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Qudits hold great promise for efficient quantum computation and the simulation of high-dimensional
quantum systems [1]. However, existing control and measurement schemes for qudit systems scale
unfavorably with qudit dimension since they decompose SUðdÞ operations into series of qubitlike rotations
and perform measurements on a small number of states [2–6]. Here, we address these challenges by
employing simultaneous multifrequency drives to generate rotations and projections in an effective spin-
7=2 system mapped onto the energy eigenstates of a superconducting circuit. We implement single-shot
readout of the eight states using a multitone dispersive readout (Fassignment ¼ 88.3%) and exploit the strong
nonlinearity in a high-EJ=EC transmon to simultaneously address each transition and realize a spin
displacement operator. Combining this displacement operator with a virtual SNAP gate, we realize
arbitrary single-qudit unitary operations in OðdÞ physical pulses and extract spin displacement gate
fidelities ranging from 0.997 to 0.989 for virtual spins of size j ¼ 1 to j ¼ 7=2. We demonstrate the
potential of our control scheme in three ways: the direct measurement of the spin qudit Wigner function,
randomized benchmarking of a logical qubit encoded into the qudit state, and randomized bench-
marking of the full qudit Clifford group. In the latter experiment, we implement the d-dimensional
quantum Fourier transform with an average gate fidelity of 0.91(6) in d ¼ 8. Our multifrequency
approach to qudit control and measurement can be readily extended to other physical platforms that
realize a multilevel system coupled to a cavity and can become a building block for efficient qudit-based
quantum computation and simulation.
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I. INTRODUCTION

Quantum computing relies on the ability to encode,
control, and measure quantum information with high
precision in a large state space. The canonical approach
uses qubits encoded in coupled (effective) spin-1=2 sys-
tems that can be controlled with high fidelity owing to their
strong nonlinearity [7–10]. In contrast, continuous variable
encodings use the infinite-dimensional state space of a
linear bosonic mode, enabling, e.g., resource-efficient
quantum error correction [11,12]. Qudits can combine
the advantages of both approaches by encoding information
in (effective) large spins: finite d-level systems (d > 2) with
strong nonlinearity. Qudit algorithms are predicted to
outperform their qubit counterparts at quantum information
tasks including magic-state distillation for quantum error
correction [13] and the synthesis of many-body gates [14].

Furthermore, qudits are promising candidates for the
simulation of quantum fields [15–17] or large angular-
momentum spins [18,19] owing to their natural correspon-
dence with high-dimensional quantum systems.
Experimental qudit processors have recently been dem-

onstrated using high-dimensional nuclear spins [2,3],
hyperfine states of trapped ions [4], photonic circuits [5],
and superconducting circuits [20]. So far, readout has been
limited to sequential qubitlike readout or to up to four states
simultaneously [21–26]. Universal qudit control in these
processors is typically realized by sequentially applying
Givens rotations between adjacent energy states requiring
Oðd2Þ qubitlike rotations to execute arbitrary single-qudit
gates [27,28]. This process scales poorly with qudit
dimension, however, and the fact that most states are idling
at any given time makes approaches like continuous
dynamical decoupling difficult [29]. Thus far, experiments
that explored simultaneous drives on multiple transitions,
either with optimal control pulses [30] or with known
decompositions [31,32], were limited to three- or four-level
systems without a clear path towards high-fidelity qudit
gates in larger dimensions. A platform capable of imple-
menting native multilevel rotations and readout would
unlock the power of qudits by making efficient use of
the larger Hilbert space and allowing a direct mapping
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between the platform-native operations and qudit algo-
rithms or simulations.
In this work, we realize spin displacement operations in a

superconducting transmon qudit with up to d ¼ 8 levels.
This process is facilitated by a modified transmon design
with a deep cosine potential that encodes qudit states with
coherence times close to the lifetime limit, enabling high-
fidelity control (see Table III in Appendix A). Extending
qubit dispersive cavity readout to a multitone measurement,
we realize simultaneous single-shot readout of the eight
energy states with average assignment fidelity of 88.3%.
Unlike their bosonic counterpart, spin systems are inher-
ently finite dimensional and have a spherical rather than
planar phase space. The family of spin displacement
unitaries likewise consists of rotations on this phase space.
We leverage the strong nonlinearity of the transmon to
realize spin displacement operators by simultaneously
driving the individual transitions. Utilizing this family of
displacement operations, we perform direct Wigner tomog-
raphy of the qudit state and verify the Wigner function’s
expected behavior. Next, we prepare spin cat states by
combining the displacement operator with a virtual selec-
tive number-dependent arbitrary phase (SNAP) gate, which
is implemented with close-to-unity fidelity by updating the
respective drive pulse phases. Finally, we demonstrate a
gate set consisting of a single displacement pulse and the
virtual SNAP gate to perform arbitrary qudit rotations in
OðdÞ physical pulses. We benchmark the performance of
the displacement pulse in two ways: randomized bench-
marking of a logical qubit encoded in the qudit Hilbert
space [33] and randomized benchmarking of the full qudit
Clifford group [34]. We measure native gate fidelities of
FD̂¼f0.9971�0.0001;0.9931�0.0001;0.9895�0.0003g
for d ¼ 3, d ¼ 5, and d ¼ 8, respectively, demonstrating
the potential for our control scheme to realize high-fidelity
qudit control.

II. RESULTS

A. Transmon qudits

The fixed-frequency superconducting transmon
oscillator is often used as a physical qubit for quantum
information processing [35]. It can be represented as a
lumped-element circuit consisting of a capacitor with
characteristic charging energy EC and a nonlinear induct-
ance in the form of a Josephson junction of characteristic
energy EJ. The resulting circuit behaves as an anharmonic
oscillator, with a Kerr nonlinearity as the lowest-order
correction to the harmonic potential. The two lowest-lying
energy eigenstates are typically used to encode a qubit in an
effective spin-1=2 system. Typical ratios of EJ=EC ≈ 50
suppress charge noise-induced dephasing within this qubit
subspace while producing an appreciable anharmonicity
of around 300 MHz [35,36]. The qubit is controlled using
a resonant microwave-frequency drive to address the

j0i ↔ j1i transition. Readout is enabled by dispersively
coupling the qubit to an LC oscillator realized as a coplanar
waveguide resonator. The lumped-element representation
of this circuit is shown in Fig. 1.
While the two lowest-energy eigenstates are well suited

for qubit computation, one can include the higher excited
states to realize a qudit [20,24,27,28]. The anharmonicity
due to the Josephson junction ensures that each of the
excited-state transitions is spectrally resolved. Typical
EJ=EC ratios permit the use of a few excited states beyond
the qubit subspace; however, the number of states confined
within the Josephson potential is relatively small, and the
higher states are subject to appreciable charge noise [35].
We address both shortcomings with a modified device
design having EJ=EC ≈ 250. The cosine potential and
phase-basis energy-eigenstate wave functions are shown
in the lower panel of Fig. 1. In the following experiments,
we use up to seven excited states for qudit computation
in d ¼ 8 dimensions. The Hilbert space of an eight-level
qudit is equivalent to an effective spin-7=2 system, and the
spectral separation of our eigenstates can be seen as
analogous to a high-dimensional spin with a quadrupole

FIG. 1. Encoding large spins in high-EJ=EC transmon qudits
and mapping a large spin onto a transmon. We dispersively
couple a transmon with EJ=EC ≈ 250 to a readout resonator. The
resonator enables projective readout of the qudit state, while the
large EJ=EC increases the number of states confined in the cosine
potential and suppresses charge noise in the highly excited states.
We map the Hilbert space of a large spin onto the transmon qudit
such that the spin’s Ĵz eigenstates correspond to the transmon
eigenstates. Under this mapping, our system resembles a large
spin dispersively coupled to a cavity, with a small quadrupole
term corresponding to the lowest-order (Kerr) nonlinearity of the
transmon.
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term in its Hamiltonian. In this picture, the harmonic part of
the transmon potential, â†â, plays the role of a Zeeman
Hamiltonian γnB0Ĵz due to an applied magnetic field, while
the Kerr term â†2â2 corresponds to the spin quadrupole
term QĴ2z . In a transmon, the anharmonicity across all
transitions is approximately given by K=ð2πÞ ≈ −EC,
where, in our device, we estimate EC ¼ 108 MHz.
Including the readout resonator, one can imagine our
system as a large spin dispersively coupled to a cavity,
where the Ĵz eigenstates are mapped onto the transmon
eigenstates (Fig. 1, right).
As in the case of a qubit, the dispersively coupled

resonator facilitates readout of the transmon state. In the
present case, however, we have optimized the device design
to permit single-shot readout of multiple levels. We show
the dispersive shift of the readout resonator spectrum in
Fig. 2(b) for transmon states j0i through j8i. A single-
frequency readout tone is able to distinguish several of
these states, limited by the linewidth of the resonator
relative to the dispersive shift. We realize single-shot
readout of the entire qudit by multiplexing three readout
tones with frequencies chosen such that together they can
distinguish each state from the others [23]. We demodulate
the signal reflected from the resonator at each of these three
frequencies and integrate each to produce three pairs of IQ
values. We consider these pairs as a single point in a six-
dimensional space, which is classified to determine the

readout result. Altogether, we find an assignment fidelity of
ð88.3� 0.2Þ%; see Appendix B for details. We note that
these readout methods were demonstrated and character-
ized in much greater detail in Ref. [37], which was prepared
concurrently with the present work.
The spectral separation of the qudit transitions allows

us to selectively apply rotations between adjacent states
jn − 1i and jni, given that the drive strength Ω is consid-
erably less than the anharmonicity, which, in our device, is
EC ¼ 108 MHz. In combination with the qudit readout,
this enables coherence time measurements of each tran-

sition. We measure the energy relaxation rate Tðn−1ÞðnÞ
1 for

each given transition jni → jn − 1i and find T01
1 ¼ 46 μs

down to T67
1 ¼ 13 μs, where the increased relaxation for

the higher transitions is largely explained by the scaling of
the matrix elements of the lowering operator, analogous to
bosonic enhancement for harmonic modes. We perform
similar measurements of T2 and T�

2 using π=2 pulses to
perform echo and Ramsey experiments within each sub-
space and find dephasing times (T2) close to the lifetime
limit; see Appendix A for the full set of coherence times.

B. Spin displacements

With our coherent, transition-selective control in mind,
we now consider the implementation of a spin-qudit
displacement operator, beginning with a brief overview
of high-dimensional spins and their displacements.

Tone 3 Tone 2 Tone 1

FIG. 2. Implementing control and measurement with multitone drives. (a) Illustration of the high-EJ=EC fixed-frequency transmon
and dispersively coupled readout resonator. Transmon drives are applied through the readout line. (b) Readout resonator spectrum for
each transmon eigenstate. We perform projective readout of the qudit state by multiplexing three readout tones at different frequencies
such that each state can be distinguished from the others by at least one tone. (c) Qudit readout in the IQ plane of each readout tone.
(d) Implementing the spin displacement operator by simultaneously driving multiple transitions. The pulse amplitudes are scaled such
that the largest element of the displacement generator matrix is held roughly fixed, producing slower oscillations as the number of
dimensions is increased. The solid lines show single-parameter fits to the experimental data accounting for an overall scale factor on the
pulse amplitude, of order unity. We also compute the expectation value of the Ĵz angular-momentum operator for each case (bottom).
The displacement drive induces sinusoidal oscillations in the angular momentum, realizing a complete inversion of the effective angular
momentum when the displacement angle is θ ¼ π.
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The Hilbert space of a spin-j system is spanned by a basis
of d ¼ 2jþ 1 states, usually labeled jj; mi for −j ≤ m ≤ j.
These states can be taken to be the eigenstates of the
angular-momentum operator Ĵz. The dynamical symmetry
group of a spin of any dimension is SUð2Þ with corre-
sponding Lie algebra suð2Þ. The representation of this Lie
algebra in a spin-j system consists of d × d Hermitian
matrices, spanned by the basis fĴx; Ĵy; Ĵzg. The displace-
ment operator of a spin-j system is thus an element of the
SUð2Þ representation generated by this basis:

D̂ðθ;ϕÞ ¼ e−iϕĴze−iθĴy ¼ eαĴþ−α
�Ĵ− ; ð1Þ

where the spin ladder operators are Ĵ� ≡ Ĵx � iĴy and
α≡ −ðθ=2Þe−iϕ [38,39]. The coherent states of a high-
dimensional spin are those generated by applying the
displacement operator to a fixed state in the Hilbert space,
usually taken to be the ground state: jθ;ϕi ¼ D̂ðθ;ϕÞjj; ji.
As in the case of a harmonic oscillator, applying a
displacement operator to a coherent state yields another
coherent state; furthermore, the coherent states form an
overcomplete basis for the Hilbert space. The phase-space
representation of a spin is closely related to these coherent
states. The phase space itself is the surface of a sphere,
and the displacement angles θ and ϕ specify polar and
azimuthal angles on the phase-space sphere, respectively.
We translate this picture to our transmon qudits by

mapping the spin state jj; mi onto the transmon oscillator
state jni ¼ jj −mi. The ground state of the spin system,
assuming a Zeeman Hamiltonian proportional to −Ĵz, is
jj; ji, which, under this mapping, corresponds to the
transmon’s ground state, j0i. In this notation, the action
of a spin ladder operator is to increment the number of
excitations in the transmon: Ĵþjni ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðd − nÞp jn − 1i

and Ĵ−jni ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þðd − n − 1Þp jnþ 1i. We note that, in

the limit of n ≪ d, these ladder operators approach the
bosonic operators â and â†, respectively, up to a multipli-
cative constant.
We implement high-dimensional spin displacements in

transmons by exploiting the nonlinearity of the system
to simultaneously drive multiple transitions [32]. We first
note that, under the rotating-wave approximation (RWA),
a single resonant drive at the jn − 1i ↔ jni transition
frequency produces an effective σ̂x-like Hamiltonian within
that subspace, thus inducing Rabi oscillations between
those levels. The validity of the RWA is contingent on the
applied drive strength being appreciably smaller than the
anharmonicity of the qudit (Ω ≪ K). We calibrate the drive
strength necessary to reach a given Rabi rate separately for
each transition in our Hilbert space. Because the spin ladder
operators Ĵ� connect only adjacent states, we observe that
we can drive displacement operations by simultaneously
driving every transition. The drive strengths are scaled such
that, if the drive on jn − 1i ↔ jni were applied on its own,

it would yield Rabi oscillations of Rabi frequency
ΩðtÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nðd − nÞp
for some global time-dependent envelope

ΩðtÞ. The total displacement induced by these drives after a
time T is D̂ðθ;ϕÞ, where θ ¼ R T0 ΩðtÞdt and ϕ is the phase
applied to each drive. We use a flattop pulse with cosine
ramps at the beginning and end, each having a duration of
1=4 of the total pulse length.
Applying the displacement drive to the ground state

produces spin coherent states, shown in Fig. 2(d) for several
different Hilbert space dimensions. We note that the
dimensionality of the emulated spin is artificially imposed
by restricting our drives to the appropriate subset of
transitions. After applying a displacement pulse of a given
duration, we perform qudit readout and plot the popula-
tions. We scale the drive amplitudes between dimensions
such that the largest matrix element of the displacement
generator is kept roughly fixed, producing slower oscil-
lations as the number of dimensions is increased. Because
we have chosen to map Ĵz eigenstates onto the transmon
eigenstates, we can directly compute the expectation value
hĴzi from the populations, shown in the bottom panel.
When the area of the displacement pulse is θ ¼ π, the
population is transferred entirely to the highest excited
state, jd − 1i, corresponding to a full inversion of the
effective angular momentum. These results illustrate that
we can drive high-fidelity SUð2Þ rotations of emulated
spins of varying dimension, limited only by the number of
qudit states available in our system.

C. Wigner tomography

One application of this SUð2Þ displacement operation is
the direct measurement of the spin qudit Wigner function.
Given a density matrix ρ̂, the Wigner function at a phase-
space coordinate α is given by WðαÞ ¼ Tr½ρ̂ Δ̂ðαÞ�, where
Δ̂ðαÞ is an operator-valued function over phase space
known as the kernel. The appropriate kernel for a given
system is not unique; it only needs to satisfy the
Stratonovich-Weyl postulates [39–41]. In the case of a
spin, it can be shown that one such kernel has the form of a
displaced paritylike operator, in analogy with the harmonic
oscillator: Δ̂ðαÞ ¼ 2D̂ðαÞΠ̂ D̂ð−αÞ, where Π̂ is diagonal in
the Ĵz basis (Appendix C 3). We measure the Wigner
function at a point α by applying a displacement D̂ð−αÞ and
performing qudit readout to extract the expectation value
of Π̂. We demonstrate this process in Figs. 3(b) and 3(c) for
energy eigenstates and superposition states, respectively.
As in the case of a harmonic oscillator, energy eigenstates
are completely delocalized in phase, producing rotationally
symmetric phase-space distributions. The ground state and
highest excited state are, themselves, examples of spin
coherent states and therefore have nearly entirely positive
Wigner functions, while the other energy eigenstates have
large Wigner-negative regions indicative of nonclassicality.
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D. Universal qudit control

In addition to enabling Wigner tomography, we now
propose spin displacements as primitive gates for efficient
qudit computation. Qudit gates are typically realized by
decomposing the desired unitary into a series of Givens
rotations within two-level subspaces of adjacent states
fjn − 1i; jnig. Such decompositions require, in general,
dðd − 1Þ=2 such rotations [24,27,42], which can become
costly for high-dimensional qudits. Inspired by the SNAP-
displacement control scheme for bosonic systems [43–46],
we find that interleaving N spin displacement operations
with N þ 1 arbitrary phase rotations provides universal
control over the qudit Hilbert space, given sufficiently large
N (Appendix D):

Û ¼ Ŝðϕ⃗ðNÞÞD̂ðθðNÞÞ…Ŝðϕ⃗ð1ÞÞD̂ðθð1ÞÞŜðϕ⃗ð0ÞÞ: ð2Þ

The required circuit depth for this scheme, N, is advanta-
geous as compared to Givens rotations: Numerically, we
find that only OðdÞ displacement layers are required to
realize arbitrary operations in SUðdÞ. Moreover, unlike
bosonic systems, we implement the SNAP layers simply by

updating subsequent drive phases, producing virtual rather
than physical phase rotations [28,47]. Thus, any single-
qudit unitary can, in principle, be realized byOðdÞ physical
pulses. In principle, arbitrary SUð2Þ rotations can be
realized using two π=2 rotations alternating with Ĵz
rotations (which are themselves examples of SNAP gates),
so each general displacement D̂ðθÞ could be replaced with
two D̂ðπ=2Þ displacements with a virtual Ĵz rotation
between them. In practice, however, we find this process
unnecessary: Restricting each displacement in Eq. (2) to be
D̂ðπ=2Þ has little effect on the number of layers required to
implement an arbitrary unitary. We therefore focus our
efforts on calibrating high-fidelity π=2 displacements and
decompose arbitrary unitaries into sequences of this single
pulse interleaved with virtual phase rotations. To imple-
ment a given target unitary, we then find the decomposition

parameters ϕ⃗ðiÞ using numerical optimization.
We demonstrate the SNAP-displacement gate set in

Fig. 3(d) by preparing a spin cat state, i.e., an equal
superposition of opposite-phase spin coherent states, in
d ¼ 8 dimensions. In particular, we choose coherent states
lying on the equator of the phase-space sphere, ideally

FIG. 3. Representing transmon qudit states in phase space. We plot a polar projection of the SUð2Þ phase-space sphere onto a disk
such that the radial coordinate is θ and the angular coordinate is ϕ; in this projection, the north pole of the SUð2Þ sphere lies at the center
of the disk, while the south pole is spread across its boundary. The color bar in (b) applies to all Wigner function plots. (a) Pulse sequence
for Wigner tomography. Beginning in the ground state, the desired state is constructed using a series of π pulses for (b) and a π=2 pulse
followed by π pulses for (c). Next, a displacement drive is applied, and the qudit state is measured. Populations estimated from many
repetitions of this sequence are used to construct the Wigner function. (b) Measured Wigner functions for energy eigenstates in d ¼ 5
dimensions. (c) Measured Wigner functions for equal superpositions of the ground state and each excited state. To the right, we show the
real parts of the density matrices recovered from the Wigner functions. (d) SNAP-displacement sequence for encoding a cat state in
d ¼ 8. The sequence maps j0i onto the cat state ðjðπ=2Þ; 0i þ j−ðπ=2Þ; 0iÞ= ffiffiffi

2
p

, which we use as the logical qubit state j0Li. We omit
the initial SNAP gate layer since, in this case, it acts on j0i and thus has no physical effect.
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preparing the state ðjðπ=2Þ; 0i þ j−ðπ=2Þ; 0iÞ= ffiffiffi
2

p
. In this

case, we find that the cat state can be prepared with only
two physical displacement pulses. We note that, much like
the harmonic oscillator cat states, our spin cat state only
contains even-parity eigenstates; likewise, the orthogonal
cat state ðjðπ=2Þ; 0i − j−ðπ=2Þ; 0iÞ= ffiffiffi

2
p

only contains odd-
parity eigenstates. It is important to remember, however,
that our cat state is a superposition of spin coherent states
rather than harmonic oscillator coherent states, differing
both in the amplitudes of the eigenstates and the overall
dimensionality of the system.

1. Benchmarking the displacement fidelity

While the SNAP-displacement decomposition is univer-
sal over SUðdÞ, benchmarking its performance over the full
Hilbert space presents a challenge. Below, we present
results of qudit randomized benchmarking experiments,
which yield estimates for the average fidelity with which
we can perform qudit Clifford operations [34]. However,
the size of the qudit Clifford group grows rapidly with
dimension, as does the number of displacement gates
required to implement each Clifford operation, making a
direct analysis of the displacement fidelity itself challeng-
ing. Process tomography, meanwhile, is sensitive to SPAM
errors, which poses a challenge when the gate errors
themselves are smaller than SPAM errors. In this section,
we instead perform randomized benchmarking of a logical
qubit, namely, the spin cat encoding, where each logical
Clifford gate is decomposed into a SNAP-displacement
sequence [33]. We emphasize that, although this encoding
has no beneficial error-correction properties given the noise
channels in our system, it is a useful tool for benchmarking
the displacement pulse. In particular, we find that all logical
Clifford gates can be implemented in at most two dis-
placement pulses, regardless of the underlying qudit
dimension. This close relationship between the logical
Clifford gates and the primitive pulse we wish to bench-
mark permits an accurate and reliable estimate of the
displacement pulse fidelity.
We begin our randomized benchmarking procedure with

the SNAP-displacement sequence discussed above, which
maps the ground state j0i onto the logical state j0Li. We
proceed in the typical fashion by sampling random
sequences of Clifford gates of varying depth and appending
the inverse Clifford operations to the end [48]. We compile
each Clifford gate down to a sequence of alternating SNAP
and displacement gates. As noted above, we find that all
logical Clifford unitaries involving logical σ̂x or σ̂y rota-
tions can be implemented with two displacement pulses,
while those corresponding to pure logical σ̂z rotations
require only a single phase update per drive since the
logical states are formed from disjoint sets of eigenstates.
The final step is to invert the encoding sequence such that
the population of j0Li is mapped back to j0i prior to

readout. The average Clifford fidelity we recover is taken as
a proxy for the overall fidelity of the displacement.
We show selected randomized benchmarking data

in Fig. 4(b) for d ¼ 3, d ¼ 5, and d ¼ 8. The resulting
average logical Clifford gate fidelities are FCL

¼f0.9951�
0.0002;0.9886�0.0002;0.9825�0.0006g for d ¼ 3,
d ¼ 5, and d ¼ 8, respectively, obtained by fitting the
exponential decay of the randomized benchmarking data.
While in the idealized case our control pulses implement
the generator of spin displacements, we find that off-
resonant drive terms neglected in the RWA can cause
coherent errors such as phase shifts and leakage, which can
have a significant impact on the displacement fidelity for
short pulse durations. We address this finding in several
complementary ways. To lowest order, the phase offsets
accumulated during the pulse can be compensated for by
instantaneous phase corrections before and after the pulse.
We compute these phase corrections from numerical
simulations of the unitary evolution of the system under
the displacement drive. We find that additional improve-
ments to the fidelity are made by including small drive
detunings and DRAG-like corrections [49], which correct
the noncommuting phase errors not addressed by the
instantaneous phase corrections and leakage, respectively.
We calculate these corrections numerically using an opti-
mal control code (see Appendix E and Ref. [50]). The
optimal fidelities are achieved by utilizing all three types of
corrections and by choosing displacement pulse lengths of
48 ns for d ¼ 3, 100 ns for d ¼ 5, and 140 ns for d ¼ 8 to
balance coherent errors, which increase with drive strength,
and incoherent errors, which increase with pulse duration.
We further demonstrate the effects of our pulse corrections
and the overall duration of the displacement pulse in
Fig. 4(e) for d ¼ 8 by performing randomized benchmark-
ing with displacement pulses of different durations and
different combinations of pulse corrections. As a guide to
the eye, we fit a phenomenological model in which the
total infidelity is the sum of coherent and incoherent error
terms: This model assumes that the coherent part
decreases with the square of the pulse duration while
the incoherent part increases linearly with pulse duration;
it also assumes that each pulse correction type is subject to
the same rate of incoherent error. We see that the pulse
corrections indeed improve the fidelities, particularly for
short pulse durations. For longer pulses, the incoherent
error is dominant, so the fidelity curves converge to one
another. We note that, because the dominant coherent
errors are due to off-resonant driving (e.g., ac Stark shifts),
the error is largely independent of the relative phases of
the drives. The numerically optimized corrections are
therefore independent of the drive phases, and our experi-
ments make use of this single optimized pulse. We further
test the stability of our control scheme and the reliability
with which our pulse corrections improve the fidelity by
repeating the same randomized benchmarking experiment
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many times, as shown in Fig. 4(f). The measured fidelities
remain stable over roughly 82 hours, with the distributions
of fidelities under each type of pulse correction remaining
well separated.
We note that these randomized benchmarking results

require careful interpretation for several reasons. First, the
fidelity of the displacement over the full qudit Hilbert space
is not necessarily equivalent to the fidelity within the
logical subspace: It is conceivable that the displacement
pulse is subject to errors affecting states orthogonal to the
logical subspace, which would be suppressed in our results.
Second, randomized benchmarking can potentially fail to
account for errors resulting in leakage out of the logical
subspace because such errors can, in general, produce

non-Markovian effects [51]. Finally, the logical Clifford
operations require differing numbers of displacement
pulses. We address these complications using a numerical
model of our randomized benchmarking procedure in
which randomly sampled, completely positive trace-
preserving (CPTP) maps are applied after each displace-
ment [33]. The average gate fidelity of this perturbed
displacement is computed directly, which we take to be the
underlying displacement fidelity FD̂ under a particular
realization of the error channel. Meanwhile, the perturbed
displacement is used to construct the Clifford set, from
which we sample sequences of varying length. A fit to the
resulting exponential decay is used to compute the average
logical qubit Clifford fidelity FCL

. Repeating this process

FIG. 4. Randomized benchmarking of a logical qubit controlled with SNAP-displacement decompositions. We form a two-
dimensional logical basis of spin cat states embedded into the larger qudit Hilbert space. (a) Logical Bloch sphere with theoretical
Wigner functions in d ¼ 8. (b) Logical qubit randomized benchmarking in d ¼ 3, d ¼ 5, and d ¼ 8. We extract average qubit Clifford
gate fidelities of FCL

¼ f0.9951� 0.0002; 0.9886� 0.0002; 0.9825� 0.0006g, respectively, yielding estimated displacement fidelities
of FD̂ ¼ f0.9971� 0.0001; 0.9931� 0.0001; 0.9895� 0.0003g. (c) Validating displacement fidelities extracted from randomized
benchmarking. We numerically simulate our randomized benchmarking procedure for displacement operations with varying (known)
infidelities such that we can relate the underlying displacement fidelities to the Clifford gate fidelities extracted from exponential fits. We
find that, regardless of the number of qudit dimensions being used, the results are well modeled by the relation FD̂ ¼ ðFCL

Þ1=N , with
N ¼ 5=3 being the average number of displacement pulses per Clifford operation (black line). (d) Cosine-square pulse shape used for
the displacement pulses. The in-phase component of the drive is shown in red, and the out-of-phase component is in blue. DRAG-like
corrections are calculated numerically, producing some amplitude in the out-of-phase part; detunings, meanwhile, can be viewed as
oscillations in the envelopes. These corrections are applied per transition, i.e., each transition’s drive has independent DRAG weights
and detunings. Note that we have exaggerated the DRAG weight and detuning to better illustrate their effects on the pulse.
(e) Randomized benchmarking fidelities in d ¼ 8 as a function of displacement pulse duration for each level of correction. The fit model
assumes that the total infidelity is the sum of coherent and incoherent parts, with the coherent error decreasing with the square of the
pulse duration, reflecting phase errors and leakage due to off-resonant driving, and the incoherent error increasing linearly with duration,
due to, e.g., energy relaxation. Our model further assumes that all correction settings are subject to the same rate of incoherent error.
(f) Repeated randomized benchmarking in d ¼ 8. We demonstrate the stability of our displacement pulse implementation as well as the
significance of the pulse corrections by repeating the same randomized benchmarking experiment many times over the course of
82 hours, without recalibrating, showing the overall distribution of Clifford errors in the right panel.
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for many randomizations and weights of the error map
ultimately allows us to estimate the relationship between
these two fidelities, shown in Fig. 4(c) (Appendix F). We
find that the simple parameter-free model FD̂ ¼ ðFCL

Þ1=N
represents the numerical data well, with N ¼ 5=3 being the
average number of displacement pulses per logical qubit
Clifford gate. Using this relation and our Clifford fidelities
from randomized benchmarking, we obtain estimated
displacement pulse fidelities of FD̂ ¼ f0.9971� 0.0001;
0.9931� 0.0001; 0.9895� 0.0003g for d ¼ 3, d ¼ 5, and
d ¼ 8, respectively.

2. SNAP-displacement decomposition of qudit gates

In addition to the logical qubit gates discussed in
the previous section, we also experimentally demonstrate
qudit control by implementing the single-qudit Clifford
group Cd. For any dimension d, the single-qudit Clifford
group is generated by the set f1̂; Ĥd; Ẑd; Ŝdg [34]. Here, Ĥd
is the qudit Hadamard gate, i.e., the single-qudit realization
of the quantum Fourier transform (QFT):

Ĥd ¼
1ffiffiffi
d

p
Xd−1
n;m¼0

ωnm
d jnihmj; ð3Þ

where ωd ¼ ei
2π
d . This gate is a key component of qudit

algorithms such as phase estimation and Shor’s algorithm
[1,52,53]. The remaining gates are

Ẑd ¼
Xd−1
n¼0

ωn
djnihnj ð4Þ

and

Ŝd ¼
Xd−1
n¼0

ω
−nðnþdÞ

2

d jnihnj: ð5Þ

Because both of these gates are diagonal, they are imple-
mented by virtual phase rotations. The qudit Hadamard
gate, meanwhile, is realized by a SNAP-displacement
decomposition.
We begin by constructing the full qudit Clifford group in

terms of its generators for d ¼ 3, d ¼ 5, and d ¼ 8 (see
Appendix H for a description of the algorithm used). The
groups contain 216, 3000, and 24,576 elements, respec-
tively. The result is a decomposition of each Clifford
operator into its generators, as well as the Cayley table
representing the group’s structure under multiplication.
We note that, because Ĥ4

d ¼ 1̂ for any d, each Clifford
operator’s decomposition will contain at most three adja-
cent Ĥd gates. In light of this fact, we condense each
Clifford operator’s sequence such that it contains single
instances of Ĥd, Ĥ

2
d, and Ĥ3

d interleaved with arbitrary

numbers of Ẑd and Ŝd gates. By precomputing SNAP-
displacement decompositions for Ĥd, Ĥ

2
d, and Ĥ3

d, we can
therefore generate the SNAP-displacement decomposition
for any Clifford operator on the fly.
We find that, in general, Ĥd and Ĥ3

d can each be
realized by a SNAP-displacement decomposition of length
N ¼ d − 1, while Ĥ2

d requires N ¼ dþ 1 displacement
gates. For d ¼ 3 and d ¼ 5, we use these decomposition
depths. For d ¼ 8, however, we use a decomposition depth
of N ¼ 4 for each. At this depth, there is a decomposition
error of roughly 5%, which would be decreased by adding
more layers. However, the optimal experimental fidelity is
achieved by balancing these decomposition errors with
the pulse errors themselves, which were measured in the
previous section to be on the order of 1% per displacement
pulse for d ¼ 8. This approach illustrates a key advantage
of our control scheme as compared to Givens rotations:
One can choose a number of layers that maximizes the
fidelity of the desired gate under the error rates of the
system at hand, balancing the detrimental effect of imper-
fect displacement pulses with that of an imperfect decom-
position. This method is in contrast to Givens rotations,
where there is no clear way to “prune” gates from the
decomposition. We note that a similar conclusion can be
drawn for bosonic systems from Ref. [54], strengthening
the analogy between these methods.
Figure 5 summarizes the results of our experiments

demonstrating qudit Clifford control. In Figs. 5(a)–5(c),
we show density matrices recovered by performing state
tomography after applying Ĥd to j0i, which should ideally
produce an equal superposition of the basis states. We
recover state fidelities of 0.9996(5), 0.970(4), and 0.88(1)
for d ¼ 3, d ¼ 5, and d ¼ 8. The state tomography
procedure and data analysis are discussed in detail in
Appendix G.
While these state fidelities suggest that the qudit

Hadamard gates behave as expected when applied to the
ground state, they are not a reliable characterization of the
gate as a whole or of the rest of the qudit Clifford group. We
address this issue by performing qudit randomized bench-
marking [28,34], showing the results in Figs. 5(d)–5(f).
Like qubit randomized benchmarking, qudit randomized
benchmarking involves sampling random sequences of
Clifford gates and, for each, appending the inverse of
the sequence to the end. Applying these sequences to the
ground state and measuring the resulting population in j0i
yields an exponential decay as a function of sequence
length, from which we can estimate the average gate
fidelity of the Clifford operations. We furthermore perform
interleaved randomized benchmarking [55] to individually
extract the average gate fidelities of Ĥd, Ĥ

2
d, and Ĥ3

d. The
average gate fidelities extracted from all qudit randomized
benchmarking experiments are summarized in Fig. 5(g),
along with those resulting from the logical qubit random-
ized benchmarking experiments of the previous section.
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In particular, we find average qudit Clifford fidelities
of FCd

¼ f0.9850ð6Þ; 0.874ð6Þ; 0.57ð3Þg and Hadamard
gate fidelities of FĤd

¼ f0.992ð1Þ; 0.956ð4Þ; 0.91ð6Þg, for
d ¼ 3, d ¼ 5, and d ¼ 8, respectively. We note, however,
that the qudit Clifford fidelities could be improved dra-
matically in the following way. In these experiments, we
compile each Clifford gate into a sequence of generators,
each of which is itself compiled into a SNAP-displacement
sequence. However, one could instead directly decompose
each qudit Clifford gate into a SNAP-displacement
sequence, significantly decreasing the number of pulses
required per Clifford gate and thereby increasing the
average Clifford fidelity. We expect that the measured
fidelities of Ĥd, Ĥ

2
d, and Ĥ3

d are more representative of
the fidelity with which an arbitrary qudit gate could be
decomposed, given our error rates, than the measured
Clifford fidelities. Our reason for approaching the Clifford
gate decomposition in this way is that the large size of
the qudit Clifford group makes the SNAP-displacement
decomposition of each of its constituent gates impractical,
given our current method for calculating the decomposition

parameters. We expect that this shortcoming will be
alleviated by future work aimed at improving the numerical
methods used to calculate these parameters.
A useful point of comparison for the performance of our

d ¼ 8 Hadamard is the decomposition of the equivalent
three-qubit gate. In Table I, we show the number of
primitive gates required to implement the equivalent
three-qubit quantum Fourier transform as determined by
the Qiskit transpiler [56] assuming either all-to-all or linear
couplings. We assume a primitive gate set consisting of
X̂ðπ=2Þ, ẐðθÞ, and CNOT gates. From these gate counts,
we estimate the achievable three-qubit QFT fidelities from

FIG. 5. SNAP-displacement decomposition of the qudit Clifford group Cd. We first perform state tomography following the
application of the qudit Hadamard gate, realized as a SNAP-displacement decomposition, in d ¼ 3 (a), d ¼ 5 (b), and d ¼ 8 (c). The
color indicates phase, with the color scale given to the right. Next, we measure the average qudit Clifford gate fidelity using qudit
randomized benchmarking in d ¼ 3 (d), d ¼ 5 (e), and d ¼ 8 (f), yielding average Clifford fidelities of FCd

¼ f0.9850ð6Þ;
0.874ð6Þ; 0.57ð3Þg. We also show interleaved randomized benchmarking results, which independently measure the average gate
fidelities of Ĥd, Ĥ

2
d, and Ĥ

3
d. For instance, we find the Hadamard fidelities to be FĤd

¼ f0.992ð1Þ; 0.956ð4Þ; 0.91ð6Þg. The average gate
fidelities for all qudit randomized benchmarking experiments are summarized in panel (g) for d ¼ 3 (red), d ¼ 5 (blue), and d ¼ 8
(green). For comparison, we also show the fidelities measured in the logical qubit randomized benchmarking experiments of the
previous section, where CL denotes the average over the logical qubit Clifford group and D̂ is the displacement pulse itself.

TABLE I. Number of primitive gates required to perform a
three-qubit quantum Fourier transform given all-to-all and linear
qubit couplings.

Coupling X̂ðπ=2Þ ẐðθÞ CNOT

All-to-all 36 42 16
Linear 50 62 22
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the simple model FQFT ¼ ðFXÞNxðFCNOTÞNCNOT , where NX

and NCNOT are the X̂ðπ=2Þ and CNOT counts, respectively.
We calculate these fidelities across a range of experimen-
tally relevant fidelities and show the results in Fig. 6. The
solid and dashed lines in each panel show our measured
d ¼ 8 QFT infidelity and its uncertainty region, respec-
tively. We see that very high primitive qubit gate fidelities
are required to match the performance of our equivalent
qudit gate.
Finally, we point out that arbitrary diagonal unitaries can

be implemented with near-unity fidelity using virtual
SNAP gates [28,57], making the extension of our scheme
to non-Clifford gates straightforward. For instance, the
addition of the single-qudit T gate [1,58] yields a universal
gate set for dimensions d that are primes or powers of
primes. Universal qudit gate sets are not well understood
for other d, but we nevertheless expect that, because
we implement perfect diagonal gates, our qudit Clifford
fidelities are representative of those of a universal single-
qudit gate set.

III. DISCUSSION

In this paper, we have demonstrated a new method for
controlling superconducting transmon qudits that combines
concepts from bosonic computing platforms and high-
dimensional spin systems to realize efficient, high-fidelity
unitary control. Our method establishes a single high-
dimensional spin displacement operation as a primitive gate
for qudit computation, which, in combination with virtual
phase rotations, is universal over the single-qudit Hilbert
space. In combination with our single-shot projective
readout of the full qudit state, this method takes full
advantage of the qudit Hilbert space. Our gate set is
highly efficient as compared to typical decompositions
of qudit unitaries, requiring OðdÞ physical pulses in our
implementation to produce any desired unitary.
Furthermore, in principle, it does not require optimal

control methods, instead making use of the spectral
separation of our qudit transitions to directly drive the
generator of the spin displacements; this property makes it
immediately applicable to transmon qudits of any dimen-
sion and, indeed, to any qudit platform in which the
transitions are well separated in frequency. We note that,
while in this work we apply optimal control in calculating
the DRAG, detuning, and phase corrections, we expect
that further theoretical work could yield analytic pre-
dictions for these parameters. It may additionally be
possible to find simple experimental methods for directly
calibrating these corrections without the need for analytic
predictions or accurate numerical simulations, which we
leave for future work.
A simple model of the displacement pulse fidelity in

terms of coherent and incoherent errors, presented in
Appendix I, suggests that an increase in coherence time
would have a considerable effect on the displacement
fidelity. We estimate that increasing our coherence times
to be on par with state-of-the-art transmon devices [59]
would increase our fidelities to FD̂ðpredictedÞ ¼ f0.9993;
0.998; 0.996g for d ¼ 3, d ¼ 5, and d ¼ 8, respectively,
even in the absence of pulse corrections. Our experimental
results suggest that including pulse corrections could
further decrease the infidelity by roughly a factor of 2.
Alternative device designs such as the inductively shunted
transmon [60] could eliminate the trade-off between the
number of usable qudit states and the anharmonicity,
further suppressing coherent errors.
We note that the proof of universality presented in

Appendix D does not require any particular relationship
between the drive strengths, and one could construct a
universal single-qudit gate set using a different set of
simultaneous drives on each transition, realizing some
family of d-dimensional unitaries other than the spin
displacements. The SUð2Þ structure of our spin displace-
ment scheme is attractive because it leads to a phase-space
representation and because any SUð2Þ rotation can be
constructed by interleaving two π=2 displacements with Ĵz
rotations. Furthermore, spin rotations are useful in them-
selves for analog quantum simulation [18,19]. However,
the investigation of a set of drives with different relative
strengths—for example, those saturating the limit imposed
by the anharmonicity—is a promising direction for
future work.
Qudit computation has the potential to significantly

improve the capacity of current quantum computing archi-
tectures due to its intrinsic hardware efficiency, speeding up
certain types of computations. Our work represents a major
step towards this goal, simultaneously utilizing a high-
EJ=EC transmon design for many-level qudit computation
and a SNAP-displacement decomposition for high-fidelity
control. We have demonstrated that logical qubits encoded
into the transmon qudit Hilbert space can be controlled
with high fidelity, and furthermore, we have shown that

FIG. 6. Estimated three-qubit quantum Fourier transform infi-
delities over a range of X̂ðπ=2Þ and CNOT fidelities assuming all-
to-all or linear qubit couplings. Infidelities are represented by
color, with the color bar on the right corresponding to both
panels. The solid lines show our measured d ¼ 8 quantum
Fourier transform infidelity, with its uncertainty indicated by
the dashed lines.
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important qudit gates such as the quantum Fourier trans-
form can be efficiently realized by the SNAP-displacement
decomposition.
Our multifrequency control and readout techniques can

be integrated with recent advances on qudit entangling
gates [24,61] to explore the advantages of qudit technology.
For instance, there has recently been much interest in
bosonic error-correcting codes in linear resonator modes
[11,12,62–64], as well as error-correcting codes in high-
dimensional spins [65,66]. In both cases, a high-
dimensional Hilbert space is used to implement a stabilizer
code designed to correct the most physically relevant error
processes for the system at hand. Our work motivates
investigation into whether similar error-correcting codes
can be implemented in a transmon qudit, taking advantage
of the high-fidelity control and readout enabled by our
strong nonlinearity and multifrequency drives while retain-
ing the hardware efficiency inherent to bosonic and spin
qudit codes. More generally, our work provides a pre-
scription for decomposing primitive qudit gates in a way
that scales favorably with qudit dimension, paving the way
for qudit experiments in higher dimensions. In the context
of quantum simulation, meanwhile, qudits have recently
been proposed as natural building blocks for simulating
lattice gauge theories [15,67,68], owing to their ability to
naturally encode multiple degrees of freedom per site. We
ultimately expect that our control and readout scheme will
facilitate more complex qudit computations and simula-
tions than would otherwise be possible given current
coherence times while remaining highly extensible and
transferable between platforms.

Note added. Recently, we became aware of two comple-
mentary works on distinct hardware platforms that also
demonstrate large-spin SUð2Þ dynamics and Schrodinger
spin cats [69,70].
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APPENDIX A: HIGH-EJ=EC TRANSMON DEVICE

Our implementation of spin displacements and qudit
readout relies on having a physical device that can encode a
many-level system with minimal decoherence while main-
taining spectral separation of its transitions. In this work,
we propose a superconducting transmon qudit with a large
ratio of EJ=EC. The transmon Hamiltonian is

Ĥ ¼ 4ECðn̂ − ngÞ2 − EJ cos ϕ̂; ðA1Þ

where EC is the capacitive energy, EJ is the Josephson
energy, n̂ is the transmon charge operator, ϕ̂ is the super-
conducting phase operator, and ng is a gate charge [36]. The
j0i ↔ j1i transition frequency is approximately given by
ω01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8EJEC

p
− EC, while the anharmonicity is −EC. A

rough estimate of the number of levels contained in the
cosine potential can be obtained by dividing the depth of
the potential, 2EJ, by the plasma frequency

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8EJEC

p
[71]:

nlevels ≈

ffiffiffiffiffiffiffiffiffi
EJ

2EC

s
: ðA2Þ

Thus, we see that we should expect more excited states to
be confined in the cosine potential as EJ=EC is increased.
We must also consider the effects of charge-noise-

induced dephasing in the higher excited states. The charge
dispersion of the transmon state jni is given by [35]

ϵn ¼ ð−1ÞnEC
24nþ5

n!

ffiffiffi
2

π

r �
EJ

2EC

�n
2
þ3

4

e−
ffiffiffiffiffiffiffiffiffiffiffiffi
8EJ=EC

p
: ðA3Þ

TABLE II. Measured transition frequencies and calculated EJ , EC, bare resonator frequency fr, and coupling strength g. All values are
expressed in GHz.

Transmon f01 f12 f23 f34 f45 f56 f67 EJ EC fr g

Q4 4.864 4.751 4.632 4.507 4.374 4.234 4.082 28.70 0.108 6.412 0.025

TABLE III. Coherence times for each qudit transition. Each
coherence time was measured 32 times over the course of
14 hours, and here we report the mean values and standard
deviations.

Q4

Transition T1 (μs) T�
2 (μs) T2 (μs)

j0i ↔ j1i 46� 7 52� 11 51� 7
j1i ↔ j2i 25� 4 24� 6 37� 5
j2i ↔ j3i 26� 3 15� 4 34� 3
j3i ↔ j4i 14� 3 15� 5 25� 7
j4i ↔ j5i 16� 2 48� 12 44� 6
j5i ↔ j6i 14� 2 28� 10 27� 6
j6i ↔ j7i 13� 2 20� 9 23� 6
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The key point is that, while the charge dispersion increases
exponentially with level, it decreases exponentially withffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EJ=EC

p
. To realize a qudit with eight levels, we target a

ratio of EJ=EC ≈ 270. We keep the transition frequency
fixed to roughly 5 GHz, which necessitates a decrease in
the capacitive energy EC and therefore in the anharmo-
nicity. However, we find that our anharmonicity is still
large enough to permit high-fidelity control of the system.
In Table II, we report the measured transition frequencies
as well as calculated values for the underlying device
parameters, and in Table III, we report the measured
coherence times.
We show a false-color image of our device design in

Fig. 7; the varying sizes of the transmon capacitor pads
reflect the range of values of EJ=EC chosen for this device.
All experiments in this work were performed on the
transmon labeled Q4.

APPENDIX B: SINGLE-SHOT DISPERSIVE
QUDIT READOUT

Single-shot readout of the transmon qudit state is
enabled by the dispersive coupling between the transmon
and the readout resonator. In the lowest-order nonlinear

FIG. 7. False-color image of the device design. All experiments
in this work were carried out using the transmon labeled Q4.

FIG. 8. The IQ readout data for each qudit state.
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approximation to the transmon potential, the Hamiltonian
of the transmon-resonator system is given by

Ĥ ¼ ωrâ†âþωqb̂
†b̂−

EC

2
b̂†2b̂2 þ

X
n

ðΛn þ χnâ†âÞjnihnj;

ðB1Þ

where â and b̂ are the annihilation operators for the
resonator and transmon, respectively; ωr and ωq are the
bare resonator and transmon frequencies; Λn are Lamb
shifts; and χn are dispersive shifts [35,36]. See Ref. [36] for
the detailed forms of the Lamb and dispersive shifts; the
salient point is that the resonator has an effective frequency
shift that is different for each transmon state.
We optimize our device design to have dispersive shifts

comparable in size to the linewidth of the readout resonator,
ultimately producing the transmon-state-dependent spec-
trum depicted in Fig. 2(b) in the main text. In this regime,
a single readout tone is able to distinguish several of
the states, where there is appreciable overlap between the
resonator spectra in those states. In order to read out the full
qudit state, we apply three simultaneous readout tones with
frequencies chosen such that, together, they are able to
unambiguously distinguish between all qudit states. The
signal transmitted through the readout line is demodulated
at each of these frequencies and integrated to produce a
six-dimensional vector ðI1; Q1; I2; Q2; I3; Q3Þ.
We represent the resulting distributions in this six-

dimensional space in Fig. 8, where points are colored
according to the state that was prepared. We calibrate state
classification by fitting a six-dimensional Gaussian mixture
model to these data, with each Gaussian component
corresponding to one of the qudit states. The resulting
assignment probabilities are shown in Table IV, yielding an
average assignment fidelity of ð88.3� 0.2Þ%, where the
uncertainty is calculated from the N ¼ 5000 experimental
shots and assuming binomial statistics. In practice, these
probabilities are used to calculate a correction matrix,
which is applied to the populations measured in each of
the experiments in the main text.

APPENDIX C: THEORETICAL BACKGROUND

1. Lie groups and Lie algebras

We begin our discussion of qudit displacements, phase
spaces, and Wigner functions with a pedagogical overview
of Lie groups and their application to quantum systems
with dynamical symmetries. Central to the idea of a phase
space is the concept of a dynamical symmetry group.
Recall that a groupG is a collection of elements g∈G and a
binary operation between these group elements (which we
denote by multiplication) having the following properties:
(1) The group operation is associative: For any

ga; gb; gc ∈G, we have ðgagbÞgc ¼ gaðgbgcÞ.
(2) There exists a unique identity element ge ∈G such

that for any ga ∈G, gega ¼ gage ¼ ga.
(3) Every g∈G has a unique inverse element, denoted

by g−1, such that g−1g ¼ gg−1 ¼ ge.
Any collection satisfying these properties is a group,
irrespective of the underlying nature of its elements. If
two groups share the same structure—in the sense that there
is a bijective mapping between their elements under which
they have the same multiplication table—then we say that
they are isomorphic, meaning that they are, in some sense,
the same group.
Groups frequently arise in physics when a system is

symmetric under some set of transformations. We focus
here on the case of a Lie group, which applies to continuous
symmetries, such as rotational symmetry. A d-dimensional
Lie group is a group that can be parametrized by d
continuously varying, real-valued parameters x1; x2;…; xd,
which we collectively denote by a vector x. In other words,
it is a smooth manifold that also has a group structure.
The group elements g are functions of the parameters:
g ¼ GðxÞ.
It is often convenient to construct a Lie group in terms

of its Lie algebra, a set of algebraic objects that generate
the Lie group through exponentiation. The generators are
related to the group elements themselves in that they are
the infinitesimal group elements. They represent a lineari-
zation of the action of group elements; concretely, they are
given by

Xj ¼ i

�
∂gðxÞ
∂xj

�
x¼0

: ðC1Þ

We therefore see that the number of generators is equal to d,
the number of dimensions. The generators of a Lie group
form a vector space—meaning that linear combinations of
them are also generators—and therefore generate group
elements. They obey the commutation relations

½Xi; Xj� ¼ ifijkXk; ðC2Þ

where fijk are known as structure constants. When we think
of a specific, concrete realization of a Lie group or

TABLE IV. Probability that a prepared state jni will be
classified as jmi.

Prepared state

j0i j1i j2i j3i j4i j5i j6i j7i
Assigned
state

j0i 0.99 0.04 0.01 0.01 0.01 0.01 0.01 0.01
j1i 0.01 0.96 0.07 0.01 0.01 0 0 0.01
j2i 0 0 0.89 0.05 0.01 0 0 0
j3i 0 0 0.03 0.92 0.18 0.02 0.01 0.01
j4i 0 0 0.01 0.01 0.79 0.09 0.01 0.01
j5i 0 0 0 0 0 0.86 0.10 0.08
j6i 0 0 0 0 0 0.01 0.86 0.10
j7i 0 0 0 0 0 0 0.01 0.79
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Lie algebra—for example, as operators acting on a Hilbert
space—we are invoking the idea of a group representation.
We denote the elements of a group’s representation as D:

D½gðxÞ�≡DðxÞ: ðC3Þ

The relationship between the representation of a group
and the representation of its generators is given by an
exponential map,

D½gðxÞ� ¼ e−i
P

j
xjXj : ðC4Þ

2. Harmonic oscillator

It is helpful to begin with a description of the standard
coherent states of a harmonic oscillator and its phase-space
representation. We refer the reader to Refs. [38–41] for
more comprehensive discussions of this and spin displace-
ments. The harmonic oscillator is conveniently described
by the bosonic creation and annihilation operators â† and â,
which, together with the identity operator 1̂, obey the
Heisenberg commutation relations:

½â; â†� ¼ 1̂; ðC5Þ

½â; 1̂� ¼ ½â†; 1̂� ¼ 0: ðC6Þ

These operators therefore define a Lie algebra, having a
general element of the form

t1̂ − iðαâ† − α�âÞ ðC7Þ

for a real number t and complex number α (such a
parametrization consists of three independent real values,
reflecting the dimension of the algebra while enforcing
Hermiticity). It follows that the operators

T̂ðt; αÞ ¼ eiteαâ
†−α�â ðC8Þ

are a representation of a Lie group, known as the
Heisenberg-Weyl group H3. This Lie group represents
the dynamical symmetry group of the harmonic oscillator
when it is acted upon by an external drive. We therefore
identify

D̂ðαÞ≡ eαâ
†−α�â ðC9Þ

as the harmonic oscillator displacement operator; the
multiplication of two such operators yields

D̂ðαÞD̂ðβÞ ¼ ei Imðαβ�ÞD̂ðαþ βÞ: ðC10Þ

A set of coherent states can, in general, be constructed by
applying these displacement operators to some fixed state

in the Hilbert space. Making the typical choice of j0i as our
fixed state, we have

jαi≡ D̂ðαÞj0i: ðC11Þ

This choice of fixed state yields a set of coherent states
equivalent to those of the typical formulation, defined as
eigenstates of the annihilation operator:

âjαi ¼ αjαi: ðC12Þ

We now turn our attention to the phase-space represen-
tation of a harmonic oscillator state—in particular, the
Wigner function. For any quantum system, the Wigner
function can be defined as

WðαÞ ¼ Tr½ρ̂ Δ̂ðαÞ�; ðC13Þ

where ρ̂ is the density matrix and Δ̂ðαÞ is a special operator-
valued function over the phase space, called the kernel. For
a harmonic oscillator, the kernel may be written in terms of
a displacement in phase space and the parity operator as

Δ̂ðαÞ ¼ 2D̂ðαÞΠ̂D̂†ðαÞ; ðC14Þ

substituting this result into the definition of the Wigner
function and exploiting the cyclic property of traces yields
the familiar equation

WðαÞ ¼ 2Tr½D̂†ðαÞρ̂ D̂ðαÞΠ̂� ¼ 2Tr½D̂ð−αÞρ̂ D̂ðαÞΠ̂�:
ðC15Þ

3. Spin systems

While the results in the previous section are specific to
the case of a harmonic oscillator, the framework summa-
rized here is far more general, allowing one to construct the
Wigner function for a variety of systems. The mapping
WðαÞ ¼ Tr½Δ̂ðαÞÂ� from operators Â to functions on a
phase space is mediated by the self-dual kernel Δ̂ðαÞ, which
can be derived for a specific system from a set of conditions
known as the Stratonovich-Weyl postulates [39–41]. The
process for finding such a kernel is intimately related to the
displacement operation and therefore to the coherent states
of the system. In its most general form, this calculation is
very involved; thus, here we only discuss the construction
of a spin displacement operator and then quote a result for
the kernel in terms of the displacement and a generalization
of a parity operator.
The Hilbert space of a spin-j system is spanned by a

basis of 2jþ1 states, which we label jj; mi for −j ≤ m ≤ j.
These states are the eigenstates of the angular-momentum
operator Ĵz. The dynamical symmetry group of a spin is
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SUð2Þ, and the Lie algebra generating this group is spanned
by the basis fĴx; Ĵy; Ĵzg,
½Ĵx; Ĵy� ¼ iĴz; ½Ĵy; Ĵz� ¼ iĴx; ½Ĵz; Ĵx� ¼ iĴy: ðC16Þ
One can equivalently work in the basis fĴþ; Ĵ−; Ĵzg, where

Ĵ� ¼ Ĵx � iĴy ðC17Þ
are ladder operators for the spin state:

Ĵ�jj; mi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðjþ 1Þ −mðm� 1Þ

p
jj; m� 1i: ðC18Þ

In this basis, we have

½Ĵz; Ĵ�� ¼ �Ĵ�; ½Ĵþ; Ĵ−� ¼ 2Ĵz: ðC19Þ
A general group element can be parametrized as

ĝðψ ; θ;ϕÞ ¼ e−iϕĴze−iθĴye−iψ Ĵz ; ðC20Þ
where ϕ; θ;ψ ∈R can be understood as Euler angles. We
therefore see that the phase space associated with a spin is
the surface of a sphere, S2.
Much like the case of a harmonic oscillator, the coherent

states of a spin are the states generated by applying our
group element representation ĝ to a fixed state, which we

choose to be jj; ji. We see that the effect of the e−iψ Ĵz term
is to add a trivial phase factor to our states; thus, we take
ψ ¼ 0 and define our displacement operator:

D̂jðθ;ϕÞ ¼ e−iϕĴze−iθĴy : ðC21Þ

It can be shown [38] that this result is equivalent to

D̂jðαÞ ¼ eαĴþ−α
�Ĵ− ; ðC22Þ

where

α ¼ −
θ

2
e−iϕ: ðC23Þ

Then, the coherent states of a spin are

jj; αi ¼ D̂jðαÞjj; ji ðC24Þ

for α lying in a disk of radius π=2 in the complex plane.
As stated above, the Wigner function for a given system

is a mapping between operators on the Hilbert space and
functions on the phase space. In the present case of a spin-j
system, this mapping can be shown to be mediated by the
kernel [39,41]

Δ̂ðαÞ ¼
Xj
m¼−j

X2j
l¼0

2lþ 1

2jþ 1

� j l j

m 0 m

�
D̂ðαÞjj; mihj; mjD̂†ðαÞ; ðC25Þ

where � j1 j2 J

m1 m2 M

�

is a Clebsch-Gordan coefficient. Therefore, defining

2Π̂j¼
Xj
m¼−j

X2j
l¼0

2lþ1

2jþ1

� j l j

m 0 m

�
jj;mihj;mj; ðC26Þ

we see that the kernel can be written as

Δ̂ðαÞ ¼ 2D̂ðαÞΠ̂jD̂
†ðαÞ; ðC27Þ

in direct analogy to the harmonic oscillator. Note that Π̂j is
not exactly a parity operator in the typical sense, but it is
diagonal in the basis of Ĵz eigenstates.
In Fig. 9 we showWigner functions for Ĵz eigenstates for

j ¼ 1=2 through j ¼ 2. Because these states are energy
eigenstates and thus invariant under rotations about Ĵz, the
Wigner functions are rotationally symmetric, much like
those of harmonic oscillator eigenstates. In each case, the
ground state and highest excited state are examples of
coherent states. As the size of the spin grows, the Wigner

functions for these states become almost entirely positive.
This can be understood as the spin ladder operators
approaching those of the harmonic oscillator in the high-
dimensional limit.

APPENDIX D: UNITARY QUDIT CONTROL
WITH DISPLACEMENT AND SNAP GATES

The only case for which the spin displacement unitary
alone provides universal control over the qudit Hilbert space
is d ¼ 2. In this case, the displacement operator reduces to
rotations on the Bloch sphere because the angular-momen-
tum operators coincide with the Pauli operators. For d > 2,
on the other hand, the angular-momentum operators alone do
not form a basis for all d × d Hermitian matrices; therefore,
there are some unitaries that cannot be realized by rotations
of the angular momentum alone.
In bosonic systems, universal control is often realized by

a decomposition of the target unitary into displacement
gates and SNAP gates [43–46]. We show here that the same
scheme can be utilized for transmon qudits with spin
displacements, with the added benefit that our SNAP gates
are implemented as instantaneous virtual rotations.
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A SNAP gate is parametrized in terms of a d-dimensional
vector of phases that are applied to each eigenstate:

Ŝðϕ⃗Þ ¼
Yd−1
n¼0

eiϕnjnihnj: ðD1Þ

In this decomposition, an arbitrary unitary is decomposed
into a sequence of N þ 1 SNAP gates interleaved with N
displacement gates:

Ûðϕ⃗ð0Þ; θð1Þ; ϕ⃗ð1Þ…θðNÞ; ϕ⃗ðNÞÞ
¼ Ŝðϕ⃗ðNÞÞD̂ðθðNÞÞ…Ŝðϕ⃗ð1ÞÞD̂ðθð1ÞÞŜðϕ⃗ð0ÞÞ: ðD2Þ

Note that we parametrize the displacement gates in terms of
the amplitude θ, setting the phase of the displacement to
zero. We use this approach because the displacement phase
can be absorbed into the adjacent SNAP gates. In practice,
we also find that fixing θðiÞ ¼ π=2 is sufficient to realize
arbitrary unitaries. While this may come at the cost of
moderately increasing the number of layers required for the
decomposition, it comes with the significant advantage that
we only need to calibrate a single physical pulse rather than a
continuous set of them.

1. Proof of universality

Here, we show that the SNAP-displacement decompo-
sition is universal over the qudit Hilbert space given large
enough N, and we provide numerical evidence below that
N scales asOðdÞ. Consider a set of gates generated through
the exponentiation of k different Hermitian operators
Ĥ1; Ĥ2;…Ĥk acting on a d-dimensional Hilbert space:
Ûm ¼ eitĤm , where t can be continuously varied. The set
of unitary operations that this gate set can realize consists
of all Û ¼ eiL̂, where L̂ is any element of the algebra of
Hermitian operators generated by taking commutators and
repeated commutators of the operators Ĥm; for example,
i½Ĥ1; Ĥ2�, ½Ĥ1; ½Ĥ1; Ĥ3��, and so on [72]. If this algebra is a
complete basis of d × d Hermitian matrices, then the gate
set is capable of producing any rotation in SUðdÞ. In other
words, it is universal.
With the phase of the displacement drive fixed to zero, the

generator of displacements is the operator Ĵy. To understand
the effect of interleaving displacements with SNAP gates, we
first need a basis for the generators of the SNAP gates. We
are free to choose any complete basis of diagonal, real-
valued d × d matrices, and we will see that the following
operators are a particularly convenient choice:

FIG. 9. Wigner functions for Ĵz eigenstates. The spherical phase space is flattened to a circle where θ and ϕ are the radial and angular
coordinates, respectively. Then, the entire outer circumference of the plot represents the south pole of the phase space. The bottom row
corresponds to Fig. 3(b) in the main text.
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Q̂n ¼
Xn
q¼0

jqihqj ðD3Þ

for 0 ≤ n ≤ d − 2. Choosing one of these Q̂n and taking its
commutator with Ĵy yields

i½Ĵy;Q̂n�¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ1Þðd−ðnþ1ÞÞ

p
ðjnihnþ1jþjnþ1ihnjÞ:

ðD4Þ

We therefore see that, by choosing n, we can generate a
σ̂x-like operator in the fjni; jnþ 1ig subspace using a single
commutator. Treating each of these subspaces as a qubit, we
see that combining the σ̂x rotations with virtual phase
rotations produces σ̂y rotations in the subspace in question.
Finally, it is well known that this set of Pauli-like rotations
between adjacent levels of a qudit is sufficient to generate
any rotation in SUðdÞ [24,27,42], so we conclude that our
gate set is universal. We note that our proof is entirely
analogous to that given in Ref. [44] for the case of a
harmonic oscillator displacement.

2. Linear scaling of the SNAP-displacement
decomposition depth with dimension

While the above proof shows that the SNAP-displacement
decomposition is universal, it does not place any bounds on
the number of layers required to decompose a given unitary
with a satisfactory fidelity. We can place a lower bound on
the required depth by noting that the number of independent
parameters in a d-dimensional unitary is d2 − 1. Assuming
the displacement phase is fixed to zero, a displacement
operator contains a single independent parameter, while a
SNAP gate contains d − 1. A SNAP-displacement decom-
position of depth N therefore has N þ ðN þ 1Þðd − 1Þ
parameters, so we expect to require a minimum of N ¼
d − 1 SNAP-displacement layers to realize general unitaries.

We also note that it is possible to use fewer layers in cases
where the desired unitary is closely related to the displace-
ment operator itself, as is the case for the logical qubit
Clifford rotations discussed in the main text.
The noncommuting nature of our SNAP and displace-

ment gates makes a rigorous proof of universality for a
fixed depth N difficult, and it is unclear whether such a
proof can be found. We instead provide numerical evidence
that the number of layers scales as OðdÞ. For a given qudit
dimension d, we sample 100 Haar-random d × d unitary
matrices and attempt to find SNAP-displacement param-
eters producing each. We use SNAP-displacement depths
of N ¼ d − 2, N ¼ d − 1, and N ¼ d for qudit dimensions
between d ¼ 2 and d ¼ 10 and show the results in Fig. 10.
The optimizer fails to find satisfactory decomposition
parameters for N ¼ d − 2, as expected from the number
of independent parameters. For N ¼ d − 1, meanwhile, the
fidelities are very close to 1 in all but a few cases. It is
unclear whether the points with unsatisfactory fidelities are
due to the numerical optimizer becoming stuck in a local
minimum or if the decomposition is fundamentally inca-
pable of producing those unitaries. For N ¼ d, on the other
hand, the decomposition is able to faithfully produce the
desired unitary in every case. We attribute the slight
upwards trend in infidelity with dimension to the difficulty
of performing numerical optimization in such a large
parameter space. We also show decomposition fidelities
for the case of the qudit Hadamard gate Ĥd, implemented in
Fig. 5 in the main text, which follow the same overall trends
as the random unitaries.

3. Decomposing a target unitary

In this section, we describe the procedure for numeri-
cally optimizing the parameters of a SNAP-displacement
decomposition to realize a target unitary. As discussed
above, in practice, we fix all displacement angles
θðiÞ ¼ π=2, so our decomposition is

FIG. 10. Numerical justification of the OðdÞ scaling of the SNAP-displacement decomposition. The circular markers correspond to
each of the 100 Haar-random unitaries, while the stars correspond to the qudit Hadamard gate Ĥd. Note that we have applied small
horizontal offsets to the data points of differing decomposition depths to aid readability.
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Ûðϕ⃗ð0Þ;ϕð1Þ;…; ϕ⃗ðNÞÞ ¼ Ŝðϕ⃗ðNÞÞD̂ðπ=2ÞŜðϕ⃗ðN−1ÞÞ…Ŝðϕ⃗ð1ÞÞD̂ðπ=2ÞŜðϕ⃗ð0ÞÞ: ðD5Þ
For some target unitary Ûtarget, we define a cost function

Cðϕ⃗ð0Þ;ϕð1Þ;…; ϕ⃗ðNÞÞ ¼ 1 −
1

d2

���TrhÛ†
targetÛ

�
ϕ⃗ð0Þ;ϕð1Þ;…; ϕ⃗ðNÞ	i���2; ðD6Þ

which reaches a minimum value of zero when the fidelity
is 1.
We minimize this cost function over the decomposition

parameters using the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm [73]. The gradient of this cost function
is straightforward to evaluate analytically. The gradient

of a SNAP gate Ŝðϕ⃗ðiÞÞ with respect to a particular phase

ϕðiÞ
n is

d

dϕðiÞ
n

Ŝðϕ⃗ðiÞÞ ¼ ieiϕ
ðiÞ
n jnihnj: ðD7Þ

Inserting this derivative at the appropriate location in a
SNAP-displacement sequence therefore yields the overall
derivative of the decomposed unitary with respect to each
control parameter; for instance, if we want the derivative

with respect to ϕð1Þ
n , we evaluate

d

dϕð1Þ
n

Û ¼ Ŝðϕ⃗ðNÞÞD̂ðπ=2ÞŜðϕ⃗ðN−1ÞÞ…D̂ðπ=2ÞðieiϕðiÞ
n jnihnjÞD̂ðπ=2ÞŜðϕ⃗ð0ÞÞ; ðD8Þ

where, for brevity, we hereafter denote Ûðϕ⃗ð0Þ;ϕð1Þ;…;

ϕ⃗ðNÞÞ simply by Û. The derivative with respect to any other
SNAP phase is constructed similarly. The gradient of the
cost function with respect to a parameter α (i.e., some
SNAP phase) is obtained by simply propagating the
derivative of the unitary through the cost function:

dC
dα

¼ −
2

d2
Re



Tr½Û†

targetÛ�ÛT
target

�
d
dα

Û

���
: ðD9Þ

APPENDIX E: DRAG, DETUNING, AND
PHASE CORRECTIONS

While our displacement drive ideally implements the
generator of spin displacements, we find that off-resonant
drives neglected in the RWA can cause phase errors and
leakage. These effects can be mitigated by increasing the
pulse duration, thereby decreasing the drive amplitudes.
However, incoherent errors due to relaxation and dephasing
limit the pulse duration.
We employ DRAG, detuning, and phase corrections to

mitigate these coherent errors, permitting shorter pulses
with smaller incoherent errors. We calculate these correc-
tions from numerical simulations of our system under the
displacement drive. We first compute the propagator of
the system ÛðtÞ given the system Hamiltonian ĤðtÞ ¼
Ĥ0 þ ĤdðtÞ for transmon Hamiltonian Ĥ0 and time-
dependent drive Hamiltonian ĤdðtÞ:

d
dt

ÛðtÞ ¼ −iĤðtÞÛðtÞ: ðE1Þ

This simulation is carried out in the lab frame without
making the rotating-wave approximation, using the trans-
mon charge operator as the drive operator, starting at t ¼ 0
and ending at the pulse duration t ¼ T. Following the
simulation, this propagator is transformed into the trans-
mon frame: ŨðTÞ ¼ eiĤ0tÛðTÞ. Its fidelity with respect to
the ideal displacement is then

F ¼ 1

d2
jTr½D̂†ðπ=2ÞŨðTÞ�j2: ðE2Þ

Instantaneous phase corrections take the form of SNAP
gates applied immediately before and after the pulse,

ÛcorrðTÞ ¼ Ŝðϕ⃗postÞÛðTÞŜðϕ⃗preÞ: ðE3Þ

We compute the propagator once and then use numerical
optimization to find the SNAP gate phases that maximize
the fidelity with respect to the ideal displacement.
DRAG and detuning corrections, meanwhile, require

optimizing the properties of the pulse waveform itself. To
this end, we employ gradient-based optimal control. Given
the time-dependent propagator ÛðtÞ, its derivative with
respect to a control parameter x is given by [50]

d
dt

Û0
xðtÞ ¼ −iðĤ0

xðtÞÛðtÞ þ ĤðtÞÛ0
xðtÞÞ: ðE4Þ

This differential equation is solved for each control
parameter (the DRAG weights and drive detunings); then,
the gradient of the fidelity is computed using the chain rule.
The fidelity and its gradient are passed to a numerical
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optimizer, which terminates when the gradient becomes
sufficiently small. We note that our transmon Hamiltonian
is modeled using scqubits [74,75], and the simulations are,
in part, carried out using QuTiP [76].

APPENDIX F: VALIDATING LOGICAL QUBIT
RANDOMIZED BENCHMARKING FIDELITIES

The randomized benchmarking protocol utilized in the
main text is generally only applicable under certain
assumptions regarding the error processes affecting the
logical state. In particular, leakage out of the logical
subspace must be handled with care. Furthermore, even
in the absence of leakage, the fidelity estimated by
randomized benchmarking is only valid within the logical
subspace itself, making generalization to the overall dis-
placement fidelity difficult.
We address this challenge here using a numerical model

for the effect of noise on the displacement unitary and the
resulting Clifford operations. We begin with a general
quantum channel describing a CPTP perturbation to the
displacement:

Dðρ̂Þ ¼ ð1 − qÞD̂ ρ̂ D̂† þ qAðD̂ ρ̂ D̂†Þ: ðF1Þ

The error weight q, 0 ≤ q ≤ 1, describes the strength of the
error channel, with q ¼ 0 corresponding to a perfect
displacement operation. The superoperator A is taken to
be a random CPTP map; thus, in the case where q ¼ 1, the
system undergoes a completely random evolution instead
of the displacement. We drawA from an ensemble of CPTP
maps using QuTiP [76], which follows the protocol
described in Ref. [77]. One can view the channel D as a
Kraus decomposition in which we have the Kraus operatorffiffiffiffiffiffiffiffiffiffiffi
1 − q

p
D̂ corresponding to a perfect displacement oper-

ation and Kraus operators
ffiffiffi
q

p
ÂiD̂ for each operator Âi in

the Kraus decomposition of A corresponding to the error
channel’s effect on the ideal displacement.
For a particular realization of the perturbed displace-

ment map, we begin by computing the average gate
fidelity of this map with respect to the ideal displacement
operation. We take this quantity to be the underlying
fidelity of the displacement. To relate this number to a
randomized benchmarking result, we compute the map
corresponding to each logical Clifford operation using the
perturbed displacement. We then simulate randomized
benchmarking of these Clifford operations, extracting
a Clifford fidelity from a fit to the exponential decay.
By repeating this procedure for many values of q and
randomizations of the error channel, we extract an
approximate relationship between the measured Clifford
fidelity and the underlying displacement fidelity, shown in
Fig. 4(c) in the main text.

APPENDIX G: QUDIT TOMOGRAPHY

1. Bayesian state tomography

Figure 5 in the main text contains the results of qudit
state tomography measurements, which we describe here.
In order to uniquely characterize an arbitrary d × d density
matrix ρ̂, we measure the projection of ρ̂ onto a set of pure
states consisting of the energy eigenstates jni as well as
superposition states

jni þ jmiffiffiffi
2

p ðG1Þ

and

jni þ ijmiffiffiffi
2

p ðG2Þ

for 0 ≤ n < m ≤ d − 1. The projections onto the eigen-
states jni are performed simultaneously by taking an
ensemble of qudit measurements with no pulses, thereby
extracting the populations of each eigenstate. The projec-
tions onto superposition states, meanwhile, are performed
by first applying a series of π pulses to map jmi onto
jnþ 1i and then either a Ŷð−π=2Þ or X̂ðπ=2Þ rotation in
the fjni; jnþ 1ig subspace to rotate the amplitudes initially
in ðjni þ jmiÞ= ffiffiffi

2
p

and ðjni þ ijmiÞ= ffiffiffi
2

p
onto jni,

respectively.
If the tomography pulses and projective measurements

were perfect, one could, in principle, construct the density
matrix directly from linear combinations of the measured
populations. However, imperfections in the pulses and
readout, as well as shot noise, can, in general, lead to
unphysical density matrices. Therefore, we turn to
Bayesian parameter estimation. The goal of Bayesian
parameter estimation is to estimate the posterior distribu-

tion pðρ̂jfNðkÞ
jnigÞ, where NðkÞ

jni is the number of experimental

shots in which we measure the qudit in state jni after
performing tomography sequence k. Bayes’ theorem relates
this posterior probability to a likelihood function

LðfNðkÞ
jnigjρ̂Þ and a prior distribution pðρ̂Þ:

p
�
ρ̂j
n
NðkÞ

jni
o	

∝ L
�n

NðkÞ
jni
o
jρ̂
	
pðρ̂Þ: ðG3Þ

a. Likelihood function

The likelihood function is constructed from the multi-
nomial distribution as follows. We describe each tomog-
raphy pulse sequence k by a unitary operator ÛðkÞ, such that
the density matrix we measure is ÛðkÞρ̂ðÛðkÞÞ†. The
population measured in jni following this is given by
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PðkÞ
jni ¼ Tr½ÛðkÞρ̂ðÛðkÞÞ†jnihnj� ¼ Tr½ρ̂ðÛðkÞÞ†jnihnjÛðkÞ�:

ðG4Þ

For a fixed k, the probability of obtaining measurement

counts NðkÞ
jni is given by the multinomial distribution

P
�
NðkÞ

j0i ; N
ðkÞ
j1i ;…NðkÞ

jd−1ijρ̂
	
∝
Yd−1
n¼0

�
PðkÞ
jni
	
NðkÞ

jni ; ðG5Þ

where the proportionality factor is constant with respect to
ρ̂ and can therefore be neglected. The likelihood function,
then, is simply the product of these probabilities over all
measurement sequences k:

L
�n

NðkÞ
jni
o
jρ̂
	
∝
Y
k

Yd−1
n¼0

�
PðkÞ
jni
	
NðkÞ

jni : ðG6Þ

In practice, we compute the log-likelihood function

lnLðfNðkÞ
jnigjρ̂Þ, which, up to an additive constant, is given by

lnL
�n

NðkÞ
jni
o
jρ̂
	
¼
X
k

Xd−1
n¼0

NðkÞ
jni ln

�
PðkÞ
jni
	
: ðG7Þ

Next, we describe a fast, vectorized method for evalu-
ating this likelihood function, which is essential for
Bayesian estimation of a large number of parameters.
We begin by column-vectorizing the density matrix:

ρ⃗ ¼

0
BBBBBBBBBB@

ρ00

ρ10

..

.

ρd−1;0

..

.

ρd−1;d−1

1
CCCCCCCCCCA
: ðG8Þ

Next, we form a set of measurement operators from the
tomography unitaries described above:

ÊðknÞ ¼ ðÛðkÞÞ†jnihnjÛðkÞ: ðG9Þ

which are then row vectorized,

E⃗ðknÞ ¼
�
EðknÞ
00 EðknÞ

01 …EðknÞ
0;d−1…EðknÞ

d−1;d−1

	
; ðG10Þ

and we form a matrix A by stacking these rows:

A ¼

0
BBBBBBBBBB@

E⃗ð00Þ

E⃗ð01Þ

..

.

E⃗ð0;d−1Þ

E⃗ð10Þ

..

.

1
CCCCCCCCCCA
: ðG11Þ

Then, it is straightforward to show that the matrix-vector
product Aρ⃗ yields the vectorized probabilities:

P⃗ ¼

0
BBBBBBBBBBBBBBB@

Pð0Þ
j0i

Pð0Þ
j1i

..

.

Pð0Þ
jd−1i

Pð1Þ
j0i

..

.

1
CCCCCCCCCCCCCCCA

: ðG12Þ

The likelihood function evaluation is completed by first
evaluating P⃗ ¼ Aρ⃗, taking its elementwise logarithm,
multiplying the result elementwise with the measured
counts N⃗ (vectorized in the same order as P⃗), and then
computing the sum of the entire resulting vector.

b. Density matrix parametrization
and prior distribution

Bayesian parameter estimation requires that we impose
some prior probability distribution pðρ̂Þ over the space of
density matrices, which encodes our prior expectations for
the state. Furthermore, any physically valid density matrix
must be Hermitian, positive semidefinite, and trace nor-
malized. Here, we follow the parametrization and prior
distribution described in Ref. [78]. For d non-negative real
numbers γi and d complex-valued column vectors zi, each
of size d, the density matrix

ρ̂ ¼
X
i

�
γiP
jγj

�
ziz

†
i

jzij2
ðG13Þ

is guaranteed to be physically valid. Moreover, this para-
metrization permits a straightforward prior distribution:

pðρ̂Þ ∝
Y
i

γα−1i e−γie−
1
2
z†i zi : ðG14Þ

As detailed in Ref. [78], α is a hyperparameter describing
the expected purity of the state: For α ¼ 1, the prior is
uniform over all physically realizable states, while for
α < 1, it favors lower-rank (i.e., more pure) density
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matrices. However, because we expect state purities to be
highly variable across experiments and qudit dimensions,
here we adopt a hierarchical Bayesian model. We impose a
uniform hyperprior on α over the range 0 ≤ α ≤ 1; hence,
the prior over ρ̂ alone is found by marginalizing over α:

pðρ̂Þ ¼
Z

1

0

pðρ̂jαÞpðαÞdα: ðG15Þ

Noting that

Z
1

0

xα−1dα ¼ x − 1

x lnðxÞ ; ðG16Þ

the α-independent prior is easily shown to be

pðρ̂Þ ∝
Q

iγi − 1Q
iγi ln ð

Q
iγiÞ
Y
i

e−γie−
1
2
z†i zi : ðG17Þ

FIG. 11. Posterior samples for the d ¼ 3 Hadamard experiment [Fig. 5(a) in the main text]. The mean and 95% confidence intervals
shown in the main text are computed directly from these samples. The red lines show the ideal values of the density matrix elements if
the state were perfect.
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c. Monte Carlo sampling

Given a posterior distribution pðρ̂jfNðkÞ
jnigÞ, the expect-

ation value of any function ϕðρ̂Þ is given by

hϕðρ̂Þi ¼
Z
ρ̂
p
�
ρ̂j
n
NðkÞ

jni
o	

ϕðρ̂Þdρ̂: ðG18Þ

This can be used to evaluate, for instance, the expectation
value of ρ̂ itself or the expectation value of the state fidelity.
As the dimension of ρ̂ increases, however, the direct
evaluation of this integral quickly becomes intractable.
The standard approach to this problem is to sample directly
from the posterior itself. Given a set of M samples drawn
from the posterior, any expectation value hϕðρ̂Þi is easily
estimated as its empirical mean:

ˆhϕðρ̂Þi ¼ 1

M

XM
i¼1

ϕðρ̂iÞ: ðG19Þ

In this work, we apply Markov chain Monte Carlo
sampling to draw fair samples from the posterior using the
emcee PYTHON package [79]. Figure 11 shows the posterior
sample distribution over the density matrix elements for the
d ¼ 3 Hadamard experiment [Fig. 5(a) in the main text].

2. Wigner state tomography

As described above and in the main text, the spin Wigner
function of a state ρ̂ is given by

Wðθ;ϕÞ ¼ 2Tr½D̂†ðθ;ϕÞρ̂ D̂ðθ;ϕÞΠ̂�; ðG20Þ

where Π̂ is a paritylike operator that is diagonal in the Ĵz
eigenbasis. Here, we describe the data analysis used to
extract the density matrices shown in Fig. 3(c) in the main
text from experimentally measured Wigner functions.
Rather than the Bayesian methods used above, here we

simply numerically optimize the density matrix to maxi-
mize the overlap between its Wigner function and the one
we measure. For any two operators Â and B̂, the trace of
their product can be expressed as an integral over the
product of their Wigner functions [39,41]:

Tr½Â B̂� ¼ 2jþ 1

4π

Z
π

θ¼0

Z
2π

ϕ¼0

WÂðθ;ϕÞWB̂ðθ;ϕÞ sinðθÞdϕdθ:

ðG21Þ

Because the Wigner function is measured at a discrete set of
equally spaced θ and ϕ, we replace this integral with a sum
and minimize the quantity

Cðρ̂Þ ¼ −
X
i;j

Wρ̂ðθi;ϕjÞWexpðθi;ϕjÞ sinðθiÞ; ðG22Þ

which, up to a constant factor, approximates the state
overlap.
We begin by precomputing and storing the (complex-

valued) Wigner functions of matrix elements jnihmj at each
discrete phase-space point measured in the experiment:

Wnmðθi;ϕjÞ ¼ 2Tr½D̂†ðθi;ϕjÞjnihmjD̂ðθi;ϕjÞΠ̂�: ðG23Þ

We parametrize the density matrix using the Cholesky
decomposition,

ρ̂ ¼ L̂L̂†

Tr½L̂L̂†� ; ðG24Þ

where L̂ is a lower-triangular matrix with real, non-negative
values on the diagonal. This parametrization guarantees
that the density matrix is Hermitian, positive semidefinite,
and trace normalized. The Wigner function of this density
matrix is efficiently computed as

W ρ̂ðθi;ϕjÞ ¼
Xd−1
n;m¼0

hmjρ̂jniWnmðθi;ϕjÞ; ðG25Þ

and we numerically optimize the elements of L̂ to mini-
mize Cðρ̂Þ.

APPENDIX H: QUDIT CLIFFORD GROUP

In this appendix, we discuss the methods used in the
qudit Clifford randomized benchmarking experiments
shown in Fig. 5 in the main text—in particular, the
construction of the qudit Clifford group itself. We begin
with the generators discussed in the main text [34]:
f1̂; Ĥd; Ẑd; Ŝdg, where, for ωd ¼ ei

2π
d ,

Ĥd ¼
1ffiffiffi
d

p
Xd−1
n;m¼0

ωnm
d jnihmj; ðH1Þ

Ẑd ¼
Xd−1
n¼0

ωn
djnihnj; ðH2Þ

and

Ŝd ¼
Xd−1
n¼0

ω
−nðnþdÞ

2

d jnihnj: ðH3Þ

Our goal is to express every element of the Clifford group
Cd as a product of these generators. We present the full
algorithm here as PYTHON code. We assume we have a
function |equal_upto_phase(d, U1, U2)|, which
checks whether two d-dimensional unitaries are equal up to
a global phase. The arguments to |build_clif-
ford_group| are the dimension d and a dictionary
mapping string names to the generators given above, stored
as matrices.
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As seen from the return values, this function simultane-
ously does the following:
(1) It decomposes each element of the Clifford group

into a sequence of generators. Furthermore, we are
guaranteed to have found the shortest sequence of
generators producing each Clifford operator.

(2) It produces the matrix representation of each group
element.

(3) It returns a map (PYTHON dictionary) indicating the
action of each generator on each group element. In
other words, we have a lookup table that stores the
Clifford group element cj obtained by taking the
product of a generator g and any other Clifford group
element ci.

This final data structure permits the efficient construction
of the group’s Cayley table, which is essential for ran-
domized benchmarking. For each pair of group elements
ðci; cjÞ, the naive approach to finding the group element ck

representing their product is to simply iterate over the full
Clifford group, checking the product against each element.
This approach has OðjCdj3MðdÞÞ time complexity, where
jCdj is the size of the group and MðdÞ is the time
complexity of checking whether two matrices are equal
up to a global phase. We perform this check for unitaries Û1

and Û2 by checking whether ð1=dÞTr½Û†
1Û2� − 1 ¼ 0;

hence, MðdÞ ∼ d4. Therefore, the naive approach is pro-
hibitively slow for even moderate values of d.
Instead, consider expressing ci as a sequence of

generators: ci ¼ gðkÞgðk−1Þ…gð0Þ. Then, the product
ci × cj is

ci × cj ¼ ðgðkÞgðk−1Þ…gð0ÞÞ × cj: ðH4Þ

Rewriting this product as ci × cj ¼ ðgðkÞgðk−1Þ…gð1ÞÞ
ðgð0Þ × cjÞ, we refer to the lookup table returned by
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|build_clifford_group| to find the Clifford group
element c0j ¼ gð0Þ × cj. Thus,

ci × cj ¼ ðgðkÞgðk−1Þ…gð1ÞÞ × c0j: ðH5Þ

We continue in this fashion, traversing the generator
sequence right to left, ultimately yielding the desired
ck ¼ ci × cj. Importantly, this procedure does not involve
any matrix multiplication: We instead need only refer to
the label of each Clifford group element stored in the
lookup table.

APPENDIX I: OUTLOOK

In this appendix, we propose a simplified model for the
displacement pulse errors, and using this model, we present
an estimate for realistically achievable fidelities given state-
of-the-art transmon devices. We begin with the model
presented in the main text, where the total error is a sum of
coherent and incoherent parts that vary independently
depending on the pulse properties and the device coherence
times:

E ¼ Ecoh þ Einc: ðI1Þ

We assume that the incoherent part of the error is propor-
tional to the length of the pulse, with the proportionality
constant being the average decay rate of each qudit
transition: For a pulse duration T,

Einc ¼
T
τinc

; ðI2Þ

where for a j0i ↔ j1i decay time T01,

1

τinc
¼ 1

d − 1

Xd−1
n¼1

n
T01

¼ d
2T01

; ðI3Þ

assuming a linear scaling of the decay rate with excitation
number. Here, we consider transmons of varying qubit

frequency, in which case, the natural quantity to consider is
the Q factor: Q ¼ T01f01. We note that, while Q is not
necessarily fixed as one varies qubit frequency, with its
detailed behavior being dependent on the particular noise
sources at hand, it is still the relevant quantity to use to
relate the coherence properties of transmons across
frequencies. With this in mind, we have

Einc ¼
f01d
2Q

T: ðI4Þ

Meanwhile, we primarily attribute the coherent errors to
phase errors and leakage resulting from the off-resonant
drive terms neglected in the RWA. This approach suggests
that the coherent error should scale proportionally with the
square of the drive strength and inversely with the square of
the anharmonicity. In the following, we assume a fixed ratio
EJ=EC ¼ 270, chosen to ensure a large enough number of
confined states with sufficiently low charge dispersion to
permit the qudit operations considered here. Using the
approximate qubit frequency f01 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8EJEC

p
− EC, we can

write

EC ¼ f01ffiffiffiffiffiffiffiffi
8 EJ
EC

q
− 1

: ðI5Þ

Noting that the anharmonicity is equal in magnitude to EC,

Ecoh ¼
AðEJ; EC; dÞ

E2
CT

2
; ðI6Þ

where AðEJ; EC; dÞ is a dimensionless phenomenological
parameter capturing the time-independent scale of coherent
errors; because EJ=EC is fixed, we can equivalently para-
metrize it as Aðf01; dÞ. Substituting our equation for EC,
we have

Ecoh ¼
 ffiffiffiffiffiffiffiffiffi

8
EJ

EC

s
− 1

!
2
Aðf01; dÞ
f201T

2
: ðI7Þ

FIG. 12. Modeling achievable displacement pulse fidelities.
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Solving for the optimal pulse duration, we find

Topt ¼
1

f01

"
4

 ffiffiffiffiffiffiffiffiffi
8
EJ

EC

s
− 1

!
2
QAðf01; dÞ

d

#
1=3

: ðI8Þ

We note that upon substituting this solution into the
equations for Ecoh and Einc, the factor of f01 cancels out
everywhere except in the argument to Aðf01; dÞ. In order to
characterize this dependence, we perform a series of
numerical simulations at differing transmon frequencies
and extract Aðf01; dÞ for each, showing the results in
Fig. 12 (left). We find that, to a good approximation,
Aðf01; dÞ is independent of f01, so we are justified in
considering it to be a function of d only. Therefore, we
ultimately find that the minimum infidelity is given by

Emin ¼
3

2

�
AðdÞ
2

�
1=3
�
d
Q

�
2=3
 ffiffiffiffiffiffiffiffiffi

8
EJ

EC

s
− 1

!
2=3

: ðI9Þ

With this model and the simulated AðdÞ values in mind,
we plot expected displacement fidelities as a function of Q
in Fig. 12 (right). The vertical dashed lines represent our
current device, with a frequency of roughly 5 GHz and a T1

of roughly 50 μs, and a hypothetical device with an order of
magnitude larger T1, representing the current state of the
art [59]. The black dot is our experimentally measured
fidelity for d ¼ 8 in the absence of pulse corrections.
In this analysis, we have considered standard transmon

devices only and have restricted EJ=EC to a value appro-
priate for eight-dimensional qudits. In practice, one would
ideally choose the device parameters that allow for the
desired qudit dimension while also maximizing anharmo-
nicity, which would further reduce coherent errors for
d < 8. Furthermore, we have not considered the pulse
corrections discussed in the main text, and in that sense, our
model acts as an upper bound on the achievable error given
a particular device. Finally, we note that alternative device
designs such as the inductively shunted transmon [60] may
be able to encode high-dimensional, long-coherence-time
qudits without the restriction on anharmonicity inherent to
high-EJ=EC transmons.
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