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There is a received wisdom about where to draw the boundary between classical and nonclassical for
various types of quantum processes. For multipartite states, it is the divide between separable and
entangled; for channels, the divide between entanglement breaking and not; for sets of measurements, the
divide between compatible and incompatible; for assemblages, the divide between unsteerable and
steerable. However, these choices have not been motivated by any unified notion of what it means to
be classically explainable. One well-motivated notion of classical explainability is the one based on
generalized noncontextuality: A set of circuits is classically explainable if a generalized-noncontextual
ontological model can realize the statistics they generate. In this work, we show that this notion can be
leveraged to define a classical-nonclassical divide for individual quantum processes of arbitrary type. A set
of measurements, for example, is judged to be classical if and only if a particular set of circuits—the one
obtained by contracting these measurements with every possible quantum state—is classically explainable
in the sense just articulated. We begin the task of characterizing where the classical-nonclassical divide lies
according to this proposal for a variety of different types of processes. In particular, we show that all of the
following are judged to be nonclassical: every entangled state, every set of incompatible measurements,
every non-entanglement-breaking channel, and every steerable assemblage. Our proposal differs from the
received wisdom, however, insofar as it also judges certain subsets of the complementary classes to be
nonclassical, including certain separable states, compatible sets of measurements, entanglement-breaking
channels, and unsteerable assemblages. Finally, we prove structure theorems characterizing the classical-
nonclassical divide based on whether a process admits of a specific type of frame representation.
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I. INTRODUCTION

A recurring question of interest in quantum information
and foundations is to determine which processes (states,
measurements, sets of measurements, channels, and so on)
can be reasonably said to be classical, and which must
be acknowledged to be nonclassical (that is, genuinely
quantum).
In much of the literature, proposals for the placement of

the classical-nonclassical divide have been introduced on
a case-by-case basis for different types of processes.

For instance, it is commonly taken that for bipartite states,
it is the divide between separable and entangled, for
channels, it is the divide between entanglement breaking
and non-entanglement-breaking, for multi-measurements,
it is the divide between the set of measurements being
compatible and being incompatible, and so on.
These proposals are often based on intuitive notions of

what should count as a classical kind of correlation or
process. However, the question of whether all such pro-
posals are consistent with a single principle has remained
largely unexplored [1]. Indeed, the resulting conceptions
of nonclassicality can be distinct for different types of
processes, and we will even show that they are sometimes
in conflict with one another.
Seeking to define classicality across different types of

processes using a unified notion of classical explainability
is especially important, given that many widely held
intuitions about which features of quantum theory count
as evidence of genuine quantumness are inconsistent
with well-motivated notions of classical explainability.
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For example, there exist classical theories [5–7] that satisfy
various principles, such as locality and generalized non-
contextuality, and that nonetheless contain analogs of
entanglement, non-entanglement-breaking channels, and
incompatible measurements, not to mention steering, inter-
ference, no cloning, and a wide variety of other phenomena
that are commonly thought to be challenging to explain
classically.
The question of where the classical-nonclassical divide

lies is sometimes mistaken for one that is merely about
semantics, that is, merely about how we use the term
“classical.” This is not the case because the answer to this
question has a significant impact on how one pursues
foundational and applied research in quantum theory. For
instance, the answer impacts how one pursues the project
of identifying quantum-over-classical advantages across
various tasks (computational, cryptographic, metrological,
thermodynamic, etc.), because one expects to find such
advantages only in protocols that leverage nonclassical
resources. In other words, a desideratum for a good
proposal on where to place the classical-nonclassical divide
is that any advantage should require resources that are
deemed nonclassical by the proposal. Similarly, the place-
ment of the classical-nonclassical divide is important for
identifying the manner in which the quantum worldview
differs from the classical worldview and hence for correctly
identifying the true innovation of quantum theory over its
classical predecessors.
Here, we introduce an approach that defines the

classical-nonclassical divide for a process based on a single
principle, namely, the idea that classical explainability of
operational statistics corresponds to realizability by a
generalized-noncontextual ontological model [8,9].
Since our framework is based on the notion of a

generalized-noncontextual ontological model, it is worth
reiterating the motivations for why realizability in such a
model constitutes a good notion of classical explainability
for operational statistics. The ontological models frame-
work captures the conventional manner of providing a
realist account of an operational theory [10]. Demanding
that a realist account should satisfy the principle of
generalized noncontextuality can be motivated by a meth-
odological principle for theory construction due to Leibniz.
This principle has proven its utility in physics through
Einstein’s use of it in his development of the special and
general theories of relativity [11]. Finally, we note that
a generalized-noncontextual ontological representation is
equivalent to a positive quasiprobability representation
[9,12,13] and coincides with the natural notion of classical
explainability in the framework of generalized probabilistic
theories (GPTs [14,15]), namely, linear embeddability into
the strictly classical (simplicial) GPT [9,13].
This notion of classical explainability also has pragmatic

advantages over some of its competitors. For one, it is noise
robust and is therefore testable in real experiments where

the ideal of noiselessness is never realized [16]. This is in
contrast to the Kochen-Specker notion of noncontextuality
[17], as argued in Refs. [16,18–20].
It also has universal applicability: Given a circuit with

arbitrary causal structure, one can ask whether there exists
a generalized-noncontextual ontological model that can
reproduce the statistics generated by that circuit. In con-
trast, standard Bell inequalities [21] apply only to circuits
having one specific causal structure. Because of its uni-
versal applicability, one can ask: For any operational
phenomenon, precisely which aspects of it fail to admit
of a generalized-noncontextual ontological model, and
hence, which aspects resist classical explanation? Results
establishing facts about the boundary between what is
classically explainable and what is not are now known for
the phenomenology of quantum computation [22,23], state
discrimination [24–27], interference [7,28–30], compati-
bility [31–33], uncertainty relations [34], metrology [35],
thermodynamics [35–37], weak values [38,39], coherence
[40–42], quantum Darwinism [43], information processing
and communication [44–50], cloning [51], broadcasting
[52], pre- and postselection paradoxes [53], randomness
certification [54], psi-epistemicity [55], macroscopic real-
ism [56], and Bell [10,57] and Kochen-Specker scenarios
[19,58–63]. Aiding this research is a growing set of
powerful techniques for certifying the failure to admit of
a noncontextual ontological model [9,13,16,64–71].
However, in all work to date, the existence of a

generalized-noncontextual ontological model provides a
notion of classical explainability for a closed circuit, since
only such a circuit can generate operational statistics, and it
is on the basis of these statistics that classical explainability
is assessed. In contrast, no notion of classicality has been
given for a single process within a circuit, such as a single
quantum state, measurement, or channel. In this work, we
propose a way of doing so.
The intuitive idea is straightforward: A given quantum

process is nonclassical if and only if there exists a quantum
circuit that leverages it nontrivially to generate statistics
that are inconsistent with a generalized-noncontextual
ontological model. In Sec. III, we formalize this definition.
In particular, we explain what it means to “leverage in a
nontrivial way” the process, and then we simplify the
definition considerably, by showing that rather than con-
sidering all quantum circuits containing the process, one
needs only to consider circuits where product states are
prepared on its inputs and product measurements are
implemented on its outputs.
We then undertake the task of characterizing which

quantum preparations, measurements, and transformations
are nonclassical, and which are classical. (This paper focuses
only on quantum theory, although our approach could be
applied to an arbitrary generalized probabilistic theory.)
We prove structure theorems characterizing the structure

of any classical process in terms of the existence of a
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particular kind of product dual-frame representation. We
then use this to prove a number of interesting results,
including the following:
(1) A single state on a unipartite system is always

classical.
(2) Any multi-state consisting of a set of distinct pure

states on a unipartite system is nonclassical if and
only if the states are linearly dependent in the
operator space (and therefore, any minimal tomo-
graphically complete set of pure states is classical).

(3) Any rank-1 positive-operator-valuedmeasure (POVM)
is nonclassical if and only if its POVM elements are
linearly dependent in the operator space [and therefore,
any symmetric informationally complete (SIC) POVM
is classical].

(4) The set of classical multi-states (respectively, mea-
surements) is nonconvex.

(5) Every steerable assemblage is nonclassical, as are
certain unsteerable assemblages.

(6) Every multi-measurement consisting of a set of
incompatible measurements is nonclassical, as are
certain sets of compatible measurements (including
certain singleton sets, i.e., single measurements).

(7) Every entangled state is nonclassical, as are certain
separable states.

(8) For two-qubit systems, a state is nonclassical if and
only if it is entangled.

(9) All non-entanglement-breaking channels are nonclass-
ical, as are certain entanglement-breaking channels.

Note that “multi-state” and “multi-measurement” are terms
we use in this paper to denote a type of single process
associated with a set of states or a set of measurements,
respectively (see Sec. II A).
In addition, we show that the task of deciding non-

classicality for a quantum process of arbitrary type (includ-
ing channels and instruments) can be reduced to the
corresponding task for an associated multipartite state.
Together, these results provide a useful characterization

of the nonclassicality of arbitrary processes. The essential
results of the paper are summarized in Fig. 1 below.
In a companion paper [72], we provide further tools

based on semidefinite programming that help one to
witness and quantify the nonclassicality of single states
and measurements. We do so both in a theory-dependent
way (analogous to entanglement witnesses) and in a theory-
independent way (using noncontextuality inequalities).
In another companion paper [73], we focus on bipartite

states and investigate how our notion of nonclassicality
relates to entanglement, steering, and nonlocality. We
provide tools to certify these quantum resources via a
hierarchy of noncontextuality inequalities. Moreover, we
present an experimental demonstration of this novel entan-
glement-certification approach and contrast it with existing
methods.
We end with two points about terminology.
First, we wish to head off a possible point of confusion:

The term “quantum” is sometimes taken as a synonym for
nonclassical, and other times taken as an enveloping term

FIG. 1. Schematic showing the main results of the paper. Yellow: in each section, we study the class of quantum circuits built from the
type of target process of interest together with dual processes (Definition 2) that close the circuit; the condition for the resulting statistics
to be classically explainable is realizability in a noncontextual ontological model (Definition 1). Blue: a process is then defined to be
classical if the resulting statistics from the set of circuits obtained by contracting it with all possible dual processes are classically
explainable (Definitions 3 and 3′); the classical-nonclassical divide for the processes of each type is then characterized by the
corresponding structure theorems. Green: traditional notions of nonclassicality are recovered as special cases, i.e., as sufficient
conditions for the proposed notion of nonclassicality.
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that includes classical and nonclassical as special cases [74].
In this work, we use the term quantum in the more inclusive
sense. This is because we are studying the question of which
subsets of phenomena described by quantum theory are
classically explainable and which are not. We use the term
“nonclassical” or “intrinsically quantum” to signal the
impossibility of classical explanation [75].
Second, the term “classical” is quite overloaded in the

literature. Although we shall continue to use the term
throughout this article (where its meaning should be clear
from context and from our explicit definitions), we suggest
the term Leibniz classical be used by anyone who seeks a
more specific term (e.g., if referring to our notion in a
broader setting where it might not be clear from context to
what the word classical refers).

II. PRELIMINARIES

A. Types of quantum processes

A generic process in quantum theory is simply a trans-
formation with various input and output systems, which
may be quantum or classical. A classical system that is an
input is generally called a setting variable and one that is an
output is generally called an outcome variable. The most
common examples of processes in quantum theory are
states, effects, measurements, channels, and instruments.
However, it is often useful to consider more general
processes, including those listed in the Table. I.
Most of these processes will be familiar to the quantum

information theorist. However, the terminology of sources,
multi-sources, multi-measurements, and multi-channels is

relatively new, so we explain these terms below. These
processes are easily understood via a diagrammatic repre-
sentation, as in Fig. 2.
The type of a process is simply a specification of its input

and output systems, as well as a specification of whether
each of these is classical or quantum. Diagrammatically, we
will depict quantum systems by double wires and classical
systems by single wires (see, e.g., Fig. 2). In this approach,
each individual input and output of a process (depicted by a
wire in the diagram) is considered a fundamental system,
having no subsystem structure, so that a composite system
is always described by a collection of inputs or a collection
of outputs.
Each quantum input and output for a given process is

associated with a Hilbert space. For a quantum system A,
we denote this Hilbert space by HA with superscript A. We
will denote the set of all linear operators onH as LðHÞ, the
set of all Hermitian operators on H as HermðHÞ, the set of
all density operators [i.e., all ρ∈HermðHÞ such that ρ ≥ 0
and Tr½ρ� ¼ 1] as SðHÞ, and the set of all effects [i.e., all
M∈HermðHÞ such that 0 ≤ M ≤ 1] as MðHÞ. Formally,
an effect on system A is a mapM·jAðXAÞ ≔ Tr½MAXA�, i.e.,
a channel with no output. Nonetheless, we will often simply
refer to the operator MA itself as an effect.
It is useful to classify the types of processes by their

quantum inputs and outputs, such that the only differences
among the processes in a given class are in their classical
outcome and setting variables. For instance, processes with
a single quantum output and no quantum input form a class.
We will refer to these as processes of the preparation
variety. In a similar fashion, the class of processes with a
single quantum input and no quantum output will be termed
processes of the measurement variety, and the class of
processes with both a quantum input and a quantum output
will be termed processes of the transformation variety. We
will sometimes qualify the terms describing these varieties
to stipulate the subsystem structure of the quantum inputs

TABLE I. Examples of various types of processes, their
representations in quantum theory, and their representations as
substochastic matrices in an ontological model. Throughout this
paper, we denote classical outcome variables by a, b, c and
setting variables by x, y, z, while quantum inputs and quantum
outputs are denoted by the capital letters A, B, C.

Process type Quantum rep Ontological rep

State ρA pðλAjρAÞ
Effect MA pðMAjλAÞ
Channel EBjA pðλBjλAÞ
Source fpðaÞρAaga fpðaλAÞga
Measurement fMA

bgb fpðbjλAÞgb
Instrument fFBjA

c gc fpðcλBjλAÞgc
Multi-state fρA·jxgx fpðλAjxÞgx
Multi-channel fEBjA

·jz gz fpðλBjzλAÞgz
Multi-source ffpðajxÞρAajxgagx ffpðaλAjxÞgagx
Multi-measurement ffMA

bjygbgy ffpðbjyλAÞgbgy
Multi-instrument ffFBjA

cjz gcgz ffpðcλBjzλAÞgcgz
Multipartite state ρA1;…;An pðλ1;…; λnÞ

FIG. 2. Examples of processes with a single quantum output A
(top) and with a single quantum input A (bottom) on a single
quantum system. Throughout this paper, quantum systems are
represented by double wires, whereas classical systems are
represented by single wires.
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or the quantum outputs; for example, we will speak of
processes of the bipartite preparation variety.
We begin with processes of the preparation variety, i.e.,

those having a single quantum output A. Four types of
processes in this class are depicted in the top row of Fig. 2.
A single deterministic preparation on a quantum system A
is represented by a density operator (or state) ρ∈SðHAÞ. A
process with a classical input x (a setting variable) that
determines which of a set of preparations is implemented
on A can be represented by a set of states fρA·jxgx. We refer
to such a process as a multi-state process. Next, consider a
process in which a variable a is sampled at random from a
distribution pðaÞ and then the preparation represented by
the state ρAa is implemented on A, and the variable a
becomes a classical output of the process (an outcome
variable) that flags which state was prepared. Such a
process is represented by a set of unnormalized states
fpðaÞρAaga, and we refer to it as a source (it is sometimes
termed an ensemble). Finally, a process with a classical
input x (a setting variable) that determines which of a set
of sources is implemented can be represented by a set of
sets of unnormalized states ffpðajxÞρAajxgagx. We refer
to such a process as a multi-source. We will sometimes
write P ≔ ffpðajxÞρAajxgagx. Note that when such proc-
esses arise in steering scenarios, they are also termed
assemblages.
Next, we turn to processes of the measurement variety,

having a single quantum input A. Three types of processes
in this class are depicted in the bottom row of Fig. 2. (Note
that the term measurement is used here to refer specifically
to processes with no quantum output, such that there is only
a retrodictive aspect to be characterized. Processes with a
classical outcome that have both a quantum input and a
quantum output will here be termed instruments and are
discussed below.) In quantum theory, a measurement with
outcome labeled by b is represented by a POVM fMA

bgb
where each MA

b ∈MðHAÞ. The process that describes
implementing this measurement and obtaining the outcome
b (so that it can be represented as a process with no classical
outcome) is termed an effect and is represented by the
single operator MA ∈MðHAÞ. We use the term multi-
measurement to refer to a process with a classical input y
(a setting variable) that determines which of a set of
measurements is implemented. It can be represented by
a set of POVMsM ≔ ffMA

bjygbgy. Note that the notion of a
measurement is subsumed as a special case of a multi-
measurement, where the setting variable is trivial.
Finally, we consider processes of the transformation

variety. A process that has a quantum input A and a
quantum output B but that has neither a classical input
nor a classical output is termed a channel and is represented
by a map EBjA: LðHAÞ ↦ LðHBÞ that is completely posi-
tive and trace preserving [76,77]. A process of the trans-
formation variety that also has a classical input (a setting

variable z) describes a set of channels fEBjA
·jz gz and will be

termed a multi-channel. A process of the transformation
variety that has a classical output (an outcome variable) is
termed an instrument. It can be conceived of as a nonde-
structive measurement procedure, so that the outcome is
informative not only about the quantum input (the retro-
dictive aspect) but also about the quantum output and the
correlations between them (the transformative aspect). An
instrument from LðHAÞ to LðHBÞwith classical outcome c
is represented by a set of trace-nonincreasing channels

denoted fFBjA
c gc that sum to a trace-preserving channel,

i.e.,
P

c F
BjA
c defines a completely positive trace-preserv-

ing (CPTP) map. We use the term multi-instrument to refer
to a process with a classical input z (a setting variable) that
determines which of a set of instruments is implemented.
We denote such a set of instruments (multi-instrument)

by ffFBjA
cjz gcgz.

We note that any classical inputs (setting variables) and
classical outputs (outcome variables) of a process can be
reconceptualized, respectively, as quantum inputs and
quantum outputs that are dephased in a particular basis.
For example, a multi-measurement can be viewed as a
channel that has two quantum inputs, one of which is
dephased (corresponding to the setting variable), and that
has a single dephased quantum output (corresponding to
the outcome variable). As we will show in Sec. VIII, all of
our results are invariant under this reconceptualization of
the type of process.

B. Composition of quantum processes

Quantum circuits are formed via the composition
of quantum processes, such as states, channels, and
measurements. To discuss composition, it suffices to focus
on channels, since states and effects can be treated as
special cases of channels when discussing compositions,
specifically:

(i) A state ρA defines a channel from the trivial system
to A.

(ii) An effect MA defines a channel M·jAðXAÞ ≔
Tr½MAXA� from system A to the trivial system.

We denote the operation of implementing processes on
distinct systems, i.e., parallel composition of the processes,
by ⊗. Given channels EB1jA1∶ LðHA1Þ → LðHB1Þ and
DB2jA2∶LðHA2Þ → LðHB2Þ, their parallel composition is
a bipartite channel EB1jA1 ⊗ DB2jA2∶LðHA1 ⊗ HA2Þ →
LðHB1 ⊗ HB2Þ (see Table II). As a special case, given
states ρA ∈SðHAÞ and σB ∈SðHBÞ, their parallel compo-
sition defines a bipartite state ρA ⊗ σB ∈SðHA ⊗ HBÞ.
We denote the operation of wiring the output of one

process to the input of the other process (where the system
types match), i.e., sequential composition of processes,
by ∘ . Given channels EBjA: LðHAÞ ↦ LðHBÞ and FCjB:
LðHBÞ ↦ LðHCÞ, their sequential composition defines a
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new channel FCjB ∘ EBjA: LðHAÞ ↦ LðHCÞ (see Table II).
As a special case, the application of a channel EBjA:
LðHAÞ ↦ LðHBÞ to a state ρA ∈SðHAÞ defines a new
state EBjA ∘ ρA ≔ EBjAðρAÞ∈SðHBÞ. We will also use ∘ to
denote more general types of “wiring together” of proc-
esses. For instance, a channel EBjA from A to B can be
slotted into a comb [78] CAjB with output A and input B [as
in Fig. 6(d) below], and we denote the resulting closed
circuit by CAjB ∘ EBjA.
Discarding (trace and partial trace) can be regarded as

composition with the deterministic effect u·jA: A → I,
where I is the trivial system. Consequently, the partial
trace is a special case of sequential composition. For a
bipartite state ρA1A2 , one has u·jA ∘ ρA1A2 ¼ TrA1

½ρA1A2 �.
Consider a quantum circuit built up from the parallel and

sequential composition of a set of quantum processes.
Quantum theory provides a prescription for computing the
operational statistics generated by any such a circuit. Here
and throughout this article, we use the term operational
statistics (or simply statistics) to refer to the conditional
probability distribution over the outcome variables in the
circuit given the setting variables [see Fig. 3 and Eq. (1) for
an example]. Moreover, we refer to any circuit that is the
sequential composition of a process of the preparation
variety with a process of the measurement variety as a
prepare-measure circuit or scenario. We refer to any circuit

that is the sequential composition of a process of the
preparation variety with a process of the transformation
variety, followed by a process of the measurement variety,
as a prepare-transform-measure circuit or scenario. The
same terminological convention applies to circuits on
multipartite rather than unipartite systems.

C. Classical explainability of the statistics generated
by a set of quantum circuits

As noted in the Introduction, we take classical explain-
ability of operational statistics to mean the possibility of
reproducing these operational statistics in a generalized-
noncontextual ontological model [9,18].
Here, we wish to conceptualize quantum theory as an

operational theory wherein one has quotiented the set of
laboratory procedures of a given type with respect to an
operational equivalence relation [79]. (This is the standard
conceptualization in the field of quantum information,
where a state is a density operator, a channel is a completely
positive trace-preserving map, and a measurement outcome
is a POVM element.) We digress briefly to explain the
distinction between the unquotiented and quotiented opera-
tional theories. In an unquotiented operational theory, a
given procedure (preparation, measurement, transforma-
tion, etc.) is conceptualized as a list of laboratory instruc-
tions [18], so that the theoretical description includes
details that can be irrelevant to the operational statistics
obtained in circuits within which the procedure is
embedded. Despite their irrelevance to the operational
statistics, such details, which are termed contexts, might
still be relevant to the ontological representation of the
procedure in a contextual ontological model [18].
Sameness of operational statistics defines an equivalence
relation over procedures. A quotiented operational theory is
one that includes only operational equivalence classes of
procedures and does not include the details (i.e., contexts)
that distinguish the procedures within a given class. For
example, an equivalence class of preparation procedures in
quantum theory corresponds to a density operator.
Conceptualizing quantum theory as a quotiented opera-

tional theory introduces a subtlety regarding how to under-
stand the notion of classical explainability, namely, that
the definition of a generalized-noncontextual ontological
model was originally given only for unquotiented opera-
tional theories. Because a quotiented operational theory has
quotiented away the notion of context that would be
leveraged in a context-dependent ontological representa-
tion, it becomes a category mistake to talk about context
dependence, and therefore, it becomes inappropriate to
define classical explainability of such a theory as the
possibility of reproducing its operational statistics in terms
of a generalized-noncontextual ontological model.
What is required is a translation of the notion of clas-

sical explainability of unquotiented operational theories
described above into the language of quotiented operational

TABLE II. Different kinds of compositions (parallel and
sequential) and how they are represented in quantum theory
and in an ontological model thereof.

Composition Quantum rep Ontological rep

Parallel EB1jA1 ⊗ DB2jA2 pðλB1
jλA1

ÞpðλB2
jλA2

Þ
Sequential FCjB ∘ EBjA P

λB
pðλCjλBÞpðλBjλAÞ

FIG. 3. A prepare-transform-measure circuit (left) and an
ontological representation of it (right). The circuit is classically
explainable if and only if there exists a linear and diagram-
preserving ontological representation taking each quantum sys-
tem to a classical random variable and each quantum process to a
substochastic matrix. The map must, moreover, respect the
circuit’s topology and reproduce the quantum predictions.
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theories. Such a translation was presented in Refs. [9,13].
It is this: A quotiented operational theory is classically
explainable if and only if its predictions can be reproduced
by an ontological theory that is obtained from the quotiented
operational theory by a linear and diagram-preserving
ontological representation map, where each operational
process is mapped to a substochastic map.
Consequently, this is our notion of classical

explainability:
Definition 1. The statistics generated by a set of quantum

circuits of a given structure are said to be classically
explainable if and only if they admit of a linear and
diagram-preserving ontological representation; that is, if
and only if there is a linear and diagram-preserving map
from the quantum systems appearing in the set of circuits to
random variables, and from the quantum processes appear-
ing in the set of circuits to substochastic matrices such that
the map preserves the statistical predictions [9].
Note that we will sometimes simply say that the set of

circuits itself (rather than its statistics) is classically
explainable, and we will often consider situations where
the set of circuits in question contains only one element, in
which case, we will speak of the classical explainability of a
circuit rather than of a set of circuits (an example of this
follows). This notion of classical explainability of a set of
circuits is equivalent to the notion defined by the possibility
of a generalized-noncontextual ontological model of an
unquotiented version of the set of circuits [9], the motiva-
tions for which were discussed in the Introduction.
This definition relies on an abstract notion of a linear and

diagram-preserving (or functorial [80]) map from quantum
processes in the circuit(s) to substochastic matrices over
random variables. The advantage of this definition is that it
is simple to state, simple to visualize (see Fig. 3), and fully
general, in the sense that it applies to arbitrary circuits. The
disadvantage is that writing it down more formally and
explicitly requires a diagrammatic formalism like that
presented in Ref. [9]. As many readers may not be familiar
with this diagrammatic notation, we will not repeat the
general definitions here, but will instead give only the
explicit form for specific examples (for which standard
algebraic notations suffice).
As a first illustrative example, imagine one implements

an experiment with a prepare-transform-measure circuit of
the sort shown in Fig. 3, consisting of a multi-state fρA·jxgx,
multi-channel fEBjA

·jz gz, and measurement fMB
bgb.

The operational statistics one can generate within such a
circuit are

pðbjxzÞ ¼ Tr
h
MB

bE
BjA
·jz ðρA·jxÞ

i
: ð1Þ

A diagram-preserving ontological representation for
such a circuit provides a realist explanation of these
statistics in terms of underlying spaces of ontic states for

systems A and B that encapsulate the fundamental proper-
ties of the system in question and that ultimately determine
the outcomes of measurements. In particular, it associates
with each system S in the circuit an ontic state space ΛS
stipulating the set of all possible ontic states λS. (We assume
this set is finite for simplicity of the presentation.)
Each state ρA·jx is associated with a probability distribu-
tion over λA, namely, pðλAjxÞ, where pðλAjxÞ ≥ 0 andP

λA
pðλAjxÞ ¼ 1. Each channel EBjA

·jz is represented by a
stochastic matrix, the elements of which are conditional
probabilities pðλBjzλAÞ, giving the probability of transi-
tioning from ontic state λA to λB; this stochastic matrix must
satisfy pðλBjzλAÞ ≥ 0 for all ðλA; λBÞ∈ΛA × ΛB andP

λB
pðλBjzλAÞ ¼ 1 for all λA ∈ΛA. Each measurement

effect MB
b is represented by a response function pðbjλBÞ

describing the probability of obtaining outcome b given
the ontic state λB; each response function satisfies
1 ≥ pðbjλBÞ ≥ 0, and for a set of effects fMB

bgb summing
to the identity (and so forming a valid measurement), one
must have

P
b pðbjλBÞ ¼ 1 for all λB ∈ΛB.

The requirement that the ontological model reproduces
the empirical predictions of quantum theory for this
prepare-transform-measure scenario of Fig. 3 implies that

pðbjxzÞ ¼ Tr
h
MB

bE
BjA
·jz ðρA·jxÞ

i
¼
X
λAλB

pðbjλBÞpðλBjzλAÞpðλAjxÞ: ð2Þ

Thus far, we have described the implications of the
ontological representation being diagram preserving. We
now consider the additional conditions implied by the
linearity of the representation. First of all, there are generic
constraints among the ontological representations of the
states in the circuit, since the mapping from the set of states
fρA·jxgx to their ontological representations fpðλAjxÞgx must
be linear. So if an identity such asX

x

αxρ
A
·jx ¼ 0A ð3Þ

holds among the states (where here and elsewhere in the
article, 0 denotes the zero operator or zero channel and
fαxg is a set of real numbers), the corresponding identity
must hold among the ontological representations of these
states, namely,X

x

αxpðλAjxÞ ¼ 0; ∀ λA: ð4Þ

We will call constraints of the type Eq. (3) operational
identities, and constraints of the type Eq. (4) ontological
identities.
Similarly, any operational identity among transforma-

tions, such as
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X
z

αzE
BjA
·jz ¼ 0BjA; ð5Þ

implies the corresponding ontological identityX
z

αzpðλBjzλAÞ ¼ 0; ∀λA; λB; ð6Þ

and any operational identityX
b

αbMB
b ¼ 0B ð7Þ

among effects implies the corresponding ontological
identity X

b

αbpðbjλBÞ ¼ 0; ∀λB: ð8Þ

Linearity of an ontological representation, moreover,
imposes constraints on how the compositions of different
processes are represented.
Consider the composition of the multi-state and multi-

channel from Fig. 3, yielding a new multi-state fρ̃B·jzxgzx
depicted in Fig. 4(a), and consider the composition of
the measurement and multi-channel from Fig. 3, yielding a
new multi-measurement ffM̃A

bjzgbgz depicted in Fig. 4(b).
The corresponding ontological representations of these

compositions are

p̃ðλBjxzÞ ≔
X
λA

pðλBjzλAÞpðλAjxÞ; ð9aÞ

p̃ðbjzλAÞ ≔
X
λB

pðbjλBÞpðλBjzλAÞ: ð9bÞ

Suppose that the operational identities that the new
processes satisfy areX

zx

αzxρ̃
B
·jzx ¼ 0B; ð10aÞ

X
bz

αbzM̃A
bjz ¼ 0A; ð10bÞ

linearity then implies that the same identities must also hold
for their ontological representations, namely,X

zx

αzxp̃ðλBjxzÞ ¼ 0; ∀λB; ð11aÞ

X
bz

αbzp̃ðbjzλAÞ ¼ 0; ∀λA: ð11bÞ

A more subtle kind of operational identity that one must
also consider [81] is the type illustrated in Fig. 4(c). Here, a
multi-state fρ̃B·jzxgzx on system B [defined in Fig. 4(a)] is

composed with a multi-measurement ffM̃A
bjzgbgz on sys-

tem A [defined in Fig. 4(b)], in a manner giving rise to a
multi-instrument from system A to B, namely.

ẼBjA
b00jz0x0z00 ð·Þ ≔ ρ̃B·jz0x0Tr

�
M̃A

b00jz00 ð·Þ
�
: ð12Þ

(Note that this type of composition operation can be con-
sidered as an instance of either parallel or sequential
composition.) The resulting multi-instrument, i.e.,

ẼBjA
b00jz0x0z00 ð·Þ, is of the same type as the given multi-channel

fEBjA
·jz gz, so there can be new operational identities of

the form

X
z

αzE
BjA
·jz þ

X
b00x0z0z00

αb00x0z0z00 Ẽ
BjA
b00jx0z0z00 ¼ 0BjA; ð13Þ

which implies the corresponding ontological identityX
z

αzpðλBjzλAÞ þ
X

b00x0z0z00
αb00x0z0z00p̃ðλBjx0z0Þp̃ðb00jλAz00Þ ¼ 0

ð14Þ

for all λA and λB. Of course, this operational identity is
nontrivial [i.e., not implied by the operational identities

FIG. 4. In the prepare-transform-measure circuit, one can
define different composite processes. (a) Boxing the multi-
channel and the multi-state defines a new multi-state on HB,

ρ̃B·jzx ≔ EBjA
·jz ðρA·jxÞ. (b) Boxing the multi-channel and the meas-

urement defines a multi-measurement on HA, M̃A
bjz ≔

½EBjA�†·jzðMB
b Þ. (c) More subtly, boxing the (composite) multi-

state fρ̃B·jzxgzx with the (composite) multi-measurement

ffM̃A
bjzgbgz defines a measure-and-prepare multi-instrument

from HA to HB with ẼBjA
b00 jz0x0z00 ð·Þ ≔ ρ̃B·jz0x0Tr½M̃A

b00 jz00 ð·Þ�.

ZHANG, SCHMID, YĪNG, and SPEKKENS PHYS. REV. X 16, 021050 (2026)

021050-8



from Eq. (5)] only if αz ≠ 0 for some z while αb00x0z0z00 ≠ 0
for some b00x0z0z00.
If we move beyond prepare-transform-measure scenar-

ios, the prescription is similar, but one must consider all
possible ways of composing together the processes within
the circuit and then demand that the operational identities
on all of these effective processes are preserved in the
ontological representation, in a manner analogous to what
was done above. We again refer the reader to Ref. [9] for a
diagrammatic framework that greatly simplifies the explicit
treatment of general circuits.
It is worth emphasizing that assessments of classical

explainability are always given relative to a circuit, that is,
relative to a factorization of systems into subsystems and a
hypothesis about the causal structure. This follows from
two consequences of diagram preservation: the fact that an
ontological model associates an ontic state space to each
system in the given circuit and the fact that the stochastic
matrices in the model must be wired together with the same
connectivity as in the quantum circuit. Although this choice
is quite innocuous in simple cases like a prepare-measure
scenario or a Bell scenario [82], it is a bit more substantive
in general. We will see this in Sec. V when we discuss the
representation of bipartite systems. The reader can also find
more discussion of this point in Refs. [10,70].

D. Two notions of variability in the identity of a process

There are two ways in which one can imagine variability
in the identity of a process within a circuit. On the one
hand, this variability might be induced by the variability in
the value of a setting variable and/or in the value of an
outcome variable. This is a variability that gets explored
physically across different runs of the experiment. On the
other hand, we sometimes wish to contemplate a theoretical
notion of variability. For instance, for a process that has
neither classical inputs nor classical outputs (such as a
single state or transformation), we might wish to consider
all possible choices for this process according to quantum
theory. We refer to the former sort of variability as realized
variability and the latter as theoretical variability.
In the following, when we consider a specific quantum

circuit, there will be some realized variability within that
circuit for a given process. This type of variability is
considered part of the specification of the circuit and is
captured by the ranges of the classical setting and outcome
variables attached to that process.
However, in our assessments of classical explainability

of a given type of process, we will often consider all the
processes that are dual to it (in a sense to be specified
below). The variability in the dual process is of the theo-
retical variety. We are considering what quantum theory
predicts for every possible choice of this dual process. For
the case where the process is a state, multi-state, source, or
multi-source, the dual process is an effect. Quantum theory
stipulates the probability assigned to all effects, and these

probability assignments do not depend on which measure-
ment, or multi-measurement, this effect is considered part
of. Similarly, for the case where the process is a measure-
ment or a multi-measurement, the dual process is a state.
Quantum theory stipulates the probability generated by all
states, and these probabilities do not depend on what source
or multi-source this state is considered a part of.

III. DEFINING THE CLASSICAL-NONCLASSICAL
DIVIDE FOR AN INDIVIDUAL

QUANTUM PROCESS

When should a given quantum process be deemed
nonclassical? Intuitively, it is nonclassical if and only if
(i) it can be used in some quantum circuit to realize
operational statistics that are not classically explainable
(in the sense of Definition 1), and (ii) it is implicated in the
lack of classical explainability. We begin by clarifying what
we mean by “being implicated in the lack of classical
explainability.” Essentially, if a circuit realizes statistics that
are not classically explainable independent of the identity
of the process in question, the process is not implicated in
the lack of classical explainability.
Consider the question of whether a given multi-source is

nonclassical. Suppose one has the circuit in Fig. 5(a), where
the multi-source on system A appears in yellow, and
suppose that an ancilla system labeled B is also prepared
in some state (in blue), and the composite system and
ancilla are subjected to a joint measurement. In this case, it
is possible to observe a failure of classical explainability

FIG. 5. Left: probing schemes (in blue) that can generate
statistics that are not classically explainable independent of the
identity of the given process of interest (in yellow). In (a), the
process of interest is a multi-source. In (b), the process of interest
is a multi-measurement. Right: treating these same circuits in a
manner that coarse grains over all processes involving systems
that are not connected directly to the process of interest leads to
probing schemes (in blue) such that whether the statistics can be
explained classically now always depends nontrivially on the
identity of the process of interest. In (a), the effective process is
simply an effect M̄A; in (b), the effective process is simply
a state ρ̄A.
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regardless of the identity of the multi-source on the system.
This can be done, for instance, simply by taking the multi-
partite measurements to be factorized across the system-
ancilla divide and by choosing any set of states and any set
of effects on the ancilla sufficient to generate statistics that
are not classically explainable (in the sense of Definition 1).
Similarly, consider whether a given multi-measurement is

nonclassical. Suppose one has the circuit in Fig. 5(b), where
the multi-measurement appears in yellow, and suppose that
the composite of the system and ancilla is prepared in some
joint state (in blue), and subsequently a factorizing meas-
urement is made, with some local measurement imple-
mented on the ancilla. Again, it is possible to observe the
failure of classical explainability regardless of the identity of
the multi-measurement on the system: Simply take the joint
state to be factorizing across the system-ancilla divide, and
choose any set of states and set of effects on the ancilla is
sufficient to generate statistics that are not classical explain-
able (in the sense of Definition 1).
In both cases, then, one cannot conclude that the process

in question is implicated in the fact that the overall circuit
admits no classical explanation.
To ensure that the lack of classical explainability of the

circuit implies the nonclassicality of the process of interest,
it suffices to stipulate that for any circuit that includes the
process of interest, one must box together (i.e., compose
together) all processes that act on ancillary quantum
systems. In other words, this circuit should not introduce
additional causal structure that is internal to the probing
part of the circuit.
In the above examples, this entails boxing together the

blue processes to define an effective process: In Fig. 5(a),
one must compose the effect MAB with the state σB to
define an effective effect M̄A ≔MAB ∘σB [i.e., Tr½M̄Að·Þ� ≔
Tr½MABð· ⊗ σBÞ�] on system A alone. In Fig. 5(b), one must
compose the effect NB with the state ρAB to define an
effective state ρ̄A ≔ NB ∘ρAB [i.e., ρ̄A ≔ Tr½ð1A ⊗ NBÞρAB�]
on system A alone. By boxing processes in this manner, one
ensures that any nonclassicality in the circuit comes from
constraints pertaining to the system of interest (here, system
A), as opposed to any ancilla systems internal to the
probing part of the circuit (here, system B).
Equivalently, one can simply define nonclassicality

of a given process in terms of whether or not it can
generate statistics that are not classically explainable when
embedded in a circuit that does not introduce any new
quantum systems. That is, the circuit cannot contain any
quantum systems not connected directly to the process
itself (for instance, it cannot contain a system such as B in
Fig. 5). This is consistent with the fact that noncontex-
tuality is always defined relative to some specified systems.
Consequently, one wishes to consider the possibility of
classical explanations for the systems in question (those
connected to the given process) and no others, and the
stipulation just given is a simple heuristic to guarantee this.

We formalize all of this by defining the notion of a dual
process to P.
Definition 2. For a given type of quantum process P, a

dual process to P is a quantum process that has a quantum
input corresponding to every quantum output of P and a
quantum output corresponding to every quantum input of
P, and that has no other quantum inputs or outputs.
If one connects (that is, one “wires together”) each

quantum output of P to the corresponding quantum input of
the dual process and each quantum input of P to the
corresponding quantum output of the dual process, one
obtains a circuit with no open quantum wires and with
which one can associate a probability (for each value of the
setting variables and outcome variables of the process P). It
follows that a dual process defines a linear functional on the
process P. We will refer to this wiring together of D and P
to form D ∘P as composing D with P.
We depict examples of dual processes in Fig. 6. For the

process of the preparation variety on A, i.e., a state, multi-
state, source, or multi-source on system A, the dual process
is an effect on A. Similarly, for the process of the
measurement variety on A, i.e., an effect, measurement,
or multi-measurement on system A, the dual process is a
state on A.
Throughout the paper, we treat the variability in the

states and effects of a dual process as theoretical variability
(as discussed in Sec. II D). Consequently, dual processes in
our treatment do not have classical inputs or classical
outputs. As discussed in Sec. II D, there are many different
ways of ranging over all dual processes of a given type
through physical variability (i.e., by the variability in the
values of classical inputs and classical outputs), but the
definition of classicality is independent of the choice of
how to do so. This is discussed further in Appendix C.

FIG. 6. In (a)–(d), we depict examples of various types of
quantum processes (in yellow) and their associated dual proc-
esses (in blue). In (a), the process is a multi-source on a single
system. In (b), it is a multi-measurement on a single system. In
(c), it is a state on a bipartite system. In (d), it is a channel. In (e)
and (f), the processes are the same as in (c) and (d), respectively,
but we depict the associated dual processes when the latter are
factorizing.
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For a state on a multipartite system, the dual process is an
effect on that multipartite system, as depicted in Fig. 6(c).
The same is true if one considers any process of the
preparation variety, i.e., a multipartite multi-state, source, or
multi-source. For processes with both nontrivial quantum
inputs and nontrivial quantum outputs, the dual process is a
comb [78,83], as depicted in Fig. 6(d).
With these notions in hand, we can present our proposed

notion of classicality for an individual process.
Definition 3. A quantum process is classical if and only if

the statistics generated by the set of circuits that contract the
process of interest with any dual process (i.e., where the set
ranges over all choices of dual process) are classically
explainable (in the sense of Definition 1).
It is useful to provide a slightly more formal version of

this definition. Suppose T denotes a variety of a process,
such as a preparation on A, a preparation on AB, a mea-
surement on A, a transformation from A to B, etc. For a
process P of type T, let the set of all processes of the dual
type be denoted AllDuals(T), and recall that the circuit one
obtains by contracting a process P with a dual process D is
denoted D ∘P. Relative to these notational conventions,
the definition can be summarized as follows: A quantum
process P is classical if and only if the statistics generated
by the set of circuits fD ∘PjD∈AllDualsðTÞg are classi-
cally explainable.
Note that this basic definition generalizes naturally to

theories beyond quantum theory, that is, to arbitrary GPTs.
However, in this paper, we focus specifically on quantum
theory. As a consequence, we can simplify the definition
considerably.
It turns out that it is sufficient to focus on a special class

of dual processes. To define this class, we introduce the
notion of a factorizing process.
Definition 4. A process is termed factorizing if it consists

of a product of local effects on its quantum inputs and a
product of local states on its quantum outputs.
A few examples serve to illustrate the idea. A state on a

bipartite system AB is factorizing if it is a product of a state
on A and a state on B. A process with quantum inputs A and
B and a single quantum output C is factorizing if it is a
product of an effect on A and an effect on B, composed
sequentially with the preparation of a state on C. A comb
with quantum output A and quantum input B is factorizing
if it consists of a state on A and an effect on B.
With this definition, we prove (in Appendix D) the

following:
Theorem 1. A quantum process is such that there exists

some set of dual processes that it can be contracted with to
obtain statistics that are not classically explainable, if and
only if there exists some set of factorizing dual processes
for which this is the case.
Consequently, we can restrict our attention to factorizing

dual processes. For instance, for a bipartite state, it suffices
to consider product effects, as depicted in Fig. 6(e). For a

channel, it suffices to consider factorizing combs, as depicted
in Fig. 6(f). With this result in hand, we can provide an alter-
native definition to Definition 3 of the classical-nonclassical
divide for a single quantum process as follows.
Definition 3′. A quantum process is classical if and only

if the statistics generated by the set of circuits that contract
the process of interest with any factorizing dual process
(i.e., where the set ranges over all choices of factorizing
dual process) are classically explainable (in the sense of
Definition 1).
This is the central definition of our manuscript.

IV. PROCESSES OF THE PREPARATION OR
MEASUREMENT VARIETY

Let us start by reviewing the form of a classical
explanation (an ontological model) for the statistics in
the simplest prepare-measure scenario. We will consider
the most general circuit in such a scenario, with a multi-
source on the preparation side and a multi-measurement on
the measurement side.
In this section, we will drop the superscript specifying

the quantum system since only one system is involved.

A. Classical explainability of a prepare-measure
scenario

In the prepare-measure scenario, we consider a multi-
source P ≔ ffpðajxÞρajxgagx and a multi-measurement
M ≔ ffMbjygbgy, which, when contracted together (as
depicted in Fig. 7), generate the statistics

pðabjxyÞ ¼ pðajxÞTr½Mbjyρajx�: ð15Þ

In this simple context, the only constraints implied by
diagram preservation in this circuit are that states ρajx
get represented as probability distributions pðλjaxÞ [the
subnormalized state pðajxÞρajx gets represented as
pðaλjxÞ ≔ pðajxÞpðλjaxÞ], that effects get represented as
response functions pðbjyλÞ, and that one can reproduce the
quantum statistics as

FIG. 7. A prepare-measure circuit (left) and an ontological
model for it (right).
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pðabjxyÞ ¼
X
λ

pðbjyλÞpðaλjxÞ: ð16Þ

The states and effects in such a circuit satisfy operational
identities. We will identify these operational identities by
their coefficients, and so we can denote the set of all
operational identities for the states and that for the effects,
respectively, by

OðPÞ ≔ ffαaxgaxj
X
ax

αaxpðajxÞρajx ¼ 0g; ð17aÞ

OðMÞ ≔ ffαbygbyj
X
by

αbyMbjy ¼ 0g: ð17bÞ

If one further demands that the ontological representation is
linear, the conditional probabilities pðbjyλÞ and pðaλjxÞ
must satisfy the ontological identities

X
ax

αaxpðaλjxÞ ¼ 0 ∀fαaxgax ∈OðPÞ; ð18aÞ

X
by

αbypðbjyλÞ ¼ 0 ∀fαbygby ∈OðMÞ ð18bÞ

for all λ. Consequently, this circuit is classically explainable
(i.e., admits a linear and diagram-preserving ontological
representation) if and only if the statistics can be repro-
duced by Eq. (16) under the constraint of Eq. (18).

B. The classical-nonclassical divide for multi-sources

Next, we characterize what states, multi-states, sources,
and multi-sources are classical. Because all of these are
special cases of the single concept of a multi-source, it
suffices to define classicality for a multi-source. This is just
a special case of Definition 3′:
Definition 5. A multi-source is classical if and only if the

statistics generated by the set of circuits that contract it with
any effect (i.e., where the set ranges over all possible
choices of effects) are classically explainable (in the sense
of Definition 1).
The contraction of a multi-source with an effect results in

a circuit of the prepare-measure form, as depicted in
Fig. 6(a).
Precisely which multi-sources are classical is character-

ized by the following theorem, which refers to the notions
of frame and dual frame. See Appendix A for a review
of these.
Theorem 2. For a multi-source

P ≔ ffpðajxÞρajxgagx;

the following statements are equivalent:
(0) It is classical (in the sense of Definition 5).

(1) Each of the subnormalized states pðajxÞρajx can be
decomposed as

pðajxÞρajx ¼
X
λ

pðaλjxÞσλ; ∀a; x ð19Þ

for a set of normalized states fσλgλ and some condi-
tional probability distribution pðaλjxÞ satisfying
X
ax

αaxpðaλjxÞ ¼ 0; ∀fαaxgax ∈OðPÞ ð20Þ

for all λ, where OðPÞ is defined in Eq. (17a).
(2) Each of the normalized states ρajx can be decom-

posed within a frame representation on V ¼
SpanðfρajxgaxÞ as

ρajx ¼
X
λ

Tr½Hλρajx�σλ; ∀a; x; ð21Þ

where the frame is a fixed set of density operators
fσλgλ, and the dual frame is a set of (possibly
nonpositive) Hermitian operators, i.e., fHλgλ ⊂
HermðHÞ satisfying

P
λ Hλ ¼ PVð1Þ and

Tr½Hλρajx�∈ ½0; 1� for all a, x, λ, with PV being
the superoperator that projects onto the operator
space V. This condition is depicted in Fig. 8.

Remark.We introduce the superoperatorPV to reflect the
fact that

P
λHλ need not equal the identity operator 1 onH.

[A sufficient condition for
P

λHλ ¼ 1 is that V coincides
with the operator space HermðHÞ.]
As an example, the multi-state ρ·jx ¼ fj0ih0j; jþihþjg

is classical with a frame representation of the form of
Eq. (21) with σ0 ¼ j0ih0j; σ1 ¼ jþihþj and H0 ¼
4
3
j0ih0j − 2

3
jþihþj; H1 ¼ 4

3
jþihþj − 2

3
j0ih0j. However, in

this case,
P

λHλ ¼ PVð1Þ ¼ 2
3
j0ih0j þ 2

3
jþihþj ≠ 1.

The proof is given in Appendix E. We will sometimes
refer to this result as a structure theorem for classical multi-
sources. In a companion paper [72], we leverage
this theorem to provide detailed results on the certifica-
tion and quantification of the nonclassicality of general
multi-sources.

FIG. 8. A diagrammatic criterion for classicality of a multi-
source ffpðajxÞρajxgagx: a multi-source is classical if and only if
it admits the frame representation as shown on the right, where
the conditions on the frame and dual-frame operators are given in
Theorem 2.
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We can also derive some immediate insights from this
theorem. First, consider multi-sources that arise in quantum
steering experiments [84,85]. As shown on the left-hand
side of Fig. 9, a pair of systems, A1 and A2, is prepared in an
entangled state, and a multi-measurement is implemented on
A1. This yields an effective process that is a multi-source on
A2. Such a multi-source always satisfies

P
a pðajxÞρajx ¼ σ

for some state σ independent of x, and is typically termed an
assemblage [86]. An assemblage is said to be unsteerable [84]
if its unnormalized states can be decomposed as

pðajxÞρajx ¼
X
λ

pðλÞpðajxλÞσλ ð22Þ

for some set fσλgλ of density operators on A2, some
probability distribution pðλÞ, and some conditional prob-
ability distribution pðajxλÞ, as depicted in Fig. 9. This is
often referred to as a local hidden state model of the
assemblage. (Note that in the resource theory of local
operations and shared randomness [2–4,87], the unsteer-
able assemblages are the free resources when one considers
processes corresponding to a steering experiment [88,89].)
If an assemblage fails to satisfy the condition for being
unsteerable, it is said to be steerable.
Given the definition of steerability, Theorem 2 immedi-

ately implies the following result.
Corollary 1. Every steerable assemblage is nonclassical.
Proof. We prove the contrapositive that if the multi-

source defined by an assemblage is classical, then it is
unsteerable. The assumption of classicality is implied by
the satisfaction of condition (1) of Theorem 2. Summing
Eq. (19) over the outcome index a, and using the fact that
an assemblage satisfies the operational identityX

a

pðajxÞρajx ¼
X
a

pðajx0Þρajx0 for all x; x0: ð23Þ

By Eq. (20), it follows thatX
a

pðaλjxÞ ¼
X
a

pðaλjx0Þ; ∀x; x0: ð24Þ

Defining pðλjxÞ ≔P
a pðaλjxÞ, we conclude that pðλjxÞ is

independent of x; i.e., we can denote

pðλjxÞ ¼ pðλÞ; ∀x: ð25Þ

By Bayesian inversion,

pðaλjxÞ ¼ pðajxλÞpðλjxÞ; ð26Þ

and so Eq. (25) implies

pðaλjxÞ ¼ pðajxλÞpðλÞ: ð27Þ

Plugging this into Eq. (19), we obtain Eq. (22), the
condition for being an unsteerable assemblage. ▪
In other words, an assemblage being classical (in the

sense of Definition 3) implies that it admits a local hidden
state model and that it is a free resource relative to local
operations and shared randomness. It is worth noting that,
in our framework, every steerable assemblage remains
nonclassical even when it is viewed as a general multi-
source, i.e., without necessarily assuming the lack of causal
influence from the setting to the quantum output that is
implied by the steering scenario. However, the converse is
not true, as is established below in Example 2.
Theorem 2 also has consequences for the particular case

of a multi-state where the states are linearly independent.
For any multi-state described by a set fρ·jxgx of linearly
independent states on a single system, the set OðPÞ of
operational identities it satisfies is empty, so [by Eq. (20)]
there are no constraints on the set of distributions fpðλjxÞgx
that are the ontological representations of these states.
Consequently, one can always find a decomposition as in
Eq. (19) (where a is trivial) by defining σλ ≔ ρ·jλ and
pðλjxÞ ¼ δx;λ. So one has the following result (also noted
in Ref. [70]).
Corollary 2. A multi-state consisting of a set of linearly

independent states on a single system is classical.
From this, one can prove that any multi-source defined

by a set of three or fewer states on a single system is also
classical. (The classical explainability of a prepare-measure
scenario involving fewer than four states was first noted in
Ref. [90].) The case where the states are linearly indepen-
dent is covered by Lemma 2, so it suffices to consider the
case where they are linearly dependent. The single-state
case is trivial. For a pair of states, linear dependence implies
that the states are equal, so we again have a trivial case.
For a triple of states, any possible linear dependence has
the form ρ3 ¼ pρ1 þ ð1 − pÞρ2 for some p∈ ½0; 1� (for
some suitable relabeling). There is consequently a single
operational identity in the set OP. But in this case, one can
find a decomposition as in Eq. (19), where a is trivial,
where λ ≔ f1; 2g, where σ1 ≔ ρ1 and σ2 ≔ ρ2, and where
pðλjxÞ ¼ δx;λ for x∈ f1; 2g and pðλjxÞ ¼ pδλ;1 þ ð1 −
pÞδλ;2 for x ¼ 3. The last equation ensures that Eq. (20)
is satisfied and hence that condition (1) of Theorem 2 holds.
This argument generalizes to give the following suffi-

cient condition for classicality of a set of states.

FIG. 9. A steering experiment defines a multi-source
ffpðajxÞρajxgagx often termed an assemblage. An assemblage
is said to be unsteerable (or free) if and only if it admits a decom-
position in terms of local operations and shared randomness,
as
P

λ1;λ2
pðajxλ1Þpðλ1λ2Þσλ2 , as shown in the middle figure, or

equivalently, as
P

λ pðλÞpðajxλÞσλ, as shown in the right-hand-
side figure, where the dot represents the copying operation.
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Corollary 3. If a multi-state consists of a set of states that
fits inside a simplex within the quantum state space, then it
is classical.
This is proven in Appendix G.
For a set of distinct pure states, linear dependence is not

only necessary for nonclassicality (per Corollary 2), but
also sufficient.
Corollary 4. A multi-state consisting of a set of distinct

pure states on a single system is classical if and only if the
states are linearly independent.
The proof is in Appendix H.
So, for example, any set of five pure qubit states is

nonclassical, as are any four pure states lying within a plane
of the Bloch ball. An example of such a set of four states
arises in the BB84 protocol [91] and in parity-oblivious
multiplexing [44].
Example 1. The multi-state fj0ih0j; j1ih1j; jþihþj;

j−ih−jg is nonclassical.
Follows immediately from Theorem 2 (condition 2), the

qualitative nonclassicality of a multi-state is not affected by
rescaling the states contained therein by any numbers in
(0, 1] (this is also proven in Ref. [32]). Consequently, we
infer the following result.
Example 2. The source fpðaÞρAga ¼ f1

4
j0ih0j; 1

4
j1i×

h1j; 1
4
jþihþj; 1

4
j−ih−jg is nonclassical.

Considered as an assemblage, one sees that it is
unsteerable by noting that it has no setting variable (i.e.,
it is a single ensemble rather than a set of ensembles), and
so Eq. (22) is satisfied trivially; this, therefore, is an
example of an unsteerable assemblage that is nonclassical.
Note that the converses of Corollaries 2 and 3 do not

hold; there exist multi-states that exhibit nontrivial linear
dependence relations, and moreover that do not fit inside a
simplex within the quantum state space, but are never-
theless classical. This is illustrated by the following
example.
Example 3. Consider the multi-states�

1

2
½1þ ηn̂x�

�
x
; ð28Þ

where fn̂xg are unit vectors corresponding to the eight
vertices of a cube inscribed in the Bloch sphere. This set
is classical if and only if η ≤ ð1= ffiffiffi

3
p Þ. (See companion

paper [72] for the proof.) However, these states are linearly
dependent for all η > 0; moreover, it can be verified geo-
metrically that a shrunken cube with vertices fð1= ffiffiffi

3
p Þn̂xg

cannot be contained inside any tetrahedron that fits inside
the Bloch sphere, and so the set of states when η ¼ ð1= ffiffiffi

3
p Þ

does not fit inside any simplex within the qubit state space.
This example also highlights that our notion of classical

multi-states is characterized by a frame representation (as
defined in Theorem 2), where the frame may be over-
complete, and the associated decomposition need not be
simplicial (i.e., it need not correspond to a basis).

C. The classical-nonclassical divide
for multi-measurements

Next, we turn to measurements. Recall that we use the
term “measurement” to refer to a device with a quantum
input and an outcome variable (no quantum output), and the
term “multi-measurement” to refer to such a device when it
has a setting variable as well.
The definition of nonclassicality of a multi-measurement

is again a special case of Definition 3′:
Definition 6. A multi-measurement is classical if and

only if the statistics generated by the set of circuits where it
is contracted with any state (i.e., where the set ranges over
all states) are classically explainable (in the sense of
Definition 1).
Precisely which multi-measurements are classical is

characterized by the following theorem.
Theorem 3. For a multi-measurement M ¼ ffMbjygbgy,

the following statements are equivalent:
(0) It is classical (in the sense of Definition 6).
(1) Its effects can be decomposed as

Mbjy ¼
X
λ

pðbjyλÞGλ; ∀b; y ð29Þ

for some POVM fGλgλ and some conditional
probability distribution satisfying

X
by

βbypðbjyλÞ ¼ 0; ∀fβbygby ∈OðMÞ ð30Þ

for all λ, where OðMÞ is defined in Eq. (17b).
(2) Its effects can be decomposed within a frame

representation on V ¼ SpanðfMbjygÞ as

Mbjy ¼
X
λ

Tr½MbjyFλ�Gλ; ∀b; y; ð31Þ

where fGλgλ is a POVM with
P

λGλ ¼ PVð1Þ ¼ 1,
and fFλgλ ⊂ HermðHÞ is a set of Hermitian oper-
ators satisfying Tr½Fλ� ¼ 1 and Tr½MbjyFλ�∈ ½0; 1�
for all b, y, λ. This condition is depicted in Fig. 10.

FIG. 10. A diagrammatic criterion for classicality of a multi-
measurement ffMbjygbgy: a multi-measurement is classical if
and only if it admits a frame representation as shown on the right,
where the conditions on the frame and dual-frame operators are
given in Theorem 3.
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The proof of the theorem is provided in Appendix F. We
will sometimes refer to this as a structure theorem for
classical multi-measurements.
Remark. Here,

P
λGλ ¼ PVð1Þ ¼ 1 since the operator

space V ¼ SpanðfMbjygÞ contains the identity operator (it
suffices to recall that

P
b Mbjy ¼ 1). Note the difference to

the situation with the dual frame fHλgλ in Theorem 2.
It is worth noting that an alternative proof of Theorem 3

is possible by leveraging Theorem 2 and Lemma 1 from
Sec. VII. Essentially, a multi-measurement defines a special
type of multi-source (known as a steering assemblage)
via the Choi isomorphism, and Lemma 1 asserts that the
verdict of nonclassicality is preserved under the Choi
isomorphism. Conditions (1) and (2) in Theorem 3 are
the translations through the Choi isomorphism of condi-
tions (1) and (2) of Theorem 2.
Several interesting insights follow from this theorem,

most of which are direct analogs of those in the previous
section.
First, recall that a set of measurements is compatible [92]

if and only if there is a single measurement fGλgλ that can
be postprocessed to reproduce every measurement in the
set. Representing this set of measurements as a multi-
measurement ffMbjygygy, the condition of compatibility is

Mbjy ¼
X
λ

pðbjyλÞGλ; ð32Þ

as depicted in Fig. 11. Any set of measurements for which
the condition cannot be satisfied is said to be incompatible.
Recalling this, Theorem 3 immediately implies the

following sufficient condition for nonclassicality.
Corollary 5. Every multi-measurement consisting of a

set of incompatible measurements is nonclassical.
We prove this by demonstrating the contrapositive, that

classicality implies compatibility. Specifically, classicality
implies the satisfaction of condition 1 [Eq. (29)] of
Theorem 3, which implies that the POVM fGλgλ defines
a single measurement that can simulate all of the measure-
ments in the given set via postprocessing [92]; hence,
the set of measurements is compatible. The converse of

Corollary 5 does not hold due to the extra constraints in
Eq. (30) of condition 1; there are sets of measurements that
are all compatible and yet for which the multi-measurement
they define is nonetheless nonclassical.
A more exhaustive comparison between nonclassicality

and incompatibility of a set of measurements is carried out
in our companion paper [72].
The analog for effects of our Corollary 4 holds by an

analogous proof:
Corollary 6. A measurement defined by a set of rank-1

effects is classical if and only if the effects are linearly
independent.
One significant implication of this corollary is that a

measurement represented by a rank-1 symmetric informa-
tionally complete POVM is classical [93].
Unlike a single state, a single measurement fMbgb can

be nonclassical, provided that there are nontrivial opera-
tional identities among its effects [94].
Example 4. The noisy Pentagon measurement fMη

bg4b¼0,
where

Mη
b ¼

1

5
½1þ ηðcosθbσx þ sinθbσzÞ�; θb ¼

2πb
5

; ð33Þ

and η∈ ½0; 1� is a noise parameter (this multi-measurement
was defined for η ¼ 1 in Ref. [94]). This single measure-
ment is nonclassical if and only if η⪆0.618 as proven
in Ref. [72].

V. PROCESSES OF THE BIPARTITE
PREPARATION VARIETY

Recall that a single state on a unipartite system is
classical, as a consequence of Corollary 2. However, once
one considers multipartite systems, even a single state can
be nonclassical. This is because the subsystem structure
provides new opportunities for witnessing nonclassicality
(as first recognized in Ref. [70]).
When defining a linear and diagram-preserving onto-

logical representation of a circuit that involves parallel
composition of two or more systems (represented diagram-
matically by a pair of wires), the assumption of diagram
preservation implies that each system is associated with its
own independent ontic state space. The ontic state space of
the joint system is the Cartesian product of the ontic state
spaces of the subsystems, an assumption that is sometimes
called ontic separability.
Note that, if one instead wishes to entertain an onto-

logical representation wherein the ontic state space of the
joint system is not a Cartesian product, then one should
rather represent the bipartite system in the quantum circuit
as a single monolithic system—without a factorization
into subsystems. In this case, the assumption of diagram
preservation would not force one to assume ontic sepa-
rability. Under such a choice, the joint system would be

FIG. 11. A set of measurements ffMbjygbgy is compatible
if and only if there is a single measurement which can be
classically postprocessed to simulate each element of the set. This
implies that a multi-measurement ranging over those measure-
ments decomposes as shown (with the single measurement
denoted by fGλg).
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treated as a unipartite system and represented diagram-
matically by a single wire rather than a pair of wires.
Recall from Sec. II C that assessments of nonclassicality

are always made relative to a given circuit, which effec-
tively embodies a hypothesis about the causal structure. It
should be clear from the previous paragraph that for a
quantum system represented by a four-dimensional Hilbert
space, viewing it as (i) a single monolithic system or (ii) as
a pair of qubits (according to some factorization of the
system into a pair of two-dimensional subsystems) con-
stitutes two different hypotheses about the causal structure
that are represented by different circuits. Indeed, the latter
view, wherein a privileged factorization is specified for the
full system, gives a more fine-grained perspective on the
system. This is reflected in the fact that an ontological
model associates with a monolithic system an ontic state
space with no particular structure, while it associates with a
bipartite system an ontic state space that has extra structure;
it must be the Cartesian product of two ontic state spaces,
one for each subsystem.
Assessments of nonclassicality may depend on which

view of the system one takes. In particular, the unipartite
view may lead to an assessment of classicality, while the
bipartite view may lead to an assessment of nonclassicality.
(Note that if the bipartite view leads to an assessment of
classicality, then the unipartite view will as well.) Indeed,
we will see this type dependence in the following results,
where we will show that any entangled state on a bipartite
system is nonclassical relative to the specified bipartition,
whereas we saw in Sec. IVA (from Corollary 2, for
example) that any individual state is classical when it is
conceptualized as a state on a unipartite system with no
specified subsystem structure.
To discuss the nonclassicality of a bipartite state, one

must consider the circuit obtained by contracting it with its
dual process, which is a bipartite effect, as depicted in
Fig. 6(c). Given Theorem 1, however, it suffices to consider
the effects that factorize across the bipartition—hence, only
local measurements. Thus, it suffices to consider only the
type of circuits depicted in Fig. 6(e).

A. Classical explainability of a prepare-measure
scenario on a bipartite system with local measurements

As preparation for our discussion of nonclassicality of
bipartite states, we consider the question of when a prepare-
measure scenario involving a bipartite state and local
measurements is classically explainable in the sense of
Definition 1.
Specifically, we consider a circuit wherein the composite

system A1A2 is prepared in a particular bipartite state
PA1A2 ≔ ρA1A2 , and then A1 is subjected to a multi-meas-
urementMA1

1 while A2 is subjected to a multi-measurement
MA2

2 , where MAi
i ≔ ffMAi

bijyigbigyi . In such an experiment

depicted in Fig. 12(a), quantum theory predicts that

pðb1b2jy1y2Þ ¼ Tr
h
ρA1A2MA1

b1jy1 ⊗ MA2

b2jy2

i
: ð34Þ

There may be operational identities among the effects on
each system, namely,

OðM1Þ ¼ ffαb1y1gj
X
b1y1

αb1y1M
A1

b1jy1 ¼ 0g; ð35aÞ

OðM2Þ ¼ ffαb2y2gj
X
b2y2

αb2y2M
A2

b2jy2 ¼ 0g: ð35bÞ

Note that for the sake of reducing notational clutter,
we will sometimes drop the system-identifying super-
scripts on the names of processes when these appear as
arguments inside Oð·Þ. Thus, we write OðMiÞ instead
of OðMAi

i Þ.
There may also be further operational identities in this

circuit, namely, identities satisfied by the steering assemb-
lages on A1 and A2 depicted in Fig. 12(b). For instance, the
steering assemblage, i.e., the multi-source, on A2 is
obtained by composing the multi-measurement on A1 with
the bipartite state on A1A2, and similarly for the steering
assemblage on A1. Formally, the multi-sources on A1 and
A2 are defined by

MA1

1 ∘PA1A2 ≔
�fρ̃A2

b1jy1gb1
�
y1

¼ ��TrA1

�	
MA1

b1jy1 ⊗ 1A2



ρA1A2

��
b1

�
y1
; ð36aÞ

MA2

2 ∘PA1A2 ≔
�fρ̃A1

b2jy2gb2
�
y2

¼ ��TrA2

�	
1A1 ⊗ MA2

b2jy2


ρA1A2

��
b2

�
y2
: ð36bÞ

FIG. 12. (a) Local measurements on a bipartite state. (b) By
boxing processes together, we can view this circuit as a set of
preparations and measurements on A2, or as a set of preparations
and measurements on A1. In the top of the figure, we depict the
quantum circuits; in the bottom, we depict an ontological model
of each circuit.
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Note that here and elsewhere in the paper, we will use ρ̃ to
denote a subnormalized state. The operational identities
satisfied by these multi-sources are of the form

OðM1 ∘PÞ ¼ ffαb1y1gj
X
b1y1

αb1y1 ρ̃
A2

b1jy1 ¼ 0A2g; ð37aÞ

OðM2 ∘PÞ ¼ ffαb2y2gj
X
b2y2

αb2y2 ρ̃
A1

b2jy2 ¼ 0A1g: ð37bÞ

Note that these last two sets of identities actually subsume
those in Eqs. (35a) and (35b). To see that OðM1Þ ⊆
OðM1 ∘PÞ for instance, it suffices to note thatP

b1y1 αb1y1M
A1

b1jy1 ¼ 0A1 implies
P

b1y1 αb1y1Tr1½M
A1

b1jy1 ⊗
1A2ρA1A2 � ¼ 0A2 .
There is also a more subtle kind of operational identity

analogous to the one in Eq. (13). Specifically, the unnor-
malized states ρ̃A1

b2jy2 and ρ̃A2

b1jy1 in the steering assemblage
[i.e., in Eq. (36)] can also be composed in parallel, giving
rise to bipartite states on A1A2. Since such states are of the
same type as the given bipartite state ρA1A2 , there might
exist a new operational identity for some set of real
coefficients fαb1b2y1y2gb1b2y1y2 such that

ρA1A2 ¼
X

b1b2y1y2

αb1b2y1y2 ρ̃
A1

b2jy2 ⊗ ρ̃A2

b1jy1 : ð38Þ

Such an identity exists if and only if ρA1A2 lies in the linear
span of the set fρ̃A1

b2jy2 ⊗ ρ̃A2

b1jy1gb1b2y1y2 . The operational
identity of the form of Eq. (38) will be denoted by

OðP̃Þ ¼ ffαb1b2y1y2gjρA1A2

¼
X

b1b2y1y2

αb1b2y1y2 ρ̃
A1

b2jy2 ⊗ ρ̃A2

b1jy1g: ð39Þ

The circuit in Fig. 12(a) is classically explainable (i.e.,
admits an ontological model) if and only if the following
conditions are met. One can introduce a separable ontic
state space Λ1 × Λ2 over which one can reproduce the
quantum statistics via

pðb1b2jy1y2Þ ¼
X
λ1λ2

pðλ1λ2Þpðb1jy1λ1Þpðb2jy2λ2Þ; ð40Þ

where pðb1jy1λ1Þ satisfies the ontological identities speci-
fied by OðM1Þ, and pðb2jy2λ2Þ satisfies the ontological
identities specified by OðM2Þ. Moreover, defining
compositions

p̃ðb1λ2jy1Þ ≔
X
λ1

pðb1jy1λ1Þpðλ1λ2Þ; ð41aÞ

p̃ðb2λ1jy2Þ ≔
X
λ2

pðb2jy2λ2Þpðλ1λ2Þ; ð41bÞ

we require that p̃ðb1λ2jy1Þ must satisfy the ontological
identities specified by OðM1 ∘PÞ, and p̃ðb2λ1jy2Þ must
satisfy the ontological identities specified by OðM2 ∘PÞ.
Finally, we require that pðλ1λ2Þmust satisfy the ontological
identity specified by OðP̃Þ. All told, we require that, for
all λ1, λ2,X
b1y1

αb1y1pðb1jy1λ1Þ ¼ 0; ∀fαb1y1g∈OðM1Þ; ð42aÞ

X
b2y2

αb2y2pðb2jy2λ2Þ ¼ 0; ∀fαb2y2g∈OðM2Þ; ð42bÞ

X
b1y1

αb1y1 p̃ðb1λ2jy1Þ ¼ 0; ∀fαb1y1g∈OðM1 ∘PÞ; ð42cÞ

X
b2y2

αb2y2 p̃ðb2λ1jy2Þ ¼ 0; ∀fαb2y2g∈OðM2 ∘PÞ; ð42dÞ

pðλ1λ2Þ ¼
X

b1b2y1y2

αb1b2y1y2 p̃ðb2λ1jy2Þp̃ðb1λ2jy1Þ

∀fαb1b2y1y2g∈OðP̃Þ: ð42eÞ

Note that the first two constraints in Eq. (42) follow from
linearity, while the latter three follow from diagram
preservation together with linearity.
Importantly, since the ontological model for the steering

assemblages has already been explicitly constructed in
Eq. (41), this yields the following necessary condition for
classical explainability.
Proposition 1. Any circuit with local measurements on a

bipartite state [as depicted in Fig. 12(a)] is classically
explainable only if the two prepare-measure circuits it
induces by boxing processes together [in one or the other
direction, as in Fig. 12(b)] are classically explainable.
The intuition behind this result is straightforward. To

determine the classical explainability of a prepare-measure
scenario obtained by boxing operation, it suffices to check
only a subset of the constraints in Eq. (42) [specifically,
only Eqs. (42b) and (42c) or only Eqs. (42a) and (42d)],
rather than the full set that must be checked in the original
bipartite scenario. Consequently, if a bipartite scenario is
classically explainable, then so is each of the unipartite
prepare-measure scenarios it defines by steering.
For completeness, a formal proof of this implication is

provided in Appendix I.

B. The classical-nonclassical divide for bipartite states

We obtain the definition of classicality for a single
bipartite state by particularizing Definition 3′ to this type
of process.
Definition 7. A state on a bipartite system is classical if

and only if the statistics generated by the set of circuits
where it is contracted with any product effect (i.e., where
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the set ranges over all product effects) is classically
explainable (in the sense of Definition 1).
We therefore consider a prepare-measure circuit of the

type depicted in Fig. 12(a), with a single bipartite state and
local measurements as depicted in Fig. 6(e), where the
range of measurements includes every possible effect on A1

and every possible effect on A2. A necessary condition for
classicality of a bipartite state can then be obtained as a
simple corollary of Proposition 1.
Proposition 2. A bipartite state ρA1A2 is classical only if

every multi-source on A2 that is obtained by contracting
ρA1A2 with a multi-measurement on A1 is classical, and
every multi-source on A1 that is obtained by contracting
ρA1A2 with a multi-measurement on A2 is classical.
Proof. The proof is simple. If the bipartite state is

classical, then by Definition 7, the circuit where it is
contracted with any product effect is classically explain-
able. By Proposition 1, this implies that the two prepare-
measure circuits [as depicted in Fig. 12(b)] are classically
explainable when all local effects on each side are con-
sidered. But classical explainability for each prepare-
measure circuit then implies that each corresponding set of
steered states (the composition between the bipartite state
and local effects on the other side) is classical according to
Definition 5. ▪
Whether the classicality of the set of steered states on

both sides is sufficient to establish the classicality of the
bipartite state is still unknown. However, in the following,
we will provide the necessary and sufficient conditions for
a classical bipartite state.
First, define the operator spaces

V1 ≔ SpanðfTrA2
½ð1A1 ⊗ MA2ÞρA1A2 �∶ MA2 ∈MðHA2ÞgÞ;

ð43aÞ

V2 ≔ SpanðfTrA1
½ðMA1 ⊗ 1A2ÞρA1A2 �∶ MA1 ∈MðHA1ÞgÞ:

ð43bÞ

Whether or not a bipartite state ρA1A2 is classical can then be
characterized based on a product-frame decomposition,
analogous to Theorems 2 and 3.
Theorem 4. A bipartite state ρA1A2 ∈SðHA1 ⊗ HA2Þ is

classical if and only if it admits a frame decomposition:

ρA1A2 ¼
X
λ1;λ2

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
σA1

λ1
⊗ σA2

λ2
; ð44Þ

where the frame on the operator space Vi is a fixed set of
density operators fσAi

λi
gλi , and the dual frame is a set of

Hermitian operators fHAi
λi
gλi satisfying

P
λi
HAi

λi
¼ PVi

ð1AiÞ
with PVi

denoting the superoperator projecting onto Vi,
and such that

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
≥ 0; ∀λ1; λ2: ð45Þ

This condition is depicted in Fig. 13.
As a direct consequence of Theorem 4, it is easy to see

that for a bipartite state, entanglement implies nonclassi-
cality because satisfying Eqs. (44) and (45) in the condition
for classicality articulated in Theorem 4 implies that ρA1A2

must be separable.
Corollary 7. If a bipartite state is entangled, then it is

nonclassical.
Within the set of all bipartite states, the boundary

between separable and entangled is distinct from the
boundary between steerable and unsteerable, and both of
these are also distinct from the boundary between local and
nonlocal [95–98]. As it turns out, the boundary between
classical and nonclassical, as defined here, is also distinct
from each of these. This follows from the fact that while
separability is a necessary condition for classicality (the
content of Corollary 7), it is not a sufficient condition, as is
demonstrated by the following example.
Example 5. The separable bipartite state

ρA1A2 ¼ 1

4
ðj0ih0j ⊗ j0ih0j þ j1ih1j ⊗ j1ih1j

þ j2ih2j ⊗ jþihþj þ j3ih3j ⊗ j−ih−jÞ ð46Þ

is nonclassical, because there exists a measurement on A1,
namely, the projector-valued measure fj0ih0j; j1ih1j;
j2ih2j; j3ih3jg that steers A2 to the “BB84 source”
f1
4
j0ih0j; 1

4
j1ih1j; 1

4
jþihþj; 1

4
j−ih−jg, which was shown

to be nonclassical in Example 2. The claim then follows
from Proposition 2.
If a separable state can be nonclassical, it is natural to

ask whether this nonclassicality constitutes a resource
for achieving quantum advantages in any information-
processing task. The answer is that it does (at least in
some cases). Consider the separable state from Example 5
above. It induces the nonclassical BB84 source on A2,
which is known to be a resource for quantum key distri-
bution [91] and for parity-oblivious multiplexing [99]. That
said, a complete understanding of the resourcefulness of
separable states that are nonclassical—particularly whether

FIG. 13. A bipartite state is classical if and only if it admits a
frame representation as shown on the right-hand side of the
diagrammatic equation, where the condition on the frame and
dual-frame operators are given in Theorem 4.
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their resourcefulness extends beyond their ability to realize
nonclassical resources via steering—remains open.
It is worth noting that, nonclassicality of a bipartite state,

in the sense introduced here, does not coincide with having
nonzero discord [100]; for example, the state 1

2
j0ih0j ⊗

j0ih0j þ 1
2
j1ih1j ⊗ jþihþj has nonzero discord but is

classical by our definition. It is not hard to see that nonzero
discord is necessary but not sufficient for a single bipartite
state to be nonclassical.
A complete characterization of the boundary between

classical and nonclassical for bipartite states is likely to be
difficult to obtain. For one, the set of classical bipartite
states is not convex, because all product states are classical,
but not all separable states are.
However, in the special case of a two-qubit system, a

complete characterization is possible to obtain.
Proposition 3. A bipartite qubit state ρA1A2 is classical if

and only if it is separable.
Proof. The “only if” direction follows from Corollary 7;

we now prove the “if” direction.
We first treat the special case where ρA2 ≔

TrA1
½ρA1A2 � ¼ 1

2
. By Ref. [101], for any two-qubit separable

state with ρA2 ¼ 1
2
, the set of states that can be steered on A1

(i.e., the steering ellipsoid) is contained in a tetrahedron in
the Bloch ball. Let d denote the dimension of the steering
ellipsoid of ρA1A2 (an integer less than or equal to 3),
Ref. [101] shows constructively that ρA1A2 admits a
decomposition

ρA1A2 ¼
Xd

λ1;λ2¼0

pλ1δλ1;λ2σ
A1

λ1
⊗ σA2

λ2
; ð47Þ

where fσAi
λi
gdλi¼0 are linearly independent sets of states.

Given the linear independence, there exist unique dual
frames fHAi

λi
gdλi¼0 on the space Vi ≔ SpanðfσAi

λi
gdλi¼0Þ such

that Tr½HAi
λi
σAi
λ0i
� ¼ δλi;λ0i [one can infer that

P
λi
HAi

λi
¼

PVi
ð1Þ]. Therefore, one can construct the following frame

decomposition for ρA1A2 :

ρA1A2 ¼
Xd

λ1;λ2¼0

Tr
�
HA1

λ1
⊗ HA2

λ2
ρA1A2

�
σA1

λ1
⊗ σA2

λ2
; ð48Þ

where Tr½HA1

λ1
⊗ HA2

λ2
ρA1A2 � ¼ pλ1δλ1;λ2 ≥ 0. We have

shown that the conditions of Theorem 4 are satisfied,
and so it follows that any two-qubit separable state ρA1A2

satisfying TrA1
½ρA1A2 � ¼ 1

2
is classical.

Next, consider the case where ρA2 ≠ 1
2
. If ρA2 is rank-1,

ρA1A2 must be of the form ρA1A2 ¼ ρA1 ⊗ ρA2 and thus is
classical. If ρA2 has full rank, we can obtain a locally filtered
state ρ̃A1A2 via

ρ̃A1A2 ≔
�
1A1 ⊗ ð2ρA2Þ−1

2

�
ρA1A2

�
1A1 ⊗ ð2ρA2Þ−1

2

�
; ð49Þ

so that TrA1
½ρ̃A1A2 � ¼ 1A2

2
. Since this local filtering preserves

separability, ρ̃A1A2 is still separable. Now, given dual-frame
operators fσ̃Ai

λi
gλi and fH̃Ai

λi
gλi for ρ̃A1A2 defined on the

operator space Ṽi ≔ Spanðfσ̃Ai
λi
gdλi¼0Þ, one can map these

frame operators back to ρA1A2 by defining

σA1

λ1
≔ σ̃A1

λ1
; HA1

λ1
¼ H̃A1

λ1
; ð50aÞ

σA2

λ2
≔

ð2ρA2Þ12σ̃A2

λ2
ð2ρA2Þ12

Tr½σ̃A2

λ2
ð2ρA2ÞÞ� ; ð50bÞ

HA2

λ2
≔ Tr

�
σ̃A2

λ2
ð2ρA2ÞÞ�hð2ρA2Þ−1

2H̃A2

λ2
ð2ρA2Þ−1

2

i
: ð50cÞ

Then, one has the frame representation

ρA1A2 ¼
Xd

λ1;λ2¼0

Tr
�
HA1

λ1
⊗ HA2

λ2
ρA1A2

�
σA1

λ1
⊗ σA2

λ2
: ð51Þ

It is easy to see that Tr½HA1

λ1
⊗ HA2

λ2
ρA1A2 � ≥ 0, and more-

over, fHA1

λ1
g and fσA1

λ1
g define a dual basis on V1, andP

λ1
HA1

λ1
¼ PV1

ð1Þ since they are untouched. In order to

show that
P

λ2
HA2

λ2
¼ PV2

ð1Þ, it suffices to note that from
Eqs. (50b) and (50c), we have

Tr
�
HA2

λ2
σA2

λ0
2

� ¼ Tr
�
σ̃A2

λ2
ð2ρA2ÞÞ�

Tr
�
σ̃A2

λ0
2
ð2ρA2ÞÞ�Tr

�
H̃A2

λ2
σ̃A2

λ0
2

�

¼ Tr
�
σ̃A2

λ2
ð2ρA2ÞÞ�

Tr
�
σ̃A2

λ0
2
ð2ρA2ÞÞ� δλ2;λ02 ¼ δλ2;λ02 ; ð52Þ

where the second equality holds because fσ̃A2

λ2
gλ2 and

fH̃A2

λ2
gλ2 are a pair of basis and dual basis.

Again, having shown that the conditions of Theorem 4
are satisfied, it follows that the two-qubit state ρA1A2 is
classical. ▪
Remark. The proof can be run in the opposite direction,

i.e., by considering the steering ellipsoid on A2.
Using an analogous proof technique, we can find a

sufficient condition for classicality for bipartite states,
independent of the subsystem dimensions.
Corollary 8.A bipartite state ρA1A2 is classical if it admits

a separable decomposition of the form

ρA1A2 ¼
X
λ1λ2

pðλ1λ2ÞσA1

λ1
⊗ σA2

λ2
; ð53Þ
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where each of fσA1

λ1
gλ1 and fσA2

λ2
gλ2 is a set of linearly

independent states.
For subsystems having Hilbert space dimensionality

greater than two, there exist separable states that do not
admit such a decomposition, as is illustrated in Example 5.
This fact allows the possibility of separable nonclassical
states when one moves beyond qubits.
In the following, we briefly discuss a conjecture con-

cerning the task of witnessing the nonclassicality of a
bipartite state. It is based on a property we term non-
singularity (which we will define right after the conjecture).
Conjecture 1. A nonsingular bipartite state is classical if

and only if it is separable.
The nonsingularity property is defined as follows.
Definition 8. A bipartite state ρA1A2 is said to be non-

singular if the steering maps induced by ρA1A2 are invertible.
The steering maps are the superoperators Ψρ

1 and Ψρ
2

defined by the expressions

Ψρ
1ðXÞ ¼ TrA1

�ðXT ⊗ 1ÞρA1A2

�
; ð54Þ

Ψρ
2ðXÞ ¼ TrA2

�ð1 ⊗ XTÞρA1A2

�
; ð55Þ

where T denotes the transpose. An equivalent characteri-
zation of what it is for a bipartite state to be nonsingular can
be given in terms of operational identities: A bipartite state
is nonsingular if and only if the coefficients defining the
linear identities holding among the measurement effects on
A1 are equivalent to those defining the linear identities
holding among the steered states on A2, and vice versa; that
is, if and only if OðM1 ∘PÞ ¼ OðM1Þ and OðM2 ∘PÞ ¼
OðM2Þ [recall that OðM1Þ, OðM2Þ, OðM1 ∘PÞ, and
OðM2 ∘PÞ are defined in Eqs. (35) and (37) respectively].
One can summarize this characterization of nonsingularity
as follows: A bipartite state is nonsingular if it does not
induce any new operational identities when contracted with
the local effects.
That this characterization of nonsingularity coincides

with that of Definition 8 can be easily seen from the fact
that OðMi ∘PÞ in Eq. (37) can be expressed as

OðMi ∘PÞ ¼ ffαbiyigj
X
bi;yi

αbiyiΨ
ρ
i ð½MAi

bijyi �TÞ ¼ 0g; ð56Þ

but using the invertibility of Ψρ
i and the invertibility of the

transpose, this implies

OðMi ∘PÞ ¼ ffαbiyigj
X
bi;yi

αbiyiM
Ai
bijyi ¼ 0g; ð57Þ

such that, recalling the definition of OðMiÞ from Eqs. (35a)
and (35b), we infer that OðMi ∘PÞ ¼ OðMiÞ.
Corollary 7 establishes that for bipartite states, being

separable is a necessary condition for being classical.

To establish Conjecture 1, what remains to be proven is
that for nonsingular bipartite states, being separable is also
a sufficient condition for being classical. When considering
what constraints the operational identities imply for a non-
contextual ontological model, one needs only to consider
the first two sets of constraints in Eq. (42), which are of
the formX

biyi

αbiyipðbijyi; λiÞ ¼ 0; ∀fαbiyig∈OðMiÞ: ð58Þ

This is because the other two sets of constraints in
Eqs. (42c) and (42d), namely,X
biyi

αbiyi
X
λj

pðλiλjÞpðbijyi; λiÞ ¼ 0 ∀fαbiyig∈OðMi ∘PÞ;

ð59Þ

are automatically satisfied since we have OðMi ∘PÞ ¼
OðMiÞ for nonsingular bipartite states.
Now, let us discuss why Conjecture 1 might hold and

why we are unable to provide a complete proof. Consider a
bipartite state; from the proof of Corollary 7, the state is
separable if and only if the statistics generated by the set of
circuits where it is contracted with any product effect
admits an ontological model that satisfies the first two sets
of identities in Eq. (42). If the bipartite state is also non-
singular, as we discussed above, we can disregard the third
and fourth sets of constraints. In other words, statistics
generated by a nonsingular bipartite state automatically
satisfy the first four sets of identities in Eq. (42).
What remains unclear is whether the fifth constraint in

Eq. (42)—namely, the one implied by the operational
identity of OðP̃Þ—has nontrivial consequences for the
characterization of classicality for bipartite states. Thus,
it is still an open question whether every nonsingular
separable state is classical.
As discussed at the beginning of this section, diagram

preservation implies that an ontological model assigns a
Cartesian product of ontic state spaces to a particular tensor
product of Hilbert spaces. This leads to additional con-
straints on the ontological representation of quantum
processes—constraints that can in turn imply nonclassi-
cality of a process that would otherwise be judged classical.
This highlights how conclusions about nonclassicality hold
only relative to a choice of factorization of the Hilbert
space. For instance, as noted above, a four-dimensional
Hilbert space can be factorized into a pair of two-
dimensional Hilbert spaces in many ways, where the factor
spaces correspond to virtual subsystems [102]. Because for
a given pure state there is always some choice of factori-
zation relative to which it is entangled, it follows from
Corollary 7 that there is always some choice of factoriza-
tion relative to which it is nonclassical. In this article, the
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choice of factorization of Hilbert space relative to which
nonclassicality is being judged is always specified by the
circuit one is considering.
Note that the ideas and results in this section generalize

straightforwardly to multipartite states, and that some of
these generalizations appear in Sec. VII.

VI. PROCESSES OF THE TRANSFORMATION
VARIETY

To discuss the nonclassicality of a process of the trans-
formation variety (a channel, multi-channel, instrument, or
multi-instrument), one must consider the circuit obtained
by contracting the process with its dual process, namely, a
comb, as depicted in Fig. 6(d). But given Theorem 1, we
need not consider all combs. It suffices to consider those
that factorize, meaning they can be understood as a
preparation preceding the process and a measurement
following it. In other words, it suffices to consider circuits
that have the form depicted in Fig. 14(a), termed a prepare-
transform-measure scenario.
As in the previous sections, we begin by reviewing the

form of a classical explanation (i.e., a diagram-preserving
and linear ontological representation) of a prepare-
transform-measure scenario. We consider the case where
the preparation and measurement stages are general
(a multi-state and a multi-measurement, respectively),
but the transformation is simply a channel, rather than a
general process of the transformation variety. We label
the quantum system before and after the transformation
by A and B.

A. Classical explainability of a prepare-transform-
measure scenario

We consider a multi-source PA ≔ ffpðajxÞρAajxgagx on

HA, followed by a channel TBjA ≔ EBjA:LðHAÞ ↦ LðHBÞ,
and a multi-measurement MB ≔ ffMB

bjygbgy on HB. For

such a circuit, quantum theory predicts that

pðabjxyÞ ¼ pðajxÞTr�MB
bjyE

BjAðρAajxÞ
�
: ð60Þ

In this circuit, there are operational identities among the
states on the input system and among the effects on the
output system, namely,

OðMÞ ¼ ffαbygj
X
by

αbyMB
bjy ¼ 0Bg; ð61aÞ

OðPÞ ¼ ffαaxgj
X
ax

αaxpðajxÞρAajx ¼ 0Ag: ð61bÞ

There are also additional operational identities, as a
consequence of the fact that the sequential composition
of the channel, together with the multi-source on its input,
defines an effective multi-source, and the sequential com-
position of the channel, together with the multi-measure-
ment on its output, defines an effective multi-measurement.
Specifically, the effective multi-source and multi-measure-
ment are

MB ∘TBjA ≔ ffM̃A
bjygbgy ¼ ff½EBjA�†ðMB

bjyÞgbgy; ð62aÞ

TBjA ∘PA≔ ffρ̃Bajxgagx ¼ffpðajxÞEBjAðρAajxÞgagx; ð62bÞ

and the operational identities for these are of the form

OðM ∘TÞ ¼ ffαbygj
X
by

αbyM̃A
bjy ¼ 0Ag; ð63aÞ

OðT ∘PÞ ¼ ffαaxgj
X
ax

αaxρ̃
B
ajx ¼ 0Bg: ð63bÞ

Moreover, the sequential composition of the new multi-
measurement on system A, ffM̃A

bjygbgy, with the new

multi-source on system B, ffρ̃Bajxgagx, gives rise to a

measure-and-prepare multi-instrument, namely,

ẼBjA
abjxyð·Þ ≔ ρ̃BajxTr½M̃A

bjyð·Þ�: ð64Þ

Since this composite process is of the same type as the
given channel EBjA making up the prepare-transform-
measure scenario, there might exist a new operational
identity in the form of

FIG. 14. (a) A prepare-transform-measure circuit. (b) By box-
ing the channel together with the preparation or the measurement,
we can obtain a pair of prepare-measure circuits. At the top of the
figure, we depict the quantum circuits; at the bottom, we depict an
ontological model of each circuit.
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EBjA ¼
X
abxy

αabxyẼ
BjA
abjxy: ð65Þ

Such an identity exists if and only if EBjA lies in the linear

span of the set fẼBjA
abjxyð·Þ ¼ ρ̃BajxTr½M̃A

bjyð·Þ�gabxy with ρ̃Bajx
and M̃A

bjy given in Eq. (62). The operational identity of the
form of Eq. (65) will then be denoted by

OðT̃Þ ¼ ffαabxygjEBjA ¼
X
abxy

αabxyẼ
BjA
abjxyg: ð66Þ

Consequently, a prepare-transform-measure circuit is clas-
sically explainable if and only if one can reproduce the
quantum statistics via

pðabjxyÞ ¼
X
λAλB

pðbjyλBÞpðλBjλAÞpðaλAjxÞ; ð67Þ

where pðbjyλBÞ respects the identities implied by OðMÞ,
and pðaλAjxÞ respects the identities implied by OðPÞ.
Moreover, define

p̃ðbjyλAÞ ≔
X
λB

pðbjyλBÞpðλBjλAÞ; ð68aÞ

p̃ðaλBjxÞ ≔
X
λA

pðaλAjxÞpðλBjλAÞ: ð68bÞ

Here, p̃ðbjyλAÞ must satisfy the ontological identities
implied by OðM ∘TÞ, and p̃ðaλBjxÞ must satisfy the
ontological identities implied by OðT ∘PÞ, while
pðλBjλAÞ must satisfy the ontological identities implied
by OðT̃Þ. Explicitly, we require that for all λA, λB,X

by

αbypðbjyλBÞ ¼ 0; ∀fαbyg∈OðMÞ; ð69aÞ

X
ax

αaxpðaλAjxÞ ¼ 0; ∀fαaxg∈OðPÞ; ð69bÞ

X
by

αbyp̃ðbjyλAÞ ¼ 0; ∀fαbyg∈OðM ∘TÞ; ð69cÞ

X
ax

αaxp̃ðaλBjxÞ ¼ 0; ∀fαaxg∈OðT ∘PÞ; ð69dÞ

pðλBjλAÞ ¼
X
abxy

αabxyp̃ðbjyλAÞp̃ðaλBjxÞ

∀fαabxyg∈OðT̃Þ: ð69eÞ

The first two constraints here follow from linearity, while
the latter three follow from diagram preservation together
with linearity. Finally, we present a result that will be useful

for the characterization of nonclassical channels (the analog
of Proposition 1).
Proposition 4. Any prepare-transform-measure circuit

[as depicted in Fig. 14(a)] is classically explainable only if
the two prepare-measure circuits it induces by boxing the
transformation with the preparation or with the measure-
ments—the two cases depicted in Fig. 14(b)—are classi-
cally explainable.

B. The classical-nonclassical divide for channels

We turn now to the definition of classicality for a
channel, again obtained by particularizing Definition 3′.
Recalling that the most general dual process of a channel
from A to B is a comb with output A and input B and that
factorizing such a comb constitutes a preparation on A and
a measurement on B, we are led to consider a prepare-
transform-measure circuit of the type depicted in Fig. 14(a),
but where the range of preparations includes every possible
state on A and the range of measurements includes every
possible effect on B—a situation depicted in Fig. 6(f).
Definition 9. A channel is classical if and only if the

statistics generated by the set of circuits where it is con-
tracted with any state at its input and any effect at its output
(i.e., where the set ranges over all states and all effects) is
classically explainable (in the sense of Definition 1).
A useful result concerning the sufficient condition for

nonclassical channels (necessary condition for classical
channels) can be inferred from Proposition 4.
Proposition 5. A channel EBjA is classical only if the

image of every multi-source on A under EBjA is a classical
multi-source on B, and the image of every multi-measure-
ment on B under ½EBjA�† is a classical multi-measurement
on A.
It is straightforward to give a proof that is analogous to

that of Proposition 2. The result can also be understood as
following from Proposition 2 by leveraging Lemma 1
(which will be presented in Sec. VII) because the latter
result shows that the verdict regarding the nonclassicality of
a channel is the same as that regarding the bipartite state
that is Choi isomorphic to it.
However, the converse of Proposition 5 is yet unknown.

Instead, we show that whether a quantum channel EBjA is
classical or not can be characterized by the following
theorem, analogous to Theorems 2–4, which is proven in
Appendix J 2.
Define the operator spaces

VB ¼ Span½fEBjAðρAÞ∶ ρA ∈SðHAÞg�; ð70aÞ

VA ¼ Span½f½EBjA�†ðMBÞ∶ MB ∈MðHBÞg�: ð70bÞ

Note that since ½EBjA�† is a unital channel, VA must also
contain the identity operator 1A.
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Theorem 5. A channel EBjA: LðHAÞ ↦ LðHBÞ is
classical if and only if it admits a frame representation:

EBjAð·Þ ¼
X
λAλB

σBλBTr
�
HB

λB
EBjAðFA

λA
Þ�Tr½GA

λA
ð·Þ�; ð71Þ

where the frame on VA is a set of Hermitian operators
fFA

λA
gλA each with unit trace Tr½FA

λA
� ¼ 1, and the dual

frame on VA is a POVM fGA
λA
gλA satisfying

P
λA
GA

λA
¼

PVA
ð1AÞ ¼ 1A, while the frame on VB is a set of density

operators fσBλBgλB , and the dual frame on VB is a set
of Hermitian operators fHB

λB
gλB satisfying

P
λB
HB

λB
¼

PVB
ð1BÞ, with PVBðAÞ denoting the superoperator projecting

onto VBðAÞ, and such that

Tr
�
HB

λB
EBjAðFA

λA
Þ� ≥ 0; ∀λA; λB: ð72Þ

This condition is depicted in Fig. 15.
As a direct consequence, one can observe that a quantum

channel being classical implies it is entanglement breaking.
Corollary 9. If a channel is non-entanglement-breaking,

then it is nonclassical.
This also follows immediately from the fact that if a state

of a bipartite system is entangled, then it is nonclassical
(Corollary 7) together with the fact that nonclassicality
of processes is preserved under the Choi isomorphism
(Lemma 1, which will be presented further on in the article).
Although being entanglement breaking is a necessary

condition for classicality, it is not sufficient, as illustrated
by the following examples.
Example 6. The entanglement-breaking channel

EðXÞ ¼ Tr½j0ih0jX�j0ih0j þ Tr½j1ih1jX�j1ih1j
þ Tr½j2ih2jX�jþihþj þ Tr½j3ih3jX�j−ih−j ð73Þ

is nonclassical. This follows from Proposition 5 and the fact
that if the input to the channel is the source f1

4
jiihijg3i¼0,

then its output is the source f1
4
j0ih0j; 1

4
j1ih1j; 1

4
jþihþj;

1
4
j−ih−jg, which is the nonclassical source discussed in

Example 2. (Note that there does not exist a set of effects
that is mapped by the adjoint of this channel to a non-
classical set of effects, since any set of effects will get
mapped to a set of effects that are all diagonal in the same
eigenbasis, namely, fjiihijg3i¼0.)
Example 7. The entanglement-breaking channel

EðXÞ ¼ 1

2
½Tr½j0ih0jX�j0ih0j þ Tr½j1ih1jX�j1ih1j

þ Tr½jþihþjX�j2ih2j þ Tr½j−ih−jX�j3ih3j� ð74Þ

is also nonclassical. This follows from Proposition 5 and
the fact that if the output to the channel is composed with
the POVM fjiihijg3i¼0, then it defines an effective POVM
f1
2
j0ih0j; 1

2
j1ih1j; 1

2
jþihþj; 1

2
j−ih−jg, which is nonclassical

according to our Corollary 6.
An alternative proof of the nonclassicality of this channel

is to note that the channel is Choi isomorphic to the
nonclassical separable state in Example 5 and to leverage
the fact that nonclassicality is preserved under the Choi
isomorphism (Lemma 1).

VII. PROCESSES OF ARBITRARY TYPE

In this section, we derive results on the nonclassicality of
a general process that extends those in the previous
sections. We first present some necessary conditions for
classicality for the process of arbitrary type. Next, we
present a full characterization of such a classicality in terms
of a frame representation. Finally, we show that the
nonclassicality of any process can be deduced from the
nonclassicality of an associated multipartite state.
Here, the most general process we consider is a multi-

partite multi-instrument ffF B⃗jA⃗
cjz gcgz, which has a classical

setting variable z and a classical outcome variable c, takes a
set of quantum inputs labeled A⃗ ≔ ðA1;…; AnÞ and pro-
duces a set of quantum outputs labeled B⃗ ≔ ðB1;…; BmÞ.
This class subsumes multi-source, multi-measurement,
bipartite, multi-instrument, and multipartite versions of
each. We also refer the reader to Appendix K for the
generalization to N-combs [103].
This section introduces substantial notation to treat

processes of arbitrary type. Conceptually, however, the
results are very similar to those in Secs. V and VI B for
bipartite states and channels. Readers whowish to avoid the
notational overhead may focus on the main results—
Theorem 6, Proposition 6, Proposition 7, Corollary 10,
and Corollary 11 and consult the surrounding material only
as needed.

A. Classical explainability of a multipartite prepare-
transform-measure scenario

As preparation for our discussion of the nonclassicality

of a general multipartite multi-instrument ffF B⃗jA⃗
cjz gcgz,

FIG. 15. A quantum channel is classical if and only if it admits
a frame representation as shown on the right-hand side of the
diagrammatic equation, where the condition on the frame and
dual-frame operators are given in Theorem 5.

REASSESSING THE BOUNDARY BETWEEN CLASSICAL AND … PHYS. REV. X 16, 021050 (2026)

021050-23



we first consider the question of when a multipartite
prepare-transform-measure circuit involving a multi-instru-
ment, along with local preparations and local measure-
ments on the multipartite system, is classically explainable.
Specifically, we consider the circuit depicted in Fig. 16

where at the preparation stage, there is for each i∈ ½n� ≔
f1;…; ng, a multi-source PAi

i ≔ ffpðaijxiÞρAi
aijxigaigxi on

HAi , at the transformation stage there is a multipartite

multi-instrument TB⃗jA⃗ ≔ ffF B⃗jA⃗
cjz gcgz where F B⃗jA⃗

cjz :
Lð⊗i∈ ½n� HAiÞ ↦ Lð⊗j∈ ½m� HBjÞ, and finally, at the meas-
urement stage there is, for each j∈ ½m� ≔ f1;…; mg, a
local measurement M

Bj

j ≔ ffMBj

bjjyjgbjgyj . For such a cir-

cuit, quantum theory predicts the statistics

pða⃗ b⃗ cjx⃗ y⃗ zÞ ¼ Tr

�
ð⨂
j∈ ½m�

M
Bj

bjjyjÞF
B⃗jA⃗
cjz ð ⨂

i∈ ½n�
pðaijxiÞρAi

aijxiÞ
�
:

ð75Þ

Similar to earlier discussions of simpler quantum cir-
cuits, one can enumerate all operational identities among
the individual processes in the circuit. Specifically,

OðPiÞ ¼ ffαaixigj
X
aixi

αaixipðaijxiÞρAi
aijxi ¼ 0Aig; ð76aÞ

OðMjÞ ¼ ffαbjyjgj
X
bjyj

αbjyjM
Bj

bjjyj ¼ 0Bjg; ð76bÞ

OðTÞ ¼ ffαczgj
X
cz

αczF
B⃗jA⃗
cjz ¼ 0B⃗jA⃗g: ð76cÞ

There are additional operational identities in this circuit
arising from sequential compositions of the multipartite
multi-instrument with multi-states on different subsets of
the input systems and with multi-measurements on differ-
ent subsets of the output systems, respectively.
Specifically, for any sets I ⊆ ½n� and J ⊆ ½m� with

complementary sets I ≔ ½n�=I and J ≔ ½m�=J , we
denote B⃗J ≔ ðBjÞj∈J and B⃗J ≔ ðBjÞj∈J with analogous

notation for A⃗I , A⃗I , b⃗J , and x⃗I . We can define the effective

process (a transformation from A⃗I to B⃗J ) by

TB⃗J̄ jA⃗Ī ð·Þ¼ ⨂
j∈J

M
Bj

j ∘TB⃗jA⃗ ∘⨂
i∈I

PAi
i

≔ ffF̃ B⃗J̄ jA⃗Ī

a⃗I b⃗J cjx⃗I y⃗J z
ð·Þga⃗I b⃗J cgx⃗I y⃗J z

¼ffTrB⃗J
½MB⃗

b⃗J jy⃗J
F B⃗jA⃗

cjz ðρ̃A⃗I
a⃗I jx⃗I ⊗ ð·ÞÞ�gca⃗I b⃗J gzx⃗I y⃗J ;

ð77Þ

where we denote MB⃗
b⃗J jy⃗J

≔ ⊗j0 ∈J 1Bj0 ⊗ ⨂j∈JM
Bj

bjjyj

and ρ̃A⃗I
a⃗I jx⃗I ≔ ⊗i∈ I pðaijxiÞρAi

aijxi . For these effective proc-

esses, their operational identities are of the form

OðTJ jIÞ ¼
8<
:fαx⃗I y⃗J z

a⃗I b⃗J c
gj
X
x⃗I y⃗J z

a⃗I b⃗J c

α
x⃗I y⃗J z

a⃗I b⃗J c
F̃

B⃗
J
jA⃗

I

a⃗I b⃗J cjx⃗I y⃗J z
¼ 0B⃗J

jA⃗
I

9=
;;

ð78Þ
of which the operational identities in Eq. (76c) are a special
case with I ¼ J ¼ ∅.
In addition to these sequential compositions, parallel

compositions of the effective processes in Eq. (77) can
also lead to nontrivial operational identities. For instance,
given any disjoint collection of subsets of [m], fJ νgν, and
any disjoint collection of subsets of [n], fIνgν, such that
∪ν J ν ¼ ½m� and ∪ν Iν ¼ ½n�. Denote Iν ≔ ½n�=Iν and
J ν ≔ ½m�=J μ as the corresponding set-theoretic comple-
ments, there might exist nontrivial operational identities of
the form

X
cz

αczF
B⃗jA⃗
cjz

þ
X

fx⃗ν
Iν

y⃗ν
J ν

zνgν
fa⃗ν

Iν
b⃗ν
J ν

cνgν

α
fx⃗νIν y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν
⨂
ν
F̃

B⃗J̄ ν
jA⃗Īν

a⃗νIν b⃗
ν
J νc

νjx⃗νIν y⃗νJ ν
zν
¼ 0B⃗jA⃗; ð79Þ

where the superscript ν in cν, a⃗ν is an index to distinguish
different settings and outcomes in different parts of the

FIG. 16. (a) A multipartite prepare-transform-measure circuit
with local multi-measurements, local multi-sources, and a multi-
artite multi-instrument. (b) By boxing processes together, we can,
for instance, view this circuit as a unipartite prepare-measure
circuit on B1, or as a unipartite prepare-transform-measure circuit
from A1 to B1, where we denote b⃗1̄ ≔ fb2;…; bmg (and similarly
for a⃗1̄, x⃗1̄, and y⃗1̄). At the top of the circuit, we depict the quantum
circuit, and at the bottom, we depict their diagram-preserving
ontological model.
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composition. One can think of this kind of operational
identity as a generalization of Eqs. (38) and (65).
Since the new identity obviously includes the one in

Eq. (76c) as a special case, the sets of new operational
identities are

OðT̃Þ ≔
(
fαczg ∪ fαfx⃗

ν
Iν
y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν
gj
X
cz

αczF
B⃗jA⃗
cjz

þ
X

fx⃗ν
Iν

y⃗ν
J ν

zνgν
fa⃗ν

Iν
b⃗ν
J ν

cνgν

α
fx⃗νIν y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν
⊗
ν
F̃

B⃗
J ν

jA⃗
Iν

a⃗νIν b⃗
ν
J νc

νjx⃗νIν y⃗νJ ν
zν
¼ 0B⃗jA⃗

)
;

ð80Þ

where the coefficients fαczg and fα
fx⃗νIν y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν
g are not both

uniformly zero.
Consequently, the circuit in Fig. 16 is classically explain-

able if and only if one can reproduce the quantum statis-
tics via

pða⃗ b⃗ cjx⃗ y⃗ zÞ ¼
X
λB⃗λA⃗

pðcλB⃗jzλA⃗Þ
Y
j

pðbjjyjλBj
Þ

×
Y
i

pðaiλAi
jxiÞ; ð81Þ

where pðcλB⃗jzλA⃗Þ, fpðbjjyjλBj
Þgj, and fpðaiλAi

jxiÞgi
satisfy all the relevant ontological identities. Moreover,
for any choice of I ⊆ ½n� and J ⊆ ½m�, if we can define the
effective ontological processes associated with TB⃗

J
jA⃗

I as

pða⃗I b⃗J cλB⃗J̄
jx⃗I y⃗J zλA⃗Ī

Þ
¼
X

λB⃗J
λA⃗I

pðcλB⃗jzλA⃗Þ
Y
j∈J

pðbjjyjλBj
Þ
Y
i∈ I

pðaiλAi
jxiÞ; ð82Þ

then they must satisfy the following ontological identities
for all λB⃗; λA⃗:X
bjyj

αbjyjpðbjjyjλBj
Þ ¼ 0; ð83aÞ

X
aixi

αaixipðaiλAi
jxiÞ ¼ 0; ð83bÞ

X
x⃗I y⃗J z

a⃗I b⃗J c

α
x⃗I y⃗J z

a⃗I b⃗J c
pða⃗I b⃗J cλB⃗

J
jx⃗I y⃗J zλA⃗

I
Þ ¼ 0; ð83cÞ

X
fx⃗ν
Iν

y⃗ν
J ν

zνgν
fa⃗ν

Iν
b⃗ν
J ν

cνgν

α
fx⃗νIν y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν

Y
ν

pða⃗νIν
b⃗νJ ν

cνλB⃗
J ν

jx⃗νIν
y⃗νJ ν

zνλA⃗
Iν

Þ

þ
X
cz

αczpðcλB⃗jzλA⃗Þ ¼ 0 ð83dÞ

for all fαbjyjg∈OðMjÞ, fαaixig∈OðPiÞ, fαx⃗I y⃗J z
a⃗I b⃗J c

g∈
OðTJ jIÞ, and fαczg ∪ fαfx⃗

ν
Iν
y⃗νJ ν

zνgν
fa⃗νIν b⃗

ν
J νc

νgν
g∈OðT̃Þ.

It is, in general, very difficult to check all of these
identities and decide if the circuit is classically explainable;
however, the following proposition gives a necessary
condition for it to be classically explainable, which is
similar to the ones in Propositions 1 and 4.
Proposition 6. Any multipartite prepare-transform-

measure circuit [of the type depicted in Fig. 16(a)] is
classically explainable only if any circuit it induces by
boxing the transformation with any subset of local prep-
arations and/or local measurements [as depicted in
Fig. 16(b)] is classically explainable.

B. The classical-nonclassical divide for
a general process

One can always box the multipartite multi-instrument
together with local preparations on all input subsystems
and local measurements on all but one of the output
subsystems, as depicted in Fig. 16(b), to obtain an effective
preparation on the remaining output subsystem. Similarly,
one can always box the multipartite multi-instrument with
local measurements on all output subsystems and local
preparations on all but one of the input subsystems to
obtain an effective measurement on the remaining input
subsystem. In this way, a multipartite prepare-transform-
measure scenario defines a number of effective prepare-
measure scenarios. Applying Proposition 6, we obtain
the following necessary condition for nonclassicality of a
multipartite multi-instrument.
Proposition 7. A multipartite multi-instrument

ffF B⃗jA⃗
cjz gcgz is classical only if every multi-source on

quantum output Bj that is obtained by contracting it with
a multi-measurement on each of the remaining quantum
outputs and a multi-source on each of the quantum inputs is
classical, and every multi-measurement on quantum input
Ai that is obtained by contracting it with a multi-source on
each of the remaining quantum inputs and a multi-meas-
urement on each of the quantum outputs is classical.
The proof is similar to that of Proposition 2. If the

multipartite multi-instrument is classical, then the circuit
where it is contracted with the full set of product effects and
the full set of product states [depicted in Fig. 16(a)] is
classically explainable. By Proposition 6, this implies that
all prepare-measure circuits induced by boxing the prepare-
transform-measure circuit [e.g., Fig. 16(b)] are classically
explainable, which indicates that the multi-states and multi-
measurements that appear in the prepare-measure circuit
are classical in the sense of Definitions 5 and 6. However,
whether the converse is true is yet unknown.
Similar to Theorems 2–5, we here provide the necessary

and sufficient characterization of classicality for multipartite
multi-instruments, which is given by the following theorem.
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Define VBj
as the operator space spanned by all possible

states on HBj that can be generated by ffF B⃗jA⃗
cjz gcgz when it

is boxed with local preparations on all subsystems fAigni¼1

and local measurements on all subsystems but subsystem
Bj. Specifically,

VBj
≔ Span(fTrB⃗j̄

½ð1Bj ⊗ MB⃗j̄ÞF B⃗jA⃗
cjz ðρA⃗Þ�gc;z); ð84Þ

with ρA⃗ ¼⊗i∈ ½n� ρAi ranging over all ρAi ∈SðHAiÞ, and
MB⃗j̄ ¼⊗j0≠j M

Bj0 ranging over all MBj0 ∈MðHBj0 Þ.
Similarly, define VAi

as the operator space spanned by all
possible effects on HAi that can be generated by

ffF B⃗jA⃗
cjz gcgz when it is boxed with local measurements

on all subsystems fBjgmj¼1 and local preparations on all
subsystems but Ai. Specifically,

VAi
≔ Span(fTrA⃗ī

½ð1Ai ⊗ ρA⃗īÞ½F B⃗jA⃗
cjz �†ðMB⃗Þ�gc;z); ð85Þ

with ρA⃗ī ¼⊗i0≠i ρ
Ai0 ranging over all ρAi0 ∈SðHAi0 Þ, and

MB⃗ ¼⊗j∈ ½m� MBj ranging over all MBj ∈MðHBjÞ.
Theorem 6. A multipartite multi-instrument ffF B⃗jA⃗

cjz gcgz,
where F B⃗jA⃗

cjz : Lð⊗n
i¼1 H

AiÞ ↦ Lð⊗m
j¼1 H

BjÞ, is classical if
and only if it admits a frame representation

F B⃗jA⃗
cjz ð·Þ ¼

X
λA⃗λB⃗

⊗
j
σ
Bj

λBj
Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i

× Tr
h
ð⊗
i
GAi

λAi
Þð·Þ
i
; ð86Þ

where the frame on the operator space VBj
is a fixed set

of density operators fσBj

λBj
gλBj , and the dual frame is a set of

Hermitian operators fHBj

λBj
gλBj satisfying

P
λBj

H
Bj

λBj
¼

PVBj
ð1BjÞ; the frame on the operator space VAi

is a set

of Hermitian operators fFAi
λAi
gλAi satisfying Tr½FAi

λAi
� ¼ 1,

and the dual frame is a POVM fGAi
λAi
gλAi satisfyingP

λAi
GλAi

¼ PVAi
ð1AiÞ ¼ 1Ai , with PVBjðAiÞ

denoting the

superoperator projecting onto VBjðAiÞ, and such that

Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i
≥ 0; ∀λA⃗; λB⃗; c; z: ð87Þ

Such a frame decomposition is depicted diagrammati-
cally in Fig. 17. The proof of this theorem is similar to that
of Theorems 4 and 5, and is outlined in detail in
Appendix J 3 for completeness.

As a direct corollary of Theorem 6, we obtain the
following necessary condition for the classicality (sufficient
condition for the nonclassicality) of a multipartite state.
Corollary 10. A multipartite state is classical only if it is

separable.
Moreover, as another direct corollary of Theorem 6,

another necessary condition for the classicality of a
multipartite state can be found in a manner analogous to
Proposition 7.
Corollary 11. A multipartite state ρA1;…;AN is classical

only if, for every party Ai, any multi-sources on Ai obtained
by contracting the multipartite state ρA1;…;AN with any
multi-measurements on the other parties Ai0 ≠ Ai is
classical.
In the multipartite case (just as in the bipartite case),

separability is necessary but not sufficient for classicality.
That is, there exist multipartite states that are not entangled
across any partition but that are nonetheless nonclassical
according to our proposal. It suffices to consider multi-
partite generalizations of Example 5.
One can also find tripartite qubit separable states whose

steering assemblages are nonclassical on every party (recall
that by contrast, as shown in Proposition 3, any bipartite
qubit separable state is classical).
Example 8. Given a tripartite state defined as

ρA1A2A3 ¼ 1

4
ðj000ih000j þ j −þ1ih−þ 1j ð88Þ

þ j1 −þih1 −þj þ j þ 1−ihþ1 − jÞ; ð89Þ

there exist measurements on any two subsystems that steer
the remaining system to a set of states that is nonclassical.
In particular, if any two parties each perform the BB84
measurement, which is associated with the POVM
f1
2
j0ih0j; 1

2
j1ih1j; 1

2
jþihþj; 1

2
j−ih−jg, then they steer the

third party’s system to the ensemble containing the unnor-
malized states

FIG. 17. A multipartite multi-instrument is classical if and only
if it admits a frame representation as shown on the right-hand side
of the equation, where the condition on the frames and dual
frames are given in Theorem 6.
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3
ρx þ
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�
;
3

64



1

3
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∪
�
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5
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1
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x
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3

5
τy þ

1

5
1

�
;
5

64



1

5
τy þ

2

5
1

��
y
; ð90Þ

where x and y are binary variables with fρxgx ¼
fj0ih0j; j1ih1jg and fτygy ¼ fjþihþj; j−ih−jg. This
ensemble can be shown to be nonclassical using the
semidefinite program given in Ref. [72].
The tripartite state above is the uniform mixture of the

four product states that have been shown to exhibit “non-
locality without entanglement” [104]. These product states
form an unextendible product basis and cannot be perfectly
distinguished by measurements implementable using local
operations and classical communication (LOCC).
An interesting open question is whether, when assessing

the nonclassicality of a multipartite state, it suffices to
consider the nonclassicality of the multi-sources to which
one can steer on each subsystem of the full partition. We
have not managed to settle this question one way or the
other. If considering single-party steering possibilities does
suffice, this will greatly simplify the task of characterizing
nonclassicality of multipartite states (and hence, general
processes). If it does not, then this will constitute a new way
in which the nonclassicality of a state can be judged to be
genuinely multipartite [4,105–107].

C. Nonclassicality of a process via the nonclassicality
of an associated multipartite state

Now, we will demonstrate how the nonclassicality of a
multipartite multi-instrument can be deduced by analyzing
the nonclassicality of an associated multipartite state.
Theorem 7. For any quantum process, define its unique

associated multipartite state by
(i) applying the Choi isomorphism to all of its quantum

inputs,
(ii) applying flag convexification to all of its classical

inputs (setting variables),
(iii) reconceptualizing all of its classical outputs (out-

comes) as dephased quantum outputs.
The process is nonclassical if and only if its associated
multipartite state is nonclassical.
This theorem follows from three lemmas.
The first lemma states that verdicts concerning the

nonclassicality of a given process is preserved under the
Choi isomorphism. [This is analogous to how any resource
in the resource theory of local operations and shared
randomness (LOSR) can always be transformed via
LOSR operations into a process with only classical outputs
and quantum inputs in such a way that the property of being
nonfree is preserved [3].]

Lemma 1. The state that is Choi isomorphic to a given
process is nonclassical if and only if the process itself is
nonclassical.
This is proven in Appendix L.
Hence, to decide nonclassicality, one can first map any

process to one with no quantum inputs using the Choi
isomorphism. This is depicted in Fig. 18. This connection
enables, e.g., characterizations of nonclassicality for bipar-
tite states to be transferred to channels and those for uni-
partite sources to be transferred to unipartite measurements.
The second lemma states that the verdict about the

nonclassicality of a given process is preserved under
mapping a classical input (a setting variable) into a classical
output (an outcome variable) via flag convexification, a
notion introduced in Ref. [31]. In flag convexification, the
classical input variable is sampled from a full-support
probability distribution, then copied, and the copy becomes
a classical output variable. We depict an example of this
on the right-hand side of Fig. 19. (In this example and
henceforth, we take the probability distribution in question
to be the uniform distribution, although our results hold just
as well for any other full-support distribution.)
Lemma 2. The image of a given process under flag

convexification of its classical input is nonclassical if and
only if the process itself is nonclassical.
The proof follows from facts about the ontological

representation of flag convexification described in
Refs. [31,66]. Specifically, it follows from the fact that
all that changes when one moves from a given process to its

FIG. 18. As an example of Lemma 1, a channel EBjA is non-
classical if and only if the Choi-isomorphic bipartite state ρBAE ¼
ðEBjA ⊗ 1AÞjΨþihΨþjAA is nonclassical. (Here, the second A
denotes the isomorphic copy used in the Choi construction).

FIG. 19. As an example of Lemma 2, a multi-measurement
ffMcjzgcgz is nonclassical if and only if the single measurement
fM̃c;zgc;z obtained from flag convexification of the setting
variable z is nonclassical. Assuming the uniform distribution
for sampling, we have M̃c;z ¼ ð1=jZjÞMcjz.
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flag-convexified counterpart is that it is rescaled by a
constant factor, and so an ontological representation of
the given process can simply be rescaled by the same
constant factor to give an ontological representation of the
flag-convexified process. This lemma also follows from
the fact that the frame-representation characterization of the
classicality of a process (as in Theorem 6) is preserved
under flag convexification of the setting variable.
The third lemma states that the nonclassicality of a

process does not depend on whether or not one recon-
ceptualizes its classical output (its outcome) as a quantum
output that is dephased in a fixed basis.
Lemma 3.Whether or not a process is nonclassical (in the

sense of Definition 3′) is independent of whether one
reconceptualizes its classical outputs as dephased quantum
outputs.
This is proven in Appendix L and an example is depicted

in Fig. 20.
(In the next section, we show that the analogous result is

also true for classical inputs.)
Theorem 7 follows immediately by combining these

three lemmas as depicted in Fig. 21. This implies that
characterizations of nonclassicality of arbitrary multipartite
states can be transferred to the characterization of the
nonclassicality of arbitrary processes in quantum theory.

VIII. CONSISTENCY UNDER
RECONCEPTUALIZING SETTINGS AND

OUTCOMES AS DEPHASED QUANTUM SYSTEMS

A basic consistency condition for any notion of classi-
cality is that it should not depend on the theorist’s
representational choices. In particular, it should not depend
on whether one represents the settings and outcomes of a
given process in the conventional manner, as classical
variables, or as quantum systems that are dephased in an
appropriate basis. This is an instance of the principle of cut
motility which is introduced and defined in Ref. [108] as
follows: For any physical theory purporting to have
universal applicability, describing an experimental phe-
nomenon typically involves making a cut between (i) the
systems that are modeled explicitly within the theory and

are the objects of interventions (preparations, measure-
ments, transformations), and (ii) the systems that make up
the devices that implement these interventions. A theory is
said to satisfy the principle of cut motility if its predictions
are independent of the placement of the cut.
The notion of classicality we have introduced here

satisfies this consistency condition. In the case of recon-
ceptualization of classical outputs, Lemma 3 already gives
the result, and we can use the three lemmas from the
previous section to extend this result to reconceptualization
of classical settings, following the logic shown in Fig. 22.
Although this kind of consistency may seem quite basic,

naïve attempts to stitch together different notions of
classicality found in the literature can fail to be consistent
in this manner and so can fail to provide a unified notion of
classicality.
Consider a multi-state on a bipartite system, as shown in

the left-hand side of Fig. 23. If one endorses the view that
entanglement is necessary for nonclassicality of a bipartite
state (call this the nonclassical-only-if-entangled view), it is
reasonable to endorse the view that the nonclassical
bipartite multi-states are all and only those for which there
is at least one value of the setting variable that yields an
entangled state. Now consider any bipartite multi-state for
which the output system C is dephased in some basis.
Taking the nonclassical-only-if-entangled view would
imply that such a “one-output-dephased” process must be
considered classical.
But the type of process just described can also be

conceptualized as a multi-source on a unipartite system.
Specifically, the dephased quantum system C can be
reconceptualized as the classical outcome c of a multi-
source on A. This is depicted on the right-hand side

FIG. 20. As an example of Lemma 3, a source fpðcÞρAc gc is
nonclassical if and only if the bipartite state ρ̃CA ¼P

c pðcÞjcihcjC ⊗ ρAc obtained by treating its classical outcome
as a dephased quantum output, is nonclassical. Here, the
dephased quantum output is represented by preparing one of
the orthogonal set of states fjcihcjgc on system C conditional on
the classical outcome c.

FIG. 21. A multi-instrument ffFBjA
cjz gcgz is nonclassical

if and only if the associated multipartite state ρZCBA ¼P
czð1=jZjÞpðcjzÞjzihzjZ ⊗ jcihcjC ⊗ ρBAcjz is nonclassical,

where pðcjzÞρBAcjz ¼ ðFBjA
cjz ⊗ 1AÞjΨþihΨþjAA.
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of Fig. 23. Now recall that there is a conventional notion of
nonclassicality for a special class of multi-sources (those
obtained in a steering scenario), namely, steerability [84].
Consequently, some processes of this type (namely, the
steerable ones, or equivalently, the LOSR-nonfree ones
[3,88]) will be judged to be nonclassical under this view.
In this way, the consistency criterion may be violated.

Note that regardless of whether anyone has ever endorsed

this pair of type-specific notions of nonclassicality, they
appear very reasonable at first glance and yet they fail the
consistency test. A concrete example of this type is as
follows.
Example 9. Consider the following multi-source on a

unipartite system (i.e., assemblage):��
1

2
j0ih0j; 1

2
j1ih1j

�
;

�
1

2
jþihþj; 1

2
j−ih−j

��
:

Note that it is a steerable assemblage. If one treats the
classical outcome variable as a dephased quantum output,
the process is reconceptualized as a multi-state on a
bipartite system, namely, the one associated with the set
of bipartite states fρ1; ρ2g, where

ρ1 ¼
1

2
j0ih0j ⊗ j0ih0j þ 1

2
j1ih1j ⊗ j1ih1j; ð91Þ

ρ2 ¼
1

2
j0ih0j ⊗ jþihþj þ 1

2
j1ih1j ⊗ j−ih−j: ð92Þ

Note that both of these states are separable. If one takes
the view that the classical-nonclassical divide for a multi-
source is the unsteerable-steerable divide, then one will
judge the process to be nonclassical. Meanwhile, if one
takes the view that a multi-state on a bipartite system is
nonclassical only if it yields an entangled state for at least
one value of the setting variable, then one will judge the
process to be classical [109].
Example 9 therefore illustrates how seemingly reason-

able views about the classical-nonclassical divide for
different types of processes need not satisfy our consistency
criterion. It follows that achieving such a consistency is not
trivial, and that if one is proposing a unified notion of
nonclassicality, one should check for such a consistency.
(It is worth noting that the notion of resourcefulness in
the LOSR resource theory is indeed consistent in this
sense [3].)
For the unified notion of nonclassicality proposed in this

paper, the process in Example 9 above is found to be
nonclassical regardless of how it is conceptualized. Indeed,
the requirement of consistency in this example provides
further evidence that containing only separable states is
not a sufficient condition for a bipartite multi-state to be
considered classical.
A second example of how seemingly reasonable type-

specific notions of nonclassicality can fail to satisfy the
consistency criterion is as follows.
Consider a multi-channel, as shown in the left-hand side

of Fig. 24. If one holds the view that for bipartite states,
being entangled is necessary for nonclassicality, then it is
also reasonable to take the view that for channels, being
non-entanglement-breaking is necessary for nonclassical-
ity. Furthermore, it is reasonable to then endorse the
following view of nonclassicality for multi-channels:

FIG. 22. The proof that nonclassicality is preserved under
reconceptualizing classical inputs and outputs as dephased
quantum outputs. The implication described by the vertical
arrow follows from the identity Tr2½ð1 ⊗ jzihzjÞjΨþ

jZjihΨþ
jZjj� ¼

ð1=jZjÞjzihzj, where jΨþ
jZji ¼ ð1= ffiffiffiffiffiffijZjp ÞPjZj

z¼1 jzijzi.

FIG. 23. Example of a challenge to the consistency criterion
when reconceptualizing a classical outcome as a dephased
quantum output. (a) A multi-state on a bipartite system; (b) a
multi-source on a unipartite system. We can obtain an instance of
the former from an instance of the latter by reconceptualizing the
classical outcome as a dephased quantum output. Every bipartite
multi-state obtained in this way contains only separable states,
such that if one adopted the conventional view that entanglement
is necessary for nonclassicality, it would be deemed classical.
Meanwhile, if the unipartite multi-source is of the steerable
variety, then under the conventional view that steerability is
sufficient for nonclassicality, the same process would be judged
to be nonclassical.
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The nonclassical multi-channels are all and only those for
which the set of channels accessible by variation of the
setting variable contains at least one that is non-entangle-
ment-breaking.
Now consider any multi-channel from A to C for which

the output system C is dephased in some basis. Under the
view just described, such a process must be considered
classical.
But the type of process just described can also be

conceptualized as a multi-measurement on a unipartite
system. Specifically, the dephased quantum system C can
be reconceptualized as the classical outcome c of a multi-
measurement on A. This is depicted on the right-hand side
of Fig. 24.
Now recall that a conventional view about the classical-

nonclassical divide for multi-measurements (equivalently,
sets of measurements) is that incompatibility is necessary
for nonclassicality. Consequently, some of the multi-mea-
surements that correspond to a multi-channel with a
dephased output will be judged to be nonclassical under
this view.
In this way, the consistency criterion may be violated.

The following provides a concrete example.
Example 10. Consider the following multi-measurement

(equivalently, set of measurements):

ffj0ih0j; j1ih1jg; fjþihþj; j−ih−jgg:

Note that the two measurements in this set are incompat-
ible. If one treats the classical outcome variable as a
dephased quantum output, the process is reconceptualized
as a multi-channel, namely, the one associated with the set
of channels fE1; E2g, where

E1ð·Þ ¼ Tr½j0ih0jð·Þ�j0ih0j þ Tr½j1ih1jð·Þ�j1ih1j; ð93Þ

E2ð·Þ ¼ Tr½jþihþjð·Þ�j0ih0j þ Tr½j−ih−jð·Þ�j1ih1j: ð94Þ

Note that both of these channels are entanglement
breaking.
If one takes the view that the classical-nonclassical

divide for a multi-measurement is the compatible-
incompatible divide, then one will judge the process to
be nonclassical. Meanwhile, if one takes the view that a
multi-channel is nonclassical only if it yields a non-
entanglement-breaking channel for at least one value of
the setting variable, then one will judge the process to be
classical.
Again, we see that seemingly reasonable views about the

classical-nonclassical divide for different types of processes
need not satisfy our consistency criterion.
For the unified notion of nonclassicality proposed here,

the process in Example 10 is found to be nonclassical
regardless of how it is conceptualized. This possibility
follows from the fact that, relative to our notion, incom-
patibility in a multi-measurement is a sufficient condition
for nonclassicality, and a multi-channel can be deemed
nonclassical even if all the channels it contains are
entanglement breaking [110].

IX. RELATED WORKS

Another approach to defining a classical-nonclassical
divide in a manner that follows a unified principle which
applies across a wide range of types of processes is the
type-independent resource theory presented in Refs. [3,4].
This approach defines a notion of nonclassicality of
common cause, which applies to processes such as multi-
partite states, multipartite boxes (i.e., processes with only
classical inputs and classical outputs), assemblages, and so
on. However, the classical-nonclassical divide defined by
this approach is trivial for unipartite processes, and it is
moreover not clear how to generalize this approach to
arbitrary causal structures (although first steps were dis-
cussed in Appendix A. 3 of Ref. [2]).
It is nonetheless useful to contrast this approach with the

one we propose here. One way to understand the relation-
ship between the two is that classicality, as defined in the
LOSR approach, demands that the ontological accounts of
the statistics have a causal structure that mirrors that of the
quantum circuit (an instance of the assumption of diagram
preservation), while the approach described here demands,
in addition, that the ontological representation map be
linear. This stronger assumption is motivated by the
principle of generalized noncontextuality and implies that
the set of processes that is found to be nonclassical is
broader than the set that is found when one does not assume
linearity. For instance, there are processes on unipartite
systems that are judged to be nonclassical.

FIG. 24. Another example of a challenge to the consistency
criterion when reconceptualizing a classical outcome as a de-
phased quantum output. (a) A multi-channel; (b) a multi-
measurement. We can obtain an instance of the former from
an instance of the latter by reconceptualizing the classical
outcome as a dephased quantum output. Every multi-channel
obtained in this way contains only entanglement-breaking chan-
nels, such that if one adopted the conventional view that for
channels, being non-entanglement-breaking is necessary for
nonclassicality, the multi-channel would be deemed classical.
Meanwhile, if the multi-measurement contains incompatible
measurements, then, under the conventional view that such an
incompatibility is sufficient for nonclassicality, the same process
would be judged to be nonclassical.

ZHANG, SCHMID, YĪNG, and SPEKKENS PHYS. REV. X 16, 021050 (2026)

021050-30



One may also wonder how our results are consistent with
certain foils to quantum theory, such as the stabilizer
subtheory of qutrits and Gaussian quantum mechanics,
which exhibit entanglement, incompatibility, and steering
despite being classically explainable [6,112] (i.e., despite
being consistent with a generalized-noncontextual onto-
logical model). This does not conflict with our results
because these foil theories are subtheories of quantum
theory that contain a strict subset of the states and measure-
ments allowed in quantum theory, and the notion of classi-
cality proposed here depends on considering all possible
dual processes allowed in the theory, which will be different
in these subtheories compared to quantum theory.
Extending our analysis of nonclassicality from quantum

theory to more general GPTs, and using this to characterize
different theories—in the spirit of the GPT reconstructions
of quantum theory—is a natural and interesting direction
for future work.
Several previous works [33,113,114] also studied the

properties of a bipartite state that are pertinent to its ability
to support a proof of generalized contextuality, in the
following sense. In a steering scenario for a bipartite system
A1A2, if one considers implementing any local measure-
ment on A1, the bipartite state on A1A2 induces a multi-
source on A2. This multi-source, together with an arbitrary
measurement on A2 constitutes a prepare-measure circuit,
and one can ask whether the statistics of this prepare-
measure circuit admit of a noncontextual ontological
model. In particular, these prior works have studied the
connection between these sorts of properties of a bipartite
state and their entanglement properties, steering properties,
and nonlocality properties.
However, none of these works considered the full set of

operational identities in the bipartite scenario [listed in
Eq. (42)], which is essential if one wishes to define or fully
characterize the classicality of a bipartite state in the sense
of finding necessary and sufficient conditions. Essentially,
all these works consider the prepare-measure scenario
induced by steering from one party to another. Conse-
quently, they consider only the operational identities
OðM1 ∘PÞ and OðM2Þ (or a subset thereof), while omitting
the identities that arise when considering the preparation
steered in the opposite direction, from A2 to A1, namely,
OðM2 ∘PÞ and OðM1Þ, and while also omitting the
identities OðP̃Þ defined in Eq. (38).
To be more specific, the work by Tavakoli and Uola

[115] considers only the operational identities in OðM2Þ
and a subset of the operational identities in OðM1 ∘PÞ,
namely, those implied by the no-signaling principle. The
results of Wright and Farkas [57] rely on a still smaller set
of operational identities, including those following from no
signaling, together with a subset of the operational iden-
tities in OðM2Þ, specifically those arising from the nor-
malization condition

P
b Mbjy ¼

P
b Mbjy0 . Plávala and

Gühne [113], in comparison, do consider all operational

identities in the prepare-measure scenario induced by
steering from A1 to A2, but they do not consider all oper-
ational identities on the full bipartite scenario, in particular,
not the operational identities OðP̃Þ defined in Eq. (38).
Because these earlier works impose fewer constraints on

the ontological model than we do here, the results they
derive do not fully characterize the classical-nonclassical
divide for bipartite states according to our proposal. This is
consistent with statements in many of those works, which
explicitly state that the results merely provide necessary but
not sufficient conditions for noncontextual realizability.
The one exception to this is Theorem 2 in Ref. [33], whose
statement suggests that it leverages all ontological con-
straints that follow from the assumption of noncontextual-
ity in the scenario under study, when in fact it does not. We
discuss this further in Ref. [72].
In a companion paper [73], we also consider the

sufficient conditions for nonclassicality implied by differ-
ent subsets of the set of all constraints that arise from
noncontextuality in bipartite Bell scenarios, and we show
that for some particularly simple choices of these subsets,
one singles out local, unsteerable, and entangled states.

X. CONCLUSION

In this work, we proposed a definition of the classical-
nonclassical divide for individual quantum processes.
There are many avenues for future work.
If one seeks only sufficient conditions for nonclassicality

of a given process, then rather than considering the classical
explainability of the set of circuits induced by composing it
with all dual processes, it suffices to show the failure of
classical explainability for a subset of dual processes. One
can consider the partial order of such subsets as a means to
understand what is required to witness nonclassicality. For
instance, one could seek to find the least elements in this
partial order.
Another important question which we study in forth-

coming work [116] is how classicality behaves under
composition. For example, we prove therein that the
composition of two classical processes (either in parallel
or in sequence) is always classical; that is, there exists no
superactivation of nonclassicality.
This work focused on the decision problem regarding the

classical-nonclassical divide: assessing whether a given
process is classical or nonclassical. An important open
problem is that of quantifying the degree of nonclassicality
according to the approach introduced here.
In a companion paper [72], we give some basic tools for

doing so for multi-sources and multi-measurements, based
on specific measures of how robust a given process is
to noise.
The most principled and informative approach to the

quantification problem, however, is to pursue it within the
framework of resource theories [117]. Roughly speaking,
one expects that the correct choice of the divide between
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free and nonfree resources in the resource theory should
follow from the divide between classical and nonclassical
processes.
One can already recognize some aspects that such a

resource theory will satisfy. For example, it will not be
convex, since (for example) any set of product states is
classical, while some separable states are nonclassical.
Similarly, the convex combination of two classical mea-
surements can result in a nonclassical measurement. One
way to understand this nonconvexity is to note that the
process of mixing can introduce new operational identities,
and hence new constraints on the ontological model, which
in turn can activate nonclassicality.
Moreover, this work opens new possibilities for con-

structing a resource theory of nonclassicality based on
nonrealizability by a noncontextual ontological model; for
instance, it could be used to define a resource theory in
which the objects under study (the resources) are them-
selves individual quantum processes. Prior to this work,
it seemed that the resources would need to be more
complicated mathematical objects (such as sets of states
together with sets of effects, or sets of states together
with operational equivalences among these; see, for
example, Ref. [67]).
An example of a potential application of such a resource

theory is to give a resource-theoretic account of the simul-
taneous self-testing of the nonclassicality in the bipartite
state and in the local measurements of a Bell scenario. This
cannot be achieved in the LOSR approach to quantifying
nonclassicality, because although it can yield a resource-
theoretic account of self-testing for the bipartite state, as
described in Ref. [4], it cannot yield a resource-theoretic
characterization of self-testing for the local measurements,
since all local measurements are taken to be free in the
LOSR resource theory.
In the Introduction, we noted that the problem of under-

standing the scope of quantum-over-classical advantages
for various tasks motivates understanding the classical-
nonclassical divide. In recent years, it has become apparent
that the framework of resource theories provides a par-
ticularly powerful perspective on this problem. Under-
standing quantum-over-classical advantages, therefore,
provides another motivation for developing a unified
resource theory of nonclassicality, i.e., one wherein the
notion of freeness is defined in a manner that can be
particularized to any type of process. Furthermore, by
leveraging the similarity of the structure of nonclassical
resources for processes of different types (for instance,
multi-sources and multi-measurements), a known quan-
tum-over-classical advantage in one task might be used to
infer an advantage in a distinct task.
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APPENDIX A: FRAME REPRESENTATIONS

Consider a complex Hilbert space H with some finite
dimension d. The Hermitian operators HermðHÞ on H
form a real vector space of dimension d2 with the
Hilbert-Schmidt inner product hA; Bi ≔ Tr½AB� for
A;B∈HermðHÞ.
Therefore, some standard vector space concepts can be

applied to the operator space. For instance, it is well known
that a basis of a vector space uniquely defines a dual basis
in the dual vector space (i.e., the space of functionals on the
vector space). We will leverage this fact, but in a slightly
different form.
Lemma 4. Given any basis fFλgλ for a d2-dimensional

real vector space HermðHÞ of Hermitian operators on a
Hilbert space H, there is a unique set fDλgλ of d2

Hermitian operators satisfying

TrðDλ0FλÞ ¼ δλ;λ0 ; ðA1Þ

and fDλgλ also forms a basis for HermðHÞ.
Proof. Consider any basis fFλgλ of HermðHÞ. It

uniquely specifies a basis fDλgλ of the dual vector space
HermðHÞ�, where fDλgλ are linear functionals satisfying
Dλ0 ðFλÞ ¼ δλ;λ0 . To see that this is unique, consider a linear
functional D0

λ0 satisfying D0
λ0 ðFλÞ ¼ δλ;λ0 for all λ. Since a

linear functional is fully specified by its action on a basis,
D0

λ0 is the exact same functional as Dλ0 . Now, in order to
obtain again a set of Hermitian operators fDλgλ, we use the
Riesz representation Theorem [118], which states that each
of these linear functionals Dλ can be written as the Hilbert-
Schmidt inner product with a unique Hermitian operator
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Dλ, namely, Dλð·Þ ¼ Tr½ð·ÞDλ�. This picks out a unique
basis fDλgλ which satisfies Eq. (A1). ▪
More generally, one can define a frame and a dual frame

as a generalization of the notion of a basis and a dual
basis [119], where the vectors in both the frame and the
dual frame are assumed to be spanning, but may or may not
be linearly independent [119]. If fFλgλ and fDλgλ denote a
frame and a dual frame in HermðHÞ, respectively, then it
follows that, for any A∈HermðHÞ, one has

A ¼
X
λ

Tr½ADλ�Fλ;

A ¼
X
λ

Tr½AFλ�Dλ: ðA2Þ

These reconstruction equations show explicitly how
every vector in the space can be expanded in terms of
the spanning frame operators or the spanning dual-frame
operators. Note that, unlike dual bases, dual frames are
not necessarily unique. A detailed exploration of frames,
dual frames, and their applications in quantum infor-
mation science lies beyond the scope of this paper. For a
more comprehensive introduction, we refer the reader
to Ref. [119].

APPENDIX B: OPERATIONAL IDENTITIES
IN A QUANTUM CIRCUIT

In Sec. II C of the main text, we discussed the classical
explainability of a given prepare-transform-measure circuit,
an analysis that relies on enumerating all operational
identities in the quantum circuit. In this appendix, we
make explicit the assumptions underlying that enumeration
and justify why, under these assumptions, the operational
identities listed in Sec. II C are the only ones that are
relevant. We also briefly explain how this family of
operational identities would change under alternative mod-
eling choices, and why we do not adopt those alternatives in
our analysis.
When assessing classical explainability, one must

account for all operational identities implied by linearity
and diagram preservation. Concretely, one should (i) con-
sider all quantum processes obtainable via finite parallel
and sequential compositions of the set of processes under
consideration, since, in principle, each such composite
process can be inferred from the experimental statistics, and
(ii) group these processes according to their quantum input
and output system types, since an operational equivalence
condition can hold only among processes that have the
same quantum inputs and outputs.
The prepare-transform-measure scenario discussed in

Sec. II C contains a multi-state on system A: fρA·jxgx, a
multi-channel from system A to B: fEBjA

·jz gz, and a meas-

urement on system B: fMB
bgb, as depicted in Fig. 3.

Considering arbitrary compositions of these processes

leads one to consider also a multi-state on system B:
fρ̃B·jxzgxz, a multi-measurement on system A: ffM̃A

bjzgbgz,
and a measure-and-prepare instrument from system A to B:

ffẼBjA
b00jz0x0z00gbgxz. The operational identities among these

processes are described in Eqs. (3), (5), (7), (10), and (12)
in Sec. II C.
Under the assumption that A and B are distinct system

types, the list above is indeed the set of all operational
identities. In particular, it does not include any that refer to
measure-and-prepare channels constructed by composing
states ρA·jx and effects MB

b . This is the case since the only
operational identities on these measure-and-prepare chan-
nels from B to A are implied by those holding among the
individual states and among the individual effects. Unlike
in the case of channels from A to B, there are no other
possible channels from B to A within this scenario that
could be combined with these measure-and-prepare chan-
nels to lead to new operational identities.
In principle, one could also consider the case where A

and B have the same system type. In this case, additional
operational identities can arise, for example, relating ρAx and

EBjA
·jz ðρA·jxÞ, MA

b and ½EBjA
·jz �†ðMA

bÞ, or involving sequential
compositions of the channels themselves (note that such
sequential compositions are not possible if the system types
A and B are distinct).
Throughout the main text, we assume that any two

distinct quantum inputs and outputs belong to different
system types. This choice is motivated by the problem of
gauge freedom from GPT tomography and gate-set tomog-
raphy [73,120,121]. Specifically, in self-consistent tomog-
raphy, one does not obtain a unique output of the processes
in a quantum circuit; rather, one obtains an equivalence
class of representations related by invertible linear trans-
formations on each system, which are referred to as tomo-
graphic gauge freedoms, following Ref. [121]. Without
additional assumptions beyond the circuit data, there is no
canonical identification between the representations for
different quantum systems; therefore, treating two systems
as the same “type” is itself a gauge choice.
Thus, by treating distinct quantum systems in the circuit

as distinct types, we restrict ourselves to operational
identities that are gauge independent. Therefore, our result
can be seen as a gauge-independent assessment of the
nature of the process, which is readily experimentally
implementable using schemes similar to various self-con-
sistent tomographies [73,120,121].

APPENDIX C: WHY THE FORM OF
VARIABILITY OVER DUAL PROCESSES

IS IRRELEVANT

In the main text (especially Sec. II D), we noted that there
are many ways of ranging over all quantum states. For
example, one can range over all quantum states using a
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multi-state process, where the setting variable ranges over
all possible quantum states, or by postselecting on the
outcome of a source associated with the unitarily covariant
ensemble of states, or via a multi-source with both setting
and outcome variables. We noted that the different choices
one can make in this regard make no difference for
qualitative assessments of nonclassicality. This is because
every multi-source defines a collection of (possibly sub-
normalized) quantum states, and the ontological represen-
tation of a collection of states defines the associated
collection of representations of the states; moreover, by
the linearity of any ontological model, one can uniquely
extend the ontological representation of the normalized
states to an ontological representation of subnormalized
versions of those same states.
The story is similar for measurements. An ontological

model for some set of measurements constitutes a collec-
tion of representations of all of the effects appearing in
those measurements. These response functions serve to
define a valid and empirically adequate ontological model
for any other set of measurements that contains the same set
of effects. Consequently, the existence of a linear and
empirically adequate mapping from the set of all quantum
effects to their ontological representation as response
functions implies the existence of such a mapping for any
multi-measurement one could construct with those effects.
It is worth noting that this observation also explains why

verdicts of nonclassicality are unchanged under flag con-
vexification (see Lemma 2). Whether one fixes a certain
input setting value or postselects on the corresponding flag
variable taking that same value, one is simply choosing
between two different physical instantiations of the same
variability, so an ontological representation for one directly
gives an ontological representation for the other.

APPENDIX D: PROOF OF THE SUFFICIENCY
OF CONSIDERING FACTORIZING DUALS

We now prove Theorem 1, that the definition of non-
classicality obtained by considering all dual processes and
the one obtained by considering all factorizing dual
processes is the same. In other words, we prove that
Definition 3 is equivalent to Definition 3′.
In the following two subsections, we prove the result for

bipartite states and for transformations, respectively. The
generalization of the proof to arbitrary process types is
straightforward.
Although the proof is lengthy, its basic idea is simple.

First, we note that every quantum process with multi-
partite inputs and/or outputs can be written as a linear
combination of processes that factorize across the inputs
and outputs. From this and the assumption that an onto-
logical model is diagram preserving and linear, one can
then uniquely extend any given ontological model defined
for all product processes in quantum theory to a quasipro-
babilistic representation of all processes in quantum theory,

including the nonproduct ones. It remains only to show that
for the relevant processes in question, this quasiprobabil-
istic representation is in fact a valid probabilistic repre-
sentation (e.g., is positive and normalized appropriately),
a fact which follows easily from frame-representation
theory [122].

1. Factorizing duals for bipartite states

We first prove the theorem for the special case where the
given process is a bipartite state. That is, we prove that the
definition of nonclassicality for a bipartite state is the same
whether it is defined relative to all dual processes or to all
factorizing dual processes.
Lemma 5. The statistics generated by a bipartite state

together with all bipartite effects are classically explainable
(in the sense of Definition 1) if and only if the statistics
generated by it with all product effects are classically
explainable.
Proof. The proof for the only if direction is simply that

factorizing product bipartite effects are special cases of
general bipartite effects. So if the statistics generated by a
bipartite state with all bipartite effects are classically
explainable, then those generated by that state with all
product effects are classically explainable.
Now we prove the if direction. If the statistics generated

by a bipartite state ρA1A2 with every product bipartite effect
MA1 ⊗ MA2 are classically explainable, then there exists an
ontological model for the statistics such that

Tr½MA1 ⊗ MA2ρA1A2 � ¼
X
λ1λ2

pðλ1λ2ÞpðMA1 jλ1ÞpðMA2 jλ2Þ;

ðD1Þ

where pðMAi jλÞ depends linearly on the effect
MAi ∈MðHAiÞ. Moreover since pðMAi jλÞ∈ ½0; 1� and
pð1Ai jλÞ ¼ 1, by the generalized Gleason theorem [123],
there exists a unique set of density operators fσAi

λi
gλi such

that pðMAi jλiÞ ¼ Tr½MAiσAi
λi
�, and so we have

Tr½MA1 ⊗ MA2ρA1A2 �
¼
X
λ1λ2

pðλ1λ2ÞTr½MA1σA1

λ1
�Tr½MA2σA2

λ2
�

¼ Tr½ðMA1 ⊗ MA2Þ
X
λ1λ2

pðλ1λ2ÞσA1

λ1
⊗ σA2

λ2
� ðD2Þ

for any MAi ∈MðHAiÞ. Because the set of all product
effects is informationally complete, Eq. (D2) implies that

ρA1A2 ¼
X
λ1λ2

pðλ1λ2ÞσA1

λ1
⊗ σA2

λ2
; ðD3Þ

and so the state ρA1A2 must be separable.
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In quantum theory, any bipartite effect MA1A2 ∈
MðHA1 ⊗ HA2Þ can always be decomposed into a linear
combination of product effects (see Fig. 25) as

MA1A2 ¼
X
k1;k2

rk1k2M
A1

k1
⊗ MA2

k2
ðD4Þ

with some real coefficients frk1k2gk1k2 . Consequently, we
can define a unique quasiprobability representation for
MA1A2 as the unique linear extension of the ontological
representation of the product effects via

pðMA1A2 jλ1λ2Þ ≔
X
k1k2

rk1k2pðMA1

k1
jλ1ÞpðMA2

k2
jλ2Þ

¼
X
k1;k2

rk1k2Tr½MA1

k1
σA1

λ1
�Tr½MA2

k2
σA2

λ2
�

¼ Tr½MA1A2σA1

λ1
⊗ σA2

λ2
�: ðD5Þ

The form of Eq. (D5) immediately guarantees that the
representation map is linear and diagram preserving.
Furthermore, since σA1

λ1
and σA2

λ2
are valid quantum

states, pðMA1A2 jλ1λ2Þ∈ ½0; 1� defines a valid stochastic
representation.
Finally, it is straightforward to verify that the ontological

model for the given effect and state ρA1A2 reproduces the
quantum statistics

X
λ1λ2

pðMA1A2 jλ1λ2Þpðλ1λ2Þ

¼
X
λ1λ2

pðλ1λ2Þ
X
k1;k2

rk1k2Tr½MA1

k1
σA1

λ1
�Tr½MA2

k2
σA2

λ2
�

¼ Tr½MA1A2ρA1A2 �: ðD6Þ

Consequently, any statistics generated by ρA1A2 with any
bipartite effect (not necessarily factorizing) are classi-
cally explainable. This concludes the proof of the if
direction. ▪

2. Factorizing duals for transformations

Next, we prove that the statistics for the set of circuits
generated by contracting the transformation of interest with

all dual combs are classically explainable if and only if this
is the case with all factorizing dual combs.
Before proving this, we include an aside about the onto-

logical representation of quantum combs. To our knowl-
edge, this has not been explicitly discussed in the literature.
Nevertheless, the fully compositional definition of the
ontological representation map given in Ref. [9] can be
applied to this special case, and we do so here.
We consider the specific class of combs which are dual

processes for a given transformation EBjA: LðHAÞ ↦
LðHBÞ, as shown in the top left of Fig. 26. These combs
are denoted CAjB. CAjB is a special case of 2-combs defined
in Ref. [83], which has only a quantum output on LðHAÞ
and a quantum input on LðHBÞ.
An ontological model of the circuit in Fig. 26 associates

with E a stochastic map pEðλBjλAÞ and with C a substo-
chastic map p̃CðλAjλBÞ [note that in our case, a comb is
defined by a single effect so that its ontological model is
subnormalized, i.e.,

P
λA
p̃CðλAjλBÞ need not to be 1]. As

always for an ontological model, the map from the set of
quantum processes of a given type (in this case, from the set
of combs) to their ontological representations must be
linear, and moreover, the composition of the processes
within quantum theory must equal the composition of their
ontological representations (so that the empirical predic-
tions of quantum theory are reproduced). Linearity implies
that the p̃CðλAjλBÞ obey the constraints implied by all
operational identities among combs, while the latter fact
implies that

CAjB ∘ EBjA ¼
X
λAλB

p̃CðλAjλBÞpEðλBjλAÞ: ðD7Þ

We can now give the main argument. Note that a
factorizing comb with quantum output A and input B is
simply a state on A and an effect on B.

FIG. 25. In quantum theory, every effect can be decomposed as
a linear combination of product effects.

FIG. 26. A comb can be decomposed using state-effect pairs.
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Lemma 6. The statistics of the set of circuits obtained by
composing a quantum channel together with every possible
comb is classically explainable if and only if the statistics of
the set of circuits obtained by composing it with every
possible factorizing comb is classically explainable.
Proof. The only if direction is trivial, as a factorizing

comb is a special case of a comb.
Now we prove the if direction. If the statistics generated

by the circuit consists of a quantum channel EBjA and a
factorizing comb defined by a state ρA and effect MB that
are classically explainable, then we have an ontological
model for the operational statistics

Tr½MBEBjAðρAÞ� ¼
X
λAλB

pðMBjλBÞpðλBjλAÞpðλAjρAÞ; ðD8Þ

where pðMBjλBÞ depends linearly on MB and pðλAjρAÞ
depends linearly on all ρA, respectively. Since
pðMBjλBÞ∈ ½0; 1� with pð1BjλBÞ ¼ 1, from the generalized
Gleason theorem (and the Riesz representation theorem),
there exists a unique POVM fGA

λA
gλA such that pðλAjρAÞ ¼

Tr½ρAGA
λA
� and that there exists a unique set of density

operator fσBλBgλB such that pðMBjλBÞ ¼ Tr½MBσBλB �.
Therefore,

Tr½MBEBjAðρAÞ� ¼
X
λAλB

pðλBjλAÞTr½ρAGA
λA
�Tr½MBσBλB �

¼ Tr

�
MB
X
λAλB

pðλBjλAÞTr½GA
λA
ρA�σBλB

�
:

ðD9Þ

Since this holds for all quantum effects MB ∈MðHBÞ,
we have

EBjAðρAÞ ¼
X
λAλB

pðλBjλAÞTr½GA
λA
ρA�σBλB ðD10Þ

for all ρA ∈SðHAÞ, which means that EBjA can be expressed
in the Holevo form and therefore must be entanglement
breaking [124].
Now, we will use these ontological representations to

show that we can also construct an ontological representa-
tion of the comb C.
First, we will rewrite the comb CAjB within quantum

theory as a linear combination of factorizing combs as
shown in Fig. 26; then, we will use the above representa-
tions of the states and effects appearing in the factorizing
comb to construct a quasiprobabilistic representation of
CAjB. This representation is then proven to be non-negative
and therefore to define a valid ontological representation.
The detailed steps are as follows.
Specifically, it has been shown [83] that any comb CAjB

can be decomposed as a bipartite state ρAS followed by a

bipartite measurement (effect) MBS with an identity chan-
nel acting on system S. That is,

CAjBðEBjAÞ ≔ Tr
�
MBSðEBjA ⊗ 1SjSÞρAS�: ðD11Þ

Furthermore, any bipartite quantum state and bipartite
measurement can be decomposed as

ρAS ¼
X
tt0

r0tt0ρ
A
t ⊗ ρSt0 ; ðD12aÞ

MBS ¼
X
kk0

r00kk0M
B
k ⊗ MS

k0 ðD12bÞ

with some real coefficients fr0tt0 gtt0 and fr00kk0 gkk0 . As such,
the action of the comb CAjB on the channel EBjA can be
further decomposed as

CAjBðEBjAÞ ≔ Tr

" X
kk0

r00kk0M
B
k ⊗ MS

k0

!	
EBjA ⊗ 1




×

 X
tt0

rtt0 0ρAt ⊗ ρSt0

!#
: ðD13Þ

Defining the new real coefficients

rtk ≔
X
tt0kk0

r0tt0r
00
kk0Tr½MS

k0ρ
S
t0 �; ðD14Þ

the expression for the comb CAjB acting on EBjA can be
further simplified to

CAjBðEBjAÞ ¼
X
tk

rtkTr
�
MB

k E
BjAðρAt Þ

�
: ðD15Þ

This final decomposition of the comb CAjB is shown on the
bottom left diagram of Fig. 26.
Now, given our choice to represent states and effects as

in Eq. (D9), the unique linear and diagram-preserving
representation of the comb CAjB can be defined as

p̃CðλAjλBÞ ≔
X
tk

rtkpðλAjρAt ÞpðMB
k jλBÞ

¼
X
tk

rtkTr½GA
λA
ρAt �Tr½MB

k σ
B
λB
�

¼ Tr½GA
λA
CAjBðσBλBÞ�: ðD16Þ

Furthermore, since GA
λA

are valid effect and σBλ are valid
quantum states, p̃CðλAjλBÞ∈ ½0; 1� defines a valid substo-
chastic representation.
Finally, it is straightforward to verify that these repre-

sentations reproduce the statistics
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X
λAλB

p̃CðλAjλBÞpEðλBjλAÞ ¼
X
λAλB

pEðλBjλAÞTr
�
GA

λA
CAjBðσBλBÞ

�
¼ EBjA ∘ CAjB; ðD17Þ

where in the second equality, we used the Holevo form of
the channel EBjA from Eq. (D10) (also see Fig. 27).
Thus, p̃CðλAjλBÞ is a valid ontological representation for

a generic quantum comb CAjB. That is, we have seen that
whenever the statistics generated by EBjA with all factoriz-
ing pairs of effect and state are classically explainable,
one can write down such a representation for any comb
CAjB (possibly nonfactorizing). It follows that the statis-
tics generated by EBjA with any comb must also be
classically explainable. This concludes the if direction of
the proof. ▪

3. Factorizing duals for arbitrary process

With the two special cases discussed in the previous
subsections, we now prove our main theorem analogously
for the most general quantum process: a multipartite multi-
instrument.
Theorem 1. A quantum process is such that there exists

some set of dual processes that it can be contracted with to
obtain statistics that are not classically explainable, if and
only if there exists some set of factorizing dual processes
for which this is the case.
Proof. The core idea of the proof is similar to the ones for

the if direction in Lemmas 5 and 6. That is, if one can
construct an ontological model for the given quantum
process contracted with every possible factorizing dual
process, then one can obtain an ontological representation
for every dual process (possibly nonfactorizing) by build-
ing it from the representations of the factorizing dual
processes in a linear, diagram-preserving manner.
In this paper, the most general process we consider is a

multipartite multi-instrument ffF B⃗jA⃗
cjz gcgz: Lð⊗n

i¼1 H
AiÞ↦

Lð⊗m
j¼1 H

BjÞ; i.e., each F B⃗jA⃗
cjz is a CP trace-nonincreasing

map such that
P

c F
B⃗jA⃗
cjz defines the quantum channel.

If the statistics generated by a multipartite multi-

instrument ffF B⃗jA⃗
cjz gcgz is classical for factorizing duals

composed of the set of states fρAig and the set of effects
fMBjg, then there necessarily exists an ontological model
for the operational statistics such that

Tr
�


⨂
m

j¼1

MBj

�
F B⃗jA⃗

cjz



⨂
n

i¼1

ρAi

��

¼
X
λB⃗λA⃗

pðcλB⃗jzλA⃗Þ
Y
j

pðMBj jλBj
Þ
Y
i

pðλAi
jρAiÞ

¼
X
λB⃗λA⃗

pðcλB⃗jzλA⃗Þ
Y
j

Tr½MBjσ
Bj

λBj
�
Y
i

Tr½GAi
λAi
ρAi �; ðD18Þ

where in the second equality we write pðMBj jλBj
Þ ¼

Tr½MBjσ
Bj

λBj
� and pðλAi

jρAiÞ ¼ Tr½GAi
λAi
ρAi � using Gleason’s

theorem and the Riesz representation theorem since these
ontological processes depend linearly on all quantum
effects MBj and all quantum states ρAi , respectively.
Because the set of all product effects and states is informa-
tionally complete for characterizing the multipartite multi-
instrument, it follows that

F B⃗jA⃗
cjz ð·Þ ¼

X
λB⃗λA⃗

pðcλB⃗jzλA⃗Þ⨂
j
σ
Bj

λBj
Tr
h
⨂
i
GAi

λAi
ð·Þ
i
: ðD19Þ

Similar to the construction of ontological models for
general dual processes in Lemmas 5 and 6, we can now
proceed to define the ontological model for a general dual

process CA⃗jB⃗: Lð⊗n
i¼1 H

AiÞ ↦ Lð⊗m
j¼1 H

BjÞ for the target

process ffF B⃗jA⃗
cjz gcgz. To do so, we will need to first find

a decomposition of the general dual process CA⃗jB⃗ (a
multipartite comb) in terms of product states and product
effects as we did in Figs. 25 and 26. Such a decomposition
always exists because quantum theory satisfies the princi-

ple of tomographic locality. That is, for any channel EB⃗jA⃗,
we have

CA⃗jB⃗ ∘ EB⃗jA⃗ ≔
X
⃗t k⃗

r⃗t k⃗Tr
h
⨂
j
M

Bj

kj
EB⃗jA⃗ð⨂

i
ρAi
ti Þ
i

ðD20Þ

for some real coefficients fr⃗t k⃗g. Now, given the ontological
representation we have for states and effects in Eq. (D18),
we can construct the ontological representations for the

general dual process CA⃗jB⃗ as

p̃CðλA⃗jλB⃗Þ ≔
X
⃗t k⃗

r⃗t k⃗
Y
j

pðMBj

kj
jλBj

Þ
Y
i

pðλAi
jρAi

ti Þ

¼
X
⃗t k⃗

r⃗t k⃗
Y
j

Tr½MBjσ
Bj

λBj
�
Y
i

Tr½GAi
λAi
ρAi �

¼ Tr
h
⨂
i
GAi

λAi
CA⃗jB⃗ð⨂

i
σ
Bj

λBj
Þ
i
: ðD21Þ

FIG. 27. An entanglement-breaking channel and a dual.
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Since GAi
λAi

and σ
Bj

λBj
are valid effects and states, we have

pCðλA⃗jλB⃗Þ∈ ½0; 1� defining a substochastic representation

for any valid dual process CA⃗jB⃗.
Therefore, once one has constructed an ontological

representation of a multipartite multi-instrument along with
all factorizing combs dual to it, one can uniquely extend
this ontological representation to all combs (including
those that are nonfactorizing). ▪

APPENDIX E: PROOF OF THEOREM 2

We now repeat and then prove Theorem 2.
Theorem 2. For a multi-source P ≔ ffpðajxÞρajxgagx,

the following statements are equivalent:
(0) It is classical (in the sense of Definition 5).
(1) Each of the unnormalized states pðajxÞρajx can be

decomposed as

pðajxÞρajx ¼
X
λ

pðaλjxÞσλ; ∀a; x ðE1Þ

for some fixed set of normalized states fσλgλ and
some conditional probability distribution pðaλjxÞ
satisfying

X
ax

αaxpðaλjxÞ ¼ 0; ∀fαaxgax ∈OðPÞ ðE2Þ

for all λ, where OðPÞ is defined in Eq. (17a).
(2) Each of the normalized states ρajx can be decom-

posed within a frame representation on V ¼
SpanðfρajxgaxÞ as

ρajx ¼
X
λ

Tr½Hλρajx�σλ; ∀a; x; ðE3Þ

where the frame is a fixed set of density operators
fσλgλ, and the dual frame is a set of (possibly
nonpositive) Hermitian operators, i.e., fHλgλ ⊂
HermðHÞ satisfying

P
λ Hλ ¼ PVð1Þ and

Tr½Hλρajx�∈ ½0; 1� for all a, x, λ, with PV being
the superoperator that projects onto the operator
space V. This condition is depicted in Fig. 8.

Proof.We first prove that condition (0) implies (2). From
Definition 5, we know that the statistics generated by a
classical multi-source ffpðajxÞρajxgagx with any quantum
effect can be expressed as

Tr½Mρajx� ¼
X
λ

pðMjλÞpðλja; xÞ; ∀a; x;M∈MðHÞ;

where fpðλja; xÞgax depends linearly on fρajxgax and
pðMjλÞ depends linearly on all quantum effects
M∈MðHÞ.

Since pðMjλÞ∈ ½0; 1� with pð1jλÞ ¼ 1 for unit effect 1,
we can use the generalized Gleason theorem [123] to infer
that pðMjλÞ ¼ Tr½Mσλ� for a unique normalized density
matrix σλ. Similarly, for any linear map from states fρajxgax
to probability distributions fpðλja; xÞgax, there always
exists a Hermitian operator Hλ for each λ such that
pðλja; xÞ ¼ Tr½Hλρajx�. Given that pðλja; xÞ∈ ½0; 1� andP

λ pðλja; xÞ ¼ 1 for all ρajx, we infer that
P

λHλ ¼
PVð1Þ where PV is the superoperator that projects 1 onto
the operator space V ¼ Spanðfρajxga:xÞ. We thus have, for
any given a and x,

Tr½Mρajx� ¼
X
λ

Tr½Mσλ�Tr½Hλρajx�

¼ Tr

�
M
X
λ

Tr½Hλρajx�σλ
�
; ∀M: ðE4Þ

Because Eq. (E5) must hold for all M, it follows that

ρajx ¼
X
λ

Tr½Hλρajx�σλ: ðE5Þ

To show ð2Þ → ð1Þ, we can simply define

pðλja; xÞ ≔ Tr½Hλρajx�;
⇒ pðaλjxÞ ≔ pðajxÞpðλja; xÞ
¼ Tr½HλpðajxÞρajx�: ðE6Þ

It follows that fpðaλjxÞgax depends linearly on
fpðajxÞρajxgax and consequently respects the operational
identities OðPÞ.
To show that condition (1) implies condition (0), we can

define pðMjλÞ ≔ Tr½σλM�, and thus we have

Tr½Mρajx� ¼
X
λ

Tr½Mσλ�pðλja;xÞ; ∀M;a;x;

pðajxÞTr½Mρajx� ¼
X
λ

Tr½Mσλ�pðaλjxÞ; ∀M;a;x; ðE7Þ

where fpðaλjxÞgax respects OðPÞ and pðMjλÞ defines a
stochastic map that is a linear functional on the set of all
quantum effects M∈MðHÞ. Thus, there exists an onto-
logical model for the statistics generated by the multi-
source contracted with any quantum effect; it follows that
ffpðajxÞρajxgagx is classical. ▪

APPENDIX F: PROOF OF THEOREM 3

We now repeat and then prove Theorem 3.
Theorem 3. For a multi-measurement M ¼ ffMbjygbgy,

the following statements are equivalent:
(0) It is classical (in the sense of Definition 6).
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(1) Its effects can be decomposed as

Mbjy ¼
X
λ

pðbjyλÞGλ; ∀b; y ðF1Þ

for some POVM fGλgλ and some conditional
probability distribution satisfying

X
by

βbypðbjyλÞ ¼ 0; ∀fβbygby ∈OðMÞ ðF2Þ

for all λ, where OðMÞ is defined in Eq. (17b).
(2) Its effects can be decomposed within a frame

representation on V ¼ SpanðfMbjygÞ as

Mbjy ¼
X
λ

Tr½MbjyFλ�Gλ; ∀b; y; ðF3Þ

where fGλgλ is a POVM with
P

λ Gλ ¼ PVð1Þ ¼ 1
and fFλgλ ⊂ HermðHÞ is a set of Hermitian oper-
ators satisfying Tr½Fλ� ¼ 1 and Tr½MbjyFλ�∈ ½0; 1�
for all b, y, λ. This condition is depicted in Fig. 10.

Proof. We first prove that condition (0) implies condi-
tion (2). From Definition 6, we know that the statistics
generated by a classical multi-measurement ffMbjygbgy
contracted with every possible quantum state can be
expressed as

Tr½Mbjyρ� ¼
X
λ

pðbjyλÞpðλjρÞ; ∀b; y; ∀ρ∈SðHÞ;

ðF4Þ

where fpðbjyλÞgby depends linearly on fMbjygby [and so it
respects OðMÞ], and pðλjρÞ depends linearly on the
quantum state ρ∈SðHÞ.
Using the Riesz representation theorem, we can write

this latter linear function as pðλjρÞ ¼ Tr½Gλρ� for some
effect Gλ ∈MðHÞ. Furthermore, since

P
λ pðλjρÞ ¼ 1, we

must have that
P

λ Gλ ¼ PVð1Þ ¼ 1. Thus, fGλgλ is a
POVM. Similarly, we can always write pðbjyλÞ ¼
Tr½MbjyFλ� for some Hermitian operator Fλ. The fact thatP

b pðbjyλÞ ¼ 1 implies that Tr½Fλ� ¼ 1. Thus, we have

Tr½Mbjyρ� ¼
X
λ

Tr½MbjyFλ�Tr½Gλρ�

¼ Tr

�X
λ

Tr½MbjyFλ�Gλρ

�
; ∀ρ∈SðHÞ; ðF5Þ

where Tr½MbjyFλ� ¼ pðbjyλÞ∈ ½0; 1� [as pðbjyλÞ∈ ½0; 1�]
and Tr½Fλ� ¼ 1 [as

P
b pðbjyλÞ ¼ 1] for all b; yλ. Since

Eq. (F5) must hold for all ρ, it follows that

Mbjy ¼
X
λ

Tr½MbjyFλ�Gλ: ðF6Þ

To show ð2Þ → ð1Þ, we can simply define

pðbjyλÞ ≔ Tr½MbjyFλ�:

It follows that pðbjyλÞ depends linearly on Mbjy, which
implies that it respects the operational identities in
the set OM. Furthermore, since Tr½MbjyFλ�∈ ½0; 1� andP

b Tr½MbjyFλ� ¼ 1, we have that the pðbjyλÞ’s are condi-
tional probabilities.
To show that condition (1) implies condition (0), we can

define pðλjρÞ ≔ Tr½Gλρ�, i.e., define a stochastic map that
is linear on all quantum states ρ. Thus, ∀ b; y; ρ∈SðHÞ,
we have

Tr½Mbjyρ� ¼
X
λ

pðbjyλÞTr½Gλρ�; ðF7Þ

where fpðbjyλÞgby respectsOðMÞ, and pðλjρÞ respectsOP.
Thus, the statistics of the set of circuits obtained by
contracting the multi-measurement with all possible quan-
tum states are classically explainable. Hence, the multi-
measurement ffMbjygbgy is classical. ▪

APPENDIX G: PROOF OF COROLLARY 3

We now repeat and then prove Corollary 3.
Corollary 3. If a multi-state consists of a set of states that

fits inside a simplex within the quantum state space, then it
is classical.
Proof. Assume the existence of such a simplex and

denote its vertices by fσλgλ (by definition, they are affinely
independent trace-1 operators, thus linearly independent).
As each element of the multi-state fρ·jxgx is in the convex
hull of the fσλgλ, it follows that the span of the former is
contained in the span of the latter. Thus, the linearly
independent set fσλgλ forms a basis for the span of the
fρ·jxg, and so there exists a dual basis fHλgλ such that
[recalling Eq. (A2)]

ρ·jx ¼
X
λ

Tr½Hλρ·jx�σλ: ðG1Þ

Thus, we can define an ontological representation of ρajx by

pðλjxÞ ≔ Tr½Hλρ·jx�: ðG2Þ

Given that this is a linear functional on the set of quantum
states, it follows that the set fpðλjxÞgx satisfies all the
operational identities in OðPÞ defined by fρ·jxgx. By
condition 1 of Theorem 2, one concludes that the multi-
state fρ·jxgx is classical. ▪
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APPENDIX H: PROOF OF COROLLARY 4

Corollary 4. A multi-state consisting of a set of distinct
pure states on a single system is classical if and only if the
states are linearly independent.
Proof. The proof for the if direction follows directly from

Corollary 2, since a set of linearly independent states forms
a simplex. The proof for the only if direction can be shown
by contradiction. Suppose the states in the set fρ·jxgx
constituting the multi-state are linearly dependent, then
we must have at least one equation of the following form:X

x

αxρ·jx ¼ 0; ðH1Þ

where αx ≠ 0 for some x. If the set is classical, then there
exists a set of states fσλgλ such that ρ·jx can be expressed as
a convex mixture of the form ρ·jx ¼

P
λ pðλjxÞσλ where

X
x

αxpðλjxÞ ¼ 0: ðH2Þ

However, since the ρ·jx’s are assumed to be pure, the convex
mixture must be trivial; that is, one must have pðλjxÞ ¼ δλ;x
and σx ¼ ρA·jx. Then, Eq. (H2) reduces toX

x

αxδλ;x ¼ 0; ðH3Þ

implying that αx ¼ 0 for all x, contradicting our earlier
assumption of linear dependence. Hence fρ·jxgx must be a
linearly independent set. ▪

APPENDIX I: PROOF OF PROPOSITION 1

We now repeat and then prove Proposition 1. We note
that because the proof is relatively simple, and because the
proof of Propositions 4 and 6 are analogous, we do not
provide the details of the latter, but rather trust that the
reader will see how to generalize the proof of the
Proposition 1 to the proofs of Propositions 4 and 6.
Proposition 1. Any circuit with local measurements on a

bipartite state [as depicted in Fig. 12(a)] is classically
explainable only if the two prepare-measure circuits it induces
by boxing to obtain a steering scenario [in one or the other
direction, as in Fig. 12(b)] are classically explainable.
Proof. If the statistics generated by a bipartite state

ρA1A2 with any multi-measurements ffMA1

b1jy1gb1gy1 and

ffMA2

b2jy2gb2gy2 are classically explainable, then they can
be expressed as

pðb1b2jy1y2Þ ¼
X
λ1λ2

pðλ1λ2Þpðb1jy1λ1Þpðb2jy2λ2Þ; ðI1Þ

where pðb1jy1λ1Þ respects OðM1Þ, pðb2jy2λ2Þ respects
OðM2Þ, the composite

P
λ1
pðb1jy1λ1Þpðλ1λ2Þ respects

OðM1 ∘PÞ, the composite
P

λ2
pðb2jy2λ2Þpðλ1λ2Þ respects

OðM2 ∘PÞ, and pðλ1λ2Þ respects OðP̃Þ as in Eq. (42) in the
main text.
The fact that λ1 screens off the dependence of b1 to λ2 in

the bipartite circuit in Fig. 12(a) allows us to define

p̃ðb1λ2jy1Þ ≔
X
λ1

pðb1jy1λ1Þpðλ1λ2Þ; ðI2Þ

we thus have that

pðb1b2jy1y2Þ ¼
X
λ2

pðb2jy2λ2Þp̃ðb1λ2jy1Þ; ðI3Þ

which recovers the statistics of a prepare-measure scenario
involving the following pair of processes: (1) the prepa-
ration ffρ̃A2

b1jy1gb1gy1 on HA2 , where

ρ̃A2

b1jy1 ¼ TrA1

h
ðMA1

b1jy1⨂1A2ÞρA1A2

i
; ðI4Þ

and (2) the measurement ffMA2

b2jy2gb2gy2 on HA2 .

Evidently, p̃ðb1λ2jy1Þ respects the identities satisfied by
ffρ̃b1jy1gb1gy1 , namely,OðM1 ∘PÞ, and pðb2jy2λ2Þ respects
the identities satisfied by the multi-measurement, namely,
OðM2Þ. Thus, such prepare-measure statistics are classi-
cally explainable. Using analogous arguments, we infer that
the statistics of the prepare-measure scenario on A1 is also
classically explainable. ▪

APPENDIX J: PROOF OF FRAME
DECOMPOSITION

1. Proof of Theorem 4

Theorem 4. A bipartite state ρA1A2 ∈SðHA1 ⊗ HA2Þ is
classical if and only if it admits a frame decomposition

ρA1A2 ¼
X
λ1;λ2

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
σA1

λ1
⊗ σA2

λ2
; ðJ1Þ

where the frame on the operator space Vi is a fixed set
of density operators fσAi

λi
gλi , and the dual frame is a

set of Hermitian operators fHAi
λi
gλi satisfying

P
λi
HAi

λi
¼

PVi
ð1AiÞ with PVi

denoting the superoperator projecting
onto Vi, and such that

Tr½ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2 � ≥ 0; ∀λ1; λ2: ðJ2Þ

Proof.We first prove the only if direction. Assume ρA1A2

is classical in the sense of Definition 7 in the main text.
Then, for the statistics generated by the circuits consisting
of the bipartite state ρA1A2 on HA1A2 and every possible
multi-measurement fMA1

b1jy1gb1;y1 on HA1 and fMA2

b2jy2gb2;y2
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on HA2 , there exists an ontological model

Tr
�ðMA1

b1jy1 ⊗ MA2

b2jy2ÞρA1A2

�
¼
X
λ1λ2

pðλ1λ2Þpðb1jy1λ1Þpðb2jy2λ2Þ ðJ3aÞ

¼
X
λ1

pðb1jy1λ1Þp̃ðb2λ1jy2Þ ðJ3bÞ

¼
X
λ2

pðb2jy2λ2Þp̃ðb1λ2jy1Þ; ðJ3cÞ

where p̃ðb2λ1jy2Þ and p̃ðb1λ2jy1Þ are defined in Eq. (41)
and where the ontological identities in Eq. (42) are
satisfied. In particular, these constraints imply that
(1) From Eq. (42a), for each λ1, the map MA1

b1jy1 ↦
pðb1jy1λ1Þ is a normalized positive linear functional
on the space of all effects on A1, i.e., MðHA1Þ. The
normalization pð1A1 jλ1Þ ¼ 1 follows from the fact
that Tr½ð1A1 ⊗ 1A2ÞρA1A2 � ¼ 1, and by Eq. (J3a),
pð1Ai jλiÞ must equal 1. Therefore, by the general-
ized Gleason theorem, there exists a valid quantum
state σA1

λ1
such that

pðb1jy1λ1Þ ¼ Tr
�
MA1

b1jy1σ
A1

λ1

�
: ðJ4Þ

(2) From Eq. (42b), for each λ2, the map MA2

b2jy2 ↦
pðb2jy2λ2Þ is a normalized positive linear functional
on the space of all effects on A2, i.e., MðHA2Þ.
Therefore, by the generalized Gleason theorem,
there exists a valid quantum state σA2

λ2
such that

pðb2jy2λ2Þ ¼ Tr
�
MA2

b2jy2σ
A2

λ2

�
: ðJ5Þ

(3) From Eq. (42c), for each λ2, the map ρ̃A2

b1jy1 ↦
p̃ðb1λ2jy1Þ [where ρ̃A2

b1jy1 is the steered state on A2,
defined in Eq. (36a)] is a positive linear functional
on the operator space V2 ≔ Spanðfρ̃A2

b1jy1gÞ; hence,
there exists a Hermitian operator HA2

λ2
on HA2

such that

p̃ðb1λ2jy1Þ ¼ Tr
�
HA2

λ2
ρ̃A2

b1jy1
�
: ðJ6Þ

(4) From Eq. (42d), for each λ1 the map ρ̃A1

b2jy2 ↦
p̃ðb2λ1jy2Þ [where ρ̃A1

b2jy2 is the steered state on A1,
defined in Eq. (36b)] is a positive linear func-
tional on the operator space V1 ¼ Spanðfρ̃A1

b2jy2gÞ;
hence, there exists a Hermitian operator HA1

λ1
onHA1

such that

p̃ðb2λ1jy2Þ ¼ Tr
�
HA1

λ1
ρ̃A1

b2jy2
�
: ðJ7Þ

Plugging Eqs. (J4) and (J7) into Eq. (J3b) yields

Tr
�ðMA1

b1jy1 ⊗ MA2

b2jy2ÞρA1A2

�
¼
X
λ1

Tr
�
MA1

b1jy1σ
A1

λ1

�
Tr
�
HA1

λ1
ρ̃A1

b2jy2
�
: ðJ8Þ

Recalling the definition of ρ̃A1

b2jy2 provided in
Eq. (36b), we have

Tr
�ðMA1

b1jy1 ⊗MA2

b2jy2ÞρA1A2

�¼ Tr
�
MA1

b1jy1 ρ̃
A1

b2jy2
�
; ðJ9Þ

and combining these two expressions, we obtain

Tr
�
MA1

b1jy1 ρ̃
A1

b2jy2
� ¼X

λ1

Tr
�
MA1

b1jy1σ
A1

λ1

�
Tr
�
HA1

λ1
ρ̃A1

b2jy2
�
:

Since this holds for all MA1

b1jy1 ∈MðHA1Þ and
these are tomographically complete, it follows that

ρ̃A1

b2jy2 ¼
X
λ1

Tr
�
ρ̃A1

b2jy2H
A1

λ1

�
σA1

λ1
: ðJ10Þ

That is, fσA1

λ1
gλ1 and fHA1

λ1
gλ1 define a frame and its

dual frame on V1 ¼ Spanðfρ̃A1

b2jy2gÞ. Moreover, tak-
ing the trace of both sides yields

Tr½ρ̃A1

b2jy2 � ¼ Tr
h
ρ̃A1

b2jy2
X
λ1

HA1

λ1

i
: ðJ11Þ

Noting that this holds for all ρ̃A1

b2jy2 ∈V1 implies

that
P

λ1
HA1

λ1
¼ PV1

ð1A1Þ, where we denote the
superoperator that projects onto the operator space
V1 by PV1

.
Similarly, substituting Eqs. (J5) and (J6) into

Eq. (J3c), we can prove that fσA2

λ2
gλ2 , and the set

of Hermitian operators fHA2

λ2
gλ2 [with

P
λ2
HA2

λ2
¼

PV2
ð1A2Þ] defines a pair of frame and dual frame on

V2 ¼ Spanðfρ̃A2

b1jy1gÞ, and in particular,

ρ̃A2

b1jy1 ¼
X
λ2

Tr
�
ρ̃A2

b1jy1H
A2

λ2

�
σA2

λ2
: ðJ12Þ

(5) Finally, using the ontological identities in Eq. (42e)
and substituting Eqs. (J6) and (J7), we obtain
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pðλ1λ2Þ ¼
X

b1b2y1y2

αb1b2y1y2 p̃ðb1λ2jy1Þp̃ðb2λ1jy2Þ

¼
X

b1b2y1y2

αb1b2y1y2Tr
�
HA2

λ2
ρ̃A2

b1jy1
�

× Tr
�
HA1

λ1
ρ̃A1

b2jy2
�
: ðJ13Þ

Recalling the operational identity in Eq. (38), we
thus have

pðλ1λ2Þ ¼ Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
: ðJ14Þ

Combining it with Eqs. (J3a), (J4)(J5) gives

Tr
�ðMA1

b1jy1 ⊗ MA2

b2jy2ÞρA1A2

�
¼
X
λ1λ2

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
Tr
�
MA1

b1jy1σ
A1

λ1

�
× Tr

�
MA2

b2jy2σ
A2

λ2

�
: ðJ15Þ

Since this holds for all MAi
bijyi ∈MðHAiÞ, which are tomo-

graphically complete, we conclude that

ρA1A2 ¼
X
λ1λ2

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
σA1

λ1
⊗ σA2

λ2
: ðJ16Þ

Moreover, the constraint Tr½ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2 � ≥ 0 in

Eq. (J2) holds by Eq. (J14) and the existence of the
ontological model in Eq. (J3a).
Now we prove the if direction. Suppose there exists a

frame decomposition of ρA1A2 as in Eq. (J1) and satisfying
the requisite constraints. For the bipartite state ρA1A2 , any
effect MA1

b1jy1 ∈MðHA1Þ and any effect MA2

b2jy2 ∈MðHA2Þ,
we can define ontological representations of each of these
via the linear functionals induced by the frames and dual
frames:

pðλ1λ2Þ ≔ Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
; ðJ17aÞ

pðb1jy1λ1Þ ¼ Tr
�
σA1

λ1
MA1

b1jy1
�
; ðJ17bÞ

pðb2jy2λ2Þ ¼ Tr
�
σA2

λ2
MA2

b2jy2
�
: ðJ17cÞ

The non-negativity and normalization of these ontological
representations follow from Eq. (J2) together with the fact
that the frame fσAi

λi
gλi is a set of density operators.

Next, we show that the effective ontological representa-
tions obtained by sequential composition depend linearly
on the corresponding effective quantum processes. This
follows from the fact that fσAi

λi
gλi and fH

Ai
λi
gλi form a frame

and its dual frame on Vi. In particular,

p̃ðb1λ2jy1Þ ≔
X
λ1

pðλ1λ2Þpðb1jy1λ1Þ

¼
X
λ1

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
Tr
�
MA1

b1jy1σ
A1

λ1

�
¼ Tr

�ðMA1

b1jy1 ⊗ HA2

λ2
ÞρA1A2

� ¼ Tr
�
HA2

λ2
ρ̃A2

b1jy1
�
;

ðJ17dÞ

where we use Eqs. (J17a) and (J17b) in the first equality,
and the definition of ρ̃A2

b1jy1 , provided in Eq. (36a), in the last
equality. Similarly, we can show that

p̃ðb2λ1jy2Þ ≔
X
λ2

pðλ1λ2Þpðb2jy2λ2Þ

¼
X
λ2

Tr
�ðHA1

λ1
⊗ HA2

λ2
ÞρA1A2

�
Tr
�
MA2

b2jy2σ
A2

λ2

�
¼ Tr

�ðHA1

λ1
⊗ MA2

b2jy2ÞρA1A2

� ¼ Tr
�
HA1

λ1
ρ̃A1

b2jy2
�

ðJ17eÞ

using Eqs. (J17a) and (J17c) in the first equality, and the
definition of ρ̃A1

b2jy2 , provided in Eq. (36b), in the last
equality.
Finally, the ontological model reproduces the empirical

statisticsX
λ1λ2

pðλ1λ2Þpðb1jy1λ1Þpðb2jy2λ2Þ

¼
X
λ1λ2

Tr
�ðHA1

λ1
⊗HA2

λ2
ÞρA1A2

�
Tr
�
MA1

b1jy1σ
A1

λ1

�
Tr
�
MA2

b2jy2σ
A2

λ2

�
¼
X
λ2

Tr
�ðMA1

b1jy1 ⊗HA2

λ2
ÞρA1A2

�
Tr
�
MA2

b2jy2σ
A2

λ2

�
¼ Tr

�ðMA1

b1jy1 ⊗MA2

b2jy2ÞρA1A2

�
; ðJ18Þ

where in the last two steps, we again use the properties of
frame representations.
Since all these ontological representations depend lin-

early on the corresponding physical processes and are non-
negative, the circuit is classically explainable. Moreover,
since we allowed all possible factorizing dual processes,
namely, all local multi-measurements, it follows that the
bipartite state ρA1A2 is classical by Definition 7. ▪

2. Proof of Theorem 5

Theorem 5. A channel EBjA: LðHAÞ ↦ LðHBÞ is
classical if and only if it admits a frame representation

EBjAð·Þ ¼
X
λAλB

σBλBTr
�
HB

λB
EBjAðFA

λA
Þ�Tr�GA

λA
ð·Þ�; ðJ19Þ

where the frame on VA is a set of Hermitian operators
fFA

λA
gλA each with unit trace, Tr½FA

λA
� ¼ 1, and the dual
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frame on VA is a POVM fGA
λA
gλA satisfying

P
λA
GA

λA
¼

PVA
ð1AÞ ¼ 1A, while the frame on VB is a set of density

operators fσBλBgλB and the dual frame on VB is a set
of Hermitian operators fHB

λB
gλB satisfying

P
λB
HB

λB
¼

PVB
ð1BÞ, with PVBðAÞ denoting the superoperator projecting

onto VBðAÞ, and such that

Tr½HB
λB
EBjAðFA

λA
Þ� ≥ 0; ∀λA; λB: ðJ20Þ

Proof. We first prove the only if direction. Assume EBjA
is classical in the sense of Definition 9 in the main text.
Then, for the statistics generated in the prepare-transform-
measure circuits consisting of the channel EBjA and every
possible multi-source ffpðajxÞρAajxgagx and multi-meas-

urement ffMB
bjygbgy, there exists an ontological model

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

�
¼
X
λAλB

pðbjyλBÞpðλBjλAÞpðaλAjxÞ ðJ21aÞ

¼
X
λB

pðbjyλBÞp̃ðaλBjxÞ ðJ21bÞ

¼
X
λA

p̃ðbjyλAÞpðaλAjxÞ; ðJ21cÞ

where p̃ðaλBjxÞ and p̃ðbjyλAÞ are defined in Eq. (68), and
where the ontological identities in Eq. (69) are respected. In
particular, these constraints imply that
(1) From Eq. (69a), for each λB, the map MB

bjy ↦
pðbjyλBÞ is a normalized positive linear func-
tional on the space of all effects on B, i.e.,
MðHBÞ. Normalization pð1BjλBÞ ¼ 1 follows from
Tr½1BEBjAðρAÞ� ¼ 1, and by Eq. (J21a), pð1BjλBÞ
must equal 1. Thus, by the generalized Gleason
theorem, there exists a quantum state σBλB such that

pðbjyλBÞ ¼ Tr
�
MB

bjyσ
B
λB

�
: ðJ22Þ

(2) From Eq. (69b), for each λA, the map pðajxÞρAajx ↦
pðaλAjxÞ is a positive linear functional on the space
of all unnormalized states on A. Therefore, by the
Riesz representation theorem, there exists a positive
semidefinite operator GA

λA
such that

pðaλAjxÞ ¼ Tr
�
GA

λA
pðajxÞρAajx

�
: ðJ23Þ

(3) From Eq. (69c), for each λA, the map M̃A
bjy ↦

p̃ðbjyλAÞ is a normalized positive linear functional
on VA ¼ SpanðfM̃A

bjygÞ with M̃A
bjy ¼ ½EBjA�†ðMB

bjyÞ;
therefore, there exists a Hermitian operator FA

λA

such that

p̃ðbjyλAÞ ¼ Tr
�
M̃A

bjyF
A
λA

�
: ðJ24Þ

Since
P

b Tr½M̃A
bjyF

A
λA
� ¼ 1, FA

λA
is trace-1.

(4) From Eq. (69d), for each λB, the map ρ̃Bajx ↦
p̃ðaλBjxÞ is a positive linear functional on VB ¼
Spanðfρ̃BajxgÞ with ρ̃Bajx ¼ EBjA(pðajxÞρAajx). Thus,

there exists a Hermitian operator HB
λB

such that

p̃ðaλBjxÞ ¼ Tr
�
HB

λB
ρ̃Bajx
�
: ðJ25Þ

Substituting Eq. (J22), (J25) into Eq. (J21b) yields

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

�
¼
X
λB

Tr
�
MB

bjyσ
B
λB

�
Tr
�
HB

λB
ρ̃Bajx
�
: ðJ26Þ

Recalling the definition of ρ̃Bajx in Eq. (62b), we have

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

�
≔ Tr

�
MB

bjyρ̃
B
ajx
�
; ðJ27Þ

and combining these two expressions, we obtain

Tr
�
MB

bjyρ̃
B
ajx
�¼X

λB

Tr
�
MB

bjyσ
B
λB

�
Tr
�
HB

λB
ρ̃Bajx
�
: ðJ28Þ

Importantly, since this holds for all MB
bjy ∈

MðHBÞ, which are tomographically complete, this
implies

ρ̃Bajx ¼
X
λB

Tr
�
HB

λB
ρ̃Bajx
�
σBλB : ðJ29Þ

That is, fσBλBgλB and fHB
λB
gλB define a frame and its

dual frame on VB ¼ Spanðfρ̃BajxgÞ. Moreover, taking
the trace of both sides yields

Tr½ρ̃Bajx� ¼
X
λB

Tr
�
HB

λB
ρ̃Bajx
�
: ðJ30Þ

Noting that this holds for all ρ̃Bajx on VB implies thatP
λB
HB

λB
¼ PVB

ð1BÞ, where we denote the super-
operator that projects onto VB by PVB

.
Similarly, substituting Eqs. (J23) and (J24) into

Eq. (J21c), we have

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

�
¼
X
λA

Tr
�
M̃A

bjyF
A
λA

�
Tr
�
GA

λA
pðajxÞρAajx

�
: ðJ31Þ
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Recalling the definition of M̃A
bjy in Eq. (62b),

we have

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

� ¼ Tr
�
M̃A

bjypðajxÞρAajx
�
;

ðJ32Þ

and combining these two expressions, we obtain

Tr
�
M̃A

bjypðajxÞρAajx
�

¼
X
λA

Tr
�
M̃A

bjyF
A
λA

�
Tr
�
GA

λA
pðajxÞρAajx

�
: ðJ33Þ

Importantly, since this holds for all unnormalized
states pðajxÞρAajx with ρAajx ∈SðHAÞ, which are
tomographically complete, we have

M̃A
bjy ¼

X
λA

Tr
�
M̃A

bjyF
A
λA

�
GA

λA
: ðJ34Þ

That is, fFA
λA
gλA and fGλAgλA define a frame and dual

frame on VA ¼ SpanðfM̃A
bjygÞ. Moreover, taking the

summation over b on both sides yields

X
b

M̃A
bjy ¼

X
b

X
λA

Tr
�
M̃A

bjyF
A
λA

�
GA

λA

¼
X
λA

GA
λA

¼ PVð1AÞ ¼ 1A: ðJ35Þ

Therefore, fGλAgλA is a valid POVM.
(5) Finally, plugging Eqs. (J24) and (J25) into the

assumed decomposition in Eq. (69e), we obtain

pðλBjλAÞ ¼
X
abxy

αabxyp̃ðbjyλAÞp̃ðaλBjxÞ

¼
X
abxy

αabxyTr
�
M̃A

bjyF
A
λA

�
Tr
�
HB

λB
ρ̃Bajx
�
:

ðJ36Þ

Recalling the operational identity in Eq. (65), we
thus have

pðλBjλAÞ ¼ Tr
�
HB

λB
EBjAðFA

λA
Þ�: ðJ37Þ

Combining it with Eq. (J22), (J23), and (J21) yields

Tr
�
MB

bjyE
BjA(pðajxÞρAajx)

�
¼
X
λAλB

Tr
�
HB

λB
EBjAðFA

λA
Þ�Tr�MB

bjyσ
B
λB

�
× Tr

�
GA

λA
pðajxÞρAajx

�
; ðJ38Þ

since this holds for all MB
bjy and pðajxÞρAajx, which are

tomographically complete, we have

EBjAð·Þ ¼
X
λAλB

Tr
�
HB

λB
EBjAðFA

λA
Þ�Tr�GA

λA
ð·Þ�σBλB : ðJ39Þ

Now let us prove the if part. Suppose there exists a frame
decomposition of the channel of EBjA as in Eq. (J19), then
for the channel EBjA, any effectMB

bjy and any unnormalized

state pðajxÞρAajx, we can define ontological representations

of each of these processes via the linear functionals induced
by the frames and dual frames:

pðλBjλAÞ ≔ Tr½HB
λB
EBjAðFA

λA
Þ�; ðJ40aÞ

pðbjyλBÞ ≔ Tr
�
MB

bjyσ
B
λB
�; ðJ40bÞ

pðaλAjxÞ ≔ Tr½GA
λA
pðajxÞρAajx�; ðJ40cÞ

where the non-negativity and normalization are ensured
by Eq. (J20), σBλB being a density operator, and fGλAgλA
being a POVM.
We can also show that the effective ontological processes

obtained by sequential compositions are also linear to the
corresponding effective quantum processes obtained by
sequential compositions. This is because fσAi

λi
gλi and

fHAi
λi
gλi are a frame and its dual frame on Vi. In particular,

p̃ðaλBjxÞ ≔
X
λA

pðλBjλAÞpðaλAjxÞ

¼
X
λA

Tr
�
HB

λB
EBjAðFA

λA
Þ�Tr�GA

λA
pðajxÞρAajx

�
¼ Tr

�
HB

λB
EBjA(pðajxÞρAajx)

� ¼ Tr
�
HB

λB
ρ̃Bajx
�
;

ðJ40dÞ

where we use Eqs. (J40a) and (J40c) in the first equality,
and the definition of ρ̃Bajx in the last equality. Similarly,

using Eqs. (J40a) and (J40b), we can show that

p̃ðbjyλAÞ ≔
X
λB

pðbjyλBÞpðλBjλAÞ

¼
X
λB

Tr
�
MB

bjyσ
B
λB

�
Tr
�
HB

λB
EBjAðFA

λA
Þ�

¼ Tr
�
MB

bjyE
BjAðFA

λA
Þ� ¼ Tr

�
M̃A

bjyF
A
λA

�
: ðJ40eÞ

Finally, the ontological model also reproduces the
empirical statistics:
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X
λAλB

pðbjyλBÞpðλBjλAÞpðaλAjxÞ

¼
X
λAλB

Tr
�
MB

bjyσ
B
λB

�
Tr
�
HB

λB
EBjAðFA

λA
Þ�Tr�GA

λA
pðajxÞρAajx

�
¼
X
λA

Tr
�
MB

bjyE
BjAðFA

λA
Þ�Tr�GA

λA
pðajxÞρAajx

�
¼ Tr

�
MB

bjyE
BjA(pðajxÞρAajx)

�
: ðJ41Þ

In the last two equations, we again use properties of frame
representations.
Since all these ontological representations depend lin-

early on the corresponding physical processes and are non-
negative, the circuit is classically explainable. Moreover,
since we allowed all possible factorizing dual processes,
this, in turn, implies that the channel EBjA is classical by
Definition 9. ▪

3. Proof of Theorem 6

Theorem 6. A multipartite multi-instrument ffF B⃗jA⃗
cjz gcgz,

where F B⃗jA⃗
cjz : Lð⊗n

i¼1 H
AiÞ ↦ Lð⊗m

j¼1 H
BjÞ, is classical if

and only if it admits a frame representation

F B⃗jA⃗
cjz ð·Þ ¼

X
λA⃗λB⃗

⨂
j
σ
Bj

λBj
Tr
h
ð⨂

j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⨂
i
FAi
λAi
Þ
i

× Tr
h
ð⨂

i
GAi

λAi
Þð·Þ
i
; ðJ42Þ

where the frame on the operator space VBj
is a fixed set of

density operators fσBj

λBj
gλBj , and the dual frame is a set of

Hermitian operators fHBj

λBj
gλBj satisfying

P
λBj

H
Bj

λBj
¼

PVBj
ð1BjÞ; the frame on the operator space VAi

is a set

of Hermitian operators fFAi
λAi
gλAi satisfying Tr½FAi

λAi
� ¼ 1,

and the dual frame is a POVM fGAi
λAi
gλAi satisfyingP

λAi
GλAi

¼ PVAi
ð1AiÞ ¼ 1Ai , and such that

Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i
≥ 0; ∀λA⃗; λB⃗; c; z: ðJ43Þ

Proof. We first prove the only if direction. Assume the

multipartite multi-instrument ffF B⃗jA⃗
cjz gcgz is classical.

Then, for the statistics generated in the multipartite
prepare-transform-measure circuit consisting of the multi-

partite multi-instrument ffF B⃗jA⃗
cjz gcgz and every possible

multi-source ffpðaijxiÞρAi
aijxigaigxi on HAi and multi-

measurement ffMBj

bjjyjgbjgyj on HBj , there exists an

ontological model

Tr
h
ð ⨂
j∈ ½m�

M
Bj

bjjyjÞF
B⃗jA⃗
cjz ( ⨂

i∈ ½n�
pðaijxiÞρAi

aijxi)
i

¼
X
λB⃗λA⃗

pðcλB⃗jzλA⃗Þ
Y
j

pðbjjyjλBj
Þ
Y
i

pðaiλAi
jxiÞ ðJ44aÞ

¼
X
λBj

pðbjjyjλBj
Þp̃ða⃗b⃗j̄cλBj

jx⃗y⃗j̄zÞ ðJ44bÞ

¼
X
λAi

pðaiλAi
jxiÞp̃ða⃗īb⃗cjx⃗īy⃗zλAi

Þ; ðJ44cÞ

where the ontological identities in Eq. (83) are respected.
Here we denote j̄ ¼ fj0jj0 ≠ jg and ī ¼ fi0ji0 ≠ ig and
define

p̃ða⃗b⃗j̄cλBj
jx⃗y⃗j̄zÞ ¼

X
λB⃗j̄

λA⃗

pðcλB⃗jzλA⃗Þ
Y
j0≠j

pðbj0 jyj0λBj0 Þ

×
Y
i

pðaiλAi
jxiÞ ðJ45aÞ

p̃ða⃗īb⃗cjx⃗īy⃗zλAi
Þ ¼

X
λB⃗λA⃗ī

pðcλB⃗jzλA⃗Þ
Y
j

pðbjjyjλBj
Þ

×
Y
i0≠i

pðai0λAi0 jxi0 Þ: ðJ45bÞ

Specifically, the constraints in Eq. (83) then imply that
(1) From Eq. (83a), for each j∈ ½m� each λBj

, the

map M
Bj

bjjyj ↦ pðbjjyj; λBj
Þ is a normalized posi-

tive linear functional on the space of all effects
on Bj, i.e., MðHBjÞ. Thus, by the generalized

Gleason theorem, there exists a quantum state σ
Bj

λBj

such that

pðbjjyjλBj
Þ ¼ Tr

h
M

Bj

bjjyjσ
Bj

λBj

i
: ðJ46Þ

(22) From Eq. (83b), for each i∈ ½n�, for each λAi
, the

map pðaijxiÞρAi
aijxi ↦ pðaiλAi

jxiÞ is a positive linear
functional on the space of all unnormalized states.
Therefore, there exists a positive semidefinite oper-
ator GAi

λAi
such that

pðaiλAi
jxiÞ ¼ Tr

�
GAi

λAi
pðaijxiÞρAi

aijxi
�
: ðJ47Þ

There are many ontological identities included
in Eq. (83c); however, it turns out that it is suffi-
cient to consider those for the ontological repre-
sentation in Eq. (J45) defined for the effective
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physical processes

ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
¼ TrB⃗j̄

h
MB⃗

b⃗j̄jy⃗j̄
F B⃗jA⃗

cjz ðρ̃A⃗a⃗jx⃗Þ
i
; ðJ48aÞ

M̃Ai

a⃗īb⃗cjx⃗īy⃗z
¼ TrA⃗ī

h
ρ̃A⃗ī
a⃗ījx⃗ī [F

B⃗jA⃗
cjz ]†ðMB⃗

b⃗jy⃗Þ
i
; ðJ48bÞ

where we denote MB⃗
b⃗jy⃗ ¼⊗j M

Bj

bjjyj and MB⃗
b⃗j̄jy⃗j̄

≔

1Bj ⊗j0≠j M
Bj0
bj0 jyj0 , similarly, ρ̃A⃗a⃗jx⃗ ≔⊗i pðaijxiÞρAi

aijxi
and ρ̃A⃗ī

a⃗ījx⃗ī ≔ 1Ai ⊗⊗i0≠i pðai0 jxi0 ÞρAi0
ai0 jxi0 .

(3) As a special case of Eq. (83c), for each j∈ ½m� and
each λBj

, the map ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
↦ p̃ða⃗b⃗j̄cλBj

jx⃗y⃗j̄zÞ is a
positive linear functional on the space of all states

ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
∈VBj

in Eq. (J48a). Thus, there exists a

Hermitian operator H
Bj

λBj
such that

p̃ða⃗b⃗j̄cλBj
jx⃗y⃗j̄zÞ ¼ Tr

h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
: ðJ49Þ

(4) As another special case of Eq. (83c), for each i∈ ½n�
and each λAi

, the map M̃Ai

a⃗īb⃗cjx⃗ī y⃗z
↦ p̃ða⃗īb⃗cjx⃗īy⃗zλAi

Þ
is a positive linear functional on the space of all
effects M̃Ai

a⃗īb⃗cjx⃗ī y⃗z
∈VAi

in Eq. (48b). Thus, by the

Riesz representation theorem, there exists a Hermi-
tian operator FAi

λAi
such that

p̃ða⃗īb⃗cjx⃗īy⃗zλAi
Þ ¼ Tr

h
FAi
λAi
M̃Ai

a⃗īb⃗cjx⃗īy⃗z

i
: ðJ50Þ

Plugging Eqs. (J46) and (J49) into Eq. (J44b)
yields

Tr

�
ð ⊗
j∈ ½m�

M
Bj

bjjyjÞF
B⃗jA⃗
cjz ( ⊗

i∈ ½n�
pðaijxiÞρAi

aijxi)
�

¼
X
λBj

Tr
h
M

Bj

bjjyjσ
Bj

λBj

i
Tr
h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
: ðJ51Þ

Combining it with Eq. (J48a), we have

Tr
h
M

Bj

bjjyj ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
¼
X
λBj

Tr
h
M

Bj

bjjyjσ
Bj

λBj

i
Tr
h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
: ðJ52Þ

Importantly, since this holds for all M
Bj

bjjyj ∈
MðHBjÞ, which are tomographically complete, this
implies

ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
¼
X
λBj

Tr
h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
σ
Bj

λBj
: ðJ53Þ

That is, fσBj

λBj
gλBj and fHBj

λBj
gλBj define a frame and

its dual frame on VBj
¼ Spanðfρ̃Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
gÞ. More-

over, taking the trace of both sides yields

Tr
h
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
¼
X
λBj

Tr
h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
: ðJ54Þ

Noting that this holds for all ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
∈VBj

. we thus

have
P

λBj
H

Bj

λBj
¼PVBj

ð1BjÞ, wherePVBj
is the super-

operator that projects onto the operator space VBj
.

Similarly, by plugging Eqs. (J47) and (J50) into
Eq. (J44c), we can prove that fFAi

λAi
gλAi and a POVM

fGAi
λAi
gλAi defines a frame and dual frame on

VAi
¼ SpanðfM̃Ai

a⃗īb⃗cjx⃗ī y⃗z
gÞ, and in particular,

M̃Ai

a⃗īb⃗cjx⃗ī y⃗z
¼
X
λAi

Tr
h
FAi
λAi
M̃Ai

a⃗īb⃗cjx⃗ī y⃗z

i
GAi

λAi
: ðJ55Þ

(5) Finally, we now consider the ontological identities in
Eq. (83d). Again, there are many ontological iden-
tities therein. However, it turns out that it is sufficient
to consider some special ones. Specifically, for any
fixed c and z, we consider operational identity of the
form of

F B⃗jA⃗
cjz ð·Þ ¼

X
fcib⃗i y⃗igifcjb⃗jj̄ y⃗

j
j̄
gj

fzia⃗i
ī
x⃗i
ī
gifzja⃗jx⃗jgj

α
fzia⃗i

ī
x⃗i
ī
gifzja⃗jx⃗jgj

fcib⃗iy⃗igifcjb⃗jj̄y⃗
j
j̄
gj
Tr
h
ð⨂

i
M̃Ai

a⃗īb⃗cjx⃗ī y⃗z
Þð·Þ
i
⨂
j
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z
; ðJ56Þ

where the superscripts i and j are indices to distinguish different settings and outcome variables. The associated ontological
identities are then given as
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pðcλB⃗jzλA⃗Þ ¼
X

fcib⃗i y⃗igifcjb⃗jj̄ y⃗
j
j̄
gj

fzia⃗i
ī
x⃗i
ī
gifzja⃗j x⃗jgj

α
fzia⃗i

ī
x⃗i
ī
gifzja⃗jx⃗jgj

fcib⃗iy⃗igifcjb⃗jj̄y⃗
j
j̄
gj

Y
i

p̃ða⃗iīb⃗
icijx⃗iīy⃗iziλAi

Þ ×
Y
j

p̃ða⃗jb⃗jj̄cjλBj
jx⃗jy⃗jj̄zjÞ

¼
X

fcib⃗i y⃗igifcjb⃗jj̄ y⃗
j
j̄
gj

fzia⃗i
ī
x⃗i
ī
gifzja⃗j x⃗jgj

α
fzia⃗i

ī
x⃗i
ī
gifzja⃗jx⃗jgj

fcib⃗iy⃗igifcjb⃗jj̄y⃗
j
j̄
gj

Y
i

Tr
h
FAi
λAi
M̃Ai

a⃗īb⃗cjx⃗īy⃗z

i
×
Y
j

Tr
h
H

Bj

λBj
ρ̃
Bj

a⃗b⃗j̄cjx⃗y⃗j̄z

i
; ðJ57Þ

where the equality follows from Eqs. (J49) and (J50).
Plugging the operational identity in Eq. (J56) back into Eq. (J57), we thus have

pðcλB⃗jzλA⃗Þ ¼ Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i
: ðJ58Þ

Now, substituting Eqs. (J47), (J46), and (J58) into Eq. (J44a), and using the fact that we are considering every possible
local measurement and preparation that are tomographically complete, we have

Tr
h

⊗
j∈ ½m�

ðMBj

bjjyjÞF
B⃗jA⃗
cjz ( ⊗

i∈ ½n�
pðaijxiÞρAi

aijxi)
i
¼
X
λB⃗λA⃗

Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗i F
Ai
λAi
Þ
iY

j

Tr
h
M

Bj

bjjyjσ
Bj

λBj

iY
i

Tr
h
GAi

λAi
pðaijxiÞρAi

aijxi

i

⇒ F B⃗jA⃗
cjz ð·Þ ¼

X
λA⃗λB⃗

⊗
j
σ
Bj

λBj
Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i
Tr
h
ð⊗
i
GAi

λAi
Þð·Þ
i
: ðJ59Þ

Now let us prove the if part. If there exists a frame
decomposition of the multipartite multi-instrument

ffF B⃗jA⃗
cjz gcgz then for any element of ffF B⃗jA⃗

cjz gcgz, any

element of a multi-measurement MB
bjy and any element

of a multi-source pðajxÞρAajx, one can define the individual
ontological representations induced by the frame operators

pðcλB⃗jzλA⃗Þ ¼ Tr
h
ð⊗
j
H

Bj

λBj
ÞF B⃗jA⃗

cjz ð⊗
i
FAi
λAi
Þ
i
; ðJ60aÞ

pðaiλAi
jxiÞ ≔ Tr

h
GAi

λAi
pðaijxiÞρAi

aijxi

i
; ðJ60bÞ

pðbjjyjλBj
Þ ≔ Tr

h
σ
Bj

λBj
M

Bj

bjjyj

i
; ðJ60cÞ

where the non-negativity and normalization are ensured by

Eq. (J43), σ
Bj

λBj
being a density operator and fGAi

λAi
gλAi being

a POVM. Moreover, each is a linear functional on its
corresponding quantum process.
One can also show that the effective ontological proc-

esses obtained by sequential compositions are also linear to
the corresponding effective quantum processes obtained
by sequential compositions. This is because fFAi

λAi
gλAi and

fGAi
λAi
gλAi , fσ

Bj

λBj
gλBj , and fHBj

λBj
gλBj are a frame and its dual

frame on VAi
and VBj

, respectively. In particular, for
any choice of I ⊆ ½1;…; n� and J ⊆ ½1;…; m�, one can
verify by plugging in Eq. (J60a) to (J60c) and using the
frame–dual-frame properties that

pðca⃗I b⃗J λB⃗J̄
jzx⃗I y⃗J λA⃗Ī

Þ ¼
X

λB⃗J
λA⃗I

pðcλB⃗jzλA⃗Þ
Y
j∈J

pðbjjyjλBj
Þ
Y
i∈ I

pðaiλAi
jxiÞ

¼ Tr
h
⊗

j∈J
M

Bj

bjjyj ⊗j∈ J̄
H

Bj

λBj
F B⃗jA⃗

cjz ( ⊗
i∈ I

pðaijxiÞρAi
aijxi ⊗i∉I

FAi
λAi
)
i
: ðJ60dÞ

Since all these ontological representations depend linearly
on the corresponding physical processes and are non-
negative, we have shown that the circuit is classically
explainable. Since we allowed all possible factorizing

dual processes (i.e., all product multi-measurements
and product multi-sources), this, in turn, implies that the

multipartite multi-instrument ffF B⃗jA⃗
cjz gcgz is classical by

Definition 3′. ▪
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APPENDIX K: FRAME REPRESENTATION
OF 2-COMBS

As we defined in the Introduction, a generic process, in
the context of this paper, is simply a transformation with
various input and output systems, which may be quantum
or classical. Note that we did not specify the internal causal
structure of a given quantum process. That is, here we did
not stipulate any particular causal influence relations
among the input and output systems [125]. For example,
any multipartite quantum channel is treated as a monolithic
object with multiple inputs and multiple outputs without
constraints on its internal causal structure, so any input
system may influence any output system. As a conse-
quence, in our framework, a multipartite channel and an
N-comb (as defined in Ref. [83]) are treated as the same
type of process, even though they are physically distinct,
with the latter subject to additional no-signaling constraints
arising from its internal causal structure. Nevertheless,
as we will see by considering frame representations of
N-combs, although we never specify the internal causal
structure of a given process, if an N-comb is classical, its
corresponding ontological model nevertheless automati-
cally satisfies the required no-signaling constraints.
Let us take a 2-comb CB2B1jA2A1 as an example. For

CB2B1jA2A1 to be a valid 2-comb, it must be completely
positive and trace preserving, and it must also satisfy a
no-signaling constraint between input A2 and output B1.
That is, there exists a channel EB1jA1 such that

TrB2

�
CB2B1jA2A1ðρA1 ⊗ σA2Þ� ¼ EB1jA1ðρA1Þ ðK1Þ

for all states ρA1 and σA2 .
Now apply Theorem 6 to this 2-comb by viewing it as a

structureless process. A classical 2-comb then must admit a
frame representation of the form

CB2B1jA2A1ð·Þ ¼
X
λA1

λA2
λB1

λB2

pðλB1
λB2

jλA1
λA2

Þ

× tr
h
ðGA1

λA1
⊗ GA2

λA2
Þð·Þ
i
σB1

λB1
⊗ σB2

λB2
; ðK2Þ

where

pðλB1
λB2

jλA1
λA2

Þ
≔ tr

h
ðHB1

λB1
⊗HB2

λB2
ÞCB2B1jA2A1ðFA1

λA1
⊗ FA2

λA2
Þ
i
≥ 0 ðK3Þ

is its corresponding ontological representation.
One can now directly verify that pðλB1

λB2
jλA1

λA2
Þ

satisfies the appropriate no-signaling constraint, i.e.,

X
λB2

pðλB1
λB2

jλA1
λA2

Þ

¼
X
λB2

tr
h
ðHB1

λB1
⊗ HB2

λB2
ÞCB2B1jA2A1ðFA1

λA1
⊗ FA2

λA2
Þ
i

¼ tr
h
ðHB1

λB1
⊗ 1B2ÞCB2B1jA2A1ðFA1

λA1
⊗ FA2

λA2
Þ
i

¼ trB1

h
HB1

λB1
EB1jA1

�
FA1

λA1

�i
¼ pðλB1

jλA1
Þ ≥ 0; ðK4Þ

where we used
P

λB2
HB2

λB2
¼ 1B2 in the second equality and

the no-signaling condition of the 2-comb in the third
equality. The non-negativity of the final expression is
automatic.
Therefore, although our framework does not assume any

internal causal structure of a given process, and treats it
only as a structureless object by specifying only its input
and output systems, our framework can naturally be applied
to those higher-order processes with fixed internal causal
structure. Intuitively, this is because the corresponding
no-signaling constraints for any process are automatically
satisfied in its ontological representation due to the struc-
ture theorems we provide.
However, we do not claim that our framework can be

directly generalized to treat arbitrary higher-order quantum
processes. In particular, it is not clear how to define an
ontological model for a process with indefinite causal order.
Explicitly specifying the internal causal structure as an
operational constraint might be important for studying
arbitrary higher-order processes. We view this as an
interesting direction for future research, which will likely
require further investigation.

APPENDIX L: PROOF OF LEMMA 1

We now repeat and then prove Lemma 1. The connection
between the prepare-transform-measure circuit for a chan-
nel and the corresponding bipartite prepare-measure circuit
for the channel’s Choi state is depicted in Fig. 28.
Lemma 1. The Choi state isomorphic to a given process

is classical if and only if the process is classical.

FIG. 28. Connecting a prepare-transform-measure circuit with
a prepare-measure circuit on a bipartite system involving local
measurements.
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Proof. Let us first show that if a quantum channel
EBjA is classical, then so is its Choi state ρBAE ¼
ðEBjA ⊗ 1AÞjΨþihΨþjAA.
By Theorem 5, a classical channel admits a frame

decomposition

EBjAð·Þ ¼
X
λAλB

σBλBTr½HB
λB
EBjAðFA

λA
Þ�Tr½GA

λA
ð·Þ�; ðL1Þ

where fσBλBgλB is a set of quantum states defining a frame on

VB ≔ Span½fEBjAðρAÞg�, and fGA
λA
gλA is a POVM defining

a frame on VA ≔ Span½f½EBjA�†ðMBÞg�, and where fHB
λB
gλB

and fFA
λA
gλA are sets of Hermitian operators forming the

dual frames that satisfy
P

λB
HB

λB
¼ PVB

ð1BÞ, Tr½FA
λA
� ¼ 1

and moreover,

Tr
�
HB

λB
EBjAðFA

λA
Þ� ≥ 0; ∀λA; λB: ðL2Þ

We can then write the Choi state ρBAE of the quantum
channel EA→B in terms of this frame decomposition as

ρBAE ¼ ðE ⊗ 1AÞjΨþihΨþjAA
¼
X
λAλB

σBλBTr
�
HB

λB
EBjAðFA

λA
Þ�TrA�GA

λA
⊗ 1AjΨþihΨþjAA�

¼ 1

d

X
λAλB

σBλB ⊗ ½GA
λA
�TTr�HB

λB
EBjAðFA

λA
Þ�

¼
X
λAλB

σBλB ⊗ ½GA
λA
�TTr�HB

λB
⊗ ½FA

λA
�TρBAE

�
; ðL3Þ

where all transposes are with respect to the basis defining
jΨþi ≔ ð1= ffiffiffi

d
p ÞPi jiii, and we use the standard Choi

identities TrA½X ⊗ 1jΨþihΨþj� ¼ ð1=dÞXT

and ð1=dÞTr½YBEBjAðXAÞ� ¼ Tr½ðYB ⊗ ½XA�TÞρBAE �.
We can now rescale fGA

λA
gλA and fFA

λA
gλA to define a new

frame and its dual frame

σAλA ≔
½GA

λA
�T

Tr½GA
λA
� ; HA

λA
≔ ½FA

λA
�TTr½GA

λA
�; ðL4Þ

such that fσAλAgλA is a set of quantum states, and fHA
λA
gλA

is a set of Hermitian operators such that
P

λA
HA

λA
¼

PVA
ð1AÞ ¼ 1A since VA ¼ Span(f½EBjA�†ðMBÞg) must

contain the identity operator 1A as the map ½EBjA�† is
unital; moreover, the non-negativity conditions are
respected since

Tr
�
HB

λB
⊗ HA

λA
ρBAE
� ¼ 1

d
Tr½GA

λA
�Tr�HB

λB
EBjAðFA

λA
Þ� ≥ 0:

ðL5Þ

Therefore, by Theorem 4, ρBAE is classical.

Now we prove the reverse direction. A classical bipartite
state ρBAE admits a frame decomposition

ρBAE ¼
X
λAλB

Tr
�ðHB

λB
⊗ HA

λA
ÞρBAE

�
σBλB ⊗ σAλA ; ðL6Þ

where fσBλBg and fσAλAg are sets of quantum states defining

two respective frames on VBðAÞ ¼ SpanðfσBðAÞλBðAÞ gÞ, while

fHB
λB
g, fHA

λA
g are sets of Hermitian operators defining the

respective dual frames and satisfying
P

λB
HB

λB
¼ PVB

ð1BÞ,
and

P
λA
HA

λA
¼ PVA

ð1AÞ ¼ 1A where

Tr
�ðHB

λB
⊗ HA

λA
ÞρBAE

�
≥ 0; ∀λB; λA: ðL7Þ

Since a Choi state must satisfy TrB½ρBAE � ¼ ð1=dÞ1A,
we have

TrB½ρBAE � ¼
X
λA

Tr
�ðPVB

ð1BÞ ⊗ HA
λA
ÞρBAE

�
σAλA

¼
X
λA

TrA[HA
λA
TrB½ρBAE �]σAλA

¼
X
λA

1

d
TrA½HA

λA
�σAλA ¼ 1

d
1A; ðL8Þ

where the second equality is implied by the fact that
PVB

ð1BÞ acts as an identity operator on the span of VB,
and the last equality holds since fHA

λA
gλA and fσAλAgλA define

a pair of frame and dual frame on VA, which contains 1A.
Moreover, the constraints in Eq. (L7) imply

X
λB

Tr
�ðHB

λB
⊗ HA

λA
ÞρBAE

� ¼ 1

d
Tr½HA

λA
� ≥ 0; ∀λA: ðL9Þ

We can now reconstruct the quantum channel EBjA from
its Choi state ρBAE as

EBjAð·Þ ¼ dTrA
�ð1B ⊗ ð·ÞTÞρBAE

�
¼ d

X
λBλA

Tr
�ðHB

λB
⊗ HA

λA
ÞρBAE

�
Tr½σAλAð·ÞT �σBλB

¼
X
λBλA

Tr
�
HB

λB
EBjAðHA

λA
ÞT�Tr½ðσAλAÞTð·Þ�σBλB : ðL10Þ

We then rescale fGA
λA
gλA and fFA

λA
gλA to define a new frame

and its dual frame by

FA
λA

≔
ðHA

λA
ÞT

Tr½HA
λA
� ; GA

λA
≔ Tr½HA

λA
�ðσAλAÞT; ðL11Þ

such that Tr½FA
λA
� ¼ 1 and

P
λA
GA

λA
¼PλA

Tr½HA
λA
�ðσAλAÞT ¼

PVA
ð1AÞ ¼ 1A using Eq. (L8). Thus, we have

REASSESSING THE BOUNDARY BETWEEN CLASSICAL AND … PHYS. REV. X 16, 021050 (2026)

021050-49



Tr
�
HB

λB
EBjAðFA

λA
Þ� ¼ d

Tr½HA
λA
�Tr
�ðHB

λB
⊗ HA

λA
ÞρBAE

�
≥ 0;

where fd=ðTr½HA
λA
�Þg ≥ 0 is ensured by Eq. (L9).

Therefore, a quantum channel EBjA with a classical Choi
state ρBAE must be classical. ▪
Remark. To show that for any general process with

several quantum inputs and/or outputs, classicality is
preserved under the Choi isomorphism, it suffices to apply
the frame and dual-frame rescaling rules in Eq. (L4) or
Eq. (L11) to each quantum input or output. All the non-
negativity and normalization constraints are preserved, and
no additional modifications are required.

APPENDIX M: PROOF OF LEMMA 3

We now prove Lemma 3. The connection between the
prepare-measure circuit for a source and the corresponding
bipartite prepare-measure circuit for a bipartite state is
depicted in Fig. 29.
Lemma 3. Whether or not a process is nonclassical is

independent of whether one reconceptualizes its classical
outputs as dephased quantum outputs.
Proof.We prove the claim for a source fpðcÞρAcg, which

can also be viewed as a bipartite state

ρCA ≔
X
c

pðcÞjcihcjC ⊗ ρAc ðM1Þ

when the classical outcome is reconceptualized as the
dephased quantum outputC. The generalization to arbitrary
quantum processes is straightforward.
For one direction, if the bipartite state ρCA is classical,

following Proposition 2, then any source on A obtainable
by a measurement onC is classical. In particular, measuring
fMc ¼ jcihcjCgc on ρCA yields the source fpðcÞρAcg,
which must therefore be classical.
For the other direction, if the source fpðcÞρAcg is

classical, according to Theorem 2, there exists a frame
decomposition such that

ρAc ¼
X
λ

Tr½HA
λ ρ

A
c �σAλ ; ðM2Þ

where fσAλ gλ is a set of quantum states, and fHA
λ g is a

set of Hermitian operators with
P

λ H
A
λ ¼ PVð1AÞ with

V ¼ spanðfρcgcÞ, and Tr½HA
λ ρ

A
c � ≥ 0 for all λ, c.

One can then define another pair of frame and dual
frame as fσCc ≔ jcihcjCgc and fHC

c ≔ jcihcjCgc with
Tr½HC

c σ
C
c0 � ¼ jhcjc0ij2 ¼ δc;c0 . With that, one can find a

frame decomposition of ρCA as

ρCA ¼
X
c;λ

Tr
�ðHC

c ⊗ HA
λ ÞρCA

�
σCc ⊗ σAλ : ðM3Þ

Moreover, since Tr½HA
λ ρ

A
c � ≥ 0 for all λ, we have

Tr
�ðHC

c ⊗ HA
λ ÞρCA

� ¼ pðcÞTr½HA
λ ρ

A
c � ≥ 0; ∀c; λ:

Therefore, the bipartite state ρCA is classical. ▪
Remark. For any general process with several quantum

inputs and outputs, classicality remains preserved when
classical outcomes are reconceptualized as dephased quan-
tum outputs. This follows from choosing the eigenbasis
fjcihcjgc of each dephased system to serve simultaneously
as the frame and its dual, ensuring that all associated non-
negativity and normalization constraints are automatically
respected.
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ant les opérations fonctionnelles linéaires, Ann. Sci. École
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