PHYSICAL REVIEW X 16, 011037 (2026)

®

Stabilizer Rényi Entropy and Conformal Field Theory

Masahiro Hoshino 1 Masaki Oshikawa ,2’3 and Yuto Ashida'*

'Department of Physics, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
Institute for Solid State Physics, University of Tokyo, Kashiwa, Chiba 277-8581, Japan
SKavli Institute for the Physics and Mathematics of the Universe (WPI),

University of Tokyo, Kashiwa, Chiba 277-8581, Japan
*Institute for Physics of Intelligence, University of Tokyo,

7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

(Received 17 April 2025; revised 25 September 2025; accepted 22 January 2026; published 25 February 2026)

Understanding universal aspects of many-body systems is one of the central themes in modern physics.
Recently, the stabilizer Rényi entropy (SRE) has emerged as a computationally tractable measure of
nonstabilizerness, a crucial resource for fault-tolerant universal quantum computation. While numerical
results suggested that the SRE in critical states can exhibit universal behavior, its comprehensive theoretical
understanding has remained elusive. In this work, we develop a field-theoretical framework for the SRE
in a (1 + 1)-dimensional many-body system and elucidate its universal aspects by using boundary
conformal field theory. We demonstrate that the SRE is equivalent to a participation entropy in the Bell
basis of a doubled Hilbert space, which can be calculated from the partition function of a replicated field
theory with the interlayer line defect created by the Bell-state measurements. This identification allows us
to characterize the universal contributions to the SRE on the basis of the data of conformal boundary
conditions imposed on the replicated theory. We find that the SRE of the entire system contains a universal
size-independent term determined by the noninteger ground-state degeneracy known as the g factor.
In contrast, we show that the mutual SRE exhibits the logarithmic scaling with a universal coefficient given
by the scaling dimension of a boundary-condition-changing operator, which elucidates the origin of
universality previously observed in numerical results. As a concrete demonstration, we present a detailed
analysis of the Ising criticality, where we analytically derive the universal quantities at arbitrary Rényi
indices and numerically validate them with high accuracy by employing tensor-network methods. These
results establish a field-theoretical approach to understanding the universal features of nonstabilizerness in

quantum many-body systems.
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I. INTRODUCTION
A. Background

Understanding universality is a fundamental theme in
physics, aiming to identify phenomena that emerge across
different systems regardless of their microscopic details.
While universal behavior has traditionally been character-
ized by correlation functions and order parameters, quan-
tum information quantities—most notably, entanglement
entropy—have become powerful tools for understanding
quantum many-body systems [1,2]. A paradigmatic
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example is a one-dimensional critical state, where the
entanglement entropy S scales logarithmically with sub-
system size [ [3-5]:

C
S~=Inl 1
Cin (1)

This universal scaling is governed by the central charge ¢
of the underlying conformal field theory (CFT) [6],
reflecting the universality class of a critical state. Beyond
its theoretical significance, the universal scaling relation
can serve as a benchmark method for validating numerical
approaches to quantum many-body systems. For instance,
by comparing numerical results with the analytical pre-
dictions, one can assess the accuracy of numerical methods
such as tensor networks [7] and quantum Monte Carlo
samplings [8]. The relation (1) also provides a practical
method to numerically extract the central charge of the
critical states.
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Besides entanglement, in quantum computation, it has
been widely recognized that there exists yet another crucial
quantum resource known as nonstabilizerness or magic,
which quantifies how far a quantum state deviates from
stabilizer states. According to the Gottesman-Knill theorem
[9,10], stabilizer states—defined as common eigenstates
of Pauli strings—can be efficiently simulated on classical
computers. Consequently, nonstabilizerness, together with
entanglement, constitutes a necessary resource for achiev-
ing quantum advantage in computational tasks [11-13].
An understanding of nonstabilizerness in many-body sys-
tems has direct practical implications for determining state
preparation costs [14], improving magic state distillation
efficiency [15-18], and assessing computational complex-
ity in many-body simulations [19,20]. Critical states are
especially valuable in this context, as they are known to
serve as substantial quantum resources in terms of, e.g.,
entanglement [21,22] and quantum Fisher information [23].
Since a critical state corresponds to a fixed point of
renormalization group (RG) flows [24,25], of particular
interest is the universal long-distance behavior associated
with its nonstabilizerness.

To study the universality of nonstabilizerness, a
proper and computationally tractable measure is essen-
tial. In the case of entanglement, the entanglement
entropy serves as an appropriate measure, which can
be analyzed within the field-theoretical framework and
efficiently evaluated by using tensor networks [26].
Until recently, however, a corresponding measure for
nonstabilizerness was lacking; the robustness of magic
[27-30] defined through a minimization procedure is not
computationally scalable for larger system sizes, and the
negativity of the discrete Wigner function (known as
mana) [31,32] is restricted to systems with odd prime-
dimensional local Hilbert space [33-37].

In recent years, the stabilizer Rényi entropy (SRE) [38]
has emerged as a computable measure for nonstabilizer-
ness. Unlike robustness of magic or mana, the SRE can be
calculated directly from Pauli-string expectation values and
is applicable to many-body systems with arbitrary local
Hilbert-space dimensions. Owing to its computational
tractability, a variety of efficient numerical methods
for calculating the SRE have been developed, including
tensor-network approaches [39-43] and sampling methods
[44-49]. These numerical methods have allowed for
investigating nonstabilizerness in various many-body set-
tings, such as frustrated systems [50], Sachdev-Ye-Kitaev
models [51-53], and dynamical setups [54—62]. In par-
ticular, it has been numerically observed that the SRE can
exhibit universal behavior reminiscent of entanglement
entropy [44,48,63-68].

Despite these significant developments, a comprehensive
theoretical understanding of the origin and precise nature of
the universality in nonstabilizerness has so far remained
elusive. This gap naturally raises the following questions:

(A) Does nonstabilizerness in critical states exhibit

universal phenomena and, if so, in what manner?

(B) How can one understand universal aspects of non-

stabilizerness from a field-theoretical perspective?

The present work addresses these questions by establishing
a field-theoretical framework to analytically study the
SRE in (1 + 1)-dimensional critical many-body states
(see Fig. 1). We answer question A in the affirmative by
showing that the SRE exhibits universal behavior in two
distinct ways: first, through a size-independent constant
term ¢, in the SRE M, of the entire system and, second,
through the coefficient A,, of a logarithmic scaling in the
mutual SRE W, [Fig. 1(a)].

To address question B, we demonstrate that the universal
contributions to the SRE can be analyzed by boundary
conformal field theory (BCFT) [69-71]. Specifically, we
express the SRE as a participation entropy in the Bell basis
of a doubled Hilbert space, i.e., the classical entropy
associated with the Born probability of Bell-state measure-
ments acting on the doubled state. The long-distance
behavior of the SRE can, thus, be characterized by the
partition function of a replicated effective field theory with
the interlayer line defect created by the Bell-state mea-
surements. From this perspective, the universal size-
independent term ¢, is determined by the noninteger
ground-state degeneracy known as the g factor [72]
[Fig. 1(b)]. Meanwhile, the universal coefficient A,, in
the logarithmic scaling stems from the scaling dimension of
a boundary-condition-changing operator (BCCO) [69,73]
associated with the change of boundary conditions between
the subsystems [Fig. 1(c)]. We note that both the g factor
and the scaling dimensions of BCCOs are universal
quantities, as they are characterized by the infrared (IR)
limit of the theory, independent of microscopic details of
the models.

To validate these results, we provide a detailed analysis
of the SRE in the Ising criticality as a concrete example,
where we use bosonization techniques to identify the
conformal boundary conditions induced by the Bell-state
measurements. The same boundary condition is derived via
another expression of the SRE called the magic entropy.
We explicitly construct the corresponding boundary states
in the multicomponent S'/Z, free-boson CFT and ana-
lytically derive the universal contributions to the SRE.
These predictions have been numerically confirmed by our
tensor-network calculations with high accuracy. Altogether,
our results establish a field-theoretical framework for
systematically characterizing the universality of nonstabi-
lizerness in quantum critical states.

From a broader perspective, our results are related to
previous studies at the intersection of quantum many-body
physics and quantum information science. First, we note
that BCFT has previously proven successful in calculating
various information quantities, such as entanglement
entropy [3-5], mutual information [74], ground-state
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FIG. 1.

v

Summary of the main results. (a) Comparison of the long-distance behavior of entanglement and nonstabilizerness in critical

states. The universal feature of entanglement manifests itself as the logarithmic scaling with the coefficient given by the central charge ¢
of the corresponding CFT. In contrast, we show that the universality of nonstabilizerness is encoded in the size-independent term c,, in
the SRE M, and the coefficient of the logarithmic scaling in the mutual SRE W, which are given by the g factor g; and the scaling
dimension A,, of a BCCO B,,(x), respectively. Here, the Rényi index is denoted by a. (b) From a field-theoretical perspective, the SRE
of the entire system is obtained by the ratio between the partition functions with and without the measurement-induced interlayer line
defect in the 2a-fold replicated field theory. The universal term c, in the SRE can then be determined by the g factor g, of the
corresponding conformal boundary state. (c) The long-distance behavior of the mutual SRE is governed by the partition function with
two different boundary conditions (indicated by the red and green boundaries). This quantity can be expressed as a two-point correlation
function (B,,(1)B,,(0)) of the corresponding BCCO. The resulting logarithmic scaling behavior is characterized by the universal

coefficient determined by the scaling dimension A,, of B,,(x).

fidelity [75], and participation entropies in the computa-
tional basis [76—88]. In particular, the participation entropy
quantifies the localization of a state in a given configuration
basis, and its universal subleading term can be used to
characterize different quantum phases of matter. It has also
been demonstrated that the entanglement entropy for the
Rokhsar-Kivelson wave functions in d dimensions is
exactly the participation entropy of a (d — 1)-dimensional
ground state in the computational basis [86]. In this context,
the present work extends previous studies by examining the
participation entropy in an entangled basis, namely, the
Bell basis, which, to the best of our knowledge, has not
been explored before.

Second, more recently, BCFT has been applied to
describe critical states under measurements and
decoherence [89—104]. It was pointed out in Ref. [89] that
the effects of measurements on a Gibbs state with a path-
integral description can be expressed as boundary pertur-
bations in the action, and its long-distance behavior can be
determined by the boundary RG flow. This formalism was
extended in Ref. [92] to include local quantum channels

such as on-site decoherence. Furthermore, in Ref. [105],
the BCFT has been used to analyze many-body entangle-
ment swapping, i.e., entanglement induced by Bell-state
measurements across initially independent spin chains.
Building on these developments, the present work extends
the applicability of BCFT to nonstabilizerness—an
essential resource for quantum computation besides
entanglement—and reveals its universal aspects, which
might have implications for quantum information process-
ing and quantum simulation.

B. Overview of the key results

Before delving into the detailed theoretical formulation
in the subsequent sections, we provide a nontechnical
summary of our main results. Our primary focus is on
the universal behavior of nonstabilizerness in critical
ground states of quantum spin chains with periodic
boundary conditions. The first key result pertains to the
full-state SRE denoted as M, (w), which basically quan-
tifies the extent to which a state y of the entire chain
possesses a quantum resource necessary to achieve a

011037-3



HOSHINO, OSHIKAWA, and ASHIDA

PHYS. REV. X 16, 011037 (2026)

computational advantage over classical states in certain
algorithms. We establish that, for an L-qubit critical state,
the SRE generally follows the scaling form

Ma(l//) :maL_Ca+0(l)' (2)

Here, the leading term m,L is nonuniversal, as its coef-
ficient m, depends on microscopic details such as a choice
of ultraviolet (UV) momentum cutoff. In contrast, the size-
independent term ¢, is universal and encodes intrinsic
properties of the associated low-energy effective field
theory. We show that this term directly relates to the
noninteger ground-state degeneracy of the BCFT character-
izing the SRE, playing an analogous role to the central
charge c in the bulk CFT.

To understand the emergence of the universal subleading
term c,, we note that the SRE can be interpreted as the
Rényi entropy of the Born probability for Bell-state
measurements acting on the doubled state [106]. In the
path-integral formalism, the influence of such measure-
ments can be described as the boundary perturbations
localized in the imaginary-time direction [89]. Thus, this
perspective naturally leads to a field-theoretical description
wherein the universal contribution to M, (y) arises from
the presence of a line defect induced by those
boundary perturbations. Crucially, this defect is not a bulk
property but rather characterizes the universality of the
intricate conformal boundary conditions imposed on the
(2a-component) replicated field theory. This insight allows
us to leverage BCFT techniques to analytically determine
the value of c,, demonstrating that it corresponds to the
logarithm of the g factor.

We further investigate the mutual SRE defined as

Wa(A:B) = Ma(pA) + Ma(pB) - Ma(pAB)’ (3)

which serves as a direct analogue of the Rényi mutual
information 7, constructed from the Rényi entropy S,,.
Here, p,p represents the density matrix of the composite
quantum system consisting of subsystems A and B, with
the corresponding reduced density matrices given by
pa = Trplpap| and pg = Try[p4p). While the precise physi-
cal interpretation of the mutual SRE W, is still under
discussion [107], it can be understood as a quantifier of the
degree to which nonstabilizerness is distributed across
subsystems in a correlated manner. Intuitively, it probes
the extent to which nonstabilizerness is long-ranged, i.e.,
cannot be eliminated by a finite-depth local unitary circuit,
in analogy with how the mutual information captures long-
range quantum correlations. The mutual SRE W, provides
a natural diagnostic tool for identifying universal scaling
behavior in nonstabilizerness, as it eliminates leading
nonuniversal contributions and isolates intrinsic long-
distance features.

To establish the scaling behavior of the mutual SRE, we
consider the case where AB forms the entire quantum
system y, with subsystems defined as A = {1, 2, ..., 1} and
B={l+1,1+2,...,L}. Our second key result is that, in
the long-distance limit, the mutual SRE exhibits a universal
logarithmic scaling of the form

4A
Wall) = —— L, (4)

where [, = (L/x) sin(xzl/L) is the chord length associated
with subsystem size /. This logarithmic scaling is deeply
rooted in the underlying CFT description, where the
coefficient of the logarithm is determined by the scaling
dimension A,, of a BCCO B,,(x) appearing in the
replicated theory. This BCCO characterizes the change in
boundary conditions at the interface between subsystems A
and B, playing a central role in the universal properties of
the mutual SRE.

The universal relation (4) bears a strong resemblance to
the scaling behavior of the mutual information /,, in critical
systems, where the coefficient of the universal logarithmic
scaling is given by the central charge ¢ of the underlying
CFT. There, the bulk CFT played the fundamental role in
determining the universal properties of quantum entangle-
ment. However, a key distinction arises in the case of
nonstabilizerness, where the universal logarithmic scaling
of the mutual SRE is not solely governed by the bulk
properties but rather by the BCFT data, i.e., the scaling
dimension A,, of the BCCO. From a field-theoretical
perspective, this distinction stems from the fact that the
mutual SRE is intrinsically tied to nontrivial interlayer
boundary conditions within the replicated field theory. The
appearance of the scaling dimension A,, in the logarithmic
scaling follows naturally from the fact that the partition
function for W,(I) can be expressed as the logarithm
of (B, (1)By,(0)), which is a two-point correlation func-
tion of the BCCOs. Its asymptotic behavior is governed
by the scaling dimension A,, and leads to the relation (4).
This characterization provides a systematic and physically
intuitive explanation for the universal behavior in the
mutual SRE, which has been previously observed in
numerics [34,44].

As a concrete demonstration of our field-theoretical
framework, we investigate the universal aspects of non-
stabilizerness in the Ising criticality with the central charge
¢ = 1/2, which serves as a paradigmatic example of a CFT.
To facilitate an analytical treatment, we employ bosoniza-
tion techniques to map the doubled Ising CFT onto a single
free-boson CFT compactified on an orbifold S'/Z,. This
mapping significantly simplifies the computation of uni-
versal quantities, as the Gaussian nature of the free-boson
theory makes the replica-trick calculations tractable. Within
this formalism, we explicitly determine the ¢ factor
associated with the conformal boundary condition imposed
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by the Bell-state measurements and identify the scaling
dimension of the relevant BCCO. Our results reveal the
following universal expressions for the size-independent
term in the SRE and the coefficient of the logarithmic
scaling in the mutual SRE:

_Iny/a

Ca_a_la (5)
1

Ay = —. 6

2a 16 ()

These analytical predictions are confirmed with high
accuracy by our numerical calculations of the transverse-
field Ising model (TFIM) at criticality. Specifically, we
utilize tensor-network simulations based on matrix product
states to evaluate the SRE directly in the TFIM ground
state, while we implement a Monte Carlo sampling
approach to verify the scaling behavior of the mutual
SRE. The agreement between theoretical predictions and
numerical results provides compelling evidence for the
validity of our theoretical framework.

These results establish a direct connection between
nonstabilizerness and BCFT, paving the way for a system-
atic understanding of universal aspects of quantum resour-
ces in many-body systems beyond entanglement. The
universality of the scaling behavior suggests that, similar
to entanglement, nonstabilizerness could serve as a diag-
nostic tool for characterizing quantum phases and criticality
in many-body systems. Our identification also indicates
that the study of nonstabilizerness can provide detailed
information about the intricate conformal boundary states
realized by measurements. For instance, the universal
scaling gives a practical way to extract the value of the
g factor from numerical calculations of nonstabilizerness,
in a similar manner as entanglement entropy allows for
extracting the central charge.

Beyond theoretical implications, our results should
also have computational and experimental relevance. The
field-theoretical framework developed here enables the
analytical determination of the universal contributions to
nonstabilizerness in quantum many-body systems, offering
a new avenue for benchmarking numerical methods of
the SRE. Owing to the universal nature of our results, the
present framework also provides a predictive tool for
analyzing nonstabilizerness in a wide range of quantum
critical states, including those realizable in programmable
quantum platforms such as Rydberg atom arrays [108],
superconducting qubits [109], and trapped ions [110]. The
requirements for measuring the SRE are the Bell-state
measurements and a preparation of critical states [111],
both of which have been within reach of current exper-
imental techniques [112-115]. We note that the Bell magic
[106], a related measure of nonstabilizerness to the SRE,
has been measured in neutral-atom arrays using Bell-state
measurements across two copies of the state [116]. This

approach requires neither postselections nor midcircuit
measurements. Importantly, our numerical results suggest
that the universal behaviors can be observed even in small
system sizes with 10-20 lattice sites, which is a conse-
quence of conformal invariance of the critical states.

The remainder of this paper is organized as follows.
In Sec. II, we establish a connection between the SRE and
the participation entropy in the Bell basis of the doubled
Hilbert space, which allows us to analyze its universal
aspects using BCFT. This connection lays the basis for the
subsequent sections, where we give an understanding of
the SRE from a field-theoretical perspective. We also use
the magic entropy as an alternative expression of the SRE,
which is useful in supporting our results based on the
participation entropy. In Sec. III, we present a general
BCFT framework for calculating the SRE in critical states.
We introduce a replicated field theory with boundary
conditions imposed by the Bell-state measurements and
elucidate how universal features of the SRE emerge from
this formulation. Section IV demonstrates our framework
through a detailed analysis of the SRE for the Ising
criticality. We use bosonization techniques to map the
Ising CFTs onto a free-boson CFT and identify the
conformal boundary conditions induced by the Bell-state
measurements. By constructing boundary states in the
multicomponent S'/Z, free-boson CFT, we analytically
derive the universal contributions to the SRE and validate
them through tensor-network calculations. Finally, in
Sec. V, we discuss the broader implications of our findings
and outline potential future directions.

Readers primarily interested in the conceptual aspects
and universal properties of the SRE might focus on Secs. II
and III, where we present the key theoretical insights in a
general manner. Those seeking detailed derivations and
explicit calculations will find a comprehensive analysis
of the Ising criticality in Sec. IV and Appendixes A-D,
which contain a step-by-step demonstration of our field-
theoretical framework.

II. STABILIZER RENYI ENTROPY
AS PARTICIPATION ENTROPY
AND MAGIC ENTROPY

In this section, we demonstrate how SREs can be
understood as participation entropies in the Bell basis.
We begin by summarizing the definition and key properties
of the SRE. We then employ the Choi-Jamiolkowski
isomorphism [117,118] to represent the expectation values
of Pauli strings as Born probabilities associated with
Bell-state measurements in the doubled Hilbert space.
We note that the relation between nonstabilizerness and
Bell-state measurements across the doubled spin chain
was pointed out in Ref. [119] and further developed in
Refs. [106,111,120,121]. This identification allows us to
calculate the SRE using BCFT in the subsequent sections.
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A. Preliminaries

For an L-qubit pure state |y), the a-SRE is defined as
follows:

Here, y = |y) (w| represents the density matrix correspond-
ing to |y), and the L-qubit Pauli string 6™ is given by

L
6,1‘1 _ ® oM2j-1M2; (}’T’L = {0’ 1}2L), (8)
=1

where the Pauli matrices are labeled as

000:(1 0> 610:<0 1)

0 1) 1 0/

601—<1 0>, 6”—<(_) _i>. 9)
0 -1 i 0

The SREs can serve as measures of nonstabilizerness for
pure states and possess several key properties for all a—
(i) faithfulness: M, (y) = 0 if and only if |y) is a stabilizer
state; (ii) stability under Clifford unitaries Ce€Cy:
M, (CyC") = M,(y); and (iii) additivity: M,(y ® ¢) =
M, (y) + M,(¢); we here recall that the Clifford group C;,
consists of unitary transformations preserving the Pauli
group, Co™C" = ¢ for C € C;, and stabilizer states are a
set of states constructed by applying the Clifford unitaries
to the product state |0)®~. Since the calculation of the SRE
requires no minimization procedure, it can serve as a
computationally tractable measure for many-body systems.

The crucial property of monotonicity, the nonincreasing
nature under stabilizer protocols, depends on the value of a.
It has been shown in Ref. [122] that SREs are stabilizer
monotones for a > 2 but not for @ < 2. Moreover, a related
measure called the linear stabilizer entropy, defined as
M (y) = 1 =3 27LTr?*[¢"y], has been proven to be a
strong stabilizer monotone for @ > 2 [122]. In this sense,
using the SRE and linear stabilizer entropy as measures
of nonstabilizerness is well founded for a > 2. We note
that, unlike other entropy measures such as entanglement
entropy which require analytic continuation from integer
Rényi indices, the SRE is directly meaningful at integer
values o > 2.

It is desirable for informational quantities to have
operational interpretations. For example, the entanglement
entropy characterizes the efficiency of entanglement dis-
tillation protocols for pure states. An operational meaning
for the SRE has recently been established in the context
of stabilizer property testing [123—125]. Intuitively, the
magnitude of the SRE represents the indistinguishability

between the Clifford orbit of the state and Haar

random states.

B. Participation entropy

The SRE can be interpreted as the participation entropy
in the Bell basis of the doubled spin chain. This inter-
pretation provides a powerful framework for analytical
calculations: It enables us to systematically derive the line
defect in the CFT partition function that is necessary to
compute the universal terms in the SRE. The essential
insight of this approach is that expectation values of Pauli
strings translate into projective measurements on the
doubled system, which can then be rewritten as boundary
perturbations in the replicated CFT.

In general, the participation entropy of a state |¥) is
defined as the classical entropy of the probability distri-
bution p; = |(i|¥)|? in a certain orthonormal basis {|i)}.
The SRE of |y) corresponds to the case where |¥) =
lw)|w*) is the doubled state, and |i) is the Bell basis across
the two chains (see Fig. 2). This connection arises from
the following relation between the Pauli matrix and the
Bell basis:

lvec(6%)) = v/2|Bell®), (10)
lvec(6'%)) = V2[Bell'?), (11)
lvec(c®')) = V2[Bell®!), (12)
lvec(c')) = —iv2[Bell'!). (13)

Here, |vec(-)) is a linear map defined as |vec(|x)(y|)) =
|x)|[y) in the computational basis, which establishes the
Choi-Jamiolkowski isomorphism between operators and
states in the doubled Hilbert space. We also defined the
Bell basis as

_0b) + (=1)"[1b,)
- 5 ,

which is labeled by the two binary digits b,b, € {0, 1}2.
Utilizing the property Tr[A"B] = (vec(A)|vec(B)) of the

|Belli2) (14)

mimso M3My MsMeg M7INg

o000
o000

FIG. 2. Schematic figure illustrating how the Bell basis is
defined in the doubled spin chain. The SRE is calculated from the
Born probability of the Bell-state measurements across the two
chains. The measurement outcomes are labeled by m € {0, 1}2L.
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linear map, we obtain the following expression for the
expectation value of the Pauli string:

Teloy] = |(vec(o™|vee(y) |

2

Jj=1

| @wete )

= 2LTr [P (y @ y)). (15)

In the last line, we have defined the projection operator
onto the Bell basis as P = 2L |vec(c™))(vec(c™)|. Using
Eq. (15) in the definition (7), we obtain the following
expression for the SRE:

1

l-—«a

Mo(y) =3I p TPy @ y*)|~(In2)L.  (16)

a
m

P
Here, p;; := Tr[P" (y ® )] is the participation in the Bell
basis, or equivalently, the Born probability associated with
the Bell-state measurements performed on the doubled
state. Consequently, the a-SRE can be interpreted as the
a-Rényi entropy of the classical probability distribution
{pm}, up to a constant offset chosen to ensure that M,
vanishes for stabilizer states.

We note that the connection between the SRE and the
participation entropy is not limited to qubit systems. For
qudit systems with a local Hilbert-space dimension d > 3,
the SRE is defined by using the expectation values of
Heisenberg-Weyl operators [126,127]. Using the Choi-
Jamiolkowski isomorphism, we can map these expectation
values to the Born probabilities of measurements in a
maximally entangled state across the doubled space. Thus,
the SRE in qudit systems can also be interpreted as
participation entropies in an orthonormal maximally
entangled basis of the doubled state.

C. Magic entropy

In addition to expressing the SRE as participation
entropy in the Bell basis, there is an alternative expression
of the SRE as the so-called magic entropy that is introduced
in Ref. [124]. This perspective is also valuable for calcu-
lating the SRE with BCFT, as it explicitly provides the
configuration of the line defect in the partition function. We
see in the following that these two approaches for deter-
mining the line defect lead to consistent results.

To define the magic entropy, we introduce the notion
of convolution of a quantum state. The key unitary for
convolution is the operator V acting on K quantum systems
of L qubits, defined as

K K
CNOTj_,1> (HCNOTl_,,), (17)
=2 i=2

J

V:=U®, U= (

where U is a unitary acting on K qubits and
CNOT,_|x)|y) = [x +y)|y) (x.yE€Z,) is the cNoOT
gate. To relate the magic entropy to the SRE, we
choose K to be odd. The unitary V satisfies the following
properties:

V(®L, ) = [Yem) @, X + 1), (18)
VI®K, %) = [Xem) ®F, [¥om — %), (19)
V(e" @ IPK-)VT « (™)K, (20)
Vie™ @ I®K-1)V « (6™)®K, (21)

Here, Xcp = > K, X (X;€Z%) and the proportionality
constants in the last two lines are given by

2L
(—1)[(K_l)/2] Zi:l "2-1"j The convolution channel is then
defined as follows:

Rgp=Tr[(Vp®p®--- ®@p)V'].  (22)
—_—
K
Here, Tric[-] denotes the partial trace over subsystems

2,3, ..., K. Precisely speaking, the map X is a quantum
channel from H®X to H, where H is a single copy of the
Hilbert space. This notation is justified since we consider
only identical copies p®X as the input state.

The magic entropy is then defined as the entropy of the
state after convolution:

MEX (y) = 5, (Rw). (23)

Here, S,(p):= (1 —n)"'InTr[p"] is the Rényi entropy.
The magic entropy for n = 2 turns out to be proportional
to the SRE with Rényi index o« =K odd. We can
easily confirm this relation using the swaAp trick, i.e.,
Tr[AB] = Tr[F(A ® B)], with the SWAP operator

=2 (o)

S>(Mgy) = —In Tr[[F<®KV/>®2]
= —InTr | (&})# (F)y |

= —InTr [2‘LZ[VT(0’7‘ ® I®K-1)y]®2y,®2K

- —IHZW F+ Eq. (21)]
= (K = 1)Mk(w). (24)

Here, we used the dual channel K} (p) = V' (p ® I®K-1)V
in the second line. This alternative expression for the SRE
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as magic entropy will play a complementary role to the
approach using Bell-state measurements in identifying the
line defect in the replicated CFT.

It is noteworthy that there exist resource measures
for quantum computation defined in the same manner as
magic entropy. For example, measures of non-Gaussianity,
which is a resource for universal quantum computation
using fermionic and bosonic systems, can similarly be
defined through the entanglement created by convolution
[128—131]. This construction is quite general: There exists
a certain correspondence between measures that involve the
commutant in the trace like the SRE and fermionic antiflat-
ness [132] and measures based on convolutions, which
can relate to each other through the dual channel of the
convolution. Therefore, our theoretical framework could
potentially be extended to handle a broader class of
measures beyond qubit systems (see Sec. V B for further
discussions).

IIL. STABILIZER RENYI ENTROPY
IN CRITICAL STATES

We now employ BCFT to analyze the SRE in critical
quantum spin chains. BCFT has been useful in character-
izing universal properties of one-dimensional critical states
and successfully applied to various information-theoretic
quantities, including entanglement entropy [3—5], mutual
information [74], and participation entropies in the com-
putational basis [76—88]. Moreover, recent studies have
demonstrated the utility of BCFT in describing critical
states under measurements and decoherence [89-104],
including Bell-state measurements acting on the two spin
chains [105].

Given the identification of the SRE as a participation
entropy as outlined in the previous section, BCFT
provides a natural and powerful framework for analyzing
the SRE in critical spin chains. Within this perspective,
the universal properties of the SRE can be extracted
from the partition function of a replicated field theory
with a nontrivial interlayer line defect created by the
Bell-state measurements. This approach allows us to
systematically characterize the universal contributions
to the SRE in terms of the BCFT data, such as the g
factor and the scaling dimensions of BCCOs.

A. Measurements in CFT
We present a brief introduction to our methodology for a
CFT description of quantum measurements. We begin with
a Gibbs state p of a Hamiltonian H:

e PH

- . 25
Tre PH (25)

P

In the path-integral formalism, the expectation value
of an observable A in this state can be expressed as an

imaginary-time evolution through a path integral over
eigenstates of a quantum field ¢:

1
@) ="Tiag] =, [ Doalgle. (26)
Here, Z is the partition function,
Z = Tre P = /D(pe_SM, (27)

and S[g] is the Euclidean action defined on a two-
dimensional sheet. When the Hamiltonian H is defined
on a periodic chain of length L, the theory is defined
on a torus of size L x f with spatial coordinate x and
imaginary time z.

Now, let us consider projective local measurements
acting on p in Eq. (25). We label the outcomes by
m = (my,m,, ...), a string of labels for local measurement
outcomes, and write the corresponding projection operators
as P™. The postmeasurement state becomes p™ =
P pP™/p.. where the Born probability p; is given by

. 1 .
pi = Tr[P"p| = Z/D(mee_S["’]. (28)

Throughout this paper, we assume that the operator P" is
independent of imaginary time 7, i.e., diagonal in ¢, and
describe the projection operator as a boundary perturbation
P = 7957l at a time slice 7 =0. We note that this
condition can be satisfied in the Bell-state measurements
[105], which are the primary focus of the present work. The
projective nature manifests itself as an infinitely large
coupling constant in 6S[p], effectively fixing the field
configuration and leading to a line defect at the time
slice [133].

To calculate the participation entropy, which is a non-
linear function of the Born probability, we employ
the replica trick. Specifically, we compute the sum of
the nth power of the Born probability pj; through

an% Ty |:Z<Pr7z>®np®n:| . (29)

m m

This reveals that the participation entropy can be obtained
from the partition function of an n-replicated theory with
the operator > (P™)®" acting on the time slice of the
torus. Since each component (P™)®" in the sum is
orthogonal to all others, the composite operator >~ (P™)®”"
remains a projection operator. As detailed later, when the
measurement basis is a stabilizer state, the projection
operator > - (P™)®" is guaranteed to be diagonal in ¢,
given that each P is diagonal in ¢. We can then describe
the composite projection operator as a certain boundary
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perturbation: Y (P™)®" = ¢=9%:(¢] which allows us to
rewrite Eq. (29) in the form of a path integral as follows:

Zp% = % ﬁ D(ﬂi] exp (— Z Slpi] = 8S, [(i]) :

(30)

The field configuration at the time slice is constrained to
minimize the interlayer boundary action &S,[@]. This
formalism provides a systematic way to determine the
universal contributions to the SRE, as we demonstrate in
the case of the Ising criticality later.

At this point, we can examine what kind of line defect
will be imposed by the boundary perturbation arising from
the measurements. In general, when an extended operator A
in the partition function Tr[Ap®"] commutes with the
Hamiltonian, it manifests as a topological defect [134].
Meanwhile, when the operator is a rank-one projection
operator, it is expected to impose factorizing defects, i.e.,
defects that split into two conformal boundaries on each
side. The corresponding boundary perturbation in this
case takes the form of a relevant perturbation with
infinitely large coupling constant, which is known to
flow to factorizing defects [135], consistent with our
physical intuition. This latter scenario is realized for a
single round of measurement, described by the boundary
perturbation P = ¢7%5¢] A crucial assumption for the
line defect to maintain conformal invariance is that the
measurement outcomes are uniformly distributed over
sufficiently large intervals.

We now turn to the case of participation entropy,
described by the boundary perturbation 3. (P™)®" =
e795:19] acting on the replicated theory. The translation
invariance of this perturbation is automatically ensured by
the summation over m. Since the projection operator is
not guaranteed to be rank one in this case, the boundary
perturbation can be irrelevant. Nevertheless, the infinitely
large coupling constant can still drive the system toward
nontrivial line defects. This behavior is consistent with our
observation in the following section that certain boundary
conditions lead to g factors greater than unity [72,136,137].
Indeed, the g factor starts from the unity g = 1 in the UV
limit, and, according to the g theorem, it must monoton-
ically decrease under boundary RG flows if the perturba-
tion is relevant.

B. Full-state SRE

We here discuss how the universal size-independent term
in the full-state SRE is determined from the ¢ factor of the
replicated theory with the interlayer line defect. We con-
sider a one-dimensional critical chain of length L, whose
low-energy behavior is described by a (1 + 1)-dimensional
CFT with the central charge c¢. We assume time-reversal

symmetry (y = y*) for the sake of simplicity. As outlined
in the previous section, we use the replica trick to calculate
the SRE of an entire chain for integer a > 2. While the
analytical continuation to arbitrary « is not required for our
purpose, we numerically verified that the continued results
are consistent with the SRE obtained for integer « in the
Ising CFT. Let us rewrite Eq. (16) for integer a in the
following form:

1 _
m\®a *\Qa | _
_alnTr E,;q (P™)®(y @ y*) (In2)L.

M) =5

(31)

The operator 5 - (P™)®* acts as a projection operator in the
2a-component replicated theory and induces an interlayer
line defect at the time slice 7 = 0 on the two-dimensional
sheet. We can define the partition function of this theory
as follows:

L | @y (32
Here, Z is the original partition function of a single-
component theory without a defect. The partition function
Z,, 1s calculated by a path integral of 2a components on a
torus with a line defect [Fig. 3(a)]. We employ a folding
trick to rewrite Z,, as a path integral of 4a components
on a cylinder with different boundary conditions imposed at
=0 and 7 = /2 [Fig. 3(b)]. The boundary condition
imposed by the projection operator 3~ (P")®® at 7 = 0 is
denoted by I'y (red), while the artificial boundary condition
at 7 = /2 arising from the folding is expressed by I,
(blue). In the IR limit, these boundary conditions flow to
conformally invariant boundary conditions.

In BCFT, partition functions of CFTs on a cylinder with
conformal boundary conditions at the ends are expressed as
amplitudes between boundary states as follows:

Zyy = (Dale”W/DH D), (33)

Here, |I';) and |T',) are the boundary states corresponding
to I'; and I',, respectively, and H is the CFT Hamiltonian
of the 4a independent components on the cylinder. In
general, partition functions with boundaries consist of
contributions from bulk energy, line energy proportional
to the length of the boundary, and boundary entropy that is
a universal constant assigned to each conformally invariant
boundary condition [72]. Since the bulk energy cancels
between Z,, and Z%%, Eq. (32) in the limit # — co generally
behaves as

Zsy
1nZ§a = bL +1Ing+ o(1), (34)
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FIG. 3. (a) The partition function Z,, of the 2a-component
theory is defined on the torus of size L x f3. The figure illustrates
periodicity only in the imaginary-time direction. (b) The system
is folded into the 4a-component theory defined on the cylinder
of circumference L and length $/2 with boundary conditions
I'i at =0 and T', at 7 = /2. If we write the original fields
as @; (i=1,2,...,2a), then the remaining 2« fields ¢; (j =
2a+ 1,2a + 2, ..., 4a) satisfy the sewing condition ¢; = ¢;,,,
at the boundaries I'; and T,.

where b is a nonuniversal line energy density contributing
to the SRE density m,, in Eq. (2) and the universal constant
g = g19» 1s the product of g factors associated with I'
and I',. We note that the boundary condition I', must
have a trivial g factor g, = 1, since it is merely an artificial
boundary created from the folding. Therefore, from
Egs. (31), (32), and (34), the constant term of the SRE
[cf. Eq. (2)] is written as

_Ing
S a-1"

« (35)

In practice, the g factors g, , can be calculated from the
overlap of the boundary states |I"; ,) with the ground state
|GS) of H. To see this, we consider the leading contribution
to the partition function Z,, in Eq. (33) in the limit # > L:

Zyo = (T1|GS) (GS|Tp)e™P/2Fas®), (36)

where Egg(L) is the ground-state energy of the
Hamiltonian on a cylinder of circumference L: Egg(L) =
—rc/(6L). The phase factor of |GS) can be chosen such
that (GS|I') is real and positive for all boundary states |I").
Comparing this behavior with Eq. (34), we obtain g; =
(GSIT'y) and g, = (GS|I';).

In the IR limit, a fine detail about informational
quantities is typically encoded in the boundary rather than
the bulk of the theory. While entanglement entropy reflects

the properties of a special topological defect with universal
behavior determined solely by the central charge, more
general informational quantities require the extensive
boundary data of replicated theories. For instance, when
degrees of freedom at cuts of the Hilbert space appear
(such as in gauge theories), the g factor of the conformal
boundary to which the cut flows contributes as a subleading
correction [138]. The bulk CFT, characterized merely by
the central charge and bulk primary correlations, cannot
capture such detailed information. In contrast, replicated
theories possess numerous (typically infinite) conformal
boundaries with large degrees of freedom, enabling the
encoding of finer details.

Before closing this section, we comment on the SRE of
critical spin chains subject to open boundary conditions
in the spatial direction. In this case, there appears a
logarithmic term in L to appear in the SRE [139]. This
is the contribution from corners on the two-dimensional
sheet, and the coefficient of the logarithmic term is a
universal quantity determined by the central charge and the
scaling dimensions of BCCOs that connect the boundaries
on both sides [140]. Such a subleading logarithmic term
has been discussed also in the context of the participation
entropy in the computational basis [86].

C. Mutual SRE

The path-integral formalism can also be applied to the
mutual SRE by adding a boundary-condition-changing
point in the replicated field theory. Let 714 € {0, 1}*! denote
the label of Pauli strings in the [-qubit subsystem
A ={1,2,....1}. We then obtain the following relation:

Tra[opa] = Trl(™ ® Ip)yl. (37)

where I = (6%)®L=) s the identity operator in the
(L = I)-qubit subsystem B = {l+1,1+2,...,L}. Since
6”4 @ I is still a Pauli string in the total system y, we
can use Eq. (15) to write

TR [p] =24 Te [P @ (PO)2 D] (y @ yr) | (38)

In a similar manner as in the full-state SRE, the SRE of the
subsystem A reads

Ma(ﬂA)

(aL-Dn2 1 i .
=t T Y (PR @ )

’

ny

(39)

where P = P7is @ (P%)®(L-) While a modified defi-
nition of the SRE has been proposed for mixed states [38],
for the purpose of our analysis, we adopt the conventional
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definition of the SRE in Eq. (7) to ensure consistency in
our field-theoretical framework. The projection operator
Do, (P™)® creates an interlayer line defect in the
replicated 2a-component theory, where the type of the
defect is different between the subsystems A and B.
The corresponding partition function in the path-integral
formalism can be read as follows:

Z 2a (A )
ZZa

=Tr|> (P8 (y @ y*)®|.  (40)

Tty

As shown in Fig. 4, after the folding, the partition function
Z54(A) is calculated by a path integral of the 4a-component
theory on a cylinder with the boundary condition I', at
7 = f/2 (blue) and two different boundary conditions at
7=0:T;in A withx €0, /] (red) and Iy in B withx € [/, L]
(green). Here, I'; is the artificial boundary condition created
by the folding, T'; is induced by the projector ) _ (P7ia)®a
acting on A, and I is imposed by the product ( P00)®a(L—1)
of the projection onto |Bell™®) across the local doubled
Hilbert space in B.

One can calculate the partition function Z,,(A) as a two-
point correlation function of the BCCO B,,(x) associated
with the change between I'y and I'y as follows [69,73]
(see Fig. 4):

ZZa<A) - <B2a(l)82a<0)>' (41)

If we write the scaling dimension of B,,(x) as A,, and
consider the ground state ff — oo, the partition function
behaves as Z,,(A)/Z** ~ ¢=¢![;*** where € is a nonuni-
versal energy density and [. = (L/z)sin(zl/L) is the
chord length. From Egs. (39)—(41), the SRE of the sub-
system A is expressed by

L

B2

[ L—1

FIG. 4. The partition function Z,,(A) is calculated from the
path integral on a cylinder of circumference L and length /2
with the boundary condition I', at = = /2 and two different
boundary conditions at z=0: I'; in 0<x </ and T, in
| <x < L. There are two boundary-condition-changing points
at x = 0,/, and the partition function Z,,(A) can be calculated
from a two-point correlation function of the BCCOs B,,(x)
inserted at these points.

In2)L—(In2+e)l 24
a(n2)L=(In2+ )l 2oy, 1 ()

Ma(pA): a—1 c

l-a
leading to the long-distance behavior of the mutual SRE:
Wa(l) = Ma(pA) + Ma(pB) - Ma(pAB) (43)

4,
Ca-—-1

Inl,. (44)

It is now evident that the coefficient of the logarithmic
scaling in the mutual SRE is characterized by the universal
quantity A,, in the IR theory.

D. Mutual information

We remark that there is yet another definition of the
2-SRE that involves the Rényi-2 entropy as a normalization
contribution [38]:

My(p) = Ms(p) = Sa(p). (45)

where S,(p) = (1 —a)~'InTr[p?] is the Rényi entropy;
we note that, for a pure state p, this definition reduces to
Eq. (7) since S,(p) = 0. The mutual 2-SRE based on M,,
denoted as W, can be related to the above mutual SRE (43)
via [141]

W,(A:B) = W,(A:B) — I,(A:B), (46)
where the Rényi mutual information 1,(A: B) is defined as

I(I(A:B) = S(l(pA) + Sa(pB) - S(l(pAB)’ (47)

In fact, the Rényi-2 entropy S, can also be calculated from
the Pauli-string expectation values [142]. Thus, our frame-
work can be equally applicable for calculating the Rényi-2
mutual information /, and, consequently, another version
of the mutual 2-SRE W, in Eq. (46).

This observation motivates us to calculate the Rényi-2
mutual information /, based on BCFT formalism as a
further check of the validity of our theoretical framework.
Specifically, using the relation

Tr3] = 241 | 3PPy @ )

iy

: (48)

we may express the Rényi-2 entropy S, in terms of the
partition function Z,,(A) evaluated at a = 1 [cf. Eq. (40)],
even though Z,,(A) was originally defined for a > 2.
In this case, we have ) ; P =1, ® (P°)®~/, and
the boundary condition I'; in A becomes the trivial one
equivalent to I';, while the boundary condition Iy in B
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corresponds to the projection onto the product of |Bell”)
across the doubled state. Accordingly, if we denote the
scaling dimension of the corresponding BCCO as A,
(extending our notation to include a = 1), the mutual
information exhibits the universal logarithmic scaling:

12(1) = 4A2 In lc. (49)

For the ground state of a CFT with the central charge c, it
has been known that the Rényi entropy scales as S, () =
(¢/6)(1 4+ a ') Inl, at long distances [5], which leads to
I,(I) = (c¢/2)Inl,. Comparing these two results yields
A, = ¢/8. Below, we reproduce this result for the Ising
criticality, though this agreement is a priori not obvious,
because the scaling dimension A,, was originally defined
for @ > 2, and analytical continuation to a =1 is not
ensured to give a correct value.

IV. ISING CRITICALITY

In the previous sections, we have shown that calculations
of the universal contributions to the SRE boil down to
construction of the conformal boundary states correspond-
ing to the Bell-state measurements. In the present section,
we demonstrate this through a detailed analysis of the Ising
CFT as a case study. A standard lattice model that realizes
the Ising criticality is the TFIM, whose Hamiltonian is
given by

L

Hupg = = Y (Z;Z1 + 2X)), (50)
=1

where we write the Pauli matrices as Z = ¢°! and X = ¢'°

for later convenience, A represents the transverse field,

and the critical point is at 1 = 1. We note that, when 4 — 0

or 4 — oo, the ground state of the TFIM reduces to a

stabilizer state.

To analytically calculate the g factor and scaling dimen-
sion, we employ a bosonization approach and map two
Ising CFTs to a single free-boson CFT for simplifying
the analysis of multicomponent replicated field theory.
Our procedure consists of two main steps: First, we
determine the conformal boundary conditions by express-
ing the projection operator as a boundary perturbation in
the Euclidean action. Second, we calculate the ¢ factor
and scaling dimension by constructing the corresponding
boundary states within the free-boson theory. As shown
later, the analytical results obtained through this approach
perfectly agree with our numerical calculations.

A. Boundary perturbation formalism

We first rewrite the projection operator Y . (P™)®“
acting on the a copies of the doubled state as a
Euclidean boundary action in terms of bosonic fields.

To this end, we note that the projection operator on
replicated qubits at a local lattice site can be written by
Pauli matrices as follows [143]:

D (P =

by,by by,by

= HI;S. (51)

sel@

I+ (=) ZZT + (=1)P XX 8«
>R

Here, S$@ is a set of the generators that stabilize the
projected subspace and spanned by the following set of
Pauli strings:

3@ — {XX<'>XX<2>, 770720, 77@N 77 } (52)

The superscript of XX (i = 1,2, ..., a) labels the ith pair
of qubits in the a-fold doubled Hilbert space, resulting in
2a spins at each site in total. We may write (I +5)/2 =
lim,_, /(2 coshu), which enables us to express the
whole projection operator in the exponential form
S (P8 =05 where we introduce the 2a-interlayer

boundary coupling by

88y = —4 / drb(z) / dx s (53)

sel@

The coupling constant x is understood to be taken infinitely
large, reflecting the projective nature of the measurement
considering here. This path-integral representation of the
projection operator leads to the following expression for the
partition function in Eq. (32):

2a
Zoy = / exp (- D oS0 552(,> . (54)
i=1

Here, S') is the bulk Ising CFT action of the ith component
in the 2« replicated theory. Since the coupling constant p
tends to be infinite, we can identify the boundary condition
as the field configuration that minimizes the boundary
action 6S,,.

B. Bosonization

We next map a pair of the Ising CFTs into a single free-
boson theory and determine the boundary conditions in
terms of the bosonic fields. In the Ising CFT, there are three
primary fields I, €, and o, with conformal weights 0, 1/2,
and 1/16, respectively [6]. The correspondence between
lattice operators and these primary fields is known to be
Z ~o and X — (X) ~ ¢, where (X) is the nonzero expect-
ation value of X in the critical ground state [144]. The fields
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St SYZ,

)y

FIG. 5. Schematic illustration of the Z, orbifold construction.
Left: the S' free boson is defined on a circle with radius R. Right:
the S'/Z, free-boson CFT is obtained by identifying points
related by the Z, transformation ¢p — —¢, effectively folding the
circle into the line segment [0, z]. The crosses indicate the fixed
points (¢ = 0, z) of the Z, orbifold.

0107, €16, and €] + &, in the pair of the Ising CFTs are
mapped to a bosonic field as follows [145,146]:

010, = COS ¢, (55)
&16 = (aﬂ¢)2’ (56)
e + & = cos 2. (57)

The resulting bosonized theory is the Z, orbifold of the
free-boson CFT compactified on S' [147,148]. We recall
that the S' theory has the Lagrangian density

L= 0] (n=rx7) (53)

where the field ¢ is compactified on a circle as ¢ ~ ¢ + 27;
i.e., the compactification radius is R = 1. The Z, orbifold
theory, or equivalently, S'/Z, free boson is then obtained
from the S' theory through the identification ¢ ~ —¢
(see Fig. 5).

This mapping to the S'/Z, theory enables us to express
the boundary action (53) by the a-component bosonic
fields. Specifically, using the relations (55) and (56),
the generators ZZWZZ(+1) and XX XX+ in §@ can
be expressed by the bosonic fields ¢; and ¢; | as follows:

770 77(i+1) L cos $icos ;.

= COS(¢i + ¢,’+1) + COS(¢i - ¢i+1)
= 2cos(¢h; — his1), (59)

XXOXXED ~ (X)2[(0,0)° + (0upisn)?)- (60)

Here, we consider the terms with the lowest scaling
dimensions within each generator while imposing the
identification ¢ ~ —¢p. We note that, among the terms in
ZZ, the potential term cos(¢; — ¢;.1) should be the most
relevant, imposing the Dirichlet boundary conditions
(DBCs) on ¢; — ¢; ;1 in the IR limit.

C. Conformal boundary conditions

After the folding trick, the number of fields is doubled,
and there exist 2a-component bosonic fields in total; see
Fig. 3, where we note that the number of the fields differ by
a factor of 2 because two Ising CFTs are bosonized into a
single free-boson CFT here. The above boundary action
0S,, then leads to the conditions ¢; = ¢, and ¢p; , =
Gii14q for i=1,2,...,a—1. Meanwhile, the folding
procedure imposes the sewing condition ¢; = ¢; , for
i=1,2,...,a, reflecting the periodic boundary condition
along the imaginary-time axis in the original torus geom-
etry. Consequently, the resulting boundary condition I'; due
to the projection 3 - (P™)®* consists of the DBC for all the
relative fields ¢; — ¢; | and the Neumann boundary con-
dition (NBC) for the center-of-mass field > _; ¢, as follows:

2a
S ¢ NBC,
i=1
¢] - ¢2 — 0 DBC,
ItV ¢—¢3=0  DBC, (61)

¢2a—l - ¢2(x =0 DBC.

We write the corresponding boundary state in the 2a-
component S'/Z, free-boson CFT as |I'}),,,, which has a
nontrivial g factor g; as shown later.

In contrast, the boundary condition I', artificially created
by the folding procedure [cf. the blue boundary in Fig. 3(b)]
simply corresponds to the sewing condition, leading to

. {¢i_¢i+a:0 (i:1,2,...,a)
i+ e (i=1.2,...0)

As above, we write the boundary state corresponding to I',
in the S'/Z, theory as |I'),.,. We explicitly check that
the g factor of this boundary state is trivial (g, = 1) as it
should be. We note that the boundary condition I'; reduces
to the trivial boundary condition I, in the case of a = 1.

Finally, we consider the boundary condition I', corre-
sponding to the projection onto the product of |Bell”),
which is necessary when evaluating the mutual SRE [cf. the
product of P® in Eq. (38) and the green boundary in
Fig. 4]. Since this projection preserves the independence of
replicas, the resulting boundary state must consist of a
2a-fold tensor product of single-component S!/Z, free-
boson boundary states. We also note that the projection on
|Bell”) forces the two qubits in the local doubled Hilbert
space to occupy the same state (either |0) or |1)) without
constraining any specific spin configuration, which, in the
field-theoretical language, should correspond to the free
boundary condition. It has been known that such a free
boundary state can be realized by the DBC with ¢ = 7/2
in the single-component S'/Z, free-boson theory, which,

DBC,

NBC. (62)
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in the paired Ising CFTs, corresponds to a tensor product
of two free boundary states |f) ® |f) [149]. Thus, the
resulting expression of I in terms of the bosonic fields is

¢, =x/2 DBC,

$, = /2 DBC,
: (63)

$»y = /2 DBC.

Again, we write the corresponding boundary state in the
multicomponent S'/Z, theory as |[I'y)., Whose g factor
is denoted by g,. In fact, from Eq. (15), we can deduce
that this g factor must be trivial, gy = 1, since the Born
probability for obtaining the uniform measurement out-
come corresponding to |Bell”®) is nothing but the square of
the expectation value of the identity operator:

TH(P)= ( ® y')) = 5 TR0 y)

= g eI, (64)
1

We will explicitly validate the above expression (63) of the
boundary condition I'j by showing that, within the single-
component theory, the only boundary condition yielding
the unit g factor is indeed the DBC at a nonfixed point
¢ # 0, 7 [see Eq. (116) and the corresponding discussions].

D. Alternative derivation based on magic entropy

The line defect configuration consisting of a Neumann
boundary condition for the center-of-mass field and
Dirichlet boundary conditions for the remaining relative
fields can be derived through an alternative approach using
magic entropy. Recall that the SRE is equivalent to the
magic entropy MgK) (w) = S,(Kgw), which requires cal-
culating the second Rényi entropy of the convolution X gy.
To proceed, we employ the Choi-Jamiolkowski isomor-
phism to map the density matrix to a state:

X = (D - PIVRQ V] y--- oy, 65
|Rgw) = ( - | ly - w)lw*---w*),  (65)
- K K

where |®) = 275/23"_|X)|X) is the maximally entangled
state in the computational basis X € Z%. We use a rounded
bracket |-) to represent a density operator as a vector in the
doubled Hilbert space. The second Rényi entropy can then
be calculated as follows:

S (Rgy) = —InTr[| Ky ) (R gy

= —]nTr[ZP(}I,y'l)(l//@w*)@K . (66)

X151

Here, P(Xy,y) = [¥(¥.51))(¥(X;.¥1)| is a projection
operator onto the state

W(X1.51))

— (VR VIR TN . -
(V'@ V)X, y)@- - ®)
K-1

= Z_L(K_WZZWCMY’CM) ®L, [¥em — Xi¥em — ¥i)-
T
(67)
The summation > - is taken under the constraint

F: )_C)CM—fiZ)7CM—)7,~ (l:2,3,,K) (68)
Note that this constraint I" leaves the configurations of
Xcem and Yoy unconstrained. Thus, after bosonization and
folding, the operator ) ; - P(X;,y;) would impose the
same boundary condition as I';: a Neumann condition on
the center-of-mass field and Dirichlet conditions on the
relative fields. This argument might be considered as an
alternative derivation of the boundary condition arising
from the Bell-state measurements.

E. Boundary states in multicomponent
S'/7, orbifold free-boson CFT

We here construct a class of boundary states in the
multicomponent §'/Z, free-boson CFT. While the g
factors of boundary states and the scaling dimensions of
BCCOs can be determined from the spectrum of the theory
with boundaries, they can be analyzed more concisely
and systematically using the boundary-state formalism.
Our construction builds upon the boundary states in the
multicomponent S' free boson, from which we derive the
corresponding boundary states in the multicomponent
S'/Z, free boson through symmetrization. To this end,
below we begin by introducing a class of the boundary
states in the multicomponent S' theory corresponding
to the mixed Dirichlet-Neumann boundary conditions
[150-152]. The boundary states obtained through this
construction are not guaranteed to exhaust all possible
boundary states in the theory. Nevertheless, this class of
boundary states contains all the boundary states |I'g ;)
that are necessary to study the SRE and is, thus, sufficient
for our purpose.

1. Bulk CFT
The Lagrangian density of the bulk theory is

L=_(0.4) (69)

where (75: (¢, @y, ..., py) is the N-component boson
field and « is the coupling constant that we keep as a
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variable for the sake of generality; to express the pairs
of the Ising CFTs, we later focus on the case of xk = 2 and
the compactification radius R = 1. We describe the dual

field of(,z as 0 = (61,0,,...,0y). These boson fields are
compactified as
b~ + 2xR, 6~6+2zK. (70)

The vectors R and K belong to the following compactifi-
cation lattice:

N
A: {}p}':zi/z,?,, niEZ}, (71)

mi]_;i, m; S Z} . (72)

éifj =3y (73)

respectlvely, where the lattice A* is the dual of A and
R-K€eZ is satisfied. For instance, when all the field
components are decoupled, the compactification lattice is
simply a square lattice. The fields 475 and @ defined on the
cylinder of circumference L can be expanded in the Fourier
modes as follows:

p(x.1)
I + 2w ]_é + Et
= _— X _
0L K
U b (o i
_|__Z_ (ane ik, (x+1) +a eik (x—1) —I—HC)
2k n=1 V1
(74)
O(x, 1)
2n
= 90 + — (KX + KR[)
\/7 GLemika(ete) _ GR giky(x=1) —|—H.c.>,
(75)
where ‘Z’o and 50 are the zero-mode operators, 515(R> is a

vector of the annihilation operators of left- (right-) moving
oscillator modes having quantum number n, and
k, = 2zn/L. These operators satisfy the following com-
mutation relations:

[(Zifz)z’ (Ziin);r] = 5nm5st5ij (S’ re {L’ R})’ (76)

(o) (K);] = i85, (77)

[(B);. (R),] = 5. (78)

The Hamiltonian on the cylinder can be expressed in terms
of these operators as follows:

2z - - N

(79)
Its ground state is the simultaneous eigenstate of the

winding modes R and K and the oscillators @~/® with
zero eigenvalues, and the ground-state energy is the
Casimir energy Egg(L) = —zN/(6L).

2. Conformal invariance of a boundary state

The condition of conformal invariance of a boundary
state |T') is given by

(Lm - l_’—m)|F> =0, (80)

where L,, and L,, are the Virasoro generators, expressed in
terms of the Fourier modes as follows:

m 22 m—I al 22 m—I af (81)

Here, : is the operator normal ordering, and the

operators an are defined as

—iy/nak (n>0),
ak = J%_KK+ VAR (n=0), (82)
ivn(at,)"  (n<0),

—iy/nak (n>0),
af ={ K- \/ER (n=0), (83)
ivn(at,)"  (n<0).

A sufficient condition to satisfy Eq. (80) is

(ak —Rak,)T) =0, (84)

where R is an N x N orthogonal matrix. This matrix R
becomes symmetric if each of the components satisfies
either the DBC or the NBC. The states satisfying the
sufficient condition (84) for m # 0 can be given by the
coherent states

S(R)|R, K). (85)
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where

S(R) —exp|- (@) RG@Y| 60

n=1

is the squeezing operator and |§ K ) are the oscillator
vacua being the eigenstates of the winding modes Rand K.
These coherent states are known as the Ishibashi states
in BCFT [153]. The condition (84) for m = 0 restricts the

allowed states |R, K) to satisfy
K + kR = R(K = kR). (87)

Thus, any linear combination of the coherent states
S(R)|R, K) that satisfy Eq. (87) are conformally invariant.

3. Cardy’s consistency condition

To correctly describe the theory with boundaries, physi-
cal boundary states must also satisfy the consistency
condition known as Cardy’s consistency condition. To
explain this, consider the transition amplitude between a
pair of boundary states |A), |B) as follows:

Zp(q) = (Ble=P/DH|A), (88)

where g = e?** with 7 = if}/L being the modular param-
eter. Under the modular transformation z— —1/7(¢—> g =
e~27i/7), which exchanges the direction of imaginary time
and space, this amplitude is written as the trace over the
Hilbert space H 45 of the theory on a strip with boundary
conditions 4 and B:

Z ap(q) = Tre HHas, (89)

where H 45 is the corresponding CFT Hamiltonian (see
Fig. 6). Given that the boundary conditions are conformally
invariant, this Hilbert space decomposes into irreducible
representations H, of the Virasoro algebra. Thus, the
amplitude must be written as

Zas(q) = Y (@), (90)
h

where
n" s €Ny (91)

is a non-negative integer interpreted as the number of
primary fields with conformal weight % in the spectrum and
xn(g) is the Virasoro character. When A =5 (A # B),
we call the condition (91) the self- (mutual) consistency
condition. If the ground state of H 44 is unique, the
boundary condition A satisfies n?4 4= 1. We note that
the consistency conditions cannot be satisfied by a single

(Ble™2"|A)

B

Tr e~ LHAB

N

FIG. 6. Schematic illustration of the relationship between two
representations of the partition function. The left panel represents
it as the transition amplitude between the boundary states |.4) and
|B) evolved through the imaginary-time evolution governed by
the Hamiltonian on a cylinder. The right panel represents the
same quantity as a trace of the Gibbs state, e 745, where H 45 is
the Hamiltonian on a strip with boundary conditions A or B at
each side. These two expressions are related by the modular
transformation 7 — —1/7, which exchanges the direction of
imaginary time and space.

coherent state in Eq. (85) alone. Thus, to construct physical
boundary states, we must take appropriate linear combi-
nations of the coherent states.

4. Construction of the consistent boundary states in the
multicomponent S' compactified free-boson CFT

We now construct a class of the consistent boundary
states for general mixed Dirichlet-Neumann boundary
conditions. To begin with, we consider the simplest case
of the fully DBC or fully NBC boundary states. The fully
DBC corresponds to taking ‘R = I, and Eq. (87) translates

to R = 0. The consistent boundary state is then

D)) =gp Y e KPS)0.K).  (92)
KeAr

where the coefficient e=X?» is introduced to ensure that

this state is an eigenstate of cz with eigenvalue (ISD. The
subscript in |- - -),. stands for circle of the S' theory, which
we use to distinguish it from the boundary states in the
S'/Z, orbifold theory. The overall coefficient g;, plays the
role of the g factor, which can be given by the overlap of
the boundary state with the ground state |GS) = |0, 0).

Similarly, the fully NBC corresponds to taking R = —1,
for which the boundary state is

IN@OD)). = gn Y e RIS(=1)|R.0).  (93)

ReA

where gy is the corresponding g factor. Since the NBC for
43 is equivalent to DBC for its dual 5 these states are
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labeled by the eigenvalue éD of 6. The g factors gp and gy
are determined from the self-consistency condition and
given by

p = (20) ™ e (A) 72, (94)
gy = @ Py, (95)

where vo(A) is the unit-cell volume of the lattice A (see
Appendix B for the derivation).

A general boundary state for mixed Dirichlet-Neumann
boundary conditions can be expressed as

=gr Y D e RIRbS(R)R.K).

ReAg KeA;,

R(¢p.0p))
(96)

Here, Az and A} are subspaces of A and A* that satisfy
Eq. (87). When each of the components satisfies either
the DBC or the NBC, we can write R = P, — Py, where
Pp,n is the projection matrix onto the subspace Vp y
satisfying DBC or NBC. In terms of the projection
matrices, Eq. (87) becomes

PyK =0, PpR=0, (97)

and the subspaces A and A% can be expressed as

We note that the g factor gz does not depend on the zero-
mode phases ¢D and HD

g factor of |I';) —We now focus on the mixed boundary
condition I'} in Eq. (61) and construct the corresponding
boundary state |I';), of the S' theory. In this case, the
subspace Vy is a one-dimensional space spanned by the
vector d = (1,1,...,1)T, which corresponds to the NBC of
the center-of-mass field ¥, ¢;. The complement of Vy is
the subspace Vp, which corresponds to the DBC of the
phase differences ¢; — ¢;, ;. The zero-mode phases are
simply given by gZD =0 and éD = 0. Since all the field
components are decoupled in the bulk theory, the com-
pactification lattice A is a square lattice of lattice constant
R, and the sublattices are written as

Ar = {nRdlne 7}, (99)

A, ={KeA|d-K =0}. (100)

To calculate the g factor of |I'})., we consider the mutual

consistency with the boundary state |D((;SD)>C in Eq. (92).
The amplitude between the two states reads

ZDFI ((’I> = C<D(¢D)|e_(ﬁ/2)H‘Fl>c
circ
ngg Z ezK ¢DqK /4K (101)
[ﬂ(q KeA*

where we express the g factor of |I'}), by ¢ and use
the Dedekind eta function 7(q) and the theta function
0,(q) (see Appendix A for details). We note that the
contribution zpy = 1/7(q)/60,(q) originates from the
amplitude of the center-of-mass field, and it is equivalent
to the amplitude between the Dirichlet and Neumann
boundary states of the single-component S' theory. By
modular transformation 7 — —1/7, the amplitude (101) is
rewritten in terms of g as

:\/Eng?rC(zri)(N D/2 Z s —(fp/27))?
vo(AR) (@)Y

ReAR

(102)

where Ay is the (N — 1)-dimensional lattice dual to A’.
The mutual consistency leads to the following condition on
the g factors:

) \/E(ZK)(N—I)/z
gpgi——F5~—=1. 103
DI UO(A’R) ( )

The unit-cell volume of A}, can be calculated as vy(Ay) =
V/NR™N+1 [152]. Thus, using Eq. (94) with vy(A) = RV
for a square lattice, we obtain

gcm: — \/7(\/_R)—N/2+l (104)

5. Construction of the consistent boundary states
in the multicomponent S /7, orbifold
Jfree-boson CFT

We are now in a position to construct the boundary
states in the multicomponent S'/Z, free-boson CFT. To
this end, we symmetrize the boundary states of the S!
theory constructed above so that the resulting states are
invariant under the Z, transformation: ¢ — —¢. In the
case of an N-component theory, the Z, transformations
form a group G with |G| =2V elements, whose matrix
representation in the N-dimensional vector space reads
a = diag(£1,+1...,4+1) for a€G. The action of the
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transformation a on the boundary state is expressed as a
unitary transformation D(a) in the following manner:

D(a)|R(¢p-0p)).
=gr Z Z e~ RO=iKdoS(aRa)|aR, aK)

ReAg KeA;,

=9r Z Z e‘iﬁ'“gp‘i’?'“‘ZDS(aRa)|IQ,f()

ﬁeaAR I?EaAj2
= [aRa(aghp, afp))..

where we use gr = g,r, and aAr = A,p, to obtain the
last line.

We start from the simplest case of the single-component
(N =1) S'/Z, free-boson CFT [149]. In this case, the
orthogonal matrix R = £1 remains invariant under any
a€G={+£1}, and the zero modes transform as ¢p - —¢p,
0p — —0p under the action of a = —1. Thus, when the
zero-mode parameters ¢p and 6, take generic values, the
symmetrized boundary states for R = %1 in the single-
component S'/Z, theory are given by

(105)

D))o = %<|D<¢D>>c L ID(=¢p))).  (106)
N @)} = \i@uN(eD»C FINGOp)). (107)

The coefficient 1/ \/E is determined from the self-
consistency condition.

Meanwhile, when the zero-mode parameters take the
fixed-point values of the transformation G, i.e., ¢p =
¢ €{0,72R} or Op = 0 €{0,n/R}, the boundary states
|D(¢))e. ID(=¢E)). and [N(Og))..|N(=0g)). coincide
and cannot satisfy the consistency condition. To address
this issue, one can introduce the boundary states in the
twisted sector, i.e., the S! free-boson CFT with antiperiodic
boundary condition ¢)(x + L, 1) = —¢(x, t) on the cylinder.
The boundary states in the twisted sector are labeled by the
fixed-point values ¢ and 0, which are the only allowed
eigenvalues due to the antiperiodicity. We denote the
boundary states in the twisted sector by the subscript in
| ---),. Accordingly, the consistent boundary states within
the S'/Z, theory can be constructed by the following
combination of the fixed-point boundary states in the
untwisted and twisted sectors:

D))oy = \i@ D)) =2 FD(@p)),.  (108)
IN@©)) oy = % IN@)), =27 N @), (109)

Here, the coefficient 1/\/5 for the untwisted sector
is determined from the mutual consistency with the
boundary states in Eqs. (106) and (107), and the

coefficient 27!/4 for the twisted sector is determined
from the self-consistency.

We next consider a multicomponent theory with N > 2,
for which the orthogonal matrix R transforms nontrivially
under the action of G, requiring a more careful analysis of
boundary states. We can categorize these boundary states

based on both the structure of R and the values of (75 p and

5,) into the following cases:
(1) block-diagonal R =R; ® R, ® --- d R, (with
appropriate exchange of the components);
(2) not block-diagonal and
(a) for all a €G, aq[)D # ¢D and a@D # HD,

(b) qﬁD = —¢D and 91) = —91) under the compacti-
fication.
Case 1 corresponds to the situation where the action of G is
disconnected, and the boundary states are factorized into
boundary states of the connected subspace of G. Case 2(a)
corresponds to the boundary states with generic zero
modes, which can be expressed as

| (¢D7€D orb — Z

aEG

a)|R(bp.Op))..  (110)

In contrast, case 2(b) corresponds to the zero-mode
erxANYVp and

50 = 55 € nA* N Vy, for which the boundary states trans-
form identically under both a and —a, allowing us to make
G-invariant states by symmetrizing over the subgroup
Gy = G/{£I}. In a similar manner as in the single-
component case, one can construct the consistent boundary
state in this case by including the boundary state in the
twisted sector as follows:

|R($E’§E)>orb

=) Db

bEG,

parameters at the fixed points (ZD = (ZE

R(Be.0p))e £ 27V R (. 0p)),

\/7

(111)

where the coefficients are determined from the consistency
conditions (see Appendix C for the derivation). We mention
that our construction correctly reproduces the results
previously obtained for N = 2 in Ref. [154].

Building on these general constructions, we can now
determine the boundary states [Ty | ), Which are necessary
to analyze the SRE. First, we recall that |I"; ) .4, corresponding
to the mixed boundary condition in Eq (61) has the zero

modes gz')D = ¢E =0 and GD = HE = O which are at the
fixed points. We can, thus, use Eq. (111) to obtain

I, ZD(b )Ty £27V4Y " D(b)[My),

beGO beG,
(112)
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where |I'}), represents the corresponding boundary state in
the twisted sector. Second, the boundary state |I'y),4, corre-
sponding to the boundary condition in Eq. (63) takes a simpler
form as it factorizes into a tensor product of identical single-
component boundary states of DBC as follows:

|F0>orb - |D(ﬂ/2)>orb (113)

Since the zero mode ¢, = (z/ 2)21 in this case does notlic ata
fixed point, we can express this boundary state in terms of
the boundary states in the N = 2a-component S' theory by
[cf. Eq. (110)]

ZD

aEG

Co)orb = )ID(x/2)d])..  (114)

Finally, we note that the boundary state |’ )4, corresponding
to the artificially created boundary is factorized into two-
component boundary states, each of which is equivalent
to |T'))op at a =1 [see Eq. (62) and the corresponding
discussion].

g factors of T 2)en and the full-state SRE—The g
factor can be calculated from the inner product between the
ground state |GS) and the boundary state of interest; we
note that the ground state of the S'/Z, free-boson CFT is

the same as the S! free-boson CFT, i.e., |GS) = \6, 6) To
calculate a nontrivial g factor g; of [I'y) in Eq. (112), we
note that the action D(b) on the boundary state |I";), does
not affect the g factor, and the twisted sector has no overlap
with the ground state. We, thus, obtain

g1 = <GS|F1>0rb

1
= —=x[Gol x g5 = V.

V1G]

where we recall N =2a and use Eq. (104) with the
parameters k = 2 and R = 1 that correspond to the pairs
of the Ising CFTs.

Similarly, the g factor gy of |I'y),4 in Eq. (114) can be
obtained by evaluating the inner product as follows:

(115)

90 = <GS|FO>0rb

1
=——=x |G| xgp =1,

VIGI

showing that the g factor is equal to unity and, thus, trivial
as argued before. Here, we use Eq. (94) with « =2
and R = 1. The result (116) can be also inferred from
Eq. (113) and the fact that, within the single-component
N =1 orbifold theory, the Dirichlet state |[D(¢p))om
with ¢pp # 0, 7 is the only state that yields the unit g factor

<GS|D(¢D)>0rb =1

(116)

One can also readily check that the g factor g, of the
boundary state |I',),, at the artificially created boundary is
indeed equal to unity. To see this, we recall that [T',) 4, is an
a-fold product of |I'y) . |._;» leading to g, = (g1, )* =1,
where we use Eq. (115).

Using these results, the size-independent contribution
to the full-state SRE [cf. Eq. (35)] is given by

In/a

a—1"

(117)

Ca =

We again emphasize that this result is universal in that
it is determined from the IR property of the theory and
independent of microscopic details of the model. We also
check this result numerically in the following section.
Scaling dimension of B,, and the mutual SRE—The
scaling dimension A,, of the BCCO B,, that changes the
boundary conditions between I'; and I’ can be determined
by calculating the transition amplitude between |I';), 4 and
IT0)or,- The scaling dimension of the BCCO corresponds
to the lowest conformal weight of the Virasoro character
included in the decomposition of this amplitude [71]. We
begin with the amplitude between the corresponding S!

free-boson boundary states |I'), and |D[(z/2) }) , which
has been already calculated in Eqgs. (101) and (102). The

zero mode in the present case is bp = (z/ 2);1 ensuring
K- gZD = 0, and the amplitude simplifies to

\/_g gmrc =
Zr,r,(q) = in( ;) z g~/
1(9)] KeA*
1 92( 1/2) Z o ﬁz
S i, (118)
@™ 2 =
where we use the identity
= ~1/2
04(q)  2n(q)
By combining the relations 10,(g'?) =

S, GO0 and 7,(3) = 3/ @ for the
N-component S! free boson, we find that the lowest
conformal weight in the amplitude is # = 1/16. This result
extends to the S'/Z, boundary states |I'})p and [To) o
whose amplitude is given by

Z‘r’robr, (q)

PP IRC

aeGbeGO

[(x/2)d]|D(a)e"V/PHD(b)|T)..

(120)
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The Virasoro character with conformal weight 7 = 1/16
appears in this amplitude only when b = Fa. Since this
occurs |G| times in the sum and the amplitude includes
a factor of |G|~!, the character with & = 1/16 appears
exactly once. Consequently, the scaling dimension of the
BCCO B,, is

1
AZa =Tz

v (121)

which is independent of a. This implies that, in the long-
distance limit, the mutual SRE W, (/) in Eq. (42) and the
Rényi-2 mutual information 7,(/) in Eq. (49) scale as

W, (1) = ﬁln L, (122)
L(l) = %m I, (123)

respectively. These results reveal that the universal coef-
ficients of the logarithmic scalings in the mutual SRE and
Rényi mutual information both have a common origin,
namely, the scaling dimension of the boundary operator
changing the boundaries between I'; and I'j. We mention
that, if we define the mutual SRE as W, =W, — I,
[cf. Eq. (46)], the universal contributions cancel out, and
the logarithmic scaling term should be absent, at least in the
case of the Ising critical states.

F. Numerical results
1. Full-state SRE

To validate the analytical result obtained in Eq. (117),
we numerically calculate the full-state SRE of the TFIM
critical ground state using two distinct methods. The first
approach is the replica-Pauli matrix product state (MPS)
method developed in Ref. [42] (see Fig. 7). This method
begins with an MPS representation of the ground state |y)
and constructs a doubled spin chain |P(y)) expressed in the
Pauli basis |m) (m€{0,1}?L). This Pauli basis is essen-
tially the Bell basis of the doubled spin chain, and the
replica-Pauli MPS method provides a direct numerical
implementation of the analytical framework presented
in this paper. Each element of |P(y)) corresponds to
the expectation value of a Pauli string: (m|P(y)) =

(o™ |y)/V/2E. To compute the SRE, we use a diagonal
matrix product operator (MPO) W defined by
(m'|W|m) = 8z (m|P(w)). Through repeated application
of this operator, we construct |[P")(y)) := W"~'|P(y)),
which yields a vector with elements (72|P") (y)) =

(y|6™ [y)" /21" [corresponding to the Hadamard product
of |P(y))]. This leads to the relation

st o) = (PO ) POy, (124)

m

— (In2)L

FIG. 7. Graphical representation of the tensors used in the
replica-Pauli MPS method. The doubled spin chain |P(y)) is
expressed in the Pauli basis labeled by 7. We truncate the bond
dimension of |P(y)) from y? to yp, where y is the bond
dimension of |w). The MPO W is constructed from |P(y))
by contracting with an identity tensor 5. The SRE M, (y)
(n=2,3,...) 1is calculated from the inner product of
[P (y)) = W= [P(y)).

allowing for the full-state SRE to be expressed as

1

T (PO ()| P () — (In2)L.

M,(y) = (125)

This method calculates the full-state SRE as a tensor-
network contraction, which allows for reducing the com-
putational cost with controlled error by truncating the bond
dimensions.

The second method is the perfect Pauli sampling
technique introduced in Ref. [41]. Unlike the replica-
Pauli MPS method, this approach enables calculation
of the full-state SREs at arbitrary Rényi indices a with
favorable computational scaling. The insight is that the
SREs can be estimated through direct sampling of Pauli
strings from their target probability distribution without
requiring Markov chain processes. Given A samples of
Pauli strings {¢"}Y, drawn with probability I1, (/i) =
27LTr?[6"y], the SREs can be estimated as

: ln<L§:H (r?t-)"_l>—(ln2)L (126)
l—a \N& 7

for ¢ # 1 and

M,(y) =

N
M (y) = —%Zlnl’[w(fn}) —(In2)L  (127)

for a = 1.
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FIG. 8. Top: evaluation of the marginal probability 7,, (n,m,).
The orthogonality center of the ground-state MPS |y) is at site 1.
The contraction simplifies due to the property 3 >_,(6 ® 6);;4 =
0;;0k;- Middle: the input of the algorithm. The environment tensor
L is initialized as an identity tensor. Bottom: the conditional
probability is computed iteratively, encoding each outcome
myj_1my; in the environment tensor. After a sweep, we obtain

a Pauli string 6™ with probability IT,, (7).

The key to the algorithm’s efficiency lies in
decomposing the full probability I, (/) into conditional
probabilities:

Hw(ﬁl) = ”y/(mlmZ)”y/<m3m4|m1m2)

) '”y/(mZL—lmZL|m1m2---m2L—2)v (128)
where 7, (m,;_1my;|mym,...my;_,) is the probability of
Pauli matrix ¢™2-1"2 occurring at position j conditioned on
the string ¢"1"...c"2-3"i-2 having occurred at positions
1,2,...,j — 1. For MPS representations, these conditional
probabilities can be computed efficiently through local
tensor contractions involving only the MPS tensors at site j,
the Pauli operator, and an environment tensor that encodes
previous outcomes (see Fig. 8). The algorithm proceeds
sequentially through the sites, sampling the Pauli matrix
o™i-1"2j  with probablhty ﬂ'w(mzj_l m2j |m1 my.. .mzj_z).

FIG. 9. Numerical calculations of the size-independent term ¢,
in the full-state SRE of the TFIM with a =2. The size-
independent contribution ¢, is extracted from the full-state
SRE M2 ﬁtted to M2 = m2L —Cy + I"L_l Wlth L (S {LO - 5
Ly—3,....,Lo+5} and Ly,=11,13,...,19. (a) The size-
independent term ¢, plotted as a function of the transverse field
strength A for different system sizes L. (b) Plot of the corre-
sponding data collapse with v = 1.1. The data converge to the
analytical prediction In+/2 at the critical point A = 1, which is
indicated by the solid horizontal line in both panels.

After a sweep along the system, we obtain a Pauli string
o™ with probability I1,, (m), establishing a perfect sampling.

We use the first method, the replica-Pauli MPS method,
to calculate the full-state SRE as a function of transverse
field strength A for @ = 2, 3 and different system sizes L.
We then perform least squares fitting using the functions
M, = myL — ¢, + rL™" and M5 = m3L — c; to determine
the constant terms ¢, and c¢3 as a function of A near the
critical point. The results are presented in Figs. 9 and 10,
together with finite-size scaling analyses that confirm the
universal behavior. At the critical point A = 1, we find that
the numerical values converge precisely to our analytical

predictions ¢, = In \/_ 2 and c3 = —ln\/§

To further investigate the umversal behavior of the
SRE, we implement the second method, the perfect
Pauli sampling method, to calculate the full-state SRE
across a continuous range of (noninteger) Rényi indices a.
This method leverages the fact that, once a representative
sample of the Pauli strings is generated, the SRE for any
value of a can be efficiently computed from the same
dataset. In this manner, we systematically extract the
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FIG. 10. Numerical calculations of the size-independent term
c3 in the full-state SRE of the TFIM with a = 3. The size-
independent contribution c3 is extracted from the full-state SRE
M3 fitted to M3 :m3L—C3 with LE{LO—S, L0—3, N L0+5}
and Ly = 11, 13, 15. (a) The size-independent term c5 plotted as
a function of the transverse field strength A for different system
sizes L. (b) Plot of the corresponding data collapse with v = 1.1.
The data converge to the analytical prediction %ln V3 at the
critical point 4 = 1, which is indicated by the solid horizontal line
in both panels.

constant contribution ¢, as a function of the Rényi index «
in the interval a € [0.5,4.0].

The resulting data, presented in Fig. 11, demonstrates
remarkable agreement with the analytical prediction given
by ¢, =1In+/a/(a—1). This result provides compelling
evidence that our replica-based approach accurately cap-
tures the universal features of ¢, for a broad range of a.
We note that this behavior contrasts with the participation
entropies of the TFIM in the computational basis, which
undergo a phase transition at @ =1 [80]. These results
confirm the universality of the SRE and its consistency with
our field-theoretical framework [155].

2. Mutual SRE

To numerically calculate the mutual SRE, we employ a
Markov chain Monte Carlo sampling approach as described
in Ref. [44]. The mutual SRE W, (A : B) can be estimated as

Tt My Tr* np
Wz(A:B):—ln< Clo f*‘]ﬁr lo p3]> . (129)
Tr*[0" pas] fi(m)

0.7 'Q
\
}{ __ InVa
06 | § a—1
b\
Q
05 Q
Q
S o
! \Q"%
0.
hel
0.3 Coq,
Oa
Qa,
LTS
‘ ‘ ‘ ‘ ‘ ‘ %%
0.5 1.0 1.5 2.0 25 3.0 3.5 4.0
(6

FIG. 11. Numerical calculations of the size-independent term
¢, in the full-state SRE of the TFIM, as a function of the Rényi
index a. The number of samples is A = 3 x 107 for every system
size L. The constant term is evaluated using the SRE at
L =1{4.,6,...,14}, fitted to M, = m,L — ¢, + rL™". Statistical
errors are small enough compared to the size of the markers. The
data show excellent agreement with the analytical prediction
¢, = Iny/a/(a— 1), which is indicated by the dashed curve.

where the expectation value is taken with respect
to the probability distribution T1(i7) « Tr*[6"p,5] and
m = my @ my. Note that the perfect sampling cannot
sample the Pauli string drawn from this probability
distribution. Similarly, the mutual information 1,(A:B)
can be estimated as

Tr? 6" p 4] Ti? [0 ]

Tr? (6" pap)

L(A:B) = —ln< >W>, (130)

where TI(i7) « Tr?[6"p,p]. The samples of Pauli strings
are obtained through standard algorithms such as the
Metropolis algorithm, which require only relative proba-
bility ratios between consecutive steps.

To calculate the expectation values of Pauli strings
efficiently, we implemented a tree tensor network (TTN)
approach that offers significant advantages for large
system sizes (see Fig. 12). The TTN not only provides
an efficient representation of the ground state, but also
enables efficient updates during the Markov chain proc-
ess. The key computational advantage emerges when
proposing a new Pauli string that differs from the current
one at only a few sites. In this case, we can reuse most of
the previously computed tensor contractions, requiring
updates only along the logarithmic-depth path from the
modified site to the root of the tree. This hierarchical
structure reduces the computational complexity from
O(L) (as required in MPS approaches) to O(logL),
resulting in substantial performance improvements. The
procedure consists of the following steps.

(1) Construct the TTN representation of the ground state

|y} using adaptive variational optimization [157].
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- [@] Ops1.2n41)
O(log L)

FIG. 12. Schematic illustration of efficiently calculating Pauli-
string expectation values using a TTN. Top: the TTN represen-
tation of the ground state |y) with site tensors labeled by (/, n),
where [ € {0, 1, ...,log,(L)} indicates the layer and n € {0, 1, ...,
2! — 1} indicates the position within each layer. The evaluation of
(w|o™ |w) is simplified to contracting just four tensors: the two
root tensors and the link operators Oy o and Oy ). Bottom: the
efficient update procedure when calculating a new Pauli string
that differs from the previous one at a single site. This approach
requires updating only O(log L) tensors along the path from the
modified site to the root rather than recomputing the entire
contraction, resulting in substantial computational savings for
large systems.

In this representation, tensors are organized
hierarchically with each tensor labeled by (/,n),
where [€{0, 1, ...,1og,(L)} indicates the layer and
nef0,1,....2 = 1} specifies the position within
that layer.

(2) For the initial Pauli string 6", evaluate Tr[c"1y] by
contracting the tensor network from the physical
indices to the root. During this contraction, we store
the intermediate “link operators”™ Oy, created by
combining the site tensor at [/,n] with its child
operators Oy 2, and Oy 2,41)-

(3) Ateach Markov chain step, propose a modified Pauli
string that differs from the current one at a minimal
number of sites (typically one or two) while pre-
serving any required symmetry constraints, e.g., the
Z, symmetry in the TFIM.

(4) Calculate the expectation value of the proposed Pauli
string by updating only the link operators along the
path from the modified sites to the root tensor, while
reusing all other link operators.

Figure 13 presents the numerical results for the mutual
2-SRE W, and the Rényi-2 mutual information /, in the
TFIM at criticality, evaluated for three different system
sizes L = 8, 16, 32. As shown in Fig. 13(a), the computed
values of the mutual SRE W, exhibit a clear logarithmic
scaling as a function of the system size, in direct agreement

@ | ' ' ' '
L=8 e
13} 16 /O/o/o”j ]
L=32 ~
1.2 o /
= 11 //c//
= el
1.0 e
//o/ ~ 025 ln lC
0.9 ,/
d
0.8 O//
OfO 0?5 1.0 15 210
In|(L/7)sin(wl/L)]
(b) L o
L=16 o
120 0O L=32 o’
11 N o
\:‘-‘/\‘ 1.0 o
0.9 | o ~ 0.26 In ](,
0.8
0.7 [ 9 , , , .
0.0 0.5 1.0 15 2.0
In[(L/x)sin(xl/L)]
FIG. 13. Numerical calculations of (a) the mutual SRE W,(I)

and (b) the Rényi-2 mutual information 7,(I) for the TFIM at
different system sizes L = 8, 16, 32. The fitting lines for L = 32
are shown in the plots. Statistical errors are small enough
compared to the size of the markers. The data agree well with
the analytical results ~(1/4)1In,.

with the field-theoretical prediction in Eq. (122) with
a = 2. Specifically, the coefficient of the logarithmic term
in the mutual SRE is consistent with the scaling dimension
A,, = 1/16 of the BCCO in the replicated BCFT, which
confirms that nonstabilizerness of critical states can obey
universal scaling laws analogous to entanglement in CFT.
Moreover, the mutual Rényi-2 information [,, which
quantifies long-distance correlations between subsystems,
also exhibits a logarithmic scaling as shown in Fig. 13(b).
The extracted coefficients again match the analytical
expression in Eq. (123) derived from BCFT. These results
provide a robust benchmark for our theoretical analysis
and elucidate the connection between nonstabilizerness and
quantum correlations in critical many-body states.

V. SUMMARY AND DISCUSSIONS

A. Summary

We have uncovered the universal behaviors of non-
stabilizerness in many-body systems and elucidated its
origin by constructing a field-theoretical framework for
calculating the SRE in critical states using BCFT. Our key
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findings show that the SRE exhibits universal behavior
through two features [cf. Egs. (35) and (42)]: (i) the size-
independent term in the full-state SRE determined from the
g factor of a boundary condition in the replicated theory and
(ii) the logarithmic scaling term in the mutual SRE with the
coefficient given by the scaling dimension of a BCCO. We
have demonstrated these general findings in the case of the
Ising criticality through analytical calculations of the size-
independent term in the full-state SRE [cf. Eq. (117)]
and the coefficient of the logarithmic scaling in the mutual
SRE [cf. Eq. (122)]. These results have been numerically
confirmed with high accuracy by tensor-network calcula-
tions for the critical ground state of the transverse field
Ising model (cf. Figs. 9, 10, 11, and 13).

B. Toward a unified understanding
of many-body magic resources

Our analysis of the SRE may be extended to other
resource measures beyond nonstabilizerness. Resource
theories for quantum computation can be developed in
other physical systems than qudit systems, such as the
resource theory of non-Gaussianity for fermion and boson
systems. In fact, for any given Hilbert space, there exist
some resourceful gates in order to achieve universal
quantum computation [158], giving the concept of non-
stabilizerness a far more flexible and ubiquitous nature.

The measures for these resources should ideally be
invariant under the corresponding classically simulable
unitary subgroups U, such as Clifford unitaries or
Gaussian unitaries. A common definition of such measures
takes the form M (y) = Tr[Qu®*], where Q is an element
of the commutant of the subgroup U. The commutant is
defined as the linear space of operators
Commy(Uy) ={0|[0,U®| =0, V UelU,}. (131)
Notably, entanglement (Rényi) entropy can also be for-
mulated in this way, as the commutant of the full unitary
group is spanned only by the permutation operators
(cf. Schur-Weyl duality). This family of resource measures
includes the SRE for nonstabilizerness and antiflatness for
fermionic non-Gaussianity [132].

Alternatively, there exist measures based on entanglement
generated through convolution, such as magic entropy. For
instance, a measure for non-Gaussianity can be defined by
taking the key unitary in the convolution to be a beam splitter
operation. Specifically, for fermions [128,129], we have

T
B0 =T, [V(p ®p)V'], V—CXP<§ZJ/§UV§2>>’ (132)
J

where y; denotes the Majorana operator at the jth site, and,
for bosons [130,131],

M,p = Tro[V(p ® p) VT,

T Dt (@2 ) (2
V = exp (4 Z(aﬁ )Talg ) _ aAE» >a.§ ﬁ)), (133)

where a; is the annihilation operator for the jth mode.
Crucially, the entropic measures defined through these
convolutions satisfy invariance under the subgroups .
If we choose the Rényi-2 entropy (purity) for the measure, it
can be expressed as follows:

S, (Mgyr) = —lnTr[[F(ﬁKy/)W]
:—mTr[(&}()@Z([F)W@ZK] (134)

Then, from the unitary invariance, the dual of the convo-
lution applied to the SWAP operator (X7)®?([F) necessarily
belongs to the commutant. The same applies to higher orders
of the Rényi entropy, where the SWAP operator is replaced
with a cyclic permutation operator. This reveals a general
relationship between commutant-based measures and con-
volution-based measures.

In fact, the analysis of all these resource measures in
CFT reduces to determining a certain line defect inserted
in the partition function of the replicated theory. The two
general strategies we propose in this paper can be sum-
marized as follows. For commutant-based measures,

(1) move to the doubled Hilbert space so that the

commutant Q is expressed as a projection operator;

(2) represent the projection operator as boundary
perturbations in the Euclidean path-integral formal-
ism; and

(3) identify the conformal boundary condition imposed
by the projection and calculate the corresponding
g factor.

For convolution-based measures,

(1) on the basis of a key unitary V generating the
convolution, compute |¥(¥,y,)) = (Vi@ VT)
|X1,1)|®-- - @) [cf. Eq. (67) in the case of qubits];

(2) from the lattice configuration of the projection
operator y z 5 [¥(X,))(¥(X,,y,)l, infer the line
defect configuration in the continuum limit and
calculate the corresponding ¢ factor.

The former approach can be done with the help of
knowledge of the lattice-CFT correspondence. The latter
approach could provide an intuitive way to determine line
defect configurations. While the classification of conformal
defects and boundaries in replicated CFTs with central
charge greater than unity remains a challenging problem,
our approach might allow for a systematic identification
of universal features of general resource measures. This
requires further numerical calculations on a variety of
lattice models and their comparison with CFT calculations,
which we leave to future studies.
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C. Future directions

Our findings shed light on the intricate relationship
between entanglement and nonstabilizerness, a largely
unexplored area in quantum many-body physics. The
key advancement presented in this work is that, within
our field-theoretical framework, both the entanglement
entropy (EE) and the SRE can now be understood on
the same footing. On the one hand, the EE is calculated
from a partition function of the replicated theory with
sewing boundary conditions on one subsystem and the
trivial boundary condition on the other subsystem, which
can be expressed as a correlation function of BCCOs
[5,105]. On the other hand, the SRE corresponds to a
partition function of the replicated theory involving inter-
layer boundary conditions imposed by the Bell-state
measurements (see Appendix D for further discussions).
Given this connection, several interesting directions for
future research emerge.

First, it would be valuable to understand how Clifford
unitaries acting on the lattice spin translate to operations in
the field theory that describes the long-distance behavior.
One of the ultimate goals in this direction is to construct
a resource theory of nonstabilizerness without references
to the microscopic models at UV scales [159]. Recently,
Clifford circuit augmented matrix product states (CAMPS)
have emerged as a way to enhance the power of MPS by
encoding entanglement in the Clifford circuit rather than
in the MPS bond indices [160-162] (see Fig. 14). In this
context, Ref. [107] has shown that the entanglement
Clifford circuits cannot remove is linked to the nonlocal
nonstabilizerness of the state (see also Refs. [163,164]
for related discussions). Moreover, when disentangling the
Ising model with open boundary conditions using Clifford
circuits, the transformation from ground-state MPS to

A

Tensor ?
network

CAMPS

Clifford
circuit

Nonstabilizerness

>
>

Entanglement

FIG. 14. Complementary relationship between entanglement
and nonstabilizerness. Clifford circuits efficiently encode entan-
glement without nonstabilizerness, while tensor networks can
represent nonstabilizer states with limited entanglement.
Classical simulation of quantum many-body states containing
both high entanglement and high nonstabilizerness poses a key
challenge. In this context, CAMPS may serve as a one possible
approach that extends toward such computationally demanding
region.

CAMPS was shown to be equivalent to a Kramers-
Wannier duality transformation [165]. In the long-distance
limit, this transformation manifests itself as a deformation
of the spatial boundary from free to fixed boundary
conditions, with the removed entanglement entropy being
exactly calculable using BCFT. This is one example of how
Clifford unitaries act as deformations of the boundary in
field theory. Also, exact relations among the SRE, the EE,
and the participation entropy in the computational basis
have been discussed in Refs. [166—168], where the Clifford
unitary plays a fundamental role. These findings may
provide valuable insights into a field-theoretical description
of Clifford unitaries.

Second, it would be worthwhile to consider the universal
properties of the SRE in higher-dimensional systems.
In particular, two-dimensional systems may include con-
tributions to the SRE reflecting topological order, analo-
gous to topological entanglement entropy [169]. From a
field-theoretical perspective, the SRE in two dimensions
can be calculated from a replicated theory with two-
dimensional defects (or surfaces) from the Bell-state
measurements. Notable contributions in this direction
include Refs. [170,171].

Third, it would be interesting to interpret our results
through the AdS/(B)CFT correspondence [172,173]. The
AdS/CFT correspondence states that a d-dimensional CFT
is equivalent to a (d + 1)-dimensional theory of gravity in
the anti—de Sitter (AdS) space. This correspondence ena-
bles the computation of various quantities between CFT
and gravitational theory, including entanglement entropy
[174]. Consequently, it seems natural to explore whether
nonstabilizerness in CFT can be computed through the
AdS/CFT correspondence. In this context, we note that
Refs. [33,175] have used numerical simulations to reveal
aspects of nonstabilizerness in AdS/CFT.

Finally, it would be valuable to consider nonstabilizer-
ness in dynamical phenomena, particularly in the context
of measurement-induced phenomena [176,177]. The
entanglement in a monitored random circuit has been
known to exhibit phase transitions from a highly
entangled volume-law phase to a less entangled area-
law phase by varying the strength of midcircuit measure-
ments, where the critical point can be described by CFT.
Universal behaviors at the critical point have also been
observed for the participation entropy in the computa-
tional basis [178], suggesting that monitored Haar ran-
dom circuits might exhibit criticality akin to what we
found in the SRE (expressions for the SRE of random
Haar states without measurements can be found in
Ref. [179]). Similar transitions of the nonstabilizerness
have been observed in random Clifford circuits doped
by T gates [180-182] or by other unitaries [183]
and measurement-only circuits [184]. If these critical
points realize some (possibly nonunitary) CFT, we can
anticipate that the corresponding SRE will display
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universal behavior similar to what we found. Moreover,
it would be interesting to consider the measurement-
induced phase transition (MIPT) critical point of Clifford
random unitaries. This critical point arises from the
competition between Clifford random unitaries and com-
putational basis measurements [185-187], both of which
are free operations within magic-state resource theory.
Thus, we expect a vanishing universal term ¢, = 0 at this
critical point corresponding to the g factor g; = 1, though
the line defect must have nonzero energy density for the
SRE to vanish after subtracting the normalization term
(In2)L. These problems represent an interesting direction
for future investigation.

We hope that our study stimulates further studies in these
directions.

We used the ITensor package [188,189] for tensor-
network calculations.
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APPENDIX A: THETA FUNCTIONS

In this section, we present an overview of the Dedekind
eta function and theta functions, which are useful for our
calculations of the transition amplitudes presented in the
main text. The Dedekind eta function and the three theta
functions are defined as follows:

g =g [0 -4 (A1)
n=1
_ Zq(n+1/2)2/2 _ 2q1/8 ﬁ(] _ qn)(l + qn)Z’
nez n=1
(A2)
=Y ¢/ = H L=g")(1+¢"12), (A3)
0:() =Y (1) g =T [(1-g")(1—g" /2. (Ad)

nez n=1

The infinite product representations of the theta functions
can be derived from the Jacobi triple product identity:

> oqn = H (1=g")(1+ g 201+ ¢ /).
nez n=1
(A5)

A relationship connecting these functions is given by

2n(q)* = 02(q)05(q)04(q)-

Under the modular transformation 7 — —1/7 and corre-
spondingly ¢ — g, these functions transform as

(A6)

n(@) = vV=im(q), (A7)

6,(q) = V~it63(q), (A8)

63(q) = V/~it65(q), (A9)

04(q) = V/~it64(q). (A10)

Additional useful identities are

0,(¢%) = V/[63(a) - 0.()]/2, (AL1)

03(¢%) = V/[63(q) + 04(q)]/2, (A12)

04(q%) = v/03(9)04(q). (A13)

We demonstrate the practical application of these func-
tions by verifying the mutual consistency between the
DBC state |D(¢p)) and the NBC state |N(0p)) of a single-
component S' free-boson CFT. The calculation proceeds as
follows:

2oy = (D(¢p)le”PPHIN(0p))

1
= gpgnq~ "% H g
_ |nlq)
92(‘])
n(q) 3
= - q N q
94(Q) ( )
_ 6,7
21(g)
1 & o )
“ (@) Z g = ZI (/) n=(1,2)2(@)-
n=1

3
Il

(Al14)
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We substitute the g factors gp and gy in Egs. (94) and (95),
which are derived in the following section. This calculation
reveals that the amplitude can indeed be expressed as a sum
of Virasoro characters, with the lowest conformal weight
h = 1/16 appearing due to the presence of a BCCO.

APPENDIX B: DERIVATION OF THE g
FACTOR OF DIRICHLET AND NEUMANN
BOUNDARY STATES

We now derive the g factors gp and gy in Egs. (94)
and (95) by requiring that the boundary states satisfy
Cardy’s consistency conditions. First, we calculate the

amplitude between two general boundary states
[R(ép.6p)) and [R'(¢p.0p)):
(R'(¢p.Op)le” VMR (b, 0p))
— Z oiR-Ap+iK-Adp q(K§2/4)+<1?2/4K)—N/24
l:?E/\le\R
KEA* mA*
X (0[S (R) g2 /@) a6 5(R) ), (B1)

where A(ZD = Js/D - sz and AéD = 5;) — éD. The oscil-
lator mode contribution factorizes into amplitudes between
the subspaces of the DBC and the NBC:

(0|S* (R/)qZ(n/2)(<c7%>*ﬁﬁ+(ﬁ§)m,’$)S(R) 10)
N-d
= gV (L)d 2n(q)
n(q) 0:(q)
where d = dim(V}, N Vp) 4+ dim(Vy N Vy). This formula
was used to calculate the amplitude between |D($D))

and |I'}), as in Eq. (101) in the main text. Using the
above equations (B1) and (B2) with d = N, the amplitudes

of the boundary states |D(gp)) and |[N(6p)) with them-
selves reads

(B2)

(DD = B 3 g, (3
KGA*

(N (@)= |N (G)) = 9’2VNZq<K/4>f* (B4)
(@) £

The modular transformation ¢ — § of these amplitudes
follows from the Poisson resummation formula:

(B5)

where A 1is a lattice, A* is its dual, and ]Af is the
Fourier transform:

F®) = / u(3)e T (5). (B6)

Here, V is the vector space containing the lattice A and u(¥)
is the measure in V, which, in our case, V = R" and

u(¥) = d"y. For the Gaussian function f(7) = ¢**, the
Fourier transform is f(X) = (—2iza)™V/2G% /4. Thus, the
amplitudes become

x)N/2

o N 2
(D(fp)le” P2 |D(p)) = g DI
ReA

(N(@p)le™ PN (8p)) = 92 2"_1 . Ay 2 A
KeA

(B8)

Since the Virasoro character for the N-component free
boson is y,(§) = G"/[n(3)"], the self-consistency condi-
tion requires

gp(2)"?

_ g (2N
vo(A") '

UO(A) =h

(B9)

ensuring that the 7 = 0 Virasoro character appears exactly
once. Using vy(A)vo(A*) = 1, we obtain the results (94)
and (95) in the main text.

APPENDIX C: CONSISTENCY CHECK OF
THE S'/Z, ORBIFOLD FREE-BOSON
BOUNDARY STATES

We verify the consistency conditions for the boundary
states in the S'/Z, free-boson CFT through the follow-
ing steps.

(1) Determine the coefficient 1/ \/@ of the regular

boundary states from self-consistency.

(2) Fix the coefficient 1/1/|G| for the untwisted sector
of the fixed point boundary states through mutual
consistency with the regular states.

(3) Determine the coefficient 2=V/* for the twisted
sector of the fixed point boundary states from
self-consistency.

1. Self-consistency of the regular boundary states

For regular boundary states defined as

ZD

aEG

| (¢D19D orb — |R ¢D’9D)> (Cl)
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self-consistency requires that the amplitude
0rb< <¢Da HD) |e_(ﬁ/2)H |R(¢Dv 9D)>orb

|G|Z ($p.6p)ID(d)e~ P21 D(@)[R (. p))

(C2)

contains exactly one h = 0 Virasoro character and non-
negative integer numbers of & # 0 characters. This follows
from the consistency of the original S' free-boson boundary
states |R(¢p.0p)). The h = 0 character appears only when
a = d', while other characters appear in multiples of |G|
due to the relation

(R (¢ 0p)|D(a')e™P/DH D(a)|R(¢p. Op))

= (R!($p. 0p)|D(d'a")e"PDHD(aa")|R(dp. Op)).
(C3)

where a” €G. Together with the factor |G|™!, the self-
consistency is confirmed. The same argument can be
applied to confirm mutual consistency among the regular
boundary states.

2. Mutual consistency between regular
and fixed point states
For mutual consistency between the regular states

|R($D,§D)>Orb and the fixed point states |R’($IE 5’,;)>Orb,
the amplitude

on(R <$D Op)le™PH IR (Bl O5) oy

Z ¢D’9D |D ) ~/2) HD( )|R/(¢E’9E)>

a€G
heGO

(C4)

must contain nonnegative integer numbers of Virasoro
characters. Note that amplitudes between untwisted and
twisted sectors vanish. For terms in ) _, ,, pairs (a, b) and
(—a,b) give identical contributions, yielding |G| pairs
{(ab',bb"), (—ab',bb")};y <, with equal contributions.
Thus, the mutual consistency is established.

3. Self-consistency of the fixed point states
To be concrete, we first explicitly construct the twisted

sector boundary states. The boson field 477 in the twisted
sector can be mode expanded as follows:

Plx.1)= ¢0+Z

eZ+‘
r>0

( L _,'k,(x+t)+Efeikr(x—f>+H,c_),

(C5)

with oscillator modes satisfying [(b )is (l;;) il = 6540,.6).

Here, 450 takes values in wA,, where A, is the unit cell
of A:

N
AOI {ip—é:Z‘c’.ié)i’ 8,':0,1}. (C6)
i=1
The Hamiltonian in the twisted sector is
2r 7L 7L TR\+ TR N
H,=— b)) b b)) b — C7
=T | S AG B BB g | (€D
rez+

r>0

The oscillator vacua are labeled either by the eigenvalues
of J’o as |7R),(R € Ay) or by its dual 50 as |7rf(>,(l?€A3),
where A is defined similarly to A,. These vacua are
related by

77,' —urKR”K
R, @z |

KeA;

|nK), = \/_ > KR |zR),. (C8)

ReA,

The boundary states in the untwisted sector are eigenstates

of the zero-mode operators 77qu0 and PNéo, so we wish
to obtain the corresponding boundary states also in the
twisted sector. Since the compactification lattice A is a

square lattice, the state |zR), is in the form of a tensor
product of the boundary states for each component:

1ZR), = |7R &) |7Rs&,), - - - |mRyey),. We can exchange
the basis of this Hilbert space so that the state |zR), is

expressed as a tensor product |7PpR),|xPyR),. Then,
we rotate the state in Vy to create the eigenstate of the

operator PNéD as
IZPyK), = > e KR|ZPyR),.

RePyA,

vl ()

The boundary state |ﬂPDR> |7z73NK ), is now an eigenstate
of the two operators ’PDqﬁo and PNHO as we wished. Then,
the boundary state |R(¢g.0g)), in the twisted sector

corresponding to the fixed point boundary state
|R(¢E’9E)> (¢Eeﬂ'A0 N VE,QEeﬂ'AS N VN) in the
untwisted sector is expressed as

IR(¢r.0k)), = Si(R)|PE) |6k),. (C10)

011037-28



STABILIZER RENYI ENTROPY AND CONFORMAL FIELD ...

PHYS. REV. X 16, 011037 (2026)

where

$,(R) =exp (<Y (G5 RE)  cn)

r

is the squeezing operator in the twisted sector. The group G
acts on the twisted sector in the same way as it acts on the
untwisted sector boundary states: D(a)|R(gTSE, 0r)), =
laRa(apg, adg)),.

We now confirm that the fixed point boundary states
of the S'/Z, free boson [Eq. (111)] satisfy the self-
consistency condition. The amplitude of the twisted sector
boundary state with itself reads

AR bp. Ople” PR dp.O),

= qN/48 (H 1 - n—1/2>

=1 q
(5
)

2
(0@ NN _ v,y
(ﬂ’?(@) 27V %0(g) + - - -

Since this amplitude contains the &2 = 0 Virasoro character
2-N/2 times, the amplitude of the fixed point boundary
state (111) with itself contains the 7 = 0 Virasoro character
|G|™! x |Gy| = 1/2 times within the untwisted sector and
27N/2 x |Gy| x 27N/2 = 1/2 times within the twisted sec-
tor. Therefore, the contributions from both sectors sum to
unity, and the self-consistency is confirmed.

(C12)

APPENDIX D: COMPARISON WITH
ENTANGLEMENT ENTROPY

As mentioned in Sec. VB, the EE and the SRE
share similar structural features in their definitions. This
section provides a detailed comparison between these two
quantities.

The EE can be calculated using the replica trick as
follows:

S () =

In Trfr, 4w®). (D1)

-«
Here, 7, 4, denotes a cyclic permutation operator that acts
exclusively on subsystem A. Permutation operators are
unitary transformations and, according to Schur-Weyl
duality, constitute the unique class of operators that
commute with arbitrary unitary operations. Consequently,
permutation operators form a complete basis for the
commutant of the full unitary group.

The universal behavior of the EE is determined by
the line defect introduced by the permutation operator.
Since the permutation operator 7,4 commutes with the

| — ]

FIG. 15. (a) The partition function of the a-component CFT
with the line defect imposed by the permutation operator. The
figure shows only periodicity in the imaginary time direction.
(b) The permutation operator creates a topological defect by
connecting neighboring components. (c) After the folding trick,
the line defect becomes a boundary. We name the boundary from
the nontrivial topological defect in subsystem A as P and the
trivial one as 1.

Hamiltonian of the replicated theory w®?, the resulting
line defect is a topological defect, meaning that the
energy-momentum tensors are continuous across the
defect interface [134]. Based on physical considerations,
we can identify the topological defect in the IR limit as
the configuration depicted in Fig. 15. The defect can
be expressed in terms of local field operators ¢; (i =
1,2,...,a) through the boundary condition ¢;(x,/) =
¢ 1(x,0). It simply connects the neighboring components
by an identity map. The topological character of this defect
is confirmed by the relation T';(x, ) = T;,1(x,0), where T
denotes the energy-momentum tensor of the ith replica,
leading to

T (x, B) = ZTi(x’ﬂ) = ZTi<xv 0) =T\ (x,0). (D2)

Under the folding trick, this topological defect maps to
what is known as a permutation brane [190].
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FIG. 16. Top: the ground-state energy E%,(d) of the
2a-component CFT on a strip of width d with boundaries
P and I on each end is equivalent to the Casimir energy of a
single-component CFT on a cylinder of circumference 2da. Bottom:
the ground-state energy EY, (d) onastrip of width d with boundaries 7
on both ends is equivalent to a times the Casimir energy of a single-
component CFT on a cylinder of circumference 2d.

After identifying the conformal boundary induced by the
permutation operator 7, 4, we can determine the universal
scaling of the EE by calculating the scaling dimension of
the BCCO between the permutation brane (P) and the
trivial boundary (/). The scaling dimension Ap; of the
BCCO is related to the ground-state energy of the CFT on a
strip geometry with boundary conditions P and / imposed
on opposite sides. Specifically, we employ the following
relation:

(D3)

where d denotes the width of the strip geometry and E%,(d)
[EY(d)] represents the ground-state energy of the CFT
on the strip geometry with boundary conditions P, I (I, I)
at the two ends [73]. The energy E%,(d) reduces to the
Casimir energy of a cylinder geometry with circumference
2da, as illustrated in Fig. 16. This reduction occurs because
the boundaries P and I connect the replicas, effectively
transforming the strip into a cylinder. Similarly, EY(d)
equals a times the Casimir energy of a cylinder with
circumference 2d. Therefore, the scaling dimension can be
calculated from Eq. (D3) as

d T C Tca c 1
“"—;<‘525‘<‘azﬁ>-“ﬁ(“‘a>~ (D4)

Here, the Casimir energy of a cylinder with circumference
Ley is given by E° = —(7/6)(c/L.y). Since the partition
function can be expressed as a two-point correlation
function of the BCCO, the logarithmic scaling of the EE
follows as

Ttz ap®] o (Bp(1)Bp(0)) ~ I72471, (Ds)

a 1 1
Sg>(w)~1—x(—2AP,)1n1:%<1+a>1nz. (D6)

Here, [ represents the length of subsystem A, and we have
used Egs. (D1) and (D4) in the final expression.

We now compare the above results for the EE with the
case of the SRE, which can also be formulated using the
replica trick:

1
Moly) = - InTriQa .

— (D7)
Here, Q,, =271 .(6")®** belongs to the 2a-order
commutant of the Clifford group. It has been proven that
the complete commutant of the Clifford group is generated
by this operator ,, (with @ =2, 3) together with the
permutation operators that also span the commutant of the
full unitary group [123]. Therefore, the SRE can be viewed
as a natural extension of the EE obtained by restricting the
unitary group with which the operators must commute to
the Clifford group, thereby revealing more detailed struc-
ture through the nontrivial commutant Q,,. In contrast to
the permutation operators, the Clifford commutant Q,,
generally does not commute with the Hamiltonian, and,
consequently, the resulting line defect is not topological.
As demonstrated in Sec. III, the line defect is also not
factorizing. This represents the key contribution of our
work: It provides practical methods for determining the
nontrivial line defect imposed by the Clifford commutant
(or, equivalently, the Bell-state measurements), which
exhibits neither topological nor factorizing character.
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