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There is a received wisdom about where to draw the boundary between classical and nonclassical for
various types of quantum processes. For multipartite states, it is the divide between separable and
entangled; for channels, the divide between entanglement breaking and not; for sets of measurements, the
divide between compatible and incompatible; for assemblages, the divide between unsteerable and
steerable. However, these choices have not been motivated by any unified notion of what it means to
be classically explainable. One well-motivated notion of classical explainability is the one based on
generalized noncontextuality: A set of circuits is classically explainable if a generalized-noncontextual
ontological model can realize the statistics they generate. In this work, we show that this notion can be
leveraged to define a classical-nonclassical divide for individual quantum processes of arbitrary type. A set
of measurements, for example, is judged to be classical if and only if a particular set of circuits—the one
obtained by contracting these measurements with every possible quantum state—is classically explainable
in the sense just articulated. We begin the task of characterizing where the classical-nonclassical divide lies
according to this proposal for a variety of different types of processes. In particular, we show that all of the
following are judged to be nonclassical: every entangled state, every set of incompatible measurements,
every non-entanglement-breaking channel, and every steerable assemblage. Our proposal differs from the
received wisdom, however, insofar as it also judges certain subsets of the complementary classes to be
nonclassical, including certain separable states, compatible sets of measurements, entanglement-breaking
channels, and unsteerable assemblages. Finally, we prove structure theorems characterizing the classical-

nonclassical divide based on whether a process admits of a specific type of frame representation.
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I. INTRODUCTION

A recurring question of interest in quantum information
and foundations is to determine which processes (states,
measurements, sets of measurements, channels, and so on)
can be reasonably said to be classical, and which must
be acknowledged to be nonclassical (that is, genuinely
quantum).

In much of the literature, proposals for the placement of
the classical-nonclassical divide have been introduced on
a case-by-case basis for different types of processes.
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For instance, it is commonly taken that for bipartite states,
it is the divide between separable and entangled, for
channels, it is the divide between entanglement breaking
and non-entanglement-breaking, for multi-measurements,
it is the divide between the set of measurements being
compatible and being incompatible, and so on.

These proposals are often based on intuitive notions of
what should count as a classical kind of correlation or
process. However, the question of whether all such pro-
posals are consistent with a single principle has remained
largely unexplored [1]. Indeed, the resulting conceptions
of nonclassicality can be distinct for different types of
processes, and we will even show that they are sometimes
in conflict with one another.

Seeking to define classicality across different types of
processes using a unified notion of classical explainability
is especially important, given that many widely held
intuitions about which features of quantum theory count
as evidence of genuine quantumness are inconsistent
with well-motivated notions of classical explainability.

Published by the American Physical Society
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For example, there exist classical theories [5—7] that satisfy
various principles, such as locality and generalized non-
contextuality, and that nonetheless contain analogs of
entanglement, non-entanglement-breaking channels, and
incompatible measurements, not to mention steering, inter-
ference, no cloning, and a wide variety of other phenomena
that are commonly thought to be challenging to explain
classically.

The question of where the classical-nonclassical divide
lies is sometimes mistaken for one that is merely about
semantics, that is, merely about how we use the term
“classical.” This is not the case because the answer to this
question has a significant impact on how one pursues
foundational and applied research in quantum theory. For
instance, the answer impacts how one pursues the project
of identifying quantum-over-classical advantages across
various tasks (computational, cryptographic, metrological,
thermodynamic, etc.), because one expects to find such
advantages only in protocols that leverage nonclassical
resources. In other words, a desideratum for a good
proposal on where to place the classical-nonclassical divide
is that any advantage should require resources that are
deemed nonclassical by the proposal. Similarly, the place-
ment of the classical-nonclassical divide is important for
identifying the manner in which the quantum worldview
differs from the classical worldview and hence for correctly
identifying the true innovation of quantum theory over its
classical predecessors.

Here, we introduce an approach that defines the
classical-nonclassical divide for a process based on a single
principle, namely, the idea that classical explainability of
operational statistics corresponds to realizability by a
generalized-noncontextual ontological model [8,9].

Since our framework is based on the notion of a
generalized-noncontextual ontological model, it is worth
reiterating the motivations for why realizability in such a
model constitutes a good notion of classical explainability
for operational statistics. The ontological models frame-
work captures the conventional manner of providing a
realist account of an operational theory [10]. Demanding
that a realist account should satisfy the principle of
generalized noncontextuality can be motivated by a meth-
odological principle for theory construction due to Leibniz.
This principle has proven its utility in physics through
Einstein’s use of it in his development of the special and
general theories of relativity [11]. Finally, we note that
a generalized-noncontextual ontological representation is
equivalent to a positive quasiprobability representation
[9,12,13] and coincides with the natural notion of classical
explainability in the framework of generalized probabilistic
theories (GPTs [14,15]), namely, linear embeddability into
the strictly classical (simplicial) GPT [9,13].

This notion of classical explainability also has pragmatic
advantages over some of its competitors. For one, it is noise
robust and is therefore testable in real experiments where

the ideal of noiselessness is never realized [16]. This is in
contrast to the Kochen-Specker notion of noncontextuality
[17], as argued in Refs. [16,18-20].

It also has universal applicability: Given a circuit with
arbitrary causal structure, one can ask whether there exists
a generalized-noncontextual ontological model that can
reproduce the statistics generated by that circuit. In con-
trast, standard Bell inequalities [21] apply only to circuits
having one specific causal structure. Because of its uni-
versal applicability, one can ask: For any operational
phenomenon, precisely which aspects of it fail to admit
of a generalized-noncontextual ontological model, and
hence, which aspects resist classical explanation? Results
establishing facts about the boundary between what is
classically explainable and what is not are now known for
the phenomenology of quantum computation [22,23], state
discrimination [24-27], interference [7,28-30], compati-
bility [31-33], uncertainty relations [34], metrology [35],
thermodynamics [35-37], weak values [38,39], coherence
[40-42], quantum Darwinism [43], information processing
and communication [44-50], cloning [51], broadcasting
[52], pre- and postselection paradoxes [53], randomness
certification [54], psi-epistemicity [55], macroscopic real-
ism [56], and Bell [10,57] and Kochen-Specker scenarios
[19,58-63]. Aiding this research is a growing set of
powerful techniques for certifying the failure to admit of
a noncontextual ontological model [9,13,16,64-71].

However, in all work to date, the existence of a
generalized-noncontextual ontological model provides a
notion of classical explainability for a closed circuit, since
only such a circuit can generate operational statistics, and it
is on the basis of these statistics that classical explainability
is assessed. In contrast, no notion of classicality has been
given for a single process within a circuit, such as a single
quantum state, measurement, or channel. In this work, we
propose a way of doing so.

The intuitive idea is straightforward: A given quantum
process is nonclassical if and only if there exists a quantum
circuit that leverages it nontrivially to generate statistics
that are inconsistent with a generalized-noncontextual
ontological model. In Sec. III, we formalize this definition.
In particular, we explain what it means to “leverage in a
nontrivial way” the process, and then we simplify the
definition considerably, by showing that rather than con-
sidering all quantum circuits containing the process, one
needs only to consider circuits where product states are
prepared on its inputs and product measurements are
implemented on its outputs.

We then undertake the task of characterizing which
quantum preparations, measurements, and transformations
are nonclassical, and which are classical. (This paper focuses
only on quantum theory, although our approach could be
applied to an arbitrary generalized probabilistic theory.)

We prove structure theorems characterizing the structure
of any classical process in terms of the existence of a
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particular kind of product dual-frame representation. We

then use this to prove a number of interesting results,

including the following:
(1) A single state on a unipartite system is always
classical.

Any multi-state consisting of a set of distinct pure

states on a unipartite system is nonclassical if and

only if the states are linearly dependent in the
operator space (and therefore, any minimal tomo-
graphically complete set of pure states is classical).

Any rank-1 positive-operator-valued measure (POVM)

is nonclassical if and only if its POVM elements are

linearly dependent in the operator space [and therefore,
any symmetric informationally complete (SIC) POVM
is classical].

The set of classical multi-states (respectively, mea-

surements) is nonconvex.

(5) Every steerable assemblage is nonclassical, as are
certain unsteerable assemblages.

(6) Every multi-measurement consisting of a set of
incompatible measurements is nonclassical, as are
certain sets of compatible measurements (including
certain singleton sets, i.e., single measurements).

(7) Every entangled state is nonclassical, as are certain
separable states.

(8) For two-qubit systems, a state is nonclassical if and
only if it is entangled.

(9) All non-entanglement-breaking channels are nonclass-
ical, as are certain entanglement-breaking channels.

(@)

3

“

" Def. 1 Sec. IV

Note that “multi-state” and “multi-measurement” are terms
we use in this paper to denote a type of single process
associated with a set of states or a set of measurements,
respectively (see Sec. IL A).

In addition, we show that the task of deciding non-
classicality for a quantum process of arbitrary type (includ-
ing channels and instruments) can be reduced to the
corresponding task for an associated multipartite state.

Together, these results provide a useful characterization
of the nonclassicality of arbitrary processes. The essential
results of the paper are summarized in Fig. 1 below.

In a companion paper [72], we provide further tools
based on semidefinite programming that help one to
witness and quantify the nonclassicality of single states
and measurements. We do so both in a theory-dependent
way (analogous to entanglement witnesses) and in a theory-
independent way (using noncontextuality inequalities).

In another companion paper [73], we focus on bipartite
states and investigate how our notion of nonclassicality
relates to entanglement, steering, and nonlocality. We
provide tools to certify these quantum resources via a
hierarchy of noncontextuality inequalities. Moreover, we
present an experimental demonstration of this novel entan-
glement-certification approach and contrast it with existing
methods.

We end with two points about terminology.

First, we wish to head off a possible point of confusion:
The term “quantum” is sometimes taken as a synonym for
nonclassical, and other times taken as an enveloping term

Sec.V Sec. VI Sec. VI
Condition for Prepare- Bipartite Prepare- Multipartite Multipartite
nonclassical and- prepare-and- transform- prepare- <_>| Prepare-and-
statistics measure measure measure transform-measure measure
circuits circuits _ circuits ~ circuits circuits
; - : )
Thm. 1l hm. Thm. 3 Thm. 4 Thm. 5 Thm. 6
————— - s —_— S—— ) | s e s i s e - = -y
Defs 3and 3 9
N [ ) i SO = 7 i
v Condltlop for Multl- - Multi- Bipartite Multipartite <> | Multipartite 0
1 nonclassical sources \ measurements states multi-instruments  {Thm. 7 state ,
|  processes o S J . ¢
——" i . i M —— . - P - - - @
_Specialcases | Corr.1 _ Corr.5 Corr. 7 Corr.8
w \
' Traditional v = ’lement e
i notions of Steerable Incompatlble Entangled -non-lﬁ' g Multipartite
nonclassical { assemblage ~ measurements states i : entangﬁle\d states | |
processes ;)
FIG. 1. Schematic showing the main results of the paper. Yellow: in each section, we study the class of quantum circuits built from the

type of target process of interest together with dual processes (Definition 2) that close the circuit; the condition for the resulting statistics
to be classically explainable is realizability in a noncontextual ontological model (Definition 1). Blue: a process is then defined to be
classical if the resulting statistics from the set of circuits obtained by contracting it with all possible dual processes are classically
explainable (Definitions 3 and 3'); the classical-nonclassical divide for the processes of each type is then characterized by the
corresponding structure theorems. Green: traditional notions of nonclassicality are recovered as special cases, i.e., as sufficient

conditions for the proposed notion of nonclassicality.
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that includes classical and nonclassical as special cases [74].
In this work, we use the term quantum in the more inclusive
sense. This is because we are studying the question of which
subsets of phenomena described by quantum theory are
classically explainable and which are not. We use the term
“nonclassical” or “intrinsically quantum” to signal the
impossibility of classical explanation [75].

Second, the term “classical” is quite overloaded in the
literature. Although we shall continue to use the term
throughout this article (where its meaning should be clear
from context and from our explicit definitions), we suggest
the term Leibniz classical be used by anyone who seeks a
more specific term (e.g., if referring to our notion in a
broader setting where it might not be clear from context to
what the word classical refers).

II. PRELIMINARIES

A. Types of quantum processes

A generic process in quantum theory is simply a trans-
formation with various input and output systems, which
may be quantum or classical. A classical system that is an
input is generally called a setting variable and one that is an
output is generally called an outcome variable. The most
common examples of processes in quantum theory are
states, effects, measurements, channels, and instruments.
However, it is often useful to consider more general
processes, including those listed in the Table. I.

Most of these processes will be familiar to the quantum
information theorist. However, the terminology of sources,
multi-sources, multi-measurements, and multi-channels is

TABLE 1. Examples of various types of processes, their
representations in quantum theory, and their representations as
substochastic matrices in an ontological model. Throughout this
paper, we denote classical outcome variables by a, b, ¢ and
setting variables by x, y, z, while quantum inputs and quantum
outputs are denoted by the capital letters A, B, C.

Process type Quantum rep Ontological rep

State pt p(alp®)
Effect MA p(M*[Ay)
Channel £BlA p(4glAa)
Source {pla)pd}., {p(aia)},
Measurement {M43}, {p(blaa)}s
Instrument {FEAy, {p(ciglia)}e
Multi-state {pf“x + {p(Aalx) }x
Multi-channel (e 4y {p(Aslz24)}.
[z Jz .
Multi-source {{p(a|x)p2‘x}a}x Hprladalx)}ats
Multi-measurement {M5, 1 Hply2a)}sty
Multi-instrument {{ff“?}c}z {{p(ciplzin)}e}.
Multipartite state pAveAn p(Ai, i dy)

State Multistate Source Multisource
[|A || A al JA a] |]A
ONURONG
X X

b

m

A A

Effect Measurement Multimeasurement

FIG. 2. Examples of processes with a single quantum output A
(top) and with a single quantum input A (bottom) on a single
quantum system. Throughout this paper, quantum systems are
represented by double wires, whereas classical systems are
represented by single wires.

relatively new, so we explain these terms below. These
processes are easily understood via a diagrammatic repre-
sentation, as in Fig. 2.

The type of a process is simply a specification of its input
and output systems, as well as a specification of whether
each of these is classical or quantum. Diagrammatically, we
will depict quantum systems by double wires and classical
systems by single wires (see, e.g., Fig. 2). In this approach,
each individual input and output of a process (depicted by a
wire in the diagram) is considered a fundamental system,
having no subsystem structure, so that a composite system
is always described by a collection of inputs or a collection
of outputs.

Each quantum input and output for a given process is
associated with a Hilbert space. For a quantum system A,
we denote this Hilbert space by H4 with superscript A. We
will denote the set of all linear operators on H as £(H), the
set of all Hermitian operators on H as Herm(H), the set of
all density operators [i.e., all p € Herm(H) such that p > 0
and Trp] = 1] as S(H), and the set of all effects [i.e., all
M € Herm(’H) such that 0 < M < 1] as M(H). Formally,
an effect on system A is a map M (X4) == Tr[MAX"], i.e.,
a channel with no output. Nonetheless, we will often simply
refer to the operator M* itself as an effect.

It is useful to classify the types of processes by their
quantum inputs and outputs, such that the only differences
among the processes in a given class are in their classical
outcome and setting variables. For instance, processes with
a single quantum output and no quantum input form a class.
We will refer to these as processes of the preparation
variety. In a similar fashion, the class of processes with a
single quantum input and no quantum output will be termed
processes of the measurement variety, and the class of
processes with both a quantum input and a quantum output
will be termed processes of the transformation variety. We
will sometimes qualify the terms describing these varieties
to stipulate the subsystem structure of the quantum inputs
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or the quantum outputs; for example, we will speak of
processes of the bipartite preparation variety.

We begin with processes of the preparation variety, i.e.,
those having a single quantum output A. Four types of
processes in this class are depicted in the top row of Fig. 2.
A single deterministic preparation on a quantum system A
is represented by a density operator (or state) p € S(H4). A
process with a classical input x (a setting variable) that
determines which of a set of preparations is implemented
on A can be represented by a set of states {pf“x - We refer

to such a process as a multi-state process. Next, consider a
process in which a variable a is sampled at random from a
distribution p(a) and then the preparation represented by
the state p2 is implemented on A, and the variable a
becomes a classical output of the process (an outcome
variable) that flags which state was prepared. Such a
process is represented by a set of unnormalized states
{p(a)p4},, and we refer to it as a source (it is sometimes
termed an ensemble). Finally, a process with a classical
input x (a setting variable) that determines which of a set
of sources is implemented can be represented by a set of
sets of unnormalized states {{p(a|x)pglx}a}x. We refer

to such a process as a multi-source. We will sometimes
write P := {{p(a|x)p‘2‘x}a}x. Note that when such proc-

esses arise in steering scenarios, they are also termed
assemblages.

Next, we turn to processes of the measurement variety,
having a single quantum input A. Three types of processes
in this class are depicted in the bottom row of Fig. 2. (Note
that the term measurement is used here to refer specifically
to processes with no quantum output, such that there is only
a retrodictive aspect to be characterized. Processes with a
classical outcome that have both a quantum input and a
quantum output will here be termed instruments and are
discussed below.) In quantum theory, a measurement with
outcome labeled by b is represented by a POVM {M4},
where each M4 € M(H?*). The process that describes
implementing this measurement and obtaining the outcome
b (so that it can be represented as a process with no classical
outcome) is termed an effect and is represented by the
single operator M4 € M(H"). We use the term multi-
measurement to refer to a process with a classical input y
(a setting variable) that determines which of a set of
measurements is implemented. It can be represented by
aset of POVMs M := {{Mﬁ‘y}b}y. Note that the notion of a

measurement is subsumed as a special case of a multi-
measurement, where the setting variable is trivial.
Finally, we consider processes of the transformation
variety. A process that has a quantum input A and a
quantum output B but that has neither a classical input
nor a classical output is termed a channel and is represented
by a map E84: L(HA) > L(HP) that is completely posi-
tive and trace preserving [76,77]. A process of the trans-
formation variety that also has a classical input (a setting

variable z) describes a set of channels {EfZlA}Z and will be

termed a multi-channel. A process of the transformation
variety that has a classical output (an outcome variable) is
termed an instrument. It can be conceived of as a nonde-
structive measurement procedure, so that the outcome is
informative not only about the quantum input (the retro-
dictive aspect) but also about the quantum output and the
correlations between them (the transformative aspect). An
instrument from £(H*) to £(H?) with classical outcome ¢
is represented by a set of trace-nonincreasing channels

denoted {fflA}C that sum to a trace-preserving channel,

ie, Y. F f‘A defines a completely positive trace-preserv-
ing (CPTP) map. We use the term multi-instrument to refer
to a process with a classical input z (a setting variable) that
determines which of a set of instruments is implemented.
We denote such a set of instruments (multi-instrument)

by {{F2"}.}.

We note that any classical inputs (setting variables) and
classical outputs (outcome variables) of a process can be
reconceptualized, respectively, as quantum inputs and
quantum outputs that are dephased in a particular basis.
For example, a multi-measurement can be viewed as a
channel that has two quantum inputs, one of which is
dephased (corresponding to the setting variable), and that
has a single dephased quantum output (corresponding to
the outcome variable). As we will show in Sec. VIII, all of
our results are invariant under this reconceptualization of
the type of process.

B. Composition of quantum processes

Quantum circuits are formed via the composition
of quantum processes, such as states, channels, and
measurements. To discuss composition, it suffices to focus
on channels, since states and effects can be treated as
special cases of channels when discussing compositions,
specifically:

(i) A state p* defines a channel from the trivial system

to A.
(i) An effect M”* defines a channel M (X4):=
Tr[M“X"] from system A to the trivial system.

We denote the operation of implementing processes on
distinct systems, i.e., parallel composition of the processes,
by ®. Given channels E81lAi: L(HA) —» L(HP) and
DBl £(HA) — L(HP2), their parallel composition is
a bipartite channel E£PilA1 @ DBl L(HA @ HA2) —
L(HB @ HP>) (see Table II). As a special case, given
states p* € S(H*) and o® € S(H?), their parallel compo-
sition defines a bipartite state p* ® o € S(HA ® H?).

We denote the operation of wiring the output of one
process to the input of the other process (where the system
types match), i.e., sequential composition of processes,
by o. Given channels E84: L(HA) > L(H?B) and FCIB:
L(HB) > L(HC), their sequential composition defines a
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TABLE II. Different kinds of compositions (parallel and
sequential) and how they are represented in quantum theory
and in an ontological model thereof.

Composition Quantum rep Ontological rep
Parallel EBIlAL @ DBl (A, 124, P (25,1 44,)
Sequential FCIB o gBIA >, PAclAz) p(A5]2a)

new channel FC15 o £81A: L(HA) > L(HC) (see Table II).
As a special case, the application of a channel £5l:
L(HA) — L(H?) to a state p* € S(H”) defines a new
state EPIA o pA = EBIA (p4) € S(HP). We will also use o to
denote more general types of “wiring together” of proc-
esses. For instance, a channel £84 from A to B can be
slotted into a comb [78] CA® with output A and input B [as
in Fig. 6(d) below], and we denote the resulting closed
circuit by CAIB o £BIA,

Discarding (trace and partial trace) can be regarded as
composition with the deterministic effect u'l4: A — I,
where [ is the trivial system. Consequently, the partial
trace is a special case of sequential composition. For a
bipartite state p*142, one has w4 o phid2 = Tr, [ph42].

Consider a quantum circuit built up from the parallel and
sequential composition of a set of quantum processes.
Quantum theory provides a prescription for computing the
operational statistics generated by any such a circuit. Here
and throughout this article, we use the term operational
statistics (or simply statistics) to refer to the conditional
probability distribution over the outcome variables in the
circuit given the setting variables [see Fig. 3 and Eq. (1) for
an example]. Moreover, we refer to any circuit that is the
sequential composition of a process of the preparation
variety with a process of the measurement variety as a
prepare-measure circuit or scenario. We refer to any circuit

Linear

Quantum circuit Ontological model

FIG. 3. A prepare-transform-measure circuit (left) and an
ontological representation of it (right). The circuit is classically
explainable if and only if there exists a linear and diagram-
preserving ontological representation taking each quantum sys-
tem to a classical random variable and each quantum process to a
substochastic matrix. The map must, moreover, respect the
circuit’s topology and reproduce the quantum predictions.

that is the sequential composition of a process of the
preparation variety with a process of the transformation
variety, followed by a process of the measurement variety,
as a prepare-transform-measure circuit or scenario. The
same terminological convention applies to circuits on
multipartite rather than unipartite systems.

C. Classical explainability of the statistics generated
by a set of quantum circuits

As noted in the Introduction, we take classical explain-
ability of operational statistics to mean the possibility of
reproducing these operational statistics in a generalized-
noncontextual ontological model [9,18].

Here, we wish to conceptualize quantum theory as an
operational theory wherein one has quotiented the set of
laboratory procedures of a given type with respect to an
operational equivalence relation [79]. (This is the standard
conceptualization in the field of quantum information,
where a state is a density operator, a channel is a completely
positive trace-preserving map, and a measurement outcome
is a POVM element.) We digress briefly to explain the
distinction between the unquotiented and quotiented opera-
tional theories. In an unquotiented operational theory, a
given procedure (preparation, measurement, transforma-
tion, etc.) is conceptualized as a list of laboratory instruc-
tions [18], so that the theoretical description includes
details that can be irrelevant to the operational statistics
obtained in circuits within which the procedure is
embedded. Despite their irrelevance to the operational
statistics, such details, which are termed contexts, might
still be relevant to the ontological representation of the
procedure in a contextual ontological model [18].
Sameness of operational statistics defines an equivalence
relation over procedures. A quotiented operational theory is
one that includes only operational equivalence classes of
procedures and does not include the details (i.e., contexts)
that distinguish the procedures within a given class. For
example, an equivalence class of preparation procedures in
quantum theory corresponds to a density operator.

Conceptualizing quantum theory as a quotiented opera-
tional theory introduces a subtlety regarding how to under-
stand the notion of classical explainability, namely, that
the definition of a generalized-noncontextual ontological
model was originally given only for unquotiented opera-
tional theories. Because a quotiented operational theory has
quotiented away the notion of context that would be
leveraged in a context-dependent ontological representa-
tion, it becomes a category mistake to talk about context
dependence, and therefore, it becomes inappropriate to
define classical explainability of such a theory as the
possibility of reproducing its operational statistics in terms
of a generalized-noncontextual ontological model.

What is required is a translation of the notion of clas-
sical explainability of unquotiented operational theories
described above into the language of quotiented operational
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theories. Such a translation was presented in Refs. [9,13].
It is this: A quotiented operational theory is classically
explainable if and only if its predictions can be reproduced
by an ontological theory that is obtained from the quotiented
operational theory by a linear and diagram-preserving
ontological representation map, where each operational
process is mapped to a substochastic map.

Consequently, this is our notion of classical
explainability:

Definition 1. The statistics generated by a set of quantum
circuits of a given structure are said to be classically
explainable if and only if they admit of a linear and
diagram-preserving ontological representation; that is, if
and only if there is a linear and diagram-preserving map
from the quantum systems appearing in the set of circuits to
random variables, and from the quantum processes appear-
ing in the set of circuits to substochastic matrices such that
the map preserves the statistical predictions [9].

Note that we will sometimes simply say that the set of
circuits itself (rather than its statistics) is classically
explainable, and we will often consider situations where
the set of circuits in question contains only one element, in
which case, we will speak of the classical explainability of a
circuit rather than of a set of circuits (an example of this
follows). This notion of classical explainability of a set of
circuits is equivalent to the notion defined by the possibility
of a generalized-noncontextual ontological model of an
unquotiented version of the set of circuits [9], the motiva-
tions for which were discussed in the Introduction.

This definition relies on an abstract notion of a linear and
diagram-preserving (or functorial [80]) map from quantum
processes in the circuit(s) to substochastic matrices over
random variables. The advantage of this definition is that it
is simple to state, simple to visualize (see Fig. 3), and fully
general, in the sense that it applies to arbitrary circuits. The
disadvantage is that writing it down more formally and
explicitly requires a diagrammatic formalism like that
presented in Ref. [9]. As many readers may not be familiar
with this diagrammatic notation, we will not repeat the
general definitions here, but will instead give only the
explicit form for specific examples (for which standard
algebraic notations suffice).

As a first illustrative example, imagine one implements
an experiment with a prepare-transform-measure circuit of
the sort shown in Fig. 3, consisting of a multi-state {pf“x}x,

multi-channel {E_ITZIA}Z, and measurement {M5},.

The operational statistics one can generate within such a
circuit are

p(blxz) = Tr[MEEN (1), (1)

A diagram-preserving ontological representation for
such a circuit provides a realist explanation of these
statistics in terms of underlying spaces of ontic states for

systems A and B that encapsulate the fundamental proper-
ties of the system in question and that ultimately determine
the outcomes of measurements. In particular, it associates
with each system § in the circuit an ontic state space Ag
stipulating the set of all possible ontic states Ag. (We assume
this set is finite for simplicity of the presentation.)
Each state pﬁx is associated with a probability distribu-

tion over A4, namely, p(l4]x), where p(l4]x) >0 and
>4, P(Aa]x) = 1. Each channel EiIA is represented by a

stochastic matrix, the elements of which are conditional
probabilities p(dg|z44), giving the probability of transi-
tioning from ontic state A4 to Az; this stochastic matrix must
satisfy p(Ag|zds) >0 for all (A4,45) EAL X Ap and
>, P(Aglz44) = 1 for all 1, € A,. Each measurement
effect M5B is represented by a response function p(b|ip)
describing the probability of obtaining outcome b given
the ontic state Ap; each response function satisfies
1 > p(b|Ag) = 0, and for a set of effects {M%}, summing
to the identity (and so forming a valid measurement), one
must have ), p(b|ig) =1 for all 1z € Ap.

The requirement that the ontological model reproduces
the empirical predictions of quantum theory for this
prepare-transform-measure scenario of Fig. 3 implies that

Jx

= Zp(b|/13)P(/13|Z/1A)P(/1A|x)~ (2)

Aalp

plblz) = Tr[MEE (o1

Thus far, we have described the implications of the
ontological representation being diagram preserving. We
now consider the additional conditions implied by the
linearity of the representation. First of all, there are generic
constraints among the ontological representations of the
states in the circuit, since the mapping from the set of states
{p{‘l‘x}x to their ontological representations { p(14|x)}, must

be linear. So if an identity such as
> ap], =0 (3)

holds among the states (where here and elsewhere in the
article, 0 denotes the zero operator or zero channel and
{a,} is a set of real numbers), the corresponding identity
must hold among the ontological representations of these
states, namely,

D ap(dalx) =0, ¥ iy 4)

We will call constraints of the type Eq. (3) operational
identities, and constraints of the type Eq. (4) ontological
identities.

Similarly, any operational identity among transforma-
tions, such as
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> aglt =08, (5)

implies the corresponding ontological identity

ZaZp(/lB|Z/1A) = 07 VllA» j’B’ (6)
Z

and any operational identity
> a,Mp = 0F (7)
b

among effects implies the corresponding ontological
identity

Y _ap(blig) =0,  Vig. (8)
b

Linearity of an ontological representation, moreover,
imposes constraints on how the compositions of different
processes are represented.

Consider the composition of the multi-state and multi-
channel from Fig. 3, yielding a new multi-state {5},
depicted in Fig. 4(a), and consider the composition of
the measurement and multi-channel from Fig. 3, yielding a
new multi-measurement {{M‘;“Z} »}. depicted in Fig. 4(b).

The corresponding ontological representations of these

FIG. 4. In the prepare-transform-measure circuit, one can
define different composite processes. (a) Boxing the multi-
channel and the multi-state defines a new multi-state on 5,

= €B‘A(pA ). (b) Boxing the multi-channel and the meas-

on HA, M4 =
2°
[SB‘A]L(Mf). (c) More subtly, boxing the (composite) multi-

state {f)_’fzx}zx with the (composite) multi-measurement

urement defines a multi-measurement

{{1\7[2‘7},,}1 defines a measure-and-prepare multi-instrument

from HA to H® with g‘f,‘,ﬁ,x,z,,( )= pB s ,Tr[M/g/,lz,,( )].

compositions are

P(Aglxz) : ZP (A8|224) P(Aa|x). (9a)

p(blzia) - Zp b|2s)p(28|224)- (9b)

Suppose that the operational identities that the new
processes satisfy are

Za”p lox =
Zasz’Z‘Z = @A
bz

linearity then implies that the same identities must also hold
for their ontological representations, namely,

> a.pAslxz) =0,

x

(10a)

(10b)

7 (11a)

> ayp(blzds) =0, Vi, (11b)
bz

A more subtle kind of operational identity that one must
also consider [81] is the type illustrated in Fig. 4(c). Here, a
multi-state {/N’ﬁ;zx}zx on system B [defined in Fig. 4(a)] is

composed with a multi-measurement {{Mﬁk}h}z on sys-

tem A [defined in Fig. 4(b)], in a manner giving rise to a
multi-instrument from system A to B, namely.

Sf/‘/lrz/ / //( ) p ‘Z/ ITr[ b//lz//(.)} . (12)

(Note that this type of composition operation can be con-
sidered as an instance of either parallel or sequential
composition.) The resulting multi-instrument, i.e.,

E'f,l,ﬁ, (), is of the same type as the given multi-channel

{(C/‘B‘A }Z’
the form

ZaZEﬂA +
Z
which implies the corresponding ontological identity

> . p(Apleds) +
4

so there can be new operational identities of

ab”x’z’z”gb”\x’ 1 @B‘A (13)

b'x' 77"

Z ayrez P(Aglx'2)p(b"|442") = 0
bllx/zfz//

(14)

for all 44 and 4. Of course, this operational identity is
nontrivial [i.e., not implied by the operational identities
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from Eq. (5)] only if a, # 0 for some z while ar.» #0
for some b"x'7'7".

If we move beyond prepare-transform-measure scenar-
ios, the prescription is similar, but one must consider all
possible ways of composing together the processes within
the circuit and then demand that the operational identities
on all of these effective processes are preserved in the
ontological representation, in a manner analogous to what
was done above. We again refer the reader to Ref. [9] for a
diagrammatic framework that greatly simplifies the explicit
treatment of general circuits.

It is worth emphasizing that assessments of classical
explainability are always given relative to a circuit, that is,
relative to a factorization of systems into subsystems and a
hypothesis about the causal structure. This follows from
two consequences of diagram preservation: the fact that an
ontological model associates an ontic state space to each
system in the given circuit and the fact that the stochastic
matrices in the model must be wired together with the same
connectivity as in the quantum circuit. Although this choice
is quite innocuous in simple cases like a prepare-measure
scenario or a Bell scenario [82], it is a bit more substantive
in general. We will see this in Sec. V when we discuss the
representation of bipartite systems. The reader can also find
more discussion of this point in Refs. [10,70].

D. Two notions of variability in the identity of a process

There are two ways in which one can imagine variability
in the identity of a process within a circuit. On the one
hand, this variability might be induced by the variability in
the value of a setting variable and/or in the value of an
outcome variable. This is a variability that gets explored
physically across different runs of the experiment. On the
other hand, we sometimes wish to contemplate a theoretical
notion of variability. For instance, for a process that has
neither classical inputs nor classical outputs (such as a
single state or transformation), we might wish to consider
all possible choices for this process according to quantum
theory. We refer to the former sort of variability as realized
variability and the latter as theoretical variability.

In the following, when we consider a specific quantum
circuit, there will be some realized variability within that
circuit for a given process. This type of variability is
considered part of the specification of the circuit and is
captured by the ranges of the classical setting and outcome
variables attached to that process.

However, in our assessments of classical explainability
of a given type of process, we will often consider all the
processes that are dual to it (in a sense to be specified
below). The variability in the dual process is of the theo-
retical variety. We are considering what quantum theory
predicts for every possible choice of this dual process. For
the case where the process is a state, multi-state, source, or
multi-source, the dual process is an effect. Quantum theory
stipulates the probability assigned to all effects, and these

probability assignments do not depend on which measure-
ment, or multi-measurement, this effect is considered part
of. Similarly, for the case where the process is a measure-
ment or a multi-measurement, the dual process is a state.
Quantum theory stipulates the probability generated by all
states, and these probabilities do not depend on what source
or multi-source this state is considered a part of.

III. DEFINING THE CLASSICAL-NONCLASSICAL
DIVIDE FOR AN INDIVIDUAL
QUANTUM PROCESS

When should a given quantum process be deemed
nonclassical? Intuitively, it is nonclassical if and only if
(i) it can be used in some quantum circuit to realize
operational statistics that are not classically explainable
(in the sense of Definition 1), and (ii) it is implicated in the
lack of classical explainability. We begin by clarifying what
we mean by “being implicated in the lack of classical
explainability.” Essentially, if a circuit realizes statistics that
are not classically explainable independent of the identity
of the process in question, the process is not implicated in
the lack of classical explainability.

Consider the question of whether a given multi-source is
nonclassical. Suppose one has the circuit in Fig. 5(a), where
the multi-source on system A appears in yellow, and
suppose that an ancilla system labeled B is also prepared
in some state (in blue), and the composite system and
ancilla are subjected to a joint measurement. In this case, it
is possible to observe a failure of classical explainability

FIG. 5. Left: probing schemes (in blue) that can generate
statistics that are not classically explainable independent of the
identity of the given process of interest (in yellow). In (a), the
process of interest is a multi-source. In (b), the process of interest
is a multi-measurement. Right: treating these same circuits in a
manner that coarse grains over all processes involving systems
that are not connected directly to the process of interest leads to
probing schemes (in blue) such that whether the statistics can be
explained classically now always depends nontrivially on the
identity of the process of interest. In (a), the effective process is
simply an effect M,; in (b), the effective process is simply
a state py.
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regardless of the identity of the multi-source on the system.
This can be done, for instance, simply by taking the multi-
partite measurements to be factorized across the system-
ancilla divide and by choosing any set of states and any set
of effects on the ancilla sufficient to generate statistics that
are not classically explainable (in the sense of Definition 1).

Similarly, consider whether a given multi-measurement is
nonclassical. Suppose one has the circuit in Fig. 5(b), where
the multi-measurement appears in yellow, and suppose that
the composite of the system and ancilla is prepared in some
joint state (in blue), and subsequently a factorizing meas-
urement is made, with some local measurement imple-
mented on the ancilla. Again, it is possible to observe the
failure of classical explainability regardless of the identity of
the multi-measurement on the system: Simply take the joint
state to be factorizing across the system-ancilla divide, and
choose any set of states and set of effects on the ancilla is
sufficient to generate statistics that are not classical explain-
able (in the sense of Definition 1).

In both cases, then, one cannot conclude that the process
in question is implicated in the fact that the overall circuit
admits no classical explanation.

To ensure that the lack of classical explainability of the
circuit implies the nonclassicality of the process of interest,
it suffices to stipulate that for any circuit that includes the
process of interest, one must box together (i.e., compose
together) all processes that act on ancillary quantum
systems. In other words, this circuit should not introduce
additional causal structure that is internal to the probing
part of the circuit.

In the above examples, this entails boxing together the
blue processes to define an effective process: In Fig. 5(a),
one must compose the effect M48 with the state ¢® to
define an effective effect MA := M8 o 6P [i.e., Tr[MA(-)] :=
Tr[M“8(- ® ¢)]] on system A alone. In Fig. 5(b), one must
compose the effect N8 with the state p*8 to define an
effective state p* := N8 o pAB [ie., p := Tr[(14 @ NB)p*8]]
on system A alone. By boxing processes in this manner, one
ensures that any nonclassicality in the circuit comes from
constraints pertaining to the system of interest (here, system
A), as opposed to any ancilla systems internal to the
probing part of the circuit (here, system B).

Equivalently, one can simply define nonclassicality
of a given process in terms of whether or not it can
generate statistics that are not classically explainable when
embedded in a circuit that does not introduce any new
quantum systems. That is, the circuit cannot contain any
quantum systems not connected directly to the process
itself (for instance, it cannot contain a system such as B in
Fig. 5). This is consistent with the fact that noncontex-
tuality is always defined relative to some specified systems.
Consequently, one wishes to consider the possibility of
classical explanations for the systems in question (those
connected to the given process) and no others, and the
stipulation just given is a simple heuristic to guarantee this.

We formalize all of this by defining the notion of a dual
process to P.

Definition 2. For a given type of quantum process P, a
dual process to P is a quantum process that has a quantum
input corresponding to every quantum output of P and a
quantum output corresponding to every quantum input of
P, and that has no other quantum inputs or outputs.

If one connects (that is, one “wires together”) each
quantum output of P to the corresponding quantum input of
the dual process and each quantum input of P to the
corresponding quantum output of the dual process, one
obtains a circuit with no open quantum wires and with
which one can associate a probability (for each value of the
setting variables and outcome variables of the process P). It
follows that a dual process defines a linear functional on the
process P. We will refer to this wiring together of D and P
to form Do P as composing D with P.

We depict examples of dual processes in Fig. 6. For the
process of the preparation variety on A, i.e., a state, multi-
state, source, or multi-source on system A, the dual process
is an effect on A. Similarly, for the process of the
measurement variety on A, i.e., an effect, measurement,
or multi-measurement on system A, the dual process is a
state on A.

Throughout the paper, we treat the variability in the
states and effects of a dual process as theoretical variability
(as discussed in Sec. II D). Consequently, dual processes in
our treatment do not have classical inputs or classical
outputs. As discussed in Sec. II D, there are many different
ways of ranging over all dual processes of a given type
through physical variability (i.e., by the variability in the
values of classical inputs and classical outputs), but the
definition of classicality is independent of the choice of
how to do so. This is discussed further in Appendix C.

(a) » (©) m (e) m m
9
X
(b) ﬁ (d)
M
4 Iy

FIG. 6. In (a)—-(d), we depict examples of various types of
quantum processes (in yellow) and their associated dual proc-
esses (in blue). In (a), the process is a multi-source on a single
system. In (b), it is a multi-measurement on a single system. In
(c), it is a state on a bipartite system. In (d), it is a channel. In (e)
and (f), the processes are the same as in (c) and (d), respectively,
but we depict the associated dual processes when the latter are
factorizing.
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For a state on a multipartite system, the dual process is an
effect on that multipartite system, as depicted in Fig. 6(c).
The same is true if one considers any process of the
preparation variety, i.e., a multipartite multi-state, source, or
multi-source. For processes with both nontrivial quantum
inputs and nontrivial quantum outputs, the dual process is a
comb [78,83], as depicted in Fig. 6(d).

With these notions in hand, we can present our proposed
notion of classicality for an individual process.

Definition 3. A quantum process is classical if and only if
the statistics generated by the set of circuits that contract the
process of interest with any dual process (i.e., where the set
ranges over all choices of dual process) are classically
explainable (in the sense of Definition 1).

It is useful to provide a slightly more formal version of
this definition. Suppose T denotes a variety of a process,
such as a preparation on A, a preparation on AB, a mea-
surement on A, a transformation from A to B, etc. For a
process P of type T, let the set of all processes of the dual
type be denoted AllDuals(T), and recall that the circuit one
obtains by contracting a process P with a dual process D is
denoted D o P. Relative to these notational conventions,
the definition can be summarized as follows: A quantum
process P is classical if and only if the statistics generated
by the set of circuits {D o P|D € AllDuals(T)} are classi-
cally explainable.

Note that this basic definition generalizes naturally to
theories beyond quantum theory, that is, to arbitrary GPTs.
However, in this paper, we focus specifically on quantum
theory. As a consequence, we can simplify the definition
considerably.

It turns out that it is sufficient to focus on a special class
of dual processes. To define this class, we introduce the
notion of a factorizing process.

Definition 4. A process is termed factorizing if it consists
of a product of local effects on its quantum inputs and a
product of local states on its quantum outputs.

A few examples serve to illustrate the idea. A state on a
bipartite system AB is factorizing if it is a product of a state
on A and a state on B. A process with quantum inputs A and
B and a single quantum output C is factorizing if it is a
product of an effect on A and an effect on B, composed
sequentially with the preparation of a state on C. A comb
with quantum output A and quantum input B is factorizing
if it consists of a state on A and an effect on B.

With this definition, we prove (in Appendix D) the
following:

Theorem 1. A quantum process is such that there exists
some set of dual processes that it can be contracted with to
obtain statistics that are not classically explainable, if and
only if there exists some set of factorizing dual processes
for which this is the case.

Consequently, we can restrict our attention to factorizing
dual processes. For instance, for a bipartite state, it suffices
to consider product effects, as depicted in Fig. 6(e). For a

channel, it suffices to consider factorizing combs, as depicted
in Fig. 6(f). With this result in hand, we can provide an alter-
native definition to Definition 3 of the classical-nonclassical
divide for a single quantum process as follows.

Definition 3. A quantum process is classical if and only
if the statistics generated by the set of circuits that contract
the process of interest with any factorizing dual process
(i.e., where the set ranges over all choices of factorizing
dual process) are classically explainable (in the sense of
Definition 1).

This is the central definition of our manuscript.

IV. PROCESSES OF THE PREPARATION OR
MEASUREMENT VARIETY

Let us start by reviewing the form of a classical
explanation (an ontological model) for the statistics in
the simplest prepare-measure scenario. We will consider
the most general circuit in such a scenario, with a multi-
source on the preparation side and a multi-measurement on
the measurement side.

In this section, we will drop the superscript specifying
the quantum system since only one system is involved.

A. Classical explainability of a prepare-measure
scenario

In the prepare-measure scenario, we consider a multi-
source P :={{p(alx)py.},}, and a multi-measurement
M:= {{M,,},},, which, when contracted together (as
depicted in Fig. 7), generate the statistics

plablxy) = p(alx)Tt[Myjypa]. (15)

In this simple context, the only constraints implied by
diagram preservation in this circuit are that states p,,
get represented as probability distributions p(4|ax) [the
subnormalized state p(a|x)p,, gets represented as
p(ai|x) = p(alx)p(dlax)], that effects get represented as
response functions p(b|yA), and that one can reproduce the
quantum statistics as

b b
m Linear p(blyl)

1y }4
A A

al a
w p(ialx)
X X

Quantum circuit Ontological model

FIG. 7. A prepare-measure circuit (left) and an ontological
model for it (right).
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plablxy) = (al|x). (16)

Zp blyA)p

The states and effects in such a circuit satisfy operational
identities. We will identify these operational identities by
their coefficients, and so we can denote the set of all
operational identities for the states and that for the effects,
respectively, by

O(P) = {{@uctalY_@axp(alx)pae =0}, (17a)

OM) = {{ay, }y,| > s, My), = 0}. (17b)
by

If one further demands that the ontological representation is
linear, the conditional probabilities p(b|yd) and p(al|x)
must satisfy the ontological identities

S aup(all) =0 Y@y} €O(P).

ax

(18a)

> anp(blyr) =0 V{ay},, €OM) (18b)

by

for all 4. Consequently, this circuit is classically explainable
(i.e., admits a linear and diagram-preserving ontological
representation) if and only if the statistics can be repro-
duced by Eq. (16) under the constraint of Eq. (18).

B. The classical-nonclassical divide for multi-sources

Next, we characterize what states, multi-states, sources,
and multi-sources are classical. Because all of these are
special cases of the single concept of a multi-source, it
suffices to define classicality for a multi-source. This is just
a special case of Definition 3":

Definition 5. A multi-source is classical if and only if the
statistics generated by the set of circuits that contract it with
any effect (i.e., where the set ranges over all possible
choices of effects) are classically explainable (in the sense
of Definition 1).

The contraction of a multi-source with an effect results in
a circuit of the prepare-measure form, as depicted in
Fig. 6(a).

Precisely which multi-sources are classical is character-
ized by the following theorem, which refers to the notions
of frame and dual frame. See Appendix A for a review
of these.

Theorem 2. For a multi-source

P:= {{p(a|x)pa\x}a}x’

the following statements are equivalent:
(0) It is classical (in the sense of Definition 5).

(1) Each of the subnormalized states p(a|x)p,, can be
decomposed as

VYa,x (19)

Zp ailx)o;,

for a set of normalized states {5}, and some condi-
tional probability distribution p(al|x) satisfying

> auplailx) =0,

a|x pu\x

V{duta €O(P)  (20)

for all A, where O(P) is defined in Eq. (17a).
(2) Each of the normalized states p,|, can be decom-
posed within a frame representation on V =

Span({pu\x}ax) as

Palx = ZTr[H/lpa\x]Gb Va,x, (21)
7

where the frame is a fixed set of density operators
{0,},, and the dual frame is a set of (possibly
nonpositive) Hermitian operators, ie., {H;}, C
Herm(H)  satisfying >, H, =Py(1) and
Tr[Hp,x] €0, 1] for all a, x, 4, with Py being
the superoperator that projects onto the operator
space V. This condition is depicted in Fig. 8.

Remark. We introduce the superoperator Py, to reflect the
fact that ), H, need not equal the identity operator 1 on H.
[A sufficient condition for ), H, = 1 is that V coincides
with the operator space Herm(H).]

As an example, the multi-state p., = {|0)(0], |+)(+[}
is classical with a frame representation of the form of
Eq. (21) with 00 |0)(0],0y = |+)(+| and Hy=
$10)(0] = 2+) (+]. Hy = 4]+)(+] ~2/0) (0. However, in
this case, Y, H, = Pv(ﬂ) =2|0)(0] + 3 [+)(+] # 1.

The proof is given in Appendix E. We will sometimes
refer to this result as a structure theorem for classical multi-
sources. In a companion paper [72], we leverage
this theorem to provide detailed results on the certifica-
tion and quantification of the nonclassicality of general
multi-sources.

a? IIA
—
—/

X

FIG. 8. A diagrammatic criterion for classicality of a multi-
source {{p(alx)pax},},: @ multi-source is classical if and only if
it admits the frame representation as shown on the right, where
the conditions on the frame and dual-frame operators are given in
Theorem 2.
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2 |a Il |a Il
p(alx,lﬁ] o
14, "Az x

p(A14;)

FIG. 9. A steering experiment defines a multi-source
{{p(alx)paj},}, often termed an assemblage. An assemblage
is said to be unsteerable (or free) if and only if it admits a decom-
position in terms of local operations and shared randomness,
as »_; 4, plalxd;)p(414,)e,,, as shown in the middle figure, or
equivalently, as Y, p(4)p(a|xi)oc;, as shown in the right-hand-
side figure, where the dot represents the copying operation.

We can also derive some immediate insights from this
theorem. First, consider multi-sources that arise in quantum
steering experiments [84,85]. As shown on the left-hand
side of Fig. 9, a pair of systems, A; and A,, is prepared in an
entangled state, and a multi-measurement is implemented on
A;. This yields an effective process that is a multi-source on
A,. Such a multi-source always satisfies ) _, p(a|x)p,x = ¢
for some state ¢ independent of x, and is typically termed an
assemblage [86]. An assemblage is said to be unsteerable [84]
if its unnormalized states can be decomposed as

a|x Palx = Zp a|XA (22)
for some set {c,;}, of density operators on A,, some
probability distribution p(4), and some conditional prob-
ability distribution p(a|xA), as depicted in Fig. 9. This is
often referred to as a local hidden state model of the
assemblage. (Note that in the resource theory of local
operations and shared randomness [2-4,87], the unsteer-
able assemblages are the free resources when one considers
processes corresponding to a steering experiment [88,89].)
If an assemblage fails to satisfy the condition for being
unsteerable, it is said to be steerable.

Given the definition of steerability, Theorem 2 immedi-
ately implies the following result.

Corollary 1. Every steerable assemblage is nonclassical.

Proof. We prove the contrapositive that if the multi-
source defined by an assemblage is classical, then it is
unsteerable. The assumption of classicality is implied by
the satisfaction of condition (1) of Theorem 2. Summing
Eq. (19) over the outcome index a, and using the fact that
an assemblage satisfies the operational identity

> plabpue =3 plal)pge forallxx. (23

a

By Eq. (20), it follows that
Z (adlx) = Z plailx’),

Defining p(4|x) := Y, p(ad|x), we conclude that p(4|x) is
independent of x; i.e., we can denote

Vax, x'. (24)

p(Alx) = p(4). Vx. (25)
By Bayesian inversion,

pladlx) = p(alxd)p(4|x), (26)

and so Eq. (25) implies

p(adlx) = p(alx2)p(4). (27)

Plugging this into Eq. (19), we obtain Eq. (22), the
condition for being an unsteerable assemblage. [

In other words, an assemblage being classical (in the
sense of Definition 3) implies that it admits a local hidden
state model and that it is a free resource relative to local
operations and shared randomness. It is worth noting that,
in our framework, every steerable assemblage remains
nonclassical even when it is viewed as a general multi-
source, i.e., without necessarily assuming the lack of causal
influence from the setting to the quantum output that is
implied by the steering scenario. However, the converse is
not true, as is established below in Example 2.

Theorem 2 also has consequences for the particular case
of a multi-state where the states are linearly independent.
For any multi-state described by a set {p.,}, of linearly
independent states on a single system, the set O(P) of
operational identities it satisfies is empty, so [by Eq. (20)]
there are no constraints on the set of distributions { p(4|x)},
that are the ontological representations of these states.
Consequently, one can always find a decomposition as in
Eq. (19) (where a is trivial) by defining o, := p.; and
p(Alx) = 8, ;. So one has the following result (also noted
in Ref. [70]).

Corollary 2. A multi-state consisting of a set of linearly
independent states on a single system is classical.

From this, one can prove that any multi-source defined
by a set of three or fewer states on a single system is also
classical. (The classical explainability of a prepare-measure
scenario involving fewer than four states was first noted in
Ref. [90].) The case where the states are linearly indepen-
dent is covered by Lemma 2, so it suffices to consider the
case where they are linearly dependent. The single-state
case is trivial. For a pair of states, linear dependence implies
that the states are equal, so we again have a trivial case.
For a triple of states, any possible linear dependence has
the form p; = pp, + (1 — p)p, for some p€|0,1] (for
some suitable relabeling). There is consequently a single
operational identity in the set Op. But in this case, one can
find a decomposition as in Eq. (19), where a is trivial,
where 1 := {1,2}, where 6, := p, and o, = p,, and where
plilx) =6, for x€{1.2} and p(Alx) = psy, + (1 -
p)d;, for x = 3. The last equation ensures that Eq. (20)
is satisfied and hence that condition (1) of Theorem 2 holds.

This argument generalizes to give the following suffi-
cient condition for classicality of a set of states.
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Corollary 3. If a multi-state consists of a set of states that
fits inside a simplex within the quantum state space, then it
is classical.

This is proven in Appendix G.

For a set of distinct pure states, linear dependence is not
only necessary for nonclassicality (per Corollary 2), but
also sufficient.

Corollary 4. A multi-state consisting of a set of distinct
pure states on a single system is classical if and only if the
states are linearly independent.

The proof is in Appendix H.

So, for example, any set of five pure qubit states is
nonclassical, as are any four pure states lying within a plane
of the Bloch ball. An example of such a set of four states
arises in the BB84 protocol [91] and in parity-oblivious
multiplexing [44].

1)(1

Example 1. The multi-state {]0)(0
|-)(—|} is nonclassical.

Follows immediately from Theorem 2 (condition 2), the
qualitative nonclassicality of a multi-state is not affected by
rescaling the states contained therein by any numbers in
(0, 1] (this is also proven in Ref. [32]). Consequently, we
infer the following result.

Example 2. The source {p(a)p*}, = {310)(0
(1], 2[-+)(+]. 2 [=)(=|} is nonclassical.

Considered as an assemblage, one sees that it is
unsteerable by noting that it has no setting variable (i.e.,
it is a single ensemble rather than a set of ensembles), and
so Eq. (22) is satisfied trivially; this, therefore, is an
example of an unsteerable assemblage that is nonclassical.

Note that the converses of Corollaries 2 and 3 do not
hold; there exist multi-states that exhibit nontrivial linear
dependence relations, and moreover that do not fit inside a
simplex within the quantum state space, but are never-
theless classical. This is illustrated by the following
example.

Example 3. Consider the multi-states

+)(+

s ’ El

,}1|1>x

{o+mi} (28)

where {7} are unit vectors corresponding to the eight
vertices of a cube inscribed in the Bloch sphere. This set
is classical if and only if 7 < (1/4/3). (See companion
paper [72] for the proof.) However, these states are linearly
dependent for all # > 0; moreover, it can be verified geo-
metrically that a shrunken cube with vertices {(1/v/3)7,}
cannot be contained inside any tetrahedron that fits inside
the Bloch sphere, and so the set of states when 5 = (1/+/3)
does not fit inside any simplex within the qubit state space.
This example also highlights that our notion of classical
multi-states is characterized by a frame representation (as
defined in Theorem 2), where the frame may be over-
complete, and the associated decomposition need not be
simplicial (i.e., it need not correspond to a basis).

C. The classical-nonclassical divide
for multi-measurements

Next, we turn to measurements. Recall that we use the
term “measurement” to refer to a device with a quantum
input and an outcome variable (no quantum output), and the
term “‘multi-measurement” to refer to such a device when it
has a setting variable as well.

The definition of nonclassicality of a multi-measurement
is again a special case of Definition 3":

Definition 6. A multi-measurement is classical if and
only if the statistics generated by the set of circuits where it
is contracted with any state (i.e., where the set ranges over
all states) are classically explainable (in the sense of
Definition 1).

Precisely which multi-measurements are classical is
characterized by the following theorem.

Theorem 3. For a multi-measurement M = {{M,, }, },
the following statements are equivalent:

(0) It is classical (in the sense of Definition 6).

(1) Its effects can be decomposed as

Vb,y (29)

for some POVM {G,}, and some conditional
probability distribution satisfying

> Buyp(bly) =0, ¥{By,},, €OM) (30)
by

for all A, where O(M) is defined in Eq. (17b).
(2) Its effects can be decomposed within a frame
representation on V = Span({M,, }) as

My, = Tr[My,F))G,.  ¥b.y, (31)
A

where {G;}, isaPOVM with >, G, = Py(1) =1,
and {F;}, Cc Herm(H) is a set of Hermitian oper-
ators satisfying Tr[F,] = 1 and Tr[M,,F,] €[0,1]
for all b, y, A. This condition is depicted in Fig. 10.

FIG. 10. A diagrammatic criterion for classicality of a multi-
measurement {{M,,},},: a multi-measurement is classical if
and only if it admits a frame representation as shown on the right,
where the conditions on the frame and dual-frame operators are
given in Theorem 3.
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The proof of the theorem is provided in Appendix F. We
will sometimes refer to this as a structure theorem for
classical multi-measurements.

Remark. Here, >, G, = Py(1) = 1 since the operator
space V = Span({M,, }) contains the identity operator (it
suffices to recall that ) , M,, = 1). Note the difference to
the situation with the dual frame {H,}, in Theorem 2.

It is worth noting that an alternative proof of Theorem 3
is possible by leveraging Theorem 2 and Lemma 1 from
Sec. VII. Essentially, a multi-measurement defines a special
type of multi-source (known as a steering assemblage)
via the Choi isomorphism, and Lemma 1 asserts that the
verdict of nonclassicality is preserved under the Choi
isomorphism. Conditions (1) and (2) in Theorem 3 are
the translations through the Choi isomorphism of condi-
tions (1) and (2) of Theorem 2.

Several interesting insights follow from this theorem,
most of which are direct analogs of those in the previous
section.

First, recall that a set of measurements is compatible [92]
if and only if there is a single measurement {G,}, that can
be postprocessed to reproduce every measurement in the
set. Representing this set of measurements as a multi-
measurement {{M, },},, the condition of compatibility is

My, =Y _p(bly2)Gy, (32)
A

as depicted in Fig. 11. Any set of measurements for which
the condition cannot be satisfied is said to be incompatible.

Recalling this, Theorem 3 immediately implies the
following sufficient condition for nonclassicality.

Corollary 5. Every multi-measurement consisting of a
set of incompatible measurements is nonclassical.

We prove this by demonstrating the contrapositive, that
classicality implies compatibility. Specifically, classicality
implies the satisfaction of condition 1 [Eq. (29)] of
Theorem 3, which implies that the POVM {G,}, defines
a single measurement that can simulate all of the measure-
ments in the given set via postprocessing [92]; hence,
the set of measurements is compatible. The converse of

b
-
y A

FIG. 11. A set of measurements {{My,},}, is compatible
if and only if there is a single measurement which can be
classically postprocessed to simulate each element of the set. This
implies that a multi-measurement ranging over those measure-
ments decomposes as shown (with the single measurement
denoted by {G;}).

p(bly, 1)

Corollary 5 does not hold due to the extra constraints in
Eq. (30) of condition 1; there are sets of measurements that
are all compatible and yet for which the multi-measurement
they define is nonetheless nonclassical.

A more exhaustive comparison between nonclassicality
and incompatibility of a set of measurements is carried out
in our companion paper [72].

The analog for effects of our Corollary 4 holds by an
analogous proof:

Corollary 6. A measurement defined by a set of rank-1
effects is classical if and only if the effects are linearly
independent.

One significant implication of this corollary is that a
measurement represented by a rank-1 symmetric informa-
tionally complete POVM is classical [93].

Unlike a single state, a single measurement {M}, can
be nonclassical, provided that there are nontrivial opera-
tional identities among its effects [94].

Example 4. The noisy Pentagon measurement {M'Z,}‘gzo,
where

B 2nb

1
M) = s [T+n(cosBy0, +sinbyo.)], 6,= = (33)

and 5 €0, 1] is a noise parameter (this multi-measurement
was defined for # = 1 in Ref. [94]). This single measure-
ment is nonclassical if and only if #30.618 as proven
in Ref. [72].

V. PROCESSES OF THE BIPARTITE
PREPARATION VARIETY

Recall that a single state on a unipartite system is
classical, as a consequence of Corollary 2. However, once
one considers multipartite systems, even a single state can
be nonclassical. This is because the subsystem structure
provides new opportunities for witnessing nonclassicality
(as first recognized in Ref. [70]).

When defining a linear and diagram-preserving onto-
logical representation of a circuit that involves parallel
composition of two or more systems (represented diagram-
matically by a pair of wires), the assumption of diagram
preservation implies that each system is associated with its
own independent ontic state space. The ontic state space of
the joint system is the Cartesian product of the ontic state
spaces of the subsystems, an assumption that is sometimes
called ontic separability.

Note that, if one instead wishes to entertain an onto-
logical representation wherein the ontic state space of the
joint system is not a Cartesian product, then one should
rather represent the bipartite system in the quantum circuit
as a single monolithic system—without a factorization
into subsystems. In this case, the assumption of diagram
preservation would not force one to assume ontic sepa-
rability. Under such a choice, the joint system would be
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treated as a unipartite system and represented diagram-
matically by a single wire rather than a pair of wires.

Recall from Sec. II C that assessments of nonclassicality
are always made relative to a given circuit, which effec-
tively embodies a hypothesis about the causal structure. It
should be clear from the previous paragraph that for a
quantum system represented by a four-dimensional Hilbert
space, viewing it as (i) a single monolithic system or (ii) as
a pair of qubits (according to some factorization of the
system into a pair of two-dimensional subsystems) con-
stitutes two different hypotheses about the causal structure
that are represented by different circuits. Indeed, the latter
view, wherein a privileged factorization is specified for the
full system, gives a more fine-grained perspective on the
system. This is reflected in the fact that an ontological
model associates with a monolithic system an ontic state
space with no particular structure, while it associates with a
bipartite system an ontic state space that has extra structure;
it must be the Cartesian product of two ontic state spaces,
one for each subsystem.

Assessments of nonclassicality may depend on which
view of the system one takes. In particular, the unipartite
view may lead to an assessment of classicality, while the
bipartite view may lead to an assessment of nonclassicality.
(Note that if the bipartite view leads to an assessment of
classicality, then the unipartite view will as well.) Indeed,
we will see this type dependence in the following results,
where we will show that any entangled state on a bipartite
system is nonclassical relative to the specified bipartition,
whereas we saw in Sec. IVA (from Corollary 2, for
example) that any individual state is classical when it is
conceptualized as a state on a unipartite system with no
specified subsystem structure.

To discuss the nonclassicality of a bipartite state, one
must consider the circuit obtained by contracting it with its
dual process, which is a bipartite effect, as depicted in
Fig. 6(c). Given Theorem 1, however, it suffices to consider
the effects that factorize across the bipartition—hence, only
local measurements. Thus, it suffices to consider only the
type of circuits depicted in Fig. 6(e).

A. Classical explainability of a prepare-measure
scenario on a bipartite system with local measurements

As preparation for our discussion of nonclassicality of
bipartite states, we consider the question of when a prepare-
measure scenario involving a bipartite state and local
measurements is classically explainable in the sense of
Definition 1.

Specifically, we consider a circuit wherein the composite
system A;A, is prepared in a particular bipartite state
PAi42 .= pAi42 and then A, is subjected to a multi-meas-
urement M?‘ while A, is subjected to a multi-measurement
M2, where M} := {{Mlziib'i}bi }y,- In such an experiment
depicted in Fig. 12(a), quantum theory predicts that

(@) (b)
by b, P b, by T
% M (M M R
1 1
[y1 1y2 i M EA 1V2 4 I.VIE M !
A, 2 .0 | LR | i | % | 2t
phite et e
oo———— . Vo . !
@ Linear
(b1 | b2 b, by
uly.1) palyana) p(balyoA) p(bilyids)
[y ly V2 V1
Al | R 1, A
bl bZ
phidz) \ B(bidaly1) B(b21y2)
y1 Y2
FIG. 12. (a) Local measurements on a bipartite state. (b) By

boxing processes together, we can view this circuit as a set of
preparations and measurements on A,, or as a set of preparations
and measurements on A;. In the top of the figure, we depict the
quantum circuits; in the bottom, we depict an ontological model
of each circuit.

p(bibalyiva) = Tr|phMy, @ My | (34)

There may be operational identities among the effects on
each system, namely,

OoM;) = {{ablyl}|zab1ylM2:\yl =0}, (35a)
b

1)1

oM,) = {{abzyzHZabzyZM?zzl)’z = 0}.

byyr

(35b)

Note that for the sake of reducing notational clutter,
we will sometimes drop the system-identifying super-
scripts on the names of processes when these appear as
arguments inside O(-). Thus, we write O(M;) instead
of O(MM).

There may also be further operational identities in this
circuit, namely, identities satisfied by the steering assemb-
lages on A; and A, depicted in Fig. 12(b). For instance, the
steering assemblage, i.e., the multi-source, on A, is
obtained by composing the multi-measurement on A; with
the bipartite state on A;A,, and similarly for the steering
assemblage on A;. Formally, the multi-sources on A; and
A, are defined by

M?] ° PA1A2 = {{’2)212\}’1}/’1 },Vl
= {{Tux, [(M,, @ 1) ]}, 3, (362)

M?Z ° PAIAZ = {{ﬁlzzlb'z}bZ }yz
= {Tra, [0 @ M3, )]}, - (36D)
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Note that here and elsewhere in the paper, we will use p to
denote a subnormalized state. The operational identities
satisfied by these multi-sources are of the form

OM;oP) = {{ay,, }D ay, 7y, =0}, (37a)
biyy

OM,0P) = {{abgyzHZabzyzﬁ?;‘yQ =04}, (37b)
byyr

Note that these last two sets of identities actually subsume
those in Egs. (35a) and (35b). To see that O(M;) C
O(M,;oP) for instance, it suffices to note that

A L A
Zbl)’l ablYlell|y] = ot 1mphes Zhlyl abl)’lTrl[Mbll|y] ®
]]AszlAz] = Q2.

There is also a more subtle kind of operational identity
analogous to the one in Eq. (13). Specifically, the unnor-
malized states ﬁ?z“yz and ﬁ?flyl in the steering assemblage
[i.e., in Eq. (36)] can also be composed in parallel, giving
rise to bipartite states on A;A,. Since such states are of the
same type as the given bipartite state p*142, there might
exist a new operational identity for some set of real
coefficients {ay, p,y,y, }5,5,y,y, SUCh that

Ay, _ ~A| ~A;
pA] P= § : ablth|yzpbz|y2 ® Py, [y * (38)
bibyy1ys

Such an identity exists if and only if pA142 lies in the linear
span of the set {ﬁ/;;lyz ® pb] \yl}b byy,y,+ The operational
identity of the form of Eq. (38) will be denoted by

= {{@,,y,y, H P
= Z Ap, bZYIVzpr\yo ® pb [y } (39)

bibyy1ya

O(P)

The circuit in Fig. 12(a) is classically explainable (i.e.,
admits an ontological model) if and only if the following
conditions are met. One can introduce a separable ontic
state space A; X A, over which one can reproduce the
quantum statistics via

Zpﬂﬁz

Ala

p(bi1by|y1y2) = (b1[y141)p(ba[y2d2),  (40)

where p(b; |y 4,) satisfies the ontological identities speci-
fied by O(M;), and p(b,|y,4,) satisfies the ontological

identities specified by O(M,). Moreover, defining
compositions
P(bidaly) : Zpb yiAd)p(ih),  (4la)
P(brdi]y2) : ZP bs|y242) (A1 42), (41b)

we require that p(b;4,|y,) must satisfy the ontological
identities specified by O(M; oP), and p(b,A;|y,) must
satisfy the ontological identities specified by O(M, o P).
Finally, we require that p(4,4,) must satisfy the ontological
identity specified by O(P). All told, we require that, for
all /11, /12,

Zablylp(blbh/h) =0 V{ablyl} eOM,), (42a)
biyi
Zabzyzp(bz|h/12> =0, VYi{a,,}€OM,), (42b)
byy,
Zabm (bidalyr) = V{ay,,, } €OM;oP), (42c)
biy

Zabm?(bzil y2) =0, V{a,,} €O(M0oP), (42d)
byys
P(/11/12) = Z ablbzylyzﬁ(byh|y2)l~)(b1/12|y1)

bibyyiys

Vi, b,y,y,} € O(I5). (42e)

Note that the first two constraints in Eq. (42) follow from
linearity, while the latter three follow from diagram
preservation together with linearity.

Importantly, since the ontological model for the steering
assemblages has already been explicitly constructed in
Eq. (41), this yields the following necessary condition for
classical explainability.

Proposition 1. Any circuit with local measurements on a
bipartite state [as depicted in Fig. 12(a)] is classically
explainable only if the two prepare-measure circuits it
induces by boxing processes together [in one or the other
direction, as in Fig. 12(b)] are classically explainable.

The intuition behind this result is straightforward. To
determine the classical explainability of a prepare-measure
scenario obtained by boxing operation, it suffices to check
only a subset of the constraints in Eq. (42) [specifically,
only Egs. (42b) and (42c) or only Egs. (42a) and (42d)],
rather than the full set that must be checked in the original
bipartite scenario. Consequently, if a bipartite scenario is
classically explainable, then so is each of the unipartite
prepare-measure scenarios it defines by steering.

For completeness, a formal proof of this implication is
provided in Appendix L.

B. The classical-nonclassical divide for bipartite states

We obtain the definition of classicality for a single
bipartite state by particularizing Definition 3’ to this type
of process.

Definition 7. A state on a bipartite system is classical if
and only if the statistics generated by the set of circuits
where it is contracted with any product effect (i.e., where
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the set ranges over all product effects) is classically
explainable (in the sense of Definition 1).

We therefore consider a prepare-measure circuit of the
type depicted in Fig. 12(a), with a single bipartite state and
local measurements as depicted in Fig. 6(e), where the
range of measurements includes every possible effect on A,
and every possible effect on A,. A necessary condition for
classicality of a bipartite state can then be obtained as a
simple corollary of Proposition 1.

Proposition 2. A bipartite state p is classical only if
every multi-source on A, that is obtained by contracting
pA142 with a multi-measurement on A, is classical, and
every multi-source on A; that is obtained by contracting
pM142 with a multi-measurement on A, is classical.

Proof. The proof is simple. If the bipartite state is
classical, then by Definition 7, the circuit where it is
contracted with any product effect is classically explain-
able. By Proposition 1, this implies that the two prepare-
measure circuits [as depicted in Fig. 12(b)] are classically
explainable when all local effects on each side are con-
sidered. But classical explainability for each prepare-
measure circuit then implies that each corresponding set of
steered states (the composition between the bipartite state
and local effects on the other side) is classical according to
Definition 5. (]

Whether the classicality of the set of steered states on
both sides is sufficient to establish the classicality of the
bipartite state is still unknown. However, in the following,
we will provide the necessary and sufficient conditions for
a classical bipartite state.

First, define the operator spaces

AAy

V, o= Span({Tey, [(14 @ MA)ph): % € M(H™)}),
(43a)

Vs = Span({Try, [(M41 @ 142)pM%:]: MY € M(HA)}).
(43b)

Whether or not a bipartite state p*142 is classical can then be
characterized based on a product-frame decomposition,
analogous to Theorems 2 and 3.

Theorem 4. A bipartite state p*142 € S(HA @ HA) is
classical if and only if it admits a frame decomposition:

phie = ST [(HY @ H2)p ] ol @ o, (44)
/11./12

where the frame on the operator space V; is a fixed set of
density operators {ofii },,» and the dual frame is a set of
Hermitian operators {Hfi" },, satisfying 3, Hfi" =Py (1%)
with Py denoting the superoperator projecting onto V;,
and such that

Ay

.S
I

Al AZ 1

i

~

%_6
N

()= &)

FIG. 13. A bipartite state is classical if and only if it admits a
frame representation as shown on the right-hand side of the
diagrammatic equation, where the condition on the frame and
dual-frame operators are given in Theorem 4.

Tr[(H)' @ Hy)ph™] >0, Vijdy.  (49)

This condition is depicted in Fig. 13.

As a direct consequence of Theorem 4, it is easy to see
that for a bipartite state, entanglement implies nonclassi-
cality because satisfying Egs. (44) and (45) in the condition
for classicality articulated in Theorem 4 implies that p*14
must be separable.

Corollary 7. If a bipartite state is entangled, then it is
nonclassical.

Within the set of all bipartite states, the boundary
between separable and entangled is distinct from the
boundary between steerable and unsteerable, and both of
these are also distinct from the boundary between local and
nonlocal [95-98]. As it turns out, the boundary between
classical and nonclassical, as defined here, is also distinct
from each of these. This follows from the fact that while
separability is a necessary condition for classicality (the
content of Corollary 7), it is not a sufficient condition, as is
demonstrated by the following example.

Example 5. The separable bipartite state

phie :%(IOHOI ® [0)(Of + [1)(1[ @ [1){1]
+2)2 @ )+ BB [-)(=)  (46)

is nonclassical, because there exists a measurement on Ay,
namely, the projector-valued measure {|0)(0l,|1)(1],
[2)(2|,|3)(3|} that steers A, to the “BB84 source”
{310)€01, £ [1) (1. 3 [4+)(+]. 2 |-) (=]}, which was shown
to be nonclassical in Example 2. The claim then follows
from Proposition 2.

If a separable state can be nonclassical, it is natural to
ask whether this nonclassicality constitutes a resource
for achieving quantum advantages in any information-
processing task. The answer is that it does (at least in
some cases). Consider the separable state from Example 5
above. It induces the nonclassical BB84 source on A,,
which is known to be a resource for quantum key distri-
bution [91] and for parity-oblivious multiplexing [99]. That
said, a complete understanding of the resourcefulness of
separable states that are nonclassical—particularly whether
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their resourcefulness extends beyond their ability to realize
nonclassical resources via steering—remains open.

It is worth noting that, nonclassicality of a bipartite state,
in the sense introduced here, does not coincide with having
nonzero discord [100]; for example, the state %|O) 0] ®
|0)(0] +1]1)(1| ® |+)(+| has nonzero discord but is
classical by our definition. It is not hard to see that nonzero
discord is necessary but not sufficient for a single bipartite
state to be nonclassical.

A complete characterization of the boundary between
classical and nonclassical for bipartite states is likely to be
difficult to obtain. For one, the set of classical bipartite
states is not convex, because all product states are classical,
but not all separable states are.

However, in the special case of a two-qubit system, a
complete characterization is possible to obtain.

Proposition 3. A bipartite qubit state p*142 is classical if
and only if it is separable.

Proof. The “only if” direction follows from Corollary 7;
we now prove the “if” direction.

We first treat the special case where p* =
Try, [p"142] = 1. By Ref. [101], for any two-qubit separable
state with p%2 = %, the set of states that can be steered on A

(i.e., the steering ellipsoid) is contained in a tetrahedron in
the Bloch ball. Let d denote the dimension of the steering
ellipsoid of pA42 (an integer less than or equal to 3),

Ref. [101] shows constructively that pA142 admits a
decomposition
d
phids = Z P4,0), 120,11 ®0'/1 ; (47)
2y Tr=0

where {Gii}jli,.:o are linearly independent sets of states.
Given the linear independence, there exist unique dual
frames {Hi"}j{i:o on the space V; := Span({oﬁ" } _o) such
that Tr[Hﬁ_”a?,f] = 6;,, lone can infer that _, H?i" =
Py.(M]. T heréfore, one can construct the following frame
decomposition for pAi42:

[Hj?ll ®HA2 AAz] Aj ®0/1 . (48)

where Tr[Hj?l1 ® H?ZZpAlAZ] =p;,6;,,,>20. We have
shown that the conditions of Theorem 4 are satisfied,
and so it follows that any two-qubit separable state p142
satisfying Try, [ph142] =1 is classical.

Next, consider the case where p*2 # 1. If p is rank-1,
pA142 must be of the form pAi42 = pAt ® pA2 and thus is
classical. If pA2 has full rank, we can obtain a locally filtered
state pA142 via

,aAlA2 = []]Al ® (2pA2)—%]pA1A2 [‘HAI ® (2[0/‘2)_%], (49)

so that Try, [ph142] = % Since this local filtering preserves
separability, 54142 is still separable. Now, given dual-frame
operators {0/1[ },, and {I:Ifl_"}ﬁi for pA4> defined on the
operator space V; == Span({&i" }f{x _p)» one can map these
frame operators back to p442 by defining

Ap L =A Al _ A
o)l =&, H,' =H;', (50a)

IR CTDLNC Azﬁ
e T 5 0p)

(50b)

H = Te [ (20%))] [ (2p%) 2 (20%)H]. - (0¢)

Then, one has the frame representation
d

pAlAz — Z

I =0

[HAI ®HA2pA Az] A ® alz' (51)

It is easy to see that Tr[H}' ® H}2p"142] > 0, and more-
over, {Hf]‘} and {aﬁ‘]‘} define a dual basis on V,, and
Do Hf] =Py, (1 ) since they are untouched. In order to

show that ), H z = Py, (1), it suffices to note that from
Egs. (50b) and (50c), we have

Sp, = 6na,, (52)

where the second equality holds because {5?22 },, and

{I:I;‘ZZ} 4, are a pair of basis and dual basis.

Again, having shown that the conditions of Theorem 4
are satisfied, it follows that the two-qubit state pA142 is
classical. [

Remark. The proof can be run in the opposite direction,
i.e., by considering the steering ellipsoid on A,.

Using an analogous proof technique, we can find a
sufficient condition for classicality for bipartite states,
independent of the subsystem dimensions.

Corollary 8. A bipartite state p*142 is classical if it admits
a separable decomposition of the form

phiiz = Zp(/lllb)af]‘ ® (7?22, (53)
i
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where each of {o-f]‘ },, and {o-?;} 4, is a set of linearly

independent states.

For subsystems having Hilbert space dimensionality
greater than two, there exist separable states that do not
admit such a decomposition, as is illustrated in Example 5.
This fact allows the possibility of separable nonclassical
states when one moves beyond qubits.

In the following, we briefly discuss a conjecture con-
cerning the task of witnessing the nonclassicality of a
bipartite state. It is based on a property we term non-
singularity (which we will define right after the conjecture).

Conjecture 1. A nonsingular bipartite state is classical if
and only if it is separable.

The nonsingularity property is defined as follows.

Definition 8. A bipartite state p*142 is said to be non-
singular if the steering maps induced by p#142 are invertible.
The steering maps are the superoperators ¥ and W)
defined by the expressions

WI(X) = Try, [(XT ® 1)ph:], (54)
W5 (X) = Try, [(1 @ X")pM%e], (55)

where T denotes the transpose. An equivalent characteri-
zation of what it is for a bipartite state to be nonsingular can
be given in terms of operational identities: A bipartite state
is nonsingular if and only if the coefficients defining the
linear identities holding among the measurement effects on
A, are equivalent to those defining the linear identities
holding among the steered states on A,, and vice versa; that
is, if and only if O(M;oP) = O(M;) and O(M,0oP) =
O(M,) [recall that O(M;), O(M,), O(M,;oP), and
O(M, o P) are defined in Egs. (35) and (37) respectively].
One can summarize this characterization of nonsingularity
as follows: A bipartite state is nonsingular if it does not
induce any new operational identities when contracted with
the local effects.

That this characterization of nonsingularity coincides
with that of Definition 8 can be easily seen from the fact
that O(M; o P) in Eq. (37) can be expressed as

O(M;oP) = {{apy, }Y _an, W/ ([M,, 1) =0}, (56)

bi.yi

but using the invertibility of ¥ and the invertibility of the
transpose, this implies

OM;oP) = {{ab;yi}|zab;yiM2:‘yi =0}, (57)

bi.y;

such that, recalling the definition of O(M;) from Egs. (35a)
and (35b), we infer that O(M; o P) = O(M;).

Corollary 7 establishes that for bipartite states, being
separable is a necessary condition for being classical.

To establish Conjecture 1, what remains to be proven is
that for nonsingular bipartite states, being separable is also
a sufficient condition for being classical. When considering
what constraints the operational identities imply for a non-
contextual ontological model, one needs only to consider
the first two sets of constraints in Eq. (42), which are of
the form

Zabi}’ip(bib;ivli) =0,
biyi

V{a,,, } €OM).  (58)

This is because the other two sets of constraints in
Egs. (42c) and (42d), namely,

Zabiyizp(ﬂiﬂj)l’(bib’i,/li) =0 V{ay, }€OMoP),
4

biy;

(59)

are automatically satisfied since we have O(M;oP) =
O(M;) for nonsingular bipartite states.

Now, let us discuss why Conjecture 1 might hold and
why we are unable to provide a complete proof. Consider a
bipartite state; from the proof of Corollary 7, the state is
separable if and only if the statistics generated by the set of
circuits where it is contracted with any product effect
admits an ontological model that satisfies the first two sets
of identities in Eq. (42). If the bipartite state is also non-
singular, as we discussed above, we can disregard the third
and fourth sets of constraints. In other words, statistics
generated by a nonsingular bipartite state automatically
satisfy the first four sets of identities in Eq. (42).

What remains unclear is whether the fifth constraint in
Eq. (42)—namely, the one implied by the operational

identity of O(P)—has nontrivial consequences for the
characterization of classicality for bipartite states. Thus,
it is still an open question whether every nonsingular
separable state is classical.

As discussed at the beginning of this section, diagram
preservation implies that an ontological model assigns a
Cartesian product of ontic state spaces to a particular tensor
product of Hilbert spaces. This leads to additional con-
straints on the ontological representation of quantum
processes—constraints that can in turn imply nonclassi-
cality of a process that would otherwise be judged classical.
This highlights how conclusions about nonclassicality hold
only relative to a choice of factorization of the Hilbert
space. For instance, as noted above, a four-dimensional
Hilbert space can be factorized into a pair of two-
dimensional Hilbert spaces in many ways, where the factor
spaces correspond to virtual subsystems [102]. Because for
a given pure state there is always some choice of factori-
zation relative to which it is entangled, it follows from
Corollary 7 that there is always some choice of factoriza-
tion relative to which it is nonclassical. In this article, the
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choice of factorization of Hilbert space relative to which
nonclassicality is being judged is always specified by the
circuit one is considering.

Note that the ideas and results in this section generalize
straightforwardly to multipartite states, and that some of
these generalizations appear in Sec. VII.

VI. PROCESSES OF THE TRANSFORMATION
VARIETY

To discuss the nonclassicality of a process of the trans-
formation variety (a channel, multi-channel, instrument, or
multi-instrument), one must consider the circuit obtained
by contracting the process with its dual process, namely, a
comb, as depicted in Fig. 6(d). But given Theorem 1, we
need not consider all combs. It suffices to consider those
that factorize, meaning they can be understood as a
preparation preceding the process and a measurement
following it. In other words, it suffices to consider circuits
that have the form depicted in Fig. 14(a), termed a prepare-
transform-measure scenario.

As in the previous sections, we begin by reviewing the
form of a classical explanation (i.e., a diagram-preserving
and linear ontological representation) of a prepare-
transform-measure scenario. We consider the case where
the preparation and measurement stages are general
(a multi-state and a multi-measurement, respectively),
but the transformation is simply a channel, rather than a
general process of the transformation variety. We label
the quantum system before and after the transformation
by A and B.

|

y
)lA a A B
p(aty|x) p(ads|x) l
X X

FIG. 14. (a) A prepare-transform-measure circuit. (b) By box-
ing the channel together with the preparation or the measurement,
we can obtain a pair of prepare-measure circuits. At the top of the
figure, we depict the quantum circuits; at the bottom, we depict an
ontological model of each circuit.

b b
B(blyAs) p(bly4s)
y
a

A. Classical explainability of a prepare-transform-
measure scenario

We consider a multi-source P# := {{p(a|x)p2‘x}u}x on

HA, followed by a channel T24 := £814: L(HA) > L(HE),

and a multi-measurement M? := {{M} },}, on H”. For

such a circuit, quantum theory predicts that
p(ablxy) = p(alx)Te[M} ()] (60)

In this circuit, there are operational identities among the
states on the input system and among the effects on the
output system, namely,

OM) = {{a, }|> "y M2, = 081, (61a)
by

OP) = {{aa D _awplalx)ply, =0} (61b)

There are also additional operational identities, as a
consequence of the fact that the sequential composition
of the channel, together with the multi-source on its input,
defines an effective multi-source, and the sequential com-
position of the channel, together with the multi-measure-
ment on its output, defines an effective multi-measurement.
Specifically, the effective multi-source and multi-measure-
ment are

MP o TP s= ({13, 3}, = ({1 (M7},

By (62a)

TEMoPA = ({38}, ) = {{p(al)E™ (4 )}u} o (62b)

and the operational identities for these are of the form

O(M © T) = {{aby}|;ahy1‘7[?|y = (H)A}’ (633')

O(ToP) = {{aun}|Y_auih, =07} (63b)

Moreover, the sequential composition of the new multi-
measurement on system A, {{M?‘V}b}y’ with the new
multi-source on system B, {{ﬁg‘x}a}x, gives rise to a
measure-and-prepare multi-instrument, namely,

&B|A .— 5B 7A

gab\xy(.) o a|xTr[Mb\y(')]' (64)
Since this composite process is of the same type as the
given channel 8 making up the prepare-transform-

measure scenario, there might exist a new operational
identity in the form of
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gB|A Zaabxv f‘bTxy (65)

abxy

Such an identity exists if and only if 54 lies in the linear
span of the set {Eab‘xy( ) =pB Tr[Mj:b( )0 abry Wit Dol

alx
and MA‘ given in Eq. (62). The operational identity of the
form of Eq. (65) will then be denoted by

Zaa bxy glb?xy (66)

abxy

O(T) = {{aabxy} |gB\A

Consequently, a prepare-transform-measure circuit is clas-
sically explainable if and only if one can reproduce the
quantum statistics via

ZP blyds)p

Aalp

plablxy) = (AglAa) p(adalx), (67)

where p(b|yAg) respects the identities implied by O(M),
and p(aly|x) respects the identities implied by O(P).
Moreover, define

b|)’/1A

ZP blyig)p

ZP ads|x)p(Aglda).

A

(A8l4a), (68a)

p(adglx) : (68b)

Here, p(b|yd,) must satisfy the ontological identities
implied by O(MoT), and p(aldg|x) must satisfy the
ontological identities implied by O(ToP), while
p(Ag|A4) must satisfy the ontological identities implied
by O(T). Explicitly, we require that for all 44, Ag,

;abyp(blyﬂg) =0, V{a,}eOM), (69a)

;aaxp(aﬂAIX) =0, Y{a,}€O(P), (69b)

%:abyﬁ(blm) 0. V{ap}eOMoT).  (69%)

;aaxﬁ(azlglx) -0, V{a,€O(ToP), (69d)
p(Agls) = ;aam B(blyAs)plaig|x)

Vi } €O (69%)

The first two constraints here follow from linearity, while
the latter three follow from diagram preservation together
with linearity. Finally, we present a result that will be useful

for the characterization of nonclassical channels (the analog
of Proposition 1).

Proposition 4. Any prepare-transform-measure circuit
[as depicted in Fig. 14(a)] is classically explainable only if
the two prepare-measure circuits it induces by boxing the
transformation with the preparation or with the measure-
ments—the two cases depicted in Fig. 14(b)—are classi-
cally explainable.

B. The classical-nonclassical divide for channels

We turn now to the definition of classicality for a
channel, again obtained by particularizing Definition 3'.
Recalling that the most general dual process of a channel
from A to B is a comb with output A and input B and that
factorizing such a comb constitutes a preparation on A and
a measurement on B, we are led to consider a prepare-
transform-measure circuit of the type depicted in Fig. 14(a),
but where the range of preparations includes every possible
state on A and the range of measurements includes every
possible effect on B—a situation depicted in Fig. 6(f).

Definition 9. A channel is classical if and only if the
statistics generated by the set of circuits where it is con-
tracted with any state at its input and any effect at its output
(i.e., where the set ranges over all states and all effects) is
classically explainable (in the sense of Definition 1).

A useful result concerning the sufficient condition for
nonclassical channels (necessary condition for classical
channels) can be inferred from Proposition 4.

Proposition 5. A channel %14 is classical only if the
image of every multi-source on A under £8 is a classical
multi-source on B, and the image of every multi-measure-
ment on B under [£7]" is a classical multi-measurement
on A.

It is straightforward to give a proof that is analogous to
that of Proposition 2. The result can also be understood as
following from Proposition 2 by leveraging Lemma 1
(which will be presented in Sec. VII) because the latter
result shows that the verdict regarding the nonclassicality of
a channel is the same as that regarding the bipartite state
that is Choi isomorphic to it.

However, the converse of Proposition 5 is yet unknown.
Instead, we show that whether a quantum channel 814 is
classical or not can be characterized by the following
theorem, analogous to Theorems 2—4, which is proven in
Appendix J 2.

Define the operator spaces

Vi = Span[{EP4(p"): p* € S(H)}, (70a)

Vs = Span[{[£P1]T(MP): MP € M(HP)}].  (70b)

Note that since [€8]" is a unital channel, V, must also
contain the identity operator 14.
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Theorem 5. A channel &£B8A: L(HA)— L(HP) is
classical if and only if it admits a frame representation:

EBA() = "of Tr[HE EFA(FL )] TH(GA ()], (71)
Ialg

where the frame on V, is a set of Hermitian operators
{FfA },, each with unit trace Tr[FfA] =1, and the dual
frame on V, is a POVM {G} }, satisfying )7, G} =
Py A(HA) = 14, while the frame on Vj is a set of density
operators {Ufg}/ls’ and the dual frame on Vy is a set
of Hermitian operators {Hfg },, satisfying >°, HfB =
Py, (1 B), with Py, W denoting the superoperator projecting
onto Vp,), and such that

Tr[HE E8A(FL)] 20, Vau. dp. (72)
This condition is depicted in Fig. 15.

As a direct consequence, one can observe that a quantum
channel being classical implies it is entanglement breaking.

Corollary 9. If a channel is non-entanglement-breaking,
then it is nonclassical.

This also follows immediately from the fact that if a state
of a bipartite system is entangled, then it is nonclassical
(Corollary 7) together with the fact that nonclassicality
of processes is preserved under the Choi isomorphism
(Lemma 1, which will be presented further on in the article).

Although being entanglement breaking is a necessary
condition for classicality, it is not sufficient, as illustrated
by the following examples.

Example 6. The entanglement-breaking channel

E€(X) = Tr[|0)(0]X][0) (O] + Tr[|1) (1| X][1)(1]
+ Trl[2) IX]+H) (+H] + Tr[3) GIX] =) (= (73)

is nonclassical. This follows from Proposition 5 and the fact
that if the input to the channel is the source {3|i)(i|}_,,

A IDCL g
+1=)(=]}, which is the nonclassical source discussed in

then its output is the source {}]0)(0

El

FIG. 15. A quantum channel is classical if and only if it admits
a frame representation as shown on the right-hand side of the
diagrammatic equation, where the condition on the frame and
dual-frame operators are given in Theorem 5.

Example 2. (Note that there does not exist a set of effects
that is mapped by the adjoint of this channel to a non-
classical set of effects, since any set of effects will get
mapped to a set of effects that are all diagonal in the same
eigenbasis, namely, {|i)(i|}3_.)

Example 7. The entanglement-breaking channel

£(X) = % [Tr{|0)(01XT[0) (O] + Tr[[1) {1[X][1)(1]
+ Te[[ ) (+1X112) 2] + Te[[ ) (=X][3) B[] (74)

is also nonclassical. This follows from Proposition 5 and
the fact that if the output to the channel is composed with
the POVM {|i)(i|}_,, then it defines an effective POVM
{310)(0[, 3 [1)(1],3|4+)(+].1|-) (—|}, which is nonclassical
according to our Corollary 6.

An alternative proof of the nonclassicality of this channel
is to note that the channel is Choi isomorphic to the
nonclassical separable state in Example 5 and to leverage
the fact that nonclassicality is preserved under the Choi
isomorphism (Lemma 1).

VII. PROCESSES OF ARBITRARY TYPE

In this section, we derive results on the nonclassicality of
a general process that extends those in the previous
sections. We first present some necessary conditions for
classicality for the process of arbitrary type. Next, we
present a full characterization of such a classicality in terms
of a frame representation. Finally, we show that the
nonclassicality of any process can be deduced from the
nonclassicality of an associated multipartite state.

Here, the most general process we consider is a multi-

partite multi-instrument {{F f“?}c} ., which has a classical
setting variable z and a classical outcome variable c, takes a
set of quantum inputs labeled A := (A}, ...,A,) and pro-

duces a set of quantum outputs labeled B := (Bi,...,B,,).
This class subsumes multi-source, multi-measurement,
bipartite, multi-instrument, and multipartite versions of
each. We also refer the reader to Appendix K for the
generalization to N-combs [103].

This section introduces substantial notation to treat
processes of arbitrary type. Conceptually, however, the
results are very similar to those in Secs. V and VIB for
bipartite states and channels. Readers who wish to avoid the
notational overhead may focus on the main results—
Theorem 6, Proposition 6, Proposition 7, Corollary 10,
and Corollary 11 and consult the surrounding material only
as needed.

A. Classical explainability of a multipartite prepare-
transform-measure scenario

As preparation for our discussion of the nonclassicality

of a general multipartite multi-instrument {{}"f‘l?}c}z,
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by
p(by |}’1151)
Y1

2 . -
il |abic A

i1 bicAp, |#1z2a,)

aq AAI ’?T}-"TZI
5 p(asda, |x1)
XyizZ
X1

A, A,

p
a, 4, @ z

n "An
p(a124, |%1)| |P(anda, xn)
Xn

kA

B(@ bicAs, |2512)

FIG. 16. (a) A multipartite prepare-transform-measure circuit
with local multi-measurements, local multi-sources, and a multi-
artite multi-instrument. (b) By boxing processes together, we can,
for instance, view this circuit as a unipartite prepare-measure
circuit on By, or as a unipartite prepare-transform-measure circuit
from A, to By, where we denote 51 := {b,, ..., b,,} (and similarly
for aj, X7, and ¥7). At the top of the circuit, we depict the quantum
circuit, and at the bottom, we depict their diagram-preserving
ontological model.

we first consider the question of when a multipartite
prepare-transform-measure circuit involving a multi-instru-
ment, along with local preparations and local measure-
ments on the multipartite system, is classically explainable.

Specifically, we consider the circuit depicted in Fig. 16
where at the preparation stage, there is for each i € [n] =

{1,....n}, a multi-source P := {{p(ai|x,~)p2i'|xi}ai}le on
HA4i, at the transformation stage there is a multipartite

TOA = (P Foe:

L(®iep HY) = L(®jepm H? ), and finally, at the meas-
urement stage there is, for each j&[m]:={1,...,m}, a

multi-instrument where

B. B. .

local measurement M;” == {{M,” }, }, . For such a cir-
. Vi~ TiT

cuit, quantum theory predicts the statistics

JE€m] i

-7 == B; B|A A;
pabeliyz) = Te| (@M, )F( @?]pwx»pailxg} .
€ln
(75)
Similar to earlier discussions of simpler quantum cir-

cuits, one can enumerate all operational identities among
the individual processes in the circuit. Specifically,

OP)) = {Hag }IS . plaix)pt, =04}, (T6a)

a;X;

B,
O<Mj) - {{abﬂJHZabﬂij;lyj = ®B'f}v

bjyj

(76b)

O(T) = {{ae}> e Fot = 0P4). (T6c)
cZ
There are additional operational identities in this circuit
arising from sequential compositions of the multipartite
multi-instrument with multi-states on different subsets of
the input systems and with multi-measurements on differ-
ent subsets of the output systems, respectively.
Specifically, for any sets Z C [n] and J C [m] with
complementary sets Z :=[n]/Z and J :=[m]/J, we
denote B ; = (B));c7 and Ey = (B,) ;7 with analogous
notation for ZI, Af, b 7, and X7. We can define the effective

process (a transformation from Af to ]37) by

TE:W%(_) = ij oTBA ®P‘i4i

jeJ i€l
. (g FB7lA7
- {{Faf7gji|fz)7jz<')}JIE\r]C}fIi‘]Z
_ B BJA <A
={{Trg, % - FOl (03, ® (Deayi, Yenus,
(77)

B — _ 1By B;
where we denote M[-q.jl;j =Q,c7 1 ® ®jeijj‘yj
and P27 = Q®,cr p(a,»|x,-)p2i"‘x[. For these effective proc-

arl¥r
esses, their operational identities are of the form

Ty — X1Vgz Z XYz ~§7_‘/Kf _ B3
O(T ) {Olﬁzbyc}‘;_zF zaﬁzbjcfﬁzbjc\)?zy}z LUSEE e
&I;f;c
(78)

of which the operational identities in Eq. (76c) are a special
case withZ = J = @.

In addition to these sequential compositions, parallel
compositions of the effective processes in Eq. (77) can
also lead to nontrivial operational identities. For instance,
given any disjoint collection of subsets of [m], {7,},, and
any disjoint collection of subsets of [n], {Z,},, such that
U, J, = [m] and U, Z, = [n]. Denote Z, := [n]/Z, and
J, = [m]/J, as the corresponding set-theoretic comple-
ments, there might exist nontrivial operational identities of
the form

B|A
Zacz‘}-o‘lz
cZ

4 =By |Az,
ay by, c[7 5 2

EA DY

-y TV
{a; bg,c'},

— 081, (79)
w2

av bY oV
g, b7,

where the superscript v in ¢¥, @” is an index to distinguish
different settings and outcomes in different parts of the
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composition. One can think of this kind of operational
identity as a generalization of Eqgs. (38) and (65).

Since the new identity obviously includes the one in
Eq. (76c) as a special case, the sets of new operational
identities are

= {¥, 3% < BlA
o) = {{acz} U {a{;ubﬁ &, HZ cz]: |
2 ByIA7, _ nBlA
+ > a ®F i By O (0

(# ¥ o
(80)

Iby7bz }L
{‘? bJLC }u v

Iy Jvy
{w b” &y

¥, %5, h

where the coefficients {a,,} and {« @ g } are not both

uniformly zero.

Consequently, the circuit in Fig. 16 is classically explain-
able if and only if one can reproduce the quantum statis-
tics via

p(abclxyz) = Vi)

Zp (cAglzdz Hp

A5

X HP(GMAJXI')’ (81)

where  p(cdzlzdz), {p(bj|yj/lBj)}j’ and {p(aida,|x;)};
satisfy all the relevant ontological identities. Moreover,
for any choice of Z C [n] and J C [m], if we can define the

71z

effective ontological processes associated with TE742 a5

p(El’ijc/léj |)_C)I)_;‘7Z/lgi)

= > pledglad) [T p(bilyizs ) [ [ plaida 1x:).  (82)

/15‘7}»;1_ jeJ ieT

then they must satisfy the following ontological identities
for all A3, 43:

Zab/'}'/p(bjlyjAB_/-) =0 (83a)
bjyj
Zaaixip(aiiAin) =0, (83b)
X V Z - 7 N o
Z;a i plarbyels |y 2 ) =0, (83c)
EIZJL'
&y, 2%, o,

Z @ w pldy bjDC/l |x1ij )
WO {aI bﬂyc }v v
{XI'I yyyz I v v
{E%bil:h &Yy,

+ Y aep(cdzlziz) =0 (83d)

cz

for all {abjyj} e O(M ), {aa . 1eO(P), {afz};ﬂ Ve
: arbgc
O(T77), and {a} U (a7 € O(T)

It is, in general, very difficult to check all of these
identities and decide if the circuit is classically explainable;
however, the following proposition gives a necessary
condition for it to be classically explainable, which is
similar to the ones in Propositions 1 and 4.

Proposition 6. Any multipartite prepare-transform-
measure circuit [of the type depicted in Fig. 16(a)] is
classically explainable only if any circuit it induces by
boxing the transformation with any subset of local prep-
arations and/or local measurements [as depicted in
Fig. 16(b)] is classically explainable.

B. The classical-nonclassical divide for
a general process

One can always box the multipartite multi-instrument
together with local preparations on all input subsystems
and local measurements on all but one of the output
subsystems, as depicted in Fig. 16(b), to obtain an effective
preparation on the remaining output subsystem. Similarly,
one can always box the multipartite multi-instrument with
local measurements on all output subsystems and local
preparations on all but one of the input subsystems to
obtain an effective measurement on the remaining input
subsystem. In this way, a multipartite prepare-transform-
measure scenario defines a number of effective prepare-
measure scenarios. Applying Proposition 6, we obtain
the following necessary condition for nonclassicality of a
multipartite multi-instrument.

Proposition 7. A multipartite
{FI,
quantum output B; that is obtained by contracting it with
a multi-measurement on each of the remaining quantum
outputs and a multi-source on each of the quantum inputs is
classical, and every multi-measurement on quantum input
A; that is obtained by contracting it with a multi-source on
each of the remaining quantum inputs and a multi-meas-
urement on each of the quantum outputs is classical.

The proof is similar to that of Proposition 2. If the
multipartite multi-instrument is classical, then the circuit
where it is contracted with the full set of product effects and
the full set of product states [depicted in Fig. 16(a)] is
classically explainable. By Proposition 6, this implies that
all prepare-measure circuits induced by boxing the prepare-
transform-measure circuit [e.g., Fig. 16(b)] are classically
explainable, which indicates that the multi-states and multi-
measurements that appear in the prepare-measure circuit
are classical in the sense of Definitions 5 and 6. However,
whether the converse is true is yet unknown.

Similar to Theorems 2-5, we here provide the necessary
and sufficient characterization of classicality for multipartite
multi-instruments, which is given by the following theorem.

multi-instrument

is classical only if every multi-source on
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Define Vp, as the operator space spanned by all possible
states on H?Z/ that can be generated by {{F flle}C}Z when it

is boxed with local preparations on all subsystems {A;}}_,
and local measurements on all subsystems but subsystem
B;. Specifically,

VB, = Span({Tréj[(ﬂBf ® MEJ)FEIA( Z)]}c Z) (84)

clz

with p/3 =®ien pi ranging over all p4 € S(HA1), and
M =®;4; M"/ ranging over all M"/ € M(H"").
Similarly, define V4, as the operator space spanned by all

possible effects on H4 that can be generated by

{{ffl‘?} }. when it is boxed with local measurements
on all subsystems {B;}"_; and local preparations on all

subsystems but A;. Specifically,

Vi, = Span({Try [(1% @ p*)[FEAF(MP)]},). (85)

with /)A? =Qy; p* ranging over all p* € S(HA), and

M?® =Q ¢,y MP/ ranging over all M%i € M(H?).
Theorem 6. A multipartite multi-instrument {F flle Yoo

where ]:clz DL(®L HA) > L(®7, HP), is classical if

and only if it admits a frame representation

Fil0) = Y @d) i (@) ) FI@FY, )

A5

x Tr[(e?cf;i)(-)}, (86)

where the frame on the operator space Vp is a fixed set
of density operators {af;j } Iy and the dual frame is a set of
Hermitian operators {HZ/_ } 2,
Py y (18

of Hermitian operators {Ff[;} i

satisfying >, - HZ_ =
J J
/); the frame on the operator space V. is a set
satisfying Tr[Ff;_] =1,
and the dual frame is a POVM {GfA} N
Z/l G/lA :PVA (]]Ai) = ﬂA[’ Wlth PV (Ap)

superoperator projecting onto Vg (4 (A and such that

satisfying
denoting the

B\A
clz

[(®H )F (®F,1 )}ZO, Yiz. Ag.c.z. (87)

Such a frame decomposition is depicted diagrammati-
cally in Fig. 17. The proof of this theorem is similar to that
of Theorems 4 and 5, and is outlined in detail in
Appendix J 3 for completeness.

B || Bn||

o (2}
e {tem

I, " || Ba c| I
i = F ]
A1||...An Iz | P | I P
” /1A1/1An

Ay Ap

FIG. 17. A multipartite multi-instrument is classical if and only
if it admits a frame representation as shown on the right-hand side
of the equation, where the condition on the frames and dual
frames are given in Theorem 6.

As a direct corollary of Theorem 6, we obtain the
following necessary condition for the classicality (sufficient
condition for the nonclassicality) of a multipartite state.

Corollary 10. A multipartite state is classical only if it is
separable.

Moreover, as another direct corollary of Theorem 6,
another necessary condition for the classicality of a
multipartite state can be found in a manner analogous to
Proposition 7.

Corollary 11. A multipartite state p1-+4¥ is classical
only if, for every party A;, any multi-sources on A; obtained
by contracting the multipartite state pt4¥ with any
multi-measurements on the other parties Ay #A; is
classical.

In the multipartite case (just as in the bipartite case),
separability is necessary but not sufficient for classicality.
That is, there exist multipartite states that are not entangled
across any partition but that are nonetheless nonclassical
according to our proposal. It suffices to consider multi-
partite generalizations of Example 5.

One can also find tripartite qubit separable states whose
steering assemblages are nonclassical on every party (recall
that by contrast, as shown in Proposition 3, any bipartite
qubit separable state is classical).

Example 8. Given a tripartite state defined as

pAiAAs = —(1000)(000] + | = +1) (= + 1] (88)

| =

+ 1 =) (1 =+ + |+ 1=)(+1 =

), (89)

there exist measurements on any two subsystems that steer
the remaining system to a set of states that is nonclassical.
In particular, if any two parties each perform the BB84
measurement, which is associated with the POVM
{310)(01.3 [1)(1].3|+)(+|.3|-)(=]}, then they steer the
third party’s system to the ensemble containing the unnor-
malized states
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3 /2 1 3 /1 2
o Gorsn)aein)
5 /3 1 ; 5 /1 2 ;
N {64 <5px+5 >’64 (5””5 >}
5 /3 1 5 /1 2
U{6—4<§Ty+§]]>,6—<§1'y+§ )}y, (90)
where x and y are binary variables with {p.}, =
{lO)CO[ [1)(A[} and  {z)}, = {|+){+|.[-)(=|}.  This
ensemble can be shown to be nonclassical using the
semidefinite program given in Ref. [72].

The tripartite state above is the uniform mixture of the
four product states that have been shown to exhibit “non-
locality without entanglement” [104]. These product states
form an unextendible product basis and cannot be perfectly
distinguished by measurements implementable using local
operations and classical communication (LOCC).

An interesting open question is whether, when assessing
the nonclassicality of a multipartite state, it suffices to
consider the nonclassicality of the multi-sources to which
one can steer on each subsystem of the full partition. We
have not managed to settle this question one way or the
other. If considering single-party steering possibilities does
suffice, this will greatly simplify the task of characterizing
nonclassicality of multipartite states (and hence, general
processes). If it does not, then this will constitute a new way

in which the nonclassicality of a state can be judged to be
genuinely multipartite [4,105-107].

C. Nonclassicality of a process via the nonclassicality
of an associated multipartite state

Now, we will demonstrate how the nonclassicality of a
multipartite multi-instrument can be deduced by analyzing
the nonclassicality of an associated multipartite state.

Theorem 7. For any quantum process, define its unique
associated multipartite state by

(i) applying the Choi isomorphism to all of its quantum

inputs,

(i) applying flag convexification to all of its classical

inputs (setting variables),
(iii) reconceptualizing all of its classical outputs (out-
comes) as dephased quantum outputs.
The process is nonclassical if and only if its associated
multipartite state is nonclassical.

This theorem follows from three lemmas.

The first lemma states that verdicts concerning the
nonclassicality of a given process is preserved under the
Choi isomorphism. [This is analogous to how any resource
in the resource theory of local operations and shared
randomness (LOSR) can always be transformed via
LOSR operations into a process with only classical outputs
and quantum inputs in such a way that the property of being
nonfree is preserved [3].]

FIG. 18. As an example of Lemma 1, a channel £84 is non-
classical if and only if the Choi-isomorphic bipartite state p54 =

(EBIA @ 14)|¥*) (P4 is nonclassical. (Here, the second A
denotes the isomorphic copy used in the Choi construction).

Lemma 1. The state that is Choi isomorphic to a given
process is nonclassical if and only if the process itself is
nonclassical.

This is proven in Appendix L.

Hence, to decide nonclassicality, one can first map any
process to one with no quantum inputs using the Choi
isomorphism. This is depicted in Fig. 18. This connection
enables, e.g., characterizations of nonclassicality for bipar-
tite states to be transferred to channels and those for uni-
partite sources to be transferred to unipartite measurements.

The second lemma states that the verdict about the
nonclassicality of a given process is preserved under
mapping a classical input (a setting variable) into a classical
output (an outcome variable) via flag convexification, a
notion introduced in Ref. [31]. In flag convexification, the
classical input variable is sampled from a full-support
probability distribution, then copied, and the copy becomes
a classical output variable. We depict an example of this
on the right-hand side of Fig. 19. (In this example and
henceforth, we take the probability distribution in question
to be the uniform distribution, although our results hold just
as well for any other full-support distribution.)

Lemma 2. The image of a given process under flag
convexification of its classical input is nonclassical if and
only if the process itself is nonclassical.

The proof follows from facts about the ontological
representation of flag convexification described in
Refs. [31,66]. Specifically, it follows from the fact that
all that changes when one moves from a given process to its

FIG. 19. As an example of Lemma 2, a multi-measurement
{{M_\.} .}, is nonclassical if and only if the single measurement
{M.,_},. obtained from flag convexification of the setting
variable z is nonclassical. Assuming the uniform distribution
for sampling, we have M. . = (1/|Z|)M,.
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FIG. 20. As an example of Lemma 3, a source {p(c)p2}, is
nonclassical if and only if the bipartite state P =
S p(e)|e){c|€ ® p2 obtained by treating its classical outcome
as a dephased quantum output, is nonclassical. Here, the
dephased quantum output is represented by preparing one of
the orthogonal set of states {|c){c|}. on system C conditional on
the classical outcome c.

flag-convexified counterpart is that it is rescaled by a
constant factor, and so an ontological representation of
the given process can simply be rescaled by the same
constant factor to give an ontological representation of the
flag-convexified process. This lemma also follows from
the fact that the frame-representation characterization of the
classicality of a process (as in Theorem 6) is preserved
under flag convexification of the setting variable.

The third lemma states that the nonclassicality of a
process does not depend on whether or not one recon-
ceptualizes its classical output (its outcome) as a quantum
output that is dephased in a fixed basis.

Lemma 3. Whether or not a process is nonclassical (in the
sense of Definition 3’) is independent of whether one
reconceptualizes its classical outputs as dephased quantum
outputs.

This is proven in Appendix L and an example is depicted
in Fig. 20.

(In the next section, we show that the analogous result is
also true for classical inputs.)

Theorem 7 follows immediately by combining these
three lemmas as depicted in Fig. 21. This implies that
characterizations of nonclassicality of arbitrary multipartite
states can be transferred to the characterization of the
nonclassicality of arbitrary processes in quantum theory.

VIII. CONSISTENCY UNDER
RECONCEPTUALIZING SETTINGS AND
OUTCOMES AS DEPHASED QUANTUM SYSTEMS

A basic consistency condition for any notion of classi-
cality is that it should not depend on the theorist’s
representational choices. In particular, it should not depend
on whether one represents the settings and outcomes of a
given process in the conventional manner, as classical
variables, or as quantum systems that are dephased in an
appropriate basis. This is an instance of the principle of cut
motility which is introduced and defined in Ref. [108] as
follows: For any physical theory purporting to have
universal applicability, describing an experimental phe-
nomenon typically involves making a cut between (i) the
systems that are modeled explicitly within the theory and

BlA
clz
if and only if the associated multipartite state p

FIG. 21. A multi-instrument {{F”}.}, is nonclassical

ZCBA _

nonclassical,

2e:(1/1Z)p(el2)|2)(zl” @ le) (e ® plt s
where p(c[z)p? = (FOA @ 14)|PH) (¥F |4

|z

are the objects of interventions (preparations, measure-
ments, transformations), and (ii) the systems that make up
the devices that implement these interventions. A theory is
said to satisfy the principle of cut motility if its predictions
are independent of the placement of the cut.

The notion of classicality we have introduced here
satisfies this consistency condition. In the case of recon-
ceptualization of classical outputs, Lemma 3 already gives
the result, and we can use the three lemmas from the
previous section to extend this result to reconceptualization
of classical settings, following the logic shown in Fig. 22.

Although this kind of consistency may seem quite basic,
naive attempts to stitch together different notions of
classicality found in the literature can fail to be consistent
in this manner and so can fail to provide a unified notion of
classicality.

Consider a multi-state on a bipartite system, as shown in
the left-hand side of Fig. 23. If one endorses the view that
entanglement is necessary for nonclassicality of a bipartite
state (call this the nonclassical-only-if-entangled view), it is
reasonable to endorse the view that the nonclassical
bipartite multi-states are all and only those for which there
is at least one value of the setting variable that yields an
entangled state. Now consider any bipartite multi-state for
which the output system C is dephased in some basis.
Taking the nonclassical-only-if-entangled view would
imply that such a “one-output-dephased” process must be
considered classical.

But the type of process just described can also be
conceptualized as a multi-source on a unipartite system.
Specifically, the dephased quantum system C can be
reconceptualized as the classical outcome ¢ of a multi-
source on A. This is depicted on the right-hand side
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FIG. 22. The proof that nonclassicality is preserved under
reconceptualizing classical inputs and outputs as dephased
quantum outputs. The implication described by the vertical
arrow follows from the identity Tr,[(T ® |2)(z|)|%¥, )}(¥ || =

(1/12])|z) (2], where ¥}, = (1//1Z]) £, [2)]z).

(a) (b)
C A A
c
Z Z
FIG. 23. Example of a challenge to the consistency criterion

when reconceptualizing a classical outcome as a dephased
quantum output. (a) A multi-state on a bipartite system; (b) a
multi-source on a unipartite system. We can obtain an instance of
the former from an instance of the latter by reconceptualizing the
classical outcome as a dephased quantum output. Every bipartite
multi-state obtained in this way contains only separable states,
such that if one adopted the conventional view that entanglement
is necessary for nonclassicality, it would be deemed classical.
Meanwhile, if the unipartite multi-source is of the steerable
variety, then under the conventional view that steerability is
sufficient for nonclassicality, the same process would be judged
to be nonclassical.

of Fig. 23. Now recall that there is a conventional notion of
nonclassicality for a special class of multi-sources (those
obtained in a steering scenario), namely, steerability [84].
Consequently, some processes of this type (namely, the
steerable ones, or equivalently, the LOSR-nonfree ones
[3,88]) will be judged to be nonclassical under this view.

In this way, the consistency criterion may be violated.
Note that regardless of whether anyone has ever endorsed

this pair of type-specific notions of nonclassicality, they
appear very reasonable at first glance and yet they fail the
consistency test. A concrete example of this type is as
follows.

Example 9. Consider the following multi-source on a

unipartite system (i.e., assemblage):
1
5P

{zmonzmarh {30

Note that it is a steerable assemblage. If one treats the
classical outcome variable as a dephased quantum output,
the process is reconceptualized as a multi-state on a
bipartite system, namely, the one associated with the set
of bipartite states {p;, p,}, where

1

510){0] ®|0><0|+

P = DAl [H{l,  (91)

|0><0| ® [+){(+ +5 \1><1\ ® |- (= (92)

Note that both of these states are separable. If one takes
the view that the classical-nonclassical divide for a multi-
source is the unsteerable-steerable divide, then one will
judge the process to be nonclassical. Meanwhile, if one
takes the view that a multi-state on a bipartite system is
nonclassical only if it yields an entangled state for at least
one value of the setting variable, then one will judge the
process to be classical [109].

Example 9 therefore illustrates how seemingly reason-
able views about the classical-nonclassical divide for
different types of processes need not satisfy our consistency
criterion. It follows that achieving such a consistency is not
trivial, and that if one is proposing a unified notion of
nonclassicality, one should check for such a consistency.
(It is worth noting that the notion of resourcefulness in
the LOSR resource theory is indeed consistent in this
sense [3].)

For the unified notion of nonclassicality proposed in this
paper, the process in Example 9 above is found to be
nonclassical regardless of how it is conceptualized. Indeed,
the requirement of consistency in this example provides
further evidence that containing only separable states is
not a sufficient condition for a bipartite multi-state to be
considered classical.

A second example of how seemingly reasonable type-
specific notions of nonclassicality can fail to satisfy the
consistency criterion is as follows.

Consider a multi-channel, as shown in the left-hand side
of Fig. 24. If one holds the view that for bipartite states,
being entangled is necessary for nonclassicality, then it is
also reasonable to take the view that for channels, being
non-entanglement-breaking is necessary for nonclassical-
ity. Furthermore, it is reasonable to then endorse the
following view of nonclassicality for multi-channels:
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(b)

FIG. 24. Another example of a challenge to the consistency
criterion when reconceptualizing a classical outcome as a de-
phased quantum output. (a) A multi-channel; (b) a multi-
measurement. We can obtain an instance of the former from
an instance of the latter by reconceptualizing the classical
outcome as a dephased quantum output. Every multi-channel
obtained in this way contains only entanglement-breaking chan-
nels, such that if one adopted the conventional view that for
channels, being non-entanglement-breaking is necessary for
nonclassicality, the multi-channel would be deemed classical.
Meanwhile, if the multi-measurement contains incompatible
measurements, then, under the conventional view that such an
incompatibility is sufficient for nonclassicality, the same process
would be judged to be nonclassical.

The nonclassical multi-channels are all and only those for
which the set of channels accessible by variation of the
setting variable contains at least one that is non-entangle-
ment-breaking.

Now consider any multi-channel from A to C for which
the output system C is dephased in some basis. Under the
view just described, such a process must be considered
classical.

But the type of process just described can also be
conceptualized as a multi-measurement on a unipartite
system. Specifically, the dephased quantum system C can
be reconceptualized as the classical outcome ¢ of a multi-
measurement on A. This is depicted on the right-hand side
of Fig. 24.

Now recall that a conventional view about the classical-
nonclassical divide for multi-measurements (equivalently,
sets of measurements) is that incompatibility is necessary
for nonclassicality. Consequently, some of the multi-mea-
surements that correspond to a multi-channel with a
dephased output will be judged to be nonclassical under
this view.

In this way, the consistency criterion may be violated.
The following provides a concrete example.

Example 10. Consider the following multi-measurement
(equivalently, set of measurements):

{{10) 01, [} AT+ (+ [=) (=13}

Note that the two measurements in this set are incompat-
ible. If one treats the classical outcome variable as a
dephased quantum output, the process is reconceptualized
as a multi-channel, namely, the one associated with the set
of channels {&,,&,}, where

€1(-) = Tr[|0){0](-)1]0) (O] + Tr[[1) (L] (-)][1)1

&() = Trl[+) (+|ON0) O + Tr[|=) (= O[T (94)

. (93)

Note that both of these channels are entanglement
breaking.

If one takes the view that the classical-nonclassical
divide for a multi-measurement is the compatible-
incompatible divide, then one will judge the process to
be nonclassical. Meanwhile, if one takes the view that a
multi-channel is nonclassical only if it yields a non-
entanglement-breaking channel for at least one value of
the setting variable, then one will judge the process to be
classical.

Again, we see that seemingly reasonable views about the
classical-nonclassical divide for different types of processes
need not satisfy our consistency criterion.

For the unified notion of nonclassicality proposed here,
the process in Example 10 is found to be nonclassical
regardless of how it is conceptualized. This possibility
follows from the fact that, relative to our notion, incom-
patibility in a multi-measurement is a sufficient condition
for nonclassicality, and a multi-channel can be deemed
nonclassical even if all the channels it contains are
entanglement breaking [110].

IX. RELATED WORKS

Another approach to defining a classical-nonclassical
divide in a manner that follows a unified principle which
applies across a wide range of types of processes is the
type-independent resource theory presented in Refs. [3,4].
This approach defines a notion of nonclassicality of
common cause, which applies to processes such as multi-
partite states, multipartite boxes (i.e., processes with only
classical inputs and classical outputs), assemblages, and so
on. However, the classical-nonclassical divide defined by
this approach is trivial for unipartite processes, and it is
moreover not clear how to generalize this approach to
arbitrary causal structures (although first steps were dis-
cussed in Appendix A.3 of Ref. [2]).

It is nonetheless useful to contrast this approach with the
one we propose here. One way to understand the relation-
ship between the two is that classicality, as defined in the
LOSR approach, demands that the ontological accounts of
the statistics have a causal structure that mirrors that of the
quantum circuit (an instance of the assumption of diagram
preservation), while the approach described here demands,
in addition, that the ontological representation map be
linear. This stronger assumption is motivated by the
principle of generalized noncontextuality and implies that
the set of processes that is found to be nonclassical is
broader than the set that is found when one does not assume
linearity. For instance, there are processes on unipartite
systems that are judged to be nonclassical.
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One may also wonder how our results are consistent with
certain foils to quantum theory, such as the stabilizer
subtheory of qutrits and Gaussian quantum mechanics,
which exhibit entanglement, incompatibility, and steering
despite being classically explainable [6,112] (i.e., despite
being consistent with a generalized-noncontextual onto-
logical model). This does not conflict with our results
because these foil theories are subtheories of quantum
theory that contain a strict subset of the states and measure-
ments allowed in quantum theory, and the notion of classi-
cality proposed here depends on considering all possible
dual processes allowed in the theory, which will be different
in these subtheories compared to quantum theory.

Extending our analysis of nonclassicality from quantum
theory to more general GPTs, and using this to characterize
different theories—in the spirit of the GPT reconstructions
of quantum theory—is a natural and interesting direction
for future work.

Several previous works [33,113,114] also studied the
properties of a bipartite state that are pertinent to its ability
to support a proof of generalized contextuality, in the
following sense. In a steering scenario for a bipartite system
AA,, if one considers implementing any local measure-
ment on A, the bipartite state on A;A, induces a multi-
source on A,. This multi-source, together with an arbitrary
measurement on A, constitutes a prepare-measure circuit,
and one can ask whether the statistics of this prepare-
measure circuit admit of a noncontextual ontological
model. In particular, these prior works have studied the
connection between these sorts of properties of a bipartite
state and their entanglement properties, steering properties,
and nonlocality properties.

However, none of these works considered the full set of
operational identities in the bipartite scenario [listed in
Eq. (42)], which is essential if one wishes to define or fully
characterize the classicality of a bipartite state in the sense
of finding necessary and sufficient conditions. Essentially,
all these works consider the prepare-measure scenario
induced by steering from one party to another. Conse-
quently, they consider only the operational identities
O(M; o P) and O(M,) (or a subset thereof), while omitting
the identities that arise when considering the preparation
steered in the opposite direction, from A, to A, namely,
O(M,0oP) and O(M;), and while also omitting the
identities O(P) defined in Eq. (38).

To be more specific, the work by Tavakoli and Uola
[115] considers only the operational identities in O(M,)
and a subset of the operational identities in O(M, o P),
namely, those implied by the no-signaling principle. The
results of Wright and Farkas [57] rely on a still smaller set
of operational identities, including those following from no
signaling, together with a subset of the operational iden-
tities in O(M,), specifically those arising from the nor-
malization condition ), My, = >, M,,. Plivala and
Giihne [113], in comparison, do consider all operational

identities in the prepare-measure scenario induced by
steering from A; to A,, but they do not consider all oper-
ational identities on the full bipartite scenario, in particular,
not the operational identities O(P) defined in Eq. (38).

Because these earlier works impose fewer constraints on
the ontological model than we do here, the results they
derive do not fully characterize the classical-nonclassical
divide for bipartite states according to our proposal. This is
consistent with statements in many of those works, which
explicitly state that the results merely provide necessary but
not sufficient conditions for noncontextual realizability.
The one exception to this is Theorem 2 in Ref. [33], whose
statement suggests that it leverages all ontological con-
straints that follow from the assumption of noncontextual-
ity in the scenario under study, when in fact it does not. We
discuss this further in Ref. [72].

In a companion paper [73], we also consider the
sufficient conditions for nonclassicality implied by differ-
ent subsets of the set of all constraints that arise from
noncontextuality in bipartite Bell scenarios, and we show
that for some particularly simple choices of these subsets,
one singles out local, unsteerable, and entangled states.

X. CONCLUSION

In this work, we proposed a definition of the classical-
nonclassical divide for individual quantum processes.
There are many avenues for future work.

If one seeks only sufficient conditions for nonclassicality
of a given process, then rather than considering the classical
explainability of the set of circuits induced by composing it
with all dual processes, it suffices to show the failure of
classical explainability for a subset of dual processes. One
can consider the partial order of such subsets as a means to
understand what is required to witness nonclassicality. For
instance, one could seek to find the least elements in this
partial order.

Another important question which we study in forth-
coming work [116] is how classicality behaves under
composition. For example, we prove therein that the
composition of two classical processes (either in parallel
or in sequence) is always classical; that is, there exists no
superactivation of nonclassicality.

This work focused on the decision problem regarding the
classical-nonclassical divide: assessing whether a given
process is classical or nonclassical. An important open
problem is that of quantifying the degree of nonclassicality
according to the approach introduced here.

In a companion paper [72], we give some basic tools for
doing so for multi-sources and multi-measurements, based
on specific measures of how robust a given process is
to noise.

The most principled and informative approach to the
quantification problem, however, is to pursue it within the
framework of resource theories [117]. Roughly speaking,
one expects that the correct choice of the divide between
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free and nonfree resources in the resource theory should
follow from the divide between classical and nonclassical
processes.

One can already recognize some aspects that such a
resource theory will satisfy. For example, it will not be
convex, since (for example) any set of product states is
classical, while some separable states are nonclassical.
Similarly, the convex combination of two classical mea-
surements can result in a nonclassical measurement. One
way to understand this nonconvexity is to note that the
process of mixing can introduce new operational identities,
and hence new constraints on the ontological model, which
in turn can activate nonclassicality.

Moreover, this work opens new possibilities for con-
structing a resource theory of nonclassicality based on
nonrealizability by a noncontextual ontological model; for
instance, it could be used to define a resource theory in
which the objects under study (the resources) are them-
selves individual quantum processes. Prior to this work,
it seemed that the resources would need to be more
complicated mathematical objects (such as sets of states
together with sets of effects, or sets of states together
with operational equivalences among these; see, for
example, Ref. [67]).

An example of a potential application of such a resource
theory is to give a resource-theoretic account of the simul-
taneous self-testing of the nonclassicality in the bipartite
state and in the local measurements of a Bell scenario. This
cannot be achieved in the LOSR approach to quantifying
nonclassicality, because although it can yield a resource-
theoretic account of self-testing for the bipartite state, as
described in Ref. [4], it cannot yield a resource-theoretic
characterization of self-testing for the local measurements,
since all local measurements are taken to be free in the
LOSR resource theory.

In the Introduction, we noted that the problem of under-
standing the scope of quantum-over-classical advantages
for various tasks motivates understanding the classical-
nonclassical divide. In recent years, it has become apparent
that the framework of resource theories provides a par-
ticularly powerful perspective on this problem. Under-
standing quantum-over-classical advantages, therefore,
provides another motivation for developing a unified
resource theory of nonclassicality, i.e., one wherein the
notion of freeness is defined in a manner that can be
particularized to any type of process. Furthermore, by
leveraging the similarity of the structure of nonclassical
resources for processes of different types (for instance,
multi-sources and multi-measurements), a known quan-
tum-over-classical advantage in one task might be used to
infer an advantage in a distinct task.
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APPENDIX A: FRAME REPRESENTATIONS

Consider a complex Hilbert space H with some finite
dimension d. The Hermitian operators Herm() on H
form a real vector space of dimension d? with the
Hilbert-Schmidt inner product (A, B) := Tr[AB]| for
A, BeHerm(H).

Therefore, some standard vector space concepts can be
applied to the operator space. For instance, it is well known
that a basis of a vector space uniquely defines a dual basis
in the dual vector space (i.e., the space of functionals on the
vector space). We will leverage this fact, but in a slightly
different form.

Lemma 4. Given any basis {F,}, for a d°-dimensional
real vector space Herm(7) of Hermitian operators on a
Hilbert space H, there is a unique set {D,;}, of d*
Hermitian operators satisfying

Tr(DyFy) = 0,1, (A1)
and {D,}, also forms a basis for Herm(H).

Proof. Consider any basis {F,}, of Herm(H). It
uniquely specifies a basis {D,}, of the dual vector space
Herm(H)*, where {D,}, are linear functionals satisfying
D,/(F;) = &, . To see that this is unique, consider a linear
functional D/, satisfying D’,(F;) = 6,y for all A. Since a
linear functional is fully specified by its action on a basis,
D), is the exact same functional as D,. Now, in order to
obtain again a set of Hermitian operators {D, } ,, we use the
Riesz representation Theorem [118], which states that each
of these linear functionals D, can be written as the Hilbert-
Schmidt inner product with a unique Hermitian operator
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D;, namely, D,(-) = Tr[(-)D,]. This picks out a unique
basis {D,}, which satisfies Eq. (Al). "

More generally, one can define a frame and a dual frame
as a generalization of the notion of a basis and a dual
basis [119], where the vectors in both the frame and the
dual frame are assumed to be spanning, but may or may not
be linearly independent [119]. If {F,}, and {D, }, denote a
frame and a dual frame in Herm(H), respectively, then it
follows that, for any A € Herm(H), one has

A = Tr[AD;]F,,
A

A= Tr[AF]D;. (A2)

These reconstruction equations show explicitly how
every vector in the space can be expanded in terms of
the spanning frame operators or the spanning dual-frame
operators. Note that, unlike dual bases, dual frames are
not necessarily unique. A detailed exploration of frames,
dual frames, and their applications in quantum infor-
mation science lies beyond the scope of this paper. For a
more comprehensive introduction, we refer the reader
to Ref. [119].

APPENDIX B: OPERATIONAL IDENTITIES
IN A QUANTUM CIRCUIT

In Sec. II C of the main text, we discussed the classical
explainability of a given prepare-transform-measure circuit,
an analysis that relies on enumerating all operational
identities in the quantum circuit. In this appendix, we
make explicit the assumptions underlying that enumeration
and justify why, under these assumptions, the operational
identities listed in Sec. IIC are the only ones that are
relevant. We also briefly explain how this family of
operational identities would change under alternative mod-
eling choices, and why we do not adopt those alternatives in
our analysis.

When assessing classical explainability, one must
account for all operational identities implied by linearity
and diagram preservation. Concretely, one should (i) con-
sider all quantum processes obtainable via finite parallel
and sequential compositions of the set of processes under
consideration, since, in principle, each such composite
process can be inferred from the experimental statistics, and
(i1) group these processes according to their quantum input
and output system types, since an operational equivalence
condition can hold only among processes that have the
same quantum inputs and outputs.

The prepare-transform-measure scenario discussed in
Sec. IIC contains a multi-state on system A: {p{?x}x, a
BJA
Iz
urement on system B: {M5},, as depicted in Fig. 3.
Considering arbitrary compositions of these processes

multi-channel from system A to B: {£|"}., and a meas-

leads one to consider also a multi-state on system B:
{ﬁfxz}xz, a multi-measurement on system A: {{M}_},}..

and a measure-and-prepare instrument from system A to B:
{{E'f,‘fllz,x, 1 1p}rz The operational identities among these

processes are described in Egs. (3), (5), (7), (10), and (12)
in Sec. IIC.

Under the assumption that A and B are distinct system
types, the list above is indeed the set of all operational
identities. In particular, it does not include any that refer to
measure-and-prepare channels constructed by composing
states pf“x and effects M5. This is the case since the only

operational identities on these measure-and-prepare chan-
nels from B to A are implied by those holding among the
individual states and among the individual effects. Unlike
in the case of channels from A to B, there are no other
possible channels from B to A within this scenario that
could be combined with these measure-and-prepare chan-
nels to lead to new operational identities.

In principle, one could also consider the case where A
and B have the same system type. In this case, additional
operational identities can arise, for example, relating p% and

SilA(pfl‘x), M3 and [éﬂA]T(MZ‘), or involving sequential
compositions of the channels themselves (note that such
sequential compositions are not possible if the system types
A and B are distinct).

Throughout the main text, we assume that any two
distinct quantum inputs and outputs belong to different
system types. This choice is motivated by the problem of
gauge freedom from GPT tomography and gate-set tomog-
raphy [73,120,121]. Specifically, in self-consistent tomog-
raphy, one does not obtain a unique output of the processes
in a quantum circuit; rather, one obtains an equivalence
class of representations related by invertible linear trans-
formations on each system, which are referred to as tomo-
graphic gauge freedoms, following Ref. [121]. Without
additional assumptions beyond the circuit data, there is no
canonical identification between the representations for
different quantum systems; therefore, treating two systems
as the same “type” is itself a gauge choice.

Thus, by treating distinct quantum systems in the circuit
as distinct types, we restrict ourselves to operational
identities that are gauge independent. Therefore, our result
can be seen as a gauge-independent assessment of the
nature of the process, which is readily experimentally
implementable using schemes similar to various self-con-
sistent tomographies [73,120,121].

APPENDIX C: WHY THE FORM OF
VARIABILITY OVER DUAL PROCESSES
IS IRRELEVANT

In the main text (especially Sec. I D), we noted that there
are many ways of ranging over all quantum states. For
example, one can range over all quantum states using a
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multi-state process, where the setting variable ranges over
all possible quantum states, or by postselecting on the
outcome of a source associated with the unitarily covariant
ensemble of states, or via a multi-source with both setting
and outcome variables. We noted that the different choices
one can make in this regard make no difference for
qualitative assessments of nonclassicality. This is because
every multi-source defines a collection of (possibly sub-
normalized) quantum states, and the ontological represen-
tation of a collection of states defines the associated
collection of representations of the states; moreover, by
the linearity of any ontological model, one can uniquely
extend the ontological representation of the normalized
states to an ontological representation of subnormalized
versions of those same states.

The story is similar for measurements. An ontological
model for some set of measurements constitutes a collec-
tion of representations of all of the effects appearing in
those measurements. These response functions serve to
define a valid and empirically adequate ontological model
for any other set of measurements that contains the same set
of effects. Consequently, the existence of a linear and
empirically adequate mapping from the set of all quantum
effects to their ontological representation as response
functions implies the existence of such a mapping for any
multi-measurement one could construct with those effects.

It is worth noting that this observation also explains why
verdicts of nonclassicality are unchanged under flag con-
vexification (see Lemma 2). Whether one fixes a certain
input setting value or postselects on the corresponding flag
variable taking that same value, one is simply choosing
between two different physical instantiations of the same
variability, so an ontological representation for one directly
gives an ontological representation for the other.

APPENDIX D: PROOF OF THE SUFFICIENCY
OF CONSIDERING FACTORIZING DUALS

We now prove Theorem 1, that the definition of non-
classicality obtained by considering all dual processes and
the one obtained by considering all factorizing dual
processes is the same. In other words, we prove that
Definition 3 is equivalent to Definition 3.

In the following two subsections, we prove the result for
bipartite states and for transformations, respectively. The
generalization of the proof to arbitrary process types is
straightforward.

Although the proof is lengthy, its basic idea is simple.
First, we note that every quantum process with multi-
partite inputs and/or outputs can be written as a linear
combination of processes that factorize across the inputs
and outputs. From this and the assumption that an onto-
logical model is diagram preserving and linear, one can
then uniquely extend any given ontological model defined
for all product processes in quantum theory to a quasipro-
babilistic representation of all processes in quantum theory,

including the nonproduct ones. It remains only to show that
for the relevant processes in question, this quasiprobabil-
istic representation is in fact a valid probabilistic repre-
sentation (e.g., is positive and normalized appropriately),
a fact which follows easily from frame-representation
theory [122].

1. Factorizing duals for bipartite states

We first prove the theorem for the special case where the
given process is a bipartite state. That is, we prove that the
definition of nonclassicality for a bipartite state is the same
whether it is defined relative to all dual processes or to all
factorizing dual processes.

Lemma 5. The statistics generated by a bipartite state
together with all bipartite effects are classically explainable
(in the sense of Definition 1) if and only if the statistics
generated by it with all product effects are classically
explainable.

Proof. The proof for the only if direction is simply that
factorizing product bipartite effects are special cases of
general bipartite effects. So if the statistics generated by a
bipartite state with all bipartite effects are classically
explainable, then those generated by that state with all
product effects are classically explainable.

Now we prove the if direction. If the statistics generated
by a bipartite state p*142 with every product bipartite effect
M*" ® M*2 are classically explainable, then there exists an
ontological model for the statistics such that

Tr[MAT @ MApAAe] = "p(Aydy) p(MA1[Ay) p(M*2]Ay).
17

(D1)

where p(MAi|A) depends linearly on the effect
M4 € M(HA). Moreover since p(MA4|A)€(0,1] and
p(141|2) = 1, by the generalized Gleason theorem [123],
there exists a unique set of density operators {02_"} ,, such

that p(M41|3;) = Tr[MA"afi"], and so we have

Tr[MAl ® MAzl)AlAz]
= phd) Te[MA1 6} | Tr[M*267]

Ay

= Tr[(MY @ M*)Y "p(Aih)0}! ® o))
Tk

(D2)

for any M% € M(HA). Because the set of all product
effects is informationally complete, Eq. (D2) implies that

A A
phie = ZP(AMZ)%]‘ ® 0,

Ay

(D3)

and so the state pA142 must be separable.
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FIG. 25. In quantum theory, every effect can be decomposed as
a linear combination of product effects.

In quantum theory, any bipartite effect M4142 €
M(HM @ HA) can always be decomposed into a linear
combination of product effects (see Fig. 25) as

A A _} : Ay Ay
M 192 = rklksz] ®Mk2
ki ko

(D4)

with some real coefficients {ry s, }+,- Consequently, we
can define a unique quasiprobability representation for
M*142 as the unique linear extension of the ontological
representation of the product effects via

p<MA1A2|/11/12> = Zrklkzp(M;?ll |,11)p(M‘222|/12)

kyky
= Zrklszr My o) | Tr[M 26}
ky,ky
= Te[MA 40} ® o). (D5)

The form of Eq. (D5) immediately guarantees that the
representation map is linear and diagram preserving.

Furthermore, since 0?]‘ and 0'?22 are valid quantum
states, p(M4142]2,2,) €0, 1] defines a valid stochastic
representation.

Finally, it is straightforward to verify that the ontological
model for the given effect and state p*14> reproduces the
quantum statistics

ZP(MA'AZMVE)PMVE)
Ay
= p(h42)Y ri s, Tr(M 6} | Te[M 26}
s ky ko
= Tr[MAiAphida], (D6)

Consequently, any statistics generated by p*142 with any
bipartite effect (not necessarily factorizing) are classi-
cally explainable. This concludes the proof of the if
direction. (]

2. Factorizing duals for transformations

Next, we prove that the statistics for the set of circuits
generated by contracting the transformation of interest with

C M

9%

—
—

FIG. 26. A comb can be decomposed using state-effect pairs.

all dual combs are classically explainable if and only if this
is the case with all factorizing dual combs.

Before proving this, we include an aside about the onto-
logical representation of quantum combs. To our knowl-
edge, this has not been explicitly discussed in the literature.
Nevertheless, the fully compositional definition of the
ontological representation map given in Ref. [9] can be
applied to this special case, and we do so here.

We consider the specific class of combs which are dual
processes for a given transformation Eppy: L(HA) >
L(H?), as shown in the top left of Fig. 26. These combs
are denoted CAlB. CA1% is a special case of 2-combs defined
in Ref. [83], which has only a quantum output on £(H*)
and a quantum input on £(H?).

An ontological model of the circuit in Fig. 26 associates
with £ a stochastic map pg(4z|44) and with C a substo-
chastic map pg(44]15) [note that in our case, a comb is
defined by a single effect so that its ontological model is
subnormalized, i.e., ), Pc(44lAp) need not to be 1]. As
always for an ontological model, the map from the set of
quantum processes of a given type (in this case, from the set
of combs) to their ontological representations must be
linear, and moreover, the composition of the processes
within quantum theory must equal the composition of their
ontological representations (so that the empirical predic-
tions of quantum theory are reproduced). Linearity implies
that the pc(A4]Ag) obey the constraints implied by all
operational identities among combs, while the latter fact
implies that

CAIB o EBIA — Zi)(j(/IAMB)pE(/IBMA)'

Aalp

(D7)

We can now give the main argument. Note that a
factorizing comb with quantum output A and input B is
simply a state on A and an effect on B.
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Lemma 6. The statistics of the set of circuits obtained by
composing a quantum channel together with every possible
comb is classically explainable if and only if the statistics of
the set of circuits obtained by composing it with every
possible factorizing comb is classically explainable.

Proof. The only if direction is trivial, as a factorizing
comb is a special case of a comb.

Now we prove the if direction. If the statistics generated
by the circuit consists of a quantum channel £24 and a
factorizing comb defined by a state p* and effect M® that
are classically explainable, then we have an ontological
model for the operational statistics

ZP (MP1ag)p

Aalp

Tr(MPEPA (p (A8124)P(2alp"). (D8)

where p(M5|4z) depends linearly on M% and p(i,|p?)
depends linearly on all p*, respectively. Since
p(MB|15) €10, 1] with p(18|43) = 1, from the generalized
Gleason theorem (and the Riesz representation theorem),
there exists a unique POVM {G? }, such that p(4,[p*) =

Tr[p*G% | and that there exists a unique set of density
A4

operator {c} }, ~such that p(M?®|1z) = Tr[M®6] .
Therefore,
Te(MEEPA(pA)] = " p(AplAa) Tr[pAGE | Tr[MB 6T |
v
=Tr [MBZ[)(/IBMA)Tr[GprA]Gf

Aadg
(D9)

Since this holds for all quantum effects M2 e M(H5),
we have

EFA(pY) = " p(Aslda)Tr[G] plef  (D10)

Aalp

for all p* € S(H*), which means that £814 can be expressed
in the Holevo form and therefore must be entanglement
breaking [124].

Now, we will use these ontological representations to
show that we can also construct an ontological representa-
tion of the comb C.

First, we will rewrite the comb CA® within quantum
theory as a linear combination of factorizing combs as
shown in Fig. 26; then, we will use the above representa-
tions of the states and effects appearing in the factorizing
comb to construct a quasiprobabilistic representation of
CAIB_ This representation is then proven to be non-negative
and therefore to define a valid ontological representation.
The detailed steps are as follows.

Specifically, it has been shown [83] that any comb CAl®
can be decomposed as a bipartite state p*5 followed by a

bipartite measurement (effect) M55 with an identity chan-
nel acting on system S. That is,

CA\B(SB|A) TI'[MBS((‘:BM ® ﬂS\S) AS] (Dll)

Furthermore, any bipartite quantum state and bipartite
measurement can be decomposed as

P = ret ®p},

t

BS _ " MB
M E raoM; &
kK

(D12a)

(D12b)

with some real coefficients {r/,}, and {r}, };v. As such,

the action of the comb CA® on the channel £84 can be
further decomposed as

CAIB(gB\A) — Tr[(Zrkk’MB ® MS ) (gBIA ® ﬂ)

kk'

X (Zrtt’/p? ® Pf)} . (D13)

i

Defining the new real coefficients

/!
§ :’Jn’ r Tr

' kk'

M3, (D14)

the expression for the comb CAl® acting on £8 can be
further simplified to
CA|B ( gB\A)

= ruTr[MEEPA(pY)].  (DI15)
tk

This final decomposition of the comb CAI® is shown on the
bottom left diagram of Fig. 26.

Now, given our choice to represent states and effects as
in Eq. (DY), the unique linear and diagram-preserving
representation of the comb CAl® can be defined as

Zrtkp (Zalp)p

= Zr,kTr (G4 p|Tr[MEoE |
tk

Pe(Aalip) : (M |28)

= Tr[G} CMB (% ). (D16)

Furthermore, since GfA are valid effect and o-f are valid
quantum states, pc(44]4z) €[0, 1] defines a valid substo-
chastic representation.

Finally, it is straightforward to verify that these repre-
sentations reproduce the statistics

021050-36



REASSESSING THE BOUNDARY BETWEEN CLASSICAL AND ...

PHYS. REV. X 16, 021050 (2026)

FIG. 27. An entanglement-breaking channel and a dual.

Zﬁc(’lAMB)pE(;LBMA) = pr(/‘LBMA)Tr [GfACMB(%BB)]
Aalg Aalp

= B CAIB, (D17)
where in the second equality, we used the Holevo form of
the channel gy from Eq. (D10) (also see Fig. 27).
Thus, pe(44]4p) is a valid ontological representation for
a generic quantum comb CA/®, That is, we have seen that
whenever the statistics generated by €84 with all factoriz-
ing pairs of effect and state are classically explainable,
one can write down such a representation for any comb
CAIB (possibly nonfactorizing). It follows that the statis-
tics generated by £F with any comb must also be
classically explainable. This concludes the if direction of
the proof. [

3. Factorizing duals for arbitrary process

With the two special cases discussed in the previous
subsections, we now prove our main theorem analogously
for the most general quantum process: a multipartite multi-
instrument.

Theorem 1. A quantum process is such that there exists
some set of dual processes that it can be contracted with to
obtain statistics that are not classically explainable, if and
only if there exists some set of factorizing dual processes
for which this is the case.

Proof. The core idea of the proof is similar to the ones for
the if direction in Lemmas 5 and 6. That is, if one can
construct an ontological model for the given quantum
process contracted with every possible factorizing dual
process, then one can obtain an ontological representation
for every dual process (possibly nonfactorizing) by build-
ing it from the representations of the factorizing dual
processes in a linear, diagram-preserving manner.

In this paper, the most general process we consider is a

multipartite multi-instrument {{F B‘A}C} S L(®1 HA)

clz

L(T, HEi); ie., each F, B‘A is a CP trace-nonincreasing
map such that > F C“Z deﬁnes the quantum channel.

If the statistics generated by a multipartite multi-

instrument {{]—"fl‘zA}C}z is classical for factorizing duals

composed of the set of states {p*} and the set of effects
{M®8i}, then there necessarily exists an ontological model
for the operational statistics such that

) (e

= pledglziz Hp (M52, Hp 2a, ™)

A5 }r
ot TG o)
L

= Zp (cAzlzaz HTr

AgAz

(D18)

where in the second equality we write p(M%/|15) =
Tr[MBfof;j] and p(Ay |p") = Tr[GZipAf} using Gleason’s
theorem and the Riesz representation theorem since these
ontological processes depend linearly on all quantum
effects M% and all quantum states p%i, respectively.
Because the set of all product effects and states is informa-

tionally complete for characterizing the multipartite multi-
instrument, it follows that

FIA) = 3 pledgled ®61 Tr[@G O] 19)

AgAz

Similar to the construction of ontological models for
general dual processes in Lemmas 5 and 6, we can now
proceed to define the ontological model for a general dual

process CAIB: £(®” HA) = L(®7, HP) for the target

process {{]—" 1, }.. To do so, we will need to first find

clz
a decomposition of the general dual process cAlB (a
multipartite comb) in terms of product states and product
effects as we did in Figs. 25 and 26. Such a decomposition
always exists because quantum theory satisfies the princi-

ple of tomographic locality. That is, for any channel 51}';,
we have

CAIB o gBIA .= erTr[@Mk/c‘:BlA ®Pt } (D20)

for some real coefficients {r-;}. Now, given the ontological
representation we have for states and effects in Eq. (D18),
we can construct the ontological representations for the

general dual process CAIB as

Z ka
= ZrtkHTr 16 HTr G
Tk J
=Tr| @G ¢ (Q0;) ).

B» .
Be(z1z) My |’13/->Hp(}%; o)

(D21)
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Since G

pe(A3145 )
for any valid dual process CcAIB.

Therefore, once one has constructed an ontological
representation of a multipartite multi-instrument along with
all factorizing combs dual to it, one can uniquely extend
this ontological representation to all combs (including
those that are nonfactorizing). ]

~and aﬂ" are valid effects and states, we have

[0, 1] deﬁmng a substochastic representation

APPENDIX E: PROOF OF THEOREM 2

We now repeat and then prove Theorem 2.
Theorem 2. For a multi-source P := {{p(alx)p,x} 4}
the following statements are equivalent:
(0) It is classical (in the sense of Definition 5).
(1) Each of the unnormalized states p(a|x)p,, can be
decomposed as

Zp (al|x)oy,

for some fixed set of normalized states {c,}, and
some conditional probability distribution p(ad|x)
satisfying

> aup(adlx) =0,

for all A, where O(P) is defined in Eq. (17a).
(2) Each of the normalized states p,, can be decom-
posed within a frame representation on V =

Span({pa\x}ax> as

plalx)pa = Ya,x (El)

V{tu} €OP)  (E2)

Palx = ZTI'[HA,O“M]O'/{, Va,x, (E3)
A

where the frame is a fixed set of density operators
{0,},, and the dual frame is a set of (possibly
nonpositive) Hermitian operators, i.e., {H,}, C
Herm(H)  satisfying >, H, =Py(1) and
Tr[Hp,x €0, 1] for all a, x, 4, with Py being
the superoperator that projects onto the operator
space V. This condition is depicted in Fig. 8.
Proof. We first prove that condition (0) implies (2). From
Definition 5, we know that the statistics generated by a
classical multi-source {{p(a|x)py},}, with any quantum
effect can be expressed as

Tr[Mp,)] = Zp M|A)p(da,x), Va,x,Me M(H),
where {p(A|a,x)},, depends linearly on {p,},, and
p(M|1) depends linearly on all quantum effects
Me M(H).

Since p(M|2) €0, 1] with p(1]4) =1 for unit effect 1,
we can use the generalized Gleason theorem [123] to infer
that p(M|A) = Tr[Mo;] for a unique normalized density
matrix ¢,. Similarly, for any linear map from states {p|, }
to probability distributions {p(4|a,x)},,, there always
exists a Hermitian operator H,; for each 1 such that
p(dla.x) = Tr[H,p,|. Given that p(i|a,x)€[0,1] and
>.ar(Aa,x) =1 for all p,,, we infer that ), H, =
Py (1) where Py is the superoperator that projects 1 onto
the operator space V = Span({pq/,},.). We thus have, for
any given a and x,

Tr[Mpa\x] = ZTr[MGl]Tr[H/{pa\x]
=Tr [MZTr[HApM]@], VM.  (E4)

Because Eq. (E5) must hold for all M, it follows that

Palx = ZTr[H/Ipa\x]Gl' (ES)
A

To show (2) — (1), we can simply define

p(Ala, x) = Tr[H;p,.],
= p(adlx) = p(alx)p(d]a. x)
= Tr[H; p(alx)pa- (E6)
It follows that {p(ai|x)},, depends linearly on

{p(alx)pajx}ax and consequently respects the operational
identities O(P).

To show that condition (1) implies condition (0), we can
define p(M|A) := Tr[o,M], and thus we have

ZTr Mo;|p
= ZTr Mo;|p(ailx),
P

Mpalx ) )7 VM$avx7

p(alx)Tt[Mp,,] VM, a,x, (E7)

where {p(ad|x)},, respects O(P) and p(M|A) defines a
stochastic map that is a linear functional on the set of all
quantum effects M € M(H). Thus, there exists an onto-
logical model for the statistics generated by the multi-
source contracted with any quantum effect; it follows that

HUp(alx)pajcta}y is classical. =

APPENDIX F: PROOF OF THEOREM 3

We now repeat and then prove Theorem 3.

Theorem 3. For a multi-measurement M = {{M,,},},,
the following statements are equivalent:

(0) It is classical (in the sense of Definition 6).
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(1) Its effects can be decomposed as
My, = Zp(b\yﬂ)Gl, Vb,y (F1)
7

for some POVM {G,}, and some conditional
probability distribution satisfying

> Bop(bly) =0, ¥{By}, €OM)  (F2)
by

for all 4, where O(M) is defined in Eq. (17b).
(2) Its effects can be decomposed within a frame
representation on V = Span({M,,}) as

Moy = YT EIG, Ve (5
A

where {G,}, is aPOVM with >, G, = Py(1) =1

and {F;}, Cc Herm(H) is a set of Hermitian oper-

ators satisfying Tr[F,] = 1 and Tr[M,,F;] €[0,1]

for all b, y, A. This condition is depicted in Fig. 10.

Proof. We first prove that condition (0) implies condi-

tion (2). From Definition 6, we know that the statistics

generated by a classical multi-measurement {{M,,},},

contracted with every possible quantum state can be
expressed as

Te[Myyp] = > p(blyA)p(dlp),  Vb,y, VpeS(H),
A
(F4)

where {p(b|y4)},, depends linearly on {M, },, [and so it
respects O(M)], and p(4]p) depends linearly on the
quantum state p € S(H).

Using the Riesz representation theorem, we can write
this latter linear function as p(A|p) = Tr[G,p| for some
effect G, € M(H). Furthermore, since >, p(d|p) = 1, we
must have that ), G, = Py (1) = 1. Thus, {G,;}, is a
POVM. Similarly, we can always write p(b|yd) =
Tr[M,, F;] for some Hermitian operator F,. The fact that
>, p(b|lyA) = 1 implies that Tr[F;] = 1. Thus, we have

Tr[Myj,p) = Y Tr[My), F}]Tr[G,p]
A

:Tr[ZTr[MbyFl]Glp], VpeS(H), (F5)

where Tr[M,,F,;] = p(b|yA) €[0,1] [as p(blyi)€[0,1]
and Tr[F;] =1 [as >_, p(b|yA) = 1] for all b, yA. Since
Eq. (F5) must hold for all p, it follows that

My, =Y Tr[M,,F)]G;. (F6)
A

To show (2) — (1), we can simply define
p(blyd) = Tr[My, F;].

It follows that p(b|y4) depends linearly on M,,, which
implies that it respects the operational identities in
the set Opy. Furthermore, since Tr[M,,F,;] € [0, 1] and
>, Tr[M,,, F;] = 1, we have that the p(b|y4)’s are condi-
tional probabilities.

To show that condition (1) implies condition (0), we can
define p(4|p) == Tr[G,p], i.e., define a stochastic map that
is linear on all quantum states p. Thus, V b,y,p € S(H),
we have

Tr[Mvap] = Zp(b|y/1)Tr[Glp], (F7)

where { p(b|yA)},, respects O(M), and p(4|p) respects Op.
Thus, the statistics of the set of circuits obtained by
contracting the multi-measurement with all possible quan-
tum states are classically explainable. Hence, the multi-
measurement {{M, },}, is classical. ]

APPENDIX G: PROOF OF COROLLARY 3

We now repeat and then prove Corollary 3.

Corollary 3. If a multi-state consists of a set of states that
fits inside a simplex within the quantum state space, then it
is classical.

Proof. Assume the existence of such a simplex and
denote its vertices by {o; }, (by definition, they are affinely
independent trace-1 operators, thus linearly independent).
As each element of the multi-state {p.|,}, is in the convex
hull of the {c,},, it follows that the span of the former is
contained in the span of the latter. Thus, the linearly
independent set {c;}, forms a basis for the span of the
{px}, and so there exists a dual basis {H,}, such that
[recalling Eq. (A2)]

P =Y Tt[H;p.lo;. (G1)

Thus, we can define an ontological representation of p, | by

p(Alx) = Tr[Hp,.]. (G2)
Given that this is a linear functional on the set of quantum
states, it follows that the set {p(A|x)}, satisfies all the
operational identities in O(P) defined by {p..},. By
condition 1 of Theorem 2, one concludes that the multi-
state {p.|,}, is classical. m
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APPENDIX H: PROOF OF COROLLARY 4

Corollary 4. A multi-state consisting of a set of distinct
pure states on a single system is classical if and only if the
states are linearly independent.

Proof. The proof for the if direction follows directly from
Corollary 2, since a set of linearly independent states forms
a simplex. The proof for the only if direction can be shown
by contradiction. Suppose the states in the set {p..},
constituting the multi-state are linearly dependent, then
we must have at least one equation of the following form:

Zaxp~\x =0,
x

where a, # 0 for some x. If the set is classical, then there
exists a set of states {0, }, such that p.x can be expressed as
a convex mixture of the form p., = 3, p(4|x)o; where

Zaxp(/1|x) =0.

However, since the p.|,’s are assumed to be pure, the convex
mixture must be trivial; that is, one must have p(|x) =, ,
and o, = p‘_‘l‘x. Then, Eq. (H2) reduces to

Zax5/l,x =0,
x

implying that a, = 0 for all x, contradicting our earlier
assumption of linear dependence. Hence {p.‘x}x must be a
linearly independent set. L]

(H1)

(H2)

(H3)

APPENDIX I: PROOF OF PROPOSITION 1

We now repeat and then prove Proposition 1. We note
that because the proof is relatively simple, and because the
proof of Propositions 4 and 6 are analogous, we do not
provide the details of the latter, but rather trust that the
reader will see how to generalize the proof of the
Proposition 1 to the proofs of Propositions 4 and 6.

Proposition 1. Any circuit with local measurements on a
bipartite state [as depicted in Fig. 12(a)] is classically
explainable only if the two prepare-measure circuits it induces
by boxing to obtain a steering scenario [in one or the other
direction, as in Fig. 12(b)] are classically explainable.

Proof. If the statistics generated by a bipartite state

pM42 with any multi-measurements {{M" by Yo by, @

{{Mm bz\yz}b» }y, are classically explainable, then they can
be expressed as

= _pl)p(

Ala

p(bi1by|y1y2) = (b1[y141)p(ba|y2dy),  (11)

where p(b;|y4,) respects O(M,), p(b,|y,4,) respects
O(M,), the composite >, p(bi]yi41)p(414,) respects

O(M, o P), the composite ) 3, p(bs|y242)p(414;) respects
O(M, o P), and p(4,4,) respects O(P) as in Eq. (42) in the
main text.

The fact that 4, screens off the dependence of b; to 4, in
the bipartite circuit in Fig. 12(a) allows us to define

P(bidalyy) : Zp (b1ly1di) (A1), (12)
we thus have that
p(bibaly1y2) = ZP bo|y2da) p(b1Aalyr),  (13)

which recovers the statistics of a prepare-measure scenario
involving the following pair of processes: (1) the prepa-

ration {{pgf\y.}bl}yl on H*2, where

Py, = T [, @1)ph) ()

and (2) the measurement {{M’;;‘yz} byty, on HA.
Evidently, p(b;4,|y,) respects the identities satisfied by
{Bo} .}y, namely, O(M, o P). and p(bs|yaiz) respects
the identities satisfied by the multi-measurement, namely,
O(M,). Thus, such prepare-measure statistics are classi-
cally explainable. Using analogous arguments, we infer that
the statistics of the prepare-measure scenario on A; is also
classically explainable. u

APPENDIX J: PROOF OF FRAME
DECOMPOSITION

1. Proof of Theorem 4

Theorem 4. A bipartite state p*142 € S(HA @ H*) is
classical if and only if it admits a frame decomposition

phie = "Tr(

Ay

H)' @ Hy)ph®le) @ o2, (1)

where the frame on the operator space V; is a fixed set
of density operators {0'2"} ;> and the dual frame is a
set of Hermitian operators {Hi’ };, satisfying >, Hfl_" =
Pvi(ﬂAl‘) with Py denoting the superoperator projecting
onto V;, and such that

Tr[(HfI‘ ® H?ZZ)PA‘AZ} 20, Vi . (J2)

Proof. We first prove the only if direction. Assume p*142
is classical in the sense of Definition 7 in the main text.
Then, for the statistics generated by the circuits consisting
of the bipartite state p*142 on HA4142 and every possible
A A,
multi-measurement {Mb N }b,y, 00 HA and {Mbg\yz}bzah
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on H“, there exists an ontological model

A A
TI‘[(M ll\yl ® szb )pAlAz]

= p(da)p(bily1a)p(balyady)  (33a)
FIvN

= Zp (b1ly1d1)p(badi[ys) (J3b)

= Zp (Daly2ha) p(b122]y1), (I3¢)

where p(boA,|y,) and p(bA,|y;) are defined in Eq. (41)

and where the ontological identities in Eq. (42) are
satisfied. In particular, these constraints imply that

(1) From Eq (42a), for each A;, the map M4 ]‘V

p(b;|yi4,) is a normalized positive linear funct10nal

on the space of all effects on A}, i.e., M(HA1). The

normalization p(141]4;) = 1 follows from the fact

that Tr[(14 @ 142)pt4] =1, and by Eq. (J3a),

p(14i|4;) must equal 1. Therefore, by the general-

ized Gleason theorem, there exists a valid quantum

state ofl] such that

p(bilyid) = Tr[M}! o)1), (94)

(2) From Eq. (42b), for each A,, the map M balys
p(bs]yy4,) is a normalized positive linear functional
on the space of all effects on A,, ie., M(H).
Therefore, by the generalized Gleason theorem,

there exists a valid quantum state af; such that

p(ba|y2dy) = Tr[ 22|y 0?22] (I5)

(3) From Eq. (42c¢), for each A,, the map pb b,
Pp(biAy|y1) [where pb by is the steered state on Az,
defined in Eq. (36a)] is a positive linear functional
on the operator space V, = Span({ﬁ?f‘yl }); hence,
there exists a Hermitian operator Hf; on H*
such that
p(biAs|y,) = Tr [H?ZZPZ‘Z\) ] (J6)
(4) From Eq. (42d), for each A; the map pb v
P(brAr|y,) [where pb " is the steered state on A,,
defined in Eq. (36b)] is a positive linear func-
tional on the operator space V; = Span({f)gz‘lyz});
hence, there exists a Hermitian operator Hfl’ on HA
such that

&)
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P(badilys) = Tr[H' 5y ] (I7)

Py,

Plugging Eqs. (J4) and (J7) into Eq. (J3b) yields

A A
Tr[(Mhl\yl ® szztyv) AIAZ]

_ZTr o, O I TE[H Ay ] (38)

Recalling the definition of ﬁ?z“yz provided in
Eq. (36b), we have

A ~A
Tr[(Mb:\M ®M b |} )/)A Az] :Tr[M 1\y|pb2]bz] (J9)

and combining these two expressions, we obtain

Tr[ Al ~A’

1\}1 bz\\’z

ZTr My, 0 | Te[H g ]

Since this holds for all M?:lyl € M(H*) and
these are tomographically complete, it follows that

~A A A
pbzll}Z ZTr pbz‘\z /111 o-ﬂql (Jlo)

That is, {o-fl‘ },, and {Hf]‘ },, define a frame and its
dual frame on V| = Span({ﬁ?z‘lyz}). Moreover, tak-
ing the trace of both sides yields

T = Tl )

Noting that this holds for all ﬁ;‘;‘yz €V, implies

that ), H‘Z‘ =Py (1*), where we denote the
superoperator that projects onto the operator space
Vi by Py,.

Similarly, substituting Eqgs. (J5) and (J6) into
Eq. (J3c), we can prove that {aﬁz} 4,» and the set

of Hermitian operators {H’ 21, [with 35, H de

2
Py, (142)] defines a pair of frame and dual frame on

V, = Span({f)’zflyl }), and in particular,
<A ~A A A
Py, = ZTr Py Hizloiz  (12)

Finally, using the ontological identities in Eq. (42¢)
and substituting Eqgs. (J6) and (J7), we obtain
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P(ﬂlﬂz) = Z ablbzylyzﬁ(b1/12|)’1)i’(bz/ll|Y2)
b1byy1y)
A5t
= Z Ap,byy,y, T ﬁjphzm]
bibyyiy,

~A
x Tr[Hy' 7 ] (J13)

Recalling the operational identity in Eq. (38), we

thus have
plaidy) = Tr[(HY @ H2)ph™].  (J14)
Combining it with Eqs. (J3a), (J4)(J5) gives
A ]
Tr[(MhlL\’] ')2|V2)pA Az]
A Ay A, A A
= ZTT[(HA, ® H, )t Az]Tr[ b, \ylaﬂl]
T
x Tr[M}?, 0,]. (J15)

Since this holds for all M’zf‘y_ € M(H*"), which are tomo-
graphically complete, we conclude that

P =Y T [(H]) ® Hi)ph oy @ o (J16)
FIvN

Moreover, the constraint Tr[(Hfl‘ ® Hf;)pAlAZ] >0 in
Eq. (J2) holds by Eq. (J14) and the existence of the
ontological model in Eq. (J3a).

Now we prove the if direction. Suppose there exists a
frame decomposition of pA142 as in Eq. (J1) and satisfying
the requisite constraints. For the bipartite state p*142, any

effect M;“b € M(H*1) and any effect Mb N € M(H*),

we can define ontological representations of each of these
via the linear functionals induced by the frames and dual
frames:

pnda) = Te[(Hy' ® Hy2)pM™].  (J17a)
p(bilyidy) = Trlo' My ] (317b)
p(balyady) = Tr[o? M} 1. (J17¢)

The non-negativity and normalization of these ontological
representations follow from Eq. (J2) together with the fact

that the frame {o'} ;, 1s a set of density operators.

Next, we show that the effective ontological representa-
tions obtained by sequential composition depend linearly
on the corresponding effective quantum processes. This

follows from the fact that {02" },, and {Hi_" },, form a frame
and its dual frame on V. In particular,

p(bidalyr) : ZP (4142) p(b1]y11)

= ZTr (H) @ Hy?)ph™]Te M} o)']
A

= Te[H3707, ]

(J17d)

bb

where we use Eqs. (J17a) and (J17b) in the first equality,
and the definition of f/;l e provided in Eq. (36a), in the last
equality. Similarly, we can show that

ZP (4i42)p
= ZTr
X

A A
= Tr[(H} ® M), )p""] =

bz}L |)’2 bzb’z/lz)

(1}, ® Hi2)p | Tr My o]

A
Tr [Hm]/’bzl|y2]
(J17e)

using Eqgs. (J17a) and (J17c¢) in the first equality, and the
definition of f)’zz“yz, provided in Eq. (36b), in the last
equality.

Finally, the ontological model reproduces the empirical
statistics

> p(hid2)p(

i

= ZTr[(Hﬁ‘,' ®Hf;)PAIA2]Tr[ hl|y % o] Te[m hvz‘\zdfoz]
Fwe

= ZTr[(

- Tr[(Millv] b \\z)pAlAz]

(b1[y141) p(b2[y242)

oy ® H)p ] Te [ M2 o]
(J18)

where in the last two steps, we again use the properties of
frame representations.

Since all these ontological representations depend lin-
early on the corresponding physical processes and are non-
negative, the circuit is classically explainable. Moreover,
since we allowed all possible factorizing dual processes,
namely, all local multi-measurements, it follows that the
bipartite state pA142 is classical by Definition 7. "

2. Proof of Theorem 5

Theorem 5. A channel EBA: L(HA) — L(HE) is
classical if and only if it admits a frame representation

EBA() = of Tr[HE EPA(FL )] Tr[GA ()],
Ialp

(119)

where the frame on V, is a set of Hermitian operators
{F} },, each with unit trace, Tr[F} ] = 1, and the dual
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frame on V, is a POVM {G} }, satisfying 37, G} =
Py A(ﬂA) = 14, while the frame on Vj is a set of density
operators {o} }, and the dual frame on Vj is a set
satisfying >, H
Py, (1 B), with Py, W denoting the superoperator projecting
onto Vp,), and such that

of Hermitian operators {H} },

Tr[HE EPA(FL )] 20, Vau. dp. (120)

Proof. We first prove the only if direction. Assume E514
is classical in the sense of Definition 9 in the main text.
Then, for the statistics generated in the prepare-transform-

measure circuits consisting of the channel £24 and every
possible multi-source {{ p(a|x)p2‘x}a}x and multi-meas-

urement {{Mf‘y},,}y, there exists an ontological model

Te[M2 €74 (p(alx)ph)]

= Zp blyag)p(Alda)p(ataly)  (J21a)
v

= Zp blyig)p(ais|x) (J21b)

= pblyda)padalx), (421c)
Aa

where p(aldg|x) and p(b|yl,) are defined in Eq. (68), and
where the ontological identities in Eq. (69) are respected. In
particular, these constraints imply that
(1) From Eq. (69a), for each Ag, the map M Mg
p(b|lydg) is a normalized positive linear unc-
tional on the space of all effects on B, i.e.,
M (H?B). Normalization p(1Z|13) = 1 follows from
Tr[12£84(p*)] = 1, and by Eq. (J21a), p(1%|1p)
must equal 1. Thus, by the generalized Gleason
theorem, there exists a quantum state afB such that
p(blyig) = Tr[M} o% |. (922)
(2) From Eq. (69b), for each 1, the map p(a|x)p
p(aiy|x) is a positive linear functional on the space
of all unnormalized states on A. Therefore, by the
Riesz representation theorem, there exists a positive
semidefinite operator GfA such that
pladal) = Tr[G) plalps,].  (123)
(3) From Eq. (69c), for each A4, the map MAJ >
p(blyd,) is a normalized positive linear functional
onV, = Span({Mby}) with Mﬁy [EBATT (M b|y);
therefore, there exists a Hermitian operator FfA

“
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such that

p(blyis) = Tr[My F7 .

A (J24)

Since >, Tr[MA| Fi ] =1, F} is trace-1.
From Eq. (69d), for each Az, the map [)flx —
p(adp|x) is a positive linear functional on Vy =

Span({p},}) with p = EBA(p(alx)p Phi,)- Thus,
there exists a Hermltlan operator Hfg such that

pladglx) = Tr[HE p5 ]. (J25)

alx
Substituting Eq. (J22), (J25) into Eq. (J21b) yields

Tr[M} EP4 (p(alx)pf,)]

= ZTr M} o8 |Te[HE B ], (126)

Recalling the definition of 5% _in Eq. (62b), we have

alx

Tr [Mf‘yEBM (p(a|x)p2|x)] =Tr [Mf‘;f‘x] (J27)

and combining these two expressions, we obtain

Tr[M3 pE, ZTr of | Tr[HE B2 ]. (128)

a\x

Importantly, since this holds for all MB| €

M(H?E), which are tomographically complete, this
implies

ZTr [HE p5. ]o®

That is, {6} },, and {H} },, define a frame and its
dual frame on Vp = Span({pa‘x}). Moreover, taking

(129)

the trace of both sides yields
ZTr HB B

Noting that this holds for all ﬁf‘x on Vp implies that

E/IB Hf,, = PvBu
operator that projects onto Vz by Py,.

Similarly, substituting Eqgs. (J23) and (J24) into
Eq. (J21c), we have

Te[ME €84 (palx)ph,)]

_ZTr M?‘)FA Tr[GA plal|x)p u‘x}

Trlph ] = (130)

B), where we denote the super-

(J31)
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Recalling the definition of M bly in Eq. (62b),
we have

Tr[My EP4 (p(alx)pfy,)] = Tr[My p(alx)p, ],

(132)

and combining these two expressions, we obtain

Tr[M2|yp(a|x) Al

—ZTr [y F | Te[GY plalx)ps,].  (133)

Importantly, since this holds for all unnormalized
states p(alx)pfy, with pf €S(H"), which are
tomographically complete, we have

My, = ZTr [y G (J34)

Thatis, {F} },, and {G,, },, define a frame and dual
frame on V4 = Span({M’,j‘y}). Moreover, taking the
summation over b on both sides yields

ZMW ZZTr [y ]G
= ;GAA =Py(14) =

Therefore, {G,, }, is a valid POVM.
(5) Finally, plugging Egs. (J24) and (J25) into the
assumed decomposition in Eq. (69¢), we obtain

(135)

P(/13|/1A Zaabxyp b|y/1A) (CMBPC)
abxy
= Zaabx}'Tr [MQ\VF}L ]TI’ [HB paB|x]
abxy
(J36)
Recalling the operational identity in Eq. (65), we
thus have
p(Aplas) = Te[HE E8A(FL )] (J37)

Combining it with Eq. (J22), (J23), and (J21) yields

Tr[M} EP4 (p(alx)pf,)]
= Tr[HE EFA(F4 )| Te[M5 oF |
Jalp

><Tr[GfA (alx)p a|x} (J38)

since this holds for all MB‘ and p(a|x)p2‘x, which are
tomographically complete, we have

EBA() = "Tr[HE €814 (F4 )| Tr[G4 ()] of .

Aalp

(139)

Now let us prove the if part. Suppose there exists a frame
decomposition of the channel of £54 as in Eq. (J19), then
for the channel £814, any effect M by and any unnormalized

state p(a|x)p? , we can define ontological representations

a\x’
of each of these processes via the linear functionals induced

by the frames and dual frames:

p(Ag|as) = Te[HE E8A(F1 )], (J40a)
p(b|ylg) =Tr [Mf‘yalg] (J40b)
pladslx) = Tr[G4 p(alx)pj,]. (J40c)

where the non-negativity and normalization are ensured
by Eq. (J20), afB being a density operator, and {G;, },,
being a POVM.

We can also show that the effective ontological processes
obtained by sequential compositions are also linear to the
corresponding effective quantum processes obtained by

. . [ A
sequential compositions. This is because {o;'}, and

{Hfi‘ },, are a frame and its dual frame on V. In particular,

ZP (4l44)p

_ ZTr (18 €84 (FA )] Te [, plalx)pl,]

A

=Tr[H} £ (p(alx)p}),)] =

plalglx) : (als]x)

Tr [HB B‘x}
(J40d)
where we use Eqgs. (J40a) and (J40c) in the first equality,

and the definition of f)f‘x in the last equality. Similarly,
using Eqgs. (J40a) and (J40b), we can show that

Zp blyig)p
- ZTr h\y

=Tr [M‘b*‘ySBM(FfA)]

b \)’AA /13 MA)

[ Te[HE £514(F7 )]

Tr[My F} |

By (J40e)

Finally, the ontological model also reproduces the
empirical statistics:
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(48|24) p(alalx)

> p(blyig)p

Aalp

- ZTr b\y

g
= ZTr (M 54 (F4 )| Te (G2, p(alx)pd,]

31 Te[HE EP4(F) ) Te[GY plalx)py,]

= Tr[MﬁyEBiA(p(a|x)p‘2‘x)]. (J41)

In the last two equations, we again use properties of frame
representations.

Since all these ontological representations depend lin-
early on the corresponding physical processes and are non-
negative, the circuit is classically explainable. Moreover,
since we allowed all possible factorizing dual processes,

this, in turn, implies that the channel £21 is classical by
Definition 9. u

3. Proof of Theorem 6
Theorem 6. A multipartite multi-instrument {{F" BlA} jo
where F51; L(®f_ HY) = L(®, HP), is classical if

clz
and only if it admits a frame representation

]__B\A )= Z®G’lj Tr[ ®H/IB ) B|A<®F,IA )]

T J

X Tr[(@fo;)(-)}, (J42)

where the frame on the operator space Vs, is a fixed set of
density operators {szi, } 2y, and the dual frame is a set of
Hermitian operators {HZ, } 2,
Py,, (17
of Hermitian operators {F } 3, satisfying Tr[F}

and the dual frame is a POVM {GAA.}AA.
>, Gi, = Py, (14) = 14i, and such that

satisfying Zﬂgj Hf;j =
/); the frame on the operator space V. is a set

] =1,
satisfying

Tri@ﬂfé,)fé‘x(@ﬁ” )iZO, Vigdg ez (J43)
j Jj i Aj

clz

Proof. We first prove the only if direction Assume the

multipartite multi-instrument {{]:c|z} }. is classical.

Then, for the statistics generated in the multipartite
prepare-transform-measure circuit consisting of the multi-

partite multi-instrument {{]-" } }. and every possible
multi-source  {{p(a,|x;)p’ e }a }r, on HA and multi-

measurement {{Mb s I }}/ on HBi, there exists an

ontological model

[( ® Mb ) >fB‘A< ® p(a,|x,>p 9]

= Zp cAzlzhz Hp (b; |y]/13 Hp aida|x;)  (J44a)
T3

= Zp (bjly;As,) P (b iclg |X552) (J44b)

= Zp ida|x:) P(a; (G@:bel%; Vzda,), (J44c)

where the ontological identities in Eq. (83) are respected.
Here we denote j = {j'|j/ # j} and i = {i'|i’ # i} and
define

Zp (cazlz2) [ [p(Bylyias,)

p(abJCﬂBA}yj

J'#i
X Hp(aiiA,ixi) (J45a)
plabelfiiatg) = Y plciglad Hp (bjlyi4s,)
bl
X Hp(ai’/iAi/ |xi). (J45b)
i#i

Specifically, the constraints in Eq. (83) then imply that
(1) From Eq (83a), for each je&[m] each Ap,, the

map MY s p(bjly;.Ap,) is a normalized posi-

bjly;
tive linear functional on the space of all effects

on Bj, ie., M(HBE5). Thus, by the generalized
. B,
Gleason theorem, there exists a quantum state o,
J

such that

B; B
p(bjly]j’B/) = TI‘ [Mbj\y,-o-/iBJ . (J46)

(22) From Eq. (83b), for each i € [n], for each 1, , the
map p(a,-|xi)p‘:l_"|xl_ > p(a;d4 |x;) is a positive linear
functional on the space of all unnormalized states.
Therefore, there exists a positive semidefinite oper-

ator GfA" such that

i

A; A;
p(aidalx;) = Tr iGi[:iP(ain)Pahx,]- (J47)

There are many ontological identities included
in Eq. (83c); however, it turns out that it is suffi-
cient to consider those for the ontological repre-

sentation in Eq. (J45) defined for the effective
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physical processes Tr{ 5o }
bj \y, ab- jelXyiz

B, _ FBIA 57 B; =B

Pabeles;e ez, |11 b5y el il s _ZTr[ b 0o T jpabcm,}- (52)

M =Ty [pa‘x [T Mflﬁ)] (748b)

Gibel¥:5z Importantly, since this holds for all M b’|, €
where we denote M” -®; Mb ) and Mﬁ - M(HBE7), which are tomographically complete, this
bl implies
15 @) Mb o similarly, 77 =@®,; pla ,|x,)p .
B;

i . 9l P~ S 05

(3) As a special case of Eq (83c), for each j € [m] and

each A , the map pa ﬁ(a’lgjc/lgjb?ﬁ;z) is a

abjcl¥y;z That is, {af’ } 5, and {HBj } s, define a frame and
positive linear functlonal on the space of all states
J;é \?cyzEVBf in Eq. (J48a). Thus, there exists a its dual frame on V, = Span({ ab 7552 } ). More-
jelxy;z

o B over, taking the trace of both sides ylelds
Hermitian operator H," such that
J

B} T[ } Tr[Hf” }
plabjcis, [i570) = Te[H pl ], (149) Pl Z in, il

Bj ab C\xy/

(154)

(4) As another special case of Eq. (83¢), for each i € [n] Noting that this holds for all 5 p €V . we thus

and each A, , the map M. _ > f)(ﬁ;l;cﬁgiz/lAi) b clxy;z

G;be| %z
is a positive linear functional on the space of all have Zl _PV ( ), where PVB_,- is the super-
effects M7 . €V,, in Eq. (48b). Thus, by the operator that prOJects onto the operator space Vp .
Fhcliie

a;

Similarly, by plugging Eqgs. (J47) and (J50) into

Riesz representatlon theorem, there exists a Hermi- "
Eq. (J44c), we can prove that {F;' }, and a POVM

tian operator FfA such that
I {G’Zi } I, defines a frame and dual frame on

plazbe|Xiyzla,) = Tr [F i, M;,; 5 ] (J50) Vy = Span({Ma el }), and in particular,
Plugging Egs. (J46) and (J49) into Eq. (J44b) c A A A, A,
yields M belzs: = ;Tr [F M a;Zc\z;yz] G- (55)
Aj
e B\A A
(19 b; \»,) ( ® p (a; |xi)pa,-\x,») (5) Finally, we now consider the ontological identities in
Eq. (83d). Again, there are many ontological iden-
= ZTr[ o ‘V % }Tr [H ,1; 7 ;} " } . (J51) tities therein. However, it turns out that it is sufficient
1 abjc|Xyiz

to consider some special ones. Specifically, for any
fixed ¢ and z, we consider operational identity of the
Combining it with Eq. (J48a), we have form of
|

BlA {zaix}, {zfafxf}j
Foo()= g a Qi
clz () N { r—»,} {cfb’j;’} ( -
(Cig"?"}[{ﬂ-"ﬁij—,}j
L )
(Haliiy a7

_B;
G;be|%yz ( )} @p[i};;d};}z’ (J56)

where the superscripts i and j are indices to distinguish different settings and outcome variables. The associated ontological
identities are then given as
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p(cizlziz) =
(BB
(i) (i,

(R @), 5
= Z {c b'ﬁ’} {i‘/b]ﬂ} HTI' [F AiM belX;yz :| HTT |:H jj abs C|Xy/ i|’

{c'B'§ w/hj) }j
{dalxiy{dalsy;

where the equality follows from Egs. (J49) and (J50).

am} {zfa/xj} s o o
Z {c’h'“’} {cfbf ]HP a; D Cl| : 'Z%A,-) X Hp(a/bf-clﬂg,|xf)’§zf)
J

(57)

Plugging the operational identity in Eq. (J56) back into Eq. (J57), we thus have

p(cAglzaz) = Tr

(@) 7@

(158)

Now, substituting Egs. (J47), (J46), and (J58) into Eq. (J44a), and using the fact that we are considering every possible
local measurement and preparation that are tomographically complete, we have

Tr[@ (Mf'\\) f\‘zA( ® P( )Py, ] ZTr{ ®Hﬁ
J € [m] pv

= Fil0) = @) Tr| (o)) )]:BlA(Q?F )}Tr[(?cf;i)(.)]

Ai5

Now let us prove the if part. If there exists a frame

decomposition of the multipartite multi-instrument
BlA B|A

{{F.. Yc}: then for any element of {{F 7} }.. any

element of a multi-measurement MB‘ and any element

of a multi-source p(alx)p?, , one can define the individual

a|x’

ontological representations induced by the frame operators

plezglzdy) = Tr|(@H ) FIN@FY )] (160a)
-
[ A A;

plaidaxi) =Te|GJ: plaixi)ol, |- (J60b)
[ Bj 3 B;

pbjlyis,) = Te[oy) My, |, (J60c)

p(carbgiy |¥1y74;,) =
5%y

=T @ M),
jE€T

Since all these ontological representations depend linearly
on the corresponding physical processes and are non-
negative, we have shown that the circuit is classically
explainable. Since we allowed all possible factorizing

@ Hi

@Rt Tt o, TT(G, ety

(359)

I
where the non-negativity and normalization are ensured by
B . . . A .
Eq. (J43), Oh) being a density operator and {G I } 3, being
a POVM. Moreover, each is a linear functional on its
corresponding quantum process.
One can also show that the effective ontological proc-

esses obtained by sequential compositions are also linear to
the corresponding effective quantum processes obtained

by sequential compositions. This is because {F ?;} 5, and

(G}, {af’ }, ,and {Hfj },. are a frame and its dual
A~ A Bj = "Bj Bj~7Bj

frame on V, and Vs, respectively. In particular, for

any choice of Z C[1,...,n] and J C[1,...,m], one can

verify by plugging in Eq. (J60a) to (J60c) and using the
frame—dual-frame properties that

> p(edglaaz) [T pilyias) [ [ p(@ida,lx:)

jeJ i€l

B\A A

o (® plailxi Py ®F;[)}. (J60d)

[

dual processes (i.e., all product multi-measurements
and product multi-sources), this, in turn, implies that the

multipartite multi-instrument {{]—"j,?‘l?}C}Z is classical by
Definition 3. u
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APPENDIX K: FRAME REPRESENTATION
OF 2-COMBS

As we defined in the Introduction, a generic process, in
the context of this paper, is simply a transformation with
various input and output systems, which may be quantum
or classical. Note that we did not specify the internal causal
structure of a given quantum process. That is, here we did
not stipulate any particular causal influence relations
among the input and output systems [125]. For example,
any multipartite quantum channel is treated as a monolithic
object with multiple inputs and multiple outputs without
constraints on its internal causal structure, so any input
system may influence any output system. As a conse-
quence, in our framework, a multipartite channel and an
N-comb (as defined in Ref. [83]) are treated as the same
type of process, even though they are physically distinct,
with the latter subject to additional no-signaling constraints
arising from its internal causal structure. Nevertheless,
as we will see by considering frame representations of
N-combs, although we never specify the internal causal
structure of a given process, if an N-comb is classical, its
corresponding ontological model nevertheless automati-
cally satisfies the required no-signaling constraints.

Let us take a 2-comb CP:5i/4241 a5 an example. For
CB:Bil4A1 1o be a valid 2-comb, it must be completely
positive and trace preserving, and it must also satisfy a
no-signaling constraint between input A, and output Bj.
That is, there exists a channel 81141 such that

Trp, [CBZBI‘AZAI (pAl ® O-Az)] = EBilA (pAl) (K1)

for all states pA1 and o%2.

Now apply Theorem 6 to this 2-comb by viewing it as a
structureless process. A classical 2-comb then must admit a
frame representation of the form

CBBIlAA () = Z P(A8, 48,144, 24,)

B1%B

xu|(G] @ G2 )()|ol @k, (K2)

where

P(ﬂBIABZMA,ﬂAZ)
=w|(H)) @H B (F) @ F2)| 20 (K3)
By By Al Ay

is its corresponding ontological representation.
One can now directly verify that p(Ag Ag,|44, 44,)
satisfies the appropriate no-signaling constraint, i.e.,

z:P(/lBl/lB2 |/1A1/1A2)

A,

=S| @ H cEEA (R @ F )

A,

=tr [(Hi;l (03 ]]BZ)CBzBI\AzA| (Fixll ® F?AZ )}

=t | €2 (75 )

= p(4p,|4a,) 20, (K4)

where we used ), Hﬁf = 152 in the second equality and
2 2

the no-signaling condition of the 2-comb in the third
equality. The non-negativity of the final expression is
automatic.

Therefore, although our framework does not assume any
internal causal structure of a given process, and treats it
only as a structureless object by specifying only its input
and output systems, our framework can naturally be applied
to those higher-order processes with fixed internal causal
structure. Intuitively, this is because the corresponding
no-signaling constraints for any process are automatically
satisfied in its ontological representation due to the struc-
ture theorems we provide.

However, we do not claim that our framework can be
directly generalized to treat arbitrary higher-order quantum
processes. In particular, it is not clear how to define an
ontological model for a process with indefinite causal order.
Explicitly specifying the internal causal structure as an
operational constraint might be important for studying
arbitrary higher-order processes. We view this as an
interesting direction for future research, which will likely
require further investigation.

APPENDIX L: PROOF OF LEMMA 1

We now repeat and then prove Lemma 1. The connection
between the prepare-transform-measure circuit for a chan-
nel and the corresponding bipartite prepare-measure circuit
for the channel’s Choi state is depicted in Fig. 28.

Lemma 1. The Choi state isomorphic to a given process
is classical if and only if the process is classical.

FIG. 28. Connecting a prepare-transform-measure circuit with
a prepare-measure circuit on a bipartite system involving local
measurements.

021050-48



REASSESSING THE BOUNDARY BETWEEN CLASSICAL AND ...

PHYS. REV. X 16, 021050 (2026)

Proof. Let us first show that if a quantum channel
EBIA s classical, then so is its Choi state piA =
(gB|A ® 1]‘4)|‘I‘+><‘P+|AA,

By Theorem 5, a classical channel admits a frame
decomposition

EBA() = "o Tr[HE E8A(FA )ITr(GE ()] (L1)

where {afs }2, is aset of quantum states defining a frame on

= Span[{£814(p*)}], and {G4 },  is a POVM defining
aframe on V4 := Span[{[£54]7(M*)}], and where {H? },
and {F} }, are sets of Hermitian operators forming the

dual frames that satisfy Y-, H; = Py, (1%), Tr[F} ] =1
and moreover,
Tr[HE EBA(F)] 20, Vi, Ap. (L2)

We can then write the Choi state pZ4 of the quantum
channel £4~2 in terms of this frame decomposition as

=(E@ 1Y) (PH|M
= ZafBTr [HE 81A(FA )| Try [GF @ 14|9) (WH[A4]

P
:—Z% ® (G4 T Tr[HE 814 (F} )]
AAiB
= of ®[G)|"Tr[HE & [F4 1T pEA]. (L3)
Jadg

where all transposes are with respect to the basis defining
[W+) = (1/y/d) 3", |ii), and we use the standard Choi
identities Try[X @ 1/PH)(PF|] = (1/d)XT
and (1/d)Tr[YBEPA(XA)] = Tr[(YE @ [XA]T)pBA].

We can now rescale {G4 },, and {F7 },, to define a new
frame and its dual frame

[G;?A ] ! A AT A
Ao M= PTG (L
Aa

such that {o7 }, is a set of quantum states, and {H} },
is a set of Hermitian operators such that ), HfA =
Py, (14) =14 since V, = Span({[E8]7(M®)}) must
contain the identity operator 14 as the map [E8M]" is

unital; moreover, the non-negativity conditions are
respected since

1
Tr[HE @ H} pEt] = ZlTr[GfA]Tr [HE E814(F4 )] > 0.
(L5)

Therefore, by Theorem 4, p54 is classical.

Now we prove the reverse direction. A classical bipartite
state p24 admits a frame decomposition

BA =N "Tr[(HE @ HY )p#t

Aalp

Jof, ®f,.  (L6)

where {c7 } and {o} } are sets of quantum states defining

two respective frames on Vp(,) = Span({ai((f))}), while
{H? }, {H} } are sets of Hermitian operators defining the
respective dual frames and satisfying > _; Hfg = Py, (1%),
and ), H} =Py, (1) = 1 where

Tr[(HY @ Hf )pE4] 20,  Vig, Ay (L7)

Since a Choi state must satisfy Trg[pf4] = (1/d)14
we have

Trg[p24] ZTr (Py,(18) @ H{ )pBt] ot

A

= ZTTA[HfATrB[Pg ]]GQA
Aa

=3 Loyt )or = g (L8)
Aa d A d -

where the second equality is implied by the fact that
Py, (18) acts as an identity operator on the span of Vg,
and the last equality holds since {H? }, and {c7 }, define

a pair of frame and dual frame on V,, which contains 14.
Moreover, the constraints in Eq. (L7) imply

1
> Tr[(HE @ Hf )pBA] = ETr[Hj‘A] >0, Vi, (L9)
A

We can now reconstruct the quantum channel £ from
its Choi state pg as

EPA() = dTry [(1° @ (-)7)p!]
=d» Tr[(H} @ Hj )pEA]Tr(o} ()]0t
A5ha
= "Tr[H8 e8A(HL )] Tr[(of )T (-)]oB . (L10)
Agha

We then rescale {G4 }, and {F4 }, to define a new frame
A2 A A2 A
and its dual frame by

A (HL)T

A

G =TiHA (o) )T, (L1N)
such that Tr[FfA] =1and ZﬁA GfA = Z,u Tr[HfA](o’j‘A)T =

Py, (1) = 14 using Eq. (L8). Thus, we have
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d
Tr[HfA]

Tr [HfBgB\A(F;\ )] =

A

Te[(H], ® Hj )pE'] > 0.

where {d/(Tr[H} ])} > 0 is ensured by Eq. (L9).

Therefore, a quantum channel £5/4 with a classical Choi
state p54 must be classical. "

Remark. To show that for any general process with
several quantum inputs and/or outputs, classicality is
preserved under the Choi isomorphism, it suffices to apply
the frame and dual-frame rescaling rules in Eq. (L4) or
Eq. (L11) to each quantum input or output. All the non-
negativity and normalization constraints are preserved, and
no additional modifications are required.

APPENDIX M: PROOF OF LEMMA 3

We now prove Lemma 3. The connection between the
prepare-measure circuit for a source and the corresponding
bipartite prepare-measure circuit for a bipartite state is
depicted in Fig. 29.

Lemma 3. Whether or not a process is nonclassical is
independent of whether one reconceptualizes its classical
outputs as dephased quantum outputs.

Proof. We prove the claim for a source {p(c)p2}, which
can also be viewed as a bipartite state

pi=3 ple)le){el” ® pt (M1)

when the classical outcome is reconceptualized as the
dephased quantum output C. The generalization to arbitrary
quantum processes is straightforward.

For one direction, if the bipartite state p©4 is classical,
following Proposition 2, then any source on A obtainable
by a measurement on C is classical. In particular, measuring
{M. = |c){c|}. on p yields the source {p(c)p?},
which must therefore be classical.

For the other direction, if the source {p(c)p2} is
classical, according to Theorem 2, there exists a frame
decomposition such that

(M2)

pd = Tr[H,plot,
A

FIG.29. Connecting a prepare-measure circuit for a source with
a prepare-measure circuit on a bipartite system involving local
measurements.

where {c4}, is a set of quantum states, and {H%} is a
set of Hermitian operators with Y, H} = Py (14) with
V = span({p.}.), and Tr[H;p2] > 0 for all 4, c.

One can then define another pair of frame and dual
frame as {o¢ = |c)(c|‘}, and {HE :=|c)(c|‘}, with
Tr[HS oS] = [(c|c/)|* = 8. . With that, one can find a
frame decomposition of p©4 as

P = "Tr[(HS @ HY)p™]of @ o} (M3)
c,A
Moreover, since Tr[H4{p4] > 0 for all 1, we have
Tr[(HS @ H})p“] = p(c)Tt[H{p2] 20, Ve, A
Therefore, the bipartite state p©* is classical. "

Remark. For any general process with several quantum
inputs and outputs, classicality remains preserved when
classical outcomes are reconceptualized as dephased quan-
tum outputs. This follows from choosing the eigenbasis
{|c){c|}. of each dephased system to serve simultaneously
as the frame and its dual, ensuring that all associated non-
negativity and normalization constraints are automatically
respected.
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