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BosonSampling is the leading candidate for demonstrating quantum computational advantage in
photonic systems. While we have recently seen many impressive experimental demonstrations, there is still
a formidable distance between the complexity-theoretic hardness arguments and current experiments. One
of the largest gaps involves the ratio of particles to modes—all current hardness evidence assumes a
“dilute” regime in which the number of linear optical modes scales at least quadratically in the number of
particles. By contrast, current experiments operate in a “saturated” regime with a linear number of modes.
In this paper, we bridge this gap, bringing the hardness evidence for experiments in the saturated regime
to the same level as had been previously established for the dilute regime. This involves proving a
worst-to-average-case reduction for computing the permanent, which is robust both to large numbers of
row repetitions and also to distributions over matrices with correlated entries. We also apply similar
arguments to give evidence for hardness of Gaussian BosonSampling in the saturated regime.

DOI: 10.1103/xc7b-sjm5 Subject Areas: Photonics,
Quantum Information

I. INTRODUCTION

In the decade since it was proposed by Aaronson and
Arkhipov [1], BosonSampling has become one of the most
promising candidates for achieving quantum computational
advantage—the experimental demonstration of a quantum
computation which exponentially surpasses classical com-
puters. This requires a task which both is experimentally
feasible and has strong complexity-theoretic evidence for
hardness. We have now seen several experimental demon-
strations of BosonSampling [2,3] and its Gaussian variant
at scale [4–6], as well as substantial work building the
theory of these experiments and bringing them closer to
feasibility (see, e.g., Refs. [7–10]).
Despite this progress, there is still a formidable distance

between experiment and theory. One of the most notable
gaps involves the ratio between the number of modes and
number of particles (typically, photons). The original
BosonSampling proposal calls for a “dilute regime” in

which n photons are passed through an m ¼ Ωðn2Þ-mode
Haar-random interferometer followed by the measurement
of each mode in the particle-number basis. More precisely,
the original paper required m ¼ ωðn5Þ modes but showed
that m ¼ Ωðn2Þ would suffice under a plausible random
matrix theory conjecture. Subsequent work proposed a
variant, known as bipartite Gaussian BosonSampling [9],
that works with Ωðn2Þ modes. By contrast, all experiments
to date operate in a “saturated regime” where the number of
modes is comparable to the number of photons, i.e.,
m ¼ ΘðnÞ. The ratio m=n varies from 3 to 5.6 in recent
BosonSampling experiments [2,3] and from 0.5 to 2 in
recent Gaussian BosonSampling experiments [4–6,11].
Understanding this saturated regime has long been cited
as a major open problem going back to the original paper
[1], which asked explicitly: “Can we reduce the number of
modes needed for our linear-optics experiment, perhaps
from Oðn2Þ to OðnÞ?”
It is reasonable to conjecture that the need for such a high

number of modes is an artifact of current proof techniques
rather than intrinsic to the hardness of the sampling
problem. For one, state-of-the-art classical simulation
algorithms are not able to take advantage of the saturated
regime to achieve dramatically faster run times [12], albeit
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some improvements are possible [13,14]. Furthermore, the
saturated regime is sufficient to perform universal quantum
computation [15] with single-photon sources, linear optics,
and (adaptive) photon detectors.
Analyzing the hardness of BosonSampling in the satu-

rated regime is quite challenging for two reasons (see Fig. 1
for a graphical presentation). The first is due to collisions,
i.e., events where more than one photon is detected in
a given output mode. Current proof techniques rely heavily
on a property of the dilute regime known as the “bosonic
birthdayparadox” [16],whichensures thatmostmeasurement
outcomes are collision-free. By contrast, BosonSampling in
the saturated regime has a large number of collisions, which
yields many inequivalent output types that have to be
independently analyzed. Second, the probability of each
outcome is the squared permanent of a submatrix of the
unitary that encodes the interferometer, which is chosen
to be Haar random. In the dilute limit, these submatrices have
entries that are approximately i.i.d. (independent and identi-
cally distributed) Gaussian, which are convenient to analyze,
whereas in the saturated limit, the relevant submatrices do not
have i.i.d. entries [17].
In this work, we overcome these obstacles and build

the complexity-theoretic foundations for BosonSampling
in the saturated regime, answering Aaronson and
Arkhipov’s question in the affirmative. The starting point
is to identify typical outputs that occur in generic

BosonSampling experiments in the saturated regime.
Specifically, we prove that typical outcomes in n-particle
andm-mode BosonSampling experiments are characterized
by c ≈ ½ðm=nÞ=ðm=nþ 1Þ�n clicks (i.e., modes occupied
by at least a single particle). Therefore, in the saturated
regime, we still have c ¼ ΘðnÞ. Then, using methods from
Ref. [9], we show that probabilities of such typical out-
comes can be used to encode permanents of square matrices
of size c. This connection allows us to apply the complexity-
theoretic framework of Aaronson and Arkhipov to prove
that hardness of classical approximate sampling from
BosonSampling in the experiments follows from the hard-
ness of an appropriate average-case hardness conjecture.
Main result (informal)—Assuming average-case hard-

ness of approximating random output probabilities of
BosonSampling experiments for m ≥ 2.1n, there is no
efficient classical algorithm to sample from the output
distribution of such an experiment. Furthermore, we prove
a weaker version of this average-case hardness conjecture.
The gap between what is proven and what is conjectured is
the same as for standard BosonSampling in the dilute
regime.
Remark. While for concreteness we state our results for

m > 2.1n throughout this paper, in fact, all such statements
pertain more generally tom ¼ ⌈ð2þ ϵÞn⌉ and n ≥ 2ϵ−1 for
any ϵ > 0. Though our result does not formally hold when
n ≤ m ≤ 2n, we believe this to be not fundamental but rather
an artifact of the proof techniques used in Lemma B2.
Our main results give strong evidence in favor of this

average-case hardness conjecture. In particular, we show it
is #P-hard to approximately compute random output
probabilities of random experiments in the saturated
regime, albeit to a smaller error than would be necessary.
Additionally, we extend the arguments based on
Stockmeyer reduction to the case were hiding does not
hold; i.e., not all outcomes in random experiments are
equivalent. We also provide numerical evidence for anti-
concentration in this regime. This brings the saturated
regime of BosonSampling to essentially the same level of
theoretical support as dilute-limit experiments. Importantly,
we also apply our complexity-theoretic analysis to
Gaussian BosonSampling, which is the choice of state-
of-the-art experiments [4–6,11]. In this case, the saturated
regime where our results formally hold (corresponding to
m > 2.1n) matches to a squeezing parameter of 0.65,
which is well within the range of experimentally accessible
values [5].
Beyond reinforcing the theoretical underpinnings of

saturated regime of BosonSampling, our work also
has consequences for experimental demonstrations of
BosonSampling. First, a combinatorial characterization
of number of detector clicks in the saturated regime can
serve as a benchmark for current and future experiments
which operate in the saturated regime. From a physics
perspective, our analysis highlights the role of number

(a)

(b)

FIG. 1. Two regimes of BosonSampling. (a) The dilute limit,
where m ¼ Ωðn2Þ. No-collision outcomes dominate, and the
submatrix whose permanent we must compute (i.e., selecting the
appropriate rows and columns) is sufficiently smaller than the
Haar-random interferometerU that its entries look i.i.d. Gaussian.
(b) The saturated limit, where m ¼ ΘðnÞ. No-collision outcomes
are rare, and complexity is determined by the number of detector
clicks (purple) rather than output photons (blue). The entries of
the submatrix of U are very correlated, and its rows will be
repeated according to collisions, as described in the main text.
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of detector clicks as the measure of hardness of
BosonSampling experiments beyond the diluted regime.
Our work is also relevant from the point of view of

losses. Losses are one of the main limitations in scaling up
BosonSampling experiments [18–22], particularly since
losses grow exponentially with circuit depth, and circuit
depth for Haar-random interferometers typically scales
linearly with the number of modes. Using the value of
99.92% for state-of-the-art transmittance per optical com-
ponent in a photonic chip recently reported in Ref. [23], we
can estimate the overall losses for large BosonSampling
experiments. For an experiment with n ¼ 200 photons, the
overall transmittance of the linear-optical circuit (i.e.,
ignoring losses in other components such as detectors
and in the coupling into and out of the chip) in the saturated
regime where our results hold, when m ≈ 2n, are of the
order of 73%. In the dilute regime, choosing m ¼ n2, the
overall transmittance drops to 10−12%. Thus, even though
losses remain a major obstacle for scaling up
BosonSampling in the real world, our results highlight a
sweet spot where the model is both sufficiently complex
and realistic.

A. Proof sketch

We begin by reviewing the well-known connection
between linear-optical experiments and the permanent
function [1,24]. This will serve as background for the
unfamiliar reader but also to lay out more concretely how
the new challenges which we attributed to the saturated
regime arise.
Suppose we have m photonic modes on which we

prepare a Fock state of n < m photons. Each photon is
initialized in a different mode, and without loss of general-
ity we assume that the first n modes are initially occupied.
These modes are then subject to a linear-optical evolution
(or interferometer), i.e., a transformation of the type

a†j⟼
X
i

Uija
†
i ; ð1Þ

where a†j is the bosonic creation operator corresponding to
mode j and U is an m ×m unitary matrix. Finally, we
detect the number si of photons that exit on the ith output
mode of the interferometer. The transition probability from
input jS0i ¼ j1; 1;…1; 0;…0i to output jSi ¼ js1; s2…smi
is given by

pUðSÞ ≔
jPerðUSÞj2Q

m
i¼1 si!

; ð2Þ

where US is an n × n matrix constructed by taking the
leftmost n columns of U and then subsequently taking si
copies of the ith row.
Equation (2) is the core connection between linear-

optical experiments and the permanent function. It

showcases more concretely the new challenges of the
saturated regime: (i) the lack of a bosonic birthday paradox
implies that, for typicalU, collisions occur frequently in the
output probability distribution—this, in turn, implies that
the relevant matrices US almost surely have repeated
rows—and (ii) the fact thatUS is a relatively large submatrix
ofU, and we cannot argue that its entries look i.i.d. Gaussian
when U is uniformly random. Both challenges break major
proof steps of the original BosonSampling proof [1] which
we need to adapt, so now we discuss each in turn.
The first obstacle—the presence of photon collisions in

typical outcomes—breaks a property known as hiding.
Hiding is the property that all outputs of the experiment are
symmetrical over the choice of random experiment. This
simple property plays a surprisingly key role in current
quantum advantage arguments. The basic reason is that
these arguments try to show no approximate classical
sampler exists to small total variation distance error (over
the full outcome space). If all outputs are on equal footing,
then this error can be spread over all outputs by Markov’s
inequality. However, if only a few outputs matter for the
hardness arguments, one might worry the approximate
sampler could corrupt these outputs only—producing a
distribution that is close in total variation distance to the
ideal one while containing no information about the
actually hard outcomes. This symmetry property trivially
holds for random circuit sampling [25], circuits of com-
muting gates (IQP) [26], fermion sampling [27], and many
other advantage schemes, as well as for BosonSampling in
the dilute regime. However, in the saturated regime, this
symmetry fails spectacularly—the output space shatters
into an exponential number of incomparable output types.
Arguments for hardness of quantum advantage schemes

[1,26,27] usually employ the Stockmeyer approximate
counting algorithm [28]. This method, which crucially
uses hiding, is used to prove that access to an efficient
classical simulator implies the ability to approximate
probabilities of specific outputs up to exponentially small
error within the third level of the polynomial hierarchy. We
instead proceed by formulating a modified version of the
Stockmeyer counting reduction [1,28] which does not
require the hiding symmetry. We choose a uniformly
random outcome of the experiment and use Stockmeyer
counting to estimate the probability of this outcome. By
Markov’s inequality, we can ensure that most output
probabilities of the approximate sampler are approximately
correct. However, this modified reduction comes at a
cost—to show hardness of sampling, it no longer suffices
to show hardness of computing output probability pUðSÞ
for a single type of S, but instead we must now show an
entire suite of hardness results for most outputs S of the
experiments. More formally, in the saturated limit, the
output space consists of an exponential number of incom-
parable collision patterns—i.e., unordered lists of occupa-
tion numbers of modes. We need to argue that it is hard to
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estimate the output probabilities pUðSÞ for typical S chosen
from the uniform measure in the set of possible outcomes.
Our next step is to show such a suite of average-

case hardness results of computing most outputs of
BosonSampling experiments in the saturated regime.
Theorem 1 (Informal). It is #P-hard to compute most

output probabilities of most BosonSampling experiments in
the saturated regime to within additive error e−Θðn log nÞ.
This is nearly what we need to show hardness of

sampling via the modified Stockmeyer reduction. By
adapting the results of Ref. [29] to our case, it can be
shown that robustness to additive error e−ΘðnÞ would
remove the need for additional hardness conjectures. To
prove Theorem 1 (formally stated as Theorem 6 given in
Sec. V), we need to overcome both of the major differences
that distinguish the dilute and saturated regimes.
First, one must deal with the presence of collisions. To

do this, we identify a collection of output types which cover
a large fraction of the output probability distribution of
typical experiments. This requires a careful combinatorial
accounting of typical collision patterns in typical outputs of
experiments in the saturated limit. In particular, our argu-
ment suggests that the main figure of merit of complexity in
the saturated regime is not the number of photons or modes
in the experiment but rather the number of output detector
clicks (i.e., output modes which receive at least one
photon), which informally follows from the fact that, if
we use only O(1) distinct rows repeated many times, the
resulting n × n matrix has very low rank and its permanent
is, in fact, easy to compute. Thus, we need to show that, in a
typical experimental run, the number of clicks is still large
enough even if collision-free states are rare (this is covered
in Lemma 2).
Once a suitable collision pattern is identified, we need to

show average-case hardness for computing output proba-
bilities of that collision type over the random choice of
interferometer. This is equivalent to showing hardness of
computing the permanent of a large submatrix of a random
unitary, with a particular pattern of repeated rows.
In the dilute regime, this average-case hardness argument

proceeds as follows (using a variant of Lipton’s argument
[30]). It starts by arguing that a Gaussian matrix is
perturbed only slightly by shifting and rescaling; i.e., if
B is a matrix of i.i.d. Gaussian elements, then BðtÞ ¼
ð1 − tÞBþ tY is also approximately Gaussian under some
mild conditions of Y and for sufficiently small t. The
polynomial nature of the permanent function implies then
that we can use polynomial interpolation to estimate the
permanent of Y from a number of estimates of the
permanent of BðtÞ. Put more simply, we can, in some
sense, “sneak” a tiny amount of a worst-case matrix into an
average-case matrix. Since this proof uses an entry-by-
entry analysis of the matrix, it breaks in the saturated case,
since the relevant submatrices are far from i.i.d. Gaussian

[17]—instead, the entries come from a highly correlated
measure. We show that, perhaps surprisingly, this highly
correlated distribution is nonetheless also approximately
shift-and-scale invariant so that we recover Lipton’s proof.
To do this, we directly study the probability density of the
singular values of a submatrix of a Haar-random unitary
[31,32]. We reduce the desired invariance property to
estimating the gradient of this probability density, which
we show is equivalent to proving sharp tail bounds on the
maximum singular value. Our desired bounds require that
we go beyond generic concentration inequalities such as
Levy’s lemma or log-Sobolev inequalities, and instead we
derive them from high-dimensional geometry. Considering
the ubiquity of the Haar measure over unitaries, we expect
that this bound may be of independent interest.
Finally, we address the issue of anticoncentration

of outcome probabilities of saturated experiments.
Anticoncentration is a necessary ingredient for converting
additive estimates of output probabilities to multiplicative
estimates—which we conjecture to be hard. It remains
open to prove anticoncentration for all variants of
BosonSampling, but there has been partial progress in
this direction [33] as well as numerical evidence for
anticoncentration in the dilute regime [1]. However, as
one reduces the number of modes, one might worry that
anticoncentration might begin to fail, due to both the row
repetitions in the submatrices and the correlations
between submatrix entries. This could be an issue as
many of the known attacks on quantum advantage
schemes hold in the nonanticoncentration regime, e.g.,
constant-depth random circuits [34]. To alleviate this
concern and to support our anticoncentration conjecture,
we provide numerical evidence that anticoncentration
holds in the saturated regime and, indeed, has very
similar behavior to the i.i.d. Gaussian case.
In Fig. 2, we provide schematics of the organization of

the paper, with the connections between the different steps
of the proof and the corresponding sections. This paper is
organized as follows. In Sec. II, we define the notation used
throughout the paper. In Sec. III, we prove that efficient
classical simulation of saturated-regime BosonSampling is
not possible up to some complexity-theoretic conjectures.
In particular, we need to formulate a new conjecture
adapted to the computational problem that arises in this
regime. In Sec. IV, we present an analysis of the
combinatorics of collisions in typical BosonSampling
experiments. In Sec. V, we provide evidence toward
our conjecture by proving a weaker version of the desired
result. In Sec. VI, we provide numerical evidence for
anticoncentration of the relevant output probabilities. In
Sec. VII, we discuss how our results can be adapted to the
case of Gaussian BosonSampling in the saturated regime.
Finally, in Sec. VIII, we lay out some open questions and
final remarks.
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II. NOTATION

In this section, we collect notation used throughout the
paper. We use the letter n to denote the number of photons
and m the number of modes. We use Sm;n for the set of
possible outcome patterns S ¼ ðs1;…; smÞ, where sj
denotes the number of photons measured in the jth mode.
More precisely, we define

Sm;n ¼
�
ðs1; s2;…; smÞjsj ∈N≥0 and

Xm
j¼1

sj ¼ n

�
: ð3Þ

There is a one-to-one correspondence between elements of
Sm;n and Fock states of n bosons occupying m modes.
Therefore, the cardinality of Sm;n equals the dimension of
the Hilbert space SymnðCmÞ spanned by these states. By a
stars-and-bars counting argument, the cardinality of the set
Sm;n is

jSm;nj ¼
�
mþ n − 1

n

�
: ð4Þ

In most of the paper, we assume the standard initial state,
i.e., S0 ¼ ð1;…; 1; 0;…; 0Þwith the first nmodes occupied

FIG. 2. Outline of the connections between new results. Formal definitions and statements of the lemmas and theorems can be found in
the corresponding sections in the main text. The content of Sec. VII is organized in a similar spirit, though somewhat abbreviated, for the
case of Gaussian BosonSampling.
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each by a single boson. The number of nonzero entries in a
collision pattern S is referred to as the number of clicks, and
we denote it by cS (this is a reference to a type of detector,
known as a bucket detector [35], which literally clicks
when one or more photons arrive at an output mode but
cannot distinguish the actual photon number). We also
denote by kS ¼ n − cS the number of excess particles,
which, for simplicity, we refer to as collisions.
We use Um;n to refer to the uniform distribution on Sm;n,

i.e., the distribution such that every outcome S∈Sm;n has
probability 1=jSm;nj. We denote by pU the probability
distribution of Sm;n induced by BosonSampling experi-
ments. For unitary U and outcome S, we define matrix US
by taking the m × n left submatrix of U and repeating the
ith row si many times. The probability distribution pUðSÞ
on Sm;n is given by

pUðSÞ ≔
jPerðUSÞj2Q

m
i¼1 si!

: ð5Þ

Finally, we use Dm;n to refer to the probability distribution
on n × n matrices US induced by drawing U ∼ HaarðmÞ
and S ∼Um;n.
We also heavily rely on the standard O, Ω, and Θ

notation. For two functions fðnÞ and gðnÞ, we say that f is
OðgÞ if fðnÞ is upper bounded by some positive multiple of
gðnÞ in the asymptotic limit n → ∞. We say that f is ΩðgÞ
if g is OðfÞ, and we say f is ΘðgÞ if it is both OðgÞ
and ΩðgÞ.

III. EFFICIENT CLASSICAL SIMULATION OF
BOSONSAMPLING IN THE SATURATED

REGIME COLLAPSES PH

In this section, we argue that efficient classical simu-
lation of BosonSampling in the m ¼ ΘðnÞ regime would
imply a collapse of the polynomial hierarchy (PH), by a
reduction from sampling (the experiment’s distribution
over outcomes) to computing (outcome probabilities).
Our proof is based on an average-case hardness conjecture
for a problem we call the subunitary permanent estimation
with repetitions (SUPER). In subsequent sections, we
provide evidence for the hardness of this problem.
The key ideas behind the hardness proof [1] are as

follows: Imagine there exists a classical sampler for a
saturated BosonSampling experiment, namely, a probabi-
listic polynomial-time algorithm that produces an outcome
S from a distribution close in l1 distance to the experi-
ment’s. By Markov’s inequality, most of the sampler’s
estimates to the true outcome probabilities are reasonably
accurate. However, a celebrated result due to Stockmeyer,
known as the approximate counting method, estimates
those very outcome probabilities in BPPNP (i.e., in prob-
abilistic polynomial time with access to an NP oracle) [28].
Stockmeyer’s method exploits the fact that, unlike for a

quantum computation, the classical sampler can be treated
as a deterministic algorithm that takes a random input.
Combining the fact that BPPNP lies within the PH, our
conjecture that it is #P-hard to estimate probabilities of
most outcomes from most experiments in the saturated
limit, and Toda’s theorem (which informally places #P
outside of PH), we conclude that the existence of an
efficient classical sampler collapses PH—violating a bed-
rock assumption of complexity theory.
Why introduce a new conjecture to argue for the classical

intractability of saturated BosonSampling? As described in
Sec. I, the need for a new basis to demonstrate hardness of
sampling comes from the two major differences between
the dilute and saturated settings, namely, collisions and
correlations. In the saturated regime, outcome probabilities
are not given by permanents of submatrices of Haar
unitaries as in the dilute regime; instead, the matrices of
interest have repeated rows due to collisions. Moreover,
regardless of collisions, the relevant matrices in saturated
BosonSampling manifestly do not have approximately i.i.d.
Gaussian entries. Row repetitions and correlated entries
disconnect standard assumptions in the BosonSampling
literature, such as the permanent-of-Gaussians conjecture,
from the saturated regime. To this end, we define the
following problem about estimating average-case output
probabilities.
Problem 1 (Subunitary permanent estimation with rep-

etitions, jSUPERj2�). We define a family of problems
parametrized by error scaling function ε∶Nm → Rþ and
failure probability δ. Recall that Dm;n is the distribution on
n × n matrices V obtained by drawing independently U ∼
HaarðmÞ and S ∼ Um;n and setting V ¼ US. Given V ∼
Dm;n and error probability δ > 0, output z∈C such that
jz − jPerðVÞj2j ≤ εðSÞ with probability at least 1 − δ over
choice of V.
We conjecture that jSUPERj2� is #P-hard, in particular.
Conjecture 1. jSUPERj2� is #P-hard to additive impre-

cision εðSÞ ¼ 1=½polyðnÞ�Qi si!=jSm;nj, when m ≥ 2.1n
with failure probability δ ≤ 1

4
.

Here,
Q

i si! is a normalization factor inherited from
bosonic statistics; see Eq. (5). By contrast, in dilute
BosonSampling, there is only one output type and this
term is trivially 1.
Theorem 2 (stated informally in Sec. I as part of the main

result) shows that Conjecture 1 implies quantum computa-
tional advantage for m ¼ ΘðnÞ BosonSampling.
Theorem 2 (No classical sampler). Let m ≥ 2.1n.

The existence of a classical sampler that samples from
a distribution approximating the BosonSampling distribu-
tion [cf. Eq. (5)] to accuracy β ¼ 1=polyðnÞ implies a
solution to jSUPERj2� with additive imprecision
ϵðSÞ ¼ ½1=½polyðnÞ�gQi si!=jSm;nj in BPPNP. Assuming
Conjecture 1, this collapses PH.
We modify the usual Stockmeyer reduction to choose a

uniformly random outcome. This subtlety does not arise in
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dilute BosonSampling, where up to permuting the modes
all outcomes are the same. The proof is deferred to
Appendix A.

IV. RANDOM MEASUREMENT OUTCOMES
HAVE MANY OCCUPIED MODES

For our hardness proofs, it is crucial to observe that in the
saturated regime bosons do not bunch too much. That is, if
m ¼ ΘðnÞ for typical BosonSampling experiments, there
are ΘðnÞ occupied modes (clicks) upon measurement. This
property is important, because the bosonic transition
amplitudes are proportional to permanents of matrices with
repeated rows according to the collision profile. The rank of
this matrix is at most the number of clicks. For a constant
number of clicks, one can use efficient algorithms for
constant-rank matrices, e.g., those due to Barvinok [36] and
to Ivanov and Gurvits [37]. Furthermore, there exists an
efficient classical algorithm to compute the permanent of an
n × n matrix with only O logðnÞ distinct rows (or columns)
and where only a constant number of rows (columns) are
repeated [18,38]. Therefore, in these high-collision
regimes, transition amplitudes are easy to compute. That
this is not the case for m ¼ ΘðnÞ BosonSampling is the
content of this section. Lemma 2 shows that m=n ¼ α
BosonSampling is dominated by outcomes with at least
½α=ðαþ 1Þ�n clicks. As we see in Sec. V, this is enough to
ensure that the matrices induced by collisions in this regime
inherit the hardness of computing permanents for almost all
outcomes.
We are interested in the distribution of clicks c for

outcomes S distributed according to the expected probability
distribution of BosonSampling experiments pavðSÞ ¼
EUpUðSÞ ¼ 1=jSm;nj (note that pav is, in fact, the uniform
distribution over Sm;n). We use Sc

m;n to denote the subset of
Sm;n of outcomes with exactly c clicks, i.e., c occupied
modes, c ≔ jfsijsi ≥ 1gj, where c∈ f1;…;minðm; nÞg.
Observe Sm;n ¼∪c Sc

m;n.
Lemma 1 (Combinatorics of c clicks). For n;m∈N and

c∈ f1;…;minðm; nÞg,

jSc
m;nj ¼

�
m
c

��
n − 1

n − c

�
:

Consequently, the probability that a randomly chosen
S ∼ Um;n will have exactly c clicks with probability

pm;nðcÞ ¼
jSc

m;nj
jSm;nj

¼ ðmcÞðn−1n−cÞ
ðmþn−1

n Þ : ð6Þ

Proof. The number of states with c clicks are enumerated
by first choosing which c of the m modes to “click,” i.e.,
allotting one boson each to c modes from among m. This
contributes a factor of ðmcÞ. Next, we allot the remaining n − c
bosons to thec selectedmodes.The factor for this contribution

equals jSc;n−cj, and the dimension is given by the standard
stars-and-bars argument as ððn−cÞþc−1

n−c Þ ¼ ðn−1n−cÞ. ▪
To establish the typical behavior of cS when S ∼ Um;n we

observe that pm;nðcÞ is, in fact, the hypergeometric
distribution HðM;N; n; cÞ with parameters M ¼ m,
N ¼ mþ n − 1, n ¼ n, and c∈ f1;…;minðm; nÞg
(we use the notation from Ref. [39]). The mean of c
distributed in this manner equals E½c� ¼ ðM=NÞn ¼
½α=ðαþ 1þ 1=nÞ�n, where α ¼ m=n. Using large
deviation bounds established in Ref. [39], we get strong
quantitative bounds on the probability that cS is far from the
average.
Lemma 2 (Concentration inequality for number of

occupied modes for random). Let cS be a number of clicks
in a random outcome S ∼ Um;n [i.e., cS is distributed
according to distribution pm;n in Eq. (6)]. Then, for
t ≥ 0 and α ¼ m=n, we have

PrS∼Um;n

"����cS − α

αþ 1þ 1=n
n

����≥ tn

#
≤ 2 expð−2t2nÞ: ð7Þ

This shows that states with ΘðnÞ occupied modes dominate
in the m ¼ ΘðnÞ regime.

V. AVERAGE-CASE HARDNESS OF SATURATED
BOSONSAMPLING PROBABILITIES

In this section, we prove a weaker version of
Conjecture 1, with a smaller error tolerance. We begin
in Sec. VA by proving a worst-case hardness result for
permanents of binary matrices with repeated rows. In
Sec. V B, we leverage that result and a polynomial-
interpolation argument to prove average-case hardness.

A. Worst-case hardness of permanents with repetitions

In Sec. III, we introduced SUPER. In this section, we
show that, even when we relax the unitarity constraint and
consider simply submatrix permanents with repetitions, the
problem is still #P-hard. That is, here we demonstrate
hardness of computing permanents of arbitrary (i.e., worst-
case) binary submatrices with average-case repetitions
discussed in Sec. IV. This plays an integral role in proving
the hardness of computing the permanent of average-case
submatrices with average-case repetitions, as it forms the
base problem of our worst-to-average-case reduction
in Sec. V B.
Theorem 3 (#P-hard permanents of worst-case subma-

trices). Let m ¼ ΘðnÞ and S ∼ Um;n. Let cS denote the
number of clicks in S. Then, with probability at least
1 − exp½−ΘðnÞ�, there exist a poly-time-constructible
matrix A∈ f0; 1gcS×n, where cS ¼ ΘðnÞ and such that it
is #P-hard to compute PerðASÞ, where AS is obtained from
A by repeating its rows according to collision pattern S.
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The proof of Theorem 3 uses Lemma 2, which guaran-
tees that with high probability cS ¼ ΘðnÞ once m ¼ ΘðnÞ,
and the following reduction between the problem of
computing of permanents of binary matrices with repeated
rows and the problem of computing permanents of general
binary matrices.
Lemma 3. Let m ≥ n. Given collision pattern S∈Sm;n

with c clicks and matrix X∈ f0; 1gc×c, there is a poly-time-
constructible matrix AðXÞ∈ f0; 1gc×n such that

Per½ASðXÞ� ¼ PerðXÞ
Yc
i¼1

si! ð8Þ

Lemma 3 follows directly from Lemma 24 in Ref. [9].
The general idea is as follows. We start with c × cmatrix X,
which encodes some #P-hard problem. We append to it a
c × k matrix Y to make a larger c × ðkþ cÞ matrix, AðXÞ.
Finally, we repeat k rows of the latter matrix according to a
repetition pattern ðs1; s2…scÞ to make a ðkþ cÞ × ðkþ cÞ
matrix ASðXÞ. The construction is shown in Fig. 3. By an
appropriate choice of Y, we can prove that PerASðXÞ is
proportional to PerX. In particular, the result of Lemma 3 is
obtained from Lemma 24 in Ref. [9] by replacing B0

S and B
0

with ASðXÞ and AðXÞ, A with X, and ks with k and by

setting z ¼ 0 and yðlÞi;j ¼ 1.
We illustrate the construction with a small, concrete

example. Consider the following 3 × 3 matrix X:

X ¼

0
B@

x1;1 x1;2 x1;3
x2;1 x2;2 x2;3
x3;1 x3;2 x3;3

1
CA; ð9Þ

and suppose S ¼ ð4; 3; 1Þ; i.e., we need to repeat the first
row three additional times and the second row two addi-
tional times. This corresponds to an eight-photon
BosonSampling outcome where we observed c ¼ 3 non-
empty output modes.
We now choose a Y matrix as follows. For each extra

copy of a row we will need to add later, Y must contain one
unit-vector column with nonzero element matching that
row. More concretely, if row i will be repeated si − 1 times,
then Y needs to have si − 1 columns whose ith element is 1

and all others are zero. For our particular example, we build
the following matrix:

AðXÞ ¼

0
BB@

x1;1 x1;2 x1;3 1 1 1 0 0

x2;1 x2;2 x2;3 0 0 0 1 1

x3;1 x3;2 x3;3 0 0 0 0 0

1
CCA: ð10Þ

And, after the repetition of all appropriate rows,

ASðXÞ ¼

0
BBBBBBBBBBBBBBBB@

x1;1 x1;2 x1;3 1 1 1 0 0

x1;1 x1;2 x1;3 1 1 1 0 0

x1;1 x1;2 x1;3 1 1 1 0 0

x1;1 x1;2 x1;3 1 1 1 0 0

x2;1 x2;2 x2;3 0 0 0 1 1

x2;1 x2;2 x2;3 0 0 0 1 1

x2;1 x2;2 x2;3 0 0 0 1 1

x3;1 x3;2 x3;3 0 0 0 0 0

1
CCCCCCCCCCCCCCCCA

: ð11Þ

It is easy to check that

Per½ASðXÞ� ¼ 4!3!PerðXÞ: ð12Þ

In the most general case, by using this choice for Y, we get
that

Per½ASðXÞ� ¼ PerðXÞ
Yl
i¼1

si!; ð13Þ

where k ¼ n − c. Note that, if X is a f0; 1gmatrix, so is AS.
One way to see why this construction works is to

consider the Laplace expansion for the permanent.
Recursively apply the Laplace expansion k times, elimi-
nating the k columns which do not include X, one at a time.
It becomes clear that the choices of 0’s and 1’s in Y are such
that the only c × c submatrices of ASðXÞ that contribute to
the expansion are ðQl

i¼1 si!Þ identical copies of X.
We can now prove Theorem 3.
Proof of Theorem 3. We begin by drawing a uniformly

random outcome S, i.e., S ∼ Um;n. By Lemma 2, with
probability 1 − exp½−ΘðnÞ�, the outcome S has cS ¼ ΘðnÞ
clicks. Consequently, computing the permanent of matrices
X∈ f0; 1gcS×cS is #P-hard by the landmark result of
Ref. [40]. By Lemma 3, taking as input our randomly
drawn S and a matrix X∈ f0; 1gcS×cS , in polynomial time
one can construct our “worst-case submatrix”
AðXÞ∈ f0; 1gcS×n in such a way that Per½ASðXÞ� ¼
PerðXÞQl

i¼1 si!. Thus, PerðASÞ is #P-hard as well, com-
pleting the proof. ▪

FIG. 3. The figure shows how to extend the c × c matrix X to
handle k row repetitions. The first step is to create the matrix
AðXÞ ¼ ðXjYÞ by appending k extra columns, as described in the
text. The matrix Z just corresponds to all extra rows that are added
according to the repetition pattern.
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B. Worst-to-average-case reduction

In this section, we prove our main result, Theorem 6, that
in the saturated regime jSUPERj2� is #P-hard to additive
accuracy exp½−Oðn lognÞ�. In Sec. VA, recall we proved
the hardness of computing permanents for worst-case
submatrices with average-case repetitions. Here, we
present a worst-to-average-case reduction that proves #P-
hardness for average-case submatrices with average-case
repetitions—namely, the hardness of SUPER, Problem 1.
Were the robustness, meaning the additive error tolerance,
of our result to be improved to 1=jSm;nj ¼ exp½−OðnÞ�, it
would prove quantum computational advantage conditional
only on the noncollapse of PH. As mentioned in Sec. I, the
main challenge we need to overcome is correlations
between matrix entries which breaks the original proofs
in the style of Refs. [1,29].
As a reminder, the overall scheme of these reductions is

an interpolation argument inspired by Lipton’s self-reduc-
ibility of the permanent, which exploits its polynomial
structure to show that average-case instances are as hard as
in the worst case [30]. In particular, by taking a convex
combination in variable t of an average-case instance and a
worst-case instance, the permanent is a univariate poly-
nomial in t. Then, by estimating values of the polynomial
for small t by the average-case algorithm, one can extrapo-
late to t ¼ 1, the permanents of which are proved hard
in Sec. VA.
The interpolation is carried out by the robust Berlekamp-

Welch algorithm developed in Ref. [29], which adapts to
polynomials over C the well-known Berlekamp-Welch
algorithm [41] for polynomial interpolation over finite
fields. For m > 2nγ, γ ≥ 1, robust Berlekamp-Welch dem-
onstrates that an algorithm to solve instances of Problem 1
to additive tolerance exp½−ðγ þ 4Þn log n −OðnÞ� implies
an efficient algorithm to compute permanents of worst-
case-hard matrices under BPPNP reductions. Thus, we
demonstrate average-case hardness of jSUPERj2� to addi-
tive error exp½−5n log n −OðnÞ�. This robustness is slightly
better than that known for m ¼ Ωðn2Þ BosonSampling—
with an exponent of 5 rather than 6—however, on account
of the smaller size of jSm;nj in the saturated limit, the target
robustness is commensurately larger, exp½−OðnÞ�. This is
because the target additive error tolerance, or robustness,
to which one seeks to prove hardness is on the order
of a typical output probability, i.e., 1=jSm;nj ¼ 1=ðmnÞ ¼
exp½−OðnÞ�. Thus, a small gap remains between the
robustness we can prove and the robustness to which we
conjecture hardness. Closing the robustness gap remains
open for all quantum advantage schemes.
The interpolation arguments of Refs. [1,29] proceed by

an entry-by-entry analysis of i.i.d. Gaussian matrices. As
described in Sec. I, for BosonSampling in the saturated
limit, the matrix entries instead come from a highly
correlated measure. Although in this setting this seem-
ingly crucial i.i.d. property no longer holds, we

nonetheless prove a total variation distance bound on
the distribution of average-case instances under trans-
lation and dilation that allows one to recover the inter-
polation argument. Theorem 4 shows that, despite
correlations, the distributions are perturbed only mildly
under these transformations.
Our proof of Theorem 4 develops tools that, given the

ubiquity of the Haar measure over unitaries across the
quantum information literature, we expect may be of
independent interest. Starting with the probability density
of the singular values of a submatrix of a Haar-random
unitary, derived first by Ref. [31], we reduce the approxi-
mate invariance property to proving sharp tail bounds on
the largest singular value. However, the bounds we need are
stronger than those obtainable by black-box concentration
inequalities like Levy’s lemma or log-Sobolev inequalities
as used in prior work [42]. Instead, we carry out a more
fine-grained analysis of the maximum singular value close
to 1 by directly analyzing the geometry of high-dimen-
sional spheres.

1. Truncations of Haar-random unitaries: Approximate
invariance property

As described above, in our worst-to-average-case reduc-
tion, we smuggle a tiny amount of a worst-case matrix A
into a random matrix Bt like so:

Bt ¼ ð1 − tÞB0 þ tA for t∈ ½0; 1�; ð14Þ

in such a way that the permanent of Bt is (by assumption in
the reduction) approximately correct with high probability
for small t but at t ¼ 1 is the permanent of a matrix
constructed from A, which is hard to compute. This is
possible in the i.i.d. Gaussian setting of dilute
BosonSampling, because Gaussians are perturbed only
slightly in total variation distance (TVD) by shifting and
rescaling in the manner above. It is not clear that this
approximate shift-and-scale invariance should hold for the
highly correlated measure on truncated Haar unitaries from
which B0 is drawn. Theorem 4 shows that it does.
Theorem 4 (Approximate shift-and-scale invariance).

Let μ be the probability measure on n × n complex-valued
matrices induced by taking n × n submatrices of a Haar-
random m ×m unitary matrix, with each entry scaled byffiffiffiffi
m

p
to have unit variance. Fixing an arbitrary “worst-case”

matrix Y ∈ f0; 1gn×n and taking B0 ∼ μ, we define the
random variable

Bt ¼ ð1 − tÞB0 þ tY: ð15Þ

We let μt be the probability measure for the random matrix
Bt. Note that μ0 ¼ μ.
If m ≥ ð2þ ϵÞn, then there exists Cϵ > 0 such that

kμt − μkTV ≤ Cϵnmt: ð16Þ
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In other words, the distribution of Bt is close to that of B0

when Y is a f0; 1g-valued matrix and t ¼ o½1=ðnmÞ�. Note
that, more generally, it suffices for matrix A to have
bounded entries so that kYkHS ≤ βn for constant β.
Furthermore, we notice that the matrix Bt in Eq. (15) is
not yet a random matrix of the type that appears in
jSUPERj2�, which requires some of its rows to be repeated
according to S. However, suppose that for each matrix in
Eq. (15) we erase the final ðn − cSÞ rows of Bt and replace
them with some copies of its first cS rows, denoting the

resulting matrices by BðSÞ
t , BðSÞ

0 , and YðSÞ. By the data
processing inequality, the TV distance bound from
Theorem 4 is also an upper bound on the TV distance
between distribution of

BðSÞ
t ¼ ð1 − tÞBðSÞ

0 þ tYðSÞ ð17Þ

and distribution of
ffiffiffiffi
m

p
US, for U chosen from the Haar

measure on UðmÞ. Therefore, the result of Theorem 4
directly applies to the BosonSampling matrices in the
saturated regime, corresponding to cS detector clicks and
n − cS collisions.
For m ≤ 2n, one could alternately interpolate by the

Cayley path [43,44] between worst- and average-case
instances on the level of unitary group UðmÞ, as is done
in fermion sampling [27]. However, the final error robust-
ness is worse than that attained using current techniques,
because the degree of the resulting polynomial is Θðn2Þ [as
opposed to ΘðnÞ using the approach from the Lipton-style
proof for m > 2n]. We leave open whether or not it is
possible to obtain similar robustness in the m ≤ 2n regime.
We prove Theorem 4 in Appendix B.

2. Lipton-style interpolation and robust Berlekamp-Welch

In Sec. III, we showed that Conjecture 1, namely, that
jSUPERj2� is #P-hard to additive error exp½−OðnÞ�, implies
no efficient classical sampler. Here, we provide strong
evidence in favor of Conjecture 1. In particular, in
Theorem 6, we prove a necessary condition for the
conjecture to hold.
The idea of Lipton’s proof of average-case hardness of

the permanent is to take an entrywise convex combination
of a matrix AS whose permanent is hard and a matrix B0

whose permanent we assume we can compute approxi-
mately correctly for most instances, producing matrix Bt as
in Eq. (15). The squared permanent of such an object is a
univariate polynomial in t of degree 2n. For small t, points
on this polynomial are close to instances of jSUPERj2�. At
t ¼ 1 is a (squared) permanent proved #P-hard to compute
in Sec. VA. Thus, to show jSUPERj2� is #P-hard as well,
one need only interpolate from points close to t ¼ 0 to
t ¼ 1. How close to t ¼ 0 our points must be so they are
approximately correct with constant probability is estab-
lished by Theorem 4 as t ¼ Oð1=n2Þ. Note that Theorem 4

is being invoked for n × n matrices AS, Bt, and B0 that do
have repetitions according to pattern S, as they must
correspond to either average instances of jSUPERj2� or
its worst-case analog (cf. discussion below Theorem 4).
Robust Berlekamp-Welch, presented below as

Theorem 5, provides an algorithm for interpolation over
the complex field. The algorithm runs in polynomial time
with access to an NP oracle, but this is sufficient as we are
already proving #P-hardness under BPPNP reductions.
While one could alternately use standard Lagrange inter-
polation, this would suffice only to prove a weaker result
with hardness to a smaller amount of additive error.
Theorem 5 (Robust Berlekamp-Welch [29]). Let pðtÞ be

any degree d polynomial. There is a PNP algorithm for the
following task:

Input—List of data points ðt1; y1Þ;…; ðt100d2 ; y100d2Þ,
where the ti are equally spaced on the interval
½0;Δ� (Δ < 1) and for every i∈ ½100d2� we
have Pr½jyi − pðtiÞj ≥ ϵ� < 1=4.

Output—Estimate z∈C such that jz − pð1Þj ≤
ϵed logΔ

−1þOðdÞ with probability at least 3=4.
The error bound on the estimate to pð1Þ arises because

the maximum blowup under extrapolation from Δ to 1 for a
degree d polynomial is ð1=ΔÞd (cf. Remez inequality). The
subleading correction ϵ exp½OðdÞ� comes from the error
incurred on ½0;Δ� by points that are ϵ-close to the true
values, by an invocation of Paturi’s bound [45].
Our main result, stated informally in Sec. I as Theorem 1,

is below.
Theorem 6 (#P-hardness of SUPER in the saturated

regime). Let m ≥ 2.1n. In the regime m ¼ ΘðnÞ,
jSUPERj2� is #P-hard under BPPNP reductions to additive
error ϵðSÞ ¼ e−5n logðnÞ−OðnÞ with probability at least 1 − δ,
with δ ¼ 1=poly½ðnÞ�.
Proof. Suppose we have an oracle O to solve jSUPERj2�

with a failure probability δ (over the choices of S and U).
We prove that we can, therefore, exactly compute the
permanent of a specific worst-case f0; 1g-valued matrix X
(as in Lemma 3) efficiently in BPPNP

O
. Since exactly

computing the permanent of a f0; 1gmatrix is #P-hard, this
will complete the theorem. Note that this is a BPPNP

reduction, but this is not an issue since we are proving
#P-hardness.
We begin by choosing a collision pattern S at random

and embedding matrix X∈ f0; 1gl×l into a matrix ASðXÞ
with repetitions as in Lemma 3. Note that S is compatible
with this embedding with high probability, due to
Lemma 1, as long as l ≤ 1

2
EðcSÞ ≈ 1

2
½m=ð1þm=nÞ�. The

next step is to use Theorem 4, applied to the case where all
matrices in Eq. (15) have repeated rows according S [cf. the
discussion below Eq. (16) surrounding Eq. (17)]. To that
end, we sample a Haar-random matrix, take a suitable
submatrix of it, and repeat its rows according to S to

construct BðSÞ
0 . We then obtain BðSÞ

t by mixing BðSÞ
0 with a
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small amount of YðSÞ that we set equal to ASðXÞ, as in

Eq. (17). By Theorem 4, the ensemble defined by BðSÞ
t is

close to the ensemble of (rescaled) submatrices of Haar-
randommatrices with repeated rows. We can, therefore, use
the BPPNP machine to select a Haar-random matrix U such

that BðSÞ
t appears as one of its submatrices (after applying

the repetition pattern S). We then use O to compute the

approximation to absolute-squared permanent of BðSÞ
t . We

repeat this procedure for 100d2 ¼ 400n2 values of t in
range ½0;Δ�, always using the same S and worst-case matrix

ASðXÞ for each matrix BðSÞ
t .

By setting Δ ¼ Oð1=n2Þ and invoking the data process-
ing inequality on Theorem 4, we satisfy the requirements of
Theorem 5 that most points are ϵ-close to the true values
with sufficiently high probability. Given these values
as input, by Theorem 5 the robust Berlekamp-Welch
algorithm outputs an approximation to jPer½ASðXÞ�j2=mn

that is ϵ exp½4n logðnÞ þOðnÞ�-close with probability at
least 3=4. Equivalently, this corresponds to an approxima-
tion that is ϵ exp½5n logðnÞ þOðnÞ�-close to jPer½ASðXÞ�j2
for m ¼ OðnÞ.
Now recall that ASðXÞ is an integer matrix; therefore, an

estimate of its permanent with error less than 1 is exact.
Thus, ϵ < exp½−5n logðnÞ −OðnÞ� additive error on the
squared permanents computed by O suffices to compute
the exact permanent of ASðXÞ.
The only outstanding issue is that this procedure chooses

a collision pattern at random, whereas O has to be precise
only with probability 1 − δ over choice of S and U. It is
consistent with this definition that there are some choices of
S for whichO fails for almost every U (as long as there are
some other values of S where it is unusually successful to
compensate), and the conditions of Theorem 5 might not be
satisfied, in which case there are no guarantees on the
output of the robust Berlekamp-Welch algorithm. However,
note that the specific S does not matter, since Lemmas 2
and 3 imply we can embed X into some ASðXÞ for almost
any S. Therefore, we can repeat this entire procedure
several times and take the majority vote of the results to
evade these pathological choices of S. Thus, with high
probability, we obtain the exact permanent of X, which is
#P-hard by a well-known result due to Valiant [40] and
which concludes the proof. ▪
We note that our proof of Theorem 6 does not directly

use Theorem 3, instead invoking Lemmas 2 and 3 for
didactic purposes, though it could be rewritten to depend on
Theorem 3 directly.
Notably, we achieve a robustness exponent of 5 com-

pared to 6 form ¼ Ωðn2Þ BosonSampling. To see that, note
that all of this procedure works when m ¼ αn as long
as, say, α ≥ 2.1. Carrying the dependence of α in the
proof, we actually obtain a robustness requirement of
ϵ exp½4n logðnÞ þ n logðαÞ þOðnÞ�. The term n logðαÞ is
OðnÞ in the saturated limit and n logðnÞ when m ¼ n2.

Note, however, that the target robustness is also larger
in the saturated limit in which 1=jSm;nj ¼ e−OðnÞ, whereas
when m ¼ n2 we have 1=jSm;nj ¼ e−O½n logðnÞ�. Closing the
robustness gap altogether remains open for all quantum
computational advantage proposals.

VI. ANTICONCENTRATION IN THE PRESENCE
OF CORRELATIONS

In this section, we comment on anticoncentration.
Roughly speaking, anticoncentration is the property that
most outcome probabilities for most BosonSampling
experiments are not much smaller than the inverse of the
domain size. Although in existing quantum advantage
arguments anticoncentration is formally neither necessary
nor sufficient for hardness, this approximate “flatness”
property nevertheless plays an important role. In particular,
anticoncentration is a necessary ingredient to convert
additive estimates of output probabilities, which we con-
jecture to be hard, to multiplicative estimates. In this way, it
provides a “sanity check” on hardness conjectures that
involve additive error. Moreover, classical easiness results
often exploit failure to anticoncentrate [34,46]. While it
remains open to prove anticoncentration for any variant of
BosonSampling, there has been partial progress from, e.g.,
Ref. [33] and strong numerical evidence in the m ¼ Θðn2Þ
regime.
In Sec. I, we discussed the two new challenges that arise

when m ¼ ΘðnÞ relative to the dilute regime, namely,
correlations in the matrix entries and row repetitions.
Though these might be expected to pose a threat to
anticoncentration, below, we present numerical evidence
that it holds in this regime and observe behavior similar to
that in the i.i.d. Gaussian case.
For m ¼ ΘðnÞ, the appropriate formulation of anticon-

centration is as follows.
Conjecture 2 (Anticoncentration of probabilities). There

exists some polynomial such that, for all n > 0, m ≥ n,
m ¼ ΘðnÞ, and δ > 0,

Pr
U∼HaarðmÞ
S∼Um;n

�jPerðUSÞj2Q
m
i¼1 si!

< jSm;nj−1
1

polyðm; 1=δÞ
	
< δ: ð18Þ

In Fig. 4, we show numerical evidence for Conjecture 2
in the form of plots of random BosonSampling probabil-
ities [i.e., jPerðUSÞj2=

Q
i si!]. Recall that the conjecture

posits that these probabilities are on the order of 1=jSm;nj
and, in particular, do not grow smaller relative to this bound
as n grows. A key takeaway from the figure is that the
difference between this bound and random probabilities is
quite stable as n increases (shown, in particular, on the right
in Fig. 4), consistent with the conjecture. If the trend we see
numerically were to continue for larger permanents—we
show data up to 30 photons—then this would imply the
anticoncentration conjecture.
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Anticoncentration motivates a reformulation of SUPER
in terms of multiplicative error.
Conjecture 3. The following family of problems,

denoted jSUPERj2×, is #P-hard: Given V ∼Dm;n as above,
output z∈C such that

jz − jPerðVÞj2j ≤ ½polyðmÞ�−1jPerðVÞj2 ð19Þ

with probability at least 3=4 over choice of V ∼Dm;n.
Conjectures 2 and 3 immediately yield that jSUPERj2� is

#P-hard to error
Q

i si!jSm;nj−1, so we recover the same
hardness condition as Conjecture 1, which by Sec. III again
implies no classical sampler.

VII. GAUSSIAN BOSONSAMPLING

In this section, we show how our main results still apply
to the BosonSampling variant known as Gaussian
BosonSampling (GBS) [10]. The overall logic of the
argument is the same, so we focus only on those steps
of our main result that need to be modified in this case.
In Gaussian BosonSampling, rather than a Fock-state

input, one uses a Gaussian state, such as a two-mode-
squeezed state, as described in Refs. [8,10]. Usually, this
means that the probabilities are written in terms of
Hafnians of particular transition matrices rather than
permanents. To sidestep having to worry about
Hafnians and to reuse much of our previous work, we
instead use the construction of Ref. [9], known as
BipartiteGBS.
We initialize each of 2m modes in the same Gaussian

state, exp ½rða†2 − a2Þ�j0i, where r is known as the squeez-
ing parameter. Then, this state evolves in a 2m-mode
interferometer as shown in Fig. 5. Let us write an output
state as jS; Ti ¼ js1; s2;…; sm; t1; t2;…; tmi, where, due to
a well-known property of two-mode squeezed vacuum
states,

P
i si ¼

P
i ti ≕ n (here, we consider m and n to be

the number of modes and photons on either half of the
interferometer rather than in total—this is convenient so
that the permanents we consider are n × n as in the previous

case). The probability of observing outcome jS; Ti is then
given by

qðS; TÞ ¼ 1

Z
jPerðCS;TÞj2Q

isi!
Q

jtj!
: ð20Þ

In Eq. (20), C ¼ ðtanh rÞUV† is a transition matrix, where
U and V correspond to two m-mode interferometers and
CS;T is a submatrix constructed from C. This submatrix
follows exactly the same prescription for choosing (and
repeating) rows and the standard BosonSampling one
described in Sec. I A, but now we select the ith row ti
times and the j column sj times. Finally, Z ¼ ðcosh rÞ2m is
a normalization.
In our case, we choose U to be Haar random and V to be

identity matrix. Under these choices, the resulting GBS
model of Eq. (20) differs from the BosonSampling model
we considered in Sec. I A only in a few aspects: First, the
submatrices of C (which is itself proportional to a Haar-
random unitary matrix) are built by repeating both rows and
columns; second, the number of particles is not fixed; and,

FIG. 4. Box plots for the distribution of random probabilities in the m ¼ 2n regime. For each n, we calculated ln½jPerðUSÞj2=
Q

i si!�
for 20 Haar-random matrices U∈C2n×2n and 20 uniformly random outcomes S. Left: the blue box plots depict this distribution, and the
red dashed line shows the anticoncentration bound (i.e., − ln jSm;nj). Right: the blue box plots depict the same distribution shifted by the
anticoncentration bound; hence, the red dashed line appears at 0. Each box plot has the same format: min, 1st quartile, median, 3rd
quartile, max.

FIG. 5. Gaussian BosonSampling. Vertical dashed lines corre-
spond to preparation of two-mode squeezed states with identical
squeezing parameters r. The overall transition matrix is given by
C ¼ ðtanh rÞUW†, and transition probabilities are given by
permanents of submatrices of C, as described in the main text.
Each photon observed in one of the top (bottom) mmodes selects
one of the rows (columns) of C.
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finally, the probabilities not only are given by permanents,
but are multiplied by the 1=Z factor.
Let us first address the issue of variable photon number.

Since we are assuming all squeezing parameters are the
same, the number of photons emitted in each of the m top
input modes independently follows a geometric with
mean hnii ¼ sinhðrÞ2. Consequently, the total number of
photons n in the top m modes follows a negative binomial
distribution PðnÞ ¼ ðnþm−1

n Þf½tanhðrÞ2n�=½coshðrÞ2m�g
with mean hni ¼ m sinhðrÞ2 and variance VarðnÞ ¼
mf½coshðrÞ2�=½sinhðrÞ4�g [47]. The mode (most likely
result) of the negative binomial distribution PðnÞ equals
n� ¼ bðm − 1Þ sinhðrÞ2c. Since r can be treated as a
constant, we get that Pðn�Þ ≥ ðC= ffiffiffiffi

m
p Þ, where C is a

constant depending only on r. This means that we can, in
principle, postselect on observing exactly n� photons on
each half of the experiment by repeating the experiment
only a polynomial number of times. Therefore, for sim-
plicity, from now on we assume that we are working only in
the subspace with exactly n� ¼ bm sinhðrÞ2c photons. In
particular, our result holds in the regime where m > 2.1n,
which corresponds to a squeezing parameter of roughly
r ¼ 0.65, well within experimentally accessible values [5].
The postselected outcome probability corresponding to

m modes and n input photons in each half of the
interferometer then equals

pUðS; TÞ ¼
1

jSm;nj
jPerðUS;TÞj2Q

isi!
Q

jtj!
: ð21Þ

This follows from the observation that qðS; TÞ ¼
fðnÞpUðS; TÞ, where fðnÞ is as some function of the
photon number n and pUðS; TÞ ¼ f½jPerðUS;TÞj2�=
ðQi si!

Q
j tj!Þg can be regarded as a probability in

S∈Sm;n (for fixed T ∈Sm;n) or vice versa.
We now sketch how the proof steps of previous sections

would be adapted to the case of GBS.

A. Worst-case hardness of permanents with
repetitions revisited

Recall that, in Sec. VA, we showed #P-hardness of
worst-case permanents when rows were repeated. More
concretely, we started with some c × c matrix X, we
extended it into a c × ðcþ kÞ matrix AðXÞ by appending
columns according to a specific prescription, and then we
repeated its rows according to some collision pattern to
construct matrix ASðXÞ. The result was Lemma 3, which
showed that PerASðXÞ ¼ PerX

Q
si!. The proof of that

theorem followed directly from Lemma 24 in Ref. [9] by a
particular choice of all relevant variables.
Lemma 24 in Ref. [9] is, however, used to prove a

stronger result, namely, Theorem 12 therein, which encom-
passes repetitions of both rows and columns. For our case,

this simply reduces to applying the construction of Fig. 3
twice, once for rows and once for columns.
More concretely, suppose we have two collision patterns

in the output: T, for the top m modes and which selects
columns, and S, for the bottom m modes and which selects
rows. Let kT and kS be the (possibly distinct) number of
collisions on each respective pattern. By replacing A with

X, z ¼ 0, and xðlÞi;j ¼ yðlÞi;j ¼ 1, the statement of Theorem 12
in Ref. [9] reduces to the following.
Lemma 4. Let m ≥ n and S; T ∈Sm;n be two collision

patterns such that (i) S and T have kS and kT collisions,
respectively, (ii) the total photon number is
n ¼ lþ kS þ kT , and (iii) S and T have at least kT and
kS entries with a single photon each, respectively.
Given a matrix X∈ f0; 1gl×l, there is a poly-time-

constructible matrix AðXÞ∈ f0; 1gðlþkT Þ×ðlþkSÞ such that

Per½AS;TðXÞ� ¼ PerðXÞ
Yl
i¼1

si!ti!: ð22Þ

Note that condition (iv) is guaranteed as long as l ≥ kT; kS.
Note that the fact that we need to repeat both rows and

columns adds a small overhead to the size of these matrices.
In particular, whereas in the case of BosonSampling we
started with a c × c matrix X, where c was the number of
detectors clicks, now we construct ðlþ kTÞ × ðlþ kSÞ
matrix whose rows and columns are then repeated, imply-
ing that we have lþ kS clicks on the top side and lþ kT
clicks on the bottom, for a total of n ≔ lþ kS þ kT photons
on each side. Furthermore, the explicit construction
requires there to be kS noncollision output modes on the
T side and kT noncollision modes on the S side.
Nonetheless, from these arguments, it follows that perma-
nents with repetitions in both rows and columns are also #P
to compute in the worst case.

B. Combinatorics

We now need to prove that the analogous of Lemma 2 in
the case of GBS, which would imply that most outcomes
are hard according to Lemma 4, in the dilute regime. To that
end, first note that, if we trace out either the top or the
bottom half of the modes in the setup in Fig. 5, the state of
the remaining modes is the maximally mixed state of n
photons in m modes. This means that each half of the
outcomes follows, independently, the combinatorics of
Lemma 2.
One additional issue in the GBS case is that it is not

enough to guarantee that there are many detector clicks on
either side. As discussed just after Lemma 4, we also need
the output state to have kSðkTÞ modes with a single particle
each on the top (bottom) half. This is likely an artifact of the
proof technique of Theorem 12 in Ref. [9], but we currently
do not have an alternative proof of Lemma 4 without this
requirement. Nonetheless, the following lemma guarantees
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that most outcome types encode a sufficiently hard problem
as long as m ≥ 2.1n.
Lemma 5. Let m ≥ 2.1n and let S; T ∈Sm;n be collision

patterns associated with the bottom and top half of our GBS
setup chosen independently from Um;n. Let kS and kT
denote the number of colliding photons in S and T,
respectively. Let ncS and ncT denote the number of modes
that are occupied and exhibit no collisions in S and T,
respectively, and let cS and cT be the number of clicks in S
and T, respectively. Then, with probability greater than
1 − exp½−ΘðnÞ�, we have

kT ≤ n=3 ≤ ncS; ð23Þ

kS ≤ n=3 ≤ ncT: ð24Þ

Consequently, typical pairs of outputs S; T ∈Sm;n can be
used to compute permanents of X∈ f0; 1gl×l for l ≥ n=3
(in the sense of Lemma 4).
Proof. We first note that we have the bound ncS ≥

cS − kS (and similarly for output T), which follows from
the fact that no collision clicks (modes) in S are the ones
that are (i) occupied by a single particle and (ii) are not
occupied by any of the remaining kS “excess” particles.
Using kS ¼ n − cS (and the same relation for outcome T),
we get

ncS ≥ 2cS − n; ncT ≥ 2cT − n: ð25Þ

Using Lemma 2 and recalling the notation α ¼ m=n, we get
that, for any t ≥ 0,

Pr
S∼Um;n

�
ncS ≤

α− 1þ 1=n
αþ 1þ 1=n

n− 2tn

	
≤ 2 expð−2t2nÞ: ð26Þ

Additionally, from kS ¼ n − cS we get

Pr
S∼Um;n

�
kS ≥

1þ 1=n
αþ 1þ 1=n

nþ tn

	
≤ 2 expð−2t2nÞ: ð27Þ

We have identical bounds for ncT and kT , where T ∼ Um;n.
Using the above bounds in conjunction with the union
bound, it is now easy to see that, for α ≥ 2.1 and t set to a
small enough constant (independent of n and m), we get
that with probability at least 1 − exp½−ΘðnÞ� (over the
choice of S; T ∼ Um;n), we get inequalities (23) and (24). ▪

C. Gaussian BosonSampling in the saturated limit

The big picture argument for the hardness of GBS in the
saturated limit follows very closely the argument for
standard BosonSampling made in the rest of the paper.
We begin by positing a new problem tailored for GBS.
Problem 2 (Gaussian subunitary permanent estimation

with repetitions, jGSUPERj2�). We define a family
of problems parametrized by error scaling function

ε∶Nm → Rþ and failure probability δ. Let Gm;n denote a
probability distribution on n × n matrices V obtained by
sampling fS; Tg ∼ Um;n and U ∼ HaarðmÞ and setting
V ¼ US;T . Given V ∼ Gm;n and error probability δ > 0,
output z∈C such that jz − jPerðVÞj2j ≤ εðS; TÞ with prob-
ability at least 1 − δ over choice V.
The analog of Conjecture 1 for jGSUPERj2� is the

following.
Conjecture 4. jGSUPERj2� is #P-hard to additive impre-

cision εðS; TÞ ¼ f1=½polyðnÞ�gQi;j si!tj!=jSm;nj, when
m ≥ 2.1n with failure probability δ ≤ 1

4
.

We now need to prove analogs of the main two results
from previously in the paper, namely, Theorems 2 and 6.
Since much of the argument is similar, we focus on the
differences that appear in the case of GBS.
Let us begin with the analog of Theorem 2. Recall that

the gist of this theorem, which is proven in Appendix A, is
that, if one has an efficient classical sampler capable of
simulating a BosonSampling instance to within small total
variation distance in the saturated regime, then this classical
sampler can be input to Stockmeyer’s algorithm and
produce a good approximation for the individual proba-
bilities of the corresponding BosonSampling instance. This
is a very generic argument, used for many quantum
advantage proposals, and does not depend on any particu-
larity of BosonSampling. The main difference that arises is
that the output sample space now has dimension jSm;nj2
rather than jSm;nj, since the GBS outputs consist of pairs of
strings fS; Tg of n photons in m modes each, but this is
canceled by the multiplicative factor in Eq. (21) due to how
the permanent function is encoded in a GBS amplitude.
Keeping track of both these changes, we obtain the
following.
Theorem 7. Let m ¼ ΘðnÞ; m ≥ 2.1n. An existence of a

classical sampler that samples from a distribution approxi-
mating the GBS distribution [i.e., Eq. (21)] to accuracy β ¼
1=polyðnÞ implies a solution to jSUPERj2� with additive
imprecision ϵðS; TÞ ¼ f1=½polyðnÞ�gQi;j si!tj!=jSm;nj in
BPPNP. Assuming Conjecture 4, this collapses PH.
We now move to the analog of Theorem 6. Recall that, at

a high level, the proof of Theorem 6 proceeds in the
following steps: (i) We prove that most outcomes of a
BosonSampling experiment encode a #P-hard permanent,
via Theorem 3 and Lemmas 1 and 3; (ii) we prove that it is
possible to smuggle a small amount of a hard matrix into a
random matrix from the relevant ensemble (i.e.,
Theorem 4) and that then the permanent of the hard matrix
is retrieved from several estimates of the permanent of
random matrices via polynomial interpolation (i.e.,
Theorem 5); finally, (iii) the proof of Theorem 6 concat-
enates the previous two steps with the details of the
definition of jSUPERj2� to obtain the main result.
In the case of jGSUPERj2�, step (i) is replaced by a

combination of Lemmas 4 and 5. These together show that,
with high probability, the collision pattern of outcomes of a
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typical GBS experiment are compatible with encoding a
#P-hard problem. Step (ii) is actually unchanged, since
Theorem 4 works just as well for repetitions of both rows
and columns as it did for rows, and Theorem 5 just depends
on the polynomial nature of the permanent. Finally, the
logic of step (iii) also remains the same, though we need to
keep track of numerical factors. Going through all of these
in detail, we arrive at the following.
Theorem 8 (#P-hardness of GSUPER). In the regime

where m ¼ OðnÞ, jGSUPERj2� is #P-hard to additive error
ϵðSÞ ¼ e−5n logðnÞ−OðnÞ, with probability at least 1 − δ,
with δ ¼ 1=poly½ðnÞ�.

VIII. DISCUSSION

Our work better connects the theory of BosonSampling
to its experimental implementation. Aaronson and
Arkhipov’s foundational work led to a number of important
extensions which improved our understanding of the
complexity of BosonSampling—from generalizations to
Gaussian BosonSampling, to improving the robustness of
average-case hardness arguments, to efficiently spoofing or
verification of experiments, to characterizing the effects of
noise. While many of the more empirical works have
focused on the saturated regime due to its connection with
experiment, most of the theoretical arguments have focused
on the dilute regime and may need to be reinvestigated in
this new context.
Recently, a subsequent paper of Bouland et al. [48]

improved the robustness of hardness for dilute
BosonSampling to e−n log n−n−OðnδÞ for any δ > 0, i.e.,
within a OðnδÞ in the exponent of the desired robustness.
This technique immediately applies to our results and
yields robustness for Fock basis BosonSampling in the
saturated regime within a factor ofOðnδÞ in the exponent of
the target hardness as well. However, we note other aspects
of their work do not immediately carry over—such as their
hardness of average-case exact sampling results—as these
depend on specific properties of the Gaussian measure
which do not hold in the saturated regime. We leave this as
an open problem.
Many interesting questions remain. Do spoofing algo-

rithms for BosonSampling become easier or harder in the
saturated case? How few modes are needed for intractabil-
ity, for example, for which α do m ¼ αn experiments have
the best evidence for hardness, and are there any funda-
mental limits on this constant?
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APPENDIX A: STOCKMEYER REDUCTION FOR
HARDNESS OF SAMPLING

In this section, we prove Theorem 2, which shows that
existence of approximate classical sampler for
BosonSampling implies the solution of jSUPERj2� problem
to precision inversely proportional to jSm;nj, the dimension
of symmetric subspace.
We first formalize the notion of a classical sampler.
Definition A1 (Classical sampler). A classical sampler is

a probabilistic polynomial-time algorithm that, given as
input m ×m matrix U, and error β ≥ 0, outputs a sample
S ¼ ðs1;…; smÞ from distribution qU such that

kqU − pUkTV ≤ β; ðA1Þ

where PU is the outcome distribution of the
BosonSampling experiment.
As is standard among hardness of sampling results, we

reduce classical sampling to approximately computing
output probabilities. The reduction uses Stockmeyer’s
approximate counting algorithm [28], which runs in BPP
with access to an NP oracle. It is the ability in BPPNP to
approximate output probabilities, which are expressed in
terms of squared matrix permanents we conjecture to be
#P-hard, that draws a contradiction if PH is infinite.
To prove the Stockmeyer reduction, we require a

technical lemma we term “reverse embedding,” which
allows us to formally connect the input to jSUPERj2�,
i.e., Problem 1, which is an n × n matrix drawn from the
correlated distribution Dm;n of subunitaries with row
repetitions, and Stockmeyer’s algorithm, which receives
as input a unitary matrix via the classical sampler of
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Definition A1. Reverse embedding arises whenever there is
a mismatch between algorithm input types. Notably, this
technicality is absent in random circuit sampling, where the
input to both the classical sampler and Stockmeyer is the
circuit unitary.
Lemma A1 (Reverse embedding). Given as input an

n × n matrix V drawn from distribution Dm;n as in
Problem 1, in BPPNP one may output an m ×m matrix
U ¼ AðVÞ which is distributed according to Haar measure,
as well as some S such that US ¼ V.
In particular, the distinct rows of US form a submatrix of

the m × n truncation of U, i.e., its leftmost n columns.
Proof. In BPP, generate unitary U ∼ HaarðmÞ and

S ∼ Um;n, and with the NP oracle, postselect on the
submatrix US being identical to V. By the definition of
a marginal distribution, such a U and S exist. ▪
Theorem A1 (Stockmeyer reduction for BosonSampling).

If there exists a classical sampler as in Definition A1, then
there exists in BPPNP a solution to jSUPERj2� to additive
imprecision

ϵðSÞ ¼
Q

m
i¼1 si!

jSm;njδ
�
4β þ 1

polyðm; nÞ
�
; ðA2Þ

with probability at least 1 − δ. The numbers ðsiÞ
come from S ¼ ðs1;…; smÞ. Furthermore, assuming
that β ¼ 1=polyðm; nÞ, δ ¼ Θð1Þ, we get that there
exists a BPPNP solution to jSUPERj2� with additive
imprecision

ϵðSÞ ¼
Q

m
i¼1 si!

jSm;njpolyðm; nÞ ; ðA3Þ

with failure probability at most δ ¼ Θð1Þ.
Proof. Let us fixU∈UðmÞ and observe that, because pU

and qU are β-close in total variation distance, pUðSÞ and
qUðSÞ are close with high probability for randomly chosen
S ∼ Um;n:

ES∼Um;n
jpUðSÞ − qUðSÞj ¼

1

jSm;nj
X

S∈Sm;n

jpUðSÞ − qUðSÞj ≤
2β

jSm;nj
: ðA4Þ

By Markov’s inequality, for any k1 > 0,

Pr
S∼Um;n

�
jpUðSÞ − qUðSÞj ≥

2βk1
jSm;nj

	
≤

1

k1
: ðA5Þ

In other words, the output of the classical sampler must be accurate for most outcomes S. Now, in order to obtain a good
approximation to qUðSÞ and, therefore, by proxy pUðSÞ by the above, we run Stockmeyer’s algorithm that in BPPNP takes as
input unitary a U and for any outcome S estimates qUðSÞ as q̃UðSÞ such that

jq̃UðSÞ − qUðSÞj ≤
1

polyðm; nÞ · qUðSÞ: ðA6Þ

The accuracy of estimate q̃UðSÞ depends on the magnitude of qUðSÞ, which trivially satisfies ES∼Um;n
½qUðSÞ� ≤ jSm;nj−1, as

qS ≤ 1. So again by Markov, for any k2 > 0,

Pr
S∼Um;n

�
qUðSÞ ≥

k2
jSm;nj

	
≤

1

k2
: ðA7Þ

By combining Eqs. (A5) and (A7) and employing Eq. (A6), we get

Pr
S∼Um;n

�
jpUðSÞ − q̃UðSÞj ≥

1

jSm;nj
�
2βk1 þ

k2
polyðm; nÞ

�	
≤

1

k1
þ 1

k2
: ðA8Þ

By setting k1; k2 ¼ 2=δ, we get

Pr
S∼Um;n

�
jpUðSÞ − q̃UðSÞj ≥

1

jSm;njδ
�
4β þ 1

polyðm; nÞ
�	

≤ δ: ðA9Þ

Since the above inequality holds for arbitrary fixed U, we can also write
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Pr
U∼HaarðmÞ
S∼Um;n

�
jpUðSÞ − q̃UðSÞj ≥

1

jSm;njδ
�
4β þ 1

polyðm; nÞ
�	

≤ δ; ðA10Þ

where the distributions over U and S are independent. Now, in order to connect the above estimate to the definition of
jSUPERj2�, we note that (i) for randomly chosen pairs ðU; SÞ as in Eq. (A10) we have pUðSÞ ¼ jPerðVÞj2=Qi∈ ½m� si!, and,
furthermore, (ii) for V ∼Dm;n we can in BPPNP (cf. Lemma A1) output U ¼ AðVÞ that is Haar distributed as well as S that
is distributed according to Um;n. Consequently, it follows that

Pr
V∼Dm;n

����� jPerðVÞj2Q
m
i¼1 si!

− q̃AðVÞðSÞ
���� ≥ 1

jSm;njδ
�
4β þ 1

polyðm; nÞ
�	

≤ δ: ðA11Þ

We conclude the proof by noting that ðQm
i¼1 si!Þq̃AðVÞðSÞ is

the desired approximation to jPerðVÞj2 obtained in
BPPNP. ▪

APPENDIX B: PROOF OF SHIFT-AND-SCALE
INVARIANCE

Theorem 4 (Approximate shift-and-scale invariance).
Let μ be the probability measure on n × n complex-valued
matrices induced by taking n × n submatrices of a Haar-
random m ×m unitary matrix, with each entry scaled byffiffiffiffi
m

p
to have unit variance. Fixing an arbitrary “worst-case”

matrix Y ∈ f0; 1gn×n and taking B0 ∼ μ, we define the
random variable

Bt ¼ ð1 − tÞB0 þ tY: ðB1Þ

We let μt be the probability measure for the random matrix
Bt. Note that μ0 ¼ μ.
If m ≥ ð2þ ϵÞn, then there exists Cϵ > 0 such that

ðB2Þ

As a first step, we note that we can express the
probability measure μθ using dilations Dρ and translations
TH applied to the measure μ. We define these operations in
terms of their actions on probability densities; we write
μ ¼ PðBÞdB, where P∈L1ðCn×nÞ is a continuous density.
Given ρ∈C, the dilation operator Dρ is defined on

probability densities on Cn×n by

ðDρPÞðBÞ ¼ jρj−2n2PðB=ρÞ: ðB3Þ

The factor of ρ−2n
2

comes from the fact that the (real)
dimension of Cn×n is 2n2 and ensures that DρP remains a
probability density.

The translation TH is defined by

ðTHPÞðBÞ ¼ PðB −HÞ: ðB4Þ

It is clear that TAP is the probability density of the
distribution of Bþ A when B is sampled from PðBÞdB.
The proof of Theorem 4 is divided into two steps, given

as Lemmas B1 and B2. With the definitions above, we can
say that if B0 is sampled from the probability density P,
then Bt is sampled from TtAD1−tP. Lemma B1 character-
izes the total variation distance between these probability
distributions in terms of an integral of j∇Pj, for which we
prove a bound in Lemma B2.
For convenience, given matrices A; B∈Cn×n, we write

jAj for the Hilbert-Schmidt norm and A · B for the corre-
sponding inner product. Below, it is often convenient to
use N ≔ n2.
Lemma B1. Let P∈L1ðCNÞ be any integrable function.

Then, for any Y,Z
jPðBÞ − TYPðBÞjdB ≤

Z
jY ·∇PðBÞjdB: ðB5Þ

Moreover, for any jδj ≤ 1
10
,Z

jPðBÞ −D1þδPðBÞjdB

≤ 10jδj
�
N
Z

jPðBÞjdBþ
Z

jBjj∇PðBÞjdB
�
: ðB6Þ

Proof. First, we prove Eq. (B3) under the assumption
that P is continuously differentiable. In this case, we use the
fundamental theorem of calculus in the form fð1Þ − fð0Þ ¼R
1
0 f0ðtÞdt applied to the function fðtÞ ¼ PðB − tYÞ, which
gives

PðBÞ − PðB − YÞ ¼ −
Z

1

0

Y · ∇PðB − tYÞdt: ðB7Þ

Writing PðB − YÞ ¼ TAPðBÞ and using the triangle
inequality above, we estimate
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jPðBÞ − TAPðBÞj ¼ jPðBÞ − PðB − YÞj

≤
Z

1

0

jY · ∇PðB − tAÞjdt:

Integrating over B, applying Fubini’s theorem, and then
using the change of variables Y ¼ B − tY, we haveZ

jPðBÞ − TYPðBÞjdB ¼
Z Z

1

0

jY · ∇PðB − tAÞjdtdB

¼
Z

1

0

�Z
jY ·∇PðB − tAÞjdB

�
dt

¼
Z

1

0

dt
Z

jY · ∇PðYÞjdY: ðB8Þ

The integral over t now evaluates to 1, and we have proved
the result. The extension to all L1 functions follows from
the density of smooth functions in L1.
Next, we prove Eq. (B4). Fixing B, define

fBðtÞ ¼ j1þ tδj−2NP½ð1þ tδÞ−1B�:

Then, we compute

f0BðtÞ ¼ −2Nj1þ tδj−2N−2Re½δ�ð1þ δtÞ�P½ð1þ tδÞ−1B�
þ j1þ tδj−2Nð−δÞð1þ tδÞ−2B · ∇P½ð1þ tδÞ−1B�:

In particular, using the bound jδj ≤ 1=10, we obtain

jf0BðtÞj ≤ 10j1þ tδj−2NδfNP½ð1þ tδÞ−1B�
þ jBjj∇P½ð1þ tδÞ−1B�jg:

Now, we use the triangle inequality with the fundamental
theorem of calculus as before to estimateZ

jPðBÞ −D1þδPðBÞjdB

¼
Z

jfBð0Þ − fBð1ÞjdB

≤
Z

1

0

Z
jf0BðtÞjdBdt

≤ 10δ

Z
1

0

Z
j1þ tδj−2NfNjP½ð1þ tδÞ−1B�j

þ jBjj∇P½ð1þ tδÞ−1B�gdBdt

≤ 10δ

Z
1

0

Z
NjPðBÞj þ jBjj∇PðBÞ�dBdt:

In the last line, we rescaled the variable B, which eliminated
the factor of j1þ tδj−2N . This concludes the proof. ▪
Having expressed translation and dilation of probability

density P in terms of an integral of j∇Pj, we bound the
integral with an explicit formula in Lemma B2.

Lemma B2. Let P∈L1ðCn×nÞ be the probability density
associated to the measure μ, and suppose m ≥ ð2þ ϵÞn.
Then, there exists a constant Cϵ such thatZ

j∇PðBÞjdB ≤ Cϵ

ffiffiffiffiffiffiffi
nm

p ðB9Þ

and also Z
jBjj∇PðBÞjdB ≤ Cϵnm:

Equation (B7) shows that, for f0; 1g-valued matrices Y
(for which kYkHS ≤ n),Z

jY · ∇PðBÞjdB ≤
Z

kYkHSk∇PðBÞkHSdB ≤ Cϵnm:

Thus, the bounds from Lemma B2 combined with
Lemma B1 (for N ¼ n2) complete the proof of Theorem 4.
The proof of Lemma B2 makes use of the following

result about the largest singular values of submatrices of
Haar-random unitaries, which we prove in the next
subsection.
Lemma B3. If Zm;n is the n × n submatrix of a Haar-

random m ×m unitary with m ≥ ð2þ ϵÞn, then

E½1 − σmaxðZm;nÞ�−1 ≤ Cϵ: ðB10Þ

In fact, one can take Cϵ ¼ 2ð3=ϵÞþð7=2Þ.
Proof of Lemma B2. We first write down an explicit

formula for the density P. As computed by Collins in
Ref. [31] [see also Eq. (61) on p. 61 in Ref. [32] and
Ref. [1] ] for m > 2n, the density P for the measure μ is
given by

PðBÞ ¼ cm;n

Y
i∈ ½n�

�
1 −

σ2i
m

�
m−2n

Iσ2i≤m;

where σi are the singular values of the matrix B. A first step
to computing∇P is to first take the derivatives with respect
to the singular values which, for m > 2n,

∂σjPðBÞ ¼ −cm;n2σj
ðm − 2nÞ

m

�
1 −

σ2j
m

�m−2n−1

× Iσ2j≤m
Y
i≠j

�
1 −

σ2i
m

�
m−2n

Iσ2i≤m

¼ −2σj
m − 2n

m

�
1 −

σ2j
m

�−1
PðBÞ: ðB11Þ

We can use this to bound j∇PðBÞj. To do this, we use a
singular value decomposition to reduce to the case that B is
the diagonal matrix Σ with entries σi. The derivative of the
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singular values with respect to the off-diagonal entries is 0
(it suffices to check this fact for 2 × 2 matrices). The same
is true for the imaginary parts of the diagonal. Therefore,

k∇PðBÞk ¼
 X

j∈ ½n�
j∂σjPðBÞj2

!
1=2

: ðB12Þ

To simplify this expression, we use ð1 − σ2i =mÞ−1 ≤
ð1 − σ2max=mÞ−1 in the computation of ∂σiPðBÞ:

∂σjPðBÞ ≤ 2σj

�
1 −

σ2max

m

�−1
PðBÞ;

and, therefore, the Euclidean norm of the gradient can be
bounded as follows:

j∇PðBÞj ≤ 2

 X
j

σ2j

!
1=2�

1 −
σ2max

m

�−1

× PðBÞ ≤ 2
ffiffiffiffiffiffiffi
nm

p �
1 −

σ2max

m

�−1
PðBÞ;

where in the last inequality we use
P

j σ
2
j ¼ kBk2HS ≤ nm.

Therefore,

Z
j∇PjdB ≤ 2

ffiffiffiffiffiffiffi
nm

p �
E
�
1 −

σ2max

m

�−1	
:

Noting that σmax=
ffiffiffiffi
m

p
has the law of the max singular value

of Z (the unscaled submatrix of a Haar-random unitary),
Lemma B3 implies that the expectation above is bounded
by some Cϵ. Therefore, for C0

ϵ ¼ 2Cϵ,Z
j∇PjdB ≤ C0

ϵ

ffiffiffiffiffiffiffi
nm

p
: ðB13Þ

To estimate
R jBjj∇Pj, we use that kBj2HS ¼

P
σ2j ≤ nm

and, therefore,

jBjj∇Pj ≤ 2nm

�
1 −

σ2max

m

�−1
PðBÞ;

which after integrating gives

Z
jBjj∇PjdB ≤ 2nm

�
E

�
1 −

σ2max

m

�
−1
	
≤ C0

ϵnm:

This completes the proof of Lemma B2. ▪

1. Bound on the maximum singular value of a
submatrix

In this subsection, we prove Lemma B3 on the expect-
ation E½1 − σðZm;nÞ�−1 of a submatrix of a Haar-random
unitary.

In fact, we focus instead on the following bound for the
probability that the maximum singular value is close to 1.
Lemma B4. Let Zm;n be the n × n upper left square

submatrix of a Haar-random m ×m unitary matrix, and let
δ < 1=2. Then,

Pr½σmaxðZm;nÞ ≥ 1 − δ� < 25m−4nδ2m−4nþ1: ðB14Þ

Before proving Lemma B4, we show how it implies
Lemma B3.
Proof of Lemma B3 using Lemma B4. Using the layer-

cake formula,

E½½1 − σmaxðZÞ�−1� ¼
Z

∞

0

Prf½ð1 − σmaxðZÞ�−1 ≥ tgdt:

ðB15Þ

For 0 ≤ t ≤ K, we use the fact that the integrand is
bounded by 1. Then, upon rearranging and then applying
Lemma B4, we have

E½½1−σmaxðZÞ�−1�≤Kþ
Z

∞

K
Prf½1−σmaxðZÞ�−1≥ tgdt

¼Kþ
Z

∞

K
Pr½σmaxðZÞ≥1− t−1�dt

≤Kþ25m−4n
Z

∞

K
t4n−2m−1dt

≤Kþ25m−4n 1

2m−4n
1

K2m−4n≕Fn;mðKÞ:
ðB16Þ

The function Fn;mðKÞ is minimized for K� ¼ 2
5m−4n

2m−4nþ1

(assuming m > 2n). It is, moreover, easy to see that
Fn;mðK�Þ ≤ 2 · 2ð5m−4nÞ=ð2m−4nþ1Þ. If we, furthermore, use
the assumption m ≥ ð2þ ϵÞn, we can easily conclude

Fn;mðK�Þ ≤ 2ð3=ϵÞþð7=2Þ: ðB17Þ

▪

2. Interlude: Facts about spheres

In this section, we use ωn to denote the volume of a ball
of radius r in n dimensions. There is an explicit formula for
ωn in terms of the Gamma function:

ωn ¼
πn=2

Γðn=2þ 1Þ r
n: ðB18Þ

The surface area of an (n − 1)-dimensional sphere in n
dimensions is given by nωnrn−1.
We give an elementary calculation regarding the surface

area of the intersection of a sphere and a ball.
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Lemma B5. Let w0 ∈S2n−1 be any unit vector and let
δ < 1. Then,

Vol2n−1fw∈S2n−1jkw − w0k ≤ δg ≥ ω2n−12
−n−1=2δ2n−1:

Proof. The set fw∈S2n−1jkw − w0k ≤ δg forms a
spherical cap whose boundary is a 2n − 2-dimensional
sphere of radius sinðθÞ, where θ is the angle satisfying

δ2 ¼ ð1 − cos θÞ2 þ sin2 θ:

See Fig. 6 for a diagram of the spherical cap. In terms of
r ¼ sin θ, which is the radius of the boundary of the
spherical cap, we can write

δ2 ¼ ð1 −
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p
Þ2 þ r2:

When r < 1 (which is guaranteed by δ < 1),
ð1 −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2

p
Þ < r, so δ2 ≤ 2r2. Therefore, r ≥ δ=

ffiffiffi
2

p
.

The volume of the spherical cap is larger than the volume
of the flat disk of radius r with the same boundary, which
concludes the proof. ▪

Lemma B6. If X ¼ ðx1; x2;…; xnÞ is sampled uniformly
from the unit sphere, then

Pr

�Xk
j¼1

x2j ≤ δ

�
≤ 2n=2δk:

Proof. The first k coordinates of X are sampled from a
probability distribution with density

pk;nðx1;…; xkÞ ¼
Γðn=2Þ

Γ½ðn − kÞ=2�πk=2
�
1 −

Xk
j¼1

x2j

�ðn−kÞ=2−1
:

In particular, the density is bounded by Γðn=2Þ=
Γ½ðn − kÞ=2�πk=2, and the event that

P
k
j¼1 x

2
j ≤ δ is a ball

of volumeωkδ
k. Using Eq. (B16) to expressωk, we arrive at

the bound

Pr

�Xk
j¼1

x2j ≤ δ

�
≤

Γðn=2Þ
Γ½ðn − kÞ=2�Γðk=2þ 1Þ δ

k:

Note that the prefactor involving the ratio of Gamma
functions is the binomial coefficient ðn=2−1k=2 Þ and is, there-

fore, bounded by 2n=2, which concludes the proof. ▪

3. Proof of Lemma B4

We think of the probability Pr½σmaxðZÞ ≥ 1 − δ� as the
expectation of the indicator function E1σmaxðZÞ≥1−δ. Though
the indicator function is difficult to work with, fortunately
we can bound it from above by a simpler function fðZÞ
given by

fδðZÞ ≔ Vol2n−1fw∈S2n−1jkZwk ≥ 1 − 2δg

¼
Z
S2n−1

1kZwk≥1−2δdw:

Here, we think of an n-dimensional complex vector w as a
2n-dimensional real-valued vector.
We break the proof of Lemma B4 into two parts. In the

first part, we show that fδðZÞ controls the indicator
function 1σmaxðZÞ≥1−δ. In the second part, we compute the
expectation of fδðZÞ.
For the first part, our aim is to prove that, when δ < 1,

fδðZÞ ≥ ω2n−12
−n−1=2δ2n−11σmaxðZÞ≥1−δ: ðB19Þ

This is equivalent to showing that, when σmaxðZÞ ≥ 1 − δ,

VolS2n−1fw∈S2n−1jkZwk ≥ 1 − 2δg ≥ ω2n−12
−n−1=2δ2n−1:

Now suppose that σmaxðZÞ ≥ 1 − δ, so that, in particular,
there exists a unit vector w0 such that kZw0k ≥ 1 − δ. Then,
for unit vectors w such that kw − w0k ≤ δ,

kZwk ≥ kZw0k − kZðw − w0Þk ≥ 1 − 2δ:

Therefore,

VolS2n−1fw∈S2n−1jkZwk ≥ 1 − 2δg
≥ VolS2n−1fw∈S2n−1jkw − w0k ≤ δg:

Now Eq. (B17) follows from Lemma B5.

FIG. 6. The spherical cap in a δ radius around w0. The shaded
region is a spherical cap, whose boundary is a circle (in general,
d − 2-dimensional sphere). The area of the cap is strictly larger
than the area of the flat disk of radius sin θ with the same
boundary. The value of θ is determined by the equation
½1 − cosðθÞ�2 þ ðsin θÞ2 ¼ δ, which can be seen by inspecting
the right triangle drawn with a vertex at w0 and a hypotenuse of
length δ.
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For the second part of the proof, we bound EfδðZÞ.
Using rotational symmetry we have

EfδðZÞ ¼
Z
S2n−1

PrðkZwk ≥ 1 − 2δÞdw

¼ ω2n−1 PrðkZek ≥ 1 − 2δÞ; ðB20Þ

where e ¼ ð1; 0;…; 0Þ. The random vector Ze consists of
the first n coordinates of the first column of a Haar-random
unitary, which is simply a uniformly random vector in the
unit sphere. Therefore,

PrðkZek ≥ 1 − 2δÞ ¼ Pr

 X2n
j¼1

x2j ≥ ð1 − 2δÞ2
!

when ðx1;…; x2mÞ is sampled from the unit sphere.
Rewriting the latter probability as the event that the final
2m − 2n coordinates are small and then applying
Lemma B6, we find

Pr

 X2n
j¼1

x2j ≥ ð1 − 2δÞ2
!

¼ Pr

 X2m
j¼2nþ1

x2j ≤ 4ðδ − δ2Þ
!

≤ 32m−nδ2m−2n:

Combining our two bounds on fδðZÞ, we have

ω2n−12
−n−1=2δ2n−1Pr½σmaxðZÞ≥1−δ�≤EfδðZÞ

≤ω2n−132
m−nδ2m−2n: ðB21Þ

Lemma B4 now follows from rearranging and using
δ < 1=2.
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