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We discuss a connection between a generative model, called the diffusion model, and nonequilibrium
thermodynamics for the Fokker-Planck equation, called stochastic thermodynamics. Using techniques
from stochastic thermodynamics, we derive the speed-accuracy relations for diffusion models, which are
inequalities that relate the accuracy of data generation to the entropy production rate. These relations can be
interpreted as the relations between accuracy and the speed of the diffusion dynamics in the absence of the
nonconservative force. From a stochastic thermodynamic perspective, our results provide quantitative
insight into how best to generate data in diffusion models. The optimal learning protocol is introduced by
the geodesic of space of the 2-Wasserstein distance in optimal transport theory. We numerically illustrate
the validity of the speed-accuracy relations for diffusion models with different noise schedules and different
data. We numerically discuss our results for optimal and suboptimal learning protocols. We also
demonstrate the applicability of our results to data generation from the real-world image datasets.
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I. INTRODUCTION

Diffusion processes are irreversible phenomena that cause
thermodynamic dissipation. Diffusion processes are described
by stochastic processes such as Brownian motion [1], and
thermodynamic irreversibility is quantified by the entropy
production in stochastic thermodynamics [2,3]. In stochastic
thermodynamics, there have been various discussions about
the relationship between information processing and thermo-
dynamic dissipation for diffusion processes [4—24]. Based on
optimal transport theory [25], inevitable thermodynamic
dissipation for diffusion processes has been discussed in
stochastic thermodynamics [26-29], and the thermodynamic
trade-off relations among speed, accuracy, and dissipation for
diffusion processes have been discussed as a generalization of
the second law of thermodynamics [29-33].
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Diffusion processes have recently been discussed in the
context of statistical machine-learning models called gen-
erative models [34]. The diffusion-based generative models
called diffusion models [35,36] were originally inspired by
nonequilibrium thermodynamics [35]. By introducing
time-reversed dynamics, which are well studied in the
context of the fluctuation theorem [5,37,38] and Jarzynski’s
equality [39], diffusion models generate data with spatial
structure from noisy data without spatial structure. Several
improvements have been made from different perspectives
[40-53], and the improved diffusion models have reached
the state of the art in an image-generation task [40,42].

The proposed diffusion models [42,44,51,54,55] are
currently understandable without nonequilibrium thermo-
dynamics, and the improved diffusion models are regarded
as variants of other statistical machine-learning models.
For example, diffusion models [42] are related to the score
estimation methods including the score matching [56-58].
By incorporating the existing flow-based methods [59-62],
another improved method called the flow matching [63] has
also been proposed in the context of diffusion models.

Because diffusion models have been improved outside the
context of nonequilibrium thermodynamics, the insights
of stochastic thermodynamics are not fully exploited in
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diffusion models. For example, the discussion of minimum
entropy production in stochastic thermodynamics is related
to the Wasserstein distance [25] in optimal transport theory
[29,30], which is well used in generative models such as the
Wasserstein generative adversarial network [64] and diffu-
sion models [65-67]. Discussions on the relationship
between optimal transport and dynamics in diffusion models
have only recently begun [68-73]. In these discussions,
various insights from stochastic thermodynamics, such as the
thermodynamic trade-off relations for diffusion processes
based on optimal transport theory [29-32], are not well used.
There is only one paper that discusses the flow matching
method from the perspective of both optimal transport theory
and stochastic thermodynamics [74].

In this paper, we reconsider diffusion models in terms
of stochastic thermodynamics and derive speed-accuracy
relations for diffusion models, which are analogous to the
thermodynamic trade-off relations based on optimal trans-
port theory. The speed-accuracy relations explain that the
theoretical limits of accurate data generation are generally
bounded by the entropy production rate and the temper-
ature, which can be interpreted as the speed of the diffusion
dynamics in the absence of the nonconservative force.
Furthermore, the speed-accuracy relations explain that the
optimal diffusion dynamics for learning is given by the
optimal transport. The results provide theoretical support
for the trial-and-error protocols of diffusion dynamics,
which have been characterized by noise schedules such
as the cosine schedule [43] and the conditional optimal
transport schedule [63]. We numerically illustrate the
speed-accuracy relations for diffusion models using simple
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one-dimensional diffusion processes, two-dimensional dif-
fusion processes, and diffusion processes on latent space
[44]. We show that accurate data generation can be discussed
from a quantitative comparison of the speed-accuracy rela-
tions for different diffusion processes. We numerically illus-
trate that the optimal transport provides the most accurate
data generation. We also investigate the situation where the
inaccurate data generation is achieved due to a noncon-
servative force and a nonoptimal protocol as predicted by the
speed-accuracy relations. Furthermore, we demonstrate the
applicability of the speed-accuracy relations to practical
diffusion models trained on real-world image datasets.
This paper is organized as follows (see also Fig. 1). In
Sec. 1I, we discuss the generative models and diffusion
models. We first explain the generative models (Sec. I A)
and then move on to the basic concepts of diffusion models
(Sec. I B). We then present the mathematical details of the
diffusion model (Secs. II C and II D). We also explain a
practical formulation based on the conditional Gaussian
probabilities (Sec. IIE) as well as some examples
(Sec. ITF). In Sec. III, we explain stochastic thermody-
namics, especially from the perspective of its relationship to
diffusion models and optimal transport theory. In Sec. IIl A,
we introduce the entropy production rate in stochastic
thermodynamics. In Sec. III B, we explain applications of
optimal transport theory in stochastic thermodynamics such
as the thermodynamic trade-off relations. In Sec. IV, we
derive the main results, which are the speed-accuracy
relations for diffusion models. The main results imply that
the entropy production rate introduced in Sec. I A
provides a fundamental limit on the accuracy of data
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The organization of this paper. In Sec. II, we explain the basic concepts of diffusion models and discuss their methods,

including score-based generative modeling and flow-based generative modeling. In Sec. III, we discuss stochastic thermodynamics and
optimal transport theory and introduce the entropy production rate. We also introduce several thermodynamic trade-off relations, such as
thermodynamic uncertainty relations and speed limits, which provide the minimum entropy production in a finite time via optimal
transport. In Sec. IV, we derive our main results in analogy to thermodynamic trade-off relations. Our main results reveal the essential
role of the entropy production rate in diffusion models. Noise schedules based on optimal transport will lead to the most robust
generation in diffusion models, and existing noise schedules such as the conditional optimal transport schedule and the cosine schedule

are regarded as suboptimal noise schedules.
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generation in the diffusion model, and the main results are
analogous to the thermodynamic trade-off relations in
Sec. III B. Furthermore, we discuss the optimal protocol
based on the main results in Sec. IV C and confirm the main
results by numerical calculations of diffusion models with
three different situations in Sec. IV D. Finally, we conclude
with the main results and discuss different perspectives on
the results, such as a generalization of the main results, and
future studies in Sec. V.

II. GENERATIVE MODELS AND DIFFUSION
MODELS

A. Generative models

In this paper, we discuss a class of statistical machine-
learning models known as generative models [34]. A gen-
erative model is a class of statistical models capable of
generating a new dataset that resembles the input dataset. The
data generation in generative models can be considered as an
estimation of the input data distribution, while the generated
dataset is a sample from the estimated distribution.

More specifically, generative models can be described as
follows. Let d;, = {x(1), ...,x(*0)} be the set of input data-
set, where each element is a state of the ny-dimensional
Euclidean space x") € R™. The data x") are assumed to be
independent and identically distributed and are sampled from
a probability density function g(x) that satisfies g(x) > 0
and [dxq(x) = 1. Here, the positivity of the probability
density function g(x) > 0 is required for quantities such as
Ing(x) or 1/g(x) not to diverge, and we implicitly assume
that any probability density functions are positive throughout
this paper. We consider the problem of constructing a new
probability density function p(x) that satisfies p(x) > 0 and
Jdxp(x) =1, based on the estimation of the probability
density function g(x). Statistical machine-learning models
that generate samples from the probability density function
p(x) are called generative models.

Several studies have shown that generative models can
be applied to practical datasets such as images [75], natural
language [76], and audio [77]. In these applications,
generative models are constructed by solving optimization
problems using machine-learning methods such as deep
learning [34,78]. Machine-learning optimization problems
are solved by numerically minimizing or maximizing some
objective function [34,78]. To judge whether learning was
successful, we sometimes discuss whether a distance or a
pseudodistance between the distribution of the input data
g(x) and the distribution of the generated data p(x)
becomes smaller [79-82]. We call the value of this
(pseudo)distance the estimation error. Typical examples
of the estimation error are the Kullback-Leibler divergence
[83], which is a pseudodistance in information theory and
information geometry, and the Wasserstein distance [25],
which is a distance in optimal transport theory.

B. Diffusion models

Among these machine-learning-based generative mod-
els, a series of models called diffusion models
[35,36,40,42,48] achieves lower estimation errors than
previous  generative models for various data
[36,47,73,84-90], including image data [36,47,73], video
[87,88], and audio [89,90]. Diffusion models generate
samples from the probability density function p(x) by
estimating the time-reversed diffusion process that generates
the data structure, while the corresponding forward process
destroys the data structure by adding stochastic noise to the
input dataset dy, (see Fig. 2) [35,36]. In practice, we some-
times convert the raw data into a low-dimensional latent
space and discuss a diffusion process in the latent space to
extract the features of the data and reduce the computational
cost [44]. In this case, the input dataset d;, can be regarded as
a dataset of latent variables, which is created by converting
the raw dataset into the latent space.

Specifically, the input probability density function
Po(x) = g(x) is transformed into a known noise distribu-
tion P,(x) by adding noise to the input data, where P, (x) is
the probability density function at time 7 € [0, z|. The time
evolution of P,(x) is given by diffusion processes
described by the Fokker-Planck equation [92] or the master
equation [93] in diffusion models [35,36]. Sometimes, we
consider the stochastic dynamics of the data [36] from the
initial state x,_ to the final state x,_,, where x, is the state
of the data at time ¢ instead of the time evolution of the
probability density function P,(x). In this case, the sto-
chastic time evolution of x, can be described by the
Langevin equation [1] or the Markov chain Monte Carlo
method [94-96]. The diffusion process from ¢t =0tot =7
is called the forward process [35], and the dependence of
the noise intensity at time ¢ in the forward process is called

Pi(x)

Estimation error

Estimated

DT
reverse process 7-)[ @)

Pi(x)

Ba t t t t t t t (.)

FIG. 2. Tllustration of diffusion models in the case of image
data. The forward process, denoted by P,(x), is a stochastic
process which adds noise to the training data sampled from ¢g(x).
By inverting this forward process in time, we prepare the reverse
process 77} (x). The generated data sampled from p(x) are

constructed by an estimated reverse process 75;I (x) that mimics
the reverse process. The image in the figure is taken from the
dataset [91].
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the noise schedule, which characterizes the time evolution
of the diffusion dynamics [35,43,97].

Next, we explain the reverse process, which is the time-
reversed dynamics of the forward process. Here, we
consider the forward process described by the time evo-
lution of the probability density function P,(x). We write
the reverse process as P! (x), defined as P} (x) = P,_;(x).
In the reverse process, we consider the time evolution from
i =0to 7= If 7 is large enough, the final probability of
the forward process P,(x) can be considered as a noisy
state where the data structure is well broken. Thus, the
reverse process means that this noisy state P (x) = P, (x)
is the initial probability density function at time 7 = 0 in the
reverse process, and the time evolution in the reverse
process allows the reproduction of the input data distribu-
tion P} (x) = Py(x) = ¢(x) containing the data structure at
the final time 7 = 7.

We introduce the stochastic process for generating the
data from p(x), namely, the estimated reverse process, as
an imitation of the reverse process. This estimated reverse
process may differ from the reverse process, in general, and
SO0 we write it as 75; (x) and distinguish it from the reverse
process P! (x)[# P} (x)]. Since the initial probability den-
sity function of the estimated reverse process 758 (x) can be
different from the initial probability density function of the
reverse process P (x)[# P (x)], the final probability den-
sity function of the estimated reverse process P! (x) can be
different from the input distribution g(x)[# P! (x)]. Here,
the idea of diffusion models is to set this probability density
function P} (x), which is the output of the estimated reverse
process, as the generated data distribution p(x) [35]. In
practical diffusion models, we do not necessarily compute
the time evolution of the probability density function. For
example, there are several methods to generate the data
from the estimated reverse process using the Langevin
equation [36,42] or a deterministic time evolution via
flow [63].

C. Fokker-Planck equation for the forward process

We discuss the time evolution of P,(x) for the forward
process in diffusion models [36] based on the Fokker-
Planck equation [92]. The time evolution of the probability
density function P,(x) is described by the Fokker-Planck
equation as follows:

0,P;(x)=-V-(v
vy (x) =, (x)

where 0, := 9/t is the partial differential operator and V is
the del operator. v/ (x) €R" is the velocity field in a

continuity equation. The parameters 7,€R,, and
f:(x) €R™ are functions of the time 7, in general. The

7 (x)Pi(x)).
—T,VInP,(x), (1)

xWed, (n=1,...,

forward process can be regarded as the time evolution of
P,(x) by the Fokker-Planck equation [Eq. (1)] under the
initial condition Py(x) = ¢(x) with fixed time dependence
of the parameters 7', and f,(x). The time dependence of T,
characterizes the time variation of the noise intensity in the
diffusion process, which is known as the noise schedule in
diffusion models.

The Fokker-Planck equation [Eq. (1)] is statistically
equivalent to the stochastic differential equation, namely,
the Langevin equation [92,93] for the state x,:

dx, = f(x,)dt + /2T ,dB,, (2)
where dB;, = B,, 4, — B, is the random white Gaussian
noise, mathematically defined as the difference of the
Wiener processes B;. If the Langevin equation is consid-
ered as Brownian dynamics for the position of a Brownian
particle, the parameters 7, and f,(x,) correspond to the
temperature and the external force, respectively [92]. In the
context of diffusion models, the forward process described
by the Langevin equation can be viewed as a time-evolving
process in which the random noise is sequentially added to
the data. Using the Langevin equation, the time evolution
of the forward process is computed using the input data
Np) for fixed time dependence of the
parameters 7, and f,(x,). The time evolution of the
probability density function P,(x) can be computed
numerically by Monte Carlo sampling using Langevin
dynamics [96].

D. Reverse and estimated reverse process

Next, we discuss the reverse process by considering the
time-reversed dynamics of the Fokker-Planck equation for
the forward process [Eq. (1)]. Using the reversed time
7 =7 —1, the time evolution of P} (x) = P,_;(x) = P,(x)
is given by the Fokker-Planck equation for the forward
process [Eq. (1)] as follows:

6;772,"(16) = —0,Py(x)
( 7 (x)P,(x))
V- (¥ ()P (x). 3)

where the velocity field for the reverse process V; (x) is
defined as I/tI (x) = =T (x).

Diffusion models are introduced by the estimated reverse
process that mimics the reverse process [Eq. (3)]. We
denote the probability density function of the data x in the
estimated reverse process by 73; (x). We assume that the
time evolution of this probability density function P} (x)
can be written by the continuity equation:
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Here, 177T (x) represents the velocity field in the estimated
reverse process which may differ from that of the reverse
process v; T (x). The velocity field & A T(x) is estimated numeri-
cally from the dynamics of the forward process.

In the following section, we explain two methods for
estimating the velocity field in the reverse process and
constructing the velocity field of the estimated reverse
process 17;T (x) for data generation, called the score-based
generative modeling [42] and the flow-based generative
modeling [63].

1. Example 1: Score-based generative modeling

First, we explain a method called score-based generative
modeling [42]. This method consists of two components:
score matching [42,56-58] and data generation. Score
matching is a method that estimates the score function
VInP,(x) in the forward process [Eq. (1)] in order to
arrange the estimated reverse process [36,42]. The score
function is typically estimated using neural networks.
Specifically, we consider a situation where the score
function VInP,(x) is modeled by a neural network
denoted by s%(x), where @ represents the set of the
network’s parameters. We then numerically solve an
optimization problem to estimate the score function. The
optimized parameters, denoted by 65, are employed to
generate the velocity field of the estimated reverse proc-
ess 17; (x).

The optimization problem is constructed as follows. The
optimization problem to estimate the score function
VInP,(x) is formulated as a minimization problem of
the following score matching objective function:

Lsmi(0) = Ep,ylls?(x) = VIn P, (x)[1’]. (5)
Here, the uniform distribution for € (0,7] is given by
U(t) = 1/7. The expected value with respect to this uni-
form distribution and the distribution P,(x) is defined as

Ep,ul---] = [§ did(t) [ dxP,(x)---. Then, the optimal set
of the parameters O\ 18 obtarned as [36,57]

0§M (S argmingLSM (9) . (6)

. o 0; .
In this optimization problem, s, (x), which reaches the
minimum value Lgy(6$y) =0, can be the score func-

tion VInP,(x).

2. Example 1-1: Stochastic differential equation

For the data generation by the estimated reverse process,
we first explain the method based on the stochastic
differential equations [36,40,42]. The estimated score

. 0; . .
function s,*(x) is employed to reconstruct the velocity
field of the forward process »! (x) as

05

=fi(x) =T, (x). (7)

With this estimated velocity field 2,(x), we construct the
velocity field of the estimated reverse process 7 (x) as

Dy(x) -

7l (x) = b7 (0)]" = 20, 5(x)
= —fi () + 2715 (x) = TIVIn P (x). (8)

so that the estimated reverse process [Eq (4)] mimics the
reverse process [Eq. (3)], where [pV ()] = f1(x) -
TV InP] (), f1(06) s=f o). T o= T and 52 (x) o=
sf§~( ). If s,‘M( ) is exactly equal to VInP,(x) and the
initial condition for the estimated reverse process is
equivalent to the initial condition for the reverse process
[P} (x) = P} (x)], the equation #] (x) = v (x) holds and the
reverse process [Eq. (3)] is consistent with the estimated
reverse process [Eq. (4)].

The continuity equation of the estimated reverse process
0;P}(x) = =V - (#] (x)P! (x)) using the estimated velocity
field 17; (x) can be regarded as the Fokker-Planck equation

with the external force —f] (x) + 277 s?gMT (x). The stochas-
tic differential equation (i.e., the Langevin equation)
corresponding to this Fokker-Planck equation [36,98] is

S Tt T s
dx; = <_f; (%) + 2775

T(fc;))d?Jr 2TidB;, (9)
where dB; = B; +d~ — B; is the difference of the Wiener
process B; and x~ is the state of the data in the estimated
TeVerse process. By simulating this stochastic differential
equation numerically, we can generate the data in score-
based generative modeling [36,40,42].

3. Example 1-2: Probability flow
ordinary differential equation

Next, we discuss an alternative method for data gen-
eration in score-based generative modeling, namely, the
probability flow ordinary differential equation (ODE) [36].
The probability flow ODE is a method in which we use an
ODE instead of the stochastic differential equation [Eq. (9)]
for data generation under the same objective function
[Eq. (5)]. At present, this probability flow ODE is well
used instead of the stochastic differential equation, because
it is possible to generate data faster and more accurately
by performing time evolution based on numerical ODE
solvers [99-101].

Specifically, using the velocity field #,(x) [Eq. (7)]
estimated through the objective function [Eq. (5)], the

031031-5



IKEDA, UDA, OKANOHARA, and ITO

PHYS. REV. X 15, 031031 (2025)

velocity field of the estimated reverse process 17';r (x) is
arranged as follows:

71 (x) = —,5(x). (10)

This expression is parallel to the expression of the velocity
field in the reverse process 1/'7r (x) = —v7 -(x). In this case,
the continuity equation [Eq. (4)] corresponds to the
following ODE [36,61]:

dt] A oA Osmt (=7
7; = _V‘r—f(x;) =—f; (%) + T;S;SM (%), (1)
where ij denotes the sample from 75j (x). The probability

flow ODE method generates data by numerically simulat-
ing this ODE [36].

4. Example 2: Flow-based generative modeling

Next, we explain a method called flow-based generative
modeling [63], which consists of flow matching and data
generation via the ODE. Flow matching [63] is a method to
estimate the velocity field of the forward process without
estimating the score function. In flow matching, we model
the velocity field of the forward process v/ (x) by a neural
network u¢ € R"s, where 6 is the set of parameters. The
objective function

Lim(0) = Ep,y[|luf (x) — 7 (x) ] (12)

is minimized with respect to @ using numerical optimiza-
tion methods, and 6, is the optimal set of the parameters
satisfying

Of\ € argming Ly (6). (13)

The optimal set of the parameters 6}, gives the velocity
il

field for the estimated reverse process #; (x) as follows:

vl(x) = —u_™(x). (14)

This expression corresponds to the velocity field of the

reverse process V;T (x) = —Vf_;(x).

In the flow-based generative modeling, the data gen-
eration is done by simulating the ODE [63,102]:

dit o
L —ul(E), (15)
which is similar to the one used in the probability flow
ODE method [Eq. (11)]. This ODE corresponds to the
continuity equation for the estimated reverse process

[Eq. (D]

E. Formulations with conditional Gaussian
distributions

In a practical implementation of diffusion models, we
may consider a process such that the external force f,(x) is
linear:

filx)=Ax+b, (16)

to reduce the computational complexity [35,36,40,42,63],
where A, € R" and b, € R™ are the matrix and the
vector, respectively. When the initial condition is
Pi—o(x) = g(x), the solution P,(x) for the process can
be given by

Pyx) = / dyPS (xly)g9). (17)

Here, the transition probability 7Pf(x[y) is a Gaussian
distribution P%§(x]y) = N (x|u,(y),%,) due to the linearity
of the external force [92], where p,(y) is the mean, which
depends ony, and %, is the covariance matrix X,. We assume
that X, does not depend on the state y. Equation (17) att = 0
gives the condition P§(x|y) = &(x —y), where 5(x —y) is
the delta function. Thus, the covariance matrix at t = 0 is
¥,—o = O, and the mean is g,y (y) =y, where O is the zero
matrix.

Under the above condition, the optimization problems
[Egs. (5) and (12)] are easier to solve [42,63]. These
training methods using conditional probability in score
matching and flow matching are known as denoising score
matching [57] and conditional flow matching [63], respec-
tively. To reduce the computational complexity, we con-
sider new objective functions, which correspond to the
objective functions [Egs. (5) and (12)] as follows:

L5 (0) = Ep oo [ns?(x) ~Vin Pf<x|y>|2] (18)

Li(0) = Epe yu {nu‘?(x) we <x|y>||2], (19)

where  Epc [ -] = Jedid(r) [ dxdyPs(xly)g(y)--- is
the expected value with respect to PS(x|y), q(y), U(z),
and v/ (x|y) :=f,(x) = T,VInP$(x]y). As proved in
Appendix A, new objective functions satisfy V,L§,,(0) =
VoLsm(0) and VyL§y(0) = VyLpy(6), where V is
the gradient through 6. Since the optimal solutions are
given by the conditions V,L$,(0) = VyLgy(0) = 0 and
VoLin(0) = VyLpy(6) = 0, we get the optimal solutions

045y € argming Ly, (0). (20)

Oy € argming L (0), 1)
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which are equivalent to the solutions of the original
problems [Egs. (6) and (13)]. Here, the quantities
VinP%(x|y) and »" (x|y) are linear functions of x because
of the Gaussian property, and the conditional probability
P¢(x|y) can be sampled more easily than P,(x) due to the
reproductive property of Gaussian distributions. Therefore,
these optimization problems [Egs. (18) and (19)] are
numerically simpler than the original optimization prob-
lems [Egs. (5) and (12)].

F. Examples of diffusion models

We present some representative examples of diffusion
models [40,43,48,63]. Here, we discuss the conditional
Gaussian formulations from the previous section. We
consider the temperature 7, and the external force f,(x)
as functions of non-negative parameters o,(>0) and
m,(> 0) such that

2

T, = m,0,0, (%) =0, <%> — o020, Inm,, (22)
t

0; Inm;

76 = () = @, (23)

The external force f,(x) is described by the linear function
[Eq. (16)] with A, = (9,Inm,)l, b, =0, where | is the
identity matrix and 0 is the zero vector. The diffusion
dynamics can be determined by the time dependence of m,
and o, instead of the time dependence of T, and f,(x). The
time dependence of m; and o, is also called the noise
schedule [40,43,48,63].

We sometimes make the following assumption for
the noise schedules. To satisfy 7, > 0, the monotonicity
condition

9, (%) >0 (24)

is assumed. The term m, /o, is called the signal-to-noise
ratio [41], which must be monotonically nonincreasing.
Furthermore, we assume the initial conditions m,_y = 1
and 0,_o = 0. Under these initial conditions, the solutions
of the mean g, (y) and the covariance matrix X, in P¢(x|y)
are given by

w(y) = my, z, = o7l (25)
(see Appendix B). For high-dimensional datasets such as
images, we often use this assumption [36,40,48,63]. In the
following, we show some examples of the noise schedules.

1. Example 1: Variance exploding diffusion
(VE diffusion)

We first introduce variance exploding diffusion (VE
diffusion) [36]. VE diffusion is a method based on the

noise conditional score networks [42], which is described
by the following Langevin equation [36]:

dx, = +/2T,dB,. (26)
This equation corresponds to the condition that there is no

external force f,(x) = 0. From Egs. (22) and (23), we
obtain 0, Inm, = 0 and

1) )

The condition 9, In m, = 0 means that the noise schedule is
given by m, = 1(0 < < 7) because the initial condition is
given by my = 1. Because of Eq. (24), o, should be a
monotonically nondecreasing function of time. While we
explain the VE diffusion in terms of the Langevin equation,
this method can also be described in the implementation as
the probability flow ODE.

2. Example 2: Conditional optimal transport

Next, we introduce the conditional optimal transport
(cond-OT) schedule used in flow matching. The cond-OT
schedule is known as a noise schedule that optimizes the
transport of the conditional distribution P¢(x|y) [63], which
is described as follows:

m;=1-— E,

T
! 28
o = 7 (28)
This noise schedule represents the change of the parameters
along the geodesic from (oy,my) = (0,1) to (o,,m,) =
(1,0) on the two-dimensional Euclidean space of the
standard deviation ¢, and the mean m,. The dynamics
along the geodesic can be regarded as optimal transport
based on the 2-Wasserstein distance for the conditional

probability distributions [63,70].

3. Example 3: Variance preserving diffusion
(VP diffusion)

Finally, we introduce variance preserving diffusion
(VP diffusion) [36]. VP diffusion is a method based on
denoising diffusion probabilistic models (DDPMs) [40,43].
The DDPMs are diffusion models that use the diffusion
from the input data distribution to the Gaussian distribution
N (x]0,1). VP diffusion is described by the following
Langevin equation [36]:

dx, = =T x,dt + \/2T,dB,. (29)
From Egs. (2) and (23), we get f,(x)=-Tx and
T,=—0,Inm,. By substituting 7,= —0d;Inm, into
Eq. (22), we also obtain the relation
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0 2
09, In(m?) = Gé(i’i =0,In(1 —6?). (30)
t

Since the initial conditions are given by oy =0 and
mqy = 1, the condition

m? + o7 =1 (31)

holds. This condition implies that m, and o, are on the unit
circle. Thus, we can consider a noise schedule that changes
the parameters along the geodesic on the unit circle from
(69,mg) = (0,1) to (6,,m,) = (1,0) as follows:

6, = sin (g 9 (32)

This noise schedule is called the cosine schedule [43].

Under the condition of VP diffusion (67 + m? = 1), we
consider the coordinate transformation to treat the diffusion
process without the external force. These methods based on
the coordinate transformation are called denoising diffusion
implicit models (DDIMs) [48]. The coordinate transforma-
tion in DDIMs is introduced as follows:

i= (33)

ny

Under this coordinate transformation and the conditions
Egs. (22) and (23) with T, = —0, In m,, the Fokker-Planck
equation is given by

0,P,(¥) = =V - HMV,? lnﬁ,(i)]ﬁ(')} (34)

(mz)2

(see Appendix C), where P,(X):=P,(x)(|d%/dx|)~",
Vi ==m,V, and |dx/dx| is the Jacobian. Therefore, the
corresponding Langevin equation is

2T,

=\ )

dB,. (35)

This Langevin equation describes a situation where the
external force is absent. In DDIMs, we generate data using
the probability flow ODE [Eq. (11)] [48].

III. RELATIONSHIPS BETWEEN STOCHASTIC
THERMODYNAMICS AND DIFFUSION MODELS

In this section, we review stochastic thermodynamics
(Sec. Il A) and the relationship between stochastic thermo-
dynamics and optimal transport theory (Sec. III B) from the
perspective of diffusion models.

A. Review on stochastic thermodynamics

We introduce nonequilibrium thermodynamics for the
overdamped Fokker-Planck equation [Eq. (1)], namely,
stochastic thermodynamics [3], and discuss its relation to
diffusion models. In stochastic thermodynamics, we mainly
consider the quantity called the entropy production rate as a
measure of thermodynamic dissipation rate. For the over-
damped Fokker-Planck equation [Eq. (1)], the entropy
production rate St is defined as

g = Ti / dx[[8P ()2, (x). (36)

Here, the Boltzmann constant ky is regularized to kg = 1.
This entropy production rate can be decomposed into the
entropy change rate in the system $;’° and the entropy

change rate in the heat bath S?" as follows:

SEO[ — S?ys + S?ath’ (37)
S =9, {— / dxP,(x) lnPt(x)], (38)

gbath _ fdxf,(x) ~VZD(x)Pt(x)
t - Tt )

(39)

where we use the partial integration and [ dxd,P,(x) = 0 to
derive the expression S;”°. Thus, the entropy production
rate S is regarded as the entropy change rate in the total
system. Its non-negativity S > 0 means the second law of
thermodynamics. As a measure of thermodynamic dissi-
pation, the entropy production from time t =0 to t = 7 is
also defined as

St = /0 “drse, (40)

In the original paper of the diffusion model [35], the idea
of a reverse process in diffusion models may be inspired by
the fluctuation theorem [8,37,38] or the Jarzynski equality
[39], which are the relations between the entropy produc-
tion and the path probabilities of the forward and backward
trajectories. Based on mathematical techniques in the
fluctuation theorem such as dual dynamics [3], we intro-
duce the following dynamics:

dx, = f,(x,)dt — 27 (x,)dt + /2T ,dB,, (41)

which corresponds to the estimated reverse process of the
score-based generative modeling [Eq. (9)] and is a special
case of the interpolated dynamics [32] for the velocity
field —v7 (x,).

Here, we discuss two path probabilities of the path
= {xg,Xa; ...,xNTAl}. Here, Az(> 0) is the infinitesimal
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time interval, and, thus, we consider the limit At — 0 with
fixed = = N, At. For the Langevin equation [Eq. (2)], the
transition probability from the state x at time 7 to the state y
at time ¢+ At is given by the expression of the Onsager-
Machlup function [92] as follows:

1

- —Hy—x—f,(x)AtHz/étT,At‘ 42
(4nT, A1) ¢ (42)

T.(ylx) =

Similarly, the transition probability from the state x at time ¢
to the state y at time ¢ + At for the process [Eq. (41)] is
given by

1

Tiok) = ——
O = A

e~ ly=x=F () Ar+27 (x) At|* /4T, At (43)

Using the transition probability [Eq. (42)], we define the
path probability for the forward process as

N,-1

Pr(I") = Po(xo) H Tnvacxvenadxna).  (44)

N=0

This path probability Pg(T") is related to the distribution of
the forward process P,(x). If we consider the path
excluding the state {x,,,} defined as I'..,n, = T\ {x,4,},
marginalizing the path probability Pg(I") gives
Pouai(®par) = [ dUzyaPr(T). Similarly, the path proba-
bility for the process in Eq. (41) is given by

Pg(I") = Po(xo) H varXvinadXnan)-  (45)
N=0

We remark that this path probability Py is not related to the
reverse process or the estimated reverse process, and
marginalizing the path probability Pg(I") does not yield
77; (x) or 75: (x), because this path probability Py is not
introduced as the time-reversed dynamics from the prob-
ability distribution function P or P},

The entropy production can be interpreted as the
statistical difference between two path probabilities Pg
and Py. If we consider the Kullback-Leibler divergence
between Pr(I") and Pg(I") defined as

Dyt (Pel|Py) = / dTPy(T) In (46)

we obtain the following relation between the Kullback-
Leibler divergence and the entropy production [3,22,32]:

87 = DxL(Pr||Pg) (47)
(see also Appendix D).

We remark that there are several expressions of the
entropy production as the Kullback-Leibler divergence. For

example, the entropy production can be formulated as the
projection in information geometry, which is a minimiza-
tion problem of the Kullback-Leibler divergence [32,103].
In the context of the fluctuation theorem, the expression
based on the path probability for the backward trajectory is
well discussed. The path probability for the backward
trajectory is defined as

N,-1

P, (xN,Az) H TNAt(xNAz|x(N+1)At)' (48)

N=0

Pe(l) =

We remark that this path probability P’y is not related to the
reverse process or the estimated reverse process because
this path probability P uses the transition probability 7,
which is not the transition probability of the reverse process
or the estimated reverse process, in the time-reversed
dynamics from the initial condition P, = 778. We can also
obtain the similar relation between the Kullback-Leibler
divergence and the entropy production [3,32,104]

52 = Dy (Pr[|Pg). (49)

(see also Appendix D). We here define the stochastic entropy
production for the path I" as s°/(I") = In[Pg(I")/P5(I)]. In
stochastic thermodynamics, the identity expls t"‘(F)] =
Pr(T")/Pg () is known as the detailed fluctuation theorem
[8,37,38]. If we introduce the expected value with respect to
Pr as Ep_[ = [dI'Pg(T)---, the entropy production
satisfies StOt = [EPF[ 5. We also can obtain the following
identity:

Ep, [exp(=s7)] = 1, (50)
where we use the normalization [dI'Py(I) = 1. This
formula is known as the integral fluctuation theorem
[37,38], and a special case of the integral fluctuation theorem
is known as the Jarzynski equality [39].

We remark on the analogous connection between the
fluctuation theorem and the diffusion model discussed in
the original paper on diffusion models [35]. In Ref. [35],
the path probability for the estimated reverse process Pk is
introduced as

N,-1

= 75(T)(xzv,m) H T%At(xNAt|x(N+l)At)v (51)

N=0

Pg(I')

and p(xg) is obtained from the marginalization
p(x9) = [dU4Pg(T"), where 77+ is the transition proba-
bility for the estimated reverse process. The expression of
Py is analogous to the expression of P. While we consider
the statistical difference between Pr and P} in stochastic
thermodynamics, we consider the situation where Pg
statistically mimics Py in diffusion models. In Ref. [35],
the transition probability 7°F is estimated from the problem
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of maximizing the lower bound K on the model log-
likelihood L(g|p) = [dxq(x)Inp(x)(> K). The lower
bound K includes the terms of the Kullback-Leibler
divergence and the differential entropy, and the derivation
of K is analogous to the derivation of the Jarzynski equality.
The maximization of K is solved as a partial minimization
of the terms of the Kullback-Leibler divergence.

As described above, there are several analogous con-
nections between stochastic thermodynamics and diffusion
models. Although not trivial, it may be possible to apply
stochastic thermodynamic techniques to diffusion models
due to similarities in mathematical structure. In particular,
interesting techniques in stochastic thermodynamics are
optimal transport theoretic techniques for the minimum
entropy production problem. We next discuss optimal
transport theory [25,105].

B. Optimal transport theory and
minimum entropy production

In this section, we introduce optimal transport theory and
its application to stochastic thermodynamics. We start with
the distance in optimal transport theory, namely, the p-
Wasserstein distance [25]. The p-Wasserstein distance
W,(P,Q) between probability density functions P(x)
and Q(y) satisfying P(x) >0, [dxP(x) =1, Q(y) >0,
and [dyQ(y) =1 is defined as

1/p
W, (P. Q) = (inf,,emp,@ / dxdynx—ynpn(x,y)) .
(52)

Here, I1(P, Q) is a set of joint probability density functions
defined as

[(p.0) - {n(x,y>|n<x,y> 20, [ dvate.y) = Plo)

[ dwntay) - Q@)}. (53)

If the pth-order moment is finite, the p-Wasserstein
distance W, (P, Q) remains finite and is well defined. In
the space of probability distribution functions which have a
finite pth-order moment, the metric space axioms are
satisfied [25] as follows:

W, (P.Q) 20, (54)
W,(P,Q) =0 P =0, (55)
W, (P.Q) = W,(Q.P). (56)

W, (P, Q) S W, (P,R) + W, (R, Q), (57)

where P, O, and R are probability density functions. It is
also known that W, (P, Q) < W, (P, Q) for p < g because
of Holder’s inequality [25]. The 1-Wasserstein distance and
the 2-Wasserstein distance are well used in machine
learning and stochastic thermodynamics due to some
mathematical properties.

For example, the 1-Wasserstein distance has a computa-
tional advantage, because it is computed from expected
values. Because of the Kantorovich-Rubinstein duality
[25], the 1-Wasserstein distance is given by the following
maximization problem:

Wi(P,Q) = sup (Eply] - [EQ[II/Dv (58)

y € Lip!

where Lip! is the set of scalar functions satisfying 1-
Lipschitz continuity defined as Lip' = {y(x)|||Vy(x)|| <
1} and Eply] is the expected value with respect to the
probability density function P(x) defined as Ep[y] =
J dxP(x)y(x). The computational complexity of the 1-
Wasserstein distance via the above maximization problem
is relatively simple. Therefore, the 1-Wasserstein distance
is well used as an objective function in generative models
such as the Wasserstein generative adversarial net-
work [64].

In addition, the 2-Wasserstein distance has good differ-
ential geometric properties. If P and Q are ny4-dimensional
Gaussian distributions N (up, Zp) and N (ug, Zy), respec-
tively, then the 2-Wasserstein distance can be computed as
follows [106]:

Wi (P. Q) = [l — gl
+t{Zp + 2y = 2[(Zp) 22y (Zp)2]'/2},

(59)

where tr denotes the trace of the matrix. If the variance-

covariance matrices are given by Xp = o3l and 2y = op|,
Eq. (59) is rewritten as

Wi (P, Q) = |lup — poll* + tr[(ep — 69)?l]
= llup = poll* + (6p = 69)*n4
= llup = noll* + llopl = op1|1%, (60)

where 1 is the vector defined as [1]; =1 (i = 1, ...,n4). In
this case, the 2-Wasserstein distance is equivalent to the
distance between (up,opl) and (ugy.opl) in the 2ny4-
dimensional Euclidean space of the means and the standard
deviations.

Note that the right-hand side of Eq. (59) is called the
Fréchet inception distance (FID) [82] when P and Q
represent the distributions of the real-world image data
and the generated image data in the latent space of the
inception model [107]. The right-hand side of Eq. (59)
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(i.e., the FID) is always less than W, (P, Q)? for the non-
Gaussian distributions P and Q [108], where their means
and covariances are given by (up.Zp) and (up,Xp),
respectively.

Next, we explain that the 2-Wasserstein distance pro-
vides a lower bound on the entropy production in stochastic
thermodynamics. We start with the following Benamou-
Brenier formula [109]:

Wy (P, Py) = \/infr /0 dr / dx]|v, (0P @), (61)

where the infimum is taken among all paths [v,(x),
Qt(x)]ostsr satisfying

0,q,(x) = =V - [v,(x)q,(x)],
qo(x) = Po(x).  q.(x) =Pc(x). (62)

Because the Fokker-Planck equation [Eq. (1)] is the
continuity equation, we obtain

WPy PR <t / “ar / WP )PP, (x)  (63)

from Eq. (61). If T, does not depend on ¢, this result can be
written as

WZ(Pov Pr)z

S;Ot Z
T

, (64)
where T(= T,) is the time-independent temperature. Thus,
the 2-Wasserstein distance provides the formula for the
minimum entropy production in a finite time = under the
condition that the initial distribution P, and the final
distribution P, are fixed [30].

This result [Eq. (64)] can be interpreted from the
perspective of the geodesic in the space of the
2-Wasserstein distance [29,32]. If we consider the infini-
tesimal time evolution from ¢ to ¢ + At, Eq. (61) indicates

WP, Proa ) < At / o / e[V () [2Ps (x)
— (@0? [ T @IPPix) + O (ar))
(65)

where O[(At?)?] denotes Landau’s big O notation. If we
define the speed in the space of the 2-Wasserstein distance as

BT WZ (Pta Pt+Az)
vl = Jim = (66)
we obtain the lower bound of the entropy production rate [29]
from Eq. (65) as

§ot > —[”2;?]2 . (67)

This lower bound [v,(1)]?/T, is called the excess entropy
production rate [31,32,110]. The equality S = [v,(1)]?/T,
holds when the velocity field is given by a gradient of a
potential function ¢, (x) as v} (x) = T,Vé,(x) [29,32,111].
The equality condition physically means the situation where
the external force f,(x) is given by conservative force f,(x) =
—VU,(x) with the potential energy U, (x). For the case where
the external force is given by f,(x) = Ax + b,, the equality
holds if A, is a symmetric matrix [112]. Equation (67) can be
written as 7,8 > [v,(¢)]>. The upper bound T,S%" can be
regarded as the instantaneous dissipative work [113] when
we consider the transition between equilibrium states.

If 7,(= T) does not depend on ¢, we obtain the following
hierarchy of inequalities for the minimum entropy produc-
tion known as the thermodynamic speed limits [29]:

sp = [y » B0
0

T
EZ
> T
— 1T
Wy(Py, P,)?
> = - 0
- T ’ (68)

where £, = |7 dtv,(t) is the path length in the space
of the 2-Wasserstein distance and we use the Cauchy-
Schwarz inequality [ [ di][ ¢ dt[v,(0)]*] = [J¢ dtvy(1)]?
and the triangle inequality £, > W,(Py, P,). The
path length £, can also be «calculated as L,=
limAt—H—O ZnN;?)] WZ(P(n—H)At? 7)nAt) with fixed 7 = NTAZ'
If the probability density function P; evolves along the
geodesic in the space of the 2-Wasserstein distance, the
following condition:

na(s) = 2Po Po) (69)

T

holds. This condition provides the equality condition of
Eq. (68):

J5difns0F _ Wa(Po, P
T T '

(70)

If the system is driven by a conservative force, S =
[v5(2)]?/T holds. Thus, the minimum entropy production
S = [W,(Py, P,)]*/(zT) is achieved when the system is
driven by a conservative force and the probability density
function P, evolves along the geodesic in the space of the
2-Wasserstein distance.

We discuss the thermodynamic uncertainty relations
[31,32,110,114] as other lower bounds on the entropy
production rate S©° and the excess entropy production rate
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[v2(2)]?/T,. Since the equality in Eq. (67) is achieved when
vl (x) = T,V¢,(x), the following equality:

[02;?] -7, / dx|| Vg, ()PP, () (71)

holds. This gives us the following inequality:
VR AAE

> [/ dx[Ve¢,(x)] - [Vr(x)]P,(x)r

— [Ti / dxr(x)d,P,(x)]z = {Tila,[Ep,[r}r (72)

for any time-independent observable r(x), where the expec-
ted value Ep [r] is defined as Ep [r] = [ dxP,(x)r(x) and
we use the Cauchy-Schwarz inequality, the continuity
equation 9,P,(x) = =V - {T,[V¢,(x)]P,(x)}, and the par-
tial integration. Note that the validity of this continuity
equation is due to the Benamou-Brenier formula [109]. From
Egs. (67) and (72), we obtain the thermodynamic uncertainty
relation for the excess entropy production rate [31,110]:

[0,Ep, []]?
T TEp (VP

2

S}Ot > [vZ(t)] (73)
T,

which implies a trade-off relation between the speed of the

observable |0,Ep [r]| and thermodynamic dissipation rate

S If we define the normalized speed of the observable
r(x) as v,(r) = [0,Ep [r]|/+/Ep,[||Vr|?], this inequality
[Eq. (73)] can be written as

[02()]* 2 [v, (1)) (74)

Thus, this expression [Eq. (74)] implies that the speed in the
space of the 2-Wasserstein distance is the upper bound on the
speed of any time-independent observable r(x). We note that
this expression [Eq. (74)] can be regarded as the inequality
[WZ(PNPH-At)/At]z 2 [Wl (PtvPH-At)/AtP in the limit
At - +0 if we substitute the 1-Lipschitz function
w € Lip!, which gives the 1-Wasserstein distance, into r [33].
By considering the following maximization problem of
this lower bound with respect to the observable r(x):

[0, Ep,[r]]?
r*(x) €argmax, ) —=—-, (75)
T Ep, V7]
the optimal observable r*(x) gives the speed
o0,Ep 1"
t) — | 1 P,[r ” (76)

NCRTZE

and the gradient of the optimal observable Vr*(x) is
proportional to the velocity field 7,Vé,(x) = c¢Vr*(x)

with the proportional coefficient ¢ = v,(¢)/y/Ep,[||Vr*||?]

[31,110]. Even if the external force f,(x) is not
conservative, there exists a method to estimate the velocity
field from a time series data of the Langevin dynamics by
considering the maximization problem based on the other
thermodynamic uncertainty relation [18,21,23], which may
be useful for estimating the velocity field in diffusion
models.

IV. MAIN RESULT

In this section, we explain the main results of the paper.
Based on optimal transport theory and stochastic thermo-
dynamics, we derive upper bounds on the estimation error
in data generation of diffusion models by the entropy
production rate, namely, the speed-accuracy relations for
diffusion models. This upper bound is derived based on an
analogy to the thermodynamic speed limit and the thermo-
dynamic uncertainty relation. Based on the upper bound,
we can introduce an optimal protocol for the accuracy of
data generation in diffusion models given by the geodesic
in the space of the 2-Wasserstein distance. This protocol is
analogous to the optimal protocol for minimum entropy
production. We discuss the relationship between the opti-
mal protocol and the noise schedules such as the cond-OT
schedule and the cosine schedule, and we illustrate the
main results numerically.

A. Speed-accuracy relations for diffusion models

We explain the main result of the paper. If the velocity
field of the forward process is accurately reconstructed
[2,(x) =27 (x)] in the probability flow ODE or the flow-
based generative modeling, we can derive the following
inequality:

1(AW,)? / .
= < TS 77
. Dy T Jo drLSi™ (77)

which is a relation between the thermodynamic quantity
and the estimation error in data generation. Inspired by the
notion of energy-speed-accuracy trade-off relation [115],
we call this result the speed-accuracy relation for diffusion
models, because AW, corresponds to the accuracy, and
T,S can correspond to the speed in the absence of the
nonconservative force, as discussed later. The right-hand
side of this inequality is given by thermodynamic quantities
such as the entropy production rate S and the temperature
T,, and these thermodynamic quantities are computed in
the forward process. The quantities on the left-hand side of
this inequality are given by the difference between the
reverse process and the estimated reverse process. The
quantity D, is the Pearson y* divergence [116] defined as
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FIG. 3. Tllustration of the speed-accuracy relation for diffusion
models [Eq. (79)] in the absence of the nonconservative force. We
evaluate the difference between the initial conditions of the reverse
process 'Pg and the estimated reverse process 753) by the Pearson y?
divergence D and the estimation error of the generated data by the
change of the 1-Wasserstein distance AW,. The speed-accuracy
relation for diffusion models implies that the diffusion speed cost
JEdt[va(7)]* measured by the 2-Wasserstein distance in the
forward process affects the accuracy of the generated data given
by the response function (AW,)?/D,.

,_ [Ph(x) = Po(x))?
Dy = / dx 2 Pg(x;’ , (78)

which quantifies the difference between the initial con-
ditions of the reverse process Pg(x) and the estimated
reverse process Py (x) at 7 = 0. This Pearson’s x> diver-
gence is the f divergence, which becomes the Fisher
information when the difference P (x) — P} (x) is suffi-
ciently small [83]. The quantity AW, :=W,(q,p) —
WI(PS,f?g) is the change of the 1-Wasserstein distance
between reverse and estimated reverse processes from time
=0 to 7=17. In generative models, we sometimes
consider the estimation error using the 1-Wasserstein
distance W, (¢, p) for model evaluation [66]. If we con-
sider the initial condition satisfying W, (Pg, 753) ~0, AW,
becomes the estimation error AW, ~ W, (q, p). Therefore,
(AW),)?/D, is considered as a response function, which
quantifies how much the perturbation of the initial dis-
tribution D, for the estimated reverse process at 7 =0
affects the estimation error of the generated data AW, at
7 = 7 (see also Fig. 3). If the response function (AW),)?/D,
is smaller, the accuracy of the generated data is better
regardless of the initial condition deviations. Thus, a
smaller value of (AW, )?/ D, means robustness of diffusion
models against the change of the initial distribution 758 (x).
In other words, the value of (AW),)?/D, represents the
degree of change in the generated data with respect to the
initial perturbation. Therefore, the value of (AW,)?/D,
can also be considered as the sensitivity of the generated
data. Our result shows that the thermodynamic quantities

corresponding to the thermodynamic dissipation in the
forward process [J dtT, S give the upper bound on the
sensitivity of diffusion models (AW, )?/D,.

In particular, when the external force is conservative,
and, thus, the velocity field of the forward process is given
by the gradient of a potential [v] (x) = T,V¢,(x)], we also
obtain

1(AW,)? 7

S < [Cauatop (19)
from the equality condition of Eq. (67). This result in the
absence of the nonconservative force is also called as the
speed-accuracy relation for diffusion models. The right-
hand side of this inequality [ dt[v,(¢)]>, which corre-
sponds to the excess entropy production, is given by the
diffusion speed measured by the 2-Wasserstein distance
v, (1) in the forward process. This quantity |7 dt[v,(7)]* is a
purely information-theoretic quantity which is considered
as the diffusion speed cost in the forward process (see also
Fig. 3). According to this result [Eq. (79)], the response
function (AW, )?/ D, becomes larger as the diffusion speed
cost [ dt{vs(7)]* becomes larger. In other words, the
accuracy of the generated data can decrease as the diffusion
speed increases in the forward process. Since we usually
consider a conservative force in the implementations of the
flow-based generative modeling and the probability flow
ODE, this result without an explicit expression by thermo-
dynamic dissipation may be more useful and intuitive
rather than the general result [Eq. (77)].

According to the speed-accuracy relation for diffusion
models [Eq. (79)], we can consider minimizing the dif-
fusion speed cost [ di[v,()]* to increase the accuracy of
data generation, which is quantified by the smallness of the
response function (AW, )?/D,. Therefore, minimizing the
diffusion speed cost [ d[v,(#)]* can improve the perfor-
mance of diffusion models. When the initial state P,
the final state PP,, and the time duration 7 are fixed, the
minimization problem can be discussed based on the
geodesic in the 2-Wasserstein metric space. We discuss
this minimization problem of the diffusion speed cost in
Sec. IV C.

As an instantaneous expression of the speed-accuracy
relations for diffusion models, the following detailed
inequality can be derived:

[0, (Pi_, PL))?
D,

< T,8%t (80)

This equation is also regarded as [vs(1)]? < T8, where
Vioss (1) = [0, (PL_,. PI_,)|//Dy is the change rate of
the normalized estimation error. This inequality is analo-
gous to the thermodynamic uncertainty relation [Eq. (74)].
We also obtain the hierarchy of inequalities corresponding

031031-13



IKEDA, UDA, OKANOHARA, and ITO

PHYS. REV. X 15, 031031 (2025)

Complete estimation (Egs. (77), (79), (81), (83))

T ) T 2
/ dt T, 580t > / dt [Vress (£)]? > (&)
Jo 0 7Dy

Wp C1 Ul

Il
/ dt [ ()2
o T

Instantenous expression
(Egs. (80), (82))

TtS;;Ot 2 [Uloss (t)]2

Il Conservative force

[1)2 (t)]2 fi(®) =-VU(x)

Conservative force
Ji(x) ==VUi(z)

Incomplete estimation (Eq. (100))

/dtTtSttOt-f— I V7TLo(0%) > AW,
0 Dmax TDmax

FIG. 4. Summary of the main results. We show a hierarchy
between the inequalities and a generalization for incomplete
estimation discussed in Sec. VA.

to the speed-accuracy relations for diffusion models as
follows:

2 T T .
(A7 [ atistor < [Tamse @
Dy 0 0

which is analogous to the hierarchy of the thermodynamic
speed limits [Eq. (68)].

Especially when the external force is conservative,
[v5(1)]> = T,8° holds. Thus, Eq. (80) indicates that the
speed in the space of the 2-Wasserstein distance v,(7) is the
upper bound on UIOSQ( ) |a W (PT t’ :—t)|/\/lTO as

[02(1)]> 2 [v10ss ()] (82)
Equation (81) is also rewritten as

(Af)g);) S/()Tdt[vloss<t)]2 S[)Tdt[vzo)]z’ (83)

In summary, we have illustrated various inequalities in
Fig. 4. As shown in Fig. 4, we also note that we later
discuss a generalization of the main result for incomplete
estimation in Sec. VA. In Sec. IV D, we also use the
abbreviated notations wp, = [7 diT, S, ¢, = [7 dt[v,(1))?,

= [fdt{vies(2)]>, and = (AW,)?/tDy. Thus,
Eqs. (81) and (83) can be rewritten as wp > ¢y > 7 and
cy > ¢y > 1, respectively (see also Fig. 4).

B. Proofs of the main result

Here, we show the derivation of the main result. We start
with the derivation of Eq. (80). For the sake of simplicity,
we introduce a notation for the probability density function
of the estimated reverse process P,(x) == P!_,(x) accord-
ing to the time direction of the forward process. Based on
the Kantorovich-Rubinstein duality, the 1-Wasserstein dis-
tance is given by
Wi (P PL) = Wi(P, Py) = Ep [wi] — Ep, [wil, (84)
where y; = argmax([Ept [w] —

w€Lip!
ution of the maximization problem [Eq. (58)]. Since
we assume that the velocity field of the forward process
is accurately reconstructed [#,(x) = »7 (x)], the continuity
equations for the reverse process and the estimated
reverse process [Eqgs. (3) and (4)] are given, respec-
tively, by 0,P,(x) ==V - (F(x)P,(x)) and 9,P,(x) =
~V - (07 (x)P,(x)). Therefore, the time evolution of the
difference between two probability density functions

8P, (x) = P,(x) — P,(x) is given by

0,6P,(x) = 7 (x)5P, (x)). (85)

Ep, [w]) is the optimal sol-

V- (v

Using Eq. (85), we obtain

0,(Ep, ] — Ep [w]) = / ey (x)0,5P, (x)

_ / dxViy(x) - 1P (x)5P,(x),  (86)

for any time-independent 1-Lipschitz function y € Lip',
where we use the partial integration and we assume that
&P, (x) disappears at infinity. From the Cauchy-Schwarz
inequality and the 1-Lipschitz continuity ||V (x)|| < 1, we
obtain

(0,(Ep, [v] = Ep, [w]))?

— </ dx Vi (x) .,/Z’(x)(SP,(x))z
</dx||1/, )PPy (x ></dXIIVw (x) p DA g;)z)
< ([asprmpew)( [ a2

=T,8°D,_,, (87)

where D,_, is the Pearson y* divergence at time 7 = 7 — ¢
defined as D,_, = [ dx[P}_,(x) — Pl_,(x)]?/Pi_,(x). We
can show that the time derivative of D,_, is 9,D,_, = 0 (see
Appendix E). Therefore, D,_, = Dy(= const) holds, and
we obtain the inequality
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10,(Ep,[w] = Ep [w])| < /TS Dy, (88)

for any 1-Lipschitz function y € Lip!. We now implicitly
assume the existence of 9,V ( - 75I_,), which can be
justified by the smoothness of W, (P!_,, PI_,) as a function
of 7. In the case of o,W,(P._,,PL_,) >0, we obtain the

lower bound on +/7,5%'D,, as follows:

0 < 5,W1 (PI—ta 75I—t)
m Wl (Pt’ 7~Dt) - Wl (Pt—An 7~Dt—At)

= 1.
At1—>+0 At
|E * — |E - * — E * + E . *
< lim P, il P, 7 Prar 74 Pras 7 ]]
At—+0 At

= 0,(Ep,[wi] = Ep [wi)| _, < /TS Dy, (89)

where we use the fact that W,(P_a;.Prn)=

lEPr—A[ [W?—At] - [E75,_A, [W:—At] 2 [EP,_A, [Wﬂ - [Ef?,_m [Wﬂ holds
because of the expression of the 1-Wasserstein distance
[Eq. (58)] and we use the fact that Eq. (87) holds for any -
independent 1-Lipschitz function y} € Lip'. In the case of

oW, (PI_,,PI_,) <0, we obtain the lower bound on

V/T,85¥' D, similarly as follows:

0< =0 W (P, PL))
— lim Wl (73,,75,) _WI(PHAz’fDHAt)

At—+0 At

< =0,(Ep,[wi] — Ep, wiDl,_, < \/T:SP*Do.  (90)

where we use the inequality W, (P, ianPria) =

Ep, s Wiiald —Ep,  Wiial 2 Ep,  lwi] —Ep | [wi] and
Eq. (87). By squaring both sides of the inequalities (89) and
(90), the resulting inequalities are equivalent to Eq. (80).
Thus, our main result Eq. (80) is proved regardless of the
sign of 9,0V, (PL_,. Pi_,).

We next derive Eq. (77). By integrating Eq. (80) with
respect to time and applying the Cauchy-Schwarz inequal-
ity, we obtain

z . 1 T -
[Camse= o [Taowip. PP
0J0

0
1 e - \2
z( / dtatWI(Pz,Pt)>
TD() 0

A 2
_(AW)" (91)
TD()

which is equivalent to Eq. (77). This equation is also
equivalent to Eq. (81), because vy,i(7) = [0V, (P,. P,)|/
VDo.

C. Optimality in the noise schedule

We discuss the diffusion speed cost [7 dt[v,(1)]?, which
is the upper bound on the response function in the speed-
accuracy relation for diffusion models [Eq. (79)] in the
absence of the nonconservative force. Lowering this upper
bound in Eq. (79) means making the response function
(AW),)?/D, small, and this lowering leads to robust data
generation against perturbations of the initial distribution in
the estimated reverse process. Since the diffusion speed
cost depends only on the dynamics of the forward process,
itis possible to discuss the optimality of the noise schedules
based on the diffusion speed cost.

We explain why we consider only the upper bound in
Eq. (79) and not the upper bound in Eq. (77). If we start
with the upper bound in Eq. (77), the lowering of the upper
bound in Eq. (77), [fdt[vs(1)]?, is achieved only if the
nonconservative force does not exist due to the inequality
T,8° > [v,(£)]? in Eq. (73). Thus, we may need only to
consider the situation where the nonconservative force is
absent and Eq. (77) is identical to Eq. (79). Therefore, the
absence of the nonconservative force is a necessary con-
dition for an optimal protocol.

We focus on the case where the nonconservative force is
absent to discuss an optimal noise schedule. Similar to the
discussion of the minimum entropy production [Eq. (68)],
the lower bound of the diffusion speed cost is given by

/sz[vz(o]z 5 L2y Va(Po. PP

0 T T

(92)

The equality condition is v,(t) = W,(P,, P,)/z, which
causes the time evolution of P, to be driven along the
geodesic in the space of the 2-Wasserstein distance. This
time evolution can be discussed in terms of the optimal
transport protocol discussed in Ref. [109]. At least from the
perspective of the speed-accuracy relations for diffusion
models, an optimal noise schedule is introduced by con-
sidering the optimal transport (OT) schedule, which causes
the time evolution of ‘P, to be driven along the geodesic in
the space of the 2-Wasserstein distance. We illustrate the
example of an optimal noise schedule given by the OT
schedule in comparison to other noise schedules such as the
cosine schedule and the cond-OT schedule (see Fig. 5).

While OT schedule can lead to accurate data generation,
it is computationally difficult to construct the diffusion
process that achieves optimal transport in high-dimensional
data. Therefore, the cond-OT schedule, which can be
considered as an approximate optimal transport, is pro-
posed. If the input distribution ¢(x) is normalized such that
E,[x] = 0 and E,[||x||*] = nq and the external force and the
temperature are given by Eqs. (22) and (23), the diffusion
speed cost is given asymptotically by the conditional
kinetic energy & [69] in the limit Np/\/ng — O:
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Cosine schedule
Forward
process P, (z)

Estimated reverse @
process P, (x)
Cond-OT schedule __

Forward
process Py (x)

Estimated reverse ey
process P, (x) gl |
Optimal transport (OT) schedule

Forward P o
Estimated reverse W\\ s
process P, (x) @ {?ﬁ; m

0 1/5 2/5 3/5 4/5 it)r

FIG. 5. Examples of the forward process and the estimated
reverse process according to three noise schedules: the cosine
schedule [Eq. (32)], the cond-OT schedule [Eq. (28)], and the OT
schedule which gives the dynamics along the geodesic in the
space of the 2-Wasserstein distance. These figures show the time
evolution of samples from a two-dimensional Swiss-roll dataset
(ng = 2) in the flow-based generative modeling. In all noise
schedules, we use the same sample for the initial distribution of
the estimated reverse process 757(x). Compared with the cosine
schedule and the cond-OT schedule, the noise in the generated
figure is relatively small when we consider the OT schedule. This
result is consistent with the optimality based on the speed-
accuracy relations for diffusion models.

/ " (O] = gL, (93)

0

where the dimension of the data n,4 is sufficiently large
compared to the number of data Ny (Theorem 4.2 in
Ref. [69]). Here, the conditional kinetic energy &, for the
conditional Gaussian probabilities are given by &. =
(1/7) JF dt[(9,0,)* + (0,m,)?] [69]. Thus, if the data dimen-
sion is sufficiently larger than the number of data, the
optimality based on the speed-accuracy relations for
diffusion models can be discussed by considering the
minimization of this quantity nq [7 dt[(d,0,)> + (9,m,)?]
instead of the minimization of the diffusion speed
cost [§ dilv, (1))

We explain that minimizing nq [§ dt[(0,6,)> + (0,m;)?]
leads to the cond-OT schedule [Eq. (28)] and the cosine
schedule [Eq. (32)]. When o, and m, are unconstrained, we
obtain a lower bound

T _ b B )
nd/ dt[(0,6,)* + (9,m,)*] > ny (60 —0¢) t(mo m,) ’
0

(94)

from the Cauchy-Schwarz inequality. The equality con-
ditions of this inequality are 0,6, = (6, —0()/7r and
o,m, = (m, —mgy)/7, which can be regarded as the
cond-OT schedule [Eq. (28)]. Under the constraint of

VP diffusion, 67 + m? = 1, we can introduce the angle
0, which satisfies (m,,o,) = (cosf,,sin6,). From the
Cauchy-Schwarz inequality, we also obtain another lower
bound:

" A (0,0, + (@m,)?] = ng / (0,6,

0
(90 - 91)2

T

The equality condition of this inequality is 9,0, = (0, —6,) /7,
which can be regarded as the cosine schedule [Eq. (32)]. The
cond-OT schedule or the cosine schedule are considered
practical suboptimal protocols in terms of the speed-accuracy
relations for diffusion models when the dimension of the data
is sufficiently larger than the number of data.

Finally, we mention about the tightness of the bound in
Eq. (79), since lowering the diffusion speed cost [ di[v,(1)]*
can reduce the response function (AW,)?/D,, if the bound
is tight enough. The tightness of the bound in Eq. (79)
can be discussed based on the equality condition of the
inequalities used in the proof [Egs. (87), (89), (90), and (91)].
The equality conditions of Eq. (87) are »/(x)
Vy (x)6P,(x)/P,(x) and ||V (x)|| = 1. If we consider
w(x) = y;(x), the condition ||V (x)|| = 1 may be satis-
fied almost everywhere, because w;(x) is the optimal
solution of linear programming with the linear inequality
constraint ||V (x)|| <1 [117]. The condition »! (x)
Vy (x)6P,(x)/P,(x) for w(x)=w;(x) is generally not
expected to be satisfied. However, the bound is not so loose
if v7(x) is not orthogonal to Vi (x)sP,(x)/P,(x). If
|0,(Ep, [wi] — Ep [wi])| has a finite value, the nonorthogon-
ality can be guaranteed and the bound may not be loose. The
equality conditions of Eqs. (89) and (90) are y; = y_,, and
Wi =y, A, Tespectively. Because P,(x) =~ P, (x) and
P,(x) =P, (x) may be satisfied as a consequence of
dynamics, y; ~y7j,,, may be expected, and the bound
may be tight. The inequalities Eq. (91) become tight when
oW, (P,, 75[) is constant. While this condition is generally
not expected to be satisfied, the numerical resultin Sec. [V D
supports that this condition may be achievable if we use
the OT schedule. In Sec. IV D, we also confirm numerically
that both sides of Eq. (79) do not differ by an order of
magnitude in simple examples and realistic image gener-
ation, and the bound in Eq. (79) can become relatively tight.
This fact implies that the discussion in this section may
be valid.

D. Numerical experiments

In this section, we first illustrate the validity of our main
result [Eq. (79)] in a one-dimensional situation where all
variables of Eq. (79) can be computed numerically by
density estimation (Sec. IV D 1). Second, we illustrate a
two-dimensional situation with a nonconservative force,
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where we have to consider the bound in Eq. (77) instead of
the bound in Eq. (79). We show the importance of
considering the bound given by the entropy production
rate in diffusion models (Sec. IV D 2). Finally, we show
that our main result [Eq. (79)] provides meaningful bounds
in practical situations using the real image dataset and
trained flow matching models (Sec. IV D 3).

1. One-dimensional Gaussian mixture distribution

We illustrate the validity of the speed-accuracy relations
for diffusion models by simple numerical experiments. We
consider the one-dimensional flow-based generative mod-
eling (x €R). We now consider the situation where the
velocity field of the forward process is accurately recon-
structed and ¢(x) is given by the Gaussian mixture
distribution

1 1
q(x) = 5N(x|m"‘, o?) + 5N(x|mb, c?).  (96)
Here, N (x|m, 6?) is the one-dimensional Gaussian distri-
bution with the mean m and the variance ¢>. The velocity
field »7 (x)( € R) can be calculated analytically as follows
(see Appendix G for details of the numerical calculation):

WP (x) = 00 _ ™ (% _ %) Ep b, (97)

oy _Pr(x) O; my

lemx +oim*l . 1o*mx +oml

2 ol +otm? 2 2 ’

Epe =
Pl 67 + 6>m?
(98)

where N and N'® are the Gaussian distributions defined as
N* = N (x|mm*,0? + 6*>m?) (x=a, b). We set the
parameters m* = —m® = 1/0.35 and ¢ = 0.3. We consider
various perturbations of the initial condition in the esti-
mated reverse process 758 (x) at7 = 0 (see also Appendix G
for details). We numerically compute the quantities in the
speed-accuracy relations for diffusion models [Eqgs. (79),
(83), and (80)] in Fig. 6.

We discuss the interpretations of the numerical results in
Fig. 6. In Fig. 6(a), we show the time evolution of the
probability density functions in the forward process P, (x)
and the time evolution of the probability density functions
in the estimated reverse process P,(x) with three noise
schedules: the cosine schedule, the cond-OT schedule, and
the OT schedule. Note that the cosine and cond-OT
schedules are not considered the optimal transport because
we are considering the situation where Np/,/nq is not
sufficiently small. The initial condition in the estimated
Teverse process PS (x) is fixed to the Gaussian distribution
N (x|1,1), while the final state in the forward process
is given by the Gaussian distribution A (x]0,1).

In Appendix G, we also show the cases with other initial
conditions P(T) (x) (see also Fig. 9). In Fig. 6(a), the
probability density functions in the forward process with
the cosine schedule and the cond-OT schedule are signifi-
cantly changed between time r = 0 and 7 = (1/3)7 com-
pared to the OT schedule. Thus, the data structure
corresponding to the two peaks of the probability density
function is not well recovered in the estimated reverse
process for the cosine and cond-OT schedules between ¢ =
(1/3)7z and ¢ = 7, while the two peaks can be seen between
t = (1/3)7 and t = (2/3)7 in the estimated reverse process
for the OT schedule.

Next, we numerically confirm the speed-accuracy rela-
tions for diffusion models [Egs. (79) and (83)] and the
detailed inequality [Eq. (80)] hold under the various con-
ditions of 732) (x) in Figs. 6(b)-6(e): (b) a Gaussian distribu-
tion with a different mean, (c) a Gaussian distribution with a
different variance, (d) a Gaussian mixture distribution,
and (e) a uniform distribution. Here, we use the notation
n<c <c, for Bq. (83), where n = (AW),)?/Dy, ¢, =
JE di[vy05s(2)]%, and ¢, = [§ dt{v,(2)]*. We confirm that the
speed-accuracy relations for diffusion models are valid under
all conditions. We also observe that the bounds in Eq. (80) are
tighter in the case of OT than the bounds in the cases of the
cosine and cond-OT schedules. There is a tendency for the
bound in the detailed inequality [Eq. (80)] to become loose
during the time evolution for the cosine schedule and the
bound in the detailed inequality [Eq. (80)] to become loose at
the beginning and at the end of the time evolution for the
cond-OT schedule. The upper bounds of the response
function 7, namely, c¢; and c,, are tighter for the OT schedule
compared to the cosine and cond-OT schedules. The value of
the response function # for the OT schedule is also the
smallest for any schedule (see Table I), which supports our
conclusion that the OT schedule provides the most accurate
data generation. We also confirm that [, ()]? is constant,
and, thus, |0,V (P,, P,)| is also constant in the case of OT
schedule. Moreover, our bounds become relatively tight in
the case of OT schedule for conditions (b) and (c).

Interestingly, although the values of the upper bounds ¢,
and ¢, for the OT schedule are so small compared to the
cosine and cond-OT schedules, the value of the response
function # for the OT schedule is not so small compared to
the cosine and cond-OT schedules. In fact, the probability
density functions corresponding to the generated data p(x)
in Fig. 6(a) are not significantly different under different
conditions. The reason for this fact may be that we are
considering only a simple data structure of one-dimen-
sional Gaussian mixtures, so larger differences in 77 between
different noise schedules may occur when the data structure
is more complex. Reducing the time duration 7 and rapidly
changing the time evolution in the forward process may
also cause large n differences between different noise
schedules.
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FIG. 6. Numerical calculations of the speed-accuracy relations for diffusion models [Egs. (79), (80), and (83)]. (a) The time evolution
of the probability density functions in the forward process and the estimated reverse process with the cosine schedule, the cond-OT
schedule, and the optimal transport (OT) schedule. Here, ¢ denotes time in the forward direction, and we show the probability density

functions at t =0, t = ¢/3, t = 27/3, and 7 = 7. The final state of the forward process is P,(x) = N (x
1, 1) as the initial condition of the estimated reverse process. (b)—(e) We show the

N(x

distribution with a different mean P} (x)

0,1). We use a Gaussian

situation where the initial condition of the estimated reverse process 73;, (x) is (b) a Gaussian distribution with a different mean, (c) a
Gaussian distribution with a different variance, (d) a Gaussian mixture distribution, and (e) a uniform distribution. The plot at the top left
in each section shows the comparison between 2 (x) and P, (x) = N (x|0, 1), where A (x|0, 1) is shown in gray. In the top right-hand
section, we show the bar graph which displays the quantities n = (AW,)?/(tDy), ¢; = [§ dt[vioss(1)]%, and ¢, = [ dit[v,(2)]?, and this
figure shows the validity of the inequality # < ¢; < ¢, [Eq. (83)]. In the bottom row, we show the time evolution of [v,()]> and
[V10ss(2)]2, and this figure shows the validity of the inequality [v,(7)]? > [v1s(£)]? [Eq. (80)]. Since [v,(#)]? and ¢, depend only on the
forward process, these values are consistent within different initial conditions in (b)—(e). See also Table III in Appendix G for more
detailed explanations, including the probability density function 75$(x) used in (b)—(e).

TABLEI. The values of the response function 7 = (AW))?/(zDy) in the numerical calculations (in Fig. 6). Since
we compute 3 x 10% samples, we display the value with four significant digits.

Initial conditions Noise schedules Values of 7
Gaussian distribution with a different mean Cosine 9.188 x 1072
Cond-OT 8.781 x 1072

oT 8.537 x 1072

Gaussian distribution with a different variance Cosine 1.078 x 107!
Cond-OT 1.047 x 107!

oT 1.022 x 10~!

Gaussian mixture distribution Cosine 2.764 x 1072
Cond-OT 2.674 x 1072

oT 2.611 x 1072

Uniform distribution Cosine 2.142 x 1072
Cond-OT 2.068 x 1072

oT 2.033 x 1072
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Our discussion based on the speed-accuracy relations for
diffusion models may not be sufficient to explain why the
cosine and cond-OT schedules work well even when
N/\/nq is not sufficiently small. Since the value of 7 is
indeed approximately equal to the value of ¢, for the OT
schedule, the value of # itself can be considered to be
determined by the speed-accuracy relations for diffusion
models. To understand why the response function # for the
OT schedule is not so small compared to the cosine and
cond-OT schedules, it may be necessary to consider not
only the upper bound on 7 derived in this paper, but also the
lower bound on 7.

2. Two-dimensional Swiss-roll dataset

Second, we illustrate a situation where the nonconserva-
tive force is present and we need to consider the bound
given by the entropy production rate S' [Eq. (77)] instead
of the bound given by v,(¢) [Eq. (79)]. Specifically, we
consider a two-dimensional Swiss-roll dataset and use a
noise schedule with a nonconservative external force as

1= (o )

G, H,

1
n=oa(1-) 1,
T
1
Gt:g<1 ——>,
T

£\ 2
T, =Tp, (—) : (99)
T
where h€R., T, €R., and g € R are parameters to
control the noise schedule. In the case of g =0, this
external force f,(x) is conservative. In the case of g > 0,
this external force f,(x) is nonconservative. Since it is
difficult to derive a closed form of the velocity field in this
situation, we adopt a denoising score matching method
with sufficiently large artificial neural networks and sim-
ulate the forward and estimated reverse processes using the
estimated score function to evaluate Eq. (77). We set the
parameters & = 1.1 and T, = 0.5 and change the value of
g in {0,3,5}. We set the initial condition of the estimated
reverse process P,(x) as the Gaussian distribution with
different variance N(0, (0.9)]), because the probability
distribution P,(x) becomes the Gaussian distribution
N(0,1) in the limit 7 — co (see also Appendix G). For
comparison, we also numerically estimate the optimal
transport noise schedule using a method introduced in
Ref. [72] (see also Appendix G). We numerically compute
the quantities in the speed-accuracy relations for diffusion

models [Egs. (77) and (80)] in Fig. 7.
Through the illustration in Fig. 7, we can confirm the
validity of minimizing the upper bound of our results

[Egs. (77), (80), and (81)] against improving the robustness
of the diffusion model. In Figs. 7(a)-7(d), we can see that the
generated data P, (x) = p(x) become significantly different
from the training data Py (x) = ¢(x) inthecaseof g = 0,3, 5
[Figs. 7(a)-7(c)] compared to the OT schedule [Fig. 7(d)].
We confirm that the bounds [Egs. (77), (80), and (81)] are
valid for each noise schedule in Figs. 7(e) and 7(f). We also
confirm that minimizing the thermodynamic cost wp =
J¢ diT,SP qualitatively improves the robustness of the
generation in Fig. 7(f). The values of # in g = 0, 3, 5 differ
by orders of magnitude compared to other noise schedules,
while the value of # in the OT schedule remains in an
acceptable range. We confirm that minimizing the upper
bound wp, in Eq. (77) and considering the OT schedule are
effective in ensuring that the generated data do not differ from
the training data.

We discuss the effects of nonconservative forces and
thermodynamic dissipation, which could not be dealt with
in the one-dimensional Gaussian mixture distribution. The
numerical results also show that the strength of the
nonconservative forces g affects the sensitivity of the data
generation. The sensitivity (AW, )?/(zDy) increases with
increasing ¢ in the region up to g = 5. This trend is similar
for the upper bound wp, and it can be said that the
sensitivity of data generation in the diffusion model is
higher in situations of strong nonconservative forces, where
more thermodynamic dissipation occurs. Nonconservative
forces have not been considered in conventional diffusion
models using cond-OT and cosine schedules. It can be
assumed that nonconservative forces have not been consid-
ered to ensure that data generation is robust. On the other
hand, if one wants to deliberately create a generated result
that is different from the training data, it is necessary to
increase the sensitivity (AW, )?/(zDy). Therefore, one could
consider a situation where such nonconservative forces are
included in diffusion models and thermodynamic dissipation
is dared to occur in the forward processes.

In addition, Figs. 7(a) and 7(d) show a situation where
OT schedule provides superior generation results even in a
conservative situation as discussed in Fig. 6. As mentioned
earlier, the noise schedule in Eq. (99) with g = 0 provides a
conservative external force f,(x), and in this case [v,(?)]* =
T8 wp = |&dt[v,(1)]? holds. From this perspective, the
comparison between the schedule of g =0 and the OT
schedule can be seen as a confirmation of Egs. (79) and
(83), similar to the situation we dealt with in Fig. 6.
Looking at Fig. 7(f), we can see that the g = 0 schedule has
a higher # than the OT schedule by a sufficient margin
(Table II) compared to the cosine, cond-OT, and OT
schedules in the previous setup of a Gaussian mixture in
one dimension (Table I). This is because the schedule of
g =0 is far from the optimal schedule, while the cosine
and cond-OT schedules are suboptimal as discussed in
Sec. IV C.
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FIG. 7. Numerical experiments of the speed-accuracy relations for diffusion models [Eqgs. (77), (80), and (81)] in two-dimensional
Swiss-roll situation. (a)—(c) The time evolution of the probability density function in the forward process and the estimated reverse
process with the noise schedules using g = 0, 3, 5 in Eq. (99). The value g stands for the degree of nonconservativeness, and g = 0
denotes a situation with conservative external force f,(x). (d) The time evolution of the probability density function with OT schedule. In
(a)—(d), 7 denotes time in the forward direction, and we show the probability density functions at t =0, t = /3, t = 27/3, and t = 7.

Each axis of the color map denotes the axis of the data space R™.
N (0, (0.9)?1) as the initial condition of the estimated reverse process. (¢) Temporal evolution of T,$%" and
proving the validity of [vj(7)]* < 7,8 [Eq. (80)].

different variance P} (x)

[Uloss (0]2

Throughout this experiment, we use a Gaussian distribution with

(f) A bar graph showing the quantities = (AW,)?/(zDy),

o= [T dt[vigs (1)) and wp = [7 dtT, 8. This figure shows the relationship 7 < ¢; < wp [Eq. (81)]. For detailed explanations,

see Appendix G.

3. Real-world image datasets

We show that the analysis using our main result
[Eq. (79)] is feasible in a more realistic situation for the
application of diffusion models using the real-world image
datasets. We estimate the values of Eq. (79) on the latent
space using trained models and benchmark image datasets.
Here, we use a trained flow matching model in Ref. [118],
which creates a diffusion process on a latent space

TABLE 1II. The values of the response function 7=
(AW))?/(zDy) in the numerical calculations (Fig. 7). Since
we compute 1 x 108 samples, we display the value with four
significant digits.

Initial conditions Noise schedules Values of

Gaussian distribution g=0 9.301 x 1072
with a different variance g=3 3.430 x 107!
g=>5 5.615 x 107!

oT 7.221 x 107°

[44,118]. For the datasets, we use a 256 x 256 downscaled
version of the CelebA HQ dataset [119] and the bedroom
subset of the LSUN dataset [120].

In Fig. 8, we have illustrated diffusion models for the
real-world image datasets, and the validity of Eq. (79) on
the latent space is shown in Fig. 8 (see also the details in
Appendix G). These trained models were trained with the
cond-OT schedule [Eq. (28)] on the latent space, and we
use N (x]0,1) for the initial distribution of the estimated
reverse process on the latent space. In Figs. 8(a) and 8(b),
we have illustrated the samples from the forward process
and the estimated reverse process. In this setting, the
dimension of the latent space is nqy = 4096, and it may
be difficult to estimate the time evolution of the probability
density functions in the forward and estimated reverse
processes with a finite number of samples. However, we
may estimate the quantities in our main result [Eq. (79)], as
shown in Fig. 8(c), because we need the velocity field in the
forward process and the initial and final probability dis-
tributions in the forward and estimated reverse processes to
estimate the quantities. We find that our result [Eq. (79)] is
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FIG. 8.

(b) LSUN bedroom dataset
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The application of diffusion models using the real-world image datasets and the validity of Eq. (79) on the latent space. (a) The

forward process and the estimated reverse process for the downscaled version of the CelebA HQ dataset [119]. (b) The forward process
and the estimated reverse process for the bedrooms subset of the LSUN dataset [120]. (c) The estimated values of 7 = (AW, )2/(zD)

and ¢, =

JEdt[vy(t

)]? computed on the latent space. The error bars shows the standard deviation among five calculations using 3 x 10*

samples for each calculation. ny = 4096 denotes the dimension of the latent space. The inequality ¢, > 7 [Eq. (79)] on the latent space is
still valid for realistic applications of diffusion models using the real-world image datasets.

still valid. Moreover, the response function (AW),)?/(zDy)
has the same order of magnitude as the upper bound
J&dt[va(r)]*. Thus, the numerical analysis based on
Eq. (79) may be reasonable even if we discuss diffusion
models on the latent space for the real-world image datasets
with data of large dimension ng > 1.

We explain that our treatment based on the response
function may be reasonable in realistic situations such as
this experiment. In this experiment, the starting point of the
estimated reverse process 758 (x) is chosen to be similar to
the final state of the forward process P,(x), so that the
estimated reverse process will be close to the genuine
reverse process. One of the typical choices of 758 (x) is the
standard Gaussian distribution A/ (x|0, 1), since P, (x) will
converge to this distribution for sufficiently large 7 in the
formulation of Egs. (22) and (23). However, the discrep-
ancy between 758 (x) and P.(x) usually exists, since
P.(x) = [dyP:(x|y)q(y) [Eq. (17)] is not generally equal
to 790( x) = N(x|0,1) with a finite z. Because of the large
dimension of the data, it is also difficult to estimate P, (x)
from the finite number of samples. Therefore, the differ-
ence between P} (x) and P,(x) may be unavoidable, and
our main result based on the response function [Eq. (79)]
may be useful to consider the effect of the difference
between P (x) and P, (x).

V. DISCUSSIONS

In this paper, we summarize the relationship between
diffusion models and nonequilibrium thermodynamics and
derive the speed-accuracy relations for diffusion models
based on techniques from stochastic thermodynamics and
optimal transport theory. The speed-accuracy relations for
diffusion models explain that the robustness of data
generation to perturbations is generally limited by the

thermodynamic dissipation in the forward diffusion proc-
ess. The speed-accuracy relations for diffusion models also
quantitatively explain the validity of using the cosine and
cond-OT schedules as the noise schedules in the diffusion
model and the importance of using optimal transport in the
forward diffusion process. We also derive the speed-
accuracy relations for diffusion models as analogs of the
thermodynamic trade-off relations such as the thermody-
namic uncertainty relations [110,114,121] and the thermo-
dynamic speed limits [29,30]. Unlike the conventional
thermodynamic trade-off relations, which consider thermo-
dynamic limits on the speed of the observable in a
stochastic process, the speed-accuracy relations for diffusion
models are conceptually different, because they give limits
on how the difference between two different processes—the
forward process and the estimated reverse process—
changes. Our conclusion for the noise schedule is also
justified in light of recent developments in the diffusion
model. In our conclusion, the optimal forward process for the
data generation should be given by the geodesic in the space
of the 2-Wasserstein distance. In recent years, several
methods have been proposed to realize the dynamics along
the geodesic approximately in the flow-based generative
modeling and the probability flow ODE [68-70,72,122],
which are becoming the mainstream methods.

Below, we further discuss the generalization of the main
result for the incomplete estimation of the velocity field, a
comparison with other similar bounds, a comparison with
the conventional understanding of noise schedules, the
importance of the entropy production rate in diffusion
models, and possible future studies.

A. Generalization of Eq. (77) for incomplete estimation

The main result is due to the error-free estimation of the
velocity field in the forward process and its use in the
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estimated reverse process. If the velocity field estimation is
incomplete, then corrections to the speed-accuracy rela-
tions for the diffusion model would have to be made due to
the incompleteness.

A possible generalization of our main result [Eq. (77)]
for incomplete estimation can be obtained as

AW / : I
< diT,S* 1 +——/7L,(6;,), 100
m— 0 ™t + +Dmax T a( (1) ( )

where L,(0) (@€ {SM,FM}) is the objective function
after training defined in Eqgs. (5) and (6) and Eqgs. (12) and
(13) and D = max, ¢ o5 D; is the maximum value of the

x* divergence. The derivation of this bound is given in
Appendix F. We can see that Eq. (100) becomes Eq. (77)
when the objective function is zero [L,(6};) = 0], since
D.x = Do holds in the error-free estimation of the velocity
field (see Appendix E).

If the estimation of the velocity field is satisfactorily
achieved and L,(0;) < (1 +1/Dya)” 77" [§ dtT, St
holds, we obtain approximately a similar form of our main
result [Eq. (77)] by replacing D, with D,,,, and our
understanding based on Eq. (77) may be useful even for the
incomplete estimation of the velocity field. This is due to
the fact that the second term of Eq. (100) may be negligible
if L,(0;) < (14 1/Dpy) e [fdiT, 8. Thus, noise
schedules close to the optimal transport may be a better
option to use in this case.

If the estimation of the velocity field is not well achieved,
the second term /(1 + 1/Dy4)7L4(6) is not negligible.
If we want to reduce the left-hand side |AW,|/+/TDmax by
minimizing the upper bound, the noise schedule in the

forward process corresponding to 4/ [¢diT S and the

minimization of the objective function corresponding to

/(1 + 1/Dyyx )7L, (6}) are both important. Compared to
noise schedules that are close to the OT schedule, we may
rather use noise schedules which are advantageous for
training efficiency at lower values of the objective function.
In fact, it is known that one of the viable options for an
approximate OT schedule [70] may not achieve the mini-
mum value of the estimation error in a particular situation
[123]. Therefore, the OT schedule may not be the best
choice for a particular situation where the objective
function is not negligible.

B. Comparison with bounds similar to Eq. (77)

We compare our main result [Eq. (77)] with other similar
known bounds. As we mentioned in Sec. IV, our bound is
inspired by the thermodynamic uncertainty relation and the
final form [Eq. (77)] resembles the thermodynamic uncer-
tainty relation. However, our result cannot be derived from
the thermodynamic uncertainty relation by changing the
observable [Eq. (73)]. For example, a derivation of the

thermodynamic uncertainty relation in Ref. [110] is based
on the Cauchy-Schwarz inequality

2
</ dxP,(x)v! (x) - Vr(x)>
< ([ arrwr)( [ arwivrwi).
(101)
where r(x) denotes an arbitrary time-independent scalar
observable [see also Eq. (73)]. On the other hand, the

derivation of our main result [Eq. (77)] is based on a
different Cauchy-Schwarz inequality:

([ P wnre)vwi))

< ( / de,(x)lle’(x)||2> ( / dx((sp,(xé);gn//(x)llz)
(102)

and the 1-Lipschitz continuity ||Viy/|| < 1. Therefore, our
bound uses the Cauchy-Schwarz inequality in a different
way. In addition, our bound requires the discussion of the
Kantorovich potential, which is used in Egs. (89) and (90).
Therefore, our result is not regarded as a simple application
of the thermodynamic uncertainty relation.

We also compare our main results [Egs. (77) and (83)] with
the trivial inequality in optimal transport theory. We have a
trivial relation between the 1-Wasserstein distance and the 2-
Wasserstein distance W, (P, Q) < W, (P, Q) for arbitrary
probabilities P and Q, and this trivial relation resembles our
result [Eq. (77)]. However, our result is the nontrivial relation
between the 1-Wasserstein distance and 2-Wasserstein dis-
tance, because our result compares the time derivative of the
1-Wasserstein distance 0,V (P!_,, P_,) for the two proc-
esses PL_,(x) and P}_,(x) with the speed in the space of the
2-Wasserstein distance v, (t) = limp,_o Wa(P;, Piias)/ At
for the forward process P,(x). This inequality is not a
straightforward consequence of the trivial relation between
the 1-Wasserstein distance and the 2-Wasserstein distance.
We also note that the trivial inequality W, (P,, P;ya;) <
Ws(P;, Piia,) leads to the thermodynamic uncertainty
relation (see Sec. III B), and our result [Eq. (77)] differs
from the thermodynamic uncertainty relation as dis-
cussed above.

In the study of machine learning, there are some studies
on a similar problem that derive some bounds in a similar
form [65,66,123]. However, these bounds are conceptually
different from ours. In Eq. (23) in Ref. [65], the authors
consider a setup with perturbation on the initial training
data and evaluate the effect of the perturbation on the
generated data. The authors used the contraction property
of the 2-Wasserstein distance, which is
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t
Wa(P PP) < exp ( / dﬂ&(ﬂ))wz(%msx (103)
0

where K (7) is the Lipschitz constant of the external force
Jilx) satisfying [|f,(x) —f:(y)|| < Kp(1)]lx —y| for any
x€R™ and y €R™, and P} (x) is the density function
of the forward process with perturbation in the initial data
distribution Py(x). The author also discussed the upper
bound on the 2-Wasserstein distance W, (P, 758) based on
the triangle inequality, where P (x) is the density function
of the estimated reverse process with perturbation in the
initial data distribution Py(x). This bound differs from
ours, because the paper did not focus on the perturbation in
the estimated reverse process and the time evolution of the
forward process. Indeed, the result in Ref. [65] does not
provide insight into the optimality of the noise schedule in
the forward process. In Refs. [66,123], they consider the
bound on the estimation error when the initial perturbation
is negligible D, ~ 0 and the objective function is not
negligible L,(6;,) # 0. In Ref. [66], the authors considered
score-based generative modeling and focused on the
specific situation where the forward process is given by
the Ornstein-Uhlenbeck process and the objective function
is optimized with respect to specific parameters. The result
is, therefore, not applicable to the general case where, for
example, optimal transport is achieved. In Ref. [123], the
authors considered flow-based generative modeling and
obtained the similar bound obtained in Ref. [66], and, thus,
the result is not applicable to the general case either. These
analyses are examples of the convergence analysis of
generative models [65-67,124—126], which provide bounds
on the estimation errors with respect to the objective function.
Our generalized result [Eq. (100)] can be considered as the
convergence analysis. Compared with the results in
Refs. [66,123], our results are generally applicable to
diffusion models where the forward process is arbitrarily
chosen and the objective function is not well optimized. In
fact, optimal transport is generally not achieved with the
Ormnstein-Uhlenbeck process. Thus, our general inequality
allows us to discuss an optimality of data generation via
optimal transport, while the results in Refs. [66,123] do not.
This fact may be a possible merit of our result based on the
universal thermodynamic framework.

Finally, we discuss the possibility of generalizing our
result based on other metrics of estimation error instead of
the 1-Wasserstein distance. In practical diffusion models,
metrics such as the FID [82] and the inception score (IS)
[127] are widely used as an index of generation quality.
Adapting our methodology to these metrics may not be
straightforward, and some other ideas may be needed. First,
both metrics are heavily based on the pretrained inception
model [107], which is a black-box classification model on
images. Therefore, it may be difficult to provide general
bounds on these metrics without adding specific assump-
tions to this black-box model. Although it may be difficult

to apply our methodology, the FID may be more appro-
priate than the IS for considering a similar upper bound. As
discussed in Sec. III B, the FID is a lower bound on the 2-
Wasserstein distance W, (p, ¢), and it may be possible to
evaluate it by providing an upper bound on W;(p, q).
Since our bounds are on the 1-Wasserstein distance
Wi(p,q) and the trivial relation W;(p,q) < W,(p,q)
does not lead to an upper bound on the FID, a simple
modification of our proof may not give an upper bound on
the FID. Thus, another idea such as the triangle inequality
for the 2-Wasserstein distance may be needed to consider a
similar thermodynamic bound on the FID.

C. Comparison with conventional understanding of
noise schedules

We discuss our result with the conventional understand-
ing on noise schedules in diffusion models. In studies of
diffusion models, there have been many numerical attempts
to investigate the effect of noise schedules on the quality of
data generation [43,63,70,72,73,128]. For example, the
cosine schedule has been shown experimentally to be an
efficient protocol for image generation tasks compared to
other conventional noise schedules under the m? + 67 = 1
constraint [43], and optimal transport-based flow-matching
methods have also been shown experimentally to provide
better sampling quality and efficiency [70,72,73,128].
However, there are almost no theoretical studies that
explain their efficiency in terms of the universal upper
bound on the estimation error. For example, Ref. [70]
introduced a method for using an approximation of optimal
transport for noise schedules in flow matching, and the
authors may not provide any reasons for using optimal
transport as noise schedules except for numerical illustra-
tion of the generated quality and efficient sampling.

The speed-accuracy relations for diffusion models
derived in this study may provide insight into how to
determine this noise schedule for accurate data generation.
In fact, we have shown that the existing methods, such
as the cosine and cond-OT schedules, are suboptimal and
that the genuine optimal transport should be the best
noise schedules from the perspective of the speed-
accuracy relations for diffusion models. Thus, the room
for improvement in existing methods can be discussed
quantitatively based on the tightness of the inequalities. Our
treatment would be a new direction in the theoretical
understanding of the optimality of noise schedules for
diffusion models.

D. Possible importance of the entropy production rate
in diffusion models

We discuss the possible importance of the entropy
production rate in diffusion models by comparing our
approach with other physically inspired machine learning
methods, so-called energy-based methods. In our main
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result [Eq. (77)], we use the entropy production rate for the
upper bound on the estimation error. As an analogy to the
entropy production minimization problem, the reduction of
the thermodynamic quantity, [7dT, S for the forward
dynamics, is related to a smallness of the response function
(AW),)?/D, against arbitrary initial perturbations.

In machine learning, there are energy-based methods that
minimize physical quantities, such as the energy and the
free energy, similar to the entropy production. For example,
Amari-Hopfield networks [129,130] modeled the brain’s
memory function using a weighted graph called a neural
network, which formed the basis of current machine-
learning methods using artificial neural networks. Amari-
Hopfield networks are physically viewed as spin-glass
systems, and the association and retrieval of given memo-
ries is characterized by the energy function in spin-glass
systems. Mathematically, the energy function in Amari-
Hopfield networks is just the objective function, and
minimizing the energy function is understood in terms
of optimizing the objective function. Boltzmann machines
[131-133] are machine-learning models deeply inspired by
Amari-Hopfield networks, which formed the basis of
modern machine-learning models. Boltzmann machines
treat training data as memories in Amari-Hopfield networks
and slightly modify the framework to treat it in a prob-
abilistic way. Specifically, using the same neural network
and the energy function as Amari-Hopfield networks, the
data in Boltzmann machines are expressed as samples of
the Gibbs measure with respect to the energy function. In
the training process of Boltzmann machines, we minimize
the Kullback-Leibler divergence between the training data-
set distribution and the Gibbs measure by changing the
weights of the neural network. In this way, Boltzmann
machines estimate the probability distribution behind the
input data, and Boltzmann machines can be seen as a
variant of generative models. In stochastic thermodynam-
ics, the Kullback-Leibler divergence between the current
probability and the Gibbs measure is the Lyapunov
function for the system with the detailed balance condition
and is considered as a nonequilibrium generalization of the
free energy [134,135], and, thus, this learning is also
translated in terms of the free energy minimization.

From the perspective of stochastic thermodynamics, the
application of the energy function and the free energy is
limited to the stochastic process that satisfies the detailed
balance condition. For example, it is often the case that the
nonconservative force exists in Langevin systems or the
Fokker-Planck systems, and the detailed balance condition
is violated. In this case, the energy may not be physically
defined, but the entropy production rate is still well defined.
Moreover, if the detailed balance condition holds, the
entropy production rate is rewritten in terms of the potential
energy or the free energy by the first law of thermody-
namics [2]. Thus, the entropy production rate can be a more
general thermodynamic quantity than the energy for

stochastic processes such as Langevin dynamics and
Fokker-Planck dynamics.

The entropy production rate in diffusion models may be
discussed in parallel with the energy and the free energy in
Amari-Hopfield networks and Boltzmann machines.
Amari-Hopfield networks and Boltzmann machines may
be based on systems where the energy function can be
defined, and it means that the detailed balance condition
may hold. It makes sense that the energy function would be
useful in such a system. Since diffusion models are based
on the Langevin dynamics or the Fokker-Planck dynamics,
our framework based on the entropy production rate may
make sense because the entropy production rate is more
informative rather than the energy function, especially
when the detailed balance condition is violated by the
nonconservative force. It is surprising that the idea of
minimizing a physically inspired cost |7 dfT, 8\ is one of
the criteria for model selection in diffusion models as in the
traditional energy-based methods such as Amari-Hopfield
networks and Boltzmann machines. Interestingly, our
proposed optimal protocol is related to the minimization
of the entropy production when the temperature of the
system does not depend on time, analogous to the mini-
mization of the energy and the minimization of the free
energy. In fact, the entropy production can also be related to
the potential energy U, (x) when the nonconservative force
is absent, i.e., f,(x) = =VU,(x). Thus, it may be interest-
ing to consider the connection between our framework and
the energy-based treatment, where the detailed equilibrium
condition holds and the potential energy is defined. In
Ref. [136], the symmetry breaking of the phase transition is
discussed in diffusion models based on the energy-based
spin-glass theory. Such an energy-based treatment of the
diffusion model based on statistical physics may also be
promising as a complementary approach.

E. Future studies

In this paper, we have demonstrated only one aspect of the
usefulness of the analogy between diffusion models and
stochastic thermodynamics. We believe that the conventional
thermodynamic uncertainty relations [21,24,110,114,121]
are also useful, because we can consider the speed of any
observable in the forward process, for example, the speed of
data structure breakage in the diffusion process. It is also
noteworthy that the short-time thermodynamic uncertainty
relation is used to estimate the time-varying velocity field
[21,23], which is important in the flow-based generative
modeling, and it is worth considering whether there are any
aspects in which such a thermodynamic-based method is
superior to conventional flow-matching methods.

It is also interesting to reconsider the path probability-
based method as discussed in the original paper on the
diffusion model from a thermodynamic point of view. This
is because the method discussed in the original paper can
handle not only the simple diffusion processes described by
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the Langevin and Fokker-Planck equations, but also the
diffusion process on the graph described by the Markov
jump processes, which may provide a more scalable
method than the current one. In such a case, the thermo-
dynamic trade-off relations and optimal transport for the
Markov jump process [137-140] may be useful to consider
the optimality of the diffusion model. In such a case,
analogies to an information geometric structure of the
Kullback-Leibler divergence in stochastic thermodynamics
[32,103,140] may also be important, since the objective
function is introduced by the Kullback-Leibler divergence
and its minimization is mathematically well discussed as
the projection theorem in information geometry [83]. In
fact, there are several stochastic methods based on the
Schrodinger bridge in the diffusion model [50,71,141,142],
which is given by the minimization of the Kullback-Leibler
divergence. We may be able to obtain some trade-off
relations for such a system by considering an analogy to
stochastic thermodynamics based on path probability.

It would also be interesting to examine our results from
the perspective of increasing the variety of data generated
by raising the upper bound of the response function, which
is considered to be the sensitivity. Indeed, numerical
experiments with thermodynamic nonconservative forces
show that, as the upper bound becomes looser, it becomes
easier to generate data that are different from the original
data. Increasing the strength of the nonconservative force
may be a way to generate new data that are difficult to
obtain using conventional methods. It is also possible to
deliberately account for nonoptimal transport or increase
the error in estimating the velocity field to increase such
sensitivity, and our main result [Eq. (77)] and the gener-
alized result [Eq. (100)] may also be useful in such cases.

|
Vals(@) =2 [Car [ ax [ ayprabiaoistio] (st - )
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APPENDIX A: DERIVATION OF THE
RELATIONS BETWEEN THE TWO GRADIENTS
OF THE OBJECTIVE FUNCTIONS

We show V,L§(0) = VyLgy(0) for solving the opti-
mization problem by score matching and that V,L§,,(0) =
VoLp\(0) is satisfied for solving the optimization problem
by flow matching.

1. Score matching

We show that two objective functions
Lsw(0) = Ep,y[lls?(x) = VIn P, (x)[?] (A1)
and
Ln(0) = Epequllls?(x) = VInPi(xly) 7] (A2)

give the same gradient for the parameter 6. The gradient
VyL$y () can be calculated as follows:

Pi(xly)

. (1 -22)

= VyLsm(0),

which means that V,L§,,(0)
q)VPi(xly) = V[P (xly)g()]-

coincides

(A3)

[ dyP(xly)q(y) = P,(x) and

Here, we use

2. Flow matching

Similarly, in flow matching, we show that two objective functions

Lin(0) = Ep,[||uf (x) =7 (x)|?]

and

Lin(0) = Ep, g |l (x) = v (x]y)|?

(A4)

(AS)
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give the same gradient for the parameter 6. The gradient V,L§,,(6) can be calculated as follows:

VoL (0) :%/dt/dy/dxpﬁ(xly

)q)[Vou? (x)] - ] (x) — 27" (x]y)]

- %/ dt/de,(x) [V (x)] - [u?(x) — 0P (x)]

= VyLpy(6),

which means that VyL§,,(6) coincides with VyLpy(6).
Here, we use [ dyP5(x|y)q(y) = P,(x) and

VP ()P, (x) = / dyeP (ely) P (xly)gy). (A7)

APPENDIX B: PARAMETERS OF THE
CONDITIONAL PROBABILITY DENSITY
FUNCTION

Here, we explain the specific expressions for the param-
eters p,(y) and X, of the conditional probability density
function Pf§(x|y) = N (x|u;(y).Z;). The Fokker-Planck
equation for the conditional probability density function
PS(xly) is given as follows:

0P (xly) = —V - (vZ’°<va>7>$<x|y>), (B1)

V?)C(xb’) = Ax +b, —T,VInP;(x|y)
= (A + tht_l)[x - u,(y)] +Ap,y) +b,. (B2)

0%, = 9, / dxlic — g, (9)] e — g ()] TP xly)

(A6)

Thus, the time evolution of the parameter u,(y) can be
calculated as follows:

o (y) = at/dxxp‘t:(ﬂy)

= [ (-9 (7 i) )

- / dx P (xly) P (x1y)

- / dx[Ax + b, Pe(x]y) — / dxT,VP;(xly)

=An,(y) + b, (B3)

where we assume that the contribution vanishes at infinity
in the partial integration and we use p,(y) = [ dxxP§(xly)
and [ dxVP5(x|y) = 0. The time evolution of the param-
eter X, is also calculated as follows:

~ [ a7 (<9 (47 syPiGa) ) )

- / (A, + T, — gy )] — s )] TP ely) + / dxlx - 0))IA, + T=) e — i 0)]) TP ely)

= AZ, +3,AT 42T,

where T stands for the transpose and we use
= [ dxlx —p, ()]l —p,(0)] P (xly). [ dxlx —p.(y)]x
Pi(xly) =0, and ()" =X,

Now, we consider a situation where A,, b,, and T, are
expressed, respectively, as A, = (9,Inm,)l, b, =0, and
T, = 0,(62/2) — 620,Inm, with non-negative parameters
6,(>0) and m,(>0), and the initial conditions of the
parameters are given by m;_o =1 and o,y = 0. In this
situation, Eqgs. (B3) and (B4) are given as follows:

(B4)

o, (y) = (0, Inm, ), (y), (BS)

0,Z,(y) = (20, Inm,)Z,(y) + [az(gtz) —2070,In m|l. (B6)

Therefore, the kth element of the vector [u,(y)], and the
(k, 1) element of the matrix [Z,(y)],, satisfy the following
equations:
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O ()] = (0, Inmy) [, (y)]; (B7)

O [Z )k — 0'z25k1} = (20, Inm ){[Z,(y)]s; — (7:25/(1}7

(B8)

APPENDIX C: COORDINATE
TRANSFORMATION IN DDIMS

We show the detailed calculation of the coordinate
transformation in DDIMs. The Fokker-Planck equation

[Eq. (1)] with Eq. (23) is given as follows:
where &;; = [l];; is the Kronecker delta. Since p,_o(y) =y

and X,_y = O, performing a time integral from 1 =01t0 t 9P, (x) = -V - [[(9,Inm,)x — T,V InP,(x)]P,(x)]. (Cl)
yields
)], = m [yl (BY) From the coordinate transform
. x
(=) — 6761 = 0, (B10) = (C2)
13

and, thus, the following specific expressions are obtained:

we obtain  P,(x) = P,(%)(|dx/dx|) = P,(%)(m,) .
Substituting this into Eq. (C1), the left-hand side is
calculated as

m(y) =my, %, = o7l (B11)

0,P(x) = (mt)_ndatﬁt(i) — ng(0;In mt)(m,)_”df?,(i) —(0;In mt)(mt)_(nd+1)x ‘ vi,pt(j)7 (C3)
where V; is defined as Vi = m,V. The right-hand side of Eq. (C1) is calculated as
=V [[(0;Inm)x — T,VInP,(x)|P,(x)]

= —ng4(d,In mt)(mz)_nd’ﬁt(x) —(0,;In mt)(mt)_(ndH)x ) v,\?’pt(x) + Vg |:[Ttvx In ﬁt(j)]ﬁt(j) (mt)_<nd+2) . (C4)

From Egs. (C3) and (C4), we obtain

- T - -
0P 5) = Vs ||~ s Ve D) | Po) (cs)
(m;)
By substituting 7, = —d, In m, into this equation,
. 0, Inm, -
0P 5) = Vs || Ve P, 5) | Py (co
t

is derived.

APPENDIX D: THE RELATIONS BETWEEN THE KULLBACK-LEIBLER DIVERGENCE AND THE
ENTROPY PRODUCTION

First, we prove that the Kullback-Leibler divergence

N.-1
X T yaXvs1)ard®nar)
Dia(PelPa) = 3 [ drpe(r) e vt 1)
N=0 TNAt(x(N+1)At|xNAt)
coincides with the entropy production
T 1
se= [Tl [ astorepe), (02)
0 t

in the limit At — 0 with fixed 7. By calculating ln[TNAt(x(NH)A,|xNAt)/TITVA,(x(N+1)A,|xNAl)], we obtain
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In TNAt(x(N+1)At|xNAt) _ ||x(N+1)Az —xyar —Fna(xna) At + 2VEAz(xNAz)AZH ||x (N+1)Ar — XNA: _fNAt(xNAz>At”
T Nar X (vt arXvar) 4T ya At AT ya,At
_ ||Vf/m(x1vAt)||2At+ [x(N—H)A —xyar —FnaEya) AL - VNA;(xNAz) (D3)
Tyas Tyas

By using [ dx(yy1)arT var®wsn)ad®nas) Xven)ar — Xnvar —fnar(Xya;)Ar] = 0 and the normalization of the probability
distributions, we obtain

T narX(v+1)arXyar) T naclx (N+1)A Xy
/dF[P’F 7 Co DA I /dem/deH AT narE v nadXya) Pya(Xyas) In T t o t
NAt(x(NJrl)AtlxNAt NAt(x(N+1)Ar|xNAt)

/ s a, (Enar) [7Pyar (Ewa). (D4)

TNA[

By taking the limit At — 0 with fixed 7, we obtain

Dy (Pg||Pg) = 2Pyac(x)

—>/ dt[ /dx||1/, PP, (x )} ey (Ds)

Next, we prove that Kullback-Leibler divergence Dy, (Pg||Py) = Ep_[s¥'] coincides with S©* = ¢ drS7° + [¢ diS*" in
the limit At — 0 with fixed 7. Since the stochastic entropy production is given by

N.-1
o _ In Po(xo) +Zln

s TNAt<x(N+1)At|xNAt)
‘ PN,At(xN,Az) N=0 TNAt(xNAt|x(N+l)At)

, (D6)

Dy (Pg||Pg) is calculated as follows:

KL(PF”P%) = [EIP’F [Strm]

/dF[P’F 73( /dF[P’F I)ln T nar(X(v+1) At|xNAt). (D7)

P, At(xN Ar) T nvar(xnadlx N+1)Ar)

From the marginalization of the path probability, the first term of Eq. (D7) is rewritten as follows:

Po
/dTPF ( /dePO (x0) In Py (xp) /de APy, At(xN ar)In P, Az(xN Ar)
P, At(xN Ar)
= /T dto, [— / dxP,(x)In Pt(x)}
0
_ / s, (D8)
0

The second term of Eq. (D7) is also calculated as
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/dTIPF T nai(x X(N+1) At|xNAt)
TNAt(xNAtlx (N+1)Ar )
:/dFIP’ )| (N+l) t —XNA¢ _fNAz(xNAz)AtH +||xNAt_x(N+l ar—SFnar(x (N+1)A1)At||2
; 4TNAtAt 4TNA[A[
SuarCenad) o var®winar)
= / dTPy(T) {("<N+I>Af"‘m> S— Wil N+l>m>||2—|vNA,<xNA,>||2At]
: TNAt 4TNAt
(y _x) v ) v )
:/deNAt(x)/dyTNAt(y|x)|: 2
Tyas
2 2
+/dx7DNA1(x)/dyT (y|x) |:HfNAt(y)| HfNAt( )H Al:|
AT yas

/deNAz(x)/dyTNAt(y|x)[(y —x) - fnarx)]

TNAt

TNAt/deNAt x)/dyTNAl(y|x) [;%vxj[f‘NAt(x)]i] + O[(Ar)?]

/ dxPys, () s ()2 + At / dxPys, (¥)V - fas(x) + O[(A1)?]

TNAt

= [ dPus el s ) o) + (807 (D9)

Therefore, in the limit At — 0 with fixed 7, we obtain

N,-1
z T T . P T .
Z /dF[FDF(F) ]n NAt(x<N+1)At|xNAt) _ / dtfdxpt(x)ft(x) Vt (x) — / dl‘S][Jath. (Dl())
£ Tyalxnad®vina) — Jo T, 0
From Egs. (D7), (D8), and (D10), we obtain
Dy (Pg||Pg) = / s / drStath = gtot, (D11)
0

We note that Ep_[InPg] = Ep_[InPg] is satisfied, because S = Dy (Pg||Pg) = Dgp (Pg||Pg), while Pg(I") # P5(I).

APPENDIX E: TIME INDEPENDENCE OF THE PEARSON y? DIVERGENCE

We show that D,_; is independent of time if the velocity field of the forward process is accurately reconstructed
[2,(x) = v} (x)] in the flow-based generative modeling or the probability flow ODE. From Eq. (85) and the continuity
equation 9,P,(x) = =V - (17 (x)P,(x)), the time derivative of D,_, is calculated as

oD, , = / dxo, A

P
= [ wome= (i) o)

- [ @229 prwer ] + [ ax| () (v wrwmeny

- [ (5ia) srewmio] - [apw (Gi5) i o)

=0, (El)
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where we use the parFial int'egrat'ion and we assume th'at 5175t =-V- (@ l(x)th(x)) with the incomplete estimated
P,(x) and 573:(?‘) vanish at infinity. Therefore, we obtain  velocity field #,(x)[# »/ (x)]. Analogous to Eq. (85), the
0,D._, = 0, which means that D,_, is independent of time. time evolution of 5P, (x) = P, (x) — 75t(x) is calculated as
APPENDIX F: THE DERIVATION OF EQ. (100) 0,6P,(x) = =V - <,/Z’(x)73t(x) —ﬁ,(x)f’,(x))
Here, we derive Eq. (100), which is a generalization of the
main result for incomplete estimation. In the case of flow- =-V- (,/f (x)8P,(x) + 5,,t(x)75t (x)) (F1)
based generative modeling or the probability flow ODE, the

time evolution of the probability densities for the forward
process is given by 9,P,(x) = =V - (vF (x)P,(x)). For the ~ where év,(x) is the difference of the velocity fields defined as

estimated reverse process, the time evolution is also givenby  &v,(x) :=v7 (x) — #,(x). From Eq. (F1), we obtain

0,(Ep ] — Ep [y]) = / ey (x)0,5P, (x)

- /dey/(x) : (V?(x)éP,(x) + 5vt(x)75,(x)> (F2)

for any time-independent 1-Lipschitz function y € Lip!, using partial integration under the assumption that the surface term is
negligible, similar to the proof of our main result [Egs. (86) and (87)]. From the Cauchy-Schwarz inequality, the 1-Lipschitz
continuity || Vi (x)|| < 1, the triangle inequality and Eq. (F2), and [ dx8P,(x) = 0, we obtain

10:(Ep, [w] = Ep,[w])]

=| [ avp) - wrwere + 5vt<x>f>,<x>>]

/dxw x) -2 (x)3P, (x

\/(/ a9 P ([ astireolpn ) + S0 ([ astoero)

\/</¢x‘””;‘ )(/dxuv, VPP ) \/U ‘”D’ )(/dxwv, |27>(>>
<\[1.30D,, + JHT\/ [ sl )PP ) (F3)

From [0, (P;(x). P,(x))| < [0,(Ep,[y] — Ep,[w])| in Eqgs. (89) and (90), we obtain a generalization of the instantaneous
bound for incomplete estimation as

‘/dxw (®) - v, 6Py (x)

( [ axlvts JRE

01 (Py(x), Pi(x))] < /Do TiSP + /1 + Df-z\// dx||6v,(x) || *P;(x). (F4)

Compared to Eq. (80), this result contains an additional term /T + Df_t\/ [ dx||ov,(x)]|*P,(x).

From Eq. (F4), the triangle inequality, Cauchy-Schwarz inequality, AW, = W,(P,,P,) — W;(P,.P,), and
Dy = Max, o4 D;, we can also obtain an upper bound on [AW)] as
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AW < / A0 W, (P (x). By (x)

< /le/\/ D,y Tt’Sg)t"' /T di'\/1 —I—DT_,r\//dx||51/t/(x)||273t/(x)
0 0
< \/Dmax/rdz’,/r,s;?ur V1 +Dmax/rdt’\//dx||5vt/(x)||273tr(x)

<D dtT S‘°t+\/1+Dmdx\/ / dz/dxuay, O)IPP, (x). (F5)

The term  [fdf [dx|év,(x)||*P,(x) is considered as the objective function, since Lgy(6%y) =
(1/7) J§df [ dx||ovy(x)||*Py(x) and Lpy(0fy) = (1/7) [§df [ dx||dv,(x)||*Py(x) hold in the probability flow ODE
and in the flow matching, respectively. Taking this into account, we can rewrite this bound as

|AW1 ¢ / dIT 59 + \/ wL,(0;) (a=SM.FM). (F6)

APPENDIX G: DETAILS OF THE NUMERICAL 0,P¢(xy) = =V - (] (x|y) P (x]y)), the time evolution of
EXPERIMENTS P.(x) = [dyP;(xly)q(y) is given by
1. One-dimensional Gaussian mixture distribution
We explain the details of the numerical calculations in ~ 9/P:(¥) = 0; [ / dyPi (xly )‘1()’)}
Fig. 6. In the numerical calculation, the input distribution - .
q(x) is given by the one-dimensional situation Gaussian - _v. (f dyvy (x|y)P; (x J’)‘]()’)Pt(x))‘ (G2)
mixture distribution Pi(x)

Comparing this equation with Eq. (1), we obtain

v (x “(x
v?(x) :/dy r ny);jéi.)ly)q(y) (G3)

q(x) = %N(x|ma,02) + %N(x|mb,62), (G1)

with 6 =0.3 and m® = —m" = v/0.35. Here, we can
analytically obtain 27 (x) as follows. By considering the ~ From ] (x|y) = f,(x) — T,V In P (x]y) and Egs. (22) and
Fokker-Planck equation for the conditional distribution, (23), we obtain

2
vl (x]y) = (0, Inm,)x — {0, (%) —0620,1n m,]Vln P (xly)

_ 9 g2 (‘)"”—af””)vmpg(ﬂy). (G4)

my O m;

Therefore, ! (x) is calculated as

vy (x) =

dy [%x o (% %> Vin P?(x|y)} Pileb)ak)

m; oy m; Pt(x)

dy [a;m’x + (E - %> (x — mty):| Pi(xly)a(y)
)

oy t Pi(x)
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where we use P (x[y) =

Epe 4ly] is calculated as

N (x|my,o07) and the expected value Ep: ,[y] is defined as Epc ,[y] = [ dyyP5(x]y)q(y). Here,

1 1
Epsaly] =5 [ dN (elma. DN Ol o?) 5 [ oy (ximy. DA ot o)

1 6’mx + o7m?l 16’mx + o7mP1
_ 2 X a g2 2 (n ¥ 2,2

3 ot o (x|m,m?, 67 + 6*m )—|—2 o N (x|m,mP, 6% + 6°m?)
1 o’mx + o?m*l 1o’mx + o?2mP1 b (G6)
2 ol +otm? 2 o} +o'm? '

We use this analytical expression of the velocity field v/ (x) [Eq. (98)] for the cosine and cond-OT schedules.

To compute the velocity field for the optimal transport,
we adopted the optimal transport conditional flow matching
method [70]. This method is a conditional flow-matching
method that estimates the velocity field for the optimal
transport by using samples generated from the optimal
transport plan. To compute the optimal transport plan, we
use the PYTHON optimal transport (POT) library [143]. As
an estimation architecture, we use a fully connected multi-
layer perceptron with five layers consisting of 1024
neurons in each layer. The hyperbolic tangent function
was used as the activation function. For training, we use the
Adam optimizer [144] with a learning rate of 3 x 10~* for
learning 107 data points with a batch size of 4056.

To obtain the probability density function for the
estimated reverse process, we numerlcally compute the
ODE de /di = 1. (xtT )=l .(x ) for the velocity fields
of the cosine schedule the cond OT schedule and the OT
schedule with various initial conditions, using the fourth-
order explicit Runge-Kutta method. Specifically, we com-
pute 3 x 10® samples and use a cubic spline interpolation
for the histogram of the samples to approximate the
probability density function. To numerically compute the
each term in the inequality [Eq. (80)], we use numerical
integration methods for D,_, = [ dx[5P,(x)]*/P,(x) and
[0,(1)]* = [ dx|v,(x)]|*P,(x), and we use the POT library
for the 1-Wasserstein distance. We use 7/Ar = 100 for the
time step At and create a uniform grid for the spatial step

TABLE III.

dimensional Gaussian distribution with mean y and variance o°.

The initial conditions used in the numerical calculations (Fig. 6). Here,

Ax as [4.5-(-45)]/Ax=5x10%> in x€[-4.5,45].
When the initial condition is given by the uniform
distribution, we set the spatial step to [4.5 — (—4.5)]/Ax =
5x 10° because the computation can be numerically
unstable for a large spatial step due to the discontinuity
of the distribution. We show the initial conditions in
Table III. We also show the time evolution of the proba-
bility density functions in the forward and estimated reverse
process for each condition in Fig. 9.

2. Two-dimensional Swiss-roll dataset

We explain the details of the numerical calculations in
Fig. 7. First, we provide the details of the score estimation
method under Eq. (99). We adopt a slightly modified
version of the denoising score matching method introduced
in Sec. I E due to the nonconservativeness of f,(x). Similar
to the derivation in Appendix B, we solve the differential
equations (B3) and (B4) to obtain a closed-form solution of

PS(xly) = N(x|p,(y),Z,) under the initial conditions
Ho(y) =y and X, =O. Substituting Eq. (99) into
Eq. (B3), we obtain
(g o mor @
o, G, H, P

This differential equation is solvable, and the solution is
given by

N (x|, 6%) denotes the one-

2

Initial conditions

Probability density functions

Gaussian distribution with a different mean  g(x) =
Gaussian distribution with a different variance g(x) =
Gaussian mixture distribution q(x) =
Uniform distribution q(x)

wl—

N (x1.0,1.0)
N (x]0.0,0.82)

W (x] 553 - (g5)) + N (0. (5353

0)7) + N (x] 553 (950)°)]

— s (rel-v3.V)
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FIG.9. The time evolution of the probability density functions in the forward and estimated reverse processes, for each condition used
in the numerical calculations (Fig. 6).

¢ (Hy+iGy 0
=P e Piuo(y),
#i(y) = Pexp (A ( 0 H,—iG, )) Hoy)

' cos [1di'G, —sin [}di'G,
=exp / drH, e o Ho(¥), (G8)
0 sin [Jdi'G,  cos [$dI'G,

where i = +/—1 is an imaginary unit, P is an unitary matrix defined as

and P* denotes an adjoint matrix of P.
Next, we solve the differential equation for the covariance matrix [Eq. (B4)]. First, we define the matrix A, as

-\ _ (-9 -Tm() (1)
A = ( ) = (G10)
B O )
Here, Eq. (B4) is
AZ, +XZ A +2T,1-9,XZ, =0. (G11)

The real part of the eigenvalue of A,, that is, H,, is negative due to 2 > 0 and T, > 0. Thus, an analytic expression of %, is
formally obtained as
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s, = /  dsePs (2T | = 9,5,) NS
0

[s0] [se]
= 2T,/ dseAtADs —/ dseP$9,X,eMs
0 0

:2T,/ dseZH""l—/ dseP$0,%, M’
0 0

_ Tf|
= 7

o0
/ dseP$9,%,eMs,
0

(G12)

because we can obtain A, X, + LA; = [ ds(d/ds)[e™* (2T | - 0,%,)e”*] = =2T | + 0,%, if the real part of the eigenvalue
of A, is negative. In this case, it is possible to derive a closed-form solution. Let A, and 3, be A, = P*A,P and £, = P*3,P,

respectively. Equation (G12) can be rewritten as

< T

$=—Ll- / " dsePso, (P, P)ehis

H, Jo

Tl o0 g(HrJFiGr)S 5 e(H,—iG,)s 0
=- = ds ; 0%, .
H[ 0 0 e(Ht_’Gr)S 0 e(H,+1G,)S

T, o0 et [azit] 11
=——1- ds ) -
o R W

(0.2 /H,

T, 1 < )
=——114 3 . .
H, [atzt]Zl/(Ht - th)

Considering this equation for each component of the matrix
0,Z,, we obtain

at[it]ii =27, + 2Ht[it]ii (i =1 2), <G14)
at[it]IZ = 2(Ht + iGt)[it]IZ’ (GIS)
at[it]Zl = 2(Ht - iGt)[it]zl’ (616)

which is solvable under the initial condition T, = £, = O.
The solution is given by

- ( ' s
5 — {ezﬁ)dﬂH" / dse_zﬁxd’H"Ts}l. (G17)
0

Since this is a scaled identity matrix I, X, = PZ,P* is also
obtained as

r t S g
s, = {ezfod”{’/ / dse_zfod’H"Ts}l. (G18)
0

Using the solutions [Egs. (G8) and (G18)], we empiri-
cally minimize the conditional objective function Eq. (18)
and estimate the score function s?(x). We use a fully
connected multilayer perceptron with eight layers consist-
ing of 1024 neurons in each layer for s (x). The hyperbolic
tangent function was used as the activation function. For
training, we use the Adam optimizer [144] with a learning

eZ(H,JriG,)S [atit] " >
et [aziz]zz

[0.%]1,/(H, +iG,) > . (G13)

[atil]22/Ht

rate of 3 x 107 to learn 107 data points with a batch size of
1024. The number of samples for stochastic processes was
set to 1 x 108. For the sampling procedure, we use the
Euler-Maruyama method for the SDE in the forward
process and the fourth-order Runge-Kutta method for the
ODE in the estimated reverse process.

To estimate the optimal transport, we use the Nadaraya-
Watson style model described in Ref. [72]. Here, we consider
the 2-Wasserstein distance between Py (x,) and P, (x,) and
obtain the optimal transport plan z*(xy,x,) for the 2-

Wasserstein distance W, (P, P, ) =+/E[||xo—x.||*], where
E.[---] is defined as E,[---] = [dxgy [ dx,z*(xp,x,) - .
We consider the interpolation x, = (1 —t/7)xy + (¢/7)x,
and velocity (x, —xq)/7 = (x, —x,)/(z — t). We consider
the expression of the optimal velocity field v (x) =
E[(x, — xo)/z|x, = x|, which is the conditional expected
value of (x, — x()/7 under the condition x, = x. We intro-
duce the normalized Gaussian kernel x(x,,x) = exp[—|jx,—
x||*/(26%)]/E [exp[—|lx, — x||*/ (26%)]. If ok is relatively
small, 7*(xy, x,)k(x,,x) can be regarded as the conditional
probability of (xg, x,) under the condition x, = x. Therefore,
the optimal velocity field may be obtained from the
expression

E,. {x’ _xK(xt,x)} : (G19)

T—1
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and we use 1 x 107 samples and o = 0.08 for this expres-
sion to estimate the optimal velocity field.

To numerically compute each term in the inequality
[Eq. (80)], we use numerical integration methods for D,_, =
[ dx[5P,(x)]?/P,(x) and T,S" = [ dx|v,(x)||*P,(x), and
we use the POT library for the 1-Wasserstein distance. We
use 7/At = 100 for the time step Az and create a uniform
two-dimensional grid for the spatial step Ax = 2 x 1072
the region x; € [-5, 5] and x, € [-5, 5] for x = (x1, x5).

3. Real-world image datasets

Here, we describe the details of the experiment in Fig. 8.
In this experiment, we use the trained flow matching model
for the 256 x 256 downscaled CelebA HQ dataset [119]
and the LSUN bedrooms subset [120] provided in
Ref. [118]. From each dataset, we sample 3 x 10* points
in the latent space and compute the forward and the
estimated reverse process. We assume that the estimation
of the velocity field in the trained model is accurate. Let
u? (x) be the velocity field for the forward process in the
trained model, and we compute d,x, = u? (x,) and ang =

—uf*_;(iciT ) for forward and estimated reverse processes,
respectively. For the initial state of the estimated reverse
process fcg, we use 3 x 10* samples from the standard
Gaussian distribution A (x|0,1).

Using the generated trajectories of the processes x; and
1, we estimate ¢, = [ dt[v,(t)]> by empirically calculat-
ing the expectation as follows:

- / “dr / dxllu?” (6)|[P,(x) = 7y, [td” ()12
0
(G20)

For the response function 7 = (AW),)?/D,, we estimate
Dy = [dx[P}(x) — P{(x)?/P}(x) by assuming that
P} (x) and P (x) are Gaussian distributions, 7} (x) is close
to 7} (x), and the higher order of the difference 6P} (x) =
Pi(x) —Pi(x) is negligible in this experiment. In this
situation, Dy may be estimated using the Kullback-Leibler

divergence D/2 ~ DKL(PO |770 i deO IH[PO( )/
P (x)] because Dy (Pg||Pp) is given by
_ P
D (P17 = [ asrin o)
—1py+o(ePiw)).  (G21)

2

The advantage of using the Kullback-Leibler divergence
instead of the y? divergence is that the Kullback-Leibler
divergence between two Gaussian distributions can be
computed using only the mean and covariance matrix. In
arealistic situation of the diffusion model for the real-world

image dataset, such as the one we are dealing with here, we
can assume that P} (x) and P} (x) are given by high-dimen-
sional Gaussian distributions and the difference between 738

and 758 is relatively small. In this case, it is numerically more
stable and feasible to compute D, using the Kullback-Leibler
divergence than using the conventional definition of the y?
divergence. We also assume that the covariance matrices of
the Gaussian distributions are proportional to the identity
matrix to ensure that the estimated value of the Kullback-
Leibler divergence is finite for the high-dimensional
systems. For AW, = W, (p, q) — W, (P}, P}), we compute
the 1-Wasserstein distances empirically using the POT
library [143].
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