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In the tensor network approach to statistical physics, properties of the critical point of a 2D lattice model
are encoded by a four-legged tensor which is a fixed point of a renormalization group (RG) map. The
traditional way to find the fixed-point tensor consists in iterating the RG map after having tuned the
temperature to criticality. Here, we develop a different and more direct technique, which solves the fixed-
point equation via the Newton method. This is challenging due to the existence of marginal deformations—
linear transformations of the coordinate frame, which parametrize a two-dimensional family of fixed points.
We address this challenge by including a 90° rotation into the RG map. This flips the sign of the
problematic marginal eigenvalues, rendering the fixed point isolated and accessible via the Newton method.
We demonstrate the power of this technique via explicit computations for the 2D Ising and three-state Potts
models. Using the Gilt-TNR algorithm at bond dimension y = 30, we find the fixed-point tensors with
10~ accuracy, much higher than what was previously achieved.
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I. INTRODUCTION

In the past 15 years, the use of tensor networks [1]
revolutionized renormalization group (RG) studies of two-
dimensional statistical lattice models. Tensor RG [2] maps
a tensor network representation of the partition function to
an equivalent representation involving a smaller number of
tensors. By now, there exist many tensor RG algorithms
[1,3-11]. They show excellent numerical performance
when benchmarked on exactly solvable two-dimensional
models such as Ising or three-state Potts, truncating to
tensors of finite size. In three dimensions, there is currently
no fully successful numerical algorithm [6,11-14]. The
analytic theory of tensor RG for infinite-size tensors was
initiated in Refs. [16,17] in two dimensions and in Ref. [18]
in three dimensions.

Here, we are dealing with tensor RG for two-
dimensional models. Our main result is a modification
of the existing algorithms which allows one to recover the
critical fixed-point tensor in a novel and more efficient way.

“Contact author: ebelnikola@ gmail.com
Contact author: tgk @arizona.edu
*Contact author: slava@ihes.fr

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2160-3308/25/15(3)/031047(36)

031047-1

Subject Areas: Computational Physics,
Statistical Physics

Traditionally, one obtains approximate fixed-point tensors
by starting from the lattice model at or nearby the exactly
known critical temperature and performing a series of
10-20 RG steps, referred below as the “shooting” method.
The resulting tensor is close to the fixed point but it is not
quite the fixed point, because the irrelevant perturbations
have not fully decayed to zero. In this work, we are able to
instead obtain the fixed point via a Newton method. The
Newton method converges provided that the Jacobian has
no eigenvalues 1. Naively, there are always perturbations
with eigenvalues 1 in our problem. They are associated
with aspect-ratio deformations, which break the rotation
invariance of the model while keeping criticality. Our
main idea is to change the tensor RG map by including
in it a z/2 rotation of the lattice, which changes the
problematic eigenvalues 1 to —1 and allows the Newton
method to converge.

Our Newton method setup is general and would apply
to any fixed point without marginal scalar deformations.
(A notable such exception is the compactified scalar boson
theory, arising in the study of the Berezinskii-Kosterlitz-
Thouless phase transition.) In this work, we use it to
recover the critical isotropic tensor RG fixed points of 2D
Ising and three-state Potts models. We achieve accuracy of
approximately 10~ in the Hilbert-Schmidt distance, much
better than what has been done via the shooting method
(see Table I) and limited only by roundoff and truncation
errors. The key point, however, is not merely the improve-
ment in numerical accuracy, but that the fixed point can be
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TABLE I.  Accuracy of 2D Ising and 3-state Potts fixed-point (FP) determination by the Newton method, compared to previous work
using the shooting method. Ising results of Refs. [7,21,22] are reviewed in Sec. III D. There is no prior work quantifying the FP accuracy
for Potts.

Algorithm Model X Ref. Method FP accuracy
TNR Ising 42 [71 Shooting 1075
Gilt-HOTRG Ising 30 [21] Shooting 1072
Gilt-HOTRG Ising 24 [22] Shooting 3x 107
Gilt-TNR Ising 30 This work, Sec. III B Shooting 5% 1073
Rotating Gilt-TNR Ising 30 This work, Sec. IVB Newton 1070
Rotating Gilt-TNR Potts 30 This work, Appendix F Newton 107°

thus obtained by directly solving the fixed-point equation,
something which has not been previously appreciated [19].

Our second result is to validate the method, using the
fixed-point tensor to extract physical observables—
scaling dimensions of the operators of conformal field
theory (CFT) describing the phase transition and compar-
ing with the exact solution. Most tensor RG studies extract
the scaling dimensions from the transfer matrix [4] or
from the lattice dilatation operator [23,24]. Here, we focus
on an alternative technique—using the eigenvalues of the
tensor RG map linearized around the fixed point (the
Jacobian). This is a standard and general RG technique
[25,26], particularly natural in the context of our study. In
tensor RG, it has been previously used only a handful of
times [21,22]. (The transfer matrix and the lattice dilata-
tion operator will be studied in the companion paper [27].)
With the error in fixed-point tensor determination essen-
tially eliminated by the Newton method, the bond dimen-
sion truncation error will dominate the error in
determination of physical quantities. The main purpose
of this paper being conceptual, we are working at a
relatively modest bond dimension y = 30 using a specific
tensor RG algorithm Gilt-TNR [11]. We have not tried
to compete in accuracy of physical quantities with
other tensor RG studies using a higher bond dimension,
where the fixed point was approached via the shooting
method [7,8,11]. This is postponed to the future.

We encounter two subtle effects when using the
Jacobian method.

(i) The standard relation A = b%2 between the
Jacobian eigenvalues and the scaling dimensions,
where b > 1 is the lattice rescaling factor, are
modified by a phase, depending on the spin of
the CFT operator under spatial rotations. This extra
phase arises due to the z/2 rotation present in our
map. Thus, some eigenvalues change sign and
some even become complex.

We see that the Jacobian eigenvalues of total
derivative operators are not universal and not given
by the above formula. This is expected from the CFT
point of view, but it may be the first time that this is

(i)

seen in a numerical study. We view the observation
of this effect as our third main result. We provide a
reason why Refs. [21,22] did not see this.

The paper is organized as follows. In the main text, we
focus on the 2D Ising model. The three-state Potts case is
completely analogous and is treated in Appendix F. We
start in Sec. II by describing in general terms our problem,
possible stumbling blocks, and how we plan to resolve
them. In Sec. III, we illustrate the intuition developed in
Sec. Il via concrete calculations using Gilt-TNR [11]. This
map does not include a rotation; thus, the Jacobian has
eigenvalues 1 at the fixed point, and the Newton method is
not applicable. We locate the approximate fixed point
using the traditional “shooting” method. We extract
scaling dimensions of leading CFT quasiprimaries from
the Jacobian eigenvalues at the approximate fixed point.
We check that the nonquasiprimary Jacobian eigenvalues
are nonuniversal, i.e., depend on the RG map. Finally,
we present evidence for the existence of a manifold of
anisotropic fixed points. We then proceed to describe our
main new result in Sec. IV, where we add rotation to the
Gilt-TNR map, which turns eigenvalues 1 to —1. We set
up the Newton method and show that it converges. For
anisotropic tensors, we exhibit period-2 oscillations of the
RG iterates. In Sec. V, we conclude and suggest future
research directions.

Our paper contains numerous detailed appendixes
which should be useful to anyone wishing to reproduce
or improve our results. In Appendix A, we set up the basic
conventions concerning tensor RG and symmetries of
tensor networks. In Appendix B, we discuss how we
initialize our tensor RG flow starting from the nearest-
neighbor 2D Ising model, including the anisotropic case.
Appendix C provides a detailed description of the Gilt-
TNR algorithm [11] used here and of the Gilt-HOTRG
algorithm used in Refs. [21,22]. Appendix D describes
our continuous and discrete gauge-fixing procedures. In
Appendix E, we provide evidence that the Gilt-TNR map
is differentiable near the fixed point and optimize the step
size used to extract the Jacobian via a finite difference
approximation.
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Much or our work here is numerical and at an intuitive
level of rigor, but we hope that our ideas will also prove
useful in the eventual fully rigorous computer-assisted
construction of exact tensor network RG fixed points—
the program started in Ref. [16].

II. INTUITION FOR RG EIGENVALUES

We start with general remarks about tensor RG as
applied to the 2D Ising model. We then explain how
CFT helps classify RG eigenvalues. Finally, we discuss
when the Newton method can and cannot be used to search
for the critical RG fixed point. We see that the Newton
method is problematic for nonrotating RG maps which do
not preserve rotation symmetry, and we explain how this
problem is solved by adding rotation to the RG map.

A. Tensor RG for the 2D Ising

We would like to use tensor RG to study phase
transitions and critical points of 2D lattice models. For
concreteness, we consider the isotropic 2D Ising model
with nearest-neighbor ferromagnetic interactions, on the
square lattice. (See Appendix F for the three-state Potts
model.) The model is defined by its partition function:

Z — Z e(l/T>Zx.y (o'x.yngrl.v+6x,y‘7x.y+l ) .

O'N,:jzl

(2.1)

It has a phase transition at 7 =T, = {2/[In(1 + v/2)]}
separating the ordered and disordered phases. The lattice
model is exactly solvable, but the exact solution will not be
used here. As a preparation to using tensor RG, we translate
the partition function of the model to a tensor network made
of a four-legged tensor A = Ay (7). While there are several
ways to do so, probably the simplest way [4] is to rotate the
lattice of Ising spins by z/4 and to define the tensor:

02
1
o 03 — o7 (010210203 +0304+0401) 7

(2.2)

04

where every index can take values +1, so the bond
dimension is 2. The tensor network contraction made out
of this tensor A (called tensor network partition function),

A

(2.3)

is then identical to the spin model partition function (2.1);
see Appendix B. We are using periodic boundary conditions
on the tensor network side. This corresponds to nonstandard
boundary conditions on the spin model side. This is not a
problem, since our main interest is anyway in the infinite
volume limit.

We now briefly explain the main idea of tensor RG (see
Ref. [28] and Appendix A. 1). A tensor RG map takes the
tensor network contraction (2.3) made of tensor A and finds
another tensor A’ = R(A) so that the partition function is
the same but the size of the network is reduced by some
constant integer b (called lattice rescaling factor). For
example, a square N x N network made of A is mapped
to a (N/b) x (N/b) network made of A’ with the same
periodic boundary conditions and the same value of the
partition function. It is convenient to rescale A so that it has
unit Hilbert-Schmidt norm:

1/2
Al = (3 1agP) " =1,

and similarly A’. Then, the partition function remains the
same up to a rescaling.

Furthermore, we assume for now that the map R is
nonrotating; i.e., it preserves the orientation of the lattice.
This means that if we apply the map to a rectangular tensor
network of size N x M, then, after the RG step, the lattice
has size N/bx M/b. (While this is very natural, in
Sec. II. 5, we find it useful to change this.)

By now, there exist many tensor RG algorithms, which
typically involve two steps: (i) disentangling [7], which
cleans the network by removing ultrashort-range correla-
tions known as corner-double-line (CDL) tensors [29], and
(ii) coarse graining, which reduces the size of the network.
In the early days of tensor RG, only coarse graining was
used [1,3-6], but state-of-the-art algorithms use both
disentangling and coarse graining [7-11]. We rely on the
Gilt-TNR algorithm [11], reviewed in Sec. III. 1. For the
moment, let us keep the discussion general, applicable to
any nonrotating RG map R with disentangling.

The RG flow is initialized by A(©) = Ay(T) and
generated by applying the RG map repeatedly:

(2.4)

AU = R(AM), n=0,1,2,.... (2.5)
To preserve the partition function exactly, the bond dimen-
sion must be allowed to grow. Tensor RG algorithms
truncate the tensor A”*!) in such a way that the bond
dimension never exceeds a finite number y, a parameter of
the algorithm. One would like to take y as large as possible,
within available computational resources. In this paper, we
are content to use y = 30.

It is expected that after many steps this RG evolution will
converge to a fixed point, which is a tensor Ay, satisfying
R(Ag,) = Agp. In fact, we expect three fixed-point tensors:
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Ar
FIG. 1. Expected pattern of tensor RG evolution for the 2D

Ising model. The dashed line is the curve of initial tensors
corresponding to varying T in A©)(T).

high-temperature A, low-temperature A;, and critical A,.
The RG evolution starting from A = A©)(T) should
converge to Ay for T > T,., to A; for T < T, and to A,
for T = T, (see Fig. 1). There is much numerical evidence
that these expectations can be realized for a tensor RG map
with disentangling [7-11].

Tensors Ay and A; in Fig. 1 are simple explicitly known
tensors of bond dimension 1 and 2, respectively. Namely,
Ay has a single nonzero tensor element

(Ar)oooo = 1. (2.6)
and tensor A; is a direct sum of two copies of Ay. See
Refs. [16,17] for a rigorous theory of tensor RG in the
neighborhood of these two fixed points. The quest of much
of the literature, and our focus here, is the much more
interesting and complicated critical fixed-point tensor A,,
which is expected to have infinite bond dimension. To give
meaning to infinite sums in the tensor network built out
of A,, it is natural to require that it be Hilbert-Schmidt, i.e.,
have a finite Hilbert-Schmidt norm [30]. A, is expected to
depend on the RG map, although the critical exponents
extracted from A, should be universal. An explicit expres-
sion for A, is unknown, and we would find it surprising if it
existed [31]. At present, progress is possible by working
at finite y and computing numerical finite-dimensional
approximations to A,. In the future, one may be able to
prove that an exact fixed-point tensor exists in a small
neighborhood of numerical approximations, but this is
beyond the scope of this work.

According to Fig. 1, to get A, approximately, one can
take the initial tensor A(¥) corresponding to 7 = T, and do
several RG iterations [36]. That is the method used in the
prior literature [7-11,21,22], which we refer to as “shoot-
ing.” (Often, the fixed-point tensor itself is not exhibited
and evidence for reaching the fixed point is presented in the
form of gauge-invariant observables reaching limits.) The
shooting method is limited due to the fact that the RG map
is not a contraction in the neighborhood of A, . Indeed, the
temperature perturbation [38] is relevant, with eigenvalue

A, =Db" > 1, where y, =1 (below we recall how this
follows from CFT). The number of iterations one can
perform is limited by numerical instabilities, and by the
residual dependence of 7, on y. These limitations
motivate our main goal—an alternative way to get A,
via the Newton method.

B. CFT expectations for RG eigenvalues

The Newton method will involve the Jacobian VR of the
RG map. To set things up, we need to have an idea about
the eigenvalues and eigenvectors of VR. This may be
understood with the help of the 2D CFT which describes
the critical 2D Ising model [39]. This CFT was exactly
solved long ago [41]; in particular, the spectrum of local
operators is exactly known. We stress, however, that even
rough approximate knowledge of the spectrum would
suffice for the discussion below.

Since both the RG fixed point and the CFT describe the
same critical state, we expect a broad correspondence
between these two descriptions. In particular, perturbations
of the RG fixed point A, should be in one-to-one corre-
spondence with the local translationally invariant pertur-
bations of the CFT, given by integrals of nontrivial (i.e.,
excluding the unit operator) [42] CFT local operators:

K / PxO(x). (2.7)

On the CFT side, the RG transformation corresponds to
rescaling distances x — bx. When we do this, the coupling
K rescales as k — Ak, where

A= b*> R0 (2.8)
and Ay is the scaling dimension of (. Note that this
equation is significant only for operators which are not total
derivatives. For O a total derivative, perturbation Eq. (2.7)
vanishes. Hence, the normalization of « is ambiguous and 4
can be anything [43].

In summary, CFT predicts that the RG Jacobian VR at
the fixed point A, should have a series of eigenvectors in
one-to-one correspondence with nontrivial local CFT
operators (. Eigenvalues of perturbations associated
with O which are not total derivatives (such operators
are called quasiprimaries) are given by Eq. (2.8).
Eigenvalues of total derivative perturbations cannot be
predicted by general principles; in particular, they depend
on the choice of the RG map.

Quasiprimaries of the Ising CFT are classified as follows
[44]. Recall that in the space of local operators we have
action of the Virasoro algebra, whose generators are
denoted by L,,L,, n€Z, and of its finite-dimensional
subalgebra of global conformal transformations, generated
by L,,L,, n=0,%1. Any local operator is characterized
by its holomorphic and antiholomorphic weights 4 and &
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TABLE II. 2D Ising CFT Virasoro primary and quasiprimary
operators of scaling dimension A <5, with their quantum
numbers (see, e.g., Table 8.1 in Ref. [44]). The --- stands for
a product of lower Virasoro generators of the same total weight as
the shown leading terms.

Z, A ¢
1 + 0 0
T.T + 2 +2
TT + 4 0
TT.TT + 4 +4
€ + 1 0
(L_y+---)e + 5 4
o - 0.125 0
Ls+--)o - 3.125 3

defined through equations LyO(0) = hO(0) and LyO(0) =
hO(0), respectively. Linear combinations L, 4 L gener-
ating dilatations and rotations, the linear combinations of
weights A = h + h and # = h — h give the scaling dimen-
sion and spin of a local operator.

One first classifies the Virasoro primary operators
O(x), which are singled out algebraically by the condition
L,0(0) = L,0(0) =0, n > 1, i.e., are annihilated by all
positive Virasoro generators. The Ising CFT has three
such Virasoro primary operators 1, €, and o; see Table II.
The quasiprimary operators satisfy a weaker constraint
L,0(0) = L,0(0) =0, n = 1. In particular, all Virasoro
primaries are also quasiprimaries. Taking a Virasoro
primary and acting on it with sequences of negative
Virasoro generators L_,L_,, n<0, produces infinitely
many additional operators called Virasoro descendants.
Other quasiprimaries are appropriate linear combinations
of Virasoro descendants which are annihilated by L,
and L,. Note that Virasoro generators L_,,L_,, n > 2,
must necessarily be involved: Acting with just L_; and
L_; would not produce a quasiprimary, since these
generators generate translations, and applying them is
akin to taking a total derivative.

The weights of quasiprimaries can be easily computed
from the weights of primaries recalling that L_,, increase h
by n and L_, increases i by n. For example, the
holomorphic stress-tensor component 7 = L_,T has
h =2, h = 0, and analogously the antiholomorphic com-
ponent 7. These quasiprimaries are present in any CFT.

In Table II, we give the full list of quasiprimaries
of scaling dimension A <5, along with spin and the
global Z, symmetry quantum number. It is interesting to
note that many candidate quasiprimaries, such as, e.g.,
L e+ --- or L_z3¢+---, do not appear in this table,
while the first quasiprimary built on top of e has the
form L_4e+ ---. These missing local operators are
referred to as “null descendants.” They happen to vanish

identically in the 2D Ising CFT—a fact closely related to
its exact solvability.

Going back to the Jacobian of the RG map at the fixed
point, perturbations corresponding to all the operators in
Table II should appear among eigenvectors of VR, with
universal eigenvalues. For example, the eigenvector corre-
sponding to € is the temperature perturbation mentioned
above: 1, = b* ™A = b,

A second relevant eigenvector corresponds to . This
eigenvector is, however, Z,-odd, and, thus, its existence
does not require extra tuning to reach the fixed point. Put
another way, in Fig. 1, we were implicitly assuming that the
RG map preserves the Z, symmetry of the 2D Ising model.
Thus, the whole RG evolution happens within the space of
Z,-even tensors, with all Z,-odd perturbations set to zero.

Let us discuss the interplay of tensor RG and symmetry
in more detail.

C. Symmetry preserved by the RG map

The 2D Ising model has a global on-site Z, (spin flip)
symmetry. It is also invariant under spatial symmetry
transformations, which in the isotropic case form the group
D, generated by the axis reflections and /2 rotations [45].
Translating the model to a tensor network, one naturally
obtains a tensor A(®) which is invariant under all these
symmetries. See Appendix A. 2 for a recap of symmetries
of tensor networks.

Suppose we have a tensor RG map R which preserves
symmetry G, which means that the subspace 7¢ of
G-invariant tensors is invariant under R. Then, if the initial
tensor A is G invariant, the whole RG evolution (2.5)
happens within the G-invariant subspace 7¢. We can also
look for a fixed point A, within 7 ¢. This is convenient for
several reasons: first, because it implies a reduction in the
number of variables to consider and, second, because we do
not have to worry about relevant or marginal directions
orthogonal to 7©.

Preserving on-site symmetries such as the Ising spin flip
is easy—all tensor RG maps naturally achieve this. This is
reflected in Fig. 1, as mentioned at the end of Sec. II. 2.

On the other hand, it turns out to be hard to implement
disentangling while preserving rotations. Available tensor
RG maps with disentangling preserve reflections along one
axis [7], along both axes [10,46,47], or no spatial symmetry
at all [8,9,11,48]. Gilt-TNR [11], which we use in practical
calculations, belongs to the last group of algorithms.

For such RG maps, even though the initial tensor
respects a spatial symmetry, we cannot impose it on
subsequent tensors along the RG evolution. Also, the
critical fixed-point tensor cannot be expected to have a
spatial symmetry, and indeed our numerical calculations
show that it does not. This may seem puzzling, because, of
course, the critical point should enjoy the same spatial
symmetry as the original tensor and, indeed, a larger one,
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because it should be fully O(2) rotationally symmetric. But
there is no contradiction: This simply means that the spatial
symmetry of the critical point is not manifest.

One may consider this an inconvenience but not neces-
sarily a problem from the practical point of view. And
indeed this did not impede the prior tensor RG work,
which found the approximate critical fixed-point tensor
via shooting from A©) (T.). However, for our goal of using
the Newton method, this turns out to be a problem, as we
now explain.

D. Rotation symmetry breaking and eigenvalues 1

According to Table II, the Jacobian VR at the fixed
point has two eigenvectors which are marginal, i.e., have
eigenvalues 1. These eigenvectors are associated with
the CFT stress tensor holomorphic and antiholomorphic
components 7 and 7. In the real stress-tensor component
basis, we can associate these eigenvectors with the linear
combinations

T” — T22 and T]2, (29)

conveniently aligned with the coordinate axes x; and x,,
which we identify with the two axes of the tensor network.
(Recall that the stress-tensor trace T + T, vanishes in
a CFT))

Consider deforming the CFT by the stress-tensor per-
turbation [ d*xh,, T with an x-independent h,,. This
deforms the 2D metric: 6,, = g,, = J,, + hy,. Physically,
this deforms the rotational symmetry of the critical point,
turning circles |x| = 1 into ellipses |x|, = 1, where |x|, is
the distance computed with respect to the g, metric.
For example, the two-point correlation functions in the
deformed theory scale as powers of |x|,. The first pertur-
bation in Eq. (2.9) gives an ellipse whose axes are aligned
with the coordinate axes, which breaks z/2 rotations but
preserves axis reflections. The second perturbation gives a
tilted ellipse and breaks both rotations and reflections.
These deformations make sense for infinitesimal and for
finite /,,. We call the ellipse |x|, = 1 the anisotropy ellipse.
Because of scale invariance, the overall scale of the
anisotropy ellipse does not play a role, so it is characterized
by two parameters, e.g., the main axes ratio and the tilt
angle (see Fig. 2).

Even though the above perturbations break rotations,
they preserve criticality, since the correlation length
remains infinite. We expect a two-dimensional manifold
M, of corresponding RG fixed points, in one-to-one
correspondence with possible anisotropy ellipses. The
critical fixed point A, in Fig. 1 is but one point of M,.
The complete picture looks like in Fig. 3. The discussed
perturbations with eigenvalues 1 span the tangent space

of Mz.

A

\4

FIG. 2. Anisotropy ellipse parametrizing translationally invari-
ant stress-tensor perturbations of the CFT.

Note that the anisotropy ellipse is a physical quantity
which can be associated with any critical tensor, whether it
is a fixed point or not. We should just compute two-point
correlation functions at large distances and see for which
metric g they scale as powers of |x|,. Defined this way, the
anisotropy ellipse is an RG invariant on the critical
manifold for the kind of RG maps we are considering
(nonrotating RG maps changing both lattice dimensions by
the same factor b), and all points on the RG trajectory have
the same anisotropy ellipse as the initial critical tensor. In
the case at hand, the initial tensor represents the nearest-
neighbor isotropic Ising model on the square lattice, for
which the anisotropy ellipse is, of course, the circle. So, the
same will be true for the fixed point A, which we, therefore,

AL A* AH

FIG. 3. This figure corrects Fig. 1 to show that we expect a two-
dimensional manifold M, of fixed-point tensors. (Since two of
the three dimensions in the figure represent directions orthogonal
to the fixed-point manifold, we had to represent M, by a one-
dimensional thick red line.) Microscopically, we may consider
the anisotropic 2D Ising model with varying J,/J,. Tensor
RG flows starting from the critical point of this model (dotted
line) are attracted to a one-dimensional submanifold of M,.
Adding the next-to-nearest-neighbor interaction, we may cover
the whole M.
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call “isotropic fixed point.”” The previous observation
explains why RG iterations get attracted to a single fixed
point rather than start wandering around the fixed-point
manifold M.

Now that we know that the fixed point A, is isotropic,
does this help us to find it? The answer would be
yes if we had a tensor RG algorithm preserving lattice
rotation symmetry. In that case, we could be sure that A,
belongs to a subspace of rotation-symmetric tensors.
We could restrict RG evolution to this subspace, within
which VR would be free of eigenvalues 1. It would
have been trivial then to set up the Newton method.
But, in the absence of manifest rotation symmetry, the
situation is not so rosy. Even though A, is isotropic,
there is nothing manifestly special about A, as a tensor
which could help us to limit the search. We are forced to
work in a larger space of all tensors, which contains
the above perturbations, and, hence, VR will have
eigenvalues 1 [49].

Now, it is well known that eigenvalues 1 present a
problem for solving a fixed-point equation via the
Newton method. At an intuitive level, the problem can
be explained as follows. If the Newton method does work,
we can rewrite the fixed-point equation in an equivalent
form so that the map becomes a contraction in a
neighborhood of the solution. A contraction has a unique
fixed point. Thus, we conclude that the solution must be
isolated. However, we have seen that the solution is not
isolated—there is a manifold of fixed points. This contra-
diction shows that there must be an obstruction to setting
up the Newton method. In Sec. II. 6, we see the problem
more clearly from a formal point of view. But first let us
discuss how we will solve the problem and get rid of
eigenvalues 1.

E. Adding a rotation to the tensor RG map

In the discussion so far, we assumed (Sec. II. 1) that the
tensor RG map R is nonrotating; i.e., it preserves the
orientation of the underlying lattice. This was needed, e.g.,
when applying the prediction (2.8) for RG eigenvalues to
perturbations associated with CFT operators with spin, like
the stress tensor. We saw that such maps have features
(eigenvalues 1 and a manifold of fixed points) which are
problematic for our goal of using the Newton method. To
solve this problem, we propose to consider rotating RG
maps, which change the orientation. Concretely, we con-
sider a tensor RG map R°, which is a composition of a
nonrotating map R, followed by I, /,, rotation of the tensor
by z/2:

R° =T,,R, (2.10)

or, graphically,

So, the rotating map R° maps a tensor network of size
N x M to one which has size M /b x N/b; see Eq. (A3):

RO
N/b
M

Adding a rotation to the RG map may appear strange,
and indeed recognizing that this is useful is the main idea
of our paper [50].

Starting from the isotropic 2D Ising tensor A(¥)(T), the
RG evolution of R° is expected to show the same pattern of
fixed points as that of R in Fig. 1. In particular, the flow
from A(%)(T,) leads to a critical isotropic fixed-point tensor,
which we denote A;. (Note that A # A,, the fixed-point
tensor of R, because R does not preserve rotations.)
Jacobian eigenvalues around the fixed point A; can be
computed using the CFT data, up to a change having to do
with the rotation. On the CFT side, a spin ¢ operator O
transforms under rotation by angle 6 as

O 0. (2.13)

In our case, 6§ = z/2. This implies that Eq. (2.8) for the
Jacobian eigenvalues needs to be modified in the case of R°
as follows:

A= (i)7ob>=Ao, (2.14)
Applying this to the CFT stress tensor which has spin 12,
we conclude that the eigenvectors of VR° corresponding
to the stress-tensor components 7 and T have eigenvalues
—1, and not 1 as for VR. Relatedly, when extended to
anisotropic and not-rotationally invariant tensors, the map
R° will not have a two-dimensional manifold of fixed points
as R did (Fig. 3). Instead, the isotropic fixed point A3 will
be isolated, and its neighborhood will contain a two-
parameter manifold of period-2 orbits of R°.

Eigenvalues-1 pose no problem for the Newton method,
and we expect to use the Newton method to find the fixed
point A; of R°. We stress that the fixed point A; of R° is
as good as A, of R for describing the critical point physics.
It is only that AS can be found using the Newton method,
while A, cannot.
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We remark that, in addition to changing the problematic
stress-tensor eigenvalues from 1 to —1, rotation is not
expected to have any deleterious effect on other eigenval-
ues. Before applying rotation, eigenvalues of quasiprima-
ries were positive real numbers; after rotation, they acquire
a spin-dependent phase while keeping the same absolute
value. In particular, they become imaginary for odd spin
and negative for spin Z = 2 mod 4 and remain positive for
spin £ = 0 mod 4.

A second remark is that the proposed solution of enabling
the Newton method by including rotation is not limited to the
Ising model. In Appendix F, we show that it works also for the
three-state Potts model. Generally, our solution will work as
long as the fixed point does not have any scalar operators
which are internal symmetry singlets and are marginal, i.e.,
have dimension 2. Such operators have eigenvalue 1, and,
being scalars, their eigenvalue will remain 1 under any
rotation [51]. Experience shows that models with marginal
scalars are not so frequent, although special models may have
them. One such family of models is compactified scalar
boson, where marginal scalar perturbation corresponds to
changing the compactification radius [44].

F. Newton method

Let us finally set up the Newton method. As mentioned,
we are solving the fixed-point equation R°(A) = A, which
has an isolated solution at A;. We rewrite the equation as

f(A) =0, where f(A)=A—-R°(A). (2.15)
The Newton method solves the latter equation via itera-
tions [52]

A1) =9(A(my), where g(A)=A-[J(A)]7'f(A) (2.16)
and

J(A) =1-VR°(A) (2.17)
is the Jacobian of the map f. Note that, since the RG map
preserves the subspace of Z,-even tensors, here we need
only the Jacobian restricted to this subspace [53].

As discussed, VR°(A3) does not have eigenvalues 1.
This implies that J(AZ) is invertible and g(A) is well
defined in a neighborhood of A; [54]. Furthermore, if we
compute Vg and evaluate it at A; using f(A3) = 0, we find

Vg(A3) = 0. (2.18)
This implies, in particular, that g(A) is a contraction
near Aj. Therefore, Newton iterations (2.16) converge
for a sufficiently good initial approximation.

The Jacobian J(A) entering the definition of g(A) is
somewhat expensive to evaluate and invert [55]. Several
numerical strategies are available which provide a

sufficiently good approximate inverse Jacobian, whose
discussion is postponed to Sec. IV. 1 below.

III. RESULTS FOR THE NONROTATING
GILT-TNR

We now proceed to concrete tensor RG computations,
based on the Gilt-TNR algorithm. We start in this section
with several in-depth studies using the original Gilt-TNR
algorithm, which is nonrotating. We, thus, are able to
compare with the prior work from Refs. [11,21,22] and to
test various intuitions about tensor RG from Sec. II, such as
the existence of marginal eigenvalues corresponding to
the stress-tensor deformations and of a manifold of fixed
points corresponding to different anisotropy parameters.
We also test the Jacobian method for extracting CFT
scaling dimensions. After this thorough warm-up, in the
next section, we switch to the rotating Gilt-TNR algorithm
and present our main numerical result: Find the fixed point
via the Newton method.

Remark 3.1. Before we start, the following comment is
in order. In the previous section, when we discussed the
conceptual picture, the fixed points A, or A; denoted exact
fixed points of the exact nonrotating or rotating RG map.
From now on, we are discussing numerical RG maps
operating at a finite bond dimension y. The logic of the
previous section still applies to some approximation, but,
of course, the fixed points have finite bond dimension
and are somewhat different from A, and AJ. To stress this,

we denote the fixed points as Ag ] and Aim. Our goal here is
to extract these fixed points as precisely as possible, for a

finite y. What happens with AE(] and Aim as y — oo,
whether they converge to A, or AZ, is a separate and very
interesting question which is beyond the scope of this work.
See, however, comments at the end of Sec. III B.

A. Review of the nonrotating Gilt-TNR algorithm

The original, nonrotating, Gilt-TNR RG map [11] is
defined as follows. Take a group of four contracted A
tensors inside the tensor network (a plaquette). One starts
by inserting on the contracted bonds matrices Qy, ..., Q4
chosen so that the insertion (i) leaves the contraction intact
(approximately) and (ii) eliminates short-range CDL-like
correlations around the plaquette. How to choose the Q;’s
is the trademark of the algorithm; see Ref. [11] and
Appendix C. Performing a singular value decomposition
(SVD) of each Q; matrix, we get the following result:

A o)

%

Q4 Q2 Séd )

Qs
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where the light-brown shading represents CDL-like
correlations.

We now perform the above replacement, with the same
Q1. ..., Q4, to every second plaquette of the tensor network,
in a checkerboard pattern. We then contract the half-tensors
with the A’s, defining two tensors B; and B, as

oo - e

The original tensor network made of A is, thus, mapped to a
tensor network made of B; and B,, which has CDL-like
correlations eliminated on every other plaquette:

(3.2)

—0O0—O0—O0—0— —O—O0—O0—0—
—O0—O0—O0—0— —O0—0O0—O0—0O—
(3.3)

This finishes the disentangling stage of Gilt-TNR.

The second stage of Gilt-TNR is coarse graining. The
default coarse-graining strategy of our code [56] is via two
consecutive TRG [1] iterations:

TRG,: B,.B, — C, TRG,: C+ A. (3.4)
Namely, TRG, performs SVD decompositions of B; and
B, diagonally and then recombines the SVD pieces into
a tensor C, so that CDL-like correlations remaining in
Eq. (3.3) are contracted away:

bt K0

Analogously, TRG, performs an SVD decomposition of C
diagonally in two different ways and defines a tensor A by
recombining the pieces. The point is that after TRG, there
are no CDL-like correlations in the networks, and so it
makes sense to follow up with TRG, right away before any
further disentangling [57]. A moment’s thought shows that
after the two TRG iterations the lattice ends up rotated by
7/2. Since the original Gilt-TNR code [58] aims to be
nonrotating, the third and final stage of Gilt-TNR is to
define the RG-transformed tensor A’ by rotating A back to
recover the original orientation.

The map R:A +— A’ is the non-normalized Gilt-TNR
map. The corresponding normalized RG map R(A) is

defined by R(A) = A’/||A’||. The lattice rescaling factor
is b=2.

B. Isotropic fixed point by the shooting method

Most of our work in this section is for the 2D Ising model
which is isotropic, i.e., has equal nearest-neighbor cou-
plings J, = J, (only in Sec. IIl.5 do we consider the
anisotropic case). We transform the partition function of the
isotropic model to a tensor network, as outlined in Sec. II. 1
and in more detail in Appendix B. The resulting tensor
Ann(?) has bond dimension 2. We parametrize it by the
reduced temperature t = T/T,, where T, is the critical
temperature.

We, thus, have the tensor A®) = Ay (#) to which we
start applying the nonrotating Gilt-TNR algorithm,
obtaining a sequence of tensors A n=1,2,...; see
Eq. (2.5). Our first goal is to verify the picture from Fig. 1.
To see that a tensor A" converges to a fixed point, we need
to apply gauge fixing after each RG step, as explained
below. But as a proxy, to detect fixed-point behavior, it is
standard to use gauge-invariant observables. One such set
of observables are the singular values of A" decomposed
along a diagonal:

(3.6)

Here, U and V are unitaries and A is a diagonal matrix of
singular values. In Fig. 4, we plot the singular values,

1.0 4

Singular value

T
0 10 20 30
RG step

FIG. 4. The RG flow of tensors starting from A(®) correspond-
ing to the Ising model at the reduced temperature ¢ =
1.000011 004 3 and with anisotropy J,/J,, = 1 (i.e., the isotropic
tensor), in terms of the 20 largest singular values along the
diagonal [Eq. (3.6)] normalized by the first one. Gilt-TNR
parameters (see Table V): y = 30 and ey = 6 X 1076.
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normalized by the largest singular value, as a function
of the RG step. The RG evolution was started at
t =1.000011004 3, the value found by bisecting [37]
up to At = 10719, to maximize the length of the plateaux
visible in Fig. 4, whose presence signals that the RG
evolution nears the fixed point, before visibly deviating
from it for n 2 30. In the plotted case, ¢ happens to be
slightly below the true ¢, for the chosen Gilt-TNR param-
eters, and one can see that the deviation happens in the
direction of the low-temperature phase where the fixed-
point tensor A,; has two identical singular values, all other
ones being equal to zero. For ¢ slightly above ¢., one
observes similar plateaux with eventual deviation toward
the high-temperature phase where the fixed-point tensor
A,m has a single nonzero singular value. Our Fig. 4
compares well, e.g., with the results reported in

(i) Figure 6 in Ref. [11] using the nonrotating

Gilt-TNR;

(i) Figure 9 in Ref. [21] for another closely related

nonrotating algorithm Gilt-HOTRG;

(iii) Figure 6, two upper panels, in Ref. [59] for loop-

TNR [8] and nuclear norm regularization-TNR.

The plateau in Fig. 4 is a strong indication that the family
of tensors A" approaches a common gauge equivalence
class, so that the gauge-invariant observables do converge.
Next, we would like to see this explicitly, by choosing a
gauge for each tensor A" so that gauge-fixed tensors
tend to a limit, in the Hilbert-Schmidt norm. This limit is
then a fixed-point tensor. Our gauge-fixing procedure is
described in Appendix D. It involves two steps: continuous
gauge fixing followed by discrete gauge fixing. Continuous
gauge-fixing matrices are obtained from diagonalizing
appropriate environments constructed out of A", Discrete
gauge fixing consists in multiplying by diagonal matrices
with +1 on the diagonal.

Figure 5 demonstrates the stated convergence of the
gauge-fixed RG flow to the fixed point. In this figure, we
plot the Hilbert-Schmidt distance between gauge-fixed
tensors A" and A1) = R(A(") as a function of the
RG step [60]. We see that the distance decreases until
n~23 and then starts increasing. The decrease and
increase of the distance are rather smooth [61], showing
that our gauge-fixing procedure works well. The increase
of the distance for n 2 23 is roughly consistent with the
leading RG eigenvalue being 1 = b*>~2< = 2. This eigen-
value corresponds to the CFT quasiprimary e.

On the other hand, the convergence rate for n <23
roughly agrees with the largest irrelevant RG eigenvalue in
the Z,-even sector being 1;, ~ 0.63 as we see below when
studying the Jacobian eigenvalues (Table IV, column “A of
VR”). This eigenvalue does not correspond to a quasipri-
mary, the leading irrelevant quasiprimaries being 72, T2,
and TT of dimension 4 and eigenvalue 0.25 [62]. Although
this eigenvalue corresponds to a total derivative operator, it
does control the rate of approach to the fixed point.

13
IENTE RN /
= ; \ ~/\ /,
L0012 . o
= E \ R /Il
\ ] /O
= 0.001 4 A} pro2
< E \ 4
— 4 AN /.,
0.0001 = \. A
3 A
110 4 . . .
0 10 20 30
RG step n
FIG. 5. The Hilbert-Schmidt distance between two subsequent

gauge-fixed tensors as a function of the RG step. Gilt-TNR
parameters are the same as in Fig. 4.

The following general analysis is instructive. Given the
critical temperature to At accuracy and the leading irrel-
evant Z,-even eigenvalue 4;;,, which is the optimal number
of steps n,, for the shooting method, and which accuracy 6,
of approximating the fixed-point tensor may we expect?
Basic RG intuition says that, after n steps, the fixed-point
tensor is approximated by

8, ~ max[(i,)", (Ar)2"], (3.7)
where we use that the relevant Z,-even eigenvalue is ~2.
Minimizing this expression over n, we get

log, At

= S 5, ~ At/ (1=1/10g lix)
1- 10g2 /1irr

(3.8)

N, ~—

For A, = 0.63 and Ar= 107", we get n, ~20 and
5, ~ 107*, in reasonable agreement with Fig. 5.

In Sec. III. 4, we compare our Fig. 5 to the results of
Refs. [7,21,22], who also considered the norm difference of
two consecutive tensors as a function of the RG step.

Let us discuss next the tensor elements of the approxi-
mate fixed-point tensor, defined as the tensor A with
n = n, corresponding to the minimum in the curve in
Fig. 5. From the above discussion, we expect that A(*)

approximates the fixed point AP of the x = 30 Gilt-TNR
map [66] with accuracy

A — AP ~ 5 x 1075 (3.9)

It is also interesting to record the distance from the critical
nearest-neighbor Ising tensor from which we started the
RG evolution:

A7) — Agn(1)]] = 0.90. (3.10)

The first few largest tensor elements of A+ are reported
in Table III, column 2. (Column 3 of the same table gives
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TABLE II. The first few largest tensor elements of the
(approximate) fixed-point tensor. The tensor legs are ordered
as left, top, right, and bottom. The leg indices are numbered in
the notation p*, where = is the Z, quantum number and p =
1,2,3,... is the index in the corresponding Z, sector on the
corresponding leg. Column 1: tensor element indices. Column 2:
the approximate fixed-point tensor A" of the nonrotating Gilt-
TNR. Column 3: the approximate fixed-point tensor A,  of the
rotating Gilt-TNR, to be discussed in Sec. IV.

ijkl (A<”*))ijkl (A(m*)),'jkl
17111+ 0.3411 0.3520
1717171~ 0.2107 0.2119
1-1t1+1- 0.2105 0.2027
17171+ 0.1969 0.2042
1717171+ 0.1971 0.2135
17 171- 0.1807 0.1829
1717171~ 0.1481 0.1474
| B 0.1438 0.1503
1717272~ —0.1067 —0.1056
2717172 0.1068 0.1024
1727271+ 0.1015 0.1069
2727171F —0.1016 —0.1033
1-1t172* 0.1048 0.08593
2717171~ 0.086 48 0.081 52
17172%1~ 0.087 05 0.099 59
17271°1F 0.078 21 0.088 98

the approximate fixed-point tensor of the RG map with
rotation, to be discussed in Sec. IV. Please ignore them
for now.)

We divided the tensor elements of A*) in Table III into
several groups. If the fixed-point tensor preserved reflection
and/or rotation invariance, tensor elements in each group
would be equal, perhaps up to a sign. Instead, we see that
the tensor elements within groups are close but not exactly

equal. How should we interpret this? Recall that we started
the RG evolution from the isotropic tensor A%), which is
reflection and rotation invariant. However, as we already
mentioned, Gilt-TNR does not preserve these symmetries
(although it does preserve the spin flip Z,). That is why
the fixed-point tensor in Table III does not respect these
symmetries [67].

In Fig. 6, we show absolute values of tensor elements of
approximate fixed-point tensors for y = 30 as well as for
x = 10, 20, for comparison [69]. Absolute values of tensor
elements are sorted in descending order and indexed as
|Al;, where I = 1,2, ... is the position in the sorted list. We
then plot |A|; as a function of /. The left figure shows the first
50 tensor elements, while the right figure gives a global of
view of all tensor elements, in the log-log scale. The dashed
line in this figure corresponds to the slope |A|, ~ I71/2,
which marks the boundary for the finiteness of the Hilbert-
Schmidt norm for infinite-dimensional tensors. The curves
remain below that line for the values of y that we studied, but
justbarely so. We cannot determine from this plot whether or
not our finite y fixed points will converge to a fixed-point
tensor with finite Hilbert-Schmidt norm as y goes to infinity.
It may be that the Gilt-TNR algorithm does not have a fixed
point with a finite Hilbert-Schmidt norm in the y — oo limit.
If so, the search for a rigorous infinite-dimensional fixed
point will need to employ a different tensor network RG
map. We will keep using Gilt-TNR in the rest of this work to
demonstrate other ideas such as the effect of rotation and the
possibility to set up the Newton method. Those ideas are
general and will still apply if in the future we have to change
the algorithm. See also Remark 3.1 and Sec. V for further
related comments.

C. Jacobian eigenvalues

Now that we provided evidence for the existence of a
fixed-point tensor, we would like to explore the RG map
Jacobian at the approximate fixed point. First of all, we can

\“\\0(1

—1/2

Bond dimension
— x=10
x =20
— x=30

1 3

0.5 3 E

E 0.1+

0.4 3 ]

] 0.01

0.3 3 ]

E 0.001

0.2 1 ]

E 0.0001 -

0.1 1x10°
A M— | S S | |

0 10 20 30 40 50 1

1%10°6 4——rrrm

10 100 1000 10000 1x10° 1x10°
1

FIG. 6. Absolute values of tensor elements of approximate fixed-point tensors for y = 10, 20, 30; see the text.
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TABLE IV. Column 1: Z, quantum number. Column 2,3 (rows with entries in these columns): the first few low-
dimension CFT quasiprimaries and their exact eigenvalues. Columns 4 and 5: The first few largest, in absolute
value, Jacobian eigenvalues at the approximate fixed point for the nonrotating Gilt-TNR (VR) and for the rotating
Gilt-TNR (VR°). Rows with no entries in columns 2 and 3 show RG eigenvalues corresponding to derivative

interactions, which are not universal.

Z, @] Acpp = 22780 A of VR ) of VR®

+ € 2 1.9996 1.9996

+ T 1 1.0015 —1.0010

+ T 1 0.9980 —-0.9982

+ 0.6322 0.7757

+ 0.5941 +0.1195i 0.6209

- c 215/8 ~3.668016 3.6684 3.668 014

- 1.5328 0.0027 + 1.5364i
- 1.5300 0.8600

- 0.8869 0.6318 +0.0583i

speak of the Jacobian, as our map is differentiable in a
neighborhood of the fixed point. Evidence for this is
provided in Appendix E. This statement is less trivial than
it may seem. To make Gilt-TNR robustly differentiable, we
had to tweak the algorithm a bit. In the original Gilt-TNR
(see Appendix C, where this is referred to as “dynamic Q
choice”), matrices Q;, Q,, O3, and Q, are chosen iter-
atively, and the number of iterations is determined at run-
time, depending on a certain internal parameter called €, .
For constant €.,,, the number of iterations may jump for
small variations of tensor A, causing a tiny but noticeable
discontinuity (and, hence, nondifferentiability) in R(A). To
avoid this problem, we are using a modified algorithm in
which the number of iterations is kept fixed, referred to as
“static Q choice” in Appendix C [70].

So, let R be the nonrotating Gilt-TNR RG map with
¥ = 30 and other parameters as in Fig. 4. Let VR be the
Jacobian of R at the tensor A-) from Table III. We are
interested in the eigenvalues of VR.

Note that tensor A"+) preserves Z, flip symmetry, in the
sense that each of its vertical and horizontal indices can
be assigned a 1 quantum number, such that the tensor
remains invariant when acted upon by all these sign flips;
i.e., the tensor is Z,-even [71].

The full tangent space at A) on which VR acts, splits
into a direct sum of subspaces of perturbations which are
Z,-even and Z,-odd. Since R preserves Z,, VR maps Z,-
even perturbations to Z,-even, and similarly for Z,-odd.
Each eigenvector will be either Z,-even or Z,-odd.

The first few largest eigenvalues of VR at A() are
reported in Table IV, column “A of VR”. Since VR is a large
matrix of size y* x y*, its full diagonalization would be too
time-consuming. We instead compute O(10) largest eigen-
values by the Arnoldi iteration method, implemented in the

JULIA [72,73] package KRYLOVKITJL [74]. The Arnoldi
method does not require evaluation and storage of the full
matrix VR. Instead, one provides a function v — VR.v,
which computes the directional derivative of R in the
direction v. We evaluate this directional derivative via a
symmetric finite difference approximation:

_ R(A + hv) — R(A — hv)

D
h 2h ’

(3.11)

where & = 10~* is a small parameter, set at this value to
balance truncation and round off errors; see Appendix E [75].

Rows in Table IV which have entries in columns 2 and 3
correspond to CFT quasiprimaries. The corresponding
Jacobian eigenvalues can be compared to the CFT pre-
dictions in columns 2 and 3, computed via Eq. (2.8). We
observe reasonably good agreement, both in the Z,-even
and in the Z,-odd sectors. Note, in particular, the two
eigenvalues close to 1 corresponding to the stress-tensor
components 7 and T.

In the rows in Table IV that do not have entries in
columns 2 and 3, we report eigenvalues which do not
correspond to quasiprimaries on the CFT side. These rows
correspond to derivative operators, whose eigenvalues are
not universal, as discussed in Sec. II. 2. For this reason, the
CFT entries in these rows are left empty [76].

To demonstrate the latter point, let us compare the
Jacobian eigenvalues between R and the rotating Gilt-
TNR map R° which is discussed in Sec. IV (Table IV, last
column). We see that the quasiprimary eigenvalues change
very little, apart from the —1 factor picked up by the 7" and
T eigenvalues, as discussed in Sec. II. 5. On the other hand,
several eigenvalues in the rows without entries in columns 2
and 3 show significant changes. For example, the leading
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irrelevant Z,-even eigenvalue /;, changes from approx-
imately 0.63 to approximately 0.78.

The spectrum of even lower eigenvalues beyond those
shown in Table IV becomes rather messy. Unfortunately,
we do not have enough precision to compare with the
irrelevant quasiprimaries in the Z,-even and Z,-odd
sectors. Their eigenvalues are buried among the nonuni-
versal eigenvalues corresponding to derivative operators.

D. Comparison to prior shooting method results

Our results in Secs. III B and III C can be compared with
the results of Refs. [7,21,22]. This was already partly
summarized in Table I (upper part of the table). We give a
detailed comparison, divided into two parts: locating the
fixed point via the shooting method and computing the
Jacobian eigenvalues.

1. Locating the fixed point

In this section, we review past results on the accuracy of
approximate fixed points and compare with our results. We
emphasize that our goal here is not to compare Gilt-TNR
with other algorithms but rather to compare the accuracy of
our Newton method for finding the fixed point with past
results which use a shooting method to find it.

References [7,21,22] are the only prior works known to
us which implemented gauge fixing and plotted the norm
difference of two consecutive tensors as a function of the
RG step, like our Fig. 5 [77]. References [21,22] used
methods closely related to ours, so we discuss them first.

Reference [21] used an algorithm closely related to
Gilt-TNR, which we call Gilt-HOTRG, as it uses Gilt
for disentangling and HOTRG for coarse graining (see
Appendix C.4). It is an algorithm closely related to Gilt-
TNR. Several parameter choices were identical for us and
for them: y = 30 and e, = 6 x 107°.

Reference [22] also used essentially Gilt-HOTRG
with some minor modifications. They use y =24 and
€gilt = 2 X 10~7. They also split an RG step in two and
use disentangling only on odd steps. This doubling of the
number of steps should be kept in mind when comparing
with the plots of Ref. [22].

Reference [21] used gauge fixing similar to the one used
by us, while Ref. [22] used a more sophisticated two-step
gauge fixing. In the first step, they gauge fix by general
invertible matrices to achieve the minimal canonical form
(MCF) [78], which minimizes the norm of the gauge-fixed
tensor. In the second step, they gauge fix by orthogonal
matrices, similarly to Ref. [21] (with some improvements)
and to us.

The norm-difference plot in Fig. 3, red curve, in
Ref. [22], is rather similar in shape to our Fig. 5, although
their minimal distance 6 ~3 x 10™ is larger than our
5~ 5 x 1073, This may be due to them locating the critical
temperature not as precisely as us.

On the other hand the norm difference plot in Fig. 9(b) in
Ref. [21] reaches a much worse minimal distance § ~ 1072
in spite of them locating the critical temperature to the same
At = 10710 accuracy as us. Reference [22] investigated this
issue. In their Fig. 13, they reproduce the results of
Ref. [21] and note that the rate of approach to the fixed-
point tensor is notably slower for the algorithm of Ref. [21]
than for their algorithm. In the language of Sec. III. 2, we
could say that the algorithm of Ref. [22] has 4;, about the
same as our algorithm, while the algorithm of Ref. [21] has
Air closer to 1. This interpretation is conjectural, since
Refs. [21,22] do not report their A;,.

Therefore, the MCF step in gauge fixing, which is the
only significant difference between the algorithms in
Refs. [21,22], is responsible for the improvement of the
convergence rate to the fixed point in their case. On the
other hand, it should be noted that our algorithm is able to
reach the same convergence rate without MCF but using
Gilt-TNR instead of Gilt-HOTRG. There is a little bit of
luck involved here, the leading irrelevant eigenvalue A;,
being nonuniversal.

Finally, let us discuss the earlier Ref. [7]. Using the TNR
algorithm that they proposed in that work, they reached
approximately 10~ accuracy in a plot like our Fig. 5, using
the TNR bond dimension ytng = 42 (see Supplemental
Material, Fig. 6 in Ref. [7]). While typically the TNR
algorithm needs a smaller bond dimension than Gilt-TNR
to achieve the same accuracy [11], here it is the other way
around, likely because they did not bisect to get closer
to the y-dependent T, but started the RG flow at the
theoretical 7,.. A feature of the plots in Refs. [7,21],
possibly due to imperfect gauge fixing, is that they flatten
near the minimum, compared to the clean V-shaped plots in
our work and in Ref. [22].

2. Jacobian eigenvalues

In Sec. III. 3, we studied the Jacobian of Gilt-TNR close
to the critical point. In particular, we reported the leading
irrelevant eigenvalue A;, and observed that the rate of
approach to the fixed point is consistent with it. Since
Refs. [21,22] do not report the spectrum of the Jacobian of
the map used to produce their norm-difference plots, the 4,
test is not possible based on their available data. Such a test
would be interesting in the future.

References [21,22] do study the spectrum of a tensor
RG map Jacobian (procedure called there “linearized tensor
RG*, or “ITRG”) but only for a different RG map, constructed
once the (approximate) fixed point is known. This new
“frozen” (our term) RG map has the Gilt disentanglers and
the HOTRG isometries frozen to their fixed-point values [79].

Reference [21] uses the spectrum of the frozen RG map
Jacobian to extract the scaling dimensions of CFT operators
with A < 2 (Table Iin Ref. [21]), and Ref. [22] extends this
analysis to A < 3 (Table I in Ref. [22]). Compared to our
VR spectrum, their accuracy is one order of magnitude
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worse for ¢ and € and is about the same for 7 and 7. Our
better performance for ¢ and ¢ may be due to our better
approximation of the fixed-point tensor.

Their results contain one curious feature: In addition to
quasiprimaries o, €, T, and 7T, it contains many derivative
operators identified with first and second derivatives of ¢ and
¢ and first derivatives of 7 and T', whose scaling dimensions
are correctly reproduced (up to numerical errors) from
frozen RG eigenvalues. This is puzzling: We emphasized
many times that eigenvalues of derivative operators are
not universal and do not have to agree between RG and CFT,
and indeed they do not agree for us. So why do they agree
for them? This was not discussed in Refs. [21,22].

The answer to this puzzle is instructive. It turns out that
the frozen RG map of Refs. [21,22] is very special: Its
Jacobian coincides with the lattice dilatation operator. This
coincidence, which does not hold for our RG maps R and
R°, explains the puzzle, because lattice dilatation operator
eigenvalues are universal and reproduce all CFT operator
eigenvalues, including total derivatives. It would require
too much preparatory work to explain this point in detail
here; it will be done in Ref. [27].

We should add that the frozen RG map is defined only
once one has already found an approximate fixed point,
which can be done only with a full RG map where
disentanglers and isometries depend on the tensor. So,
while the frozen RG map is an easier map and it has a
conceptually simpler Jacobian, it would not be useful for
our purposes of setting up a Newton method.

E. Anisotropy: Manifold of fixed points

In the previous sections, we studied the RG flow starting
from the isotropic 2D Ising model. We would now like to
show the new features which appear when introducing
anisotropy. Namely, we consider the nearest-neighbor
Ising model with anisotropy parameter a =J,/J, < 1.
We transform the partition function of this model to a
tensor network as detailed in Appendix B. The resulting
tensor has bond dimension 2 and depends on the reduced
temperature ¢ and the anisotropy parameter a. Starting from
this tensor A®) = Ayy(7, @), we repeatedly apply the non-
rotating Gilt-TNR algorithm to get a sequence A" (t, a),
n=1,2,...; see Eq. (2.9).

We have two goals in this section: (i) We want to verify
Fig. 3, showing that a parametrizes a one-dimensional
manifold of fixed points. To our knowledge, this has
never been checked using tensor RG. (ii) We want to
demonstrate that eigenvalues of VR corresponding to
quasiprimaries are universal across this manifold and
eigenvalues that do not correspond to quasiprimaries
can vary.

Let us start with the first goal. As discussed in Sec. II. 4,
we expect a two-dimensional manifold of RG fixed points
for a nonrotating RG map. The critical model corresponds
to t = 1 in our notation, for all values of a. However, as in
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FIG. 7. Dependence of the first few singular values of A% [t ~
t.(a),a] on a. The singular values are obtained via SVD
decomposition as in Eq. (3.6). The largest singular value is
normalized to 1 as in Fig. 4.

the isotropic case, for finite bond dimension the value of ¢
that gives convergence to the approximate fixed point is
not exactly 1 and depends on a. We denote it by 7.(a) [80].
If we start with a critical anisotropic nearest-neighbor
Ising model [z = t.(a)], then iterations of the RG map
converge to a fixed point that depends on the anisotropy
parameter a. To show that different values of a do indeed
produce different fixed points, we consider the singular
values of the fixed point decomposed along a diagonal as
defined in Eq. (3.6). If we plot these singular values as a
function of the RG step, we see curves that are qualita-
tively similar to Fig. 4. In particular, for ¢ ~ 7.(a), there is
a range of RG steps where the singular values are almost
constant. However, these constant values depend on a. We
compute these singular values at the 20th RG step for a
ranging from 0.5 to 1.0 and ¢~ 7.(a) and plot them as a
function of a in Fig. 7. The variation of these values with a
shows that, as we vary a, the RG fixed point is varying
along a one-dimensional manifold. We expect that by
considering a more general initial Ising model with two
parameters we could obtain the full two-dimensional
manifold of fixed points.

Let us proceed with the second goal. As discussed in
Sec. II. 2, the eigenvalues of the RG Jacobian VR should be
of two types: those that correspond to quasiprimaries in the
CFT and those that correspond to total derivatives. The
former are given by Eq. (2.8) and so should not depend on
which fixed point in the two-dimensional manifold we
consider. The latter cannot be predicted from the CFT and
may depend on the fixed point at which we compute the
Jacobian. In Fig. 8, we plot the first few eigenvalues of VR
as a function of a. The eigenvalues corresponding to
quasiprimaries are shown in red (blue) for the Z,-even
(-odd) sectors. These eigenvalues are essentially indepen-
dent of a and fit the CFT predictions of 2'%/8, 2, and 1 very
well. The eigenvalues corresponding to total derivatives are
shown in light orange (light violet) for the Z,-even (-odd)
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FIG. 8. The first few largest eigenvalues of VR computed at
APt~ t.(a),a] as a function of the anisotropy parameter a.
Note the vertical log, scale. We use the following color scheme:
red (blue) for Z,-even (-odd) quasiprimaries and light orange
(light violet) for other Z,-even (-odd) eigenvalues. For a = 1, the
spectrum agrees with the “4 of VR” column in Table IV.

sectors. For these eigenvalues, one can see significant
variation with a. For a =1, the spectrum agrees with
the “A of VR” column in Table IV [81].

We, thus, see broad agreement with the intuition
expounded in Sec. IL.

Remark 3.2. In Fig. 8, there are no Z,-odd eigenvalues
shown for a = 0.62. For this value of a, the computation of
the Z,-odd eigenvalues produced nonsensical results which
we do not show. We believe that this is a result of the issues
with discrete gauge fixing in the Z,-odd sector that are
discussed in Appendix D. 1.

IV. RESULTS FOR THE ROTATING GILT-TNR

Here, we finally present what we consider our most
exciting numerical results. We consider the rotating Gilt-
TNR algorithm. We describe how the critical fixed point is
found with the Newton method, in agreement with the
general discussion in Sec. II. We study the rate of con-
vergence of the Newton method, and we use the fixed point
to extract CFT quasiprimary dimensions using the
Jacobian. All the above is done in Sec. IV.2 for the
isotropic Ising model, and the discussion here parallels
Secs. III B and III C for the nonrotating algorithm. (The
three-state Potts model is similarly considered in
Appendix F.) We consider the anisotropic Ising model in
Sec. IV. 3, where we exhibit period-2 oscillations for the
rotating Gilt-TNR algorithm when starting from an aniso-
tropic critical tensor.

A. Numerical strategies for the inverse Jacobian

We start by describing how to deal numerically with
the inverse Jacobian in the Newton iteration map (2.16).
We need to solve the linear system

J(A)x = b, J(A)=1-VR°(A), (4.1)
where A = A, and b = f(A(,).

Our code does not store the Jacobian VR°(A) as a matrix
but realizes it as a linear operator v — VR°(A)wv, computed
with a second-order finite difference approximation
(see Sec. III. 3 for a fully analogous discussion for the
nonrotating RG map). We may then solve Eq. (4.1) via
an iterative algorithm, GMRES [82] being the standard
choice. For unclear reasons, in our numerical tests using
KRYLOVKITJL [74], GMRES convergence was not always
reliable. We, therefore, used a different strategy, which we
found numerically stable.

We use the Arnoldi method to find s largest in absolute
value eigenvalues of VR°(A) and the corresponding eigen-
vectors. Let P be the orthogonal projector on the subspace
spanned by them. We then approximate the Jacobian by

J(A) =1-P,VR°(A)P,. (4.2)
We take s > 3, so that the relevant eigenvalue correspond-
ing to the € and the two —1 eigenvalues corresponding to T
and T are subtracted. The remaining eigenvalues of
VR°(A) being less than 1 in absolute value, the approxi-
mation is expected to be good. Increasing s further
improves the approximation and speeds up convergence,
as we see below.

Computing the approximation (4.2) with the Arnoldi
method takes a few minutes on a laptop for s = 10 and
x = 30. Within this approximation, solving linear system
(4.1) is easy, as it amounts to inverting an s X s matrix. We
checked that the results agree closely with GMRES, when
the latter converges. We also checked that the accuracy of
this approximation and the agreement with GMRES are
further improved by including the first few terms of the
Neumann series expansion in the difference J(A) — J(A).
This improvement is not used in the results shown below.

To speed up computations, we use one more approxi-
mation. Namely, we do not recompute the approximate
Jacobian J(A) at every Newton step but compute it just
once, for A = Ag). This preserves good local convergence
properties of the Newton method.

B. Isotropic 2D Ising fixed point by the Newton method

So let R° be the rotating Gilt-TNR map, constructed by
adding a z/2 rotation to the nonrotating Gilt-TNR. The
numerical results below are obtained using the same Gilt
parameters as in Sec. III. 2: y = 30 and ey = 6 X 1076,

We would like to solve the fixed-point equation for R°
via the Newton method. We set up the Newton method as in
Sec. II. 6 and compute the inverse Jacobian as described in
Sec. IV. 1. The key ingredients here are the Jacobian VR®
and its eigendecomposition, which are computed similarly
to the nonrotating Gilt-TNR in Sec. III. 3.
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Ideally, we would like the Newton method to converge to
the fixed point when starting from a generic point on the
critical manifold, e.g., from the bond dimension-2 tensor
Ann(7 = 1) obtained when translating the critical isotropic
2D Ising model to the tensor network form (Appendix B).
However, it turns out somewhat nontrivial to set up such a
faraway convergent Newton method, for reasons discussed
in Sec. IV.2.1 below. So in this work we settle for
convergence in a smaller domain. Our search for the fixed
point consists of two stages.

(1) Find an approximate fixed-point tensor A",

obtained by performing n’ RG steps starting from
Ann (7o), where 1, is near the finite-y critical temper-
ature ¢, ~ 1. In our main results, we use n' =23
initial RG steps from 7, = 1.000013 131 20,
obtained by bisecting to At = 10710 [83]. These
parameters can be somewhat relaxed; see
Sec. IV. 2.1 below.

(2) Start Newton iterations from A"), which are then

seen to converge to a fixed point.

Denoting A = A" the Newton
given by

iterations are

A(erl) :gz(A(m))’ n 20,1,2,..., (43)
where g, is the approximate Newton map, obtained by
replacing the exact Jacobian J(A) by the approximate
Jacobian J, with projector rank s >3 and evaluated at
Ag), as described in Sec. IV 1. We see below how various
choices of s influence the performance.

Before starting the Newton iterations, it is instructive to
consider VR® eigenvalues at A(o)- Recall (Table IV, column
3) that VR had two eigenvalues close to 1 at A): 1.0015
and 0.9980. In Sec. II. 5, we argued that adding the rotation
should flip the sign of the two eigenvalues 1, which are
associated with the stress-tensor components. Our numeri-
cal check fully confirms that intuition: We find that
VR°(A(p)) has precisely two eigenvalues close to —1
(—1.0006 and —0.9985) and no eigenvalues close to 1.

Given this encouraging news, we expect Newton iter-
ations (4.3) to converge, and this is indeed what we observe
numerically. Figure 9 demonstrates the rate of convergence,
for several projector ranks s = 3, 9, 26, 54. In that plot, we
show the Hilbert-Schmidt distance [|A(,,.1) —Agyll as a
function of the Newton iteration number m = 0,1, 2, ....
We see exponential convergence for all values of s,
improving for larger s. Recall that the Newton method
with the exact Jacobian is expected to converge super-
exponentially fast. Using J reduces the convergence to
exponential. As usual, the rate of the exponential con-
vergence can be understood in terms of the largest
eigenvalue of the Jacobian of the map g.(A) at the fixed
point. Actually, the convergence rate improvement with s
seen in Fig. 9 saturates around the maximal s = 54 used in
that figure. At the end of this section, we give a more
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g E —— 26
= 1x10 ‘é 54
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1x10 10 . ! |
0 10 20 30

Newton iteration m

FIG.9. Convergence of the Newton method for approximations
of Jacobian that use different rank s of the P, projector in
Eq. (4.2).

detailed discussion of the convergence rate, to understand
why it first improves with s and then saturates, and how to
improve it further.

Whatever s, the exponential convergence stops and is
replaced by a chaotic behavior when |[|A(,.; 1) —Agw ||
becomes approximately 10~ or a bit smaller (for s = 3,
this happens outside of the shown range of m). We assign
this behavior to roundoff errors. In Appendix E, we provide
evidence that Gilt-TNR has roundoff order approximately
10~ Tt is not unreasonable that this error is enhanced to
approximately 10 in the Newton method due to addi-
tional involved operations, such as evaluating the Jacobian.

All tensors corresponding to points at the bottom in
Fig. 9 should approximate the critical tensor equally well.
We have checked their pairwise distances and they are all
approximately 1077; see Fig. 10.
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0.0
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5x10 10 1x10° 2x10°
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FIG. 10. The histogram of distances between the 37 tensors in
Fig. 9 which fall below the 10~ line.
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For further numerical tests, we consider the s = 54
Newton iteration sequence and pick from it the tensor
A,y with m, =14, which is the last iteration when

|A(ns1) = Aml| decreases. From the above discussion,
we expect that A, ) is an excellent approximation to the
(unique) fixed point A7 of rotating y = 30 Gilt-TNR (for
the given Gilt parameters), with error
o[30 _
Ay = ALY ~ 1079, (4.4)
Applying the RG map to A, ), we obtain that this shifts the
tensor by
||RO(A(m*)) _A(m*)” ~3 X 10_10, (45)
providing a further check of Eq. (4.4). We also report the
distance from the critical nearest-neighbor Ising tensor
||A(m*) - Axn(1)[ = 0.89, (4.6)
as well as the distance from the initial tensor for Newton
iterations
||A(m*) _A(O)” ~3x 10_3, (47)
which gives an initial idea of the size of the convergence
domain for our implementation of the Newton method
(see Sec. IV. 2.1 below).

In Table III, last column, we show the first few tensor
elements of A, ). We see that they are rather similar,
although not identical, to those of A the approximate
fixed-point tensor of the nonrotating Gilt-TNR. The dis-
tance is (see Fig. 11)

A,y =A™ ~0.18.

(4.8)

This is in agreement with our general intuition that,
while the critical exponents are universal, RG fixed points
are not—different RG maps, in general, have different
fixed points.

Just like A", tensor A(n,) does not respect reflections
and rotations. The general comments in this regard made
in Sec. III.2 still apply. We found that the distribution
of tensor elements in their absolute magnitude has the
same general shape for A, ) as for A) | so0 we do not
repeat Fig. 6.

Let us next discuss the eigenvalues of the Jacobian VR®
at A, ). The first few largest eigenvalues are reported in
Table IV, last column. The main point here is that the
quasiprimary eigenvalues are in good agreement with the
CFT and with the observation that 7 and T eigenvalues
should flip sign.

Tensor A, ) is a much better approximation for the
fixed point of rotating Gilt-TNR than A) was for the

FIG. 11. The geometry on the unit Hilbert-Schmidt sphere
corresponding to the distances (3.10), (4.6), and (4.8). The
Hilbert-Schmidt sphere has large dimension, but, since there
are three tensors involved, the geometry can be shown on a two-
dimensional unit sphere as in this figure.

nonrotating Gilt-TNR [10~ vs 5 x 107%, Eq. (3.9)]. Does
this lead to a better agreement of quasiprimary eigenvalues
with CFT? Comparing the VR and VR° columns in
Table IV, we see that ¢ eigenvalue agreement improves
by 2 orders of magnitude, while ¢, T, and T eigenvalues
do not improve. Apparently, the error in these eigenvalues
is dominated by the finite-y truncation effects and not by
the error in the determination of the finite-y fixed-point
tensors. It is not clear to us why the ¢ eigenvalue is special
in this regard.

As for the nonrotating case, we also see in Table IV a
bunch of nonuniversal eigenvalues of VR, associated with
derivative interactions. Of some interest here is the leading
irrelevant Z,-even eigenvalue A;, ~0.78, as it would
control the rate of approach to the fixed point if the
traditional shooting method were used instead of the
Newton method; see Remark 4.1 below.

Note that the subleading Z,-odd eigenvalues 0.0027 +
1.5364i of VR® in Table IV are close in absolute value to the
pair of subleading Z,-odd eigenvalues 1.5328 and 1.5300
of VR reported in the same table but are almost imaginary
rather than real. These eigenvalues are likely associated
with the CFT derivative operators doc and do, with the
additional phase due to z/2 rotation of an operator with
spin £1. This correspondence between eigenvalues of R
and R° would be exact if the fixed points were the same.
The fixed points are not exactly the same but close, and it
seems that the Jacobian varies sufficiently slowly for the
reasoning to be approximately true. Therefore, while the
magnitude of derivative operator eigenvalues is not pre-
dictable, their relative phase between R and R° may be at
least approximately predictable [84]. Similarly, there are
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almost imaginary VR eigenvalues in the Z,-even sector
which may be associated with de and de and with 0T and
o T (not shown in Table IV since they belong to the lower
part of the spectrum). We will see in Ref. [27] that the same
pattern holds rigorously for the eigenvalues of the lattice
dilatation operator.

Remark 4. 1. It is interesting to discuss what it would take
to approach the critical fixed-point tensor with the tradi-
tional shooting method as closely as 10~ achieved here
with the Newton method. To use the shooting method, we
would need to determine the critical temperature suffi-
ciently precisely and then use a sufficiently large number of
iterations to approach the fixed point. The final accuracy o,
is given in terms of the leading irrelevant Z,-even eigen-
value ;, in Eq. (3.8). Using 4;, =~ 0.63 for the nonrotating
Gilt-TNR map, we find that 5, ~ 10~ requires At ~ 10723,
below the approximately 10~'® machine precision for the
double-precision arithmetic. (For the rotating Gilt-TNR, the
required At~ 1073 is much smaller due to A, ~0.78
being closer to 1.) Thus, to match the precision level of the
Newton method with the shooting method would require
multiple precision arithmetic or a tensor RG map with a
smaller 4;,. The theoretical lower limit here is 4;, = 0.25,
corresponding to quasiprimaries 72 and T2 (see Ref. [62]).

Finally, let us come back to the convergence rate in
Fig. 9. We checked numerically that, for all s in that figure,
the convergence rate is compatible with the largest eigen-
value of the Jacobian of the map g, which is being iterated
(as it should be). Here, we would like to provide qualitative
understanding of why the convergence rate improves with s
and why it eventually saturates, as mentioned above.

From the definition of g., its Jacobian at the fixed
point is

(Vgo)(Al) = = JZ[I - VR (A2)]. (49
We would like to understand the eigenvalues of this matrix.
Recall that J, is evaluated not at the fixed point but at A ),
where we start the Newton iterations. Let us consider first
an approximation where we neglect this difference:

Jo~1—PVR(A)P,. (4.10)

Then, we have to study the largest eigenvalue of the matrix

My=1—(-PMP)""(I-M), (4.11)
where we denote M = VR°(A;) and where P is the
orthogonal projector on the first s eigenvectors of M.
We have the following lemma.

Lemma 4.1. Assume M is diagonalizable with the
eigenvalues 4;,4,,... arranged in order of decreasing
absolute value. Suppose none of the first s eigenvalues
are 1. Then, M, is diagonalizable with eigenvalues
0,...,0,4411,4¢12..., where eigenvalue O has multiplicity s.

The elementary proof is given below. Hence, the
predicted convergence rate is 4, ;. For s = 3 this agrees
well with Fig. 9, but for larger s the convergence in Fig. 9
is slower. We assign this discrepancy to the breakdown
of the approximation (4.10). We observed that reevaluat-
ing J, after a few Newton iterations brings the conver-
gence rate closer to the predicted value. In particular, with
J~ evaluated at A, convergence rate saturates around
s = 54, but after reevaluation convergence keeps improv-
ing even for higher s.

Proof of Lemma 4.1. The simple case is when the
eigenvectors of M are orthogonal. Then, M, expressed
in the basis of eigenvectors is diagonal with

0,...,0, A1, Agyn-.- (4.12)
on the diagonal, proving the lemma. In the general case,
we work in the basis obtained by the Gram-Schmidt
process from the eigenvectors of M. In this basis, all the
involved matrices are upper triangular with eigenvalues on
the diagonal. In particular, M, is upper triangular with
Eq. (4.12) on the diagonal. =

1. Can we increase the convergence domain
of the Newton method?

The Newton method described above has a somewhat
larger local domain of convergence than what is given
by Eq. (4.7). One can start the Newton iterations from
Aq) = A) corresponding to a smaller number n’ of initial
RG steps. One can also relax the accuracy At of the initial
critical temperature. Our tests show that Ar = 1077 and
n’ =15 is already enough for the subsequent Newton
iterations to converge. This corresponds to the distance
2.4 x 1072 between the fixed-point tensor and the initial
tensor of the Newton iterations, an order of magnitude
larger than Eq. (4.7).

At the moment, we are unable to further increase the
Newton method convergence domain. The following sim-
ple changes of the algorithm do not help: Reevaluate J
after every Newton step; use larger s; apply the inverse
Jacobian via the GMRES algorithm rather than via our
approximate procedure; using “damping,”’ i.e., decreased
step size if the full Newton step does not lead to a decrease
in the error ||R°(A)— Al|. Having examined this issue
closely, we traced it to the lack of differentiability of the
RG map in a larger domain, due to the discrete gauge-fixing
ambiguity. Our discrete gauge-fixing procedure, described
in Appendix D, consists in choosing a set /, of tensor
elements and making them all positive by discrete sign flips
on the individual legs. This stops being differentiable when
one of the tensor elements crosses zero. We observed that
this does tend to happen when one considers the RG map in
a sufficiently large domain. We are hopeful that, if this
problem is resolved, the Newton method convergence
domain could be much increased, all the way to include
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Singular value

FIG. 12. Period-2 behavior for the rotating RG map. The figure
shows the flow of tensors starting from A® corresponding to the
Ising model at the reduced temperature r = 1.000 009 4857 and
with anisotropy a = 0.8. As in Fig. 4, we plot the 20 largest
singular values along the diagonal normalized by the first one.

the critical nearest-neighbor (NN) Ising tensor Axy(1). Of
course, for a faraway convergence, one will have to
recompute the inverse Jacobian at every RG step, at least
until one gets sufficiently close to the fixed point.

C. Anisotropy: Period-2 oscillations

Recall that for the nonrotating RG map the eigenvalues
of the Jacobian corresponding to the stress-tensor compo-
nents 7 and T are 1, and we expect a two-dimensional
manifold of fixed points for this map. (A one-dimensional
slice of this manifold was studied in Sec. III.5.) On the
contrary, for the rotating RG map these eigenvalues are —1,
and we expect an isolated fixed point embedded in a two-
dimensional manifold of period-2 orbits (see Sec. II. 5). We
can see this period-2 behavior by studying the flow of the
singular values of A across the diagonal as we did in Fig. 4
for the nonrotating RG map. We start with an initial A
representing the anisotropic Ising model with a = 0.8. The
flow of the resulting singular values shown in Fig. 12
clearly shows period-2 behavior. Figure 12 shows only a
single value of a, but we observed that the amplitude of the
oscillations increases for larger |a —1|. These results
confirm our intuition about the structure of the RG flow.

V. SUMMARY AND OPEN PROBLEMS

In this paper, we showed that the fixed-point equation of
tensor RG can be solved via the Newton method. This
needs a judicious modification of the RG map, to include
a /2 rotation of the lattice. The rationale is to avoid
eigenvalue 1 deformations of the fixed point, which are
problematic for the Newton method. The corresponding

eigenvectors are associated with the stress-tensor CFT
deformations, which have spins # = +2. The 0 = z/2
rotation turns their eigenvalues from 1 into ¢ = —1,
eliminating the problem.

Our numerical tests of this general idea used Gilt-TNR
[11], one of several known tensor RG algorithms which
implement the disentangling procedure necessary to solve
the CDL problem. Working at bond dimension y = 30, the
Newton method was shown to converge to the fixed point
in the Hilbert-Schmidt distance, with accuracy limited only
by roundoff errors. To our knowledge, this is the first time
that the Newton method was used to find the critical tensor
RG fixed point. Working in double-precision arithmetic, we
achieved the accuracy & ~ 10™°. This is much better than
what was previously achieved with the traditional shooting
method of recovering the fixed point, where one fine-tunes
the relevant temperature perturbation and removes the
irrelevant perturbations by repeated RG steps (5 ~ 1072
[21]; 6 ~3 x 107* [22]; 6 ~5 x 1073 in our Fig. 5). We
emphasize that this improvement is a result of using our
Newton method rather than the usual shooting method,
not an artifact of Gilt-TNR. We expect our method for
finding the fixed point will produce similar improvement
for other algorithms.

We conclude by listing several open problems raised by
our work.

(1) Can one solve the discrete gauge-fixing issue men-
tioned in Sec. IV.2. 1 and obtain a globally differ-
entiable tensor RG map, for which the Newton
method convergence domain could be increased
beyond what is achieved here, perhaps to include
the critical NN Ising tensor Any(1)?

(2) It would be interesting to apply the Newton search to
locate and study fixed points corresponding to other
universality classes, beyond the Ising and three-state
Potts considered in our work, such as the following.
(1) The tricritical Ising fixed point, initializing the

algorithm by a tensor corresponding to the
tricritical point of the Blume-Capel model,
whose location is known with good accuracy
from lattice Monte Carlo studies [85]. The
tricritical fixed point having two relevant sym-
metric deformations, its study would be more
challenging using the shooting method but
should pose no problem to the Newton method.

(i) The Lee-Yang fixed point corresponding to the
Ising model in a critical imaginary magnetic
field [86]. This model is not amenable to
Monte Carlo studies due to the sign problem.
See Ref. [87] for a previous tensor RG study
using the shooting method.

(ii1) Fixed points which do not correspond to exactly
solved CFTs, unlike all fixed points mentioned
so far. One example is the coupled three-state
Potts model [88].
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In this paper, we relied on Gilt-TNR, with static Q
choice (Appendix C.2) to ensure differentiability.
Can the Newton method be set up for other tensor
RG algorithms with disentangling, e.g., for TNR
[7], combining them with z/2 rotation? Our logic
about the rotation getting rid of eigenvalues 1
should be robust. But is TNR differentiable, or
even continuous, in spite of the iterative optimiza-
tion of disentanglers which may be trapped in a
local minimum (Ref. [70])?

In this paper, we argued on general grounds and
provided numerical evidence that the RG map
Jacobian at the fixed point has two kinds of
eigenvalues. Eigenvalues associated with quasipri-
mary CFT operators are universal and predictable
from CFT, while eigenvalues of derivative oper-
ators are not universal and their values cannot be
predicted. Our Table III contains several eigenval-
ues which do not agree with any CFT quasiprimary,
and we associated their eigenvectors with derivative
operators. Is there a test via an explicit computation
involving the eigenvectors and the fixed-point
tensor which can confirm this assignment?

One somewhat technical issue concerns finding a
fully robust gauge-fixing procedure for symmetry-
breaking perturbations of the fixed point; see
Appendix D. 1.

Why is gauge fixing with orthogonal gauge
transformations enough for a tensor RG map to
have a fixed point? This has a satisfactory explan-
ation for maps preserving reflection symmetry
(Appendix D. 3), but it is puzzling why this works
for many maps used in the literature and in our work,
which do not preserve it. In Appendix D. 3.2, we
tried to explain this conceptual puzzle via an argu-
ment appealing to a “phantom” RG map which has
not been provided. Can one either exhibit this map or
find another argument which does not postulate its
existence?

Are there practical tensor RG maps which mani-
festly preserve rotations while solving the CDL
problem? One such map of unclear practicality is
mentioned in Ref. [48] (it acts on a set of three
tensors and has a larger than usual associated set
of gauge symmetries). If that map, or any other
rotation-invariant map, were available, one could
completely circumvent the eigenvalues 1 problem,
implementing the Newton method directly within
the subspace of rotation-invariant tensors, as dis-
cussed in Sec. II. 4.

(See also Sec. III and the end of Sec. III B.) In this
paper, we studied the fixed-point tensors for a fixed
value of y = 30 (and sometimes also for y = 10,
20). This was enough to defend our main points.
However, as discussed in Appendix C.3, higher
bond dimensions up to y = 120 used in Ref. [11]

may well be accessible, provided that the Jacobian is
evaluated via the automatic differentiation instead of
finite differences used here. One could then get
evidence for or against the hypothesis that the fixed-
point tensors converge as y — oo to a limiting tensor
(which is then necessarily Hilbert-Schmidt). This
hypothesis may or may not be true for the Gilt-TNR
map, but hopefully there exists a tensor RG map for
which it is true.

(9) Finally, our work is also an important stepping stone
toward proving the existence of the critical tensor
RG fixed points at the mathematical level of rigor,
the program started in Refs. [16,17]. For this dream
to be realized, the tensor RG fixed-point equation
has to be reformulated as a fixed-point equation for a
map which is a contraction in a neighborhood in an
appropriate Banach space of infinite-dimensional
tensors. In this paper, we have found a numerical
realization of a baby version of this program in a
finite-dimensional space of truncated tensors.
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APPENDIX A: TENSOR CONVENTIONS
1. Tensor RG

Let A be a four-legged tensor of bond dimension y.
Consider a periodic tensor network contraction made out of
A arranged in an N x M grid, denoted by

Z(A,N x M), (A1)
and called the partition function of the tensor network. We
assume that it represents the partition function of a lattice
model of spins with periodic boundary conditions on the
N x M lattice with short-range interactions, such as Ising or
three-state Potts [90].

We normalize A to have ||A|| = 1, where ||A|| is the
Hilbert-Schmidt norm.

Tensor RG maps considered in this paper fall into two
categories: (i) nonrotating and (ii) involving rotating the
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network by z/2 (“rotating”). Nonrotating tensor RG maps
an N x M tensor network (Al) made of A to an N/b x
M /b tensor network made of another tensor A’ = R(A) so
that the partition function remains invariant:

Z(ALNXM)=Z(A',N/bxM/b) (nonrotating).  (A2)

On the other hand, for tensor RG maps with a /2 rotation,
invariance of the partition function is written as

Z(ALNxM)=Z(A',M/bx N/b) (rotating). (A3)

There are, of course, many different tensor RG maps,
differing in how A’ is obtained from A. Some concrete maps
were discussed in the main text. Here, we keep things
general.

In general, A’ is not normalized. Multiplying the tensor
of which the tensor network is made by a constant factor C
is a relatively minor change, since such a factor can always
be factored out from the partition function. It changes the
partition function by CV, where N is the number of tensors
in the network. However, this does not change the phase of
the microscopic model that the network represents. To
discuss phases and fixed points, we have to normalize
tensors somehow. We define the normalized RG map by
R(A) = A’/||A’||, so that the RG flow happens in the space
of unit-norm tensors. We most often work with R(A),
which is the most important part of the non-normalized RG
map R. We sometimes abuse the terminology and refer to R
as the RG map, dropping “normalized.” An RG fixed point
for the map R is a tensor A, satisfying R(A,) = A..

2. Tensor network symmetries

A symmetry transformation of a tensor network is a
faithful linear action of a group G on the space of tensors A:

T,: A A" (g€G), (A4)
which preserves the partition function of a tensor network

built of A:

Z(A,N x M) = Z(T,A,N x M). (A5)

We say that the tensor network built out of a particular
tensor A, respects this symmetry, if A, is invariant under
this action: T, A, = A, for any g€ G.

We consider on-site (global) symmetries and spatial

multiplies tensor A by matrices on each leg. For example,
an on-site Z, acts as

4 g
H
for some matrices H and V such that H> = V? = I.
A spatial symmetry permutes the legs of a tensor and
simultaneously multiplies by matrices on each leg. Spatial
symmetries mentioned in this paper, on the square lattice,
involve a combination of axis reflections and rotations,

forming the group D, or one of its subgroups Z,, Z, X Z,,
or Z4. For example, the horizontal reflection acts as

(A6)

Ao H$ , (A7)
while rotation by z/2 acts as
4+H @@o . (A8)

The matrices multiplying the legs must be chosen to get a
representation of the spatial symmetry group. Note that
they are not, in general, equal to the identity.

APPENDIX B: INITIAL TENSORS FOR TENSOR
RG EVOLUTION

Here, we describe the initial tensor for the RG evolution
used in our studies, in both the isotropic and anisotropic
case. There is more than one way to represent the NN Ising
partition function as the contraction of a tensor network.
The method we use in this paper is the same as used in
Ref. [4]. In this method, the lattice for the Ising model is
rotated by z/4 with respect to the tensor network. In
Fig. 13, the sites for the Ising spins are represented by black
dots. The coupling constants on the bonds between these
spins are equal to J, for the red bonds and J, for the green
bonds. Note that the Ising spins are located at the midpoints
of the bonds in the tensor network. Each leg in the tensor
network takes on only the values —1 and +1, corresponding
to the values of the Ising spin. The contraction of the tensor
network is then equal [91] to the NN Ising partition

symmetries. An on-site symmetry transformation  function if we define the components of the tensor A by
|
02
o1 03 = exp((Jyo102 + Jpo203 + Jyo304 + Jpo401)/T) . (B1)
04
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FIG. 13. The Ising spins (black dots) are located at the
midpoints of the bonds in the tensor network. The coupling
constants for the Ising model are J,, for the red bonds and J, for
the green bonds.

The final step in the definition of the initial A is to apply a
gauge transformation that transforms the states |+) and |—)
to the Z,-even and -odd states, respectively, given by

_ b
V2

_ b

10) 7

() +1=). 1) (+)=1=). (B2

We define a = J,/J . For the isotropic case, we set J, =
Jy, =1 and then define the reduced temperature by 7 =
T/T. so that t = 1 is the critical point. For the anisotropic
case, we set J, =a and J, = 1 and again let t = T/T,
where now the critical temperature depends on a [92]. As in
the isotropic case, the critical point is given by # = 1. Only
the parameters ¢ and a are used in our discussions of the
numerical results. In the numerical results, the critical point
is not exactly at r = 1, since the bond dimension is finite.

Since the Ising lattice is rotated with respect to the tensor
network, in the anisotropic case, the initial A is not invariant
under horizontal or vertical reflections. However, it is
invariant under the composition of these two reflections.

The initial tensor, which we normalize to have unit
Hilbert-Schmidt norm, is denoted Any(?,a), or Ann(?)
ifa=1.

Another method for representing the Ising partition
function as the contraction of a tensor network can be
found in Refs. [6,11]. In this approach, the Ising lattice is
not rotated with respect to the tensor network.

APPENDIX C: MORE DETAILS ABOUT
GILT-TNR

We reviewed the general structure of the nonrotating
Gilt-TNR algorithm in Sec. III. 1, and here we provide
some more details.

The basic procedure for choosing O = Q, (see Sec. IV.
B in Ref. [11] and Appendix A in Ref. [21]) consists of
four steps.

(i) Consider the singular value decomposition of an

environment shown in Fig. 14(a), built out of four A
tensors contracted over three out of four bonds

(c) —®Q— = i/ Ut

FIG. 14. Defining the matrix Q = Q;: (a) environment and
singular value decomposition; (b) vector #; (c) matrix Q.
Figures from Ref. [21].

around the plaquette, omitting the bond into which
Q, will be inserted.

(i) Form vector ¢ by contracting two ingoing legs of U
[Fig. 14(b)].

(iii) Perform soft truncation of vector ¢, defining
vector ¢ by

52

{=¢—Lt
1 L2 2 ’
si + €y

(C1)

where s; are the singular values in Fig. 14(a) and e
is one of the three parameters of the Gilt-TNR
algorithm (Table V). Basically, this equation sets
to near zero the components of 7, corresponding
to 5 << €gilt‘

(iv) Finally, define matrix Q from tensor U’ and the

vector ¢ as in Fig. 14(c).

The rationale why this construction is a good way to
filter short-range correlations from the plaquette was given
in Ref. [11].

In practice, however, the above description is just the
first step in an iterative procedure of determining Q,, Q»,
05, and Q4. We need two versions of the algorithm, which
differ slightly but essentially in how this is implemented.

(1) Dynamic Q choice—That is the one implemented in

the original code [58].

@ii) Static Q choice—This is our modification, essential

for ensuring differentiability.

1. Dynamic Q choice

This is only outlined in Sec. IV. B in Ref. [11]. Here, we
give a more detailed description, which corresponds to

TABLE V. Parameters of Gilt-TNR. Results in this paper use
€conv = 1072,

X Tensor bond dimension
Egilt Soft truncation parameter in Eq. (C1)
€cony Convergence parameter; see Eqs. (C2) and (C4)
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what is actually done in Ref. [58]. The dynamic algorithm
depends on a parameter €,,,, whose default value is 1072;
it appears in Eq. (C2) below.
We start by determining Q = Q. To do that, one carries
out steps 1-9 for k =0, 1,2, ..., k. Here, k., is deter-
mined dynamically during the run of the algorithm, and it
depends on €., as explained below. Smaller €., lead to
larger k.
(1) Start with the environment M®) and the matrix
QW . At the zero step, M") = EE', where E is in
Fig. 14(a) and Q©) = 1. By forming this environ-
ment out of E, one avoids having to compute matrix
V in Fig. 14(a), which is not needed in the algorithm.

(2) Do approximate SVD of Q) » (Q®)), S ;1) (Q™)) .
Here, all the singular values smaller than 10‘3€gilt
are thrown away. The factor 1073 is hard coded
in Ref. [58].

(3) Define M*+) by absorbing (Q®)), , /Spw and

S (QW)g into MW,

(4) By the eigenvalue decomposition of M

mine UK+ and SK+D).

(5) Form the vector .

(6) Form the vector 7.

(7) Define Q1)

(8) Do approximate SVD of

0 VS puin 08 . Again, all the singular values

smaller than 10‘3€gﬂt are thrown away.
(9) Check if

(k+1) deter-

Q(kﬂ),"d

(€2)

n’llaX|(SQ(k+l)),' - 1| < €conv-

If this condition does not hold, then go to step 1 with
k — k+ 1. Otherwise, we set k,,x = k (this is just
to store the total number of carried out iterations)
and go to the next step. The rationale for condition
(C2) is that we would like Eq. (C3) below to
converge.

(10) Define Q via Q... Qm) by combining all
absorbed pieces in the appropriate order:

(01" 5) 11 (Sar¥’). (3

=0 ~Kmax

max

k
Q:
k

(11) Define B; and B, tensors by splitting Q (using
approximate SVD, throwing away eigenvalues

< 107%¢4, again) and absorbing its halves into A.

This ends the procedure for Q. One then proceeds to do
the same for matrices Q3, Q,, and Qy, in this order [68]. Of
course, when we proceed to 5, we use tensors B and B,
to construct the relevant environments. Once Q3 is found,

we update B; and B, and proceed to Q,, etc.

Once the Q, (a =1, ...,4) are constructed, we say that
we “completed a lap around the plaquette.” We then check

the spectra of Q, = 0,150, Q.r (again truncated SVD)
and ask if

m?‘x|(SQa)i - 1| < €conv- (C4)
If this condition does not hold for one or more bonds
around the plaquette, we are supposed to run the above
cycle again for those bonds, redefining yet again matrices
0, and tensors B and B,. This will be the second, third,
etc., lap. In practice, one usually needs two laps.

Let us give a couple of examples of how this works in
practice. Both examples are for y = 30, e, = 6 X 1070,
and €., = 1072,

(1) Applied to A) in Table III, the dynamic algorithm

does two laps, with the following number k,,, of k
iterations for Qy, O3, O,, and Qy:

gil

lapl:(19,29,10,28); lap2: (1,1,1,1). (C5)
(2) Applied to A in Sec. IV. 2, the dynamic algorithm
does two laps, with the following number k,,, of k
iterations for Q, O3, 0», and Qy:
lap1: (22,8,24,20);

lap2: (1,1,1,1). (C6)

2. Static Q choice

In the static algorithm, we do not need the €.y,
parameter. Instead, we specify the “static instruction,”
which includes (i) the number of laps and (ii) k,,, values
for Q;, O3, Q,, and Q4 for each lap. The checks of
conditions (C2) and (C4) of the dynamic algorithm are
omitted. The rest of the static algorithm is the same as the
dynamic algorithm. This modification ensures that the
static algorithm is continuous and differentiable.

The static algorithm is used when we need the RG map
to be differentiable, as when the Jacobian is involved. To
select a static instruction, we typically run the dynamic
algorithm once for a tensor around which we intend to
compute the Jacobian.

3. Parameter choices and scaling

In our paper, the bond dimension y was varied in the
range 10-30, and the parameter €, was varied from 10~
for y = 10 to 6 x 1076 for y = 30.

We use the dynamic Q choice in calculations which do
not need the Jacobian, such as the determinations of the
critical temperature via bisection, and Figs. 4, 5, and 12. In
all dynamic Q-choice calculations, the parameter €., is
fixed to 1072 (the default value of Ref. [58]).

We use the static Q choice when computing the Jacobian
eigenvalues and when using the Newton method which
needs the map to be differentiable. When computing the
Jacobian eigenvalues at A() from Table III, we use the
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static instruction (C5) obtained by running once the
dynamic algorithm at that tensor. In Sec. IV.2, we use
the dynamic Q choice for the RG iterations from A to
A")_ Then, we switch to the static Q choice with the static
instruction (C6) from the dynamic algorithm at
A = A"), We use this static instruction for all sub-
sequent calculations in that section:

(i) computing the eigenvalue

VR°(A(g)) which enters J;

(i1) running the Newton method and producing

Fig. 9; and
(iii) computing the Jacobian eigenvalues VR at A, ).

In this paper, we limit ourselves to y < 30, as this is
enough to demonstrate our main points regarding the
applicability of the Newton method. Reference [21] also
used y = 30. In the future, it would be interesting to carry
out our analysis for larger y. (Reference [11] went up to
x = 120.) In the rest of this section, we discuss how various
steps of our algorithms scale with y and which other
difficulties may arise when increasing y.

The computational cost of one Gilt-TNR algorithm step
scales as O(y®). Evaluating the first s eigenvalues and
eigenvectors of VR(A) at any point A using the Arnoldi
method scales as O(sy®) [93]. This operation is required
only once when setting up our Newton method with
approximate Jacobian, at A = A ). For y =30 and s =9,
it takes 14 min on a laptop. One Newton method step costs
O(s*y* + %), where y° comes from the Gilt-TNR step and
s*x* from applying [1 — P,VR(Ag))P,]™! to A — R(A). For
example, for y = 30 and s = 9, a laptop can perform 30
Newton method steps from A ), reaching the approximate
fixed point, in 4 min (yellow curve in Fig. 9).

The most time-consuming part of our calculations was
tuning the critical temperature, which remains necessary, as
the Newton algorithm may not converge to the critical point

decomposition of

from a remote starting tensor. Finding the critical temper-
ature using the bisection method with Ar = 10710 takes
around 80 min on a laptop.

A potential issue for going to larger y has to do with the
error in evaluating the Jacobian via finite differences. As
discussed in Appendix E, this error cannot be made
arbitrary small due to roundoff errors. For y = 30, the
error for an optimal step size & was quite small (see
Fig. 15), at least for derivatives in large eigenvalue
directions. However, we observe that the optimal error
attainable for the finite difference method increases with y.
Extrapolating from y = 10, 20, 30, we suspect that for, e.g.,
x = 60 it may reach values which will make the finite
difference method unusable. Automatic differentiation
techniques [94] famously avoid roundoff errors inherent
for the finite difference method. We expect that a rewrite of
our code using automatic differentiation would allow one to
go to higher y.

4. Gilt-HOTRG [21]

In this section, we describe the algorithm used in
Refs. [21,95], which somewhat differs from Gilt-TNR used
in Ref. [11] and our work. We refer to it as Gilt-HOTRG.
Having this description is useful to understand and appre-
ciate some details of the results of Ref. [21], such as, for
example, the fact that their linearized RG map coincides
with the lattice dilatation operator and, hence, its eigen-
values agree with (exponentiated) CFT scaling dimensions
even for descendants [27].

As the name suggests, Gilt-HOTRG [21] combines Gilt
with HOTRG [6]; i.e., it uses Gilt to filter local correlations
and HOTRG for coarse graining, while Gilt-TNR uses
TRG for coarse graining. The main equation which defines
their RG transformed tensor in terms of the original tensor
is [figure from Ref. [21], Eq. (31)]

(€7)

Let us explain this equation further. As a first step, one chooses Gilt matrices Qy and Q,, applying the Gilt procedure to
horizontal links of a subset of plaquettes (figure from Ref. [21], Fig. 11):
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As one can see in Eq. (C8), matrices Qp and Q, are then
SVD decomposed, and their halves are absorbed into A [this
step breaks reflection symmetry, since, in general, Qp, #
(Qp)" and Qyu, # (Q4;)']. One then performs HOTRG
coarse graining in the vertical direction, using isometries
w and w' in Eq. (C7) [see also Ref. [21], Eq. (A6)].

As a second step, the whole procedure is repeated in the
horizontal direction. The final result is an RG map which
reduces the lattice size by factor of 2 in both directions.

The authors of Ref. [21] do not mention if they use
iterative optimization of Gilt matrices.

Gilt-HOTRG is a nonrotating RG map, so it has
eigenvalues 1 around the fixed point. Like Gilt-TNR, it
can be accompanied by a rotation, turning eigenvalues 1 to
—1 and making the Newton method applicable.

APPENDIX D: GAUGE FIXING

As mentioned in Sec. III. 2, to see that the tensors A
converge to a fixed point, we need to apply after each
Gilt-TNR step an appropriately chosen gauge transforma-
tion. Tensors related by a gauge transformation are physi-
cally equivalent, as they yield the same partition function.
We need to choose a unique tensor from each gauge
equivalence class to discuss the fixed-point tensor. This
can be done by employing a gauge-fixing procedure.

A general gauge transformation preserving the partition
function would consist in multiplying the tensor on
horizontal legs with matrices G;' and G, where G, is
an invertible y x y matrix, and similarly on the vertical legs
with G;! and G,. In this work, we use a restricted class
of gauge transformation where G, and G;, are orthogonal
matrices.

Why are orthogonal gauge transformations enough? This
may be expected by looking at the trajectories of singular
values along the diagonal, which show plateaux (Fig. 4).
Indeed, singular values are invariant under orthogonal
gauge transformations [see Eq. (3.6)], while they would
not be invariant under more general gauge transformations
with invertible matrices. For further rationale, see
Appendix D. 3.

split
—
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For orthogonal gauge transformations, we have G;! =
G! and G;' = GI. Graphically, such a gauge transforma-
tion acts on a four-legged tensor A of bond dimension y as

follows:
Gh7

where G,, G, € O(y).

“Gauge fixing” means that we apply the gauge trans-
formation (D1) with some appropriately chosen G, and G,.
Our gauge-fixing procedure involves continuous gauge
fixing followed by discrete gauge fixing. Continuous gauge
fixing is done as follows. Consider the following two
contractions of two copies of A, called environments:

(D1)

The contractions in Eq. (D2) are chosen in such a way that
both env,(A) and env,(A) are symmetric and can be
diagonalized by orthogonal matrices. We choose G, and
G, that diagonalize these environments. Then we perform
the gauge transformation (D1). The tensor A is the result
of continuous gauge fixing.

There is some ambiguity in the choice of G, and G,,. If
the spectra of env,(A) and env,,(A) are nondegenerate, as is
generically true, then this ambiguity reduces to multiplying
G, - G,S, and G, = G,S),, where S, and S, are diagonal
matrices with =1 on the diagonal. In terms of Ag, this
amounts to applying an additional gauge transformation:

A S
%'_)AGS :{é&h,

(D3)
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Discrete gauge fixing amounts to choosing the matrices S,
and S, appropriately. The tensor Asyg is the final result of
our gauge-fixing procedure.
Note that there are some replacements of S, and S,
which leave Ag;g invariant:
@) S, > =S,;
(i) Sp > =83
(iii) the simultaneous replacement S,,S, — VS,, HS,,
provided that, as is the case for us, the tensor Ag
enjoys a Z, symmetry

V
-4,
with H and V diagonal matrices with =1 on the diagonal
[see Eq. (AO)].

We perform discrete gauge fixing by imposing the
following gauge-fixing condition on the tensor Agg:

(D4)

(Ags)ijw >0 ¥ (i.j. kD) el (Ds)
for an appropriately chosen set of tensor components
I, c{1,....x}* In words, this says that, after the discrete
gauge transformation, a certain subset of (nonzero) tensor
components should be positive. Equivalently, Eq. (D5) can
be written as

(80)i(Sn);(S0)i(Sn)i = sgnl(Ag)yul ¥ (i.j.k D)€L,
(Do)

where we introduce a shorthand notation (S,); for (S,);.

The set I, should be not too large [because otherwise
Eq. (D6) will not have a solution] and not too small
[because otherwise Eq. (D6) will have multiple solutions
and the gauge fixing will not be complete]. In other words,
I, should be such that S, and §,, satisfying Eq. (D6) are
unique (up to the above-mentioned replacements, which do
not change Agyg).

How do we choose a suitable 7, and solve Eq. (D6)? Let
14 be the set of all components such that (Ag);;, # O for

all (i, j, k,1) €14. Consider all equations of the form

(8)i(Sh);(Su)(Sh); = sgnl(Ag) jul (D7)
where (i, j, k, 1) €1. Let us parametrize
(Sv)i:(_l)vj’ (Sh)i:(_l)hi’
sgn[(Ag)ju) = (=1)%", (D8)

where h;,v;, a5, €{0,1}. Then we rewrite Eq. (D7) as
linear equations in modular arithmetic:

V; + hj + Uy + l’l[ = aijkl mOd 2. (Dg)

Note that the number of these equations is much higher
than the number of unknowns; thus, we cannot hope to
solve all of them (in other words, we cannot hope to find a
discrete gauge transformation that makes all nonzero
elements of Agg positive). Instead, we choose a specific
subset /. C I,y and solve the corresponding subset of
equations. To choose 7., we first order Eq. (D9) in the
order of decreasing |(Ag ), ;|- Then, we form the matrix M
so that (ordered) Eq. (D9) can be written as

M3 =4, (D10)

where X is the vector of 2y unknowns which combines £;’s
and »;’s. Next, we perform Gaussian elimination on M to
identify a maximal independent set of rows, starting with
row 1 and then trying subsequent rows one by one and
adding them to the set if they are linearly independent from
the previously added rows, until no more rows can be
added. The resulting set of linearly independent rows is
what gives us the set /. We find that the size of 1 is, as
expected, 2y — 3, corresponding to 2y unknowns minus 3
transformations which were discussed above and which
determine the kernel of M.

Note that the choice of I, described so far depends only
on the ordering of Eq. (D9) in the order of decreasing
|(Ag);ju| that we chose. Now we take system Eq. (D10),
restrict it to rows 7, and solve for X in terms of a. The
solution is not unique, but, as discussed, different sol-
utions are equivalent, since they give the same Agg. In
practice, for this last step, we use a JULIA [72,73] package
ABSTRACTALGEBRA.JL [96,97], which includes a linear
solver for finite fields [98]. We use this solution to fix the
discrete gauge.

From the described procedure, it can be seen that /. as
defined above remains constant in a small neighborhood
U, of A in which the ordering of the elements |(Ag); ;!
which enter into its definition does not change. This is a
good feature. Indeed, if 7, changed as A varied, this could
lead to discontinuities in the RG map. We cannot allow
such discontinuities: We want our RG map to be continuous
and even differentiable. In our final algorithm, we enforce
A independence of [, in an even larger neighborhood
U, D U, by first computing / for a tensor A, approxi-
mating the critical fixed-point tensor and then using exactly
the same 1 everywhere in U,. The size of U, is determined
by the condition that no tensor element |(Ag);;,| with
(i, j,k,1) €I, vanishes in U,.

1. Comment about gauge fixing for Z,-odd
perturbations

The previous discussion solves the gauge-fixing problem
with the Z,-even subspace to which the fixed-point tensor
A, belongs and within which the RG evolution converging
to A, takes place. For a tensor A not belonging to the
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Z,-even subspace, R(A) as described up to now would be
computed up to a Z, symmetry transformation. It is
important to fix this ambiguity consistently, to get a
differentiable map in a neighborhood of a fixed point [99].
In our algorithm, this is fixed as follows. The potential
source of ambiguous signs is the SVD operation
M = UAV, since multiplying row i of U by a sign s;
while simultaneously multiplying column i of V by the
same sign gives an equally valid SVD. It is hard to control
how these signs are chosen in a built-in SVD function.
Instead, our algorithm uses a custom-made SVD function
which, after calling the built-in SVD, applies the above
transformation with

§; = sgn <ZWJU”) s
J

where w; are some chosen fixed weights, e.g., w; = 1.

This simple trick, combined with the gauge-fixing
procedures described above, is sufficient to get a differ-
entiable map in a neighborhood of A, including the Z,-odd
directions with some rare exceptions. When one considers
a family of problems, like in Sec. III. 5, where we varied
the anisotropy parameter a, this method fails for a few
parameter values. The method can also fail for a few values
of a when one varies the step size s in the numerical
differentiation. We conjecture this happens because at some
step of the algorithm a row of U occurs whose elements
nearly sum to zero, so that Eq. (D11) becomes numerically
ill defined. In some but not all cases, this problem can be
solved by using a different weight vector in Eq. (D11), such
as, e.g., w; = 1/(1 4 j). Further work is needed to fully
understand this problem.

(D11)

2. Relation with the approach of Ref. [21]

Let us now discuss how our gauge-fixing procedure
relates to the procedure used in Ref. [21]. Their RG map,
Gilt-HOTRG, was reviewed in Appendix C.4 (without a
gauge-fixing step). It can be seen from the definition of Gilt-
HOTRG that if the tensor A is acted upon by an orthogonal
gauge transformation, this has no effect on A’. This is
because various unitary matrices which enter into SVD
decompositions and the HOTRG step transform in such a
way that the final result remains unchanged (see Appendix B
in Ref. [21] for a discussion). Based on this observation, the
authors of Ref. [21] observe that there is no need to perform
continuous gauge fixing in their algorithm [100].

Of course, discrete gauge fixing is essential for Ref. [21]
as it is for us. Regarding discrete gauge fixing, there are two
main differences between our procedure and the procedure
in Ref. [21]. The first one is that, instead of the search
of 7., Ref. [21] makes a particular choice of this subset.
While they do not provide exhaustive details, it appears
to us that they pick 7/, to contain elements of the form

(@1t 1t 1), (1t oty (7,17, 1, 11), and
(I7,i7,1%,17), where the superscript refers to the Z,
quantum number. The second difference is that, instead of
absolute gauge-fixing condition (D5), Ref. [21] imposes a
relative condition:

sgn[(A%) ;] = sen(Aj) Y (i,j,k )€l (DI2)
The choice of 1, as above allows one to solve Eq. (D12)
easily (so no need to solve a system of linear equations in
modular arithmetic, as in our algorithm). Specifically,
we can fix (S,);+ = (S,);+ = (S,);- = | using the sym-
metries discussed after Eq. (D3). Then, the solution of
Eq. (D12) is

(Sp);+ = sgn(A ,+1+1+1+)Sgn(Ai+1+1+1+)’
(8y);+ = sgn(A] 1+ +1+1+)Sgn(Al+i+l+l+)’
(8n);- = sgn(A; i- 1+1+)Sgn(Ai-1-1+1+),
(S)i- = sgn(A} -y )sgn(A-i-101+) (Sp)-- - (D13)

In our opinion, our discrete gauge-fixing method is better
protected from vanishing tensor elements in /, than the
procedure in Ref. [21]. In practice, however, both proce-
dures work well and allow one to demonstrate the con-
vergence of the RG flow to the critical tensor (see our Fig. 5
and Fig. 9 in Ref. [21]).

3. Why is orthogonal gauge fixing enough?

We would like to reflect here, nonrigorously, on why
gauge fixing via orthogonal gauge transformations was
enough to get, in Secs. 3 and 4, RG maps having fixed
points.

An RG map is designed to preserve the partition
function. When an RG evolution starts from an initial
tensor corresponding to the critical temperature, it is
reasonable to expect that, with a bit of care and luck [101],
a fixed-point tensor will be reached, as long as an
appropriate gauge fixing is incorporated. However, we
may expect that a gauge fixing with general invertible
matrices may be needed, as this is the most general
transformation of tensors preserving the partition function.
We know of only one work [22] which used such a general
gauge fixing, by going to the minimal canonical form [78].
The works which studied the singular values along the
diagonal without doing explicit gauge fixing (e.g.,
Refs. [11,59]) also provide evidence that orthogonal gauge
fixing is enough, since general gauge fixing does not leave
these singular values invariant. So, while general gauge
fixing may be useful, it does not appear indispensable.

Let us assume that we are given an RG map R which has
a fixed-point tensor A,, up to gauge fixing with general
invertible matrices:
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(D14)
G’!]

(So that if we redefine R by including gauge fixing into it,
A, would become a fixed point.)

Our strategy is as follows. First, we discuss tensors and
RG maps satisfying some additional assumptions, namely,
the presence of reflection symmetry. Under those assump-
tions, we show that if Eq. (D14) holds, then a similar
equation holds with orthogonal gauge-fixing matrices; i.e.,
orthogonal gauge fixing is enough. Then, we consider the
case of weakly broken reflection symmetry, as is the case
for the maps in Secs. 3 and 4.

a. With reflection symmetry

Suppose that the following conditions hold in addition
to Eq. (D14).
(i) Tensor A, respects horizontal reflection symmetry in
the form

(D15)

where T, is a diagonal matrix with £1 on the
diagonal. Note that this is not the most general form
of reflection symmetry compared to Eq. (A7), as we
do not include matrices on the horizontal legs.

We read it from the center toward the sides. In (1), we use
Eq. (D14) replacing G, = P,R;,. In (2), we use reflection
symmetry of A,. In (3), we use reflection symmetry of
R(A,). In (4), we use Eq. (D14). Now compare the
rightmost and leftmost term in Eq. (D17). Using that
[G,,T,] =0 on the vertical legs and multiplying by
P;'R;T and R;'P;, on the horizontal legs, we obtain

A,
4 (D18)

This equation means that A, commutes with P2, when
multiplied on horizontal legs, for any values of vertical

T,
(4) ®3) (1)
T‘U

(i) Tensor A, also respects vertical reflection symmetry
in the form of equation analogous to Eq. (D15)
where crossing of vertical legs is equivalent to
multiplying horizontal legs by T,

(iii) Tensor R(A,) also respects both horizontal and
vertical reflection symmetry, in the form of equa-
tions like Eq. (D15) [with A, replaced by R(A,)] and
of its vertical analog, and with exactly the same 7,
and T,

(iv) G, and Gy, in Eq. (D14) commute with 7', and T/,
respectively. This is very natural. The eigenvalues
of T, and T, have the meaning of the reflection
quantum numbers of the basis elements of the
vertical and horizontal bond Hilbert spaces, respec-
tively. We expect that gauge transformations may
mix only vectors having the same quantum numbers
(both reflections and Z,). For reflections, this
implies [G,,T,] =[G}, T;] = 0.

Under the above assumptions, we can prove that an
analog of Eq. (D14) holds with orthogonal gauge-fixing
matrices.

Proof. Consider the polar decomposition of G, and G,
of the form

Gy, = PuRy, G,=P,R,, (D16)
where R, and R, are orthogonal and P, and P, are
symmetric positive matrices. Note that, since in this paper
we work with real tensors, we assume that G, and G,
are real.

Now consider the following string of equations:

(D17)

|

indices. By standard arguments, it then also commutes with
f(P?) for any f. In particular, choosing f(x) = \/x, we
obtain that A, commutes with Pj,.

Repeating the above argument in the vertical direction,
we obtain that A, also commutes with P, when multiplied
on vertical legs. Combining the two properties, we obtain
that the rhs of Eq. (D14), in fact, equals

(D19)

Thus, we obtain that R(A,) equals A, up to an orthogonal
gauge transformation. [
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Remark D.I. That orthogonal gauge fixing should be
enough to get a fixed point for RG maps preserving
reflection symmetry was stated without proof in, e.g.,
Refs. [13,28]. We do not know a place where this statement
was proven before our work.

b. Without reflection symmetry

The above result would be good for us if our RG maps
preserved reflections. Unfortunately, they do not. They do
not even preserve reflections in a weaker form [Eq. (A7)]
with matrices on both horizontal and vertical legs. Breaking
of reflections occurs for two reasons. First, the matrices Q,
0,, 03, and Q4 are chosen consecutively in Eq. (3.1).
Second, when these matrices are SVD decomposed in the
rhs of Eq. (3.1), the left and the right parts of the
decompositions are not transposes of each other, unless
the Q,’s are positive definite, which is not generally
the case.

We note in passing that the RG map in Ref. [11] (which
is the same as our RG map without rotation) and the RG
maps in Ref. [21] also break reflections [102]. Why then is
orthogonal gauge fixing enough for all these maps, includ-
ing ours, to exhibit a fixed point?

We advance here one possible reason, which has to
do with our maps breaking reflections only weakly.
Consider first the rotating RG map from Sec. IV. It
has a fixed point attainable by the Newton method. If the
map preserved reflections, the existence of a fixed point
with orthogonal gauge fixing would not be surprising
given the result from the previous subsection. We know
that the reflections are broken, but rather weakly, as can
be seen from the fact that the fixed-point tensor
elements in Table III, column 3, which are related by
reflections do differ but not too much. Given this, we
may speculate that our map is perhaps close to some
“phantom” RG map which does preserve reflections
(and, hence, has a fixed point with orthogonal gauge
fixing). The existence of a fixed point for our map
would then be natural, given that the Jacobians of our
map and of the phantom RG map are close and that it is
the Jacobian which enters into the Newton method. The
nonrigorous part of this argument is that we have not
proved the existence of the phantom RG map.

As to the RG map without rotation, we can try to think
along the same lines (with Table III, column 2 instead of
column 3), up to one further subtlety. Namely, as discussed
many times in this paper, the map without rotation has
eigenvalues 1 due to the existence of aspect-ratio-changing
deformations of the fixed point. Consider the set of critical
tensors corresponding to aspect ratio 1 (rotation symmetry).
These are the tensors for which the anisotropy ellipse is a
circle. It is a nonlinear submanifold of the space of all
tensors, over which we have little control apart from its
existence. The RG map preserves the criticality and the
aspect ratio and, hence, acts within this submanifold

(see Sec. II.4). Within the submanifold, there are no
eigenvalues 1, and the above argument may apply.

We stress again that the just given arguments are highly
nonrigorous. Unfortunately, we do not have better argu-
ments for the moment.

APPENDIX E: GILT-TNR DIFFERENTIABILITY

Let R be the Gilt-TNR map described in Sec. III 1
followed by the gauge-fixing procedure from Appendix D.
In this appendix, we explore the smoothness properties of
this RG map. In particular, we provide evidence that the
map R is thrice differentiable in a neighborhood of the
critical fixed-point tensor A,.

Let A be an approximation of A, and v be a four-legged
tensor with the same bond dimension. We can try to
evaluate the derivative of R at A in the direction v using
the symmetric finite difference approximation. This
approximation depends on the step size 2 and is given
by Eq. (3.11), which we copy here:

D, — R(A+ hv) — R(A — hv)

n o . (El)

Without loss of generality, we assume that v is unit
normalized.

Standard considerations (see Sec. V.7 in Ref. [103])
suggest that we have

Dy = (VR)-v+¢ +e (E2)
where ¢, is the truncation error (from truncating the Taylor
series) and ¢, is the roundoff error due to accumulated
numerical errors in the evaluation of R(A £ sv). For R
thrice differentiable in a neighborhood of A,, we may
Taylor-expand R(A = hv), up to h* terms given the differ-
entiability assumption. The O(h°) and O(h?) terms can-
celing when using the symmetric difference, we obtain
€, ~h?>. On the other hand, e, can be estimated as
€, ~eg/h, where ¢ is the roundoff error in evaluation
of R. We, thus, expect

D, = (VR)(A) - v+ O(h*) + O(eg/h).  (E3)
Note that the O(h?*) truncation error is expected to scale
smoothly with &, with overall size which depends on the
direction of v, while the O(eg/h) roundoff error is expected
to be random but of a magnitude which is largely v
independent.

Our first goal is to test this equation. We do it
by computing D, for a discrete sequence of values of A,
h, — 0 geometrically and monitoring the differences
Dy, =Dy, - Figure 15 shows the result of this test for

Gilt-TNR parameters: y =30 and e, = 6 X 1076, for
A =A") from Table III, and for two choices of a
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FIG. 15.

e FKigenvalue 2 direction
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— 10000A° + 10~ ""/h
— 3K+ 10" "/h

0.001 0.01 0.1

The result of the differentiability test for Gilt-TNR at the approximate fixed point for y = 30 given in Table III. The green and

red lines illustrate the qualitative behavior of asymptotics and serve to guide the eye. The coefficients for the 4% and 1/k terms in both
lines have been fixed manually to get a visually reasonable agreement and not as a result of a fit. The 10~!! coefficient of the 1/ term

gives an idea of the roundoff error of Gilt-TNR.

unit-normalized direction ». The first direction is along
the eigenvector of VR with the largest Z,-even eigenvalue,
A= 2 [104]. The second direction is a random tensor. (We
repeated this test for several random v’s, with similar
results.) On the vertical axis in Fig. 15, we show the
difference ||D;, — D, . | as a function of h, = 1073700%.

Let us discuss what we observe in Fig. 15. Consider first
the test result for the random direction. In this case, Dy,
converges as O(h%) for 7x 107 <h <5x 107 For
h > 5x 107, the points deviate from O(h?), indicating
that higher-order terms become significant. For
h <7 x 107>, the points exhibit chaotic behavior until
around h = 107, where they start aligning with the
O(eg/h) line as predicted. The poor agreement of the test
result with Eq. (E3) for 1078 < & < 7 x 107> may be due
to the fact that the random vector v has a large overlap with
the lower part of the VR spectrum, which is perhaps more
sensitive to rounding errors. As to the test result for the
eigenvalue 2 direction, it agrees with Eq. (E3) very well
over the full range, except for 4 > 0.03, where points start
deviating from the O(h?) line, which again must be due to
higher-order corrections.

We consider these results to agree well with Eq. (E3),
providing evidence that our RG map is at least thrice
differentiable near the fixed point. Note that the coefficients
of the 1/ chaotic behavior at small / are roughly similar in
Fig. 15 for both directions, in agreement with Eq. (E3) for
€g ~ 10711, On the other hand, the coefficients of the A?
truncation error are vastly different, which suggests that the
third derivative along a random direction is much larger
than along a typical direction corresponding to low-lying
eigenvalues.

We also use Fig. 15 to optimize the choice of s in
Eq. (E1). We choose h = 10~* for our computations,
because (i) this is very close to the optimal spot for the
eigenvalue 2 direction, where O(h?) + O(eg/h) error is
minimal, and (ii) the derivative in the random direction
has effectively converged at 7 = 107#, and rounding errors
have not yet spoiled the result. Based solely on the result for
the random direction, a better choice could appear to be
h~ 6 x 107 where, despite the noise, Dhq - Dhq+l || takes

the smallest values. However, we believe 7 = 10~ is more
appropriate, as we are primarily concerned with derivatives
in the directions of large eigenvalue vectors of VR.

It may be possible to improve the Jacobian evaluation
by using automatic differentiation (as mentioned in
Appendix C.3), which would remove the eg/h error,
replacing it by O(eg). Or one could use a finite difference
approximation of higher order, which still has e¢z/h error
but reduces it since a larger step /4 can be chosen for the
same accuracy. In this paper, we have not pursued these,
because the error in the fixed-point determination that
we achieved was 107, already quite close to the error
eg ~ 10711 of a single RG step. Thus, we believe that single
RG step error largely determines the final accuracy, and
optimizing Jacobian evaluation is not likely to be worth-
while at this stage (but may be useful in the future).

APPENDIX F: THE 2D THREE-STATE
POTTS MODEL FIXED POINT VIA THE
NEWTON METHOD

Prior to this work, a tensor-RG study of the 2D three-
state Potts model was provided in Ref. [105], where the
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loop-TNR [8] algorithm was used to determine critical
temperature, central charge, and scaling dimensions of the
critical theory to a good precision. Here, we are interested
in slightly different questions. This section is dedicated to
finding the RG critical fixed point and studying the RG
map linearization around it. We begin with a brief descrip-
tion of the three-state Potts model and its tensor network
representation. Then, we demonstrate the result of the
Newton method and examine the upper part of the spectrum
of the RG map’s Jacobian at the critical fixed point to verify
consistency with the CFT predictions.

1. Three-state Potts model tensor network
representation

The 2D three-state Potts model is defined by the
following partition function:

52

Z — Z e(l/T)ZX_yCOS((2”/3)<Sx+1.\‘_5x,y>)+cos((27[/3>(3’x<v+1_sx.v)).
5p,=£10

(F1)

It has a phase transition at T = T, = {3/[21n(1 + v/3)]}
separating the ordered and disordered phases. Following
the procedure outlined for the Ising model in Appendix B,
we construct a four-legged tensor A that reproduces
partition function from Eq. (F1). Specifically, after rotating
the lattice by /4, we encode the interactions between spins
Si, S2, 83, and s, around a single plaquette in the tensor
components:

51 53 = o7 (cos(5 s12)Fcos(% s23) Fcos(5 saa) Heos(F sar)) (F2)

54

Here, s;; = s; — s; denotes the difference between neigh-
boring spins.
The three-state Potts model exhibits the S3 = Z3xZ,

symmetry generated by the transformations
Zz: s+—s+1 mod 3; (F3)

Zy: s+ —s mod 3. (F4)

Let # be the generator of the Z5 subgroup of S5 acting on
the index space of the tensor A defined in Eq. (F2):

- o O

1
0. (F5)
0

=
|
o - o

In our numerical analysis, we express A in the orthonormal
basis of 5’s eigenvectors |0), |1), and |2), corresponding
to eigenvalues ¢>79/3 with ¢ = 0, 1, 2, respectively. We
denote the resulting normalized tensor by Asp(), where
t =T/T, is the reduced temperature [106].

2. The Newton method results

The numerical results presented in this section are
obtained using the following Gilt parameters: y = 30 and
€gilt =3x 10_5.

Before applying the Newton method, one needs a
sufficiently accurate initial tensor A(). In particular, A g
should be close enough to the exact fixed-point tensor so

that they both belong to one connected region where the
RG map is differentiable. To obtain A g, we employ the
shooting method, which yielded the finite-y critical temper-

ature I?O] ~ 0.9999063149 at bond dimension y = 30.

0.01

0.001

0.0001

1x10°

(m+1)||

1x10°6

HA(m) -4

1x10°7

1x10°8

1x107°

1x10710

——————r————————
0 5 10 15 20
Newton iteration m

FIG. 16. Convergence of the Newton method for the three-state
Potts model. Gilt parameters: y = 30 and €, = 3 X 1073, The
trajectory is initiated at the tensor A o) whose distance to the exact

fixed-point tensor (for y = 30) can be estimated as ~3 x 1073,
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TABLE VI. 2D three-state Potts CFT Virasoro primary and
quasiprimary Z3-invariant operators of scaling dimension A < 2,
with their quantum numbers (see, e.g., Ref. [44]).

1 ¢ ®,d T.T
A 0 4/5 9/5 2
¢ 0 0 +1 +2

Running the RG trajectory starting at A3p (7 ~ t?o]) for 20

steps, we get tensor a A ) that approximates the fixed-point

tensor with accuracy ~5 x 1073,

Figure 16 shows the convergence of the Newton method
initiated at A ). For this plot, we use the projector P with
rank s = 16 [see Eq. (4.2)]. We see exponential conver-
gence similar to the Ising case. All tensors in the lower
portion in Fig. 16 should equally well approximate the
exact fixed point. For further computations, we choose
tensor A, ) with m, =15 as our approximation of the
critical fixed point, which is the last iteration where
A1 — A, |l decreases.

A direct method to quantify the quality of our solution
A(n,) 18 to check how much the RG step changes it.

Applying R°, we get

IR*(Am,)) = A, I ~ 1071, (Fo)
which confirms that we have converged to a solution of the
RG equation.

To conclude this section, let us demonstrate that the
relevant and marginal part of the Jacobian spectrum agrees
with the CFT expectations. We do not consider the
irrelevant part of the spectrum, as it is flooded with
nonuniversal eigenvalues coming from total derivative
operators (see the discussion in Sec. II. 2). Our map acts
in the Zjs-invariant space of tensors. Table VI lists the
relevant and marginal Z;-invariant quasiprimaries of the
three-state Potts model.

The Jacobian eigenvalues should be related to the scaling
dimensions and spins of nontrivial quasiprimaries (i.e.,
excluding 1) from Table VI via Eq. (2.14). Table VII
demonstrates agreement with this prediction. However, the
relative difference between the CFT predictions and the
Jacobian eigenvalues is approximately an order of magni-
tude higher than in the Ising case. Let us comment on this.

We observe that the accuracy of physical quantities
improves when e goes down. This is due to the error
introduced to the network by Gilt matrices Q becoming
smaller for smaller e, (see Appendix C). However, as one
decreases e to 0, the effectiveness of Gilt at filtering out
CDL tensors decreases, and eventually the RG map will not
have a fixed point. Also, recall that Gilt-TNR consists of
two steps: Gilt followed by TRG. The Gilt step reduces the
bond dimension of the network. Smaller €,;; would lead to

TABLE VII. Columns 1 and 2: relevant and marginal CFT
quasiprimaries (Z5 invariant sector) and their exact eigenvalues.
Column 3: the first few largest, in absolute value, Jacobian
eigenvalues at the approximate fixed point for the rotating Gilt-
TNR (VR®). Column 4: relative differences between the CFT
predictions and the Jacobian eigenvalues. It is a bit hard to
compare our accuracy to Ref. [105], where the results are
presented as a graph and not in numerical form, but it appears
comparable.

Relative
@ Acpr = 102780 A of VR° difference
€ 20/5 22974 2.2897 0.3%
P 21/5i %~ 1.1487i —0.001 + 1.1456i 0.3%
(o) 215 ~ —1.1487i —0.001 — 1.1456i 0.3%
T -1 —0.9958 0.4%
T -1 —0.9686 3.1%

a larger intermediate bond dimension after Gilt, leading to
larger errors in the subsequent TRG steps. Thus, for a given
bond dimension y, one should try to choose e as small as
possible but such that the errors of the Gilt and TRG steps
are balanced and the fixed point still exists. The existence
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