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A broad class of systems, including ecological, epidemiological, and sociological ones, are characterized
by populations of individuals assigned to specific categories, e.g., a chemical species, an opinion, or an
epidemic state, that are modeled as compartments. Because of interactions and intrinsic dynamics, the
system units are allowed to change category, leading to concentrations varying over time with complex
behavior, typical of reaction-diffusion systems. While compartmental modeling provides a powerful
framework for studying the dynamics of such populations and describe the spatiotemporal evolution of a
system, it mostly relies on deterministic mean-field descriptions to deal with systems with many degrees of
freedom. Here, we propose a method to alleviate some of the limitations of compartmental models by
capitalizing on tools originating from quantum physics to systematically reduce multidimensional systems
to an effective one-dimensional representation. Using this reduced system, we are able not only to
investigate the mean-field dynamics and their critical behavior, but we can additionally study stochastic
representations that capture fundamental features of the system. We demonstrate the validity of our
formalism by studying the critical behavior of models widely adopted to study epidemic, ecological, and
economic systems.
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I. INTRODUCTION

Complex systems consist of a multitude of intercon-
nected and interacting entities that form extensive net-
works, with typical examples ranging from chemical to
ecological and social ones [1–9]. To analyze their complex
behavior, often characterized by collective dynamics, phase
transitions, and other emergent phenomena, compartmental
models are usually adopted. In this framework, units of the
system are categorized or stratified into distinct species,

states, or groups, referred to as compartments. Then, the
concentration of units in each compartment is studied over
time, taking into account the change of species due to either
unit-unit interactions or spontaneous transitions into other
compartments.
Compartmentalization facilitates the study of dynamic

behaviors and phase transitions in some order parameters
as a function of control parameters that directly depend
on modeling assumptions and observables. For instance,
in the case of an epidemic outbreak, it is possible to
study how the steady-state density of infected individuals
depends on the transmission rate of a pathogen by means
of social contacts and the recovery rate from the
corresponding disease [10–12] (see also Ref. [13] for
an extensive review). One of the most successful frame-
works to study the behavior of such epidemic systems,
as well as those consisting of multiple interconnected
compartments, is based on the study of the next-
generation matrix, an indispensable tool to analyze the
conditions required to favor the emergence of active
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states where epidemics dynamics is sustained and infec-
tion has the potential to scale at system level [14,15].
Despite its successes, compartmental modeling comes

with some limitations. For instance, the aforementioned
next-generation matrix formalism, while robust, offers a
limited scope in addressing the multitude of degrees of
freedom present in large-scale interconnected systems. In
fact, the presence of this constraint requires the introduction
of simplifying assumptions and approximations, often in
the form of deterministic mean-field equations, to deal with
the complexity inherent in these systems. Nevertheless,
these approximations can still be very powerful. For
example, in the case of complex networks with a hetero-
geneous degree distribution, it is possible to consider
classes of a specific degree and then study the dynamics
of the overall system by means of the dynamics of such
classes. This approach leads to heterogeneous mean-field
equations that allow one to model the collective behavior of
a system more accurately than simple homogeneous mean-
field equations [16–18].
In fact, this approach shares commonalities with the

study of the broad class of reaction-diffusion processes to
describe chemical reaction networks [19], where units are
chemical species undergoing transitions due to chemical
reactions or spontaneous transformations. This parallel is
striking, and it is, therefore, natural to wonder if, and under
which conditions, it is possible to analyze population
dynamics of a variety of complex systems by means of
novel formalisms that overcome the inherent limitations of
the current ones.
Chemical reaction networks, in general, have been

extensively studied using the Doi-Peliti formalism
[20,21], which offers a rich methodology to analyze

stochastic and deterministic dynamics beyond pure
mean-field approaches. However, while chemical reaction
networks are subject to strict constraints, such as the mass
balance of chemical elements [22,23], this is not always the
case for the general systems in which we are interested in
this work, where compartments can also be of hetero-
geneous nature. Therefore, we anticipate that it will be
necessary to adapt the Doi-Peliti formalism to deal with the
variety of cases of interest for network and complexity
science. Accordingly, in the following, we refer, in general,
to chemical reaction networks (CRNs) to indicate such a
broad spectrum of systems, from chemical to ecological
and social ones.
The dynamics of a CRN can be completely described by

a master equation, and the Doi-Peliti formalism recalls the
second quantization used in quantum field theory to apply
the methods for studying quantum systems for the analysis
of stochastic classical systems. One of these methods is the
path integral representation [24], that is particularly useful
to go beyond the deterministic mean-field limit of a model,
providing insight into its stochastic behavior. In the past
years, attempts to extend this formalism to systems with
many degrees of freedom have been proposed [24–27],
although providing general results remains challenging.
Building upon these works, we develop a framework that

describes multicompartment systems by reducing them to a
one-dimensional effective model, showing how to map a
CRN to a Hamiltonian problem (see Fig. 1). This mapping
allows us to characterize the critical behavior of the CRN
through an elegant geometrical interpretation. Furthermore,
irrespective of the presence, or lack thereof, of phase
transitions in the stochastic process of interest, our for-
malism provides a way to approximate its steady state with

(a) (b) (c) (d)

FIG. 1. Dimension reduction of the mathematical description of chemical reaction networks and characterization of their phase
transitions. We transform chemical reaction networks consisting ofM compartments (a), for which its stochastic dynamics are described
by the master equation [Eq. (1)], into a deterministic Hamiltonian system of dimension 2M [Eq. (23)] using the Doi-Peliti formalism (b).
Then, we introducem constraints by “freezing” some compartments [Eq. (31)] in order to reduce the dimensions of the system (c). Using
this reduced system, we can study phase transitions that the original system exhibits by varying a control parameter γ, which determines
the position of the fixed points in the phase portrait (d). Here, the phase portraits [(d), left and middle] are depicted at exactly the critical
point γc [(d), right, dashed line], and the obtained reduced dynamics are captured by the occupation number η and the noise variable θ
[see Eq. (21)]. The shaded red areas in (d) are the nonphysical regions, as they correspond to regions that cannot be attained—for
example, occupation numbers larger than the total population. The (global) fixed points are on the intersections of the trivial zero-energy
lines (black) and the nontrivial zero-energy lines (dashed purple). When the phase transition is a first-order transition, the order
parameter “jumps” to a nonzero value as the global fixed point changes abruptly [(d), left]. On the other hand, when the transition is of
second order, the order parameter changes continuously to nonzero values [(d), middle].
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high accuracy even for systems where existing approaches
cannot be readily used. The idea of building on methods
originating from quantum physics to study complex net-
works, or vice versa, has proven successful in stretching the
boundaries of statistical physics [28–37]. Similarly, we
foresee broad applications of our dimensionality reduction
approach to study the critical behavior and the population
dynamics of multicompartment processes.
Before proceeding with the theoretical background, let

us take the opportunity here to summarize the main steps to
characterize the phase transition of generic multicompart-
ment systems. A visual representation of the procedure is
shown in Fig. 1. First, we map a generic CRN into a
Hamiltonian problem. The corresponding Hamiltonian can
be obtained directly from the master equation of the
original problem through the Doi-Peliti formalism
[Figs. 1(a) and 1(b) and Secs. II A and II B]. The second
step is to perform an effective dimension reduction of the
original problem by defining a reduced Hamiltonian
through a proper parametrization [Fig. 1(c)]. To facilitate
the analysis of the phase portrait, we apply a transformation

that yields new variables with a clear physical interpretation
(Sec. II E). Finally, we identify critical points within the
phase portrait as locations where multiple zero-energy lines
of the reduced Hamiltonian intersect, signaling qualitative
changes in the system’s dynamics, i.e., phase transitions.
Then, the order of the phase transition(s) can be determined
by investigating the zero-energy lines as function of the
control parameter [Fig. 1(d) and Sec. II D]. A schematic
overview of these steps, with additional details, is presented
in Table I. We stress that readers interested in the technical
details continue to Sec. II, while those interested in the
applications can proceed directly to Sec. III.

II. THEORETICAL BACKGROUND

A. Stochastic compartmental models

Many natural, biological, and sociotechnical phenom-
ena are stochastic processes. Through a probabilistic
representation, one focuses on a macroscopic quantity
n whose dynamics is described by a distribution pðn; tÞ
that depends on the features of the system. Some examples

TABLE I. Methodological overview of our approach. Detailed work flow with the steps one needs to take to characterize phase
transitions and analyze fluctuations of generic multicompartment chemical reaction networks (for more technical details, see Sec. II).
After constructing the Doi-Peliti Hamiltonian [1, Figs. 1(a) and 1(b) and Appendix A], we reduce the dimensions of the problem and
obtain an effective, reduced, Hamiltonian H⋆ [2, Fig. 1(c)], which can be used to analyze the phase portrait [3, Fig. 1(d)] and, under
some conditions (see Sec. II F and Appendix J), the fluctuations around the steady state (4).

Steps Output, input Refs.

1. Construct Doi-Peliti Hamiltonian H Secs. II A and II B
a. Write master equation using the transition matrix Hnm ∂tpðn; tÞ ¼

P
m Hnmpðm; tÞ Eq. (1)

b. Introduce creation and annihilation operators a†i , ai a†i jni ¼ jnþ Iii, aijni ¼ nijn − Iii Eq. (6)
c. Compute the generating function jGi jGi ¼Pn pðn; tÞjni Eq. (8)
d. Apply Doi-Peliti formalism to obtain the Hamiltonian H ∂tjGi ¼ HjGi Eq. (10)

2. Compute reduced Doi-Peliti Hamiltonian H� Sec. II E
a. Identify order parametera φ φ ¼ 1 − hnii=N Eq. (25)
b. Apply field transformations xi ⇔ a†i , qi ⇔ ai Eq. (16)
c. Freeze all compartments but compartment i xj ¼ 1 for all j ≠ i Eq. (29)
d. Apply constraintsb and obtain parametrization Λ Λ ¼ fxi; xj ¼ 1; qi; Qjðxi; qiÞg Eq. (32)
e. Apply Λ to obtain the reduced Hamiltonian H⋆ H⋆ ¼ H∘Λ Eq. (33)

3. Analyze phase portrait and characterize phase transitions Sec. II D
a. Apply Cole-Hopf transformations to obtain Ĥ⋆ ¼ H⋆ðηi; θiÞ xi ¼ eθi , qi ¼ ηie−θi Eq. (21)
b. Find zero-energy lines of reduced Hamiltonian Ĥ⋆

Ĥ⋆ ¼ 0 Eq. (26)
c. (i) Identify critical points where zero-energy lines cross � � � Fig. 1(d)
(ii) Inspect critical points by changing control parameter(s) � � �

4. Analyze fluctuations around steady state ∂tηi ¼ 0 Sec. II F
a. Compute partial derivatives of Ĥ⋆ at θ ¼ 0 ∂

k
θH

⋆
0 ¼ ½∂kθĤ⋆�θ¼0

� � �
b. Obtain (reduced) drift v and noise strength w v ¼ ∂θH⋆

0 , w ¼ ∂
2
θH

⋆
0

Eq. (40)
c. Write reduced Langevin equation ∂tηi ¼ vþ ffiffiffiffi

w
p

· ξt Eq. (39)
aWhile φ ¼ 1 − hnii=N is common, other functional forms of the order parameter exist, and the form depends on the system one

considers.
bA common constraint often applied to reduce the dimensions of the system is population conservation, i.e., N ¼Pi ni. Here, we

additionally use fixed points of the mean-field dynamics, i.e., ∂thnji ¼ ½∂H⋆=∂xj�x¼1 ¼ 0, to obtain additional constraints [see
Eq. (31)]. Note that these constraints result from freezing all compartments but the one related to the order parameter.
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include the spread of disease, where n represents the
number of infected individuals, or ecological systems,
where n describes species abundance. From a mathemati-
cal point of view, n is the output of a discrete random
variable, whereas pðn; tÞ is the probability of finding that
random variable with value n at time t. Generally, we can
take n as a discrete quantity. We focus on homogeneous
Markovian systems only, and, therefore, the dynamical
behavior of the systems is governed by a master equation

∂tpðn; tÞ ¼
X
m

Hnmpðm; tÞ; ð1Þ

where the sum is evaluated over all possible states and
Hnm are the elements of a matrix defined by the system
interactions. This matrix can be written in terms of the
transition rates ωðnjmÞ that represent the probability per
unit of time of transitioning from the state m to the state
n ≠ m, that is,

Hnm ¼ ωðnjmÞ − δnm
X
m0

ωðm0jnÞ; ð2Þ

where δnm is the Kronecker delta and ωðnjnÞ ¼ 0. This
compartmental representation is very flexible, and the
evolution of the system narrows down to keeping trace
of the number of elements that belong to each state
compartment.
Now consider M to be the number of compartments

necessary to fully characterize a system. In this case, n ¼
ðn1;…; nMÞ is the (multidimensional) variable of interest,
with ni being the population, abundance, or occupation
number of its corresponding compartment i. For a generic
system, M can be arbitrarily large, and the interaction
network very complex. For the sake of simplicity, in this
work, we limit ourselves to the case of well-mixed
chemical reaction networks, given by (a set of) transitions
of the form

XM
i¼1

kiAi⟶
λ XM

i¼1

liBi; ð3Þ

reactions where ki and li represent the stoichiometric
coefficients for the chemical reactions [27] and λ represents
the rate of a specific reaction. Note that these are mass-
action reactions, which means that the rates are propor-
tional to the population numbers.
In general, studying the time evolution and the critical

behavior of generic CRNs in the form of Eq. (3) is difficult.
However, in what follows, we illustrate that our proposed
formalism will simplify such analyses by focusing on the
effective dynamics of a few compartments and “freezing”
all the others (Fig. 1). In its essence, we first employ the
Doi-Peliti formalism and its corresponding path integral
representation. Then, we take a Wentzel-Kramers-Brillouin
(WKB) approximation in order to obtain a set of

Hamilton’s equations, and we show that one can freeze
a specific set of compartments to obtain the reduced
dynamics. This scheme effectively reduces the original
problem of dimension M to a problem of dimension
2M − 2m, where m is the number of frozen compartments.
It, furthermore, allows us to study the phase transition
geometrically, by looking at the intersections of the zero-
energy lines of the Hamiltonian in a phase portrait. These
intersections are the fixed points of the reduced system, and
we can readily identify the order of the phase transition and
the location of the critical point. In certain cases, we are
additionally able to approximate with high accuracy the
distribution of the order parameter at stationarity, thus
readily obtaining its fluctuations. As such, our proposed
formalism provides more information on the system than a
mean-field approach can offer. An overview of the dimen-
sion reduction scheme and the characterization of the phase
transition(s) is depicted in Fig. 1.

B. The Doi-Peliti formalism and the path
integral representation

The Doi-Peliti formalism has been introduced as a means
to tackle generic CRNs of the form provided above (see,
e.g., Refs. [20,21]). Briefly, the formalism describes the
dynamics of a compartment using creation and annihilation
operators, which are denoted by a† and a, respectively.
Hence, analogously to the second quantization, an element
of the system can be created or destroyed as defined by the
transition rules encoded in the master equation. This
approach has been extensively covered in the literature
(for detailed reviews, see Refs. [24,38]). Note that we
adhere to the standard definitions employed by others
(e.g., Refs. [21,24,27,39]). To this end, let us first develop
the usual path integral representation.
Let us introduce the bra-ket notation to describe the state

of a system, i.e.,

jni ¼ jn1;…; nMi: ð4Þ

The corresponding bra is given by the normalization
condition

hnjn0i ¼
YM
i¼1

ni!δnin0i : ð5Þ

With this normalization condition, the creating and anni-
hilation operators are defined, respectively, by

a†i jni ¼ jnþ Iii; aijni ¼ nijn − Iii; ð6Þ

where Ii is the canonical vector with the ith component
equal to 1 and all others zero. Thus, within the context of
compartmental models, a†i and ai, respectively, create and
annihilate an element belonging to compartment i and
follow the usual bosonic commutation relations
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½a†i ; a†j � ¼ ½ai; aj� ¼ 0; ½ai; a†j � ¼ δij; ð7Þ

where the commutator is defined as ½a; b� ¼ ab − ba. To
obtain a path integral representation, let us introduce the
generating function

jGi ¼
X
n

pðn; tÞjni; ð8Þ

and, by using Eq. (5), the probability distribution of
attaining a specific state at time t reads

pðn; tÞ ¼ hnjGiQ
ini!

: ð9Þ

Thus, jGi fully determines the statistical behavior of the
system. By employing the master equation of Eq. (1), we
obtain a “Schrödinger-like” equation within the Doi-Peliti
representation, which reads

∂tjGi ¼ HjGi; ð10Þ

where

H ¼
X
n;m

1Q
imi!

jniHnmhmj ð11Þ

is the Doi-Peliti Hamiltonian (DPH). For a generic CRN,
H can be written as a polynomial function of the creation
and annihilation operators (Appendix A).
To have an explicit expression of jGi, it is necessary to

choose a basis for the Fock space. We work with

jni ¼
YM
i¼1

xnii ; ð12Þ

where x ¼ ðx1;…; xMÞ. Using the normalization condition,
we have that

hnj ¼
�Y�

∂

∂xi

�
ni
�
x¼0

: ð13Þ

Under these bases, the path integral representation for the
generating function is given by [24]

jGi ¼
Z

tÞ

½0
D½x; q�e−S½x;iq�þ

P
j
n0j log x0j ; ð14Þ

where i is the imaginary unit, n0 is the initial state of the
stochastic process, D½x; q� is a suitable measure [24,39],
and S is the action of the system defined as

S½x; iq� ¼ −
Z

t

0

dτ

�X
j

iqj∂τxj þHðx; iqÞ
�
; ð15Þ

where xj ¼ xjðτÞ and qj ¼ qjðτÞ. Further details on the
derivation of the generating function and on the notation are
reported in Appendix B.
Within the path integral representation, the operators a†j

and aj are replaced by two fields xjðτÞ and iqjðτÞ. They are
linked to the occupation numbers nj through the formal
relation

iqjxj ¼ nj; ð16Þ

which is derived from the definition of the number
operators N̂j ¼ a†jaj, where N̂jjni ¼ njjni. Note that,
despite handling Eq. (14) being generally difficult, we
show that in the case of chemical reactions we can use an
approximation similar to the WKB one. Doing this reduces
the study of a stochastic process to a Hamiltonian problem.

C. WKB approximation and stationary paths

The path integral representation is formally exact, but, to
obtain explicit results, one has to resort to approximations.
Recently, it has been shown that the WKB approximation
for the study of stochastic systems is a good candidate
[26,40–42]. In Appendix C, we show that this approxima-
tion can be applied to CRNs such as those in Eq. (3), thus
greatly simplifying the path integral representation.
In brief, this approach is valid when the system size
(e.g., the total population) N ≫ 1 and when the transition
rates between k reagents scale as Nk−1.
When these assumptions hold, the generating function

jGi can be approximated as

jGi ≈ expð−S̃Þ; ð17Þ

where S̃ is the action S evaluated over the solutions (x̃, q̃)
of the Hamilton equations

∂x̃
∂t

¼ − ∂H
∂q̃

;
∂q̃
∂t

¼ ∂H
∂x̃

; ð18Þ

and H is the Doi-Peliti Hamiltonian [Eq. (11)]. Although
this system of equations might appear complicated, it
actually represents a reduced description of the master
equation and, as we show, provides valuable information
about the dynamical and critical properties of the stochastic
process.
As we work with chemical reaction networks where the

WKB approximation applies, we consider only stationary
trajectories, i.e., those in which the system size N and the
time t are sufficiently large. In Appendix D, we show that
ðx̃; q̃Þ can be taken as real functions satisfying the important
relation

nj ¼ x̃jq̃j: ð19Þ
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Note that this relation differs from Eq. (16). Indeed, as is
discussed in detail in Appendix D, we find that, by applying
the WKB approximation and changing the Fock space
basis, we can substitute iq with a real field q̃, thereby
providing a more intuitive description.
It is possible to show that the trajectory x̃j ¼ 1 is a

solution of Eq. (18) (Appendix A). This trajectory plays an
important role from a statistical point of view, as the
average value of nj is given by

hnji ¼
∂jGi
∂xj

����
x¼1

≡ q̃j; ð20Þ

where we use Eq. (17). Thus, in the phase space, the
deterministic behavior of the system—that is to say, the
mean-field behavior—is contained on the mean-field mani-
fold x̃ ¼ 1. Put otherwise, x̃ ¼ 1 contains all deterministic
(mean-field) trajectories. As we illustrate in Sec. II D, this
manifold is key in the analysis of the critical behavior
of CRNs.
To provide a more intuitive physical interpretation of our

variables, we employ the Cole-Hopf transformation [43],
which reads

xj ¼ eiθj ; iqj ¼ ηje−iθj : ð21Þ

We stress that this transformation is a formal procedure,
since there are no real variables that satisfy such a relation.
Yet, in doing so, we replace the field ðx; iqÞ by ðη; iθÞ,
where ηj represents the population number nj. With this
transformation in place, the action S now becomes

S ¼
Z

t

t0

dτ

�X
j

iθj∂τηj − Ĥ
�
þ iθ0η0 − iθη; ð22Þ

where Ĥ is the Hamiltonian after applying the Cole-Hopf
transformation. As was done for ðx; iqÞ, in the stationary
limit we can replace ðη; iθÞ by the (real) solutions of

∂η̃
∂t

¼ ∂Ĥ

∂θ̃
;

∂θ̃
∂t

¼ −
∂Ĥ
∂η̃

; ð23Þ

which is the Hamiltonian system of Eq. (18) rewritten using
the Cole-Hopf variables. With this change of coordinates,
the mean-field dynamics is recovered on θ̃ ¼ 0. Note that
the mean-field manifold x̃ ¼ 1 and θ̃ ¼ 0 are always
solutions of Eqs. (18) and (23), respectively. Therefore,
this manifold is a universal feature of CRNs [44] (see also
Appendix A). As such, the physical interpretation of θ
relates to the degree in which the dynamical behavior of the
system is close to the deterministic one. That is, θ expresses
the role of stochastic fluctuations beyond the mean-field
approximation. Therefore, by studying the phase portrait of

Eq. (23), we can investigate the time evolution by means of
its attractors. Moreover, we show that we can probe the role
of fluctuations (Sec. II F).
As we work with systems wherein we can use the WKB

approximation (see Appendix D), we can replace the fields
ðx; iqÞwith the real fields ðx̃; q̃Þ. Going forward, to simplify
notation, we drop the tilde and simply use ðx; qÞ to denote
the real fields that are the stationary solutions of Eq. (18)
[and ðη; θÞ their corresponding Cole-Hopf variables admit-
ting Eq. (23)], such that now we have nj ¼ xjqj. In
addition, in the following sections, we freely alternate
between the ðx; qÞ representation and the Cole-Hopf ðη; θÞ
one. Generally, the former tends to be more suitable for
analytic computations, while the latter is often more
convenient for visualizing the phase portraits and for
investigating the critical behavior.

D. Characterization of phase transitions
under general constraints

Following the ideas put forward in Ref. [25], we build on
the formalism presented so far to develop a mathematical
framework for the analysis of phase transitions. Using our
proposed formalism, we obtain a strategy for studying the
phase transitions of generic chemical reaction networks.
We first write the Doi-Peliti Hamiltonian of the system

and use it to find the fixed points on the zero-energy sets.
When looking for the zero-energy sets, it is essential to
account for all possible constraints. Within the context of
CRNs, such constraints typically are related to the con-
servation of the total number of elements. After identifying
and imposing the constraints, the dimension of the system
will be reduced to 2M − 2m, wherem is the number of con-
straints, yielding a reduced Hamiltonian H⋆. In Sec. II E,
we provide more details on how to select the constraints
and build the reduced Hamiltonian. Then, we consider the
simplified dynamical system [Eq. (18)] withH⋆, for which
we define the Jacobian relative to the reduced system as

J ¼
 
− ∂H⋆

∂x∂q − ∂H⋆

∂q∂q

∂H⋆

∂x∂x
∂H⋆

∂x∂q

!
: ð24Þ

We then look for the conditions that make the determinant
of J null, which occurs when J has at least one null
eigenvalue. Finally, we look for the parameter relations that
characterize the phase transition. We assume that our
system always converges to a stationary state, and we
describe it by means of a nonequilibrium order parameter
φ, which denotes the asymptotic density of a specific
compartment. If we take, without loss of generality, n1 ≈ N,
then

φ ¼ 1 − lim
t→∞

hn1i
N

: ð25Þ
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For instance, in the context of an epidemiological CRN,
we would assume that, when an outbreak of a new
disease is about to occur, the number of susceptible
individuals in a population is very large, nS ≈ N. Then,
our framework allows us to study the dynamics and the
critical behavior of the system when a small number of
infected individuals is introduced in the populations. By
varying the (control) parameters near the critical point(s),
we can determine whether there is a first- or second-order
phase transition, as we describe below. As we are
interested in the large time behavior, we consider only
the null eigenvalue of the Hamiltonian system; that is, we
focus our attention on the zero-energy sets where

H⋆ ¼ 0 ðor Ĥ⋆ ¼ 0Þ: ð26Þ

Within the WKB approximation regime, we can study
the topology of these sets to obtain information about the
system at large times. Here, by topology, we mean the
trajectories on the phase portrait related to H⋆. The fixed
points of the Hamiltonian system on the level set H⋆ ¼ 0
play an important role, since they are related to the stable
and the unstable manifolds that determine the evolution
of the system [45]. In particular, the dynamics converges
at the hyperbolic fixed point on the stable manifold and
diverges from it on the unstable one. Therefore, when
modifying the control parameters, such as the transition
rates, the configuration of the fixed points can change. As
a result, the dynamics of the system will strongly vary as
its attractors are modified, suggesting the presence of
phase transitions. Recall that x ¼ 1 is the mean-field
manifold for which H⋆ ¼ 0 and, thus, represents the
mean-field dynamics [see Eq. (20)]. By studying the
fixed points on this manifold, we recover the mean-field
phase transitions. Moreover, by analyzing the topology
of the stable and unstable manifold, we are able to
characterize these transitions [25] (see also Fig. 1 and
Sec. III). If new global attractors suddenly appear when
the control parameters are modified, then the dynamics of
the system radically changes, and, thus, the system
admits a first-order phase transition. If new attractors
do not appear and the positions of the existing ones
change continuously, the system instead displays a
second-order phase transition.
We stress that we consider systems that have absorbing

states; hence, they are out of equilibrium and cannot be
treated using the standard tools of equilibrium statistical
mechanics. The nonequilibrium properties, however, can be
addressed by leveraging the Doi-Peliti mapping to the
Hamiltonian representation.
The considered constraints that helped us reduce the

system dimension need to be taken into account in the
description of the phase transitions. We represent these by
an equation of the form C ¼ Cðx; qÞ, where C is now an
m-dimensional vector. Assuming that the implicit function

theorem holds, we can find a function Q such that, for m
components of q, we have

ðq1;…; qmÞ ¼ Qðqmþ1;…; qM; x1;…; xM;CÞ: ð27Þ

Furthermore, constraints represent first integrals of the
Hamiltonian system. In the following section, we show
that we can let xi ¼ 1 for all i ¼ 1;…; m. Each constraint
reduces the dimension of the system by 2, projecting the
DPH onto a new, reduced HamiltonianH⋆ that depends on
2M − 2m variables. Under these premises, the system reads

∂xjH
⋆ ¼ 0; ∂qjH

⋆ ¼ 0; ð28Þ

with the constraints

xj ¼ 1; detðJÞ ¼ 0; ð29Þ

where J the Jacobian depends on x and q [see Eq. (24)]. By
treating the coefficients of the transition rates as variables,
the system of Eq. (28) gives us the critical points for
possible phase transitions. In the same way, we can build
this system by using the Cole-Hopf coordinates. A more
technical discussion of how to use a Hamiltonian repre-
sentation to study CRN phase transitions, including con-
servation quantities and bias, is explored in Ref. [46].
The approach presented so far is a generalization of the

results discussed in Ref. [25] to multicompartment systems
that include m constraints. In order to exploit these results
and apply the framework to arbitrary multidimensional
CRNs, we first need to find a way to systematically identify
these constraints. In the next section, we present our novel
method for finding m ¼ M − 1 conservation laws, thus
reducing the system’s dimension to a single effective degree
of freedom that focuses solely on the order parameter.

E. Dimension reduction

Dynamical models with many components are common,
and their characterization as Hamiltonian systems can be
complicated. Moreover, only in the case of single-compart-
ment systems are we able to find a graphical visualization
of the level sets with the tools presented so far. In the
previous section, we have observed that the presence of first
integrals helps simplify multicompartment systems. We
employ this property to build our own dimension reduction
method, which is based on using the deterministic equa-
tions as first integrals to effectively “freeze” the degrees
of freedom that are not inherent to the order parameter
(Fig. 1). Within this context, freezing a variable (or
compartment) is equivalent to saying that one constrains
this variable to live on the mean-field manifold where
xj ¼ 1 [or θj ¼ 0; see Eq. (20)]. Using this approach,
we obtain an effective, or reduced, Hamiltonian H⋆ that
captures the fundamental features of the system.
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To show this, let us initially consider a HamiltonianH of
a general process. The deterministic trajectories are

∂thnii ¼ fiðhn1i;…; hnMiÞ; ð30Þ

where fi are functions of the occupation numbers obtained
as the solutions of the Hamilton’s equations by setting
xj ¼ 1 and qj ¼ hnji for all j ≠ i. Since we assume that a
steady state is asymptotically reached when t → ∞, this set
of equations admits the solution for ∂thnji ¼ 0. Without
loss of generality, we focus on the first compartment. Then,
for large t, we rewrite the previous system as

∂thn1i ¼ f1ðhn1i;…; hnMiÞ; ð31aÞ

∂thnji ¼ 0; ð31bÞ

meaning that now fjðhn1i;…; hnMiÞ ¼ 0 for all j > 1.
That is to say, all compartments but the first (i.e., the one
related to the order parameter) are frozen, again meaning
that xj ¼ 1 [see above, and see Fig. 1 and Eq. (20)]. In
doing so, we are imposing constraints on the average values
of the occupation numbers, from which we derive the set of
first integrals. We stress again that imposing these con-
straints is equivalent to saying that all compartments but the
one related to the order parameter are confined to the mean-
field manifold where xj ¼ 1. Hence, the dynamics of all
these compartments can be described as a function of n1
and, therefore, letting n1 converge to its steady state means
that all other compartments simultaneously converge to
their steady state as well.
Further physical insights can be gained by studying what

occurs near this limit. Let x1 and q1 be the only variables
related to the order parameter, while all the other degrees of
freedom are frozen. From an analytic point of view, using
Eq. (31), we can rewrite qj for all j > 1 as functions of
q1 and x1. Although this is not always possible, we show
that we can add a suitable transition rate to make Eq. (31)
solvable without altering the critical environment (see
Appendix E for more details). In other words, we can
define a parametrization Λ such that

Λðx1; q1Þ ¼ fx1; xj ¼ 1; q1; qj ¼ Qjðx1; q1Þg; ð32Þ

where j > 1, and recall that xj ¼ 1 and qj ¼ Qjðx1; q1Þ
with Qj as defined in Eq. (27). By applying this para-
metrization to the original DPH, we obtain the reduced
Hamiltonian, which, thus, reads

H⋆ ¼ H∘Λ; ð33Þ

where ∘ is the composition operator; i.e., we have

H⋆ ¼ Hðx1; xj ¼ 1; q1; qj ¼ Qjðx1; q1ÞÞ; ð34Þ

and, thus, H⋆ depends only on x1 and q1. Since the
generating function is defined in terms of the ðx; qÞ
coordinates, it is natural to employ this notation to represent
the parametrizations and the reduced Hamiltonian. We then
proceed with the Cole-Hopf transformation to obtain a
more transparent physical interpretation.
In some cases, the solutions of Eq. (31) can yield

different parametrizations. These may represent different
states of the system, where the corresponding reduced
Hamiltonians have different hyperbolic fixed points. To
construct the correct Hamiltonian, we can investigate the
stability of the fixed points of the full problem and choose
the parametrization such that H⋆ has the same attractor(s)
as the complete system. More specifically, we select as a
domain of the parametrization Λ the one corresponding to
the set of parameters for which the equilibria of the full
system are recovered. If, for a point in the parameter space,
two parametrizations yield the same equilibrium, then this
point is generally a critical point. In fact, if varying the
system’s parameters leads to the same stationary states for
different parametrizations, it is implied that there is a
superposition of distinct fixed points. As previously dis-
cussed in Sec. II D, this indicates that a phase transition
occurs. Since for many systems we have a number m of
conservation laws, the dimension of the problem is reduced
by 2m. We have extra degrees of freedom, since we can
derive different parametrizations Λ depending on the first
integrals that we are choosing when deriving an effective
one-dimensional system. This selection is not entirely
arbitrary. In fact, we must ensure that the set of stationary
equations and the conservation laws admit a non-null
solution (for a more detailed discussion, see Sec. III C).
Once the unusable stationary equations are discarded, we
find a degeneration of possible parametrizations and
reduced Hamiltonians.
Even if the dimension reduction of some CRNs admits

several parametrizations, we highlight that this fact does
not change the deterministic description. Despite the
multiplicity of reduced Hamiltonians H⋆, if the corre-
sponding Λ satisfies the condition discussed above, the
fixed points and the asymptotic behavior of the system do
not vary. From a stochastic point of view (see also Sec. II F
below), we obtain different Langevin and Fokker-Planck
equations for each parametrization. This means that the
stochastic information that we get is related to the condi-
tional probability pðn1jn2;…; nMÞ, which we are taking as
an approximation for pðn1Þ in the stationary limit. Different
parametrizations lead to different constraints and, thus, to
different conditional probabilities.
Remarkably, once the parametrization degeneracy is

overcome, our dimension reduction scheme proves to be
a useful way to describe the stochastic behavior of a large
variety of models. Using this, we are indeed able to
properly characterize both the order parameter of the phase
transition via the mean value of the population of a single
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compartment [Eq. (25)] and its fluctuations. As we discuss
in the next section, under some assumptions, we are able to
approximate the distribution pðn1Þ incredibly well, mean-
ing that all its moments are accessible. On the other hand,
when the parametrization degeneracy cannot be settled,
higher moments of the occupation number n1 are not
properly captured and additional assumptions must be
made. The physical intuition behind this is that, when
the dimensions are reduced, we fix not only the average, but
also the noise of all degrees of freedom other than the order
parameter by setting xj ¼ 1 (or θj ¼ 0), and, thus, some
information is unavoidably, and perhaps unexpectedly, lost.
Finally, we remark that the dimension reduction is not

able to describe the transient dynamics of the systems, as it
describes only its stationary limit. However, as we show, it
remains very useful for the study of critical behaviors.

F. Fokker-Planck and Langevin representations

Now that we have illustrated our dimension reduction
scheme, let us illustrate how it can be applied to obtain
reduced Fokker-Planck and Langevin descriptions of the
dynamics. We apply the largest possible dimension reduc-
tion m ¼ M − 1. That is to say, we freeze all but a single
compartment related to the order parameter. Then, recall that
the reduced Hamiltonian Ĥ⋆ defines a Hamilton system in
the Cole-Hopf variables. These variables allow us to
represent the fluctuations around the mean-field dynamics
by means of θ. We have seen that the first derivative of Ĥ⋆

with respect to θ evaluated on the mean-field manifold
describes the mean-field dynamics of the reduced system.
Next, we show that its second derivative allows us to capture
the systems’ fluctuations (see also Refs. [24,27]).
When the population number n is sufficiently large, the

reduced Hamiltonian Ĥ⋆ in the Cole-Hopf representation
can be approximated by a continuous variable. In doing so,
we can rewrite the master equation of Eq. (1) using a
Kramers-Moyal expansion [24]:

∂tpðn; tÞ ¼
X
m≥1

ð−1Þm
m!

∂
m

∂n
½WmðnÞpðn; tÞ�

¼ HKMðn; ∂nÞpðn; tÞ ð35Þ

with

WmðnÞ ¼
Z
R
dyymωðnþ yjnÞ ð36Þ

and where HKM is the Kramers-Moyal operator. In this
limit, there is a link between Ĥ and HKM. Using the
definition ofH and considering Eq. (11), one can show that
for a one-dimensional system (Appendix A 3)

H†
KMðη; θÞ ¼ Ĥ⋆ðη; θÞ; ð37Þ

whereH†
KM is the adjoint operator ofHKM. Note that, under

this mapping, we have η ¼ n and θ ¼ ∂η.
Interestingly, the same reasoning can be applied to

systems with more degrees of freedom by using the
dimension reduction presented above. If we consider the
average hn1i ¼ η as the order parameter, we can expand
Ĥ⋆ up to the second order of θ around θ ¼ 0 to obtain a
Fokker-Planck equation [47]

∂tpðη; tÞ ¼ −∂η½∂θH⋆
0pðη; tÞ� þ ∂

2
η

�
1

2
∂
2
θH

⋆
0pðη; tÞ

�
; ð38Þ

where, with some slight abuse of notation, we have
∂
k
θH

⋆
0 ¼ ½∂kθĤ⋆�θ¼0 and pðη; tÞ is the conditional proba-

bility distribution constrained by the stationary conditions.
Hence, by expanding the reduced Hamiltonian, we can
write an effective one-dimensional Fokker-Planck equation
for the multicompartment stochastic process, which makes
further calculations considerably easier. From the Fokker-
Planck equation, we can readily obtain the Langevin
equation of the problem [47]

dη
dt

¼ vþ ffiffiffiffi
w

p
· ξt; ð39Þ

where we have defined the drift and noise strength

v ¼ ∂θH⋆
0 ; w ¼ ∂

2
θH

⋆
0 ; ð40Þ

respectively, and ξt ≡ ξðtÞ Gaussian white noise in the Itô
representation. More details on these derivations are given
in Appendix F. Formal steady-state solutions of Eq. (38) are
known to be [48]

lim
t→∞

pðη; tÞ ¼ Ze−VðηÞ; ð41Þ

with the potential

VðηÞ ¼
Z

dη
∂ηð∂2θH⋆

0 Þ − 2∂θH⋆
0

∂
2
θH

⋆
0

ð42Þ

and Z a normalization factor. From this, it is clear that
∂
2
θH

⋆ is related to the system’s fluctuations, and, by
employing the Doi-Peliti formalism, we can have access
to both the deterministic and the stochastic descriptions.
It is important to note that Eq. (41) is valid at equilibrium

and represents an excellent approximation of the stationary
distribution when η is sufficiently far from the absorbing
state (if any exist). In systems with absorbing states, the
stationary distribution collapses into a Dirac delta at the
absorbing point. However, the transition rate to the absorb-
ing state within the active regime scales as e−N , with N the
system size (e.g., see Ref. [49], where N is the total
population for an epidemiological model). Therefore, for
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intermediate times large enough to find stationary behavior
but lower than the absorbing time, we can accurately
approximate the stationary distribution with Eq. (41).
We note that the fluctuations experienced by the indi-

vidual elements within the compartments of typical CRNs
can be highly correlated. To see this, let us describe the
(high-dimensional) stochastic dynamics as an Itô stochastic
differential equation, or chemical Langevin equation, as

∂tn ¼ V þW1=2 · ξt; ð43Þ

where V is the drift and W the correlation matrix. When
W is a diagonal matrix, each degree of freedom will have a
single noise term in the corresponding Langevin equation.
Hence, freezing the degrees of freedom is equivalent to
replacing, in the Langevin dynamics of the order parameter,
all stochastic variables but the nonfrozen one by their
averages. However, the correlation matrix W may not be
diagonal. This occurs when CRNs contain spontaneous
reactions. These reactions give rise to fluctuations in a
specific compartment that also depend on the occupation
numbers of other compartments in addition to its own. For

instance, in the spontaneous reaction I→
λ
S, fluctuations in S

are correlated with fluctuations in I. As our reduced
Langevin equation describes the noise as a (potentially
complicated) second derivative of the reduced Hamiltonian
on the mean-field manifold, ∂2θH

⋆
0 , the stochastic dynamics

of such CRNs may not be well approximated by the
reduced Langevin equation of Eq. (39). In contrast, when
a CRN does not contain spontaneous reactions—which
typically occurs in systems where compartmental changes
cannot occur, such as in ecological models like the
(generalized) Lotka-Volterra model—the dimension reduc-
tion scheme results in a reduced Langevin equation
[Eq. (39)] that readily captures stochastic effects and,
hence, reliably provides information beyond the mean-
field dynamics of a system.

III. RESULTS AND DISCUSSION

Having put forward the theoretical foundations of our
formalism, let us now demonstrate its power and flexibility
by highlighting its ability to describe a broad spectrum of
critical phenomena with both theoretical and practical
significance across diverse CRNs from multiple fields
(Table II). In Sec. III A, we begin by illustrating how to
handle continuous phase transitions. We then proceed, in
Sec. III B, to explore the emergence of a tricritical point and
a discontinuous transition mediated by higher-order inter-
actions. Finally, in Sec. III C, we address a case involving
degenerated parametrizations. Further details about the
phenomenology encountered in these sections are provided
in Appendixes H–J.

A. Continuous phase transitions: The SIS model

The well-known SIS model has been addressed in
several works using the WKB formalism (e.g.,
Ref. [49]) to investigate its stochastic properties. Here,
we employ it to illustrate how to identify second-order
phase transitions through the Hamiltonian representation.
In the SIS model, a susceptible individual (S) can become
infected upon the interaction with infected individuals (I)
with some rate γ=N, where N is the total number of
individuals at t ¼ 0 and is constant. We consider the closed
system wherein infected individuals can recover with some
rate ρ to become susceptible again. This means that we
consider the elementary reactions (the CRN) to be

Sþ I⟶
γ=N

2I; ð44aÞ

I⟶
ρ

S: ð44bÞ

Using the creation and annihilation operators [Eq. (6)], we
find the DPH to be [see also Eq. (A1)]

H ¼ γ

N
a†I ða†I − a†SÞaIaS þ ρða†S − a†I ÞaI: ð45Þ

TABLE II. Overview of the models we study with our formalism, in order of appearance. For each model, we list the number of
compartments, the number of elementary reactions, the compartment related to the order parameter (with its average taken at the
stationary limit, t → ∞), and the type or order of the phase transitions that we identified with our approach.

Compartments Reactions Order parameter Critical behavior Section

SIS 2 2 1 − hnSi=N Second order Sec. III A
Modified SIS 2 3 1 − hnSi=N Tricritical point Sec. III B
Predator-preya 3 4 hnAi Second order Sec. III C
Generalized Lotka-Volterrab 24 600 hn1i Second order Sec. III D
Tax evasion 3 5 1 − hnHi=N Tricritical point Appendix H
Higher-order SIRS 3 4 1 − hnSi=N Tricritical point Appendix J 1

aThe predator-prey model is a spatial variant of the Lotka-Volterra model and consists of prey species A, its predator B, and empty
patches E. When prey goes extinct (nA ¼ 0), predators will follow; hence, prey population serves well as the order parameter.

bThe generalized Lotka-Volterra is a general model withM compartments (species) andM × ðM þ 1Þ reactions, and, without loss of
generality, any of the compartments can be chosen to define the order parameter—here, we choose n1.
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Next, we replace the operators by their respective real fields
(see Sec. II C), i.e., a†i ⇔ xi and ai ⇔ qi. This makes the
Hamiltonian read

H ¼ γ

N
xIðxI − xSÞqIqS þ ρðxS − xIÞqI: ð46Þ

Next, recall that the total population is conserved, i.e.,
nS þ nI ¼ N, with ni ¼ xiqi the population number of the
considered compartments.
Now, we need to freeze the infectious compartment,

which means to apply the constraints

xI ¼ 1; qI ¼ N − xSqS: ð47Þ

In combination with the Cole-Hopf transformations, we
write for x and q the following relations:

xS ¼ eθ; qS ¼ ηe−θ; ð48aÞ

xI ¼ 1; qI ¼ N − η; ð48bÞ

where we have suppressed the subscript, i.e., η≡ ηS and
θ≡ θS. This gives us the reduced Hamiltonian

H⋆ ¼ ð1 − eθÞðN − ηÞ
�
γη

N
e−θ − ρ

�
: ð49Þ

Note again that this Hamiltonian describes a reduced
system in the ðη; θÞ plane, as we have effectively frozen
the infectious compartment by setting xI ¼ 1 and have
thereby reduced the dimensions of the problem. We can
extract the zero-energy lines of the reduced Hamiltonian,
i.e., the curves at which H⋆ ¼ 0. They occur for η ¼ N,
θ ¼ 0, and

θ ¼ log

�
ηγ

ρN

�
: ð50Þ

We call the zero-energy lines for which η ¼ N and θ ¼ 0 the
trivial zero-energy lines, as they are easily obtained by
taking a glance at the Hamiltonian and correspond to a trivial
fixed point (typically fixation, at η ¼ N, or extinction, at
η ¼ 0) and the mean-field approximation [at θ ¼ 0; see
Eq. (20)]. On the trivial zero-energy line at θ ¼ 0, we find
two fixed points, given by F1 ¼ ðN; 0Þ and F2 ¼ ðρN=γ; 0Þ.
The third fixed point is at the intersection of the curve θðηÞ,
which we call a nontrivial zero-energy line, with η ¼ N, and
thus we obtain F3 ¼ ðN; logðγ=ρÞÞ.
To gain information on the critical behavior, we intro-

duce the order parameter φ ¼ 1 − hnSi=N and the control
parameter γ and investigate the phase portrait in the ðη; θÞ
plane, which is depicted in Fig. 2. From the phase portrait,
we can see that the global attractor changes smoothly as we
vary the infection rate γ, thus indicating that the phase
transition is of second order, as expected. Note that, in

Fig. 2, we have imposed the normalization N ¼ 1. This is
equivalent to saying that we consider instead the population
density n=N, which, for N ≫ 1, can be approximated as a
continuous variable whose dynamics is described by the
same mean-field equations as n.
This simple model illustrates how one should go about

applying the dimension reduction scheme and how to
analyze the phase portraits in order to reason about the
nature of the phase transition.

B. Emergence of discontinuous transitions:
A modified SIS model

At odds with second-order phase transitions, there exist
scenarios where abrupt changes occur in the structure of the
critical points of phase portraits upon the variation of some
parameters. As we see next, this behavior hints to first-
order, discontinuous phase transitions.
To illustrate this, we modify the SIS model by including

an additional reaction that helps spread the infection. In
addition to the reactions in Eq. (44), we also consider the
reaction

Sþ 2I⟶
α=N2

3I: ð51Þ

Such a reaction facilitates the spread of infections by means
of a higher-order interaction. Do note that, in this case,
whether a fixed point of the dynamics is globally attracting or
not may depend on the initial conditions (see Appendix G).
However, as we assume nS ≈ N at t ¼ 0, the fixed points that
we investigate here always correctly reflect the dynamics.
When including the additional reaction, the DPH for this

system now reads

FIG. 2. Second-order phase transition of the SIS model. Phase
portrait in the ðη; θÞ plane of the SIS model with recovery rate ρ
and infection rate γ. Left: when γ < ρ, only η ¼ 1 is the global
attractor on the mean-field manifold θ ¼ 0, as η > 1 is forbidden
as it rests in the nonphysical region (see the text and Fig. 1).
Middle: when γ → ρ, the fixed points on the mean-field manifold
converge continuously until they have merged at γ ¼ ρ. Right:
when γ > ρ, the global attractor lies on the intersection with the
mean-field manifold at η ¼ ρ=γ. As there exists no discontinuous
change of the global attractor, this phase transition is of second
order. For more clarification on the phase plots, see Fig. 1. The
parameters used are N ¼ 1 and ρ ¼ 1.
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H ¼ HSIS þ
α

N2
ða†I Þ2ða†I − a†SÞa2I aS; ð52Þ

withHSIS the Hamiltonian of the SISmodel, as in Eq. (45).
As before, we freeze the infectious compartment, replace
the creation and annihilation operators by their respective
fields, apply the Cole-Hopf transformation, and obtain the
reduced Hamiltonian

H⋆ ¼ ð1 − e−θÞðN − ηÞðζηe−θ − ρÞ; ð53Þ

where we have defined

ζ ¼ Nðαþ γÞ − αη

N2
: ð54Þ

As in the SIS model, the trivial zero-energy lines are
obtained for θ ¼ 0 and η ¼ N, but now the nontrivial zero-
energy line is given by the curve

θ ¼ log

�
ζη

ρ

�
; ð55Þ

which crosses the trivial zero-energy line at θ ¼ 0 at values
of η that depend on the system parameters (Fig. 3). At
the critical point γ ¼ ρ, we find that, after normalization
(N ¼ 1), these values are

η ¼ 1; η ¼ ρ=α; ð56Þ

and, hence, one can see that, if α > ρ, a new fixed point in
the physical region emerges, thereby indicating a first-order
transition. On closer inspection of the order parameter, this
phenomenon is indeed confirmed (Fig. 3). As such, this
model illustrates how one can expect the phase portraits to
resemble when the system at hand displays discontinuous
phase transitions.
The last two sections have been presented for illustrative

purposes. In Appendix H, we provide a detailed explan-
ation of how our dimension reduction method can be
applied to a tax evasion model featuring a more complex
CRN [50], which exhibits both first- and second-order
transitions.

C. Overcoming parametrization degeneracy
in a simple predator-prey model

As anticipated in Sec. II E, finding the solutions of
Eq. (31) after imposing the constraints may lead to different
parametrizations. In this section, we introduce an example
in which two possible parametrizations arise and show how
to use physical reasoning to find the correct one that
reproduces the actual critical behavior in a specific regime.
For this endeavor, we use an ecological metapopulation

model. Let us assume that, in this model, there is a limited
number of patches N. We consider two distinct species that

FIG. 3. Analysis of the modified SISmodel displays first-order phase transition. The order parameter φ ¼ 1 − hnSi versus the control
parameter γ for (left) α < ρ and (right) α > ρ, on the mean-field manifold θ ¼ 0 (xI ¼ 1, see the text). For some values of γ, we have
drawn the phase portrait in the ðη; θÞ plane. On the left, one can observe that the global attractor (red star) changes continuously as the
nontrivial zero-energy line (dashed purple) crosses the trivial one, and, thus, the system admits a second-order phase transition at γ ¼ ρ
when α < ρ. Instead, on the right, the global attractor changes abruptly at γ ¼ ρ as the leftmost attractor becomes the new global
attractor, which, thus, indicates a first-order phase transition. Note that these phase portraits can be observed without solving or
simulating the dynamics themselves. For more clarification on the phase plot, see Fig. 1. The parameters used areN ¼ 1, ρ ¼ 1, α ¼ 0.5
(left), and α ¼ 2 (right).
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inhabit these patches: one of the prey species A and one of
its predator B. We furthermore introduce a factor D < N
that represents the amount of destroyed, uninhabitable
patches (cf. Ref. [51]; i.e., the total number of available
patches equals N −D). Note that, while we focus mainly
on the parametrization and the characterization of phase
transitions, this model is additionally of ecological interest,
as its analysis will allow one to reason about the effects of
habitat loss on species maintenance. This aside, we assume
that prey species colonize empty patches E with rate c and
they are predated upon with rate k. For simplicity, we
consider that both the predator and the prey die with rate ε.
This system is, thus, described by the elementary reactions

Aþ E⟶
c=N

2A; ð57aÞ

Aþ B⟶
k=N

2B; ð57bÞ

A⟶
ε
E; ð57cÞ

B⟶
ε
E: ð57dÞ

Note that these reactions can be interpreted as reactions that
describe a spatially explicit Lotka-Volterra model, where
N −D represents the carrying capacity of the prey species.
However, as we work under a well-mixed assumption,
these reactions instead describe a simplified, space-agnos-
tic version of the stochastic lattice Lotka-Volterra model
(see, e.g., Refs. [52,53]).
Using these reactions, we construct the Doi-Peliti

Hamiltonian, which reads

H¼ c
N
a†Aða†A −a†EÞaAaEþ εða†E −a†AÞaA

þ k
N
a†Bða†B −a†AÞaBaAþ εða†E −a†BÞaB: ð58Þ

Following the steps of our dimension reduction scheme, we
consider the control parameter D and the order parameter
φ ¼ 1 − hnAi=N. We freeze all other compartments by
letting xB;E ¼ 1 and note that one of the constraints on the
occupation number is given by

N −D ¼ nA þ nB þ nE: ð59Þ

This constraint alone is not sufficient to reduce the system
to a one-dimensional model, and, thus, we have to include
the mean-field dynamics obtained by solving the Hamilton
equations. That is to say, we look for stationary trajectories
on the mean-field manifold x ¼ 1, which are those that
abide

∂thnji ¼
�
∂H
∂xj

�
x¼1

: ð60Þ

After applying the substitution qj ¼ hnji [Eq. (20)], the
mean-field dynamics read

∂thnAi ¼
c
N
hnAihnEi −

k
N
hnAihnBi − εhnAi; ð61aÞ

∂thnBi ¼
k
N
hnAihnBi − εhnBi; ð61bÞ

∂thnEi ¼ −ð∂thnAi þ ∂thnBiÞ: ð61cÞ

By solving these equations and including the population
conservation of Eq. (59), we obtain the system’s fixed
points F ¼ ðnA; nB; nEÞ as

F0 ¼ ð0; 0; N −DÞ; ð62aÞ

F1 ¼
�
N −D −

εN
c

; 0;
εN
c

�
; ð62bÞ

F2 ¼
�
εN
k

;
cðN −DÞ
cþ k

−
εN
k

;
kðN −DÞ
cþ k

�
: ð62cÞ

We now apply our framework to analyze the critical
behavior. As discussed above, the image of the para-
metrization must include all the fixed points of the
complete system, which, in this case, depend on the order
parameter D (Appendix I). We can see that, solving the
system given by the stationary equation for the predators
∂thnBi ¼ 0 [Eq. (61b)] and using Eq. (59), the first para-
metrization obtained after normalization (N ¼ 1) reads

Λ1 ¼ fxA; xB ¼ 1; xE ¼ 1;

qA; qB ¼ 0; qE ¼ 1 −D − qAxAg: ð63Þ

The corresponding reduced Hamiltonian H⋆
1 ¼ H∘Λ1 is

easily obtained and reads

H⋆
1 ¼ ηð1 − eθÞðεe−θ þ cχÞ; ð64Þ

where we have used χ ¼ cðηþD − 1Þ. However, note that
this parametrization captures only the states where pred-
ators are extinct as qB ¼ 0. This is a consequence of
Eq. (61b) having a null kernel, which leads to qB ¼ 0when
using ðxA; qAÞ as variables.
When using the stationary equation for the empty

patches E instead [Eq. (61c)], we find another parametri-
zation Λ2 that does include all the fixed points (see also
Fig. 9), i.e.,
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Λ2 ¼
�
xA; xB ¼ 1; xE ¼ 1;

qA;

qB ¼ cqAð1 −D − xAqAÞ − εqA
cqA þ ε

;

qE ¼ 1 −D − xAqA − qA
cqA þ ε

	
: ð65Þ

We can then derive the corresponding reduced Hamiltonian
H⋆

2 ¼ H∘Λ2, which reads

H⋆
2 ¼ ηð1 − eθÞHnt; ð66Þ

with

Hnt ¼
ðχεeθ þ εðε − cηÞ − ηe−θ½εk − εcþ χk�Þ

cηþ εeθ
ð67Þ

the part of the Hamiltonian that defines the nontrivial zero-
energy line and χ as defined above. We again emphasize
that this reduced Hamiltonian captures all fixed points
through its nonzero-energy lines (Fig. 9), while the pre-
vious parametrization did not.
Next, using the fixed points [Eq. (62)], we can identify

three distinct regions in the phase space that depend on the
value of the control parameter D. These regions are
separated at D1 and D2, where the first is obtained
by checking for what value of D one finds F2 ¼ F1

(predator extinction, i.e., nB ¼ 0), and the second is obtained
by checking for what value of D one gets F1 ¼ F0

(full extinction, i.e., nA;B ¼ 0). In doing so, we find two
critical values for the order parameter (see also Appendix I
for more details)

D1 ¼ 1 −
ε

k
−
ε

c
; D2 ¼ 1 −

ε

c
: ð68Þ

By studying the phase portrait (Figs. 4 and 9), we note
that, as the global fixed point varies smoothly when
increasing D, and since no other fixed point appears at
D1 nor at D2, both phase transitions are second-order
transitions. Still, when D1 < D < D2, we see that the fixed
point corresponding to F2 remains (Fig. 9), yet in this
regime the prey population nB becomes negative. Thus,
although Λ2 correctly identifies all fixed points of the
dynamics—which, importantly, allow us to characterize the
phase transition—its accompanying phase portrait includes
a nonphysical fixed point. This phenomenon arises from
the fact that the absorbing boundary condition at predator
extinction (i.e., when F1 ¼ F2 for D ¼ D2) is not properly
taken into account. To recover the actual dynamics in this
parameter regime, we must instead choose Λ1 as the
parametrization, as we have done in Fig. 4.
Before closing this section, we briefly expand on the

ecological intuition behind these results. We have seen that,
for some levels of destroyed habitat, both the predator and
its prey can coexist. When the available habitat decreases,
the predator eventually goes extinct, and only the prey
remains. Further destruction of suitable habitat eventually
leads to the extinction of the prey as well. These results
are seen when integrating the (mean-field) dynamics as
well (see Appendix I). This model, thus, highlights that

FIG. 4. Phase portraits of the Lotka-Volterra model display parametrization degeneracy. Phase portraits in the ðη; θÞ plane of the Lotka-
Volterra model [Eq. (57)] for different amounts of habitat loss and different parametrizations Λ1 and Λ2 (see the text). Zero-energy lines
defined by the reduced Hamiltonians that are obtained when using a specific parametrization (i.e.,H⋆

1;2 ¼ H∘Λ1;2). Left: whenD < D1,
both species persist, and we find that all fixed points are physically meaningful and that they are all correctly identified by Λ2. On the
other hand, the parametrization Λ1 fails to capture one of the fixed points (F2, right purple point) and, hence, cannot be used to
characterize the phase transition in this regime (see the text and Appendix I for more details). Right: when D1 ≤ D < D2, the predator
species goes extinct and only the prey species remains. Despite the parametrization Λ2 describing the correct critical behavior, it does not
include the absorbing conditions of the equilibria; therefore, it displays a nonphysical fixed point (purple cross) and Λ1 must be used
instead. Finally, when D ≥ D2, both species go extinct and η ¼ 0 remains the only physical attractor. Note that the nonphysical domain
(red) changes depending on the control parameter D as fewer patches become available. For more clarification on the phase plot, see
Fig. 1. Parameters are c ¼ 1, k ¼ 0.5, and ε ¼ 0.2, which define D1 ¼ 0.4 and D2 ¼ 0.8, and from left to right we have D ¼ 0, 0.15,
0.4, 0.65, and 0.8.
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fragmentation is generally detrimental toward coexistence
and system stability, and the fact that these extinctions
occur through phase transitions at finite values of D
illustrates the fragility of ecosystems exposed to these
kinds of phenomena [54]. We consider a more thorough
investigation on the ecological ramifications of this model
out of the scope of this manuscript, and we refer those
interested to related studies on phase transitions in eco-
logical systems to Refs. [51,55–57].
Concretely, let us summarize parametrization degen-

eracy and how it may be resolved. When studying a
CRN for which multiple parametrizations arise when
reducing its dimensions, it is important to know that not
all parametrizations are equal and that they may not
correctly represent the true dynamics or they may not iden-
tify all fixed points of the system. In order to characterize
the phase transition, we must choose the parametrization
that allows us to visualize all fixed points, being certain that
the possible absorbing states are being taken into account
when these become relevant.
In fact, absorbing states drastically change the system.

For example, fluctuations in prey abundance originating
from predation simply cease to exist, because there are no
predators. Hence, a different system is to be studied instead,
which often requires a change in parametrization and,
subsequently, the choice of a different reduced Hamil-
tonian, which leads to a different phase portrait. We close
this section by noting that, even if we successfully resolve
the degeneracy and characterize the phase transition for this
predator-prey model, a significant open challenge remains,
namely, addressing the emergence of degeneracy in its full
generality and developing a systematic approach to han-
dling absorbing boundary conditions.

D. Effective dynamics in the absence
of spontaneous transitions

Finally, we highlight that the effective one-dimensional
dynamics can provide information beyond the mean-field
description of the dynamics, as we argued in Sec. II F.
Recall that we approximate the true (high-dimensional)
stochastic dynamics, as described by the chemical
Langevin equation [Eq. (43)], using a Langevin equation
wherein both the drift and noise strength are captured by
the reduced Hamiltonian [Eq. (39)]. In addition, we noted
that spontaneous transitions manifest themselves as off-
diagonal entries in the correlation matrix of the original
(nonreduced) problem and that our dimension reduction
scheme fails to capture fluctuations arising from these kind
of transitions (see also Sec. II F and Appendix J).
However, CRNs without spontaneous transitions are just

as plentiful as those with, and our reduced Langevin
equation in fact fully captures fluctuations around the fixed
points, even for systems with a high number of distinct
compartments. To illustrate this, we consider a well-
known and well-studied ecological model, the generalized

Lotka-Volterra model, and focus on the fluctuations about a
steady state. Briefly, the generalized Lotka-Volterra model
pertains an ecological system ofM interacting species with
abundances Ni and is described by the following set of
M × ðM þ 1Þ elementary reactions [27]:

Ni ⟶
ri

2Ni; ð69aÞ

Ni þ Ni ⟶
ri=κi Ni; ð69bÞ

Ni þ Nj ⟶
αij=κi

Nj; ð69cÞ

where ri the growth rate, κi the carrying capacity, and αij
the coupling coefficient that defines the (negative) effect of
species j on species i (note that αii ¼ 0). Note the absence
of spontaneous transitions, as species growth and competi-
tion between distinct species always depends on the focal
species involved.
One can follow the steps of our dimension reduction

scheme to obtain the effective, or reduced, Langevin
equation (Appendix J 2), and comparison of numerical
integration of the full system and the reduced one reveals
essentially identical fluctuation statistics (Fig. 5). That is to
say, in the absence of spontaneous transitions, the effective
one-dimensional dynamics accurately captures the original
systems’ fluctuations, illustrating that our dimension reduc-
tion scheme captures stochastic phenomena well beyond a
mean-field description, even for complex systems with
many compartments.

FIG. 5. Reduced dynamics capture stationary fluctuations.
Comparison between typical realizations of the full dynamics
and the reduced dynamics for the generalized Lotka-Volterra
model with M ¼ 24. The inset shows typical trajectories of the
full dynamics (black line), reduced dynamics (purple line), and
the mean-field dynamics (red line). Note that the reduced
dynamics captures both the mean-field dynamics and the fluc-
tuations about a feasible steady state, as the distributions of
fluctuations of both systems are nearly indistinguishable. See
Appendix J 2 for additional details and parameters.
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IV. CONCLUSIONS

In this work, we have presented a unifying framework that
shows how to systematically apply the Doi-Peliti formalism
to a broad class of compartmental models. Several studies
have proven how path integral approaches can offer advan-
tages when describing stochastic systems, characterizing
phase transitions, and giving information beyond the deter-
ministic limit. Yet, dealingwith systemswithmany compart-
ments is generally complicated, especially regarding the
visualization of thegeometry of phase portraits to identify the
nature of the phase transitions. Here, we have derived a novel
strategy that allows us to unify these descriptions thanks to
the introduction of a dimension reduction scheme. In
practice, our method provides information about the nature
of the phase transitions, and we can analyze both qualita-
tively and quantitatively the stochastic dynamics. We do so
through a transparent physical interpretation: Since the
observable of interest, the order parameter, corresponds to
a single compartment, one can freeze all other degrees of
freedom and study only the compartment corresponding to
the observable.
We have furthermore illustrated the usefulness of this

methodology by applying it to several relevant multi-
compartmental stochastic processes of increasing complex-
ity and of different nature, including epidemiological,
ecological, and sociotechnical ones. Starting from the
simplest case of two-compartment systems, we explored
the role of three-body interactions in epidemic-inspired
models, which have recently been reported to significantly
impact the behavior of many empirical systems [58]. This
opens the door to systematically analyze systems whose
interactions are beyond pairwise. For systems with more
than two compartments, our dimension reduction proposal
offers very good approximations for the stationary prob-
ability density function of the order parameter and success-
fully captures their critical properties (Appendix J).
To derive our dimension reduction scheme, we have used

some approximations that do not impact the predictions of
the critical behavior, yet they do have an effect on the
transient dynamics. Indeed, many methods that reduce the
dimensions of a system aim to describe not only the
stationary limit, but also to provide information about
the dynamics, which is, however, often at the expense of
needing more assumptions. Hence, there is a compromise
between the amount of information one can retrieve and the
generality of the model one can actually study. Our method
positions itself in a place in which it can be generally
applied to a range of systems that is wider than what
traditional methods offer, such as those based on timescale
separation [59,60], but misses the possibility of an accurate
prediction of the transient phase. Offering insights on the
transient dynamics from the point of view developed here
remains a topic for future research. Additionally, our

method is most useful in scenarios in which only one
degree of freedom is effectively operating in the long-time
behavior, so it is not yet clear to what degree we can freely
reduce the dimensionality in cases with coupled degrees of
freedom.
Another aspect that we believe is worth further consid-

eration is related to the parametrization Λ and the reduced
Hamiltonian H⋆. More specifically, the difficulties are
associated with the definition of the validity domain and the
potential degeneration of Λ. An open question that remains
that we foresee to have a great impact due to the wealth of
potential applications is the generalization of this dimen-
sion reduction scheme to structured, networked populations
that interact beyond the all-to-all limit [61].
In conclusion, we have exploited the combination of the

path integral representation of stochastic processes with a
dimension reduction scheme to better understand the critical
properties and the stationary behavior of coupled compart-
mental stochastic processes.We hope that our formalism will
provide new perspectives and physical insights into, and
beyond, the characterization of phase transitions and fluc-
tuations of multicompartment complex systems.
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APPENDIX A: DETAILS FOR THE DERIVATION
OF THE DOI-PELITI HAMILTONIAN

Here, we demonstrate how one constructs the DPH for
chemical reaction networks. For most chemical reaction
networks, including the ones within the scope of our work,
we can identify five fundamental processes (elementary
reactions). Each of these processes are automatically
mapped to a combination of operators, according to the
definitions in Eq. (6), which appear in the DPH. One can
show that they correspond to
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Elementary reaction DPH

∅ → A a†A − 1 ðA1aÞ

A → ∅ ð1 − a†AÞaA ðA1bÞ

A → 2A a†Aða†A − 1ÞaA ðA1cÞ

A → B ða†B − a†AÞaA ðA1dÞ

Aþ B → Aþ C a†Aða†C − a†BÞaAaB ðA1eÞ

where we have considered the rates to be implicit—that is
to say, the elementary reactions occur with some rate λ, and
these reactions are considered to be mass-action reactions.
To derive the DPH for a chemical reaction network with

multiple transitions, one starts by explicitly writing the
master equation [Eq. (1)] that corresponds to the elemen-
tary reaction(s), as we now illustrate below.

1. The Doi-Peliti Hamiltonian for birth processes

Let us focus on the birth process [Eq. (A1a)]. We let n
denote the amount of A, such that one obtains

∂tpðnÞ ¼ λ½pðn − 1Þ − pðnþ 1Þ�; ðA2Þ

where the first term corresponds to the probability of
arriving in the state n and the second term the probability
of leaving n. Then,

∂tjGi ¼
X
n

λ½pðn − 1Þ − pðnÞ�jni; ðA3Þ

and, using the definition in Eq. (6), we obtain

∂tjGi ¼ HjGi ðA4aÞ

¼
X
n

λa†Apðn − 1Þjn − 1i − λpðnÞjni ðA4bÞ

¼ λða†A − 1ÞjGi; ðA4cÞ

where we have used the definition of the generating
function jGi ¼Pn pðnÞjni. Thus, the DPH readily fol-
lows and reads H ¼ λða†A − 1Þ.

2. The Doi-Peliti Hamiltonian
for a transformation process

Reactions involving multiple compartments complicate
the structure of the master equation, which is consequently
reflected in the DPH. As an example, we consider the
reactions in Eq. (A1d), whose master equation reads

∂tpðnÞ ¼ λðnA þ 1Þpðnþ IA − IBÞ − λnApðnÞ: ðA5Þ

By letting n0 ¼ nþ IA − IB, we write the time derivative of
the generating functional as

∂tjGi ¼
X
n

λðnA þ 1Þpðn0Þjni − λnApðnÞjni: ðA6Þ

Again, by applying the definitions of the creation and
annihilation operators, one finds

ðnAþ 1Þjni ¼ a†BaAjn0i; nAjni ¼ a†AaAjni; ðA7Þ

which can be used to rewrite

∂tjGi ¼ λða†BaA − a†AaAÞjGi: ðA8Þ

Thus, the DPH follows as H ¼ λða†B − a†AÞaA, as indicated
in Eq. (A1d). For other reactions, the same steps yield the
appropriate Hamiltonian.

3. The Doi-Peliti Hamiltonian for more
general reactions

The above derivations can be generalized to systems with
several compartments and more complicated interactions,
such as those introduced in Sec. III B. We next show how to
proceed in more general cases.
Let us first consider a model with two compartments,

A and B. The Kramers-Moyal expansion of the master
equation reads

∂tpðn; tÞ ¼
X
mA;mBjmj>0

ð−1Þjmj

mA!mB!
∂
mA
nA ∂

mB
nB W

mA;mBðnÞpðn; tÞ; ðA9Þ

where jmj ¼ mA þmB and

WmA;mBðnÞ¼
Z

dyAdyBωðnþ yAþ yBjnÞymA
A ymB

B : ðA10Þ

Here, we denote yA;B ¼ yA;BIA;B, with IA;B defined as in the
main text and yA;B real variables. When considering a two-
body interaction

pAþ qB⟶
γ ðpþ kÞAþ ðq − lÞB;

the transition rate can be written as

ωðnþ yA þ yBjnÞ ¼ γnpAn
q
BδðyA − kÞδðyB þ lÞ: ðA11Þ

Hence,

WmA;mBðnÞ ¼ γnpAn
q
Bk

mAð−lÞmB; ðA12Þ

and, by replacing ∂n ¼ iθ, we find an expression for H†
KM:
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H†
KMðη; iθÞ ¼

X
mA;mBjmj>0

ðiθAkÞmAð−iθBlÞmB

mA!mB!
γnpAn

q
B

¼ γnpAn
q
BðeiθAk−iθBl − 1Þ: ðA13Þ

On the other hand, the DPH for this reaction is

H ¼ γða†AÞpða†BÞq−lðða†AÞk − ða†BÞlÞapAaqB ðA14aÞ

¼ γðða†AÞkða†BÞ−l − 1Þða†AÞpapAða†BÞqaqB: ðA14bÞ

By applying the Cole-Hopf transformation [Eq. (21)],
we substitute a†A;B ¼ eiθA;B and aA;B ¼ e−iθA;BηA;B into
Eq. (A14) obtaining the same expression of the
Kramers-Moyal expansion Eq. (A13).
The above arguments can be extended to more complex

and general interactions

XM
i¼1

piAi⟶
γ XM

i¼1

ðpi þ kiÞAi; ðA15Þ

with M representing the number of compartments Ai,
and ki can be any integer. In this case, we define
the vector k ¼ ðk1; k2;…; kMÞ, and the transition rate is
given by

ωðnþ yjnÞ ¼ fðnÞ
YM
j¼1

δðyj − kjÞ; ðA16Þ

where f a suitable function of the occupation numbers.
Thus,

Wm1;…;mMðnÞ ¼
Z

dy

�YM
j¼1

y
mj

j

�
ωðnþ yjnÞfðnÞ

¼ fðnÞ
YM
j¼1

k
mj

j ; ðA17Þ

and the adjoint of the Kramers-Moyal operator is

H†
KMðη; iθÞ ¼

X
m1 ;m2 ;…;mMjmj>0

YM
j¼1

ðiθjkjÞmj

mj!
fðηÞ

¼
 YM

j¼1

eiθjkj − 1

!
fðηÞ: ðA18Þ

In terms of the Doi-Peliti representation, the corresponding
DPH is

H ¼ γ
XM
i¼1

ðða†i Þki − 1Þfða†aÞ; ðA19Þ

which can also be written as a function of the Cole-Hopf
variables:

Hðη; iθÞ ¼ γ

 YM
j¼1

eiθjkj − 1

!
fðηÞ: ðA20Þ

This is equal to the KM operator (A18). Equation (A19)
shows that the mean-field manifold θ ¼ 0 (x ¼ 1) is always
a zero ofH. For a generic CRN, we can build the Doi-Peliti
Hamiltonian by simply adding the terms corresponding to
each transition.

APPENDIX B: DETAILS FOR THE DERIVATION
OF THE PATH INTEGRAL REPRESENTATION

Here, we show the derivation of the path integral
representation for the generating function jGi using the
Doi-Peliti formalism [24]. Let us take the simplest
one-compartment case jni ¼ jni with the basis (12). We
also take H in its normal ordered form. By writing the
time dependency explicitly jGi ¼ jGðtÞix and by splitting t
in infinitesimal intervals t ¼ ϵK with ϵ → 0 and K → ∞,
we have

jGðtÞix ¼ eϵHða†;aÞjGðt − ϵÞix ðB1aÞ

¼
Z
R
dxK−1eϵHðx;∂xÞδðx − xK−1ÞjGðt − ϵÞix þOðϵ2Þ

ðB1bÞ

¼
Z
R2

dxK−1dqK−1
2π

eϵHðxK;iqK−1Þ ðB1cÞ

× e−iqK−1ðxK−1−xKÞjGðtK−1ÞixK−1 þOðϵ2Þ

¼
Z
R2K

YK−1
j¼0

dxjdqj
2π

eϵ
P

K−1
j¼0

ðHðxjþ1;iqjÞ−iqj
xj−xjþ1

ϵ Þ

× jGðt0Þix0 þOðϵ2Þ ðB1dÞ

¼
Z

tÞ

½t0
D½x; q�e−S½x;iq�jGðt0Þix0 ; ðB1eÞ

where in the last equation we have taken the continuous
limit by introducing the measure

Z
tÞ

½t0
D½x; q� ¼ lim

K→∞

Z
R2K

YK−1
i¼0

dxidqi
2π

ðB2Þ

and S is the action defined by Eq. (15). With this notation,
the upper and lower bounds of the integral indicate that we
include the initial condition ðx0; q0Þ within the integration
while the final state ðxK; qKÞ is excluded. For the multi-
dimensional case, the derivation is trivially the same.
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APPENDIX C: WKB APPROXIMATION
FOR CRNS

Here, we follow the reasoning of Ref. [26] and demon-
strate that similar arguments can be applied to extend the
WKB to the case of chemical reaction networks (3) as well.
Let us denote byωk the transition rate related to the reaction
between k reagents and by N the total population in the
system. For illustrative purposes, let us consider a simple
contact process

Aj þ Aj⟶
β
Aj: ðC1Þ

The transition rate is proportional to the number of
elements, nj, times the probability of finding another
element in the heterogeneous network, ðnj − 1Þ=N.
Thus, assuming nj; N ≫ 0 and nj ≪ N, we have
ω2ðn − IjjnÞ ¼ βnjðnj − 1Þ=N ∝ n2j=N. Generalizing the
same reasoning for a contact process between k elements,
the transition rate is ωk ∝ nkj=N

k−1. Since the Doi-Peliti
Hamiltonian is a polynomial function of xj and iqj, we
conclude that the term related to the highest power of iqj
inside H is proportional to ðiqhÞkN−kþ1ð¼ N−kþ1

∂
k
xjÞ.

Furthermore, with these rates, we can write the DPH
and the action (15) as extensive quantities with respect
to N as done in Ref. [26]. If we define the concentration
variables ηj ¼ nj=N, then the transition rate reads

ωk ≈ βηkjN: ðC2Þ

This scaling law for the transition rates is the main
assumption for applying the WKB approximation. Using
Eqs. (2) and (11), we can see that

Hn;m ¼ NhnmðηÞ; S ¼ NsðηÞ; ðC3Þ

with hnm and s being functions of the concentrations only.
Using the ansatz jGi ¼ expð−NsÞ, we obtain

∂
k
xj expð−NsÞ

Nk−1 ¼ Nð−∂xjsÞk þOð1Þ ≈ Nð−∂xjsÞk: ðC4Þ

Inserting the same ansatz in Eq. (10), the relation iqj ¼
−∂xjS holds for any j, and we find the Hamilton-Jacobi
equation

∂tS ¼ −Hðx;−∂xSÞ; ðC5Þ

with ∂xS ¼ ð∂x1S; ∂x2S;…Þ. As such, for CRNs, we can
always take the stationary action defined by the solutions of
Eq. (18) and jGi ¼ expð−SÞ.

APPENDIX D: A BASIS FOR THE
STATIONARY PATHS

Let us now consider the basis for the WKB approxima-
tion presented in Ref. [24]. Considering for simplicity
the one-dimensional case and denoting by x̃ðtÞ and q̃ðtÞ the
solutions of the Hamilton equations (18), we take the
following basis:

jñi ¼ ðΔxþ x̃ðtÞÞne−q̃ðtÞ½Δxþx̃ðtÞ�; ðD1Þ

hñj ¼ ð∂Δx þ q̃ðtÞÞn; ðD2Þ

where Δx represents the fluctuations of xðtÞ around the
stationary trajectories. Similarly, we denote the fluctuations
of iqðtÞ by iΔq. The creation and annihilation operators act
according to, respectively,

ajñi ¼ njñ − 1i ¼ ð∂x þ q̃ðtÞÞjñi; ðD3Þ

a†jñi ¼ jñþ 1i ¼ ðxþ x̃ðtÞÞjñi: ðD4Þ

With this basis, in the derivation of the path integral
representation, we still have to include the contribution
resulting from the time dependence of jñi. For the sake of
simplicity, we write x̃ðtÞ ¼ x̃ and q̃ðtÞ ¼ q̃, and, by taking
the time derivative of jñi, we have

∂tjñi ¼ ½n∂tx̃ðΔxþ x̃n−1Þ
− ðΔxþ x̃Þn½∂tq̃ðΔxþ x̃Þ þ q̃∂tx̃��e−q̃ðΔx−x̃Þ

¼ n∂tx̃jñ − 1i − ð∂tq̃ðΔxþ x̃Þ þ q̃∂tx̃Þjñi
¼ ð∂tx̃a − ∂tq̃a† − q̃∂tx̃Þjñi
¼ Bjñi; ðD5Þ

where B is the time evolution operator of the basis. Within
this representation, the master equation (1) becomes

∂tjGi ¼ ðHþ BÞjGi: ðD6Þ

Now, by replacing ðx; iqÞ by ðΔx; iΔqÞ and by substituting
H with Hþ B in the steps presented in Appendix B, we
obtain the path integral representation with this new basis.
In detail, the action reads
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− S½x̃þ Δx; q̃þ iΔq�

¼
Z

t

t0

dτ iΔq∂τΔxþHðx̃þ Δx; q̃þ iΔqÞ

þ Bðx̃þ Δx; q̃þ iΔqÞ

¼
Z

t

t0

dτ½iΔq∂τΔxþHðx̃; q̃Þ þ Δx∂ΔxHðx̃; q̃Þ

þ iΔq∂iΔqHðx̃; q̃Þ þ ΔHþ q̃∂τx̃þ iΔq∂τx̃

− Δx∂τq̃ − x̃∂τq̃ − q̃∂τx̃�

¼
Z

t

t0

dτ½iΔq∂τΔxþHðx̃; q̃Þ þ Δx∂τq̃ − iΔq∂τx̃

þ ΔHþ iΔq∂τx̃ − Δx∂τq̃ − x̃∂τq̃�

¼
Z

t

t0

dτ½Hðx̃; q̃Þ þ q̃∂τx̃� − x̃ðtÞq̃ðtÞ þ x̃0q̃0

þ
Z

t

t0

dτ½iΔq∂τΔxþ ΔH�

¼ −S̃ − x̃ðtÞq̃ðtÞ þ x̃0q̃0

þ
Z

t

t0

dτ½iΔq∂τΔxþ ΔH�; ðD7Þ

where in the second equality we have expanded Hðx̃þ
Δx; q̃þ iΔqÞ around the stationary trajectories and ΔH
includes all the contributions of orders OðΔx2;Δq2;
ΔxΔqÞ. Note that S̃ satisfies the Hamilton-Jacobi
equation (C5).
Let us now rewrite the generating function in terms of the

basis jñi:

jGðtÞix ¼ ex̃ðtÞq̃ðtÞ
X
n

pðn; tÞjñijΔx¼0: ðD8Þ

Thus, the path integral expression is

jGðtÞix
¼ e−S̃

Z
tÞ

½t0
D½Δx;Δq�e

R
t

t0
dτðiΔq∂τΔxþΔHÞjn0i

���ΔxðtÞ¼0
x̃ðtÞ¼x

: ðD9Þ

If we assume a fixed initial condition, then jni0 ¼
jñ0iex̃0q̃0 ¼ en0 log x̃0 . Within the assumptions of the WKB
approximation—namely, that the rates scale as in Eq. (C2)
and N ≫ 1—the fluctuating part does not contribute, and
we have jGi ¼ expð−S̃Þ, where x and iq are replaced by
the real trajectories x̃ and q̃.

APPENDIX E: CLOSING THE
TRANSITION DIAGRAMS

The conditions to apply the WKB approximation [e.g.,
Eq. (C2)] are not always sufficient for our formalism to be
used to investigate the system critical properties, and
additional constraints on the compartment interactions

are necessary. Here, we present a mathematical trick that
allows one to extract information on the critical behavior in
some of these cases.
Let us take a CRN with M compartments fA1; A2;…;

AMg wherein only spontaneous transitions and contact
interactions occur. We assume that AM is connected to
other compartments by a single spontaneous transition
Aj⟶

γAM, and, thus, AM is the termination of the model
diagram. We consider fixed system size N, and we choose
the order parameter φ as in Eq. (25). Now, we focus on A1

and AM to understand if, and when, a phase transition
occurs.
We rewrite the diagram of the system as in Fig. 6(a),

where for simplicity we have replaced the M − 2 compart-
ments A2;…; AM−1 by an effective one Aeff . The system is
active when Aeff becomes asymptotically populated, and
we can write

∂thneffi ¼ fðω; A1; AeffÞ; ðE1Þ

withω representing the transition coefficients of the model,
and f is a suitable function depending on the system we are
considering. However, the mean-field equations include

∂thnMi ¼ ωjhnji; ðE2Þ

from which, at the stationary limit, hnji ¼ 0. The presence
of null terms like this one leads to a degeneration of the
system of Eq. (28). Thus, detðJÞ ¼ 0 for any fixed point,
and we cannot use the strategy presented in the main text
to analyze the critical behavior. To overcome this problem,
we introduce an auxiliary transition rate that closes the
model diagram, connecting AM directly to A1 by means of a
spontaneous transition AM → A1. In doing so, we obtain
a SIRS-like model, as depicted in Fig. 6(b). Following a
classical treatment (as in, e.g., Ref. [13]), one can show that
the SIR and SIRS models have the same critical condition
(see also Sec. III A).
Moving to more general processes, we can assume,

without loss of generality, that n1 ≈ N for t ≈ 0 and take
as order parameter φ ¼ 1 − hn1i=N. This is a general

(a)

(b)

FIG. 6. Diagrammatic representation of (a) an SIR-like diagram
for the effective open process and (b) an SIRS-like diagram for
the effective closed process.
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assumption in epidemiology when, for example, an out-
break of a new disease is about to occur and the number of
susceptible individuals in a population is very large. Then,
the critical behavior is defined by the system of equations

∂thneffi ¼ fðω; AeffÞ; ∂thnMi ¼ εhnji; ðE3Þ

where we consider that Aj ∈Aeff is the only compartment
linked to AM by a spontaneous transition with rate ε > 0.
As we show below, these arguments can be generalized for
systems with several terminating compartments. As for the
SIRS model, by adding a refilling reaction with rate ωM,
the system of Eq. (E3) becomes

∂thnAeff
i ¼ fðω; AeffÞ; ðE4aÞ

∂thnMi ¼ εhnji − ωMhnMi: ðE4bÞ

Since the phase transition occurs when Aeff changes from 0
to a positive quantity or vice versa, the critical condition is
independent of AM and is determined by the first equation.
Thus, we conclude that the critical condition for such a
system is the same as for the corresponding closed diagram.
We can generalize these arguments to more complex
systems by imposing only two conditions, namely,
(1) each extremity of the open diagram is linked to the

main process by a spontaneous transition;
(2) the closed diagram is given by adding spontaneous

transitions from the extremity to the initial empty state.
The first condition ensures the inner part of the process is
independent of the population numbers of the extremities.
For example, with pair interactions, fðωÞ would depend on
the population of the ends. The second condition guaran-
tees that one obtains the same diagrammatic structure as the
SIRS model.
In conclusion, while the critical behavior of some CRNs

might initially appear unsuitable to be tackled with our
approach due to the problems in identifying the appropriate
parametrization, we demonstrate here that this issue can
be effectively overcome by introducing auxiliary rates.
However, we emphasize that, although they accurately
capture the critical behavior, they do alter the system
dynamics, such as the trajectory toward the steady state.

APPENDIX F: LANGEVIN EQUATION FROM
THE DOI-PELITI HAMILTONIAN

By means of the relation of Eq. (37), we can show the
link with the Langevin equation of Eq. (39). While the
procedure for deriving Langevin dynamics from HKM has
been discussed in several works (see, e.g., Refs. [24,27]),
for completeness, we sketch the derivation below.
In the simple one-dimensional case, we can develop a

path integral representation of the probability distribution
starting from the Kramers-Moyal expansion of Eq. (35).
Following the same steps reported in Appendix B, we write

pðn; tÞ ¼
Z

tÞ

½0
D½η; θ�e−S†

KM½η;iθ�δ½n − ηðtÞ�; ðF1Þ

where the action is defined as

S†
KM ¼

Z
t

0

dτ iθðτÞ∂τηðτÞ −H†
KM½ηðτÞ; iθðτÞ�: ðF2Þ

As discussed in the main text, we know that the determin-
istic limit is recovered for θ → 0. To obtain the Langevin
expression, we expand S† around iθ ¼ 0 to second order
and integrate with respect θðτÞ, which leads to

pðn; tÞ ¼
Z

tÞ

½0
D½η�e−S0

δ½n − ηðtÞ�; ðF3aÞ

where we have defined

S0 ¼
Z

t

0

dτ
ð∂τη − ∂iθH

†
KMjθ¼0Þ2

2∂2iθH
†
KMjθ¼0

ðF3bÞ

and D½η� is the renormalized measure. We recognize from
Eq. (F3) the Feynman-Kac formula [24]

pðn; tÞ ¼ hδ½n − ηðtÞ�iη; ðF4Þ

where h·iη is the average over the trajectories defined by the
following Itô process:

dηðtÞ
dt

¼ ∂iθH
†
KMjθ¼0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂
2
iθH

†
KMjθ¼0

q
· ξðtÞ; ðF5Þ

with ξðtÞ denoting the standard white noise. We can replace
iθ with θ and, including the relation of Eq. (37), we
recover Eq. (39).

APPENDIX G: THE ROLE OF INITIAL
CONDITIONS ON PHASE TRANSITIONS

Generally, chemical reaction networks can exhibit highly
complex phase portraits with many distinct attractors,
especially when the number of compartments grows. In
some cases, this may lead to behavior that affect the
procedure described in this work. Notably, as we are
considering systems that are typically out of equilibrium,
the systems’ stationary state may depend on the initial
conditions. Subsequently, the topology of the phase space
may vary in such a way that the asymptotic behavior of
the system changes as well. This, in turn, thus also
determines whether a specific phase transition is observed
or not or can change the characterization of the observed
phase transition.
To illustrate the effect that initial conditions can have on

a phase transition, let us consider again the modified SIS
model (Sec. III B). We choose γ ¼ 0 in order to simplify the
model, which leaves only the three-body interaction to be
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the sole mechanism. That is, our system can be captured by
the following elementary reactions:

Sþ 2I⟶
α=N2

3I; ðG1aÞ

I⟶
ρ
S: ðG1bÞ

For this system, one can identify three fixed points in the
ðη; θÞ plane along the mean-field line with θ ¼ 0, which for
N ¼ 1 read

F1 ¼ ð1; 0Þ and F� ¼
�
1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
α − 4ρ

4α

r
; 0

�
: ðG2Þ

The critical condition is, thus, obtained when Fþ ¼ F−,
which occurs for α ¼ 4ρ. At this point, new fixed points
emerge, and we, thus, expect to see a first-order transition.
However, when assuming that nS ≈ 1, which indicates the
imminent outbreak of a new disease, the phase transition is
not observed when numerically integrating the system
dynamics. This can additionally be observed by inspecting
the fields in the phase plot (Fig. 7). The lack of phase
transition can be understood by realizing that, when we
vary the rates, we actually determine whether a fixed point
attracts or repels. More specifically, for α < 4ρ, we find that
F1 is the sole attractor, while for α > 4ρ the fixed point
depends on the initial condition. When n0S ≡ nSðt ¼ 0Þ > 1

2
,

F1 remains the sole attractor, and, thus, one can conclude
that there is no phase transition. This can be more closely
examined by solving for the critical rate α0 for which
Fþ ¼ ðn0S; 0Þ, which reads

α0 ¼ ρ

n0Sð1 − n0SÞ
: ðG3Þ

Clearly, when n0S ≈ 1, we have that α0 → ∞, and, hence, the
system effectively does not display a phase transition. If
instead n0S <

1
2
(see Fig. 7), F− becomes the attractor, and

we find a phase transition at α ¼ 4ρ.
The simple model discussed here illustrates that initial

conditions can play a crucial role in the characterization
of phase transitions. However, it is also clear that our
dimension reduction scheme provides a straightforward
graphical interpretation of the problem. Using the phase
plot that is obtained by this procedure allows us to
intuitively assess under what conditions the initial con-
dition modify the fixed points and, subsequently, the phase
transitions of a system. This stands in stark contrast with
other approaches that often need to rely on brute-force
inspection of the fixed points, such as numerically inte-
grating the system for a set of initial conditions.

APPENDIX H: IDENTIFYING PHASE
TRANSITIONS IN A MODEL

OF TAX EVADERS

Although the epidemiological SISmodel (Sec. III A) and
its modification (Sec. III B) are interesting from an illus-
trative perspective, they do not warrant a dimension
reduction, as there is only a single effective compartment,
as N ¼ nS þ nI. Here, we treat a more challenging, multi-
compartment CRN that displays both continuous and
discontinuous phase transitions. In particular, we analyze
a model for tax evasion introduced elsewhere [50]. It
includes three compartments, namely, honest individuals
H, susceptible ones S, and evaders E. The dynamics are
described by the following elementary reactions:

EþH⟶
λ=N

Eþ S; ðH1aÞ

S⟶
α
E; ðH1bÞ

E⟶
β
H; ðH1cÞ

H þ E⟶
δ=N

2H; ðH1dÞ

H þ S⟶
ϵ=N

2H: ðH1eÞ

The DPH is given by

H ¼ ϵ

N
a†Hða†H − a†SÞaHaS þ

δ

N
a†Hða†H − a†EÞaHaE

þ λ

N
a†Eða†S − a†HÞaHaE þ αða†E − a†SÞaS

þ βða†H − a†EÞaE; ðH2Þ

and the mean-field equations read

FIG. 7. Phase plot of a simple SIS-like model illustrates
dependence on initial conditions. Phase portrait in the ðη; θÞ
plane of the model of Eq. (G1) at the critical point α ¼ 4ρ (see the
text). Note that when the initial condition n0S >

1
2
(here, equivalent

to η ¼ 1
2
at t ¼ 0) the only attractor is (1, 0) and no phase

transition can be observed. Relevant parameters are N ¼ 1,
ρ ¼ 1, and α ¼ 4.

GIORGIO VITTORIO VISCO et al. PHYS. REV. X 15, 031017 (2025)

031017-22



∂thnHi ¼ hnHi
�
ϵ

N
hnSi þ

δ

N
hnEi −

λ

N
hnEi

�
þ βhnEi;

ðH3aÞ

∂thnSi ¼ −hnSi
�
αþ ϵ

N
hnHi

�
þ λ

N
hnHihnEi; ðH3bÞ

∂thnEi ¼ −hnEi
�
β þ δ

N
hnHi

�
þ αhnSi: ðH3cÞ

In this model, N is fixed and we consider the order
parameter φ ¼ 1 − hnHi=N. After rescaling (N ¼ 1), we
take as first integrals the last mean-field equation and the
population conservation, obtaining the parametrization

qS ¼
ð1 − qHxHÞðβ þ δqHÞ

αþ β þ δqH
; qE ¼ α − αqHxH

αþ β þ δqH
: ðH4Þ

The corresponding reduced Hamiltonian subsequently
reads

H⋆ ¼ ðη− 1Þð1− eθÞ
eθðαþ βÞ þ δη

ðeθ½αðβþ δηÞ þ βϵη� þ η½δηϵ− αλ�Þ;

ðH5Þ

and the trivial zero-energy lines are η ¼ 1 and θ ¼ 0. The
nontrivial zero-energy lines are described by

θ ¼ log

�
αλη − δϵη2

αβ þ αδηþ βηϵ

�
: ðH6Þ

We denote by F− and Fþ the intersection of the non-
trivial energy curve with the mean-field line, where
ηF−

≤ ηFþ , and F1 ¼ ð1; 0Þ is the usual absorbing state
(Fig. 8). By considering λ as control parameter, we find that
θ ¼ 0 when

λc ¼
ðαþ ϵÞðβ þ δÞ

α
: ðH7Þ

For λ < λc, the system converges to F1, and there is no
phase transition. Moreover, at the critical point, which
occurs at

ϵc ¼
αβ

δ
; ðH8Þ

the nontrivial curve is tangent to the mean-field line and
Fþ ¼ F− ¼ F1, yielding a tricritical point. For ϵ < ϵc, we
find that, at the critical point, F− ¼ F1. By studying the
eigenvalues, we observe that F− becomes the attractor
[Fig. 8(a)] and a second-order phase transition occurs.
Instead, if ϵ > ϵc, we see that Fþ ¼ F1 and the dynamics
jumps to the new attractor F−. Therefore, there is a
discontinuity of the asymptotic behavior, which indicates
a first-order transition [Fig. 8(b)].
We point out that, while the critical value λc corresponds

to the result predicted in Ref. [50], our method finds a
continuous critical transition for low ϵ that had not been
reported before. This clearly underscores the advantage of
our proposal, as it provides a transparent method for
detecting critical points that could otherwise be overlooked
due to the lack of exploration in certain parameter regions.

APPENDIX I: DETAILS ON GLOBAL
ATTRACTORS AND PARAMETRIZATIONS

OF A LOTKA-VOLTERRA MODEL

As discussed in Sec. III C, one can overcome parameter-
ization degeneracy through a careful inspection of the
dynamics of the system within a specific region of the
parameter space. In practice, this means that one needs to
make sure to choose the parametrization that correctly
identifies all fixed points, even when some of these fixed
points cannot be physically attained. In this specific model,

(a) (b)

FIG. 8. Second- and first-order phase transition in a model of tax evaders. The order of the transition depends on the value of ϵ, where
for ϵ < ϵc a second-order transition is observed and for ϵ > ϵc a first order. Note that the second-order transition was overlooked by the
original authors of Ref. [50]. (a) The phase portrait in the Cole-Hopf variables. For more clarification on the phase plot, see Fig. 1.
(b) The order parameter φ ¼ 1 − hnHi=N versus the control parameter λ. Other relevant variables are α ¼ 1, β ¼ 0.5, and δ ¼ 0.5. For
these variables, we have ϵc ¼ 1 and λ1 ¼ 1.5 for ϵ < ϵc and λ2 ¼ 4 for ϵ > ϵc.
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unphysical fixed points are those that describe negative
predator abundances and, hence, prey abundances that
exceed the total number of available patches N −D.
While in some cases these attractors are easy to identify,
in other cases the dynamics may need to be solved. Yet, it is
important to note that our proposed method alleviates the
need to resort to brute-force methods such as numerical
integration, as one can identify unphysical fixed points.

As discussed in the main text, we obtain two para-
metrizations for the model, namely, Λ1 and Λ2. Only
Λ2 correctly identifies all fixed points (Fig. 9), but some
of them are not within the physical domain. Close inspec-
tion of the mean-field dynamics can additionally be used to
garner intuition (Fig. 10). Indeed, we see that there is only
a single global attractor for all values of D and that the
nonphysical fixed points for which η > N −D cannot be
obtained. Therefore, the (mean-field) dynamics cannot
be easily gathered from phase plots that are defined by Λ2,
yet they can still be used to identify the phase transitions.
Recall that, in this model, two phase transitions occur for

distinct values of the control parameterD (see Sec. III C and
Figs. 9 and 10). For D ¼ D1, we note that the fixed point
varies smoothly and that no additional fixed point appears,
and, thus, the transition from coexistence to only the prey
remaining is of second order. The same reasoning applies to
the critical point at D ¼ D2, and the transition from positive
prey abundances to full extinction is also of second order.
Finally, note that this specific model, only a single para-

metrization, and subsequently a single reduced Hamiltonian,
remains valid, and, therefore, the degeneracy is completely
resolved.

APPENDIX J: ON THE ACCURACY OF THE
DIMENSION REDUCTION TO CAPTURE

STATIONARY FLUCTUATIONS

As explained in Sec. II F, the dimension reduction
process yields reduced Langevin and Fokker-Planck equa-
tions. The reduced description consistently captures the
correct mean-field dynamics of the original system and its
critical behavior, if any. Nevertheless, the accurate char-
acterization of stochastic behavior is CRN dependent. In
brief, when the CRN includes spontaneous reactions—i.e.,
there are reactions of the type A → B—the reduced
description may fail to accurately capture equilibrium
fluctuations and the transient to stationarity. In contrast,
when such reactions are absent, the reduced description

FIG. 9. Phase portraits of the Lotka-Volterra model after resolving the parametrization degeneracy. Phase portraits in the ðη; θÞ plane of
the Lotka-Volterra model [Eq. (57) see also Sec. III C for more details] for different amounts of habitat loss. Here, we show only the
parametrization that resolves the degeneracy, as Λ2 is the only parametrization that correctly identifies all fixed points of the system. For
more clarification on the phase portrait, see Fig. 1, and for more details on the model and its parameters, see Fig. 4.

FIG. 10. Mean-field dynamics of the predator-prey model of
Eq. (57). Curves are shown for the three distinct regions of
interest. In the first region, D < D1, both prey A and predator B
coexist, while in the second region, D1 < D < D2, the predator
goes extinct while the prey species remains. In the final third
region, D > D2, there are not enough patches to sustain either
prey or predator, and both go extinct. Note that the steady states
obtained by investigating the dynamics are always physical.
Dynamics are shown for values of the order parameter D ¼ 0.1
(top), D ¼ 0.5 (middle), and D ¼ 0.9 (bottom). All parameters
are as in Fig. 4.
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reliably encapsulates these aspects of the dynamics. To
illustrate this, we examine two distinct models: one derived
from epidemiology, which includes spontaneous reactions,
and another from ecology, which is free of such reactions.

1. Dynamics with spontaneous reactions:
Higher-order SIRS model

Here, we discuss an epidemiological model that incor-
porates more realistic features than those studied in
Secs. III A and III B. We use it to illustrate the mismatches
that spontaneous reactions introduce.
We consider a modified SIRS model that, compared to a

standard SIRS, includes an extra spreading mechanism that
can be represented by a three-body interaction. A slight
modification of this model has recently been put forward to
replicate nonlocal spreading behavior of cascading failures
in network infrastructures [62]: For example, in real-world
power grids, failures are known to spread nonlocally
[63,64]. The elementary reactions read

Sþ I⟶
γ=N

2I; ðJ1aÞ

Sþ 2I⟶
α=N2

3I; ðJ1bÞ

I⟶
ρ
R; ðJ1cÞ

R⟶
σ
S: ðJ1dÞ

We proceed as usual by finding the Doi-Peliti Hamiltonian.
The components to freeze are the infected and the recov-
ered ones, and this is equal to specifying the constraints

xI ¼ xR ¼ 1 ðJ2aÞ

and

qI ¼
σð1 − xSqSÞ

ρþ σ
; qR ¼ ρð1 − xSqSÞ

ρþ σ
; ðJ2bÞ

where the constraints on qI;R have been obtained by
investigating the mean-field equations and applying our
dimension reduction scheme by setting ∂thnRi ¼ 0. After
applying the Cole-Hopf transform and normalizing by
setting N ¼ 1, we find that the reduced Hamiltonian has
trivial zero-energy lines at θ ¼ 0 and η ¼ 1 and that the
nontrivial zero-energy line is given by the curve

θ ¼ log

�
η½ασð1 − ηÞ þ γðαþ σÞ�

ρðρþ σÞ
�
: ðJ3Þ

The inspection of the zero-energy lines and their inter-
sections reveals that these display the same structure as the
modified SIS model, as expected. We, therefore, recover
the same topology that we reported in Sec. III B, and the

phase portraits are equivalent. Briefly, it means that for
some α < αc a second-order transition is observed, while
for α > αc the transition is of first order, where
αc ¼ ρðρþ σÞ=σ. Finally, at α ¼ αc, we find a tricriti-
cal point.
Because the original system includes spontaneous reac-

tions, the resulting correlation matrix of the Langevin
equation contains off-diagonal elements, leading to some
expected discrepancies between the full multicompartmen-
tal description and the reduced one. Although the expres-
sion for the stochastic dynamics of η is lengthy, the drift and
noise term can be written as functions of the system
parameters and can be numerically integrated by using,
for example, an Euler-Maruyama scheme. Upon perform-
ing such an integration (see Fig. 11), we confirm that the
time evolution of the reduced dynamics deviates from that
of the full system. Notably, in this specific case, the reduced
description yields a transient curve with a decay timescale

(a)

(b)

FIG. 11. Reduced dynamics and distributions of fluctuations in
the higher-order SIRS model. (a) Comparison between typical
realizations of the full dynamics, the reduced dynamics, and the
mean-field dynamics of the higher-order SIRS model in Eq. (J1).
While the full dynamics essentially describes fluctuations around
the mean-field dynamics, the reduced dynamics typically does
not and follows a slight different evolution in time. (b) Histograms
of the fluctuations of the susceptible compartment. Both histo-
grams have been obtained by numerical integration of the
stochastic dynamics using an Euler-Maruyama schemewithΔt ¼
0.01 and have been computed after discarding the first 103 steps.
Note that only the first moments of the distributions coincide,
indicating that the reduced dynamics does not go beyond the
mean field for this specific model (see the text). The plots are
created with N ¼ 104, γ ¼ 1, α ¼ 0.2, ρ ¼ 0.4, and σ ¼ 1.
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of the same order of magnitude as that of the full system,
and the largest mismatch in the histogram of nS is
approximately 10% at its peak. While these results may
appear acceptable, we anticipate that the level of mismatch
depends on the specific CRN and is likely to increase with
the number of components. A comprehensive characteri-
zation of these trends lies beyond the scope of this work,
but it merits further investigation in future studies.

2. Dynamics without spontaneous reactions:
Generalized Lotka-Volterra model

Let us now illustrate the opposite scenario, namely, a
CRN with a large number of compartments but without
spontaneous reactions. As expected from our theoretical
derivations, the reduced description should perfectly
approximate the one of the full system.
Let us take a generalized Lotka-Volterra model with

M distinct species. The (chemical) Langevin equation
of the generalized Lotka-Volterra model is known and
reads [27]

dni
dt

¼ rini
κi

�
κi − ni −

X
j≠i

αijnj

�
þ ffiffiffiffi

ni
p

· ξi; ðJ4Þ

where ri and κi are, respectively, the growth rate and the
carrying capacity of species i and αij are the interaction
coefficients. Note that the noise function depends only on
ni itself. This is the key fact that renders the reduced
dynamics an incredibly good approximation for the full
stochastic system.
When writing down the elementary reactions, one should

be mindful of the fact that the deterministic part of this
model contains a quadratic term in ni. Following the steps
highlighted in Ref. [27], the reactions are

Ni⟶
ri

2Ni; ðJ5aÞ

Ni þ Ni⟶
ri=κi

Ni; ðJ5bÞ

Ni þ Nj⟶
αij=κi

Nj; ðJ5cÞ

and, thus, the Doi-Peliti Hamiltonian of such a system is

H ¼
X
i

ria
†
i ða†i − 1Þai þ

X
i

ri
κi
a†i ð1 − a†i Þaiai

þ
X
i;j

αij
κi

a†jð1 − a†i Þaiaj: ðJ6Þ

The final sum can be reconciled with the sum within the
stochastic differential equation (which excludes j ¼ i)
simply by considering αii ¼ 0 or by appropriate scaling

of diagonal elements of the interaction matrix. Here, we
choose the former.
By again using the field transformations a†i ⇔ xi and

ai ⇔ qi, we can readily apply our dimension reduction
formalism and, without loss of generality, freeze all
compartments but i ¼ 1. Then, the reduced Hamiltonian
H⋆ is the Hamiltonian evaluated at xj ¼ 1 and qj ¼
Qðq1; xÞ, where Q follows from the constraints. The
constraints to determine qj are obtained from the mean-
field equations for hnji, i.e.,

∂thnji ¼
�
∂Hðx; qÞ

∂xj

�
x¼1

: ðJ7Þ

Recalling that we chose to freeze all compartments but the
first, we solve the mean-field equations for qj after setting
∂thnji ¼ 0. Generally, the parametrizations of the form
qj ¼ Qðq1; xÞ are lengthy but can be solved either numeri-
cally or symbolically.
In the case of the generalized Lotka-Volterra, one needs

to take some additional care by ensuring that the parameters
define a feasible system, i.e., a system where each ni > 0
up until large t. If this is not the case, then some qj must
equal zero, yet one would need to inspect the full (mean-
field) dynamics in order to know which species go extinct.
Effectively, this means that the approach described above
holds in the weak-interaction limit [65–67]. More specifi-
cally, one considers interactions to occur with some
probability c and some strength that is sampled from a
distribution with finite moments. Typically, a Gaussian
distribution is chosen for the interaction coefficients:

αij ¼
μA
M

þ σAzijffiffiffiffiffi
M

p ; ðJ8Þ

where zij is a standard normal variable with mean 0 and
variance 1. While a thorough investigation of the gener-
alized Lotka-Volterra model is well beyond the scope of
this work (but see, e.g., Refs. [68,69] for pedagogical
reviews on the topic), the essence is that our dimension
reduction scheme applies to scenarios in which μA and σA
define systems with a unique feasible equilibrium that is
globally attracting [65,66].
Putting these technicalities aside, we proceed with the

pipeline of our dimension reduction. The reduced dynamics
are obtained by applying the Cole-Hopf transformation on
the reduced Hamiltonian and deriving the drift and noise
functions; the reduced Langevin equation is

dη
dt

¼ ∂θH⋆
0 þ

ffiffiffiffiffiffiffiffiffiffiffi
∂
2
θH

⋆
0

q
· ξt; ðJ9Þ

where ∂
k
θH

⋆
0 ¼ ½∂kθH⋆�θ¼0. Because of the absence of

spontaneous reactions, the diffusion term is diagonal,
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and we expect that Eq. (J9) yields an accurate approxima-
tion of the full dynamics.
Indeed, when observing the histograms of the equilib-

rium fluctuations, we show in Fig. 12 that both the time
evolution and the fluctuation distributions of the full and
the reduced dynamics are essentially indistinguishable,
even if we have chosen a large number of compartments
M ¼ 24. In fact, upon close inspection, the first two
moments are exactly equal up to numerical precision, a
clear indication that the reduced dynamics captured phe-
nomena well beyond the mean-field dynamics.
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