
Dynamical α-Rényi Entropies of Local Hamiltonians Grow at Most Linearly in Time

Daniele Toniolo * and Sougato Bose
Department of Physics and Astronomy, University College London,

Gower Street, London WC1E 6BT, United Kingdom

(Received 16 August 2024; revised 13 November 2024; accepted 17 June 2025; published 19 August 2025)

We consider a generic one-dimensional spin system of length L, arbitrarily large, with strictly local
interactions, for example, nearest neighbor, and prove that the dynamical α-Rényi entropies, 0 < α ≤ 1, of
an initial product state grow at most linearly in time. This result arises from a general relation among
dynamical α-Rényi entropies and Lieb-Robinson bounds. We extend our bound on the dynamical
generation of entropy to systems with exponential decay of interactions, for values of α close enough to 1,
and, moreover, to initial pure states with low entanglement, of the order of log L, that are typically
represented by critical states. We establish that low entanglement states have an efficient matrix product
state representation that persists at least up to times of the order of log L. The main technical tools are the
Lieb-Robinson bounds, to locally approximate the dynamics of the spin chain, a strict upper bound of
Audenaert on α-Rényi entropies, and a bound on their concavity. Such a bound, that we provide in an
appendix, can be of independent interest.
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I. INTRODUCTION

α-Rényi entropies are generalized quantum entropies that
are good quantifiers of entanglement [1–4]. A list of their
properties can be found in Ref. [5]. Early works on the
characterization of spin systems’ ground state with Rényi
entropies are Refs. [6,7].
Experimental breakthroughs [8–10] have shown how

quantum entropies can be detected and measured, making
them not only crucial quantities to characterize the behavior
of many-body systems from a theoretical point of view, but
also susceptible to experimental tests.
The scaling of α-Rényi entropies, 0 < α < 1, of the

reduced density matrix of a state, of a one-dimensional
system, have been shown to determine whether such a state
could be efficiently represented by a matrix product state
(MPS) [11,12]. In higher-dimensional systems, instead, a
nonvolume law for the Rényi entropy does not imply an
efficient MPS representation [13].
The variation of the von Neumann entropy of the reduced

density of a state evolved in time according to the
unitary evolution of a system has attracted a lot of attention
starting from the small incremental entangling and small

incremental mixing conjectures attributed by Bravyi in
Ref. [14] to Kitaev. See Ref. [14] also for early references
on this topic. A recent review covering these themes is
Ref. [15]. These conjectures roughly say that the rate of
increase in time of the von Neumann entropy and the
entropy of mixing are upper bounded by a constant
independent from the overall system’s size. Audenaert
[16], Van Acoleyen, Mariën, and Verstraete [17], and
Mariën et al. [18] have given proofs of such conjectures.
In particular, as a consequence of the (at most) linear
growth in time of the entanglement entropy, the authors of
Refs. [17,18] were able to prove, using the formalism of the
quasiadiabatic continuation [19–23], that states within
the same phase of matter have the same scaling of the
entanglement entropy, implying the stability of the area law
in dimension larger than one. A phase of matter in this
context is identified by the set of gapped eigenstates of
local Hamiltonians that can be smoothly connected.
Recently, a concept of quantum phase has emerged in
the more general context of Lindbladian evolution [24,25].
It is well known that the area law for the one-dimensional
gapped state has already been proven directly [26,27].
Recently, proofs have also been given for two-dimensional
frustration-free systems [28,29]. In general, a proof for
higher dimensions is still lacking; nevertheless, under
additional mild conditions, Masanes has proven a low
entropy law in Ref. [30]. Area laws have also been shown
to follow from exponential decay of corrections [31,32]. A
rigorous analysis of entanglement rates for α-Rényi entropy
with α > 1 has been given in Ref. [33]; moreover, for
these entropies, the authors of Ref. [34] have shown the
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generation of entanglement, from a specific class of initial
product states for the dynamics of the “self-dual” kicked
Ising chains, exactly.
Calabrese and Cardy pioneered the use of field theoretic

methods for the evaluation of entanglement entropies and
their dynamics in spin systems [35–37], providing in
Ref. [36] also the solution for the transverse Ising model.
Other approaches in the context of integrable systems are
Ref. [38] and, for α-Rényi entropy with α > 1, Ref. [39].
Symmetries can affect the dynamical behavior of entro-

pies; the authors of Refs. [40–42] have pointed out
subballistic growth for diffusive systems.
In our work, we are able to upper bound, as a function of

time and α, the variation of the α-Rényi entropy, with
0 < α ≤ 1, of the partial trace of the time evolution of a
generic product state, when the time evolution is induced
by a nearest-neighbor Hamiltonian H ¼PL−1

j¼−L Hj;jþ1 in
one dimension. This corresponds to a global quench where
the ground state of the initial Hamiltonian is a product state.
With r the local Hilbert space dimension, the bound reads

ΔSαðtÞ ≤ Krð1=αÞ−1max
j
fkHj;jþ1kgt log rþ K0 ð1Þ

with bothK andK0 constants of the order of 1. This is the first
rigorous result, as far asweknow, on the dynamical evolution
of α-Rényi entropy, with 0 < α < 1. The upper bound on the
von Neumann entropy follows as the α → 1 limit.
The upper bound (1) is obtained from the following

general relation among α-Rényi entropies, with 0 < α ≤ 1,
and Lieb-Robinson (L-R) bounds. This is the most impor-
tant result of our paper together with Eq. (1) that is an
application of Theorem 1. A further application of it has
been obtained for the case of local Hamiltonian systems
with slow dynamics (many-body localized, for example), as
quantified by a Lieb-Robinson bound giving rise to a
logarithmic light cone, in our work in Ref. [43], where we
have proven a log t behavior of ΔSαðtÞ.
Theorem 1 (entanglement generation, informal). For a

one-dimensional lattice spin system, with local Hilbert
space dimension equal to r, with a Hamiltonian as in Eq. (5)
and Lieb-Robinson bound as quantified byΔkðtÞ in Eq. (3),
the generation of entanglement as given by the α-Rényi
entropy, 0 < α ≤ 1, starting from a product state ρ, being
l ≥ 0 a variational parameter upon which Eq. (2) must be
minimized given the explicit expression of ΔkðtÞ, is upper
bounded by

ΔSαðtÞ ≔ SαðTr½1;L�ρðtÞÞ − SαðTr½1;L�ρÞ

≤
1

1 − α

XL
k¼lþ1

log

�
1 − α

Z
t

0

dsΔk−1ðsÞ

þ ðrkþ1 − 1Þ1−α
�Z

t

0

dsΔk−1ðsÞ
�

α
�

þ ðlþ 1Þ log r: ð2Þ

ΔkðtÞ is upper bounded by

ΔkðtÞ ≤
Z

t

0

dsk½Hk;kþ1 þH−k−1;−k;

eisðHΛk−H½0;1�ÞH½0;1�e
−isðHΛk−H½0;1�Þ�k; ð3Þ

and HΛj
≔
Pj−1

k¼−j Hk;kþ1.
Proof. The reader will be guided from Eqs. (5)–(36) to

the proof of Eq. (2). ▪
When the shape of the Lieb-Robinson bound follows

uniquely from the locality of the Hamiltonian, as explained,
for example, in Appendix B, Eq. (2) implies Eq. (1). A
more restrictive Lieb-Robinson bound that implies, for
example, a logarithm light cone, gives rise from Eq. (2) to a
dynamical generation of entropy that at long times follows
a log t law, as we have proven in Ref. [43].
We are also able to generalize Eq. (1) (see Sec. VI), to the

evolution of an initial pure state with α-Rényi entropy up to
Oðlog LÞ; in this case, the constantK0 becomes of the order
of the initial entropy of the state. Independently from the
existence of an energy gap, the bound (1) shows that a
state of a one-dimensional local system with interactions
decaying fast enough, that has an efficient MPS represen-
tation, continues upon time evolution to have an efficient
MPS representation up to times at least of the order
of log L.
The linear dependence on t of the upper bound onΔSαðtÞ

that we have established is the best possible for large t. In
fact, in Ref. [44], a lower bound on the dynamical
generation, starting from a product state, of the entangle-
ment entropy for the Ising model was proven: ΔSðtÞ ≥
½4=ð3πÞ�t − 1

2
ln t − 1. The Ising model falls into the class of

models, one-dimensional nearest neighbor, that we are
considering here. ΔSðtÞ denotes the variation of the von
Neumann entropy. α-Rényi entropies, with 0 < α < 1, are
upper bounds of the von Neumann entropy; therefore, they
cannot grow slower than t for large t.
The bound (1) is easy to generalize to the case of a k-

neighbors Hamiltonian. We explicitly consider the case of
interactions decreasing exponentially fast in Sec. V, prov-
ing with equation (68) an upper bound linear in t as Eq. (1)
but only for values of α sufficiently close, from below, to 1,
according to Eq. (66).
It should be stressed that, for pure states ρ ¼ jΦihΦj,

jΦi∈H1 ⊗ H2, the α ¼ 1=2 Rényi entropy (of the
partial trace) coincides with the logarithmic negativity
EN ðρÞ [45]:

EN ðρÞ ≔ log2kρT1k1 ¼ S1=2ðTrH1
ρÞ: ð4Þ

In Appendix I, we show this equality following
Refs. [45,46]. The logarithmic negativity has been studied
in the context of many-body physics with field theoretical
methods [47–49], including its dynamics [50,51].
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Our work is organized as follows: In Sec. II, we present
the physical setting and discuss how the unitary dynamics
is approximated making use of Lieb-Robinson bounds.
Here, we follow the approach employed in Refs. [52,53]. A
short proof of the Lieb-Robinson bound, following
Ref. [54], is in Appendix B. In Sec. III, we present the
upper bound on α-Rényi entropies, 0 < α < 1, proven by
Audenaert in Ref. [55] and discuss how it reduces to the
more familiar Fannes-Audenaert-Petz bound [55,56] on the
von Neumann entropy in the limit α → 1. In Sec. IV, we set
up and sum up the series that gives rise to the upper bound
on the Rényi entropies (1), discussing how the faster-than-
exponential decrease of the spatial part of the Lieb-
Robinson bound of a strictly local Hamiltonian enables
the summation of the series for all 0 < α ≤ 1, for arbitrarily
large one-dimensional systems. We eventually state the
final bound on the dynamical variation of the Rényi
entropies (1). In Sec. V, we extend our bound to systems
with exponential decay of interactions for values of 0 <
α ≤ 1 close enough to 1. We then show in Sec. VI the
generalization of the theory to pure states with entangle-
ment of the order of log L. In Sec. VII, we discuss possible
extensions of our work and relations with other results in
the literature. A set of appendixes closes the paper by
collecting proofs and technicalities.

II. PHYSICAL SETTING

The physical setting is that of a one-dimensional spin
chain with sites in the interval ½−L; L�. The local Hilbert
space is Cr. The Hamiltonian is a sum of nearest-neighbor
terms:

H ¼
XL−1
j¼−L

Hj;jþ1: ð5Þ

Hj;jþ1 is a shorthand for 1r ⊗ � � � ⊗ Hj;jþ1 ⊗ � � � ⊗ 1r, to
make clear that the support of Hj;jþ1 is on the sites
fj; jþ 1g. We define J ≔ maxjfkHj;jþ1kg < ∞, with
k · k denoting the operatorial norm, that is, the maximum
singular value. Our final goal is the evaluation of the
variation, associated to time evolution, of the α-Rényi
entropies, with 0 < α ≤ 1, of a reduced density matrix.
Namely, we want to upper bound as a function of time:

ΔSαðtÞ ≔ jSαðTr½1;L�ρðtÞÞ − SαðTr½1;L�ρÞj: ð6Þ
Tr½1;L� denotes partial tracing on the Hilbert space⊗L

j¼1 Hj,
with ∀ j,Hj ¼ Cr, while ρðtÞ is the evolution, at time t of
the state ρ, ρðtÞ ≔ e−itHρeitH. We rewrite the operator
of unitary evolution e−itH, following the approach of
Refs. [52,53], to put in evidence that the term H0;1 of
the Hamiltonian (5) is responsible for the “spread”
of entanglement among the two halves of the system.
We define

VðtÞ ≔ eitðH½−L;0�þH½1;L�Þe−itH ¼ eitðH−H½0;1�Þe−itH: ð7Þ
H½−L;0� ≔

P−1
j¼−L Hj;jþ1 and H½1;L� ≔

P
L−1
j¼1 Hj;jþ1 collect

the terms in the Hamiltonian (5) with support contained,
respectively, in the intervals ½−L; 0� and ½1; L�. The term
H0;1 has instead support on both these intervals.
Our theory holds with H as in Eq. (5) with open

boundary conditions. If periodic boundary conditions were
adopted instead, two terms of the Hamiltonian, say, H0;1

and HL;−L, would have overlapping supports with the two
halves of the system after a bipartition.
It is easy to verify that replacing e−itH with VðtÞ leaves

ΔSαðtÞ in Eq. (6) invariant. In fact,

SαðTr½1;L�VðtÞρV�ðtÞÞ ð8Þ

¼ SαðTr½1;L�eitðH½−L;0�þH½1;L�Þe−itHρeitHe−itðH½−L;0�þH½1;L�ÞÞ ð9Þ

¼ SαðTr½1;L�eitH½−L;0�eitH½1;L�e−itHρeitHe−itH½1;L�e−itH½−L;0� Þ
ð10Þ

¼ Sα½eitH½−L;0� ðTr½1;L�eitH½1;L�e−itHρeitHe−itH½1;L� Þe−itH½−L;0� �
ð11Þ

¼ SαðTr½1;L�eitH½1;L�e−itHρeitHe−itH½1;L� Þ ð12Þ

¼ SαðTr½1;L�e−itHρeitHÞ: ð13Þ

In Eq. (10), we have used the fact thatH½−L;0� andH½1;L� have
disjoint supports and, therefore, they commute; in Eq. (11)
thatH½−L;0� is unaffected by the partial trace because it is not
supported on the Hilbert space where the partial trace is
acting upon; in Eq. (12) that the Rényi entropy of a state is
invariant by unitary conjugation of that state; and, finally, in
Eq. (13), we have used the fact that H½1;L� has support
contained in the Hilbert space that is traced out, and,
therefore, the cyclic property of the trace applies.
The operator VðtÞ in Eq. (7) also equals

VðtÞ ¼ T
�
exp

�
−i
Z

t

0

dseisðH½−L;0�þH½1;L�ÞH½0;1�

× e−isðH½−L;0�þH½1;L�Þ
��

: ð14Þ

This is the so-called interaction picture. T ð·Þ denotes time
ordering, according to the rule that the latest time goes on
the left. Equation (14) is proven, showing that, as Eq. (7) is
a solution of the differential equation

i
d
dt

VðtÞ ¼ eitðH−H½0;1�ÞH½0;1�e−itðH−H½0;1�ÞVðtÞ ð15Þ

with a unique solution (once the initial condition Vð0Þ ¼ 1
is set), therefore they coincide. The interaction picture (14)
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already provides the hint that the support of VðtÞ expands
starting from the origin of the system, x ¼ 0, following the
evolution of H½0;1�, that, captured by the Lieb-Robinson
bound of the system, is at most linear in time.

III. AUDENAERT BOUND ON α-RÉNYI
ENTROPIES, 0 < α < 1

In Ref. [55], Audenaert presents a sharp form of the
Fannes bound on the difference among the von Neumann
entropy of a pair of states (density matrices) ρ and σ. The
same bound also appears in the book of Petz [57], Theorem
3.8, where the proof is attributed to Csiszár.
As a by-product, Audenaert was able to obtain in

Ref. [55] a sharp bound on the difference among the
α-Rényi entropies, with 0 < α < 1, of ρ and σ. In what
follows, all the logarithms are in base 2. The α-Rényi
entropies, with α ≠ 1, are defined as

SαðρÞ ¼
1

1 − α
log Trρα: ð16Þ

It holds that Sαð·Þ ≤ Sβð·Þ with α ≥ β. This means that our
attention is focused on quantum entropies that upper bound
the von Neumann entropy, S, that is, the α → 1 limit of the
α-Rényi entropies:

SðρÞ ¼ −Trρ log ρ: ð17Þ

Denoting λj the eigenvalues of ρ in Eq. (16), this fact can be
easily seen:

SαðρÞ ¼
1

1− α
log
X
j

λαj ð18Þ

¼ 1

1−α

�
log
X
j

λαj jα¼1þ
�
∂

∂α
log
X
j

λαj

�
jα¼1ðα−1Þ

þoðα−1Þ
�
: ð19Þ

With f½∂=ð∂αÞ� logPj λ
α
jgjα¼1 ¼

P
j λj log λj and taking

limα→1, the result follows. With T ≔ 1
2
kρ − σk1, the trace

distance among the two states ρ and σ, and d the dimension
of the Hilbert space where the states are acting upon, the
bound of Audenaert reads as Eq. (A3) in Ref. [55]:

jSαðρÞ − SαðσÞj ≤
1

1 − α
log ½ð1 − TÞα þ ðd − 1Þ1−αTα�:

ð20Þ

This inequality is sharp, in the sense that, for every value of
T, 0 ≤ T ≤ 1, there is a pair of states, at distance T, that
saturates the bound. These are given by

ρ ¼ Diagð1; 0;…; 0Þ;

σ ¼ Diag

�
1 − T;

T
d − 1

;…;
T

d − 1

�
: ð21Þ

The inverse is also true, namely, that these are the only
states that saturate the bound [58]. We see that with α ¼ 0
the upper bound (20) becomes T independent and, there-
fore, trivial, being always equal to log d, that is, the maxi-
mal value of the α-Rényi entropy ∀ α ≥ 0. The α ¼ 0
Rényi entropy is also called Hartley, or max, entropy [5]. In
what follows, we explicitly assume 0 < α ≤ 1, with α ¼ 1
taken as a limit. The states (21) play the same role also in
the Audenaert-Fannes-Petz upper bound on the difference
of von Neumann entropy:

jSðρÞ − SðσÞj ≤ T logðd − 1Þ þH2ðT; 1 − TÞ: ð22Þ

H2ðT; 1 − TÞ denotes the binary Shannon entropy:
H2ðT; 1 − TÞ ≔ −T logT − ð1 − TÞ logð1 − TÞ. It can be
easily shown that the bound (22) is the limit for α → 1 of
the bound (20). The Rényi entropies, with the von
Neumann entropy being the continuation at α ¼ 1, are
decreasing in α for all positive α. This can be shown, for
example, using the concavity of the logarithm and the
Jensen inequality. The upper bound (20) is also decreas-
ing with 0 ≤ α < 1; we explicitly show this in
Appendix A.
A comparison among the bounds (20) and (22) shows

that in the first one the trace distance among states is
coupled with the exponential of the number of qudits in the
systems (that is proportional to the dimension of the Hilbert
space) and, instead, in the latter one is coupled with the
number of qudits. This means that it is harder to obtain an
upper bound, for the dynamically generated entanglement,
that is system-size independent when the 0 ≤ α < 1 Rényi
entropies are concerned.
Both the bounds (20) and (22) are increasing in T

only with T ∈ ½0; 1 − 1=d�. With T ¼ 1 − 1=d, the maxi-
mum value is reached that for both entropies is equal to
log d. As a consequence, since it is usually possible to
obtain only upper bounds on the trace distance, the
following slight modification of the bound (20), that is
given in Theorem 3.1 in Ref. [59], is useful. With
T ≤ R ≤ 1, it is

jSαðρÞ − SαðσÞj ≤
� 1

1−α log½ð1 − RÞα þ ðd − 1Þ1−αRα� with R ≤ 1 − 1
d ;

log d; with R ≥ 1 − 1
d :

ð23Þ
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In Eq. (23), ΔSα is increasing in R. For the analogous
resetting of the bound given in Eq. (22), we refer to lemma
1 of Ref. [56], and Ref. [59]. Recently, a new upper bound
on the variation of von Neumann entropy that makes use of
the trace distance and the norm distance among states has
appeared [60].
A further upper bound to Eqs. (20) and (23), that is not

tight but increasing in R, for all 0 ≤ R ≤ 1, is

jSαðρÞ − SαðσÞj ≤
1

1 − α
log½1 − αRþ ðd − 1Þ1−αRα�:

ð24Þ

This follows from ð1 − uÞα ≤ ð1 − αuÞ for u ≤ 1 and
0 < α < 1, and the fact that the logarithm is an increasing
function.
An important remark about the bounds (20) and (22) is

that their derivatives in the trace distance, when evaluated at
T ¼ 0, diverge. It means that increasing T, from T ¼ 0,
where the two states coincide, the difference in entropy
increases at a diverging rate. For the von Neumann entropy
and the α-Rényi entropy, with α > 1, it has been estab-
lished [17,18,61] that, for local Hamiltonians systems, the
dynamically generated entropy actually grows at a finite
rate from t ¼ 0.
In this work, we are interested in the dynamical gen-

eration of entropy over any time interval, proving that with
strictly local Hamiltonians is always independent form the
system’s size for all α∈ ð0; 1�, while when interactions
decay exponentially there always exists, for any finite
system, a set of α ≤ 1 close to 1 such that the scaling is
system-size independent.

IV. UPPER BOUNDING ΔSαðtÞ FOR A
NEAREST-NEIGHBOR HAMILTONIAN

In this section, we make use of the following notation:
Λj ≔ ½−j; j�, VΛj

is the V evolution associated to the

Hamiltonian H½−j;j� ≔
Pj−1

k¼−j Hk;kþ1, namely,

VΛj
ðtÞ ≔ eitðH½−j;0�þH½1;j�Þe−itH½−j;j�

¼ eitðH½−j;j�−H½0;1�Þe−itH½−j;j� : ð25Þ

According to Eq. (25), it is VΛL
ðtÞ ≔ VðtÞ.

We have already defined, in Eq. (6), ΔSαðtÞ ≔
jSαðTr½1;L�ρðtÞÞ − SαðTr½1;L�ρÞj as the object of our inves-
tigation. We now set an upper bound to ΔSαðtÞ in the form
of a telescopic sum:

ΔSαðtÞ ¼ jSαðTr½1;L�VðtÞρV�ðtÞÞ − SαðTr½1;L�ρÞj
¼ jSαðTr½1;L�VΛL

ðtÞρV�
ΛL
ðtÞÞ

− Sα

�
Tr½1;L�VΛL−1

ðtÞρV�
ΛL−1

ðtÞ
�

þ Sα

�
Tr½1;L�VΛL−1

ðtÞρV�
ΛL−1

ðtÞ
�

− � � � þ SαðTr½1;L�VΛl
ðtÞρV�

Λl
ðtÞÞ − SαðTr½1;L�ρÞj

ð26Þ

≤
XL
k¼lþ1

jSαðTr½1;L�VΛk
ðtÞρV�

Λk
ðtÞÞ

− Sα

�
Tr½1;L�VΛk−1

ðtÞρV�
Λk−1

ðtÞ
�
j

þ jSαðTr½1;L�VΛl
ðtÞρV�

Λl
ðtÞÞ − SαðTr½1;L�ρÞj:

ð27Þ

At this point, a crucial observation follows from the
assumption of ρ being a product state:

ρ ¼ ⨂
L

j¼−L
ρj ð28Þ

with ρj∶ Cr → Cr. This implies that each Tr½1;L�VΛk
ðtÞ ×

ρV�
Λk
ðtÞ factorizes: The unitary VΛk

is supported on the
interval ½−k; k�; with a slight abuse of notation, we write
VΛk

¼ VΛk
⊗ 1½−k;k�c , where ½−k; k�c denotes the comple-

ment of ½−k; k� in ½−L; L�. Moreover, with

ρ½−k;k� ≔ ⨂
k

j¼−k
ρj; ð29Þ

we have that

Tr½1;L�ðVΛk
ρV�

Λk
Þ

¼ Tr½1;k�Tr½kþ1;L�ðVΛk
ρ½−k;k�V�

Λk
⊗ ρ½−k;k�cÞ

¼ Tr½1;k�ðVΛk
ρ½−k;k�V�

Λk
Þ ⊗ Tr½kþ1;L�ρ½−k;k�c : ð30Þ

It follows that

jSαðTr½1;L�VΛk
ðtÞρV�

Λk
ðtÞÞ

− Sα

�
Tr½1;L�VΛk−1

ðtÞρV�
Λk−1

ðtÞ
�
j ð31Þ

¼ jSαðTr½1;k�ðVΛk
ρ½−k;k�V�

Λk
Þ ⊗ Tr½kþ1;L�ρ½−k;k�cÞ

− Sα

�
Tr½1;k�

�
VΛk−1

ρ½−k;k�V�
Λk−1

�
⊗ Tr½kþ1;L�ρ½−k;k�c

�
j

ð32Þ
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¼ jSαðTr½1;k�ðVΛk
ρ½−k;k�V�

Λk
ÞÞ

− Sα

�
Tr½1;k�

�
VΛk−1

ρ½−k;k�V�
Λk−1

��
j: ð33Þ

In Eq. (32), we have embedded VΛk−1
in the Hilbert space

over the interval ½−k; k� with a tensorization with the
identity that means (with a slight abuse of notation):
VΛk−1

¼ 1r ⊗ VΛk−1
⊗ 1r. In Eq. (33), we have used the

additivity of Rényi entropies: Sαðρ ⊗ σÞ ¼ SαðρÞ þ SαðσÞ.
We then realize that the density matrices in Eq. (33) are
supported on the Hilbert space over the interval ½−k; 0� that
has dimensionality rkþ1. We define

TkðtÞ ≔
1

2
kTr½1;k�ðVΛk

ρ½−k;k�V�
Λk
Þ

− Tr½1;k�

�
VΛk−1

ρ½−k;k�V�
Λk−1

�
k1: ð34Þ

Using the upper bound (24) for each term of the sum (27) and
taking into account Eq. (33), we have that

ΔSαðtÞ≤
1

1−α

XL
k¼lþ1

log
h
1−αTkðtÞþ ðrkþ1 − 1Þ1−αTkðtÞα

i
þðlþ 1Þ log r: ð35Þ

We have upper bounded the last term in Eq. (27),
jSαðTr½1;L�ρlðtÞÞ − SαðTr½1;L�ρÞj, with the trivial bound for
density matrices supported on a Hilbert space of dimension
rlþ1, that is, ðlþ 1Þ log r. This choice will be justified
a posteriori after the minimization of Eq. (27) with respect
to l.
The relation among the trace distance TkðtÞ and Δk−1ðtÞ,

as given in Eq. (C14), namely,

TkðtÞ ≤
Z jtj

0

dsΔk−1ðsÞ; ð36Þ

inserted into Eq. (35), leads to Eq. (2) of Theorem 1.
We now proceed to prove Eq. (1), taking into account the

bound Δkðt0Þ ≤ ½ð4Jt0Þk=k!� arising from a generic nearest-
neighbor one-dimensional spin Hamiltonian (5), as shown
in Appendix B.
The upper bound on the trace distance that is developed

in Appendix C, being J ≔ maxjfkHj;jþ1kg and the
rescaled time t0 ≔ 4Jt, reads

TkðtÞ ≤
1

2
kVΛk

ρ½−k;k�V�
Λk

− VΛk−1
ρ½−k;k�V�

Λk−1
k1

≤
1

4

ð4JtÞk
k!

¼ 1

4

t0k

k!
: ð37Þ

We have used the fact that, for a generic matrix A
defined on a bipartite Hilbert space H1 ⊗ H2, it holds
kTrHj

Ak1 ≤ kAk1, with j∈ f1; 2g; as a reference see, for
example, Eqs. (7) and (17) in Ref. [62]. It also follows from

1

dimðH1Þ
1H1

⊗ ðTrH1
AÞ ¼

Z
W
W�AWdHaarW ð38Þ

with the integral above performed according to the Haar
measure over all the unitariesW supported onH1. There is
a generalization to all completely positive trace-preserving
maps N , namely, kN ðρÞ −N ðσÞk1 ≤ kρ − σk1.
The faster than exponential decrease in k of the upper

bound (37) on TkðtÞ ensures that, when coupled in Eq. (35)
with ðrkþ1 − 1Þ1−α, the sum in Eq. (35) will converge. We
consider the L → ∞ limit. Inserting Eq. (37) into Eq. (35)
and defining ukðt0Þ ≔ 1

4
½ðet0Þ=k�k ≥ 1

4
ðt0k=k!Þ [see the brief

discussion in Appendix D on ukðt0Þ], we get

ΔSαðtÞ ≤
1

1 − α

XL
k¼lþ1

log
h
1 − αukðt0Þ þ rðkþ1Þð1−αÞukðt0Þα

i
þ ðlþ 1Þ log r: ð39Þ

In Appendix E it is proven that Eq. (39), at a fixed t0, has
a unique minimum with respect to l. A positive integer l
that minimizes Eq. (39) satisfies the following pair of
conditions. Denoting fðl; t0Þ the rhs of Eq. (39), the
minimum is reached for that value of l such that fðl; t0Þ
is smaller of both fðlþ 1; t0Þ and fðl − 1; t0Þ:�

fðl; t0Þ ≤ fðlþ 1; t0Þ;
fðl; t0Þ ≤ fðl − 1; t0Þ: ð40Þ

These equations must be thought at a fixed α and at a fixed
time t0, with l determined as a function of α and t0. Then, the
equations for the minimization of ΔSαðtÞ are(

1
1−α log ½1 − αulþ1ðt0Þ þ rðlþ2Þð1−αÞulþ1ðt0Þα� ≤ log r;
1

1−α log ½1 − αulðt0Þ þ rðlþ1Þð1−αÞulðt0Þα� ≥ log r:

ð41Þ

This implies that, despite that we are not able to solve
explicitly the system (41), that can be done numerically, the
approximate solution for ulþ1ðt0Þ that we are going to
provide simply gives rise to a further upper bound to
Eq. (6). Nevertheless, as discussed after Eq. (1), for a
generic local (nearest neighbor in this case) Hamiltonian,
the linear dependence in t0 of the upper bound to ΔSα is the
best possible.
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We choose to provide an approximate solution to
Eq. (41) solving, again approximately, with α far enough
from 1, the following equation:

1

1 − α
log
h
rðlþ1Þð1−αÞulðt0Þα

i
≈ log r: ð42Þ

That leads to

ulðt0Þ ≈ r−l½ð1−αÞ=α�; ð43Þ

t0l

4

�
e
l

�
l
≈ r−l½ð1−αÞ=α�; ð44Þ

t0

4
1
l

�
e
l

�
≈ r−ð1−αÞ=α; ð45Þ

erð1−αÞ=αt0 ≈ l41=l: ð46Þ

It is 1 < 41=l ≤ 4 with l ≥ 1. As the approximate solution
of Eq. (41), we pick

lαðt0Þ ≔ crð1−αÞ=αt0 ð47Þ

with c > e. The reason for c > e in our approach is to
ensure exponential decrease in t of the sum in Eq. (39), as
discussed in Appendix F. We stress again that, despite
Eq. (47) being an approximate solution of Eq. (41), when l
is replaced with lαðt0Þ in Eq. (39), this still provides an
upper bound to ΔSαðtÞ because of the uniqueness of the
minimum in l of Eq. (39). We remark that l is an integer,
while, in general, lαðt0Þ is not an integer. Nevertheless,
Eq. (39) is still well defined with l real; see the change of
variable k → n in Eq. (F6).
Plugging Eq. (47) into Eq. (39), we expect that for all t0

the sum in Eq. (39) will be at most of the order of 1 because
of the fast decrease of the ukðt0Þ, at a fixed t0, with
k ≥ lαðt0Þ þ 1. The upper bound to Eq. (39) is performed,
in a way that allows us to take the limit α → 1, in
Appendix F. Recollecting that t0 ≔ 4Jt, this leads to

ΔSαðtÞ ≤ Krð1=αÞ−1Jt log rþ K0 ð48Þ

with K ¼ 4c and K0 ≤ ð1þ fe=½4cðe − 1Þ�gÞ log r (see
Appendix F), both of the order of 1. The bound (48) holds
in the limit of a system of infinite size L → ∞, in this case
the saturation time for the entropy, namely, the time such
that the entropy reaches its maximal value, that is the
logarithm of the size of the Hilbert space, is infinite as well;
therefore, we can look at the asymptotic behavior at long
times of Eq. (48), that is,

lim
t0→∞

lim
L→∞

ΔSαðt0Þ
t0

≤ crð1=αÞ−1 log r: ð49Þ

It is interesting to compare our upper bound with the
entanglement entropy rate obtained in Ref. [18] in the case
of the von Neumann entropy, α ¼ 1. Their Eq. (133), being
an upper bound on the rate for all times, implies, in their
notations,

ΔS1ðtÞ ≤ 2νþ1c0ðlog dÞA
X
r

r2νkhðrÞkt: ð50Þ

In a one-dimensional system, ν ¼ 1, and for a strictly local
Hamiltonian, in Eq. (50), it is A ¼ 1, c0 ¼ 2, andP

r r
2νkhðrÞk ≤ J. For comparison, in our notations, this

is ΔS1ðtÞ ≤ 8ðlog rÞJt. Looking at the coefficients of
proportionality with t in Eq. (48), with α ¼ 1, that is,
4cJ log r, it appears that, being c > e, we do slightly worse
than them. If instead we use the L-R bounds obtained from
graph theory [see Eq. (3.51) in Ref. [63] ], that allow one to
replace 4J to 2J in Eq. (49), then, in comparison with the
results in Ref. [18], we do slightly better.
As a final remark, we recall that, despite the maximal

growth of entanglement entropy being linear in time for a
generic product state, the authors of Ref. [64] have
established that for a system coupled to a large environment
the von Neumann entropy rate of the system’s reduced
density matrix is low with high probability.

V. UPPER BOUNDING ΔSαðtÞ FOR A SYSTEM
WITH EXPONENTIAL DECAY

OF INTERACTIONS

We extend the results about the dynamical generation
of α-Rényi entropy of a strictly local Hamiltonian to the
case of an Hamiltonian with exponentially decaying
interactions.
We are able to generalize the approach that we set

up in Sec. IV for nearest-neighbour Hamiltonians to
Hamiltonians that are a sum of terms that are supported
on the whole system but with decaying interactions. The
scheme that we develop works for interactions with a decay
rate that is at least exponential; f denotes such decay.
Denoting H ¼Pr Hr the Hamiltonian, each term Hr is

supported on the whole lattice; we refer toHr as “centered”
in r.Hr is an interaction decaying according to the function
f, meaning that there exist constants J and ξ that are
independent from r, such that with r inside the region X,
that for simplicity is assumed connected, it holds that���� 1

2jXcj ðTrXcHrÞ ⊗ 1Xc −Hr

���� ≤ Jf

�
distðr; XcÞ

ξ

�
: ð51Þ

For simplicity, in Eq. (51), we are considering the case
of qubits; namely, the local Hilbert space dimension is
equal to 2. The physical interpretation of Eq. (51) is
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straightforward: The approximation ofHr, in norm, with an
operator that is supported on the region X containing r
improves enlarging the distance of r from the complement
of X. The definition (51) is employed, for example, in
Ref. [65]. We observe that if Hr was strictly local with
support contained in X, then the lhs of Eq. (51) would be
exactly vanishing. Also taking f with compact support, the
rhs of Eq. (51) vanishes with X large enough; this
corresponds to Hamiltonians with k nearest neighbors, a
generalization of the case studied in Sec. IV.
A Hamiltonian with decaying interactions does not

provide an immediate way to identify the terms Hr
responsible for the spread of entanglement across the
two halves of the system that was given for a generic
nearest-neighbor Hamiltonian by H½0;1�. We introduce a
distance b that will be determined by minimization of the
upper bound to the dynamical Rényi entropy, such that the
terms of H mostly responsible for the connection among
the left and right halves of the system are those centered
within the distance b from the origin:

P
jrj<b Hr. The

physical intuition is that b will be in relation with the
decaying length ξ of definition (51).
With this in mind, we set up a different telescopic sum

than Eq. (26). The first step is to rewrite

e−itH ¼ e−itðĤ½−L;−b�þĤ½b;L�ÞeitðĤ½−L;−b�þĤ½b;L�Þe−itH; ð52Þ

where we have introduced, with 1 ≤ b ≤ j ≤ L,

Ĥ½b;j� ≔
1

2jð½1;2j�∩½1;L�Þcj

�
Trð½1;2j�∩½1;L�Þc

Xj
r¼b

Hr

�
⊗ 1ð½1;2j�∩½1;L�Þc : ð53Þ

Ĥ½b;j� is supported on ½1; 2j� ∩ ½1; L�. We also define

Ĥ½−j;j� ≔
1

2jð½−2j;2j�∩½−L;L�Þcj

�
Trð½−2j;2j�∩½−L;L�Þc

Xj
r¼−j

Hr

�
⊗ 1ð½−2j;2j�∩½−L;L�Þc : ð54Þ

We notice that Ĥ½−L;L� ¼ H. In Eq. (52), we have put in
evidence at the exponent the sum of the terms centered on
the left half and right half of the system outside the interval
ð−b; bÞ that, as we said, represents the region that we
assume to “connect” the left and right halves and be
responsible of the entanglement spread.
The first factor of Eq. (52) is not supported across the

two halves of the system; therefore, it does not contribute to
the entropy. We now look at the second and third factors in
Eq. (52). If we would assume that in our lattice we renamed
the lattice site j ¼ 0 into j ¼ −1—namely, we count the
lattice sites of our system only with strictly negative or
strictly positive integers (this trick was used, for example,

in Ref. [65])—then, if the Hamiltonian H was a nearest-
neighbor Hamiltonian, the V operator that we introduced in
Eq. (7), following Refs. [52,53], would coincide with the
product of second and third factors in Eq. (52).
We define

V̂Λj
ðtÞ ≔ eitðĤ½−j;−b�þĤ½b;j�Þe−itĤ½−j;j� ð55Þ

that is supported on ½−2j; 2j� ∩ ½−L;L�. Then,

ΔSαðtÞ ¼ jSαðTr½1;L�e−itHρeitHÞ − SαðTr½1;L�ρÞj

¼ jSα
�
Tr½1;L�V̂ΛL

ðtÞρV̂�
ΛL
ðtÞ
�
− SαðTr½1;L�ρÞj ð56Þ

¼ jSα
�
Tr½1;L�V̂ΛL

ðtÞρV̂�
ΛL
ðtÞ
�

− Sα

�
Tr½1;L�V̂ΛL−1

ðtÞρV̂�
ΛL−1

ðtÞ
�

ð57Þ

þ � � � þ Sα

�
Tr½1;L�V̂Λl

ðtÞρV̂�
Λl
ðtÞ
�
− SαðTr½1;L�ρÞj

ð58Þ

≤
XL−1
k¼l

jSα
�
Tr½1;L�V̂Λkþ1

ðtÞρV̂�
Λkþ1

ðtÞ
�

− Sα

�
Tr½1;L�V̂Λk

ðtÞρV̂�
Λk
ðtÞ
�
j

þ jSα
�
Tr½1;L�V̂Λl

ðtÞρV̂�
Λl
ðtÞ
�
− SαðTr½1;L�ρÞj:

ð59Þ

At this point, we again assume that ρ is a product state;
therefore, according to Eqs. (30)–(33), we have

ΔSαðtÞ

≤
XL−1
k¼l

jSα
�
Tr½1;2ðkþ1Þ�V̂Λkþ1

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λkþ1

ðtÞ
�

−Sα

�
Tr½1;2ðkþ1Þ�V̂Λk

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λk
ðtÞ
�
j

þ jSα
�
Tr½1;2l�V̂Λl

ðtÞρ½−2l;2l�V̂�
Λl
ðtÞ
�
−SαðTr½1;L�ρ½−2l;2l�Þj:

ð60Þ

In the above, we have used the fact that V̂Λk
ðtÞ is supported

on ½−2k; 2k�. The dimensional reduction associated with
product states allows the application of the Audenaert
upper bound (20). We then need to provide an upper bound
to the trace distance that according to Appendix G,
Eqs. (G52) and (G54), reads
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RkðtÞ

≔
1

2
kTr½1;2ðkþ1Þ�

�
V̂Λkþ1

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λkþ1

ðtÞ
�

− Tr½1;2ðkþ1Þ�

�
V̂Λk

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λk
ðtÞ
�
k1 ð61Þ

≤
1

2
kV̂Λkþ1

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λkþ1

ðtÞ
− V̂Λk

ðtÞρ½−2ðkþ1Þ;2ðkþ1Þ�V̂�
Λk
ðtÞk1

≤ tJO

�
gðb; J; tÞf

�
k
4ξ

��
ð62Þ

with gðb; J; tÞ ≔ btJ½ðevLRt − 1Þ þ a� þ c, with a and c of
Oð1Þ, and with vLR the Lieb-Robinson velocity of the
Hamiltonian. We can now apply to Eq. (60) the Audenaert
bound (20) that reads

ΔSαðtÞ ≤
1

1 − α

XL−1
k¼l

log
h
1 − αRkðtÞ

þ ð22ðkþ1Þþ1 − 1Þ1−αRkðtÞα
i
þ 2lþ 1: ð63Þ

We now consider explicitly the case of an Hamiltonian that
is a sum of terms with exponential tails fðk=ξÞ ¼ e−k=ξ. In
this case, the upper bound to ΔSαðtÞ is proven in
Appendix G and given by Eq. (G62) in the limit
L → ∞. The final result, for ½1=ð1þ 1

8ξ ln 2Þ� < α ≤ 1 and

with β > fvLR=½ 14ξ − ð2 ln 2Þ 1−αα �g, is

ΔSαðtÞ ≤ 2βtþ AðtÞ ð64Þ
with λ ≔ ½α=ð4ξÞ� − 2 ln 2ð1 − αÞ > 0, and AðtÞ is decreas-
ing exponentially fast in t and given in Eq. (G62) as

AðtÞ ≔ −
α

1 − α
ξðtJÞ2evLRte−βt=4ξ 1

1 − e−1=4ξ

þ 1

1 − α
eð3 ln 2Þð1−αÞðξðtJÞ2ÞαeαvLRte−λβt 1

1 − e−λ
þ 1:

ð65Þ
With

1

1þ 1
8ξ ln 2

< α ≤ 1; ð66Þ

this implies, considering the lower bound on β, that

lim
t→∞

lim
L→∞

ΔSαðtÞ
t

≤
c0vLR

1
4ξ − ð2 ln 2Þ 1−αα

ð67Þ

with c0 > 2.The limit α → 1, that provides the vonNeumann
entropy, is discussed after Eq. (G63), giving

lim
t→∞

lim
L→∞

ΔS1ðtÞ
t

≤ 4c0vLRξ: ð68Þ

VI. DYNAMICAL α-RÉNYI ENTROPY
FOR INITIAL LOW ENTANGLED STATES

In this section, we extend the theory that we have
developed in Sec. IV for product states to initial low
entangled states. This will allow us to show that, for one-
dimensional systems, states with an efficient MPS repre-
sentation continue to have such efficient representation,
upon time evolution, at least up to times of the order
of log L.
The Oðlog LÞ scaling for the entanglement entropy can

be found for the ground state of critical systems, like the XY
model [6,7,66,67], the Ising and XXZ model [35,67,68],
and the Hubbard model [69]. Remarkably, Korepin in
Ref. [69] also shows, using conformal field theory methods
and the results from Ref. [70], that the entanglement
entropy is recovered from the thermodynamic entropy as
the system’s temperature goes to zero. On the other hand,
with positive temperature the scaling of the entropy with
the system’s size is a volume law. The Oðlog LÞ scaling
also appears in free fermionic models with a finite Fermi
surface [71,72]. For free fermions, theOðlog LÞ scaling has
been proven for all α-Rényi entropies, α > 0, in Ref. [73]
using previous results of Sobolev.
The main technical tools employed in this section are an

important result about the existence of an efficient MPS
representation for low entangled states [11,12] in one
dimension and an upper bound on the concavity of α-
Rényi entropies, 0 < α < 1, proven using the theory of
majorization, in Appendix H; this result can be of inde-
pendent interest.
The results of this section are based on an assumption

about the price paid, in terms of entropy, by replacing a
product state with its time evolution; we clearly state this in
Assumption 2.
Let us consider a low entangled state vector jvi∈

ðC2Þ⊗ð2Lþ1Þ; namely, we assume that SαðTr½1;L�jvihvjÞ ≤
Oðlog LÞ. The results of Ref. [11] ensure that a low
entangled state jvi, together with an additional assumption
on the distribution of the tails of the distribution of the
Schmidt coefficients of jvihvj [see after Eq. (4) in
Ref. [11] ], has an efficient MPS representation. This
means that the bond dimension (D) of the MPS is of the
order of polyðLÞ. In fact, the rank of the state is upper
bounded by D2 [44,74]. See, for example, Refs. [74,75] for
reviews on MPS and related topics. We express this fact by
saying that jvihvj has rank ofO½polyðLÞ� or, equivalently, is
the linear combination of O½polyðLÞ� terms:

jvihvj
≔
X

j−L;…;jL
k−L;…;kL

cðj−L;…;jLÞc̄ðk−L;…;kLÞjj−Lihk−Lj ⊗ � � � ⊗ jjLihkLj:

ð69Þ
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The 22Lþ1 states fjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjg in Eq. (69)
are all orthonormal.
In Sec. IV, we upper bounded ΔSαðtÞ for initial product

states. Restricting our attention to pure product states,
it is Sαð0Þ ¼ 0. As we show in Appendix H, Eq. (H12),
a convex combination of O½polyðLÞ� pure product states
has dynamical α-Rényi entropy upper bounded by
Kαtþ K0 þOðlog LÞ:

Sα

�
Tr½1;L�UðtÞ

�X
j

qjjjihjj
�
U�ðtÞ

�
≤ Kαtþ K0 þOðlog LÞ: ð70Þ

Equation (70) implies that, for times t ≤ Oðlog LÞ, the state
UðtÞðPj qjjjihjjÞU�ðtÞ has an efficient matrix product
operator representation.
Let us consider now a state vector jvi with low

entanglement, as above, and make a further assumption
on jvi formalized as follows.
Assumption 2. The pure state jvihvj, with jvi∈

ðC2Þ⊗ð2Lþ1Þ, satisfies
(i) SαðTr½1;L�jvihvjÞ ≤ Oðlog LÞ.
(ii) For t ≤ Oðlog LÞ, with UðtÞ ¼ e−itH andH given in

Eq. (5), jvi further satisfies

Sα

�
Tr½1;L�

X
j−L;…;jL

ðUðtÞjj−Lihj−Lj ⊗ � � �

⊗ jjLihjLjU�ðtÞÞ
UðtÞjvihvjU�ðtÞðUðtÞjj−Lihj−Lj ⊗ � � �

⊗ jjLihjLjU�ðtÞÞ
�

≤

Sα

�
Tr½1;L�

X
j−L;…;jL

ðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞ

UðtÞjvihvjU�ðtÞðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞ
�

þO½polyðlog LÞ�: ð71Þ

Let us discuss the meaning of this assumption. On the rhs
of Eq. (71), we have replaced UðtÞjj−Lihj−Lj ⊗ � � � ⊗
jjLihjLjU�ðtÞ with jj−Lihj−Lj ⊗ � � � ⊗ jjLihjLj, consider-
ing this is a product state we know, because of our bound
(48), that its entropy increases at most linearly in time, so
our reasoning is that overall within a timescale Oðlog LÞ
the error in entropy in the lhs of Eq. (71) would be of the
same order. The upper bound of Audenaert—Eq. (20)—
that we have employed to prove Eq. (48), turns out to be
inefficient to try to actually prove (ii) from (i) in
Assumption 2 because it requires a too small trace distance.
At the same time, Audenaert’s bound is designed for two
completely generic states, while the pair of states that we
are considering in Eq. (71) are in relation with each other.

Lemma 3. With jvi as in Assumption 2, it follows that

SαðTr½1;L�UðtÞjvihvjU�ðtÞÞ ≤ Kαtþ K0 þO½polyðlog LÞ�:
ð72Þ

Proof.

SαðTr½1;L�UðtÞjvihvjU�ðtÞÞ ≤ ð73Þ

Sα

�
Tr½1;L�

X
j−L;…;jL

ðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞ

UðtÞjvihvjU�ðtÞðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞ
�

ð74Þ

≤ Sα

�
Tr½1;L�

X
j−L;…;jL

UðtÞðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞ

jvihvjðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞU�ðtÞ
�

þO½polyðlog LÞ�

¼ Sα

�
Tr½1;L�

X
j−L;…;jL

jcðj−L;…;jLÞj2

UðtÞðjj−Lihj−Lj ⊗ � � � ⊗ jjLihjLjÞU�ðtÞ
�

þO½polyðlog LÞ� ð75Þ

≤ Kαtþ K0 þO½polyðlog LÞ�: ð76Þ

The inequality in Eq. (73) follows from pinching (see, for
example, Sec. II. 5 in Ref. [76]) and the fact that pinching
with respect to a product basis and partial tracing commute.
In Eq. (74), we made use of Assumption 2, and in Eq. (75)
we employed the definition (69), where, following the
assumption SαðTr½1;L�jvihvjÞ ≤ Oðlog LÞ, the number of
nonvanishing coefficients cðj−L;…;jLÞ in Eq. (75) is at most of
the order of O½polyðLÞ�. Inequality (76) then follows
from Eq. (H12). ▪
The conclusion from Eq. (76), and Lemma 2 in Ref. [11],

is that a state jvi with an efficient MPS representation will
continue to have, under time evolution, such efficient
representation for times t ≤ Oðlog LÞ.

VII. OUTLOOK

In this work, we have made the first step toward a general
theory that ensures to obtain from the Lieb-Robinson
bounds of local Hamiltonians an upper bound to the
dynamical generation of α-Rényi entropies. While here
we developed the general theory and explicitly solved the
case of systems with linear light cones, in Ref. [43] we
present an application to systems with logarithm light
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cones, mostly in relation with the many-body-localization
phenomenology.
A natural way to extend our theory is to look into higher

dimensions and to consider explicitly the Hamiltonians
with interactions decreasing slower than exponentially.
This would allow one to address the stability of the area
law for α-Rényi entropies in local systems using the
formalism of the quasiadiabatic continuation, in analogy
to what was done for the von Neumann entropy by the
authors of Refs. [17,18]. Let us expand this remark.
Mariën et al. in Ref. [18] proved that, in any dimension,

an area-law state remains area law within the same phase of
matter. The definition of phase of matter that they refer to is
as follows [21]: Let us consider a (local) Hamiltonian HðsÞ
depending smoothly on a parameter (or set of parameters)
with a ground state that remains gapped upon variation of
the parameter. A quantum phase is the set of such ground
states obtained by varying the parameter.
In one dimension, gapped ground states of local

Hamiltonians are area law [26]; therefore, the stability of
area law follows. This is true for both the von Neumann
entropy and the α-Rényi entropy, with 0 < α < 1 [77].
In more than one dimension, it is, in general, unknown if

gapped ground states are area law despite that Anshu, Arad,
and Gosset proved a subvolume law for 2D frustration-free
spin systems [28,29].
The mapping from one state to the other in the same

phase is given by the so-called quasiadiabatic continuation:
It is a unitary map generated by a many-body Hamiltonian
DðsÞ—see below—with subexponential decaying terms,
that in Eq. (2.19) in Ref. [22] reads

DðsÞ ¼
Z

∞

−∞
dtWγðtÞeitHðsÞ

�
d
ds

HðsÞ
�
e−itHðsÞ ð77Þ

with WγðtÞ a filter function.
The entanglement rate theory of Mariën et al. applied to

the quasiadiabatic continuation shows that the difference
among the von Neumann entropies of two states in the
same phase is Oð1Þ in any dimension.
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APPENDIX A: DECREASE IN α OF THE
AUDENAERT UPPER BOUND ON ΔSα

α-Rényi entropies converge to the von Neumann entropy
in both the limit α↑1 and α↓1. Therefore, they are

continued for α ¼ 1 into the von Neumann entropy. A
simple application of the Jensen inequality in relation with
the concavity of the log shows that, with 0 < α < 1, Sα is
decreasing in α. In the same spirit, we show that the
Audenaert upper bound on ΔSα of Eq. (20), and therefore
Eq. (23), is decreasing in α:

d
dα

�
1

1 − α
log ðð1 − TÞα þ ðd − 1Þ1−αTαÞ

�
¼ 1

ð1 − αÞ2 log ðð1 − TÞα þ ðd − 1Þ1−αTαÞ

þ 1

1 − α

ðlogð1 − TÞÞð1 − TÞα
ð1 − TÞα þ ðd − 1Þ1−αTα þ

1

1 − α

×
−ðlogðd − 1ÞÞðd − 1Þ1−αTα þ ðd − 1Þ1−αðlogTÞTα

ð1 − TÞα þ ðd − 1Þ1−αTα

¼ 1

ð1 − αÞ2 log ðð1 − TÞα þ ðd − 1Þ1−αTαÞ

þ 1

ð1 − αÞ2

�
logð1 − TÞ1−α

	
ð1 − TÞα

ð1 − TÞα þ ðd − 1Þ1−αTα

þ 1

ð1 − αÞ2
log ððd − 1Þα−1T1−αÞðd − 1Þ1−αTα

ð1 − TÞα þ ðd − 1Þ1−αTα : ðA1Þ

Defining

p1 ≔
ð1 − TÞα

ð1 − TÞα þ ðd − 1Þ1−αTα ≥ 0; ðA2Þ

p2 ≔
ðd − 1Þ1−αTα

ð1 − TÞα þ ðd − 1Þ1−αTα ≥ 0; ðA3Þ

x1 ≔ ð1 − TÞ1−α; ðA4Þ

x2 ≔ ðd − 1Þα−1T1−α; ðA5Þ

we have p1 þ p2 ¼ 1; therefore, since the logarithm is a
concave function, we can apply Jensen inequality

X
j

pj log xj ≤ log

�X
j

pjxj

�
ðA6Þ

to the second and third terms in Eq. (A1). Noticing that

X
j

pjxj ¼
1

ð1 − TÞα þ ðd − 1Þ1−αTα ; ðA7Þ

this results in

d
dα

�
1

1 − α
log ðð1 − TÞα þ ðd − 1Þ1−αTαÞ

�
≤ 0: ðA8Þ
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APPENDIX B: LIEB-ROBINSON BOUNDS
FOR STRICTLY LOCAL HAMILTONIANS

The results of this section partially appeared in
Refs. [20,54]; we include it because the faster-than-expo-
nential decrease of the spatial part of the Lieb-Robinson
bounds in Eq. (B10) is the crucial ingredient for the
summation of the series (27). H is as in Eq. (5), and A
is any operator supported in [0, 1]. The idea that motivates
the definition ofΔjðtÞ as below is to quantify how much the
evolution in time of an operator is affected by terms in the
Hamiltonian that are far away from the support of such
operator. We also note that the rhs of Eq. (B1) is as in
Eq. (39) in Ref. [78]. The way in which a linear light cone
follows from Eq. (B10) was given, for example, in
Ref. [79]. The work in Ref. [80] contains the proof that
on-site terms in the Hamiltonian cannot increase (but can
certainly decrease [81,82]) the Lieb-Robinson velocity.

ΔjðtÞ ≔ keiHΛjþ1
tAe−iHΛjþ1

t − eiHΛj tAe−iHΛj tk ðB1Þ

¼
���� Z t

0

ds
d
ds�

eiHΛjþ1
ðt−sÞ

�
eiHΛj sAe−iHΛj s

�
e−iHΛjþ1

ðt−sÞ
����� ðB2Þ

¼
����Z t

0

dseiHΛjþ1
ðt−sÞ

�
HΛjþ1

−HΛj
;

eiHΛj sAe−iHΛj s
�
e−iHΛjþ1

ðt−sÞ
����: ðB3Þ

We notice that HΛjþ1
−HΛj

¼ Hj;jþ1 þH−j−1;−j and HΛj−1

have disjoint supports, and, hence, they commute; therefore,
we can insert eiHΛj−1 sAe−iHΛj−1 s in the rhs of the commutator
in Eq. (B3) provided [0, 1] that is the support of A does not
overlap with ½j; jþ 1� and ½−j − 1;−j�—the smallest j that
ensures this to be true is j ¼ 2.

ΔjðtÞ ¼
���� Z t

0

dseiHΛjþ1
ðt−sÞ

�
Hj;jþ1 þH−j−1;−j;

eiHΛj sAe−iHΛj s − eiHΛj−1sAe−iHΛj−1 s
�
e−iHΛjþ1

ðt−sÞ
����

ðB4Þ

≤ 4maxfkHj;jþ1k; kH−j−1;−jkg

×
Z

t

0

dskeiHΛj sAe−iHΛj s − eiHΛj−1sAe−iHΛj−1 sk:

ðB5Þ

We recognize that the integrand in Eq. (B5) is Δj−1ðtÞ,
meaning that we have set up a recursive equation. Defining
J ≔ maxjfkHj;jþ1kg, Eq. (B5) is rewritten as

ΔjðtÞ ≤ 4J
Z

t

0

dsΔj−1ðsÞ ðB6Þ

≤ ð4JÞj−1
Z

t

0

dt1

Z
t1

0

dt2 � � �
Z

tj−2

0

dtj−1Δ1ðtj−1Þ:

ðB7Þ

At this point, we observe that, based on Eqs. (B1)–(B3),

Δ1ðtÞ ≤ 4JkAkt: ðB8Þ

In conclusion,

ΔjðtÞ ≤ kAkð4JÞj
Z

t

0

dt1

Z
t1

0

dt2 � � �
Z

tj−2

0

tj−1dtj−1

≤ kAkð4JÞj t
j

j!
; ðB9Þ

that renormalizing time as t0 ≔ 4Jt, reads

ΔjðtÞ ≤ kAk t
0j

j!
: ðB10Þ

Following Ref. [79], let us show how a linear light cone
emerges from Eq. (B10):

t0j

j!
≤
�
et0

j

�
j
¼ exp

�
j log

et0

j

�
≤ eet

0−j: ðB11Þ

The quantity vLR ≔ 4eJ might be called Lieb-Robinson
velocity.
It turns out that an estimate on ΔjðtÞ is equivalent to the

usual form of the Lieb-Robinson bounds. Let us sketch this
equivalence.
Given A and B operators defined for simplicity on a

unidimensional lattice system ΛL ≔ ½−L;L�, with A sup-
ported on [0, 1] and the support of B on ½lþ 1; lþ 1þ jbj�,
implying dist½suppðAÞ; suppðBÞ� ¼ l, we get

k½AðtÞ; B�k ¼ k½AðtÞ − eiHΛl tAe−iHΛl t; B�k ðB12Þ

≤ 2kBkkAðtÞ − eiHΛl tAe−iHΛl tk: ðB13Þ

With AðtÞ ¼ eiHΛL tAe−iHΛL t, we get

AðtÞ − eiHΛl tAe−iHΛl t

¼ eiHΛL tAe−iHΛL t − eiHΛL−1 tAe−iHΛL−1 t ðB14Þ

þeiHΛL−1 tAe−iHΛL−1 t − eiHΛL−2 tAe−iHΛL−2 t ðB15Þ

þ � � � ðB16Þ

þ eiHΛlþ1
tAe−iHΛlþ1

t − eiHΛl tAe−iHΛl t: ðB17Þ
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Then,

kAðtÞ − eiHΛl tAe−iHΛl tk ≤ kAk
X∞
j¼l

t0j

j!
; ðB18Þ

X∞
j¼l

t0j

j!
¼ t0l

X∞
j¼l

t0j−l

j!
¼ t0l

X∞
k¼0

t0k

ðkþ lÞ! ðB19Þ

¼ t0l

l!

X∞
k¼0

t0k�
kþ l

k

�
k!

≤
t0l

l!

X∞
k¼0

�
t0

lþ 1

�
k
: ðB20Þ

In the last step in Eq. (B20), we have used ðkþl
k Þ ≥ ðlþ1Þk

k! .
With t0 < lþ 1, it follows that

X∞
j¼l

t0j

j!
≤
t0l

l!
1

1 − t0
lþ1

: ðB21Þ

With t0 ≤ ½ðlþ 1Þ=2�, it is ½1=ð1 − t0
lþ1

Þ� ≤ 2; then overall,
given that l ≔ dist½suppðAÞ; suppðBÞ�, it holds that

k½AðtÞ; B�k ≤ 4kAkkBk t
0l

l!
: ðB22Þ

We stress that the condition t0 ≤ ½ðlþ 1Þ=2� is not restric-
tive, in the sense that the trivial bound to k½AðtÞ; B�k, for
generic A and B, is 2kAkkBk; then let us determine the time
t0 such that ðt0l=l!Þ ¼ 1

2
, that with l large enough is

t0 ¼
�
l!
2

�
1=l

≤ ðelÞ1=l l
e
≤
lþ 1

2
: ðB23Þ

To obtain a bound on ΔjðtÞ from a L-R bound is immediate
considering Eq. (B3).
We now consider, in one dimension, the more general

case of an operator A with support contained in
Λk ≔ ½−k; k�. Moving the origin of the lattice, this can
always be the case. Let us consider j > k. To upper bound
ΔjðtÞ, we repeat the same steps from Eqs. (B1)–(B5),
noticing that the insertion in Eq. (B4) of the term
eiHΛj−1 sAe−iHΛj−1 s is allowed provided j > k, meaning that
the smallest value of j such that this is possible is
j ¼ kþ 1. This implies that the iteration continues till
under the multiple time integral we have Δk:

ΔjðtÞ ≤ 4J
Z

t

0

dsΔj−1ðsÞ ðB24Þ

≤ ð4JÞj−k
Z

t

0

dt1

Z
t1

0

dt2 � � �
Z

tj−k−1

0

dtj−kΔkðtj−kÞ:

ðB25Þ

At this point, we observe that, based on Eqs. (B1)–(B3),

ΔkðtÞ ≤ 4JkAkt: ðB26Þ

In conclusion,

ΔjðtÞ

≤ kAkð4JÞj−kþ1

Z
t

0

dt1

Z
t1

0

dt2 � � �
Z

tj−k−1

0

dtj−ktj−k

ðB27Þ

≤ kAkð4JÞj−kþ1
tj−kþ1

ðj − kþ 1Þ! : ðB28Þ

Equation (B27) reduces to Eq. (B9) in the case k ¼ 1. Let
us consider an operator B supported at a distance l from A,
that we recall has support contained in ½−k; k�. Repeating
the same approach as above, we find that

k½AðtÞ; B�k ≤ 4kAkkBk ð4JtÞ
l

l!
: ðB29Þ

The Lieb-Robinson bound (B29) depends only on the
norms of the operators A and B, and J, but not on the size of
their supports.
The authors of the review in Ref. [63] using graph theory

[83] are able [see their Eq. (3.51)] to obtain a better scaling
with respect to time of the L-R bound that amounts to
replace 4J with 2J in Eq. (B29).
For a more general approach that also applies to any

dimension, see the derivation of the Lieb-Robinson bound
in Appendix C in Ref. [30].
We conclude this section with two remarks. If

the operator A is positive, A ≥ 0, then the rescaled
time becomes t0 ¼ 2Jt; in fact, we can use
kA − ðkAk=2Þ1k ¼ ðkAk=2Þ, from Ref. [84], for a better
upper bound. With B a generic operator, we have

k½A; B�k ¼
�����A −

kAk
2

1; B

����� ðB30Þ

≤ 2

����A −
kAk
2

1

����kBk ¼ kAkkBk: ðB31Þ

Amore general relation is actually true; namely, if A ≥ 0,
denoting λmax and λmin the largest and smallest eigenvalues of
A, respectively, then kA − λmin1 − ½ðλmax − λminÞ=2�1k ¼
½ðλmax − λminÞ=2�. With λmin ¼ 0, we recover the pre-
vious one.
The second remark regards the extension of Eq. (B10) to

any Schatten norm, that, with jAj ≔ ffiffiffiffiffiffiffiffiffi
A�A

p
, is defined as

kAkp ≔ ðTrjAjpÞ1=p: ðB32Þ
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Using Hölder’s inequality, we have kABkp ≤ kAkpkBk.
This implies, with suppðAÞ ¼ ½0; 1�

keiHΛjþ1
tAe−iHΛjþ1

t − eiHΛj tAe−iHΛj tkp ≤ kAkp
t0j

j!
: ðB33Þ

This is relevant when considering quantities like the so-
called out-of-time correlators: TrðσAðtÞBAðtÞBÞ. Denoting
σ ¼ ð1=dÞ the maximally mixed state, with A ¼ A�,
B ¼ B�, and A2 ¼ B2 ¼ 1, and with j the distance among
the supports of A and B, we get

1

d
k½AðtÞ; B�k22 ≔

1

d
Trð½AðtÞ; B��½AðtÞ; B�Þ ðB34Þ

¼ 2 −
2

d
TrðAðtÞBAðtÞBÞ ≤ 1

d

�
4kAk2

t0j

j!

�
2

¼
�
4
t0j

j!

�
2

ðB35Þ

The upper bound (B35) follows from (B33) and (B34).

1

d
TrðAðtÞBAðtÞBÞ ≥ 1 − 8

�
t0j

j!

�
2

≥ 1 −
�
8

�
et0

j

�
j
�

2

:

ðB36Þ

At t ¼ 0, A and B commute; moreover, under the
assumption A2 ¼ B2 ¼ 1, it holds that ð1=dÞTrðABABÞ ¼
ð1=dÞTrðA2B2Þ ¼ 1, and then the bound (B36) is saturated.
Also,

1

d
jTrðAðtÞBAðtÞBÞj ≤ 1

d
TrjAðtÞBAðtÞBj ðB37Þ

≤
1

d
kBkkAðtÞBAðtÞk1 ≤

1

d
kBkkA2ðtÞBk1 ðB38Þ

≤
1

d
kBk2kA2ðtÞk1 ¼ 1: ðB39Þ

In Eq. (B37), we have used the fact that, for two matrices C
and D such that the product CD is Hermitian, then
kCDk1 ≤ kDCk1, that is, Theorem 8.1 in Ref. [85].
The interpretation of Eq. (B36) is straightforward: The

decrease of TrðAðtÞBAðtÞBÞ signals the increase of the
overlap among the supports of AðtÞ and B starting from a
timescale of the order of the distance among the supports of
A and B. We stress that with A ≥ 0 and B ≥ 0 both positive
then TrðAðtÞBAðtÞBÞ is positive as well; in fact, a product
of positive operators is positive.

APPENDIX C: EVALUATING THE TRACE
DISTANCE (34)

We now upper bound

TkðtÞ ≔
1

2
kTr½1;k�VΛk

ðtÞρ½−k;k�V�
Λk
ðtÞ

− Tr½1;k�VΛk−1
ðtÞρ½−k;k�V�

Λk−1ðtÞk1 ðC1Þ

¼ 1

2
kTr½1;k�VΛk

ðtÞρV�
Λk
ðtÞ−Tr½1;k�VΛk−1

ðtÞρV�
Λk−1ðtÞk1:

ðC2Þ
To do so, we employ the following upper bound, where
UðtÞ is a generic time-dependent unitary operator with
Uð0Þ ¼ 1H and σ a generic density matrix:

kUðtÞσU�ðtÞ − σk1 ¼
���� Z t

0

ds
d
ds

ðUðsÞσU�ðsÞÞ
����
1

ðC3Þ

¼
���� Z t

0

ds

��
d
ds

UðsÞ
�
σU�ðsÞ þ UðsÞσ

�
d
ds

U�ðsÞ
������

1

ðC4Þ

¼
���� Z t

0

ds

��
d
ds

UðsÞ
�
σU�ðsÞ

−UðsÞσU�ðsÞ
�
d
ds

UðsÞ
�
U�ðsÞ

�����
1

ðC5Þ

¼
���� Z t

0

dsUðsÞ
�
U�ðsÞ

�
d
ds

UðsÞ
�
σ

− σU�ðsÞ
�
d
ds

UðsÞ
��

U�ðsÞ
����
1

ðC6Þ

≤
Z jtj

0

ds

�����U�ðsÞ d
ds

UðsÞ; σ
�����

1

ðC7Þ

≤ 2

Z jtj

0

ds

����U�ðsÞ d
ds

UðsÞ
���� ðC8Þ

≤ 2jtj sup
s∈ ½0;jtj�

����U�ðsÞ d
ds

UðsÞ
����: ðC9Þ

We now apply Eq. (C9) to Eq. (C1):

kVΛkþ1
ðtÞρV�

Λkþ1
ðtÞ − VΛk

ðtÞρV�
Λk
ðtÞk1

¼ kV�
Λk
ðtÞVΛkþ1

ðtÞρV�
Λkþ1

ðtÞVΛk
ðtÞ − ρk1 ðC10Þ

≤ 2

Z jtj

s¼0

ds

����V�
Λkþ1

ðsÞVΛk
ðsÞ d

ds
ðV�

Λk
ðsÞVΛkþ1

ðsÞÞ
���� ðC11Þ

¼ 2

Z jtj

s¼0

ds

����V�
Λkþ1

ðsÞVΛk
ðsÞ
�
d
ds

V�
Λk
ðsÞ
�
VΛkþ1

ðsÞ

þ V�
Λkþ1

ðsÞ d
ds

VΛkþ1
ðsÞ
����: ðC12Þ
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Recalling that VΛk
ðsÞ ≔ eisðHΛk−HIÞe−isHΛk , where we have

defined HI ≔ H½0;1�, we have that

i
d
ds

VΛk
ðsÞ ¼ eisðHΛk−HIÞHIe

−isðHΛk−HIÞVΛk
ðsÞ: ðC13Þ

Then,

Tkþ1ðtÞ ≤
Z jtj

s¼0

dskeisðHΛk−HIÞHIe
−isðHΛk−HIÞ

− eisðHΛkþ1
−HIÞHIe

−isðHΛkþ1
−HIÞk ¼

Z jtj

s¼0

dsΔkðsÞ

ðC14Þ

≤
Z jtj

s¼0

dskHIk
ð4JsÞk
k!

≤
1

4

t0kþ1

ðkþ 1Þ! : ðC15Þ

We remark that the dynamics of ΔkðtÞ is here generated by
HΛk

−HI, but all the steps that lead to Eq. (B10) are
equally valid. To obtain Eq. (C15), we have used Eq. (B10),
the definition of J ≔ supfkHj;jþ1kg, that implies
kHIk ≤ J, and, finally, the definition of t0 ≔ 4Jt.
Inserting Eq. (C14) into Eq. (35), we obtain Eq. (2).

APPENDIX D: BRIEF DISCUSSION OF ukðtÞ
We have defined ukðtÞ ≔ 1

4
½ðetÞ=k�k ≥ 1

4
ðtk=k!Þ. ukðtÞ

upper bounds the trace distance. With a fixed k, a sufficient
condition for ukðtÞ ≤ 1 is given by t ≤ ðk=eÞ.
It is easy to see that, with a fixed t, ukðtÞ is a decreasing

function of k; in fact,

ukþ1ðtÞ
ukðtÞ

¼
�

et
kþ1

�
kþ1�

et
k

�
k ¼ et

kþ 1

�
k

kþ 1

�
k
<

et
kþ 1

: ðD1Þ

The condition t ≤ ðk=eÞ, that implies ukðtÞ < 1, also
ensures that ukðtÞ is a decreasing function of k.

APPENDIX E: ALGORITHM FOR THE
MINIMIZATION OF THE SUM THAT

UPPER BOUNDS ΔSαðtÞ
In this section, we discuss the existence and uniqueness

of the solution lαðtÞ that satisfies the two equations (41).
We consider α∈ ð0; 1Þ; the value α ¼ 1 can be dealt with
analogously.

(i) We fix t and consider a value l̄ of l such that both the
lhs of the equations in Eq. (41) are larger equal than
log r; this is certainly the case with ul̄ðtÞ∈ ½0; 1�
close enough to 1.

(ii) We increase l from l̄ to l̄þ 1. We remark the crucial
fact that the value taken from the lhs of the second
equation is now the value that the lhs of the first
equation in Eq. (41) had at the previous step.
Therefore, they cannot jump in one step from being

both larger than log r to be both smaller than log r.
Since ulðtÞ ≤ 1 is a decreasing function of l and both
the lhs of Eq. (41) are increasing in u with
ulðtÞ∈ ½0; 1�, they will both decrease going from l̄
to l̄þ 1.

(iii) We repeat increasing l till the lhs of the first equation
becomes smaller than log r. This certainly happens
at a certain point; in fact, with u of the order of
r−ðlþ2Þ½ð1−αÞ=α�, the lhs of the first equation in Eq. (41)
will be of the order of log r. This is the value of l that
minimizes Eq. (35).

APPENDIX F: ESTIMATE OF THE SERIES
IN EQ. (39)

We want to estimate the series in Eq. (39), that is copied
below Eq. (F1), using lαðt0Þ ≔ crð1−αÞ=αt0, with c > e as in
Eq. (47), and ukðt0Þ ≔ 1

4
½ðet0Þ=k�k. The result will be that

for every t0 > 0 and α∈ ð0; 1� Eq. (F1) is upper bounded by
a constant of the order of 1 and is exponentially decreasing
in t0:

1

1 − α

XL
k¼lαþ1

log
h
1 − αukðt0Þ þ rðkþ1Þð1−αÞukðt0Þα

i
: ðF1Þ

We have already stated and used the fact that the
Audenaert upper bound on ΔSα is increasing in the trace
distance. Let us discuss more in detail that the argument of
the log in Eq. (F1) is an increasing function of 0 ≤ u ≤ 1, at
a fixed k:

0 ¼ ∂

∂u

h
1 − αuþ rðkþ1Þð1−αÞuα

i
¼ −αþ αrðkþ1Þð1−αÞuα−1: ðF2Þ

That has the solution, corresponding to a maximum, as
it is seen by the always negative second derivative,
u ¼ rkþ1. rkþ1 has minimal value, reached for k ¼ 1 [being
k ¼ lαðtÞ þ 1, k ¼ 1 is given at t ¼ 0], equal to r2. The
minimal value of r is 2; therefore, in the interval 0 ≤ u ≤ 1,
the rhs of Eq. (F1) is an increasing function of u. It means
that by replacing u with an upper bound (smaller than r2)
we still obtain an upper bound, despite the negative term
−αu in the argument of the log in Eq. (F1).
Let us change variable in the summation in Eq. (F1),

setting k ¼ lα þ n; then,

ulαþn ¼
1

4

�
e

crð1−αÞ=α

�
lαþn
�

lα
lα þ n

�
lαþn

: ðF3Þ

The function ½x=ðxþ nÞ�xþn ¼ f1 − ½n=ðxþ nÞ�gxþn is
increasing in x, with limx→∞f1 − ½n=ðxþ nÞ�gxþn ¼ e−n.
With x ¼ lα, the limit t → ∞ corresponds to lα → ∞.
Then,
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ulαþn ≤
1

4

�
e

crð1−αÞ=α

�
lαþn

e−n

¼ 1

4

�
e

crð1−αÞ=α

�
lα
�

1

crð1−αÞ=α

�
n
: ðF4Þ

It follows that

rðlαþnþ1Þð1−αÞuαlαþn ≤
r1−α

4α

�
e
c

�
αlα
�
1

cα

�
n
: ðF5Þ

We then upper bound Eq. (F1):

1

1 − α

X∞
n¼1

log
h
1 − αulαþnðt0Þ þ rðlαþnþ1Þð1−αÞulαþnðt0Þα

i
ðF6Þ

≤
1

1 − α

X∞
n¼1

�
−α

1

4

�
e

crð1−αÞ=α

�
lα
�

1

crð1−αÞ=α

�
n

þ rð1−αÞ

4α

�
e
c

�
αlα
�
1

cα

�
n
�

ðF7Þ

¼ 1

1 − α

�
−α

1

4

�
e

crð1−αÞ=α

�
crð1−αÞ=αt0 1

crð1−αÞ=α − 1

þ rð1−αÞ

4α

�
e
c

�
αcrð1−αÞ=αt0 1

cα − 1

�
: ðF8Þ

With c > e, it possible to see that, for all t > 0, in the limit
α → 0 the upper bound (F8) tends to zero.
The factor in between square brackets in Eq. (F8) is a

differentiable function of α and is vanishing with α ¼ 1.
This means that the limit α → 1 of Eq. (F8) equals minus
the first derivative in α ¼ 1 of such a function. An explicit
calculation reveals that the limit α → 1 of Eq. (F8) is again
exponentially decreasing in t.
Denoting K0 − log r the upper bound in Eq. (F8), from

Eq. (39) it follows that

ΔSαðtÞ ≤ lαðt0Þ log rþ K0: ðF9Þ

Then,

ΔSαðtÞ ≤ crð1=αÞ−1t0 log rþ K0: ðF10Þ

Recollecting that t0 ≔ 4tJ, we obtain, with K ≔ 4c,

ΔSαðtÞ ≤ Krð1=αÞ−1Jt log rþ K0 ðF11Þ

as in Eq. (1).

APPENDIX G: ACCOUNTING FOR TAILS
OF INTERACTIONS IN THE HAMILTONIAN

FOR AN UPPER BOUND OF α-RÉNYI ENTROPY

In this section, we provide the details to obtain the upper
bound (61). Applying Eq. (C12), we obtain

kV̂Λkþ1
ðtÞρV̂�

Λkþ1
ðtÞ − V̂Λk

ðtÞρV̂�
Λk
ðtÞk1 ≤ 2t sup

s∈ ½0;t�

����V̂�
Λkþ1

ðsÞV̂Λk
ðsÞ d

ds
ðV̂�

Λk
ðsÞÞV̂Λkþ1

ðsÞ þ V̂�
Λkþ1

ðsÞ d
ds

V̂Λkþ1
ðsÞ
����: ðG1Þ

Recalling that

V̂Λk
ðtÞ ≔ eitðĤ½−k;−b�þĤ½b;k�Þe−itĤ½−k;k� ; ðG2Þ

it holds that

i
d
ds

V̂Λk
ðsÞ ¼ eitðĤ½−k;−b�þĤ½b;k�Þ

�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−itðĤ½−k;−b�þĤ½b;k�ÞV̂Λk

ðsÞ: ðG3Þ

Comparing this equation with Eq. (C13), where the generator of VΛk
was a unitary conjugation of the same Hermitian

operator,HI , for all k, we see that in Eq. (G3) instead we have the operator Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k� that, despite decaying
outside of the interval ½−b; b�, is supported on ½−2k; 2k�; therefore, it is k dependent. All together, we have

kV̂Λkþ1
ðtÞρV̂�

Λkþ1
ðtÞ − V̂Λk

ðtÞρV̂�
Λk
ðtÞk1 ðG4Þ

≤ 2t sup
s∈ ½0;t�

keisðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−isðĤ½−k;−b�þĤ½b;k�Þ

− eisðĤ½−k−1;−b�þĤ½b;kþ1�Þ
�
Ĥ½−k−1;kþ1� − Ĥ½−k−1;−b� − Ĥ½b;kþ1�

�
e−isðĤ½−k−1;−b�þĤ½b;kþ1�Þk ðG5Þ
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≤ 2t sup
s∈ ½0;t�

keisðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

	
e−isðĤ½−k;−b�þĤ½b;k�Þ

− eisðĤ½−k−1;−b�þĤ½b;kþ1�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

	
e−isðĤ½−k−1;−b�þĤ½b;kþ1�Þk

þ 2tkĤ½−k−1;kþ1� − Ĥ½−k−1;−b� − Ĥ½b;kþ1� −
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

	
k: ðG6Þ

We see that the first operator norm of Eq. (G6) has almost the structure of a ΔkðsÞ as in Appendix B; the difference with
Eq. (B1) is that, in the case of a strictly local Hamiltonian, the operator whose Heisenberg evolutions are computed had a
fixed support, while in Eq. (G6) it depends, despite only with tails, on k. We recollect that, with r inside the region X, that
for simplicity is assumed connected, it holds that���� 1

2jXcj ðTrXcHrÞ ⊗ 1Xc −Hr

���� ≤ Jf

�
distðr; XcÞ

ξ

�
: ðG7Þ

Let us show that the second operator norm of Eq. (G6) is bounded byOðJCξfðk=ξÞÞ, with f denoting the rate of decrease
of interactions, as defined in Eq. (51). We start considering Ĥ½b;kþ1� − Ĥ½b;k�. To shorten the equations, we defineeTr½m;n�cðAÞ ≔ ½1=ð2j½m;n�cjÞ�Tr½m;n�cðAÞ ⊗ 1½m;n�c . Let us assume for now 2k < L; the case 2k ≥ L is discussed in (G15).

Ĥ½b;kþ1� − Ĥ½b;k� ≔ eTrð½1;2ðkþ1Þ�∩½−L;L�Þc
Xkþ1

r¼b

Hr − eTrð½1;2k�∩½−L;L�ÞcXk
r¼b

Hr ðG8Þ

¼ eTrð½1;2ðkþ1Þ�∩½−L;L�Þc
�
1 − eTrð½1;2k�∩½−L;L�Þcnð½1;2ðkþ1Þ�∩½−L;L�Þc

	Xk
r¼b

Hr þ eTrð½1;2ðkþ1Þ�∩½−L;L�ÞcHkþ1: ðG9Þ

The norm of the first term in Eq. (G9) is small, of the order of Jfðk=ξÞ [see Eq. (G12)], in fact being the complements of the
sets evaluated with respect to ½−L;L�:

ð½1; 2k� ∩ ½−L;L�Þcnð½1; 2ðkþ 1Þ� ∩ ½−L;L�Þc ¼ ½2kþ 1; 2ðkþ 1Þ� ∩ ½−L;L� ðG10Þ

where the Hamiltonian term of
P

k
r¼b Hr with the closest center to ½2kþ 1; 2ðkþ 1Þ� ∩ ½−L;L� isHk. We also observe that

the normalized trace defined above is a projection (see Ref. [65]), namely, eTr½m;n�cð eTr½m;n�cðAÞÞ ¼ eTr½m;n�cðAÞ; therefore, as a
superoperator, it has norm equal to 1. This implies that���� eTrð½1;2ðkþ1Þ�∩½−L;L�Þcð1 − eTrð½2kþ1;2ðkþ1Þ�∩½−L;L�ÞÞ

Xk
r¼b

Hr

���� ≤
����ð1 − eTrð½2kþ1;2ðkþ1Þ�∩½−L;L�ÞÞ

Xk
r¼b

Hr

���� ðG11Þ

≤ J
Xk
r¼b

f

�
2kþ 1 − r

ξ

�
≤ JCξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
ðG12Þ

with Cξ a function of ξ. If, for example, the interactions have exponential tails, it is Cξ ¼ ξ; in fact,

J
Xk
r¼b

f

�
2kþ 1 − r

ξ

�
¼ J

Xk
r¼b

e−ð2kþ1−rÞ=ξ ¼ J
X2kþ1−b

l¼kþ1

e−l=ξ ¼ J
X2kþ1−b

l¼0

e−l=ξ − J
Xk
l¼0

e−l=ξ ðG13Þ

¼ J

�
1 − e−ð2kþ2−bÞ=ξ

1 − e−1=ξ
−
1 − e−ðkþ1Þ=ξ

1 − e−1=ξ

�
≤ Jξ

�
e−k=ξ − e−ð2k−bÞ=ξ

�
: ðG14Þ

In the last line, we have used e1=ξ − 1 ≥ ð1=ξÞ.
It is important to discuss what happens with 2k ≥ L; in this case, we must recollect that the support, for example, of Ĥ½b;k�

is ½1; 2k� ∩ ½−L;L�, and, therefore, in Eq. (G9), we have
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ð½1; 2k� ∩ ½−L; L�Þcnð½1; 2ðkþ 1Þ� ∩ ½−L; L�Þc ¼ ½−L; 0�n½−L; 0� ¼ ∅: ðG15Þ

The partial trace associated with the empty set is the
identity; therefore, the term among parentheses in Eq. (G9)
is vanishing.
Wemention the fact that within this formalismwe are able

to recover the results for nearest-neighbor Hamiltonians that
we obtained in the first part of this paper and actually to
generalize those to the case of a k-neighbor Hamiltonian. In
fact, with f compactly supported and ξ the size of its support,
the rhs of Eq. (G7) is vanishing. More in detail, considering

f

�
j
ξ

�
¼ δ

�

j − 1

2

ξ

�
; 0

�
; ðG16Þ

bac denotes the largest integer such that bac ≤ a. δð·; ·Þ is the
Kronecker delta. We take ξ integer, and ξ ≥ 1. From the
assumption r∈X in Eq. (G7) follows that distðr; XcÞ ≥ 1;
then j ≥ 1 and integer. According to Eq. (G16), with j ≤ ξ, it
is fðj=ξÞ ¼ 1, with j > ξ, fðj=ξÞ ¼ 0. This also shows that
the value of b, that we have introduced in Eq. (52), for
the case of a strictly local Hamiltonian that is the sum
of ξ-neighbor terms equals ξ.
We are now ready to upper bound the operator norm of

the second term in Eq. (G6). To ease the notation, all the
sets are meant to be the intersection with ½−L;L�:

kĤ½−k−1;kþ1� − Ĥ½−k−1;−b� − Ĥ½b;kþ1� − ðĤ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�Þk ðG17Þ

¼
����� eTr½−2ðkþ1Þ;2ðkþ1Þ�c

�
1 − eTr½−2k;2k�cn½−2ðkþ1Þ;2ðkþ1Þ�c

�Xk
r¼−k

Hr

�
þ eTr½−2ðkþ1Þ;2ðkþ1Þ�cðH−ðkþ1Þ þHkþ1Þ

−
� eTr½−2ðkþ1Þ;−1�c

�
1 − eTr½−2k;−1�cn½−2ðkþ1Þ;−1�c

�X−b
r¼−k

Hr

�
− eTr½−2ðkþ1Þ;−1�cH−ðkþ1Þ

−
� eTr½1;2ðkþ1Þ�c

�
1 − eTr½1;2k�cn½1;2ðkþ1Þ�c

�Xk
r¼b

Hr

�
− eTr½1;2ðkþ1Þ�cHkþ1

����:
Combining together in Eq. (G17) the partial traces on Hkþ1 and H−ðkþ1Þ, using the same procedure as for Eq. (G9), and
employing Eq. (G12), we obtain that Eq. (G17) is upper bounded by O½JCξfðk=ξÞ�.
More precisely, from Eq. (G17) we have five terms to keep into account.
Term I:

����� eTr½−2ðkþ1Þ;2ðkþ1Þ�c
�
1 − eTr½−2k;2k�cn½−2ðkþ1Þ;2ðkþ1Þ�c

�Xk
r¼−k

Hr

����� ≤
�����1 − eTr½−2k−2;−2k−1�∪½2kþ1;2kþ2�

�Xk
r¼−k

Hr

����
≤
�����1 − eTr½−2k−2;−2k−1�∪½2kþ1;2kþ2�

�Xk
r¼0

Hr

����þ�����1 − eTr½−2k−2;−2k−1�∪½2kþ1;2kþ2�

�X0
r¼−k

Hr

���� ðG18Þ

≤ 2J
Xk
r¼0

f

�
2kþ 1 − r

ξ

�
≤ 2JCξ

�
f

�
k
ξ

�
− f

�
2k
ξ

��
: ðG19Þ

Term II:

����� eTr½−2ðkþ1Þ;−1Þ�c
�
1 − eTr½−2k;−1�cn½−2ðkþ1Þ;−1�c

�X−b
r¼−k

Hr

����� ≤
�����1 − eTr½−2k−2;−2k−1��X−b

r¼−k
Hr

����
≤ J

Xk
r¼b

f
�
2kþ 1 − r

ξ

�
≤ JCξ

�
f
�
k
ξ

�
− f
�
2k − b

ξ

��
: ðG20Þ
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Term III:

����� eTr½1;2ðkþ1ÞÞ�c
�
1 − eTr½1;2k�cn½1;2ðkþ1Þ�c

�Xk
r¼b

Hr

����� ≤ JCξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
: ðG21Þ

Term IV:

k eTr½−2ðkþ1Þ;2ðkþ1Þ�cHkþ1 − eTr½1;2ðkþ1Þ�cHkþ1k ¼ k eTr½−2ðkþ1Þ;2ðkþ1Þ�c
�
1 − eTr½1;2ðkþ1Þ�cn½−2ðkþ1Þ;2ðkþ1Þ�c

	
Hkþ1k

≤ k
�
1 − eTr½−2ðkþ1Þ;0�

	
Hkþ1k ≤ Jf

�
kþ 1

ξ

�
: ðG22Þ

Term V:

kT̃r½−2ðkþ1Þ;2ðkþ1Þ�cH−ðkþ1Þ − T̃r½−2ðkþ1Þ;−1�cH−ðkþ1Þk ≤ Jf

�
kþ 1

ξ

�
: ðG23Þ

Overall,

term Iþ � � � þ term V ≤ 4JCξ

�
f

�
k
ξ

�
− f

�
2k
ξ

��
þ 2Jf

�
kþ 1

ξ

�
: ðG24Þ

So far, with Eq. (G24) we have upper bounded the second term in Eq. (G6); as mentioned above, the first term is in
relation with the object that in Appendix B is called ΔkðtÞ. In fact, from the first term in Eq. (G6),

keisðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−isðĤ½−k;−b�þĤ½b;k�Þ

− eisðĤ½−k−1;−b�þĤ½b;kþ1�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−isðĤ½−k−1;−b�þĤ½b;kþ1�Þk ðG25Þ

¼
���� Z s

0

du
d
du

�
eiðs−uÞðĤ½−k−1;−b�þĤ½b;kþ1�ÞeiuðĤ½−k;−b�þĤ½b;k�ÞðĤ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�Þ

× e−iuðĤ½−k;−b�þĤ½b;k�Þe−iðs−uÞðĤ½−k−1;−b�þĤ½b;kþ1�Þ
����� ðG26Þ

≤
Z

s

0

duk
�
Ĥ½−k−1;−b� þ Ĥ½b;kþ1� − Ĥ½−k;−b� − Ĥ½b;k�;

eiuðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−iuðĤ½−k;−b�þĤ½b;k�Þ

�
k: ðG27Þ

Ĥ½−k−1;−b� þ Ĥ½b;kþ1� − Ĥ½−k;−b� − Ĥ½b;k� is “mostly” supported around �ðkþ 1Þ but with tails on ½−2k; 2k�, whereas
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k� is “mostly” supported around ½−b; b� with tails on ½−2k; 2k�. The commutator in Eq. (G27)
has the structure of a Lieb-Robinson bound, once we have shown that these two operators can be approximated with
operators that have supports disjoint and far enough apart to ensure a small upper bound. We now perform such
approximations.
Analogously to what was done in Eq. (G17), we have that

kĤ½−k−1;−b� þ Ĥ½b;kþ1� − Ĥ½−k;−b� − Ĥ½b;k�k ≤ 2JCξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
þ kĤkþ1 þ Ĥ−ðkþ1Þk ðG28Þ
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≤ 2JCξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
þ 2J ≤ Oð2JÞ: ðG29Þ

Equation (G29) bounds the norm of the first entry in the
commutator of Eq. (G27).
To apply the theory of Lieb-Robinson bounds for local

Hamiltonians with tails, we need to ensure that the two
operators that enter the commutator are far apart; since they
are actually terms of the Hamiltonian—namely, they have
tails—we need to restrict their supports, provided the error
in doing so is small. Let us consider Ĥkþ1 and Ĥ−ðkþ1Þ, that
have supports ½1; 2ðkþ 1Þ� and ½−2ðkþ 1Þ;−1�. We define

ˆ̂Hkþ1 ≔ eTr½b3ðkþ1Þ
4

c;b5ðkþ1Þ
4

c�cHkþ1; ðG30Þ

ˆ̂H−ðkþ1Þ ≔ eTr½b−5ðkþ1Þ
4

;−3ðkþ1Þ
4

c�cH−ðkþ1Þ: ðG31Þ

bac denotes the largest integer such that bac ≤ a. With this
choice, the size of the support is approximately jkj=2, see
Fig. 1. It is easy to see that the error made is upper bounded
by Jf½k=ð4ξÞ�; in fact,

Ĥkþ1 − eTr½b3ðkþ1Þ
4

c;b5ðkþ1Þ
4

c�cHkþ1 ¼
� eTr½1;2ðkþ1Þ�c

�
1 − eTr½b3ðkþ1Þ

4
c;b5ðkþ1Þ

4
c�cn½1;2ðkþ1Þ�c

�
Hkþ1

�
ðG32Þ

is such that ½b3ðkþ 1Þ=4c; b5ðkþ 1Þ=4c�cn½1; 2ðkþ 1Þ�c ¼ ½1; b3ðkþ 1Þ=4c − 1� ∪ ½b5ðkþ 1Þ=4c; 2ðkþ 1Þ�, and, there-
fore, the distance of kþ 1 from this set is approximately bk=4c.
On the other hand,

Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k� ðG33Þ

¼ eTr½−2k;2k�c
 X−bk4c−1

r¼−k
Hr þ

Xbk4c
r¼−bk

4
c
Hr þ

Xk
r¼bk

4
cþ1

Hr

!

− eTr½−2k;−1�c
 X−bk4c−1

r¼−k
Hr þ

X−b
r¼−bk

4
c
Hr

!
− eTr½1;2k�c

 Xbk4c
r¼b

Hr þ
Xk

r¼bk
4
cþ1

Hr

!
: ðG34Þ

We pair terms from Eq. (G34) as follows:

����ð eTr½−2k;2k�c − eTr½−2k;−1�cÞ X−b
k
4
c−1

r¼−k
Hr

���� ≤ JCξ

�
f

�
k
4ξ

�
− f

�
k
ξ

��
; ðG35Þ

����ð eTr½−2k;2k�c − eTr½1;2k�cÞ Xk
r¼bk

4
cþ1

Hr

���� ≤ JCξ

�
f

�
k
4ξ

�
− f

�
k
ξ

��
: ðG36Þ

It is left eTr½−2k;2k�cPbk
4
c

r¼−bk
4
c Hr − eTr½−2k;−1�cP−b

r¼−bk
4
cHr − eTr½1;2k�c Pbk

4
c

r¼b Hr. We replace this operator with the same one but

with support restricted to ½−bk=2c; bk=2c�; we denote this operator as

FIG. 1. In red, the regions where the supports of the operators
Ĥ−ðkþ1Þ and Ĥkþ1 have been restricted. These operators with

restricted support have been denoted ˆ̂Hkþ1 and
ˆ̂H−ðkþ1Þ. In green,

the region of “maximal” support of the operator Ĥ½−k;k� −
Ĥ½−k;−b� − Ĥ½b;k� and, in blue, the region ½−ðk=4Þ; ðk=4Þ� where
the support of this operator has been restricted. This operator has

been denoted ˆ̂H½−b;b�. The distance among the red and blue

regions, that is, the distance among the supports of ˆ̂H�ðkþ1Þ and
ˆ̂H½−b;b�, is approximately equal to k=2.
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ˆ̂H½−b;b� ≔ T̃r½−bk
2
c;bk

2
c�c
Xbk4c

r¼−bk
4
c
Hr − eTr½−bk

2
c;−1�c

X−b
r¼−bk

4
c
Hr − eTr½1;bk

2
c�c
Xbk4c
r¼b

Hr: ðG37Þ

As shown in Eq. (G38), it follows that

���� eTr½−2k;2k�c Xb
k
4
c

r¼−bk
4
c
Hr − eTr½−2k;−1�c X−b

r¼−bk
4
c
Hr − eTr½1;2k�c Xbk4c

r¼b

Hr −
ˆ̂H½−b;b�

���� ðG38Þ

¼
���� eTr½−2k;2k�c�1 − eTr½−bk

2
c;bk

2
c�cn½−2k;2k�c

� Xbk4c
r¼−bk

4
c
Hr − eTr½−2k;−1�c�1 − eTr½−bk

2
c;−1�cn½−2k;−1�c

� X−b
r¼−bk

4
c
Hr

− eTr½1;2k�c�1 − eTr½1;bk
2
c�cn½1;2k�c

�Xbk4c
r¼b

Hr

���� ðG39Þ

≤ JCξ

�
4f

�
k
4ξ

�
− 2f

�
k
2ξ

�
− 2f

�k
2
− b

ξ

��
: ðG40Þ

To upper bound the norm of the commutator (Lieb-Robinson bound) in Eq. (G27), we also need to upper bound the norm
of each entry of the commutator. The norm of the first entry is provided by Eq. (G29).
The norm of the second entry of the commutator in Eq. (G27) is bounded as follows:

kĤ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�k ≔
���� eTr½−2k;2k�c Xk

r¼−k
Hr − eTr½−2k;−1�c X−b

r¼−k
Hr − eTr½1;2k�c Xk

r¼b

Hr

���� ðG41Þ

≤
���� eTr½−2k;2k�cð1 − eTr½−2k;−1�cn½−2k;2k�cÞX−b

r¼−k
Hr

����þ���� eTr½−2k;2k�cð1 − eTr½1;2k�cn½−2k;2k�cÞXk
r¼b

Hr

����þ kĤ½−bþ1;b−1�k ðG42Þ

≤
����ð1 − eTr½−2k;−1�cn½−2k;2k�cÞX−b

r¼−k
Hr

����þ����ð1 − eTr½1;2k�cn½−2k;2k�cÞXk
r¼b

Hr

����þ ð2b − 1ÞJ ðG43Þ

≤ 2J
Xk
r¼b

f

�
r
ξ

�
þ ð2b − 1ÞJ ≤ 2JCξ

�
f

�
b
ξ

�
− f

�
k
ξ

��
þ ð2b − 1ÞJ ≤ Oð2bJÞ: ðG44Þ

Overall, the norm of the commutator in Eq. (G27) is bounded as follows:

k
�
Ĥ½−k−1;−b� þ Ĥ½b;kþ1� − Ĥ½−k;−b� − Ĥ½b;k�; eiuðĤ½−k;−b�þĤ½b;k�Þ

�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−iuðĤ½−k;−b�þĤ½b;k�Þ

�
k

≤ k
�
ˆ̂Hkþ1 þ ˆ̂H−ðkþ1Þ; eiuðĤ½−k;−b�þĤ½b;k�Þ

�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−iuðĤ½−k;−b�þĤ½b;k�Þ

�
k

þ 2

�
2JCξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
þ 2Jf

�
k
4ξ

���
2JCξ

�
f

�
b
ξ

�
− f

�
k
ξ

��
þ ð2b − 1ÞJ

�
ðG45Þ

≤ k½ ˆ̂Hkþ1 þ ˆ̂H−ðkþ1Þ; eiuðĤ½−k;−b�þĤ½b;k�Þ ˆ̂H½−b;b�e−iuðĤ½−k;−b�þĤ½b;k�Þ�k ðG46Þ

þ 8OðbJ2Þ
�
2Cξ

�
f

�
k
ξ

�
− f

�
2k − b

ξ

��
þ 2f

�
k
4ξ

��
þ 4OðCξJ2Þ

�
6f

�
k
4ξ

�
− 4f

�
k
2ξ

�
− 2f

�k
2
− b

ξ

��
≤ OðbJ2ÞðevLRt − 1Þf

�
k
2ξ

�
þ J2Dξ: ðG47Þ
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In the last line, Eq. (G47), we have introduced Dξ ≤
Off½k=ð4ξÞ�g to shorten the notation. We see that, in
comparison to the Lieb-Robinson bound of strictly local
operators, there is a term Dξ that vanishes for large

distances, of OðkÞ, among the supports of ˆ̂Hkþ1 and
ˆ̂H½−b;b�, as f½k=ð2ξÞ�. We stress that when f has a compact
support, as discussed before in Eq. (G17), we recover the
case of strictly local Hamiltonians and Dξ is identically
vanishing. The norm of the commutator in Eq. (G46)
is upper bounded by a Lieb-Robinson bound for

Hamiltonians with rapidly decaying interactions [see, for
example, Eq. (S17) in Ref. [86] ]; we denote vLR the
corresponding velocity. For a one-dimensional system,
the L-R bound in Eq. (S17) in Ref. [86] is independent
of the size of the supports of the operators. We notice that
the supports of the operators involved in the Lieb-Robinson
bound are at a distance of the order of k=2.
We are now ready to go back to Eq. (G6), that we copy

below, to obtain the bound on the trace distance that we are
looking for:

1

2
kV̂Λkþ1

ðtÞρV̂�
Λkþ1

ðtÞ − V̂Λk
ðtÞρV̂�

Λk
ðtÞk1 ðG48Þ

≤ t sup
s∈ ½0;t�

keisðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−isðĤ½−k;−b�þĤ½b;k�Þ

− eisðĤ½−k−1;−b�þĤ½b;kþ1�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−isðĤ½−k−1;−b�þĤ½b;kþ1�Þk

þ tkĤ½−k−1;kþ1� − Ĥ½−k−1;−b� − Ĥ½b;kþ1� −
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
k ðG49Þ

≤ t sup
s∈ ½0;t�

Z
s

0

duk
�
Ĥ½−k−1;−b� þ Ĥ½b;kþ1� − Ĥ½−k;−b� − Ĥ½b;k�;

eiuðĤ½−k;−b�þĤ½b;k�Þ
�
Ĥ½−k;k� − Ĥ½−k;−b� − Ĥ½b;k�

�
e−iuðĤ½−k;−b�þĤ½b;k�Þ

�
k

þ 4tJCξ

�
f
�
k
ξ

�
− f
�
2k
ξ

��
þ tJf

�
kþ 1

ξ

�
ðG50Þ

≤ t2OðbJ2ÞðevLRt − 1Þf
�
k
2ξ

�
þ t2J2Dξ þ tJD0

ξ ðG51Þ

≤ tJO
�
gðb; J; tÞf

�
k
4ξ

��
: ðG52Þ

In Eq. (G51), we have introduced

D0
ξ ≔ 4Cξ

�
f

�
k
ξ

�
− f

�
2k
ξ

��
þ f

�
kþ 1

ξ

�
≤ O

�
f

�
k
ξ

��
: ðG53Þ

When f has a compact support [see Eq. (G16)], D0
ξ, as Dξ, vanishes. In Eq. (G52), it is

gðb; J; tÞ ≤ btJððevLRt − 1Þ þOð1ÞÞ þOð1Þ: ðG54Þ

The minimization with respect to b of the trace distance
(G52) is straightforward, in fact, g being proportional to
b in Eq. (G54) up to corrections of Oð1Þ, the minimum is
reached for the smallest b that makes the theory con-
sistent. Since we have seen for the strictly local case [see
Eq. (G16) [that b ¼ ξ, then we pick b ¼ ξ also in the
general case.

We are now ready to upper bound the sum in Eq. (63),
that we copy below Eq. (G55), to obtain ΔSαðtÞ of Eq. (64)
in the case of a Hamiltonian with exponential decrease
of interactions. As done in the case of strictly local
Hamiltonians, we need to find out the value of l that
minimizes the sum. This will turn out to be dependent on α,
vLR, and ξ. We adopt a different, but equivalent, approach
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than the one in Appendix F, where we had an approximate
value of l from the solution of the minimization condition.
Here, we pick up l ¼ βt with a β to be determined in such a
way to hold a linear increase in t for large t of ΔSαðtÞ; we

know in fact that a “slower” increase has been already ruled
out by Ref. [44]. With, for large enough t, RkðtÞ ≤
ξðtJÞ2evLRte−k=4ξ and

ΔSαðtÞ ≤
1

1 − α

XL−1
k¼l

log
h
1 − αRkðtÞ þ ð22ðkþ1Þþ1 − 1Þ1−αRkðtÞα

i
þ 2lþ 1 ðG55Þ

≤
1

1 − α

X∞
k¼l

�
−αRkðtÞ þ 2ð2kþ3Þð1−αÞRkðtÞα

	
þ 2βtþ 1 ðG56Þ

≤
1

1 − α

X∞
n¼0

�
−αRlþnðtÞ þ 2ð2ðlþnÞþ3Þð1−αÞRlþnðtÞα

	
þ 2βtþ 1 ðG57Þ

≤
1

1 − α

X∞
n¼0

�
−αξðtJÞ2evLRte−ðβtþnÞ=4ξ þ eln 2ð2ðβtþnÞþ3Þð1−αÞðξðtJÞ2ÞαeαvLRte−α½ðβtþnÞ=4ξ�

	
þ 2βtþ 1 ðG58Þ

≤
1

1 − α

X∞
n¼0

�
−αξðtJÞ2evLRte−ðβtþnÞ=4ξ þ e3 ln 2ð1−αÞðξðtJÞ2ÞαeαvLRte−λðβtþnÞ

	
þ 2βtþ 1: ðG59Þ

In the last step, we have introduced λ ≔ ½α=ð4ξÞ� − 2 ln 2ð1 − αÞ. We now carry out two important steps. The first is to
ensure that the sum over n is finite; this gives a condition on the set of allowed α. The second step is to impose that the sum
of the series decreases exponentially in time; this will provide a restriction on the value of β and, therefore, the large t
behavior of ΔSαðtÞ. From the second sum in Eq. (G59), we get a restriction on the value of α as follows:

λ > 0 ⇒
α

4ξ
− 2 ln 2ð1 − αÞ > 0 ⇒ α >

1

1þ 1
8ξ ln 2

: ðG60Þ

With ξ ≪ 1, that corresponds to the Hamiltonians’ term becoming almost on site, Eq. (G60) reduces to α≳ 0. In the limit of
extended interactions instead ξ ≫ 1, being by assumption 0 < α ≤ 1, Eq. (G60) gives α ≈ 1.
On the other hand, the restriction on β to ensure that the sum in Eq. (G59) decreases exponentially in t provides

λβ − αvLR > 0 ⇒ β >
αvLR
λ

>
vLR

1
4ξ − ð2 ln 2Þ 1−αα

: ðG61Þ

It can be checked that the condition for the exponential decrease in time of the first term of the sum in Eq. (G59) is less
restrictive than Eq. (G61).
Overall, making use of the conditions (G60) and (G61), we have that

ΔSαðtÞ ≤
1

1 − α

�
−αξðtJÞ2evLRte−βt=4ξ 1

1 − e−1=4ξ
þ eð3 ln 2Þð1−αÞðξðtJÞ2ÞαeαvLRte−λβt 1

1 − e−λ

�
þ 1þ 2βt. ðG62Þ

Considering the lower bound on β (G61), the best upper bound on ΔSαðtÞ, with c0 > 2, reads

lim
t→∞

lim
L→∞

ΔSαðtÞ
t

≤
c0vLR

1
4ξ − ð2 ln 2Þ 1−αα

: ðG63Þ

The limit α → 1 gives the von Neumann entropy. The factor proportional to 1
1−α in (G62) goes to zero with α → 1, therefore

being differentiable in α, the limit α → 1, equals to minus the derivative of such factor in α ¼ 1. It is immediate to realize
that such derivative is exponentially decreasing in t, then it follows:

lim
t→∞

lim
L→∞

ΔS1ðtÞ
t

≤ 4c0vLRξ. ðG64Þ

This shows that the limits α → 1 and limt→∞ of the rate limL→∞
ΔS1ðtÞ

t can be exchanged leading to the same upper bound in
(G64), that in fact coincides with the limit α → 1 of the rhs of (G63).
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APPENDIX H: AN UPPER BOUND
ON THE CONCAVITY OF THE α-RÉNYI

ENTROPIES, 0 < α < 1

Lemma 4. Given a convex combination of states
ρ ≔

P
N
i¼1 piρi, with ρi∶ Cd → Cd, denoting ρi ¼Pni

j¼1 λ
i
jjeijiheijj the spectral decomposition of each ρi,

for 0 < α < 1, it holds that

XN
i¼1

piSαðρiÞ ≤ SαðρÞ ≤ Hαfpiλ
i
jg; ðH1Þ

where Hαfpiλ
i
jg ≔ ½1=ð1 − αÞ� logPN

i¼1

Pni
j¼1ðpiλ

i
jÞα is

the α-Rényi entropy of the probability distribution
fpiλ

i
jg. Moreover,

Hαfpiλ
i
jg ≤ Hαfpig þmax

i
fSαðρiÞg: ðH2Þ

Therefore, if fρig are pure states, it is SαðρÞ ≤ Hαfpig,
with the upper bound depending only on the probability
distribution fpig.
Proof. We now sketch a proof; for more details, consult

Lemma 1.24 (p. 18) and Example 11.12 (p. 178) in
Ref. [87]. The first inequality in Eq. (H1) is the concavity
of the Rényi entropy with 0 < α < 1 [5,88]. The proof of
the second inequality in Eq. (H1) is a simple application of
the theory of majorization; see Chap. II in Ref. [76]. The
spectral decomposition of ρ reads ρ ¼Pm

k¼1 akjvkihvkj.
Since fjvkig is an orthonormal set, it follows that m ≤ d.
The set fjeijig, that collects the eigenvectors of all fρig,
is, in general, not orthonormal. In fact, for example, two
states ρm and ρn can share an eigenvector. It follows

that, completing the matrix V with entries Vi
j;k ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ðpiλ
i
jÞ=ak�

q
hvkjeiji to a unitary matrix U, it holds that

jeiji ¼
X
k

Ui
j;kjvki: ðH3Þ

It follows from the definition of V, and the unitarity of U,
that

piλ
i
j ¼

X
k

jUi
j;kj2ak: ðH4Þ

The matrix with entries jUi
j;kj2 is a double stochastic

matrix, meaning that
P

k jUi
j;kj2 ¼

P
i;j jUi

j;kj2 ¼ 1; this
implies—see Theorem II.1.10 (p. 33) in Ref. [76]—that the
set fpiλ

i
jg is majorized by the set fakg. Each set is

supposed to be ordered in a nonincreasing fashion. It then
follows from Theorem II.3.1 (p. 40) in Ref. [76], and the
concavity of the function xα, with 0 < α < 1, that

X
k

aαk ≤
X
i;j

ðpiλ
i
jÞα: ðH5Þ

That implies, the logarithm being an increasing func-
tion, SαðρÞ ≔ Hαfakg ≤ Hαfpiλ

i
jg.

We now prove Eq. (H2):

Hαfpiλ
i
jg ≔

1

1 − α
log
X
i;j

ðpiλ
i
jÞα

¼ 1

1 − α
log
XN
i¼1

pα
i

X
j

ðλijÞα ðH6Þ

¼ 1

1 − α
log
XN
i¼1

pα
i exp

�
ð1 − αÞ 1

1 − α
log
X
j

ðλijÞα
�

¼ 1

1 − α
log
XN
i¼1

pα
i exp ðð1 − αÞSαðρiÞÞ ðH7Þ

≤
1

1 − α
log
XN
i¼1

pα
i exp

�
ð1 − αÞmax

i
fSαðρiÞg

�
¼ Hαfpig þmax

i
fSαðρiÞg: ðH8Þ

▪
Equation (H1) holds also for the von Neumann entropy,

with the Rényi entropy Hα replaced by the Shannon
entropy H. In fact, the same proof applies with the function
xα replaced by −x log x in Eq. (H5). See Eq. (2.3) in
Ref. [89], and also Theorem 11.10 (p. 518) in Ref. [90], or
Theorem 3.7 (p. 35) in Ref. [57] for alternative proofs. For
the von Neumann entropy, we can see that the upper bound
takes a more explicit form:

SðρÞ ≤ Hfpig þ
X
i

piSðρiÞ: ðH9Þ

In fact,

Hfpiλ
i
jg ≔ −

X
i;j

piλ
i
j logðpiλ

i
jÞ

¼ −
X
i;j

piλ
i
jðlogpi þ log λijÞ ðH10Þ

¼ −
X
i

pi logpi −
X
i;j

piλ
i
j log λ

i
j

¼ Hfpig þ
X
i

piSðρiÞ: ðH11Þ

This implies that the difference SðρÞ −Pi piSðρiÞ ≤
Hfpig is upper bounded by a quantity depending on only
the probability distribution fpig, but not on other quantities
like the states fρig or the dimension of the Hilbert space.
The bound (H9) has been improved in Theorem 14 in
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Ref. [16], where it also appears an upper bound on the
difference of Holevo quantities for different ensembles that
is independent from the Hilbert space dimension.
In general, this is not the case for the Rényi entropy.

Let us consider the state ρ of Eq. (21) and the maxi-
mally mixed state of Cd, ð1=dÞ1d. It is easy to see that
Sα½pρþ ð1 − pÞð1=dÞ1d� ≈ log d, with fixed α and p, both
not too close to 1, and d ≫ 1. Then, Sα½pρþ ð1 − pÞ×
ð1=dÞ1d� − ð1 − pÞSαð1d 1dÞ ≈ p log d, depending on the
size of the Hilbert space.
Within the setting of the physical system described in

Sec. II and the notations of Lemma 4, let us consider the
case where maxfSαðρiÞg ≤ Oðlog LÞ and N ≤ OðLÞ; then,
according to Eq. (H2), we have

SαðρÞ ≤
1

1− α
log
XN
i¼1

pα
i þOðlog LÞ ≤Oðlog LÞ: ðH12Þ

This shows that when convex combinations of few,
OðLÞ, low entangled states, SαðρiÞ ≤ Oðlog LÞ, are
considered, then ρ ¼Pi piρi is still low entangled:
SαðρÞ ≤ Oðlog LÞ.

APPENDIX I: PROOF OF EQ. (4): THE 1
2-RÉNYI

ENTROPY (OF THE PARTIAL TRACE) EQUALS
THE LOGARITHMIC NEGATIVITY

FOR PURE STATES

In this short section, we reproduce the argument in
Proposition 8 in Ref. [45] (see also the appendix in
Ref. [46]), leading to the proof that the 1

2
-Rényi entropy

equals the logarithmic negativity for pure states.
Given a state ρ defined on the tensor product of finite-

dimensional Hilbert spaces H1 ⊗ H2, the partial transpose
with respect to the first space ρT1 has matrix elements
such that

he1j ⊗ e2k; ρ
T1ðe1l ⊗ e2mÞi ¼ he1l ⊗ e2k; ρðe1j ⊗ e2mÞi: ðI1Þ

The characterization of separable states by the properties of
their partial transpose started with the Peres criterion [91],
stating that a necessary condition for separability is that all
the eigenvalues of the partial transpose are negative. This is
also sufficient, as established in Ref. [92]; see their Remark
2. Vidal and Werner defined the logarithmic negativity in
Ref. [45] as

EN ðρÞ ≔ log2 kρT1k1: ðI2Þ

Following Proposition 8 in Ref. [45], let us show that, for a
pure state ρ ¼ jΦihΦj, and the Schmidt decomposition of
jΦi ¼Pα cαje1α ⊗ e2αi, with cα > 0, it holds that

S1=2ðTrH1
ρÞ ≔ 2 log

X
α

cα ¼ log2 kρT1k1: ðI3Þ

It is well known that the common nonzero eigenvalues of
TrH1

ρ and TrH2
ρ are the set fc2αg:

ðjΦihΦjÞT1 ¼
X
α;β

cαcβðje1α ⊗ e2αihe1β ⊗ e2βjÞT1 : ðI4Þ

It is

ðje1α ⊗ e2αihe1β ⊗ e2βjÞT1 ¼ je1β ⊗ e2αihe1α ⊗ e2βj; ðI5Þ

in fact,

he1γ ⊗ e2δje1β ⊗ e2αihe1α ⊗ e2βje1λ ⊗ e2ηi ¼ δγ;βδδ;αδα;λδβ;η:

ðI6Þ

On the other hand,

he1λ ⊗ e2δje1α ⊗ e2αihe1β ⊗ e2βje1γ ⊗ e2ηi ¼ δλ;αδδ;αδβ;γδβ;η:

ðI7Þ

Then,

ðjΦihΦjÞT1 ¼
X
α;β

cαcβje1β ⊗ e2αihe1α ⊗ e2βj: ðI8Þ

Let us define the operator F∶ H1 ⊗ H2 → H1 ⊗ H2, such
that Fðe1α ⊗ e2βÞ ¼ ðe1β ⊗ e2αÞ. It is immediate to verify that
F is unitary; in fact, F−1 coincides with F, while the
adjoint, F�, of F is such that given any two vectors ψ and ϕ
in H1 ⊗ H2:

ψ ¼
X
α;β

cαcβje1α ⊗ e2βi; ϕ ¼
X
γ;δ

dγdδje1γ ⊗ e2δi; ðI9Þ

hϕjF�jψi ≔ hψ jFjϕi ðI10Þ

¼
X
α;β;γ;δ

cαcβdγdδhe1α ⊗ e2βjFje1γ ⊗ e2δi ðI11Þ

¼
�X

α
cαdα

�
2

: ðI12Þ

It can be easily checked that hϕjFjψi coincides with
Eq. (I12). Defining

C1 ≔
X
α

cαje1αihe1αj; C2 ≔
X
β

cβje2βihe2βj; ðI13Þ

F as defined above is extended F∶BðH1 ⊗ H2Þ →
BðH1 ⊗ H2Þ, in such a way it acts like the identity on
“bras.” This implies that FðC1 ⊗ C2Þ equals the rhs of
Eq. (I8):
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FðC1 ⊗ C2Þ ≔
X
α;β

cαcβje1β ⊗ e2αihe1α ⊗ e2βj: ðI14Þ

This extended F is unitary as well. This follows from the
proof above, or it can be checked directly over the space of
matrices with complex entries BðH1 ⊗ H2Þ, where the
adjoint F� is this time defined, with A; B∈BðH1 ⊗ H2Þ, as

hA; F�ðBÞi ¼ hB;FðAÞi ¼ Tr: ðI15Þ

Finally, we have that

kðjΦihΦjÞT1k1 ¼ kFðC1 ⊗ C2Þk1 ¼ kC1 ⊗ C2k1 ðI16Þ

¼ kC1k1kC2k1 ¼
�X

α
cα

�
2

ðI17Þ

that proves Eq. (I3).
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entropies, arXiv:2408.02016.

[44] N. Schuch, M. M. Wolf, K. G. H. Vollbrecht, and J. I. Cirac,
On entropy growth and the hardness of simulating time
evolution, New J. Phys. 10, 033032 (2008).

[45] G. Vidal and R. F. Werner, Computable measure of entan-
glement, Phys. Rev. A 65, 032314 (2002).

[46] B. Nachtergaele, R. Sims, and G. Stolz, An area law for the
bipartite entanglement of disordered oscillator systems,
J. Math. Phys. (N.Y.) 54, 042110 (2013).

[47] P. Calabrese, J. Cardy, and E. Tonni, Entanglement neg-
ativity in quantum field theory, Phys. Rev. Lett. 109, 130502
(2012).

[48] P. Calabrese, J. Cardy, and E. Tonni, Entanglement neg-
ativity in extended systems: A field theoretical approach,
J. Stat. Mech. (2013) P02008.

[49] V. Alba, Entanglement negativity and conformal field
theory: A Monte Carlo study, J. Stat. Mech. (2013) P05013.

[50] A. Coser, E. Tonni, and P. Calabrese, Entanglement neg-
ativity after a global quantum quench, J. Stat. Mech. (2014)
P12017.

[51] B. Bertini, K. Klobas, and T.-C. Lu, Entanglement neg-
ativity and mutual information after a quantum quench:
Exact link from space-time duality, Phys. Rev. Lett. 129,
140503 (2022).

[52] T. J. Osborne, Efficient approximation of the dynamics of
one-dimensional quantum spin systems, Phys. Rev. Lett. 97,
157202 (2006).

[53] J. Eisert and T. J. Osborne, General entanglement scaling
laws from time evolution, Phys. Rev. Lett. 97, 150404
(2006).

[54] T. J. Osborne, Simulating evolution of spin systems, https://
qipconference.org/2006/slides/osborne.pdf.

[55] K. M. R. Audenaert, A sharp continuity estimate for the von
Neumann entropy, J. Phys. A 40, 8127 (2007).

[56] A. Winter, Tight uniform continuity bounds for quantum
entropies: Conditional entropy, relative entropy distance
and energy constraints, Commun. Math. Phys. 347, 291
(2016).

[57] D. Petz, Quantum Information Theory and Quantum Sta-
tistics (Springer, New York, 2008), 10.1007/978-3-540-
74636-2.

[58] E. P. Hanson and N. Datta,Maximum and minimum entropy
states yielding local continuity bounds, J. Math. Phys.
(N.Y.) 59, 042204 (2018).

[59] E. P. Hanson and N. Datta, Tight uniform continuity bound
for a family of entropies, arXiv:1707.4249.

[60] M. G. Jabbour and N. Datta, Tightening continuity bounds
on entropies and bounds on quantum capacities, IEEE J.
Sel. Areas Inf. Theor, 5, 645 (2024).

[61] A. Vershynina, Entanglement rates for Rényi, Tsallis, and
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entanglement entropies of the free Fermi-gas ground state:
A rigorous proof, Phys. Rev. Lett. 112, 160403 (2014).

[74] U. Schollwöck, The density-matrix renormalization group
in the age of matrix product states, Ann. Phys. (Amsterdam)
326, 96 (2011).
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