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The Yang-Lee universality class arises when an imaginary magnetic field is tuned to its critical value in
the paramagnetic phase of the d < 6 Ising model. In d ¼ 2, this nonunitary conformal field theory (CFT) is
exactly solvable via the Mð2; 5Þ minimal model. As found long ago by von Gehlen using exact
diagonalization, the corresponding real-time, quantum critical behavior arises in the periodic Ising spin
chain when the imaginary longitudinal magnetic field is tuned to its critical value from below. Even though
the Hamiltonian is not Hermitian, the energy levels are real due to the PT symmetry. In this paper, we
explore the analogous quantum critical behavior in higher-dimensional non-Hermitian Hamiltonians on
regularized spheres Sd−1. For d ¼ 3, we use the recently invented, powerful fuzzy sphere method, as well as
discretization by the platonic solids cube, icosahedron, and dodecahedron. The low-lying energy levels and
structure constants we find are in agreement with expectations from the conformal symmetry. The energy
levels are in good quantitative agreement with the high-temperature expansions and with Padé
extrapolations of the 6 − ϵ expansions in Fisher’s iϕ3 Euclidean field theory for the Yang-Lee criticality.
In the course of this work, we clarify some aspects of matching between operators in this field theory and
quasiprimary fields in the Mð2; 5Þ minimal model. For d ¼ 4, we obtain new results by replacing S3 with
the self-dual polytope called the 24-cell.

DOI: 10.1103/w4qg-2xwn Subject Areas: Condensed Matter Physics,
Particles and Fields, Statistical Physics

I. INTRODUCTION

The Ising model is the most fundamental and widely
explored statistical model; it has a broad range of appli-
cations. Its one-dimensional version was solved by Ising in
1925 and shown not to possess a finite-temperature phase
transition [1]. In all dimensions d > 1, however, this model
has a line of first-order transitions T < Tc, which termi-
nates at the critical point where the Z2 symmetry is
restored. The properties of this second-order phase tran-
sition have been studied using many different methods—
analytical and numerical. For d > 4, the critical exponents
of the Ising model are given exactly by Landau’s mean field
theory, but for d < 4, this is no longer the case.
Determining the dimension dependence of the critical
exponents is a fascinating problem, which continues to
attract much attention.
In d ¼ 2, the exact Ising critical exponents have been

known for many years thanks to the Onsager solution [2].

The critical 2D Ising model corresponds to the simplest
unitary Belavin-Polyakov-Zamolodchikov (BPZ) con-
formal minimal model Mð3; 4Þ [3]. More generally, the
critical d-dimensional Ising model is described by the
continuum theory of a massless scalar field ϕ with an
interaction term around ϕ4. The problem of finding the
critical exponents is then mapped to the calculation of the
scaling dimensions of operators ϕ, ϕ2, ϕ4, etc. In dimen-
sions slightly below 4, the IR fixed point is weakly coupled,
and theWilson-Fisher 4 − ϵ expansion [4] provides a useful
method for approximating the d dependence of operator
dimensions. This case has led to estimates of the 3D Ising
critical exponents that are in very good agreement with
experiments and Monte Carlo simulations. A significant
improvement in accuracy was provided by the numerical
conformal bootstrap [5,6], which is based on the conformal
symmetry of critical fluctuations [7] (for reviews, see
Refs. [8–11]). Furthermore, the numerical bootstrap
method has been applied to the operator scaling dimensions
in the entire range 2 ≤ d < 4 [12,13], producing excellent
agreement with resummed 4 − ϵ expansions for the ϕ4

theory.
More recently, new methods for studying the 3D critical

phenomena have emerged [14–18]. They rely on the critical
behavior of the quantum theory in 2þ 1 dimensions, which
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is analogous to the well-known periodic quantum spin
chains in 1þ 1 dimensions. In the continuum limit, the
latter give the energy levels on a circle that, via the 2D
conformal field theory state-operator map, determine the
scaling dimensions of the primary operators and their
descendants. To study a 3D CFT in a similar way, one
must define the quantum Hamiltonian system on an
appropriately regularized sphere S2. In an important devel-
opment [14,15,19], the fuzzy sphere regularization [20,21]
was shown to work very nicely for the critical 3D Ising
model, giving the low-energy states that organize into the
expected conformal multiplets (in fact, replacing the S2 by
an icosahedron works quite well, too [17], even though this
method does not readily allow for extrapolation to the
continuum limit). The fuzzy sphere measurements of
various CFT data approximately satisfy the conformal
symmetry, which provides nontrivial checks and can also
be used to correct the finite-size errors in this approach
[18]. The conformal symmetry generators can be directly
constructed from the fuzzy sphere observables [22,23]. The
fuzzy sphere approach has also been used to study various
other 3D CFTs and defect CFTs [24–30].
Besides the scaling dimensions and OPE coefficients in a

3D CFT, the fuzzy sphere approach provides access to the
sphere free energy F, which characterizes the number of
degrees of freedom [31–33]. This quantity can be extracted
from the entanglement entropy across the equator of S2,
and the numerical result for F in the Ising model [16] is in
excellent agreement with the extrapolation of the 4 − ϵ
expansion of F [34].
A fascinating feature of the d-dimensional Ising model is

the appearance of zeros of the partition function Z at
imaginary values of the magnetic field [35,36]. In the
paramagnetic phase T > Tc, these Yang-Lee (YL) zeros
become dense near the edge value hcritðTÞ. As shown by
Kortman and Griffiths [37], the density of zeros has the
scaling form ρðhÞ ∼ ðh − hcritðTÞÞσ , and σ is negative in
d ¼ 2 but positive in d ¼ 3. In an important further
development, Fisher [38] realized that this critical behavior
is described by the Euclidean field theory with an imagi-
nary potential proportional to iϕ3. In this continuum
approach, the critical exponent is σ ¼ ½Δϕ=ðd − ΔϕÞ�,
where Δϕ is the scaling dimension of the real scalar field
ϕ. The field theory description of the YL universality class
implies that its upper critical dimension is 6. The lower
critical dimension is 1, and the exact solution there gives
σ ¼ − 1

2
[35,36]. Therefore, an interesting problem is to

determine the d dependence of the critical exponents in the
range 1 < d < 6. One approach, analogous to the Wilson-
Fisher 4 − ϵ expansion for the Ising universality class, is to
develop the 6 − ϵ expansion for the massless iϕ3 field
theory. This approach, in conjunction with the exact result
in d ¼ 1, was used by Fisher [38] to estimate the d
dependence of σ for the YL universality class. Soon after
the advent of the BPZ minimal models [3], Cardy [39]

realized that the critical YL model is also exactly solvable
in d ¼ 2, where it corresponds to the simplest nonunitary
minimal modelMð2; 5Þ (for a recent review, see Ref. [40]).
The field ϕ corresponds to the Virasoro primary Φ1;2 of
holomorphic dimension h1;2 ¼ − 1

5
. Thus, Δϕ ¼ − 2

5
and

σ ¼ − 1
6
in d ¼ 2.

In the range 2 < d < 6, no similar exact results are
known. In this paper, we use a combination of 6 − ϵ
expansions and numerical diagonalizations to approxi-
mately determine the scaling dimensions of various oper-
ators. The 6 − ϵ expansions are available to Oðϵ5Þ [41–43].
Their resummations have been extrapolated to d ¼ 2,
yielding good agreement with Mð2; 5Þ. However, for the
higher-dimension operators, this method can exhibit sig-
nificant uncertainties. The numerical bootstrap approach is
complicated by the fact that the YL model is nonunitary, so
the standard methods based on positivity cannot be used. A
different bootstrap approach to the YL model was used in
Refs. [45–47], but it does not appear to be as precise as the
numerical bootstrap based on positivity. We instead follow
the successes of the fuzzy sphere [14] and the icosahedron
[17,48] approaches to the 3D Ising model, adapting them to
the YL case where a non-Hermitian Hamiltonian has to be
tuned to quantum criticality. We proceed analogously to the
quantum spin chain approach, which has proven to be
successful for describing the 2D YL model. Here, an
imaginary longitudinal magnetic field hz was introduced
and tuned to a critical value from below [51–54]. Even
though the spin chain Hamiltonian is complex, the energy
levels are real for hz < hcritz due to the PT symmetry [53].
This paper is organized as follows. In Sec. II, we review

the minimal modelMð2; 5Þ and its field theory description,
discussing the correspondence between the two. In Sec. III,
we review the quantum spin chain with an imaginary
longitudinal magnetic field [51–53,58]. We carry out its
numerical diagonalizations and show that the appropriate
criteria for quantum criticality, analogous to those used
recently [59] for a precise study of the Ising transition in the
Schwinger model, lead to excellent agreement with the
exact results from the Mð2; 5Þ minimal model. In Sec. IV,
we study a quantum spin model with an imaginary
longitudinal magnetic field, putting it on the platonic solids
cube, icosahedron, and dodecahedron, which are viewed as
regularized versions of S2. We obtain good agreement with
the expected YL criticality. In Sec. V, we carry out
analogous calculations on the fuzzy sphere and extrapolate
them to the thermodynamic limit. Our fuzzy sphere result
for the scaling dimension of ϕ, Δϕ ¼ 0.214ð2Þ is in
excellent agreement with the high-temperature expansion
result 0.214(6) from Ref. [60] and is also very close to our
two-sided Padé estimate of approximately 0.218. In
Sec. VI, we obtain first results for the quantum criticality
of the d ¼ 4 YL model by replacing S3 by the 24-cell,
which is a self-dual regular 4-polytope.

ERICK ARGUELLO CRUZ et al. PHYS. REV. X 16, 011022 (2026)

011022-2



II. MINIMAL MODEL Mð2;5Þ AND ITS FIELD
THEORY DESCRIPTION

The minimal conformal model Mð2; 5Þ, which describes
the YL critical behavior in two dimensions [39], has only
one nontrivial Virasoro primary field, Φ1;2 ≡Φ1;3. It has
holomorphic dimension h1;2 ¼ − 1

5
. The Kac table of this

model, where we denote this field by ϕ, is shown in Table I.
The operator product expansion (OPE) reads

ϕðz; z̄Þ × ϕð0; 0Þ ¼ jzj4=5Iþ Cϕϕϕjzj2=5ϕ: ð2:1Þ

The structure constant is purely imaginary and has the value

Cϕϕϕ ¼ i

�
Γð6

5
Þ2Γð1

5
ÞΓð2

5
Þ

Γð3
5
ÞΓð4

5
Þ3

�1=2

≈ 1.911312699i: ð2:2Þ

The lowest-level null vectors in the Mð2; 5Þ model are
[61,62]

L−1jIi;
�
L2
−2 þ

3

5
L−4

�
jIi;

�
L−2 −

5

2
L2
−1

�
jϕi;�

L−3 −
10

3
L−1L−2 þ

25

36
L3
−1

�
jϕi: ð2:3Þ

All the operators (primary and descendants) up to level 4
are exhibited in Fig. 1, where T ¼ L−2jIi is the holomor-
phic part of the stress-energy tensor and

Qϕ ¼
�
L−4 −

625

624
L4
−1

�
jϕi;

Q̄ϕ ¼
�
L̄−4 −

625

624
L̄4
−1

�
jϕi ð2:4Þ

denote the spin-4 quasiprimary state [61]. A related spin-0
quasiprimary is Ξ ¼ QQ̄jϕi [62].
Using the operator Q6 ¼ L−6 − 35

43
L−5L−1 − 105

43
L−4L−2,

we can also construct a spin-6 quasiprimary state [63,64]:

Q6jϕi; Q̄6jϕi: ð2:5Þ

The simplest nonconserved spin-2 quasiprimary is [62]

T 0 ¼ Q6Q̄jϕi; T̄ 0 ¼ QQ̄6jϕi: ð2:6Þ

It has dimension ΔT 0 ¼ 9.6 and lies on the first subleading
Regge trajectory.

The field theory description of the YL universality class
is provided by

S ¼
Z

ddx
�
1

2
ð∂μϕÞ2 þ

g
6
ϕ3

�
; ð2:7Þ

where g is purely imaginary [38]. This action has a so-
called PT symmetry [65], which acts by ϕ → −ϕ, i → −i.
In d ¼ 6 − ϵ, the beta function is known to five-loop order
[41], but for brevity, we state the results up to three loops
[41,66–68]:

βðgÞ ¼ −
ϵg
2
−

3g3

4ð4πÞ3 −
125g5

144ð4πÞ6 −
�
33085

20736
þ 5ζð3Þ

8

�

×
g7

ð4πÞ9 þOðg9Þ: ð2:8Þ

Therefore, there is an IR stable fixed point at

g� ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð4πÞ3ϵ

3

r �
1þ 125

324
ϵþ 5ð253 − 972ζð3ÞÞ

26244
ϵ2

þOðϵ3Þ
�
: ð2:9Þ

In d ¼ 2, the field ϕ is identified with the Virasoro primary
operatorΦ1;2 of theMð2; 5Þmodel. The 6 − ϵ expansion of
Δϕ is [41,66–68]

Δϕ ¼ 2 −
ϵ

2
þ γϕ ¼ 2 −

5

9
ϵ −

43

1458
ϵ2

þ
�
−

8375

472392
þ 8ζð3Þ

243

�
ϵ3 þOðϵ4Þ:

ð2:10Þ

Performing Padé extrapolations of this series, which is
known to orderOðϵ5Þ [41], with the condition thatΔϕ ¼−2

5

in d ¼ 2, gives the estimates of its scaling dimension

TABLE I. The Mð2; 5Þ model with the central charge
c ¼ −22=5.

Φ1;1 Φ1;2 Φ1;3 Φ1;4

I ϕ ϕ I

FIG. 1. Lowest dimension operators of Mð2; 5Þ.
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plotted in Fig. 2. The (3, 3) and (4, 2) Padé approximants
produce results that are almost indistinguishable. The
dependence of Δϕ on d is very smooth and close to linear;
see also Table II.
The operator ϕ2 is a descendant because of the equation

of motion. Therefore, the next spin-zero conformal primary
field is ϕ3. Its scaling dimension is [41,66–68]

Δϕ3 ¼ dþβ0ðg�Þ

¼ 6−
125

162
ϵ2þ

�
36755

52488
þ20ζð3Þ

27

�
ϵ3þOðϵ4Þ: ð2:11Þ

Padé extrapolations of this series, which is known to order
Oðϵ5Þ [41], indicate that this operator is irrelevant for
d < 6. In d ¼ 2, we identify the PT invariant operator iϕ3

with the leading s ¼ 0 quasiprimary irrelevant operator TT̄
of scaling dimension 4. This operator is analogous to the
well-known identification of the irrelevant operator ϕ4 at
the IR fixed point of the massless ϕ4 theory with the
operator TT̄ in the 2D critical Ising model. Performing
Padé extrapolations with the condition that Δϕ3 ¼ 4 in
d ¼ 2 gives the estimates of its scaling dimension that are
plotted in Fig. 2 and listed for integer d in Table II.
The next spin-zero quasiprimary operator in Mð2; 5Þ is

Ξ ¼ QQ̄ϕ [62]; it has a rather high scaling dimension, 38
5
. In

Ref. [46], this operator was identified with ϕ3 in the field
theory, but our Padé extrapolations of Δϕ3 to d ¼ 2 are
clearly inconsistent with this. We instead propose to
identify QQ̄ϕ with field theory operator iϕ4 [69]. Its
one-loop scaling dimension can be extracted from the
results in Ref. [70], and we find

Δϕ4 ¼ 8þ 10

9
ϵþOðϵ2Þ: ð2:12Þ

Since in d ¼ 2 it equals 7.6, its dimension dependence
cannot be monotonic, which makes the extrapolation
challenging, and we need at least the next term in the
series to make quantitative estimates in d ¼ 3, 4, 5. We
leave this challenge for future work.
The field theory also contains primary operators with an

even number of derivatives, which have the schematic form
ϕ∂μ1∂μ2…∂μ2nϕþ � � �. Projecting onto the traceless part of
such an operator, we find the leading twist operators of spin
2n (they form the leading Regge trajectory). For n ¼ 1, this
operator is the conserved stress-energy tensor, but for
n > 1, they are not conserved. The first such operator is
the traceless rank-4 tensor

Qμνκλ ¼ ϕ∂μ∂ν∂κ∂λϕþ… ð2:13Þ
In d ¼ 2, we identify this operator with the spin-4
quasiprimaries iQϕ and iQ̄ϕ of Mð2; 5Þ, which have
scaling dimension 18

5
. The 6 − ϵ expansion of the dimension

of Qμνκλ is [71–74]

ΔQ ¼ 8 −
16

15
ϵ −

871

30375
ϵ2 þOðϵ3Þ: ð2:14Þ

Together with the condition that ΔQ ¼ 18
5
in d ¼ 2, we find

the two-sided Padé estimates shown in Fig. 2 and Table II.
The higher spin operators on the leading Regge trajectory
can be studied similarly.
The CFT also contains operators of subleading twist. For

example, the spin-s operators on the first subleading Regge
trajectory have the schematic form ϕ∂μ1∂μ2…∂μs∂

2ϕþ � � �.
For s ¼ 2, this operator is

FIG. 2. Two-sided Padé extrapolations of the scaling dimensions of ϕ;ϕ3 and Qμνκλ operators.

TABLE II. Two-sided Padé approximations of the scaling dimensions of the lowest primary operators in d ¼ 3, 4, 5. All of them are
below the unitarity bounds.

Two-sided Padé for Δ

Operators d ¼ 2 Exact Δ d ¼ 2 d ¼ 3 d ¼ 4 d ¼ 5 GL description

ϕ −2=5 0.218½3;3�; 0.218½4;2� 0.827½3;3�; 0.827½4;2� 1.425½3;3�; 1.425½4;2� ϕ

TT̄ 4 4.631½3;3�; 4.639½4;2� 5.206½3;3�; 5.212½4;2� 5.701½3;3�; 5.702½4;2� iϕ3

iQϕ; iQ̄ϕ 18=5 4.681½1;2�; 4.709½2;1� 5.793½1;2�; 5.815½2;1� 6.910½1;2�; 6.916½2;1� Qμνκλ
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T 0
μν ¼ ϕ∂μ∂ν∂

2ϕþ… ð2:15Þ

Its scaling dimension ΔT 0 ðϵÞ ¼ 8þOðϵÞ in d ¼ 6 − ϵ.
This operator likely extrapolates to the 2D operator
(2.6), so ΔT 0 ð4Þ ¼ 9.6. It would be interesting to study
this function, and we leave this for future work [75].
Our Padé extrapolations can be compared with the

bootstrap results of Refs. [45–47] and the high-temperature
expansions [60]. Some of these results are in good agree-
ment with the estimates in this section. For example, in
d ¼ 3, the estimate Δboot

ϕ ≈ 0.213 from the original paper
[45] is close to our value Δϕ ≈ 0.218 and to the high-
temperature expansion result 0.214(6). However, in the
later papers [46,47], the bootstrap estimates of Δϕ were
revised to 0.235 and 0.174, respectively. These different
estimates point to the significant uncertainties in the
bootstrap procedure, which are related to the truncation
[8]. In addition, some results for the higher operators are
further apart. In Ref. [46], the estimate of Δϕ3 is approx-
imately 5.0 in d ¼ 3 vs our estimate of approximately 4.63.
In d ¼ 4, Ref. [46] obtained approximately 6.8 vs our
finding of approximately 5.2. We find better agreement
with the Padé extrapolations from our numerical results on
the regularized S2 and S3.

III. SPIN CHAIN FOR 2D YANG-LEE MODEL

The Hamiltonian of the 2DYang-Lee quantum model on
a chain with N sites and periodic boundary conditions
(PBC) is [51,52,58]

HYL ¼ −J
XN
j¼1

ZjZjþ1 − hx
XN
j¼1

Xj − ihz
XN
j¼1

Zj; ð3:1Þ

where X and Z are the Pauli matrices and we assume that
ZNþ1 ≡ Z1. The Hamiltonian has PT symmetry generated
by the operator [53]

PT ¼
YN
j¼1

XjT ; ð3:2Þ

where T is complex conjugation. The PT symmetry acts
by Zj → −Zj, i → −i.

We set J ¼ 1 and assume that the system is in the
paramagnetic (disordered) phase, so the transverse mag-
netic field hx > hcritx , where hcritx =J ¼ 1 is the critical value
for the 2D Ising quantum model. It corresponds to the
Mð3; 4Þ model, whose Kac table is shown in Table III, and
all the operators (primary and descendants) up to level 4 1

8

are exhibited in Fig. 3.
The Yang-Lee critical point is reached by tuning the

imaginary magnetic field ihz to the critical point ihcritz . At
this critical point, some pairs of energy levels merge, and
beyond it, they become complex conjugates of each other.

TABLE III. The Mð3; 4Þ model with the central charge
c ¼ 1=2.

Φ2;1 Φ2;2 Φ2;3

Φ1;1 Φ1;2 Φ1;3

ε σ I

I σ ε

FIG. 3. Lowest dimension operators of Mð3; 4Þ.

FIG. 4. Energy levels of the Hamiltonian (3.1) for N ¼ 24
along the path ðhx; ihzÞ ¼ ð0; 0Þ → ð2; 0Þ → ð2; i0.4Þ, with
J ¼ 1. Beyond a merger point, two energy levels become
complex conjugate, and we plot their real part (sometimes
another transition is visible where the two energies become real
again). We identify the lower energy levels with their corre-
sponding operators in the 2D Ising and Yang-Lee CFTs. The first
dashed line is the critical point hcritx ¼ 1 for the 2D Ising model,
and the second dashed line is the pseudocritical point ih�z for the
2D Yang-Lee model, obtained by fixing rT ¼ 2.
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Since the Hamiltonian (3.1) is symmetric,HT
YL ¼ HYL, it is

pseudo-Hermitian: HYL ¼ PH†
YLP. In this case, each

eigenstate can be assigned an appropriately defined eigen-
value of PT , which is either 1 or −1; it is also known as the
Krein signature [76,77]. For hz ¼ 0, the eigenvalue of PT
coincides with the Z2 eigenvalue of the P operator. For two
states to merge, they must carry opposite eigenvalues of
PT [76–78].
The Hamiltonian (3.1) was studied numerically long ago

[51,52,58] and also more recently in Refs. [79,80]. Our
numerical results, shown in Fig. 4, are in agreement with
these calculations and extend them. For a finite N, mergers
of different pairs of levels, which are called “exceptional

points” [81], occur at somewhat different values of hz.
However, they are expected to approach the same critical
value as N → ∞. The qualitative phase structure in the
thermodynamic limit is shown in Fig. 5; we will see that it
applies in higher dimensions as well.
Figure 4 also shows that, as hz is increased beyond the

merger point, theremay be another transition, after which the
energy levels become real again. Two energy levels becom-
ing complex conjugates in a small region of parameter space
is a common phenomenon in PT -symmetric systems; it
occurs due to a small imaginary off-diagonal element in a
non-Hermitian Hamiltonian [81]. If the off-diagonal element
is very small, the evolution of the two energy levels
resembles their crossing. For the pseudo-Hermitian
Hamiltonians, such as Eq. (3.1), a pair of energy levels
can “cross” only if they have opposite eigenvalues of PT
(Krein signatures) [76–78]. For a Hermitian Hamiltonian, a
small off-diagonal element instead produces an avoided
crossing of two energy levels.
In search of the YL critical point ihcritz , we may use

different criticality criteria that help us define pseudocritical
points ih�zðNÞ for givenN and hx, such that when taking the
thermodynamic limit of any of them, we must find

lim
N→∞

ih�zðN; hxÞ ¼ ihcritz ðhxÞ: ð3:3Þ

There are various examples of these criteria: finite-size
scaling (FSS) [82–84], extrapolation of merging points
[85,86], CFT ratios of energy gaps [59], etc. We define the
pseudocritical point as the point at which the following
criterion is satisfied:

rT ¼ ET − EI

E∂ϕ − Eϕ
¼ 2: ð3:4Þ

In the numerical spectrum, this ratio can be written using

the energy levels of distinct spin sectors, namely, EðsÞ
n with

n ¼ 0; 1; 2;… representing the nth energy level in spin
sector s ¼ 0; 1; 2;…, so

rT ¼ Eð2Þ
1 − Eð0Þ

1

Eð1Þ
0 − Eð0Þ

0

: ð3:5Þ

FIG. 5. Qualitative phase diagram of the quantum Ising model
with transverse magnetic field hx and imaginary longitudinal
magnetic field hz. The hz ¼ 0 horizontal line is the Z2 symmetric
line. The Ising critical point, which is located at this line, is shown
by the green dot. To the right of this point, the Ising model is in
the paramagnetic phase, also known as the high-temperature
phase, shown by the black section of the Z2 symmetric line. The
paramagnetic phase with a small hz deformation still preserves
PT symmetry, shown by the white region. When hz passes its
critical value, the PT symmetry is spontaneously broken, shown
by the blue region. The critical coupling hz depends on hx;
therefore, we have a line of critical points corresponding to the
YL criticality, shown as the blue solid line. We study the Ising-to-
YL criticality flow by moving along the red dashed path.

TABLE IV. Results for the merging point ihmerg
z of the Yang-

Lee model on a circular chain for N ¼ 24.

hx 2 3 4 5 10

hmerg
z 0.314574 0.885528 1.560752 2.294549 6.368703

TABLE V. Results for the pseudocritical points ih�z , defined where rT ¼ 2, and the anomalous dimensions of the operators ϕ, TT̄, and
iQϕ for various values of the transverse field hx, using N ¼ 24.

hx 2 3 4 5 10 Exact

h�z 0.312706 0.883574 1.558738 2.292472 6.366335 � � �
Δϕ −0.375487 −0.3948 −0.400085 −0.402508 −0.406277 −0.4
ΔTT̄ 3.615627 3.829043 3.890879 3.919301 3.962861 4
ΔQϕ 3.612873 3.552427 3.533772 3.524567 3.50883 3.6
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Using the values of the pseudocritical points, at fixed N, we
can calculate the scaling dimensions of operators using

ΔO ¼ 2
EðsÞ
O − Eð0Þ

1

Eð2Þ
1 − Eð0Þ

1

: ð3:6Þ

First, in Table IV, we list the position of the merging points
of the first two states using N ¼ 24 sites.
Using Eq. (3.6), we list the values of the anomalous

dimensions for O ¼ ϕ; TT̄; iQϕ as well as the position of
the pseudocritical points, for the case of N ¼ 24, in
Table V. We see that the pseudocritical points and the
merging points are very close to each other.

IV. THE 3D MODEL ON PLATONIC SOLIDS

In this section,we consider the Ising andYang-Leemodels
on three 3D platonic solids [17]: the cube, icosahedron, and
dodecahedron, which are depicted in Fig. 6. They have,
correspondingly, N ¼ 8, N ¼ 12, and N ¼ 20 sites. Apart
from these types, there are two other 3D platonic solids: a

tetrahedron and an octahedron; they have only N ¼ 4 and
N ¼ 6 sites, so we do not consider them here.
For the schematic Yang-Lee Hamiltonian on the cube,

icosahedron, and dodecahedron, we have

HYL ¼ −J
X
hiji∈ e

ZiZj − hx
X
i∈ v

Xi − ihz
X
i∈ v

Zi; ð4:1Þ

where the first sum is taken over all the edges of a 3D solid
and the last two sums go over the vertices.
These three platonic solids have different ratios of

number of vertices N and edges E; therefore, if we want
to compare their properties, we have to adjust the couplings
J or hx accordingly. We keep hx the same for all the
platonic solids and adjust only the coupling J. We set
Jdodecahedron ¼ 1 and adjust other solids’ J couplings
assuming that JE=N ¼ const. Therefore, we find Jcube ¼
1 and Jicosahedron ¼ 3=5. We plot the energy gaps of the
Hamiltonian (4.1) for the icosahedron and dodecahedron in
Fig. 7. In Table VI, we list values for the merger point
ihmerg

z of the two lowest states: jIi and jϕi, which

correspond to the lowest energy levels Eð1Þ
0 and Eð1Þ

1 in

FIG. 6. Three-dimensional platonic solids ðN;EÞ: cube (8, 12), icosahedron (12, 30), and dodecahedron (20, 30).

FIG. 7. Energy gaps of the Hamiltonian (4.1) for the icosahedron and dodecahedron along the path ðhx; ihzÞ ¼
ð0; 0Þ → ð5; 0Þ → ð5; i2Þ, where J ¼ 3=5 for the icosahedron and J ¼ 1 for the dodecahedron. We identify the lower energy levels
with their corresponding operators in the Ising and Yang-Lee CFTs. The dashed line is the pseudocritical point ih�z obtained by
fixing rT ¼ 3.
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the singlet representation 1 of 3D symmetry point groups.

Below, we use the notation EðrÞ
n for the energy level n in

irrep r of the point group.
The other criticality criteria for the pseudocritical point

ih�z corresponds to fixing the ratio

rT ≡ ET − EI

E∂ϕ − Eϕ
ð4:2Þ

to be exactly rT ¼ 3. Numerically, this ratio can be
obtained by using the following energy levels in different
irreps of O and I:

cube∶ rT ¼ Eð30Þ
1 − Eð1Þ

0

Eð3Þ
0 − Eð1Þ

1

;

icosahedron=dodecahedron∶ rT ¼ Eð5Þ
1 − Eð1Þ

0

Eð3Þ
0 − Eð1Þ

1

; ð4:3Þ

where 5Oð3Þ splits as 2þ 30 under the cubic symmetry
group O; it does not split for the icosahedral group I, and
1Oð3Þ and 3Oð3Þ do not split for O and I and correspond to
irreps 1 and 3. Here, we list values ih�z , where rT ¼ 3 in
Table VII. These values are slightly away from the merger
points listed in Table VI. We can compute the anomalous
dimension Δϕ as

cube∶ Δϕ ¼ 3
Eð1Þ
1 − Eð1Þ

0

Eð30Þ
1 − Eð1Þ

0

;

icosahedron=dodecahedron∶ Δϕ ¼ 3
Eð1Þ
1 − Eð1Þ

0

Eð5Þ
1 − Eð1Þ

0

: ð4:4Þ

We list values for Δϕ computed at the pseudocritical
point ih�z , where rT ¼ 3, in Table VIII.
The results of this section show that the platonic solid

regulators of the sphere give a good indication of the YL
quantumcriticality, in spite of the fact that there are only three
possible numbers of lattice sites. However, the determination
of scaling dimensions is not as precise as in the fuzzy sphere
method that we will use in the next section. In order to
improve the platonic solid approach toYL criticality, one can
use the conformal perturbation theory, which was shown to
work well for the platonic solid approach to the 3D Ising
model [17,18]. We leave this for future work.

V. THE 3D MODEL ON FUZZY SPHERE

A. Fuzzy sphere approach to Yang-Lee quantum
criticality

In this section, we use the fuzzy sphere regulator for S2,
which is a novel setup using the quantum Hall system. It is
analogous to quantum spin systems but preserves the SO(3)
symmetry. The model describes nonrelativistic fermions
projected to the lowest Landau level (LLL) with quadratic
and quartic couplings [14,22],

TABLE VII. Results for the Yang-Lee pseudocritical point ih�z defined by the criteria rT ¼ 3.

hx 5 10 15 20 25 30 35 40 45 50

C: h�z 1.467 5.140 9.252 13.560 17.984 22.485 27.042 31.641 36.274 40.934
I: h�z 1.312 4.907 8.973 13.247 17.643 22.120 26.655 31.234 35.849 40.493
D: h�z 1.381 5.015 9.107 13.41 17.813 22.303 26.850 31.441 36.065 40.718

TABLE VIII. Results for Δϕ at the pseudocritical point ih�z , where rT ¼ 3.

hx 5 10 15 20 25 30 35 40 45 50

C: Δϕ 0.424 0.346 0.323 0.312 0.305 0.300 0.297 0.294 0.292 0.290
I: Δϕ 0.385 0.306 0.283 0.272 0.265 0.260 0.257 0.254 0.252 0.250
D: Δϕ 0.289 0.244 0.233 0.228 0.224 0.222 0.221 0.220 0.219 0.218

TABLE VI. Results for the merger point ihmerg
z of the Yang-Lee model on the cube, icosahedron, and dodecahedron.

hx 5 10 15 20 25 30 35 40 45 50

C: hmerg
z 1.513 5.173 9.283 13.591 18.016 22.517 27.074 31.674 36.307 40.968

I: hmerg
z 1.339 4.926 8.991 13.265 17.661 22.138 26.673 31.253 35.868 40.513

D: hmerg
z 1.387 5.020 9.112 13.406 17.817 22.308 26.855 31.438 36.071 40.723
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H¼H4þH2;

H4¼R2

Z
d2Ω½λnðψ†ψÞUðψ†ψÞ−λn;zðψ†σzψÞUðψ†σzψÞ�;

H2¼−R2

Z
d2Ω½hxðψ†σxψÞþihzðψ†σzψÞ�; ð5:1Þ

where U ¼ P
n an∇2n is a contact potential that can be

written as a series of derivative operators. We follow the
same setup as Refs. [14,22] and set λn ¼ λn;z. We can
expand the above Hamiltonian using the fermion creation
and annihilation operators. The current-current four-body
interaction term is [14]

H4 ¼
1

2

Xs

m1;2;3;4¼−s
Vm1;m2;m3;m4

δm1þm2;m3þm4

× ½ðc†m1
cm4

Þðc†m2
cm3

Þ − ðc†m1
σzcm4

Þðc†m2
σzcm3

Þ�;
ð5:2Þ

where cm1
¼ ð cm;↑

cm;↓
Þ. The coefficient tensor

Vm1;m2;m3;m4
¼
X
l

Vlð4s− 2lþ 1Þ
�

s s 2s− l

m1 m2 −m1 −m2

�

×

�
s s 2s− l

m4 m3 −m3 −m4

�
ð5:3Þ

is parametrized by the Haldane pseudopotentials Vl. In our
work, we truncate the potential to V0 and V1, which is
equivalent to the derivative expansion truncated to order
∇2. The overall normalization is fixed with V1 ¼ 1, and V0

is a tunable parameter of the model. The LLL-projected
Hamiltonian has (4sþ 2) levels. We fill the total number of
N ¼ 2sþ 1 fermions in these levels. Under half-filling, the
charge degrees of freedom are gapped, and the particle-hole
symmetry is preserved. The total number of spins, N, can
be treated as a UV cutoff, which can be most clearly
seen from the fact that the commutator fψðΩÞ;ψðΩ0Þg
approaches a delta function of size

ffiffiffiffiffiffiffiffiffi
1=N

p
. This approach

allows us to identify the radius of the sphere as R ∼
ffiffiffiffi
N

p
.

The density terms H2 can be written as

H2 ¼ −hxHX − ihzHZ;

HX ¼
Xs

m¼−s
c†mσxcm;

HZ ¼
Xs

m¼−s
c†mσzcm: ð5:4Þ

The two-body terms are chosen so that the Hamiltonian
mimics the quantum spin model setup in previous sections
with the identification

HYLðV0; hx; ihzÞ ¼ HIsingðV0; hxÞ − ihzHZ; ð5:5Þ

where the Ising part of the Hamiltonian,

HIsing ¼ H4ðV0Þ − hxHX; ð5:6Þ

follows the original setup of Ref. [14]. The fuzzy sphere
Ising Hamiltonian is analogous to the lattice quantum Ising
model that has a ZZ nearest coupling term and a transverse
field X. Apart from the SO(3) symmetry, the Ising
Hamiltonian has a spin-flip Z2 symmetry that takes
cm ↦ σxcm, but this symmetry is explicitly broken by
the HZ horizontal field term. This term also breaks
Hermiticity. The Yang-Lee Hamiltonian is still invariant
under a combination of spin-flip and complex conjugation,
which serves as the PT symmetry. The eigenvalues of the
PT symmetric Hamiltonian are real numbers or pairs of
conjugate complex numbers. Under half-filling, the system
also has a particle-hole symmetry cm ↦ iσycm; i → −i,
which can be interpreted as the spatial parity symmetry in
the thermodynamic limit.
We expect the phase diagram of the Hamiltonian (5.5) to

be the same as in Fig. 5. Similar to the 2D case, there is a
phase transition when we take the Ising model in the
paramagnetic phase and turn on an imaginary longitudinal
magnetic field hz. To show the qualitative behavior of the
phase transition, it is helpful to identify the correspondence
of low-lying eigenstates between Ising criticality and YL
criticality. We scan coupling constants hx and ihz along the
red-dashed trajectory in Fig. 5 and keep track of a number
of eigenvalues. The Ising criticality is reported in Ref. [14]
to occur at couplings V0 ¼ 4.75 and hx ¼ 3.16. We hold
V0 fixed throughout the trajectory. We gradually increase
hx from 0 to 10 and then increase hz from 0 to hz ≈ 5.2. The
spectrum along this trajectory is shown in Fig. 8, where we
can identify the tower of operators that belong to the 3DYL
universality class.
A summary of the operator flow is presented in Table IX,

as are the first, low-lying, merging Yang-Lee states. We
note that all flows between these low-lying operators in
both CFTs admit a clear interpretation in the GL descrip-
tion. For example, both σ and ϕ correspond to the ϕ field in
the ϕ4 and iϕ3 models. The operator ε corresponds to ϕ2 in
the ϕ4 model, and ϕ2 coincides with □ϕ in the iϕ3 model
due to the equations of motion. Likewise, the operator □σ
coincides with ϕ3 in the ϕ4 model for the same reason and
appears as the ϕ3 operator in the iϕ3 model. Thus, we
conjecture that ε0, which corresponds to ϕ4 in the ϕ4 model,
also represents ϕ4 in the iϕ3 model. A similar approach
applies to the other primary operators and their
descendants.
Finally, we notice that operators from different sectors of

the Ising-Z2 symmetry and equal spin on the left (ihz ¼ 0)
merge on the Yang-Lee side on the right (ihz ≠ 0), where
such symmetry is explicitly broken; e.g., I merges with σ
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and □ε merges with □σ at some ihz value. This finding is
consistent with the general result, reviewed in Sec. III, that
a pair of levels can merge only if they have opposite
eigenvalues of PT .

B. Approaching the 3D YL critical point

Among the list of possibilities to define a pseudocritical
point, we follow both the 2D and platonic solids sections
and find that one of the most suitable criteria is through the
use of the stress tensor, whose scaling dimension at the
critical point is ΔTμν

¼ 3. Therefore, as before, we consider
the expression

rT ¼ ETðNÞ − EIðNÞ
E∂ϕðNÞ − EϕðNÞ ¼ 3 ð5:7Þ

as our criticality criterion. In fuzzy sphere regularization,
this corresponds to the ratio of the following levels (same as
in the icosahedron case):

rT ¼ Eð5Þ
1 − Eð1Þ

0

Eð3Þ
0 − Eð1Þ

1

¼ 3: ð5:8Þ

The identification of each state is taken from the operator
flow from Ising to Yang-Lee, shown in Fig. 8 and Table IX.
Note that the expression (5.7) does not depend on the

scaling dimension of ϕ, which we will find later. Thus, we
obtain ih�zðNÞ for N ¼ 8; 9;…; 14, and the IR critical point
is extrapolated via Eq. (3.3) using the 1=N linear fit [87]. In
Fig. 9, we show an example of thermodynamic critical
point extrapolation as a function of N for distinct criticality
criteria [88]; we can see they all converge to the same value
within about 1%, and we notice that ihcritz is far from its
pseudocritical counterpart for small N, in contrast to the 2D
case, where ihcritz and ih�zðNÞ lie within a small perturbative
regime [85]. We present some of the extrapolated critical
points for various hx in Table X, and we observe that the
deeper we go into the paramagnetic phase (hx > 3.16), the
better the convergence; however, if we take a very big hx,

FIG. 8. Energy gaps of the fuzzy sphere Hamiltonian (5.5)
along the path ðhx; ihzÞ ¼ ð0; 0Þ → ð10; 0Þ → ð10; i5.2Þ, where
N ¼ 12, V0 ¼ 4.75. We identify the lower energy levels with
their corresponding operators in the Ising and Yang-Lee CFTs.
The dashed lines are the Ising critical point hcritx ≈ 3.16 and the
Yang-Lee pseudocritical point ih�z ≈ 4.5 obtained by fixing
rT ¼ 3. We notice that operators with the same spin that merge
near ih�z always come from different Z2 Ising sectors; hence, they
have opposite eigenvalues of PT .

TABLE IX. Top: summary of the first CFT operators of the 3D
Ising model and their corresponding trajectories to the 3DYL ones
in each spin sector. TheoperatorCμ1μ2μ3μ4 is the firstZ2-even, parity-
even, spin-4 primary in 3D Ising CFT. Bottom: low-lying spectrum
merging states in the 3D Yang-Lee model.

Operator flow from 3D Ising CFT to 3D YL CFT

Ising (l ¼ 0) YL (l ¼ 0)

I I
σ ϕ
ε □ϕ
□ε □

2ϕ
□σ ϕ3

ε0 ϕ4

Ising (l ¼ 1) YL (l ¼ 1)
∂μσ ∂μϕ
∂με ∂μ□ϕ

Ising (l ¼ 2) YL (l ¼ 2)
∂μ1∂μ2σ ∂μ1∂μ2ϕ
Tμν Tμν

T 0
μν T 0

μν (2.15)

Ising (l ¼ 3) YL (l ¼ 3)
∂μ1∂μ2∂μ3σ ∂μ1∂μ2∂μ3ϕ
∂αTμν ∂αTμν

Ising (l ¼ 4) YL (l ¼ 4)
∂μ1∂μ2∂μ3∂μ4σ ∂μ1∂μ2∂μ3∂μ4ϕ
∂α1∂α2Tμν ∂α1∂α2Tμν

Cμ1μ2μ3μ4 Qμ1μ2μ3μ4

Merging states in 3D YL

Merger 1 Merger 2

I ϕ
∂μϕ ∂μ□ϕ
∂μ∂νϕ Tμν

∂α∂μ∂νϕ ∂αTμν

□2ϕ ϕ3

∂μ1∂μ2∂μ3∂μ4ϕ ∂μ1∂μ2Tμ3μ4
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then we start facing numerical convergence problems.
Therefore, we choose hx ∈ ½4; 100�.

C. Extracting the CFT data

The most remarkable feature of the fuzzy sphere model
is that it realizes CFTs in radial quantization, where
conformal invariant data such as the scaling dimensions
and OPE coefficients can be directly extracted from simple
observables in the fuzzy sphere setup. In this subsection,
we discuss the extraction of these data numerically.
Throughout this subsection, we pick the critical point of
the system at fixed V0 ¼ 4.75 and hx ¼ 20, tuning ihz to
the pseudocritical coupling ih�zðNÞ. The criterion we use for
the pseudocritical point is the CFT ratio of the stress tensor
(5.7); in other words, we fix ΔTμν ¼ 3. The rest of the CFT
data will have finite-size deviation from the CFT values,
and we study the extrapolation to the thermodynamic limit
N → ∞ numerically. We use a publicly available code
package (FuzzifiED) [89] and compute the eigensystem
through exact diagonalization up to N ¼ 18. Extrapolation
to the thermodynamic limit is performed by fitting the data
from N ¼ 12 to N ¼ 18 as a function of N using models
motivated by the finite-size scaling properties of CFTs, also
known as conformal perturbation theory [17,18,90,91].
CFT systems have many symmetries. In the fuzzy sphere

realization, this implies that any conformally invariant
quantity can be extracted in many ways. We see remarkable

agreement between many distinct ways to evaluate the
same quantity, which provides nontrivial validation of our
numerical procedure. In this section, we discuss these
approaches in detail.
In Table XI, we summarize our key numerical results for

the CFT data of the 3DYL criticality. Some of the quantities
have been computed in the literature [41,46,47,60], and we
list them in the table for comparison. The data are from
Eqs. (5.15), (5.16), (5.26), (5.31), and (5.39).

1. Scaling dimensions

In radial quantization, the CFT states and local operators
have one-to-one correspondence. The CFT Hamiltonian is
the dilatation operator; thus, CFT local operators corre-
spond to eigenstates, and the associated eigenvalues are the
scaling dimension. Each eigenstate also diagonalizes global
symmetry quantum numbers, which are total spin l, spin-z
projection lz, and the spacetime parity p. The ground state
always has spin 0.
In the fuzzy sphere realization, the energy levels can be

shifted by an arbitrary ground-state energy and rescaled by a
model-dependent speed of light. Therefore, we read off the
CFT scaling dimensions as ratios.We assume that the lowest
spin-0 state, the second-lowest spin-0 state, and the lowest
spin-1 state correspond to identity I, the fundamental primary
operatorϕ, and its descendant ∂ϕ operators, respectively. The
difference between the scaling dimensions of the primary and
its first descendant isΔ∂ϕ − Δϕ ¼ 1, which provides us with
a simple way to rescale the energy eigenvalues to match the
CFT scaling dimensions, as in Eq. (5.7). For each state, the
scaling dimension of the corresponding local operator is

ΔO ¼ 3
EO − EI

ET − EI
; ð5:9Þ

where EI is the ground-state energy. All CFT data extracted
from the fuzzy sphereHamiltonian at finiteNwill have finite-
size errors; therefore, we need to study the finite-size scaling
behavior of the CFT data. The finite-size model near
criticality is described by a CFT action with relevant and
irrelevant deformations [17,18,90,92–94]:

S ¼ SCFT þ
gϕ

NðΔϕ−dÞ=2

Z
ddxϕðxÞ

þ
X
i

gi
NðΔi−dÞ=2

Z
ddxOiðxÞ; ð5:10Þ

where we separate the relevant deformation ϕ and other
operators Oi, which are all irrelevant, and gϕ and gi are
dimensionless couplings. Near the criticality, the separation
of scales is given by ðΛUV=ΛIRÞ ∼

ffiffiffiffi
N

p
, which provides the

volume dependence of the couplings. The energy eigenval-
ues of the finite Hamiltonian match the CFT Hamiltonian as

FIG. 9. Yang-Lee thermodynamic critical point hcritz extrapo-
lation for hx ¼ 10 and V0 ¼ 4.75 with N ∈ ½8; 14� using different
criticality criteria. The extrapolation is performed by a linear fit in
1=N. The results agree within a 10−2 error.

TABLE X. Results of pseudocritical points h�z using rT ¼ 3 for
N ¼ 14 and thermodynamic critical points using various criti-
cality criteria for distinct values of hx and fixed V0 ¼ 4.75.

hx 4 6 8 10 11

h�z 0.465609 1.60018 2.9475 4.41454 5.17874
hcritz 0.20(2) 1.16(3) 2.41(4) 3.80(4) 4.53(4)
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En ¼ E0 þ
νffiffiffiffi
N

p
�
HCFT þ

gϕ
NðΔϕ−dÞ=2

Z
dd−1ΩϕðΩÞ

þ
X
i

gi
NðΔi−dÞ=2

Z
dd−1ΩOiðΩÞ

�
; ð5:11Þ

where HCFTjni ¼ Δnjni, and Δn are the CFT scaling
dimensions. The relevant (irrelevant) couplings gϕ (gi)
contribute to the leading conformal perturbation corrections
to these eigenvalues through diagonal matrix elements with a
growing (suppressed) volume dependence.
In this work, we measure the spectrum at the pseudocrit-

ical point defined when the stress-tensor scaling dimension
matches ΔTμν

¼ d ¼ 3, as described in Eq. (5.7). Thus, the
deformation couplings cancel for the specific ratio in
Eq. (5.7) to give 3. Using the matching formula (5.11),
and expanding Eq. (5.7) to the first order in g, we can
determine that

gϕ ∝ NðΔϕ−ΔOI
Þ=2; ð5:12Þ

where OI represents the leading irrelevant deformation.
Thus, the contribution from the relevant deformation and
the leading irrelevant deformation are at the same order of
magnitude, assuming the dimensionless coupling constant of
the irrelevant deformation gI is of order 1. From this starting
point, we see that the eigenvalues determined using the ratios
in Eq. (5.9) will contain a finite-size error as

ΔðNÞ ¼ Δþ cNð3−ΔOI
Þ=2 þ � � � ð5:13Þ

wherec is somedimensionless coefficient that depends on gI .
The subleading couplings gi are suppressed, but they also
contribute. A comprehensive conformal perturbation analy-
sis will help determine the explicit form of the correction
terms and provide a more accurate determination of the
spectrum by fitting multiple scaling dimensions using
parameters gI, ΔI , and the corresponding OPE coefficients,
which is beyond the scope of this work. In this work, we try
accounting for the finite-size error by fitting a single
eigenvalue as a function of N. Our fitting model is

ΔðNÞ ¼ Pw;KðNÞ≡ Δþ
XK
k¼0

ak
1

Nwþk=2 ; ð5:14Þ

where Δ is the scaling dimension prediction extrapolated to
the thermodynamic limit. The model is essentially a poly-
nomial in ð1=RÞ ¼ ð1= ffiffiffiffi

N
p Þ except it begins at power w. We

choose this model because it takes into account that the
leading correction comes in a specific power Nð3−ΔOI

Þ=2 in
conformal perturbation theory, and the series expansion after
the leading term is agnostic about the precise form of
subleading irrelevant deformations and higher-order pertur-
bation theory, which we do not know precisely. For the 3D
Yang-Lee criticality, it is likely that the irrelevant deforma-
tionOI is the subleading scalar primary operator, which has a
Ginzburg-Landau description ϕ3. From (6 − ϵ) expansion

TABLE XI. CFT data from the fuzzy sphere results. We also list the values from other approaches for comparison. The subscript [E]
represents data extracted from eigenvalues. Subscripts [Z] and [X] represent data extracted from the matrix element of the fuzzy sphere
Zl and Xl observables, respectively. Other subscripts represent the Padé level used. The error bars of the fuzzy sphere estimations are
drawn from the largest differences of the extrapolations shown in the corresponding plots. They show the scales of possible fitting errors
and should not be understood as bounds on the true values.

Observable Fuzzy sphere Padé Two-sided Padé Five-loop All [41]
Truncated

Bootstrap [46]
High-temperature
expansion [60]

Δϕ 0.214ð2Þ½E� 0.222½3;2� 0.218½3;3� 0.215(10) 0.235(3) 0.214(6)
0.2155ð16Þ½Z� 0.218½4;2� 0.174 [47]
0.2151ð8Þ½X�

Δϕ3 4.613ð6Þ½E� 4.766½3;2� 4.631½3;3� 4.5(2) 5.0(1)
4.639½4;2�

ΔQμνκλ
4.9ð1Þ½E� 4.519½1;1� 4.681½1;2� 4.75(1)

4.709½2;1�
jCϕϕϕj 1.9696ð31Þ½Z� 1.9697(25)

1.969ð5Þ½X�
jCϕϕϕ3 j 0.026ð7Þ½Z�

0.0238ð15Þ½X�
jCϕ3ϕϕ3 j 1.3774ð9Þ½Z�

1.364ð7Þ½X�
jCð0Þ

TϕT j 1.157ð2Þ½Z�
1.141ð14Þ½X�
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and from our fuzzy sphere data, we see that Δϕ3 ≈ 4.6, and
we setw ¼ 0.8. The extrapolations from the fit should not be,
and are not, sensitive to the precise value of the input power
w. For the number of powers we keep, we useK ¼ 3, which
works for most energy levels except for a few.We detect that
K is too high if the coefficients of the powers abruptly
increase. To validate the fitting scheme, we test it on the
difference between two levelsΔ∂

2ϕ − Δϕ,whichwe expect to
be 2. In Fig. 10, we plot numerical results for Δ∂

2ϕ − Δϕ

together with several different fitting schemes. A linear
extrapolation still visibly deviates from 2. A higher power
series fit brings us significantly closer to the theoretical value.
The precise value of the power does not matter verymuch, so
the extrapolations from various powers w and truncations K
agree to the third digit, though w ¼ 0.8, the more informed
guess from conformal perturbation theory, is more stable
against small changes in truncation power.
In Fig. 11, we show the low spectrum of 3D YL

criticality as a result of the extrapolation. In the extrapo-
lation scheme (5.14), we treat each eigenvalue independ-
ently, so the conformal algebra is not taken as an input
except for rescaling the gap betweenΔϕ andΔ∂ϕ to 1. In the
plot, we see that the relation between Δϕ and the descend-
ant levels is precisely integers, making it easy to distinguish
primary from descendant levels. The scaling dimension of
the stress tensor is fixed at ΔTμν

¼ 3 by the criticality
criterion, and all its descendants in this plot are integers to a
high precision. The plot shows two other primaries, one at
ðl ¼ 0;Δ ≈ 4.6Þ and the other at ðl ¼ 4;Δ ≈ 4.9Þ. The
former agrees with the (6 − ϵ) expansion prediction of the
ϕ3 operator in the Ginzburg-Landau description, and the
latter seems to belong to the leading double trace family

½ϕϕ�0;l at spin 4, where the stress tensor also resides. We
denote the spin-4 primary as Qμνκλ.
In Fig. 12, we take a closer look at the scalar primary

operators ϕ and ϕ3. We see that various fit truncation levels
agree to a high precision. The small fluctuation of the
extrapolation with respect to the fitting parameters provides
us with a heuristic error bar, so we can determine

Δϕ ¼ 0.214ð2Þ; Δϕ3 ¼ 4.613ð6Þ: ð5:15Þ

We note that the fuzzy sphere result for Δϕ is in excellent
agreement with the high-temperature expansion result
0.214(6) from Ref. [60] and is also very close to our
two-sided Padé estimate of approximately 0.218.
It is worth emphasizing that our confidence in the fuzzy

sphere realization of the quantum criticality and the
thermodynamic limit extrapolation is increased by the high
precision agreement with conformal symmetry, which is
presented in Fig. 13. The fact that the descendants of
different spins agree with each other and are separated by
integers is a result of the conformal algebra. We see that the
agreement is generically broken for all states by a
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FIG. 10. Testing the fitting scheme (5.14) on a known level
difference Δ∂

2ϕ − Δϕ ¼ 2. Conformal perturbation theory sug-
gests that the beginning power should be w ¼ 0.8. We also try
w ¼ 0.5, which amounts to a Taylor series in 1=R and a linear fit
in 1=N. For both nonlinear models, we vary the truncation levelK
from 2 to 4. The result shows that the nonlinear model
significantly improves the fit compared to the linear model,
and the end result is not sensitive to the parameters.

(0.214)

(2.215)

(4.236)

(4.613)

(1.214)

(3.220)

(5.247)

(2.217)

(3.000)

(4.236)

(5.052)

(3.229)

(4.008)

(5.254)

(4.212)

(5.084)

(3.997)

(5.008) (4.929)

0 1 2 3 4

0

1

2

3

4

5

FIG. 11. Estimation of the low-lying spectrum for the critical
3D YL model. We extrapolate the eigenvalues from N ¼ 12 to
N ¼ 18 to the thermodynamic limit using model P0.8;K defined in
Eq. (5.14). For the truncation K of the fitting model, we use
K ¼ 1 for the Q state and K ¼ 3 for the rest. The local operator
dual of each energy level is indicated on the left side, and the best-
fit value is indicated by the parentheses. The red (blue) lines
indicate the descendant operators from ϕ (T), whose positions are
determined by the value of Δϕ (ΔT) that appears in the plot plus
integers. The four primary operators are ϕ, Tμν, ϕ3, and Qμνκλ.
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significant amount at finite size, but the extrapolation
brings them to the corresponding integers in a nonlinear
manner. The agreement across many states is reached with-
out any fine-tuningof fitting parameters. In Fig. 14,weutilize
this property to determine the scaling dimension of the spin-4
primary Qμνκλ. As we move to the large spin regime, we
inevitably find a denser spectrum. Indeed, there are three
operators within a small domain 4.214 ≤ Δ ≤ 5: ∂μ∂ν∂κ∂λϕ,
∂
μ
∂
νTκλ, and Qμνκλ. As a result, the fit to ΔQμνκλ is unstable.

Instead, the spacetime parity-odd sector has a cleaner
spectrum: There are no antisymmetric descendants of ϕ,
and the leading operator in the spin-4 parity-odd sector is the
antisymmetric descendant ofQ, ∂½μQσ�νκλ. This operator has a
healthier extrapolation, giving Δ∂Q ¼ 5.9ð1Þ, and by con-
formal symmetry, it is expected to be exactly 1 above the
primary scaling dimension. We conclude that

ΔQμνκλ ¼ 4.9ð1Þ: ð5:16Þ

Still, even in the parity-odd sector, ∂Q becomes dangerously
close to ∂3T, and the possible mixing between the two levels
may impact the accuracy of the fit.
Yang-Lee criticality has one relevant parameter, which

means, in a phase diagram of more than one parameter, it
will appear as a critical line or plane. In the phase diagram
proposed in Fig. 5, we obtain a critical line where there is a
critical coupling ihz;c for each hx. Thus, we should obtain
the same criticality for different hx, and the extracted
critical data should agree. In Fig. 15, we test the agreement
of Δϕ and the conformal algebra prediction Δ∂

2ϕ − Δϕ ¼ 2

for a range of hx. The predictions from different hx all agree
when extrapolated to the thermodynamic limit, realizing
the critical universality. We also see that large hx is
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FIG. 12. Fitting various scaling dimensions with a range of fitting models. Left panel: scaling dimension of the lowest primary, the ϕ
operator. Various powers converge to the same end value. Most fits agree up to within 0.002. Right panel: scaling dimension of the next-
to-leading scalar primary, the ϕ3 operator. Different fitting powers agree approximately up to a 0.006 error.
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∂
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extrapolation to N → ∞ brings them all to integers.
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computationally favorable as it seems to receive smaller
finite-size errors.

2. OPE coefficients

Apart from the operator scaling dimensions that encode
the conformally invariant two-point function data, we are
also interested in the OPE coefficients that encode the
conformally invariant three-point function data. The most
convenient way to extrapolate such information is through
state-operator correspondence and by studying the fuzzy
sphere matrix elements of the form

hO1;l1; m1jMl2m2
jO2;l3; m3i; ð5:17Þ

where jO;l; mi is a fuzzy sphere matrix eigenstate in the
spin (l; m) sector and Ml2m2

is a fuzzy sphere observable.

The Yang-Lee Hamiltonian (5.5) is a complex symmetric
operator; therefore, the left eigenvectors coincide with the
right eigenvectors, hψ ij ¼ ðjψ iiÞT . With this definition, we
have hψ ijψ ji ¼ δij. In this work, we consider the following
observables:

Ma
l ¼ 1

2sþ 1

Z
d2ΩYl0ψ

†ðΩÞσaψðΩÞ;

Xl ≡Mx
l; Zl ≡Mz

l; ð5:18Þ

where we suppress the quantum number m as we always
work in the m ¼ 0 representation. Unlike the quantum
Ising model, there is no Z2 symmetry charge distinction
between the X and Z operators; thus, they can generically
have overlap with any operators, and thePT symmetry will
determine the phase of the matrix elements. As discussed
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FIG. 14. Scaling dimension of the spin-4 primary Qμνκλ and its antisymmetric descendant ∂½μQσ�νκλ. The latter operator is in the
spacetime parity-odd sector and has no mixing with the descendant of ϕ, resulting in a better-behaved extrapolation.
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FIG. 15. Scaling dimension Δϕ (left panel) and Δ∂
2ϕ − Δϕ (right panel) at the critical point of systems with various hx couplings. The

prediction from N → ∞ extrapolations is stable for a wide range of hx, indicating that they belong to the same universality class. The Δϕ

prediction from hx ¼ 4 deviates from the rest of the result by about 0.05, indicating that small hx may be converging much more slowly
than large hx.
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previously, each fuzzy sphere eigenstate can be identified
as a CFT radial quantization eigenstate which is in one-to-
one correspondence with a CFT local operator. The fuzzy
sphere observable is much less determined. Note that
ψ†σaψ is the local charge density operator in the UV,
and it matches a generic linear combination of CFT local
operators; the spherical smearing in Eq. (5.18) projects to
modes with specific SOð3Þ spin and flows to the most
relevant operator in that sector in the thermodynamic limit

Ma
l ¼ ba;0δl;01þ ba;1

Z
d2ΩYl0ðΩÞϕðΩÞ þ � � � ; ð5:19Þ

where “� � �” contains descendants and higher-dimensional
primaries. We will study these matrix elements on a case-
by-case basis.
We begin with scalar primary three-point functions. The

scalar two-point and three-point functions are completely
fixed by conformal symmetry,

hOðx1ÞOðx2Þi ¼
1

x2Δ12

hO1ðx1ÞO2ðx2ÞO3ðx3Þi ¼
c123

xΔ1þΔ2−Δ3

12 xΔ2þΔ3−Δ1

23 xΔ3þΔ1−Δ2

31

:

ð5:20Þ

The state-operator correspondence in the scalar case is

jO; 0i ¼ lim
x→0

OðxÞj0i;
hO; 0j ¼ lim

x→∞
x2Δh0jOðxÞ: ð5:21Þ

Thus, the fuzzy sphere matrix element matches the scalar
three-point function as

hO1; 0jMa
0jO3; 0i

⊃ lim
x1→∞
x3→0

x2Δ1

1

Z
d2ΩYl0ðΩÞhO1ðx1ÞO2ðΩÞO3ðx3Þi:

ð5:22Þ

Thus, the expansion is

hO1; 0jMa
0jO3; 0i ¼ b0δO1O3

þ b1CO1ϕO3
þ � � � ; ð5:23Þ

and we can determine the OPE coefficient Cϕϕϕ as

Cϕϕϕ ¼ hϕ; 0jMa
0jϕ; 0i − h0jMa

0j0i
h0jMa

0jϕ; 0i
þOðN−1Þ: ð5:24Þ

The leading error term contains the contribution from the
descendant ∂

kϕ. Only even powers can contribute to
preserve spacetime parity. By dimensional analysis, the
leading error ∂2ϕ is suppressed by R−2 ∼ N−1. Similarly,

Cϕ3ϕϕ3 can be determined by simply replacing the state ϕ

by state ϕ3. An off-diagonal matrix element is given by

COϕO0 ¼ hO; 0jMa
0jO0; 0i

h0jMa
0jϕ; 0i

þOðN−1Þ; ð5:25Þ

and we can use it to determine Cϕϕϕ3 . The numerical results
of these scalar OPE coefficients are shown in Fig. 16. The
predictions are [95]

jCϕϕϕj ¼ 1.9696ð31Þ½Z�; 1.969ð5Þ½X�;
jCϕϕϕ3 j ¼ 0.026ð7Þ½Z�; 0.0238ð15Þ½X�;
jCϕϕ3ϕ3 j ¼ 1.3774ð9Þ½Z�; 1.364ð7Þ½X�: ð5:26Þ

Next, we study the descendants of scalar primaries. The
matching between fuzzy sphere states to such descendant
states is

j∂kO;li≡ aO;k;lv
μ1���μk
l0 Pμ1 � � �Pμk jO; 0i; ð5:27Þ

where Pμ is a conformal generator of translation, vμ1���μkl0 is a
vector projecting the 3k tensor components to the (l; 0)
representation of SOð3Þ, and aO;k;l is a normalization
factor to keep the state normalized to 1. The matrix
elements involving the descendants are completely deter-
mined by the conformal algebra up to the corresponding
primary data. A number of useful diagonal matrix elements
have been computed in Refs. [17,18],

Ak;lðΔ;Δ0Þ≡ h∂kO0;lj R d2ΩY00ðΩÞOðΩÞj∂kO0;li
hO0; 0j R d2ΩY00ðΩÞOðΩÞjO0; 0i ;

ð5:28Þ

A1;1 ¼ 1þ CO
6Δ0 ; CO ≡ ΔðΔ − 3Þ: ð5:29Þ

Note that A1;1 forO ¼ O0 ¼ ϕ is a simple linear function of
Δϕ, and the right-hand side of Eq. (5.28) can be explicitly
computed from the fuzzy sphere; thus, as an application, we
use Eq. (5.28) to determine Δϕ,

Δϕ ¼ 6
h∂ϕjMa

0j∂ϕi − h0jMa
0j0i

hϕjMa
0jϕi − h0jMa

0j0i
− 3: ð5:30Þ

The result is shown in Fig. 17. We obtain a prediction of the
Δϕ as

Δϕ ¼ 0.2155ð16Þ½Z�; 0.2151ð8Þ½X�: ð5:31Þ

It is remarkable that the Δϕ determined in this way has a
significantly smaller finite-size error. Indeed, the subleading
terms in Ma

0 have a special feature. We expand it more to
include the descendants of ϕ,
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Ma
0 ¼ ba;01þ ba;1

Z
d2ΩY00ðΩÞϕðΩÞ þ

X
k

bðkÞa;1

Z
d2ΩY00ðΩÞ∂krϕðΩÞ þ ðmore primaries � � �Þ: ð5:32Þ

Note that the spatial total derivatives have to vanish due to the integral against Y00ðΩÞ over all the sphere, so the nonvanishing
descendants can only be radial descendants. The action of k-fold radial derivatives has a simple pattern,

∂
k
r

1

rΔ2þΔ3−Δ1
¼ ð−1ÞkðΔ2 þ Δ3 − Δ1Þk

rΔ2þΔ3−Δ1þk ; ð5:33Þ

where ðaÞk ¼ f½Γðaþ kÞ�=½ΓðaÞ�g is the Pochammer symbol. Thus, all the descendants of ϕ terms can be resummed,

FIG. 16. Scalar OPE coefficients Cϕϕϕ, Cϕϕϕ3 , and Cϕ3ϕϕ3 measured from the fuzzy sphere data using the formulas (5.24) and (5.25).
Blue (red) represents the Z0 (X0) observable, and the solid (dashed) lines represent the fit model aþ b=N (aþ b=N þ c=N2). The Cϕϕϕ

measurement is compared with an earlier result obtained by solving truncated crossing equations [45,46].

FIG. 17. Alternative determination of Δϕ from the ratio of three-point functions, Eq. (5.30).
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Ma
0 ¼ ba;01þ

�
ba;1 þ

X
k¼2

ð−1ÞkbðkÞa;1ðΔϕÞk
�Z

d2ΩY00ðΩÞϕðΩÞ þ ðmore primaries � � �Þ: ð5:34Þ

Now, note that the resummed coefficient is exactly the samewhen the external state is ∂ϕ instead ofϕ, so the ratio in Eq. (5.30)
eliminates all errors up to the next primary operator Tμν. Thus, we expect the leading finite volume error to be
OðN−ðd−ΔϕÞ=2Þ ¼ OðN−1.4Þ, whose convergence ismuch faster than the eigenvalueswithN−0.8 error. This finding qualitatively
explainswhy the three-point function gives a betterΔϕ.We can also try using the fit to account for the next error, which isN−2.2,
given by the ϕ3 contribution.
We conclude this section with an example of a scalar-spin-spin three-point function. In our convention, we normalize a

generic spin-l primary to have a two-point function of the standard form

hOðx1;z1ÞOðx2;z2Þi¼
ððz1 · z2Þ− ðx12 · z1Þðx12 · z2Þ=x212Þl

x2Δ12
;

ð5:35Þ

where xij ¼ xi − xj and zμi is an auxiliary vector introduced to keep the notation index-free: OðzÞ≡Oμ1���μlzμ1 � � � zμl . A
generic scalar-spin-spin correlator can have several polarizations carrying independent OPE coefficients. We follow the
argument of Refs. [96,97] and expand the correlator as (assuming parity even)

hO1ðx1; z1Þϕðx2ÞO3ðx3; z3Þi ¼
Xl1þl3

s¼jl1−l3 j
s−jl1−l3 j¼0 mod 2

CðsÞ
O1ϕO3

H
1
2
ðl1þl3−sÞ
13 V

1
2
ðl1−l3þsÞ
1;2;3 V

1
2
ð−l1þl3þsÞ
3;1;2

xκ1þκ2−κ3
12 xκ1þκ3−κ2

13 xκ2þκ3−κ1
23

; ð5:36Þ

where κi ¼ Δi þ li, xij ¼ xi − xj, and

Hij ¼ x2ijðzi · zjÞ − 2ðxij · ziÞðxij · zjÞ;

Vi;j;k ¼
x2ijðxik · ziÞ − x2ikðxij · ziÞ

x2jk
: ð5:37Þ

In this basis, the correspondence between the fuzzy sphere
matrix elements and the OPE coefficients is

hO;ljMa
s jO0;l0i¼δO;O0δs;0b0þ

X
s0
ba;1fl;l0;s;s0C

ðs0Þ
OϕO0 þ���;

ð5:38Þ

where fl;l0;s is an exactly computable prefactor that only
depends on the spins. The detailed derivation of this
correspondence is included in Appendix B. With this
convention, we study the hϕTTi correlator, which has
three polarizations, s ¼ 0, 2, 4. The result is shown in
Fig. 18. For s ¼ 0, the convergence is good, and by
extrapolating to the thermodynamic limit, we obtain

Cð0Þ
ϕTT ¼ 1.157ð2Þ½Z�; 1.141ð14Þ½X�: ð5:39Þ

The error bar of the quantities is determined by the
difference between the linear and quadratic fits. The fact
that the two results differ by a gap greater than the error bar

means the higher powers in 1=N still contribute signifi-
cantly. As s become larger, the convergence becomes
worse. A remarkable feature of the stress-tensor correlator
is that the stress tensor is a conserved current, ∂μTμν ¼ 0,
which generates additional equations of motion that relate
the OPE coefficients of different polarizations. It turns out
that this correlator only has one independent OPE coef-
ficient [97],

Cð2Þ
ϕTT ¼ −

2ΔϕðΔϕ − 4Þ
Δ2

ϕ − 6Δϕ þ 6
Cð0Þ
ϕTT;

Cð4Þ
ϕTT ¼ ΔϕðΔϕ þ 2Þ

2ðΔ2
ϕ − 6Δϕ þ 6ÞC

ð0Þ
ϕTT: ð5:40Þ

The conservation condition provides a nontrivial check of
the conformal symmetry. Figure 18 shows that the fuzzy

sphere data for Cð2Þ
ϕTT and Cð4Þ

ϕTT are in approximate
agreement with conservation, and they converge to the
theoretical values as N grows. Spinning correlators con-
verge more slowly, and studying them thoroughly requires
us to either push to higher N or implement more
techniques to mitigate the finite-size error. We will leave
this task as a future study.
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VI. THE 4D MODEL ON THE 24-CELL
(ICOSITETRACHORON)

The 24-cell or icositetrachoron is a self-dual regular 4D
polytope (polychoron), which has N ¼ 24 vertices and
E ¼ 96 edges. We can construct this polychoron by
defining its vertices in a four-dimensional Cartesian coor-
dinate system. Its 24 vertices vi (for i ¼ 1;…; 24) are
obtained by all permutations of coordinates of the vectors
ð�1;�1; 0; 0Þ. We draw the 24-cell as a graph on the F4

Coxeter plane in Fig. 19.
The Yang-Lee Hamiltonian on the 24-cell reads

HYL ¼ −J
X
hiji∈ e

ZiZj − hx
X
i∈ v

Xi − ihz
X
i∈ v

Zi; ð6:1Þ

where the first sum is taken over all 96 edges and the last
two sums are over the 24 vertices. The symmetry group of
the 24-cell is the Weyl group of F4, denoted asWðF4Þ. This
group has 1152 elements, 25 conjugacy classes, and 25
irreps [98–100]:

1; 10; 100; 1000; 2; 20; 200; 2000; 4; 40; 400; 4000; 4000; 6; 60; 8; 80;

800; 8000; 9; 90; 900; 9000; 12; 16; ð6:2Þ

where the number represents an irrep’s dimension. For
convenience, we present the character table of WðF4Þ in
Appendix A. The Oð4Þ irreps (0, 0), ð1=2; 1=2Þ, and (1, 1)
do not split on the 24-cell, and they correspond to irreps 1,
4, and 9. The Oð4Þ irrep ð3=2; 3=2Þ splits into 8þ 80, (2, 2)
splits into 2þ 20 þ 9þ 12, and ð5=2; 5=2Þ splits into
4þ 8þ 80 þ 16.
We exhibit the lower energy gaps of the Hamiltonian (6.1)

along the path ðhx; ihzÞ ¼ ð0; 0Þ → ð15; 0Þ → ð15; i6Þ with
J ¼ 1 in Fig. 20, where different colors correspond to
different irreps of WðF4Þ.
The behavior of the energy levels is similar to the 2D and

3D cases, and we can easily identify a few low-lying
operators. We note that the 4D Ising model flows to a
Gaussian fixed point in d ¼ 4; for example, the operators
ϕ, ϕ2 should have dimensions Δϕ ¼ 1, Δϕ2 ¼ 2. However,
due to finite-size corrections for the Ising model on the 24-
cell, the energy gaps are shifted, and we do not observe the
Gaussian fixed-point behavior for most of the levels;
nevertheless, one can see that there is a pseudocritical
point h�x ≈ 7.5, where Δϕ2 ≈ Δ∂ϕ ≈ 2Δϕ. It would be
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FIG. 18. Fuzzy sphere result of CðsÞ
ϕTT for s ¼ 0, 2, 4.

FIG. 19. Picture of the 24-cell as a graph on the F4 Coxeter
plane.
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interesting to apply conformal perturbation theory to this
model to better observe the Gaussian CFT behavior.
When the imaginary magnetic field ihz is turned on, we

observe a similar behavior for the energy gaps as in the 2D
and 3D cases: the two lowest energy levels merge at some
value ihmerg

z . We list the values of this merging point in
Table XII.
To estimate the anomalous dimensions of the 4D Yang-

Lee operators, we use the criticality criteria for pseudoc-
ritical point ih�z , which corresponds to fixing the ratio

rT ≡ ET − EI

E∂ϕ − Eϕ
ð6:3Þ

to be exactly rT ¼ 4. For the 24-cell, case corresponds to

rT ¼ ðEð9Þ
1 − Eð1Þ

0 Þ=ðEð4Þ
0 − Eð1Þ

1 Þ. We list values ih�z , where
rT ¼ 4, along with the anomalous dimensions of the scalar
operators ϕ;□ϕ;□2ϕ, and ϕ3 in Table XIII.
As in the 2D and 3D cases, we expect the finite-size

corrections to be smaller for reasonably large hx. We can
see that at hx ¼ 50, the 24-cell result Δϕ ≈ 0.891 is within
8% from the Padé estimate Δϕ ≈ 0.827 (Table II); the latter
is very close to the high-temperature expansion results [60].
The 24-cell result Δϕ3 ≈ 5.467 is within 5% from the Padé
estimate Δϕ3 ≈ 5.21. We also notice that, as in 2D and 3D,
the pseudocritical points ih�z obtained by fixing the ratio
rT ¼ 4 are slightly away from the merging points listed in
Table XII.
There are five other regular 4D polytopes one can

consider: the 5-cell, 16-cell, 8-cell, 120-cell, and 600-cell.
The 8-cell (hypercube) has only N ¼ 16 vertices, so the 4D
Yang-Lee or 4D Ising (Gaussian) models can be easily
analyzed numerically on this polytope via exact diagonal-
ization. On the other hand, the 120-cell and 600-cell have
600 and 120 vertices, respectively, making exact diago-
nalization unfeasible. However, modern numerical methods
such as neural quantum states [101] could potentially be
used to analyze the 4D Yang-Lee or 4D Ising models (the
latter flows to the Gaussian one) on these large regular 4D
polytopes. We leave this for future work.

VII. FUTURE DIRECTIONS

The methods we used for studying the quantum criti-
cality of the Yang-Lee model in various dimensions can be
used to calculate other observables in this nonunitary CFT.
They include the entanglement entropy between the two
hemispheres of Sd−1, as was done in Ref. [16] for the d ¼ 3
Ising model. The latter can lead to the determination of the
sphere free energy F̃ for the YL universality class, which
may be compared with the results from the 6 − ϵ expan-
sion [102].

FIG. 20. Energy gaps of the Hamiltonian (6.1) for the 24-cell
along the path ðhx; ihzÞ ¼ ð0; 0Þ → ð15; 0Þ → ð15; i6Þ, with
J ¼ 1. We identified the lower energy levels with their corre-
sponding operators in the Ising (Gaussian) and Yang-Lee CFTs.
The dashed line is the pseudocritical point h�z obtained by
fixing rT ¼ 4.

TABLE XII. Results for the merger points ihmerg
z of the Yang-Lee model on the 24-cell.

hx 15 20 30 40 50 60 70 80 90 100

hmerg
z 4.090 7.470 15.021 23.135 31.572 40.222 49.025 57.945 66.956 76.042

TABLE XIII. Results for the anomalous dimensions Δϕ;Δ□ϕ;Δ□
2ϕ, and Δϕ3 at the pseudocritical point ih�z (rT ¼ 4).

hx 15 20 30 40 50 60 70 80 90 100

h�z 3.839 7.233 14.783 22.890 31.317 39.958 48.753 57.664 66.668 75.746
Δϕ 0.976 0.944 0.914 0.900 0.891 0.886 0.881 0.878 0.876 0.874
Δ□ϕ 2.796 2.876 2.951 2.987 3.009 3.023 3.034 3.042 3.049 3.054
Δ□

2ϕ 4.593 4.607 4.638 4.658 4.672 4.682 4.691 4.697 4.702 4.707
Δϕ3 4.842 5.076 5.293 5.401 5.467 5.513 5.546 5.575 5.597 5.605
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One of the new results in our paper is the use of the 24-
cell to approximate the S3. The results for the lowest
operator dimension in d ¼ 4 are quite good but not as
precise as in d ¼ 3. Obviously, it would be important to
develop more precise methods for study the d ¼ 4YL CFT,
such as a fuzzy S3 where the size of the discretization can
be varied.
We would also like to use similar methods to study other

nonunitary universality classes. For example, the D5

modular invariant of the minimal model Mð3; 8Þ has a
Ginzburg-Landau description using a field theory of two
scalar fields with cubic interactions containing imaginary
coupling constants [68,70,103]. This model may be
obtained by the RG flow from the D6 modular invariant
of Mð3; 10Þ [68,70,103–105], and the latter is a product of
two Yang-Lee models [106,107]. It would be interesting to
calculate observables in the Mð3; 8Þ universality class with
the methods used in this paper and compare them with the
6 − ϵ expansions and the exact results in d ¼ 2.
Our work also provides useful input for future conformal

bootstrap studies. For nonunitary CFTs, it is impossible to
use the conventional convex optimization methods, but
setups based on solving truncated crossing equations [45–
47] can still be applied. Without positivity, this method is
not rigorous; thus, one needs to start with a guess of the
qualitative structure of the solution, and the CFT data we
provided in this paper will be useful in this respect.
Remarkably, there are recent works [108,109] on five-
point function bootstrap methods using the truncated
crossing equation method, which successfully extracted
spin OPE coefficients such as CϕTT for the 3D Ising model.
Such quantities can also be obtained from bootstrapping of
the mixed ϕ − T four-point functions system, which was
recently done in Ref. [110]. Combining our results with
these bootstrap techniques can hopefully improve our
understanding of nonunitary CFTs.

Note added. Some of the preliminary results from this
project were presented by one of us (G.T.) at the PCTS
workshop “Spheres of Influence” [111]. Recently, we
learned of two papers in preparation on related subjects
[112,113].
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APPENDIX A: CHARACTERS OF WðF4Þ
We denote representatives of the conjugacy classes of

WðF4Þ by RqL;qR for proper rotations and by R̃qL;qR for
improper rotations [114], where qL and qR are two unit
quaternions: qq† ¼ P

3
i¼0 q

2
i ¼ 1, where q ¼ q0 þ q1iþ

q2jþ q3k, q† ¼ q0 − q1i − q2j − q3k, and i2 ¼ j2 ¼
k2 ¼ ijk ¼ −1. The actions of the proper rotation RqL;qR

and the improper rotation R̃qL;qR on a vector q ¼ ðq0;
q1; q2; q3Þ in 4D space, represented as a quaternion, are

RqL;qRðqÞ ¼ qLqq
†
R; R̃qL;qRðqÞ ¼ qLq†q

†
R: ðA1Þ

The explicit expressions for the unit quaternions q1; q2;…q8
that define the representatives of the conjugacy classes of
WðF4Þ are [114]

q1 ¼ ð1; 0; 0; 0Þ; q2 ¼ ð1; 0; 0; 0Þ;
q4 ¼ ð0; 0; 1; 1Þ=

ffiffiffi
2

p
; q5 ¼ ð1; 0; 0; 1Þ=

ffiffiffi
2

p
;

q6 ¼ ð1; 1; 0; 0Þ=
ffiffiffi
2

p
; q7 ¼ ð1; 1; 1; 1Þ=2;

q8 ¼ ð1;−1;−1;−1Þ=2: ðA2Þ

The characters of WðF4Þ were computed in Ref. [98] (see
alsoRefs. [100,115]).We present the characters ofWðF4Þ for
the proper rotations in Table XIV and for the improper
rotations in Table XV.
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TABLE XIV. Characters of WðF4Þ (proper rotations).

Conjugacy class 1 4A1 2A1 A2 D4 D4ða1Þ Ã2 C3 þ A1 A2 þ Ã2 F4ða1Þ F4 A1 þ Ã1 B2 A3 þ Ã1 B4

Size 1 1 18 32 32 12 32 32 16 16 96 72 36 36 144

Representative Rq1;q1 Rq1;−q1 Rq2;−q2 Rq7;q7 Rq7;−q7 Rq2;q1 Rq7;q8 Rq7;−q8 Rq7;−q1 Rq7;q1 Rq2;q7 Rq4;q4 Rq6;q6 Rq6;−q6 Rq6;−q4

1ðϕ1;0Þ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
10ðϕ00

1;12Þ 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1
100ðϕ0

1;12Þ 1 1 1 1 1 1 1 1 1 1 1 −1 −1 −1 −1
1000ðϕ1;24Þ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2ðϕ00
2;4Þ 2 2 2 2 2 2 −1 −1 −1 −1 −1 0 0 0 0

20ðϕ0
2;4Þ 2 2 2 −1 −1 2 2 2 −1 −1 −1 0 0 0 0

200ðϕ0
2;16Þ 2 2 2 2 2 2 −1 −1 −1 −1 −1 0 0 0 0

2000ðϕ00
2;16Þ 2 2 2 −1 −1 2 2 2 −1 −1 −1 0 0 0 0

4ðϕ4;13Þ 4 −4 0 1 −1 0 1 −1 −2 2 0 0 2 −2 0
40ðϕ4;8Þ 4 4 4 −2 −2 4 −2 −2 1 1 1 0 0 0 0
400ðϕ4;1Þ 4 −4 0 1 −1 0 1 −1 −2 2 0 0 2 −2 0
4000ðϕ00

4;7Þ 4 −4 0 1 −1 0 1 −1 −2 2 0 0 −2 2 0
4000ðϕ0

4;7Þ 4 −4 0 1 −1 0 1 −1 −2 2 0 0 −2 2 0

6ðϕ0
6;6Þ 6 6 −2 0 0 2 0 0 3 3 −1 2 −2 −2 0

60ðϕ00
6;6Þ 6 6 −2 0 0 2 0 0 3 3 −1 −2 2 2 0

8ðϕ0
8;9Þ 8 −8 0 2 −2 0 −1 1 2 −2 0 0 0 0 0

80ðϕ00
8;9Þ 8 −8 0 −1 1 0 2 −2 2 −2 0 0 0 0 0

800ðϕ00
8;3Þ 8 −8 0 2 −2 0 −1 1 2 −2 0 0 0 0 0

8000ðϕ0
8;3Þ 8 −8 0 −1 1 0 2 −2 2 −2 0 0 0 0 0

9ðϕ9;2Þ 9 9 1 0 0 −3 0 0 0 0 0 1 1 1 −1
90ðϕ00

9;6Þ 9 9 1 0 0 −3 0 0 0 0 0 −1 −1 −1 1
900ðϕ0

9;6Þ 9 9 1 0 0 −3 0 0 0 0 0 −1 −1 −1 1
9000ðϕ9;10Þ 9 9 1 0 0 −3 0 0 0 0 0 1 1 1 −1

12ðϕ12;4Þ 12 12 −4 0 0 4 0 0 −3 −3 1 0 0 0 0
16ðϕ16;1Þ 16 −16 0 −2 2 0 −2 2 −2 2 0 0 0 0 0

TABLE XV. Characters of WðF4Þ (improper rotations).

Conjugacy class A1 3A1 Ã2 þ A1 C3 A3 Ã1 2A1 þ Ã1 A2 þ Ã1 B3 B2 þ A1

Size 12 12 96 96 72 12 12 96 96 72

Representative R̃q4;−q4 R̃q4;q4 R̃q6;−q5 R̃q6q5 R̃q6;q4 R̃q1q1 R̃q2q2 R̃q2q7 R̃q7q1 R̃q2q1

1ðϕ1;0Þ 1 1 1 1 1 1 1 1 1 1
10ðϕ00

1;12Þ 1 1 1 1 1 −1 −1 −1 −1 −1
100ðϕ0

1;12Þ −1 −1 −1 −1 −1 1 1 1 1 1
1000ðϕ1;24Þ −1 −1 −1 −1 −1 −1 −1 −1 −1 −1

2ðϕ00
2;4Þ 2 2 −1 −1 2 0 0 0 0 0

20ðϕ0
2;4Þ 0 0 0 0 0 2 2 −1 −1 2

200ðϕ0
2;16Þ −2 −2 1 1 −2 0 0 0 0 0

2000ðϕ00
2;16Þ 0 0 0 0 0 −2 −2 1 1 −2

4ðϕ4;13Þ −2 2 1 −1 0 −2 2 1 −1 0
40ðϕ4;8Þ 0 0 0 0 0 0 0 0 0 0
400ðϕ4;1Þ 2 −2 −1 1 0 2 −2 −1 1 0
4000ðϕ00

4;7Þ 2 −2 −1 1 0 −2 2 1 −1 0
4000ðϕ0

4;7Þ −2 2 1 −1 0 2 −2 −1 1 0

(Table continued)
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APPENDIX B: CONSTRUCTING SPINNING
CORRELATION FUNCTIONS IN THE FUZZY

SPHERE

In this appendix, we show an explicit construction of the
spinning correlation functions using the fuzzy sphere observ-
ables. To fix our convention, we normalize the operators to
have the standard form of the two-point function [8]

hOðx1;z1ÞOðx2;z2Þi¼
ððz1 · z2Þ− ðx12 ·z1Þðx12 ·z2Þ=x212Þl

x2Δ12
ðB1Þ

and three-point function [96,97]

hO1ðx1; z1Þϕðx2ÞO3ðx3; z3Þi ¼
Xl1þl3

s¼jl1−l3 j
s−jl1−l3 j¼0 mod 2

CðsÞ
O1ϕO3

H
1
2
ðl1þl3−sÞ
13 V

1
2
ðl1−l3þsÞ
1;2;3 V

1
2
ð−l1þl3þsÞ
3;1;2

xκ1þκ2−κ3
12 xκ1þκ3−κ2

13 xκ2þκ3−κ1
23

; ðB2Þ

where κi ¼ Δi þ li, xij ¼ xi − xj. The building blocks are

Hij ¼ ðxi − xjÞ · ðxi − xjÞzi · zj − 2ðxi − xjÞ · ziðxi − xjÞ · zj;

Vi;j;k ¼
ðxi − xjÞ · ðxi − xjÞðxi − xkÞ · zi − ðxi − xkÞ · ðxi − xkÞðxi − xjÞ · zi

ðxj − xkÞ · ðxj − xkÞ
: ðB3Þ

The above formulas are in the index-free notation, and the indices can be recovered using the Todorov derivative

Oμ1μ2���μlðxÞ ¼ 1

l!ð1=2Þl
Dz;μ1Dz;μ2 � � �Dz;μlOðx; zÞ;

Dz;μ ¼
�
d
2
− 1þ z ·

∂

∂z

�
∂

∂zμ
−
1

2
zμ

∂
2

∂z · ∂z
; ðB4Þ

where d ¼ 3. We match the CFT radial quantization states to the fuzzy sphere states as

jOlmi ¼ vμ1μ2���μll;l;m lim
x→0

Oμ1μ2���μlðxÞj0i

≡ ðvl;l;m ·Dl
z Þ

l!ð1=2Þl
lim
x→0

Oðx; zÞj0i; ðB5Þ

TABLE XV. (Continued)

Conjugacy class A1 3A1 Ã2 þ A1 C3 A3 Ã1 2A1 þ Ã1 A2 þ Ã1 B3 B2 þ A1

Size 12 12 96 96 72 12 12 96 96 72

Representative R̃q4;−q4 R̃q4;q4 R̃q6;−q5 R̃q6q5 R̃q6;q4 R̃q1q1 R̃q2q2 R̃q2q7 R̃q7q1 R̃q2q1

6ðϕ0
6;6Þ 0 0 0 0 0 0 0 0 0 0

60ðϕ00
6;6Þ 0 0 0 0 0 0 0 0 0 0

8ðϕ0
8;9Þ −4 4 −1 1 0 0 0 0 0 0

80ðϕ00
8;9Þ 0 0 0 0 0 −4 4 −1 1 0

800ðϕ00
8;3Þ 4 −4 1 −1 0 0 0 0 0 0

8000ðϕ0
8;3Þ 0 0 0 0 0 4 −4 1 −1 0

9ðϕ9;2Þ 3 3 0 0 −1 3 3 0 0 −1
90ðϕ00

9;6Þ 3 3 0 0 −1 −3 −3 0 0 1
900ðϕ0

9;6Þ −3 −3 0 0 1 3 3 0 0 −1
9000ðϕ9;10Þ −3 −3 0 0 1 −3 −3 0 0 1

12ðϕ12;4Þ 0 0 0 0 0 0 0 0 0 0
16ðϕ16;1Þ 0 0 0 0 0 0 0 0 0 0
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where the tensor vn;l;m (vμ1μ2���μll;l;m being the component form) projects the tensor product of n indices to the ðl; mÞ
representation. The vector is normalized to v · v ¼ 1. A construction of such vectors is shown below:

vn;l;m ¼ 1

n

Xn−1
k¼0

Rkðv1;1;m0 ⊗ vn−1;jl−1j;m−m0 Þhjl − 1j; m −m0; 1; m0jl; mi; ðB6Þ

where R∶fμ1μ2���μn ↦ fμnμ1���μn−1 generates the cyclic permutation and Rk is permuting k times. Note that hjl − 1j; m −
m0; 1; m0jl; mi is the Clebsch-Gordan coefficient. The ket state is obtained from spatial inversion [9]:

hOlmj ¼ vμ1;μ2���μll;l;m lim
x→0

x−2ΔOIμ1ν1ðxÞIμ2ν2ðxÞ � � � IμlνlðxÞOν1ν2���νl
�

x
jxj2

�
j0i

¼ ðvl;l;m ·Dl
z Þ

l!ð1=2Þl
lim
x→∞

x2ΔOOðx; z − 2ðx · zÞzÞj0i; ðB7Þ

where Iμν ¼ δμν − 2½ðxμxνÞ=x2�. Strictly speaking, the ket state is not quite the conjugation, but the left eigenvector and the
inversion will also takeO ↦ O†. In the YL model, the left and right eigenvectors are related by complex conjugation, which
cancels the conjugation of the operator if it is not real. The net effect is that we do not need toworry about the conjugation ofO.
By extrapolating O1 and O3 to ∞ and 0, we obtain a much cleaner expression,

hOðz1ÞjOðx2ÞjOðz3Þi ∝ ðz1 · z3Þ12ðl1þl3−l2Þðz1 · x2Þ12ðl1þl2−l3Þðz3 · x2Þ12ðl2þl3−l1Þ: ðB8Þ

Wematch the leadingbehavior fuzzy sphere operatorMa
lm to the integral ofϕ over the sphereweighted by spherical harmonics,

Ma
lm ¼ ba;0δl;01þ ba;1

Z
d2ΩYlmðΩÞϕðΩÞ þ � � � ; ðB9Þ

and this integral can be alternatively evaluated by contracting the spinning tensor indices to v tensors; however, this time the
variable carrying the indices is the spatial coordinate x (which is also Ω),

Z
d2ΩYlmðΩÞ ¼ αl

ðvn;l;m · ∂nxÞ
n!Trðvn;l;m · vl;l;mÞ

; αl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πð1=2Þl
ð1þ 2lÞ2−ll!

s
; ðB10Þ

which helps us to obtain the spin-dependent coefficient in the fuzzy sphere matrix element,

hO;ljMa
s jO0;l0i ¼ δO;O0δs;0b0 þ

X
s0
ba;1fl;l0;s;s0C

ðs0Þ
OϕO0 þ � � �

fl;l0;s;s0 ¼ αs
ðvs0;s;0 · ∂s0x2Þ

s!Trðvs0;s;0 · vs;s;0Þ
ðvl;l;0 ·Dl

z1Þ
l!ð1=2Þl

ðvl0;l0;0 ·Dl0
z3Þ

l0!ð1=2Þl0
ðz1 · z3Þ12ðlþl0−s0Þðz1 · x2Þ12ðlþs0−l0Þðz3 · x2Þ12ðs0þl0−lÞ:

ðB11Þ
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