +a|lL'L|p + a) with L = L, + L,, pre-
serving localization in the original well.

localized in one well of the metapotential, transforms under
the action of this incoherent sum of dissipators, resulting in
a mixture of states localized in the two wells.

After spectral kissing of e, and €3, the above two
transitions coherently add contributing to D, as
K(8210)D[Xa10|2) (1] + X301143) (#ol]. As illustrated in
Fig. 5(b), the action of this joint jump operator on | + @)
no longer leads to delocalization across the metapotential.
To understand this, we express the Floquet modes |¢, ;) as
superpositions of states localized in each well:

(23) = [D( + @)|1) F ?D(p—a)|1)]/V2,  (14)

where D is the displacement operator and |1) is the one-
photon Fock state [20]. Using this expression to perform a
similar decomposition as in Eq. (13), we find that the above
dissipator generates two types of processes. First, it
contributes to intrawell leakage |+ a) — D(f =+ a)|l)
at a rate « |X»10 + X301]> & 2(|X210/> + [X301|?). Second,
it contributes to interwell tunneling |f+a) — D(f F
a)|1) at a rate « X519 — X301|>. Crucially, this interwell
transition rate is exponentially suppressed as the drive
amplitude increases beyond the kissing point, as shown by
the red line in Fig. 4(a) and further supported by analytical
results presented in Appendix D. The intrawell leakage
rate, though, is not suppressed; see the dark blue line in
Fig. 4(b).

Leakage to |¢,) and |¢3) leads to tunneling across the
double-well barrier, but this tunneling rate becomes expo-
nentially suppressed after the first kissing event, as shown
by the light-blue line in Fig. 4(a). If Floquet modes |¢,) and
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above could be ignored, the tunneling processes would
remain exponentially suppressed for higher drive ampli-
tudes. However, the master equation (7) accounts for
dissipators connecting |¢,3) to higher modes, causing
the above scenario of tunneling through higher levels to
repeat. Before each new spectral kissing, an incoherent sum
of dissipative pathways enables tunneling. After the kiss-
ing, interference between two competing transitions sup-
presses tunneling, leading to only intrawell leakage; see in
Fig. 4(a) how further matrix-element differences become
suppressed with ¢,.

Even if the heating matrix elements increase with state
number, as shown by the solid lines in Fig. 4(b), the
population in the excited states remains finite because
decay rates also increase with state number. The Floquet
matrix elements, which grow with the excitation number i
govern transitions from |¢;) to |¢;,;) (for odd i) and from
|;) to |¢;r3) (for even i) at a rate proportional to x(w,/2),
a process in which a photon of frequency w,/2 is absorbed
from the environment. The reverse process, however,
occurs at a rate proportional to x(—w,/2), and a photon
of the same frequency is emitted to the environment. Since
at low temperature it is much more likely for such photons
to be emitted than absorbed, the population of highly
excited states remains limited, and leakage is typically
restricted to the first few excited states.

In summary, the overall tunneling time between the
computational states is determined by a combination of
direct and sequential tunneling processes. Before the first
spectral kissing event, the heating transitions from the
computational manifold to the first excited manifold are
added incoherently and lead directly to interwell transfer,
with a rate proportional to x(@;/2)(|X210* + |X301%); see
the dark-blue line in Fig. 4(b). After spectral kissing, these
transitions add coherently. Their sum, proportional to
|X510 + X301 /%, continues to produce leakage into the first
excited manifold within the same well, whereas their
difference |X,9 — X301/, which governs excitation-
induced interwell tunneling, becomes strongly suppressed;
see the red line in Fig. 4(a). In addition, direct interwell
tunneling within the first excited manifold, governed by
| X230 — X301 %, is also suppressed after spectral kissing, as
shown by the light-blue line in Fig. 4(a). Population
transferred to this excited manifold, therefore, remains
predominantly localized within the original well.
Interwell tunneling then requires subsequent heating to
higher-energy quasienergy pairs that have not yet under-
gone spectral kissing. The overall tunneling time evaluated
in the following section emerges from the combined effect
of these direct and sequential processes, all of which are
included in the Floquet-Markov master equation.

D. Tunneling and coherence times of the Kerr-cat qubit

We now turn to the main results of this section: (i) Under
the single-mode approximation of Eq. (4), the tunneling

m 1(a : :
€ 102 —g( )—ft— Dynamics ! e
o i -+ Lindbladian gap 1
g 10! 4 Coherence time Tz !
E ] ) ﬁ !
S 100 3 ‘#, mlv i i
2 13 : : !
g 107 5 gg i ! !
= 4I T L T L T T L T
0 1 2 3 4 5
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1
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©
o
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g 1077 5
S ]
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1073 T T T
0 40 80 120
time (us)
FIG. 6. (a) Tunneling time of the Kerr-cat qubit extracted from

time dynamics (dark blue) and the inverse of the Lindbladian gap
(red). The coherence time, defined by the initial decay of the logical
Pauli operator X; = |8+ a){(f + a| — | — a){8 — al, is shown in
light blue. Dashed vertical lines mark the drive amplitudes
corresponding to spectral kissing events. (b) Time evolution of
the expectation value of X, for an initial state |p + @) at drive
amplitude ¢,/27 = 3.5 GHz. Red and light blue dashed lines
indicate exponential fits at short and long times, respectively.
(c) Intrawell leakage probability as a function of time for three
values of drive amplitudes. System parameters are identical to those
used in Fig. 3. The bath parameters are taken from Ref. [39], with
J(wg)/27 =796 kHz and T (w,) = 350 mK; at other harmonics,
J(wy/2)/27 = 7.96 kHz and T(w,/2) = 50 mK.

time increases in a staircaselike fashion and continues to
grow with drive amplitude without saturation; and (ii) the
tunneling time does not coincide with the Kerr-cat coher-
ence time 7',, which initially increases but then decreases
as the drive amplitude is further increased. Figure 6(a)
shows the Kerr-cat tunneling time as a function of drive
amplitude, obtained from two methods: (i) the discrimina-
tion of the time-evolved distribution of the coherent states
|+ a) spanning the cat states (blue circles) and (ii) the
smallest gap of the Lindbladian £ in Eq. (4) (red triangles).
The agreement between these approaches is excellent.
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In the first method, for each value of the drive amplitude
&4, the system is initialized in one of two coherent states,
|p + ) or | — a), constructed from superpositions of the
lowest Floquet modes |¢) and |¢,). These coherent states
are then evolved under the Floquet-Markov master equa-
tion (7). At each time step, the Husimi-Q distributions of
these evolved states are computed and used to construct the
log-likelihood function from which the assignment error of
a hypothetical heterodyne measurement is evaluated. By
analyzing the time dependence of the assignment error and
fitting it to an exponential decay, we obtain the tunneling
time. This procedure closely mirrors the experimental
approach used to measure tunneling via heterodyne detec-
tion [30,32-34]; see Appendix C for details. In the second
method, the tunneling time is obtained as the inverse of the
Lindbladian gap, which defines the slowest relaxation rate
in the system. It is obtained from the diagonalization of the
Lindbladian on the right-hand side in Eq. (7) in the Floquet-
mode basis.

In agreement with experimental observations [30,32], we
find in Fig. 6(a) that the tunneling time increases in a
staircaselike manner with the drive amplitude, with each
plateau ending precisely at a spectral kissing point (vertical
dashed lines). It is worth mentioning here that, while the
sharp transitions between plateaus are intrinsic to the
Kerr-cat physics, the discontinuous steps seen in Fig. 6(a)
result from the numerical implementation of the partial-
secular master equation, which leads to a discrete
reorganization of the grouped dissipators near quasidege-
neracies. Importantly, these results do not rely on a pertur-
bative expansion in the nonlinearity or the drive strength.
Rather, it follows from minimal assumptions: the single-
mode approximation of the system Hamiltonian of Eq. (4)
and the standard approximations of weak, short-time corre-
lated dissipation. The staircase behavior can also be repro-
duced within a perturbative framework, based on an
expansion of the cosine nonlinearity and an effective
Lindbladian derived by retaining terms beyond the standard
rotating-wave approximation [39]. In Appendix D, we
rederive the perturbative analytical expressions and compare
them to the exact numerical results. However, the most
important observation is that going beyond the perturbative
treatment of Ref. [39] and treating the nonlinearity and drive
exactly is not sufficient to capture the decrease in tunneling
time at large drive amplitudes observed in experiments.

We also find that the tunneling time differs dramatically
from the coherence time 7, of the Kerr cat, as defined by
the decay time of the expectation value of the logical Pauli
operator X, = | +a)(f+a| —|f—a)(f—a| at short
times; see the light blue squares in Fig. 6(a). Indeed, the
latter quantity reaches a maximum value at a low drive
amplitude and does not show the characteristic staircase
behavior of the tunneling time. As shown in Fig. 6(b), the
expectation value of X, exhibits a two-stage decay: an
initial drop over a timescale 7, (light blue dashed line)

followed by a much slower decay governed by the tunnel-
ing time (red dashed line). These two timescales coincide at
low drive amplitude—specifically before the first spectral
kissing; see Fig. 6(a), where T, matches the tunneling time
before the first vertical dashed line—but begin to differ as
the drive amplitude increases beyond that point. This
difference arises because, although interwell tunneling is
strongly suppressed as ¢, increases, the intrawell leakage
rate continues to grow, reducing the occupation probability
of the coherent states. This is illustrated in Fig. 6(c), which
shows the intrawell leakage probability as a function of
time for three values of drive amplitude. Here, we define
the leakage probability as p. — pg.,, Where pg., is the
probability of occupying the coherent state | + ) and p..
denotes the probability of being on the side of phase space
where the coherent state |+ @) is localized. Intrawell
leakage accumulates over time and saturates at a value that
increases with drive amplitude. Further details about this
leakage probability can be found in Appendix C.

E. Heating and drive-induced dissipation

While our primary focus is the mechanism triggering the
breakdown of the Kerr-cat qubit, the overall magnitude of
the tunneling time is also of practical interest. In this
section, we show that the height of the tunneling-time
plateaus is highly sensitive to the specific parameters of the
environment—namely, the environmental spectral function
J(w) and the effective temperature 7'(w). Consequently, a
quantitative prediction of the experimentally measured
tunneling times necessitates precise knowledge of the
broadband input impedance and thermal environment seen
by the SNAIL.

In Sec. IC, we have discussed heating processes
enabled by the absorption of a bath photon at w,/2 such
as those governed by |X,,|?> and | X3, |, which contribute
to both interwell tunneling and intrawell leakage. Another
important source of heating involves the absorption of an
environmental photon at w,. Although the matrix elements
for these transitions are smaller, they are significantly
enhanced because the spectral function J(w) strongly peaks
at w,; see Fig. 2(d). In particular, the matrix elements X5
and X3;4; correspond to transitions that connect states of
the same parity, such as |¢y) — |¢,) and |¢p) = |¢3).
Before the first spectral kissing, these transitions contribute
to tunneling with a total rate given by

1 1
EK(G)L/)(|X201 2+ X301 %) +§K(—wd)(\xzo—1 2+ X501 ).

(15)

The first term corresponds to photon absorption from the
bath at frequency w, and is present even at zero drive
amplitude. Indeed, in the limit ¢, =0, the associated
Floquet matrix elements reduce to the charge matrix
elements (0]7i2)/n,¢ and (1]7|3)/n,e between bare
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SNAIL states |i). These matrix elements are small but
nonzero—of the order of 1072 for the parameters used
here—reflecting the fact that the double-SNAIL
Hamiltonian H, does not have parity symmetry.
Increasing the drive amplitude, the matrix elements
|X501|> + |X311|> are further enhanced; see the blue
dashed line in Fig. 4(b). This is supported by analytical
results presented in Appendix D. Importantly, this leakage
mechanism is suppressed in circuit implementations that
preserve parity symmetry—i.e., those for which the
Hamiltonian is invariant under 7 — —7i and ¢ — —@—
such as symmetric superconducting-quantum-interference-
device-based designs [11,78]; see Appendix D for more
details.

On the other hand, the second term in Eq. (15) corre-
sponds to a more subtle drive-induced emission to the bath
at frequency @, occurring concurrently with leakage from
the cat subspace and persists at zero temperature. As shown
by the dotted yellow and brown lines in Fig. 4(b), the
corresponding matrix elements vanish as e; — 0 but grow
by several orders of magnitude as ¢, increases. Perturbative
expressions for these rates are given in Appendix D. These
drive-induced inelastic scattering processes have been
shown to be a limiting factor for dispersive readout in
the high-frequency regime [50,51].

For the bath parameters used in Fig. 6—taken from
Ref. [39]—we find k(w,)/k(wy/2) ~ 10*. As a result, we
find that

K(@wq) (| X201 |2 + |X311|2) ~ K(wd/2)(|X210|2 + [ X301 ’2)

even though [Xa[* + |X311]* << [Xp10f* + [X30: % see
Fig. 4. Moreover, these two rates are much larger than
k(—=wy)(|X20-1]> + |X31_1]?), indicating that drive-induced
processes are negligible for this choice of parameters.
Importantly, these different rates depend sensitively on
the specific form of the spectral function and the bath
temperature at the relevant frequencies. For instance, in the
case of a flat spectral function and a constant temperature
over the whole frequency range, leakage would be domi-
nated by the heating process at w,/2 if T 220 mK. In
contrast, at lower temperatures, the dominant contribution
would come from drive-assisted processes.

As an illustration, Fig. 7 shows the tunneling time as a
function of drive amplitude, using the same system
parameters as in Fig. 6, but with different values of the
bath spectral function J(w,) and temperatures 7(w,) and
T(wy/2). First, we find that both the overall scale of the
tunneling time and the heights of its staircaselike features
are highly sensitive to these parameters: decreasing either
J(w,) or the temperature increases the tunneling time, in
agreement with the above discussion.

In Fig. 7(a), we vary J(w,) while keeping J(w,/2) and
both temperatures fixed. As a result, we observe a transition
from a regime dominated by heating at w, (light blue) to
one dominated by heating at w,;/2 (dark blue). The red
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FIG. 7. Tunneling time as a function of the drive amplitude for
different bath spectral functions and temperatures. (a) Fixed
temperature with three different spectral functions J(®). (b) Zero
temperature with three different spectral functions J(w). (c) Fixed
J(w,) with three combinations of bath temperatures T(w,/2) and
T(wy). The specific values of J(w) and T(w) are indicated in
the plots.

curve represents the intermediate regime, previously dis-
cussed, where both channels contribute comparably. A key
signature of w,-induced heating is the gradual decrease of
the first plateau rather than a flat one. This behavior arises
because the corresponding matrix elements [X,y|* +
|X511/> grow with drive amplitude, as seen in the blue
dashed line in Fig. 4(b).

In Fig. 7(b), we consider the zero-temperature limit with
T(w) =0 for all frequencies such that drive-induced
processes constitute the sole heating mechanism. In this
regime, the plateaus between kissing events have a
steeper decline with increasing drive amplitude due to
the strong enhancement of the relevant matrix elements
(1X20-1 1> + [X31-11* and [Xyp_1[* 4 [Xs53-1[*) with drive
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amplitude, as shown by the orange and brown dotted lines
in Fig. 4(b).

Figure 7(c) shows a similar effect as in Fig. 7(a) butnow by
varying the temperatures at w, and w,/2 while keeping the
spectral function fixed. The dark and light blue curves again
highlight regimes where heating at @,/2 dominates, while
the red curve is reproduced from Fig. 7(a) for comparison.

The range of effective temperatures was chosen such that
the thermal photons at the relevant frequencies, w,/2 and
w,, span approximately 10~ — 107!, consistent with val-
ues reported for strongly driven superconducting circuits;
see, for example, Ref. [79] in the context of qubit
measurement. We further note that the spectral density at
the drive frequency can be expressed in terms of other
circuit parameters, J(w,) = [/ (0}, — w4)]?, where k;, is
the buffer-mode linewidth and § is its coupling strength to
the SNAIL mode; see Appendix B 1 for further details.

III. BUFFER MODE

A possible cause of the breakdown is mechanisms leading
to unwanted resonances in the Floquet spectrum that can
mediate leakage to higher-energy states and, therefore, to a
transfer of the occupation probability between the wells of
the metapotential. Such spectral resonances have been
identified in previous work as the main mechanism behind
ionization in driven highly excited hydrogen atoms [41] and
superconducting circuits [42—49,80,81]. Given the presence
of additional degrees of freedom in the circuit implementa-
tion of the Kerr-cat qubit, it is natural to ask whether their
presence can induce such resonances.

To address this possibility, we now reintegrate the buffer
mode into our description of the system and investigate its
impact on the Kerr-cat qubit. Our starting point is the exact
displaced-frame Hamiltonian of Eq. (3), which includes the
interaction between the cat mode and the buffer. For
experimentally relevant parameters—specifically, a buffer-
drive detuning of |A,,|/27 = |w), — w4|/27 ~ 285 MHz
and a coupling strength of g/2z ~ 100 MHz—this interac-
tion leads to a dispersive shift of the order of approximately
10 kHz between the buffer and the double-SNAIL oscillator
[30,31,33]. As we show below, this additional degree of
freedom introduces the resonant processes absent in the
single-mode model and results in the breakdown of the
staircase behavior. In what follows, we focus first on positive
detuning, where the buffer lies above the drive frequency by
Apg/2m =285 MHz, as realized in Refs. [30,34] (see
Secs. IIT A and III B). For completeness, we also analyze
the case of negative detuning, A,,;/27 ~ —285 MHz, in
Sec. III C.

A. Impact of the buffer mode
on the Floquet spectrum

The analysis follows the same steps as above, with the
particularity that special care must be taken in identifying

the dressed states of the joint SNAIL-buffer system. To do
so, we begin by diagonalizing the undriven Hamiltonian:

Ay, = H, + 0,44, + igh(a, — a,), (16)

yielding a set of dressed eigenstates {|4) } with correspond-
ing dressed energies {E,}. Following Ref. [44], we label
the spectrum by first identifying the dressed states
{]i5,0,)} with i, excitations of the SNAIL and zero
excitation of the buffer mode, by comparing them to the
bare states with no buffer excitation. We then apply d}: to
each of these dressed states to generate candidates for the
{]is, 1)} states, selecting from the remaining |1) the ones
with the largest overlaps. This iterative process is repeated
to construct and label the higher-excitation states {|i,, j,)}-
As in the previous section, we truncate the Hilbert space to
include 160 levels in the double-SNAIL mode and up to
five excitations in the buffer mode.

Working in the displaced frame, we then include the
drive on the double-SNAIL mode as in Eq. (3) and obtain
the Floquet spectrum as a function of the drive amplitude
following the procedure discussed in Sec. II using a step-
size increment of de,;/2x = 2.5 MHz in the tracking of the
spectrum; see Ref. [46] for a discussion of the choice of
increment de;. In this extended system, the cat states
correspond to the Floquet modes |¢ o,) and ¢ ,). To
facilitate comparison with the single-mode approximation,
we show in Fig. 8(a) the Floquet spectrum (folded at w,/2)
for the lowest modes with zero buffer excitation (full lines),
alongside nine relevant modes with one buffer excitation
(dashed lines).

As in the single-mode approximation, for drive ampli-
tudes up to e,/27~ 3.4 GHz we recover the spectral
kissings involving, for example, the quasienergy pairs
(€2,0,-€3.0,) and (eq o,.€5 o,). However, avoided cross-
ings that interrupt the spectral kissing emerge between low-
energy quasienergies without buffer-mode excitation and
higher-energy states involving one buffer-mode excitation.
These features are marked by squares in Fig. 8(a) and
shown in detail in the enlarged view in Fig. 8(b). The
first anticrossing is between €7 o and €7 ;, at
£4/2m = 3.4 GHz—corresponding to (¢bo(y)|a"a|eo(1))
12 photons in the cat manifold. Similar avoided crossings
occur between €5 o, and €5 ;, at ;/2n ~4.29 GHz and
between €, (, and €, ;, at ¢,/2w ~4.81 GHz.

Crucially, the three avoided crossings highlighted above
are not the only ones present but merely those resolved with
the finite step size de; of drive amplitude used in our
Floquet spectrum tracking. Indeed, in the absence of any
selection rule, as is the case here, there is finite coupling
between all pairs of quasienergies, such that crossings are
generically replaced by avoided crossings. Thus, when the
quasienergies indicated by the dashed lines in Fig. 8(a)
intersect with low-lying quasienergies, they, in fact, form
avoided crossings. These resonances involve hybridization
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(a) Spectral kissing of the quasienergies in the presence of the buffer mode, whose frequency lies above the drive frequency.

Solid lines indicate quasienergies without buffer excitation, while dashed lines correspond to quasienergies with one buffer excitation.

Gray dashed lines correspond to quasienergies ¢; ;,

with iy = 16, 14, 13, 11, 10, 9 from left to right. (b) Detailed view of three avoided

crossings highlighted by squares in (a) and which interrupt the spectral kissing of low-lying quasienergies. (c) Wigner functions of the
modes | o,) (left) and |¢s o) (right) near the avoided crossing at e,/2z = 4.81 GHz.

between higher-lying states—such as [13;,1,), [14,,1;),
and |16, 1,)—and lower-lying states involved in spectral
kissing, and they occur densely within the drive range
eq/2m €[2.8,5] GHz, corresponding to 10-18 photons in
the cat manifold, consistent with the experimental obser-
vations in Ref. [34]. Changing the drive frequency modifies
the buffer-drive detuning and, therefore, shifts the drive
amplitude at which the relevant quasienergies become
resonant. Consequently, scanning @, is expected to move
the avoided crossings continuously to different values of €,
as observed experimentally in Ref. [34]. A systematic study
of this dependence is left for future work. Note that while
the splittings of these resonances are small, on the order of
10 kHz as in those shown in Fig. 8(b), their presence
nonetheless has significant consequences on the tunneling
time, as further discussed in the next subsection.

These avoided crossings can be resolved despite their
small gap size because they are wide: the involved
quasienergies remain nearly parallel over a broad range
of drive amplitudes, so their relative separation evolves
slowly compared to the size of the step-size increment
dey/2n = 2.5 MHz. As a result, the modes hybridize
appreciably over an extended range of drive amplitude,
even if the eigenstate labels do not swap at the avoided

crossing. Further reducing the step-size increment in the
tracking, although possible, is not necessary for resolving
these features, and we avoid it due to its computational cost.

The importance of these avoided crossings—where
spectral kissing is interrupted—is that, at any one of them,
no superposition of the Floquet modes involved in kissings
can be localized within a single well of the Kerr-cat
metapotential. This is illustrated in Fig. 8(c), which shows
the Wigner distributions of the Floquet modes |¢4 o,) and
|¢ps. o,) at e4/2m = 4.81 GHz corresponding to the avoided
crossing between es o, and €;s_;,. Prior to the avoided
crossing, |¢s o,) is approximately related to |¢, ,) by a
displaced parity transformation; as a result, their super-
positions yield states of the form D(f + a)|n = 2), which
are localized in a single well [20]. At the avoided crossing,
however, |¢s o,) becomes significantly hybridized with a
higher-energy mode—as manifested by its Wigner distri-
bution—and can no longer be combined with |¢, o,) to
produce a well-localized state.

The avoided crossings, along with the resulting succes-
sive interruption of spectral kissing, are the result of the ac-
Stark shifts of the energy levels as well as the moderate
detuning between the buffer mode and the drive frequency.
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To illustrate this, we focus on the avoided crossing between
€70, and €7 ;,. In the absence of a drive, the energy
difference between the corresponding dressed states is
approximately

Ey7 1, —E7 0, ®60s + Ay —(17-16-7-6)K, (17)

where the last term arises from the self-Kerr nonlinearity
which is here K/2z = 1.18 MHz. This expression shows
that, in the presence of a drive, these two states can become
resonant (modulo w,) if the ac-Stark shift is strong enough
to compensate for the detuning A,; — (17-16—7-6)K.
This situation is likely to occur for this or other transitions
when A,; > 0, as considered here and as is the case in
recent experiments [30,34]. This is because the drive
induces a negative ac-Stark shift to the transition from
E; o, t0E; ;, forj, > i, leading to a multiphoton resonance
condition whenever A, 2 [j(j, — 1) — i (iy — 1)]K. For
the range of drive amplitudes considered here, detunings
Apg—Js(js = 1) —ig(iy — 1)]K of approximately 27 x
100 MHz or less are problematic, as the ac-Stark shift
can bridge that gap at moderate drive amplitudes. In the
single-mode case, these types of resonances cannot occur as
energy differences like Ey; — E7 ~5w,—(17-16-7-6)K
cannot be compensated by the negative shift induced by
the drive.

Moreover, because a small Kerr implies a slowly
increasing ac-Stark shift with growing ¢, the near-
resonance condition can persist over a wide range of drive
amplitudes. As a result, even a weak dispersive interaction
can lead to strong hybridization between these Floquet
modes. A similar argument explains the other two avoided
crossings highlighted in Fig. 8. Importantly, capturing this
hybridization accurately would be difficult—if not impos-
sible—using a perturbative expansion of the nonlinearity;
see also Refs. [41,46]. In Appendix E, we show that
the leading-order process responsible for the coupling
between |¢; o,) and |¢; ;,) arises only at 11th order in
the expansion of the nonlinear potential around its
minimum.

B. Impact of the buffer mode on tunneling time

We extend the Floquet-Markov formalism introduced in
Sec. II to account for the fact that the SNAILs and the
buffer mode are coupled to distinct environments. The
master equation now includes two types of dissipative
channels, associated with the matrix elements of the SNAIL
charge operator

\

Xu= g [ 0@ - D) (19

and the buffer charge operator

1

T X ¥
X = [, 01 - )i pn. (19

In these expressions, each index u and v labels a pair (i, jj)
of SNAIL and buffer excitation. The first type of matrix

element, Xfwk, describes dissipation due to the intrinsic bath

of the double-SNAIL accounting, e.g., for dielectric losses.
Importantly, in contrast to the similar-looking expression
Eq. (10) in the single-mode approximation, this bath is not
filtered by the buffer mode. We, therefore, consider a flat
spectral function J,(@w) = 0(w) x 7.98 kHz and a single
effective temperature of 7, = 50 mK. The second type of

matrix element, Xzyk, describes the coupling of the buffer

mode to its environment, dominated by the coupling to the
drive line. This bath is likewise assumed to have a flat spectral
function J,(w) = 0(w) x 798 kHz and a constant effective
temperature of 7;, = 350 mK. The specific numerical values
for the spectral functions and temperatures are chosen so that
the dissipative dynamics considered in Sec. Il are recovered in
the single-mode approximation.

With these definitions in hand, we now follow the
approach discussed in Sec. II D and compute the tunneling
time as a function of drive amplitude from the assign-
ment error, as shown in Fig. 9(a). For drive amplitudes
below ¢,/27 ~2.89 GHz, the tunneling time exhibits a
staircaselike increase thanks to the spectral kissing of the
lowest-lying quasienergies and the induced interference of
dissipative processes, just like in the case of the semi-
classical treatment of the buffer mode in Sec. II. For
larger drive amplitudes, where the spectral kissing is
interrupted by avoided crossings, the tunneling time is
considerably affected. Figure 9(b) shows the tunneling
time in the range ¢,/2x € (2.75,5) GHz. This is accom-
panied in Fig. 9(c) by the fidelity of the Floquet tracking
({pled)lpulea + Se4))|?), which measures the squared
overlap between each Floquet mode before and after each
drive increment, and in Fig. 9(d) by representative Floquet
matrix elements X[ = [X},,|. While we focus here on
matrix elements of the first type, we note that the second
type, Xzyk, exhibits similar features.

At €;/2n =29 GHz, a sharp dip is observed in the
tunneling time. As shown by the light blue line in Fig. 9(c),
this coincides with a sudden drop in the tracking overlap of
|$3, 0,)> Which hybridizes with [¢;s_;, ). Although hybridi-
zation between these states is relatively weak at this
particular value of e,—on the order of 2%—it is sufficient
to disrupt the staircaselike increase of the tunneling time
because transition rates to high-energy modes grow sub-
stantially. Indeed, as shown in Fig. 9(d), the Floquet matrix
elements |X;,,| between (3,,0,) and (12,,1,) (dark blue
line), (14, 1,) (red and light blue lines), and (16, 1,) (blue
line) increase by several orders of magnitude. This hybridi-
zation not only opens a new leakage channel from (3,0,)
to states outside the double-well barrier, but also enables

041012-13



BENHAYOUNE-KHADRAOUI, LLEDO, and BLAIS

PHYS. REV. X 16, 041012 (2026)

(a) 102 (b) 102
m’: 0000000009000 4000900 | 06",
2 | o %o 4 B i o0 Lieevses, i1
€ 1014 b e i e 4N »
£10 | i S0 T
E gu—— oo £ b o
2 101 .f : i 2100 § i
© ”,~ b ° ® i
c i c i
< L i g I
F10~ ' i [= i
s i 1071 i
’ ‘
T T T T T T T T
0 1 2 3 4 5
1.0 ¥ M ¥
Drive amplitude e4/21 (GHz) () ! i
2 0.9
OSr Ob — 45: ob (]
£ 0.8
— 1$r0b — 5s:ob o
—_ 2,,0p 65, 0p £ 074
3,0, — 7505 &
F 0.6
T T T T
— 1=(3.0p), v=(12,1p), k=1 (d)
— = (35, Ob), v= (145, 1b), k=1 _§ 1014
= (144 1p), v= (3, 0p), k=0 <
—— p=(165,1p), v=(35,05), k=0 2 10-2
—— p1=(750p), v=(165,15), k=1 £
U= (45,0p), v=_(135,1p), k=0 <
—— H=(45,0,),v=(1751,), k=0 X 1077
= 1 =(0s, 0p), v=1(9s, 1p), k=0 2
m— U =(25,0p), v=(135,1p), k=0 10"
— 1 =(1s5,0p), V=(8s,1p), k=1

FIG. 9.

3.0 3.5 4.0 4.5 5.0
Drive amplitude &4/2rm (GHz)

(a) Tunneling time as a function of drive amplitude in the presence of the buffer mode whose frequency lies above the drive

frequency. (b) The same as (a) in the reduced range ¢,/2x € (2.75,5) GHz corresponding to cat states approximately 10-17 photons.
See the legend on the left. (c) Fidelity of Floquet tracking, |(¢,[e4]|¢,[es + Se4])|>. Drops in fidelity (highlighted by dashed lines)
indicate the presence of resonances. (d) Representative Floquet matrix elements |X fwk| as a function of the drive amplitude. The drops in
the tracking fidelity coincide with resonant enhancements in matrix elements connecting low-lying modes to highly excited states,

leading to the observed dips in tunneling time. See the legend on the left.

direct transitions from the other low-lying states (0y,0,),
(15,04), and (24,0,) to those high-energy states.

Above ¢;/2x ~ 2.9 GHz, the tunneling time exhibits a
sharp increase followed by a new plateau, due to spectral
kissing between e, o, and €5 o,—a behavior reminiscent
of the single-mode case. However, this plateau is inter-
rupted several times whenever one of the low-lying modes
—namely, [0,,0,) through |[5,,0,)—hybridizes with
higher-energy states. For instance, at €;/27 ~ 3.65 GHz
the mode |¢, o,) hybridizes with |¢y4 ;,), leading to
the dip in the tracking fidelity of the former, as shown
by the red line in Fig. 9(c). This hybridization disrupts the
coherent interference of jump operators responsible for
suppression of tunneling between |¢, ¢, ) and |¢5 o,) (see,
e.g., Fig. 5). At the same time, it also enhances matrix
elements connecting |¢, o,) and other low-lying modes to
high-energy modes, as shown, e.g., by the orange and red
curves in Fig. 9(d), ultimately resulting in a pronounced
drop in tunneling time.

Interestingly, the hybridization between |¢; () and
|p17.1,) discussed in Sec. III A and highlighted here by
the large dip in tracking fidelity (brown curve) in Fig. 9(c)
does not lead to a sharp drop of the tunneling time, since
the quasienergies €7 o, and eg o, have not yet kissed at
e4/27 ~ 3.4 GHz. As aresult, leakage to these states limits
the tunneling time independently of their hybridization
with other higher-energy modes.

Subsequent dips in tunneling time are caused by further
resonances, including hybridizations between |¢; o,)
and |¢g ;,) and between |¢; o,) and |¢3 ;,). Beyond
e4/27 ~ 4.3 GHz, these hybridizations become sufficiently
strong for the cat and first excited states |¢; , ) with i; = 0,
1, 2 to successively erode the staircaselike growth in
tunneling time; see the pink, dark-blue, and red curves
in Fig. 9(c), and the corresponding matrix element enhance-
ments in Fig. 9(d).

The overall decrease in tunneling time—punctuated by
sharp dips—as a function of drive amplitude beyond a
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certain threshold was experimentally observed in Ref. [34],
but its origin has remained an open question. Our results
suggest that the cause of this observation is multiphoton
resonances involving an additional degree of freedom,
which interrupt the destructive interference of dissipative
channels responsible for suppressing tunneling and open
new leakage channels to states above the double-well
barrier of the Kerr cat’s metapotential.

C. Impact of a buffer mode below the drive frequency

The preceding discussion would suggest that when the
buffer lies below the drive frequency, i.e., A,; < 0, no
multiphoton resonances should arise within the range of
drive amplitudes explored here, since the negative ac-Stark
shift of the transitions €; ;, —e€; o, with j; > i has the
same sign as the detuning at zero drive, E; ;, — E; o,
which is set by A,,. Yet, as we show below, in the negative
detuning regime a different detrimental mechanism comes
into play, which likewise leads to the breakdown of the
Kerr-cat qubit’s tunneling time. This negative detuning
regime has been realized experimentally in Ref. [33].
Instead of the sign of A, this regime can also be mimicked
by flipping the sign of the self-Kerr nonlinearity K using an
external flux control [34,82].

This alternative breakdown mechanism can be under-
stood from Fig. 10(a), where we show the Floquet spectrum
including not only the relevant levels of the cat with zero
buffer excitation €; ; o (solid lines), but also the corre-
sponding levels with one buffer excitation €; ; —; (dashed
lines). As before, the cat states are defined by the lowest
two levels, €; —;,—o and €; _; ;, —o. Consistent with the
discussion above, the levels €; ; o with iy <7 do not
undergo collisions with higher-lying states, and the spectral
kissing of these levels remains uninterrupted in the range of
drive amplitudes displayed here—unlike in the case of
positive detuning. However, for the same reason as in the
positive-detuning case discussed in Sec. Il A, the levels
€; j,—1 (colored dashed lines) collide with excited cat states
with zero buffer excitation, €; ; o with j; > i (solid gray
lines), as seen in Fig. 10(a), where the gray solid lines cross
the colored dashed lines multiple times.

If the buffer is constrained to remain close to its vacuum
state (in the displaced frame), as would be the case at zero
temperature 7, = 0, these resonances are inconsequential:
the cat states and the relevant states below the metapotential
do not hybridize with high-energy modes, and the tunneling
time increases with e; without breakdown. This is con-
firmed in Fig. 10(b), which shows the tunneling time as a
function of drive amplitude for different buffer-bath tem-
peratures 7', with all other bath parameters (J, J;, and T';)
the same as in Fig. 9. At T}, = 0 (dark-blue circles), the
tunneling time nearly recovers the single-mode result,
although drive-induced heating (see Sec. IIE) begins
to limit it slightly in the 4-5 GHz range. Raising the

Wa/2 — [€, — €0 Mmod wy/2] (2TMHz)
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FIG. 10. (a) Floquet spectrum folded at w,/2 with the buffer

mode frequency below the drive frequency. Solid lines corre-
spond to low-lying quasienergies with zero buffer excitations,
with the even and odd cat states highlighted in pink and dark blue,
respectively. Dashed lines indicate states with one buffer ex-
citation. (b) Tunneling time as a function of drive amplitude for a
buffer mode below the drive frequency, shown at different buffer
bath temperatures T,.

buffer-bath temperature to 7, = 50 mK (red triangles)
introduces small dips that interrupt the staircaselike increase.
These dips correspond to level crossings betweene; ; —; and
€;j.j,—0 With iy <3 and j, > 8, as discussed above.

Indeed, at finite buffer temperature, the bath induces
leakage from levels v = (i,0,) into p = (i, 1,), facili-
tated by matrix elements X, ~ O(1). This can be seen
explicitly by considering i; =0, 1 and noting that the
leading buffer Floquet matrix elements (X”) enter the
master equation as

X?ox,u).(ox.ob),k:l |¢(0x~1b)><¢(0sy0b)|
+ X?ls,lb),(lx,ob),kzl |¢(1s.1,,)><¢(1s.0,,)|
~ X'(bos.1,,),(ol‘,0,,),k:1<|ﬁ +a)f+a
+ 18— a)(B —al)[1,){0y].

(20)
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where the Floquet modes are approximated as |¢; ; ) o«
(IB+a) £ |p—a))|j,) foriz=0,1and j, =0, 1. As a
result, even though the dominant buffer Floquet matrix
elements do not induce direct tunneling—thanks to destruc-
tive interference, as seen in Eq. (20)—they nonetheless lead
to the occupation of the buffer mode: |0,) — |1,). Because
this process probes the bath at A, = w, ® @y, it is
enabled by thermal photons at the drive frequency. The
resulting states with finite buffer excitation, shifted in
frequency by the ac-Stark effect resulting from the drive,
can then become resonant with highly excited modes
|i_o,) With i; > 8 and hybridize strongly with them; see
Fig. 10(a). This facilitates tunneling across the double-well
barrier |# + a) — | F a). This mechanism becomes more
evident at larger buffer mode temperature; see the light-blue
squares in Fig. 10(b) obtained for 7, = 350 mK, where the
tunneling time shows pronounced dips due to resonances of
the one-excitation buffer manifold.

In summary, the presence of the buffer mode can explain
the recent experimental observations of the breakdown of
the Kerr cat’s tunneling time. When the buffer lies above
the drive frequency, resonances involving the low-lying
spectrum are responsible for the qubit’s premature demise.
On the other hand, in the negative-detuning case it is buffer
heating, together with resonances affecting the modes with
finite buffer excitation, that causes the sudden decrease in
tunneling time.

IV. SNAIL ARRAY MODES

In the previous section, we demonstrated that including
the buffer mode in the circuit description can explain the
experimentally observed breakdown of the staircase pattern
of the cat’s tunneling time with increasing drive amplitude.
In this section, we explore the role of internal degrees of
freedom of the SNAIL circuit that we have dropped in the
single-phase approximation of Eq. (5). These are high-
frequency collective modes of the double SNAIL which we
have so far implicitly assumed to remain in their ground
state. In the context of fluxonium qubit, similar array modes
have been theoretically shown to give rise to additional
multiphoton resonances involving excitations of the array
and to lower the onset of measurement-induced state
transitions [81]. Furthermore, once populated, these modes
contribute to dephasing over long timescales [63,81],
something which can significantly degrade the coherence
time of the Kerr-cat qubit [36,83].

Here, we show that the array modes of the SNAIL can
similarly induce multiphoton resonances leading to a
breakdown of the staircase pattern of the tunneling time
analogous to that caused by the buffer mode. The occur-
rence of such resonances depends sensitively on the
frequencies of the array modes, which are determined by
circuit design. Importantly, these resonances arise mainly
due to the quadratic coupling between the SNAIL mode
and the array modes which is induced by the stray ground

capacitance in the array, which can, in principle, be
engineered to remain negligible.

In the double-SNAIL circuit in Fig. 2(a), there are six
interacting array collective modes. The lowest-energy
mode corresponds to the one retained in the single-phase
approximation of Eq. (5). Expressed in terms of the fluxes
across the six large junctions of the two SNAILs, {6; }?:1,
the reduced phase variable of this mode is given by
¢ = 27/ D) ?:1 0;, and we refer to it as the symmetric
mode (see Fig. 16). The remaining five collective modes are
nonlinear oscillators with fundamental frequencies around
the plasma frequency of the large junctions, |/8E¢ Ej,
which is much higher than the frequency g, /27~
6.094 GHz of the symmetric mode [62]. Owing to this
large detuning and typically weak coupling, they generally
interact with the symmetric mode only dispersively
[62,63,81]. Further details can be found in Appendix F.

However, one of these modes stands out due to its
comparatively lower plasma frequency and significantly
stronger charge coupling to the symmetric mode
[62,63,81]. To keep the analysis tractable while capturing
the dominant effect, we retain only this mode. Its reduced
phase coordinate is defined in terms of the fluxes across the
large junctions as @_ = (2z/®g)[0; + 0, + 603 — (04 +
0s + 0¢)] and changes sign under exchange of the two
SNAILs; accordingly, we call it the antisymmetric mode.
The Hamiltonian describing the coupled symmetric and
antisymmetric modes reads

H,, = 4Eci? 4+ ABEch% + ghn_

— 6E; cos (%) cos (%)
— ZaE] COS (% + q”em) Ccos <%> s (21)

where f is a factor relating the two capacitive energies.
The two modes are coupled both through the cosine
nonlinearities and via the quadratic term g¢i7i_, which
arises from stray ground capacitances in the array; see
Appendix F for details.

In the presence of a drive, whenever the antisymmetric-
mode frequency lies near an integer multiple of the drive
frequency, the Hamiltonian H, can lead to similar multi-
photon processes as those in the case of the buffer mode
that disrupt the spectral kissing and the coherence of the
Kerr-cat qubit. Indeed, H,, can be rewritten as

R E, _
H,, = AE-h? + ABECR% + %@% + ghA_

—6E; cos (%) —2aE; cos (% + (pext>

+ ﬁnl.— + I:Inl coupls (22)
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where we have introduced the effective Josephson energy
of the antisymmetric mode

This Hamiltonian has the same form as in the buffer-mode
case except for two extra terms: (i) the nonlinear part of
the extra mode’s potential, I:Inl,_, which does not play an
important role, and (ii) a weak nonlinear coupling, A, coupls
between the extra mode and the symmetric mode.

The spectrum remains free of unwanted resonances if the
plasma frequency of the antisymmetric mode w_ =

\/8PBECE, _ lies below the nearest integer multiple of
w,. However, if w_ exceeds such a multiple, multiphoton
resonances emerge just as in the buffer-mode case. To
assess their impact, we first choose parameters such that
f =~ 16.1, which sets w_ =~ 27 x 24.43 GHz, exceeding 2w,
by 2z x 54 MHz. Since for small to moderate g the
resonances are weak, we probe a worst-case scenario by
setting g/2z = 100 MHz, thereby making the capacitive
coupling the dominant interaction.

As in the previous section, we first diagonalize the
Hamiltonian in Eq. (21) to obtain the dressed eigenstates
{lis»ja)}, where i, and j, label excitations in the sym-
metric and antisymmetric modes, respectively. We then
add the drive to the symmetric mode and compute the
Floquet spectrum as a function of drive amplitude, shown
in Fig. 11(a). As with the case of the buffer mode, the
pairwise spectral kissing among the quasienergies ¢,  is
interrupted by avoided crossings with quasienergies €, ;.
Here, for clarity, we have chosen to label the Floquet
spectrum following the asymptotic modes across each
crossing. We also note that, just like with the buffer mode,
there are no selection rules: all crossings seen in Fig. 11(a)
are actual avoided crossings.

This spectrum reveals two key differences compared to
the case of the buffer mode. First, for drive amplitudes
above approximately 4.2 GHz (shaded area), there are no
avoided crossings disrupting the quasidegenerate pairs 01,
2-3, 4-5, and 5-6, which implies that the tunneling time
should remain long throughout this range. Second, at lower
drive amplitudes, hybridization with the antisymmetric
mode involves only low-lying symmetric states. In contrast,
in the buffer-mode case, the Kerr cat is excited to high-
energy levels, resulting in significant leakage out of the
metapotential double well.

Moving on to the dissipative dynamics, we use the same
Floquet-Markov master equation as in Sec. II. Since the
drive port couples much more strongly to the symmetric
mode than to the higher-energy modes [63], we assume
only the symmetric mode to be lossy, coupled to the
environment via the charge operator 7. We take the same
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FIG. 11. (a) Spectral kissing of the quasienergies in the
presence of the antisymmetric Josephson-junction array mode,
whose frequency lies above 2w, by 2z x 54 MHz. Solid lines
indicate the lowest quasienergies corresponding to modes with
zero excitation in the array’s antisymmetric mode, while dashed
lines correspond to modes with one excitation. No crossings are
interrupting the spectral kissing of the relevant quasienergies
above approximately 4.2 GHz indicated by the shaded area.
(b) The corresponding tunneling time as a function of drive
amplitude.

environment spectral function and frequency-dependent
temperature as in Sec. II. Figure 11(b) shows the tunneling
time as a function of drive amplitude, computed from the
assignment error probability. As before, it exhibits a
staircaselike increase interrupted by sharp dips associated
with resonances in the Floquet spectrum. A prominent dip
occurs at €;/27n ~ 1 GHz due to the resonance between
(1,,0,) and (2,,1,). Crucially, for this set of parameters,
the tunneling time does not collapse in the high-drive
regime (&,/27 2 4 GHz, shaded area), in contrast to the
buffer-mode case. In this range, where resonances would
otherwise be most detrimental, none involve the relevant
almost-degenerate quasienergy pairs. As a result, the
tunneling time increases with the drive amplitude without
disruption.

However, increasing f to 16.43 leads to a detuning
(w_ —2wy) /27 ~ 330 MHz, and the array mode begins to
play a role similar to the buffer mode analyzed in
Secs. I A and IIB. Figure 12(a) shows the spectral
kissing, now interrupted by numerous quasienergies cor-
responding to states with one or two excitations in the array
mode (dashed lines). Crucially, these resonances occur
predominantly at large drive amplitudes, in contrast to the
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FIG. 12. (a) Spectral kissing of the quasienergies when the

Josephson-junction array mode is detuned by 2z x 330 MHz
above 2w,. Solid lines indicate the lowest quasienergies corre-
sponding to modes with zero excitation in the array’s antisym-
metric mode, while dashed lines correspond to some modes with
one excitation and two excitations. (b) The corresponding
tunneling time as a function of drive amplitude.

small-detuning case discussed above. As shown in Fig. 12(b),
the tunneling time shows a series of dips which become more
prominent with increasing drive amplitude, with multiphoton
resonances become wider and more frequent.

It is important to note that, for very small ground
capacitances (small g, e.g., <2z x 10 MHz), multiphoton
resonances with the array modes are substantially sup-
pressed, and their impact on the tunneling time is strongly
attenuated.

Finally, the array mode considered here—with a reso-
nance frequency near 2w, and charge coupled to the Kerr-
cat qubit—plays a role analogous to the second harmonic
of a 1/2 resonator buffer or of a 3D cavity box mode
[30,33]. Consequently, all conclusions drawn for the array
mode apply equally to the buffer mode’s second harmonic.

V. CONCLUSION

We show that, within the single-mode approximation,
the staircase pattern of the Kerr-cat qubit’s tunneling
time persists up to high drive amplitudes. In other words,
in the absence of additional modes, the Kerr-cat qubit is
intrinsically robust. This conclusion is reached by using a
Floquet-Markov master equation that accounts for quasi-
degeneracies in the spectrum and treats nonperturbatively
both the Josephson junction nonlinearity and the drive.

In this framework, the plateaus in tunneling time as a function
of drive amplitude arise from the coherent addition of
dissipative transitions between quasidegenerate level pairs:
at each spectral kissing point, tunneling between the wells of
the metapotential is suppressed due to destructive interfer-
ence between two relaxation pathways. Furthermore, we find
that the tunneling time does not reliably indicate the Kerr-cat
qubit’s coherence time 7,, which is determined from the
initial decay of the logical Pauli operator defined
as X, = |f+a)(f+al - |f - a)(—al.

To explain the experimentally observed breakdown of
the staircase pattern, we account for additional modes
present in the implementation of the Kerr-cat qubit.
Specifically, we consider the impact of the buffer mode
through which the Kerr cat is driven, the collective array
modes of the double SNAIL used in the Kerr-cat qubit
circuit, and the presence of a stray geometric inductance
(Appendix G). For parameters close to those of the
experiments in Refs. [30,34], we find that the buffer mode
gives rise to multiphoton resonances in the quasienergy
spectra and that the array modes in the SNAIL can—
depending on their frequencies—Iead to similar resonan-
ces. Such resonances are known to underlie ionization of
highly excited hydrogen atoms [41] and drive-induced
transitions in transmon [42-51] and fluxonium qubits
[81,84-86]. In the Kerr cat, the resonances originate from
the buffer and Josephson array modes and are directly
responsible for the breakdown of the staircase pattern.
Importantly, because large tunneling times rely on near-
degeneracies among higher excited levels, resonances
involving those levels impact the Kerr-cat coherence.
This is to be contrasted with other qubits, such as the
transmons and fluxoniums, where only resonances involv-
ing the computational states directly affect the qubit.

Experimental implementations of the Kerr-cat qubit that
rely on Josephson junction arrays or that use a buffer mode
or a filter to deliver the drive may encounter these
resonances. The analysis presented in this work can
account for these different scenarios. This includes, for
example, the implementation of Ref. [32], where the drive
is applied through a multimode filter rather than through a
single buffer mode. Such a filter can be viewed as a coupled
network of harmonic oscillators with resonance frequencies
close to the drive frequency, enabling efficient drive
delivery, while the couplings between the modes generate
interference and a notch in the response near the qubit
frequency; see, for instance, Ref. [87]. From this point of
view, the formalism used here applies without any con-
ceptual modification. Indeed, to deal with this situation,
one can again apply a displacement transformation to
eliminate the explicit drive on the linear filter modes,
which results in an effective charge drive acting on the
SNAIL mode. The subsequent Floquet analysis then
proceeds in the same way as in the present work.
Provided that the resonances responsible for the onset of
the breakdown involve states with a single filter-mode
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excitation, as in Sec. III, while resonances involving higher
filter-mode excitations occur only at larger drive ampli-
tudes, each filter normal mode can be analyzed separately
to estimate the onset of the breakdown. This observation
also suggests that, if several filter modes must be consid-
ered simultaneously, the filter-mode Hilbert space can be
truncated according to the total number of excitations rather
than by imposing an independent cutoff on each mode, as
done, for instance, in Ref. [88]; see Appendix A for further
details. Therefore, the framework developed here and its
conclusions remain applicable to a wide variety of physical
implementations.

While the precise turnaround point in the tunneling time
depends on the SNAIL parameters E.-, E;, and a, our
analysis shows that these parameters affect the critical drive
amplitude only mildly, through changes in the ac-Stark
shift and the relevant matrix elements; see Appendixes D
and E. On the other hand, the most sensitive parameters for
significantly improving the tunneling time are the coupling
strength between the SNAIL and the auxiliary modes as
well as the placement of these modes’ frequencies. In
particular, quantitative agreement between the simulated
and measured positions of the multiphoton resonances
requires precise knowledge of the buffer-mode frequency
and its coupling strength to the SNAIL.

A key design element is the sign of the detuning
between the drive and the auxiliary mode (buffer or
filter). Placing this mode above the drive frequency leads
to multiphoton resonances that mix the cat states with
excited states above the double-well barrier, with zero
auxiliary mode excitation in the displaced frame. In
contrast, if it is tuned below the drive frequency, the
corresponding resonances are shifted to states with finite
auxiliary-mode excitation, so they affect the tunneling
dynamics only indirectly through heating of the buffer or
filter. This asymmetry between positive and negative
detuning arises from the negative anharmonicity of the
double-SNAIL element. Therefore, the analysis should be
reversed if a positive-anharmonicity circuit is used.
Beyond the sign of the detuning, its absolute value also
plays an important role. Our analysis indicates that
reducing the detuning from hundreds of megahertz to
only a few tens of megahertz may be advantageous for
Kerr-cat operation in the large-photon-number regime. In
that case, the unwanted resonances are pushed to lower
drive amplitudes, as illustrated by the small-detuning
array-mode case in Fig. 11. A smaller buffer or filter-
drive detuning also has the practical advantage of increas-
ing the stabilizing drive for a fixed input power and fixed
coupling.

Another key point is that, to mitigate the impact of array
modes on the Kerr cat’s tunneling time, circuit design
should prioritize avoiding mode frequencies close to
rational fractions of the drive frequency and reducing
the stray ground capacitances of the large junctions
in the Josephson array. The latter reduces the effective

charge-charge coupling between the array modes and the
mode on which the Kerr cat is encoded, thereby weakening
the deleterious resonances identified in our analysis.

Other neighboring modes in a circuit implementation
beyond those considered here can similarly lead to a
breakdown of the Kerr-cat qubit if their frequencies lie
in proximity to the qubit frequency or its harmonics. Hence,
a detailed characterization of the Kerr-cat qubit’s micro-
wave environment—such as that performed in Ref. [51] in
context of high-frequency readout—is essential for iden-
tifying parameter regimes that restore the intrinsic robust-
ness of the Kerr-cat qubit. Moreover, mitigating intrawell
leakage—through, for instance, leakage-reduction tech-
niques [36,39,89]—can further extend both the tunneling
time and the coherence time 7', narrowing the discrepancy
between them.

From a device-design perspective, a full calculation of
the tunneling time need not be performed at every point of
an optimization procedure. For a given set of parameters,
the drive amplitudes at which resonances first occur can
be estimated from the quasienergy spectrum in the
absence of coupling to the auxiliary modes, since the
resulting corrections to the ac-Stark shifts can be small;
see Appendix E 2. While this uncoupled spectrum natu-
rally exhibits level crossings rather than true avoided
crossings, the locations of these crossings provide an
estimate for the drive amplitudes at which the actual
multimode resonances will emerge once the coupling is
restored. These estimates can then be refined using the
exact closed-system multimode Floquet spectrum. The
most detrimental resonances are expected to be those that
hybridize a mode of one of the low-lying quasienergy
pairs that has already undergone spectral kissing with
modes outside the metapotential well, with the relevant
pair belonging to either the zero- or one-auxiliary-mode-
excitation manifold depending on the sign of the detuning.
The avoided-crossing gaps, mode hybridization, and
Floquet matrix elements can then be used to assess the
relevance of these resonances, as demonstrated in Secs. 111
and IV. Full Floquet-Markov simulations can, therefore,
be reserved for short-listed designs, for which the spectral
functions and effective temperatures of the environments
must be included to quantitatively predict the tunneling
time; see Appendix A for further details.

To further improve our predictions of the tunneling time
and their comparison with experiment, it would be
valuable to include dephasing noise channels in the master
equation, which can be incorporated naturally within our
formalism. Concretely, one can include 1/f flux noise by
averaging over fluctuations of the external flux around the
operating point. In practice, this amounts to computing the
distribution of tunneling times obtained from the Floquet-
Markov treatment for different flux realizations. This form
of noise has been shown to affect primarily the initial rise
of the tunneling time, leaving its behavior at higher drive
amplitudes essentially unchanged [30,32]. By contrast,
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white-noise (Markovian) dephasing affects the heights of
the plateaus [30,32] and can be included in an analogous
way by replacing i(4" — d) in the Floquet matrix elements
Eq. (10) with a%a. Asdiscussed in Sec. 1T E, having a more
refined model—ideally informed by experiments—of the
spectral function and effective temperature seen by the
system would help more accurately match the height of
the plateaus of the staircase. Moreover, although some
avoided crossings may not affect the tunneling time when
the system is not biased near a resonance induced by the
drive, they still pose a problem for the adiabatic prepa-
ration of cat states. All avoided crossings affecting the
Kerr cat’s quasienergies €, o, and €; o must be traversed
rapidly enough for the system to cross them diabatically.
Landau-Zener transition probabilities can be directly
computed from the Floquet spectrum using the methods
presented here (see, e.g., Refs. [46,48]), which could
inform future experiments.

Beyond the Kerr-cat qubit, the method developed
here applies to any strongly driven dissipative supercon-
ducting circuits with or without spectral quasidegeneracies.
Since it does not rely on a perturbative expansion of
he potential energy, it can be used to study inelastic
scattering [50,51] and other drive-induced dissipative
phenomena in nonlinear systems with arbitrary anharmo-
nicity. Moreover, because it remains valid in the presence of
quasidegeneracies in the Floquet spectrum, it applies to
both off-resonant and resonant driving regimes. Examples
include superconducting circuits under subharmonic drives
[49,55,90,91], as well as protected qubits operating in
multiwell potentials, where quasidegeneracies similarly
govern coherence and tunneling dynamics [92,93].
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APPENDIX A: NUMERICAL DETAILS
OF THE FLOQUET ANALYSIS

In this appendix, we provide details on the numerical
simulations presented in Sec. II in the main text. The single-
mode Hamiltonian H introduced in Eq. (4) exhibits a 127
phase periodicity and should ideally be diagonalized in
either the charge or phase basis. However, for experimen-
tally relevant parameters, the potential wells are sufficiently
deep that diagonalization in the Fock basis provides a
spectrum nearly identical—up to numerical precision—to
that obtained in the charge basis, at least for the lowest
approximately 160 energy levels; see Fig. 13. Given the
convenience of the Fock basis for phase-space representa-
tions, we adopt it throughout this work.

To obtain the Floquet spectrum we follow these steps:

(1) For a given drive amplitude, we numerically inte-

grate the time-dependent Schrodinger equation

0,0(1,0) = —iH(1)U(1,0)

over a single drive period T = 2x/w, to obtain the
Floquet propagator U(T,0).

(2) We numerically diagonalize U(T,0) to find its
eigenvalues {y;}. The quasienergies are then ex-
tracted via y; = e~/

(3) This procedure is repeated for the whole range of
drive amplitudes considered. The quasienergies and
Floquet modes are tracked as a function of €;(e,)
following the procedure mentioned in Sec. II. Spe-
cifically, we compute the overlap of Floquet mode j
at ¢; with every other mode k at e; + d¢y, i.e.,

{d;(€a)|bi(eq + Sea)) |}
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FIG. 13. Relative error in the energies obtained from numerical

diagonalization of the double-SNAIL Hamiltonian H, [see
Eq. (5)], comparing results from the Fock basis and the charge
basis. Convergence with respect to the maximum charge

Mmax

(Mmax = 400) in A= Z |n)(n| is verified independently.
N==Nmax

The Fock basis is truncated at n., = 250. As is typical for

periodic-potential Hamiltonians, diagonalization in the Fock

basis does not converge with increasing n.,; therefore, compari-

son with the charge basis is necessary to assess accuracy.
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and the Floquet mode k with the largest overlap is
relabeled as j. The same changes are applied to the
quasienergies.

(4) Finally, we format the plotted spectrum to facilitate
direct comparison with recent experimental litera-
ture (e.g., Refs. [30, 34]). This involves two adjust-
ments.

First, we consider the spectrum of the two-period
propagator U(2T,0) = [U(T,0)]?, which has eigen-
values e~°T. This effectively “folds” the quasie-
nergy spectrum into a smaller Brillouin zone
[0,4/2). This is simply done by unfolding the
original spectrum in [0,w,) and refolding it in
[0, 04/2).

Second, we plot the quasienergies relative to the
ground-state quasienergy; i.e., we plot &; — &.

This exactly mirrors the energy spectrum ob-
served in two-tone spectroscopy experiments, where
the system is initially prepared in the cat-state
manifold and probed near w,/2 [30,34].

Our numerical simulations employ a Hilbert space
truncated to 250 Fock states for diagonalization, from
which the lowest 160 energy levels are retained for Floquet-
state tracking. The relatively large Hilbert space size is
necessary due to the small Kerr nonlinearity of the double-
SNAIL mode, K/2z = 1.18 MHz. This weak nonlinearity
allows the potential to support approximately 530 bound
states, nearly all of which—except those close to the top of
the potential well—experience a positive ac-Stark shift.
Truncating below this number introduces an artificial
negative Stark shift in the highest retained levels, causing
resonances with lower energy levels as the drive amplitude
increases. Such truncation effects can ultimately impact the
low-lying levels critical for Kerr-cat physics. For instance,
retaining only 120 levels introduces truncation errors for
drive amplitudes exceeding &,/2z ~ 8.5 GHz. Throughout
this work, we consistently retain 160 levels, which we have
verified to be sufficient for drive amplitudes up to at least
e4/27 = 10 GHz. A more thorough discussion on trunca-
tion effects in strongly driven systems can be found
in Ref. [41].

In Fig. 14(a), we plot the Floquet spectrum as a function
of drive amplitude, keeping the first 100 modes and
highlighting the first two Floquet modes in dark blue
and red, respectively. When restricting to the lowest 50
modes [see Fig. 14(b)], we see clearly that the spectrum
shows two distinct bands: one centered around zero energy
modulo w,, corresponding to the even Floquet modes, and
another centered near —w,/2 modulo w,, associated with
the odd Floquet modes. In Fig. 14(c), we present the
average photon number (a'a@) for the two lowest Floquet
modes, corresponding to the cat states of interest. This
allows mapping between drive amplitude and photon
number (in the laboratory frame) within the cat-state
manifold. Also, as expected, the even (blue line) cat state
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FIG. 14. (a) Floquet quasienergies of the lowest 100 modes

plotted as a function of drive amplitude. The lowest Floquet
modes y = 0 and p = 1 are indicated by dark blue and red lines,
respectively. (b) The same plot for the lowest 50 modes, showing
more clearly that the spectrum separates into two bands centered
at 0 and —w,/2 (mod w,), corresponding to even and odd states.
(c) Average photon number (474) in the 4 = 0 (dark blue) and
u =1 (red) Floquet modes, shown as a function of drive
amplitude.

emerges from the zero-photon Fock state while the off (red
line) cat states from the one-photon state.

Having computed the Floquet spectrum as a function of
drive amplitude, we can relate it to quantities measured
experimentally in Refs. [30-33]. In these experiments, an
additional weak probe tone described by the Hamiltonian
SH (1) = ¢ cos(wyt)it = 6Q(1)i at frequency w, is used
alongside the two-photon drive. The oscillator field is
monitored via heterodyne detection, from which the tun-
neling time is extracted [30,33,34]; see Sec. IID and
Appendix C. Starting from coherent states | + «), tran-
sitions induced by the probe drive outside the metapotential
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well manifest as heterodyne signal amplitude correspond-
ing to the opposite phase-space region (# F a) [30,33,34].
Here, we show that these transition rates and, thus, the
measured heterodyne signal are directly proportional to the
Floquet matrix elements X,,;. Indeed, writing the total
Hamiltonian as

A

H (1) = H(1) + 6H(1). (A1)

with H(r) defined in Eq. (4) and following Ref. [94], the
transition amplitude from the coherent state |+ a) =~

(Igo) + ¢h1))/V/2 to Floquet mode |¢, (1)) (u # 0, 1), at
first order of 6H, is given by

[{bu()lw

’,Ok/ dsSQ(s) et Auors

e[|

(A2)

where |y(1)) =T o Jo dsfha(s) |3 + @) is the instantaneous
state. Thus, the probe drives transitions only when w; ~
Ao OF 0y = Ay, with rates proportional to X o, and X4,
respectively. Since the readout of the Kerr-cat qubit relies
on discriminating well occupancy (left or right in phase
space), only those transitions that mediate interwell tunnel-
ing produce an enhanced signal; states that undergo spectral
kissing no longer induce tunneling and, thus, become
“invisible” to this measurement scheme [30,33]. We also
note that the above discussion implies that the Floquet
matrix elements X, can be extracted from two-tone
spectroscopy according to Eq. (A2).

1. Extension to a multimode filter

Analyzing the impact of multiple auxiliary modes
increases numerical complexity. For example, in the case
of a multimode filter, after diagonalizing the linear filter
into M normal modes and displacing each mode by its
classical response to the drive, the Hamiltonian takes the
form

H(t) = H + ey cos(wgt)i

>
BN
I Mi
Q)
Q)

M
+iny  gea) —dp).
=1

A direct tensor-product truncation of the individual filter
modes leads to an exponential growth of the Hilbert-space
dimension with M. However, the multiphoton resonances
discussed in Sec. III involve only a small number of
auxiliary-mode excitations; in particular, the high-energy
states that become resonant with the cat levels contain only

a single buffer excitation in the displaced frame. It is,
therefore, natural to truncate the filter Hilbert space
according to the total number of excitations rather than
imposing an independent cutoff on each mode. Restricting
the total filter occupation to at most N; gives

N¢
M+N-1 M+ N;
D = =
' Z( N > ( Ny )

N=0

filter states. In particular, retaining only the single-
excitation manifold gives Dy = M + 1, while retaining
up to two excitations gives Dy = (M + 1)(M +2)/2.
Thus, for a fixed excitation cutoff N¢, the filter Hilbert-
space dimension grows polynomially rather than exponen-
tially with the number of modes. Nevertheless, full
multimode Floquet simulations can remain computation-
ally demanding as M increases.

When only the onset of the breakdown is sought, each
filter normal mode may instead be analyzed separately,
provided that, as shown in Sec. III, the first relevant
resonances involve states with a single filter-mode excita-
tion, whereas resonances involving higher total filter-mode
excitations occur only at much larger drive amplitudes. The
critical drive amplitude can then be estimated as the
smallest critical amplitude obtained among the individual
modes. A full multimode calculation within the restricted
total-excitation manifold would, however, be needed to
capture processes involving multiple auxiliary-mode exci-
tations that may become relevant beyond the onset of the
breakdown.

2. Numerical implementation and application
to device optimization

The numerical calculations presented in this work were
implemented using the QuTiP library [95] and distributed
over up to 50 CPU cores. For each value of the drive
amplitude, we first integrate the time-dependent
Schrodinger equation over one drive period to construct
the Floquet propagator. We then diagonalize this propaga-
tor and track the retained Floquet modes across consecutive
drive amplitudes, as described earlier in this section. From
the quasienergies, we construct the transition frequencies
A, and group quasidegenerate transitions according to the
partial-secular criteria described in Appendix B.

To compute the Floquet matrix elements, the time-
dependent Floquet modes are evaluated on a grid of
N,; = 5000 points over one drive period. Eq. (10) is then
evaluated numerically as

Ze‘l’“‘”’ (Pu(r))li(@" = a)leg, (1)),

m/k -

where t; = jT/N;, u,v=0,....Np—1,and k = -K, ..., K.
In the present calculations, we take K = 6 and retain the
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first N = 40 Floquet modes in the single-mode case and
Ny =40 x 3 modes in the multimode case.

From the transition frequencies A, and Floquet matrix
elements X, ;, we construct the Lindbladian in the Floquet-
mode basis according to Eq. (7). This construction involves
a large number of time-independent collapse operators, up
to (2K + 1)NZ%. The resulting Lindbladian is then used to
evolve the two initially localized coherent states, which
are constructed as superpositions of the lowest Floquet
modes (|¢pg) and |¢,)) with the appropriate weights. The
Husimi-Q distributions of the evolved states are evaluated
as functions of time, and the tunneling time is extracted
using the likelihood-discrimination procedure described in
Appendix C. Depending on the Hilbert-space dimension
and the number of sampled drive amplitudes, a complete
parameter sweep requires approximately one to several
days using the computational resources employed in this
work.

For device optimization, however, it is not necessary to
carry out this entire work flow for every candidate para-
meter set. As a first, inexpensive screening step, the
perturbative Kerr-cat Hamiltonian in Eq. (D24) can be
used to estimate the quasienergy spectrum. As discussed in
Appendix E 2, the corrections to the ac-Stark shifts induced
by the coupling to the buffer are small in the parameter
regimes considered here. The quasienergy spectrum
obtained in the absence of the SNAIL-buffer coupling,
g =0, therefore provides a good initial estimate of the
positions of the crossings that become avoided crossings
when the coupling is included. In particular, the quasie-
nergies in the zero- and one-buffer-excitation manifolds can
be approximated as

ei0,(9) ~ & (9= 0), ei1,(9) 2 & (9=0) + Apy.
Consequently, crossings betweene; (g =0)ande; (g9=0)+
A, provide initial estimates of the drive amplitudes at which
avoided crossings appear for finite g. This step should be
regarded as a preliminary screening tool rather than as a
precise quantitative prediction.

The positions and strengths of the identified resonances
can then be refined by computing the exact closed-system
multimode Floquet spectrum, which is substantially less
expensive than performing the full open-system calcula-
tion. The results in Sec. III also provide a criterion for
assessing which of these resonances are likely to be most
detrimental. For negative buffer-drive detuning, A,, < 0,
the most problematic resonances are expected to be those
that hybridize a low-lying quasienergy pair in the zero-
buffer-excitation manifold, |¢; o,) and |¢; 1o, )—which
has already undergone spectral kissing at the drive ampli-
tude of the resonance—with a mode |¢; ;,) having sub-
stantial support outside the metapotential well. For
example, the resonance involving the modes (2,,0,) and
(144, 1,) produces a pronounced reduction of the tunneling

time, whereas the resonance involving (7,,0,) and
(17,,1,) does not produce a sharp dip because, at the
drive amplitude at which this latter resonance occurs,
the relevant 6-7 quasienergy pair has not yet undergone
spectral kissing.

Conversely, for positive detuning, A,; > 0, the most
detrimental resonances are expected to hybridize a low-
lying quasienergy pair in the one-buffer-excitation mani-
fold, |¢; ;,) and [¢; ;1 4,), that has already undergone
spectral kissing with a mode |¢; o,) outside the metapo-
tential well. The one-buffer-excitation states can be popu-
lated through thermal fluctuations.

Changing A, shifts the drive amplitudes at which these
detrimental resonances occur.

The avoided-crossing gaps, mode hybridization, and
selected Floquet matrix elements can, therefore, serve as
indicators of the strength and likely impact of a resonance
(see Secs. III and IV). These quantities require only the
coherent Floquet modes and do not require constructing or
evolving the Floquet-Markov master equation. This closed-
system analysis can, thus, be integrated into an iterative
optimization procedure to identify and avoid unfavorable
device parameters.

An accurate quantitative prediction of the tunneling time,
including its overall scale and the depths of the resonance-
induced dips, still requires the full Floquet-Markov calcu-
lation, because the transition rates depend on the spectral
functions and effective temperatures of the relevant envi-
ronments. This more computationally demanding step can,
therefore, be restricted to a smaller number of short-listed
designs. It can be used, first, to verify that resonances
identified by the closed-system analysis as weak have a
negligible effect on the tunneling time and, second, to
determine, for a sparse set of spectral functions and
temperatures, the degree of filtering required to reach a
target tunneling time.

As a possible improvement left for future work, this
analysis can be implemented on GPUs using accelerated
quantum-simulation libraries such as Dynamiqs [96], which
would, in principle, allow efficient parameter scans to iden-
tify multiphoton resonances; see, for instance, Ref. [86] in the
context of measurement-induced state transitions.

APPENDIX B: PARTIAL SECULAR
FLOQUET-MARKOV MASTER EQUATION

In this appendix, we derive the master equation used
throughout this work by extending the standard Floquet-
Markov formalism [53,54,70] to accommodate quaside-
generate spectra. We begin from the total system-bath
Hamiltonian

Hgp(r) = H(1) + Zwiéjéi +p Z!]iﬁi, (B1)

A

where H(t) is defined in Eq. (4) of the main text and p =

i(@" —a) =A/ny and p; = i(b] —b;) are the charge

041012-23



BENHAYOUNE-KHADRAOUI, LLEDO, and BLAIS

PHYS. REV. X 16, 041012 (2026)

operators of the double-SNAIL and each bosonic bath
mode, respectively. This Hamiltonian thus describes
charge-charge coupling between the driven SNAIL cir-
cuit and its electromagnetic environment; see Figs. 2(a)
and 2(c). Following Ref. [71] and working in the inter-
action picture under the Born-Markov approximation, the
master equation can be expressed as

/ d‘L’Zgl Pl

—p'(1)p'(t = 7)p;)] + Hee.

W(t=2)p'p'(1)

(t=1)p(p
(B2)

Here, any operator O in the interaction picture is denoted as
O' = U'(r)OU(r) with

U(t) = T exp [—i A ' <1¢1(s) + zj:wiéjéi) ds}

~ : i
= U(t)e‘”ziw‘bfb". (B3)
Assuming the bath to be in a thermal state, the correlation
functions are

(PLOP! (=) = min(@))e™ + [m(w) + 1)e=r,
(B4)

where ngy, (w;) = 1/(e"i/ksT(@)] _
pation of bath mode i.

Equation (B2) can be applied to any time-dependent
system, as long as the dissipation is weak and exhibits
short-time correlations. Given the periodicity of the
Hamiltonian, A (¢ + T) = H(t), we can now simplify the
master equation by decomposing the charge operator into
the Floquet-mode basis at time ¢ as

1) is the average occu-

P =Y (D) Plb, (1)) (1)) (b (0)]

v

= S "X ket o, () b, (1),

uvk

(BS)

where the Fourier coefficients X, are defined in Eq. (10).
Since the Floquet modes at time ¢ are related to ¢ = 0 by
¢, (t)) = €' U(t)|¢,), in the interaction picture the
decomposition becomes

— E Xm/keJriA},,,kt

uvk

D) (@0l

(B6)

where A, =€, — €, + kw,. Substituting Egs. (B4) and
(B6) into Eq. (B2) and neglecting the Lamb-shift terms that
simply renormalize the coherent dynamics, we obtain

—_— == E E X}tl/k ’ /k/e "k A /”/1‘/) X

;wk y74%

‘](Auvk)nth( /H/k)[|¢ﬂ> <¢y| AI|¢D’><¢//|
|¢U ><¢/4 |¢u ¢u| Z Z X;u/k WK X

[U-/k /l/l//k/
T (=) iy (=) + 1]

[|¢ﬂ><¢v|ﬁ1|¢v’><¢ﬂ'| - |¢D/><¢ﬂ/|¢ﬂ><¢b|ﬁ1] +H.c.
(B7)

Here, the bath’s spectral function is defined as

) =21y _gi5(w = w), (BS)

which vanishes for @ < 0. To cast Eq. (B7) into Lindblad
form, one typically invokes the full secular approximation
[52,54], retaining only terms with (4,0, k') = (u,v, k).
This approximation is valid only if different Floquet
transition frequencies are well separated, i.e.,

A,uuk| > |X;/u’k’X/wk|K(A;wk) (B9)

|Aﬂ/yl K —
for (u'. v/, k') # (u, v, k) with x(A,,;) defined in Eq. (12).
However, in the Kerr-cat qubit, the spectrum exhibits
multiple near-degeneracies [“spectral kissing”; see
Fig. 1(b)], violating Eq. (B9). Instead, we employ the

partial secular approximation: transitions satisfying
Eq. (B9) are discarded, but those with
|A;4’z/’k’ - A;wk‘ ~ |X ! ’k’X/wk|K( /wk) (BIO)

are retained; see, for instance, Refs. [97-101]. For these
quasidegenerate pairs, we approximate e Bur=By)t 5 1
consistent with the Born-Markov approximation [i.e.,
neglecting terms O(g}) = O(x*) [97-100] .

For compactness, we group transitions into classes
indexed [y, v, k|, where (¢,V, k')€[u,v, k] if |Am,k—
Ayl S1XweXuilk(Ayy). In terms of these classes,
the master equation in the interaction picture becomes

o
%:cpf, (B11)

with the Lindbladian

EZ Ayi)D Z

(v k| (W' WV K) € uw.k|

Xy’b’k’|¢y’><¢v/| . (B12)

In this expression, the first sum runs over the distinct
classes of transitions, and the second sum runs over
quasidegenerate transitions within a given class.
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By construction, this Lindbladian naturally accounts for
strong drive effects through the Floquet quasienergies A,
and Floquet modes |¢,), including all perturbative and
nonperturbative corrections beyond the rotating-wave
approximation [45,65,102—104]. Moreover, the coefficients
X, represent transition amplitudes between Floquet
modes |¢,) — |¢,) assisted by |k| photons from the drive.
Although the Lindbladian itself connects time-independent
Floquet modes, the full temporal dependence of the driven
dynamics is encoded in these coefficients through the time-
dependent Floquet modes; see Eq. (10). Thus, the master
equation captures not only the stroboscopic evolution, but
also the fast micromotion dynamics.

In the absence of quasidegeneracies—i.e., when each
class [u, v, k] contains only a single transition—the master
equation reduces to the standard Floquet-Markov secular
form. Crucially, when quasidegeneracies occur, the result-
ing dissipator

Dl >

(W W K) € [k

X / ’k’|¢ﬂ><¢u| (BIS)

captures interference effects among transitions within the
same class. This contrasts sharply with the incoherent sum
of dissipators

Z (Xuvi PPl ) (1], (B14)
which results from applying the wusual secular
approximation.

It is instructive to compare our partial-secular

Floquet-Markov equation (7) with other extensions of
the Lindblad formalism for quasidegenerate spectra (e.g.,
Refs. [105-109]). In our treatment, the partial-secular
approximation necessarily introduces an explicit threshold
for grouping transitions [see Eq. (B10)]; in our regime of
parameters, we define two transitions A, ; and A, as
quasidegenerate when [A,,; — A p|/27 < 100 kHz, i.e.,

less than 10 times the qubit decay rate. By contrast,
alternative approaches avoid any fixed threshold but at
the expense of retaining an explicitly time-dependent
Lindbladian even in the interaction picture. Here, the
Lindbladian in Eq. (7) remains time independent.
Moreover, when expressed in the Floquet-mode basis
{l,)}. it is highly sparse, making both its diagonalization
and the simulation of the driven dynamics efficient in
memory usage and computation time.

1. Relating the spectral function to circuit parameters

The spectral function can be related to the input
admittance Y (w) seen by the SNAIL mode as [73]

J(w) = %Re[Y(w)], (B15)

where C is the SNAIL-mode shunt capacitance and @y is its
resonance frequency. Assuming that all dissipation origi-
nates from the buffer drive port, the input admittance can be
obtained from the circuit formed by the coupling capacitor
C. in series with a parallel RLC resonator representing the
lossy buffer mode; see Fig. 2(a). Introducing the buffer
capacitance C,,, resonance frequency w;,, and linewidth
k, = 1/(RC,), we obtain

K C? (w/wy)*

Co (om0 + 1 -2 (146)

b

Re[Y ()] =

(B16)

In the weak-coupling limit C. <« C,, relevant to the regime
considered here, this expression simplifies to

K, C2 *

(wi—wz)2 :

Re[Y(w)] =~

C (B17)
b K+

Moreover, the effective coupling strength § = gn,
between the SNAIL and buffer modes is given, in this
limit, by

C

o —S— ) . B18
g ) \/th—c' WoWp ( )
The spectral function can therefore be written as
477w K
J() = . (B19)

Wy 2

S
Evaluating this expression at the SNAIL-mode frequency
and using @, ~2w, and k, K @, as in the regime
considered here, gives the buffer-induced Purcell decay rate

2K'/7 g 2
J ~— = B20
)= (1) (B20)
At the drive frequency, the spectral function is
Jwg) = 4p 24— (B21)

Finally, in the regime A,;, =w,—w;<<w®, and
Kp <K |Aygl, this expression further simplifies to

reen(2).

APPENDIX C: CALCULATION OF THE
TUNNELING TIME

(B22)

To obtain the tunneling time as is done experimentally via
heterodyne detection, we use an ideal likelihood discrimi-
nator. First, let us denote 5, () the evolved state at time 7,
where the initial condition is A, (0) = |f £ a)(f - al.
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At each time step, we obtain the Husimi-Q distributions of
the evolved states denoted by Q. [y] () = (y|p+(?)|y)/= with
|y) a coherent state. We then construct the log-likelihood
function A(r) = In[Q(1)/Q_(1)].

When the system is initialized in p (0), the probability
of correctly assigning the outcome “+” at time ¢ from a
single-shot heterodyne experiment is

Peri) = [ @eumio. 0. (e
where © is the Heaviside function. Likewise, the proba-
bility of correctly assigning the outcome “—" from a single-
shot readout when the state is initialized in p_(0) is

Pl = [ @el-inlo-(. (e
The (averaged) assignment error is, therefore, 1 [P(—|+) +
P(+]-)] =1 =3[P(+]+) — P(—|-)]. As in the experi-
ments in Refs. [30,32-34], we extract the tunneling time
by fitting a single exponential decay to

X (1) = P(+[+) = P(=|+) =1 =2P(-[+)  (C3)
for the initial condition p,(0) and
X_(1) = P(+|=) = P(=|=) =2P(+[-) -1 (C4)

for p_(0). Numerically, we find that these two tunneling
time estimates are almost indistinguishable, consistent with
the aforementioned experimental observations [30,32]. In
the main text, we report their average.

APPENDIX D: APPROXIMATE FLOQUET
HAMILTONIAN

In the main text, we compute the Floquet spectrum and
Floquet matrix elements X, by exact numerical diago-
nalization of the evolution operator over one period. Here,
we derive approximate analytical expressions for the
Floquet Hamiltonian and matrix elements. Although not
strictly required for our conclusions, this analysis reveals
how key quantities scale with drive amplitude and the order
of nonlinearity.

This appendix proceeds as follows. First, we move to a
displaced and rotating frame and identify the small param-
eter for the perturbative treatment. We then map the time-
dependent periodic Hamiltonian onto a time-independent
Hamiltonian using the Shirley (or Fourier) space [110].
Next, we obtain an analytical Floquet Hamiltonian via a
perturbative block diagonalization using the standard time-
independent Schrieffer-Wolff (SW) transformation [111].
Finally, we return to the laboratory frame, obtain approxi-
mate expressions for the Floquet quasienergies and modes,
and evaluate the corresponding Floquet matrix elements

X,k explicitly showing their interference structure. We

note that an alternative approach avoids the mapping to
Shirley space and instead applies a time-dependent SW
transformation directly in the original time domain
[102,112-116]. This technique has been recently used to
analyze T degradation in a dissipatively stabilized cat
qubit [104] and to derive effective Lindblad operators for
the Kerr cat [39].
We begin by expanding A, from Eq. (5) in a power series
around the minimum of its potential, yielding [56]
T wndia ST (G4 aty
Hs—a)oaa—kzn(a—ka), (D1)

n>3

where the coefficients are given by g, = E;jc,¢}/
(n —1)!. Here, ¢, denotes the nth derivative of the cosine
potential evaluated at the minimum. Using the relation
E; = wy/ (2c2(p§pf), we can rewrite the coefficients as g, =
woCp @i /[2¢2(n = 1)!]. This makes explicit that the coef-
ficients of the nonlinearity scale as g3 ~O(@Wo@pt),
gy~ O(wogogpf), and so on. These are naturally small
parameters governed by the dimensionless zero-point
fluctuations of the phase, ¢,,¢. The perturbative expansion
introduced below is organized in powers of ¢,
We then add the charge drive to H , resulting in the time-
dependent Hamiltonian
'y AT A 9n ;A AT
H(t) = wyad' — D
(1) = wya a—l—zn(a+a)
n>3
i€d

+
2§0zpf

cos(wyt + 2)(a" - a), (D2)

where we have included a phase delay A for generality.
Following Ref. [30], we eliminate the drive term and fold it
into the nonlinear part of the potential by transforming the
Hamiltonian with a time-dependent displacement operator
D[B(1)] = exp|p(t)a" — p(t)a], where the displacement
amplitude is

€4 e—i(wlerl) ei(wdﬂri)
[)=— +
A 4ig,pr <600 —wg o)+ 604)
= P4 T % + @ MMe~iwat ®d =~ Do e tioat, (D3)
de OF]
Here, the coefficient IT is given by
: il
M= LlE € (D4)

B 2(Pzpf(a)§l - w(Z)) ’

which becomes useful below. In this section of the appen-
dix, we use an overbar to denote complex conjugation.

We further move to a rotating frame at frequency w,/2.
The Hamiltonian in the displaced and rotating frame takes
the form
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A,(t)=RID'AD-iD'DIR — iR'R
= (@ — Cl)d/2)d+‘i

+3 % (Ge @2t 4 Temioat 4+ He)n,  (D5)

n>3

where R(r) = exp[—i(w,t/2)a"a]. Crucially, in this frame,
all energy scales become small compared to the new
fundamental drive frequency w,/2 in the oscillating terms.
Moreover, for all parameter regimes considered in this
work, the displacement amplitude satisfies |I1| < 1.

A straightforward RWA applied to this Hamiltonian
yields to second order in ¢, a squeezed Kerr oscillator,
as in Eq. (1), with two-photon drive amplitude &, = g5I1
and self-Kerr coefficient K = (3/2)g,. The drive frequency
must be tuned to account for the ac-Stark shift, satisfying
wy/2 = wy + 3g4(1 + 2|11|?). However, while this RWA
captures the basic structure, a more accurate description
can be obtained via a SW perturbative expansion. Once we
obtain the approximate Floquet Hamiltonian in this dis-
placed and rotated frame, we construct the Floquet
Hamiltonian in the laboratory frame by undoing the
rotation and displacement transformations, as explained
below in this section.

The usual time-dependent SW transformation for peri-
odically driven systems consists of finding a Hermitian
generator G (1) that makes the Hamiltonian time indepen-
dent in the transformed frame [113]. Denoting the resulting
Hamiltonian as H¢, this condition is expressed as

eié(’)ﬁd(t)e_ié(’) - ie’(;(’)éte_ié(’) =AY (D6)
While the original Hamiltonian in Eq. (4) is periodic with
period T = 2z /w,, the displaced and rotated Hamiltonian
H (1) is 2T periodic, and so the generator G(¢) is 2T periodic
as well. Importantly, G() does not vanish at stroboscopic
times, G(2nT) # 0 (where n is an integer), and is, thus,
referred to as the nonstroboscopic kick operator. The
resulting time-independent Hamiltonian I-AI% is known as
the nonstroboscopic Floquet Hamiltonian [113]. A feature of
this formalism is that A% is independent of a choice of an
initial time. This is in contrast to the conventional (strobo-
scopic) Floquet Hamiltonian, which is obtained from the
one-period evolution operator via (i/T)InU(T + t,, t,)
and, thus, depends explicitly on the choice of initial time #.

Rather than working directly with the time-dependent
expression in Eq. (D6), we find it convenient to construct
the SW generator in the Shirley space [110]. In this
extended Hilbert space, the operator H () — i0, is mapped
to the Shirley Hamiltonian

A _a)d,\ A~ i A~ A
Hs=—Fm @1+ Y 1,04,

n=—0o

(D7)

where the A, are the Fourier components of the original
time-dependent Hamiltonian in the displaced and rotated
frame:

Ay() =Y H,enwa?r,

n=—oo

(D8)

In this formalism, the full Hamiltonian A acts on a tensor
product of two spaces: the infinite-dimensional replica
space (first factor) and the original system Hilbert space
(second factor). In Eq. (D7), m = > m|m)(m| plays
the role of a “photon-number” operator in the replica space,
except that its spectrum extends over all integers and is,
therefore, unbounded from below (no vacuum state). The
operators 1, = 3, |[m)(m + n| act as ladder operators that
shift the replica index by n. The nth Fourier component
(harmonic) of the drive frequency couples sectors whose
replica indices differ by n via these shifts.
The generator is mapped to Shirley space as

G(1) = Zénein(wdﬂ)t 6= Zi_n ® G, (DY)

where G = G' and G|, = G_,, to ensure Hermiticity. As in
standard SW perturbation theory, we construct the gen-
erator order by order, requiring that the transformed
Hamiltonian be diagonal. In this case, however, we demand
diagonalization only in the replica index, not in the full
Shirley space. Specifically, we enforce the structure

A = efcﬁse—wé%m ®@i+i®AL  (DI0)
where the right-hand side is the Shirley-space representa-
tion of a time-independent Hamiltonian H¢ in the Hilbert
space. This ensures that A 4 captures the effective dynamics
up to the desired order.

Let us now identify the small parameter that controls the
perturbative expansion. In the standard SW transformation,
the expansion parameter is given by the ratio of the coupling
strength between subspaces to their energy detuning. In our
case, the smallest detuning in the diagonal part of H g is set by
@y, while the off-diagonal couplings have magnitude g,,, so
the relevant small parameter is g, /@, qo;‘p‘fz. Crucially,
SiNCe gy,41/9n X @opp, WE Can treat ¢ as the single small
parameter controlling the entire expansion. This greatly
simplifies the analysis, avoiding the need to track each g,
individually as an independent parameter at every order in
perturbation theory.

We, thus, expand each operator A, and G,, in powers of
the small parameter @, as

I:In = ZI:IE,k),

k>0
G,=> G, (D11)
k>1

041012-27



BENHAYOUNE-KHADRAOUI, LLEDO, and BLAIS

PHYS. REV. X 16, 041012 (2026)

where the superscript (k) denotes terms of the order of (p’z‘pf.

Note that the zeroth-order term of Gn vanishes, Ggo) =0,
since the SW transformation needs to be reduced to the
identity at zero order.

We expand H in Eq. (D10) as
H{ = (ISI(SO>) n (ﬁ(sl) 4 i[é(l)’ﬂgO)D
+ (ﬂ(sz) + i[é“),ﬂg)} _% [(;(U, {@(1),19120)”
v a) o

where each parentheses groups terms of the same pertur-
bative order. As usual in a SW transformation, the generator

at the order of k, G = > f_n ® Gs,k), is chosen such
that the transformed Hamiltonian is diagonal at the order of
k—in this case, diagonal in the replica index.

1. Zero order

At zeroth order, the transformed Shirley Hamiltonian is
simply

a0 =AY = %m ®1+10 A, (DI3)
y(0) _ _ At A
where H,’ = (wy—wy/2)d'd. Thus, the Floquet

Hamiltonian at zeroth order is s1mp1y H 40) — I-Aléo), as
expected.

2. First order

At first order, we require GV to cancel the off-diagonal
terms in the replica index that appear in

A +i¢0. /A", (D14)
Since Iflgo) is diagonal and G is off diagonal, the
commutator [G<1),FI(SO)] is also off diagonal. Therefore,
the diagonal part of I-AI’S“) becomes

AL = dlag(ﬁ(s”) —igAl"  (DI5)
with
A\ = g, (4™ + 11a2). (D16)

Thus, the first-order Floquet Hamiltonian is H 7,(1) = I:I(()l>.
To first order in @, this reproduces the two-photon drive
term &, = 311, consistent with the RWA.

For G to cancel the off-diagonal terms in Eq. (D14),
we need that

0o+ Al - in%é,ﬁ (D17)

Vi (w0—7>[G,(1 .a‘al,
for all n # 0.

We note that the first-order index-off-diagonal terms
Ay
A\ = gylaa + (1 +2[nP)a’),
AY = gifi(2d7a + 1+ |11P),
A =% (" + 30Pa),

gz(tl) = gsIla™,

1:121) = gl%a’,
Ay =21, (D18)
From these, we obtain
A() _ T3 a0 4 R
Gl = —=[a"a+ (1 +2|0P)a'],
20
GV = ZPBata + 1+ |1pP).
Wy
GV ="M g,
90)0 2Cl)d — )y
e R— . i)
200 + 0y
G — —ig3 24t
o + de
oW =" Pp, (D19)

9Cl)d

3. Second order
The second-order terms in the SW expansion are
A 2 A 1 Py A A 0 A
A+ G0, A = (61 16V, A + 62, A1)
(D20)

The second-order generator G<2), which we write below, is
determined by requiring that the off-diagonal terms in the
replica index cancel out. The remaining diagonal terms
simplify significantly for our Hamiltonian and reduce to

10®< +5 Z W _n)

yielding the second-order contribution to the Floquet
Hamiltonian:

(D21)

A% = Adta - Kava?, (D22)
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with

5+ 6|12 N |T1J?

A =3+ 2|H|2> - 49% { 3w, 2y + wy|’

_30: 104

K = .
2 3(1)0

(D23)

To second order, the Floquet Hamiltonian in the dis-
placed and rotated frame takes the form

A w
A = <w0 - 7" + A) ata — Ka™a* + e,at?

+84% + O(@;), (D24)
where €, = g511 s the effective two-photon drive amplitude.
Finally, we note that setting I = 0 and w,; = 0 reduces the
I-Alj‘é to an approximate second-order diagonalization of the
undriven SNAIL Hamiltonian in Eq. (5). Figure 15(a)
compares the exact (full lines) and analytical (dash-dotted
lines) low-lying quasienergy spectra. Although the agree-
ment is good at low drive amplitude, discrepancies become
noticeable atlarger drives. In particular, the “spectral kissing”
between pairs (shown by the circles) occurs at lower drive
amplitudes in the approximate spectrum. This suggests that
the perturbative treatment may underestimate the extent of
the tunneling time plateaus shown in Fig. 6(a).

Since the Floquet matrix elements at second order in ¢,
depend on the generator at the same order, we now write the
second-order generator explicitly. It is determined by
demanding that

(D25)

is satisfied for all n # 0. Since the operators in (§£,2) need to

be proportional to those of H E,Z), simple Ansdtze to the form
of the generators readily give a solution to Eq. (D25). They

are given by

G = ~i(ey o T1a" 4 ¢y o180 + ¢, ,T14),

ng) = _i(cz,a”aa’\ﬂd + Cz,aTZCAlTZ + Cz’azﬁzdz),

ng) = —i(c3.atzaﬁ(’l\+2d + C3,a*ﬁé+),

ng) = —i(cy @™ + cy o 01707 ),

ng) = —l'(c‘s’a*(slzla’\Jr3 + C5,al=[3d),

Géz) = —iCG’a-nI:[Zd%z,

G = —ic, ;T4 (D26)

The coefficients ¢, . are real and can found in Appendix H.
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FIG. 15. Comparison between exact numerical results (solid

line) and analytical approximations (dash-dotted line) for the low-
lying quasienergy spectrum (a) and the relevant Floquet matrix
elements (b),(c).

We note that the SW generator and Floquet Hamiltonian
obtained in this section are valid not only for the degenerate
cat, i.e., when the drive frequency is chosen such that
w, = 2ley — €1]. The expressions are also valid for other
drive frequencies, as studied in Ref. [34], provided
that |0)d/2 - 0)0| < |(1)d - Cl)ol.

4. Floquet Hamiltonian in the laboratory frame

Since we are interested in quantities evaluated in the
laboratory frame—such as quasienergies and Floquet
modes—we first relate the state in the displaced rotating
frame, |y(¢)),, to its counterpart in the laboratory frame
lw(1)):

lw(0)a = RT (DT (1) y (1)) (D27)
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This state evolves under the Hamiltonian H,(7) via
t A
(0)a=Texp =i [ dstly )] xlw(O). 28)

where H,(1) is given in Eq. (D5). Since R(0) =1 but
D(0) # 1, the initial state in the displaced and rotating
frame is

[w(0))4 = D (0)[y(0)).

The SW transformation constructed in the previous
subsections defines a generator G(f) such that the state

My ()4

evolves under the time-independent Floquet Hamiltonian
I-AI% introduced in Eq. (D6) according to

W (1)ag = ¢y (0 )>

(D29)

W (1))4. = (D30)

= e "GO DT(0)|y(0)).  (D31)
We, thus, recover the state in the lab frame as
(1)) = U(0)lw(0)), (D32)

with an explicit form of the lab-frame propagator given by

U(1) = D(1)R(1)e=iC =it oGO HT(0).  (D33)
Evaluating this operator at t = 7, we obtain an explicit
form for the stroboscopic Floquet propagator in the lab
frame, U(T) = exp(—iTH ), which is the operator used in
our numerical calculations. Since D(T) = D(0), and using
the identity R(T)e~6(1) = =GO R(T), we can rewrite the
propagator as

U(T) = D(0)eCOR(T)e~TH; GO P (0).  (D34)
Next, we observe that R(T) = e~'4 is the parity operator
and commutes with A%, which is symmetric; see Eq. (D24).

Thus, we can write the Floquet-mode decomposition

O(T) = e ™|d,) (.

H"

(D35)

with

,(0)) = D(0)e~") i)

relating the lab-frame Floquet modes to the displaced-and-
rotated frame Floquet modes |¢¢) and

(D36)

—iTe, — e—iT[€ﬁ+(wd/2)m0d (u,2)]

e (D37)

relating the lab-frame Floquet quasienergies to the displaced-
and-rotated-frame Floquet eigenenergies e,‘f. Here, eﬁ and
|¢,‘f) are eigenenergies and eigenstates, respectively, of the
Hamiltonian A¢. It can be shown that the Floquet modes in
the lab frame—which evolve under ¢*xU(¢)—are T-peri-
odic functions of time.

Let us clarify the relationship between the eigenenergies
e,‘f of the displaced-and-rotated-frame Floquet Hamiltonian
defined in Eq. (D6) and the quasienergies in the lab frame ¢,,.

The eigenenergies eZ are not folded—they can grow

unbounded—while the lab-frame quasienergies ¢, are
defined modulo the drive frequency and, therefore, lie within
a Brillouin zone, which we take to be [—@,/2, +®4/2). See
Fig. 14(a) for the corresponding numerical spectrum in the
lab frame. This distinction arises because the nonstrobo-
scopic Floquet Hamiltonian I-AI‘,é is not defined via the
stroboscopic propagator, unlike the standard Floquet
Hamiltonian, whose quasienergies are inherently folded into
the Brillouin zone. In our case, the appropriate folding to

obtain the lab-frame quasienergies from the eigenvalues e,‘f of
HY is given by

[(ed + “'—") mod a)d] — %4 if p is even,
€, =

"
Wy

[ed mod w,] — % if p is odd.

5. Floquet matrix elements for the master equation

In the previous subsection, we constructed the Floquet
spectrum in the laboratory frame in terms of the spectrum
of the squeezed Kerr Hamiltonian, for which approximate
analytical expressions are known (see, e.g., Ref. [20]).
Building on this, we now derive approximate expressions
for the matrix elements X, appearing in Eq. (10), which
govern the dynamics in the Floquet-Markov master
equation.

We begin by noting that

(1)) = e =DD(1)R(1)e= 0| (0)).

Rather than applying these operators to the Floquet modes
on the right-hand side, we apply them to the annihilation
operator, working to second order in ¢,,;. We define

(D38)

a(r) = eSORY (1D (1)a D(1)R(1)e~
= de @2t 1 B(1) + i[G 5 (1), dle~i(@al2)t
,[(;( )( 1), dle~(®al2)t

G (1), [é(l)(t)’d]]e—i(wm)t

1
2
— Za ein(a)d/Z)t,

(D39)
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with the following Fourier components to second order in ¢,

a_g = (54 +d_g1)IT,

a_s = (C4.a4’a + d—SVa)HzaA’

~ g3 o
g = —MHZ + (3020 + dy 2)1E7,
2 N
&—3 = _a)ijnd + <C2.a*3a + d—3.a3)d3 + (262,642 + d—3,at>H2d' ’
~ Wy + g 9 t A
a_, = 20, - pEp— a> + (2¢ gte2 + d_z’fa)HaTa +(c1q+dp)I,

a_y =a+d_ yped 42 + d_y a4,
93
Wg — Wy

510:

(ZCAITCZA +1+ 2|H|2) + (—301,a*3 + do_a%Z)HClATZ + (—Cl’faz + do.az)ﬁdz,

201 - )
i) = P4 +(=30s gng + dy g2a) 6720 + (<205 g2 + dy g1)a,

dTZ ‘|‘ (—26’3’“’?2” + d2,a‘{'a)ﬁ(de + (_C3,a+ + dz’l)ﬁ,

Wy

- Wg — W = 93

= 11
e Za)d + 3(60d — Wy
~ 293 T At 413 (124
as = mna — 4C4’a+4(1 + (_C4¢ﬁa + d3,a) a
~ g3 S 14
Gy = 3 TP o (g o o dy o)1,
as = (=2cg 2 + ds 4 )II7a7,
a() == d().]ﬁ?’.

The real coefficients d,, . g3—whose explicit expressions
are given in Appendix I—originate from the second-order
nested commutator of @ with G in Eq. (D39). Specifi-
cally, this nested commutator contributes to a, with

Al Al A
~16Y . (6. all.

We now define the charge components p, via
ilat(r) —a(r)]) = Zi(ain — a,)en@a2

n
= Zﬁnein((odﬂ)t.
n

By construction, the charge components satisfy p_, = pi.
We do not write them out explicitly, as they can be
straightforwardly constructed from the &, operators.
These components enter the Floquet matrix elements of
interest as

i (Dl(a’ = a)le.(1))
_ eit(eb—e,‘-&-q‘f—eﬁ) Z<¢Z’|i)n |¢g>ein(a}d/2)t'

n

(D41)

(D42)

Using these results, we can now compute some of the
matrix elements. Following Ref. [20], we use the approxi-
mate expression

(D40)
) % = [ D) + (1) 072D o) H > (D43)

where the ket on the right-hand side is a Fock state, to
represent the low-lying eigenstates of the squeezed-Kerr
Hamiltonian Eq. (1). More accurate results can be obtained
by instead using the exact numerical eigenstates of the
approximate Floquet Hamiltonian in Eq. (D24).

Let us also introduce the definition

O, =€, —¢€,+ e,‘f — €l (D44)

We begin with modes 0 and 1, which always kiss. We have
that 6y | = —w,/2 and 6, ) = w,/2 [see Fig. 14(a)]; thus,

Xoto = (94| P19)
295 -

~i|(142c,,2+d_q,—d )a——Tla
: o,

+ (302$a"'3a + d—l.a"'a2 - dl,a"'za)a|a|2 ’ (D45)

and the same approximate expression for X5 =
(p4|p1|dd). As a result, we find that X0 — X101 & 0;
see Fig. 4(a).
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When levels 2 and 3 kiss, we get 0,3 = —w,;/2 and
93.2 = a)d/2 We find

Xo30 = (93] P199)

203 -
i|(L4200m +dy,—d o) —%Ha
d

+ (3C2,a‘\3a —+ d—l,(ﬂa2 - dl.a“a)a<2 + |a|2) ’
(D46)

and the same approximate expression for Xz, =
(pd|p1|pd). Only the third terms in Eqs. (D46) and
(D45) differ.

In general, when levels u (even) and u + 1 (odd) kiss, we
have

= Xﬂ(ﬂ-‘rl)o = <¢ﬁ|l~91|¢;j+1>

203 -
A |:(1 +2cy 0 +d_y,—d; a#)&—ﬂna
. Wy

+ (362.0”11 + d—l.a‘\az - dl,a”a)a(zﬂ + |a|2) ’ (D47)

and the same approximate expression for X, i),
Therefore, when levels u (even) and u + 1 (odd) Kkiss,
we have |X, 110 = X(u+1)u1] # 0 in the large |a| regime
where the analytical expressions for the Floquet modes
Eq. (D43) are valid. Figure 15(b) shows a comparison
between exact numerical results (solid lines) and these
analytical approximations (dash-dotted lines) for some of
these Floquet matrix elements. The exact results are
computed in the lab frame, as in Fig. 4, and the approximate
results are obtained by evaluating the p, operators with the
numerical eigenstates of the approximate Floquet
Hamiltonian in Eq. (D24) for more accurate estimates.

The matrix elements associated with the main source of
leakage are X,;o and X3q;, which correspond to single-
photon absorption from the bath. We have 0, = —w,/2
and 05y = w,/2; thus,

Xo10 = (93] 119)

Ri[(14 2000 + dy g = dy )

+ (3C2,a+3a + d—l,tfu2 - dl,a“a)2|a|2] ’ (D48)

and the same approximate expression for Xz =
(pd|p1|pd). We also compare these matrix elements with
the exact results in Fig. 15(b).

Other matrix elements of interest are X,y,; and X3,
which have contributions from two-photon absorption
(e @) and drive-induced dephasing (« |I1|a"d) processes

in p,. In both matrix elements, we have 6, = 05 ; = 0;
thus,

Xopo1 = <¢§l|ﬁ2|¢g>

. 493 _
XNi|—-—————2a
3wy — wy)

+ (2C1,a7a2 + 263,51%2.(1 + d—2,atad2.a7a)ﬁa ’ (D49)

and the same approximate expression for Xz =
(4| p2|d¢). These analytical results are compared with
the exact ones in Fig. 15(c).

We note that, at finite temperature, two-photon absorp-
tion is present even for £; =0 (i.e., II = 0), due to the
third-order nonlinearity (x g3) of the double SNAIL. This
is a generic feature of circuit implementations whose
charge operator has a nonvanishing matrix element between
states of the same parity—for example, between |2,) and
|0,); consequently, this leakage channel is absent in circuits
that preserve parity symmetry, as in Refs. [11,78].

Finally, as noted in the main text, certain matrix elements
responsible for drive-induced leakage persist even at zero
temperature. In particular, X,, _; and X3, _; arise from p_,,
which—Iike p,—contains a drive-induced dephasing term
 |T1|a" 4. The dephasing term in p,, which emerges only at
finite temperature, describes the conversion of a bath
photon at @, into a drive photon, enabled by higher-order
wave mixing of the SNAIL. By contrast, the corresponding
term in p_, describes the reverse process—conversion of a
drive photon into an environmental excitation at w,—and,
therefore, persists even at zero temperature, provided the
bath has finite spectral function near w,. Crucially, both
absorption and emission processes carry which-SNAIL-
level information and, thus, lead to dephasing. In the logical
cat-state basis, this term couples |¢d) to |¢4) and |¢) to
|p4), thereby inducing leakage [39], with rates given by

Xa0-1 = (3P| 9)
~ _i(zcl,zﬂa2 + 2C3,a%2,a + d—2.a+a - dZ.aTa)Ha’
(D50)

with the same approximate expression for Xj;_;.
These analytical results are compared with exact ones in
Fig. 15(c). In both Figs. 15(b) and 15(c), the analytical
results reproduce the interference pattern similar to the
exact results, albeit it starts at lower drive amplitudes.
However, at large drive amplitudes a slight but noticeable
difference in the matrix elements remains between the
analytical and exact results, suggesting that the analytical
treatment may yield a slightly different estimate of the
intrawell leakage rate and tunneling time.
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APPENDIX E: PERTURBATIVE EXPANSION
ACCOUNTING FOR THE BUFFER MODE

1. Scaling of the resonant coupling with @,

We revisit the perturbative expansion used to derive the
Floquet Hamiltonian in the single-mode approximation,
now including the buffer mode in the description. We show
that accurately capturing the hybridization between low-
lying Floquet modes and those with a single buffer
excitation discussed in Sec. III A requires carrying the
expansion to very high orders in the system’s nonlinear-
ities, rendering the perturbative approach impractical for
quantitative predictions of the strength of the resonances.
As an illustrative example, we show that the leading-order
coupling between |¢; o,) and |¢;7_;,) appears only at the

order of O(¢) ().
We begin with the SNAIL-buffer Hamiltonian A’ in
Eq. (3) and move to the interaction picture via the unitary

transformation U (t)e~'@%% . Using the Floquet modes
and the expression for time-dependent matrix elements of
the SNAIL charge operator in Eq. (D42), this interaction
picture Hamiltonian can be expressed as

ad AT l()l’ A ,—lwpt
Hml lgnzpf(ab v —ape ”)

X Zel[e —el+n 1114/2)]t<¢5|ﬁn|¢g>‘¢ﬂ><¢u|

u.v.n

(E1)

The dominant process responsible for the transition
|$7.0,) = |#17.1,) corresponds to the term with n = -2,

since the term d2|¢17.‘><¢7.‘
detuning €§ — ef; approaches w,,

resonant when the

—w; = Ay, acondition
reached when the ac-Stark shift becomes substantial, as
explained in the main text.

We can now deduce the lowest order in ¢, at which p_,
couples these two states. When both states lie under the
barrier of the double-well metapotential, the relevant
coupling arises from @' since, following Eq. (D43), the

states are approximately given by |[¢] )~ [D D(a) +
D(~a))|3) and |¢f; ) ~[D(a) — D(-a)]|8), where [3)

and |8) are Fock states [20]. Five creation operators are
needed to raise the Fock number and another one for
changing the parity. The operator p_, is proportional to the
commutators [G_5,4"] and [G_,,d]; see Eq. (D39).
Therefore, the lowest-order terms proportional to 4™
GQP x 4'T*  and
GA(_131> o A'aI1*. These generators are proportional to g,
leading to an overall scaling of O(¢},).

originate from the generators

This scaling can be confirmed numerically. The operator
P includes terms of the form ~¢)a"™TI**!. To identify
the dominant value of k, we numerically evaluate the matrix
element g [IT|“F1|(¢f;|a™|9)[, using the numerically
obtained eigenstates of the squeezed Kerr Hamiltonian

Eqg. (1). Doing this, we find that the matrix element peaks at
k = 3 (not shown), confirming that the leading coupling
indeed scales as ~, .

In this illustrative case, knowing which states hybridize
at some particular drive amplitude allows us to determine
the required expansion order. However, in general, it is
impractical to use such a high-order perturbative expansion
to get an accurate estimate of the resonance strength,
making the exact treatment of the full nonlinear potential
indispensable.

2. Floquet spectrum accounting for the buffer mode

Our starting point is the SNAIL-buffer Hamiltonian [see
Egs. (16) and (D2)]

(E2)

where we have absorbed the SNAIL’s and buffer’s charge
zero-point fluctuations into the coupling strength g. It is
convenient to define the detuning A,; = w;, — @, and the
sum of the frequencies X,; = @wp, + wy.

The undriven quadratic part of Eq. (E2) can be diagon-
alized exactly using a Bogoliubov transformation.
However, we focus on the regime where §/A,, and
/%, are small. Under a perturbative diagonalization with
a unitary operator Q, we obtain

O"H(1)Q ~ @od'a + cbbdZ,db

Ac(a+ a") + By(a, + a))]"

n>3
+ A cos(agr) (a" — @)
4 -
2(pzpf
ie, A A
+ B, cos(wyt)(d;, — d,). (E3)
2402pf
Here, the shifted frequencies read
@Dy = oy — 7 _ 7
0 0 Abx Zh\
P
g g
w, = Wy + - (E4)
Abs st

where the perturbative first and second corrections on the
right-hand side come from the corotating (4", + H.c.) and
counterrotating (4" d; + H.c.) terms of the coupling,

respectively. The coefficients A, , and B, , read
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-
/1 1) — ;,
A=1-L (o
* 2 (Ais Z%S wo(a)i—a)%)

~2
g < 1 1> - o
Ay=1-L (o )y
g 2 Ais Eis wO(a)l% - w(Z))
1

(ES)

As in Eq. (D5), we can use a displacement transformation
on both modes to eliminate both drives and then a rotating
transformation to obtain

Hd(t) = (67)0 - a)d/2) d + (&)b - wd)dl};dh

a\T

n>3

+ B, (@pe~i@d" + Mye~™@d + H.c.)]", (E6)
where
~ ieda)d
M=A, — 40
r 2¢zpf(w%1 - a)(Z))
I:Ib _ 1P 10p] (E7)

r 2(pzpf(wczl - C1’)127) .

One could compute corrections to the drive-induced ac-
Stark shift A and the Kerr nonlinearity K in Eq. (D24), but
these are an order (§/A,,)? or (§/%,,)* smaller than A and
K therefore, their contributions can be neglected.

More importantly, the ac-Stark shift in the buffer mode is

negligible. The leading-order correction scales as

Ay ~ i BT + B3I, 2). (E8)
Even though I, can be large—up to O(10) for the
parameters we use in this work—this shift is strongly
suppressed by B ~ [jw,/(w; — @3)]*. This is confirmed
by the flatness of the quasienergies ¢; ;, and g ;, as a
function of &; shown in Fig. 10.

This has important consequences for the analytical
predictions of resonances in the Floquet spectrum in the
presence of the buffer mode. As a first Ansatz, one can use
the well-known spectrum {g, } of Eq. (D24) and the fact
that there is a negligible drive-induced frequency shift to
the buffer mode to write

€40, (eq) ® gﬂs(gd)’

€1, (€0) R &, (€4) + (0 — ).

(E9)

Here, we are ignoring all corrections due to the coupling .

This provides an initial estimate of the abundance of
multimode, multiphoton resonances in the Floquet spec-
trum as A,, is optimized for a given K.

APPENDIX F: SNAIL ARRAY MODES

Figure 16 shows a more detailed schematic of the
double-SNAIL circuit analyzed in Sec. IV. We first obtain
the Lagrangian in the absence of the ground capacitances
Cy, Cy', and Cg; these will be incorporated at a later stage.

Expressed in terms of the fluxes {6]-}?:1 across the large
junctions, the Lagrangian reads

_CiNRpe . Ov (N 2 Cs(Nmp )
£f7;6i+7 ;ei—v +5 ;9,»
FLSe) +(S0) ]S (Ge)
+— 0, + 0, +E cos| —6;
2 S
E — ) 0,
+a J €08 (cI)OIZl: t+(pext)

2 6
+ aE;cos <—ﬂ E 6’,-+qoext>. (F1)
@, i=4

Following Ref. [62], we perform a change of variables
based on the symmetries of the circuit that decouples the
kinetic energy terms. The circuit is symmetric under
permutations within each of the two triplets 6, 0,, 65
and 6y, 05, ¢ as well as under an exchange of these two
triplets. It is, thus, convenient to introduce the collective
flux variables {¢, ¢p_, &, &, x1, 12}, which are linear com-
binations of the original variables defined as

6

p+¢- < :
0; = 6 +;Wﬂ~i§ﬂ’ i=123
P | O
0, — 3 Wit i=45.6 (F2)
p=1

where W is a (2 x 3) semiorthogonal matrix, with the
properties » 7 W,; =0 and >} W, W,; =6, [62].
In particular, we have that the collective flux used in the
single-phase approximation corresponds to ¢ = > %_ 0;.
As discussed below, the other collective mode that plays an
important role iS ¢_ = 91 + 92 + 03 — (64 + 95 + 96)
While ¢ is symmetric under all three symmetries, ¢_ is
antisymmetric under the exchange of the triplets. In terms
of the new variables, the Lagrangian of the double-SNAIL
circuit takes the form
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a 2

C. . Cc_. C . .
L=2d = CypV+ 52 +50> (G +i)
pu=1

+ 2aE; cos <% + (pext> cos (%) . (F3)

Here, we have introduced the reduced fluxes ¢ = 27¢/®,
and ¢_ =27¢_/®, and defined C = C4(1/6 + a/2) +
Cs+ Cy and C_ = Cj(1/6 + a/2). Note that, as wanted,
the kinetic energy terms are now decoupled, and the modes
interact only through the nonlinearity. Owing to the
properties of the matrix W, the potential minimum occurs
at ¢p_=y,=¢, =0 and @ = @y, #0. Setting ¢_ =
Xu =&, =0 amounts to ignoring the five high-energy
modes, and from this we recover the Lagrangian of the
single-phase approximation given by

C. C . 2
Lgp :§¢2+7V<¢—V) +6E,cos<%>

+ 2aE; cos (% + goext> . (F4)

This expression immediately leads to the Hamiltonian of
Egs. (4) and (5).

The Hamiltonian without the single-mode approxima-
tion is also straightforward to obtain from Eq. (F3), and
from this we easily obtain the plasma frequency of each of
the six modes. Before determining these frequencies, we
first identify the location of the minimum of the potential
energy. For the parameters used throughout the main text,
see the caption of Fig. l—namely, £, /27 = 272.436 GHz,
Ec/27n = 107.8 MHz, a = 0.046, and ¢.,, = 27 x 0.33
the minimum is located at ¢;, = 0.255. Choosing (Cg +
Cy)/C4 = 2.83 leads to the following plasma frequencies:

wﬂr‘r = \/8EcEJ’+ =27 x 6.096 GHZ,

w,_ = \/3PECE,_ = 2x x 24.43 GHz,

wp./l = 4 /SﬁﬂECEJ,M = 277.' X 2631 GHZ, (FS)

corresponding to the symmetric mode, the antisymmetric
mode, and the remaining four transverse modes, res-
pectively. Here, p=C/C_~16.1 and B, =C/Cj~3
are ratios of the total effective capacitance of each
mode. The quantity E;, denotes the curvature of the
potential along mode x at the minimum, ie., E;, =
E[(d?U)/(dx?)] in-

ct cy
211 : W eoe
O

C}.E; aCy,aE;

Cl.E;

v

FIG. 16. Circuit diagram of the shunted double SNAIL capac-
itively coupled to the drive line. Each island in the array is
connected to ground through a parasitic ground capacitance.

Now including the ground capacitances shown in
Fig. 16, the Lagrangian Eq. (F3) acquires an extra kinetic
energy contribution that can be written in matrix form as
(1/2)07Cy0, where 07 = (0, ...,0,) and the (normalized)
matrix C/C}, is given by

11 1 1 1 1

11 1 1 1 1

11 142a 1+2a 14 2a 14 2a

1 1 1422 14+m+2a 1+m+2a 14+m+2a |

1 1 142a 1+m+2a 1+m+3a 14+m+3a

1 1 142a 1+m+2a 1+m+3a 1+m+4a
with a=Cj/C;, and m=Cy}/Cy; see Fig. 16.

Transforming this matrix to the basis defined by
Eq. (F2) and including it in Eq. (F3) gives the full circuit
Lagrangian in terms of the collective modes. After
obtaining the full Hamiltonian, we choose the value of
the capacitances to obtain the frequencies quoted in Sec. IV,
for example, E-/2z = 107.8 MHz, p=~16.1, and
g/2r = 100 MHz, which gives a plasma frequency of
w_ ~ 2w, + 2n x 54 MHz for the antisymmetric mode.
We do so by considering Cj = C}, = C;' for simplicity
and fixing the ratio Cj/C§ = 0.03 and an updated ratio
(Cs+ Cy)/C4 =3.074. This choice gives us the target
value for f and fixes the proportionality between E and g.
The only remaining free parameter is C¢, which fixes their
values. The plasma frequencies of the transversal modes
become
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w, ¢ /2m = 27.124 GHz,
w, /2rn = 27.378 GHz,
w,,, /2r = 27.113 GHz,

®,,,/2% = 27.369 GHz, (F6)

and the charge-charge coupling energies between the
symmetric mode and each of these transversal modes are

ge,/2m = 21.8 MHz,
ge,/2m = —12.6 MHz,
Gy, /27 = 1.7 MHz,

9y,/27 = 1.5 MHz. (F7)
A similar procedure is used to obtain f = 16.4 instead,
which gives w_ ~ 2w, + 27z x 330 MHz.

We note that these parameters are obtained from the full
Hamiltonian without approximation: the exact inverse of
the capacitance matrix is used to construct the Hamiltonian.
Eq. (F7) confirms that, among the high-energy collective

mode—couples much more strongly to the symmetric
mode than the others. The same conclusion was reached
in Refs. [62,63,81], where a perturbative expansion in the
ground capacitance ratio Cj/C§ was used.

To probe a worst-case scenario, the ground capacitances
used here are intentionally chosen to be large, though still
within realistic values (a few femtofarads). In practice,
these capacitances can be made smaller—see, for instance,
Ref. [61]—resulting in a weaker charge-charge coupling
between the Kerr-cat qubit and the array modes. We,
therefore, hypothesize that, regardless of the array-mode
frequencies, it is hybridization with the buffer mode that
sets the dominant limitation on Kerr-cat coherence in
current experiments.

APPENDIX G: STRAY GEOMETRIC
INDUCTANCE

In this appendix, we assess the impact of the serial
inductance present in the circuit implementation of the
Kerr-cat qubit in Refs. [30,33,34] as shown in Fig. 17(a).
Recent work [26] has shown that such inductances can
nontrivially renormalize the circuit potential and can

0.504—
— |¢o)
0.254 — 1)
0.00
—0.254
—0.50 T T T T
0 1 2 3 4 5

modes, the lowest-energy mode—the antisymmetric
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FIG. 17.

E;
E;
E;

Wal2 — [€, — €0 mod wg/2] (2nTMHz)

Drive amplitude &4/2m (GHz)

T T T T
4
Drive amplitude &4/2n (GHz)

(a) Circuit implementation of the Kerr-cat qubit used in Refs. [30,33,34], now explicitly including the finite geometric

inductance (red). Because the inductive energy E; is comparable to the SNAIL Josephson energy E;, usual expansions in E;/E; cannot
be used. Instead, we account for the inductance by retaining the high-frequency inductive mode that arises from the finite self-
capacitance (red capacitor). (b) Floquet spectrum versus drive amplitude for the lowest 50 levels. The first two Floquet modes—
representing the cat states—are highlighted in dark blue and red. (c) Spectral-kissing pattern in the presence of the serial inductor,

matching the behavior observed in the single-mode case.
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degrade the performance of dissipative cat qubits if not
properly optimized. Here, we show that, although this serial
inductance does modify the double-SNAIL potential [117],
its effect on the Kerr-cat spectrum is minimal and does not
affect the Kerr-cat qubit’s performance.

To incorporate the serial inductance into the circuit
description, one typically eliminates—via a Born-
Oppenheimer approximation—the very high-frequency
mode formed by the inductor together with its small intrinsic
self-capacitance [see the red capacitor in Fig. 17(a)]. A
subsequent perturbative expansion in the usually small
parameter E;/E;, where E; is the inductive energy, yields
an effective single-mode potential that captures the effect of
the inductance; see, for example, Ref. [118] for details. That
approach leads, for instance, to higher Josephson harmonics
in the cosine potential and improves predictions of the onset
of measurement-induced transitions in strongly driven cir-
cuits [47-49]. However, obtaining an analytical expression
for a single-mode potential requires the condition £; < Ej .
In the Kerr-cat experiments in Refs. [30,33,34], E; ~ E;, so
the E;/E; expansion cannot be used. Instead, Ref. [117]
accounted for the inductance by renormalizing the coeffi-
cients of the Taylor expansion of the potential around its
minimum. While valid for the regime of parameters of
interest, this method does not account for the full nonlinear
potential and may, therefore, miss drive-activated multi-
photon resonances that could be present if the full circuit
nonlinearities are retained [46].

Here, following Ref. [26], we forgo any perturbative
expansion by explicitly including the high-frequency
inductance mode and retaining the full cosine potential,
given by the Hamiltonian

Hy = 4Eci? + U(¢ — @) + wd} . (G1)

where U is the double-SNAIL potential from Eq. (5) and

G1 = /o, /2E. (4, + )

(G2)
|

is the reduced phase of the inductive mode of frequency w;
and annihilation operator d;. We choose parameters close to
those in Refs. [30,34], namely, E; /27 = 214.55 GHz,
E;/2m =273.28 GHz, and E./2z = 129.87 MHz. In
Eq. (G1), the inductive phase ¢; couples to the SNAIL
phase ¢ via U,. Diagonalizing H,, yields dressed eigen-
states that we label |i,, j;), where i, and j; are the SNAIL
and inductance-mode excitations, respectively. For this
diagonalization, we use a Hilbert space of 250 Fock states
in the SNAIL mode and ten Fock states in the inductance
mode and then retain the lowest 250 eigenlevels. We then
add a charge drive on the SNAIL mode and perform the
Floquet analysis as before, yielding Floquet modes |¢; ;).
In particular, the cat states |¢_,) and |¢; o,), along with all
other relevant Kerr-cat levels, now fully account for the
presence of the inductance while at the same time encom-
pass all circuit nonlinearities.

Because the impedance of a geometric inductance Z; =
;L cannot exceed the vacuum impedance Z,,. ~ 376.73Q
(see, for instance, Ref. [119]), this sets an upper bound
on w;. Taking Z; ~ Z,,. gives w;/2z ~ 80 GHz. Although
we present results for these values, varying Z; and Ej
and, thus, w; over other realistic ranges yields the same
conclusion.

The Floquet spectrum shown in Fig. 17(b) closely
resembles that of the single-mode case (Sec. II), exhibiting
no resonances for the drive amplitudes considered here
(up to approximately 20 photons in the cat manifold).
Moreover, because the inductance mode lies at much higher
frequency, any levels involving its excitation lie well above
the manifold of interest and do not perturb the low-lying
spectrum. We therefore conclude that—even though the
serial inductance renormalizes the circuit potential (e.g.,
modifying the self-Kerr and third-order nonlinearities)—
the overall structure of the Kerr-cat spectrum—e.g., the
spectral kissing shown in Fig. 17(c)—remains unchanged,
and we observe the same physics as in the single-mode
case.

APPENDIX H: EXPLICIT COEFFICIENTS FOR THE SECOND-ORDER
SCHRIEFFER-WOLFF GENERATOR

c = 394 + 93 ! >
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