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Dynamical a-Rényi Entropies of Local Hamiltonians Grow at Most Linearly in Time
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We consider a generic one-dimensional spin system of length L, arbitrarily large, with strictly local

interactions, for example, nearest neighbor, and prove that the dynamical a-Rényi entropies, 0 < a < 1, of

an initial product state grow at most linearly in time. This result arises from a general relation among

dynamical a-Rényi entropies and Lieb-Robinson bounds. We extend our bound on the dynamical

generation of entropy to systems with exponential decay of interactions, for values of « close enough to 1,

and, moreover, to initial pure states with low entanglement, of the order of log L, that are typically

represented by critical states. We establish that low entanglement states have an efficient matrix product

state representation that persists at least up to times of the order of log L. The main technical tools are the

Lieb-Robinson bounds, to locally approximate the dynamics of the spin chain, a strict upper bound of

Audenaert on a-Rényi entropies, and a bound on their concavity. Such a bound, that we provide in an

appendix, can be of independent interest.

DOI: 10.1103/ycdh-z8zf

I. INTRODUCTION

a-Rényi entropies are generalized quantum entropies that
are good quantifiers of entanglement [1-4]. A list of their
properties can be found in Ref. [5]. Early works on the
characterization of spin systems’ ground state with Rényi
entropies are Refs. [6,7].

Experimental breakthroughs [8-10] have shown how
quantum entropies can be detected and measured, making
them not only crucial quantities to characterize the behavior
of many-body systems from a theoretical point of view, but
also susceptible to experimental tests.

The scaling of a-Rényi entropies, 0 < @ < 1, of the
reduced density matrix of a state, of a one-dimensional
system, have been shown to determine whether such a state
could be efficiently represented by a matrix product state
(MPS) [11,12]. In higher-dimensional systems, instead, a
nonvolume law for the Rényi entropy does not imply an
efficient MPS representation [13].

The variation of the von Neumann entropy of the reduced
density of a state evolved in time according to the
unitary evolution of a system has attracted a lot of attention
starting from the small incremental entangling and small
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incremental mixing conjectures attributed by Bravyi in
Ref. [14] to Kitaev. See Ref. [14] also for early references
on this topic. A recent review covering these themes is
Ref. [15]. These conjectures roughly say that the rate of
increase in time of the von Neumann entropy and the
entropy of mixing are upper bounded by a constant
independent from the overall system’s size. Audenaert
[16], Van Acoleyen, Marién, and Verstraete [17], and
Marién et al. [18] have given proofs of such conjectures.
In particular, as a consequence of the (at most) linear
growth in time of the entanglement entropy, the authors of
Refs. [17,18] were able to prove, using the formalism of the
quasiadiabatic continuation [19-23], that states within
the same phase of matter have the same scaling of the
entanglement entropy, implying the stability of the area law
in dimension larger than one. A phase of matter in this
context is identified by the set of gapped eigenstates of
local Hamiltonians that can be smoothly connected.
Recently, a concept of quantum phase has emerged in
the more general context of Lindbladian evolution [24,25].
It is well known that the area law for the one-dimensional
gapped state has already been proven directly [26,27].
Recently, proofs have also been given for two-dimensional
frustration-free systems [28,29]. In general, a proof for
higher dimensions is still lacking; nevertheless, under
additional mild conditions, Masanes has proven a low
entropy law in Ref. [30]. Area laws have also been shown
to follow from exponential decay of corrections [31,32]. A
rigorous analysis of entanglement rates for a-Rényi entropy
with @ > 1 has been given in Ref. [33]; moreover, for
these entropies, the authors of Ref. [34] have shown the
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generation of entanglement, from a specific class of initial
product states for the dynamics of the “self-dual” kicked
Ising chains, exactly.

Calabrese and Cardy pioneered the use of field theoretic
methods for the evaluation of entanglement entropies and
their dynamics in spin systems [35-37], providing in
Ref. [36] also the solution for the transverse Ising model.
Other approaches in the context of integrable systems are
Ref. [38] and, for a-Rényi entropy with @ > 1, Ref. [39].

Symmetries can affect the dynamical behavior of entro-
pies; the authors of Refs. [40-42] have pointed out
subballistic growth for diffusive systems.

In our work, we are able to upper bound, as a function of
time and «, the variation of the a-Rényi entropy, with
0 < a <1, of the partial trace of the time evolution of a
generic product state, when the time evolution is induced
by a nearest-neighbor Hamiltonian H = Y%=, H; ;. in
one dimension. This corresponds to a global quench where
the ground state of the initial Hamiltonian is a product state.
With r the local Hilbert space dimension, the bound reads

AS, (1) < KrVO-tmax{|[H, ;.1 |} log r+ K’ (1)
J

with both K and K’ constants of the order of 1. This is the first
rigorous result, as far as we know, on the dynamical evolution
of a-Rényi entropy, with 0 < a < 1. The upper bound on the
von Neumann entropy follows as the @ — 1 limit.

The upper bound (1) is obtained from the following
general relation among @-Rényi entropies, with 0 < a < 1,
and Lieb-Robinson (L.-R) bounds. This is the most impor-
tant result of our paper together with Eq. (1) that is an
application of Theorem 1. A further application of it has
been obtained for the case of local Hamiltonian systems
with slow dynamics (many-body localized, for example), as
quantified by a Lieb-Robinson bound giving rise to a
logarithmic light cone, in our work in Ref. [43], where we
have proven a log ¢ behavior of AS, (7).

Theorem 1 (entanglement generation, informal). For a
one-dimensional lattice spin system, with local Hilbert
space dimension equal to r, with a Hamiltonian as in Eq. (5)
and Lieb-Robinson bound as quantified by A,(z) in Eq. (3),
the generation of entanglement as given by the a-Rényi
entropy, 0 < @ < 1, starting from a product state p, being
[ > 0 a variational parameter upon which Eq. (2) must be
minimized given the explicit expression of A,(7), is upper
bounded by

ASy (1) = Sa(Try (1) = So(Trpy yp)

R '
gm Z log[l —a[) dsAy_(s)

k=i+1
4 (P )l M'dmk_l(s))“}
+(I+1)log r. (2)

Ay (1) is upper bounded by

t
NGB / A (Hipnr + Hopor s

eis(HAk_H[O,l])H[Oil]e_iS<H/\k_H[0,l]):| || , (3)

and Hy = >0~ Hypp-

Proof. The reader will be guided from Egs. (5)—(36) to
the proof of Eq. (2). [

When the shape of the Lieb-Robinson bound follows
uniquely from the locality of the Hamiltonian, as explained,
for example, in Appendix B, Eq. (2) implies Eq. (1). A
more restrictive Lieb-Robinson bound that implies, for
example, a logarithm light cone, gives rise from Eq. (2) to a
dynamical generation of entropy that at long times follows
a log t law, as we have proven in Ref. [43].

We are also able to generalize Eq. (1) (see Sec. VI), to the
evolution of an initial pure state with @-Rényi entropy up to
O(log L); in this case, the constant K’ becomes of the order
of the initial entropy of the state. Independently from the
existence of an energy gap, the bound (1) shows that a
state of a one-dimensional local system with interactions
decaying fast enough, that has an efficient MPS represen-
tation, continues upon time evolution to have an efficient
MPS representation up to times at least of the order
of log L.

The linear dependence on ¢ of the upper bound on AS,,(¢)
that we have established is the best possible for large . In
fact, in Ref. [44], a lower bound on the dynamical
generation, starting from a product state, of the entangle-
ment entropy for the Ising model was proven: AS(7) >
[4/(37)]t — 1Int — 1. The Ising model falls into the class of
models, one-dimensional nearest neighbor, that we are
considering here. AS(#) denotes the variation of the von
Neumann entropy. a-Rényi entropies, with 0 < a < 1, are
upper bounds of the von Neumann entropy; therefore, they
cannot grow slower than ¢ for large ¢.

The bound (1) is easy to generalize to the case of a k-
neighbors Hamiltonian. We explicitly consider the case of
interactions decreasing exponentially fast in Sec. V, prov-
ing with equation (68) an upper bound linear in ¢ as Eq. (1)
but only for values of a sufficiently close, from below, to 1,
according to Eq. (66).

It should be stressed that, for pure states p = |D)(®|,
|®)eH; ® H,, the a=1/2 Rényi entropy (of the
partial trace) coincides with the logarithmic negativity
Ex(p) 145

Ex(p) =1logy|lp"t ||, = S12(Try, p). (4)

In Appendix I, we show this equality following
Refs. [45,46]. The logarithmic negativity has been studied
in the context of many-body physics with field theoretical
methods [47-49], including its dynamics [50,51].
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Our work is organized as follows: In Sec. II, we present
the physical setting and discuss how the unitary dynamics
is approximated making use of Lieb-Robinson bounds.
Here, we follow the approach employed in Refs. [52,53]. A
short proof of the Lieb-Robinson bound, following
Ref. [54], is in Appendix B. In Sec. III, we present the
upper bound on a-Rényi entropies, 0 < a < 1, proven by
Audenaert in Ref. [55] and discuss how it reduces to the
more familiar Fannes-Audenaert-Petz bound [55,56] on the
von Neumann entropy in the limit @ — 1. In Sec. IV, we set
up and sum up the series that gives rise to the upper bound
on the Rényi entropies (1), discussing how the faster-than-
exponential decrease of the spatial part of the Lieb-
Robinson bound of a strictly local Hamiltonian enables
the summation of the series for all 0 < a < 1, for arbitrarily
large one-dimensional systems. We eventually state the
final bound on the dynamical variation of the Rényi
entropies (1). In Sec. V, we extend our bound to systems
with exponential decay of interactions for values of 0 <
a <1 close enough to 1. We then show in Sec. VI the
generalization of the theory to pure states with entangle-
ment of the order of log L. In Sec. VII, we discuss possible
extensions of our work and relations with other results in
the literature. A set of appendixes closes the paper by
collecting proofs and technicalities.

II. PHYSICAL SETTING

The physical setting is that of a one-dimensional spin
chain with sites in the interval [-L, L]. The local Hilbert
space is C". The Hamiltonian is a sum of nearest-neighbor
terms:

H = Z Hjji (5)
==

Hjj,isashorthandfor 1, ® --- @ H; ;11 ® --- ® 1,,t0
make clear that the support of H;;,; is on the sites
{j.j+1}. We define J:=max;{||H;; |} < oo, with
|| - || denoting the operatorial norm, that is, the maximum
singular value. Our final goal is the evaluation of the
variation, associated to time evolution, of the a-Rényi
entropies, with 0 < @ < 1, of a reduced density matrix.
Namely, we want to upper bound as a function of time:

ASy (1) = |So(Trpy (1) = Sa(Try 1)p)]- (6)

Try; 1) denotes partial tracing on the Hilbert space ®§‘:1 H;,
with V' j, H; = C’, while p(¢) is the evolution, at time ¢ of
the state p, p(t) == e ™ pei™.  We rewrite the operator
of unitary evolution e~ following the approach of
Refs. [52,53], to put in evidence that the term H;; of
the Hamiltonian (5) is responsible for the “spread”
of entanglement among the two halves of the system.
We define

V([) = eit(H[—L,O]+H[].L])e_”H — eit(H—H[OJ])e—itH. (7)

Hi_po =1 Hjjp and Hyypy:= > 1 Hj oy collect
the terms in the Hamiltonian (5) with support contained,
respectively, in the intervals [—L,0] and [1, L]. The term
Hy; has instead support on both these intervals.

Our theory holds with H as in Eq. (5) with open
boundary conditions. If periodic boundary conditions were
adopted instead, two terms of the Hamiltonian, say, H,
and H; _;, would have overlapping supports with the two
halves of the system after a bipartition.

It is easy to verify that replacing e~"# with V(¢) leaves
AS,(t) in Eq. (6) invariant. In fact,

Sa(Trp V(1)pV* (1)) (8)
_ S(,(Tr[l’L]eit(H[*“’] +H>I,L])e_itheitHe_it<H[—L.0]+H[],L])) (9)

— Sa<Tr[1’L]eitH[_L_U- eifH[LL]e_itheitHe_iIH[LL]e_itH[—L.O])

(10)

— Sa [ei[H[—L.O] (TI'“ L]eilH[le] e_ithe”He_itH[l'L] )e_itH[—LA()]]

(11)
— Sa(TI‘[]’L]eiIH[“"] e‘ialeifHe‘i’H[l.L]) (12)
= S,(Trpy e pet). (13)

In Eq. (10), we have used the fact that H|_; ) and H|; ;) have
disjoint supports and, therefore, they commute; in Eq. (11)
that H|_; ) is unaffected by the partial trace because it is not
supported on the Hilbert space where the partial trace is
acting upon; in Eq. (12) that the Rényi entropy of a state is
invariant by unitary conjugation of that state; and, finally, in
Eq. (13), we have used the fact that Hj; ;) has support
contained in the Hilbert space that is traced out, and,
therefore, the cyclic property of the trace applies.
The operator V(¢) in Eq. (7) also equals

! .
V(i)=T {exp(—i /O dseHratHun) g

« e—iS(H[L_o]+H[],L]>>:| . (14)

This is the so-called interaction picture. 7 (-) denotes time
ordering, according to the rule that the latest time goes on
the left. Equation (14) is proven, showing that, as Eq. (7) is
a solution of the differential equation

d : .
iEV(t) = e"-Ho) g, e~ H=Hon)y(r)  (15)

with a unique solution (once the initial condition V(0) = 1
is set), therefore they coincide. The interaction picture (14)
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already provides the hint that the support of V(7) expands
starting from the origin of the system, x = 0, following the
evolution of H 0.1)> that, captured by the Lieb-Robinson
bound of the system, is at most linear in time.

III. AUDENAERT BOUND ON a-RENYI
ENTROPIES, 0 < < 1

In Ref. [55], Audenaert presents a sharp form of the
Fannes bound on the difference among the von Neumann
entropy of a pair of states (density matrices) p and o. The
same bound also appears in the book of Petz [57], Theorem
3.8, where the proof is attributed to Csiszar.

As a by-product, Audenaert was able to obtain in
Ref. [55] a sharp bound on the difference among the
a-Rényi entropies, with 0 < a < 1, of p and o. In what
follows, all the logarithms are in base 2. The a-Rényi
entropies, with a # 1, are defined as

1
Salp) = 7 log Trp". (16)

—a
It holds that S,(-) < S(-) with @ > f. This means that our
attention is focused on quantum entropies that upper bound
the von Neumann entropy, S, that is, the @ — 1 limit of the
a-Rényi entropies:

S(p) = —Trplogp. (17)

Denoting 4; the eigenvalues of p in Eq. (16), this fact can be
easily seen:

Sa(p) =1 10{105;217 (18)
:11—05 <1ogzj)7|a1 + (%mgzj:,ly) et (@— 1)
+0(a—1)). (19)

With {[0/(da)]log > ; 4§}, = >_;A;logd; and taking
lim,_,;, the result follows. With T := % llp —ol|;, the trace
distance among the two states p and o, and d the dimension

of the Hilbert space where the states are acting upon, the
bound of Audenaert reads as Eq. (A3) in Ref. [55]:

[Sa(p) = Salo)] < log [(1=T)* + (d = 1)!~T7].

l—a
(20)
|

1Su(p) = Salo)| < {log )

log[(1 = R)* + (d = 1)'""R?] with R< 1 —

This inequality is sharp, in the sense that, for every value of
T, 0 < T <1, there is a pair of states, at distance 7', that
saturates the bound. These are given by

p = Diag(1,0,...,0),

= Di 1-7,——,.
c 1ag< T

d—i) (21)

The inverse is also true, namely, that these are the only
states that saturate the bound [58]. We see that with a = 0
the upper bound (20) becomes 7 independent and, there-
fore, trivial, being always equal to log d, that is, the maxi-
mal value of the a-Rényi entropy V a>0. The a =0
Rényi entropy is also called Hartley, or max, entropy [5]. In
what follows, we explicitly assume 0 < a < 1, with a = 1
taken as a limit. The states (21) play the same role also in
the Audenaert-Fannes-Petz upper bound on the difference
of von Neumann entropy:

1S(p) — S(0)| < Tlog(d — 1) + Hy(T.1=T).  (22)

H,)(T,1—T) denotes the binary Shannon entropy:
Hy(T,1-T):=-TlogT — (1 —-T)log(l —T). It can be
easily shown that the bound (22) is the limit for @ — 1 of
the bound (20). The Rényi entropies, with the von
Neumann entropy being the continuation at o = 1, are
decreasing in «a for all positive a. This can be shown, for
example, using the concavity of the logarithm and the
Jensen inequality. The upper bound (20) is also decreas-
ing with 0<a<1; we explicitly show this in
Appendix A.

A comparison among the bounds (20) and (22) shows
that in the first one the trace distance among states is
coupled with the exponential of the number of qudits in the
systems (that is proportional to the dimension of the Hilbert
space) and, instead, in the latter one is coupled with the
number of qudits. This means that it is harder to obtain an
upper bound, for the dynamically generated entanglement,
that is system-size independent when the 0 < a < 1 Rényi
entropies are concerned.

Both the bounds (20) and (22) are increasing in T
only with 7€[0,1 —1/d]. With T =1 — 1/d, the maxi-
mum value is reached that for both entropies is equal to
log d. As a consequence, since it is usually possible to
obtain only upper bounds on the trace distance, the
following slight modification of the bound (20), that is
given in Theorem 3.1 in Ref. [59], is useful. With
T<RZI1,itis

1
d?

23
with R>1—1. @)

031046-4



DYNAMICAL a-RENYI ENTROPIES OF LOCAL ...

PHYS. REV. X 15, 031046 (2025)

In Eq. (23), AS, is increasing in R. For the analogous
resetting of the bound given in Eq. (22), we refer to lemma
1 of Ref. [56], and Ref. [59]. Recently, a new upper bound
on the variation of von Neumann entropy that makes use of
the trace distance and the norm distance among states has
appeared [60].

A further upper bound to Egs. (20) and (23), that is not
tight but increasing in R, forall 0 < R <1, is

15.(p) = Su(0)] < ialog[l — R+ (d— 1)1-eRq].

(24)

This follows from (1 —u)*<(1—au) for u <1 and
0 < a < 1, and the fact that the logarithm is an increasing
function.

An important remark about the bounds (20) and (22) is
that their derivatives in the trace distance, when evaluated at
T = 0, diverge. It means that increasing 7, from 7 = 0,
where the two states coincide, the difference in entropy
increases at a diverging rate. For the von Neumann entropy
and the a-Rényi entropy, with a > 1, it has been estab-
lished [17,18,61] that, for local Hamiltonians systems, the
dynamically generated entropy actually grows at a finite
rate from ¢t = 0.

In this work, we are interested in the dynamical gen-
eration of entropy over any time interval, proving that with
strictly local Hamiltonians is always independent form the
system’s size for all a€ (0, 1], while when interactions
decay exponentially there always exists, for any finite
system, a set of @ <1 close to 1 such that the scaling is
system-size independent.

IV. UPPER BOUNDING AS,(¢) FOR A
NEAREST-NEIGHBOR HAMILTONIAN

In this section, we make use of the following notation:
Aj=[=j.jl. Va, is the V evolution associated to the

Hamiltonian H|_ {{;l_ iHi ks namely,

N

VAj(l) = ot (Hijo+H ) p=itH

— eit(H[_j_j]_H[OAl])e_i[H[—jvj]. (25)

According to Eq. (25), it is V), (1) = V(2).

We have already defined, in Eq. (6), AS,(7):=
|So(Trpy 1)p(1)) = Sa(Trp p)| as the object of our inves-
tigation. We now set an upper bound to AS,(7) in the form
of a telescopic sum:

AS, (1) = |So(Try y V(D)pV*(2) = Sa(Trppp)p)]
= |8o(Tr )V, (2 )PVRL(f))

_s, (m.,u Var, (00V4, <f>)

+ Sa (Tr[l,L] VAL—l <t)pVT\L—1 (t)>

-+ Sa(Tf[l,L]VA,(t)PVK(f)) — So(Try 10|

(26)
L
< Z Sa(Tr. Va, ()pV3, (1)

K=t

=5a(TraVa Vi, 0)

+ [8a(Trp ) Va, (0)p VA, (1) = So(Trp 1)p) |-
(27)

At this point, a crucial observation follows from the
assumption of p being a product state:

p= ;éipj (28)

with p;: C" — C’. This implies that each Try ;;V 5, (7) X
pV, (1) factorizes: The unitary V is supported on the
interval [—k, k]; with a slight abuse of notation, we write
Va, = Va, ® Tj_t e, Where [—k, k| denotes the comple-
ment of [—k, k] in [-L, L]. Moreover, with

k
—k.k] = X Pjs (29)
j=—k
we have that

Tr[l L] (VAkaj‘\k)
= Try o T 1.0 (VaPin Vi, ® Plorie)
= Tr[l.k](‘/AL Pl—k.K] VA ) ® Tr [k+1,L]P[—k.k)° - (30)

It follows that
1Sa(Trp. 0 Va, (VA (1)

_s, (Trm] Vo (0pVi <r>) TED

= |Sa(Tr[l.k](VAkp[ k.| VA ) ® Tr [k+1, L]p[—k.k]”)

—Sa <Tr[l.k] <VAk—lp[_k.,k] Vf\k_l) ® Tr[k+1,L]ﬂ[—k,k]<'> |

(32)
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= [Sa(Trp g (VaLian Va,))

=S (Tr[l,k] (V/\k_lp[—k.k] V?\k_, ) > B (33)

In Eq. (32), we have embedded V, _, in the Hilbert space
over the interval [—k, k] with a tensorization with the
identity that means (with a slight abuse of notation):
Vo, =1, 8V, ®1,. In Eq. (33), we have used the
additivity of Rényi entropies: S,(p ® 6) = S,(p) + S4(0).
We then realize that the density matrices in Eq. (33) are
supported on the Hilbert space over the interval [—k, 0] that
has dimensionality 7**!. We define

1
Ti(1) = 5 ITrag (Vapikn Va,)

= Try gy <VAk_1,0[—k,k] Vzk_l) - (34)

Using the upper bound (24) for each term of the sum (27) and
taking into account Eq. (33), we have that

1 L
17 Z+ [1 —(lTk ) + (rk+1 _ 1)1_(1Tk(t)(l:|
+(l+1)logr. (35)
We have upper bounded the last term in Eq. (27),
|1Sa(Trpy 11pi(2)) = So(Trpy £)p)], with the trivial bound for
density matrices supported on a Hilbert space of dimension
ri*1 that is, (I+ 1)log r. This choice will be justified
a posteriori after the minimization of Eq. (27) with respect
to /.

The relation among the trace distance T (¢) and A;_; (1),
as given in Eq. (C14), namely,

T,(1) < / " 5By (s). (36)

inserted into Eq. (35), leads to Eq. (2) of Theorem 1.

We now proceed to prove Eq. (1), taking into account the
bound A, (#) < [(4J¢')*/k!] arising from a generic nearest-
neighbor one-dimensional spin Hamiltonian (5), as shown
in Appendix B.

The upper bound on the trace distance that is developed
in Appendix C, being J:=max;{[|H,;,[|} and the
rescaled time ¢ := 4Jt, reads

1
T (1) < 3 1V al-ki Vi, = Va,PleikVa,, I

<1(4Jt)"_1t’k
=4 kK 4k

(37)

We have used the fact that, for a generic matrix A
defined on a bipartite Hilbert space H; ® H,, it holds
[ Try, Ally < [|Al];, with j € {1,2}; as a reference see, for
example, Egs. (7) and (17) in Ref. [62]. It also follows from

m Ty ® (Try A) = [V WAWdy W (38)
with the integral above performed according to the Haar
measure over all the unitaries W supported on H;. There is
a generalization to all completely positive trace-preserving
maps N, namely, [N (p) = N(o)|l, < [lp = o],

The faster than exponential decrease in k of the upper
bound (37) on T(¢) ensures that, when coupled in Eq. (35)
with (71 — 1)!=¢, the sum in Eq. (35) will converge. We
consider the L — oo limit. Inserting Eq. (37) into Eq. (35)
and defining u; (¢') :=  [(er')/k]* >} (/% /k!) [see the brief
discussion in Appendix D on u(7')], we get

1 L
AS (1) S 7= > log [1 —auy () + r<k+'><'—a>uk(ﬂ>a}
By =
+ (I+1)log r. (39)

In Appendix E it is proven that Eq. (39), at a fixed ¢, has

a unique minimum with respect to /. A positive integer [
that minimizes Eq. (39) satisfies the following pair of
conditions. Denoting f(I,#) the rhs of Eq. (39), the
minimum is reached for that value of / such that f(/, )
is smaller of both f(I+ 1,7) and f(I—1,7):

/
(o ssirt w0
fL1) < f(I=-1.7).

These equations must be thought at a fixed « and at a fixed
time ¢, with [ determined as a function of @ and 7. Then, the
equations for the minimization of AS,(¢) are

{ITlalog (1 —au () + r(l+2)(l_a)”l+1(t/)a] <log r,

log[1 — au () + rED0=a)y, (#)9] > log r.
(41)

This implies that, despite that we are not able to solve
explicitly the system (41), that can be done numerically, the
approximate solution for u;,(7) that we are going to
provide simply gives rise to a further upper bound to
Eq. (6). Nevertheless, as discussed after Eq. (1), for a
generic local (nearest neighbor in this case) Hamiltonian,
the linear dependence in #’ of the upper bound to AS,, is the
best possible.
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We choose to provide an approximate solution to
Eq. (41) solving, again approximately, with a far enough
from 1, the following equation:

. log [r(’“)(l‘“)u,(t’)“} ~log r. (42)
—a

That leads to

u;(t’) ~ r_l[(l_”’)/a], (43)
(e 1a
n <7> ~ roll(1-a)/a] (44)
() x pti=a)a (45)
41\ ’

erll=a/ay » 1411, (46)

Itis 1 < 4! <4 with [ > 1. As the approximate solution
of Eq. (41), we pick

L(t) = crii=aley (47)

with ¢ > e. The reason for ¢ > e in our approach is to
ensure exponential decrease in ¢ of the sum in Eq. (39), as
discussed in Appendix F. We stress again that, despite
Eq. (47) being an approximate solution of Eq. (41), when [
is replaced with [,(¢') in Eq. (39), this still provides an
upper bound to AS,(¢) because of the uniqueness of the
minimum in / of Eq. (39). We remark that / is an integer,
while, in general, [,(¢') is not an integer. Nevertheless,
Eq. (39) is still well defined with [ real; see the change of
variable kK — n in Eq. (F6).

Plugging Eq. (47) into Eq. (39), we expect that for all ¢
the sum in Eq. (39) will be at most of the order of 1 because
of the fast decrease of the u,(#'), at a fixed ¢, with
k > 1,(¢) + 1. The upper bound to Eq. (39) is performed,
in a way that allows us to take the limit @ — 1, in
Appendix F. Recollecting that ¢ := 4J1, this leads to

AS, (1) < Kr'V9=1Jtlog r 4 K’ (48)

with K =4c¢ and K' < (1 +{e/[4c(e—1)]})log r (see
Appendix F), both of the order of 1. The bound (48) holds
in the limit of a system of infinite size L — oo, in this case
the saturation time for the entropy, namely, the time such
that the entropy reaches its maximal value, that is the
logarithm of the size of the Hilbert space, is infinite as well;
therefore, we can look at the asymptotic behavior at long
times of Eq. (48), that is,

/
t}im Jlim % < crl/9=1og r. (49)
It is interesting to compare our upper bound with the
entanglement entropy rate obtained in Ref. [18] in the case
of the von Neumann entropy, @ = 1. Their Eq. (133), being
an upper bound on the rate for all times, implies, in their
notations,

AS, (1) < 241 (log DAY P|lh(r)r.  (50)

In a one-dimensional system, v = 1, and for a strictly local
Hamiltonian, in Eq. (50), it is A=1, ¢ =2, and
S, 7%||h(r)|| £ J. For comparison, in our notations, this
is AS;(r) < 8(log r)Jt. Looking at the coefficients of
proportionality with 7 in Eq. (48), with a =1, that is,
4cJ log r, it appears that, being ¢ > e, we do slightly worse
than them. If instead we use the L-R bounds obtained from
graph theory [see Eq. (3.51) in Ref. [63] ], that allow one to
replace 4J to 2J in Eq. (49), then, in comparison with the
results in Ref. [18], we do slightly better.

As a final remark, we recall that, despite the maximal
growth of entanglement entropy being linear in time for a
generic product state, the authors of Ref. [64] have
established that for a system coupled to a large environment
the von Neumann entropy rate of the system’s reduced
density matrix is low with high probability.

V. UPPER BOUNDING AS, () FOR A SYSTEM
WITH EXPONENTIAL DECAY
OF INTERACTIONS

We extend the results about the dynamical generation
of a-Rényi entropy of a strictly local Hamiltonian to the
case of an Hamiltonian with exponentially decaying
interactions.

We are able to generalize the approach that we set
up in Sec. IV for nearest-neighbour Hamiltonians to
Hamiltonians that are a sum of terms that are supported
on the whole system but with decaying interactions. The
scheme that we develop works for interactions with a decay
rate that is at least exponential; f denotes such decay.

Denoting H = ), H, the Hamiltonian, each term H, is
supported on the whole lattice; we refer to H, as “centered”
in r. H, is an interaction decaying according to the function
S, meaning that there exist constants J and & that are
independent from r, such that with r inside the region X,
that for simplicity is assumed connected, it holds that

< Jf<di5t(:; Xf)>. (51)

For simplicity, in Eq. (51), we are considering the case
of qubits; namely, the local Hilbert space dimension is
equal to 2. The physical interpretation of Eq. (51) is

1
W(TrXer) ® ]]X‘ _Hr
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straightforward: The approximation of H,., in norm, with an
operator that is supported on the region X containing r
improves enlarging the distance of r from the complement
of X. The definition (51) is employed, for example, in
Ref. [65]. We observe that if H, was strictly local with
support contained in X, then the lhs of Eq. (51) would be
exactly vanishing. Also taking f with compact support, the
rhs of Eq. (51) vanishes with X large enough; this
corresponds to Hamiltonians with k nearest neighbors, a
generalization of the case studied in Sec. I'V.

A Hamiltonian with decaying interactions does not
provide an immediate way to identify the terms H,
responsible for the spread of entanglement across the
two halves of the system that was given for a generic
nearest-neighbor Hamiltonian by Hjp ;. We introduce a
distance b that will be determined by minimization of the
upper bound to the dynamical Rényi entropy, such that the
terms of H mostly responsible for the connection among
the left and right halves of the system are those centered
within the distance b from the origin: > ., H,. The

physical intuition is that » will be in relation with the
decaying length & of definition (51).

With this in mind, we set up a different telescopic sum
than Eq. (26). The first step is to rewrite

e itH — e_it<ﬁ[—L,—b]+I:[[b.L])ei[(ﬁ[—L.—b]‘f’ﬁ[bAL])e_ifH’ (52)

where we have introduced, with 1 <b < j <L,

1 J
I([2][LL]) ] (Tr<“~2ﬂ”“-”>" > )

r=b
® 1((1.2)j1.L))c- (53)

Hy =

Hy, ; is supported on [1,2j] N [1,L]. We also define

. 1 /
H[_jqj] = m (Tr([—Zjlj]n[—L.L])“‘ Z.Hr)

r=—j

® T(j—2j2/n[-L.L])- (54)

We notice that & -z.z) = H.In Eq. (52), we have put in
evidence at the exponent the sum of the terms centered on
the left half and right half of the system outside the interval
(—b,b) that, as we said, represents the region that we
assume to “connect” the left and right halves and be
responsible of the entanglement spread.

The first factor of Eq. (52) is not supported across the
two halves of the system; therefore, it does not contribute to
the entropy. We now look at the second and third factors in
Eq. (52). If we would assume that in our lattice we renamed
the lattice site j = 0 into j = —1—namely, we count the
lattice sites of our system only with strictly negative or
strictly positive integers (this trick was used, for example,

in Ref. [65])—then, if the Hamiltonian H was a nearest-
neighbor Hamiltonian, the V operator that we introduced in
Eq. (7), following Refs. [52,53], would coincide with the
product of second and third factors in Eq. (52).

We define

A

Vi (t) = e Biicothip) =it (55)

'

that is supported on [—2j,2/] N [-L, L]. Then,

AS,(1) = |Sa(Tr[1,L]€_i1HﬂeitH) - Sa(Tf[l.L]ﬂ)|

s, (TM VAL<r>pV*AL<r>) — Su(Truup)| (56)

— s, (Trm mmpmn)

—s{,(Tru,L]VALl(th“m) (57)

et S, (Tr[lu VA,msz,(r)) — Su(Tr )]

(58)
L—1 . .
< |sa(Tr[,.L]vAk+l<r>pvzw<r>)
k=1l
_s, (Tm] mmmkm) |
s (Trm VA,<r>pvx<r>) — Su(Tr o).
(59)

At this point, we again assume that p is a product state;
therefore, according to Eqgs. (30)—(33), we have

AS, (1)
L-1

<) IS, (Tr[1,2<k+1)] Ve, Opaen 2 Vi, (Z)>
k=l

— S, <Tr[1,2(k+1)] Va (0p1ages 1) 2061 Vi, (f)> |

+ ‘Sa <Tr[1,21] VA,(I)P[—21.21] ‘77\, (t)> - Sa(Tr[l,L]p[—Zl,Zl])|'
(60)

In the above, we have used the fact that V A, (2) is supported
on [—2k,2k|. The dimensional reduction associated with
product states allows the application of the Audenaert
upper bound (20). We then need to provide an upper bound
to the trace distance that according to Appendix G,
Egs. (G52) and (G54), reads
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Ry (1)

1 % ok
=3 ITrp 2010 | Vae, DP2g 12001 Vi, ()

= Tr 2(k41)] (VAk(t)/)[—z(k+1),2(k+1)]VT\,(@) Il (61)

Lo Ty
<3 IV Ao DP1=20c1) 20001 VA, (1)

- VAk(f)ﬂ[—z(kH) 2(k+1) VAk( )l

<uo(sv.0r(L)) o

with g(b, J, t) := btJ[(e"*" — 1) 4+ a] + ¢, with a and ¢ of
O(1), and with v; the Lieb-Robinson velocity of the
Hamiltonian. We can now apply to Eq. (60) the Audenaert
bound (20) that reads

_1 Zlog[l—aRk
—a

+ (220D _ 1)1‘”’Rk(l)“] +21+1. (63)
We now consider explicitly the case of an Hamiltonian that
is a sum of terms with exponential tails f(k/&) = e7*/¢. In
this case, the upper bound to AS,(f) is proven in
Appendix G and given by Eq. (G62) in the limit

L — co. The final result, for [1/(1 + ggr3)] <@ < 1 and

with # > {v,p/[3: = (2In2) 129}, is
AS, (1) < 2pt+ A(t) (64)

with 4 == [a/(4£)] = 2In2(1 — a) > 0, and A(?) is decreas-
ing exponentially fast in 7 and given in Eq. (G62) as

1

A1) = — 2 g(1))2erinte ﬂr/4§m

1—a

1 —a a ,av - 1
+me(31n2)(1 )(f(t.])z) PLUTLP /wtl_e—/l—i—l’

(65)
With

1
<a<l, (66)

1
1+ g2z
this implies, considering the lower bound on f, that

ASa(t) < C/ULR

lim lim < —
4]§ - (2In2) 17"

t—o00 L—00 t

(67)

with ¢ > 2.The limit @ — 1, that provides the von Neumann
entropy, is discussed after Eq. (G63), giving

lim lim

t—oo L—oo

%(t) < 4C/ULR§' (68)

VI. DYNAMICAL a-RENYI ENTROPY
FOR INITIAL LOW ENTANGLED STATES

In this section, we extend the theory that we have
developed in Sec. IV for product states to initial low
entangled states. This will allow us to show that, for one-
dimensional systems, states with an efficient MPS repre-
sentation continue to have such efficient representation,
upon time evolution, at least up to times of the order
of log L.

The O(log L) scaling for the entanglement entropy can
be found for the ground state of critical systems, like the XY
model [6,7,66,67], the Ising and XXZ model [35,67,68],
and the Hubbard model [69]. Remarkably, Korepin in
Ref. [69] also shows, using conformal field theory methods
and the results from Ref. [70], that the entanglement
entropy is recovered from the thermodynamic entropy as
the system’s temperature goes to zero. On the other hand,
with positive temperature the scaling of the entropy with
the system’s size is a volume law. The O(log L) scaling
also appears in free fermionic models with a finite Fermi
surface [71,72]. For free fermions, the O(log L) scaling has
been proven for all @-Rényi entropies, a > 0, in Ref. [73]
using previous results of Sobolev.

The main technical tools employed in this section are an
important result about the existence of an efficient MPS
representation for low entangled states [11,12] in one
dimension and an upper bound on the concavity of a-
Rényi entropies, 0 < a < 1, proven using the theory of
majorization, in Appendix H; this result can be of inde-
pendent interest.

The results of this section are based on an assumption
about the price paid, in terms of entropy, by replacing a
product state with its time evolution; we clearly state this in
Assumption 2.

Let us consider a low entangled state vector |v) €
(C*)®CLHD; namely, we assume that S, (Try 1 j|v)(v]) <
O(log L). The results of Ref. [11] ensure that a low
entangled state |v), together with an additional assumption
on the distribution of the tails of the distribution of the
Schmidt coefficients of |v){v| [see after Eq. (4) in
Ref. [11]], has an efficient MPS representation. This
means that the bond dimension (D) of the MPS is of the
order of poly(L). In fact, the rank of the state is upper
bounded by D? [44,74]. See, for example, Refs. [74,75] for
reviews on MPS and related topics. We express this fact by
saying that |v) (v| has rank of O[poly(L)] or, equivalently, is
the linear combination of O[poly(L)] terms:

|0} (v]
= Z Clipoiii)Clbpk) =) k| & -+ @ i) (ki |-

(69)
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The 224+ states {|j_)(j_¢| ® -+ ® |j.) iz |} in Eq. (69)
are all orthonormal.

In Sec. IV, we upper bounded AS,(¢) for initial product
states. Restricting our attention to pure product states,
it is S,(0) = 0. As we show in Appendix H, Eq. (H12),
a convex combination of O[poly(L)] pure product states
has dynamical a-Rényi entropy upper bounded by
K.t + K + O(log L):

s (;q,-m l)or o)

<K, +K +O(log L). (70)
Equation (70) implies that, for times # < O(log L), the state
U(t)(>2;q;17)(j1)U* () has an efficient matrix product
operator representation.

Let us consider now a state vector |v) with low
entanglement, as above, and make a further assumption
on |v) formalized as follows.

Assumption 2. The pure state |v)(v
(C?)®CLHD | satisfies

() S(z(Tr[lL]|U><UD < 0(10g L)

(i) Fort < O(log L), with U(t) = e~ and H given in

Eq. (5), |v) further satisfies

, with |v) €

(T 30 WOl @

® [j) (e |U (1))
U@)[o) (| U ()(UO)]j-L) L] ® -+

® |jL><jL|U*<r>>) <
Sa (Tr“’L] ' Z (=)l ® -+~ ® |jr) e l)

J=Ls-sJL

+ Olpoly(log L)]. (71)

Let us discuss the meaning of this assumption. On the rhs
of Eq. (71), we have replaced U(#)|j_;)(j_;| ® -+ ®
) G |U™ (1) with [j_p) (| @ -+ ® |j1){jr] consider-
ing this is a product state we know, because of our bound
(48), that its entropy increases at most linearly in time, so
our reasoning is that overall within a timescale O(log L)
the error in entropy in the lhs of Eq. (71) would be of the
same order. The upper bound of Audenaert—Eq. (20)—
that we have employed to prove Eq. (48), turns out to be
inefficient to try to actually prove (ii) from (i) in
Assumption 2 because it requires a too small trace distance.
At the same time, Audenaert’s bound is designed for two
completely generic states, while the pair of states that we
are considering in Eq. (71) are in relation with each other.

Lemma 3. With |v) as in Assumption 2, it follows that

So(Trp U(1)|0)(v|U* (1)) < Kqt + K" + O[poly(log L)].

(72)
Proof.
Su(Tr U]} (o|U* (1) < (73)
(T 3 U000l ® @ i il
VDI O ()t | ® - ® |jL><jL|>) (74)

<S.(Try X V000041 ® - @ i) Gi)

)0l o] ® - ® |jL><jL|>u*<r>)

+ Olpoly(log L)]

S (Trhu_ 2 el
J-Ls--JL

U)o ® - ® |jL><jL>U*<r>)

+ Olpoly(log L)] (75)

< K,t+ K"+ Olpoly(log L)]. (76)
The inequality in Eq. (73) follows from pinching (see, for
example, Sec. II. 5 in Ref. [76]) and the fact that pinching
with respect to a product basis and partial tracing commute.
In Eq. (74), we made use of Assumption 2, and in Eq. (75)
we employed the definition (69), where, following the
assumption S, (Try; 19|v)(v]) < O(log L), the number of
nonvanishing coefficients ¢(;_, . ;) in Eq. (75) is at most of
the order of O[poly(L)]. Inequality (76) then follows
from Eq. (H12). =

The conclusion from Eq. (76), and Lemma 2 in Ref. [11],
is that a state |v) with an efficient MPS representation will
continue to have, under time evolution, such efficient
representation for times ¢ < O(log L).

VII. OUTLOOK

In this work, we have made the first step toward a general
theory that ensures to obtain from the Lieb-Robinson
bounds of local Hamiltonians an upper bound to the
dynamical generation of a-Rényi entropies. While here
we developed the general theory and explicitly solved the
case of systems with linear light cones, in Ref. [43] we
present an application to systems with logarithm light
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cones, mostly in relation with the many-body-localization
phenomenology.

A natural way to extend our theory is to look into higher
dimensions and to consider explicitly the Hamiltonians
with interactions decreasing slower than exponentially.
This would allow one to address the stability of the area
law for a-Rényi entropies in local systems using the
formalism of the quasiadiabatic continuation, in analogy
to what was done for the von Neumann entropy by the
authors of Refs. [17,18]. Let us expand this remark.

Marién et al. in Ref. [18] proved that, in any dimension,
an area-law state remains area law within the same phase of
matter. The definition of phase of matter that they refer to is
as follows [21]: Let us consider a (local) Hamiltonian H ()
depending smoothly on a parameter (or set of parameters)
with a ground state that remains gapped upon variation of
the parameter. A quantum phase is the set of such ground
states obtained by varying the parameter.

In one dimension, gapped ground states of local
Hamiltonians are area law [26]; therefore, the stability of
area law follows. This is true for both the von Neumann
entropy and the a-Rényi entropy, with 0 < a < 1 [77].

In more than one dimension, it is, in general, unknown if
gapped ground states are area law despite that Anshu, Arad,
and Gosset proved a subvolume law for 2D frustration-free
spin systems [28,29].

The mapping from one state to the other in the same
phase is given by the so-called quasiadiabatic continuation:
It is a unitary map generated by a many-body Hamiltonian
D(s)—see below—with subexponential decaying terms,
that in Eq. (2.19) in Ref. [22] reads

D(s) = /oo dtW,,(1)e ™) (iH(s)>e_”H(‘) (77)
oo ds
with W, () a filter function.

The entanglement rate theory of Marién et al. applied to
the quasiadiabatic continuation shows that the difference
among the von Neumann entropies of two states in the
same phase is O(1) in any dimension.
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APPENDIX A: DECREASE IN « OF THE
AUDENAERT UPPER BOUND ON AS,

a-Rényi entropies converge to the von Neumann entropy
in both the limit af1 and all. Therefore, they are

continued for @ = 1 into the von Neumann entropy. A
simple application of the Jensen inequality in relation with
the concavity of the log shows that, with 0 < a < 1, S, is
decreasing in a. In the same spirit, we show that the
Audenaert upper bound on AS, of Eq. (20), and therefore
Eq. (23), is decreasing in a:

d

da|l—a

log (1 =T)*+ (d —1)'=°T*)

= (1_—10[)210g ((1 — T)a + (d— ])l—aTa)

I (log(1-T)(1=T) 1
I—a(l=T)*+ (d—1)"*T°
—(log(d = 1))(d = )!'=oT* + (d = 1)'=*(log T)T*

. (1=T)*+ (d=1)'"oT"

1l—a

N ﬁlog (1 =T)* + (d = 1)!-°T%)

| <log(1 - T)l‘“) (1-T)

T =T+ [d= 1)o7
1 log((d—1)="'T""%)(d - 1)'-eT*
+(1 —a)* (1-T)"+(d—1)'oT" (A1)
Defining
_ (1-T)*
PUE =Ty (d = 1)1 = 0. (A2)
_ (d—1)-e7
p2= (1—T)“+(d—1)1‘"‘T“ZO’ (A3)
xp = (1=T)"*, (A4)
X = (d = 1)1, (A5)

we have p; + p, = 1; therefore, since the logarithm is a
concave function, we can apply Jensen inequality

> pjlogx; <log (me)
J J

to the second and third terms in Eq. (Al). Noticing that

(A6)

1
ijxj: _ a _1\l—aga’ (A7)
5 (1-T)*+(d-1)'—*T
this results in
d
— 1 1-7)*+(d-1)'"2T%)| <0. A8
e = = <0, a
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APPENDIX B: LIEB-ROBINSON BOUNDS
FOR STRICTLY LOCAL HAMILTONIANS

The results of this section partially appeared in
Refs. [20,54]; we include it because the faster-than-expo-
nential decrease of the spatial part of the Lieb-Robinson
bounds in Eq. (B10) is the crucial ingredient for the
summation of the series (27). H is as in Eq. (5), and A
is any operator supported in [0, 1]. The idea that motivates
the definition of A () as below is to quantify how much the
evolution in time of an operator is affected by terms in the
Hamiltonian that are far away from the support of such
operator. We also note that the rhs of Eq. (B1) is as in
Eq. (39) in Ref. [78]. The way in which a linear light cone
follows from Eq. (B10) was given, for example, in
Ref. [79]. The work in Ref. [80] contains the proof that
on-site terms in the Hamiltonian cannot increase (but can
certainly decrease [81,82]) the Lieb-Robinson velocity.

A](t) = ||eiHAj+]tAe_iHAj+ll — eiHAthe—iHAjt”

t o d
‘Ads$

|:eiHAj+l(t—s) <eiH,\‘/_er—iH,\/_s> o~ (t—s):| H (B2)

(B1)

! iHy. (1=
‘[) dse T (79 |:HAj+| —Hy,,

eiHAjsAe—iHAjs:| e_iHAjH (1=s) . (B3)

We notice that H,\ﬂ1 —H,\j =H;;+H_j__;and HAj—l

have disjoint supports, and, hence, they commute; therefore,
we can insert %" Ae”"""4-1* in the rhs of the commutator
in Eq. (B3) provided [0, 1] that is the support of A does not
overlap with [/, j 4+ 1] and [—j — 1, —j]—the smallest j that
ensures this to be true is j = 2.

t . )
Aj(r) —’ A dse'in 1) [Hj,j+1 +H_j1-js

etHAjsAe—tH,\js _ elH,\j]sAe—lH,\jlx:| e_lH’\jH (t-s)

(B4)
< 4maX{HHj,j+l 1B ”H—j—l,—j”}
x /t ds||eiHAf“'Ae_iHAf“ - e"H"fflsAe_iH"ffls||.
0
(B5)
We recognize that the integrand in Eq. (BS) is A;_(z),

meaning that we have set up a recursive equation. Defining
J =max;{[|H;;,[/}, Eq. (BS) is rewritten as

A1) < 4J / "dsA;_y (s) (B6)
0
< (47)77! Atdtl Azl dt, - --Aljz dti Ay (tj-).
(B7)

At this point, we observe that, based on Egs. (B1)—(B3),

A1) <4J||Allr. (B8)
In conclusion,
. t 131 tio
A1) < HAH(4J)J/ dtl/ dt, - / i
0 0 0
-t
< HAH(4J)fﬁ» (B9)
that renormalizing time as 7 := 4J7, reads
1
A1) < IIAHF- (B10)

Following Ref. [79], let us show how a linear light cone
emerges from Eq. (B10):

2 7\ J 4 .
== (e—) = exp (jloge—_> <e“/. (BII)
J! J J

The quantity v,y := 4eJ might be called Lieb-Robinson
velocity.

It turns out that an estimate on A (¢) is equivalent to the
usual form of the Lieb-Robinson bounds. Let us sketch this

equivalence.
Given A and B operators defined for simplicity on a
unidimensional lattice system A; := [-L, L], with A sup-

ported on [0, 1] and the supportof Bon [/ + 1,1+ 1+ |b]],
implying dist[supp(A), supp(B)] = [, we get

I[A(2). Bl = [[[A(r) = e"'s'Ae™™ 8" B]|| - (B12)
<2ABYIAG) - AN (B13)
With A(t) = e'Ir’Ae™ ) we get
A(t) — enlAe=Hn!
= eaAe™nt — oifn it Ae™ny'  (B14)
et AemHnat — einaiAe™ st (B1S)
+oe (B16)
+ et Ao nat — oHniAe~ Nt (B17)
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Then,
. ) )
IA(r) = e Ae™ N < A Y . (BIS)
— J!
Jj=l
<7 ®_ il N
=1 =1 (B19)
2= =
P Fk P < / ) k
= < (B20)
l'k0<k+l>k! !; [+1
k

In the last step in Eq. (B20), we have used (/') > (l:!l)k.

With ¢ < [+ 1, it follows that

N L |

j:lﬁ—ﬂl—

(B21)

vt
I+
With 7 < [(1+1)/2], it is [1/(1 —l_’k—/l)} < 2; then overall,
given that / := dist[supp(A), supp(B)], it holds that

/!
l1A). B|| < 4l|Al[[|B]| 7 - (B22)
We stress that the condition ¢/ < [(/ + 1)/2] is not restric-
tive, in the sense that the trivial bound to ||[A(?), B]]|, for
generic A and B, is 2||A|||| B||; then let us determine the time

7' such that (¢//1!) = 3, that with [ large enough is

I 1 I I+1
f=(=) <(e)V/'-<—.
(2) se)ios—

(B23)

To obtain a bound on A(¢) from a L-R bound is immediate
considering Eq. (B3).

We now consider, in one dimension, the more general
case of an operator A with support contained in
Ay = [—k,k]. Moving the origin of the lattice, this can
always be the case. Let us consider j > k. To upper bound
A;(t), we repeat the same steps from Egs. (B1)-(B5),
noticing that the insertion in Eq. (B4) of the term
-5 Ae™ 7417 s allowed provided j > k, meaning that
the smallest value of j such that this is possible is
j =k+ 1. This implies that the iteration continues till
under the multiple time integral we have A;:

A() <4J /0 "dsA,_ (s) (B24)
, ' 1 toke
< (4J)J—’<A dtl/old[zm/J kldtj_kAk(tj_k).
(B25)

At this point, we observe that, based on Egs. (B1)-(B3),

Ay(t) <4J||Alz. (B26)
In conclusion,
A1)
. t 3l tj k-1
< ||A||(4J)/—"+1/ dtl/ dt2~~~/ di; ity
0 0 0
(B27)
et fi—k+1
<|Al|(4J) " ———. B28
<IAI@YH oy (82

Equation (B27) reduces to Eq. (B9) in the case k = 1. Let
us consider an operator B supported at a distance / from A,
that we recall has support contained in [—k, k]. Repeating
the same approach as above, we find that

(4J1)!
!

I1A(), B[ < 4[|Al[||B]l : (B29)

The Lieb-Robinson bound (B29) depends only on the
norms of the operators A and B, and J, but not on the size of
their supports.

The authors of the review in Ref. [63] using graph theory
[83] are able [see their Eq. (3.51)] to obtain a better scaling
with respect to time of the L-R bound that amounts to
replace 4J with 2J in Eq. (B29).

For a more general approach that also applies to any
dimension, see the derivation of the Lieb-Robinson bound
in Appendix C in Ref. [30].

We conclude this section with two remarks. If
the operator A is positive, A >0, then the rescaled
time becomes ¢ =2Jf; in fact, we can use
A = (J|A|l/2)T]| = (]|A]]/2), from Ref. [84], for a better
upper bound. With B a generic operator, we have

T

< (B31)

4]
<2a =104 s = yanis.

A more general relation is actually true; namely, if A > 0,
denoting A,,,x and 4,,,;, the largest and smallest eigenvalues of

A, respectively, then [|A — Apnin? — [(Amax — Amin) /2] 1| =
[(Amax = Amin)/2]. With A, =0, we recover the pre-
vious one.

The second remark regards the extension of Eq. (B10) to
any Schatten norm, that, with |A| := v/A*A, is defined as

1A, = (TrlA[")"P. (B32)
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Using Holder’s inequality, we have [|AB||, < [|A][,||B]|.
This implies, with supp(A4) = [0, 1]

iHy 1, —iHy & iHyt, —iHyt t
et At — AT < 1Al S (B33)

This is relevant when considering quantities like the so-
called out-of-time correlators: Tr(cA(7)BA(t)B). Denoting
o = (1/d) the maximally mixed state, with A = A*,
B = B*, and A = B?> = 1, and with j the distance among
the supports of A and B, we get

SIAG) BB = ST, B TAM). B)  (B34)

(B35)
The upper bound (B35) follows from (B33) and (B34).
1 17\ 2 et \/\?2
—Tr(A(t)BA(t)B) >1-8(— ) >1—(8(— .
graoson =1-3(5) 21 (3(5))
(B36)

At t=0, A and B commute; moreover, under the
assumption A> = B? = 1, it holds that (1/d)Tr(ABAB) =
(1/d)Tr(A2B?) = 1, and then the bound (B36) is saturated.
Also,

$|Tr(A(t)BA(t)B)| < éTr|A(t)BA(t)B\ (B37)
3 IB[[[[A()BA(1)]]; < % IB[[[[A*(1)B]l,  (B38)
1 2 _
EIIBII [A*(0)], = 1. (B39)

In Eq. (B37), we have used the fact that, for two matrices C
and D such that the product CD is Hermitian, then
|ICDJ|, < ||DCJ|;, that is, Theorem 8.1 in Ref. [85].

The interpretation of Eq. (B36) is straightforward: The
decrease of Tr(A(¢)BA(t)B) signals the increase of the
overlap among the supports of A(¢) and B starting from a
timescale of the order of the distance among the supports of
A and B. We stress that with A > 0 and B > 0 both positive
then Tr(A(¢)BA(t)B) is positive as well; in fact, a product
of positive operators is positive.

APPENDIX C: EVALUATING THE TRACE
DISTANCE (34)

We now upper bound

1

Mg Va, (0P Vi, (1)

= TrnVa, (0P Va1 (D

Ti(1) =
(C1)

1
) | Tr g Va, (VA () = TrpgVa,, (0pVa, 1 (D]
(C2)

To do so, we employ the following upper bound, where
U(t) is a generic time-dependent unitary operator with
U(0) = 14 and o a generic density matrix:

0t =all = ["as o wer o] (3
_ 0’ ds K% U(s))aU*(s) + U(s)a(% U*@))] ' |
(c4)
A el(gayor
- v o) (e )oe|| e
| [ asvs)| o) (v )o
-9 (v ) | )| (c6)
< [Mas [U*(s) 9 U(s),o] ' ()
<2 ["as|oro) 5 o) (c8)
<2l s | 2o ©)
We now apply Ea. (C9) to Eq. (C1)
1V (Vi () = Va0V O
VA OVa, OV (VA D=l (€10

Il
SZ/ ds

s=0

[l
:2/ ds

s=0

d
Vi )5 Va9

Vi V) VA, 6V, o)) (e

Vi 0V 6) (VA Vi

(C12)
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Recalling that V, (s) = ¢SHn=HD =iy, \where we have
defined H; := H|p,}, we have that

i%VAk(S) = eiS(H"k_H’)H1e_iS(H“k_H’)VAk(S)~ (C13)
Then,
Ty (1) < /lt ds||e"nH) F =5 i =Hi)
- (C14)
< [y G iy @

We remark that the dynamics of A(¢) is here generated by
H,, — H;, but all the steps that lead to Eq. (B10) are
equally valid. To obtain Eq. (C15), we have used Eq. (B10),
the definition of J:=sup{||H;; |}, that implies
|[H/|| < J, and, finally, the definition of ¢ := 4Jr.
Inserting Eq. (C14) into Eq. (35), we obtain Eq. (2).

APPENDIX D: BRIEF DISCUSSION OF u,(¢)

We have defined u; (1) = 1[(er)/k]F > 1 (#*/k). (1)
upper bounds the trace distance. With a fixed k, a sufficient
condition for u;(7) < 1 is given by t < (k/e).

It is easy to see that, with a fixed 7, u;(¢) is a decreasing
function of k; in fact,

() _ G et (K \E_ et
w() — (OF T k+1\k+1) kL

(D1)

The condition 7 < (k/e), that implies u(¢) <1, also
ensures that u,(¢) is a decreasing function of k.

APPENDIX E: ALGORITHM FOR THE
MINIMIZATION OF THE SUM THAT
UPPER BOUNDS AS,(¢)

In this section, we discuss the existence and uniqueness
of the solution /,(¢) that satisfies the two equations (41).
We consider a € (0, 1); the value @ = 1 can be dealt with
analogously.

(i) We fix ¢ and consider a value [ of [ such that both the

lhs of the equations in Eq. (41) are larger equal than
log r; this is certainly the case with u;(z) €10, 1]
close enough to 1.

(ii) We increase [ from [ to [ + 1. We remark the crucial
fact that the value taken from the lhs of the second
equation is now the value that the lhs of the first
equation in Eq. (41) had at the previous step.
Therefore, they cannot jump in one step from being

both larger than log r to be both smaller than log r.
Since u;(t) < 11is a decreasing function of / and both
the lhs of Eq. (41) are increasing in u with
u;(t) €0, 1], they will both decrease going from [
to [+ 1.

(iii) We repeat increasing ! till the lhs of the first equation
becomes smaller than log r. This certainly happens
at a certain point; in fact, with u of the order of
r(E2)[0=a)/d] the Ths of the first equation in Eq. (41)
will be of the order of log r. This is the value of [ that
minimizes Eq. (35).

APPENDIX F: ESTIMATE OF THE SERIES
IN EQ. (39)

We want to estimate the series in Eq. (39), that is copied
below Eq. (F1), using 1,(7) := cr!=®/%¢ with ¢ > ¢ as in
Eq. (47), and u,(7') == {[(et’)/k]*. The result will be that
forevery ¢/ > 0 and a € (0, 1] Eq. (F1) is upper bounded by
a constant of the order of 1 and is exponentially decreasing
in ¢:

1 L
3 log [1 —auy(?) + r<k+'><'—a>uk(ﬂ>a] (F1)
k=l,+1

l-a

We have already stated and used the fact that the
Audenaert upper bound on AS, is increasing in the trace
distance. Let us discuss more in detail that the argument of
the log in Eq. (F1) is an increasing function of 0 < u < 1, at
a fixed k:

0= 92 [1 —au + r(k“)(l‘“)u“]
ou

= —a-+ ar(k-‘rl)(l—a)ua—l. (FZ)
That has the solution, corresponding to a maximum, as
it is seen by the always negative second derivative,
u = r**1. /1 has minimal value, reached for k = 1 [being
k=1,(t)+ 1, k=1 is given at t = 0], equal to r>. The
minimal value of r is 2; therefore, in the interval 0 < u <1,
the rhs of Eq. (F1) is an increasing function of u. It means
that by replacing u with an upper bound (smaller than r%)
we still obtain an upper bound, despite the negative term
—au in the argument of the log in Eq. (F1).

Let us change variable in the summation in Eq. (F1),
setting k = [, + n; then,

1 e l,+n la l,+n
Uiotn =7 <cr(1—a)/(l> (la T n) - (F3)

The function [x/(x+ n)[**" = {1 —[n/(x+n)]}*™ is
increasing in x, with lim,_ {1 — [n/(x + n)|}*™ = e™".
With x =1,, the limit t - oo corresponds to [, — oo.
Then,
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< 1 e l,+n .
Uptn = Z crl-a)/a ¢

1 e la 1 n
T4 (Cr<1—a>/a) (Cru—a)/a) )
It follows that

rl—a e\ [/ 1\
r(la+n+l)(l—a)ui+n S? (E) <§> . (FS)

We then upper bound Eq. (F1):

Z log [1 — a4, (1) + r(l"+n+l>(l_a>”la+n(t/)a}
n=1

l-a
(Fo)
1 & 1 e la 1 n
LS ) ()
r(l—a e\ 1\
- — F7
+ o ()" ()] )
1 1 e ertt=ley 1
= 1l—a |:_aZ <Cr(1—a)/a> Cr(l—a)/a -1
A1=a) 7o\ acri=aley
- . F8
e (Fs)

With ¢ > e, it possible to see that, for all # > 0, in the limit
a — 0 the upper bound (F8) tends to zero.

The factor in between square brackets in Eq. (F8) is a
differentiable function of a and is vanishing with a = 1.
This means that the limit « — 1 of Eq. (F8) equals minus
the first derivative in @ = 1 of such a function. An explicit
calculation reveals that the limit « — 1 of Eq. (F8) is again
exponentially decreasing in .

Denoting K’ — log r the upper bound in Eq. (F8), from
Eq. (39) it follows that

AS, (1) < 1,(f)log r+ K'. (F9)
Then,
AS,(t) < crV/=1¢log r + K'. (F10)
Recollecting that 7 := 4¢J, we obtain, with K := 4c,
AS, (1) < Kr'V9=1Jtlog r 4 K’ (F11)
as in Eq. (1).
APPENDIX G: ACCOUNTING FOR TAILS

OF INTERACTIONS IN THE HAMILTONIAN
FOR AN UPPER BOUND OF a-RENYI ENTROPY

In this section, we provide the details to obtain the upper
bound (61). Applying Eq. (C12), we obtain

1V A (0pViA,. (1) = Va (0pV3, (D], < ZISZ%?@ Vi, (9)Va, (5) % (VA ())Va,, () + Vi, () % Va, ()] (G1)
Recalling that
Vi, (1) = et Hi) =ity (G2)
it holds that
i%VAk(s) — itHii—p+Hpy) (ﬁ[_k’k] _ ﬁ][_k_b] _ I:I[h,k]>€_it(ﬁ”'"]+ﬁ["‘k])‘71\k (s). (G3)

Comparing this equation with Eq. (C13), where the generator of V,, was a unitary conjugation of the same Hermitian

operator, H;, for all k, we see that in Eq. (G3) instead we have the operator H (—kk] — H [—k—b] — H (b4 that, despite decaying
outside of the interval [—b, b], is supported on [—2k, 2k]; therefore, it is k dependent. All together, we have

1V, (0pVi,,, (1) = VA (0pV3, (D)l (G4)

<2t sup ||eis(H[_k.—b]+H[b.k‘) (I:I[—k.k] _ I:I[—k,—b] _ Fl[b’k]>e—is(l:l[—k,—b]""l:l[b.k])

s€(0,1]

= o i) (A gy = By = A ) e ot osa) (@3)
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<2t sup ||eiS k. b+HbL)(H[ —kk] — ﬁ[ kmb] = [bk]) '(ﬁ[ k. h]+ﬁ[b.k])
se(0.]

~ ity (I:I ik = A = H [b,k]> et )|

+ 2\ H gy — Higot —p) = Hipgrn) — (ﬁ[—k,k] —Hp - ﬁ[b,k]) [ (G6)
We see that the first operator norm of Eq. (G6) has almost the structure of a A;(s) as in Appendix B; the difference with
Eq. (B1) is that, in the case of a strictly local Hamiltonian, the operator whose Heisenberg evolutions are computed had a

fixed support, while in Eq. (G6) it depends, despite only with tails, on k. We recollect that, with r inside the region X, that
for simplicity is assumed connected, it holds that

(TryeH,) ® Ty — H,

<Jf <M> (G7)

1
2lx[ 3

Let us show that the second operator norm of Eq. (G6) is bounded by O(JC,f(k/£)), with f denoting the rate of decrease
of interactions, as defined in Eq. (51). We start considering H (bh+1] — H (b4~ To shorten the equations, we define

fr[m’n]c(A) == [1/ (21 Tr, e (A) @ 14, Let us assume for now 2k < L; the case 2k > L is discussed in (G15).

ket k
Hyp ) = Hppg = Tf ([1.2(k+1))n[~L L))" ZH Tr ([1.2k]n[~L.L]) ZHr (G8)

r=b r=b
= Tr( a4 1)n(-L.L])* (“ = Tt 2= L)\ (1 20k )] [-L.1]) ) ZH + T (s Hjn-r.z)) Hep - (G9)

The norm of the first term in Eq. (G9) is small, of the order of Jf(k/&) [see Eq. (G12)], in fact being the complements of the
sets evaluated with respect to [-L, L]:

([1.2k] 0 [=L, L)\ ([1.2(k + 1)] A [=L, L)) = 2k + 1,2(k + 1)] A [-L, L] (G10)

where the Hamiltonian term of Y *_, H, with the closest center to [2k + 1,2(k + 1)] n [-L, L] is H,. We also observe that
the normalized trace defined above is a projection (see Ref. [65]), namely, Tvr[m’n]c (Tvr[myn]c (A)) = fr[mn]c (A); therefore, as a
superoperator, it has norm equal to 1. This implies that

k k

fr([l,z(kJrl)]n[—L,L]) (1 —Tf (Rk+1,2(k+1)]N[-L,L]) z (1 _Tr([2k+12 k+1)]n[~L,L)) Z
— =b

2"; (2k+1 >§Jcé<f<lg>_f<2k§—b>> G12)

with C; a function of £. If, for example, the interactions have exponential tails, it is C; = &; in fact,

(G11)

J f<7> e~ kHI=N/E — ele =17 el -1y e Ut (G13)
—b [ 1=0 1=0
1 — o= (@k42-b)/E | _ p=(k+1)/E .
— _ —k/& _ p=(2k=D)/&
J( [ =T ) §J§<e e ) (G14)

In the last line, we have used e!/¢ — 1> (1/£).

It is important to discuss what happens with 2k > L; in this case, we must recollect that the support, for example, of A [b.A]
s [1,2k] n [-L, L], and, therefore, in Eq. (G9), we have
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([1,24] n

The partial trace associated with the empty set is the
identity; therefore, the term among parentheses in Eq. (G9)
is vanishing.

‘We mention the fact that within this formalism we are able
to recover the results for nearest-neighbor Hamiltonians that
we obtained in the first part of this paper and actually to
generalize those to the case of a k-neighbor Hamiltonian. In
fact, with f compactly supported and ¢ the size of its support,
the rhs of Eq. (G7) is vanishing. More in detail, considering

) -o([5]0)

-H [—k—1,-b]

(G16)

||I:I[—k—1,k+1]

(=L, LD\([1.2(k+ 1) n

- ﬁ[b.k+1] -

(=L, L)* = [-L,0\[-L,0] = (G15)

|
| @] denotes the largest integer such that |a| < a.5(-, -) is the
Kronecker delta. We take & integer, and £ > 1. From the
assumption r € X in Eq. (G7) follows that dist(r, X¢) > 1;
then j > 1 and integer. According to Eq. (G16), with j < &, it
is f(j/&) = 1, with j > &, f(j/&) = 0. This also shows that
the value of b, that we have introduced in Eq. (52), for
the case of a strictly local Hamiltonian that is the sum
of &-neighbor terms equals &.

We are now ready to upper bound the operator norm of
the second term in Eq. (G6). To ease the notation, all the
sets are meant to be the intersection with [—L, L]:

(H [~k — H [~k.~b]

k

Al (G17)

=H <fr[—2(k+l).2(k+l)]‘ (1] - TNr[—Zk,zk]C\[—Z(kH).2(k+l)]c> Z Hr> + T~I‘[_2(k+1).2(k+1)]”(H—(k+l) + Hyy1)

r=—k

—b
(TY[ 2(kt1). 1]f<1] Trak - 1)\ [=2(k+ 1), 1]f> Z Hr) = Trogr 1)~ Ho(er1)

- <fr[1,2(k+l)]‘ <ﬂ Tr[1 20\ [12(k 1) )ZH> Trj a1 Hi |-

r=—k

Combining together in Eq. (G17) the partial traces on H; | and H_g ), using the same procedure as for Eq. (G9), and

employing Eq. (G12), we obtain that Eq. (G17) is upper bounded by

OlC:f (k/€)].

More precisely, from Eq. (G17) we have five terms to keep into account.

Term I:

k

H (fr[—z(k+1),2(k+1)]f <“ - fr[—zk,zk]f\[—z(kﬂ),2(k+1)]f) Z H,

r=—k

<

k
<ﬂ - Tr[_zk_z,—Zk 1)u[2k+1 2k+2) Z
=0

k
< 21}:%%
r=0

Term II:

‘(ff[—zwm—wr(“ Trat -1k 41, 11@)

< (=) s ()1 ()

k
< <1] - Tr[—Zk—Z,—Zk—l]u[2k+1,2k+2]> Z H,
r=—k
H( Tr —2k=2,~2k—1]U[2k+1, 2k+2> Z H, (G18)
r=—k
k 2k
) <ac, <f<—> - f(_>>. (G19)
¢ ¢
b . -b
Z Hr) < <ﬂ - Tr[—Zk—L—Zk—l]) Z H,
=—k r=—k
(G20)
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Term III:
. . k k 2k—b
Trpagsnye | T = Trpage 121 ZHr SJC f : -f ) (G21)
r=b
Term IV:
||fr[—z(k+1),2(k+1)]"Hk+1 - fr[l,2(k+1)]<'Hk+1 || = ||fr[—2(k+1),2(k+1)]‘f (ﬂ - fr[l,z(kﬂ )N [=2( k+1),2(k+1)]")Hk+1 ||
~ k+1
< (1= Treawnm) ol <27 (5. G22)
Term V:
- . k+1
1T 1y 2 )1 H = 1) = Trages ) —ie Ho ey | < Tf < ) (G23)
Overall,
k 2k k+1
temu...ﬂemvsucf(f(é) _f(§>> +2]f< = ) (G24)

So far, with Eq. (G24) we have upper bounded the second term in Eq. (G6); as mentioned above, the first term is in
relation with the object that in Appendix B is called A, (7). In fact, from the first term in Eq. (G6),

||ei5(1:1[7k,—h]+1:1[h.k]> <I:I[—k.k] _ ﬂ[—k,—b] _ I:I[b’k]>e—i5<ﬁ[k,b]"!‘H[h.k])

— e b]+Hh”')<H[ ki)~ Hicgp) — ﬂ[b.k])e_is(ﬁ["‘"““m“’“”)|| (G25)
d d (‘_“)([:I[—k—] —h]+ﬁ[hk+l]) iu(Hi_g—y+Hpn) [-A] H H
”E ' ) ( [—kk] = A [—k—b] — [b,k])
% e_iu(ﬁ[k.h]+ﬁ[b.k])e_i(3_’4)(1:1[k1.h]+1:1[1741<+1]>:| H (G26)

< A dul| [ﬁ[—k—l,—b] + ﬁ[b.k+l] - ﬂ[—k,—b] - I:I[b,k]’

ezu( =k, ;,]JrH;,A ) <[f][ A~ ﬁ[—k.—h] _ If][h’k])e—iu(lfl[k_b]+ﬂ[h,k]):| || (G27)

H[ g b] —|—H[b k+1] —H[ k—b] — ﬁ[b i is “mostly” supported around +(k + 1) but with tails on [-2k,2k], whereas
H[ ik] = H—g.—p) = Hpp i) is “mostly” supported around [—b, b] with tails on [-2k,2k]. The commutator in Eq. (G27)

has the structure of a Lieb-Robinson bound, once we have shown that these two operators can be approximated with

operators that have supports disjoint and far enough apart to ensure a small upper bound. We now perform such
approximations.

Analogously to what was done in Eq. (G17), we have that

N N N N k 2k—b N N
| H —k=1.—p) + Hipjey1] = Hi—p) — Hp |l £ 2JC; (f (g) —f<?>> + [[Hir + H gy (G28)
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<2JC; < f G) - f(?)) +27<0(2)).  (G29)

Equation (G29) bounds the norm of the first entry in the
commutator of Eq. (G27).

To apply the theory of Lieb-Robinson bounds for local
Hamiltonians with tails, we need to ensure that the two
operators that enter the commutator are far apart; since they
are actually terms of the Hamiltonian—namely, they have
tails—we need to restrict their supports, provided the error

in doing so is small. Let us consider A we1 and H —(k+1)» that

have supports [1,2(k + 1)] and [-2(k + 1), —1]. We define
Hk+1 = TI’H k+1 5k+lJ](Hk+1, (G30)
ﬂ —(k+1) = Tr[[_Sk 1 31\+1)H H—(k+1)' (G31)

|a] denotes the largest integer such that |a | < a. With this
choice, the size of the support is approximately |k|/2, see
Fig. 1. It is easy to see that the error made is upper bounded
by Jf[k/(4¢)]; in fact,

Hk+l - TrH-% kH)J \_ (k+1) H Hk+1 (Tr[l’z(k+1)]c (ﬂ — TI'H_ﬁ k+lJ I. (k+1) J] \[l 2 k+1)] >Hk+1)

is such that [|3(k + 1)/4], |5(k + 1)/4]]°\[1,2(k + 1)]c =

[~ L3+ 1)), — 30+ 1] (L3 + 1)), [k +1))]

I | | |
I T T 1
L —(k+1) k+1 L

Py s
T
I |
I 1
L —-b b L
FIG. 1. In red, the regions where the supports of the operators

ﬁ_(kﬂ) and A x+1 have been restricted. These operators with

restricted support have been denoted Ifl v+ and Ifl —(k+1)- In green,
the region of “maximal” support of the operator H_j; —
I:I[_k._b] —I:I[bqk] and, in blue, the region [—(k/4), (k/4)] where
the support of this operator has been restricted. This operator has
been denoted A [-bp]- The distance among the red and blue
regions, that is, the distance among the supports of A +(k+1) and

A ~b.5]> 1S approximately equal to k/2.

(G32)

L [3(k+1)/4] =1 U [|5(k+1)/4].2(k +

1)], and, there-

fore, the distance of k + 1 from this set is approximately |k/4].

On the other hand,

ﬂ[—k,k] - ﬁ[—k-—b] - ﬁ[bsk]

[4)-1

—Tf[ 2k,2k]° (
—Tf —2k,—1]¢ (

We pair terms from Eq. (G34) as follows:

r=—k L_

r=—k '"7_[

_ -14)-1
’ (Tr[—Zk,2k]‘ - Tr —2k,—1]°

r=—k

' (fr[—2k,2k]"’ - fr[l.Zk]")

k
It is left TI‘[ 2k, 2k]¢ EIAJ Ld H Tr[ 2k,~1]° Z:ﬁ_

ZH+ZH

) > H,

ZH+ZH+ZH)

(G33)
r=[&]+1
) Trpaue (i H,+r§+1H,> (G34)
() 0)
ssa(()0)

~ k
& H, = Trp oy Z}i , H . We replace this operator with the same one but

with support restricted to [—|k/2], | k/2|]; we denote this operator as

031046-20



DYNAMICAL a-RENYI ENTROPIES OF LOCAL ... PHYS. REV. X 15, 031046 (2025)

(4]

Hippy = Trpg e D He = Trpg o Z H, = TrlmrzH :

r=— LJ

As shown in Eq. (G38), it follows that

Trior e <ﬂ — T L§J7[§J]"\[—2k,2k]">
— fr[l,zk]r < Tr 1 LAJ] \ 1 2k > ZH

sscs(41(zg) - (z :>_2f<§:”b>>’

(G37)

(G38)

(G39)

(G40)

To upper bound the norm of the commutator (Lieb-Robinson bound) in Eq. (G27), we also need to upper bound the norm

of each entry of the commutator. The norm of the first entry is provided by Eq. (G29).
The norm of the second entry of the commutator in Eq. (G27) is bounded as follows:

—b k
| g = Hig o) — Hp || = ‘Tr —2k2K]¢ ZH Tr 2k ~1]° ZH Tr[lzk Z
r=—k r=—k =b
k A
Tf[ —2k,2k]¢ (1 —Tr[ 2k, —1]°\[<2k,2k]¢ Z H, Tr[ 2k, 2k]° (1 _Tr12k —2k 2K Z + ||H[—b+1,b—1]||
r=—k r=b
k
<||(@ —Tr[ 2k~ 1]°\[-2k 2k]¢ ZH H “—Tf[lzk —2k 2K Z +(2b-1)J
r=—k =b

< ZJZf( ) +(2b-1)J < 2JC§<f<1:E> —f<§>> + (2b—1)J < O(2bJ).

Overall, the norm of the commutator in Eq. (G27) is bounded as follows:

H[ ko1-b] + H[b R [:I[ e Ifl[b’k]’em( ekt +H k) <H[ KA — I:I[—k.—h] _ I:I[b,k])e—iu(ﬁ[k‘h]+1:1[h,k]):| ||

<

Hiy + H_ ey, e ie b]+H["”><H[ k)~ Hikos) _ﬁ[b,k]> (ks }H

wafe((e) o (557) 20 () ) (o) =1() ) - o-10)

< ||[Hk+1 —|—H (k+1)s € iu(H =k, h]+ku ﬁ[ bb]e_m(H[ k,—h]+1:1[h,k])]||

rioon (1§ (7)) ) e () - () -7

< O(bJ?) (et — f< 5) + J2D;.
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In the last line, Eq. (G47), we have introduced D; <
O{flk/(4£)]} to shorten the notation. We see that, in
comparison to the Lieb-Robinson bound of strictly local
operators, there is a term D, that vanishes for large

distances, of O(k), among the supports of Iflk 41 and

H —b.5]> a8 fk/(2&)]. We stress that when f has a compact
support, as discussed before in Eq. (G17), we recover the
case of strictly local Hamiltonians and D is identically
vanishing. The norm of the commutator in Eq. (G46)
is upper bounded by a Lieb-Robinson bound for

|

Hamiltonians with rapidly decaying interactions [see, for
example, Eq. (S17) in Ref. [86]]; we denote v;p the
corresponding velocity. For a one-dimensional system,
the L-R bound in Eq. (S17) in Ref. [86] is independent
of the size of the supports of the operators. We notice that
the supports of the operators involved in the Lieb-Robinson
bound are at a distance of the order of k/2.

We are now ready to go back to Eq. (G6), that we copy
below, to obtain the bound on the trace distance that we are
looking for:

1 Tk % 7k
S VA (Vi (1) = Vi (1)pVia, (0] (G48)
< 1 sup [|e!*Fiicnt ) <H k) — Hicien = A [b,k])e_is(ﬁ[“"]m“"”)
s€(0.1]
_ el‘S(I:I[fk—l.—b]"'I:I[b,kJrl]) (ﬁ[—k,k] _ I:I[—k_—b] _ Iq[b’k]>e—is(1:1[kl.b]+1§[b.k+l]>||
+ | H i) — Himgor—p) = Hpparn) — (ﬁ[—k,k] —H; —ﬁ[b,k]>|| (G49)
<t sup / dul| |:I:I[—k—1.—b] + [:I[b,k+l] - I:I[—k.—b] - I:I[b,k]’
s€(0,1]
el”( (kb TH 1) <H[ i — [ k] = ﬂ[b.k])‘e (A, h]+H[bk]):| I
k k+1
+4tJC§(f<E> —f( >>+t]f< Jg > (G50)
k
< PO(bJ?)(e"r! — 1) f(z 5) + 12J2D; + 1JD;; (G51)
k
<tJO| g(b,J,t)f (G52)
4z
In Eq. (G51), we have introduced
k 2k k+1 k
L= ac(r(5) <7 (24)) + (—)so( ()) Gs3
pmac(1(z) -1 () o (5 e (G53)
When f has a compact support [see Eq. (G16)], D%, as D, vanishes. In Eq. (G52), it is

g(b,J, 1) < btJ((e"*" — 1)+ O(1)) + O(1). (G54)

The minimization with respect to b of the trace distance
(G52) is straightforward, in fact, g being proportional to
b in Eq. (G54) up to corrections of O(1), the minimum is
reached for the smallest b that makes the theory con-
sistent. Since we have seen for the strictly local case [see
Eq. (G16) [that b =&, then we pick b = & also in the
general case.

We are now ready to upper bound the sum in Eq. (63),
that we copy below Eq. (G55), to obtain AS,(#) of Eq. (64)
in the case of a Hamiltonian with exponential decrease
of interactions. As done in the case of strictly local
Hamiltonians, we need to find out the value of [ that
minimizes the sum. This will turn out to be dependent on «,
vrr, and £. We adopt a different, but equivalent, approach
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than the one in Appendix F, where we had an approximate = know in fact that a “slower” increase has been already ruled
value of [ from the solution of the minimization condition.  out by Ref. [44]. With, for large enough 7, Ry(7) <
Here, we pick up / = fit with a f to be determined in sucha  £(1))2¢?irle=k/4¢ and

way to hold a linear increase in ¢ for large ¢ of AS,(1); we

|

AS,(1) < 7 Zlog [1 = Ry (1) + (2XEF 01— 1) =Ry ()] 420 41 (G55)
SLi(—aRkUH@"“ Ri(1)") + 261+ 1 (G56)

(=aRy, (1) + 2000900, (1)) 4 21 41 (Gs7)

< 1 Z <_a§<tJ)2eyLRte—(ﬂt+n)/4§ + eln2(2(/it+n)+3)(l—a)(é(tJ)Z)aeathe—a[(/}t+n)/4§]) 4 2ﬂl‘ 41 (ng)
n=0

(_aé(tJ)ZevLRte—(ﬂt+n)/4§ 4 e31n2(1—a)(é(tJ)Z)aeavLRte—ﬂ(ﬂH-n)) +2pt+ 1. (G59)

In the last step, we have introduced A := [a/(4£)] —2In2(1 — ). We now carry out two important steps. The first is to
ensure that the sum over # is finite; this gives a condition on the set of allowed . The second step is to impose that the sum
of the series decreases exponentially in time; this will provide a restriction on the value of # and, therefore, the large ¢
behavior of AS,(#). From the second sum in Eq. (G59), we get a restriction on the value of a as follows:

,1>0=>4%—21n2(1—a)>0:>a> (G60)

1
1+ g5
8€In2
With £ < 1, that corresponds to the Hamiltonians’ term becoming almost on site, Eq. (G60) reduces to a 2 0. In the limit of

extended interactions instead & > 1, being by assumption 0 < a < 1, Eq. (G60) gives a =~ 1.
On the other hand, the restriction on f to ensure that the sum in Eq. (G59) decreases exponentially in ¢ provides

avLR ULR
Ap — >0=f> > . Go61
B —av g p>— T (2in2)i= (Geé1)

It can be checked that the condition for the exponential decrease in time of the first term of the sum in Eq. (G59) is less
restrictive than Eq. (G61).

Overall, making use of the conditions (G60) and (G61), we have that

1 1
2 —pt/4. 3In2 =4
AS, (1) Sm —al(t])2evnt =Pt/ §m+ eBI2)(1=a) (£(1])2)@pavirl o ﬁtl —

+1+426.  (G62)

Considering the lower bound on $ (G61), the best upper bound on AS,(#), with ¢’ > 2, reads

AS (1 !
Jim 1im 25a(0) LR
=00 L—>o0 t E —_ (2 ln 2)70’

(G63)

The limit @ — 1 gives the von Neumann entropy. The factor proportional to 1 in (G62) goes to zero with a — 1, therefore
being differentiable in a, the limit @ — 1, equals to minus the derivative of such factor in @ = 1. It is immediate to realize
that such derivative is exponentially decreasing in ¢, then it follows:

lim lim AS;( ) < 4c'v R, (G64)

t—o00 L>oo

AS]()

This shows that the limits @ — 1 and lim,_, ., of the rate lim; _, can be exchanged leading to the same upper bound in
(G64), that in fact coincides with the limit @ — 1 of the rhs of (G63)
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APPENDIX H: AN UPPER BOUND
ON THE CONCAVITY OF THE «a-RENYI
ENTROPIES, 0 < a < 1

Lemma 4. Given a convex combination of states
p=> % pip;, with p;: C!—> C9 denoting p;,=
> J|e ><e3| the spectral decomposition of each p;,
for 0 < a < 1, it holds that

Zpisa(pi) < Sa(/’) < Ha{pillj‘}7 (Hl)

where  H,{p;Aj} = [1/(1 = a)]log 3 I, 370, (pid})* s
the a-Rényi entropy of the probability distribution
{pi4:}. Moreover,

Ho{pidj} < Ho{pi} + max{Sa(ps)}.  (H2)
Therefore, if {p;} are pure states, it is S,(p) < H.{p;},
with the upper bound depending only on the probability
distribution {p;}.

Proof. We now sketch a proof; for more details, consult
Lemma 1.24 (p. 18) and Example 11.12 (p. 178) in
Ref. [87]. The first inequality in Eq. (H1) is the concavity
of the Rényi entropy with 0 < @ < 1 [5,88]. The proof of
the second inequality in Eq. (H1) is a simple application of
the theory of majorization; see Chap. II in Ref. [76]. The
spectral decomposition of p reads p =Y 1" | ai|v)(vgl.
Since {|v;)} is an orthonormal set, it follows that m < d.
The set {|e%)}, that collects the eigenvectors of all {p;},
is, in general, not orthonormal. In fact, for example, two
states p,, and p, can share an eigenvector. It follows

that, completing the matrix V with entries Vj,’k =

[(pi2:)/ ax]{vilel) to a unitary matrix U, it holds that

Z jlve)-

It follows from the definition of V, and the unitarity of U,
that

(H3)

pidi = _|UL [Pay. (H4)
k

The matrix with entries |Ui [ is a double stochastic
matrix, meaning that Z,€|U’k|2 >, U7 = 15 this
implies—see Theorem I1.1.10 (p. 33) in Ref. [76]—that the
set {p,-/lj-} is majorized by the set {a;}. Each set is

supposed to be ordered in a nonincreasing fashion. It then
follows from Theorem I1.3.1 (p. 40) in Ref. [76], and the
concavity of the function x*, with 0 < a < 1, that

(H5)

D ag < (pidi)”
k ij

That implies, the logarithm being an increasing func-
tion, S,(p) = Ho{a;} < Ha{pij'j'}'
We now prove Eq. (H2):

H(l{plﬂ’l

logz p/l’ )
1alog2p;’2<ﬂ;>“
i—1 ;

(Ho)

1 N

=1 _alog;p?exp ((1 - a)
1 N

L og> prew(@
-—a O

e )

a)Srl(pi))

(H7)

- log zN,: P exp (“ ~ a)max{Sa(p "”)

= H,{p:} + max{S,(p:)}.

<

(H8)

|
Equation (H1) holds also for the von Neumann entropy,
with the Rényi entropy H, replaced by the Shannon
entropy H. In fact, the same proof applies with the function
x* replaced by —xlogx in Eq. (HS). See Eq. (2.3) in
Ref. [89], and also Theorem 11.10 (p. 518) in Ref. [90], or
Theorem 3.7 (p. 35) in Ref. [57] for alternative proofs. For
the von Neumann entropy, we can see that the upper bound
takes a more explicit form:

S(p) < H{p;} + ZpiS(pi). (H9)

In fact,
H{Piﬂ;} = _Zpi/lj‘ IOg(Pi/1§)
i.j

= —ZPVI; (log p; +logaj)  (HI10)
i.j

== pilogpi=) piilogii
f ¥

= H{p} + ) _piS(py). (H11)

This implies that the difference S(p) —>; p;S(p;) <
H{p,} is upper bounded by a quantity depending on only
the probability distribution { p;}, but not on other quantities
like the states {p;} or the dimension of the Hilbert space.
The bound (H9) has been improved in Theorem 14 in
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Ref. [16], where it also appears an upper bound on the
difference of Holevo quantities for different ensembles that
is independent from the Hilbert space dimension.

In general, this is not the case for the Rényi entropy.
Let us consider the state p of Eq. (21) and the maxi-
mally mixed state of C¢, (1/d)1,. It is easy to see that
Solpp + (1= p)(1/d)1,] ~ log d, with fixed @ and p, both
not too close to 1, and d > 1. Then, S,[pp + (1 — p) x
(1/d)1,] = (1 = p)Sa(314) = plog d, depending on the
size of the Hilbert space.

Within the setting of the physical system described in
Sec. II and the notations of Lemma 4, let us consider the
case where max{S,(p;)} < O(log L) and N < O(L); then,
according to Eq. (H2), we have

<

N

log» p?+O(log L) <O(log L).  (HI2)
i=1

This shows that when convex combinations of few,

O(L), low entangled states, S,(p;) < O(log L), are

considered, then p =), p;p; is still low entangled:

Salp) < Ollog L).

APPENDIX I: PROOF OF EQ. (4): THE %—RENYI
ENTROPY (OF THE PARTIAL TRACE) EQUALS
THE LOGARITHMIC NEGATIVITY
FOR PURE STATES

In this short section, we reproduce the argument in
Proposition 8 in Ref. [45] (see also the appendix in
Ref. [46]), leading to the proof that the %—Rényi entropy
equals the logarithmic negativity for pure states.

Given a state p defined on the tensor product of finite-
dimensional Hilbert spaces H; ® H,, the partial transpose
with respect to the first space p’' has matrix elements
such that

(ej @ e.p" (e) ® ei)) = (e] ® . plej ®er)). (1)

The characterization of separable states by the properties of
their partial transpose started with the Peres criterion [91],
stating that a necessary condition for separability is that all
the eigenvalues of the partial transpose are negative. This is
also sufficient, as established in Ref. [92]; see their Remark
2. Vidal and Werner defined the logarithmic negativity in
Ref. [45] as

Ex(p) =1log, [Ip" I, (I2)

Following Proposition 8 in Ref. [45], let us show that, for a
pure state p = |®)(®|, and the Schmidt decomposition of
@) =", colel ® €2), with ¢, > 0, it holds that

S1/2(Try,p) = 2l0g > ¢, =log, [[p"],.  (13)

It is well known that the common nonzero eigenvalues of
Try,, p and Try,p are the set {c3}:

(I@N@)T = cacyllel ® e2)(ef ® ). (14)
ap

It is

(lea ® ez){ej ® e3l)" = ley ® ez)(eq ® €}

;o (I5)

in fact,

() ® e3ley ® ez)(eq ® efle; ® ey) = b,.465.00a.10p.-
(16)

On the other hand,

(e} ® e3les ® ez){e; ® ejle) ® €7) = 8).405405, 55

(17)

Then,

(IPN@) = cacyle; ® ed)(er ® €5l (18)
ap

Let us define the operator F': 'H; @ H, — H; ® H,, such
that Feq ® ef) = (e ® e7). It is immediate to verify that
F is unitary; in fact, F -1 coincides with F, while the
adjoint, F*, of F is such that given any two vectors y and ¢
in H; @ H,:

y=> cusles®e}),  p= E;dydale; ®e}), (19)
Vs

ap
(@IF|w) = (w|F|) (110)
= Z cacpd,ds(e, ® ej|Fley ® e3) (I11)
a,fy0
= <Zacad_a>2. (112)

It can be easily checked that (¢|F|w) coincides with
Eq. (I12). Defining

Cr = 3 calet)el

L G ghled)(e].  (113)
p

F as defined above is extended F:B(H; ® H,) —
B(H; ® H,), in such a way it acts like the identity on
“pras.” This implies that F(C; ® C,) equals the rhs of
Eq. (I8):
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F(Ci®Gy) =) cacple ® ei){ek ® ¢l (114)

ap

This extended F is unitary as well. This follows from the
proof above, or it can be checked directly over the space of
matrices with complex entries B(H; ® H,), where the
adjoint F* is this time defined, with A, B € B(H; ® H.,), as

(A,F*(B)) = (B,F(A)) = Tr. (115)
Finally, we have that
(@) (@)™ ]I, = IF(C; & C)lly = IC; & Cofly  (116)
—lehleh = (La) o)

that proves Eq. (I3).
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