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Pyrochlore magnets are a paradigmatic example of three-dimensional frustrated systems and provide an
excellent platform for studying a variety of exotic many-body phenomena, including spin liquids, nematic
phases, fragmentation, and order by disorder. In recent years, increasing attention has been devoted to
bilinear spin models on this lattice, where multiple magnetic phases can be degenerate in energy, often
stabilizing unconventional magnetic states. In this work, we focus on one such model, parametrized by the
interaction coupling Jz�, which defines a line in parameter space corresponding to the phase boundary
between three distinct magnetic phases. Using a combination of analytical and numerical methods, we
show that this model exhibits an order-by-disorder mechanism at low temperatures, giving rise to a mixed
magnetic phase. This realizes a q ¼ 0 long-range-ordered phase in a pyrochlore magnet characterized by

two distinct order parameters, which we denote as the A2 ⊕ ψ2 phase. Furthermore, at Jz� ¼ 1=
ffiffiffi
2

p
, the

model acquires a subextensive number of discrete symmetries, which preclude the stabilization of
conventional long-range order and instead lead to the emergence of a novel nematic phase. We characterize
this nematic phase, describe how its ground-state configurations are constructed, and analyze its stability at

higher temperatures and under small deviations from Jz� ¼ 1=
ffiffiffi
2

p
.

DOI: 10.1103/vwx8-mdtw Subject Areas: Condensed Matter Physics,
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I. INTRODUCTION

Competing interactions, broadly referred to as frus-
tration, are key drivers in the emergence of novel many-
body phenomena. In magnetic systems, this competition
often results in a complex energy landscape, where a
system cannot simultaneously minimize all energetic terms.
Frustration is generally categorized into two types: geo-
metric and exchange frustration. Geometric frustration
arises when the lattice geometry prevents all spin inter-
actions from being simultaneously satisfied [1–3]. This
setting is characteristic of lattices containing triangular
patterns, such as the two-dimensional triangular, kagome,
and square kagome lattices [4,5], and the three-dimensional
pyrochlore lattice, a periodic network consisting of corner-
sharing tetrahedra [6]. On the other hand, exchange
frustration takes place when the spin interactions in the
system do not share a common spin configuration which
minimizes all interactions simultaneously independently of

the lattice geometry. A notable example is provided by
anisotropic exchange interactions, which can result from
strong spin-orbit coupling [7], as in Kitaev materials [8].
In this scenario, magnetic pyrochlore oxides of the type

R3þ
2 M4þ

2 O−2
7 , where R is a rare earth ion and M is

(typically) a nonmagnetic transition metal, represent the
paradigmatic platform to study three-dimensional frus-
trated magnets, where geometric and exchange frustration
coexist, paving the way to exotic many-body phenomena
[6]. Indeed, in recent years, different works on pyrochlore
magnets have further investigated how distinct many-body
phenomena arise in this lattice. Examples of these are the
realization of spin liquids [9–18], thermal and quantum
order by disorder [3,19–25], magnetic fragmentation
[26–29], topological magnons [30], and nematic phases
[12,31]. For the characterization of these phenomena, the
corner-sharing architecture of the pyrochlore lattice can be
exploited to track down the classical ground-state phase
diagram for the most general classical bilinear nearest-
neighbor Hamiltonian [6,32]. This analysis identifies five
q ¼ 0 long-range-ordered phases whose spin configura-
tions are defined in a single tetrahedron [32,33]. In these
phase diagrams, numerous works have focused on regions
in the interaction-parameter space where the competition
between multiple of these q ¼ 0 phases is most extreme,
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possibly resulting in the realization of exotic spin phases
[12,13,16,34–36].
In the classical model, these regions of amplified

competition take place at phase boundaries where multiple
magnetic orders possess the same ground-state energy.
While such boundaries have a central role in the realization
of classical spin liquids [12,13,16,34], they do not guar-
antee the extensive ground-state degeneracy typical of
classical spin-liquid phases, and may instead display q ¼ 0
ordering due to order by disorder [25,32], as well as
nematic phases [31]. In all of these cases, however, a
recurring feature resulting from the energy degeneracy of
multiple magnetic order is the emergence of accidental
symmetries, a ubiquitous aspect of the realization of
all the aforementioned phenomena in pyrochlore magnets
[12,31,32,36–38]. Accidental symmetries typically emerge
at the mean-field level, reflecting an enlarged ground-state
manifold where the spin configurations of the competing
magnetic orders deform continuously into each other with
no additional cost. These enlarged ground-state manifolds
are usually parametrized by the additional accidental
symmetry transformations, which are not part of the
symmetry group of the microscopic model, thereby reflect-
ing the enlargement of the mean-field ground-state mani-
fold. Since these manifolds lack the protection that an exact
symmetry possesses, spin configurations associated by
these accidental symmetries result in different spin fluctu-
ations and, therefore, nonequivalent corrections to their

ground-state energy in the quantum state (quantum order
by disorder) [3,39–41], and to additional entropy contri-
butions to the free energy when T ≠ 0 (thermal order by
disorder) [25,42], which ultimately lead to the selection of
particular states in the accidentally degenerate manifold.
On the pyrochlore lattice, one of the most studied cases

of emergent symmetries takes place whenever the magnetic
order associated with the E irreducible representation
(irrep) of the cubic symmetry group is one of the low-
energy states of the system. The spin configurations of the
E irrep are defined in the so-called Γ5 manifold, an
accidentally degenerate U(1) manifold relevant for XY
pyrochlore magnets such as Er2Ti2O7 and Yb2Ge2O7

[3,6,21,33,43]. In the general case, accidental degeneracies
typically result in additional accidental continuous compact
manifolds. In the present work, we investigate the A2 ⊕
E ⊕ T1− triple line, where three energetically degenerate
long-range magnetic orders meet. This region is charac-
terized by the couplings of the bilinear nearest-neighbor
Hamiltonian, and can be effectively parametrized by a line
in coupling space with a single exchange parameter,
namely, Jz�. At the A2 ⊕ E ⊕ T1− line, a spin liquid is
not expected to be realized since the energy landscape of
this model does not reflect the typical extensive degeneracy
[44] associated with a spin liquid [34,45]. The lack of a
macroscopic (system-size-scaling) ground-state degen-
eracy, characteristic of such spin liquids, does not preclude
the emergence of exotic many-body phenomena [31].

FIG. 1. Phase diagram as a function of temperature T and coupling Jz� along the A2 ⊕ E ⊕ T1− line from classical Monte Carlo
simulations, with the color scale indicating (a) specific heat, (b) A2 order parameter jmA2

j, and (c) E order parameter jmEj. The green
arrow marks the position of the exact nematic point at Jz� ¼ 1=

ffiffiffi
2

p
. The black arrow highlights the position of the jump of the A2 ⊕ E

mixing angle. Lastly, the red arrow signals the Heisenberg antiferromagnetic point at Jz� ¼ ffiffiffi
2

p
, where a spin-liquid phase is stabilized

down to zero temperature. The specific heat peaks and the order parameters define several regions in the ðJz�; TÞ phase diagram. The
high-temperature paramagnetic (PM) phase freezes into different phases depending on Jz�. For Jz� ≲ 1=

ffiffiffi
2

p
, there is an intermediate

q ¼ 0 A2 phase which is driven into a A2 ⊕ ψ2 long-range order at lower temperatures, while for Jz� ≳ 1=
ffiffiffi
2

p
, this mixed phase is

realized directly from the paramagnetic phase, with an intermediate region characterized by jmEj ≫ jmA2
j > 0, separated from the low-

temperature region by a crossover. From the exact spin-nematic (SN) point at ðJz�; TÞ ¼ ð1= ffiffiffi
2

p
; 0Þ stems a finite-temperature nematic

phase fan. Lines are guides to the eye, with solid lines indicating true phase transitions and dashed lines indicating crossovers. White
(black) markers refer to continuous (first-order) phase transition, while gray diamonds mark crossover temperatures.
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In this work, we aim to fill this gap. Employing a
variety of analytical and numerical methods, we expose a
thermal order-by-disorder selection into a low-temperature
q ¼ 0 long-range-ordered mixed phase for Jz� ≠ �1=

ffiffiffi
2

p
.

This phase extends the conventional single-irrep descrip-
tion of q ¼ 0 order by exhibiting coexisting A2 and E order
parameters. The novel A2 ⊕ E phase is characterized
analytically, and it is exposed in the classical
Monte Carlo phase diagram. Furthermore, we show that
at the points Jz� ¼ �1=

ffiffiffi
2

p
, the system acquires an addi-

tional Z2 subsystem symmetry involving spin-component
flips along the chains forming the pyrochlore lattice [37].
The presence of these new symmetries drastically changes

the nature of the low-temperature phase; the ground
state acquires a subextensive degeneracy, and the low-
temperature q ¼ 0 long-range order is suppressed, instead
realizing nematic phase, which breaks rotational symmetry
but preserves time-reversal symmetry. We characterize the
nematic phase through exact analytical results at zero
temperature supported by finite-temperature classical
Monte Carlo data. Additionally, duality relations reveal
the presence of three additional nematic points on a
different degenerate phase boundary, namely, the T2 ⊕
T1− plane. The main results of this work are summarized
in the phase diagram, constructed via Monte Carlo sim-
ulations, in Fig. 1, which displays the evolution of the

TABLE I. Characterization of the finite-temperature phases identified in this work. Each phase breaks either time-reversal symmetry
(τ), 2π=3 rotational symmetry about the [111] axis (C3), or both. While the A2 all-in–all-out phase and the mixed A2 ⊕ ψ2 phase exhibit
isolated Bragg peaks, the nematic phase is characterized by line features in the equal-time spin structure factor (SSF). The last column
shows representative spin configurations on a single tetrahedron for each phase.

Phase τ C3 SSF Spin configuration

A2 (all-in–all-out) × ✓ Bragg peak at q ¼ 0

A2 ⊕ ψ2 (mixed) × × Bragg peak at q ¼ 0

Spin nematic ✓ ×
High-intensity lines along
high-symmetry directions
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specific heat and order parameters as functions of temper-
ature and Jz�, tuning the system along the A2 ⊕ E ⊕ T1−
line. Table I summarizes the finite-temperature phases,
their symmetries, structure-factor signatures, and repre-
sentative single-tetrahedron configurations.
The paper is organized as follows. In Sec. II, we

parametrize the A2 ⊕ E ⊕ T1− line and characterize the
accidental symmetries emerging from irrep analysis. The
entropic effects on the accidentally degenerate manifolds
are analyzed in Sec. III, revealing an order-by-disorder
mechanism driving the system into the low-temperature
mixed A2 ⊕ E phase. The mixed phase is phenomenologi-
cally captured within a Landau-theory framework in
Sec. IV. In Sec. V, we provide classical Monte Carlo results
for the q ¼ 0 phases, showing that the low-temperature
order is reached through one or two phase transitions,
depending on Jz� value. The nematic phase is studied in
detail in Sec. VI with analytical results and Monte Carlo
simulations. Our conclusions are given in Sec. VIII.

II. IRREDUCIBLE-REPRESENTATION ANALYSIS

Single-tetrahedron irrep analysis has proven to be a
powerful tool to determine the classical ground-state phase
diagram for pyrochlore magnets with a nearest-neighbor
bilinear spin Hamiltonian [32,34,45]. Consider the most
generic nearest-neighbor bilinear Hamiltonian compatible
with the tetrahedron symmetry Td [6],

H ¼
X
hiji

fJzzSziSzj − J�ðSþi S−j þ S−i S
þ
j Þ

þ J��ðγijSþi Sþj þ H:c:Þ
þ Jz�ðζijSzi ðSþj þ S−j Þ þ H:c:Þg; ð1Þ

with Szi and S�i ¼ Sxi � iSyi being the components of the
(pseudo)spin 1=2 on site i in a local coordinate frame as
defined in Appendix A. In Eq. (1), the bond-dependent
phase factors γij ¼ −ζ�ij in the four-site unit cell are
defined as

γ ¼

0
BBB@

0 1 c c�

1 0 c� c

c c� 0 1

c� c 1 0

1
CCCA; ð2Þ

where c ¼ e2πi=3 as reported in Refs. [34,46]. Exploiting
the corner-sharing structure of the pyrochlore lattice, the
Hamiltonian in Eq. (1) can be reformulated as

H ¼
X
⊠

H⊠; ð3Þ

where H⊠ represents the single-tetrahedron Hamiltonian,
and the summation extends over all tetrahedra labeled

by ⊠. As a consequence, the minimization of the
original Hamiltonian reduces to the minimization of the
single-tetrahedron Hamiltonian H⊠. In the classical limit,
the spin components commute with each other, allowing
the single-tetrahedron Hamiltonian to be decomposed in
terms of the five irreps of the single-tetrahedron symmetry
group Td [32,33,45]:

H⊠ ¼ 1

2
½aA2

m2
A2

þ aEm2
E þ aT2

m2
T2

þ aT1−
m2

T1−
þ aT1þm

2
T1þ�: ð4Þ

Here, A2, E, T2, T1� denote the five different irreps
entering the single-tetrahedron Hamiltonian, each one of
them representing a different spin mode. Proceeding in
order, the one-dimensional A2 irrep describes the all-in–
all-out mode [27,47], the two-dimensional E irrep
describes a U(1) manifold of states also known as the
Γ5 manifold [21,43,48], the three-dimensional T2 irrep
designates the Palmer-Chalker state [49,50], and, roughly
speaking, the three-dimensional T1� irreps are related to
two types of splayed ferromagnetic [51] orders [46,52].
In Eq. (4), fmIg are the spin modes corresponding to
the Ith irrep while faIg are functions of the couplings
fJzz; J�; J��; Jz�g and represent the energy cost associ-
ated to the modes mI . Details on the formulations of the
irreps in terms of spins, their energy cost in terms of the
interaction parameters, and coordinate frame conventions
are given in Appendix A.
The decomposition in Eq. (4) has a key role in determin-

ing the classical ground-state phase diagram [32,33,45]. In
particular, it serves to identify the irrep with the lowest
associated energy cost aI , and their corresponding spin
mode, effectively characterizing the classical ground-state
manifold. In case the ground-state manifold is characterized
by multiple irreps and a spin-liquid phase is stabilized,
recent work has shown that these representations serve as a
starting point in the identification of effective gauge
theories describing the low-energy theory of these phases
[34,53]. In the present work, we focus on a region where
the minimal energy irreps are the A2, E, and T1− irreps,
while T2 and T1þ are gapped at higher energy. We refer to
the set of interaction parameters defining this model as the
A2 ⊕ E ⊕ T1− line. The set of interaction parameters
characterizing this region is obtained from the condition
aA2

¼ aE ¼ aT1−
¼ minfaA2

; aE; aT2
; aT1�g yielding the

constraints

Jzz < 0; jJz�j <
ffiffiffi
2

p
jJzzj; ð5Þ

J� ¼ −
Jzz
2

; J�� ¼ J2zz − J2z�
Jzz

: ð6Þ

Fixing the overall energy scale Jzz ¼ −1, the three remaining
interaction parameters are constrained by two equations,
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so the effective region in the coupling space is a line
parametrized by the Jz� coupling, namely, the A2 ⊕ E ⊕
T1− line. The boundaries Jz� ¼ � ffiffiffi

2
p jJzzj correspond to the

antiferromagnetic Heisenberg point (Jz� > 0) and its dual
(Jz� < 0) [34]. At these points, rank-1 U(1) spin liquids
persist as stable phases in the classical limit, extending down
to the lowest temperatures [11,34]. Although Jz� covers
positive and negative values, we may restrain the study to
only Jz� ≥ 0: The model in Eq. (1) has a duality trans-
formation mapping the Hamiltonian into itself via a change
of Jz� sign followed by a localC2 rotation of the pseudospins
around the local ẑi axis [6], defined in Appendix A.
Consequently, the thermodynamics observed for the negative
Jz� region are equivalent to those for the positive Jz�, which
in turn implies that the temperature-vs-Jz� phase diagram is
symmetric about the Jz� ¼ 0 line up to local C2 rotations
[31]. Note that the Jz� parametrization can be classified in
two cases: the Jz� ¼ 0 case (non-Kramers) and the Jz� ≠ 0
case (Kramers). The nomenclature is due to the different
transformation laws of the pseudospin components under
time reversal, allowing or forbidding a finite Jz� [6].
In the classical limit and at zero temperature, the spins

satisfy the hard spin-length constraint,

Si · Si ¼ S2; ð7Þ
at each site i, where S is the spin length.
Along the A2 ⊕ E ⊕ T1− line, the spin-length constraint

imposes the relation

m2⊠ ¼ m2
A2

þm2
E þm2

T1−
¼ 4S2; ð8Þ

at zero temperature, implying that the spin configuration in
every single tetrahedron results from a linear combination
of the low-energy degenerate irreps [34]. Consequently, the
weights of the irreps in a single-tetrahedron configuration
in the ground-state manifold can be parametrized with two
angles as

m⊠ ¼ 2Sðsin θ cosϕeA2
þ sin θ sinϕeE þ cos θeT1−

Þ; ð9Þ

where the angle ϕ measures the possible mixing between
A2 and E irreps, the angle θ quantifies the T1− irrep, and
eA2

; eE; eT1−
are fictitious directions quantifying the A2, E,

and T1− irreps’ magnitude, respectively. Using this angular
parametrization, the magnitude of the order parameters is
obtained from the expressions

jmA2
j

2S
¼ sinθcosϕ;

jmEj
2S

¼ sinθ sinϕ;
jmT1−

j
2S

¼ cosθ;

ð10Þ

with θ;ϕ∈ ½0; π=2�, parametrizing a sphere of unit radius in
the first octant in the coordinate system spanned by
feA2

; eE; eT1−
g.

A. Accidental symmetries

The energy degeneracy of the irreps of the Hamiltonian
describing the A2 ⊕ E ⊕ T1− line results in the identifi-
cation of accidental symmetries defining continuous mani-
folds where the spin configuration can fluctuate with no
associated energy cost. Indeed, the simplest low-energy
manifold in the ground state of the A2 ⊕ E ⊕ T1− line is
associated with the E irrep; in the Hamiltonian in Eq. (4),
the two-dimensional E irrep takes the form

aEm2
E ¼ aE½ðmx

EÞ2 þ ðmy
EÞ2�; ð11Þ

where mx
E and my

E correspond to the two different compo-
nents of the irreps, and are often refer to as the ψ2 and ψ3

states [32,33]. Previous works have shown that the states in
the E manifold are characterized by an accidental U(1)
manifold spanned by the ψ2 and ψ3 states, resulting in the
so-called Γ5 manifold [21,43,48]. We note that the mag-
netic phase associated with a dominant E irrep can be
labeled as either an E or a Γ5 phase. The former label is
more commonly used when the magnetic phase is classified
according to the point group Td, whereas the latter is used
when the space group Fd3̄m.
Apart from the Γ5 manifold, which considers only the

spin configurations spanned by the E irrep, the degeneracy
of the E irrep with the A2 and the T1− irrep results in the
emergence of additional accidental symmetries. To identify
these manifolds, we consider a generic spin configuration
in the ground-state manifold of the Hamiltonian along the
A2 ⊕ E ⊕ T1− line parametrized by the six components
comprising the three low-energy irreps [54] constrained by
Eq. (8). The constraint in Eq. (8) defines an S5 hypersphere
of radius 2S. Consequently, the spin configurations in the
ground-state manifold described by this hypersphere are
parametrized by five different angles ðθ;ϕ; η; β; γÞ. In terms
of these angles, the low-energy irrep components take the
form

mA2
¼ 2S sin θ cosϕ;

mx
E ¼ 2S sin θ sinϕ cos η;

my
E ¼ 2S sin θ sinϕ sin η;

mx
T1−

¼ 2S cos θ sin β cos γ;

my
T1−

¼ 2S cos θ sin β sin γ;

mz
T1−

¼ 2S cos θ cos β; ð12Þ

where θ measures the mixing of T1− irrep with A2 and E
irreps, while the ϕ angle quantifies the mixing between A2

and E irreps, as introduced in Eq. (10). The angle η
specifies the ψ2 and ψ3 components of the E irrep, while
the T1− internal angles β and γ characterize the T1− irrep
orientation. The ground-state spin configurations defined
by Eq. (12) are characterized by a tuple of five angles
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π ¼ ðθ;ϕ; η; β; γÞ. However, these angles are strongly
constrained by the local spin-length constraint in Eq. (7).
For example, the spin-length constraint may be fulfilled by
configurations with vanishing T1− contribution, where the
angle θ in Eq. (12) is fixed to θ ¼ π=2, and the anglesϕ and η
are unconstrained. This particular choice of θ defines a two-
sphere, which we refer to as the A2 ⊕ E sphere. The uncon-
strained character of the ϕ and η angles identifies two
directions in which the spins can fluctuate with no energy
cost, i.e., zero modes. These two zero modes are present in all
the spin configurations in the A2 ⊕ E sphere. Generic spin
configurations in the ground-state manifold of the A2 ⊕ E ⊕
T1− line are expected tohave anonvanishingT1− contribution,
i.e.,without constraining the angle θ. These canbe constructed
starting from a configuration in the A2 ⊕ E sphere by
applying a local rotation to the spins, which introduces a
T1− contribution without violating the spin-length constraint.
This implies that there are sets of anglesϕ and η fromwhich an
introduction of a nonvanishing T1− irrep fulfills the spin-
length constraint. At these particular points, additional zero
modesaway from theA2 ⊕ E sphere into amanifold ofmixed
states are associated with the spin configurations. To identify
the set of points for which fluctuations into multiple degen-
erate manifolds are possible, we employ a gradient expansion
of Eq. (7), yielding the four equations

δπ · ∇ðSμ · SμÞjπ0
¼ 0; ð13Þ

to leading order in δπ ¼ π − π0, where π0 is a ground-state
spin configuration that satisfies the spin-length constraint, μ is
the sublattice index, and ∇ ¼ ð∂θ; ∂ϕ; ∂η; ∂β; ∂γÞ.
For more details on the derivation of the above equa-

tions, we refer the reader to Appendix B. For configurations
in the A2 ⊕ E sphere, Eq. (13) identifies three Jz�-
dependent U(1) manifolds labeled as circles in Fig. 2.

These three U(1) manifolds are parametrized by the
equations

tanϕ tan αmix ¼
2

cos ηþ ffiffiffi
3

p
sin η

;

tanϕ tan αmix ¼
2

cos η −
ffiffiffi
3

p
sin η

;

tanϕ tan αmix ¼ −
1

cos η
; ð14Þ

where αmix is the splay angle defining the T1− irrep. We
refer the reader to Appendix A for the definition of this
quantity. For Jz� ¼ 0, the three circles intersect at the poles
of the A2 ⊕ E sphere. At these points, the spin configu-
ration is described by a single irrep, namely, the A2 irrep
[55]. As Jz� is varied, the three circles move away from the
poles and closer to the equator where mA2

¼ 0.
The presence of these additional zero modes for the spin

configurations defined by the U(1) manifolds shown in
Fig. 2 plays a pivotal role in the entropy associated with
these spin configurations. Spin configurations with these
additional zero modes are typically associated with higher
entropy compared to other energetically degenerate con-
figurations. In the next sections, we study the impact of
these additional zero modes on the low-temperature ther-
mal selection of a spin configuration in the A2 ⊕ E ⊕
T1− line.

III. CLASSICAL LOW-TEMPERATURE
EXPANSION (CLTE)

Classical low-temperature expansion (CLTE) is a
method that analyzes the thermal spin fluctuation about
a classical ground-state configuration [24]. At low temper-
atures, the spins are mostly polarized along a (local)
ordering direction with small perpendicular fluctuations
δnᾱi . In this low-temperature limit, the spin configurations
may be approximated by

Si ≃
�
δnx̃i ; δn

ỹ
i ; S

�
1 −

ðδnx̃i Þ2
2S2

−
ðδnỹi Þ2
2S2

��
; ð15Þ

where the coordinate system is chosen such that the z̃ axis
aligns with the i-site ground-state spin, and δnα̃ ≪ 1. For a
particular ground-state configuration π0, applying the
ansatz in Eq. (15) to the Hamiltonian in Eq. (1) allows
us to obtain a low-temperature effective Hamiltonian
governing spin fluctuations δnα̃ about the spin state π0.
This approximation results in a single-tetrahedron effective
Hamiltonian where the spins interact via the 8 × 8 Hessian
matrixH2. In terms ofH2, the low-temperature free energy
of a spin configuration in the ground-state manifold yields

FIG. 2. A2 ⊕ E sphere, defined by θ ¼ π=2 in Eq. (12), for
(a) Jz� ¼ 0 and (b) Jz� ≈ 0.14. The white dot at the north pole
corresponds to a spin configuration that is uniquely described by
the A2 irrep. The white circle along the equator marks the Γ5

manifold, corresponding to spin configurations that are composed
of the E irrep mode only. The orange circles correspond to spin
configurations in the U(1) manifolds parametrized by Eqs. (14),
which can fluctuate away from the A2 ⊕ E sphere with no
associated energy cost.
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F ¼ H0 − TS

¼ H0 − T

�
N lnT −

1

2

X
q

ln detH2ðqÞ
�
; ð16Þ

where H0 is the classical ground-state energy, S corre-
sponds to the entropy resulting from thermal spin
fluctuations, and H2ðqÞ represents the Hessian matrix
in reciprocal space. Equation (16) is used to compute the
entropy associated with different spin configurations
with the same classical ground-state energy H0. In this
approximation, the state with the highest associated
entropy is expected to be thermally favored at low
temperatures.

A. Entropy in the A2 ⊕ E sphere as a function of Jz±
We study the entropy associated with the states in the

A2 ⊕ E sphere via a classical low-temperature expansion,
and study its dependence as a function of Jz� [56].
Figures 3(a)–3(h) illustrate a stereographic projection of
the entropy (modulo a Jz�- and T-dependent constant) for
the states in the upper half of the A2 ⊕ E sphere and along a
one-dimensional cut of the A2 ⊕ E sphere for η ¼ 0.
Details on the stereographic projection are given in
Appendix C. Both the stereographic projections and the
cuts are illustrated for four distinct values of Jz�. In this
figure, the entropy obtained via the classical low-
temperature expansion exposes three circular trajectories,
where the entropy is higher, corresponding to the U(1)
manifolds shown in Fig. 2. For Jz� ¼ 0, the spin configu-
ration with the highest entropy is obtained for the A2

configuration, corresponding to the point where the three
U(1) manifolds intersect; see Figs. 3(a) and 3(b).
Furthermore, we note that, at Jz� ¼ 0, the H2ðqÞ matrix
in Eq. (16) presents two zero-energy flat bands. This
suggests one of two possible scenarios. The first being
that there are two spin fluctuation modes about the A2

configuration whose first q-dependent contribution appears
at higher orders in q. The second is that the two flat bands
represent true zero modes which have no energy cost at all
orders. As Jz� is varied, the U(1) manifolds drift away from
the A2 configuration. It is worth noting that, for Jz� ≠ 0,
the entropy reaches its maximum value at states where
η ¼ 2πn=3 with n∈ f0; 1; 2g, i.e., states for which the
contribution of the E irrep to the ground-state configura-
tion is solely described by a ψ2 configuration. The one-
dimensional cuts along η ¼ 0 for distinct values of Jz�
reveal how the maximal entropy, and therefore minimal
free energy, takes place at two possible values, which we
label ϕ1 and ϕ2. The value of ϕ1 is obtained at points where
the U(1) manifolds defined by Eq. (14) intersect. These
intersections occur at six points in the A2 ⊕ E sphere
defined by the constraints

(e)

(g)

(i) (j)

(h)

(f)

FIG. 3. EntropyS (moduloaT andJz� dependentconstant)on the
A2 ⊕ E sphere for different values of Jz� from classical low-
temperature expansion. Panels (a), (c), (e), and (g) show the stereo-
graphic projectionof the entropy,wherewe identify thenorthpole as
the point where A2 is maximal [cf. Fig. 2]. The azimuthal angle η
parametrizes theΓ5 manifold and the polar angleϕ parametrizes the
mixing with the A2 configuration. The white full (dashed) lines
denote spin configurations that are linear combinationsof theA2 and
ψ2 (−ψ2) states. Panels (b), (d), (f), and (h) illustrate the evolution of
the entropy S for η ¼ 0. Panel (i) illustrates the stereographic
projection of the high-entropy paths defined by Eq. (14) and shown
inFig.2inorange, takingJz� ¼ 0.4asarepresentativeexample.The
reddots (lightbluesquares) in(i) indicate the locations in theA2 ⊕ E
manifold where the entropy is maximal for Jz� < 1.26
(Jz� > 1.26). Panel (j) illustrates the evolution of the entropy along
theA2 ⊕ ψ2 line,definedbyη ¼ 0, asa functionof thecouplingJz�.
Inpanels(b), (d),(f),and(h), thevertical redlinesmarkthe locationof
the two high-entropy branches.
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tanϕ tan αmix ¼ 2 at η ¼ 0;
2π

3
;
4π

3
;

tanϕ tan αmix ¼ −2 at η ¼ π

3
; π;

5π

3
; ð17Þ

indicated by the red stars in Fig. 3(i). On the other hand, for
Jz� slightly below the boundary Jz� ¼ ffiffiffi

2
p

of the A2 ⊕
E ⊕ T1− line, the six states with the highest entropy are
now defined by the angle ϕ2 which is defined by the
constraints

tanϕ tan αmix ¼ −1 at η ¼ 0;
2π

3
;
4π

3
;

tanϕ tan αmix ¼ 1 at η ¼ π

3
; π;

5π

3
; ð18Þ

that also live on the U(1) manifolds defined by Eq. (14), as
marked by the light blue squares in Fig. 3(i). A detailed
study of the entropy as a function of Jz� along the η ¼ 0
line identifies two high-entropy states which smoothly
evolve from the A2 state at Jz� ¼ 0 to two mixed states
at nonzero Jz�; see the high-intensity lines in Fig. 3(j).
These states correspond to the Jz�-dependent angles ϕ1

and ϕ2.
According to our classical low-temperature expansion

study of the entropy, the maximal-entropy configuration
swaps from ðη;ϕÞ ¼ ð0;ϕ1Þ to ðη;ϕÞ ¼ ð0;ϕ2Þ at the
value J⋆z� ≃ 1.26. For values of Jz� in the close proximity
to J⋆z�, the states defined by the combined triangle-shaped
segments of the U(1) manifolds around the north pole
feature an approximately equal entropy. We refer to
Appendix D for further discussion regarding the classical
low-temperature expansion and the definition of J⋆z�.
Altogether, the entropy analysis of the distinct ground-

state configurations in the A2 ⊕ E sphere identifies the
spin configurations with high-entropy contribution as those
which have more zero-fluctuation directions in the ground-
state space, resulting in its selection at low temperatures.
We note that a similar effect has been discussed in previous
works, stemming from both classical [38,57] and quantum
[24,58–60] phenomena. For the classical phenomenon, it
was found that states lying at “self-intersecting” points of
a ground-state manifold dominate the low-temperature
physics and are therefore expected to be selected. This
observation is consistent with our CLTE calculations and
is further supported by our numerical simulations pre-
sented in Sec. V. On the other hand, in the quantum case,
two alternative routes for the selection were identified. In
Refs. [24,58], a distinct pyrochlore system is considered,
where the ground-state configuration space is parame-
trized by concentric intersecting circles on a sphere. In
these works, the spin configurations at the intersection of
these circles is said to be selected via a quantum order-by-
disorder phenomenon in the low-temperature limit. On the
other hand, Refs. [59,60] characterize a phenomenon

dubbed order by singularity, where spin configurations
lying at highly connected points in the ground-state space
(referred to as “singularities”) are selected. In both
scenarios, the selection either by quantum order by
disorder or order by singularity is associated with the
connectivity of the ground-state manifold, in analogy with
the results presented for the classical system in this
section. Given the similarities regarding the origin of
the selection mechanism of the A2 ⊕ ψ2 state [57] and
those discussed in the quantum order-by-singularity phe-
nomenon [59,60], the selection phenomenon described in
this section may be understood as a classical analog of
order by singularity.

IV. LANDAU THEORY

In this section, we construct a minimal Landau theory
and provide further insights on the possible q ¼ 0 phases,
the transitions between them, and the evolution of the order
parameters mI . Given that our Monte Carlo simulations
identify contributions from only the A2 and E irreps to the
q ¼ 0 phases (see Sec. V), we construct a Landau theory
based on these two order parameters. This approximation is
further motivated by the fact that the only terms in the
Landau free-energy theory which mix the mT1−

order
parameter with the remaining order parameters are fully
invariant under the tetrahedral symmetry group Td, and
thus do not introduce additional symmetry-breaking
effects. Following Ref. [61], we consider the local magnetic
order parameters defined as

mx
E¼

1

4N

X
i

Sxi ; my
E¼

1

4N

X
i

Syi ; mA2
¼ 1

4N

X
i

Szi ; ð19Þ

where mx
E, m

y
E, and mA2

measure the local x, y, and z
magnetic moment, respectively, and correspond to global
order parameters associated with the components of the E
and A2 irreps. It is useful to introduce the complex order
parameter,

mxy ¼ jmEjeiη; ð20Þ

which measures the local xy magnetic moment, where the
angle η indicates the direction of the magnetic moment in
the local xy planes, whereas the magnitude of the complex
parameter agrees with that of the E order parameter, i.e.,
jmxyj ¼ jmEj. We construct the Landau theory by consid-
ering the action of the group Td over the local magnetic
moments. It is worth noting that the C3 symmetry around
local h111i direction constrains the terms of the formmk

xy þ
ðm�

xyÞk ¼ 2jmEjk cos kη to those for which k∈ 3Z. For an
extensive discussion of all symmetry-allowed terms up to
the sixth order, we refer the reader to Appendix E. Here, we
consider the minimal Landau theory of the form
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Fminimal¼F 0þr0jmEj2þr1m2
A2
þr2jmEj4þrxyzm2

A2
jmEj2

þr3m4
A2
þr4jmEj6þωmA2

jmEj3cos3η
þf6jmEj6cos6ηþF ½mT1−

�þO½m8
I �; ð21Þ

which resembles the Landau theory provided by Ref. [61],
with the additional terms parametrized by rxyz and r3.
In the above, F ½mT1−

� corresponds to terms in the Landau
theory which possess a T1− dependence. In the following
analysis, we set these to zero as this particular
magnetic order is not observed in our Monte Carlo results
discussed in Sec. V [62]. For a given set of parameters
fr0; r1; r2; rxyz; r3;ω; f6g, we find the solution with the
lowest free energy numerically. We note that this theory

explicitly forbids a coupling between the ψ3 and the A2

orders, as expected by symmetry and previously noted
in Ref. [61].
Figure 4 shows the mean-field phase diagram and the

evolution of the magnetic order parameters as a function of
the tuning parameters r0 and r1, for fixed values of the
remaining parameters. From the evolution of the order
parameters, we identify three distinct phases: a paramag-
netic phase, where jmA2

j ¼ 0 and jmEj ¼ 0, an A2 phase,
where jmA2

j ≠ 0 and jmEj ¼ 0, and a mixed A2 ⊕ ψ2

phase, where jmA2
j ≠ 0 and jmEj ≠ 0. Importantly, we find

that η ¼ ½ðnπÞ=3� with n∈ f0; 1; 2; 3; 4; 5g in the mixed
phase, corresponding to an A2 ⊕ ψ2 state.
The color plots shown in Figs. 4(a) and 4(b) suggest

continuous phase transitions from the paramagnetic phase
to the ordered phases A2 and A2 ⊕ ψ2, and first-order
transition between the A2 and the A2 ⊕ ψ2 phases. To
more clearly expose the nature of the transitions obtained
within Landau theory, we illustrate in Figs. 4(c)–4(f) line
cuts illustrating the evolution of the order parameters as a
phase boundary is crossed. These line cuts are marked in
Figs. 4(a) and 4(b) by dashed green paths. Figure 4(c)
illustrates the evolution of the order parameters in the line
cut between points marked 1 and 2 in Figs. 4(a) and 4(b) in
the paramagnetic and A2 phases, respectively. Along this
line, the mA2

order parameter shows a square-root-like
behavior, while jmEj ¼ 0. On the other hand, for the line
cut between points 1 and 3, corresponding to points in the
paramagnetic and A2 ⊕ ψ2 phase, respectively, both order
parameters become nonzero as soon as the phase boun-
dary is crossed. It is worth noting that the A2 order
parameter remains small compared to the E order param-
eter in the vicinity of the phase boundary and for larger
values of r1; see Fig. 4(b). The continuous evolution of the
parameter across these two phase boundaries indicates a
continuous phase transition between the paramagnetic
phase and the ordered phases. Lastly, Figs. 4(e) and 4(f)
illustrate the evolution of the order parameters for the line
cut between points 2 and 4 corresponding to points in the
A2 phase and A2 ⊕ ψ2 phase for two distinct sets of
ðr2; rxyz; r3; r4;ω; f6Þ parameters. In both cases, we
observe how the E order parameter presents a large finite
jump when crossing into the A2 ⊕ ψ2 phase, while the A2

order parameter presents a small jump. The size of the
small discontinuous jump in the A2 parameter and its
evolution in the A2 ⊕ ψ2 phase are parameter dependent,
as seen when comparing Figs. 4(e) and 4(f). The discon-
tinuous nature of the order parameters, which is more
drastically evidenced in the E order parameter, indicates
that these two phases are separated by a first-order phase
transition.
We note that the resulting Landau theory discussed in

this section also describes models whose interaction
parameters fall in the A2 ⊕ E phase boundary. We return
to this point in Sec. VII.

FIG. 4. Mean-field phase diagram as a function of r1 and r0 for
fixed ðr2; rxyz; r3; r4;ω; f6Þ ¼ ð1; 1; 1; 1; 2; 0.5Þ from Landau
theory, with the color scale indicating (a) the E order parameter
jmEj and (b) the A2 order parameter jmA2

j. Panels (c)–(e) illustrate
the evolution of the order parameters jmEj (blue curve) and jmA2

j
(red curve) along the different one-dimensional cuts marked in
green in (a) and (b): Panel (c) shows the order parameters along
the path 1 → 2, panel (d) along the path 1 → 3, and panel
(e) along the path 2 → 4. Panel (f) shows the order parameters
also along the path 2 → 4, but for a smaller value ω ¼ 1 of the
coupling between mA2

and mE.
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V. CLASSICAL MONTE CARLO SIMULATIONS

In this section, we present numerical Monte Carlo
simulations used to obtain the finite-temperature phase
diagram shown in Fig. 1. A wide range of temperatures is
considered for several values of Jz� on the A2 ⊕ E ⊕ T1−
line. Our simulations expose a rich phase diagram with a
variety of symmetry-breaking phases being realized. In
particular, we find two q ¼ 0 long-range-ordered phases,
namely, the A2 and the mixed A2 ⊕ ψ2 phases, which are
defined at the level of a single tetrahedron. We reiterate that
ψ2 corresponds to the x component of the E irrep.
Furthermore, we find a spin-nematic phase that is stabilized
at low and intermediate temperatures around the point
Jz� ¼ �1=

ffiffiffi
2

p
, where the Hamiltonian in Eq. (1) acquires

additional subsystem symmetries. At Jz� ¼ �1=
ffiffiffi
2

p
,

these additional symmetries prevent any type of conven-
tional magnetic order, resulting in the stabilization of the
spin-nematic phase down to the lowest temperatures. The
spin-nematic phase is characterized by broken cubic spin
rotational symmetry, but unbroken time-reversal symmetry.
The section is organized as follows. First, we introduce

algorithmic details and the measured observables in
Secs. VA and V B, respectively. Our results for the q ¼ 0
phases are shown in Sec. V C. We also compare the
Monte Carlo results with the predictions from classical
low-temperature expansion and Landau theory. The
spin-nematic phase stemming from the zero temperature
Jz� ¼ 1=

ffiffiffi
2

p
point deserves its own discussion as it

presents several additional features. We postpone its dis-
cussion to Sec. VI.

A. Algorithmic details

We study the Hamiltonian in Eq. (1) using large-scale
classical Monte Carlo simulations. We employ Metropolis
[63] and overrelaxation algorithms [64] combined with
parallel tempering exchange [65–67]. The spins are treated
as classical vectors of unit length S2

i ¼ 1. A single
Metropolis step is performed locally, with a trial spin
sampled randomly from a cone around the original spin
direction, using a solid angle that depends on the temper-
ature. The solid angle is initially chosen from a feedback
loop, to ensure an acceptance rate between 0.2 and 0.5
throughout the temperature range. Each lattice sweep of a
Metropolis update is combined with 20 overrelaxation
steps followed by a replica exchange trial of the configu-
rations at adjacent temperatures. To minimize autocorre-
lations, the procedure is repeated 20 times between
successive measurements. Note that the initial condition
affects thermalization. We have tested two different starting
configurations: a random configuration, in which each spin
is sampled independently, and a biased configuration
corresponding to all-in–all-out A2 long-range order. The
random initial condition exhibits a longer thermalization
time and, in some cases, fails to thermalize within the finite

number of Monte Carlo samples. In all cases where
thermalization is achieved, the results are consistent with
those obtained from the biased initialization. We therefore
use the more stable biased starting condition for the results
presented in this work. Errors on the observables are
computed with the jackknife method combined with
blocking techniques [68]. We consider pyrochlore lattices
with L3 tetrahedra and N ¼ 4L3 sites, using L ¼ 6, 8, 10,
12 with periodic boundary conditions. The accumulated
statistics are of the order Oð105Þ for each point in
parameter space. The simulations are carried out on the
high-performance computer Barnard at the NHR Center of
TU Dresden [69].

B. Observables

We measure the following thermodynamic observables
in the simulations.
(1) Specific heat. From energy fluctuations, we measure

the specific heat as

C ≔
1

NT2
ðhH2i − hHi2Þ; ð22Þ

with T the absolute temperature and N the total
number of sites.

(2) Magnetic order parameters. Magnetic order param-
eters are constructed on the single-tetrahedron irreps
mI , I ¼ A2; E; T2; T1�, as

hmIi ¼
����� 1

2SL3

X
⊠

m⊠
I

����
	
; ð23Þ

where
P

⊠ denotes the sum over all tetrahedra on the
lattice and m⊠

I corresponds to the Ith irrep mode in
the ⊠ tetrahedron. The single-tetrahedron irreps
modes are expressed in terms of the spin compo-
nents, as reported in Table III in Appendix A. The
observables in Eq. (23) are normalized such thatP

IhmIi2 ¼ 1 in the low-temperature limit. As a
consequence, if an ordered state associated with a
single irrep I is realized at low temperatures, then we
obtain hmIi ¼ 1 and hmJi ¼ 0 for J ≠ I. However,
in a mixed-irreps phase, the respective order param-
eters acquire a value between 0 and 1, such that the
normalization condition

P
IhmIi2 ¼ 1 is respected.

(3) Sublattice magnetic order parameter. The sublattice
magnetic order parameter provides a measure of
whether any form of magnetic long-range order
develops on the individual sublattices and is
defined as

hm2
subi ¼

�
1

4

X
μ

���� 1

2SL3

X
⊠S⊠;μ

����2
	
; ð24Þ
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where μ denotes the sublattice index in the tetrahe-
dron ⊠, and S⊠;μ is the corresponding spin vector.

(4) Magnetic susceptibilities. We also measure the
susceptibilities of the magnetic order parameters:

χI ¼
N
T
ðhm2

I i− hmIi2Þ; I¼A2;E;T2;T1�: ð25Þ

(5) Binder cumulants. To extract the location of the
transition points from the finite-size simulations and
to analyze the natures of the transition, it is also
useful to measure renormalization-group-invariant
Binder cumulants defined as

UI ¼
hm4

I i
hm2

I i2
; I ¼ A2; E; T2; T1�: ð26Þ

(6) E irrep order parameter. In order to distinguish
between the ψ2 and ψ3 components of the E irrep in
the case of E long-range order, we also measure the
so-called hmE6i parameter, defined as

hmE6i ¼ hmE cos 6ηi; ð27Þ

where η quantifies the angle of the spin configura-
tions in the E manifold [24,70,71]; see Eq. (12). It
reduces to η ¼ nπ=3 if the ψ2 component is realized,
while it assumes the values η ¼ ð2nþ 1Þπ=6 when
the ψ3 component is achieved, with n∈Z in both
cases. Consequently, the hmE6i parameter acquires a
positive (negative) value when the spin configura-
tions in the low-temperature phase are described by a
ψ2 (ψ3) configuration.

(7) Spin-nematic order parameter. The single-site spin-
nematic order parameter is a five-component vector
[12,72–76] obtained by combining the five sym-
metric traceless 3 × 3 matrices ΛðαÞ,

ΛðαÞ ¼

8>><
>>:

1ffiffiffi
3

p

0
B@

−1 0 0

0 −1 0

0 0 2

1
CA;

0
B@

−1 0 0

0 1 0

0 0 0

1
CA;

×

0
B@

0 0 0

0 0 1

0 1 0

1
CA;

0
B@

0 0 1

0 0 0

1 0 0

1
CA;

0
B@

0 1 0

1 0 0

0 0 0

1
CA
9>>=
>>;;

ð28Þ

with the traceless symmetric tensor Qμν
i ¼Sμi S

ν
i −

1
3
δμν, as

dαi ¼
ffiffiffi
3

p

2
Tr½QiΛðαÞ�; ð29Þ

where the normalization factor is fixed by demand-
ing a unitary absolute value of di if any a nematic
state is realized. Explicitly, the five components [77]
of di read

d1i ¼
1

2
½2ðSzi Þ2−ðSxi Þ2−ðSyi Þ2�;

d2i ¼−
ffiffiffi
3

p

2
½ðSxi Þ2−ðSyi Þ2�;

d3i ¼
ffiffiffi
3

p
Sxi S

y
i ; d4i ¼

ffiffiffi
3

p
Sxi S

z
i ; d5i ¼

ffiffiffi
3

p
Syi S

z
i : ð30Þ

Further details on the single-site nematic order
parameter in the global and local bases are given
in Appendix F. In the Monte Carlo simulations, we
measure the long-range spin-nematic order param-
eter as

hmnemi ¼
����� 1

4S2L3

X
i

di

����
	
: ð31Þ

By construction, this order parameter is also nonzero
in the q ¼ 0 ordered phases we observe [78].
However, in the regions where the ordinary long-
range irreps order parameters in Eq. (23) vanish, the
quantity in Eq. (31) can still be finite, signaling a
spin-nematic phase with unbroken time-reversal
symmetry and broken spin rotational symmetry.

(8) Equal-time spin structure factor. The equal-time
spin structure factor is defined as

SðqÞ ¼ 1

N

X
i;j

hSi · Sjie−iq·ðRi−RjÞ; ð32Þ

where Ri is the position vector of the site i on the
lattice.

C. Magnetic q= 0 phases

In the following, we present the numerical results from
Monte Carlo simulations. First, the non-Kramers case is
covered, then the finite Jz� Kramers results are reported.
Details on the finite-size-scaling procedure used to analyze
continuous phase transitions are given in Appendix G.

1. Non-Kramers case Jz ± = 0

At Jz� ¼ 0, the Hamiltonian in Eq. (1) describes a non-
Kramers spin system, where the local z components of
pseudospins transform as magnetic dipoles and the local xy
components transform as magnetic quadrupoles [6,79]. In
this case, the T1− irrep mode corresponds to a splayed
ferromagnet where the spins lie on the local xy planes of
each sublattice; see Appendix A for details. Consequently,
both the E and the T1− irreps are regarded as local xy irreps,
with the spin configurations for these irreps lying on the
local xy planes, while the A2 irrep is a local z irrep. For
Jz� ¼ 0, the Monte Carlo data indicate a phase transition

EXACT NEMATIC AND MIXED MAGNETIC PHASES DRIVEN BY … PHYS. REV. X 16, 031070 (2026)

031070-11



from a paramagnetic phase into an A2 long-range-ordered
phase at Tc ¼ 0.957ð1Þ. The A2 long-range order extends
down to the lowest temperatures we considered and agrees
with the predictions from the classical low-temperature
expansion discussed in Sec. III; see Fig. 5. The A2 irreps
transform as aZ2 object, so the critical behavior is expected
to fall in the three-dimensional Ising universality class, at
least asymptotically, if the transition is continuous. Finite-
size scaling allows us to extract the exponent ν ¼ 0.635ð8Þ
and γ ¼ 1.205ð15Þ, consistent with the three-dimensional
Ising universality class [80,81]. Details on the scaling
analysis are provided in Appendix G.
As the temperature approaches zero, the specific

heat does not reach a unitary value, as expected from
the equipartition theorem for purely quadratic fluctua-
tions, implying that the low-energy fluctuations about the
ground-state configuration are of higher order [18,31,82].
Indeed, as we already briefly mentioned in Sec. III, the
classical low-temperature expansion finds that the matrix
H2ðqÞ has two zero-energy flat bands in momentum
space, meaning that two out of the eight fluctuation
modes are not captured by the quadratic approximation,
therefore identifying two of these fluctuation modes as
quartic or higher modes. In the case the fluctuations
modes are only quadratic and quartic in nature, the
specific heat in the low-temperature limit is expected to
asymptotically approach the value

C
kB

¼ 1

4

�
n2
2
þ n4

4

�
; ð33Þ

where n2 is the number of quadratic modes and n4 is the
number of quartic modes, and n2 þ n4 ¼ 8 is the total
number of fluctuation modes. Under the assumption
that the two zero modes obtained in the second-order
classical low-temperature expansion evolve into quartic
modes when higher-order fluctuations are considered,
corresponding to n2 ¼ 6 and n4 ¼ 2, the predicted low-
temperature specific heat is ðC=kBÞ ¼ 7=8. As illustrated
in Fig. 5(a), this value is asymptotically approached by the
specific heat in the low-temperature regime, validating the
quartic-modes hypothesis.

2. Kramers case Jz± ≠ 0

In contrast to the non-Kramers system, all the spin
components in a Kramers system transform as magnetic
dipoles, allowing for a nonvanishing Jz� coupling. In this
case, the classical low-temperature expansion identifies
mixed A2 ⊕ ψ2 states as the maximal entropy spin con-
figurations; see Fig. 3(k). Our Monte Carlo simulations
confirm that the low-temperature state along the A2 ⊕ E ⊕
T1− line realizes a mixed A2 ⊕ ψ2 phase, where the order
parameters associated to these two magnetic orders acquire
finite values in the low-temperature regime, with the
exception of the immediate vicinity of the point

Jz� ¼ 1=
ffiffiffi
2

p
. Our low-temperature Monte Carlo simula-

tions in fact show a remarkable quantitative agreement with
the classical low-temperature expansion predictions at low
temperatures (see Sec. III). The qualitative features asso-
ciated with the transitions and order-parameter evolutions
are well captured by the Landau theory (see Sec. IV). A
detailed comparison is provided at the end of this section.
For the low-temperature regime, it is crucial to highlight
that the predictions of the classical low-temperature expan-
sion are valid only in this low-temperature region of the
phase diagram. Indeed, and as elucidated in recent works
[38,42,70], the state selected at high temperatures can differ
from those selected at intermediate and low temperatures.
Indeed, our Monte Carlo simulations reveal a more intricate
phase diagram, characterized by a cascade of phase
transitions between the q ¼ 0 phases and the nematic
phase, which are not exposed by the classical low-temper-
ature expansion. Ultimately, the A2 ⊕ ψ2 phase is
approached in different ways as temperature is lowered,
depending on the value of Jz�. It is worth noting that, in our
Monte Carlo simulations, the long-range A2 ⊕ E order is
well captured by the long-range order parameters in
Eq. (23). These parameters, however, are not able to
differentiate between ψ2 and ψ3 components of the E
irreps. For this purpose, we have also studied the evolution
of the so-called hmE6i parameter; see Eq. (27). In what
follows, we discuss the results obtained for the q ¼ 0

FIG. 5. Monte Carlo results in the non-Kramers case Jz� ¼ 0.
(a) Specific heat, (b) A2 order parameter, and (c) E order
parameter as functions of the temperature T for different lattice
sizes L. The continuous transition at Tc, indicated by the vertical
dashed line, separates the paramagnetic phase at high temper-
atures from the A2 long-range-ordered phase at low temperatures.
In (a), the horizontal dashed line at C ¼ 7=8 highlights the low-
temperature limit of the specific heat, as expected from the
equipartition theorem with n2 ¼ 6 quadratic modes and n4 ¼ 2
quartic modes.
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phases in two parameter regimes, one for a small coupling
Jz� ≲ 1=

ffiffiffi
2

p
and one for a large coupling Jz� ≳ 1=

ffiffiffi
2

p
.

(a) Small coupling Jz� ≲ 0.5. For sufficiently small Jz�,
the low-temperature phase is reached through two
phase transitions located at Tc1 and Tc2, with
Tc1 < Tc2; see Fig. 1. The higher-temperature tran-
sition at Tc2 is continuous and takes the system from
the paramagnetic phase to an A2 ordered phase. The
lower-temperature transition is discontinuous and
takes the system from the A2 order phase to the mixed
A2 ⊕ ψ2 phase.
Figure 6 illustrates a representative example of the

specific heat, order parameters, and irrep-magnitude
distribution for Jz� ¼ 0.4. The specific heat depicted
in Fig. 6(a) develops two sharp features at Tc1 ¼
0.122ð2Þ and Tc2 ¼ 0.752ð2Þ, signaling the phase
transitions. We note that the peak at Tc2 slowly
increases with system size, indicating a continuous
transition with a small α=ν critical-exponent ratio. In
this temperature regime, the mA2

order parameter
varies smoothly, see Fig. 6(b) with a diverging slope
at the transition, similar to the behavior seen in the
Landau theory. Finite-size scaling of the respective
Binder parameter around Tc2 yields a value of the
correlation-length exponent ν ¼ 0.62ð3Þ, in good
agreement with the theoretical value ν ¼ 0.629 97
for the three-dimensional Z2 universality class. How-
ever, the finite-size scaling on the susceptibility χA2

yields a ratio γ=ν ¼ 1.66ð4Þ which is quite far from
the expected value γ=ν ¼ 1.9637 for the three-dimen-
sional Z2 universality class [80,81]. Further details
on the scaling analysis are given in Appendix G. This
disagreement may be caused by a slow renormaliza-
tion-group flow in our microscopic model on the
A2 ⊕ E ⊕ T1− line, leading to sizable finite-size
corrections to the asymptotically expected critical
behavior [23,80]. Although possibly slightly more
pronounced in our case, similar deviations from the
respective expected universality were also observed
in the context of Heisenberg-Dzyaloshinskii-Moriya
pyrochlores [23].
As the system cools down, our Monte Carlo

simulations detect a rapid change at T ¼ Tc1 in
the A2 and E order parameters, shown in Figs. 6(b)
and 6(c). This jump, in addition to the sharp peak
of the specific heat, shown in Fig. 6(a), and the
double-peak structure in the histograms of the order-
parameter-magnitude distributions at T ≈ Tc1, dis-
played in Figs. 6(d) and 6(e), allows us to identify
this transition as a first-order transition. In the low-
temperature phase, the E order parameter hmEi jumps
to a finite value, effectively reducing the magnitude
of hmA2

i.
The phase transitions and their nature can be inter-

preted in the following way. The relevant symmetries

are represented by time-reversal symmetry Θ and
threefold rotation symmetry C3, which are isomorphic
to a Z2 × Z3 symmetry group structure. Time-reversal
(Z2) symmetry breaking is spontaneously broken at Tc2
with the possibility of a continuous transition in the
three-dimensional Ising universality class, which seems

FIG. 6. Monte Carlo results in the Kramers case for Jz� ¼ 0.4.
(a) Specific heat, (b) A2 order parameter, and (c) E order
parameter as functions of the temperature T for different lattice
sizes L. The two dashed lines indicate the positions of the phase
transitions. The continuous transition at Tc2 ≈ 0.752 separates the
paramagnetic phase at high temperatures from the A2 long-range
order phase at intermediate temperatures. The first-order tran-
sition at Tc1 ≈ 0.122 separates the A2 phase at intermediate
temperatures from the mixed A2 ⊕ ψ2 phase at low temperatures.
(d) Histogram of the A2-order-parameter magnitude at the critical
temperature Tc1 ≈ 0.122. (e) Same as (d), but for the E-order-
parameter magnitude. (f) Sketch of the A2 ⊕ E ⊕ T1− first
octant, generated by the mixing angles θ and ϕ in Eq. (9).
(g) Irrep-magnitude distribution on the A2 ⊕ E ⊕ T1− first
octant, stereographically projected, measured on many spin
configurations obtained from Monte Carlo simulations at a
low temperature. The value of the mixing angle ϕ at the center
of the distribution agrees well with the prediction from classical
low-temperature expansion (white dashed line).
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to be numerically realized. The residual rotational C3

symmetry (Z3) is broken at Tc1, realizing a first-order
phase transition as expected from three-state clock
models or three-state Potts model [83].
To further characterize the low-temperature mixed

phase observed below Tc1, we employ Eq. (10) to
extract the A2 ⊕ ψ2 mixing angle ϕ. The mixing
angle between these irreps is obtained by measuring
the distribution of the magnitude of the local single-
tetrahedron irreps, i.e., the distribution obtained from
the magnitude of the irreps in the L3 tetrahedra in a
single full-system configuration [16,31] [see Fig. 6(f)
for the coordinate frame used for these distributions].
Since the T1− irrep is strongly thermally depopulated at
temperatures below Tc1, the distribution of the single-
tetrahedron irreps lies close to the equator line of the
A2 ⊕ Emixed phase,with θ ≈ π=2. This is illustrated in
the histogram of the single-tetrahedron irreps shown in
Fig. 6(g). Below Tc1, the distribution is concentrated
around a finite value of ϕ, which effectively quantifies
the mixing between the A2 and E irreps; see the white
dashed line in Fig. 6(g). The precise location at which
the distribution concentrates at low temperatures de-
pends on Jz�, implying that themixing angleϕ defining
the low-temperature phase drifts as a function of Jz�,
in agreement with the results of the classical low-
temperature expansion.

(b) Large coupling Jz� ≳ 0.9. For sufficiently large Jz�,
approximately Jz�≳0.9, the low-temperature A2⊕ψ2

phase is reached through a single continuous phase
transition at critical Tc; see Fig. 1. Figure 7 illustrates a
representative example of the specific heat and irrep
order parameters for Jz� ¼ 1.2. In this large-coupling
regime, the specific heat peaks at Tc, followed by a
broad hump at lower temperatures; see Fig. 7(a).
Reducing the temperature below Tc, hmEi continu-
ously increases to a moderate value, while hmA2

i
initially increases only very slowly; see Figs. 7(b)
and 7(c). As the system is cooled below temperatures
where the hump in the specific heat is observed, hmA2

i
starts to also increase significantly. Concurrently, the
hmEi keeps on increasing as the system is further
cooled, with only minor changes in the slope of this
order parameter. Given that the ψ2 and A2 ⊕ ψ2 spin
configurations break the same symmetries, the low-
temperature hump in the specific heat should be
interpreted as a crossover from a region with dominant
ψ2 order to one with moderate order in both the A2 and
ψ irreps, rather than as a genuine phase transition [84].
This interpretation is further supported by the behavior
of the A2 Binder cumulant and susceptibility. The
Binder cumulant shows no crossing point, as would be
expected for a genuine phase transition, and the
susceptibility exhibits no divergence with increasing
system size (see Appendix H). Given that the internal

energies of the ψ2 and A2 ⊕ ψ2 spin configurations
are degenerate by construction, the low-temperature
hump in the specific heat reflects the entropy release
associated with thermal fluctuations of the A2 irrep,
while all symmetry breaking occurs at Tc.
The precise location of Tc ¼ 0.440ð2Þ is deter-

mined from the E Binder cumulant, showing a
common crossing point at different sizes at the critical
temperature. We also attempted to characterize the
critical behavior by extracting critical indices from
the finite-size scaling of the Binder cumulant and the E
susceptibility, obtaining ν ¼ 0.65ð2Þ and γ=ν ¼
1.60ð2Þ; see Appendix G for details. The transition
and its nature can be interpreted within the following
scenario. The symmetry group Z2 × Z3 ≃ Z6 is spon-
taneously broken, both Z2 and Z3, at Tc. At criticality,
the Z6 anisotropies are irrelevant and the system
experiences a symmetry enlargement to the continuous
U(1) group [85], so the critical behavior could fall, at
least asymptotically, into the three-dimensional U(1)
universality class, characterized by ν ¼ 0.6717 and
γ=ν ¼ 1.9618 [80,86,87]. Comparing the finite-
size-scaling critical exponents with those of the
three-dimensional U(1) universality class, we find
that ν agrees with the theoretical value within error
bars, whereas γ=ν deviates significantly. A possible

FIG. 7. Monte Carlo results in the Kramers case for Jz� ¼ 1.2.
(a) Specific heat, (b) A2 order parameter, and (c) E order
parameter as functions of the temperature T for different lattice
sizes L. The dashed line at Tc ≈ 0.440 indicates the position of
the continuous transition that separates the paramagnetic phase at
high temperatures from the A2 ⊕ ψ2 long-range-ordered phase at
intermediate and low temperatures. The states below and above
the broad hump observed in the specific heat (as long as T < Tc)
are characterized by the same symmetries, such that the hump
corresponds to a crossover rather than a genuine phase transition,
as also evidenced by the behavior of the A2 Binder cumulant and
susceptibility shown in Appendix H.
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explanation is a slow renormalization-group flow in
our microscopic model along the A2 ⊕ E ⊕ T1− line,
similar to the case for small Jz� discussed in the
previous paragraph (see also Ref. [23]).

(c) Comparison with predictions from classical low-
temperature expansion and Landau theory. Except
in the immediate vicinity of the point Jz� ¼ 1=

ffiffiffi
2

p
,

our Monte Carlo simulations reveal a mixed A2 ⊕ ψ2

low-temperature ground state throughout the phase
diagram, in agreement with the expectation from the
classical low-temperature expansion (see Sec. III).
In fact, the agreement with the classical low-
temperature expansion expectations can be assessed
on a quantitative level by studying the single-tetra-
hedron-irrep-magnitude distribution on the full-lat-
tice configurations obtained from Monte Carlo
simulations, and measuring the resulting mixing
angles in the low-temperature regime; see, e.g., the
irrep-magnitude distribution on the A2 ⊕ E ⊕ T1−
manifold shown in Fig. 6(g). From the distributions,
we extract the average A2 ⊕ Emixing angle ϕ, which
may be compared with the corresponding expectation
from the classical low-temperature expansion; see,
e.g., Fig. 3. Since we measured the magnitude of the
irreps in the classical Monte Carlo simulations,
the corresponding mixing angle is restricted to
ϕ∈ ½0; π=2�. This means that mixing angles
ϕ > π=2 obtained in the classical low-temperature
expansion need to be reflected as ϕ → π − ϕ to
facilitate comparison with the corresponding angles
measured in the Monte Carlo simulations. Figure 8
shows, within error bars, excellent agreement be-
tween classical Monte Carlo simulations and the
classical low-temperature expansion across the entire
phase diagram, thereby linking the low-temperature
order-by-
disorder phenomenon discussed in Sec. III to the
corresponding regions of the Monte Carlo phase
diagram. In particular, the angle extracted from the
Monte Carlo data also presents a jump around the
position J⋆z� ≈ 1.26 predicted from the classical low-
temperature expansion. It is caused by the change in
the highest-entropy configuration described by the
two A2 ⊕ ψ2 branches, see Sec. III, and can be
interpreted as an unnecessary first-order transition
occurring within a single thermodynamic phase.
This transition may be understood as a magnetic
analog of the liquid-gas transition [88] and is here
driven by tuning Jz� at fixed temperature, separating
twoA2 ⊕ ψ2 configurations characterized by different
mixing angles ϕ1 and ϕ2. Up to our maximal sizes, we
cannot resolve this transition in the specific heat, while
it is well represented in the order parameters.
Our Monte Carlo results can also be compared

with the Landau-theory analysis presented in

Sec. IV. As discussed above, both approaches yield
continuous transitions between the paramagnetic
phase and the magnetically ordered phases, while
the transition between the two distinct magnetic
phases (A2 and A2 ⊕ ψ2) observed for Jz� < 1=

ffiffiffi
2

p
is identified as first order. The evolution of the order
parameters shown in Figs. 6(b) and 6(c) near the
continuous transition at Tc2 closely resembles the
corresponding Landau transition in Fig. 4(c). How-
ever, the critical exponent β in the power law hmA2

i ∝
ðTc2 − TÞβ differs from the value predicted by Landau
theory, as expected below the upper critical dimen-
sion. The behavior near the low-temperature transition
at Tc1, between the A2 and A2 ⊕ ψ2 phases [Figs. 6(b)
and 6(c)], can be qualitatively described by the Landau
transition shown in Fig. 4(f). For Jz� > 1=

ffiffiffi
2

p
, the

evolution of the order parameters [Figs. 7(b) and 7(c)]
is similar to that captured by the Landau transition
in Fig. 4(d), where the E order parameter dominates
near the phase transition, while the A2 order param-
eter becomes comparable only deeper in the or-
dered phase.

VI. SPIN-NEMATIC PHASE

In this section, we present a detailed discussion of
the nematic phase found in the vicinity of the point
Jz� ¼ 1=

ffiffiffi
2

p
. We discuss the emergence of additional

symmetries at this point and identify dual models that
consequently realize analogous ground states at low tem-
peratures. We illustrate how the ground-state configurations
of the nematic state can be explicitly constructed and
demonstrate that these can be classified according to
their total magnetization. We then present a detailed
Monte Carlo analysis illustrating how the nematic phase
is reached from higher temperatures and discuss the

FIG. 8. A2 ⊕ E mixing angle ϕ in the low-temperature state as
a function of Jz� from classical low-temperature expansion
(CLTE) and classical Monte Carlo (CMC) simulations. The
vertical dashed line at J⋆z� ≃ 1.262 indicates the value of the
coupling at which the mixing angle abruptly changes.
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correlation functions and irrep-magnitude distributions
measured in this phase.

A. Additional symmetries at Jz± = ±1=
ffiffiffi
2

p

The point Jz� ¼ �1=
ffiffiffi
2

p
plays a special role along the

A2 ⊕ E ⊕ T1− line, with no conventional magnetic order
detected down to the lowest temperatures [37]. At this
point, the Hamiltonian in Eq. (1) has a subextensive
number of additional exact symmetries that prevent dipole
ordering throughout the whole system. To discuss the
symmetries and construct the ground-state manifold, it is
convenient to first discuss the case Jz� ¼ −1=

ffiffiffi
2

p
, which is

dual to Jz� ¼ 1=
ffiffiffi
2

p
[6,31]. At this point, the Hamiltonian

takes the simplified compass-model-like [89] form,

H<
nem ¼ J2

X
⊠

ðsz0sz1 þ sz2s
z
3 þ sy0s

y
2 þ sy1s

y
3 þ sx0s

x
3 þ sx1s

x
2Þ;

ð34Þ

in the global basis defined in Appendix A. Here, J2 ¼
3Jzz < 0, and the global spin components sαμ are obtained
using Eq. (A3). We refer to the Hamiltonian in Eq. (34) as
the “nematic” Hamiltonian H<

nem, where < signifies the
negative sign of the coupling Jz�. To expose the additional
symmetry realized by the nematic Hamiltonian, we first
note that the pyrochlore lattice can be constructed as a set of
nonoverlapping chains in three possible ways: (i) The first
is obtained by considering chains running along the (110)
and (11̄0) directions, (ii) the second way is by considering
chains running along the (011) and (011̄) directions, (iii)
and the last possible way is by considering chains running
along the (101) and (101̄) directions [90]. In each of these
cases, a chain is composed of only two specific sublattice
sites; e.g., the chains running along the (110) direction are
composed of sublattice sites μ ¼ 0 and μ ¼ 1.
The nematic Hamiltonian consists of three different

terms with Ising-type interactions along the three different
cubic axes in the global basis, namely, an x term
J2
P

⊠ sx0s
x
3 þ sx1s

x
2, a y term J2

P
⊠ sy0s

y
2 þ sy1s

y
3, and a z

term J2
P

⊠ sz0s
z
1 þ sz2s

z
3. The three sets of chains corre-

sponding to the three different terms in the nematic
Hamiltonian are illustrated in Fig. 9. On the level of a
single tetrahedron, each of these terms describes a pairwise
ferromagnetic (recall that J2 < 0) interaction between the
global Cartesian components of the spins on two
perpendicular bonds of a single tetrahedron. In the full
lattice, each of these sets of interactions defines a system of
nonoverlapping infinite spin chains, corresponding to the
three ways in which the pyrochlore can be constructed as
mentioned above. The decomposition of the nematic
Hamiltonian into the x, y, and z terms results in an
additional Z2 symmetry on every spin chain over a fixed
Cartesian component of the spins. Focusing on the z term,
for example, the Hamiltonian is invariant under the

transformation ðsz0; sz1Þ → −ðsz0; sz1Þ, with the spins in sub-
lattices 0 and 1 lying on a chain along the (110) direction.
As these additional Z2 symmetry transformations involve
only a subset of the spins in the lattice, we identify these as
subsystem symmetries [91,92].
The subsystem symmetries also result in an enlarged

ground-state manifold. Indeed, since each spin chain is
associated with aZ2 symmetry, there are of the order of 6L2

additional subsystem symmetries on the system. These
imply that the ground-state manifold of the system must
present a similar number of ground-state configurations,
resulting in a subextensive ground-state manifold. This
subextensive degeneracy can be exposed by studying the
spectrum of the interaction matrix Jαβij associated to the
nematic Hamiltonian in reciprocal space [93]. Figure 10
illustrates the energy bands of the interaction matrix along
two high-symmetry paths. We note that, in the ½hhl�
plane [Fig. 10(a)], the lowest-energy band is completely
flat, whereas it becomes dispersive in the ½hk0� plane
[Fig. 10(b)]. From a self-consistent Gaussian approxima-
tion (a soft-spin approximation where the spin-length
constraint is fulfilled on average in the system)
[31,94–96], this degeneracy in the lowest-energy bands
implies that there areOðL2Þ spin modes in the ground-state
manifold, agreeing with the 6L2 additional subsystem
symmetries Z2 present in the model with Jz� ¼ −1=

ffiffiffi
2

p
.

Furthermore, due to the duality of the Hamiltonian in
Eq. (1) under the sign change of the Jz� coupling [6], all the
properties we have discussed for the Hamiltonian H<

nem,
where Jz�¼−1=

ffiffiffi
2

p
, are also applicable to its dual, namely,

H>
nem, where Jz� ¼ 1=

ffiffiffi
2

p
. In particular, the spectrumof the

interaction matrix possesses the same form.
The spectrum of the interaction matrix shown in Fig. 10

exposes an additional symmetry of the system: The bands

FIG. 9. Illustration of the three sets of spin chains along which
the three different terms occurring in the nematic Hamiltonian
H<

nem are defined. z terms defined on the blue chains correspond
to interactions of the form sz0s

z
1 þ sz2s

z
3, y terms (red chains)

correspond to sy0s
y
2 þ sy1s

y
3, and x terms (yellow chains) corre-

spond to sx0s
x
3 þ sx1s

x
2.
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of the interaction matrix are symmetric about the zero-
energy line. This symmetry implies that the subsystem
symmetries and ground-state degeneracy realized in the
nematic Hamiltonians H<

nem and H>
nem must also hold for

their inverse additives −H<
nem and −H>

nem. The additional
symmetry of the spectrum is also reflected in the irreps’
energies. Indeed, we identify two sets of degenerate irreps
with opposite energies, each one containing 6 out of the
12 degrees of freedom encoded in the irreps; one with
aA2 ¼ aE ¼ aT1−

¼ 3Jzz and the other aT2
¼ aT1þ ¼

−3Jzz. Hence, we can identify the six negative-energy
bands in Fig. 10 with the six negative-energy modes, while
the positive-energy bands link to the six positive-energy
irreps. Depending on the sign of Jzz, the negative-energy
modes are identified with A2 ⊕ E ⊕ T1− for Jzz < 0 and
with T1− ⊕ T2 for Jzz > 0. Below, we demonstrate that the
point Jz� ¼ 1=

ffiffiffi
2

p
on the A2 ⊕ E ⊕ T1− line realizes an

exact nematic point. The duality involving the Jzz sign,
combined with the duality relating positive and negative
Jz� regions, allows us then to expose four exact nematic
points, two on the A2 ⊕ E ⊕ T1− degenerate line and two
on the T1− ⊕ T2 degenerate plane, as summarized in
Table II.

B. Characterization of ground-state manifold

The presence of the additional Z2 subsytem symmetries
has important consequences for the single-tetrahedron
irreps. At the level of a single tetrahedron, these symmetries
provide a transformation relating the A2 ⊕ ψ2 and T1− spin
configurations. At the nematic point Jz� ¼ 1=

ffiffiffi
2

p
, the

A2 ⊕ ψ2 configurations with the highest-entropy contribu-
tion consist of six antiferromagnetic configurations, for
example,

S0¼
2exþ2ey−ez

3
S; S1 ¼

−2ex−2ey−ez
3

S; ð35Þ

S2 ¼
−2exþ2eyþez

3
S; S3 ¼

2ex−2eyþez
3

S; ð36Þ

on a single tetrahedron, as sketched in Fig. 11(a). On the
other hand, the T1− subspace consists of six splayed
ferromagnetic states, such as

S0 ¼
−2ex−2eyþez

3
S; S1¼

2exþ2eyþez
3

S; ð37Þ

S2 ¼
−2exþ2eyþez

3
S; S3 ¼

2ex−2eyþez
3

S; ð38Þ

FIG. 10. Interaction-matrix bands in reciprocal space of the
Hamiltonian in Eq. (34) along a high-symmetry path in the
(a) ½hhl� and (b) ½hk0� planes.

TABLE II. Exact nematic point with coordinates in local and
global basis (cf. Appendix A).

Degenerate
irreps

Local basis
ðJzz; J�; J��; Jz�Þ

Global basis
ðJ1; J2; J3; J4Þ

A2 ⊕ E ⊕ T1− ðJzz < 0;− Jzz
2
; Jzz
2
; Jzzffiffi

2
p Þ ð0; 3; 0; 0ÞJzz

A2 ⊕ E ⊕ T1− ðJzz < 0;− Jzz
2
; Jzz
2
;− Jzzffiffi

2
p Þ ð− 4

3
; 1
3
;− 4

3
; 2
3
ÞJzz

T2 ⊕ T1− ðJzz > 0;− Jzz
2
; Jzz
2
; Jzzffiffi

2
p Þ ð0; 3; 0; 0ÞJzz

T2 ⊕ T1− ðJzz > 0;− Jzz
2
; Jzz
2
;− Jzzffiffi

2
p Þ ð− 4

3
; 1
3
;− 4

3
; 2
3
ÞJzz

FIG. 11. Representative ground-state configuration on a single
tetrahedron obtained from (a) A2 ⊕ ψ2 and (b) T1− irreps at
Jz� ¼ 1=

ffiffiffi
2

p
. The additional Z2 symmetries allow for a flipping

of the spins on sublattices 0 and 1, yielding a mapping between
the A2 ⊕ ψ2 mode and the T1− mode. There are a total of six
states for both the A2 ⊕ ψ2 and T1− spin configurations, which
are mapped one to one into each other, i.e., A2 ⊕ ψ2 ↔ T1−, by
the additional symmetry transformation. Colored arrows indicate
local bases vectors xμ, yμ, zμ, while black arrows indicate spin
directions. The opaque disks in (a) represent the A2 ⊕ ψ2

manifold.
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shown in Fig. 11(b). We note that in these two configu-
rations the spins S0 and S1 are inverted, whereas the
remaining spins S2 and S3 possess the same orientation.
The agreement between the spin configurations in sublat-
tices μ ¼ 2 and μ ¼ 3 is associated with the additional
subsystem Z2 symmetry. In other words, starting from a
single-tetrahedron A2 ⊕ ψ2 spin configuration, the appli-
cation of a Z2 subsystem symmetry on the spin chain
containing sites μ ¼ 0 and μ ¼ 1 yields a single-tetrahedron
T1− state, illustrated in Fig. 11(b). In more general terms,
each of the six states of theA2 ⊕ ψ2 subspace aremapped by
the Z2 subsystem symmetry to a unique T1− state. The fact
that the relation between these spin configurations arises
from an exact symmetry at Jz� ¼ 1=

ffiffiffi
2

p
implies that the T1−

irrep presents the same entropy and thereforemust be present
at higher temperatures, as also confirmed by our
Monte Carlo results discussed in Sec. VI C [97].
Beyond the single-tetrahedron level, the fact that the

A2 ⊕ ψ2 and T1− modes feature the same S2 and S3, but
different S0 and S1, allows us to tile single tetrahedra with
different spin configurations, effectively constructing full
spin configurations in the entire lattice. Following this
construction results in spin configurations of ordered chains
with each tetrahedron realizing either a A2 ⊕ ψ2 or T1−
state. This leads to a multitude of full-lattice spin configu-
rations which, in general, do not preserve translational
symmetry. Because of the subsystem symmetries, each
chain of spins is independent from the others, suppressing
any long-range dipolar order. As a consequence, time-
reversal symmetry is preserved, but the preferred directions
of the spins break the rotational symmetry of the micro-
scopic Hamiltonian, resulting in a spin-nematic state at low
temperatures.
Let us now use the Z2 subsystem symmetries to identify

and characterize the spin configuration in the ground-state
manifold. As a starting point, consider the Hamiltonian
H<

nem in Eq. (34). In this case, the T1− irrep describes a
collinear ferromagnetic spin configuration. Taking one of
the three cubic domains, say, the z direction, we can
explicitly construct the ground-state manifold. Consider
the fully aligned state with all chains pointing along the þz
direction with magnetization 4L3S, corresponding to all
tetrahedra being in theþz component of the T1− mode. The
application of theZ2 subsystemsymmetries along the chains
results in full-lattice configurations belonging to distinct
magnetization sectors. Each magnetization sector has a total
magnetization ofMn ¼ ð4L3 − 4LnÞS, obtained by flipping
the z components of the spins in n randomly selected spin
chains of the fully aligned configuration. Following this
procedure until all spin chains have been flipped results in
the fully aligned state along the−z direction, which features
all the tetrahedra in the−z component of theT1−mode. Each
magnetization sector can be characterized by the number of
flipped spin chainsn, which varies from0 in the fully aligned
state along theþz direction to 2L2 for the fully aligned state

along the−z direction. This identification allows us to count
the number of microstates per magnetization sector,

Ωn ¼
�
2L2

n

�
; ð39Þ

contributing to the degeneracy of the ground state, see
Fig. 12(a), and leading to a subextensive residual entropy of

S ¼ ln

�
3
X2L2

n¼0

Ωn

�
¼ 2L2 ln 2þ ln 3; ð40Þ

FIG. 12. (a) Normalized magnetization M=ð4L3SÞ of the 22L
2

distinct states in the ground-state manifold at the exact nematic
point Jz� ¼ −1=

ffiffiffi
2

p
. States are indexed by decreasing magneti-

zation, starting from the fully aligned configuration with all
chains along þz. The Z2 subsystem symmetries generate distinct
sectors, visible as magnetization plateaus. Each plateau n has
width Ωn, corresponding to the number of microstates with
magnetization Mn. (b) Distribution of the normalized magneti-
zation M=ð4L3SÞ across magnetization sectors. The distribution
is peaked near zero magnetization and approaches a deltalike
form around M ¼ 0 in the thermodynamic limit. (c) Representa-
tive ground-state configuration for Jz� ¼ −1=

ffiffiffi
2

p
, with blue (red)

arrows corresponding to spin chains that have been flipped (have
not been flipped) with respect to the fully aligned configuration.
(d) Representative ground-state configuration for Jz� ¼ 1=

ffiffiffi
2

p
,

obtained from the configuration in (b) by a duality transformation
involving a C2 spin rotation about the local zμ axes.
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where themultiplicative factor 3 accounts for the three cubic
directions.
The magnetization sector with the largest number of

microstates is reached when half of the spin chains are
flipped, i.e., for n ¼ L2, and the total magnetization of the
system vanishes. All other sectors have a nonvanishing total
magnetization. We note that time-reversal symmetry links
positive and negative magnetization sectors of the ground-
state manifold, enforcing the magnetization to be an odd
function with center n ¼ L2, as shown in Fig. 12(a), and
proved by the relation M2L2−n ¼ −4LðL2 − nÞS ¼ −Mn.
The microstate degeneracy is an even function around the
point n ¼ L2, with Ω2L2−n ¼ Ωn. The magnetization dis-
tribution shown in Fig. 12(b) is peaked around M ¼ 0. As
the thermodynamic limit is approached, the width of the
distribution decreases proportionally to 1=L, while the
height of the peak at M ¼ 0 increases as 22L

2

=L. In this
limit, the distribution converges to a deltalike form centered
at zero magnetization, indicating that time-reversal sym-
metry remains unbroken in the ground state at the nematic
point Jz� ¼ 1=

ffiffiffi
2

p
.

A representative ground-state configuration of the nem-
atic HamiltonianH<

nem with zero magnetization (n ¼ L2) is
displayed in Fig. 12(c), where all tetrahedra are in a collinear
antiferromagnetic configuration. In Fig. 12(d), we provide
the equivalent dual configuration, obtained for the dual
nematic Hamiltonian H>

nem for Jz� ¼ 1=
ffiffiffi
2

p
. The duality

preserves the degeneracy counting and the symmetry, which
remains valid also in the H>

nem case. The duality trans-
formation connecting the positive and negative Jz� cases
acts as a C2 rotation about the local zμ axes. An example is
shown in Figs. 12(c) and 12(d), with spin transforming

S0 ¼ Sez ↦
2ex þ 2ey − ez

3
S;

S1 ¼ Sez ↦
−2ex − 2ey − ez

3
S;

S2 ¼ −Sez ↦
−2ex þ 2ey þ ez

3
S;

S3 ¼ −Sez ↦
2ex − 2ey þ ez

3
S; ð41Þ

from the Jz� ¼ −1=
ffiffiffi
2

p
spin configuration on the left-hand

side to Jz� ¼ 1=
ffiffiffi
2

p
spin configuration on the right-hand

side, where the spin components are expressed in the global
basis defined in Appendix A.
The preceding arguments deserve an additional remark.

As discussed in the previous subsection, the interaction-
matrix band analysis in Sec. VI A reveals flat planes rather
than flat bands among the low-energy modes, as shown in
Fig. 10. This structure suggests a scaling of the ground-
state degeneracy as OðL2Þ [98], consistent with the sub-
extensive residual entropy in Eq. (40). However, the states
considered in the above reasoning do not exhaust the full

set of energetically degenerate states. In particular, the pure
A2 all-in–all-out and the E long-range-ordered states also
belong to the degenerate manifold, yet they were not
included in our counting. The reason is that their degen-
eracy is only of order Oð1Þ. These long-range-ordered
configurations correspond to the band-touching points at
the Γ point in Fig. 10, which do not contribute (sub)
extensively. To further support the construction of the
ground-state manifold and the distribution of the total
magnetization of the nematic phase, we perform a statistical
study of the ground-state manifold. Figure 13 illustrates the
distribution of the total magnetization obtained for over
180 000 states in an L ¼ 10 lattice, where all states possess
the ground-state energy E0 ¼ −3Jzz as confirmed in the
inset. The distribution agrees with our analytical construc-
tion; cf. Fig. 12(b). We therefore conclude that our estimate
captures those states that are entropically relevant, yielding
a subextensive degeneracy that governs the physics in the
thermodynamic limit.

C. Classical Monte Carlo simulations for
Jz± = ±1=

ffiffiffi
2

p

In this subsection, we present the finite-temperature
behavior of the system at the nematic point Jz� ¼ 1=

ffiffiffi
2

p
obtained via classical Monte Carlo. Figure 14 illustrates the
specific heat, the nematic and magnetic order parameters,
the nematic Binder cumulant, the histogram of the nematic
order parameter, and the spin structure factor obtained at
two distinct temperatures. The finite-temperature behavior
of the specific heat shows a strong first-order transition
from the paramagnetic phase to the spin nematic phase, as
visible in Fig. 14(a), where the dashed line signals the
transition temperature Tc. Below the transition temperature,

FIG. 13. Histogram of the total magnetization in one of the
three C3 sectors of the nematic phase. Inset shows the histogram
of the energy for the same set of states, confirming the degeneracy
of the whole set of states considered.

EXACT NEMATIC AND MIXED MAGNETIC PHASES DRIVEN BY … PHYS. REV. X 16, 031070 (2026)

031070-19



the nematic order parameter in Eq. (31) becomes nonzero,
keeps on increasing with decreasing temperature, and
approaches saturation in the limit T → 0; see Fig. 14(b).
At the transition, the nematic Binder cumulant has a peak
that increases with system size, shown in Fig. 14(c), typical
of a first-order transition. As discussed in the previous
subsections, since no dipole ordering is present, all

magnetic order parameters vanish, implying the absence
of magnetic long-range order at low temperature, as
indicated by the sublattice magnetic order parameter shown
in Fig. 14(d). The histogram of the order-parameter
magnitude has a two-peak structure, typical of a first-order
transition, as visible in Fig. 14(e). As expected, the region
within the peaks is depopulated as the size increases,
further supporting the first-order-transition interpretation.
The lack of magnetic long-range order is further supported
by the absence of magnetic Bragg peaks in the equal-time
spin structure factor, as illustrated in Figs. 14(f) and 14(g).
Instead of sharp peaks, the correlation functions develop
continuous lines of scattering, connecting points of high
symmetry, similar to the ones observed in the nematic
phase at finite temperatures above the A2 ⊕ T1− ⊕ T2 line
[31]. The observation of such continuous features in the
equal-time spin structure factor is consistent with the
subextensive degeneracy present in the nematic manifold.
At temperatures above the critical temperature, where no
symmetry breaking has taken place, these continuous lines
of scattering are broader, and the system has access to all
symmetry sectors. The broadness of these features is
associated with thermal fluctuations, signaling the non-
vanishing thermal population of high-energy modes. As the
temperature is decreased below the critical temperature, the
system selects one of the three cubic C3 symmetry sectors
while heavily suppressing high-energy modes, resulting in
sharper features [100].
In Sec. VI B, the ground-state manifold of the nematic

phase is described in terms of irreps, where it was found
that the high-entropy A2 ⊕ ψ2 single-tetrahedron configu-
rations transform into single-tetrahedron T1− configura-
tions by means of the additional subsystem symmetries.
Tiling the lattice with these single-tetrahedron configura-
tions leads to a multitude of full-lattice ground-state spin
configurations, which do not exhibit magnetic long-range
order. We now test the robustness of this construction at
finite temperatures by inspecting the irrep-magnitude dis-
tributions of the A2, E, and T1− in the T < Tc temperature
regime obtained from Monte Carlo simulations. Using the
mixing angles θ and ϕ defined in Eq. (10), we identify two
“domains” of spin configurations on the A2 ⊕ E ⊕ T1−
sphere at low temperatures; see Fig. 15. The region close
to the equator (θ > π=4) in the distribution shown in
Fig. 15(b) corresponds to single tetrahedra whose spin
configurations are mainly described by the A2 ⊕ E con-
figurations. In the irrep-magnitude distribution, the white
dashed line marks the mixing angle ϕ between the A2 and
the E irreps predicted by a classical low-temperature
expansion; see Sec. III. We note that the domain with a
high A2 ⊕ E irrep contribution is centered around the value
predicted by the classical low-temperature expansion at
Jz� ≶ 1=

ffiffiffi
2

p
, supporting the assumption that the construc-

tion of the ground-state manifold presented in the previous
subsection is still valid at finite temperatures in the nematic

FIG. 14. Monte Carlo results at the exact nematic point
Jz� ¼ 1=

ffiffiffi
2

p
. (a) Specific heat, (b) nematic order parameter,

(c) its Binder cumulant, and (d) sublattice magnetic order
parameter as functions of the temperature T for different lattice
sizes L. The dashed line at Tc indicates the position of the first-
order transition that separates the paramagnetic phase at high
temperatures from the spin-nematic phase at low temperatures.
The sublattice magnetic order parameter remains zero in the spin-
nematic phase, confirming the absence of any magnetic long-
range order associated with the single-tetrahedron irreps.
(e) Histogram of the nematic-order-parameter magnitude at the
critical temperature. The double-peak structure indicates a first-
order phase transition, consistent with the divergence observed in
the Binder cumulant as the system size increases. (f) Equal-time
spin structure factor for L ¼ 10 and T ¼ 0.100 883 in the spin-
nematic phase. (g) Same as (f), but for T ¼ 0.6 in the para-
magnetic phase.
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phase. The second region where most single-tetrahedron
configuration cluster is observed near the θ ¼ 0 point. Spin
configurations near this point are mainly described by a T1−
irreps, as underlined by the intense area around θ ¼ 0
(θ < π=4) in Fig. 15(b). The T1− mode consists of six
single-tetrahedron states, such as the one in Eqs. (37)
and (38), related by C3 and time-reversal symmetry, and
corresponding to the x, y, and z components of the irrep.
Depending on the symmetry-breaking pattern of the cubic
symmetry, all the tetrahedra in the T1− mode select one out
of the three x, y, or z components of the irrep. Because of
the additional subsystem symmetries at the nematic point,
the T1− selected component matches the A2 ⊕ ψ2 mode, as
described in Sec. VI B. Hence, it is possible to tile a full-
lattice configuration consisting of tetrahedra in the T1− or
A2 ⊕ ψ2 modes. For additional details on the T1− mode in
the nematic phase, we refer to Appendix I.
This irrep-magnitudedistributionobtained for thenematic

phase strongly differs from the one shown in Fig. 6(g) for the
A2 ⊕ ψ2 low-temperature phase, where all the irreps cluster
close to the equator. In the case of the nematic phase, the
presence of the T1− irrep in the distribution is characteristic
for the nematic phase. It is directly related to the subsystem
symmetries discussed in Sec. VI A. Because of these addi-
tional symmetries, the energetically degenerate T1− mode
also becomes entropically equivalent to the A2 ⊕ ψ2 irrep;
seeSec.VI B.Asa consequence, theT1−modeappears in the
ground-state manifold, as observed in Fig. 15(b).

D. Classical Monte Carlo simulations slightly away
from Jz± = ±1=

ffiffiffi
2

p

We conclude this section by presenting Monte Carlo
results slightly away from the nematic point Jz� ¼ 1=

ffiffiffi
2

p
.

As a representative example, we show the data for
Jz� ¼ 0.74, but the same qualitative behavior is observed
in a range of values 0.5≲ Jz� ≲ 0.9. The behavior of
the system is summarized in Fig. 16. The specific heat
[Fig. 16(a)] shows a sharp peak that can be associated with
a first-order transition. At the transition temperature Tc2,
marked by a dashed line, the magnitude of the nematic
order parameter exhibits a jump, indicative of a first-order
transition, as shown in Fig. 16(b). Furthermore, the
corresponding Binder cumulant and order-parameter histo-
grams (not shown) near Tc2 behave similarly to the case
Jz� ¼ 1=

ffiffiffi
2

p
, corroborating the first-order nature of the

transition. Below Tc2, both the specific heat and the nematic
order parameter appear to evolve continuously toward a
unit value as the temperature decreases. However, in
contrast to the situation at the exact nematic point
[cf. Fig. 14(d)], the sublattice magnetic order parameter
for Jz� ≠ 1=

ffiffiffi
2

p
, shown in Fig. 16(c), starts to increase

below a certain temperature, marking the onset of a q ¼ 0
magnetic long-range-ordered phase. This low-temperature
ordered phase corresponds to the mixed A2 ⊕ ψ2 phase

FIG. 15. (a) Sketch of the A2 ⊕ E ⊕ T1− first octant, generated
by the mixing angles θ and ϕ in Eq. (9). (b) Irrep-magnitude
distribution on the A2 ⊕ E ⊕ T1− first octant, stereographically
projected, measured on many spin configurations obtained from
Monte Carlo simulations at a low temperature for L ¼ 10 and
Jz� ¼ 1=

ffiffiffi
2

p
. Two “domains” are visible, one close to the equator

θ ¼ π=2 (A2 ⊕ Emanifold) and one close to the north pole θ ¼ 0
(T1− irrep). The angle ϕ in the A2 ⊕ E domain is centered around
the value predicted by classical low-temperature expansion
(white dashed line).

FIG. 16. Monte Carlo results slightly away from the nematic
point, at Jz� ¼ 0.74. (a) Specific heat, (b) nematic order
parameter, (c) sublattice magnetic order parameter, and (d) sub-
lattice magnetic order parameter susceptibility as functions of the
temperature T for different lattice sizes L. The dashed line at Tc
indicates the position of the first-order transition into the nematic
phase. The dashed line marked by Tc1 highlights the crossing
temperature into the q ¼ 0 A2 ⊕ ψ2 phase. Strong finite-size
effects modify the position of this temperature. Here we show our
finite-size extrapolation using system sizes up to L ¼ 12.
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predicted by classical low-temperature expansion and is
included in the antiferromagnetic sector of the ground-state
manifold of the nematic phase. We note, however, that the
transition temperature Tc1 at which the system crosses from
the nematic phase to the long-range order A2 ⊕ ψ2 is
strongly renormalized by size effects: As the system size
increases, the temperature at which the sublattice magnetic
order parameter becomes nonzero also increases signifi-
cantly. This pronounced finite-size effect may originate
from the abundance of states that are nearly degenerate in
both energy and entropy. Here, it complicates the deter-
mination of the nature of the transition between the A2 ⊕
ψ2 order at low temperatures and the spin-nematic order at
intermediate temperatures from the numerical data.
However, the analytical solution at Jz� ¼ 1=

ffiffiffi
2

p
allows

us to infer that at least one phase transition must occur
between the nematic phase and the A2 ⊕ ψ2 magnetic
phase somewhere in the phase diagram. This follows from
the fact that time-reversal symmetry remains unbroken
above the exact nematic point at all temperatures, whereas
the numerical data clearly indicate a time-reversal-
symmetry-broken state for Jz� ≳ 0.9 at sufficiently low
temperatures. We therefore interpret the features observed
in the sublattice order parameter at low temperatures as
evidence of a true phase transition, even though, based on
the numerics alone, they cannot be unambiguously dis-
tinguished from a crossover.
To estimate the transition temperature, we identify the

local maximum of the sublattice-order-parameter suscep-
tibility for different system sizes, shown in Fig. 16(d).
Extrapolation to the thermodynamic limit then provides
an estimate for Tc1, indicated by the dashed line in
Fig. 16. This estimate suggests the existence of a
finite-temperature window in which the nematic phase
is realized. A more precise determination of Tc1 would
require a more extensive study, including simulations of
larger system sizes.

VII. BEYOND THE TRIPLE LINE

So far, we have discussed the different ordered phases
realized along the A2 ⊕ E ⊕ T1− triple line. This analysis
has revealed two novel phases: the A2 ⊕ ψ2 mixed phase
and the nematic phase. To assess the stability of these
phases beyond fine-tuned parameter sets, we now perform
classical Monte Carlo simulations in the vicinity of the
A2 ⊕ E ⊕ T1− line.
First, we study the A2 ⊕ E phase boundary. As dis-

cussed in Sec. IV, the Landau theory in Eq. (21) also
describes a spin Hamiltonian whose interaction parame-
ters fall on the A2 ⊕ E phase boundary, therefore iden-
tifying a more general set of spin models where the mixed
A2 ⊕ ψ2 phase may be realized. To study the A2 ⊕ E
phase boundary numerically, we use the following para-
metrization,

J�¼−Jzz=2; J��¼J2zz−J2z�
Jzz

þδjJzzj; Jzz <0; ð42Þ

where δ quantifies the deviation from the A2 ⊕ E ⊕ T1−
line toward the A2 ⊕ E phase boundary. We note that the
value of δ is capped as a function of Jz� to a maximum
value where the resulting parametrization would describe
a model where the A2, E, and T2 irreps are degenerate. We
have carried out Monte Carlo simulations for Jz� ¼ 0.4
and Jz� ¼ 1.0, both at δ ¼ 0.1, finding behavior very
similar to that shown in Figs. 6 and 7 for the case δ ¼ 0.
This numerical analysis, together with the mean-field
results presented in Sec. IV, identifies the A2 ⊕ E phase
boundary as another region in parameter space where the
A2 ⊕ ψ2 phase is realized at low temperatures.
We now consider interaction parameters in the vicinity

of the triple line, but in regimes where only one irrep
has the lowest energy. Figure 17 shows Monte Carlo results
for a representative parameter set ðJzz; J�; J��; Jz�Þ ¼
ð−1; 0.55;−0.84; 0.4Þ, for which the E irrep has the lowest
energy. These results indicate that the A2 ⊕ ψ2 phase is
stabilized in a finite-temperature window above the low-
temperature E phase. Specifically, the simulations identify
three phases as signaled by the specific heat [see Fig. 17(a)]
[101], a paramagnetic phase at high temperatures followed
by two magnetically ordered phases at intermediate and

FIG. 17. Monte Carlo results for generic values of the couplings
in the vicinity of the triple line, at ðJzz; J�; J��; Jz�Þ ¼
ð−1; 0.55;−0.84; 0.4Þ. (a) Specific heat, (b) A2, (c) E, and
(d) hmE6i order parameters as functions of the temperature T
for different lattice sizes L. Insets of panels (b) and (c) show the
Binder cumulants of the corresponding order parameter.
The dashed lines separate the three distinct phases, namely,
the paramagnetic, A2 ⊕ ψ2, and ψ3 phases.
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low temperatures. The symmetry-broken phase at inter-
mediate temperatures corresponds to an A2 ⊕ ψ2 mixed
phase, as seen from (i) the nonvanishing hmA2

i and hmEi
parameters in the intermediate-temperature window [see
Figs. 17(b) and 17(c)], and (ii) the evolution of the hmE6i
parameter, which acquires positive values in the intermedi-
ate phase, signaling ψ2 order [see Fig. 17(d)]. As expected,
ψ3 order is stabilized at low temperatures, as indicated by
hmEi approaching its saturation value and hmE6i becoming
negative [24]. We note that the transition between the A2 ⊕
ψ2 and ψ3 phases appears to be weakly first order, based on
the slowly developing peaks in the A2 Binder cumulant,
typical of a first-order transition, and in line with the
expectations from a Landau-theory perspective [61]. The
histogram of the A2-order-parameter magnitude also devel-
ops a double-peak structure very slowly with the sys-
tem sizes.
For completeness, we have also investigated whether the

nematic phase discussed in Sec. VI can be realized for more
general interaction parameters. To this end, we have
simulated spin models in the immediate vicinity of the
exact nematic point, but away from the A2 ⊕ E ⊕ T1−
triple line. However, the system sizes currently accessible
are insufficient to draw conclusive statements about the
finite-temperature phase diagram in the thermodynamic
limit. It is worth noting that the stability region of
the nematic phase may be enhanced by quantum
fluctuations [36]. We leave this possibility for future work.

VIII. DISCUSSION AND CONCLUSION

In this work, we consider a specific realization of the
most general bilinear nearest-neighbor spin model on
the pyrochlore lattice. The model is parametrized by the
interaction coupling Jz�, which tunes along the line in
parameter space where a ground-state energy degeneracy
among the A2, E, and T1− states occurs. Using large-scale
classical Monte Carlo simulations, we show that this model
exhibits a rich phase diagram, featuring two distinct q ¼ 0
magnetic long-range-ordered phases and a novel nematic
phase emerging near jJz�j ¼ 1=

ffiffiffi
2

p
. For jJz�j≲ 0.5,

classical Monte Carlo simulations reveal two distinct
q ¼ 0 phases: an intermediate-temperature A2 phase and
a low-temperatures mixed A2 ⊕ ψ2 phase. In the mixed
phase, the order parameters of both the A2 and E are
nonvanishing and the precise single-tetrahedron spin con-
figuration is parametrized by a mixing angle ϕðJz�Þ
between the two orders. In contrast, for jJz�j≳ 0.9, a A2 ⊕
ψ2 mixed q ¼ 0 phase is realized already right below the
high-temperature paramagnetic phase and remains stable
down to the lowest temperatures considered. The coexist-
ence of the A2 and E ordered phases in the mixed phase is
possible only because of their ground-state energy degen-
eracy, which arises from the specific model considered, and
the compatibility of the order parameters describing these
phases [61]. Using a classical low-temperature expansion,

we demonstrate that the selection of the mixed A2 ⊕ ψ2

phase is a consequence of a thermal order-by-disorder
phenomenon [19,21,25,38], where the mixing angle
ϕðJz�Þ parametrizes the configurations in the two-sphere
describing the A2 ⊕ E set of states with the highest entropy
contribution. Interestingly, we show that the evolution of
the order-by-disorder-selected state as a function of the
coupling Jz� presents a discontinuity at Jz� ∼ 1.262, where
the spin orientation of the state with the highest entropy
abruptly changes. We further show that the rich behavior of
this model, including the q ¼ 0 phases realized, the
qualitative behavior of the order parameters, and the order
of the symmetry-breaking transition between these phases,
is qualitatively captured by a Landau theory constructed
using the order parameters of the A2 and E phases.
Although the realization of the A2 ⊕ ψ2 mixed q ¼ 0
phase falls within the traditional irrep framework used to
describe the low-temperature phases of the general bilinear
nearest-neighbor pyrochlore Hamiltonian [32,33], it
extends the conventional single-irrep classification by
demonstrating that a stable ordered phase can exhibit
coexisting A2 and ψ2 order parameters down to the lowest
temperatures. We note that a similar experimental proposal
for a mixed state was provided in Ref. [102] for Yb2Ti2O7,
a compound which lies in close proximity to the E − T1−
boundary. In this case, however, classical Monte Carlo
simulations of the classical model reveal either an E phase
or a T1− phase [103].
For Jz� in the vicinity of Jz� ¼ 1=

ffiffiffi
2

p
, our classical

Monte Carlo simulations detect a nematic phase separated
by a first-order phase transition from the paramagnetic
phase. At Jz� ¼ 1=

ffiffiffi
2

p
, the model acquires additional Z2

subsystem symmetries, where the sign of a Cartesian
component of the spins in the global basis can be flipped
along spin chains which wrap around the system. In the
nematic phase, the single-tetrahedron spin configurations
are described by either a mixed A2 ⊕ ψ2 or a T1− spin
configuration. We demonstrate that these subsystem sym-
metries result in a subextensive degeneracy in the ground-
state manifold and prevent the formation of any type of
dipolar long-range order phase down to the lowest temper-
atures. We show that the stability of this nematic phase is
not limited to the Jz� ¼ �1=

ffiffiffi
2

p
points, but presents a cone

of stability extending both in temperature and parameter
space. Furthermore, we have identified two additional
models which are dual to the nematic Hamiltonians, and
therefore present equivalent thermodynamic signatures
where a low-temperature nematic phase is realized. We
note that the ground-state manifold of the nematic phase
identified in this work can be mapped into the so-called
densely packed monopole manifold, realized in a four-
body-term Ising Hamiltonian [104,105]. Indeed, the four-
body-term Hamiltonian studied in Refs. [104,105] presents
a similar subsystem symmetry as the one realized for the
nematic model. We have also shown that the novel mixed
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A2 ⊕ ψ2 phase is realized at low temperatures for inter-
action parameter along the A2 ⊕ E ⊕ T1− line and in the
A2 ⊕ E boundary. Additionally, we demonstrated that this
mixed phase is also observed at intermediate temperature
windows in regions in parameter space where the E phase is
the ground-state phase. The enlarged region of stability of
this magnetic order makes its characterization particularly
relevant for compounds lying in the vicinity of this model,
such as FeF3 [47]. Although, to our knowledge, no material
has been identified that realizes the phases discussed here
exactly, recent studies have shown that the application of
chemical pressure [106] or hydrostatic pressure [107] can
induce a drift in the effective interaction parameters. In this
context, such external control parameters may provide a
route to tune pyrochlore compounds toward the regime
described by our model.
Altogether, our work elucidates the rich behavior result-

ing from strong competition between distinct magnetic
phases, where phenomena like thermal order-by-disorder
and nematic phases can be realized in the pyrochlore lattice.
It would be of great interest to study how quantum
fluctuation may modify the observed phenomena. The
introduction of these effects may result in the stabilization
of distinct phases at higher temperatures [25], and in the
more extreme cases even prevent the formation of long-
range order [36]. It is possible that a similar selection
phenomenon associated with the connectivity of the
ground-state configurations yields a mixed A2 ⊕ ψ2 phase.
Whether the selection of such phase stems from a quantum
order-by-disorder [24,58] or an order-by-singularity
[59,60] mechanism would need to be clarified. Lastly,
we expect that no conventional magnetic order is observed
for the nematic points, where the additional subsystem
symmetries remain valid symmetries in the quantummodel.
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APPENDIX A: COORDINATE FRAME
CONVENTIONS AND IRREDUCIBLE

REPRESENTATIONS

In this appendix, we provide details on the basis
conventions employed in the main text. Moreover, we
explicitly report the single-tetrahedron irrep in terms of spin
components.
Each single-tetrahedron vertex is associated with a right-

handed local cubic coordinate system defined as

x0¼
−ex−eyþ2ezffiffiffi

6
p ; y0¼

ex−eyffiffiffi
2

p ; z0¼
exþeyþezffiffiffi

3
p ;

x1¼
exþeyþ2ezffiffiffi

6
p ; y1¼

−exþeyffiffiffi
2

p ; z1¼
−ex−eyþezffiffiffi

3
p ;

x2¼
ex−ey−2ezffiffiffi

6
p ; y2¼

−ex−eyffiffiffi
2

p ; z2¼
−exþey−ezffiffiffi

3
p ;

x3¼
−exþey−2ezffiffiffi

6
p ; y3¼

exþeyffiffiffi
2

p ; z3¼
ex−ey−ezffiffiffi

3
p ;

ðA1Þ
where ex, ey and ez define a global cubic coordinate frame:

ex ¼ð1;0;0Þ; ey ¼ð0;1;0Þ; ez¼ð0;0;1Þ: ðA2Þ
Each spin on the μ sublattice of the pyrochlore lattice can be
expressed as

Sμ ¼
X

α¼x;y;z

sαμeα with sαμ ¼ Sμ · eα; ðA3Þ

where sαμ denotes the spin components in the global
coordinate frame. Equivalently, in the local basis, spins
are decomposed as

Sμ ¼ Sxμxμ þ Syμyμ þ Szμzμ

¼ ðSμ · xμÞxμ þ ðSμ · yμÞyμ þ ðSμ · zμÞzμ; ðA4Þ
where Sμ is related to the spin components is the local basis
notation, since it is mostly used throughout the paper. For
example, the Hamiltonian in Eq. (1) contains spin compo-
nents expressed in the local coordinate frame. However, the
same Hamiltonian can be expressed in the global basis, with
interaction parameters fJ1; J2; J3; J4g, or in a coordinate-
free notation with couplings fJH; JIs; JDM; JPDg [45].
The Hamiltonian in Eq. (1) is reformulated as a sum of

single-tetrahedron Hamiltionians H⊠,
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H ¼
X
⊠

H⊠;

where the sum runs on every tetrahedron on the pyrochlore
lattice. The single-tetrahedron Hamiltonian can be formu-
lated in terms of single-tetrahedron irreps mI and their
associated energy aI,

H⊠ ¼ 1

2
ðaA2

m2
A2

þ aEm2
E þ aT2

m2
T2

þ aT1;ice
m2

T1;ice

þ aT1;planar
m2

T1;planar
þ aT1;mix

mT1;ice
·mT1;planar

Þ; ðA5Þ

where the aT1;mix
¼ −4Jz� is the energy associated to the

mixing term between the T1;ice and T1;planar irreps. The
irreps are linear combinations of the single-tetrahedron spin
components. In Table III, each irrep is reported together
with its energy and its expression in terms of spin
components in the local basis. The mixed T1 irreps can
be rotated into two new irreps T1� to suppress any mixing
terms between the resulting T1 irreps, namely,

�
mT1−

mT1þ

�
¼
�

cos αmix sin αmix

− sin αmix cos αmix

�� mT1;ice

mT1;planar

�
; ðA6Þ

where the rotation angle is obtained by

tan 2αmix ¼
2amix

aT1;ice
− aT1;planar

¼ 8Jz�
Jzz þ 2J� þ 4J��

: ðA7Þ

The rotated irreps are associated with energies

aT1� ¼ 1

2

�
aT1;ice

þ aT1;planar
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaT1;ice

− aT1;planar
Þ2 þ a2mix

q �
;

ðA8Þ

where the T1− irrep is defined as the one always having the
lower energy aT1−

< aT1þ. In the non-Kramers case
Jz� ¼ 0, the local z component of the spins decouples
from the local transverse components, reducing the T1�
irreps to the spin-ice and planar T1;planar irreps. The T1;ice

spin-ice irrep consists of spins lying along the local z
direction and pointing either inward or outward the
tetrahedron following the two-in–two-out rule, or ice rule.
On the other hand, the T1;planar irrep is a splayed ferro-
magnetic configuration where the spins in every sublattice
lie on their corresponding local xy plane [45].

APPENDIX B: IDENTIFICATION OF
ACCIDENTAL SYMMETRY MANIFOLDS

In this appendix, we provide details on the identification
of the accidental symmetry manifolds of Sec. II A. Each
spin in a tetrahedron can be expressed as a function of
irreps,

Si ¼ SiðmA2
;mE;mT1−

Þ;

or, equivalently, as a function of the five angles in Eq. (12),

Si ¼ Siðθ;ϕ; η; β; γÞ ¼ SiðπÞ; ðB1Þ

where the vector π ¼ ðθ;ϕ; η; β; γÞ stands as a shorthand
notation for the S5 angles. Each spin in the tetrahedron must
also respect the strong spin constraint,

Si · Si ¼ S2 ∀ i∈⊠; ðB2Þ

leading to four different equations. However, only three of
these equations are independent. In principle, these equa-
tions allow us to obtain the physically relevant configura-
tion π0 respecting both the strong constraint in Eq. (B2) and
the A2 ⊕ E ⊕ T1− constraint in Eq. (8).

TABLE III. Single-tetrahedron irrep and their typical naming in terms of spin components in the local coordinate frame.

Irreps Order Irreps energy aI Definition in terms of local spin components

mA2
All-in–all-out 3Jzz 1

2
ðSz0 þ Sz1 þ Sz2 þ Sz3Þ

mE Γ5 −6J� 1
2

�
Sx0 þ Sx1 þ Sx2 þ Sx3
Sy0 þ Sy1 þ Sy2 þ Sy3

�
mT2

Palmer-Chalker 2J� − 4J��
1
4

 Sy0 þ Sy1 − Sy2 − Sy3
−
ffiffiffi
3

p
Sx0 − Sy0 þ

ffiffiffi
3

p
Sx1 þ Sy0 −

ffiffiffi
3

p
Sx2 − Sy1 þ

ffiffiffi
3

p
Sx3 þ Sy3ffiffiffi

3
p

Sx0 − Sy0 −
ffiffiffi
3

p
Sx1 þ Sy0 −

ffiffiffi
3

p
Sx2 þ Sy1 þ

ffiffiffi
3

p
Sx3 − Sy3

!

mT1;ice
Spin ice −Jzz

1
2

 Sz0 þ Sz1 − Sz2 − Sz3
Sz0 − Sz1 þ Sz2 − Sz3
Sz0 − Sz1 − Sz2 þ Sz3

!

mT1;planar
Splayed ferromagnet 2J� þ 4J��

1
4

 2Sx0 þ 2Sx1 − 2Sx2 − 2Sx3
−Sx0 þ

ffiffiffi
3

p
Sy0 þ Sx1 −

ffiffiffi
3

p
Sy0 − Sx2 þ

ffiffiffi
3

p
Sy1 þ Sx3 −

ffiffiffi
3

p
Sy3

−Sx0 −
ffiffiffi
3

p
Sy0 þ Sx1 þ

ffiffiffi
3

p
Sy0 þ Sx2 þ

ffiffiffi
3

p
Sy1 − Sx3 −

ffiffiffi
3

p
Sy3

!
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In the case where the constraints are satisfied on entire
submanifolds, i.e., the S2 submanifold described by the
A2 ⊕ E subspace described in Sec. II A, the analysis can be
extended by taking into account small fluctuations around
some configuration π0, keeping also in mind that all the
constraints still need to be satisfied. Expanding the tetra-
hedron spins as

Sαi ðπ0 þ δπÞ ≈ Sαi ðπ0Þ þ δπ ·∇Sαi jπ0
þOðδπ2Þ;

with a gradient operator∇ ¼ ð∂θ; ∂ϕ; ∂η; ∂β; ∂γÞ, and impos-
ing the strong spin constraint on Siðπ0 þ δπÞ, we get four
equations of the form

δπ ·∇ðSi · SiÞjπ0
¼ 0; ðB3Þ

where only three of them are independent [37]. For nonzero
fluctuations, the system of equations in Eq. (13) could have
one or more solutions in ðθ;ϕ; η; β; γÞ, which correspond to
a single-tetrahedron spin configuration.

APPENDIX C: STEREOGRAPHIC PROJECTION

In this appendix, we present details on the stereographic
projection used in the main text. A point on the unitary
sphere P ¼ ðx; y; zÞ is mapped to a point on the plane
P0 ¼ ðX; YÞ via stereographic projection,

ðX; YÞ ¼
�

x
1þ z

;
y

1þ z

�
; ðC1Þ

where the north pole (0, 0, 1) of the sphere is mapped to the
origin of the plane, the equator of the sphere ðx; y; 0Þ to the
unitary circle on the plane, and the south pole to infinity.
The stereographic projection is a conformal mapping,
which preserves angles from the sphere to the plane.
However, it introduces some distortion in the radial
direction on the plane, enlarging the objects close to the
equator.
The stereographic projection can be used to visualize the

mixing between the degenerate irreps along the A2 ⊕ E ⊕
T1− line. Within the angle definitions in Eq. (12), we can
define an S2 sphere parametrized by the angles ðθ;ϕÞ via
the absolute values of the three irreps. In this case, the
sphere is reduced to the first octagon. Its north pole
represents the T1− irreps, while the equator corresponds
to the A2 ⊕ E mixed state, with special points of only A2

and E irreps; see Fig. 6 for an example of this mapping for
an A2 ⊕ E phase.
The stereographic projection also helps the visualization

of the degenerate A2 ⊕ E sphere and its U(1) orbits of soft
modes. In this case, the sphere is spanned by the angles
ðϕ; ηÞ of Eq. (12), and we restricted the representation of
the sphere to the northern hemisphere to avoid infinities
due to the southern hemisphere representation; see

Figs. 3(a), 3(c), 3(e), and 3(g). Nevertheless, time-reversal
symmetry links states on the northern hemisphere to states
on the southern hemisphere, ensuring a complete equiv-
alence between the two regions.

APPENDIX D: FURTHER DETAILS ON THE
CLASSICAL LOW-TEMPERATURE EXPANSION

In the main text, we discussed how the low-temperature
selection of the q ¼ 0 state evolves as a function of the
coupling parameter Jz�. In particular, we identified two
high-entropy branches in the A2 ⊕ E manifold, where the
highest-entropy branch changes at a value J⋆z�. In this
appendix, we numerically determine the value of J⋆z�. In
Fig. 18, we illustrate the value of J⋆z� at which the two high-
entropy branches have an equal entropy as a function of
system size L used to perform the calculation. A naive
linear 1=L fit of the different computed system sizes
predicts that the J⋆z� ≃ 1.2624 in the thermodynamic limit.
The error bars in Fig. 18 are obtained as an upper limit of

the Riemann-sum integration error by the product of the
maximal value obtained by the entropy by the integrated
function in Eq. (16), times the volume of the integration
range divided by the number of q points used in a Riemann
integration. We note that for interaction parameters near to
J⋆z� an approximately uniform entropy is measured along a
continuous path in the A2 ⊕ E sphere; see Fig. 19.
Interestingly, at J⋆z�, the angular difference between the

two branches, i.e., ϕ1 − ϕ2, is approximately π=3. Using
the equations defining the angles ϕ1 and ϕ2, namely,
Eqs. (17) and (18), and assuming that ϕ1 − ϕ2 ¼ π=3 at
J⋆z�, we obtain the value

J⋆z� ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ κ2

p

κ
with κ¼ tan

�
2arctan

ffiffiffi
3

p þ ffiffiffiffiffi
11

p

2

�
;

ðD1Þ

FIG. 18. Evolution of the critical crossover J⋆z� value signaling
the change in the maximal entropy state. Here, we show data for
L∈ f25; 30; 40; 50; 60; 80g. The heading of this figure provides
the numerical value of the J⋆z� in the thermodynamic limit.
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yielding an approximate value of J⋆z� ≃ 1.26216, which
approximates the value obtained from the finite-size analy-
sis in Fig. 18. Although the angle difference of π=3
suggests that certain symmetry would be the driving
mechanism of the entropy degeneracy between these
branches, we note that the symmetries of the pyrochlore
include rotations by 2π=3, not π=3. We leave the study of
the mechanism behind this degeneracy as future work.

APPENDIX E: FURTHER DETAILS ON THE
LANDAU THEORY

In this appendix, we provide further details on the
Landau theory presented in Sec. V. First, we identify all
invariant terms and derive the free energy in Eq. (21). Next,
we discuss the minimization of the free energy and
visualize the selection of the global minimum at the phase
transition from the A2 to the A2 ⊕ ψ2 phase. Finally, an
additional analysis of the transition from the paramagnetic
phase to the A2 ⊕ ψ2 phase and phase diagrams, similar to
Fig. 4, for distinct sets of parameters is presented.
To identify the symmetry-allowed terms of the free

energy in Eq. (21), we first study the action of the
symmetry transformations of the tetrahedral group Td on
the irreps mA2

and mE, as shown in Table III. The single-
tetrahedron group Td exhibits four types of symmetries: a
C3 symmetry around the local h111i direction, C2 rotations
around the global x, y, and z axes, reflections σ, and an S4
symmetry consisting of reflections followed by a π=2
rotation [6]. In addition, the time-reversal symmetry τ
needs to be considered. While the irreps stay invariant or
assume a minus sign under most symmetry operations in
Table IV, the mE irrep transforms according to

�
mx

E

my
E

�
⟶
C3

�
cos 2πn

3
− sin 2πn

3

sin 2πn
3

cos 2πn
3

��
mx

E

my
E

�
ðE1Þ

under the C3 symmetry, corresponding to a 2πn=3 rotation
(n∈ f0; 1; 2g) in the local xy plane. Following Ref. [61],
we introduce the complex variable,

mxy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmx

EÞ2 þ ðmy
EÞ2

q
eiη ¼ jmEjeiη; ðE2Þ

where jmEj corresponds to the magnitude and η to the
direction of the magnetic moment in the local xy plane.
Applying a C3 symmetry operation shifts the angle η by
2πn=3 (n∈ f0; 1; 2g). This shift implies that only terms of
the form mk

xy are invariant under C3 if k∈ 3Z. In Table V
the transformation under the tetrahedral group Td of the
real and imaginary parts of mk

xy is displayed.
To identify all symmetry-allowed terms, we first note that

the squares of the order parameters, that is, m2
A2

and
jmEj2¼ðmx

EÞ2þðmy
EÞ2, are invariant under Td. Consequ-

ently, higher-order terms obtained from the product of these
second-order terms result in invariant fourth-order terms.
We consider these terms to be “isotropic” in the Γ5 manifold
as they obtain the samevalue for all the states lying on theΓ5

manifold characterized by the angle η. To construct aniso-
tropic terms, we multiply mA2

by jmEj3 cos 3η, where the
anisotropy is reflected in the cos 3η. In particular, we note
that the term mA2

jmEj3 cos 3η is invariant since the minus
signs in Tables IV and V under the σ, S4, and τ trans-
formations cancel out.
Following the same procedure as for the fourth-order

terms, we consider products of invariant second- and
fourth-order terms to obtain the allowed sixth-order terms,
which include both isotropic and anisotropic terms. All Td
invariant terms are summarized in Table VI.

FIG. 19. Entropy on the A2 ⊕ E sphere measured at an
interaction parameter Jz� at which the two high-entropy points
in the U(1) manifold are approximately degenerate in the free
energy.

TABLE IV. Assumed factors of mA2
and mE ¼ ðmx

E;m
y
EÞT

under symmetry operations of Td. mE transforms according to
Eq. (E1) under C3.

Irrep I C3 C2 σ S4 τ

mA2
1 1 1 −1 −1 −1

mx
E 1 * 1 −1 −1 −1

my
E 1 * 1 1 1 −1

TABLE V. Assumed factors of C3 invariant terms under
symmetry operations of Td.

Term I C3 C2 σ S4 τ

jmEj3 cos 3η 1 1 1 −1 −1 −1
jmEj3 sin 3η 1 1 1 1 1 −1
jmEj6 cos 6η 1 1 1 1 1 1
jmEj6 sin 6η 1 1 1 −1 −1 1
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By including all terms up to fourth order, in addition to
the sixth-order symmetry anisotropic and isotropic terms,
jmEj6 cos 6η [6] and jmEj6, respectively [109], we obtain
the free energy of Eq. (21).
We find the value of the parameters jmEj, mA2

, and η as
for the minimal free-energy configurations minimize
Eq. (21) as a function of r0 and r1, while leaving all
other variables constant, using the Nelder-Mead
(downhill simplex) method of the PYTHON SCIPY library
[110]. We found that, for the sets of parameters considered
in this work, η ¼ nπ=3, where n∈ f0;…; 5g, correspond-
ing to a ψ2 state. The minimization process identifies free-
energy landscapes as the ones shown in Fig. 20, for the
sets of parameters ðr0; r1Þ ¼ ð0;−0.5Þ and ðr0; r1Þ ¼
ð−0.05;−0.5Þ. As discussed in the main text, these param-
eters are located on the path 2 → 4 in Fig. 4(a), where a
first-order transition from the A2 to the A2 ⊕ ψ2 phase is
observed. In Fig. 20(a), the jmEj component of the global
minima vanishes, meaning that the system is an A2 phase.
In the immediate vicinity of the phase transition, displayed
in Fig. 20(b), a separate minimum with a finite value of
jmEj becomes the new global minimum, which implies that
the system transitioned into an A2 ⊕ ψ2 phase. The
discontinuous evolution of the global minima exposes
the first-order phase transition between the two phases.
Because of the high competition between the different
minima, we use multiple starting points for the Nelder-
Mead method, and select the solution that provides the
lowest free energy.
In order to obtain the phase diagrams in Fig. 4, we

identify the global minimum of the free energy in Eq. (21)
for each coordinate ðr1; r0Þ and the fixed set of parameters
fr2; rxyz; r3;ω; r4; f6g. In Fig. 21 we expand Fig. 4(d),
which displays the second-order phase transition from the
paramagnetic phase to the A2 ⊕ ψ2 phase, by a logarithmic
scaled plot of the order parameters in Fig. 21(b). Using the
logarithmic scale we determine the dependence of the order
parameters for small values of −r0 as jmEj ∝ ffiffiffiffiffiffiffiffi−r0

p
and

jmA2
j ∝ ffiffiffiffiffiffiffiffi−r0

p 3 yielding jmA2
j ∝ jmEj3. We note that a

similar dependency of the order parameter in the A2 ⊕ ψ2

phase was already found in Ref. [61].
The analysis presented so far is mainly focused in the set

of parameters fr2; rxyz; r3;ω; r4; f6g considered for Fig. 4
in the main text. We note however that the phases and the
qualitative behavior at the phase transitions remain
unchanged under different sets of parameters. In the

following we analyze how the phase diagram is modified
under varying the parameters rxyz and ω, and show that the
qualitative behavior is kept. In particular, we consider the
effect of varying the two coupling terms, namely,
rxyzm2

A2
jmEj2 and ωmA2

jmEj3 cos 3η, that include both

FIG. 20. Contour plots of the free energy in Eq. (21) for the
fixed parameters along the dashed line between point 2 and 4 in
Fig. 4, i.e., fr1; r2; rxyz; r3;ω; r4; f6g ¼ f−0.5; 1; 1; 1; 2; 1; 0.5g.
The parameter r0 is set to (a) 0, displaying an A2 phase, and
(b) −0.05, where the system transitioned into the A2 ⊕ ψ2 phase.

FIG. 21. Magnitude of the order parameters jmEj and jmA2
j as a

function of the parameter r0 for the fixed set of parameters
fr1; r2; rxyz; r3; r4;ω; f6g ¼ ð0.5; 1; 1; 1; 2; 0.5Þ displayed with
(a) normal scaled axes and (b) log scaled axes for negative
values of r0, where the dashed lines are proportional to powers
of −r0.

TABLE VI. Invariant terms in mA2
and mE up to sixth order.

Second order m2
A2
, jmEj2

Fourth order m4
A2
, jmEj4, m2

A2
jmEj2, mA2

jmEj3 cos 3η
Sixth order m6

A2
, jmEj6, m4

A2
jmEj2, m2

A2
jmEj4,

m3
A2
jmEj3 cos 3η, mA2

jmEj5 cos 3η, jmEj6 cos 6η
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order parameters jmEj and jmA2
j. The effect of these

anisotropic two terms in the Landau theory can be under-
stood in the following way: The rxyzm2

A2
jmEj2 is non-

negative and consequently increases the free energy, while
ωmA2

jmEj3 cos 3η always lowers the minimum of the free
energy since it is the only odd term in mA2

and therefore
adapts the sign to be negative. As a result, we interpret
rxyzm2

A2
jmEj2 as a term that suppresses the coupling

between the order parameters and ωmA2
jmEj3 cos 3η as

coupling enhancing.
In Figs. 22(a) and 22(b), we illustrate the magnitudes

of jmEj and jmA2
j for the case ω ≫ rxyz. Consequently,

the term rxyzm2
A2
jmEj2 is suppressed relative to

ωmA2
jmEj3 cos 3η leading to a strong coupling between

the order parameters, which results in a larger magnitude
of the order parameters in the A2 ⊕ ψ2 phase compared to
Fig. 4. Additionally, the phase transition from the A2 to the
A2 ⊕ ψ2 phase in Fig. 22(d) takes place for larger values
of r0 and displays a discontinuous upward jump in jmA2

j
compared to Fig. 4(e). In the case ω ≪ rxyz, shown in
Fig. 23, the magnitudes of order parameters are smaller
compared to Fig. 4 with jmA2

j almost vanishing, while the
phase transition from the A2 to the A2 ⊕ ψ2 phase in
Fig. 23(d) exhibits a small downward jump in mA2

. As
previously mentioned, the general characteristics of the
phase transitions discussed in Sec. V remain unchanged
under the different sets of parameters: The transitions of
the paramagnet to the A2 phase and the paramagnet to the

A2 ⊕ ψ2 phase are both of second order, and the tran-
sitions from A2 to A2 ⊕ ψ2 display a second-order phase
transition with the direction of the jump in jmA2

j depend-
ing on the values of the parameters. This observation
implies that the general features discussed in the main text
are qualitatively preserved for a variety of interaction
parameters fr2; rxyz; r3; r4;ω; f6g, which appear to be
relevant for the model describing the A2 ⊕ E ⊕ T1− line.

APPENDIX F: NEMATIC ORDER PARAMETER
IN GLOBAL AND LOCAL FRAME

In this appendix, we provide details on the nematic order
parameter, its definition in the local and global frame, and
the transformation rules under the group Td. First, consider
the five symmetric traceless 3 × 3 matrices ΛðαÞ introduced
in Eq. (28):

ΛðαÞ ¼
8<
: 1ffiffiffi

3
p

0
B@

−1 0 0

0 −1 0

0 0 2

1
CA;

0
B@

−1 0 0

0 1 0

0 0 0

1
CA;

×

0
B@

0 0 0

0 0 1

0 1 0

1
CA;

0
B@

0 0 1

0 0 0

1 0 0

1
CA;

0
B@

0 1 0

1 0 0

0 0 0

1
CA
9=
;:

ðF1Þ

These matrices form a basis for the real symmetric traceless
matrices. Specifically, the single-site traceless symmetric

FIG. 22. Magnitude of the order parameters (a) jmEj and
(b) jmA2

j as a function of the parameters r0 and r1 for the fixed
set of parameters fr2; rxyz; r3; r4;ω; f6g ¼ ð1; 0.2; 1; 1; 2; 0.5Þ.
Panel (c) displays the order parameters along the path 1 → 3
and panel (d) along the path 2 → 4, where the labels are the same
as in (c).

FIG. 23. Magnitude of the order parameters (a) jmEj and
(b) jmA2

j as a function of the parameters r0 and r1 for the fixed
set of parameters fr2; rxyz; r3; r4;ω; f6g ¼ ð1; 1; 1; 1; 0.5; 0.5Þ.
Panel (c) displays the order parameters along the path 1 → 3
and panel (d) along the path 2 → 4, where the labels are the same
as in (c).
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tensor qμνi ¼ sμi s
ν
i − 1

3
δμν can be decomposed as

[12,72,73,76]

dðαÞglob;i ¼
ffiffiffi
3

p

2
Tr½qiΛðαÞ�; ðF2Þ

where the spins si of length S are defined in the global
coordinate frame. Hence, the nematic tensor qi is expressed
in the global frame, as well as the components dαglob;i of the
single-site nematic order parameter. The normalization is
chosen such that the magnitude becomes jdglob;ij ¼ S2 in
the nematic phase at low temperatures. Note that the
magnitude remains S2 also in the presence of a q ¼ 0
order. Before moving on to the Td symmetry group, it is
convenient to show how these quantities transform under a
global orthogonal transformation in the spin space:

si→ s0i¼Osi with OO⊤¼13×3;

qi→q0i¼OqiO⊤;
dglob;i→d0

glob;i¼Mdglob;i with O⊤ΛðαÞO¼MαβΛðβÞ;

ðF3Þ

where the matrixO is an orthogonal 3 × 3matrix, while the
matrixM is a 5 × 5 matrix acting on the single-site nematic
order parameter. The matrix 1p×p represents a p × p
identity matrix. From the relation O⊤ΛðαÞO ¼ MαβΛðβÞ,
and from the property Tr½ΛðαÞΛðβÞ� ¼ 2δαβ, it is possible to
show that the 5 × 5 M matrix is also orthogonal, i.e.,
MM⊤ ¼ 15×5. Hence, under global rotations of the spin
moments, the nematic vector rotates accordingly, and its
magnitude is preserved.
The Hamiltonian in Eq. (1) is symmetric under the Td

group, involving discrete transformation both in spin and
lattice space. Its action in the global frame involves a
permutation acting on the lattice sites and a rotation acting
on the spin component. As a consequence, the single-site
nematic order parameter transforms as

dglob;i → d0
glob;i ¼ πijTdglob;j; ðF4Þ

where πij represents the site permutation while the matrix T
refers to the action of a discrete rotation of the Td group on
the single-site nematic order parameter. It is known that in
the presence of the Td symmetry group, the nematic order
parameter splits into a doublet component, called eg, and a
triplet component t2 g [76]:

dglob;i ¼ ðdeg
i ;d

t2g
i Þ; ðF5Þ

where the eg (t2g) doublet (triplet) is constructed from the
diagonal (off-diagonal) matrices in Eq. (F1). Under the
transformation in Eq. (F4), the doublet and triplet com-
ponents do not mix, meaning that in the global coordinate

frame either the doublet or the triplet is realized, but they
cannot be simultaneously nonzero [76]. The nematic
phase with doublet components is characterized by spins
aligned with the �x̂, �ŷ, or �ẑ global Cartesian direc-
tions, i.e., toward the faces of a cube. Conversely, the
triplet nematic phase has magnetic moments aligned along
cubic diagonals.
In our calculations, we consider the single-site nematic

order parameter defined in a local coordinate frame; see
Eq. (29). This definition introduces additional single-site
rotation from the global to the local frame, allowing a
mixing of the doublet and triplet components.

APPENDIX G: FINITE-SIZE SCALING OF
CONTINUOUS PHASE TRANSITIONS

In this appendix, we present further details on the
analysis of the continuous phase transitions and on the
method we used to extract the critical temperature and
the critical exponents ν and γ=ν. Continuous phase
transitions, or critical phenomena, are characterized by
power-law scaling of physical observables due to emergent
scale invariance at criticality. However, on finite-size
systems, the correlation length can grow only up to the
largest linear size of the system. As a consequence, the
scaling of observables in finite-size systems is modified.
Considering a dimensionless renormalization-group-invari-
ant quantity R (e.g., a Binder cumulant), the finite-size
scaling around criticality is asymptotically given by

R ¼ fR(ðT − TcÞL1=ν)þOðL−ωÞ; ðG1Þ

where Tc is the critical temperature, L is the linear size of
the system, ν is the correlation-length critical exponents, ω
is the exponent related to scaling corrections, and fR is a
(up to a rescaling of its argument) universal function that
depends only on the observable and the universality class of
the transition [80]. Neglecting scaling corrections, quan-
tities that scale as in Eq. (G1) are expected to show a
common crossing point at the critical temperature.
Moreover, data points for different system sizes collapse
on a common scaling curve once they are plotted as a
function of the scaling argument ðT − TcÞL1=ν.
Dimensionful observables have a slightly different scal-

ing. Around the transition, the scaling for the susceptibility
reads

χI ¼ Lγ=νfχI(ðT − TcÞL1=ν)þOðL−ωÞ; ðG2Þ

where χI is the susceptibility for the Ith irreps, the critical
exponent γ=ν quantifies the divergence at criticality, and fχI
represents the scaling function of χI. Hence, the suscep-
tibility curve for different system sizes collapses on a
common curve once they are rescaled with L−γ=ν and
plotted as a function of ðT − TcÞL1=ν.
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The finite-size-scaling collapse represents a powerful
tool for determining the critical exponents and the critical
temperature of a continuous phase transition. In our
analysis, we employed a Bayesian inference method to
find the optimal scaling curve and the associated critical
temperatures and exponents [111]. The finite-size-scaling
collapses for Binder cumulant and susceptibilities are
reported in Fig. 24 for the three representative continuous
transitions discussed in the main text. The respective
quantities extracted from each scaling collapse are reported
in Table VII. The quality of the scaling of the Binder
cumulant and susceptibility is good for each one of the
transitions considered: from the paramagnetic phase to the
A2 phase in the non-Kramers case [Figs. 24(a) and 24(d)],
from the paramagnetic phase to the A2 phase in the Kramers
case for Jz� ¼ 0.4 [Figs. 24(b) and 24(e)], as well as from
the paramagnetic phase to the A2 ⊕ ψ2 phase in the
Kramers case for Jz� ¼ 1.2 [see Figs. 24(c) and 24(f)].

APPENDIX H: FURTHER DETAILS ON A2 ⊕ ψ2
DETECTION FROM MONTE CARLO DATA

In this appendix, we provide details on the detection of
the A2 ⊕ ψ2 phase, in particular, how to determine whether
the components of the E phase are ψ2 or ψ3. We used the

hmE6i parameter defined in Eq. (27) to determine the nature
of the E components in the q ¼ 0 A2 ⊕ E phase. Our
simulations show that, throughout the Jz� range, whenever
the A2 ⊕ E phase is realized, the hmE6i parameter becomes
positive, exposing the nature of the mixed state as the
A2 ⊕ ψ2 phase.
In the following, we show an example of the temperature

evolution of the hmE6i parameter along with the suscep-
tibility associated with the A2 order parameter, and the
Binder parameters of the A2 and E phases for the case
Jz� ¼ 1.2. As shown in Fig. 7 in the main text, the A2 order
parameter starts to increase at a lower temperature than the
temperature at which the E order parameter becomes
nonzero. As discussed in the main text, the appearance
of a nonvanishing mA2

parameter, however, is not asso-
ciated with a phase transition. Indeed, the A2 susceptibility
in Fig. 25(a) lacks any divergencies of its maxima as a
function of increasing sizes. On the contrary, it seems to
approach a common crossover curve. Furthermore, a
common crossing point at the transition temperature is
typically present in the Binder parameter, whereas the A2

Binder parameter in Fig. 25(b) displays no evidence for
such a crossing point, strengthening the crossover hypoth-
esis. The position of the symmetry-breaking transition can
be determined from the intersection of the E Binder
parameter, as displayed in Fig. 25(c). Altogether, the data
shown in Fig. 7 of the main text and in Fig. 25 suggest a
q ¼ 0 phase consisting of a mixed A2 ⊕ E phase. Here, the
hmE6i parameter proves to be the tool to determine the ψ2

nature of the E irrep. As reported in Fig. 25(d), the hmE6i
parameter becomes positive at low temperature, signaling
the presence of the ψ2 component and ruling out any
possibility of ψ3 in the state. To summarize, the phase
reduces to the mixed A2 ⊕ ψ2 phase as marked in the phase
diagram of Fig. 1. We note that similar arguments also hold

FIG. 24. Finite-size-scaling collapses for the Binder cumulant (top) and susceptibilities (bottom) for different values of Jz�. The
resulting critical temperatures and critical exponents are reported in Table VII.

TABLE VII. Critical quantities extracted from finite-size-
scaling collapse for the three representative cases of continuous
transition discussed in the main text.

Jz� Tc ν γ=ν

0 0.957(1) 0.635(8) 1.205(15)
0.4 0.752(2) 0.62(3) 1.66(4)
1.2 0.440(2) 0.65(2) 1.60(2)
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for the other low-temperature regions of mixed A2 ⊕ E
phase, implying that, throughout the phase diagram, the
phase is labeled as A2 ⊕ ψ2.

APPENDIX I: FURTHER DETAILS ON
T1 − IRREPS IN THE NEMATIC PHASE

In this appendix, we provide further details on the T1−
mode in the nematic phase. As discussed in the main text,
the nematic phase features tetrahedra in the A2 ⊕ ψ2 irrep
and in the T1− irrep; see Sec. VI C. The cause of the T1−
appearance is tracked back to the exact additional sub-
system symmetries at the nematic point, rendering the
energetically degenerate T1− irrep also entropically equiv-
alent to the A2 ⊕ ψ2 mode, as described in Secs. VI A
and VI B.
Figure 15 in the main text shows a finite number of

tetrahedra in the T1− mode at the nematic point at low
temperature. Small fluctuations away from the pure T1−
mode tend to avoid the A2 modewhile favoring theEmode.
Hence, the irrep-magnitude distributions are represented on
the T1− ⊕ Emanifold, a hemisphere with pole correspond-
ing to the T1− irreps and the equator being the E manifold,

as sketched in Fig. 26(a). Figure 26(b) shows two regions,
one close to the equator for small T1− and one around the
pole for dominating T1−. As expected, the irreps at the
equator are distributed around ψ2 components, since it
belongs to the A2 ⊕ E sector of the nematic phase.
However, around the pole, a hexagonal shape is visible,
hinting at the mixing of T1− states with ψ3 fluctuations.
This hypothesis is corroborated once the A2 ⊕ E sector is

FIG. 26. (a) Sketch of the T1− ⊕ E hemisphere. The red points
and lines highlight the position of the ψ2 angle, while the blue
lines relate to the ψ3 position. (b) Irrep distributions on the T1− ⊕
E hemisphere for L ¼ 10 at Jz� ¼ 1=

ffiffiffi
2

p
. The temperature is

T ¼ 0.100883 with a total magnitude jm⊠j ≈ 0.99. Two domains
are visible, one close to θ ¼ π=2, A2 ⊕ E configurations, and one
close to θ ¼ 0, T1− configurations. In the A2 ⊕ E domain, the
distribution of η points to a ψ2 realization. However, in the T1−
domain it is not clear if ψ2 or ψ3 are realized.

FIG. 25. Monte Carlo results at Jz� ¼ 1.2. (a) A2 susceptibility,
(b) A2 Binder parameter, (c) E Binder parameter, and (d) hmE6i
parameter as a function of temperature T. The observables in
(a)–(c) are related to the long-range order parameter displayed in
Fig. 7 in the main text. The vertical dashed line indicates the
position of the phase transition. The continuous transition at Tc
drives the system from the paramagnetic phase into the A2 ⊕ ψ2

long-range order phase. The A2 related observables in (a) and
(b) do not show the typical features of symmetry-breaking phase
transitions, such as diverging susceptibility maxima with increas-
ing sizes or a common crossing point of the Binder parameter.
Then, the crossing point of the E Binder parameter can be taken
as the transition temperature where the Z2 × Z3 symmetry
breaks. The hmE6i parameter in (d) acquires positive values at
low T, pointing to a ψ2 realization of the E irrep.

FIG. 27. Irreps distributions in three different sectors of the T1−
domain at T ¼ 0.100883 at the nematic point Jz� ¼ 1=

ffiffiffi
2

p
on the

T1− ⊕ E hemisphere sketched in (a). In this domain, the single-
tetrahedron T1− irreps point along the x, y, z directions, so we can
decouple the three sectors. (b) Along x the Tx

1− couples with ψ3

component of the E irreps via η ¼ �π=2. (c) Along y the Ty
1−

couples with ψ3 component of the E irreps via η ¼ π=6 or
η ¼ −5π=6. (d) Along z the Tz

1− couples with ψ3 component of
the E irreps via η ¼ −π=6 or η ¼ 5π=6.
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masked out and single components of the T1− irreps are
observed. In Fig. 27, the three components of T1− are
singled out: In Fig. 27(b), Tx

1− components couple only
with ψ3 states with η ¼ fπ=2; 3π=2g, while in Fig. 27(c),
Ty
1− components couples only with ψ3 states with

η ¼ fπ=6; 7π=6g, and in Fig. 27(d), Tz
1− components

couples only with ψ3 states with η ¼ f5π=6; 11π=6g.
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