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We discuss a connection between a generative model, called the diffusion model, and nonequilibrium
thermodynamics for the Fokker-Planck equation, called stochastic thermodynamics. Using techniques
from stochastic thermodynamics, we derive the speed-accuracy relations for diffusion models, which are
inequalities that relate the accuracy of data generation to the entropy production rate. These relations can be
interpreted as the relations between accuracy and the speed of the diffusion dynamics in the absence of the
nonconservative force. From a stochastic thermodynamic perspective, our results provide quantitative
insight into how best to generate data in diffusion models. The optimal learning protocol is introduced by
the geodesic of space of the 2-Wasserstein distance in optimal transport theory. We numerically illustrate
the validity of the speed-accuracy relations for diffusion models with different noise schedules and different
data. We numerically discuss our results for optimal and suboptimal learning protocols. We also
demonstrate the applicability of our results to data generation from the real-world image datasets.
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I. INTRODUCTION

Diffusion processes are irreversible phenomena that cause
thermodynamic dissipation. Diffusion processes are described
by stochastic processes such as Brownian motion [1], and
thermodynamic irreversibility is quantified by the entropy
production in stochastic thermodynamics [2,3]. In stochastic
thermodynamics, there have been various discussions about
the relationship between information processing and thermo-
dynamic dissipation for diffusion processes [4–24]. Based on
optimal transport theory [25], inevitable thermodynamic
dissipation for diffusion processes has been discussed in
stochastic thermodynamics [26–29], and the thermodynamic
trade-off relations among speed, accuracy, and dissipation for
diffusion processes have been discussed as a generalization of
the second law of thermodynamics [29–33].

Diffusion processes have recently been discussed in the
context of statistical machine-learning models called gen-
erative models [34]. The diffusion-based generative models
called diffusion models [35,36] were originally inspired by
nonequilibrium thermodynamics [35]. By introducing
time-reversed dynamics, which are well studied in the
context of the fluctuation theorem [5,37,38] and Jarzynski’s
equality [39], diffusion models generate data with spatial
structure from noisy data without spatial structure. Several
improvements have been made from different perspectives
[40–53], and the improved diffusion models have reached
the state of the art in an image-generation task [40,42].
The proposed diffusion models [42,44,51,54,55] are

currently understandable without nonequilibrium thermo-
dynamics, and the improved diffusion models are regarded
as variants of other statistical machine-learning models.
For example, diffusion models [42] are related to the score
estimation methods including the score matching [56–58].
By incorporating the existing flow-based methods [59–62],
another improved method called the flow matching [63] has
also been proposed in the context of diffusion models.
Because diffusionmodels have been improved outside the

context of nonequilibrium thermodynamics, the insights
of stochastic thermodynamics are not fully exploited in
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diffusion models. For example, the discussion of minimum
entropy production in stochastic thermodynamics is related
to the Wasserstein distance [25] in optimal transport theory
[29,30], which is well used in generative models such as the
Wasserstein generative adversarial network [64] and diffu-
sion models [65–67]. Discussions on the relationship
between optimal transport and dynamics in diffusion models
have only recently begun [68–73]. In these discussions,
various insights from stochastic thermodynamics, such as the
thermodynamic trade-off relations for diffusion processes
based on optimal transport theory [29–32], are not well used.
There is only one paper that discusses the flow matching
method from the perspective of both optimal transport theory
and stochastic thermodynamics [74].
In this paper, we reconsider diffusion models in terms

of stochastic thermodynamics and derive speed-accuracy
relations for diffusion models, which are analogous to the
thermodynamic trade-off relations based on optimal trans-
port theory. The speed-accuracy relations explain that the
theoretical limits of accurate data generation are generally
bounded by the entropy production rate and the temper-
ature, which can be interpreted as the speed of the diffusion
dynamics in the absence of the nonconservative force.
Furthermore, the speed-accuracy relations explain that the
optimal diffusion dynamics for learning is given by the
optimal transport. The results provide theoretical support
for the trial-and-error protocols of diffusion dynamics,
which have been characterized by noise schedules such
as the cosine schedule [43] and the conditional optimal
transport schedule [63]. We numerically illustrate the
speed-accuracy relations for diffusion models using simple

one-dimensional diffusion processes, two-dimensional dif-
fusion processes, and diffusion processes on latent space
[44]. We show that accurate data generation can be discussed
from a quantitative comparison of the speed-accuracy rela-
tions for different diffusion processes. We numerically illus-
trate that the optimal transport provides the most accurate
data generation. We also investigate the situation where the
inaccurate data generation is achieved due to a noncon-
servative force and a nonoptimal protocol as predicted by the
speed-accuracy relations. Furthermore, we demonstrate the
applicability of the speed-accuracy relations to practical
diffusion models trained on real-world image datasets.
This paper is organized as follows (see also Fig. 1). In

Sec. II, we discuss the generative models and diffusion
models. We first explain the generative models (Sec. II A)
and then move on to the basic concepts of diffusion models
(Sec. II B). We then present the mathematical details of the
diffusion model (Secs. II C and II D). We also explain a
practical formulation based on the conditional Gaussian
probabilities (Sec. II E) as well as some examples
(Sec. II F). In Sec. III, we explain stochastic thermody-
namics, especially from the perspective of its relationship to
diffusion models and optimal transport theory. In Sec. III A,
we introduce the entropy production rate in stochastic
thermodynamics. In Sec. III B, we explain applications of
optimal transport theory in stochastic thermodynamics such
as the thermodynamic trade-off relations. In Sec. IV, we
derive the main results, which are the speed-accuracy
relations for diffusion models. The main results imply that
the entropy production rate introduced in Sec. III A
provides a fundamental limit on the accuracy of data

Stochastic thermodynamics (Sec. III)Diffusion models (Sec. II)

Optimal transport (Sec. III)
Optimal protocol

Minimum entropy production

Trade-off relations (Sec. III)
 (Thermodynamic uncertainty relations, Speed limits)

Robust data generation

Main results (Sec. IV)

Diffusion
Diffusion

(Sub)optimal noise schedules
▪ Conditional optimal transport schedule
▪ Cosine schedule

Entropy production rate

Dissipation

Irreversiblity

Score-based generative modeling
/ Flow-based generative modeling

Learning with

Robustness of generationVSEntropy production rate Speed of observableVS
Analogy

FIG. 1. The organization of this paper. In Sec. II, we explain the basic concepts of diffusion models and discuss their methods,
including score-based generative modeling and flow-based generative modeling. In Sec. III, we discuss stochastic thermodynamics and
optimal transport theory and introduce the entropy production rate. We also introduce several thermodynamic trade-off relations, such as
thermodynamic uncertainty relations and speed limits, which provide the minimum entropy production in a finite time via optimal
transport. In Sec. IV, we derive our main results in analogy to thermodynamic trade-off relations. Our main results reveal the essential
role of the entropy production rate in diffusion models. Noise schedules based on optimal transport will lead to the most robust
generation in diffusion models, and existing noise schedules such as the conditional optimal transport schedule and the cosine schedule
are regarded as suboptimal noise schedules.
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generation in the diffusion model, and the main results are
analogous to the thermodynamic trade-off relations in
Sec. III B. Furthermore, we discuss the optimal protocol
based on the main results in Sec. IV C and confirm the main
results by numerical calculations of diffusion models with
three different situations in Sec. IV D. Finally, we conclude
with the main results and discuss different perspectives on
the results, such as a generalization of the main results, and
future studies in Sec. V.

II. GENERATIVE MODELS AND DIFFUSION
MODELS

A. Generative models

In this paper, we discuss a class of statistical machine-
learning models known as generative models [34]. A gen-
erative model is a class of statistical models capable of
generating a newdataset that resembles the input dataset. The
data generation in generative models can be considered as an
estimation of the input data distribution, while the generated
dataset is a sample from the estimated distribution.
More specifically, generative models can be described as

follows. Let din ¼ fxð1Þ;…; xðNDÞg be the set of input data-
set, where each element is a state of the nd-dimensional
Euclidean space xðnÞ ∈Rnd . The data xðnÞ are assumed to be
independent and identically distributed and are sampled from
a probability density function qðxÞ that satisfies qðxÞ > 0

and
R
dxqðxÞ ¼ 1. Here, the positivity of the probability

density function qðxÞ > 0 is required for quantities such as
lnqðxÞ or 1=qðxÞ not to diverge, and we implicitly assume
that any probability density functions are positive throughout
this paper. We consider the problem of constructing a new
probability density function pðxÞ that satisfies pðxÞ > 0 andR
dxpðxÞ ¼ 1, based on the estimation of the probability

density function qðxÞ. Statistical machine-learning models
that generate samples from the probability density function
pðxÞ are called generative models.
Several studies have shown that generative models can

be applied to practical datasets such as images [75], natural
language [76], and audio [77]. In these applications,
generative models are constructed by solving optimization
problems using machine-learning methods such as deep
learning [34,78]. Machine-learning optimization problems
are solved by numerically minimizing or maximizing some
objective function [34,78]. To judge whether learning was
successful, we sometimes discuss whether a distance or a
pseudodistance between the distribution of the input data
qðxÞ and the distribution of the generated data pðxÞ
becomes smaller [79–82]. We call the value of this
(pseudo)distance the estimation error. Typical examples
of the estimation error are the Kullback-Leibler divergence
[83], which is a pseudodistance in information theory and
information geometry, and the Wasserstein distance [25],
which is a distance in optimal transport theory.

B. Diffusion models

Among these machine-learning-based generative mod-
els, a series of models called diffusion models
[35,36,40,42,48] achieves lower estimation errors than
previous generative models for various data
[36,47,73,84–90], including image data [36,47,73], video
[87,88], and audio [89,90]. Diffusion models generate
samples from the probability density function pðxÞ by
estimating the time-reversed diffusion process that generates
the data structure, while the corresponding forward process
destroys the data structure by adding stochastic noise to the
input dataset din (see Fig. 2) [35,36]. In practice, we some-
times convert the raw data into a low-dimensional latent
space and discuss a diffusion process in the latent space to
extract the features of the data and reduce the computational
cost [44]. In this case, the input dataset din can be regarded as
a dataset of latent variables, which is created by converting
the raw dataset into the latent space.
Specifically, the input probability density function

P0ðxÞ ¼ qðxÞ is transformed into a known noise distribu-
tion PτðxÞ by adding noise to the input data, where PtðxÞ is
the probability density function at time t∈ ½0; τ�. The time
evolution of PtðxÞ is given by diffusion processes
described by the Fokker-Planck equation [92] or the master
equation [93] in diffusion models [35,36]. Sometimes, we
consider the stochastic dynamics of the data [36] from the
initial state xt¼0 to the final state xt¼τ, where xt is the state
of the data at time t instead of the time evolution of the
probability density function PtðxÞ. In this case, the sto-
chastic time evolution of xt can be described by the
Langevin equation [1] or the Markov chain Monte Carlo
method [94–96]. The diffusion process from t ¼ 0 to t ¼ τ
is called the forward process [35], and the dependence of
the noise intensity at time t in the forward process is called

Estimation error Estimated 
reverse process

Forward process

Reverse process

Training data

Generated data

FIG. 2. Illustration of diffusion models in the case of image
data. The forward process, denoted by PtðxÞ, is a stochastic
process which adds noise to the training data sampled from qðxÞ.
By inverting this forward process in time, we prepare the reverse
process P†

t̃ ðxÞ. The generated data sampled from pðxÞ are

constructed by an estimated reverse process P̃†
t̃ ðxÞ that mimics

the reverse process. The image in the figure is taken from the
dataset [91].
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the noise schedule, which characterizes the time evolution
of the diffusion dynamics [35,43,97].
Next, we explain the reverse process, which is the time-

reversed dynamics of the forward process. Here, we
consider the forward process described by the time evo-
lution of the probability density function PtðxÞ. We write
the reverse process as P†

t̃ ðxÞ, defined as P†
t̃ ðxÞ ≔ Pτ−t̃ðxÞ.

In the reverse process, we consider the time evolution from
t̃ ¼ 0 to t̃ ¼ τ. If τ is large enough, the final probability of
the forward process PτðxÞ can be considered as a noisy
state where the data structure is well broken. Thus, the
reverse process means that this noisy state P†

0ðxÞ ¼ PτðxÞ
is the initial probability density function at time t̃ ¼ 0 in the
reverse process, and the time evolution in the reverse
process allows the reproduction of the input data distribu-
tion P†

τðxÞ ¼ P0ðxÞ ¼ qðxÞ containing the data structure at
the final time t̃ ¼ τ.
We introduce the stochastic process for generating the

data from pðxÞ, namely, the estimated reverse process, as
an imitation of the reverse process. This estimated reverse
process may differ from the reverse process, in general, and
so we write it as P̃†

t̃ ðxÞ and distinguish it from the reverse
process P†

t̃ ðxÞ½≠ P̃†
t̃ ðxÞ�. Since the initial probability den-

sity function of the estimated reverse process P̃†
0ðxÞ can be

different from the initial probability density function of the
reverse process P†

0ðxÞ½≠ P̃†
0ðxÞ�, the final probability den-

sity function of the estimated reverse process P̃†
τðxÞ can be

different from the input distribution qðxÞ½≠ P̃†
τðxÞ�. Here,

the idea of diffusion models is to set this probability density
function P̃†

τðxÞ, which is the output of the estimated reverse
process, as the generated data distribution pðxÞ [35]. In
practical diffusion models, we do not necessarily compute
the time evolution of the probability density function. For
example, there are several methods to generate the data
from the estimated reverse process using the Langevin
equation [36,42] or a deterministic time evolution via
flow [63].

C. Fokker-Planck equation for the forward process

We discuss the time evolution of PtðxÞ for the forward
process in diffusion models [36] based on the Fokker-
Planck equation [92]. The time evolution of the probability
density function PtðxÞ is described by the Fokker-Planck
equation as follows:

∂tPtðxÞ ¼ −∇ · ðνPt ðxÞPtðxÞÞ;
νPt ðxÞ ≔ f tðxÞ − Tt∇ lnPtðxÞ; ð1Þ

where ∂t ≔ ∂=∂t is the partial differential operator and ∇ is
the del operator. νPt ðxÞ∈Rnd is the velocity field in a
continuity equation. The parameters Tt ∈R≥0 and
f tðxÞ∈Rnd are functions of the time t, in general. The

forward process can be regarded as the time evolution of
PtðxÞ by the Fokker-Planck equation [Eq. (1)] under the
initial condition P0ðxÞ ¼ qðxÞ with fixed time dependence
of the parameters Tt and f tðxÞ. The time dependence of Tt
characterizes the time variation of the noise intensity in the
diffusion process, which is known as the noise schedule in
diffusion models.
The Fokker-Planck equation [Eq. (1)] is statistically

equivalent to the stochastic differential equation, namely,
the Langevin equation [92,93] for the state xt:

dxt ¼ f tðxtÞdtþ
ffiffiffiffiffiffiffi
2Tt

p
dBt; ð2Þ

where dBt ¼ Btþdt − Bt is the random white Gaussian
noise, mathematically defined as the difference of the
Wiener processes Bt. If the Langevin equation is consid-
ered as Brownian dynamics for the position of a Brownian
particle, the parameters Tt and f tðxtÞ correspond to the
temperature and the external force, respectively [92]. In the
context of diffusion models, the forward process described
by the Langevin equation can be viewed as a time-evolving
process in which the random noise is sequentially added to
the data. Using the Langevin equation, the time evolution
of the forward process is computed using the input data
xðnÞ ∈ din ðn ¼ 1;…; NDÞ for fixed time dependence of the
parameters Tt and f tðxtÞ. The time evolution of the
probability density function PtðxÞ can be computed
numerically by Monte Carlo sampling using Langevin
dynamics [96].

D. Reverse and estimated reverse process

Next, we discuss the reverse process by considering the
time-reversed dynamics of the Fokker-Planck equation for
the forward process [Eq. (1)]. Using the reversed time
t̃ ¼ τ − t, the time evolution of P†

t̃ ðxÞ ¼ Pτ−t̃ðxÞ ¼ PtðxÞ
is given by the Fokker-Planck equation for the forward
process [Eq. (1)] as follows:

∂t̃P
†
t̃ ðxÞ ¼ −∂tPtðxÞ

¼ ∇ ·
�
νPt ðxÞPtðxÞ

�
¼ −∇ ·

�
ν†t̃ ðxÞP†

t̃ ðxÞ
�
; ð3Þ

where the velocity field for the reverse process ν†t̃ ðxÞ is

defined as ν†t̃ ðxÞ ≔ −νPτ−t̃ðxÞ.
Diffusion models are introduced by the estimated reverse

process that mimics the reverse process [Eq. (3)]. We
denote the probability density function of the data x in the
estimated reverse process by P̃†

t̃ ðxÞ. We assume that the

time evolution of this probability density function P̃†
t̃ ðxÞ

can be written by the continuity equation:
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∂t̃P̃
†
t̃ ðxÞ ¼ −∇ ·

�
ν̃†t̃ ðxÞP̃†

t̃ ðxÞ
�
: ð4Þ

Here, ν̃†t̃ ðxÞ represents the velocity field in the estimated
reverse process, which may differ from that of the reverse
process ν†t̃ ðxÞ. The velocity field ν̃†t̃ ðxÞ is estimated numeri-
cally from the dynamics of the forward process.
In the following section, we explain two methods for

estimating the velocity field in the reverse process and
constructing the velocity field of the estimated reverse
process ν̃†t̃ ðxÞ for data generation, called the score-based
generative modeling [42] and the flow-based generative
modeling [63].

1. Example 1: Score-based generative modeling

First, we explain a method called score-based generative
modeling [42]. This method consists of two components:
score matching [42,56–58] and data generation. Score
matching is a method that estimates the score function
∇ lnPtðxÞ in the forward process [Eq. (1)] in order to
arrange the estimated reverse process [36,42]. The score
function is typically estimated using neural networks.
Specifically, we consider a situation where the score
function ∇ lnPtðxÞ is modeled by a neural network
denoted by sθt ðxÞ, where θ represents the set of the
network’s parameters. We then numerically solve an
optimization problem to estimate the score function. The
optimized parameters, denoted by θ�SM, are employed to
generate the velocity field of the estimated reverse proc-
ess ν̃†t̃ ðxÞ.
The optimization problem is constructed as follows. The

optimization problem to estimate the score function
∇ lnPtðxÞ is formulated as a minimization problem of
the following score matching objective function:

LSMðθÞ ¼ EPt;U ½ksθt ðxÞ −∇ lnPtðxÞk2�: ð5Þ

Here, the uniform distribution for t∈ ½0; τ� is given by
UðtÞ ¼ 1=τ. The expected value with respect to this uni-
form distribution and the distribution PtðxÞ is defined as
EPt;U ½� � �� ¼

R
τ
0 dtUðtÞ

R
dxPtðxÞ � � �. Then, the optimal set

of the parameters θ�SM is obtained as [36,57]

θ�SM ∈ argminθLSMðθÞ: ð6Þ

In this optimization problem, s
θ�SM
t ðxÞ, which reaches the

minimum value LSMðθ�SMÞ ¼ 0, can be the score func-
tion ∇ lnPtðxÞ.

2. Example 1-1: Stochastic differential equation

For the data generation by the estimated reverse process,
we first explain the method based on the stochastic
differential equations [36,40,42]. The estimated score

function s
θ�SM
t ðxÞ is employed to reconstruct the velocity

field of the forward process νPt ðxÞ as

ν̂tðxÞ ≔ f tðxÞ − Tts
θ�SM
t ðxÞ: ð7Þ

With this estimated velocity field ν̂tðxÞ, we construct the
velocity field of the estimated reverse process ν̃†t̃ ðxÞ as

ν̃†t̃ ðxÞ ¼ ½νP̃†

t̃ ðxÞ�† − 2ν̂τ−t̃ðxÞ
¼ −f †t̃ ðxÞ þ 2T†

t̃ s
θ�SM†
t̃ ðxÞ − T†

t̃∇ ln P̃†
t̃ ðxÞ; ð8Þ

so that the estimated reverse process [Eq. (4)] mimics the
reverse process [Eq. (3)], where ½νP̃†

t̃ ðxÞ�† ≔ f †t̃ ðxÞ−
T†
t̃∇ ln P̃†

t̃ ðxÞ, f †t̃ ðxÞ≔ f τ−t̃ðxÞ, T†
t̃ ≔Tτ−t̃, and s

θ�SM†
t̃ ðxÞ ≔

s
θ�SM
τ−t̃ ðxÞ. If s

θ�SM
t ðxÞ is exactly equal to ∇ lnPtðxÞ and the

initial condition for the estimated reverse process is
equivalent to the initial condition for the reverse process
[P̃†

0ðxÞ ¼ P†
0ðxÞ], the equation ν̃†t̃ ðxÞ ¼ ν†t̃ ðxÞ holds and the

reverse process [Eq. (3)] is consistent with the estimated
reverse process [Eq. (4)].
The continuity equation of the estimated reverse process

∂t̃P̃
†
t̃ ðxÞ ¼ −∇ · ðν̃†t̃ ðxÞP̃†

t̃ ðxÞÞ using the estimated velocity

field ν̃†t̃ ðxÞ can be regarded as the Fokker-Planck equation

with the external force −f †t̃ ðxÞ þ 2T†
t̃ s

θ�SM†
t̃ ðxÞ. The stochas-

tic differential equation (i.e., the Langevin equation)
corresponding to this Fokker-Planck equation [36,98] is

dx̃†t̃ ¼
�
−f †t̃ ðx̃†t̃ Þ þ 2T†

t̃ s
θ�SM†
t̃ ðx̃†t̃ Þ

�
dt̃þ

ffiffiffiffiffiffiffiffi
2T†

t̃

q
dBt̃; ð9Þ

where dBt̃ ¼ Bt̃þdt̃ − Bt̃ is the difference of the Wiener
process Bt̃ and x̃†t̃ is the state of the data in the estimated
reverse process. By simulating this stochastic differential
equation numerically, we can generate the data in score-
based generative modeling [36,40,42].

3. Example 1-2: Probability flow
ordinary differential equation

Next, we discuss an alternative method for data gen-
eration in score-based generative modeling, namely, the
probability flow ordinary differential equation (ODE) [36].
The probability flow ODE is a method in which we use an
ODE instead of the stochastic differential equation [Eq. (9)]
for data generation under the same objective function
[Eq. (5)]. At present, this probability flow ODE is well
used instead of the stochastic differential equation, because
it is possible to generate data faster and more accurately
by performing time evolution based on numerical ODE
solvers [99–101].
Specifically, using the velocity field ν̂tðxÞ [Eq. (7)]

estimated through the objective function [Eq. (5)], the
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velocity field of the estimated reverse process ν̃†t̃ ðxÞ is
arranged as follows:

ν̃†t̃ ðxÞ ¼ −ν̂τ−t̃ðxÞ: ð10Þ

This expression is parallel to the expression of the velocity
field in the reverse process ν†t̃ ðxÞ ¼ −νPτ−t̃ðxÞ. In this case,
the continuity equation [Eq. (4)] corresponds to the
following ODE [36,61]:

dx̃†t̃
dt̃

¼ −ν̂τ−t̃ðx̃†t̃ Þ ¼ −f †t̃ ðx̃†t̃ Þ þ T†
t̃ s

θ�SM†
t̃ ðx̃†t̃ Þ; ð11Þ

where x̃†t̃ denotes the sample from P̃†
t̃ ðxÞ. The probability

flow ODE method generates data by numerically simulat-
ing this ODE [36].

4. Example 2: Flow-based generative modeling

Next, we explain a method called flow-based generative
modeling [63], which consists of flow matching and data
generation via the ODE. Flow matching [63] is a method to
estimate the velocity field of the forward process without
estimating the score function. In flow matching, we model
the velocity field of the forward process νPt ðxÞ by a neural
network uθt ∈Rnd , where θ is the set of parameters. The
objective function

LFMðθÞ ¼ EPt;U ½kuθt ðxÞ − νPt ðxÞk2� ð12Þ

is minimized with respect to θ using numerical optimiza-
tion methods, and θ�FM is the optimal set of the parameters
satisfying

θ�FM ∈ argminθLFMðθÞ: ð13Þ

The optimal set of the parameters θ�FM gives the velocity
field for the estimated reverse process ν̃†t̃ ðxÞ as follows:

ν̃†t̃ ðxÞ ¼ −uθ
�
FM

τ−t̃ ðxÞ: ð14Þ

This expression corresponds to the velocity field of the
reverse process ν†t̃ ðxÞ ¼ −νPτ−t̃ðxÞ.
In the flow-based generative modeling, the data gen-

eration is done by simulating the ODE [63,102]:

dx̃†t̃
dt̃

¼ −uθ
�
FM

τ−t̃ ðx̃†t̃ Þ; ð15Þ

which is similar to the one used in the probability flow
ODE method [Eq. (11)]. This ODE corresponds to the
continuity equation for the estimated reverse process
[Eq. (4)].

E. Formulations with conditional Gaussian
distributions

In a practical implementation of diffusion models, we
may consider a process such that the external force f tðxÞ is
linear:

f tðxÞ ¼ Atxþ bt; ð16Þ

to reduce the computational complexity [35,36,40,42,63],
where At ∈Rnd×nd and bt ∈Rnd are the matrix and the
vector, respectively. When the initial condition is
Pt¼0ðxÞ ¼ qðxÞ, the solution PtðxÞ for the process can
be given by

PtðxÞ ¼
Z

dyPc
t ðxjyÞqðyÞ: ð17Þ

Here, the transition probability Pc
t ðxjyÞ is a Gaussian

distribution Pc
t ðxjyÞ ¼ N ðxjμtðyÞ;ΣtÞ due to the linearity

of the external force [92], where μtðyÞ is the mean, which
depends on y, and Σt is the covariance matrix Σt. We assume
that Σt does not depend on the state y. Equation (17) at t ¼ 0
gives the condition Pc

0ðxjyÞ ¼ δðx − yÞ, where δðx − yÞ is
the delta function. Thus, the covariance matrix at t ¼ 0 is
Σt¼0 ¼ O, and the mean is μt¼0ðyÞ ¼ y, whereO is the zero
matrix.
Under the above condition, the optimization problems

[Eqs. (5) and (12)] are easier to solve [42,63]. These
training methods using conditional probability in score
matching and flow matching are known as denoising score
matching [57] and conditional flow matching [63], respec-
tively. To reduce the computational complexity, we con-
sider new objective functions, which correspond to the
objective functions [Eqs. (5) and (12)] as follows:

Lc
SMðθÞ ¼ EPc

t ;q;U

�
ksθt ðxÞ −∇ lnPc

t ðxjyÞk2
�
; ð18Þ

Lc
FMðθÞ ¼ EPc

t ;q;U

�
kuθt ðxÞ − νP

c

t ðxjyÞk2
�
; ð19Þ

where EPc
t ;q;U ½� � �� ¼

R
τ
0 dtUðtÞ

R
dxdyPc

t ðxjyÞqðyÞ � � � is
the expected value with respect to Pc

t ðxjyÞ, qðyÞ, UðtÞ,
and νP

c

t ðxjyÞ ≔ f tðxÞ − Tt∇ lnPc
t ðxjyÞ. As proved in

Appendix A, new objective functions satisfy ∇θLc
SMðθÞ ¼∇θLSMðθÞ and ∇θLc

FMðθÞ ¼ ∇θLFMðθÞ, where ∇θ is
the gradient through θ. Since the optimal solutions are
given by the conditions ∇θLc

SMðθÞ ¼ ∇θLSMðθÞ ¼ 0 and
∇θLc

FMðθÞ ¼ ∇θLFMðθÞ ¼ 0, we get the optimal solutions

θ�SM ∈ argminθ Lc
SMðθÞ; ð20Þ

θ�FM ∈ argminθ Lc
FMðθÞ; ð21Þ

IKEDA, UDA, OKANOHARA, and ITO PHYS. REV. X 15, 031031 (2025)

031031-6



which are equivalent to the solutions of the original
problems [Eqs. (6) and (13)]. Here, the quantities
∇ lnPc

t ðxjyÞ and νP
c

t ðxjyÞ are linear functions of x because
of the Gaussian property, and the conditional probability
Pc

t ðxjyÞ can be sampled more easily than PtðxÞ due to the
reproductive property of Gaussian distributions. Therefore,
these optimization problems [Eqs. (18) and (19)] are
numerically simpler than the original optimization prob-
lems [Eqs. (5) and (12)].

F. Examples of diffusion models

We present some representative examples of diffusion
models [40,43,48,63]. Here, we discuss the conditional
Gaussian formulations from the previous section. We
consider the temperature Tt and the external force f tðxÞ
as functions of non-negative parameters σtð≥ 0Þ and
mtð≥ 0Þ such that

Tt ¼ mtσt∂t

�
σt
mt

�
¼ ∂t

�
σ2t
2

�
− σ2t ∂t lnmt; ð22Þ

f tðxÞ ¼ ∇
�
∂t lnmt

2
kxk2

�
¼ ð∂t lnmtÞx: ð23Þ

The external force f tðxÞ is described by the linear function
[Eq. (16)] with At ¼ ð∂t lnmtÞI, bt ¼ 0, where I is the
identity matrix and 0 is the zero vector. The diffusion
dynamics can be determined by the time dependence of mt
and σt instead of the time dependence of Tt and f tðxÞ. The
time dependence of mt and σt is also called the noise
schedule [40,43,48,63].
We sometimes make the following assumption for

the noise schedules. To satisfy Tt ≥ 0, the monotonicity
condition

∂t

�
σt
mt

�
≥ 0 ð24Þ

is assumed. The term mt=σt is called the signal-to-noise
ratio [41], which must be monotonically nonincreasing.
Furthermore, we assume the initial conditions mt¼0 ¼ 1
and σt¼0 ¼ 0. Under these initial conditions, the solutions
of the mean μtðyÞ and the covariance matrix Σt in Pc

t ðxjyÞ
are given by

μtðyÞ ¼ mty; Σt ¼ σ2t I ð25Þ
(see Appendix B). For high-dimensional datasets such as
images, we often use this assumption [36,40,48,63]. In the
following, we show some examples of the noise schedules.

1. Example 1: Variance exploding diffusion
(VE diffusion)

We first introduce variance exploding diffusion (VE
diffusion) [36]. VE diffusion is a method based on the

noise conditional score networks [42], which is described
by the following Langevin equation [36]:

dxt ¼
ffiffiffiffiffiffiffi
2Tt

p
dBt: ð26Þ

This equation corresponds to the condition that there is no
external force f tðxÞ ¼ 0. From Eqs. (22) and (23), we
obtain ∂t lnmt ¼ 0 and

Tt ¼ ∂t

�
σ2t
2

�
: ð27Þ

The condition ∂t lnmt ¼ 0 means that the noise schedule is
given by mt ¼ 1ð0 ≤ t ≤ τÞ because the initial condition is
given by m0 ¼ 1. Because of Eq. (24), σt should be a
monotonically nondecreasing function of time. While we
explain the VE diffusion in terms of the Langevin equation,
this method can also be described in the implementation as
the probability flow ODE.

2. Example 2: Conditional optimal transport

Next, we introduce the conditional optimal transport
(cond-OT) schedule used in flow matching. The cond-OT
schedule is known as a noise schedule that optimizes the
transport of the conditional distributionPc

t ðxjyÞ [63], which
is described as follows:

mt ¼ 1 −
t
τ
;

σt ¼
t
τ
: ð28Þ

This noise schedule represents the change of the parameters
along the geodesic from ðσ0; m0Þ ¼ ð0; 1Þ to ðστ; mτÞ ¼
ð1; 0Þ on the two-dimensional Euclidean space of the
standard deviation σt and the mean mt. The dynamics
along the geodesic can be regarded as optimal transport
based on the 2-Wasserstein distance for the conditional
probability distributions [63,70].

3. Example 3: Variance preserving diffusion
(VP diffusion)

Finally, we introduce variance preserving diffusion
(VP diffusion) [36]. VP diffusion is a method based on
denoising diffusion probabilistic models (DDPMs) [40,43].
The DDPMs are diffusion models that use the diffusion
from the input data distribution to the Gaussian distribution
N ðxj0; IÞ. VP diffusion is described by the following
Langevin equation [36]:

dxt ¼ −Ttxtdtþ
ffiffiffiffiffiffiffi
2Tt

p
dBt: ð29Þ

From Eqs. (2) and (23), we get f tðxÞ ¼ −Ttx and
Tt ¼ −∂t lnmt. By substituting Tt ¼ −∂t lnmt into
Eq. (22), we also obtain the relation
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∂t lnðm2
t Þ ¼

∂tðσ2t Þ
σ2t − 1

¼ ∂t lnð1 − σ2t Þ: ð30Þ

Since the initial conditions are given by σ0 ¼ 0 and
m0 ¼ 1, the condition

m2
t þ σ2t ¼ 1 ð31Þ

holds. This condition implies that mt and σt are on the unit
circle. Thus, we can consider a noise schedule that changes
the parameters along the geodesic on the unit circle from
ðσ0; m0Þ ¼ ð0; 1Þ to ðστ; mτÞ ¼ ð1; 0Þ as follows:

mt ¼ cos

�
π

2

t
τ

�
;

σt ¼ sin

�
π

2

t
τ

�
: ð32Þ

This noise schedule is called the cosine schedule [43].
Under the condition of VP diffusion (σ2t þm2

t ¼ 1), we
consider the coordinate transformation to treat the diffusion
process without the external force. These methods based on
the coordinate transformation are called denoising diffusion
implicit models (DDIMs) [48]. The coordinate transforma-
tion in DDIMs is introduced as follows:

x̄ ¼ x
mt

: ð33Þ

Under this coordinate transformation and the conditions
Eqs. (22) and (23) with Tt ¼ −∂t lnmt, the Fokker-Planck
equation is given by

∂tP̄tðx̄Þ ¼ −∇x̄ ·

��
∂t lnmt

ðmtÞ2
∇x̄ ln P̄tðx̄Þ

�
P̄tðx̄Þ

�
ð34Þ

(see Appendix C), where P̄tðx̄Þ ≔ PtðxÞðjdx̄=dxjÞ−1,∇x̄ ≔ mt∇, and jdx̄=dxj is the Jacobian. Therefore, the
corresponding Langevin equation is

dx̄t ¼
ffiffiffiffiffiffiffiffiffiffiffi
2Tt

ðmtÞ2
s

dBt: ð35Þ

This Langevin equation describes a situation where the
external force is absent. In DDIMs, we generate data using
the probability flow ODE [Eq. (11)] [48].

III. RELATIONSHIPS BETWEEN STOCHASTIC
THERMODYNAMICS AND DIFFUSION MODELS

In this section, we review stochastic thermodynamics
(Sec. III A) and the relationship between stochastic thermo-
dynamics and optimal transport theory (Sec. III B) from the
perspective of diffusion models.

A. Review on stochastic thermodynamics

We introduce nonequilibrium thermodynamics for the
overdamped Fokker-Planck equation [Eq. (1)], namely,
stochastic thermodynamics [3], and discuss its relation to
diffusion models. In stochastic thermodynamics, we mainly
consider the quantity called the entropy production rate as a
measure of thermodynamic dissipation rate. For the over-
damped Fokker-Planck equation [Eq. (1)], the entropy
production rate Ṡtott is defined as

Ṡtott ¼ 1

Tt

Z
dxkνPt ðxÞk2PtðxÞ: ð36Þ

Here, the Boltzmann constant kB is regularized to kB ¼ 1.
This entropy production rate can be decomposed into the
entropy change rate in the system Ṡsyst and the entropy
change rate in the heat bath Ṡbatht as follows:

Ṡtott ¼ Ṡsyst þ Ṡbatht ; ð37Þ

Ṡsyst ¼ ∂t

�
−
Z

dxPtðxÞ lnPtðxÞ
�
; ð38Þ

Ṡbatht ¼
R
dxf tðxÞ · νPt ðxÞPtðxÞ

Tt
; ð39Þ

where we use the partial integration and
R
dx∂tPtðxÞ ¼ 0 to

derive the expression Ṡsyst . Thus, the entropy production
rate Ṡtott is regarded as the entropy change rate in the total
system. Its non-negativity Ṡtott ≥ 0means the second law of
thermodynamics. As a measure of thermodynamic dissi-
pation, the entropy production from time t ¼ 0 to t ¼ τ is
also defined as

Stotτ ¼
Z

τ

0

dtṠtott : ð40Þ

In the original paper of the diffusion model [35], the idea
of a reverse process in diffusion models may be inspired by
the fluctuation theorem [8,37,38] or the Jarzynski equality
[39], which are the relations between the entropy produc-
tion and the path probabilities of the forward and backward
trajectories. Based on mathematical techniques in the
fluctuation theorem such as dual dynamics [3], we intro-
duce the following dynamics:

dxt ¼ f tðxtÞdt − 2νPt ðxtÞdtþ
ffiffiffiffiffiffiffi
2Tt

p
dBt; ð41Þ

which corresponds to the estimated reverse process of the
score-based generative modeling [Eq. (9)] and is a special
case of the interpolated dynamics [32] for the velocity
field −νPt ðxtÞ.
Here, we discuss two path probabilities of the path

Γ ¼ fx0; xΔt;…; xNτΔtg. Here, Δtð> 0Þ is the infinitesimal
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time interval, and, thus, we consider the limit Δt → 0 with
fixed τ ¼ NτΔt. For the Langevin equation [Eq. (2)], the
transition probability from the state x at time t to the state y
at time tþ Δt is given by the expression of the Onsager-
Machlup function [92] as follows:

T tðyjxÞ ¼
1

ð4πTtΔtÞnd=2
e−ky−x−f tðxÞΔtk2=4TtΔt: ð42Þ

Similarly, the transition probability from the state x at time t
to the state y at time tþ Δt for the process [Eq. (41)] is
given by

T †
t ðyjxÞ¼

1

ð4πTtΔtÞnd=2
e−ky−x−f tðxÞΔtþ2νPt ðxÞΔtk2=4TtΔt: ð43Þ

Using the transition probability [Eq. (42)], we define the
path probability for the forward process as

PFðΓÞ ¼ P0ðx0Þ
YNτ−1

N¼0

T NΔtðxðNþ1ÞΔtjxNΔtÞ: ð44Þ

This path probability PFðΓÞ is related to the distribution of
the forward process PtðxÞ. If we consider the path
excluding the state fxnΔtg defined as Γt≠nΔt ¼ ΓnfxnΔtg,
marginalizing the path probability PFðΓÞ gives
PnΔtðxnΔtÞ ¼

R
dΓt≠nΔtPFðΓÞ. Similarly, the path proba-

bility for the process in Eq. (41) is given by

PBðΓÞ ¼ P0ðx0Þ
YNτ−1

N¼0

T †
NΔtðxðNþ1ÞΔtjxNΔtÞ: ð45Þ

We remark that this path probability PB is not related to the
reverse process or the estimated reverse process, and
marginalizing the path probability PBðΓÞ does not yield
P†

t̃ ðxÞ or P̃†
t̃ ðxÞ, because this path probability PB is not

introduced as the time-reversed dynamics from the prob-
ability distribution function P†

0 or P̃†
0.

The entropy production can be interpreted as the
statistical difference between two path probabilities PF
and PB. If we consider the Kullback-Leibler divergence
between PFðΓÞ and PBðΓÞ defined as

DKLðPFkPBÞ ¼
Z

dΓPFðΓÞ ln
PFðΓÞ
PBðΓÞ

; ð46Þ

we obtain the following relation between the Kullback-
Leibler divergence and the entropy production [3,22,32]:

Stotτ ¼ DKLðPFkPBÞ ð47Þ

(see also Appendix D).
We remark that there are several expressions of the

entropy production as the Kullback-Leibler divergence. For

example, the entropy production can be formulated as the
projection in information geometry, which is a minimiza-
tion problem of the Kullback-Leibler divergence [32,103].
In the context of the fluctuation theorem, the expression
based on the path probability for the backward trajectory is
well discussed. The path probability for the backward
trajectory is defined as

P0
BðΓÞ ¼ PτðxNτΔtÞ

YNτ−1

N¼0

T NΔtðxNΔtjxðNþ1ÞΔtÞ: ð48Þ

We remark that this path probability P0
B is not related to the

reverse process or the estimated reverse process because
this path probability P0

B uses the transition probability T t,
which is not the transition probability of the reverse process
or the estimated reverse process, in the time-reversed
dynamics from the initial condition Pτ ¼ P†

0. We can also
obtain the similar relation between the Kullback-Leibler
divergence and the entropy production [3,32,104]

Stotτ ¼ DKLðPFkP0
BÞ; ð49Þ

(see also AppendixD).We here define the stochastic entropy
production for the path Γ as stotτ ðΓÞ ¼ ln½PFðΓÞ=P0

BðΓÞ�. In
stochastic thermodynamics, the identity exp½stotτ ðΓÞ� ¼
PFðΓÞ=P0

BðΓÞ is known as the detailed fluctuation theorem
[8,37,38]. If we introduce the expected value with respect to
PF as EPF

½� � �� ¼ R dΓPFðΓÞ � � �, the entropy production
satisfies Stotτ ¼ EPF

½stotτ �. We also can obtain the following
identity:

EPF
½expð−stotτ Þ� ¼ 1; ð50Þ

where we use the normalization
R
dΓP0

BðΓÞ ¼ 1. This
formula is known as the integral fluctuation theorem
[37,38], and a special case of the integral fluctuation theorem
is known as the Jarzynski equality [39].
We remark on the analogous connection between the

fluctuation theorem and the diffusion model discussed in
the original paper on diffusion models [35]. In Ref. [35],
the path probability for the estimated reverse process PE is
introduced as

PEðΓÞ ¼ P̃†
0ðxNτΔtÞ

YNτ−1

N¼0

T E
NΔtðxNΔtjxðNþ1ÞΔtÞ; ð51Þ

and pðx0Þ is obtained from the marginalization
pðx0Þ ¼

R
dΓt≠0PEðΓÞ, where T E

t is the transition proba-
bility for the estimated reverse process. The expression of
PE is analogous to the expression of P0

B. While we consider
the statistical difference between PF and P0

B in stochastic
thermodynamics, we consider the situation where PE
statistically mimics PF in diffusion models. In Ref. [35],
the transition probability T E

t is estimated from the problem
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of maximizing the lower bound K on the model log-
likelihood LðqkpÞ ¼ R dxqðxÞ lnpðxÞð≥ KÞ. The lower
bound K includes the terms of the Kullback-Leibler
divergence and the differential entropy, and the derivation
ofK is analogous to the derivation of the Jarzynski equality.
The maximization of K is solved as a partial minimization
of the terms of the Kullback-Leibler divergence.
As described above, there are several analogous con-

nections between stochastic thermodynamics and diffusion
models. Although not trivial, it may be possible to apply
stochastic thermodynamic techniques to diffusion models
due to similarities in mathematical structure. In particular,
interesting techniques in stochastic thermodynamics are
optimal transport theoretic techniques for the minimum
entropy production problem. We next discuss optimal
transport theory [25,105].

B. Optimal transport theory and
minimum entropy production

In this section, we introduce optimal transport theory and
its application to stochastic thermodynamics. We start with
the distance in optimal transport theory, namely, the p-
Wasserstein distance [25]. The p-Wasserstein distance
WpðP;QÞ between probability density functions PðxÞ
and QðyÞ satisfying PðxÞ ≥ 0,

R
dxPðxÞ ¼ 1, QðyÞ ≥ 0,

and
R
dyQðyÞ ¼ 1 is defined as

WpðP;QÞ ≔
�
infπ ∈ΠðP;QÞ

Z
dxdykx − ykpπðx; yÞ

�
1=p

:

ð52Þ

Here, ΠðP;QÞ is a set of joint probability density functions
defined as

ΠðP;QÞ ¼
	
πðx; yÞjπðx; yÞ ≥ 0;

Z
dyπðx; yÞ ¼ PðxÞ;

Z
dxπðx; yÞ ¼ QðyÞ



: ð53Þ

If the pth-order moment is finite, the p-Wasserstein
distance WpðP;QÞ remains finite and is well defined. In
the space of probability distribution functions which have a
finite pth-order moment, the metric space axioms are
satisfied [25] as follows:

WpðP;QÞ ≥ 0; ð54Þ

WpðP;QÞ ¼ 0 ⇔ P ¼ Q; ð55Þ

WpðP;QÞ ¼ WpðQ;PÞ; ð56Þ

WpðP;QÞ ≤ WpðP; RÞ þWpðR;QÞ; ð57Þ

where P, Q, and R are probability density functions. It is
also known thatWpðP;QÞ ≤ WqðP;QÞ for p ≤ q because
of Hölder’s inequality [25]. The 1-Wasserstein distance and
the 2-Wasserstein distance are well used in machine
learning and stochastic thermodynamics due to some
mathematical properties.
For example, the 1-Wasserstein distance has a computa-

tional advantage, because it is computed from expected
values. Because of the Kantorovich-Rubinstein duality
[25], the 1-Wasserstein distance is given by the following
maximization problem:

W1ðP;QÞ ¼ sup
ψ ∈Lip1

ðEP½ψ � − EQ½ψ �Þ; ð58Þ

where Lip1 is the set of scalar functions satisfying 1-
Lipschitz continuity defined as Lip1 ¼ fψðxÞjk∇ψðxÞk ≤
1g and EP½ψ � is the expected value with respect to the
probability density function PðxÞ defined as EP½ψ � ¼R
dxPðxÞψðxÞ. The computational complexity of the 1-

Wasserstein distance via the above maximization problem
is relatively simple. Therefore, the 1-Wasserstein distance
is well used as an objective function in generative models
such as the Wasserstein generative adversarial net-
work [64].
In addition, the 2-Wasserstein distance has good differ-

ential geometric properties. If P and Q are nd-dimensional
Gaussian distributions N ðμP;ΣPÞ and N ðμQ;ΣQÞ, respec-
tively, then the 2-Wasserstein distance can be computed as
follows [106]:

W2ðP;QÞ2 ¼ kμP − μQk2
þ trfΣP þ ΣQ − 2½ðΣPÞ1=2ΣQðΣPÞ1=2�1=2g;

ð59Þ

where tr denotes the trace of the matrix. If the variance-
covariance matrices are given by ΣP ¼ σ2PI and ΣQ ¼ σ2QI,
Eq. (59) is rewritten as

W2ðP;QÞ2 ¼ kμP − μQk2 þ tr½ðσP − σQÞ2I�
¼ kμP − μQk2 þ ðσP − σQÞ2nd
¼ kμP − μQk2 þ kσP1 − σQ1k2; ð60Þ

where 1 is the vector defined as ½1�i ¼ 1 ði ¼ 1;…; ndÞ. In
this case, the 2-Wasserstein distance is equivalent to the
distance between ðμP; σP1Þ and ðμQ; σQ1Þ in the 2nd-
dimensional Euclidean space of the means and the standard
deviations.
Note that the right-hand side of Eq. (59) is called the

Fréchet inception distance (FID) [82] when P and Q
represent the distributions of the real-world image data
and the generated image data in the latent space of the
inception model [107]. The right-hand side of Eq. (59)

IKEDA, UDA, OKANOHARA, and ITO PHYS. REV. X 15, 031031 (2025)

031031-10



(i.e., the FID) is always less than W2ðP;QÞ2 for the non-
Gaussian distributions P and Q [108], where their means
and covariances are given by ðμP;ΣPÞ and ðμQ;ΣQÞ,
respectively.
Next, we explain that the 2-Wasserstein distance pro-

vides a lower bound on the entropy production in stochastic
thermodynamics. We start with the following Benamou-
Brenier formula [109]:

W2ðPτ;P0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
inf τ

Z
τ

0

dt
Z

dxkvtðxÞk2qtðxÞ
s

; ð61Þ

where the infimum is taken among all paths ½vtðxÞ;
qtðxÞ�0≤t≤τ satisfying

∂tqtðxÞ ¼ −∇ · ½vtðxÞqtðxÞ�;
q0ðxÞ ¼ P0ðxÞ; qτðxÞ ¼ PτðxÞ: ð62Þ

Because the Fokker-Planck equation [Eq. (1)] is the
continuity equation, we obtain

½W2ðP0;PτÞ�2 ≤ τ

Z
τ

0

dt
Z

dxkνPt ðxÞk2PtðxÞ ð63Þ

from Eq. (61). If Tt does not depend on t, this result can be
written as

Stotτ ≥
W2ðP0;PτÞ2

τT
; ð64Þ

where Tð¼ TtÞ is the time-independent temperature. Thus,
the 2-Wasserstein distance provides the formula for the
minimum entropy production in a finite time τ under the
condition that the initial distribution P0 and the final
distribution Pτ are fixed [30].
This result [Eq. (64)] can be interpreted from the

perspective of the geodesic in the space of the
2-Wasserstein distance [29,32]. If we consider the infini-
tesimal time evolution from t to tþ Δt, Eq. (61) indicates

½W2ðPt;PtþΔtÞ�2 ≤Δt
Z

tþΔt

t
dt0
Z

dxkνPt0 ðxÞk2Pt0 ðxÞ

¼ ðΔtÞ2
Z

dxkνPt ðxÞk2PtðxÞþO½ðΔtÞ3�;

ð65Þ

where O½ðΔtÞ3� denotes Landau’s big O notation. If we
define the speed in the space of the 2-Wasserstein distance as

v2ðtÞ ¼ lim
Δt→þ0

W2ðPt;PtþΔtÞ
Δt

; ð66Þ

weobtain the lower bound of the entropyproduction rate [29]
from Eq. (65) as

Ṡtott ≥
½v2ðtÞ�2

Tt
: ð67Þ

This lower bound ½v2ðtÞ�2=Tt is called the excess entropy
production rate [31,32,110]. The equality Ṡtott ¼ ½v2ðtÞ�2=Tt
holds when the velocity field is given by a gradient of a
potential function ϕtðxÞ as νPt ðxÞ ¼ Tt∇ϕtðxÞ [29,32,111].
The equality condition physically means the situation where
the external force f tðxÞ is givenby conservative force f tðxÞ ¼
−∇UtðxÞwith the potential energyUtðxÞ. For the casewhere
the external force is given by f tðxÞ ¼ Atxþ bt, the equality
holds ifAt is a symmetric matrix [112]. Equation (67) can be
written as TtṠtott ≥ ½v2ðtÞ�2. The upper bound TtṠtott can be
regarded as the instantaneous dissipative work [113] when
we consider the transition between equilibrium states.
If Ttð¼ TÞ does not depend on t, we obtain the following

hierarchy of inequalities for the minimum entropy produc-
tion known as the thermodynamic speed limits [29]:

Stotτ ¼
Z

τ

0

dtṠtott ≥
R
τ
0 dt½v2ðtÞ�2

T

≥
L2
τ

τT

≥
W2ðP0;PτÞ2

τT
; ð68Þ

where Lτ ¼
R
τ
0 dtv2ðtÞ is the path length in the space

of the 2-Wasserstein distance and we use the Cauchy-
Schwarz inequality ½R τ0 dt�½R τ0 dt½v2ðtÞ�2� ≥ ½R τ0 dtv2ðtÞ�2
and the triangle inequality Lτ ≥ W2ðP0;PτÞ. The
path length Lτ can also be calculated as Lτ ¼
limΔt→þ0

PNτ−1
n¼0 W2ðPðnþ1ÞΔt;PnΔtÞ with fixed τ ¼ NτΔt.

If the probability density function Pt evolves along the
geodesic in the space of the 2-Wasserstein distance, the
following condition:

v2ðtÞ ¼
W2ðP0;PτÞ

τ
ð69Þ

holds. This condition provides the equality condition of
Eq. (68): R

τ
0 dt½v2ðtÞ�2

T
¼ W2ðP0;PτÞ2

τT
: ð70Þ

If the system is driven by a conservative force, Ṡtott ¼
½v2ðtÞ�2=T holds. Thus, the minimum entropy production
Stotτ ¼ ½W2ðP0;PτÞ�2=ðτTÞ is achieved when the system is
driven by a conservative force and the probability density
function Pt evolves along the geodesic in the space of the
2-Wasserstein distance.
We discuss the thermodynamic uncertainty relations

[31,32,110,114] as other lower bounds on the entropy
production rate Ṡtott and the excess entropy production rate
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½v2ðtÞ�2=Tt. Since the equality in Eq. (67) is achieved when
νPt ðxÞ ¼ Tt∇ϕtðxÞ, the following equality:

½v2ðtÞ�2
Tt

¼ Tt

Z
dxk∇ϕtðxÞk2PtðxÞ ð71Þ

holds. This gives us the following inequality:�Z
dxk∇ϕtðxÞk2PtðxÞ

�
EPt

½k∇rk2�

≥
�Z

dx½∇ϕtðxÞ� · ½∇rðxÞ�PtðxÞ
�
2

¼
�
1

Tt

Z
dxrðxÞ∂tPtðxÞ

�
2

¼
�
1

Tt
∂tEPt

½r�
�
2

ð72Þ

for any time-independent observable rðxÞ, where the expec-
ted value EPt

½r� is defined as EPt
½r� ¼ R dxPtðxÞrðxÞ and

we use the Cauchy-Schwarz inequality, the continuity
equation ∂tPtðxÞ ¼ −∇ · fTt½∇ϕtðxÞ�PtðxÞg, and the par-
tial integration. Note that the validity of this continuity
equation is due to the Benamou-Brenier formula [109]. From
Eqs. (67) and (72), we obtain the thermodynamic uncertainty
relation for the excess entropy production rate [31,110]:

Ṡtott ≥
½v2ðtÞ�2

Tt
≥

½∂tEPt
½r��2

TtEPt
½k∇rk2� ; ð73Þ

which implies a trade-off relation between the speed of the
observable j∂tEPt

½r�j and thermodynamic dissipation rate
Ṡtott . If we define the normalized speed of the observable

rðxÞ as vrðtÞ ¼ j∂tEPt
½r�j=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EPt

½k∇rk2�
q

, this inequality

[Eq. (73)] can be written as

½v2ðtÞ�2 ≥ ½vrðtÞ�2: ð74Þ

Thus, this expression [Eq. (74)] implies that the speed in the
space of the 2-Wasserstein distance is the upper bound on the
speed of any time-independent observable rðxÞ. We note that
this expression [Eq. (74)] can be regarded as the inequality
½W2ðPt; PtþΔtÞ=Δt�2 ≥ ½W1ðPt; PtþΔtÞ=Δt�2 in the limit
Δt → þ0 if we substitute the 1-Lipschitz function
ψ ∈Lip1, which gives the 1-Wasserstein distance, into r [33].
By considering the following maximization problem of

this lower bound with respect to the observable rðxÞ:

r�ðxÞ∈ argmaxrðxÞ
½∂tEPt

½r��2
TtEPt

½k∇rk2� ; ð75Þ

the optimal observable r�ðxÞ gives the speed

v2ðtÞ ¼
j∂tEPt

½r��jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EPt

½k∇r�k2�
q ; ð76Þ

and the gradient of the optimal observable ∇r�ðxÞ is
proportional to the velocity field Tt∇ϕtðxÞ ¼ c∇r�ðxÞ
with the proportional coefficient c ¼ v2ðtÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EPt

½k∇r�k2�
q

[31,110]. Even if the external force f tðxÞ is not
conservative, there exists a method to estimate the velocity
field from a time series data of the Langevin dynamics by
considering the maximization problem based on the other
thermodynamic uncertainty relation [18,21,23], which may
be useful for estimating the velocity field in diffusion
models.

IV. MAIN RESULT

In this section, we explain the main results of the paper.
Based on optimal transport theory and stochastic thermo-
dynamics, we derive upper bounds on the estimation error
in data generation of diffusion models by the entropy
production rate, namely, the speed-accuracy relations for
diffusion models. This upper bound is derived based on an
analogy to the thermodynamic speed limit and the thermo-
dynamic uncertainty relation. Based on the upper bound,
we can introduce an optimal protocol for the accuracy of
data generation in diffusion models given by the geodesic
in the space of the 2-Wasserstein distance. This protocol is
analogous to the optimal protocol for minimum entropy
production. We discuss the relationship between the opti-
mal protocol and the noise schedules such as the cond-OT
schedule and the cosine schedule, and we illustrate the
main results numerically.

A. Speed-accuracy relations for diffusion models

We explain the main result of the paper. If the velocity
field of the forward process is accurately reconstructed
[ν̂tðxÞ ¼ νPt ðxÞ] in the probability flow ODE or the flow-
based generative modeling, we can derive the following
inequality:

1

τ

ðΔW1Þ2
D0

≤
Z

τ

0

dtTtṠtott ; ð77Þ

which is a relation between the thermodynamic quantity
and the estimation error in data generation. Inspired by the
notion of energy-speed-accuracy trade-off relation [115],
we call this result the speed-accuracy relation for diffusion
models, because ΔW1 corresponds to the accuracy, and
TtṠtott can correspond to the speed in the absence of the
nonconservative force, as discussed later. The right-hand
side of this inequality is given by thermodynamic quantities
such as the entropy production rate Ṡtott and the temperature
Tt, and these thermodynamic quantities are computed in
the forward process. The quantities on the left-hand side of
this inequality are given by the difference between the
reverse process and the estimated reverse process. The
quantity D0 is the Pearson χ2 divergence [116] defined as
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D0 ≔
Z

dx
½P̃†

0ðxÞ − P†
0ðxÞ�2

P†
0ðxÞ

; ð78Þ

which quantifies the difference between the initial con-
ditions of the reverse process P†

0ðxÞ and the estimated
reverse process P̃†

0ðxÞ at t̃ ¼ 0. This Pearson’s χ2 diver-
gence is the f divergence, which becomes the Fisher
information when the difference P̃†

0ðxÞ − P†
0ðxÞ is suffi-

ciently small [83]. The quantity ΔW1 ≔ W1ðq; pÞ −
W1ðP†

0; P̃
†
0Þ is the change of the 1-Wasserstein distance

between reverse and estimated reverse processes from time
t̃ ¼ 0 to t̃ ¼ τ. In generative models, we sometimes
consider the estimation error using the 1-Wasserstein
distance W1ðq; pÞ for model evaluation [66]. If we con-
sider the initial condition satisfyingW1ðP†

0; P̃
†
0Þ ≈ 0, ΔW1

becomes the estimation error ΔW1 ≈W1ðq; pÞ. Therefore,
ðΔW1Þ2=D0 is considered as a response function, which
quantifies how much the perturbation of the initial dis-
tribution D0 for the estimated reverse process at t̃ ¼ 0
affects the estimation error of the generated data ΔW1 at
t̃ ¼ τ (see also Fig. 3). If the response function ðΔW1Þ2=D0

is smaller, the accuracy of the generated data is better
regardless of the initial condition deviations. Thus, a
smaller value of ðΔW1Þ2=D0 means robustness of diffusion
models against the change of the initial distribution P̃†

0ðxÞ.
In other words, the value of ðΔW1Þ2=D0 represents the
degree of change in the generated data with respect to the
initial perturbation. Therefore, the value of ðΔW1Þ2=D0

can also be considered as the sensitivity of the generated
data. Our result shows that the thermodynamic quantities

corresponding to the thermodynamic dissipation in the
forward process

R
τ
0 dtTtṠtott give the upper bound on the

sensitivity of diffusion models ðΔW1Þ2=D0.
In particular, when the external force is conservative,

and, thus, the velocity field of the forward process is given
by the gradient of a potential [νPt ðxÞ ¼ Tt∇ϕtðxÞ], we also
obtain

1

τ

ðΔW1Þ2
D0

≤
Z

τ

0

dt½v2ðtÞ�2 ð79Þ

from the equality condition of Eq. (67). This result in the
absence of the nonconservative force is also called as the
speed-accuracy relation for diffusion models. The right-
hand side of this inequality

R
τ
0 dt½v2ðtÞ�2, which corre-

sponds to the excess entropy production, is given by the
diffusion speed measured by the 2-Wasserstein distance
v2ðtÞ in the forward process. This quantity

R
τ
0 dt½v2ðtÞ�2 is a

purely information-theoretic quantity which is considered
as the diffusion speed cost in the forward process (see also
Fig. 3). According to this result [Eq. (79)], the response
function ðΔW1Þ2=D0 becomes larger as the diffusion speed
cost

R
τ
0 dt½v2ðtÞ�2 becomes larger. In other words, the

accuracy of the generated data can decrease as the diffusion
speed increases in the forward process. Since we usually
consider a conservative force in the implementations of the
flow-based generative modeling and the probability flow
ODE, this result without an explicit expression by thermo-
dynamic dissipation may be more useful and intuitive
rather than the general result [Eq. (77)].
According to the speed-accuracy relation for diffusion

models [Eq. (79)], we can consider minimizing the dif-
fusion speed cost

R
τ
0 dt½v2ðtÞ�2 to increase the accuracy of

data generation, which is quantified by the smallness of the
response function ðΔW1Þ2=D0. Therefore, minimizing the
diffusion speed cost

R
τ
0 dt½v2ðtÞ�2 can improve the perfor-

mance of diffusion models. When the initial state P0,
the final state Pτ, and the time duration τ are fixed, the
minimization problem can be discussed based on the
geodesic in the 2-Wasserstein metric space. We discuss
this minimization problem of the diffusion speed cost in
Sec. IV C.
As an instantaneous expression of the speed-accuracy

relations for diffusion models, the following detailed
inequality can be derived:

½∂tW1ðP†
τ−t; P̃

†
τ−tÞ�2

D0

≤ TtṠtott : ð80Þ

This equation is also regarded as ½vlossðtÞ�2 ≤ TtṠtott , where
vlossðtÞ ≔ j∂tW1ðP†

τ−t; P̃
†
τ−tÞj=

ffiffiffiffiffiffi
D0

p
is the change rate of

the normalized estimation error. This inequality is analo-
gous to the thermodynamic uncertainty relation [Eq. (74)].
We also obtain the hierarchy of inequalities corresponding

Speed-accuracy relation 
for diffusion models

Diffusion speed cost

Difference in 
1-Wasserstein 
distance

Estimated reverse process

Forward process / Reverse process

FIG. 3. Illustration of the speed-accuracy relation for diffusion
models [Eq. (79)] in the absence of the nonconservative force. We
evaluate the difference between the initial conditions of the reverse
processP†

0 and the estimated reverse process P̃†
0 by the Pearson χ

2

divergenceD0 and the estimation error of the generated data by the
change of the 1-Wasserstein distance ΔW1. The speed-accuracy
relation for diffusion models implies that the diffusion speed costR
τ
0 dt½v2ðtÞ�2 measured by the 2-Wasserstein distance in the
forward process affects the accuracy of the generated data given
by the response function ðΔW1Þ2=D0.
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to the speed-accuracy relations for diffusion models as
follows:

ðΔW1Þ2
τD0

≤
Z

τ

0

dt½vlossðtÞ�2 ≤
Z

τ

0

dtTtṠtott ; ð81Þ

which is analogous to the hierarchy of the thermodynamic
speed limits [Eq. (68)].
Especially when the external force is conservative,

½v2ðtÞ�2 ¼ TtṠtott holds. Thus, Eq. (80) indicates that the
speed in the space of the 2-Wasserstein distance v2ðtÞ is the
upper bound on vlossðtÞ ≔ j∂tW1ðP†

τ−t; P̃
†
τ−tÞj=

ffiffiffiffiffiffi
D0

p
as

½v2ðtÞ�2 ≥ ½vlossðtÞ�2: ð82Þ

Equation (81) is also rewritten as

ðΔW1Þ2
τD0

≤
Z

τ

0

dt½vlossðtÞ�2 ≤
Z

τ

0

dt½v2ðtÞ�2: ð83Þ

In summary, we have illustrated various inequalities in
Fig. 4. As shown in Fig. 4, we also note that we later
discuss a generalization of the main result for incomplete
estimation in Sec. VA. In Sec. IV D, we also use the
abbreviated notations wD ¼ R τ0 dtTtṠtott ; c2 ¼

R
τ
0 dt½v2ðtÞ�2,

c1 ¼
R
τ
0 dt½vlossðtÞ�2, and η ¼ ðΔW1Þ2=τD0. Thus,

Eqs. (81) and (83) can be rewritten as wD ≥ c1 ≥ η and
c2 ≥ c1 ≥ η, respectively (see also Fig. 4).

B. Proofs of the main result

Here, we show the derivation of the main result. We start
with the derivation of Eq. (80). For the sake of simplicity,
we introduce a notation for the probability density function
of the estimated reverse process P̃tðxÞ ≔ P̃†

τ−tðxÞ accord-
ing to the time direction of the forward process. Based on
the Kantorovich-Rubinstein duality, the 1-Wasserstein dis-
tance is given by

W1ðP†
τ−t; P̃

†
τ−tÞ ¼ W1ðPt; P̃tÞ ¼ EPt

½ψ�
t � − EP̃t

½ψ�
t �; ð84Þ

where ψ�
t ¼ argmax

ψ ∈Lip1
ðEPt

½ψ � − EP̃t
½ψ �Þ is the optimal sol-

ution of the maximization problem [Eq. (58)]. Since
we assume that the velocity field of the forward process
is accurately reconstructed [ν̂tðxÞ ¼ νPt ðxÞ], the continuity
equations for the reverse process and the estimated
reverse process [Eqs. (3) and (4)] are given, respec-
tively, by ∂tPtðxÞ ¼ −∇ · ðνPt ðxÞPtðxÞÞ and ∂tP̃tðxÞ ¼
−∇ · ðνPt ðxÞP̃tðxÞÞ. Therefore, the time evolution of the
difference between two probability density functions
δPtðxÞ ≔ PtðxÞ − P̃tðxÞ is given by

∂tδPtðxÞ ¼ −∇ · ðνPt ðxÞδPtðxÞÞ: ð85Þ

Using Eq. (85), we obtain

∂tðEPt
½ψ � − EP̃t

½ψ �Þ ¼
Z

dxψðxÞ∂tδPtðxÞ

¼
Z

dx∇ψðxÞ · νPt ðxÞδPtðxÞ; ð86Þ

for any time-independent 1-Lipschitz function ψ ∈Lip1,
where we use the partial integration and we assume that
δPtðxÞ disappears at infinity. From the Cauchy-Schwarz
inequality and the 1-Lipschitz continuity k∇ψðxÞk ≤ 1, we
obtain

ð∂tðEPt
½ψ �−EP̃t

½ψ �ÞÞ2

¼
�Z

dx∇ψðxÞ · νPt ðxÞδPtðxÞ
�

2

≤
�Z

dxkνPt ðxÞk2PtðxÞ
��Z

dxk∇ψðxÞk2 ðδPtðxÞÞ2
PtðxÞ

�

≤
�Z

dxkνPt ðxÞk2PtðxÞ
��Z

dx
ðδPtðxÞÞ2
PtðxÞ

�
¼ TtṠtott Dτ−t; ð87Þ

where Dτ−t is the Pearson χ2 divergence at time t̃ ¼ τ − t
defined as Dτ−t ≔

R
dx½P†

τ−tðxÞ − P̃†
τ−tðxÞ�2=P†

τ−tðxÞ. We
can show that the time derivative of Dτ−t is ∂tDτ−t ¼ 0 (see
Appendix E). Therefore, Dτ−t ¼ D0ð¼ constÞ holds, and
we obtain the inequality

Conservative force

Conservative force

Complete estimation (Eqs. (77), (79), (81), (83))

Incomplete estimation (Eq. (100))

Instantenous expression 

(Eqs. (80), (82))

FIG. 4. Summary of the main results. We show a hierarchy
between the inequalities and a generalization for incomplete
estimation discussed in Sec. VA.
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j∂tðEPt
½ψ � − EP̃t

½ψ �Þj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TtṠtott D0

q
; ð88Þ

for any 1-Lipschitz function ψ ∈Lip1. We now implicitly
assume the existence of ∂tW1ðP†

τ−t; P̃
†
τ−tÞ, which can be

justified by the smoothness ofW1ðP†
τ−t; P̃

†
τ−tÞ as a function

of t. In the case of ∂tW1ðP†
τ−t; P̃

†
τ−tÞ ≥ 0, we obtain the

lower bound on
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TtṠtott D0

p
as follows:

0 ≤ ∂tW1ðP†
τ−t; P̃

†
τ−tÞ

¼ lim
Δt→þ0

W1ðPt; P̃tÞ −W1ðPt−Δt; P̃t−ΔtÞ
Δt

≤ lim
Δt→þ0

�
EPt

½ψ�
t � − EP̃t

½ψ�
t � − EPt−Δt

½ψ�
t � þ EP̃t−Δt

½ψ�
t �

Δt

�

¼ ∂tðEPt
½ψ�

s � − EP̃t
½ψ�

s �Þjs¼t
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TtṠtott D0

q
; ð89Þ

where we use the fact that W1ðPt−Δt;P̃t−ΔtÞ¼
EPt−Δt

½ψ�
t−Δt�−EP̃t−Δt

½ψ�
t−Δt�≥EPt−Δt

½ψ�
t �−EP̃t−Δt

½ψ�
t � holds

because of the expression of the 1-Wasserstein distance
[Eq. (58)] and we use the fact that Eq. (87) holds for any t-
independent 1-Lipschitz function ψ�

s ∈Lip1. In the case of
∂tW1ðP†

τ−t; P̃
†
τ−tÞ ≤ 0, we obtain the lower bound onffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

TtṠtott D0

p
similarly as follows:

0 ≤ −∂tW1ðP†
τ−t; P̃

†
τ−tÞ

¼ lim
Δt→þ0

W1ðPt; P̃tÞ −W1ðPtþΔt; P̃tþΔtÞ
Δt

≤ −∂tðEPt
½ψ�

s � − EP̃t
½ψ�

s �Þjs¼t
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TtṠtott D0

q
; ð90Þ

where we use the inequality W1ðPtþΔt; P̃tþΔtÞ ¼
EPtþΔt

½ψ�
tþΔt� − EP̃tþΔt

½ψ�
tþΔt� ≥ EPtþΔt

½ψ�
t � − EP̃tþΔt

½ψ�
t � and

Eq. (87). By squaring both sides of the inequalities (89) and
(90), the resulting inequalities are equivalent to Eq. (80).
Thus, our main result Eq. (80) is proved regardless of the
sign of ∂tW1ðP†

τ−t; P̃
†
τ−tÞ.

We next derive Eq. (77). By integrating Eq. (80) with
respect to time and applying the Cauchy-Schwarz inequal-
ity, we obtainZ

τ

0

dtTtṠtott ≥
1

D0

Z
τ

0

dt½∂tW1ðPt; P̃tÞ�2

≥
1

τD0

�Z
τ

0

dt∂tW1ðPt; P̃tÞ
�

2

¼ ðΔW1Þ2
τD0

; ð91Þ

which is equivalent to Eq. (77). This equation is also
equivalent to Eq. (81), because vlossðtÞ ¼ j∂tW1ðPt; P̃tÞj=ffiffiffiffiffiffi
D0

p
.

C. Optimality in the noise schedule

We discuss the diffusion speed cost
R
τ
0 dt½v2ðtÞ�2, which

is the upper bound on the response function in the speed-
accuracy relation for diffusion models [Eq. (79)] in the
absence of the nonconservative force. Lowering this upper
bound in Eq. (79) means making the response function
ðΔW1Þ2=D0 small, and this lowering leads to robust data
generation against perturbations of the initial distribution in
the estimated reverse process. Since the diffusion speed
cost depends only on the dynamics of the forward process,
it is possible to discuss the optimality of the noise schedules
based on the diffusion speed cost.
We explain why we consider only the upper bound in

Eq. (79) and not the upper bound in Eq. (77). If we start
with the upper bound in Eq. (77), the lowering of the upper
bound in Eq. (77),

R
τ
0 dt½v2ðtÞ�2, is achieved only if the

nonconservative force does not exist due to the inequality
TtṠtott ≥ ½v2ðtÞ�2 in Eq. (73). Thus, we may need only to
consider the situation where the nonconservative force is
absent and Eq. (77) is identical to Eq. (79). Therefore, the
absence of the nonconservative force is a necessary con-
dition for an optimal protocol.
We focus on the case where the nonconservative force is

absent to discuss an optimal noise schedule. Similar to the
discussion of the minimum entropy production [Eq. (68)],
the lower bound of the diffusion speed cost is given by

Z
τ

0

dt½v2ðtÞ�2 ≥
L2
τ

τ
≥
½W2ðP0;PτÞ�2

τ
: ð92Þ

The equality condition is v2ðtÞ ¼ W2ðP0;PτÞ=τ, which
causes the time evolution of Pt to be driven along the
geodesic in the space of the 2-Wasserstein distance. This
time evolution can be discussed in terms of the optimal
transport protocol discussed in Ref. [109]. At least from the
perspective of the speed-accuracy relations for diffusion
models, an optimal noise schedule is introduced by con-
sidering the optimal transport (OT) schedule, which causes
the time evolution of Pt to be driven along the geodesic in
the space of the 2-Wasserstein distance. We illustrate the
example of an optimal noise schedule given by the OT
schedule in comparison to other noise schedules such as the
cosine schedule and the cond-OT schedule (see Fig. 5).
While OT schedule can lead to accurate data generation,

it is computationally difficult to construct the diffusion
process that achieves optimal transport in high-dimensional
data. Therefore, the cond-OT schedule, which can be
considered as an approximate optimal transport, is pro-
posed. If the input distribution qðxÞ is normalized such that
Eq½x� ¼ 0 and Eq½kxk2� ¼ nd and the external force and the
temperature are given by Eqs. (22) and (23), the diffusion
speed cost is given asymptotically by the conditional
kinetic energy Ec [69] in the limit ND=

ffiffiffiffiffi
nd

p
→ 0:
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Z
τ

0

dt½v2ðtÞ�2 ≃ τndEc; ð93Þ

where the dimension of the data nd is sufficiently large
compared to the number of data ND (Theorem 4.2 in
Ref. [69]). Here, the conditional kinetic energy Ec for the
conditional Gaussian probabilities are given by Ec ¼
ð1=τÞ R τ0 dt½ð∂tσtÞ2 þ ð∂tmtÞ2� [69]. Thus, if the data dimen-
sion is sufficiently larger than the number of data, the
optimality based on the speed-accuracy relations for
diffusion models can be discussed by considering the
minimization of this quantity nd

R
τ
0 dt½ð∂tσtÞ2 þ ð∂tmtÞ2�

instead of the minimization of the diffusion speed
cost

R
τ
0 dt½v2ðtÞ�2.

We explain that minimizing nd
R
τ
0 dt½ð∂tσtÞ2 þ ð∂tmtÞ2�

leads to the cond-OT schedule [Eq. (28)] and the cosine
schedule [Eq. (32)]. When σt and mt are unconstrained, we
obtain a lower bound

nd

Z
τ

0

dt½ð∂tσtÞ2 þ ð∂tmtÞ2� ≥ nd
ðσ0 − στÞ2 þ ðm0 −mτÞ2

τ
;

ð94Þ

from the Cauchy-Schwarz inequality. The equality con-
ditions of this inequality are ∂tσt ¼ ðστ − σ0Þ=τ and
∂tmt ¼ ðmτ −m0Þ=τ, which can be regarded as the
cond-OT schedule [Eq. (28)]. Under the constraint of

VP diffusion, σ2t þm2
t ¼ 1, we can introduce the angle

θt which satisfies ðmt; σtÞ ¼ ðcos θt; sin θtÞ. From the
Cauchy-Schwarz inequality, we also obtain another lower
bound:

nd

Z
τ

0

dt½ð∂tσtÞ2 þ ð∂tmtÞ2� ¼ nd

Z
τ

0

dt½ð∂tθtÞ2�

≥ nd
ðθ0 − θτÞ2

τ
: ð95Þ

The equality condition of this inequality is ∂tθt¼ðθτ−θ0Þ=τ,
which can be regarded as the cosine schedule [Eq. (32)]. The
cond-OT schedule or the cosine schedule are considered
practical suboptimal protocols in terms of the speed-accuracy
relations for diffusionmodelswhen the dimension of the data
is sufficiently larger than the number of data.
Finally, we mention about the tightness of the bound in

Eq. (79), since lowering the diffusion speed cost
R
τ
0 dt½v2ðtÞ�2

can reduce the response function ðΔW1Þ2=D0 if the bound
is tight enough. The tightness of the bound in Eq. (79)
can be discussed based on the equality condition of the
inequalities used in the proof [Eqs. (87), (89), (90), and (91)].
The equality conditions of Eq. (87) are νPt ðxÞ ∝∇ψðxÞδPtðxÞ=PtðxÞ and k∇ψðxÞk ¼ 1. If we consider
ψðxÞ ¼ ψ�

t ðxÞ, the condition k∇ψ�
t ðxÞk ¼ 1 may be satis-

fied almost everywhere, because ψ�
t ðxÞ is the optimal

solution of linear programming with the linear inequality
constraint k∇ψ�

t ðxÞk ≤ 1 [117]. The condition νPt ðxÞ ∝∇ψðxÞδPtðxÞ=PtðxÞ for ψðxÞ ¼ ψ�
t ðxÞ is generally not

expected to be satisfied. However, the bound is not so loose
if νPt ðxÞ is not orthogonal to ∇ψðxÞδPtðxÞ=PtðxÞ. If
j∂tðEPt

½ψ�
t � − EP̃t

½ψ�
t �Þj has a finite value, the nonorthogon-

ality can be guaranteed and the bound may not be loose. The
equality conditions of Eqs. (89) and (90) are ψ�

t ¼ ψ�
t−Δt and

ψ�
t ¼ ψ�

tþΔt, respectively. Because PtðxÞ ≃ Pt�ΔtðxÞ and
P̃tðxÞ ≃ P̃t�ΔtðxÞ may be satisfied as a consequence of
dynamics, ψ�

t ≃ ψ�
t�Δt may be expected, and the bound

may be tight. The inequalities Eq. (91) become tight when
∂tW1ðPt; P̃tÞ is constant. While this condition is generally
not expected to be satisfied, the numerical result in Sec. IVD
supports that this condition may be achievable if we use
the OT schedule. In Sec. IVD, we also confirm numerically
that both sides of Eq. (79) do not differ by an order of
magnitude in simple examples and realistic image gener-
ation, and the bound in Eq. (79) can become relatively tight.
This fact implies that the discussion in this section may
be valid.

D. Numerical experiments

In this section, we first illustrate the validity of our main
result [Eq. (79)] in a one-dimensional situation where all
variables of Eq. (79) can be computed numerically by
density estimation (Sec. IV D 1). Second, we illustrate a
two-dimensional situation with a nonconservative force,

Cosine schedule

Cond-OT schedule

Optimal transport (OT) schedule

Forward 
process

Estimated reverse 
process

Forward 
process

Estimated reverse 
process

Forward 
process

Estimated reverse 
process

FIG. 5. Examples of the forward process and the estimated
reverse process according to three noise schedules: the cosine
schedule [Eq. (32)], the cond-OT schedule [Eq. (28)], and the OT
schedule which gives the dynamics along the geodesic in the
space of the 2-Wasserstein distance. These figures show the time
evolution of samples from a two-dimensional Swiss-roll dataset
(nd ¼ 2) in the flow-based generative modeling. In all noise
schedules, we use the same sample for the initial distribution of
the estimated reverse process P̃τðxÞ. Compared with the cosine
schedule and the cond-OT schedule, the noise in the generated
figure is relatively small when we consider the OT schedule. This
result is consistent with the optimality based on the speed-
accuracy relations for diffusion models.
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where we have to consider the bound in Eq. (77) instead of
the bound in Eq. (79). We show the importance of
considering the bound given by the entropy production
rate in diffusion models (Sec. IV D 2). Finally, we show
that our main result [Eq. (79)] provides meaningful bounds
in practical situations using the real image dataset and
trained flow matching models (Sec. IV D 3).

1. One-dimensional Gaussian mixture distribution

We illustrate the validity of the speed-accuracy relations
for diffusion models by simple numerical experiments. We
consider the one-dimensional flow-based generative mod-
eling (x∈R). We now consider the situation where the
velocity field of the forward process is accurately recon-
structed and qðxÞ is given by the Gaussian mixture
distribution

qðxÞ ¼ 1

2
N ðxjma; σ2Þ þ 1

2
N ðxjmb; σ2Þ: ð96Þ

Here, N ðxjm; σ2Þ is the one-dimensional Gaussian distri-
bution with the mean m and the variance σ2. The velocity
field νPt ðxÞð∈RÞ can be calculated analytically as follows
(see Appendix G for details of the numerical calculation):

νPt ðxÞ ¼
∂tσt
σt

x −
mt

PtðxÞ
�
∂tσt
σt

−
∂tmt

mt

�
EPc

t ;q½y�; ð97Þ

EPc
t ;q½y� ¼

1

2

σ2mtxþ σ2t ma1
σ2t þ σ2m2

t
N a þ 1

2

σ2mtxþ σ2t mb1
σ2t þ σ2m2

t
N b;

ð98Þ

whereN a andN b are the Gaussian distributions defined as
N x ¼ N ðxjmtmx; σ2t þ σ2m2

t Þ (x ¼ a, b). We set the
parameters ma ¼ −mb ¼ ffiffiffiffiffiffiffiffiffi

0.35
p

and σ ¼ 0.3. We consider
various perturbations of the initial condition in the esti-
mated reverse process P̃†

0ðxÞ at t̃ ¼ 0 (see also Appendix G
for details). We numerically compute the quantities in the
speed-accuracy relations for diffusion models [Eqs. (79),
(83), and (80)] in Fig. 6.
We discuss the interpretations of the numerical results in

Fig. 6. In Fig. 6(a), we show the time evolution of the
probability density functions in the forward process PtðxÞ
and the time evolution of the probability density functions
in the estimated reverse process P̃tðxÞ with three noise
schedules: the cosine schedule, the cond-OT schedule, and
the OT schedule. Note that the cosine and cond-OT
schedules are not considered the optimal transport because
we are considering the situation where ND=

ffiffiffiffiffi
nd

p
is not

sufficiently small. The initial condition in the estimated
reverse process P†

0ðxÞ is fixed to the Gaussian distribution
N ðxj1; 1Þ, while the final state in the forward process
is given by the Gaussian distribution N ðxj0; 1Þ.

In Appendix G, we also show the cases with other initial
conditions P†

0ðxÞ (see also Fig. 9). In Fig. 6(a), the
probability density functions in the forward process with
the cosine schedule and the cond-OT schedule are signifi-
cantly changed between time t ¼ 0 and t ¼ ð1=3Þτ com-
pared to the OT schedule. Thus, the data structure
corresponding to the two peaks of the probability density
function is not well recovered in the estimated reverse
process for the cosine and cond-OT schedules between t ¼
ð1=3Þτ and t ¼ τ, while the two peaks can be seen between
t ¼ ð1=3Þτ and t ¼ ð2=3Þτ in the estimated reverse process
for the OT schedule.
Next, we numerically confirm the speed-accuracy rela-

tions for diffusion models [Eqs. (79) and (83)] and the
detailed inequality [Eq. (80)] hold under the various con-
ditions of P†

0ðxÞ in Figs. 6(b)–6(e): (b) a Gaussian distribu-
tion with a different mean, (c) a Gaussian distribution with a
different variance, (d) a Gaussian mixture distribution,
and (e) a uniform distribution. Here, we use the notation
η ≤ c1 ≤ c2 for Eq. (83), where η ¼ ðΔW1Þ2=D0, c1 ¼R
τ
0 dt½vlossðtÞ�2, and c2 ¼

R
τ
0 dt½v2ðtÞ�2. We confirm that the

speed-accuracy relations for diffusionmodels are valid under
all conditions.We also observe that the bounds inEq. (80) are
tighter in the case of OT than the bounds in the cases of the
cosine and cond-OT schedules. There is a tendency for the
bound in the detailed inequality [Eq. (80)] to become loose
during the time evolution for the cosine schedule and the
bound in the detailed inequality [Eq. (80)] to become loose at
the beginning and at the end of the time evolution for the
cond-OT schedule. The upper bounds of the response
function η, namely, c1 and c2, are tighter for the OT schedule
compared to the cosine and cond-OT schedules. The value of
the response function η for the OT schedule is also the
smallest for any schedule (see Table I), which supports our
conclusion that the OT schedule provides the most accurate
data generation. We also confirm that ½vlossðtÞ�2 is constant,
and, thus, j∂tW1ðPt; P̃tÞj is also constant in the case of OT
schedule. Moreover, our bounds become relatively tight in
the case of OT schedule for conditions (b) and (c).
Interestingly, although the values of the upper bounds c1

and c2 for the OT schedule are so small compared to the
cosine and cond-OT schedules, the value of the response
function η for the OT schedule is not so small compared to
the cosine and cond-OT schedules. In fact, the probability
density functions corresponding to the generated data pðxÞ
in Fig. 6(a) are not significantly different under different
conditions. The reason for this fact may be that we are
considering only a simple data structure of one-dimen-
sional Gaussian mixtures, so larger differences in η between
different noise schedules may occur when the data structure
is more complex. Reducing the time duration τ and rapidly
changing the time evolution in the forward process may
also cause large η differences between different noise
schedules.
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(a) (b) (c)

(d) (e)

(arb. units) (arb. units)
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(arb. units)(arb. units)

(arb. units)

FIG. 6. Numerical calculations of the speed-accuracy relations for diffusion models [Eqs. (79), (80), and (83)]. (a) The time evolution
of the probability density functions in the forward process and the estimated reverse process with the cosine schedule, the cond-OT
schedule, and the optimal transport (OT) schedule. Here, t denotes time in the forward direction, and we show the probability density
functions at t ¼ 0, t ¼ τ=3, t ¼ 2τ=3, and t ¼ τ. The final state of the forward process is PτðxÞ ¼ N ðxj0; 1Þ. We use a Gaussian
distribution with a different mean P̃†

0ðxÞ ¼ N ðxj1; 1Þ as the initial condition of the estimated reverse process. (b)–(e) We show the
situation where the initial condition of the estimated reverse process P̃†

0ðxÞ is (b) a Gaussian distribution with a different mean, (c) a
Gaussian distribution with a different variance, (d) a Gaussian mixture distribution, and (e) a uniform distribution. The plot at the top left
in each section shows the comparison between P̃†

0ðxÞ and PτðxÞ ¼ N ðxj0; 1Þ, where N ðxj0; 1Þ is shown in gray. In the top right-hand
section, we show the bar graph which displays the quantities η ¼ ðΔW1Þ2=ðτD0Þ, cl ¼

R
τ
0 dt½vlossðtÞ�2, and c2 ¼

R
τ
0 dt½v2ðtÞ�2, and this

figure shows the validity of the inequality η ≤ c1 ≤ c2 [Eq. (83)]. In the bottom row, we show the time evolution of ½v2ðtÞ�2 and
½vlossðtÞ�2, and this figure shows the validity of the inequality ½v2ðtÞ�2 ≥ ½vlossðtÞ�2 [Eq. (80)]. Since ½v2ðtÞ�2 and c2 depend only on the
forward process, these values are consistent within different initial conditions in (b)–(e). See also Table III in Appendix G for more
detailed explanations, including the probability density function P̃†

0ðxÞ used in (b)–(e).

TABLE I. The values of the response function η ¼ ðΔW1Þ2=ðτD0Þ in the numerical calculations (in Fig. 6). Since
we compute 3 × 108 samples, we display the value with four significant digits.

Initial conditions Noise schedules Values of η

Gaussian distribution with a different mean Cosine 9.188 × 10−2

Cond-OT 8.781 × 10−2

OT 8.537 × 10−2

Gaussian distribution with a different variance Cosine 1.078 × 10−1

Cond-OT 1.047 × 10−1

OT 1.022 × 10−1

Gaussian mixture distribution Cosine 2.764 × 10−2

Cond-OT 2.674 × 10−2

OT 2.611 × 10−2

Uniform distribution Cosine 2.142 × 10−2

Cond-OT 2.068 × 10−2

OT 2.033 × 10−2
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Our discussion based on the speed-accuracy relations for
diffusion models may not be sufficient to explain why the
cosine and cond-OT schedules work well even when
N=

ffiffiffiffiffi
nd

p
is not sufficiently small. Since the value of η is

indeed approximately equal to the value of c1 for the OT
schedule, the value of η itself can be considered to be
determined by the speed-accuracy relations for diffusion
models. To understand why the response function η for the
OT schedule is not so small compared to the cosine and
cond-OT schedules, it may be necessary to consider not
only the upper bound on η derived in this paper, but also the
lower bound on η.

2. Two-dimensional Swiss-roll dataset

Second, we illustrate a situation where the nonconserva-
tive force is present and we need to consider the bound
given by the entropy production rate Ṡtott [Eq. (77)] instead
of the bound given by v2ðtÞ [Eq. (79)]. Specifically, we
consider a two-dimensional Swiss-roll dataset and use a
noise schedule with a nonconservative external force as

f tðxÞ ¼
�
Ht −Gt

Gt Ht

�
x;

Ht ¼ −h
�
1 −

t
τ

�
− Tt;

Gt ¼ g

�
1 −

t
τ

�
;

Tt ¼ Tfin

�
t
τ

�
2

; ð99Þ

where h∈R>0, Tfin ∈R>0, and g∈R≥0 are parameters to
control the noise schedule. In the case of g ¼ 0, this
external force f tðxÞ is conservative. In the case of g > 0,
this external force f tðxÞ is nonconservative. Since it is
difficult to derive a closed form of the velocity field in this
situation, we adopt a denoising score matching method
with sufficiently large artificial neural networks and sim-
ulate the forward and estimated reverse processes using the
estimated score function to evaluate Eq. (77). We set the
parameters h ¼ 1.1 and Tfin ¼ 0.5 and change the value of
g in f0; 3; 5g. We set the initial condition of the estimated
reverse process P̃τðxÞ as the Gaussian distribution with
different variance N ð0; ð0.9Þ2IÞ, because the probability
distribution PτðxÞ becomes the Gaussian distribution
N ð0; IÞ in the limit τ → ∞ (see also Appendix G). For
comparison, we also numerically estimate the optimal
transport noise schedule using a method introduced in
Ref. [72] (see also Appendix G). We numerically compute
the quantities in the speed-accuracy relations for diffusion
models [Eqs. (77) and (80)] in Fig. 7.
Through the illustration in Fig. 7, we can confirm the

validity of minimizing the upper bound of our results

[Eqs. (77), (80), and (81)] against improving the robustness
of the diffusion model. In Figs. 7(a)–7(d), we can see that the
generated data P̃0ðxÞ ¼ pðxÞ become significantly different
from the training dataP0ðxÞ ¼ qðxÞ in the case of g ¼ 0, 3, 5
[Figs. 7(a)–7(c)] compared to the OT schedule [Fig. 7(d)].
We confirm that the bounds [Eqs. (77), (80), and (81)] are
valid for each noise schedule in Figs. 7(e) and 7(f). We also
confirm that minimizing the thermodynamic cost wD ¼R
τ
0 dtTtṠtott qualitatively improves the robustness of the
generation in Fig. 7(f). The values of η in g ¼ 0, 3, 5 differ
by orders of magnitude compared to other noise schedules,
while the value of η in the OT schedule remains in an
acceptable range. We confirm that minimizing the upper
bound wD in Eq. (77) and considering the OT schedule are
effective in ensuring that thegenerated data donot differ from
the training data.
We discuss the effects of nonconservative forces and

thermodynamic dissipation, which could not be dealt with
in the one-dimensional Gaussian mixture distribution. The
numerical results also show that the strength of the
nonconservative forces g affects the sensitivity of the data
generation. The sensitivity ðΔW1Þ2=ðτD0Þ increases with
increasing g in the region up to g ¼ 5. This trend is similar
for the upper bound wD, and it can be said that the
sensitivity of data generation in the diffusion model is
higher in situations of strong nonconservative forces, where
more thermodynamic dissipation occurs. Nonconservative
forces have not been considered in conventional diffusion
models using cond-OT and cosine schedules. It can be
assumed that nonconservative forces have not been consid-
ered to ensure that data generation is robust. On the other
hand, if one wants to deliberately create a generated result
that is different from the training data, it is necessary to
increase the sensitivity ðΔW1Þ2=ðτD0Þ. Therefore, one could
consider a situation where such nonconservative forces are
included in diffusionmodels and thermodynamic dissipation
is dared to occur in the forward processes.
In addition, Figs. 7(a) and 7(d) show a situation where

OT schedule provides superior generation results even in a
conservative situation as discussed in Fig. 6. As mentioned
earlier, the noise schedule in Eq. (99) with g ¼ 0 provides a
conservative external force f tðxÞ, and in this case ½v2ðtÞ�2 ¼
TtṠtott ; wD ¼ R τ0 dt½v2ðtÞ�2 holds. From this perspective, the
comparison between the schedule of g ¼ 0 and the OT
schedule can be seen as a confirmation of Eqs. (79) and
(83), similar to the situation we dealt with in Fig. 6.
Looking at Fig. 7(f), we can see that the g ¼ 0 schedule has
a higher η than the OT schedule by a sufficient margin
(Table II) compared to the cosine, cond-OT, and OT
schedules in the previous setup of a Gaussian mixture in
one dimension (Table I). This is because the schedule of
g ¼ 0 is far from the optimal schedule, while the cosine
and cond-OT schedules are suboptimal as discussed in
Sec. IV C.
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3. Real-world image datasets

We show that the analysis using our main result
[Eq. (79)] is feasible in a more realistic situation for the
application of diffusion models using the real-world image
datasets. We estimate the values of Eq. (79) on the latent
space using trained models and benchmark image datasets.
Here, we use a trained flow matching model in Ref. [118],
which creates a diffusion process on a latent space

[44,118]. For the datasets, we use a 256 × 256 downscaled
version of the CelebA HQ dataset [119] and the bedroom
subset of the LSUN dataset [120].
In Fig. 8, we have illustrated diffusion models for the

real-world image datasets, and the validity of Eq. (79) on
the latent space is shown in Fig. 8 (see also the details in
Appendix G). These trained models were trained with the
cond-OT schedule [Eq. (28)] on the latent space, and we
use N ðxj0; IÞ for the initial distribution of the estimated
reverse process on the latent space. In Figs. 8(a) and 8(b),
we have illustrated the samples from the forward process
and the estimated reverse process. In this setting, the
dimension of the latent space is nd ¼ 4096, and it may
be difficult to estimate the time evolution of the probability
density functions in the forward and estimated reverse
processes with a finite number of samples. However, we
may estimate the quantities in our main result [Eq. (79)], as
shown in Fig. 8(c), because we need the velocity field in the
forward process and the initial and final probability dis-
tributions in the forward and estimated reverse processes to
estimate the quantities. We find that our result [Eq. (79)] is

(a) (b) (c)

(d) (e) (f)
(arb. units)

(arb. units)

(arb. units) (arb. units)

(arb. units)

FIG. 7. Numerical experiments of the speed-accuracy relations for diffusion models [Eqs. (77), (80), and (81)] in two-dimensional
Swiss-roll situation. (a)–(c) The time evolution of the probability density function in the forward process and the estimated reverse
process with the noise schedules using g ¼ 0, 3, 5 in Eq. (99). The value g stands for the degree of nonconservativeness, and g ¼ 0
denotes a situation with conservative external force f tðxÞ. (d) The time evolution of the probability density function with OT schedule. In
(a)–(d), t denotes time in the forward direction, and we show the probability density functions at t ¼ 0, t ¼ τ=3, t ¼ 2τ=3, and t ¼ τ.
Each axis of the color map denotes the axis of the data space Rnd . Throughout this experiment, we use a Gaussian distribution with
different variance P̃†

0ðxÞ ¼ N ð0; ð0.9Þ2IÞ as the initial condition of the estimated reverse process. (e) Temporal evolution of TtṠtott and
½vlossðtÞ�2 proving the validity of ½vlossðtÞ�2 ≤ TtṠtott [Eq. (80)]. (f) A bar graph showing the quantities η ¼ ðΔW1Þ2=ðτD0Þ,
cl ¼

R
τ
0 dt½vlossðtÞ�2, and wD ¼ R τ0 dtTtṠtott . This figure shows the relationship η ≤ cl ≤ wD [Eq. (81)]. For detailed explanations,

see Appendix G.

TABLE II. The values of the response function η ¼
ðΔW1Þ2=ðτD0Þ in the numerical calculations (Fig. 7). Since
we compute 1 × 108 samples, we display the value with four
significant digits.

Initial conditions Noise schedules Values of η

Gaussian distribution
with a different variance

g ¼ 0 9.301 × 10−2

g ¼ 3 3.430 × 10−1

g ¼ 5 5.615 × 10−1

OT 7.221 × 10−6
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still valid. Moreover, the response function ðΔW1Þ2=ðτD0Þ
has the same order of magnitude as the upper boundR
τ
0 dt½v2ðtÞ�2. Thus, the numerical analysis based on
Eq. (79) may be reasonable even if we discuss diffusion
models on the latent space for the real-world image datasets
with data of large dimension nd ≫ 1.
We explain that our treatment based on the response

function may be reasonable in realistic situations such as
this experiment. In this experiment, the starting point of the
estimated reverse process P̃†

0ðxÞ is chosen to be similar to
the final state of the forward process PτðxÞ, so that the
estimated reverse process will be close to the genuine
reverse process. One of the typical choices of P̃†

0ðxÞ is the
standard Gaussian distribution N ðxj0; IÞ, since PτðxÞ will
converge to this distribution for sufficiently large τ in the
formulation of Eqs. (22) and (23). However, the discrep-
ancy between P̃†

0ðxÞ and PτðxÞ usually exists, since
PτðxÞ ¼

R
dyPc

τðxjyÞqðyÞ [Eq. (17)] is not generally equal
to P̃†

0ðxÞ ¼ N ðxj0; IÞ with a finite τ. Because of the large
dimension of the data, it is also difficult to estimate PτðxÞ
from the finite number of samples. Therefore, the differ-
ence between P̃†

0ðxÞ and PτðxÞ may be unavoidable, and
our main result based on the response function [Eq. (79)]
may be useful to consider the effect of the difference
between P̃†

0ðxÞ and PτðxÞ.

V. DISCUSSIONS

In this paper, we summarize the relationship between
diffusion models and nonequilibrium thermodynamics and
derive the speed-accuracy relations for diffusion models
based on techniques from stochastic thermodynamics and
optimal transport theory. The speed-accuracy relations for
diffusion models explain that the robustness of data
generation to perturbations is generally limited by the

thermodynamic dissipation in the forward diffusion proc-
ess. The speed-accuracy relations for diffusion models also
quantitatively explain the validity of using the cosine and
cond-OT schedules as the noise schedules in the diffusion
model and the importance of using optimal transport in the
forward diffusion process. We also derive the speed-
accuracy relations for diffusion models as analogs of the
thermodynamic trade-off relations such as the thermody-
namic uncertainty relations [110,114,121] and the thermo-
dynamic speed limits [29,30]. Unlike the conventional
thermodynamic trade-off relations, which consider thermo-
dynamic limits on the speed of the observable in a
stochastic process, the speed-accuracy relations for diffusion
models are conceptually different, because they give limits
on how the difference between two different processes—the
forward process and the estimated reverse process—
changes. Our conclusion for the noise schedule is also
justified in light of recent developments in the diffusion
model. In our conclusion, the optimal forward process for the
data generation should be given by the geodesic in the space
of the 2-Wasserstein distance. In recent years, several
methods have been proposed to realize the dynamics along
the geodesic approximately in the flow-based generative
modeling and the probability flow ODE [68–70,72,122],
which are becoming the mainstream methods.
Below, we further discuss the generalization of the main

result for the incomplete estimation of the velocity field, a
comparison with other similar bounds, a comparison with
the conventional understanding of noise schedules, the
importance of the entropy production rate in diffusion
models, and possible future studies.

A. Generalization of Eq. (77) for incomplete estimation

The main result is due to the error-free estimation of the
velocity field in the forward process and its use in the

Forward process

Estimated
reverse process

Latent space

Data space
(c) 

Forward process

Estimated
reverse process

Latent space

Data space
(a) CelebA HQ dataset (b) LSUN bedroom dataset

FIG. 8. The application of diffusion models using the real-world image datasets and the validity of Eq. (79) on the latent space. (a) The
forward process and the estimated reverse process for the downscaled version of the CelebA HQ dataset [119]. (b) The forward process
and the estimated reverse process for the bedrooms subset of the LSUN dataset [120]. (c) The estimated values of η ¼ ðΔW1Þ2=ðτD0Þ
and c2 ¼

R
τ
0 dt½v2ðtÞ�2 computed on the latent space. The error bars shows the standard deviation among five calculations using 3 × 104

samples for each calculation. nd ¼ 4096 denotes the dimension of the latent space. The inequality c2 ≥ η [Eq. (79)] on the latent space is
still valid for realistic applications of diffusion models using the real-world image datasets.
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estimated reverse process. If the velocity field estimation is
incomplete, then corrections to the speed-accuracy rela-
tions for the diffusion model would have to be made due to
the incompleteness.
A possible generalization of our main result [Eq. (77)]

for incomplete estimation can be obtained as

jΔW1jffiffiffiffiffiffiffiffiffiffiffiffi
τDmax

p ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
τ

0

dtTtṠtott

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

Dmax

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τLαðθ�αÞ

p
; ð100Þ

where Lαðθ�αÞ (α∈ fSM; FMg) is the objective function
after training defined in Eqs. (5) and (6) and Eqs. (12) and
(13) andDmax ≔ maxt∈ ½0;τ�Dt is the maximum value of the
χ2 divergence. The derivation of this bound is given in
Appendix F. We can see that Eq. (100) becomes Eq. (77)
when the objective function is zero [Lαðθ�αÞ ¼ 0], since
Dmax ¼ D0 holds in the error-free estimation of the velocity
field (see Appendix E).
If the estimation of the velocity field is satisfactorily

achieved and Lαðθ�αÞ ≪ ð1þ 1=DmaxÞ−1τ−1
R
τ
0 dtTtṠtott

holds, we obtain approximately a similar form of our main
result [Eq. (77)] by replacing D0 with Dmax, and our
understanding based on Eq. (77) may be useful even for the
incomplete estimation of the velocity field. This is due to
the fact that the second term of Eq. (100) may be negligible
if Lαðθ�αÞ ≪ ð1þ 1=DmaxÞ−1τ−1

R
τ
0 dtTtṠtott . Thus, noise

schedules close to the optimal transport may be a better
option to use in this case.
If the estimation of the velocity field is not well achieved,

the second term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ 1=DmaxÞτLαðθ�αÞ

p
is not negligible.

If we want to reduce the left-hand side jΔW1j=
ffiffiffiffiffiffiffiffiffiffiffiffi
τDmax

p
by

minimizing the upper bound, the noise schedule in the

forward process corresponding to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
τ
0 dtTtṠtott

q
and the

minimization of the objective function corresponding toffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ 1=DmaxÞτLαðθ�αÞ
p

are both important. Compared to
noise schedules that are close to the OT schedule, we may
rather use noise schedules which are advantageous for
training efficiency at lower values of the objective function.
In fact, it is known that one of the viable options for an
approximate OT schedule [70] may not achieve the mini-
mum value of the estimation error in a particular situation
[123]. Therefore, the OT schedule may not be the best
choice for a particular situation where the objective
function is not negligible.

B. Comparison with bounds similar to Eq. (77)

We compare our main result [Eq. (77)] with other similar
known bounds. As we mentioned in Sec. IV, our bound is
inspired by the thermodynamic uncertainty relation and the
final form [Eq. (77)] resembles the thermodynamic uncer-
tainty relation. However, our result cannot be derived from
the thermodynamic uncertainty relation by changing the
observable [Eq. (73)]. For example, a derivation of the

thermodynamic uncertainty relation in Ref. [110] is based
on the Cauchy-Schwarz inequality�Z

dxPtðxÞνPt ðxÞ ·∇rðxÞ
�

2

≤
�Z

dxPtðxÞkνPt ðxÞk2
��Z

dxPtðxÞk∇rðxÞk2
�
;

ð101Þ

where rðxÞ denotes an arbitrary time-independent scalar
observable [see also Eq. (73)]. On the other hand, the
derivation of our main result [Eq. (77)] is based on a
different Cauchy-Schwarz inequality:�Z

dxδPtðxÞνPt ðxÞ ·∇ψðxÞ
�

2

≤
�Z

dxPtðxÞkνPt ðxÞk2
��Z

dx
ðδPtðxÞÞ2k∇ψðxÞk2

PtðxÞ
�

ð102Þ

and the 1-Lipschitz continuity k∇ψk ≤ 1. Therefore, our
bound uses the Cauchy-Schwarz inequality in a different
way. In addition, our bound requires the discussion of the
Kantorovich potential, which is used in Eqs. (89) and (90).
Therefore, our result is not regarded as a simple application
of the thermodynamic uncertainty relation.
We also compare ourmain results [Eqs. (77) and (83)]with

the trivial inequality in optimal transport theory. We have a
trivial relation between the 1-Wasserstein distance and the 2-
Wasserstein distance W1ðP;QÞ ≤ W2ðP;QÞ for arbitrary
probabilities P andQ, and this trivial relation resembles our
result [Eq. (77)]. However, our result is the nontrivial relation
between the 1-Wasserstein distance and 2-Wasserstein dis-
tance, because our result compares the time derivative of the
1-Wasserstein distance ∂tW1ðP†

τ−t; P̃
†
τ−tÞ for the two proc-

esses P†
τ−tðxÞ and P̃†

τ−tðxÞ with the speed in the space of the
2-Wasserstein distance v2ðtÞ ¼ limΔt→0W2ðPt;PtþΔtÞ=Δt
for the forward process PtðxÞ. This inequality is not a
straightforward consequence of the trivial relation between
the 1-Wasserstein distance and the 2-Wasserstein distance.
We also note that the trivial inequality W1ðPt;PtþΔtÞ ≤
W2ðPt;PtþΔtÞ leads to the thermodynamic uncertainty
relation (see Sec. III B), and our result [Eq. (77)] differs
from the thermodynamic uncertainty relation as dis-
cussed above.
In the study of machine learning, there are some studies

on a similar problem that derive some bounds in a similar
form [65,66,123]. However, these bounds are conceptually
different from ours. In Eq. (23) in Ref. [65], the authors
consider a setup with perturbation on the initial training
data and evaluate the effect of the perturbation on the
generated data. The authors used the contraction property
of the 2-Wasserstein distance, which is
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W2ðPt;P
p
t Þ ≤ exp

�Z
t

0

dt0KLðt0Þ
�
W2ðP0;P

p
0Þ; ð103Þ

where KLðtÞ is the Lipschitz constant of the external force
f tðxÞ satisfying kf tðxÞ − f tðyÞk ≤ KLðtÞkx − yk for any
x∈Rnd and y∈Rnd , and Pp

t ðxÞ is the density function
of the forward process with perturbation in the initial data
distribution P0ðxÞ. The author also discussed the upper
bound on the 2-Wasserstein distanceW2ðP̃0; P̃

p
0Þ based on

the triangle inequality, where P̃p
t ðxÞ is the density function

of the estimated reverse process with perturbation in the
initial data distribution P0ðxÞ. This bound differs from
ours, because the paper did not focus on the perturbation in
the estimated reverse process and the time evolution of the
forward process. Indeed, the result in Ref. [65] does not
provide insight into the optimality of the noise schedule in
the forward process. In Refs. [66,123], they consider the
bound on the estimation error when the initial perturbation
is negligible Dmax ≃ 0 and the objective function is not
negligible Lαðθ�αÞ ≠ 0. In Ref. [66], the authors considered
score-based generative modeling and focused on the
specific situation where the forward process is given by
the Ornstein-Uhlenbeck process and the objective function
is optimized with respect to specific parameters. The result
is, therefore, not applicable to the general case where, for
example, optimal transport is achieved. In Ref. [123], the
authors considered flow-based generative modeling and
obtained the similar bound obtained in Ref. [66], and, thus,
the result is not applicable to the general case either. These
analyses are examples of the convergence analysis of
generative models [65–67,124–126], which provide bounds
on the estimationerrorswith respect to theobjective function.
Our generalized result [Eq. (100)] can be considered as the
convergence analysis. Compared with the results in
Refs. [66,123], our results are generally applicable to
diffusion models where the forward process is arbitrarily
chosen and the objective function is not well optimized. In
fact, optimal transport is generally not achieved with the
Ornstein-Uhlenbeck process. Thus, our general inequality
allows us to discuss an optimality of data generation via
optimal transport, while the results in Refs. [66,123] do not.
This fact may be a possible merit of our result based on the
universal thermodynamic framework.
Finally, we discuss the possibility of generalizing our

result based on other metrics of estimation error instead of
the 1-Wasserstein distance. In practical diffusion models,
metrics such as the FID [82] and the inception score (IS)
[127] are widely used as an index of generation quality.
Adapting our methodology to these metrics may not be
straightforward, and some other ideas may be needed. First,
both metrics are heavily based on the pretrained inception
model [107], which is a black-box classification model on
images. Therefore, it may be difficult to provide general
bounds on these metrics without adding specific assump-
tions to this black-box model. Although it may be difficult

to apply our methodology, the FID may be more appro-
priate than the IS for considering a similar upper bound. As
discussed in Sec. III B, the FID is a lower bound on the 2-
Wasserstein distance W2ðp; qÞ, and it may be possible to
evaluate it by providing an upper bound on W2ðp; qÞ.
Since our bounds are on the 1-Wasserstein distance
W1ðp; qÞ and the trivial relation W1ðp; qÞ ≤ W2ðp; qÞ
does not lead to an upper bound on the FID, a simple
modification of our proof may not give an upper bound on
the FID. Thus, another idea such as the triangle inequality
for the 2-Wasserstein distance may be needed to consider a
similar thermodynamic bound on the FID.

C. Comparison with conventional understanding of
noise schedules

We discuss our result with the conventional understand-
ing on noise schedules in diffusion models. In studies of
diffusion models, there have been many numerical attempts
to investigate the effect of noise schedules on the quality of
data generation [43,63,70,72,73,128]. For example, the
cosine schedule has been shown experimentally to be an
efficient protocol for image generation tasks compared to
other conventional noise schedules under the m2

t þ σ2t ¼ 1
constraint [43], and optimal transport-based flow-matching
methods have also been shown experimentally to provide
better sampling quality and efficiency [70,72,73,128].
However, there are almost no theoretical studies that
explain their efficiency in terms of the universal upper
bound on the estimation error. For example, Ref. [70]
introduced a method for using an approximation of optimal
transport for noise schedules in flow matching, and the
authors may not provide any reasons for using optimal
transport as noise schedules except for numerical illustra-
tion of the generated quality and efficient sampling.
The speed-accuracy relations for diffusion models

derived in this study may provide insight into how to
determine this noise schedule for accurate data generation.
In fact, we have shown that the existing methods, such
as the cosine and cond-OT schedules, are suboptimal and
that the genuine optimal transport should be the best
noise schedules from the perspective of the speed-
accuracy relations for diffusion models. Thus, the room
for improvement in existing methods can be discussed
quantitatively based on the tightness of the inequalities. Our
treatment would be a new direction in the theoretical
understanding of the optimality of noise schedules for
diffusion models.

D. Possible importance of the entropy production rate
in diffusion models

We discuss the possible importance of the entropy
production rate in diffusion models by comparing our
approach with other physically inspired machine learning
methods, so-called energy-based methods. In our main
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result [Eq. (77)], we use the entropy production rate for the
upper bound on the estimation error. As an analogy to the
entropy production minimization problem, the reduction of
the thermodynamic quantity,

R
τ
0 dtTtṠtott for the forward

dynamics, is related to a smallness of the response function
ðΔW1Þ2=D0 against arbitrary initial perturbations.
In machine learning, there are energy-based methods that

minimize physical quantities, such as the energy and the
free energy, similar to the entropy production. For example,
Amari-Hopfield networks [129,130] modeled the brain’s
memory function using a weighted graph called a neural
network, which formed the basis of current machine-
learning methods using artificial neural networks. Amari-
Hopfield networks are physically viewed as spin-glass
systems, and the association and retrieval of given memo-
ries is characterized by the energy function in spin-glass
systems. Mathematically, the energy function in Amari-
Hopfield networks is just the objective function, and
minimizing the energy function is understood in terms
of optimizing the objective function. Boltzmann machines
[131–133] are machine-learning models deeply inspired by
Amari-Hopfield networks, which formed the basis of
modern machine-learning models. Boltzmann machines
treat training data as memories in Amari-Hopfield networks
and slightly modify the framework to treat it in a prob-
abilistic way. Specifically, using the same neural network
and the energy function as Amari-Hopfield networks, the
data in Boltzmann machines are expressed as samples of
the Gibbs measure with respect to the energy function. In
the training process of Boltzmann machines, we minimize
the Kullback-Leibler divergence between the training data-
set distribution and the Gibbs measure by changing the
weights of the neural network. In this way, Boltzmann
machines estimate the probability distribution behind the
input data, and Boltzmann machines can be seen as a
variant of generative models. In stochastic thermodynam-
ics, the Kullback-Leibler divergence between the current
probability and the Gibbs measure is the Lyapunov
function for the system with the detailed balance condition
and is considered as a nonequilibrium generalization of the
free energy [134,135], and, thus, this learning is also
translated in terms of the free energy minimization.
From the perspective of stochastic thermodynamics, the

application of the energy function and the free energy is
limited to the stochastic process that satisfies the detailed
balance condition. For example, it is often the case that the
nonconservative force exists in Langevin systems or the
Fokker-Planck systems, and the detailed balance condition
is violated. In this case, the energy may not be physically
defined, but the entropy production rate is still well defined.
Moreover, if the detailed balance condition holds, the
entropy production rate is rewritten in terms of the potential
energy or the free energy by the first law of thermody-
namics [2]. Thus, the entropy production rate can be a more
general thermodynamic quantity than the energy for

stochastic processes such as Langevin dynamics and
Fokker-Planck dynamics.
The entropy production rate in diffusion models may be

discussed in parallel with the energy and the free energy in
Amari-Hopfield networks and Boltzmann machines.
Amari-Hopfield networks and Boltzmann machines may
be based on systems where the energy function can be
defined, and it means that the detailed balance condition
may hold. It makes sense that the energy function would be
useful in such a system. Since diffusion models are based
on the Langevin dynamics or the Fokker-Planck dynamics,
our framework based on the entropy production rate may
make sense because the entropy production rate is more
informative rather than the energy function, especially
when the detailed balance condition is violated by the
nonconservative force. It is surprising that the idea of
minimizing a physically inspired cost

R
τ
0 dtTtṠtott is one of

the criteria for model selection in diffusion models as in the
traditional energy-based methods such as Amari-Hopfield
networks and Boltzmann machines. Interestingly, our
proposed optimal protocol is related to the minimization
of the entropy production when the temperature of the
system does not depend on time, analogous to the mini-
mization of the energy and the minimization of the free
energy. In fact, the entropy production can also be related to
the potential energy UtðxÞ when the nonconservative force
is absent, i.e., f tðxÞ ¼ −∇UtðxÞ. Thus, it may be interest-
ing to consider the connection between our framework and
the energy-based treatment, where the detailed equilibrium
condition holds and the potential energy is defined. In
Ref. [136], the symmetry breaking of the phase transition is
discussed in diffusion models based on the energy-based
spin-glass theory. Such an energy-based treatment of the
diffusion model based on statistical physics may also be
promising as a complementary approach.

E. Future studies

In this paper, we have demonstrated only one aspect of the
usefulness of the analogy between diffusion models and
stochastic thermodynamics.We believe that the conventional
thermodynamic uncertainty relations [21,24,110,114,121]
are also useful, because we can consider the speed of any
observable in the forward process, for example, the speed of
data structure breakage in the diffusion process. It is also
noteworthy that the short-time thermodynamic uncertainty
relation is used to estimate the time-varying velocity field
[21,23], which is important in the flow-based generative
modeling, and it is worth considering whether there are any
aspects in which such a thermodynamic-based method is
superior to conventional flow-matching methods.
It is also interesting to reconsider the path probability-

based method as discussed in the original paper on the
diffusion model from a thermodynamic point of view. This
is because the method discussed in the original paper can
handle not only the simple diffusion processes described by
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the Langevin and Fokker-Planck equations, but also the
diffusion process on the graph described by the Markov
jump processes, which may provide a more scalable
method than the current one. In such a case, the thermo-
dynamic trade-off relations and optimal transport for the
Markov jump process [137–140] may be useful to consider
the optimality of the diffusion model. In such a case,
analogies to an information geometric structure of the
Kullback-Leibler divergence in stochastic thermodynamics
[32,103,140] may also be important, since the objective
function is introduced by the Kullback-Leibler divergence
and its minimization is mathematically well discussed as
the projection theorem in information geometry [83]. In
fact, there are several stochastic methods based on the
Schrödinger bridge in the diffusion model [50,71,141,142],
which is given by the minimization of the Kullback-Leibler
divergence. We may be able to obtain some trade-off
relations for such a system by considering an analogy to
stochastic thermodynamics based on path probability.
It would also be interesting to examine our results from

the perspective of increasing the variety of data generated
by raising the upper bound of the response function, which
is considered to be the sensitivity. Indeed, numerical
experiments with thermodynamic nonconservative forces
show that, as the upper bound becomes looser, it becomes
easier to generate data that are different from the original
data. Increasing the strength of the nonconservative force
may be a way to generate new data that are difficult to
obtain using conventional methods. It is also possible to
deliberately account for nonoptimal transport or increase
the error in estimating the velocity field to increase such
sensitivity, and our main result [Eq. (77)] and the gener-
alized result [Eq. (100)] may also be useful in such cases.
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APPENDIX A: DERIVATION OF THE
RELATIONS BETWEEN THE TWO GRADIENTS

OF THE OBJECTIVE FUNCTIONS

We show ∇θLc
SMðθÞ ¼ ∇θLSMðθÞ for solving the opti-

mization problem by score matching and that ∇θLc
FMðθÞ ¼∇θLFMðθÞ is satisfied for solving the optimization problem

by flow matching.

1. Score matching

We show that two objective functions

LSMðθÞ ¼ EPt;U ½ksθt ðxÞ −∇ lnPtðxÞk2� ðA1Þ

and

Lc
SMðθÞ ¼ EPc

t ;q;U ½ksθt ðxÞ −∇ lnPc
t ðxjyÞk2� ðA2Þ

give the same gradient for the parameter θ. The gradient
∇θLc

SMðθÞ can be calculated as follows:

∇θLc
SMðθÞ ¼

2

τ

Z
τ

0

dt
Z

dx
Z

dyPc
t ðxjyÞqðyÞ½∇θsθt ðxÞ� ·

�
sθt ðxÞ −

∇Pc
t ðxjyÞ

Pc
t ðxjyÞ

�

¼ 2

τ

Z
τ

0

dt
Z

dxPtðxÞ½∇θsθt ðxÞ� ·
�
sθt ðxÞ −

∇PtðxÞ
PtðxÞ

�
¼ ∇θLSMðθÞ; ðA3Þ

which means that ∇θLc
SMðθÞ coincides with ∇θLSMðθÞ. Here, we use

R
dyPc

t ðxjyÞqðyÞ ¼ PtðxÞ and
qðyÞ∇Pc

t ðxjyÞ ¼ ∇½Pc
t ðxjyÞqðyÞ�.

2. Flow matching

Similarly, in flow matching, we show that two objective functions

LFMðθÞ ¼ EPt;U ½kuθt ðxÞ − νPt ðxÞk2� ðA4Þ

and

Lc
FMðθÞ ¼ EPt;q;U

�
kuθt ðxÞ − νP

c

t ðxjyÞk2
�

ðA5Þ
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give the same gradient for the parameter θ. The gradient ∇θLc
FMðθÞ can be calculated as follows:

∇θLc
FMðθÞ ¼

2

τ

Z
dt
Z

dy
Z

dxPc
t ðxjyÞqðyÞ½∇θuθt ðxÞ� · ½uθt ðxÞ − νP

c

t ðxjyÞ�

¼ 2

τ

Z
dt
Z

dxPtðxÞ½∇θuθt ðxÞ� · ½uθt ðxÞ − νPt ðxÞ�

¼ ∇θLFMðθÞ; ðA6Þ

which means that ∇θLc
FMðθÞ coincides with ∇θLFMðθÞ.

Here, we use
R
dyPc

t ðxjyÞqðyÞ ¼ PtðxÞ and

νPt ðxÞPtðxÞ ¼
Z

dyνP
c

t ðxjyÞPc
t ðxjyÞqðyÞ: ðA7Þ

APPENDIX B: PARAMETERS OF THE
CONDITIONAL PROBABILITY DENSITY

FUNCTION

Here, we explain the specific expressions for the param-
eters μtðyÞ and Σt of the conditional probability density
function Pc

t ðxjyÞ ¼ N ðxjμtðyÞ;ΣtÞ. The Fokker-Planck
equation for the conditional probability density function
Pc

t ðxjyÞ is given as follows:

∂tPc
t ðxjyÞ ¼ −∇ ·

�
νP

c

t ðxjyÞPc
t ðxjyÞ

�
; ðB1Þ

νP
c

t ðxjyÞ ≔ Atxþ bt − Tt∇ lnPc
t ðxjyÞ

¼ ðAt þ TtΣ−1
t Þ½x − μtðyÞ� þ AtμtðyÞ þ bt: ðB2Þ

Thus, the time evolution of the parameter μtðyÞ can be
calculated as follows:

∂tμtðyÞ ¼ ∂t

Z
dxxPc

t ðxjyÞ

¼
Z

dxx

�
−∇ ·

�
νP

c

t ðxjyÞPc
t ðxjyÞ

��

¼
Z

dxνP
c

t ðxjyÞPc
t ðxjyÞ

¼
Z

dx½Atxþ bt�Pc
t ðxjyÞ −

Z
dxTt∇Pc

t ðxjyÞ

¼ AtμtðyÞ þ bt; ðB3Þ

where we assume that the contribution vanishes at infinity
in the partial integration and we use μtðyÞ ¼

R
dxxPc

t ðxjyÞ
and

R
dx∇Pc

t ðxjyÞ ¼ 0. The time evolution of the param-
eter Σt is also calculated as follows:

∂tΣt ¼ ∂t

Z
dx½x − μtðyÞ�½x − μtðyÞ�⊤Pc

t ðxjyÞ

¼
Z

dx½x − μtðyÞ�½x − μtðyÞ�⊤
�
−∇ ·

�
νP

c

t ðxjyÞPc
t ðxjyÞ

��

¼
Z

dxðAt þ TtΣ−1
t Þ½x − μtðyÞ�½x − μtðyÞ�⊤Pc

t ðxjyÞ þ
Z

dx½x − μtðyÞ�½ðAt þ TtΣ−1
t Þ½x − μtðyÞ��⊤Pc

t ðxjyÞ

¼ AtΣt þ ΣtA⊤
t þ 2TtI; ðB4Þ

where ⊤ stands for the transpose and we use
Σt ¼

R
dx½x − μtðyÞ�½x − μtðyÞ�⊤Pc

t ðxjyÞ,
R
dx½x − μtðyÞ�×

Pc
t ðxjyÞ ¼ 0, and ðΣ−1

t Þ⊤ ¼ Σ−1
t .

Now, we consider a situation where At, bt, and Tt are
expressed, respectively, as At ¼ ð∂t lnmtÞI, bt ¼ 0, and
Tt ¼ ∂tðσ2t =2Þ − σ2t ∂t lnmt with non-negative parameters
σtð≥ 0Þ and mtð≥ 0Þ, and the initial conditions of the
parameters are given by mt¼0 ¼ 1 and σt¼0 ¼ 0. In this
situation, Eqs. (B3) and (B4) are given as follows:

∂tμtðyÞ ¼ ð∂t lnmtÞμtðyÞ; ðB5Þ

∂tΣtðyÞ ¼ ð2∂t lnmtÞΣtðyÞ þ ½∂tðσ2t Þ − 2σ2t ∂t lnmt�I: ðB6Þ

Therefore, the kth element of the vector ½μtðyÞ�k and the
ðk; lÞ element of the matrix ½ΣtðyÞ�kl satisfy the following
equations:
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∂t½μtðyÞ�k ¼ ð∂t lnmtÞ½μtðyÞ�k; ðB7Þ

∂tf½ΣtðyÞ�kl − σ2t δklg ¼ ð2∂t lnmtÞf½ΣtðyÞ�kl − σ2t δklg;
ðB8Þ

where δkl ¼ ½I�kl is the Kronecker delta. Since μt¼0ðyÞ ¼ y
and Σt¼0 ¼ O, performing a time integral from t ¼ 0 to t
yields

½μtðyÞ�k ¼ mt½y�k; ðB9Þ

½ΣtðyÞ�kl − σ2t δkl ¼ 0; ðB10Þ

and, thus, the following specific expressions are obtained:

μtðyÞ ¼ mty; Σt ¼ σ2t I: ðB11Þ

APPENDIX C: COORDINATE
TRANSFORMATION IN DDIMS

We show the detailed calculation of the coordinate
transformation in DDIMs. The Fokker-Planck equation
[Eq. (1)] with Eq. (23) is given as follows:

∂tPtðxÞ ¼ −∇ · ½½ð∂t lnmtÞx − Tt∇ lnPtðxÞ�PtðxÞ�: ðC1Þ

From the coordinate transform

x̄ ¼ x
mt

; ðC2Þ

we obtain PtðxÞ ¼ P̄tðx̄Þðjdx̄=dxjÞ ¼ P̄tðx̄ÞðmtÞ−nd .
Substituting this into Eq. (C1), the left-hand side is
calculated as

∂tPtðxÞ ¼ ðmtÞ−nd∂tP̄tðx̄Þ − ndð∂t lnmtÞðmtÞ−ndP̄tðx̄Þ − ð∂t lnmtÞðmtÞ−ðndþ1Þx · ∇x̄P̄tðx̄Þ; ðC3Þ

where ∇x̄ is defined as ∇x̄ ¼ mt∇. The right-hand side of Eq. (C1) is calculated as

−∇ · ½½ð∂t lnmtÞx − Tt∇ lnPtðxÞ�PtðxÞ�

¼ −ndð∂t lnmtÞðmtÞ−ndP̄tðx̄Þ − ð∂t lnmtÞðmtÞ−ðndþ1Þx ·∇x̄P̄tðx̄Þ þ∇x̄ ·
�
½Tt∇x̄ ln P̄tðx̄Þ�P̄tðx̄ÞðmtÞ−ðndþ2Þ

�
: ðC4Þ

From Eqs. (C3) and (C4), we obtain

∂tP̄tðx̄Þ ¼ −∇x̄ ·

��
−

Tt

ðmtÞ2
∇x̄ ln P̄tðx̄Þ

�
P̄tðx̄Þ

�
: ðC5Þ

By substituting Tt ¼ −∂t lnmt into this equation,

∂tP̄tðx̄Þ ¼ −∇x̄ ·

��
∂t lnmt

ðmtÞ2
∇x̄ ln P̄tðx̄Þ

�
P̄tðx̄Þ

�
ðC6Þ

is derived.

APPENDIX D: THE RELATIONS BETWEEN THE KULLBACK-LEIBLER DIVERGENCE AND THE
ENTROPY PRODUCTION

First, we prove that the Kullback-Leibler divergence

DKLðPFkPBÞ ¼
XNτ−1

N¼0

Z
dΓPFðΓÞ ln

T NΔtðxðNþ1ÞΔtjxNΔtÞ
T †

NΔtðxðNþ1ÞΔtjxNΔtÞ
ðD1Þ

coincides with the entropy production

Stotτ ¼
Z

τ

0

dt

�
1

Tt

Z
dxkνPt ðxÞk2PtðxÞ

�
; ðD2Þ

in the limit Δt → 0 with fixed τ. By calculating ln½T NΔtðxðNþ1ÞΔtjxNΔtÞ=T †
NΔtðxðNþ1ÞΔtjxNΔtÞ�, we obtain
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ln
T NΔtðxðNþ1ÞΔtjxNΔtÞ
T †

NΔtðxðNþ1ÞΔtjxNΔtÞ
¼ kxðNþ1ÞΔt − xNΔt − fNΔtðxNΔtÞΔtþ 2νPNΔtðxNΔtÞΔtk2

4TNΔtΔt
−
kxðNþ1ÞΔt − xNΔt − fNΔtðxNΔtÞΔtk2

4TNΔtΔt

¼ kνPNΔtðxNΔtÞk2
TNΔt

Δtþ ½xðNþ1ÞΔt − xNΔt − fNΔtðxNΔtÞΔt� · νPNΔtðxNΔtÞ
TNΔt

: ðD3Þ

By using
R
dxðNþ1ÞΔtT NΔtðxðNþ1ÞΔtjxNΔtÞ½xðNþ1ÞΔt − xNΔt − fNΔtðxNΔtÞΔt� ¼ 0 and the normalization of the probability

distributions, we obtain

Z
dΓPFðΓÞ ln T NΔtðxðNþ1ÞΔtjxNΔtÞ

T †
NΔtðxðNþ1ÞΔtjxNΔtÞ

¼
Z

dxNΔt

Z
dxðNþ1ÞΔtT NΔtðxðNþ1ÞΔtjxNΔtÞPNΔtðxNΔtÞ ln

T NΔtðxðNþ1ÞΔtjxNΔtÞ
T †

NΔtðxðNþ1ÞΔtjxNΔtÞ

¼ Δt
TNΔt

Z
dxNΔtkνPNΔtðxNΔtÞk2PNΔtðxNΔtÞ: ðD4Þ

By taking the limit Δt → 0 with fixed τ, we obtain

DKLðPFkPBÞ ¼
XNτ−1

N¼0

Δt
TNΔt

Z
dxkνPNΔtðxÞk2PNΔtðxÞ

→
Z

τ

0

dt

�
1

Tt

Z
dxkνPt ðxÞk2PtðxÞ

�
¼ Stotτ : ðD5Þ

Next, we prove that Kullback-Leibler divergenceDKLðPFkP0
BÞ ¼ EPF

½stotτ � coincides with Stotτ ¼ R τ0 dtṠsyst þ R τ0 dtṠbatht in
the limit Δt → 0 with fixed τ. Since the stochastic entropy production is given by

stotτ ¼ ln
P0ðx0Þ

PNτΔtðxNτΔtÞ
þ
XNτ−1

N¼0

ln
T NΔtðxðNþ1ÞΔtjxNΔtÞ
T NΔtðxNΔtjxðNþ1ÞΔtÞ

; ðD6Þ

DKLðPFkP0
BÞ is calculated as follows:

DKLðPFkP0
BÞ ¼ EPF

½stotτ �

¼
Z

dΓPFðΓÞ ln
P0ðx0Þ

PNτΔtðxNτΔtÞ
þ
XNτ−1

N¼0

Z
dΓPFðΓÞ ln

T NΔtðxðNþ1ÞΔtjxNΔtÞ
T NΔtðxNΔtjxðNþ1ÞΔtÞ

: ðD7Þ

From the marginalization of the path probability, the first term of Eq. (D7) is rewritten as follows:

Z
dΓPFðΓÞ ln

P0ðx0Þ
PNτΔtðxNτΔtÞ

¼
Z

dx0P0ðx0Þ lnP0ðx0Þ −
Z

dxNτΔtPNτΔtðxNτΔtÞ lnPNτΔtðxNτΔtÞ

¼
Z

τ

0

dt∂t

�
−
Z

dxPtðxÞ lnPtðxÞ
�

¼
Z

τ

0

dtṠsyst : ðD8Þ

The second term of Eq. (D7) is also calculated as
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Z
dΓPFðΓÞ ln

T NΔtðxðNþ1ÞΔtjxNΔtÞ
T NΔtðxNΔtjxðNþ1ÞΔtÞ

¼
Z

dΓPFðΓÞ
�
−
kxðNþ1ÞΔt − xNΔt − fNΔtðxNΔtÞΔtk2

4TNΔtΔt
þ kxNΔt − xðNþ1ÞΔt − fNΔtðxðNþ1ÞΔtÞΔtk2

4TNΔtΔt

�

¼
Z

dΓPFðΓÞ
�ðxðNþ1ÞΔt − xNΔtÞ · fNΔtðxNΔtÞþfNΔtðxðNþ1ÞΔtÞ

2

TNΔt
þ kfNΔtðxðNþ1ÞΔtÞk2 − kfNΔtðxNΔtÞk2

4TNΔt
Δt
�

¼
Z

dxPNΔtðxÞ
Z

dyT NΔtðyjxÞ
�ðy − xÞ · fNΔtðxÞþfNΔtðyÞ

2

TNΔt

�

þ
Z

dxPNΔtðxÞ
Z

dyT NΔtðyjxÞ
�kfNΔtðyÞk2 − kfNΔtðxÞk2

4TNΔt
Δt
�

¼ 1

TNΔt

Z
dxPNΔtðxÞ

Z
dyT NΔtðyjxÞ½ðy − xÞ · fNΔtðxÞ�

þ 1

TNΔt

Z
dxPNΔtðxÞ

Z
dyT NΔtðyjxÞ

�X
i;j

½yi − xi�½yj − xj�
2

∇xj ½fNΔtðxÞ�i
�
þO½ðΔtÞ2�

¼ Δt
TNΔt

Z
dxPNΔtðxÞkfNΔtðxÞk2 þ Δt

Z
dxPNΔtðxÞ∇ · fNΔtðxÞ þO½ðΔtÞ2�

¼ Δt
TNΔt

Z
dxPNΔtðxÞfNΔtðxÞ · νPNΔtðxÞ þO½ðΔtÞ2�: ðD9Þ

Therefore, in the limit Δt → 0 with fixed τ, we obtain

XNτ−1

N¼0

Z
dΓPFðΓÞ ln

T NΔtðxðNþ1ÞΔtjxNΔtÞ
T NΔtðxNΔtjxðNþ1ÞΔtÞ

¼
Z

τ

0

dt

R
dxPtðxÞf tðxÞ · νPt ðxÞ

Tt
¼
Z

τ

0

dtṠbatht : ðD10Þ

From Eqs. (D7), (D8), and (D10), we obtain

DKLðPFkP0
BÞ ¼

Z
τ

0

dtṠsyst þ
Z

τ

0

dtṠbatht ¼ Stotτ : ðD11Þ

We note that EPF
½lnPB� ¼ EPF

½lnP0
B� is satisfied, because Stott ¼ DKLðPFkPBÞ ¼ DKLðPFkP0

BÞ, while PBðΓÞ ≠ P0
BðΓÞ.

APPENDIX E: TIME INDEPENDENCE OF THE PEARSON χ 2 DIVERGENCE

We show that Dτ−t is independent of time if the velocity field of the forward process is accurately reconstructed
[ν̂tðxÞ ¼ νPt ðxÞ] in the flow-based generative modeling or the probability flow ODE. From Eq. (85) and the continuity
equation ∂tPtðxÞ ¼ −∇ · ðνPt ðxÞPtðxÞÞ, the time derivative of Dτ−t is calculated as

∂tDτ−t ¼
Z

dx∂t
½δPtðxÞ�2
PtðxÞ

¼
Z

dx

�
2δPtðxÞ
PtðxÞ

∂tδPtðxÞ −
�
δPtðxÞ
PtðxÞ

�
2

∂tPtðxÞ
�

¼ −
Z

dx

�
2δPtðxÞ
PtðxÞ

f∇ · ½νPt ðxÞδPtðxÞ�g
�
þ
Z

dx

��
δPtðxÞ
PtðxÞ

�
2

f∇ · ½νPt ðxÞPtðxÞ�g
�

¼
Z

dx

�
2∇
�
δPtðxÞ
PtðxÞ

�
· νPt ðxÞδPtðxÞ

�
−
Z

dx

�
2∇
�
δPtðxÞ
PtðxÞ

�
· νPt ðxÞ

δPtðxÞ
PtðxÞ

PtðxÞ
�

¼ 0; ðE1Þ
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where we use the partial integration and we assume that
PtðxÞ and δPtðxÞ vanish at infinity. Therefore, we obtain
∂tDτ−t ¼ 0, which means that Dτ−t is independent of time.

APPENDIX F: THE DERIVATION OF EQ. (100)

Here, we derive Eq. (100), which is a generalization of the
main result for incomplete estimation. In the case of flow-
based generative modeling or the probability flow ODE, the
time evolution of the probability densities for the forward
process is given by ∂tPtðxÞ ¼ −∇ · ðνPt ðxÞPtðxÞÞ. For the
estimated reverse process, the time evolution is also given by

∂tP̃t ¼ −∇ · ðν̃tðxÞP̃tðxÞÞ with the incomplete estimated
velocity field ν̃tðxÞ½≠ νPt ðxÞ�. Analogous to Eq. (85), the
time evolution of δPtðxÞ ¼ PtðxÞ − P̃tðxÞ is calculated as

∂tδPtðxÞ ¼ −∇ ·

�
νPt ðxÞPtðxÞ − ν̃tðxÞP̃tðxÞ

�

¼ −∇ ·

�
νPt ðxÞδPtðxÞ þ δνtðxÞP̃tðxÞ

�
; ðF1Þ

where δνtðxÞ is the difference of thevelocity fields defined as
δνtðxÞ ≔ νPt ðxÞ − ν̃tðxÞ. From Eq. (F1), we obtain

∂tðEPt
½ψ � − EP̃t

½ψ �Þ ¼
Z

dxψðxÞ∂tδPtðxÞ

¼
Z

dx∇ψðxÞ ·
�
νPt ðxÞδPtðxÞ þ δνtðxÞP̃tðxÞ

�
ðF2Þ

for any time-independent 1-Lipschitz function ψ ∈Lip1, using partial integration under the assumption that the surface term is
negligible, similar to the proof of our main result [Eqs. (86) and (87)]. From the Cauchy-Schwarz inequality, the 1-Lipschitz
continuity k∇ψðxÞk ≤ 1, the triangle inequality and Eq. (F2), and

R
dxδPtðxÞ ¼ 0, we obtain

j∂tðEPt
½ψ � − EP̃t

½ψ �Þj

¼
����
Z

dx∇ψðxÞ · ðνPt ðxÞδPtðxÞ þ δνtðxÞP̃tðxÞÞ
����

≤
����
Z

dx∇ψðxÞ · νPt ðxÞδPtðxÞ
����þ
����
Z

dx∇ψðxÞ · δνtðxÞP̃tðxÞ
����

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�Z
dxk∇ψðxÞk2 ½δPtðxÞ�2

PtðxÞ
��Z

dxkνPt ðxÞk2PtðxÞ
�s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�Z
dxk∇ψðxÞk2 P̃tðxÞ2

PtðxÞ
��Z

dxkδνtðxÞk2PtðxÞ
�s

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�Z
dx

½δPtðxÞ�2
PtðxÞ

��Z
dxkνPt ðxÞk2PtðxÞ

�s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�Z
dx

½PtðxÞ − δPtðxÞ�2
PtðxÞ

��Z
dxkδνtðxÞk2PtðxÞ

�s

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TtṠtott Dτ−t

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDτ−t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
dxkδνtðxÞk2PtðxÞ

s
: ðF3Þ

From j∂tW1ðPtðxÞ; P̃tðxÞÞj ≤ j∂tðEPt
½ψ � − EP̃t

½ψ �Þj in Eqs. (89) and (90), we obtain a generalization of the instantaneous
bound for incomplete estimation as

j∂tW1ðPtðxÞ; P̃tðxÞÞj ≤
ffiffiffiffiffiffiffiffiffi
Dτ−t

p ffiffiffiffiffiffiffiffiffiffiffi
TtṠtott

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDτ−t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
dxkδνtðxÞk2PtðxÞ

s
: ðF4Þ

Compared to Eq. (80), this result contains an additional term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDτ−t

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
dxkδνtðxÞk2PtðxÞ

q
.

From Eq. (F4), the triangle inequality, Cauchy-Schwarz inequality, ΔW1 ¼ W1ðPτ; P̃τÞ −W1ðP0; P̃0Þ, and
Dmax ≔ maxt∈ ½0;τ� Dt, we can also obtain an upper bound on jΔW1j as
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jΔW1j ≤
Z

τ

0

dt0j∂t0W1ðPt0 ðxÞ; P̃t0 ðxÞÞj

≤
Z

τ

0

dt0
ffiffiffiffiffiffiffiffiffiffi
Dτ−t0

p ffiffiffiffiffiffiffiffiffiffiffiffi
Tt0 Ṡtott0

q
þ
Z

τ

0

dt0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDτ−t0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
dxkδνt0 ðxÞk2Pt0 ðxÞ

s

≤
ffiffiffiffiffiffiffiffiffiffi
Dmax

p Z
τ

0

dt0
ffiffiffiffiffiffiffiffiffiffiffiffi
Tt0 Ṡtott0

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDmax

p Z
τ

0

dt0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

dxkδνt0 ðxÞk2Pt0 ðxÞ
s

≤
ffiffiffiffiffiffiffiffiffiffi
Dmax

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ

Z
τ

0

dt0Tt0 Ṡtott0

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þDmax

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ

Z
τ

0

dt0
Z

dxkδνt0 ðxÞk2Pt0 ðxÞ
s

: ðF5Þ

The term
R
τ
0 dt

0 R dxkδνt0 ðxÞk2Pt0 ðxÞ is considered as the objective function, since LSMðθ�SMÞ ¼
ð1=τÞ R τ0 dt0 R dxkδνt0 ðxÞk2Pt0 ðxÞ and LFMðθ�FMÞ ¼ ð1=τÞ R τ0 dt0 R dxkδνt0 ðxÞk2Pt0 ðxÞ hold in the probability flow ODE
and in the flow matching, respectively. Taking this into account, we can rewrite this bound as

jΔW1jffiffiffiffiffiffiffiffiffiffiffiffi
τDmax

p ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
τ

0

dtTtṠtott

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

Dmax

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τLαðθ�αÞ

p
ðα ¼ SM; FMÞ: ðF6Þ

APPENDIX G: DETAILS OF THE NUMERICAL
EXPERIMENTS

1. One-dimensional Gaussian mixture distribution

We explain the details of the numerical calculations in
Fig. 6. In the numerical calculation, the input distribution
qðxÞ is given by the one-dimensional situation Gaussian
mixture distribution

qðxÞ ¼ 1

2
N ðxjma; σ2Þ þ 1

2
N ðxjmb; σ2Þ; ðG1Þ

with σ ¼ 0.3 and ma ¼ −mb ¼ ffiffiffiffiffiffiffiffiffi
0.35

p
. Here, we can

analytically obtain νPt ðxÞ as follows. By considering the
Fokker-Planck equation for the conditional distribution,

∂tPc
t ðxjyÞ ¼ −∇ · ðνPc

t ðxjyÞPc
t ðxjyÞÞ, the time evolution of

PtðxÞ ¼
R
dyPc

t ðxjyÞqðyÞ is given by

∂tPtðxÞ ¼ ∂t

�Z
dyPc

t ðxjyÞqðyÞ
�

¼ −∇ ·

�R
dyνP

c

t ðxjyÞPc
t ðxjyÞqðyÞ

PtðxÞ
PtðxÞ

�
: ðG2Þ

Comparing this equation with Eq. (1), we obtain

νPt ðxÞ ¼
Z

dy
νP

c

t ðxjyÞPc
t ðxjyÞqðyÞ

PtðxÞ
: ðG3Þ

From νP
c

t ðxjyÞ ¼ f tðxÞ − Tt∇ lnPc
t ðxjyÞ and Eqs. (22) and

(23), we obtain

νP
c

t ðxjyÞ ¼ ð∂t lnmtÞx −
�
∂t

�
σ2t
2

�
− σ2t ∂t lnmt

�
∇ lnPc

t ðxjyÞ

¼ ∂tmt

mt
x − σ2t

�
∂tσt
σt

−
∂tmt

mt

�
∇ lnPc

t ðxjyÞ: ðG4Þ

Therefore, νPt ðxÞ is calculated as

νPt ðxÞ ¼
Z

dy

�
∂tmt

mt
x − σ2t

�
∂tσt
σt

−
∂tmt

mt

�
∇ lnPc

t ðxjyÞ
�
Pc

t ðxjyÞqðyÞ
PtðxÞ

¼
Z

dy

�
∂tmt

mt
xþ

�
∂tσt
σt

−
∂tmt

mt

�
ðx −mtyÞ

�
Pc

t ðxjyÞqðyÞ
PtðxÞ

¼ ∂tσt
σt

x −
mt

PtðxÞ
�
∂tσt
σt

−
∂tmt

mt

�
EPc

t ;q½y�; ðG5Þ
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where we use Pc
t ðxjyÞ ¼ N ðxjmty; σ2t Þ and the expected value EPc

t ;q½y� is defined as EPc
t ;q½y� ¼

R
dyyPc

t ðxjyÞqðyÞ. Here,
EPc

t ;q½y� is calculated as

EPc
t ;q½y� ¼

1

2

Z
dyyN ðxjmty; σ2t ÞN ðyjma; σ2Þ þ 1

2

Z
dyyN ðxjmty; σ2t ÞN ðyjmb; σ2Þ

¼ 1

2

σ2mtxþ σ2t ma1
σ2t þ σ2m2

t
N ðxjmtma; σ2t þ σ2m2

t Þ þ
1

2

σ2mtxþ σ2t mb1
σ2t þ σ2m2

t
N ðxjmtmb; σ2t þ σ2m2

t Þ

¼ 1

2

σ2mtxþ σ2t ma1
σ2t þ σ2m2

t
N a þ 1

2

σ2mtxþ σ2t mb1
σ2t þ σ2m2

t
N b: ðG6Þ

We use this analytical expression of the velocity field νPt ðxÞ [Eq. (98)] for the cosine and cond-OT schedules.

To compute the velocity field for the optimal transport,
we adopted the optimal transport conditional flow matching
method [70]. This method is a conditional flow-matching
method that estimates the velocity field for the optimal
transport by using samples generated from the optimal
transport plan. To compute the optimal transport plan, we
use the PYTHON optimal transport (POT) library [143]. As
an estimation architecture, we use a fully connected multi-
layer perceptron with five layers consisting of 1024
neurons in each layer. The hyperbolic tangent function
was used as the activation function. For training, we use the
Adam optimizer [144] with a learning rate of 3 × 10−4 for
learning 107 data points with a batch size of 4056.
To obtain the probability density function for the

estimated reverse process, we numerically compute the
ODE dx̃†t̃ =dt̃ ¼ ν̃†t̃ ðx̃†t̃ Þ ¼ −νPτ−t̃ðx̃†t̃ Þ for the velocity fields
of the cosine schedule, the cond-OT schedule and the OT
schedule with various initial conditions, using the fourth-
order explicit Runge-Kutta method. Specifically, we com-
pute 3 × 108 samples and use a cubic spline interpolation
for the histogram of the samples to approximate the
probability density function. To numerically compute the
each term in the inequality [Eq. (80)], we use numerical
integration methods for Dτ−t ¼

R
dx½δPtðxÞ�2=PtðxÞ and

½v2ðtÞ�2 ¼
R
dxkνtðxÞk2PtðxÞ, and we use the POT library

for the 1-Wasserstein distance. We use τ=Δt ¼ 100 for the
time step Δt and create a uniform grid for the spatial step

Δx as ½4.5 − ð−4.5Þ�=Δx ¼ 5 × 102 in x∈ ½−4.5; 4.5�.
When the initial condition is given by the uniform
distribution, we set the spatial step to ½4.5 − ð−4.5Þ�=Δx ¼
5 × 103 because the computation can be numerically
unstable for a large spatial step due to the discontinuity
of the distribution. We show the initial conditions in
Table III. We also show the time evolution of the proba-
bility density functions in the forward and estimated reverse
process for each condition in Fig. 9.

2. Two-dimensional Swiss-roll dataset

We explain the details of the numerical calculations in
Fig. 7. First, we provide the details of the score estimation
method under Eq. (99). We adopt a slightly modified
version of the denoising score matching method introduced
in Sec. II E due to the nonconservativeness of f tðxÞ. Similar
to the derivation in Appendix B, we solve the differential
equations (B3) and (B4) to obtain a closed-form solution of
Pc

t ðxjyÞ ¼ N ðxjμtðyÞ;ΣtÞ under the initial conditions
μ0ðyÞ ¼ y and Σ0 ¼ O. Substituting Eq. (99) into
Eq. (B3), we obtain

∂tμtðyÞ ¼
�
Ht −Gt

Gt Ht

�
μtðyÞ: ðG7Þ

This differential equation is solvable, and the solution is
given by

TABLE III. The initial conditions used in the numerical calculations (Fig. 6). Here, N ðxjμ; σ2Þ denotes the one-
dimensional Gaussian distribution with mean μ and variance σ2.

Initial conditions Probability density functions

Gaussian distribution with a different mean qðxÞ ¼ N ðxj1.0; 1.0Þ
Gaussian distribution with a different variance qðxÞ ¼ N ðxj0.0; 0.82Þ
Gaussian mixture distribution qðxÞ ¼ 1

3
½N ðxj −1

0.94 ; ð 0.30.94Þ2Þ þN ðxj0; ð 0.8
0.94Þ2Þ þN ðxj 1

0.94 ; ð 0.30.94Þ2Þ�
Uniform distribution qðxÞ ¼ 1

2
ffiffi
3

p ðx∈ ½− ffiffiffi
3

p
;
ffiffiffi
3

p �Þ

IKEDA, UDA, OKANOHARA, and ITO PHYS. REV. X 15, 031031 (2025)

031031-32



μtðyÞ ¼ P exp

�Z
t

0

dt0
�
Ht0 þ iGt0 0

0 Ht0 − iGt0

��
P�μ0ðyÞ;

¼ exp

�Z
t

0

dt0Ht0

��
cos
R
t
0 dt

0Gt0 − sin
R
t
0 dt

0Gt0

sin
R
t
0 dt

0Gt0 cos
R
t
0 dt

0Gt0

�
μ0ðyÞ; ðG8Þ

where i ¼ ffiffiffiffiffiffi
−1

p
is an imaginary unit, P is an unitary matrix defined as

P ¼ 1ffiffiffi
2

p
�
i −i
1 1

�
; ðG9Þ

and P� denotes an adjoint matrix of P.
Next, we solve the differential equation for the covariance matrix [Eq. (B4)]. First, we define the matrix At as

At ¼
�
Ht −Gt

Gt Ht

�
¼

0
B@−h

�
1 − t

τ



− Tfin

�
t
τ



2
; −g

�
1 − t

τ



g
�
1 − t

τ



−h
�
1 − t

τ



− Tfin

�
t
τ



2

1
CA: ðG10Þ

Here, Eq. (B4) is

AtΣt þ ΣtA�
t þ 2TtI − ∂tΣt ¼ 0: ðG11Þ

The real part of the eigenvalue of At, that is, Ht, is negative due to h > 0 and Tfin > 0. Thus, an analytic expression of Σt is
formally obtained as

FIG. 9. The time evolution of the probability density functions in the forward and estimated reverse processes, for each condition used
in the numerical calculations (Fig. 6).
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Σt ¼
Z

∞

0

dseAtsð2TtI − ∂tΣtÞeA�
t s

¼ 2Tt

Z
∞

0

dseðAtþA�
t Þs −

Z
∞

0

dseAts∂tΣteA
�
t s

¼ 2Tt

Z
∞

0

dse2HtsI −
Z

∞

0

dseAts∂tΣteA
�
t s

¼ −
Tt

Ht
I −
Z

∞

0

dseAts∂tΣteA
�
t s; ðG12Þ

because we can obtain AtΣt þ ΣtA�
t ¼

R∞
0 dsðd=dsÞ½eAtsð2TtI − ∂tΣtÞeA�

t s� ¼ −2TtIþ ∂tΣt if the real part of the eigenvalue
of At is negative. In this case, it is possible to derive a closed-form solution. Let Ãt and Σ̃t be Ãt ¼ P�AtP and Σ̃t ¼ P�ΣtP,
respectively. Equation (G12) can be rewritten as

Σ̃t ¼ −
Tt

Ht
I −
Z

∞

0

dseÃts∂tðP�ΣtPÞeÃ�
t s

¼ −
Tt

Ht
I −
Z

∞

0

ds

�
eðHtþiGtÞs 0

0 eðHt−iGtÞs

�
∂tΣ̃t

�
eðHt−iGtÞs 0

0 eðHtþiGtÞs

�

¼ −
Tt

Ht
I −
Z

∞

0

ds

�
e2Hts½∂tΣ̃t�11 e2ðHtþiGtÞs½∂tΣ̃t�12

e2ðHt−iGtÞs½∂tΣ̃t�21 e2Hts½∂tΣ̃t�22

�

¼ −
Tt

Ht
Iþ 1

2

 
½∂tΣ̃t�11=Ht ½∂tΣ̃t�12=ðHt þ iGtÞ

½∂tΣ̃t�21=ðHt − iGtÞ ½∂tΣ̃t�22=Ht

!
: ðG13Þ

Considering this equation for each component of the matrix
∂tΣ̃t, we obtain

∂t½Σ̃t�ii ¼ 2Tt þ 2Ht½Σ̃t�ii ði ¼ 1; 2Þ; ðG14Þ

∂t½Σ̃t�12 ¼ 2ðHt þ iGtÞ½Σ̃t�12; ðG15Þ

∂t½Σ̃t�21 ¼ 2ðHt − iGtÞ½Σ̃t�21; ðG16Þ

which is solvable under the initial condition Σ0 ¼ Σ̃0 ¼ O.
The solution is given by

Σ̃t ¼
�
e2
R

t

0
dt0Ht0

Z
t

0

dse−2
R

s

0
dt0Ht0Ts

�
I: ðG17Þ

Since this is a scaled identity matrix I, Σt ¼ PΣ̃tP� is also
obtained as

Σt ¼
�
e2
R

t

0
dt0Ht0

Z
t

0

dse−2
R

s

0
dt0Ht0Ts

�
I: ðG18Þ

Using the solutions [Eqs. (G8) and (G18)], we empiri-
cally minimize the conditional objective function Eq. (18)
and estimate the score function sθt ðxÞ. We use a fully
connected multilayer perceptron with eight layers consist-
ing of 1024 neurons in each layer for sθt ðxÞ. The hyperbolic
tangent function was used as the activation function. For
training, we use the Adam optimizer [144] with a learning

rate of 3 × 10−4 to learn 107 data points with a batch size of
1024. The number of samples for stochastic processes was
set to 1 × 108. For the sampling procedure, we use the
Euler-Maruyama method for the SDE in the forward
process and the fourth-order Runge-Kutta method for the
ODE in the estimated reverse process.
To estimate the optimal transport, we use the Nadaraya-

Watson stylemodel described inRef. [72]. Here, we consider
the 2-Wasserstein distance between P0ðx0Þ and PτðxτÞ and
obtain the optimal transport plan π�ðx0; xτÞ for the 2-
Wasserstein distanceW2ðP0;PτÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eπ� ½kx0−xτk2�

p
, where

Eπ� ½� � �� is defined as Eπ� ½� � �� ¼
R
dx0

R
dxτπ�ðx0; xτÞ � � �.

We consider the interpolation xt ¼ ð1 − t=τÞx0 þ ðt=τÞxτ
and velocity ðxτ − x0Þ=τ ¼ ðxτ − xtÞ=ðτ − tÞ. We consider
the expression of the optimal velocity field νPt ðxÞ ¼
E½ðxτ − x0Þ=τjxt ¼ x�, which is the conditional expected
value of ðxτ − x0Þ=τ under the condition xt ¼ x. We intro-
duce the normalized Gaussian kernel κðxt; xÞ ¼ exp½−kxt−
xk2=ð2σ2KÞ�=Eπ� ½exp½−kxt − xk2=ð2σ2KÞ�. If σK is relatively
small, π�ðx0; xτÞκðxt; xÞ can be regarded as the conditional
probability of ðx0; xτÞ under the condition xt ¼ x. Therefore,
the optimal velocity field may be obtained from the
expression

Eπ�

�
xτ − x
τ − t

κðxt; xÞ
�
; ðG19Þ
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and we use 1 × 107 samples and σK ¼ 0.08 for this expres-
sion to estimate the optimal velocity field.
To numerically compute each term in the inequality

[Eq. (80)], we use numerical integration methods forDτ−t ¼R
dx½δPtðxÞ�2=PtðxÞ and TtṠtott ¼ R dxkνtðxÞk2PtðxÞ, and

we use the POT library for the 1-Wasserstein distance. We
use τ=Δt ¼ 100 for the time step Δt and create a uniform
two-dimensional grid for the spatial step Δx ¼ 2 × 10−2 in
the region x1 ∈ ½−5; 5� and x2 ∈ ½−5; 5� for x ¼ ðx1; x2Þ.

3. Real-world image datasets

Here, we describe the details of the experiment in Fig. 8.
In this experiment, we use the trained flow matching model
for the 256 × 256 downscaled CelebA HQ dataset [119]
and the LSUN bedrooms subset [120] provided in
Ref. [118]. From each dataset, we sample 3 × 104 points
in the latent space and compute the forward and the
estimated reverse process. We assume that the estimation
of the velocity field in the trained model is accurate. Let
uθ

�
t ðxÞ be the velocity field for the forward process in the

trained model, and we compute ∂txt ¼ uθ
�
t ðxtÞ and ∂t̃x̃

†
t̃ ¼

−uθ�τ−t̃ðx̃†t̃ Þ for forward and estimated reverse processes,
respectively. For the initial state of the estimated reverse
process x̃†0, we use 3 × 104 samples from the standard
Gaussian distribution N ðxj0; IÞ.
Using the generated trajectories of the processes xt and

x̃†t̃ , we estimate c2 ¼
R
τ
0 dt½v2ðtÞ�2 by empirically calculat-

ing the expectation as follows:

c2 ¼
Z

τ

0

dt
Z

dxkuθ�t ðxÞk2PtðxÞ ¼ τEU;Pt
½kuθ�t ðxÞk2�:

ðG20Þ

For the response function η ¼ ðΔW1Þ2=D0, we estimate
D0 ¼

R
dx½P†

0ðxÞ − P̃†
0ðxÞ�2=P†

0ðxÞ by assuming that
P†

0ðxÞ and P̃†
0ðxÞ are Gaussian distributions, P†

0ðxÞ is close
to P̃†

0ðxÞ, and the higher order of the difference δP†
0ðxÞ ¼

P̃†
0ðxÞ − P†

0ðxÞ is negligible in this experiment. In this
situation, D0 may be estimated using the Kullback-Leibler
divergence D0=2 ≈DKLðP†

0kP̃†
0Þ ¼

R
dxP†

0ðxÞ ln½P†
0ðxÞ=

P̃†
0ðxÞ� because DKLðP†

0kP̃†
0Þ is given by

DKLðP†
0kP̃†

0Þ ¼
Z

dxP†
0ðxÞ ln

P†
0ðxÞ

P̃†
0ðxÞ

¼ 1

2
D0 þOððδP†

0ðxÞÞ3Þ: ðG21Þ

The advantage of using the Kullback-Leibler divergence
instead of the χ2 divergence is that the Kullback-Leibler
divergence between two Gaussian distributions can be
computed using only the mean and covariance matrix. In
a realistic situation of the diffusion model for the real-world

image dataset, such as the one we are dealing with here, we
can assume that P†

0ðxÞ and P̃†
0ðxÞ are given by high-dimen-

sional Gaussian distributions and the difference between P†
0

and P̃†
0 is relatively small. In this case, it is numerically more

stable and feasible to computeD0 using theKullback-Leibler
divergence than using the conventional definition of the χ2

divergence. We also assume that the covariance matrices of
the Gaussian distributions are proportional to the identity
matrix to ensure that the estimated value of the Kullback-
Leibler divergence is finite for the high-dimensional
systems. ForΔW1 ¼ W1ðp; qÞ −W1ðP†

0; P̃
†
0Þ,we compute

the 1-Wasserstein distances empirically using the POT
library [143].
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Dynamical regimes of diffusion models, Nat. Commun. 15,
9957 (2024).

SPEED-ACCURACY RELATIONS FOR DIFFUSION MODELS: … PHYS. REV. X 15, 031031 (2025)

031031-39

https://doi.org/10.1307/mmj/1029003026
https://doi.org/10.1307/mmj/1029003026
https://www.cv-foundation.org/openaccess/content_cvpr_2015/html/Szegedy_Going_Deeper_With_2015_CVPR_paper.html
https://www.cv-foundation.org/openaccess/content_cvpr_2015/html/Szegedy_Going_Deeper_With_2015_CVPR_paper.html
https://www.cv-foundation.org/openaccess/content_cvpr_2015/html/Szegedy_Going_Deeper_With_2015_CVPR_paper.html
https://www.cv-foundation.org/openaccess/content_cvpr_2015/html/Szegedy_Going_Deeper_With_2015_CVPR_paper.html
https://www.cv-foundation.org/openaccess/content_cvpr_2015/html/Szegedy_Going_Deeper_With_2015_CVPR_paper.html
https://doi.org/10.1002/mana.19901470121
https://doi.org/10.1007/s002110050002
https://doi.org/10.1103/PhysRevResearch.4.L012034
https://doi.org/10.1090/conm/226
https://doi.org/10.1103/PhysRevX.14.041003
https://doi.org/10.1103/PhysRevE.61.2361
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1038/nphys2276
https://doi.org/10.1080/14786440009463897
https://doi.org/10.1080/14786440009463897
https://proceedings.neurips.cc/paper/2017/hash/892c3b1c6dccd52936e27cbd0ff683d6-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/892c3b1c6dccd52936e27cbd0ff683d6-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/892c3b1c6dccd52936e27cbd0ff683d6-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/892c3b1c6dccd52936e27cbd0ff683d6-Abstract.html
https://proceedings.neurips.cc/paper/2017/hash/892c3b1c6dccd52936e27cbd0ff683d6-Abstract.html
https://arXiv.org/abs/2307.08698
https://openreview.net/forum?id=Hk99zCeAb
https://openreview.net/forum?id=Hk99zCeAb
https://arXiv.org/abs/1506.03365
https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1103/PhysRevLett.114.158101
https://proceedings.mlr.press/v202/pooladian23a.html
https://proceedings.mlr.press/v202/pooladian23a.html
https://proceedings.mlr.press/v202/pooladian23a.html
https://proceedings.mlr.press/v202/pooladian23a.html
https://proceedings.mlr.press/v202/pooladian23a.html
https://openreview.net/forum?id=2OMyAFjiJJ
https://openreview.net/forum?id=2OMyAFjiJJ
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper/2021/hash/0a9fdbb17feb6ccb7ec405cfb85222c4-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/8ff87c96935244b63503f542472462b3-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/8ff87c96935244b63503f542472462b3-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/8ff87c96935244b63503f542472462b3-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/8ff87c96935244b63503f542472462b3-Abstract-Conference.html
https://proceedings.neurips.cc/paper_files/paper/2022/hash/8ff87c96935244b63503f542472462b3-Abstract-Conference.html
https://iclr.cc/virtual/2023/poster/10972
https://iclr.cc/virtual/2023/poster/10972
https://iclr.cc/virtual/2023/poster/10972
https://papers.nips.cc/paper_files/paper/2016/hash/8a3363abe792db2d8761d6403605aeb7-Abstract.html
https://papers.nips.cc/paper_files/paper/2016/hash/8a3363abe792db2d8761d6403605aeb7-Abstract.html
https://papers.nips.cc/paper_files/paper/2016/hash/8a3363abe792db2d8761d6403605aeb7-Abstract.html
https://papers.nips.cc/paper_files/paper/2016/hash/8a3363abe792db2d8761d6403605aeb7-Abstract.html
https://papers.nips.cc/paper_files/paper/2016/hash/8a3363abe792db2d8761d6403605aeb7-Abstract.html
https://iclr.cc/virtual/2023/poster/10866
https://iclr.cc/virtual/2023/poster/10866
https://doi.org/10.1109/T-C.1972.223477
https://doi.org/10.1109/T-C.1972.223477
https://doi.org/10.1073/pnas.79.8.2554
https://doi.org/10.1073/pnas.79.8.2554
http://proceedings.mlr.press/v5/salakhutdinov09a
http://proceedings.mlr.press/v5/salakhutdinov09a
http://proceedings.mlr.press/v5/salakhutdinov09a
http://proceedings.mlr.press/v5/salakhutdinov09a
https://doi.org/10.1007/978-3-642-35289-8_32
https://doi.org/10.1103/RevModPhys.48.571
https://doi.org/10.1103/RevModPhys.48.571
https://doi.org/10.1103/PhysRevE.63.042103
https://doi.org/10.1038/s41467-024-54281-3
https://doi.org/10.1038/s41467-024-54281-3


[137] A. Dechant, Minimum entropy production, detailed bal-
ance and Wasserstein distance for continuous-time
Markov processes, J. Phys. A 55, 094001 (2022).

[138] K. Yoshimura, A. Kolchinsky, A. Dechant, and S. Ito,
Housekeeping and excess entropy production for
general nonlinear dynamics, Phys. Rev. Res. 5, 013017
(2023).

[139] T. Van Vu and K. Saito, Thermodynamic unification of
optimal transport: Thermodynamic uncertainty relation,
minimum dissipation, and thermodynamic speed limits,
Phys. Rev. X 13, 011013 (2023).

[140] A. Kolchinsky, A. Dechant, K. Yoshimura, and S. Ito,
Information geometry of excess and housekeeping entropy
production, arXiv:2206.14599.

[141] G. Wang, Y. Jiao, Q. Xu, Y. Wang, and C. Yang, Deep
generative learning via Schrödinger bridge, in
International Conference on Machine Learning (PMLR,

2021), pp. 10794–10804, https://proceedings.mlr.press/
v139/wang21l.html.

[142] V. De Bortoli, J. Thornton, J. Heng, and A. Doucet,
Diffusion Schrödinger bridge with applications to score-
based generative modeling, in Proceedings of the
Advances in Neural Information Processing Systems 34
(NeurIPS 2021) (2021), https://proceedings.neurips.cc/
paper_files/paper/2021/hash/940392f5f32a7ade1cc201767
cf83e31-Abstract.html.

[143] R. Flamary, N. Courty, A. Gramfort, M. Z. Alaya, A.
Boisbunon, S. Chambon, L. Chapel, A. Corenflos, K.
Fatras, N. Fournier et al., POT: PYTHON optimal transport,
J. Mach. Learn. Res. 22, 1 (2021), http://jmlr.org/papers/
v22/20-451.html.

[144] D. Kingma and J. Ba, Adam: A method for stochastic
optimization, in International Conference on Learning
Representations (2015), arXiv:1412.6980.

IKEDA, UDA, OKANOHARA, and ITO PHYS. REV. X 15, 031031 (2025)

031031-40

https://doi.org/10.1088/1751-8121/ac4ac0
https://doi.org/10.1103/PhysRevResearch.5.013017
https://doi.org/10.1103/PhysRevResearch.5.013017
https://doi.org/10.1103/PhysRevX.13.011013
https://arXiv.org/abs/2206.14599
https://proceedings.mlr.press/v139/wang21l.html
https://proceedings.mlr.press/v139/wang21l.html
https://proceedings.mlr.press/v139/wang21l.html
https://proceedings.mlr.press/v139/wang21l.html
https://proceedings.mlr.press/v139/wang21l.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
https://proceedings.neurips.cc/paper_files/paper/2021/hash/940392f5f32a7ade1cc201767cf83e31-Abstract.html
http://jmlr.org/papers/v22/20-451.html
http://jmlr.org/papers/v22/20-451.html
http://jmlr.org/papers/v22/20-451.html
http://jmlr.org/papers/v22/20-451.html
https://arXiv.org/abs/1412.6980

	Speed-Accuracy Relations for Diffusion Models: Wisdom from Nonequilibrium Thermodynamics and Optimal Transport
	I. INTRODUCTION
	II. GENERATIVE MODELS AND DIFFUSION MODELS
	A. Generative models
	B. Diffusion models
	C. Fokker-Planck equation for the forward process
	D. Reverse and estimated reverse process
	1. Example 1: Score-based generative modeling
	2. Example 1-1: Stochastic differential equation
	3. Example 1-2: Probability flow ordinary differential equation
	4. Example 2: Flow-based generative modeling

	E. Formulations with conditional Gaussian distributions
	F. Examples of diffusion models
	1. Example 1: Variance exploding diffusion (VE diffusion)
	2. Example 2: Conditional optimal transport
	3. Example 3: Variance preserving diffusion (VP diffusion)


	III. RELATIONSHIPS BETWEEN STOCHASTIC THERMODYNAMICS AND DIFFUSION MODELS
	A. Review on stochastic thermodynamics
	B. Optimal transport theory and minimum entropy production

	IV. MAIN RESULT
	A. Speed-accuracy relations for diffusion models
	B. Proofs of the main result
	C. Optimality in the noise schedule
	D. Numerical experiments
	1. One-dimensional Gaussian mixture distribution
	2. Two-dimensional Swiss-roll dataset
	3. Real-world image datasets


	V. DISCUSSIONS
	A. Generalization of Eq. (77) for incomplete estimation
	B. Comparison with bounds similar to Eq. (77)
	C. Comparison with conventional understanding of noise schedules
	D. Possible importance of the entropy production rate in diffusion models
	E. Future studies

	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: DERIVATION OF THE RELATIONS BETWEEN THE TWO GRADIENTS OF THE OBJECTIVE FUNCTIONS
	1. Score matching
	2. Flow matching

	APPENDIX B: PARAMETERS OF THE CONDITIONAL PROBABILITY DENSITY FUNCTION
	APPENDIX C: COORDINATE TRANSFORMATION IN DDIMS
	APPENDIX D: THE RELATIONS BETWEEN THE KULLBACK-LEIBLER DIVERGENCE AND THE ENTROPY PRODUCTION
	APPENDIX E: TIME INDEPENDENCE OF THE PEARSON &chi;2 DIVERGENCE
	APPENDIX F: THE DERIVATION OF EQ. (100)
	APPENDIX G: DETAILS OF THE NUMERICAL EXPERIMENTS
	1. One-dimensional Gaussian mixture distribution
	2. Two-dimensional Swiss-roll dataset
	3. Real-world image datasets

	References


