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Incoherent imaging, including fluorescence and absorption microscopy, is often hindered by weak
signals and resolution limits—notoriously, Rayleigh’s curse. We introduce a framework for incoherent
quantum imaging in the perturbative (weak-signal) regime that leverages spatially structured quantum
probes and multiplexed quantum readout to overcome these limitations. We propose a novel twin-beam
echo protocol that maps absorption and fluorescence onto distinct idler and signal modes that carry
thermal-like signatures characteristic of passive imaging. This yields an explicit architecture for
simultaneous absorption and fluorescence imaging at the quantum limit and allows passive-imaging
methods to be directly repurposed for active quantum imaging. As a corollary, we show that subdiffraction
absorption imaging with quantum probes evades Rayleigh’s curse, whereas classical probes remain
provably afflicted. Remarkably, the same protocol supports displacement-field reconstruction of multiple
quadratures (e.g., oscillators’ positions) and pertains to both conventional and subdiffraction imaging. We
further identify Fock states in a structured spatial mode basis as a non-Gaussian alternative with comparable
performance. Though primarily developed for optical imaging, our framework suggests broad applications
to phononic and acoustic imaging, and to reconstructing forces, fields, or charge distributions with an array

of mechanical oscillators.
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I. INTRODUCTION

The ability to spatially reconstruct incoherent signals—
such as fluorescence from a complex emissive scene, the
absorption profile of a material, or a stochastic field driving
an array of sensors—is central to diverse fields and
applications, ranging from biological and biomedical im-
aging [1-3] to condensed-matter physics [4,5] and gravi-
tational science [6—8]. However, conventional sensing and
imaging often face two fundamental challenges: low
measurement sensitivity in weak-signal regimes and (spa-
tial) resolution limits. Quantum sensing [9,10] and imaging
[11-13] promise to overcome these limitations by exploit-
ing quantum states and optimal measurements. For in-
stance, seminal advances [10-13] in quantum-optical
sensing have shown that tailored quantum states, including
twin beams, Fock states, and squeezed vacuum, can surpass
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classical shot-noise limits and significantly improve meas-
urement sensitivity.

In similar fashion, quantum measurement techniques
have revealed new strategies to overcome seemingly
fundamental resolution barriers. The pioneering work of
Tsang et al. [14] showed that “Rayleigh’s curse,” the
apparent divergence in the estimation error of subdiffrac-
tion length scales, arises from suboptimal measurements
strategies rather than a fundamental limit. This insight led
to multiplexed quantum readout schemes, such as spatial-
mode demultiplexing (SPADE) [14], that achieve quantum-
limited precision for subdiffraction imaging in passive
(zero-probe-photon) settings [14—17]. Similar resolution
challenges and their quantum solutions extend beyond
quantum optics, appearing in frequency-resolution limits
of atomic and qubit sensors [18-20].

Yet many theoretical results in quantum imaging focus
on the passive setting, where the imaging mode (e.g., the
fluorescing Stokes channel) is initialized in vacuum, and
often restrict to single-parameter estimation. Realistic
applications, however, demand high-sensitivity detection
of weak signals with fine spatial resolution in complex
environments, where multiple parameters must be esti-
mated simultaneously. These challenges motivate us to
explore quantum enhancements in multiparameter active

Published by the American Physical Society
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FIG. 1. Quantum imaging with bosonic modes. (a) Structured
quantum-optical probes interrogate a sample of emitters or
absorbers. Spatial information about the sample is imprinted
onto the probes through incoherent quantum processes (e.g.,
absorption and emission) and then extracted from the reflected
light via quantum processing and measurements, such as spatial-
mode demultiplexing (SPADE) and photon counting. (b) Alter-
native setting subsumed by our framework where a stochastic
field f(x) drives an array of mechanical oscillators, such as
trapped ions or nanomechanical resonators. A collective quantum
state of the motional modes is prepared (squiggles represent
entanglement) and measured to reveal properties hidden in the
correlators E[f(x;)f(x;)]. Collective heating (cooling) can like-
wise be estimated.

imaging, where imaging modes are initialized in photon-
rich quantum states. For instance, when interrogating a
sample with nonvacuum probe light [Fig. 1(a)], both
absorption and incoherent emission (also known as, fluo-
rescence) processes generally occur together, encoding
distinct physical information that must be jointly inferred.
In a similar guise, reconstructing stochastic fields
[Fig. 1(b)], such as fluctuating force fields driving trapped
ions or mechanical resonators, amounts to displacement-
field mapping across the sensor array, often via collective
measurements and joint processing. By “displacement
fields” we refer to spatially varying signals that displace
the phase-space coordinates of the oscillators. These mani-
fest as physical forces on motional degrees of freedom in
mechanical settings and as quadrature shifts from back-
ground fields or other couplings in (microwave or optical)
photonic settings. Though the connection between imaging
and displacement sensing may not be immediately apparent,
the problem setup and theoretical tools to address both turn
out to be intimately connected. Developing strategies to
address these multifaceted problems therefore presents out-
standing opportunities in quantum imaging and sensing.
In this work, we introduce a universal quantum imaging
module that enhances both sensitivity and spatial resolu-
tion, while enabling simultaneous imaging of absorption

and fluorescence signatures in the perturbative regime of
weak signals. As an additional modality, the same frame-
work also applies to reconstruction of stochastic displace-
ment fields. The central building block is a versatile
technique based on pre- and postprocessing via two-mode
squeezing and its inversion, forming a twin-beam echo
(a type of metrological Loschmidt echo [21-24]). The
echo amplifies weak incoherent signals, separates fluores-
cence and absorption into distinct detection channels,
and supports both coarse-grained and subdiffraction im-
aging. Key features of the emitter scene are extracted from
photon-counting measurements in a structured spatial-
mode basis.

Remarkably, we find that our imaging module achieves
quantum-optimal performance across a range of canonical
imaging and estimation tasks. As a concrete example, we
derive the ultimate limit for subdiffraction absorption
imaging, i.e., estimating the separation between two closely
spaced absorbers, and demonstrate that, in principle, a finite
measurement sensitivity remains achievable as the separa-
tion tends to zero. Classical probes, on the other hand,
intrinsically suffer from Rayleigh’s curse—that is, the
measurement precision vanishes as the separation tends
to zero—and thus require large photon numbers to maintain
appreciable sensitivity in the subdiffraction regime. Our
quantum imaging module overcomes this apparent limita-
tion, achieving the ultimate measurement sensitivity and
maintaining finite precision at zero separation with a fixed
number of photons.

Previous single-mode studies have demonstrated quan-
tum-enhanced estimation of either absorption (also known
as, bosonic loss) or fluorescence (also known as, bosonic
amplifier gain) individually using bright squeezed probes
[25] (see also Refs. [26,27]). Our approach differs in that it
supports simultaneous estimation of both components,
extends naturally to multimode imaging, achieves quan-
tum-enhanced resolution performance in the subdiffraction
regime, and incorporates an additional modality for dis-
placement-field reconstruction. Interestingly, our frame-
work also connects to recent work linking incoherent
optical imaging to stochastic waveform estimation, a
variant of displacement sensing [28].

We further analyze perturbative loss, heating, and back-
ground noise and identify the noise channels to which
a quantum advantage are first-order robust. For twin-
beam echoes, robustness requires a sufficiently clean idler
channel. We also assess the performance of structured
Fock-state probes, which offer equivalent sensitivity
enhancements to the twin-beam echoes, without ancillary
modes (and thus without ancilla-assisted entanglement) but
may be experimentally challenging to create.

The remainder of this paper is organized as follows.
Section II introduces the theoretical imaging model.
Section III presents the structured quantum probe proto-
cols, where we introduce twin-beam echoes, analyze
structured Fock-state probes, and discuss the shortcomings
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TABLE I.  Perturbative quantum Fisher information (QFI) bounds for representative (single-parameter) estimation
tasks: bosonic loss and amplification (also known as, absorption and incoherent bosonic-mode excitation);
stochastic displacements (or additive Gaussian noise); and spatial resolution in subdiffraction fluorescence and
absorption imaging. N is the total mean photon number incident on the sample excluding stored idler photons, ¢ the
total scene brightness, and y; the local point-source absorption rate. “Vacuum” refers to passive imaging, e.g.,
collecting fluorescence without active probing. “Quantum optimal” denotes probes that saturate the ultimate
quantum limit. “Coherent state” serves as a semiclassical baseline for comparison. For faint scenes (¢ < 1) and in
the subdiffraction regime (8 <« 1), SPADE can circumvent Rayleigh’s curse [14] in passive fluorescence imaging. In
contrast, absorption imaging with classical probes remains fundamentally vexed by Rayleigh’s curse, and quantum
probes must be cast to dispel it. Observe that coherent-state enhancement in active fluorescence imaging
also vanishes as 8 — 0. Structured twin-beam echoes (or structured Fock-state probes) and excitation measure-
ments achieve these single-parameter bounds for subdiffraction fluorescence and absorption imaging [this work].
Notable estimation results: bosonic loss [26,29], including thermal-loss extensions [30,31] (with explicit receiver
design [32]) and multimode generalizations [33]; amplifier gain [27]; stochastic (or phase-insensitive) displace-
ments [34-36] (see also Ref. [28]) including loss [36,37] and energy-unconstrained limits [38]; phase-covariant
channels [39]; subdiffraction passive fluorescence imaging [14,40]. Entries marked [this work] are derived herein.
The subdiffraction-imaging results assume two identical point objects with known centroid, a Gaussian PSF, weak
absorption or emission, and 8 < 1. See Appendix D for derivations and further discussion. The table is a
representative compilation rather than a summary of main results.

Estimation task, parametrization Probe Perturbative QFI, F(6)

FQ (Vl(ms) & (NS/}Iloss) [26,29]
FQ(Vloss) = (1 - }/IOSS)NS

FQ(yamp) [(] + NS)/(}’amp)] [27]
FQ(Yamp) X [1/(}'amp)] (1 - 7amp)NS

Fy (Yagn) ~[(1+ 2NS)/(7agn)] [34-36]
FQ(yagn) ~ [1/(7agn)]

{e(1 4+ Ng)]/4} [this work]
Fo(8) ~ (e/4) [14,40]
Fo(8) ~ (¢/4) + (Ns/64)(e8)?

Fy(8) = ([Ngr4]/2) [this work]
Fyo(8)~ (Ng/16)(r18)?

Pure loss estimation, 7 = ¢ ™7l Quantum optimal

Coherent state

Amplification estimation, G = e’ Quantum optimal

Coherent state

Stochastic displacement estimation, a ~ CN(0,y,s,) Quantum optimal
Coherent state

Subdiffraction fluorescence imaging, 8 = d/c Quantum optimal
Vacuum

Coherent state

Fo(8)~

Subdiffraction absorption imaging, 8 = d/o Quantum optimal

Coherent state

PHYS. REV. X 16, 041030 (2026)

of single-mode squeezed-state probes. Section IIID ana-
lyzes perturbative effects of noise and the robustness of our
protocols. Section IV surveys potential applications, and
Sec. V closes with an outlook. Several appendices provide
supporting material, including: a microscopic motivation
for our general imaging model (Appendix A); a brief
review of passive imaging and Rayleigh’s curse
(Appendix B); detailed derivations of our twin-beam echo
method (Appendix C); and ultimate sensitivity limits via
quantum Fisher information analyses of key imaging tasks
(Appendix D 1; see Table I for a compact summary).

II. SETUP AND THEORETICAL MODEL

In this section, we describe the physical assumptions and
the theoretical basis underlying our imaging model, focus-
ing on scenarios that involve fluorescence and absorption.
We provide microscopic derivations of the model in
Appendix A for further motivation and support. See
Fig. 2 for an illustrative breakdown. Though phrased in

quantum-optical imaging language, we also discuss how
our formalism likewise encompasses displacement-field
reconstruction under appropriate assumptions.
Assumptions and operating regime. We consider a beam
of probe photons interacting with a collection of absorbers
or emitters confined to a single transverse plane. We model
the probe as a nearly ideal paraxial pulse: a longitudinal
plane wave of sufficiently long temporal duration, endowed
with a structured transverse spatial profile. Since the
emitters lie on a single plane, only the transverse spatial-
mode structure of the probe is relevant for imaging;
for simplicity, we further restrict to a single transverse
dimension (extension to two dimensions is straightfor-
ward). Hence, we describe the probe field on the emitter
plane (with coordinate x) by the continuous set of localized
field operators a,, and similarly, describe the field on
the collection plane (coordinate u#) by operators a,.

These satisfy the bosonic commutation relations [, &L] =
S(x—x') and [a,,a!,] = 8(u—u'). We oftrefer to the
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FIG. 2. Pictorial construction of the quantum imaging model. Local interactions between emitters (subsystems E,) and probes
(subsystems S,) encode emitter properties onto the probes, such as absorption, fluorescence, and emitter positions. Because of stochastic
behavior of the emitters, this interaction induces incoherent evolution of the probes, described by a quantum-imaging channel acting on
the probe state (reduced schematic). Propagation from the emitter plane to the detection plane (kernel K) spreads the encoded
information across multiple “pixel” modes on the collection plane, yielding the observed mutual coherence I' (u, u’) and absorption

profile I'y (u, u') [or displacement-field covariance kernel I'(u, u’)]. Propagation from the probe source to the emitter plane (kernel K)

included for completeness.

coordinate degree of freedom as a pixel. See Appendix A
for further details.

We suppose that the probe field does not significantly
alter the emitter dynamics. Instead, the emitters are taken to
be thermally populated or externally driven by (stochastic)
background fields or environmental interactions.
Consequently, the observed incoherent features of the
emitters arise from this background activity, not from
the probe itself, and the probe thus acts as a minimally
invasive diagnostic of the emitters and their environment.
For simplicity, we model the emitters as a Markovian bath
(see Appendix A). Inclusion of non-Markovian effects or
the use of ultra-short pulses (cf., Refs. [41,42]) are possible
but beyond the scope of this work.

We also assume relatively low-energy probes, such that
the evolution of the probe field is perturbative. In this
regime, single-photon processes governs the probe evolu-
tion. That is, the input-output quantum channel for the
probe either subtracts (absorption) or adds (fluorescence) a
single photon, with rates that can be stimulated by the
number of photons in the probe. Multiphoton events are
perturbatively suppressed. This operating regime is relevant
in signal-starved conditions or weak-coupling scenarios
(e.g., short interaction times), when probes must remain
low energy to avoid disturbing the sample.

Incoherent imaging model As illustrated in Fig. 2, a
structured quantum probe field propagates toward a scene
of incoherent emitters or absorbers. Probe photons interact
with the sample through two processes: Either probe

photons are absorbed or incoherent excitations (fluores-
cence) are added to the probe field. In the microscopic
model, these processes arise from a local exchange inter-
action that effectively swap quanta between the probe field
and the emitters (see Fig. 2). The outgoing probe field
carries the imprint of this interaction, which is subsequently
processed by a quantum optical device and measured with a
detector array. Measurement outcomes are then used to
estimate a set of parameters, ® = {6, 6,, ...}, such as the
total brightness, absorption profile, separation distances
between emitters or absorbers, etc. The parameters are
perturbatively encoded onto the probe, viz. p — p(0) =
p + 6p(0®), where p is the input probe state and 5p(®) is
the perturbative piece thatencodes ®. Our task is thus to model
the weak interaction and derive an approximate form of the
output probe state, p(®), which serves as the foundation of our
sensing and imaging framework.

We access the emitters implicitly through the diagnostic
probe and thus consider the evolution of the probe field
alone following the weak interaction with the emitters. As
elaborated in Appendix A, the postinteraction probe state,
expressed on the emitter plane, is
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FIG. 3. Lineage of the grandfather equation [Eq. (2.4)]. Descendants include absorption imaging, passive fluorescence imaging, and
stochastic displacement imaging (also known as, displacement-field reconstruction).

where y4,, (x,x) denote the absorption/emission correla-
tors on the emitter plane, and a, denotes the annihilation
operator for probe field at position x on the emitter plane.
Our model permits spatial correlations across the emitter
ensemble, e.g., collective emission or absorption effects,
if present. For completely uncorrelated emitters,
v1/0(x, %) = y4/, (x)8(x — x’), where y;,, (x) denotes the
local absorption/emission profile.

This formulation also clarifies the operational distinction
between passive and active imaging adopted in this work:
passive imaging uses a vacuum probe, p = |0)(0|, whereas
active imaging uses a non-vacuum probe state. These terms
classify the probe state, rather than the physical origin of
the detected signal. Consequently, thermal emission from
an occupied emitter into otherwise unseeded modes (e.g.,
Stokes modes) constitutes passive imaging in our nomen-
clature, as in conventional fluorescence imaging.

The field modes a, at the emitter plane are linearly
related to the field modes a,, at the collection plane through
the unitary propagation relation,

a, = /duK(x, u)a,, (2.2)

where K (x, u) is the (backward) propagator. For simplicity,
we assume ideal mode-matching between the probe-source
and collection planes, so that the kernel K (see Fig. 2) that
describes propagation from the probe source to the emitter
plane does not play an essential role here. In a more general
treatment, both propagators, K and K, are necessary to
relate the probe-source basis to the output collection-plane
basis. Herein, we implicitly absorb K into the initial mode
definition and thus replace it with identity assuming perfect
mode matching between the transmitter and collection
device.

In many practical scenarios, we approximate K (x, u) as a
localized kernel K (x, u) =~ ¢(u — x), where ¢ is the point
spread function (PSF) that describes image blurring. A
common approximation is a Gaussian profile,

—u?/46?
e

p(u) = 2r?) (2.3)
In optical microscopy, one has ¢~ Af/(zw), with wave-
length A, focal length f, and aperture radius w [43]. This
approximation captures the key constraint in subdiffraction
imaging, which is the finite resolution set by o.

Substituting the propagation relation (2.2) into Eq. (2.1)
yields the probe state at the collection plane,

1
p(O)~p+ /dudu’ {FT(u, u') <€1up€11, - 5{
N 1 ;
+ T (o) <a;,pau ~>{aal, p}ﬂ , (2.4)
where

Cy(u,u') = /dxdx’yT(x,x’)K(x, w)K*(x',u'), (2.5)

Ly(uu') = /dxdx’yi(x,x’)l((x, w)K*(x',u')  (2.6)

define the absorption kernel and mutual coherence, 'y and
'}, of the output field [44]. We refer to Eq. (2.4) as the
“grandfather” equation, as its lineage encompasses many
well-studied imaging and sensing models in suitable limits
(see Fig. 3).

For negligible emission (I') ~ 0), the model reduces to
an absorption-only channel, relevant for transmission and
absorption imaging [45-48] (and directly related to bosonic
loss estimation [26,29]). When the input state is vacuum
(p =10){(0]), only the emission channel contributes,
thereby recovering well-studied passive imaging models
in the single-photon regime (see, e.g., Refs. [14,16,40]).
When emission and absorption rates are balanced
(') »#Ty), as in the classical high-temperature limit of a
thermal bath or under engineered symmetric noise, the
evolution formally reduces to a multimode stochastic

041030-5
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displacement channel, with zero mean displacement
and covariance kernel I'(u,«’). This channel is broadly
pertinent to, for instance, force-field reconstruction [see
Fig. 1(b)] with optomechanical systems [49,50], imaging
random charge or electric-field distributions with an
ensemble of trapped ions [51,52], sensing background
microwave fields with a network of cavities [53], and
more generally, distributed sensing of quadrature field
fluctuations [54]. In contrast to the propagating-light
setting, where probes travel to the emitters and back, here
one prepares a many-body state of the oscillators (e.g., ions
confined in trap), allows the force or field to act on the
system, and then performs a collective measurement. We
point to Sec. IV for a myriad of potential applications and
further discussion.

We remark that the perturbative treatment of the effective
probe evolution [Eq. (2.4)] holds provided that

/ dxdx'y | (x, x)Tr{pa,a’} < 1, (2.7)
/dxdx’yT(x,x’)Tr{p&i,&x} <1, (2.8)
which ensures that single-jump events dominate

while multijump events are parametrically suppressed.
Physically, this corresponds to signal-starved settings
and minimally invasive probes. For metrological tasks, at
sufficiently high statistical precision, higher-order correc-
tions must be retained to prevent perturbative model bias
from exceeding the statistical estimation error.

Structured mode expansion. For various imaging tasks, it
is often useful (and necessary) to leverage a structured
mode basis ¥ = {y,}, such as the Hermite-Gaussian (HG)
modes. Consider the expansion of the mutual coherence in
this basis,

Uy (') = > T ey (u). (2.9)
.k

with similar expressions for the absorption kernel, Iy, and
define the mode operators y; = [ duy, (u)a,. From which
we rewrite Eq. (2.4) as

W] N At | toa
®)~p+ E I - ,
p(@)~p - [ 1Lk (ll/kpl//f 2{1//fl//k P}>

1
T (uﬂpwk —E{mu&},p})]- (2.10)
This equation serves as the foundation for quantum
enhanced subdiffraction imaging with structured probes.
The choice of mode basis is crucial for imaging perfor-
mance, as emphasized by Tsang et al. [14], and the optimal
basis generally depends on the specific problem and
the PSF.

III. IMAGING WITH STRUCTURED QUANTUM
PROBES

In this section, we introduce the universal quantum
imaging module for simultaneous absorption and fluores-
cence imaging in the perturbative regime of weak signals.
We provide a high-level circuit schematic in Fig. 4, in
which structured quantum probes are prepared in a struc-
tured mode basis, propagate toward the scene, undergo
interaction with the sample, and are subsequently processed
and measured at a collection device to perform estimation
and imaging tasks. We focus primarily on two classes
of probes: entangled twin-beam states and structured
Fock-state probes. Both can be prepared in a spatial mode
basis adapted to the imaging task and combined with
mode-selective detection strategies, such as spatial-mode
demultiplexing (SPADE) and photon counting, to achieve
quantum enhancements in multiparameter estimation. We
also discuss the limitations of single-mode squeezed states
for imaging and assess the impact of Gaussian noise.

We summarize optimal sensitivity bounds in Table I (and
derived in Appendix D 1). These provide strong evidence
that the proposed imaging strategies operate at or near the
ultimate quantum limits, substantially outperforming
classical approaches in relevant regimes.

A. Twin-beam echoes

One of the central results of this work is an imaging
protocol based on twin-beam echoes, in which pairs of
initially entangled signal-idler modes, created via two-
mode squeezing, are nearly disentangled by the inverse
process after the probes interact with the emitter scene.
This sequence realizes a metrological Loschmidt echo
[21,22,24] and provides a powerful means to selectively
isolate and amplify weak incoherent signatures. We depict a
simplified single-pixel schematic in Fig. 5, with the full
multimode configuration in Fig. 6.

Quantum
preprocessing

Entanglement in emitter-plane
l position basis

Quantum
postprocessing

Idlers [ =

modes @
Yo

Y1 T

1l Measurement
_ and estimation

FIG. 4. Quantum circuit for structured imaging. Quantum
probes (twin beams or Fock states) are prepared in a structured
mode basis ¥ = {y;}. Idler modes (if present) are retained in
storage, while the signal modes propagate to the emitter plane
(via propagator K), interact with the sample, then propagate to the
collection plane (via propagator K) for processing and measure-
ment. Quantum processing refers to energy nonconserving
operations, such as squeezing, as well as linear-optical oper-
ations, such as SPADE.
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We first present a toy example of simultaneous loss and
gain estimation to build intuition for the basic echo
mechanism before generalizing to the full imaging sce-
nario. As another demonstration, we show how the twin-
beam echo facilitates quantum-enhanced subdiffraction
imaging, achieving resolution beyond the Rayleigh limit
with improved sensitivity, and more broadly supports
simultaneous absorption and fluorescence imaging. The
twin-beam echo thus serves as a key building block of our
quantum imaging module, providing a versatile and near-
optimal tool for both conventional and subdiffraction
imaging.

Toy echo example. As a warm-up, we consider a “zero-
dimensional” imaging problem, where absorption and
fluorescence are localized to a single pixel and fully
described by two parameters, I'y,). We aim to estimate
these parameters simultaneously.

Let & denote the lone signal mode and b the idler. See
Fig. 5. Suppose we prepare a twin beam, pg =
Ug1]0)(0]g; U;I, where Ug; generates two-mode squeezing
between the signal and idler. Only the signal mode interacts
with the emitter, while the idler is maintained in storage
(e.g., propagates along a lossless path or stored in quantum
memory if necessary). From Eq. (2.4), the output after
emitter-probe interaction is simply

PP R
psi(®) = pg; + Ty <apaT -3 {aTa,p})

1
+T, (&Tp&—z{&flT,P}>. (3.1)

We then apply the reversed operation Ugl, producing the
final state p§h = 0§Ip51(®)[751. In the weak-coupling
regime, this operation reverses the squeezing on the
vacuum component while mapping fluorescence (incoher-
ent excitations of the signal mode) and absorption (loss)

Absorption
RO signature

H Idler mode ||

v Twin-beam
echo

¥ | Fluorescence |

Signal mode

signature

FIG. 5. Twin-beam echo. A metrological Loschmidt echo [21]
via two-mode squeezing between signal (S, annihilation operator
a) and idler (I, annihilation operator b) maps absorption
signatures to the idler while maintaining fluorescence signatures
on the signal.

into distinguishable excitations on the signal and idler
modes, respectively.

In the Heisenberg picture, the echo enacts the operator
transformation U{aUg; = cosh ra + sinh rb', resulting in
the echoed state

P& = (1 =T, = Ts)[0){0]s ® 0)(0],
+T]0) (0l & [1)(1]; + Ts|1){1]s ® [0){0],
+ C1){0]s ® [1)(0[; + C*[0) (1[5 ® [0){1];.
(3.2)

where |1)s = at|0)s and |1); = b7|0), are single-photon
states on the signal and idler modes, I's =1T"| cosh? r, and
I'; =T sinh? 7. Cross-terms (involving the unspecified
coefficient C) encode correlations between the signal
and idler but are unimportant for our purposes.

Crucially, the echo separates fluorescence and absorption
into distinguishable excitations on signal and idler chan-
nels; see the flowchart in Fig. 5. To see this more directly,
suppose we restrict to separable measurements on signal
and idler sectors. Then, the measurement-averaged
state factorizes as P ~ p&he @ pseho | with p&ho = (1 —
I5)[0) (05 +T1)(1]s and  p§® = (1 =T,)|0){0],+
I';|1)(1|,. The amplified single-photon probabilities pg =
I’y and p; =T directly encode the fluorescence and
absorption rates.

Because of the separability of the (measurement-aver-
aged) output state, we can simultaneously estimate I'y and
'} by independently counting photons on the signal and the
idler. Moreover, this strategy saturates the ultimate single-
parameter quantum limits for each; see Table I for a quick
summary and Appendix D for further details. Using the
standard Fisher-information formula for binary click or no-
click outcomes (with probabilities py, =1-— p; and
p1~ sy < 1), we find the classical Fisher informations
of the imaging protocol,

cosh? r
Fe(ly)m—F—, (3.3)
{
sinh? r
Fe(ry) ~ ST (3.4)
T

which achieves quantum-optimal estimation of absorption
(also known as, bosonic loss [26,29,32,33]) and incoherent
emission (also known as, bosonic amplification [27]) in the
perturbative regime; see Table I. In other words, for a fixed
(average) number of photons, we can simultaneously
estimate I') and I'y at the ultimate quantum limit. The
twin-beam echo thus generalizes single-parameter results to
joint estimation without sacrificing optimality (see also
Ref. [39] for related multiparameter bounds) and, impor-
tantly, provides an explicit measurement strategy.
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FIG. 6. Structured twin-beam echoes. Independent echo
sequences tailored to the structured mode basis ¥ = {y;}.
Two-mode squeezing operations (paired triangles) entangle
signal-idler pairs. The idler modes (b,) are held in storage while
signal modes (i) propagate to the emitter plane and interact with
the emitters. After interaction, the signal modes propagate to the
collection device, and the initial two-mode squeezing is reversed
(inverted paired triangles).

A recent study by Kamble ef al. [25] considered a closely
related echo protocol for estimating either absorption or
gain in a single-mode optical channel using bright two-
mode squeezed states (see also Ref. [55] in the weak-
absorption limit) [56]. On the other hand, our framework (i)
enables simultaneous estimation of absorption and fluo-
rescence via separation into distinct detection channels and
(i1) generalizes naturally to multimode imaging as we show
below. The novelty therefore lies in these joint-estimation
and structured-multimode extensions, rather than in the
underlying echo sequence itself. Furthermore, we also
analyze noise effects, such as loss and parasitic heating
(see Sec. III D).

Structured twin-beam echoes. We now extend the
single-pixel echo to the full multimode configuration,
allowing us to address complex emitter scenes and various
imaging tasks. See Fig. 6 for a depiction. This extension
is surprisingly straightforward but algebraically tedious,
so we simply state the main result here and defer a full
proof (using the Gaussian covariance formalism) to
Appendix C.

Suppose that we implement separable twin-beam echoes
between signal modes in the structured basis ¥ = {y } and

an arbitrary set of idler modes {b;}. Let r, denote the
independent squeezing strengths for each twin beam (see
Fig. 6). Furthermore, we restrict to separable measurements
on signal and idler sectors. Under these conditions, the
(measurement-averaged) echoed states become

s ~ (1= T)[0)(0]
v . .
+ ZF[L,]“ cosh ry cosh r,50) (0|, (3.5)
1%
P ~ (1 =17)0)(0],
+ 31}, sinh ry sinh 7,5[0) (0] by
[

with amplified rates I's =), 1"[£Ij,]<,€(:0sh2 ry and T} =

>k F[T\If,](k sinh? r;. Notably, the idler modes are arbitrary.

The only requirement is that they be entangled with
appropriate signal modes in the basis V.

The resulting echoed states are independent incoherent
single-photon states (i.e., approximate thermal states in the
single-photon approximation) that exhibit intrasector cor-
relations, analogous to the quantum model of passive
fluorescence imaging (see Fig. 3) but with boosted sin-
gle-photon detection probabilities due to the squeezing
factors. Consequently, the quantum theory and techniques
developed for passive imaging carry over directly to this
active-probe setting.

Subdiffraction imaging. We now consider the canonical
problem in subdiffraction imaging of estimating the sep-
aration d between two uncorrelated, identical point-source
emitters in the subdiffraction regime (d < o) [15]. This
simple problem serves as a testbed for structured twin-
beam echoes, illustrating how the protocol amplifies
single-photon detection probabilities—thus improving
overall signal-to-noise performance—while simultaneously
achieving sub-Rayleigh spatial resolution. For an overview
of subdiffraction imaging, see Appendix B.

We first focus on fluorescence signatures and thus
restrict our analysis to the echoed signal modes p$h°
[Eq. (3.5)]. We then analyze absorption signatures that
reside on the echoed idlers [Eq. (3.6)].

Consider two uncorrelated emitters of equal brightness
separated by a distance d < ¢ (subdiffraction regime);
physically, we mean that the emitter separation is smaller
than the characteristic scale of the imaging system, yet
larger than any correlation length of the emitter system. We
also assume the centroid is known with x; + x, = 0. The
mutual coherence at the collection plane is then (see
Appendix B for details):

Z(P(u _xm)(p(u/ _xm)v (37)

m=1

Cy(u,u') =

| ™

where ¢ is the total (observed) brightness and ¢(u — x) is
the Gaussian PSF (2.3). In this case, the optimal mode
basis is the HG basis ¥ = {yq, w1, ...}, where only the
first two elements (the fundamental and antisymmetric
modes, w, and ;) contribute significantly. To leading
order in d/ o, one may readily show that the coefficients of
the mutual coherence in the HG basis are (see Appendix B
for details)

2
W d
Lo = 8<1 - @) (3.8)
[\p] - €d2
T =162 (3.9)
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v ¥
o =T =0,

(3.10)
with higher-order terms of negligible importance. For
brevity, we take equal squeezing strengths, ry = r; = r,
for the twin-beams associated with y, and . This
corresponds to a total mean signal photon number Ng =
2sinh?(r) (and total signal-plus-idler photon number
2Ny). Defining the amplified brightness & = & cosh?(r),
the echoed signal state [Eq. (3.5)] simplifies to

s (1= 90y 0]+ 21 -

gd® . R
+@U/1|O><O|W1-

>\ R
@)WNOMOW/O

(3.11)

The twin-beam echo thus amplifies the photon-count
probabilities in each mode by cosh?r, simultaneously
improving the signal-to-noise in brightness (¢) and sep-
aration (d) estimation. In point of fact, we calculate the
classical Fisher informations to be

h2
Fo(e) w250 (3.12)
e
ecosh? r

The Fisher information for d (in units of ¢) is cosh? r times
that of the passive (zero probe photons) quantum Fisher
information [14,40]; see also Table I. Moreover, the
parameters € and d can be estimated simultaneously: &
can be estimated from the total photon counts on y, and
y; and d can be inferred from y; alone.

Likewise, absorption features can be reconstructed from
measurements on the idler modes. Let y; denote the
(normalized) absorption rate per absorber. Measurements
on the idler sector imply

2sinh? r
Felr) , (3.14)
71
I& )
Fc(d/o-)wzsmh r. (3.15)

Astonishingly, subdiffraction absorption imaging is free
from Rayleigh’s curse, similar to passive fluorescence
imaging [14]. The crucial distinction in absorption imaging
is that a probe is necessary—i.e., photons must be initially
present to be absorbed. While classical probes (convex
combinations of coherent states [58,59]) are inherently
afflicted by Rayleigh (Appendix D 3), we demonstrate that
quantum probes avert the curse entirely. See Table I for
quick reference and Appendix D 2 for details.

Altogether, we have shown that fluorescence and absorp-
tion scenes can be simultaneously imaged at subdiffraction
scales with quantum-enhanced sensitivity, thereby improv-
ing overall signal-to-noise performance whilst circum-
venting Rayleigh’s resolution limit. There is no
measurement incompatibility at this order, since the full
parameter set (e,y4,d) can be estimated jointly from
commuting, mode-resolved photon-count statistics on the
signal and idler sectors. The relevant trade-off is instead the
allocation of a fixed photon budget Ny among spatial
modes to estimate these parameters most efficiently. The
same considerations apply to structured Fock-state probes.

Although we presently focus on the canonical two-point-
source problem, we expect that the analysis is extendable to
more complex scenarios by adapting existing passive-
imaging methods to the current framework. We briefly
discuss many related problems in Appendix B 3.

Conventional imaging. The twin-beam echo also enhan-
ces signal-to-noise in conventional direct-detection imag-
ing, where resolving subdiffraction features may not be
required. In this setting, the task is to reconstruct a coarse-
grained image of the scene by directly measuring the
intensity at each pixel u on the collection plane. The
protocol proceeds as follows.

Suppose the two-mode squeezing operations in the echo
are implemented between spatially conjugate points of the
signal and idler fields, a, (signal) and B_u (idler), with fixed
squeezing strength r, per u. We assume that the transmitter
plane (containing the initial two-mode squeezer) is mode-
matched to the collection device (containing the inverted
two-mode squeezer), allowing us to describe the protocol
using a single spatial coordinate u; see Refs. [45-48] for
physical realization of pointwise entangled twin beams via
spontaneous parametric down-conversion (SPDC). After
the echo, direct detection (via pixelated photodetectors) of
the signal and idler modes yields per-pixel intensities

(aha,) o cosh® r,T') (u, u), (3.16)

S

(bib,) o« sinh® r_,Ty (—u, —u). (3.17)
Thus, the echo protocol yields amplified direct-detection
signatures of both fluorescence and absorption profiles,
which appear separately on the signal and idler modes.
Importantly, this scheme remains compatible with conven-
tional intensity-imaging hardware while offering improved
sensitivity through engineered probe states—extending
SPDC-based absorption imaging [45—48] to a unified
fluorescence and absorption imaging module.
Reconstructing displacement fields. We analyze stochas-
tic displacement-field reconstruction using the same
twin-beam echo strategy introduced for fluorescence and
absorption imaging. This resonates with recent observa-
tions by Tsang [28], who drew a formal analogy between
incoherent optical imaging and stochastic waveform
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estimation (i.e., spectroscopy of mechanical displacement
fluctuations [60]).

Consider the special case where absorption and fluores-
cence are balanced, I'y =T"y =:T". In this limit, the grand-
father equation reduces to a stochastic multimode
quadrature-displacement channel, where quadrature dis-
placements occur on the emitter plane and are then detected
on the collection plane. As seen on the collection plane,
displacements are described by the unitary operator
D(f) = exp([ dup,al — pya,), with B, ~CNT[0,T(u, v)]
denoting the complex-Gaussian random field with covari-
ance kernel E[S,45] =T'(u,v). Expressed in quadrature
Variables, ﬁu = (QIA + lpu)/\/i’ we have [E[QuQW] =
E[p.p,] = T(u,v), with all other correlators vanishing.
(The analysis generalizes straightforwardly to asymmetric
quadrature variances, e.g., purely positional displace-
ments.) Physically, the displacement model corresponds
to an incoherent process that stochastically shifts the
oscillators’ phase-space coordinates. Examples include
mechanical fluctuations in optomechanical resonators
due to background (semiclassical) forces [49], fluctuating
electric fields causing positional jitter in trapped ions
[51,52], or random microwave drives in superconducting
cavities [61] (see Sec. IV for more discussion).

In this setting, we estimate properties of the displacement
covariance I' using photon counts from both signal and
idler modes after the twin-beam echo. Since the echo
produces two copies of —one in the signal sector and one
in the idler sector [Egs. (3.5) and (3.6)]—combining
measurement outcomes improves sensitivity. For instance,
suppose we aim to estimate the displacement variance in

the kth mode y, €, i.e., the element F,[:I,:]. (This mode
decomposition is especially useful if the displacement field
is sparse and approximately diagonal in a known basis.) A
straightforward calculation shows that excitation measure-
ments (e.g., photon counting) on the kth signal-idler pair
yields the classical Fisher information

w. cosh? r; + sinh? r;
Fe(M¥h ~ 7
Uik

(3.18)

This saturates the quantum Fisher information for single-
mode random-displacement channels [28,34-36], previ-
ously shown to be achievable with a two-mode squeezed
vacuum [36] or a Fock state [34] (see Table I for a compact
review). Our framework extends these single-mode results
to the multimode, multiparameter setting relevant for
imaging, enabling reconstruction of the covariance kernel,
' (cf. Ref. [54]). Moreover, by choosing a spatially
structured basis and mode-resolved detection, SPADE-like
strategies can be incorporated to achieve subdiffraction
resolution if necessary. Cross-correlations (off-diagonal

elements Fg]), if present, may be estimated by performing

structured interferometry followed by photon counting after

the echoes, in accordance with techniques analyzed
in Ref. [62].

B. Structured Fock states

An alternative to the twin-beam echoes is to prepare
structured Fock states,

10), (3.19)

where yr;, is the annihilation operator for the spatial mode
v €Y, and perform structured photon-counting measure-
ments in this basis on the collection plane. Using
Eq. (2.10), the (measurement averaged) output state of
the kth spatial mode becomes

pul©) & (1= m = (e + DU ) (o
+ T e = 1) (ng = 1]

+ (mg + Dl + 1) (g + 1. (3.20)

We write the expression out explicitly in the Fock basis to
demonstrate that fluorescence and absorption events are
encoded in adjacent &1 photon-number subspaces from the
initial Fock level nj. Photon-number-resolving detection
(or at least ability to distinguish n; £ 1) thus enables
independent reconstruction of the fluorescence and absorp-
tion components, analogous to the signal or idler separation
of twin-beam echoes.

The decomposition in Eq. (3.20) immediately implies
equivalent performance to that of twin-beam echoes for all
estimation tasks considered above (given a fixed average
number of signal photons), with the correspondences n; <>
sinh? r; and n; + 1 < cosh? r;. The key difference is that
the relevant information is now encoded in distinct photon-
number subspaces, rather than in distinct signal and idler
modes. This expected performance aligns with fundamental
single-parameter results for bosonic loss estimation [29],
gain estimation [27], and stochastic displacement estima-
tion [34,35], where Fock states are known to achieve the
quantum Fisher information for a fixed number of average
photons (see Table I).

Structured Fock states offer a compact, single-sector
alternative to twin-beam echoes. Compared to the latter,
they avoid the need for idlers (hence, no entanglement
assistance is required) and, in principle, offer better
resilience in the presence of idler loss (see Sec. III D).
However, structured Fock states are experimentally chal-
lenging to prepare, especially for large n, and require
photon-number resolution in the structured mode basis.
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C. What about single-mode squeezing?

Single-mode squeezing has been identified as an optimal
probe for certain incoherent parameter estimation tasks,
such as sensing stochastic displacements [28,35,36] and
loss estimation in the perturbative regime [26], at least in
the absence of Gaussian noise sources [36,37,63]. In this
context, a single-mode squeezing echo combined with
photon counting can achieve quantum-enhanced sensitivity
23,28,35]]. However, as we elaborate here, this approach is
ill-suited to the multiparameter estimation problems con-
sidered in this work and, more fundamentally, is fragile to
noise for each of the parameter estimation tasks (see
Sec. III D).

In the generalized incoherent imaging problem involving
both absorption and fluorescence components, the perfor-
mance of single-mode squeezing is innately limited.
Because squeezing acts only on the signal sector—and
due to the continuous-variable nature of squeezing—
absorption and fluorescence signatures are mapped to
indistinguishable thermal excitations within the same
mode. In other words, there exists no mechanism within
the single-mode squeezing approach to distinguish these
otherwise distinct processes. This contrasts sharply with
Fock-state probes or twin-beam echoes, where absorption
and fluorescence rest in distinct photon-number subspaces
or distinct mode sectors, respectively, enabling simulta-
neous estimation of both components.

We can formalize this observation. Consider the struc-
tured imaging evolution of Eq. (2.10), and suppose that
we apply single-mode squeezing U/ S and its inverse /87
(i.e., single-mode squeezing echoes [23]) in the structured
mode basis ¥ = {y,}. Under the squeezing echo, the
mode operators transform as 8%y, U § = cosh(r )i+
sinh(rk)lf/; Performing independent echoes and excitation
measurements (which, as in the twin-beam echo, erases
two-photon coherence terms) yields the measurement-
averaged output state

¥

sms ¥ a oy 7
P 2 (1= Ty ) 0)(0] + S (EL, + F1)iE[0) (0.

(3.21)

with effective rates l:[;p,]( ;= F[Tlp,]( ,sinh(r) sinh(r,) and

f[ﬂf = F[ﬂf cosh(ry) cosh(r,). We see that both fluores-

cence and absorption components contribute to the
same single-excitation subspace, preventing simultaneous
estimation.

Although optimal for many incoherent single-parameter
estimation tasks in the perturbative regime [26-28,35],
single-mode squeezed states prove ill-suited for the multi-
parameter estimation tasks that we consider. This short-
coming also underlies their inherent fragility to (Gaussian)
noise sources. As we discuss in Sec. III D below, even

perturbatively small loss or heating inevitably contaminates
the image with spurious excitations, nullifying the quantum
advantage that single-mode squeezing might otherwise
bestow.

D. Perturbative impact of noise

We examine the impact of (Gaussian) noise sources,
such as excitation loss, heating, and stray background light
(also known as, additive Gaussian noise), on imaging
performance. We focus on the regime of weak noise, where
effects can be treated perturbatively. For instance, suppose
that loss and heating take a diagonal form in the mode basis
W, with [ and °* denoting the rates for the kth mode.
To first order, loss and heating transforms the absorption

and fluorescence profiles [Eq. (2.10)] as F[T\p l,k - T [Tlpiﬂk +

K}cossé,;k and F[ﬂ;k F& lﬁk + Kkedtéfk Addltlve noise affects

both channels equally so that formally (" = xheat = gloss
above. Hence, decoherence from these mechamsms man-
ifests as spurious backgrounds that must be avoided or at
least accounted for (i.e., subtracted off) in postprocessing.

The twin-beam echo provides a clear conceptual basis
for understanding how these noise mechanisms affect
measurement sensitivity in both absorption and fluores-
cence imaging, and we elaborate on this in what follows.
Similar conclusions hold for Fock-state probes under
appropriate conditions, which we discuss below. We also
highlight the fragility of single-mode squeezed states. For a
summary of these effects across probe types and noise
sources, see Table II.

Signal-mode loss. Excitation loss on the signal mode
(quantified by K‘}{OSS), occurring in the middle of the twin-
beam echo, is mapped entirely onto the idler mode by the
echo sequence. Therefore, signal-mode loss induces spu-
rious thermal excitations into the idler channel, where
absorption features reside, thereby contaminating the
absorption image. When the excitation loss becomes
comparable to or exceeds the absorption rate, the estimation
precision is ultimately limited by the physical signal-to-
noise ratio between the two competing processes. On the
other hand, the fluorescent component on the signal mode
is unaffected by excitation loss to first order. In other words,
fluorescence imaging via twin-beam echoes is robust
against signal-mode loss.

Signal-mode heating. Spurious excitations, e.g., heating,
on the signal mode (quantified by ") remain localized to
the signal mode after the echo. In this case, the absorption
features (mapped to the idlers) are protected, while the
fluorescence signatures are corrupted. Hence, to first order,
absorption imaging is resilient to signal-mode heating,
while fluorescence imaging is corrupted by heating.

Background light. We formally model stray background
light that leaks into the signal mode as additive Gaussian
noise [64], corresponding to a stochastic field-displacement
channel on the input (quantified by «*"). This noise
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TABLE II.

Perturbative noise resilience for various quantum probes: Twin-beam echo (clean idler); Fock-state

probe; squeezed vacuum (single-mode squeezing of the signal mode). Checkmarks (v') indicate robustness to noise
while crosses (X) indicate fragility to noise in the respective imaging context (Absorp. = absorption or Fluor. =
fluorescence). Analysis assumes noise is weak but comparable to (or stronger than) absorption and fluorescent
signatures. Twin-beam echoes and Fock states perform identically when idlers are noiseless. The twin-beam-echo
entries assume a clean idler channel, for which idler loss and heating are negligible on the scale of the relevant
imaging signatures. If both signal and idler modes are sufficiently noisy (dirty idler), then the performance of twin-

beam echoes suffers, similar to squeezed vacuum.

Noise source Probe

Absorp.  Fluor.

Comment

Twin-beam echo
Fock
Squeezed vacuum

Excitation loss

Twin-beam echo
Fock
Squeezed vacuum

Heating

Twin-beam echo
Fock
Squeezed vacuum

Additive noise

XXX XA\ XXX
%% X O} X X X NN

Loss mapped to idler (fluor. preserved in signal)
Loss mapped to n — 1 (fluor. preserved in n + 1)
Indistinguishable outputs, signal corrupted

Heating remains on signal (absorp. preserved in idler)
Heating mapped to n + 1 (absorp. preserved in n — 1)
Indistinguishable outputs, signal corrupted

Both channels (signal and idler) corrupted
Both channels (n & 1) corrupted
Indistinguishable outputs, signal corrupted

channel can be operationally viewed as a balanced combi-
nation of excitation loss and heating. Consequently, addi-
tive noise ultimately contaminates both fluorescence
(signal-mode) and absorption (idler-mode) images. In this
case, the imaging problem bears similarities to passive
imaging in the presence of thermal backgrounds, where
Rayleigh’s curse reemerges and the classical signal-to-
noise ratio constrains sensitivity (cf. Refs. [64,65]).
Quantum techniques, such as structured probes and
SPADE, nevertheless remain valuable in this setting, but
absolute performance is bounded by backgrounds.

Idler noise. Due to the signal-idler symmetry of the twin-
beam echo, noise on the idler mode degrades both
fluorescence and absorption images. Idler-mode loss indu-
ces thermal excitations on the signal sector after the echo,
corrupting fluorescence imaging. Likewise, idler-mode
heating taints the idler mode which is used for absorption
imaging. When idler loss becomes comparable to the
intrinsic signal brightness ¢, the echo-induced amplification
actually works against the fluorescence signature—acting
as background noise—and restores Rayleigh’s curse
(cf. Refs. [36,37]). Further, if background noise in the
idler is comparable to or higher than the signal channel,
then the performance of the twin-beam echo protocol
degrades.

Comparison with Fock probes. Structured Fock states
and twin-beam echoes exhibit identical noise resilience to
first order when the idler mode is noiseless (see Table II).
Both are robust against excitation loss in fluorescence
imaging and heating in absorption imaging. For Fock-state
probes, this robustness arises because fluorescence signa-
tures (and heating) are mapped to the n + 1 excitation
subspace, while absorption signatures (and loss) are
mapped to the n—1 excitation subspace. The key

difference between Fock-state probes and twin-beam ech-
oes emerges only when the idler is noisy. In this case, Fock
states (and non-Gaussian states more generally) are, in
principle, more promising for estimation due to better noise
resilience [37]. However, structured Fock states pose
practical challenges, including the need for high-fidelity
state preparation and photon-number-resolving measure-
ments in a structured mode basis (or, at minimum, the
ability to distinguish n 1 levels).

Fragility of single-mode squeezing. As discussed in
Sec. I C, single-mode squeezing echoes cannot distin-
guish absorption and fluorescence components because
both are mapped to the same single-excitation subspace
[Eqg. (3.21)]. Consequently, any excitation loss or heating
transforms into spurious thermal excitations on the same
subspace and inevitably contaminates the image. This
vulnerability is not unique to absorption and fluorescence
imaging but extends to displacement-field estimation by
similar reasoning [36,37,63]. In fact, any Gaussian con-
tinuous-variable resource appears inadequate for incoher-
ent sensing tasks when spurious noise affects al/l modes
[37]; the twin-beam echo is no exception once the idler
becomes sufficiently noisy.

IV. POTENTIAL APPLICATIONS

The framework developed here has potential applications
across diverse imaging and sensing platforms. In this
section, we highlight examples where quantum enhance-
ments may be possible. This list is illustrative rather than
exhaustive.

Quantum optical microscopy. Optical microscopy often
involves detecting weak signals arising from incoherent
processes, such as spontaneous emission, absorption, or
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scattering, in both the far-field and near-field settings.
Quantum advantages in these contexts are most relevant
when signals are intrinsically photon starved, probe pho-
tons must be limited to avoid sample damage, or subdif-
fraction spatial resolution is required [1,2].

Quantum-enhanced Raman microscopy, for example,
has demonstrated improved signal-to-noise using squeezed
light in coherent stimulated setups [66]. Extending quan-
tum techniques to incoherent (spontaneous) emission could
facilitate quantum-enhanced fluorescence microscopy or
stimulated imaging without a phase reference. In principle,
one could seed structured Stokes modes (and measure in an
appropriate basis) to improve sensitivity and resolution in
this context.

Photonic force microscopy, where a nanoparticle trapped
at the tip of a scanning probe functions as a sensitive
mechanical sensor, represents another domain fit for
quantum enhancements. Indeed, Taylor et al. [67] demon-
strated that interrogating the nanoparticle with squeezed
light improves positional tracking in complex biological
environments. Applying Fock-state probes or twin-beam
echoes and performing photon counting, rather than quad-
rature readout, could enhance sensitivity to subtle fluctua-
tions or diffusive motion that would otherwise be obscured
by vacuum fluctuations in a shot-noise-limited platform.

Quantum advantages have also been demonstrated in
absorption microscopy. Spatially correlated twin beams
have been deployed to image weak absorbers with reduced
noise [46], and sub-shot-noise wide-field imaging has been
demonstrated [47,48]. These strategies align naturally with
our developments and offer pathways to further improve
both sensitivity and spatial resolution (also known as,
subdiffraction absorption imaging).

Quantum plasmonic imaging. Plasmonic sensing repre-
sents a promising frontier for quantum-enhanced imaging.
In these systems, collective electron oscillations in nano-
scale metallic structures amplify local electromagnetic
fields and enhance light-matter interactions to improve
sensing. Recent demonstrations with quantum probes
include the use of twin-beam states for improved refrac-
tive-index sensitivity in plasmonic nanostructures [68] and
entangled-photon spectroscopy for detecting plasmonic
resonance shifts under noise [69]; see Ref. [70] for a
review. While these efforts have focused on spectroscopy,
our framework facilitates spatial plasmonic imaging. This
opens the possibility for real-time mapping of nanoscale
absorption, fluorescence features, and near-field distribu-
tions—effectively forming the basis of a quantum plas-
monic microscopy platform. Tailoring multiple degrees of
freedom in tandem (viz., spatiotemporal mode shaping)
could allow joint spatial and spectral imaging of plasmonic
systems, with applications in ultrathin materials, nano-
photonic metasurfaces, or bio-sensing platforms. An inter-
esting direction along these lines is direct plasmonic state
engineering, enabling tailored quantum-plasmonic resour-
ces for imaging and sensing.

Wide-field optical readout. Our methods may benefit
advanced (wide-field) quantum optical readout of quantum
sensors, such as nitrogen-vacancy (NV) center arrays in
diamond [71-73]. These systems often rely on fluorescence
detection to infer spin-dependent signals—which may be
stochastic due to the chaotic nature of nearby electromag-
netic fields—but face limitations in sensitivity and reso-
lution under photon-starved conditions. Quantum probes
could amplify weak readout signals, particularly for multi-
plexed optical detection [73-75]. In principle, these tech-
niques may improve dynamic field mapping, correlated
fluorescence imaging [76], and exploration of many-body
phenomena in condensed-matter systems [4,5,77].

Phononic imaging. Quantum imaging of mechanical
vibrations, whether in optomechanical membranes or
solid-state phononic systems, provides a natural play-
ground for our imaging protocols.

Recent experiments have demonstrated quantum-limited
readout of (coherent) mechanical motion at spatially dis-
tinct points on a single mechanical membrane. Choi et al.
[78] imaged nanoribbon vibrations using a multiplane light
conversion (MPLC) mode sorter and homodyne detection,
achieving near-standard quantum limit displacement sen-
sitivity. Pluchar et al. [79] provided the theoretical basis,
showing that structured quadrature measurements can
resolve flexural membrane modes.

These demonstrations target coherent displacement esti-
mation, where homodyne detection is well suited. By
contrast, the framework developed here applies to incoher-
ent phononic imaging, where thermally driven fluctuations
or stochastic displacements comprise the signal. In which
case excitation measurements become essential because
quadrature detection is limited by vacuum noise. Our
methods could enable quantum-enhanced imaging of
flexural mode fluctuations below the vacuum noise floor.

Beyond optical interrogation, quantum control of pho-
nons in circuit quantum acoustodynamics (cQAD) allows
direct preparation and measurement of mechanical excita-
tions. Recent demonstrations of Fock-state preparation and
parity-sensitive phonon readout [80,81] highlight the
potential for metrological applications. Extending these
ideas to multimode phononic imaging could allow spatial
reconstruction of dissipation landscapes or improved mon-
itoring of decoherence dynamics.

Distributed harmonic oscillators. More broadly, distrib-
uted arrays of coupled quantum harmonic oscillators—
including trapped ions, optomechanical sensors, and micro-
wave cavities—offer versatile platforms for imaging and
sensing weak, spatially varying stochastic forces and fields.

In trapped ion systems, motional fluctuations can encode
information about electric fields, fluctuating patch poten-
tials, or other correlated noise sources [51]. Quantum
probes based on motional Fock states [34] and squeezed
states [23] have demonstrated enhanced displacement
sensitivity in highly controlled single-ion systems, while
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squeezed states of collective modes in an ion crystal have
enabled distributed electric-field sensing [52].

Similar opportunities exist in optomechanical sensor
networks, which have been proposed and implemented
for distributed force sensing [49,50] and radiofrequency
field detection [82,83]. Current demonstrations typically
rely on single-mode squeezing and homodyne detection.
However, a distributed Fock-state probe or twin-beam
echo, along with photon counting at the measurement
end, could substantially improve sensitivity to stochastic
background fields and enable multiplexed reconstruction of
noise patterns across the array in the shot-noise dominant
regime.

In the microwave domain, arrays of high-Q (e.g., super-
conducting) cavities have been considered for detecting
weak spatially-correlated fields, including dark-matter
search with homodyne detetion of distributed squeezed
vacuum [53]. Recent advances have demonstrated the use
of Fock-state probes combined with parity detection for
displacement sensing in a single cavity [61], again targeting
new-physics searches. It is tantalizing to envision exten-
sions to a multicavity sensor network.

V. OUTLOOK

We introduce a quantum universal imaging module
capable of simultaneously imaging absorption and fluo-
rescence profiles as well as reconstructing quadrature-
displacement fields in the perturbative regime of weak
signals. This unified approach achieves quantum-enhanced
sensitivity and subdiffraction resolution (where applicable),
all within a common framework.

As we show in this work, twin-beam echoes provide a
physically motivated mechanism for isolating and amplify-
ing signal components in distinct modes, while Fock states
offer a path to high-precision sensing within distinct
photon-number subspaces without the need for ancillary
entanglement. The choice between these approaches
depends on experimental factors such as mode-matching
precision, system imperfections, and the tradeoff between
complexity and desirable quantum advantage.

That said, quantum benefits do not come for free.
Performance is ultimately constrained by dominant noise
mechanisms, with excitation loss, mode mismatch, para-
sitic heating, and spurious backgrounds being major
culprits. We expect the largest gains in shot-noise-limited
platforms featuring high-efficiency detection and, perhaps,
pristine quantum control—such as cavity-enhanced archi-
tectures, waveguide-integrated sensors [84,85], and nano-
photonic devices that support coherent light-matter
interactions and near-unity collection efficiency [86,87].
Still, meaningful enhancements should remain accessible
with more modest resources, especially in signal-starved,
timing-constrained settings where photon efficiency is
paramount.

Several directions remain. A more comprehensive analy-
sis of sensor platforms is warranted—for instance, in
phononic or acoustic imaging using optomechanical mem-
branes [78,79], which requires modeling mechanical fluc-
tuations and radiation-pressure in greater detail, or in
reconstructing electric fields and charge distributions using
ion crystals or trapped-ion arrays [23,51,52]. Extensions to
more realistic models, including lossy propagation, and
complicated scenes in quantum-optical microscopy also
merit systematic study. Another pressing challenge is to
extend these ideas to learning structured functionals of the
full correlation matrices (the I'’s), especially in scenarios
with slow dynamics or temporally varying correlations.
Examples include extracting spatial correlation lengths,
collective parameters, or tracking dynamical observables
encoded in the emitters’ two-point functions. Developing
optimal quantum imaging protocols for task-specific objec-
tives remains an outstanding problem.

Regarding our theoretical approach, our framework has
been developed within the perturbative regime of single-
photon dynamics. Future work should move beyond this
limit to investigate multiphoton processes, including a more
complete analysis of noise effects. At elevated noise levels,
connections to quantum illumination [88-90] become
relevant, especially for cluttered scenes [91]. The circuit-
level modeling that we employ should also be extended to
the continuous-time setting for dynamical sensing and
imaging, where rapid quantum control may offer further
advantages in principle [92,93]. Likewise, variational meth-
ods for probe and measurement design—perhaps leveraging
physical-layer principal component analysis [62]—might
prove effective for complex-scene interrogation.

While our work focuses on spatial imaging, the under-
lying formalism should be extendable to joint spatiospectral
domains. By engineering both the transverse spatial struc-
ture and the spectral (or temporal) profile of the probe field,
one could target the frequency-dependence of absorption or
fluorescence processes, enabling quantum-enhanced spec-
troscopy atop improved spatial imaging. This would
require adopting tensor-product mode structures [94] and
codesigning probe generation and measurement strategies
accordingly. Concurrently, extending the framework to full
three-dimensional imaging, capturing both lateral and
longitudinal structure, remains an open avenue.

Recent insights from the literature provide further
motivation and broader conceptual context of our work.
Tsang [28] recently illuminated an intimate connection
between incoherent optical imaging and stochastic wave-
form estimation. Our results reinforce and extend this
perspective to a multimodal paradigm that directly
addresses displacement-field reconstruction and incoherent
imaging in tandem. In another light, Albarelli et al. [13]
have suggested that: “Further insight could possibly
be gained by casting quantum imaging as a problem
in distributed sensing.” Our structured quantum-probe
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framework, while not phrased in those terms, emulates a
distributed quantum state across spatial degrees of freedom
of the probe field, carrying the same structural seeds of
distributed quantum sensing [95-99] in the context of
correlated noise estimation [54]. More fruitful connections
between quantum imaging and distributed quantum sensing
are bound to ripen.

The quantum imaging protocols developed here add
another layer of functionality and breadth to the already
rich landscape of multiparameter quantum imaging. They
are adaptable to a wide range of platforms and modalities,
with the potential to surpass classical resolution limits and,
in parallel, achieve quantum-enhanced measurement sen-
sitivity using current- or next-generation quantum imaging
technology.
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APPENDIX A: CONSTRUCTING AN
INCOHERENT IMAGING MODEL

In this appendix, we develop our theoretical imaging
model based on a toy microscopic description of the (local)
emitter-probe interaction at the emitter plane, followed by
free-space propagation to the collection plane. The probe is
a quantum optical field described in terms of spatial modes,
which we model as a quantum oscillator at each position
(see Ref. [100] for background on quantum optics). We
suppose that all the emitters lie on a single transverse plane
(say at z = 0) and, thus, focus exclusively on the transverse

spatial degree of freedom of the probe field. For simplicity,
we restrict to one transverse spatial dimension and a single
carrier frequency and neglect polarization, which would
accompany the analysis without qualitatively altering the
results.

We operate in the weak-interaction regime, such that the
probe does not significantly influence the internal dynamics
of the emitters. Physically, this corresponds to scenarios
where the emitters are separately driven by their environ-
ment, and the probe serves only as a minimally invasive
diagnostic. By the same token, single-photon processes
dominate the probe evolution while multiphoton events are
suppressed. We further assume that the emitter dynamics
are sufficiently rapid, so that they behave as a Markovian
bath from the viewpoint of the probe. This description
captures the essential features of quantum imaging in a
simplified context. See below for further details.

1. Emitter-probe interaction

We consider a quantum-optical pulse of duration T
interacting with a Markovian bath of emitters from time
t =0tot = T. The pulse is sufficiently long so that it may
be treated, to a good approximation, as a longitudinal plane
wave with a non-trivial transverse profile (i.e., an ideal
paraxial beam): This implies that 1/7 < w,, where @ is
the carrier frequency, so that the slowly-varying-envelope
approximation holds. We also assume 7" is much longer
than the coherence time of the emitter bath to ensure strict
Markovianity of the emitters. Throughout, we work in the
rotating (or propagating) frame of the pulse, that is, with
respect to the longitudinal plane wave e!(koz—®o?),

We assume spatially local interactions between the probe
field and emitters on the emitter plane (coordinate x). We
take the initial emitter-probe state prior to interaction to be
separable, pg ® 7, where pg (S for signal modes) denotes
the initial state of the probes at t = 0 and 7 the initial state
of the emitters. The joint state after interaction is

psi(©) = Usp(T)(ps ® 1) Ui (T), (A1)
where © represents a collection of parameters encoded into
the probe, and the (time ordered) interaction unitary is

Ugp(T) = T exp [—i /) ! dtHSE(t)] (A2)

with Hgp(t) the time-dependent interaction operator.
We model the coupling as a spatially local exchange
interaction,

Hge(t) = / dug,[a,81(1) + a6, (0)].  (A3)

where g, € R characterizes the interaction strength at point
x. The operator a, denotes the time-independent (in the
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rotating frame) annihilation operator for the probe field on
the emitter plane, which obeys [4,.d',] = §(x —x’), and
é.(t) denotes the Markovian emitter operators such that,
e.g., (&,(2)81(0)) « &(z), conveying Markovianity. Note
that we model the emitters in the continuum (i.e., as a dense
set) for simplicity, though analyzing a finite set with
discrete mode and emitter labels is straightforward (see
examples below and, e.g., Ref. [14] for related discussion).
See Fig. 2 of the main text for a quantum-circuit repre-
sentation. In what follows, we consider two different
physical realizations (oscillators and two-level systems)
for the emitters which determine €,.

Oscillator emitters. Here we model the emitters as
oscillators. Define the local interaction operator §, =
8! + ale, and assume weak coupling (i.e., small g,—
we give the precise condition below). We expand U se(T) in
a Dyson series,

USE(T)zi—iATdt/dxgxf)x(t)
_/)Tthtdt’/dxdx’gxgx/ﬁx(;)f)x,(t/)’ (A4)

with the spatial integral corresponding to a sum over the
emitter plane. From which we obtain an expression for the
joint state postinteraction:

T N
ps(©) ~ps ® Ty — i A ar / dxg, [B,(1).ps ® 7]

‘i’/Tdt/tdt//dde/gxgx/ <Bx(t)pS®TEf)x’(t/)
0 0

where pg ® 7 represents the initial state.

We only access the emitters indirectly by measurements
on the probes. Thus, we must trace over the emitter degrees
of freedom and find an expression solely for the
probe output, ps(0®) = Trg{pse(®)}. We assume that
the emitters are spatially uncorrelated with vanishing first
moments, implying that Tr{rzé,} = Tr{rzé,é,} =0,
Tr{zgé.(z ) (0)} = (7, +1)8(x—x)8(z), and Tr{zzé}(7)x
é/(0)} =n 6(x x')8(r), where 7, is the emitter popula-
tion per point x. (We extend this model to include emitter-
emitter spatial correlations below.) The following relations
then hold:

Trg([h,, ps ® 72]) =0, (A6)

+alpsd, i, )6(x —x)8(t— 1),
(A7)

Tr(h, ()b (V)ps ® 7E)
= (a,alpsi, + ald,ps(i; +1))8(x —x)3(1 — 7). (A8)

Note that the first equality implies that the emitters do
not coherently drive the probe field, while the second
and third equalities follow from Markovianity of the
emitters. Given that a, are time-independent operators,
we deduce, after a trivial time integral, the approximate

Ly .
——{f)x(t)l)x/(t’),pS@)rE}), (AS)  form of the output probe state as seen on the emit-
2 ter plane:
|
Absorption Incoherent emission (also known as, fluorescence)
2 N ot S e
pS(®) X Ps +T dx gx(nx + ]) a,Ps0x — i{axaxva} + Gy | AxPsQy — E{axax’pS} . (Ag)
[
Defining the absorption and decay rates, y4(x)=  words, the probe energy (per point x and over duration

G T(i, +1) and y,(x) = g’Th,, we recover Eq. (2.4)
of the main text. In this regime, single-photon processes
(i.e., single jumps) govern the probe evolution. Also,
observe that the imprint of the emitter interaction
accumulates linearly with the pulse duration 7', consistent
with Markovian evolution (cf. Ref. [42]); accordingly,
we take 7 =1 throughout for convenience. We see
that the perturbative expansion is valid provided that

[ dxyy(x)Trpsdta,, [dxy) (x)Trpsa,af < 1. In  other

T) must not be too large.

Two-level emitters. Here we model the emitters as
dense set of two-level systems such that é, = % and
ol = &f) where, 6_ =0)(1| induces a transition from
the excited |1) state to the ground state |0). Assuming

spatiotemporally uncorrelated emitters, the two-point are
correlators  Tr{zz6" (t)o-+ (1)} =po(x)6(x—x")6(t—1")
and Tr{rEa+>(t)a_ ()} =p1(x)6(x=x")6(t—1") where
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Po (pp) represents the ground (excited) state population density of the emitters. Going through similar calculations

as above, we deduce the output probe state:

Absorption

Incoherent emission (also known as, fluorescence)

N e IS S,
Ps(@))zps+/dx [gﬁpo(x) <axpSai_§{a;ax’pS}) + gpi(x) <alﬂsax—§{0xaI’Ps}> },

where we take the liberty of setting 7 = 1. Recognizing
the local absorption and emission rates, y;(x) = g3 po(x)
and y(x) = g2p;(x), in direct analogy to the oscillator
model, we produce Eq. (2.4) of the main text.

Spatially correlated emitters. More generally, suppose
that there exist spatial correlations between the emitters, either
because of emitter-emitter coupling or nontrivial behavior in
the emitters’ environment, such that Tr{rEéx(t)éL(t’ )=
Cy(x,x)8(r—1¢) and Tr{rEéL(t’)éx(t)} =C(x,x)
6(r—17) with all other second moments vanishing.
These correlations map onto the probes through the emit-
ter-probe interactions via y4,; (x,X") =g,g9¢ €4, (x,X).
Including the emitter-emitter correlations, the output state
of the probes is

ps(©) ~ ps + / dxdx’ {n(x,x’) <&xps&i/ -

1
o
FEIU S
) (s, =3 Gaibnst )| A

which applies to both the oscillator model and two-level
systems. A simple example is two positively correlated point-
source emitters of equal brightness,

eAx

7100 x) = == (8(x = )f(x = x1) + 8(x =) flx = x2)

+C(d/&)(f(x —x1)f(X' = x2)

+ fx = x) f(X' = x1))). (A12)

Here, ¢ is the total brightness, Ax characterizes the finite
emitter size, f(x — x;) is the spatial density profile for the ith
emitter, d = |x; — x| the emitter separation, £ the correlation
length, and 0 < C(d/&) <1 the correlation coefficient.
Correlations such as these have been assessed in the context
of subdiffraction imaging [101].

2. Propagation to collection plane

Let u denote the collection-plane coordinate and &, the
annihilation operator of the probe’s pixel mode at u (see
Fig. 7). The collection plane and emitter plane operators,
a, and a,, are related through the (unitary) propagation
kernel via

(A10)

a, —/duK(x, u)a,, (A13)

where [a,, &Z,] =6(u—u'), and the propagator obeys
JduK (x,u)K*(x',u) = 6(x —x’). The inverse relation
holds for forward propagation:

a, = / dxK* (x, )4, (Al14)

where K*(x,u) is the forward propagator. Consequently,
the relevant rates at the collection plane are

Ty (u, ') —/dxdx’yT(x,x’)K(x, u)K*(x',u'), (AlS)

Ty (u,u) = / dxdx'y | (x, X' )K (x, u)K* (¥, /). (A16)

where I'; (u, u') denotes the absorption kernel and I' (u, u’)
the mutual coherence.

Although the propagator K (x, u) is a unitary kernel, it is
often replaced by the optical system’s point-spread function
(PSF) in practice. For example, after spatial filtering by a
lens system or single-mode fiber, or taking a Gaussian
approximation for K(x, u), one sets K(x,u) — ¢(u — x),
where ¢(u — x) is the normalized PSF centered at x. In this
context, the rates I'y,; should be regarded as physically
measured rates. A common approximation is to take
@(u—x) as a Gaussian. Physically, the lens system or
fiber projects the field onto an (approximate) Gaussian

Collection plane, {u} ‘
P/ Jﬂ
T a,

Quantum probes

N

Oy
( )
® &
O,

O

Emitter plane, {x}

FIG. 7. Probe propagation and interaction. Probe light prop-
agates towards the emitter plane, reflects off and propagates
towards the collection plane. Outgoing probes carry fluorescence
and absorption signatures of the emitters.
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mode of width o ~ Af /7w, where f is the focal length, w is
the lens aperture radius, and 4 is the optical wavelength.
The Gaussian approximation is well-justified in several
contexts relevant to quantum optical imaging, such as
imaging point emitters separated by distance d in the
far-field regime, d”/(AL) < 1 (the Fraunhofer condition),
where L is the propagation distance from the emitter plane
to the collection plane, or imaging in the subdiffraction
regime, d/o < 1.

Substituting relations (A15) and (A16) into Eq. (Al11),
we find an expression for the output probe on the collection
plane:

1 .
+ Fi(u’ M/) (&Z’p&u - 5 {&ua,;”p}

which is the central equation that we analyze throughout
our work.

Finally, note that measurements are performed on the
collection plane, while the probe state is initially prepared
at a separate source plane. Generally, one must account for
propagation from the probe source to the emitter plane
(through the kernel K) and from the emitter plane to the
collection plane (via K) (see Fig. 2 of the main text). In
this work, we assume ideal (lossless) propagation for
simplicity.

APPENDIX B: SUBDIFFRACTION IMAGING
AND RAYLEIGH’S CURSE:
A BRIEF OVERVIEW

In this Appendix, we briefly review key concepts in
incoherent subdiffraction imaging, focusing on the passive
single-photon regime. This setting isolates the fundamental
problems in imaging, arising with or without quantum
probes, and provides a clean context for introducing
sophisticated techniques, e.g., SPADE, for imaging beyond
Rayleigh’s limit. For further background, we refer the
reader to Ref. [14] and Chap. 13 of Ref. [102].

In the passive case, the input probe state is vacuum (zero
probe-photons). Fluorescence from the emissive scene is
then modeled as a single-photon incoherent field with
mutual coherence matrix I'(u,u’). From Eq. (A17), the
resulting fluorescence state reads

p(®) = (1—¢)|0)(0] + / dudu'T(u,u')a’,0)(0la,.  (BI)

where ¢ = [ dul"(u, u) denotes the total measured bright-
ness (mean photon number) and |0)(0| is the vacuum state
of the probe field. Since absorption is not analyzed in this
Appendix, we omit the down-arrow subscript that typically
labels emission.

A pertinent example is M uncorrelated point-source
emitters. In this case, the mutual coherence takes the form

ZQ”(” _xm)w(u/ _xm)’ (Bz)

m=1

INu,u') =

e

where ¢ represents the total brightness from all emitters, x,,
is the position of the mth emitter, and ¢(u — x) is the
normalized PSF at the collection plane. Formally, this
relation can be derived by assuming the emitters have some
very small spatial width, Ax, that appears in the emission
correlator y(x,x") = eAxd(x — x')F(x). Here, 6(x —x')
reflects the uncorrelated nature of the emitters while
F(x)=>M_| f,(x) represents the density profile for
the discrete set with f,,(x) being local densities, e.g., a
box function f,,(x) = rect[(x — x,,)/Ax]/Ax. If Ax < o,
then ¢(u — x) varies negligibly over each f,,(x), and we
ultimately arrive at Eq. (B2) via Eq. (A16).
Often, the PSF is approximated as a Gaussian:

e—u2/462

p(u) = ( (B3)

210%) A

An example from optical imaging is 6> = w?(z,)/4, where
w(zo) = wo/1 + (z0/z8)? is the Gaussian beam waist on
the collection plane, z, is a reference length, zz = w3 /4 is
the Rayleigh length [43], and A the optical wavelength. An
important regime is zo/zg < 1, where w?(z) ~ zzd/ 7.
High-resolution imaging at length scales d < ¢ corre-
sponds to subdiffraction imaging. At such scales, conven-
tional detection strategies suffer from Rayleigh’s curse,
which severely degrades resolution [14]. Overcoming this
limitation generally requires nonlocal and non-Gaussian
measurements [16,17], such as those based on linear optics
combined with photon counting.

To overcome Rayleigh’s resolution limit see Fig. 8, one
can transition to a structured mode basis and count photons

d

—

O ©

FIG. 8. Resolving two emitters. PSF width ¢ and separation
distance d with d < ¢ in the subdiffraction regime.
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in that basis. Consider the expansion of the mutual
coherence in the basis ¥ = {y }:

) =S T (i (),
.k

where FE,I,:] = [dudu'y,(«' )y (u)[(u,u’). Defining the
mode operators §; = [duy,(u)a,, the passive imaging
model in this basis becomes

(B4)

p(©) ~ (1 =)[0)(0] + Y TVl j0) Ol (BS)
.k

By tailoring the basis ¥ to the imaging problem at hand,
such as using Hermite-Gaussian (HG) modes adapted to a
Gaussian PSF, one can optimally extract information at
subdiffraction scales and overcome Rayleigh’s curse (under
the important assumption that the centroid is known).

1. Conventional imaging

In conventional passive imaging, a spatially resolving
detector (camera) collects photons and measures the
intensity at each position u on the collection plane. The
probability to detect a single photon at location u (con-
ditioned on the occurrence of a detection event) is given by
p(u) =T (u,u)/e, which is proportional to the local
intensity of the emissive scene on the collection plane.
This yields a coarse-grained image of the scene because
this approach fails to resolve fine (subdiffraction) features
when emitters are smaller than the diffraction limit (d < o).

To illustrate the resolution problem explicitly, consider
the canonical problem of estimating the separation d
between two equally bright point sources with centroid
fixed at the origin. From Eq. (B2), the mutual coherence
function reads

D(u.u) =2 lp(u - d/2)g (' - d/2)

+o(u+d/2)pu +d/2)], (B6)
which results in the intensity distribution
1
p(u) =3 llo(u = d/2)P +p(u+d/2)P]. (BT)

We now expand ¢(u 4+ d/2) in the subdiffraction regime

d < o:
u_d d_2 + ﬁ + O d_3
T 462 1606% 326 o)

(B8)

olu+d/2) ~ g(u) (1

Substituting into p(u) and neglecting higher-order terms
yields

2 M2 2
P lpwP (1= + 5 ) (B9

The classical Fisher information (per photon) for estimating
d (in units of o) from this distribution is then

W:/duwmdz’

) s P
which tends to zero in the limit d — 0. This behavior
captures the essence of Rayleigh’s curse: Estimation
precision vanishes for closely spaced incoherent sources
under direct detection. In the next section, we demonstrate
how this limitation can be overcome using structured
measurements that are mode resolved rather than pixel
resolved.

2. Dispelling Rayleigh’s curse

The resolution limit encountered in conventional imag-
ing can be overcome by measuring in a spatial mode basis
adapted to the structure of the imaging problem, as first
discovered in the seminal work of Tsang et al. [14]. This
approach, termed spatial-mode demultiplexing (SPADE),
circumvents Rayleigh’s curse and enables subdiffraction
imaging below Rayleigh’s limit (with certain caveats, such
as knowing the centroid [14]). We outline a simple
calculation illustrating this result. See Ref. [15] for a
detailed review.

Given a Gaussian PSF, a natural choice for the mode
basis is the HG mode basis,

1 1 u 2 2
= H —w/(4e”) - (B11
) = Gy (ﬁa) ‘ - B

where H (x) are the physicist’s Hermite polynomials with
Hy(x) =1, H (x) = 2x, Hy(x) = 4x* — 2, etc.

Consider again the two point-source separation problem
in the subdiffraction regime d < ¢. The mutual coherence
function can be expanded in any mode basis as in Eq. (B4).
Since the PSF ¢(u + d/2) is a displaced Gaussian, we may
write it in the HG basis using the well-known formula

(utd/2) = ch( > (1),  (BI12)
with
c(y) = \/LF (%) $ e, (B13)

From here, we compute the HG-basis expansion coeffi-
cients [see Eq. (B6)] to second order in d/o. Generally, we
have
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Th =3 (ex(d/2)er(d/2) + ex(=d/D)eo(=d/2).  (B14)

Using Eq. (B13), one can show that F[;l =
[(€)/ (VK] e /(16)[(d) / (40)]FH! for k+ ¢ = even
and 'y, = 0 for k + ¢ = odd. Hence, the mutual coherence
decouples into even-parity and odd-parity subspaces, due to
inversion symmetry of the problem. The first non-negli-
gible coefficients to order d?/c?* are

2 2

¥ d v, &d
Foo~€<1—@)v T~ 173
¥ €d2

~

F ~ )
927 16v/262

¥ —o. (B15)

We use these coefficients to write the output quantum state
[see Eq. (BS)] in the HG basis. If we restrict to mode-
diagonal measurements (e.g., photon counting in the HG
basis), the output state becomes

2

p(0) % (1 =001+ ¢( 1 =)o) 0l

ed* | . &3
o 91100000 +0(%), (B16)

]

where the off-diagonal component Fgg is discarded due to
HG-diagonal measurements.

The estimation strategy is now straightforward: Estimate
the brightness & from the total photon count, and estimate
the separation d by counting photons in the antisymmetric
y; mode. For brightness estimation, one may readily show
that the classical Fisher information is F(¢) ~ 1/e, which is
quantum optimal given zero probe photons (Ng = 0). For
estimating the separation d, the Fisher information per
detected photon in the mode y; is

Fspape(d/o) _ (9sp1)*

1
3 _P1(1—P1)~4.

(B17)

This result is independent of d to leading order and,
furthermore, is quantum optimal [14]. Thus, SPADE
dispels Rayleigh’s curse and restores resolution in the
subdiffraction regime. Note that the central idea is not
limited to Gaussian PSFs. More generally, one can choose a
mode basis adapted to the actual PSF of the imaging
system; see Refs. [103,104] for further discussion on this.

Digression. In the calculations above, we neglect con-
tributions from the higher-order yw, mode, as it carries
negligible information about & or d. Although there is a
small mixing between the y and y, modes via the off-
diagonal element Fgg], this mixing is perturbatively sup-
pressed. To see this, we diagonalize the mutual coherence
matrix in the even-parity (w, ) subspace. The dominant

eigenmode is v &y + d?/(161/26)yr, with eigenvalue
A, ~e(1 —d?/166%). Whereas the orthogonal comple-
ment y_ ~ —d*/(16v/26%)y, + v, (dominated by the y,
mode) has a strongly suppressed eigenvalue, A_ « d*/c*.
Hence, the fundamental Gaussian mode y, overwhelm-
ingly dominates the even-parity subspace.

3. Beyond the ideal two-point-source problem

So far, we have focused on the canonical toy problem of
estimating the separation between two equally bright,
incoherent emitters. However, many other imaging prob-
lems, beyond the canonical two-point source separation
problem, are of both practical and theoretical interest. We
briefly highlight several directions, without going into
much detail:

(1) Nonideal or asymmetric sources. Extensions to
unequally bright emitters, unknown centroids, or
other asymmetries [105,106] lead to a genuine
multiparameter estimation problem, often with
incompatible parameters. Rayleigh’s curse typically
reemerges in these scenarios, although structured
measurements still outperform direct detection in
principle [15]. Related problems include estimating
separations in the presence of perturbative deforma-
tions (e.g., stresses or strains) in the emitter con-
figuration [107].

(2) Localization. Unsurprisingly, localizing emitters in
all three spatial dimensions [43,108—111] admits a
similar formalism as the 1D point-source separation
problem, but requires estimating additional axial and
lateral parameters.

(3) Spatially correlated emitters. Spatial emitter corre-
lations (see end of Appendix A 1) can drastically
affect precision limits. Larson et al. [101] showed
that if correlations are strong, then it becomes
challenging to estimate separation, in principle,
due to interdependencies between the degree of
correlation and the separation. Nonetheless, SPADE
can perform better than conventional imaging
techniques.

In a separate guise, macroscopic dissipative
behavior, such as collective decay (also known as
superradiance) [112,113]) or collective absorption
[114], in dense multi-emitter systems poses new
challenges and questions. For instance, resolving
superradiant versus subradiant channels may be
challenging depending on mode structure of the
quantum system being interrogated.

Beyond imaging, our methods may also prove
useful for probing many-body phenomena with light
[77], where excitation signatures carrying informa-
tion about two-point correlations can be inferred
from the photon-photon correlations, in the regime
of weak light-matter coupling that we consider
herein.
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(4) Extended objects. Going beyond point sources to
reconstruct extended spatial structures involves es-
timating higher-order moments of an intensity dis-
tribution [115-118]. In principle, this enables full
characterization of object geometry and defor-
mations.

(5) Adaptive strategies. In realistic multiparameter sce-
narios, imaging strategies may adapt dynamically as
more information is gathered. Adaptive or Bayesian
methods [119,120] and variational approaches [62]
may prove fruitful here.

(6) Hypothesis testing. Often, the goal is not parameter
estimation but answering simpler, global questions
such as whether there are one or two emitters. These
tasks fall under hypothesis testing [94,121-123],
with possible extensions to multimode and multi-
emitter or absorber scenes [91].

These problems illustrate the richness of quantum-limited
imaging beyond the simple case of imaging two identical
point emitters. Moreover, while most prior work has focused
on passive strategies, active probe-based approaches, such as
the structured twin-beam echo and structured Fock-state
protocols that we develop in this work, offer a promising
route to extend quantum advantages to more general and
challenging settings.

APPENDIX C: GAUSSIAN THEORY OF
TWIN-BEAM ECHOES

In this Appendix, we prove that the twin-beam echoes
map the generalized imaging channel [Eq. (A17)] to two
copies of the passive imaging channel [Eq. (B1)] in the
perturbative regime of weak emitter-probe interactions. The
proof takes an elegant form in the Gaussian formalism by
analyzing how covariance matrices transform under the
relevant operations. Since this formalism and correspond-
ing proofs deal purely with matrix manipulations, we use
boldface M to denote matrices in this Appendix and refer to
their elements via indices, so that M;; denotes the (i, j)
element of M.

1. Gaussian formalism in a nutshell

We work in the quadrature formalism, which provides a
natural framework for describing Gaussian states. See
Refs. [124,125] for more background on the Gaussian
formalism.

Define the vector of quadrature operators for M’

modes as 7 = (qy, Py, ..., qur» Py ). Gaussian states are
fully characterized by their first and second moments,

namely the mean = (f"> and covariance X;; =
{7 —ﬁi,?j —ji;}). Under a general Gaussian channel,
®g, the covariance matrix transforms as @g: X —
XZXT +Y and the mean as ®g: fi — Xji, where X and

Y are scaling and noise matrices, respectively [125]. (We

ignore coherent displacements which simply shift the
mean.) For unitary Gaussian transformation (e.g., linear
optical transformations and squeezers), Y =0 and X = S,
where S is a symplectic transformation. Importantly,
Gaussian channels preserve Gaussianity; that is, they
map Gaussian states to Gaussian states.

A (zero-mean) pure state satisfies £ = SST for some
symplectic matrix S. For instance, the vacuum state has
Y. =1. A thermal state has covariance Xy, =1 + 2Y,
where Y, is the (positive semidefinite) thermal covariance
that encodes classical correlations between the modes
[125]. In the single-photon approximation (e.g., low-
temperature or high-frequency regime), a thermal state may
be written explicitly as py ~ (1 = 7)pyac + > _i yij&;pvac&i,
where y =, 7; and y;; = (ala ;) denotes the (Hermitian)
mutual coherence. The mutual coherence y may be related
to the (real) quadrature covariance Y, by appropriate
application of the unitary matrix z that transforms between
quadrature and ladder operators [125], ie., (a,a") =

u(g. p) with u = (} 1) /V2.

2. Proof that twin-beam echoes imply
passive imaging

In passive imaging, an optical field in a (spatially
correlated) thermal state is simply collected, processed,
and measured. In this Appendix, we show that implement-
ing twin-beam echoes on signal-idler pairs initialized in
vacuum [i.e., applying two-mode squeezing (and its
inverse) prior to (and following) the signal-emitter inter-
action] maps the initial vacua to a multimode correlated
thermal state, analogous to the passive imaging case. Since
all operations involved in the echo sequence are Gaussian,
we carry out the full analysis in the Gaussian covariance
formalism.

Consider the following twin-beam echo sequence:

(1) Generate M’ signal-idler twin beams using M’

unitary two-mode squeezing operations ®§‘£ I s

(2) Interact signal modes (i.e., the probes) with the

emitters, while the idlers are held in storage.

(3) Apply the inverse two-mode squeezing opera-

tion ®§‘£ 1 Ujms.
We now show that this sequence maps an initial vacuum
state to a correlated thermal state.

In step (1), we generate M’ twin beams via M’ two-mode
squeezing operations. The two-mode squeezing inter-
actions are characterized by the (4M’ x 4M’) symplectic
transformation S, which acts on the covariance matrix of
the 2M’-mode vacuum state, X,,. = I;,. (Note that each
mode contributes two quadratures, so the total dimension is
4M'.) We partition the covariance matrix into four blocks,
with the upper-left and lower-right blocks corresponding to
idler and signal modes, respectively, and off-diagonal
blocks encoding signal-idler correlations. After step (1),
the covariance matrix is
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E1 = StmszvacStEm = StmsSt—rrns’ <C1)
and we write the symplectic transformation for pairwise

(also known as, two-mode) squeezing in block form as

Sims = (a ﬂ)y
s § a

where @' —pTa =0and a'a — 7B = I,,,. For general
pairwise squeezing, we have a = @M cosh(r;)I, and

B = @Y, sinh(r;)R(¢;), where R(¢,)=(°°““ sing )

sin¢gp; —cos¢;/*
This realization of @ and g is not needed in what follows
but is nevertheless representative.

We now move to step (2), which involves emitter-probe
interactions. Since this interaction is restricted to the signal
modes (idler modes are held in storage), the interaction may
be described by the scaling and noise matrices

(C2)

X = IZM’ @ XS and Y = OZM’ @ Ys. (C3)
In the perturbative regime of weak interactions, we
approximate

Xg~ Ly + %n and Y =1, (C4)

where ¢ = —1 for absorption (pure-loss channel) and ¢ =
+1 for incoherent emission (quantum-limited amplifier
channel), and # represents the (positive, semi-definite)
perturbation. [If both absorption and emission are present,
then we treat them perturbatively and include both via
Xs~ Iy + (n, —ny)/2.] Applying this Gaussian channel
to X; yields the postinteraction covariance

22 = XEIXT + Y (CS)
NI+ [(0 OmME, +Z,0@n)]+(0&n) (C6)

= SunSins & 510 ® 1S STy + SinSins(0 S 1)
+(0®n), (C7)

which is valid to first order in 7.

In step (3), we apply the inverse two-mode squeezing
operation to nearly unentangle the twin-beams. The inverse
two-mode squeezing operation is represented by the
symplectic matrix

“-(5 )
tms — —ﬂ a N

Applying this transformation to X, yields the final covari-
ance matrix

(C8)

T3 = SiusZ2Sims (C9)
S _
~ I4M’ +35 B [ tms(o @ n)Stms + Stms (0 @ U)S:st]
+ Sins (0 @ 7)Sias (C10)
:I4M/ +25Yth’ (Cll)
where we define the thermal perturbation,
S
6Yth - Z[ tms (0 @ n)stms + Stms(o @ ’1) tmi]
1
+ 5 Suk(0 ® m)Si. (€12)

We conclude that the output state is approximately a 2M’-
mode correlated thermal state to first order in 7.

3. Composition of signal and idler sectors

We now analyze the structure of the final output
covariance X3 = I, + 20Y, obtained after the twin-beam
echo sequence. The quantity 6Yy, [see Eq. (C12)] captures
the thermal perturbation which encodes the absorption and
fluorescence features, as well as amplification prefactors
from the twin-beam echoes.

For clarity, we evaluate §Yy, term by term. First,

soans= (5, )0 (L) @

B (—ﬂnﬂ —ﬁna>
T Nayp aga )

Using the identity

(C14)

St_rr}s(o @ 1n)Sims = [S tm%(o ®n)S th]T’ (C15)

the symmetric contribution in Eq. (C12) simplifies to

s o c(—Pup 0

_(Sm}s(o@n)stms +Stms(0®n)stm-l;) ) < >

4 2\ 0 ana
(C16)

The last term in Eq. (C12) evaluates straightforwardly to

pnp —ﬂmx>

1 1
L1 (0 xg__( C17
79t (0 ®n)S; 2\ canp ana ( )

Combining Egs. (C16) and (C17), we obtain the final
expression for the thermal perturbation:

—¢)Bnp —pna

1 /(1
6Yth:5< —anp (1+g)ana>' (C18)
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The upper-left and lower-right blocks of 6Yy, describe
thermal excitations within the idler and signal sectors,
respectively, while the off-diagonal blocks encode thermal
correlations between the two sectors.

For ¢ = —1 (absorption), only the idler sector acquires
thermal excitations, while the signal remains in vacuum.
Conversely, for ¢ = +1 (incoherent emission), the signal
sector becomes thermally excited, while the idler remains
in vacuum. Thus we have shown that twin-beam echoes
map weak emitter-probe interactions onto thermal excita-
tions localized within either the signal or idler sectors,
depending on the physical nature of the interaction.

The off-diagonal terms in Yy, encode residual phase-
sensitive signal-idler correlations, but are irrelevant if we
perform excitation measurements on the signal and idler
sectors independently. That is, we consider measurement
operators of the form {HNS ® Iy, }, where [y, is a
projection onto the total Ng-excitation subspace of the
signal modes, and similarly for Ily,. These measurements
effectively erase intersector (signal-idler) coherences, while
preserving intrasector (signal-signal and idler-idler) coher-
ences and the overall thermal statistics. Formally, the
measurement-averaged state is thus

pghe = 3~ (T, @ Ty, )p&™ Ty, @ Iy, )
Ng,N,;

— pgcho ® pr:cho’ (C19)
where p$h® and p$h© are thermal states supported on the
signal and idler sectors, respectively, with corresponding
covariances

zecho — [+ (14 ¢)ama and  Egeho

=Ly + (1 —¢)pnp. (C20)
If both absorption and emission are present, then we simply
have T¢M° = Iy, 4 2an @ and E§M° = Ly + 2fn,p,
with 77, representing absorption or emission profiles in
the quadrature-covariance formalism.

APPENDIX D: ULTIMATE SENSITIVITY LIMITS

In this Appendix, we provide quantitative insight into the
ultimate sensitivity limits of various imaging and sensing
tasks that we consider in this work. These limits are
determined by the quantum Fisher information, which sets
the fundamental bound on parameter-estimation precision
[126,127]. We first review single-parameter bounds for
simple (single-mode) estimation problems where QFI
results are well established, such as absorption [26,29],
gain estimation [27], and random-displacement estimation
[35,36]. We then turn to the multimode scenario of
subdiffraction imaging with quantum probes, where we
consider pure absorption and pure incoherent-emission

channels separately. For a classical baseline comparison,
we also provide coherent-state sensitivity bounds.
Together, these examples provide strong evidence that
our universal quantum imaging module not only offers
enhanced performance over classical strategies in multi-
parameter settings but also operates at or near the funda-
mental sensitivity limits imposed by quantum mechanics.
The sensitivity bounds, including new bounds derived in
this work, are collected in Table I for convenience.

1. Known limits of channel estimation

Here we summarize known sensitivity bounds for three
canonical bosonic channels: the pure-loss channel [26,29],
the quantum-limited amplifier channel [27], the stochastic
displacement (or additive Gaussian noise) channel [35,36],
and more broadly, phase-covariant bosonic channels [39].
These single-mode results are well established in quantum
metrology and serve as useful references for the more
complex multimode imaging problems.

To bound the QFI for estimating the parameter 6 encoded
through the (nonunitary) quantum channel &, we invoke
the concept of a unitary dilation (or unitary extension). In
particular, any valid quantum channel admits a unitary
dilation, &y(ps) = Trg{Usz(0)ps ® txU%,(0)}, where 7
is a fixed environment state that may be taken pure and
Ugp(6) is a unitary acting jointly on the system and
environment that encodes 6. For this dilation, the QFI
for estimating @ is then upper-bounded by the variance of
the generator, H = i(d,U SE)UgE, evaluated on the joint
input state, pg ® 7. Thatis, Fy(0) < 4Var(H) [128-130].

Loss estimation. The task is to estimate the transmittance
n of a bosonic pure-loss channel £, [26,29]. In the
Heisenberg picture, the channel £, transforms the annihi-
lation operator a via a — /na + /1 —ne, where e is the
annihilation operator of an environment mode in the
vacuum state, and 0 <7 < 1. We parametrize the trans-
mittance as 17 = e o, where y),, represents the loss rate
(normalized by the inverse time of the interaction), analo-
gous to the absorption rate y4 of this work.

Given an input state pg, the Kraus (or operator-sum)
representation of the pure-loss channel is

Lo(ps) = > Kupskl, (D1)
n=0
with Kraus operators [131,132]
R = (JT gy &
Ky =(/1=n)"n T (D2)

This representation arises from its purification to a two-
mode beam splitter interaction, U, = exp[f(a‘e — ae")],
acting on the signal state pg and an environment mode in
vacuum. The beam splitter angle # and transmittance # are
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related via # = cos? 6. Observe that H,, = i(afe — ae')
represents an effective Hamiltonian of the interaction. In
this manner, L,(ps) = Tre{Ugps ® |O><O|El72}, where
|0){(0|; denotes the environmental vacuum. Note that
the perturbative regime analyzed throughout this
work corresponds to keeping only the n =0, 1 terms of
the Kraus representation under the assumption that
(1-p)a‘a) < 1.

From here, we derive the sensitivity bound set by the
QFI. Suppose that we had access to the environment modes
and that pg is a pure state (by convexity of the QFI,
pure states suffice). Estimation then reduces to standard
unitary parameter estimation for 6. In this case, the QFI
is bounded by the generator variance [128] Fy(6) <
4Var(H,y) < 4N, where Ng = (a%a) is the mean photon
number of the (pure) probe state pg. Reparametrizing via
1 = cos” @ and invoking the reparametrization rule for the
Fisher information [i.e., F(¢) = (dgp/d¢)*F ()], we find
Fo(n) = Ng/[n(1 =n)], in agreement with Ref. [29].
Finally, using n = e77es, it follows that

NS e_YIoss

- 1 - e_]/loss ’

FQ (71055) <D3)
consistent with Table I in the weak-loss limit (y;, << 1).
This bound is achieved by Fock states [29] and two-mode
squeezed-vacuum states [33] for all values of 7, as well as
single-mode squeezed-vacuum states in the weak-absorp-
tion limit [26]. For two-mode squeezed-vacuum states, an
actual receiver design is known [32].

Amplification estimation. The task is to estimate the gain
G of a quantum-limited, phase-insensitive amplifier
channel Ag; [27]. In the Heisenberg picture, the channel
Ag transforms the annihilation operator & via a —
VGa + /G —12%, where ¢ is the annihilation operator
of an environment mode in the vacuum state, and G > 1.
We parametrize the gain as G = e’»», where y,y, repre-
sents the (normalized) amplification rate, analogous to the
incoherent-emission rate y| of this work.

Given an input state pg, the Kraus (or operator-sum)
representation of the quantum-limited amplifier channel is

Ac(ps) = anpsf(jw (D4)
n=0
with Kraus operators [131,132]
A 1 G-1\"(@H" ..
K,=1/= — L GTvalz, D5
VeV (DS)

This representation arises from its purification to a two-
mode squeezing interaction, U, = exp[r(a’e’ —aé)], act-
ing on the signal state pg and an environment mode in
vacuum. The squeezing strength r and gain G are related

via G = cosh? r. Observe that H,,, = i(a’e" — ae) rep-
resents an effective Hamiltonian of the interaction. In
this manner, Ag(ps) = Tre{U,ps ® [0)(0|U}}, where
|0Y(0|; denotes the environmental vacuum. Note that
the perturbative regime analyzed throughout this work
corresponds to keeping only the n =0, 1 terms of
the Kraus representation under the assumption that
(G-1){a"a+1)<1.

From here, we derive the sensitivity bound set by the
QFI. Suppose we had access to the environment modes and
that pg is a pure state. Estimation then reduces to standard
unitary parameter estimation for 6. For which the
QFI is bounded by the generator variance [128]
Fo(r) < 4Var(H,pm,) < 4(Ng+ 1), where Ny = (a'a) is
the mean photon number of the probe state pyg.
Reparametrizing via G = cosh? r and invoking the repar-
ametrization rule for the Fisher information, we find that

Fo(G)=(1+4+Ns)/G(G—-1), in agreement with
Ref. [27]. Finally, using G = e’ it follows that
(1 _|_ N )eyamp
Fo(famp) = e (D6)

e Vamp — ]

consistent with Table I in the weak-amplification limit
(Yamp << 1). This bound is achieved by Fock-state probes
[27] and, by extension, two-mode squeezed-vacuum
states, as well as single-mode squeezed-vacuum states
when 7,m, < 1.

Stochastic displacement estimation. We compute a
perturbative QFI bound for the (single-mode) additive
Gaussian noise channel o, in the limit of small additive
noise, 7,0y < 1. In the Heisenberg picture, the channel acts
as @, :a—a+p, where f~ CN(0,7an) and 7,
denotes the mean number of photons added to the state.

The additive Gaussian noise channel can be decomposed
into a concatenation of a pure-loss channel followed by a
quantum-limited amplifier [124], <I>7agn =AgoL,, at the
special point G = 1/n=:1+ y,,. This construction for-
mally admits a unitary dilation

®,,, (p5) = Trr,r,{ Usgnlps ® 10)(0]z, ® [0)(0]) Vi }.
(D7)

where |0)(0] g, denotes the vacuum on the environmental
subsystems and Uagn = U se, (1) U sk, (0) denotes the joint
unitary that implements a beam splitter (pure-loss dilation)
followed by two-mode squeezing (quantum-limited ampli-
fier dilation). The parameters € and r are defined via n =
cos? @ and G = cosh? r. As before, the beam splitter and
two-mode squeezing unitaries take the forms U se, (0) =

expld(ate, — ae})] and U, (r) = exp[r(ate] — ae,)).
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Given 7,4, < 1, we expand tan? @ = y,,, and sinh? r =

. 3/2 3/2
yagn via 0~ \/yagn + O(yﬂ{én) and rx \/7agn + O(Yaén .

Using the Baker-Campbell-Hausdorff formula (e’? el =e?
where Z = X + ¥ 4 [X, ¥]/2 +---) for the joint unitary

A~

U ,gn> and retaining only first-order terms, we find

A~

Uagn ~ CXp [\/ yagn(aTél - &é-lr + &Té; - &éZ) + O(J/agn)} .
(D8)

Define the generator Iﬁlagn =i(o, f]agn)f];gn, such that

N i ’ .

H,o~ (ate, —ael + atel — ae,).

wen 2\/7/agn

It follows straightforwardly that the QFI with access to the
full-system SE,E, is approximately Fy(yuen:SEE,)~
4Var(I:Iagn). Substituting the state pg ® [0){(0|z ®
0)(0l, then yields Var(Hyg) = [(1 +2Ng)/(474en)].
where Ng is the mean photon number of the probe pyg.

Therefore, given only access to the subsystem S, the QFI is
bounded by

(D9)

1+2N
FQ (yagn) 5 5 s
Vagn

(D10)

consistent with the expression quoted in Table I.

In the perturbative regime, Fock states [34], single-mode
squeezed vacuum [28,35], and ancilla-assisted two-mode
squeezed vacuum [36] saturate the QFI (see also Ref. [39]).
Though, in the presence of spurious noise, such as heating
or excitation loss, single-mode squeezed vacuum becomes
strictly suboptimal [36,37], whereas Fock states or two-
mode squeezed vacuum (with perfect idler storage) remain
optimal [36,37].

2. QFI limits for subdiffraction imaging

We now turn to ultimate sensitivity bounds for estimat-
ing the separation between two pointlike objects in the
subdiffraction regime (d < o) with nontrivial quantum
probes. In this regime, this problem reduces to a single-
mode channel-estimation task, with the relevant loss (or
gain) parameters encoded predominantly in the antisym-
metric (e.g., the n = 1 HG) mode [14,40]. Thus, the QFI
scalings follow straightforwardly from the canonical sin-
gle-mode channel-estimation bounds summarized in
Appendix D 1.

We consider two toy problems: pure absorption imaging
(no incoherent emission) and pure fluorescence imaging
(no absorption). These establish benchmarks for the more
general imaging problem containing both fluorescence and
absorption, and, moreover, help to clarify the performance

of our quantum imaging module relative to fundamental
sensitivity limits.

Subdiffraction absorption imaging. Consider two iden-
tical absorbers, each characterized by the absorption rate y4
and separated by a distance d, that we interrogate with
quantum optical probes; we assume the centroid x; + x, =
0 is known. The probes interact with the absorbers
(assumed to be in their ground states), and the transmitted
light then propagates to the collection plane. Hence, we are
dealing with a purely absorption imaging problem with
only two absorption points.

In the perturbative regime, the signal modes evolve
under the general absorption channel,

1
ps(®) ~ ps + / dudu'Ty (u, u’) <&upsftuf - 5{&}&“,/)})7

(D11)
with absorption kernel
Fy (. w) = 74 [olu = /2w = d/2)
+oplu+d/2)p( + d/z)} . (D12)

The absorption kernel has the mathematical form of the
mutual coherence for the two-point source fluorescence
imaging problem (see Appendix B). Therefore, the same
symmetric—antisymmetric mode decomposition that diag-
onalizes the mutual coherence in the passive imaging setup
(cf. Refs. [14,40]) also diagonalizes the absorption kernel.
The multimode channel then decouples into two indepen-
dent bosonic loss channels that can be probed independ-
ently for optimal estimation [33]. In the subdiffraction
regime (d < o), the absorption in the antisymmetric mode,
quantified by I'y _, carries all the information about the
emitter separation d. For a Gaussian PSF, the value of Iy -
coincides with the HGI1 coefficient, I'y_ =T}, =
y+d*/(80%), which derives from the same decomposition
presented in Appendix B 2.

Finally then, using the general QFI for a pure-loss
channel with transmittance n_ ~ 1 — I'; _ [26,29] [see also
Eq. (D3)], we reckon the QFI for estimating the separation
between the two point absorbers:

v
Fy(d/o) ~ %NS, (D13)

where N is the total probe photon number and o is the
PSF width.

Our twin-beam echo protocol in the HG mode basis (as
well as structured Fock states), followed by photon-count-
ing measurements on the idler modes, attains this bound in
the subdiffraction regime, supporting the optimality of our
quantum imaging module. The separation d can be
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measured by counting photons associated with the anti-
symmetric (also known as, HG1) mode, exactly as in
passive fluorescence imaging. If y4 must also be estimated,
then both the symmetric mode (essentially the HGO mode,
yo) and the antisymmetric mode (the HG1 mode, )
should be addressed, thus enabling simultaneous
estimation. If both y, and d are unknown, a fixed
signal-photon budget must be divided between the sym-
metric and antisymmetric modes to estimate them jointly.
Consequently, the respective single-parameter QFI optima
cannot be attained simultaneously at fixed Ng.

We note that single-mode squeezed-vacuum probes are
also optimal for weak absorption imaging [26], however its
use is severely limited when both absorption and fluores-
cence (or a small amount of Gaussian noise) are present, as
described in Sec. III C of the main text.

Subdiffraction fluorescence imaging. We cook up a
similar toy example as the subdiffraction imaging problem
above but now restricting to incoherent emission only.
Consider two identically fluorescing emitters separated by
a distance d and of known centroid x; + x, = 0. This toy
example serves to illustrate the ultimate performance limit
of fluorescence imaging by allowing us to simplify the
setup and effectively map to amplifier-channel estimation.

In the perturbative regime, the signal modes evolve
under the general amplifier channel,

1 .
ps(@) = ps + / dudu'T" (u, u'") (&Z,pflu — 5{&,4&‘;,,/0}),

(D14)
with mutual coherence
Py u) =7 o= d/ 2 - d/2)
+olu+d/2ew +d/2)|,  (DI13)

identical in mathematical form to the absorption kernel in
Eq. (D12). For consistency with the passive fluorescence
literature, we define the total scene brightness as
e = [dul’|(u,u) =2y,. As in the absorptive case, we
can diagonalize the mutual coherence into symmetric and
antisymmetric modes, with eigenvalues Iy . This formally
decouples the multimode channel into two independent
(quantum-limited)  amplifier ~ channels of  gain
G, ~1+T ;. In the subdiffraction regime (d < o), the
antisymmetric mode carries all information about the
emitter separation, whose eigenvalue for a Gaussian PSF
coincides with the HGI1 coefficient, I')_ =T, =
ed’®/(1662).

Using the general QFI for a quantum-limited amplifier
channel of gain G_~1+D,_ [27] (see also
Appendix D 1), we obtain the ultimate limit for estimating
the emitter separation via fluorescence,

(1 + Ny)

Fo(d/o) ~= . (D16)

where N is the total probe photon number and ¢ is the PSF
width. This exceeds the passive fluorescence bound [14] by
a factor of (1 + Ng), showcasing the quantum enhance-
ment to be gained through active imaging with optimal
quantum probes; see Appendix D 3 below and Table I of the
main text for a compact reference. In fact, our structured
twin-beam echo protocol (as well as structured Fock-state
probes) attains this bound, similar to the case of subdif-
fraction absorption imaging. This originates from their
optimal use in amplification estimation [27].
Single-mode squeezed vacuum probes are also optimal
in the weak-amplification limit, but as discussed in
Sec. I C, the use of single-mode squeezed vacuum is
severely limited when both absorption and fluorescence
features (or a small amount of Gaussian noise) are present.

3. “Classical” limits with coherent states

For comparison with the quantum-optimal bounds, we
evaluate the achievable sensitivity limits of coherent-state
probes for arbitrary quantum measurements. We focus on
the canonical single-mode tasks of pure-loss and quantum-
limited amplifier estimation, from which the corresponding
subdiffraction imaging limits directly follow. We primarily
focus on pure coherent states for simplicity but argue that
the conclusions extend generally to any “classical” state
with a positive Glauber-Sudarshan P function.

Coherent states are Gaussian states, for which general
expressions for the QFI are known [133]. The QFI for a
general single-mode Gaussian state, pg, with mean quad-
rature vector ji and covariance X (normalized so that the
vacuum has X, = I,; see Appendix C 1), splits into two
separate contributions,

Fo(0:pg) = Fo(0;Z) + Fo(0: ). (D17)
The term Fy(0;}i) = 2(dpii) X' (dpfi) contains all the
information about @ that is encoded in the mean, while
Fy(6;X) contains all the information about @ that is
encoded in the covariance matrix. We do not need the
general form of the covariance term F(6; X) here. Instead,
we intuitively argue what explicit form it should take for
loss and gain estimation with coherent-state probes.

A coherent state has a nonzero mean, while the covari-
ance is that of the vacuum, X, = X,,. = I—hence why a
coherent state is oft called a displaced vacuum state.
However, under general Gaussian channels, the output
covariance may deviate from the vacuum and depend on
the parameter 6, so F(6; X) may contribute nontrivially to
the QFIL. In what follows, we describe a coherent state by
the complex mean « (with zi*/2 = |a|? being the average
photon number) rather than the quadrature mean ji.

041030-26



INCOHERENT IMAGING WITH SPATIALLY STRUCTURED ...

PHYS. REV. X 16, 041030 (2026)

Loss estimation. A coherent state with (complex) mean a
exits a pure-loss channel with transmittance 0 <n < 1 as a
coherent state with reduced mean ,/7a and unchanged
covariance. Thus, for this special case, F g’h (7;X) =0. On
the other hand, it is straightforward to show that the mean
QFI term is simply Fg"(n;a) = |a|?/n, and, therefore,
Fg"(n) = [(lal*)/(n)]. Reparametrizing with 5 = e,
we find the coherent-state QFI for the absorption rate:

F§"(10ss) = 77|, (D18)
which agrees with the coherent-state row for loss estimation
in Table I to first order in .. In the weak-loss regime
(Y10ss < 1), comparing Egs. (D3) and (D18) shows that
Fg"/F z)pt ~ O(¥10ss|@|*/ N ). Consequently, coherent states
require a large photon number to surpass the optimal
quantum strategy, namely, |a|? = Ng/7iss-

Gain estimation. For a quantum-limited amplifier of gain
G > 1, a coherent-state input becomes a displaced thermal
state with mean v/Ga and covariance £ = (2G — 1)I. To
begin, consider only the covariance contribution to the QFIL.
Then, estimating the gain G is formally equivalent to
estimating the mean photon number of a thermal state
with 7, = G—1 photons, with QFI Fy(ig;X) =
1/[Ag (i, +1)].  This  implies that Fy(G;X) =
1/[G(G—1)]. The mean-field contribution to the
QFI is straightforward to calculate: F"(G;a) = |af*/
[G(2G — 1)]. Adding these contributions together, it fol-
lows that

coh _ 1 |(l|2
Fg6) = G(G-1) +G(2G— 1)’

(D19)

Reparametrizing G = e, we compute the coherent-state
QFI for the amplification rate y,y, to be

e}'ump e?amp |(l|2

et — 1

FCQOh(yamp) = (DZO)

elamp — 1
consistent with Table I to first order in y,p,. In the weak-
amplification limit (y,y, < 1), the vacuum contribution
(i.e., the covariance QFI term) dominates, with the coherent
amplitude adding only a small correction. Notably, the
first term in Eq. (D20) coincides with the ultimate QFI
bound in Eq. (D6) for Ng = O—confirming that the
vacuum has nontrivial metrological content for amplifica-
tion estimation.

Subdiffraction imaging. The extension to subdiffraction
imaging with coherent-state probes follows directly
through the symmetric or antisymmetric mode decompo-
sitions discussed in the preceding sections. The QFI
behavior for the separation parameter d inherits its traits
from that of loss or gain estimation in the perturbative
regime, with the feeble absorption and fluorescence rates

written in  the symmetric mode as, I, =
e(1—d*/(166%)) and T =2y,(1 —d?*/(1667)), and
antisymmetric mode as, I'|_=ed?/(166%) and
Iy~ =y4d*/(80%), respectively. Coherent-state probes
therefore yield finite but far-from-optimal precision relative
to Fock-state or twin-beam probes. In point of fact,
Eq. (D18) implies FE"(I'y ) ~ (1 =T’ 1)lal*. Consider
populating both the symmetric and antisymmetric modes
with coherent states of |a|> = Ng/2 photons each, where
Ny is the total mean photon number. Then, by the chain
rule and additivity, FE"(d/o) = ye sy 07(0aT14)*x
FE"(Ty i) = |al*r3d?/(86%) = Nsyid®/(166%), as we dis-
play in Table I. Therefore, coherent-state probes funda-
mentally suffer from Rayleigh’s curse in absorption
imaging because, unlike fluorescence imaging, there is
no intrinsic vacuum contribution that leads to a nonzero
covariance QFI term. Furthermore, since any classical
probe state is a convex mixture of coherent states (positive
P representation [58,59]), and the Fisher information is
convex under mixing (cf. [127]), the coherent-state result
suggests that all classical probes are Rayleigh cursed. We
make this extension to arbitrary positive-P classical probes
rigorous below by combining a uniform multimode coher-
ent-state bound with convexity of the QFL

Stochastic displacement estimation. For stochastic dis-
placements /3 ~CN(0,7,), a coherent state probe is
ineffective. That is, the QFI is completely independent
of the coherent-state amplitude and is governed entirely by
vacuum fluctuations, such that FCQ"h(yagn) = 1/[Vagn(1 +
yagn)] ~ 1/7/215;n for Yagn <K L.

These conclusions extend to any semi-classical probe,
i.e., any state admitting a nonnegative Glauber-Sudarshan
P representation. To demonstrate this, we first consider the
single spatial mode relevant to the subdiffraction absorption
problem—the HG1 mode. An arbitrary classical state of
this mode can be written as

P = /dZaP(a)|a><a|, P(a) >0, /dzaP(a) =1,
(D21)

where P(a) is assumed to be independent of the unknown
separation 8 = d/o. The corresponding mean signal pho-
ton number is

M:/&w@m% (D22)

For two identical absorbers and the Gaussian PSF consid-
ered here, the antisymmetric mode undergoes an effective
pure-loss channel with

Ly(8) =y (1=t =Tla2 1084, (D23)

041030-27



BRADY, GONG, GORSHKOV, and GUHA

PHYS. REV. X 16, 041030 (2026)

and transmittance 7_(8) = ¢~"1-(¥). From Eq. (D18) and
the QFI reparametrization rule, a coherent-state component
therefore has

Fo(3:&5(la)(al)) = [a’n_(8)[0sT4 —(8)]7  (D24)
ot L s
=g ¥+ 0. (D25)

Since the mixing distribution P(a) is independent of 3,
linearity of the channel and convexity of the QFI imply

Fo(8:&i(pu) < [ daP(a)Fo(s:Ela)a))  (D26)

= Nyn-(8)[0sT"1 -(8)]? (D27)
N 2
= 15—67/%2 +0(8%) (D28)
Thus, for fixed Ng,
limF o (8 E(pa)) = 0. (D29)

Because the QFI already optimizes over all measurements
on the output field, no measurement can remove this
vanishing sensitivity for a positive-P probe. Hence, within
the present two-identical-absorber model, every classical
probe suffers from Rayleigh’s curse in absorption imaging.
Allowing Ny itself to increase as 872 can maintain finite
total information, but does not remove the vanishing
information per probe photon.

For completeness, the same conclusion extends to
arbitrary spatially structured classical illumination.
Consider an M-mode positive-P state

o= [@ar@aa. Ny = [ @ar@)al
(D30)

A pure-loss channel maps a multimode coherent state to
another multimode coherent state,

Es(la)(a]) = [Tsa)(Tsax

, (D31)

where T ; is the coherent-amplitude transfer matrix. For two
identical absorbers with fixed centroid, exchanging the
absorbers sends 8 — —$ while leaving the physical channel
invariant. Smoothness of the Gaussian PSF therefore gives

Ty =T+ O(y18%),

10T s[lop = O(r418]).  (D32)

The separation dependence of the symmetric and antisym-
metric eigenmodes is itself perturbative and does not

modify this leading scaling. In particular, for the antisym-
metric channel considered explicitly above, corrections to
the eigenmode enter beyond the leading order retained in
the subdiffraction expansion. Using convexity once more,

Fol(3:£4(01")) < 4 / PMap(a)||(0T)al?  (D33)

< 4NS||a§T§||§p (D34)

= (’)(Nsyiéz). (D35)
Therefore, the Rayleigh-cursed scaling is not restricted to a
coherent state prepared in a particular spatial mode: any
positive-P classical probe has vanishing QFI as $ — 0 at
fixed mean signal photon number. The explicit prefactor
can depend on the spatial distribution of the probe photons,
whereas the scaling Fp = O(Nsy;4%) holds under the ideal

subdiffraction assumptions: two identical absorbers with
known centroid, a Gaussian PSF, weak absorption, 8 < 1,
a parameter-independent probe ensemble, and fixed Ny.
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