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Controlled quantum mechanical motion of trapped atomic ions can be used to simulate and explore
collective quantum phenomena and to process quantum information. Groups of cold atomic ions confined
in an externally applied trapping potential self-organize into “Coulomb crystals” due to their mutual
electrostatic repulsion. The motion of the ions in these crystals is strongly coupled, and most eigenmodes of
motion involve multiple ions. While this enables studies of many-body physics, it limits the flexibility and
tunability of the system as a quantum platform. Here, we demonstrate an array of trapped ions in individual
trapping sites whose motional modes can be controllably coupled and decoupled by locally tuning the
confining potential for each ion. A single motional quantum, or phonon, can be coherently shared among
two or three ions located at the vertices of an equilateral triangle 30 μm on a side. We tune the motional
eigenmodes about closed contours in configuration space and observe that, if the contour adiabatically
encircles a conical intersection present in the motional eigenvalue surfaces, the single-phonon wave
function acquires a topological Berry phase that is independent of the contour shape. We characterize these
phases by single-phonon interference and study how phase changes occur when the motional mode tuning
becomes nonadiabatic. Our results show that precise, individual quantum control of ion motion in a
two-dimensional array provides unique access to quantum multibody effects.

DOI: 10.1103/td5k-t1mf Subject Areas: Atomic and Molecular Physics,
Quantum Physics

I. INTRODUCTION

The quantized, shared motion of trapped ions is essential
to their use for quantum simulation [1,2], quantum

information processing [3], and quantum logic spectros-
copy [4–6]. Much of the work in these applications uses
traps that create approximately harmonic potentials with a
single minimum. Depending on the number of ions and the
geometry of the trapping potential, the ions self-organize
around this minimum in one-dimensional strings
[7] or higher-dimensional arrangements [8–15]. External
fields are then applied to control the interactions of the ions
bound in that potential by driving their modes of motion;
such systems have been used to perform a variety of
quantum simulations [16–20]. In two dimensions (2D), and
for sufficiently large numbers of ions, triangular lattices are
typically formed in the crystal centers [14,16]. Such 2D
Coulomb and Wigner crystals composed of hundreds of
trapped ions have enabled simulations of spin models with
tunable, patterned, long-range interactions [15–17]. Lattice
defects in such systems arising from a variety of technical
sources can produce many different metastable crystal
configurations that are not necessarily at the lowest energy
but are stable over long timescales [14]. This hard-to-
control variation in larger self-organized crystals leads to
corresponding variation in the ion-ion interactions. Precise
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control over couplings between ion pairs is further com-
plicated by unequal participation of the ions in most of the
motional modes, posing a substantial challenge for tuning
interaction strengths as the number of ions increases.
In principle, arbitrary 2D geometries of ions, including

regular lattices, quasiperiodic tilings, non-Euclidean latti-
ces [21], and tunable defects or dislocations, can be realized
by trapping ions individually in a set of separate, inde-
pendently controllable potential wells in a microtrap array
[22,23]. Such arrangements can create inherent symmetries
and topological features of dynamically tunable ion inter-
actions not accessible to self-organized ion crystals that
occupy a single potential well. To observe coherent
interactions, the wells need to be close enough to each
other that the Coulomb coupling rate is substantially larger
than all motional decoherence rates in the system. Previous
demonstrations of microtrap arrays have shown the ability
to load and deterministically rearrange ions among wells
[24,25], but the creation of individually controllable wells
requires electrodes in close proximity to the ions, such that
the motional heating rates were equal to or larger than the
motional coupling rate between wells [26,27].
Here, we demonstrate quantum-coherent motional cou-

pling and the direct quantitative observation of topological
Berry phases [28] in a fully tunable 2D microtrap array
consisting of three ions arranged in an equilateral triangle

(Fig. 1). We prepare all nine modes of motion close to their
ground states and inject a single phonon to create an
entangled Bell state of the coupled eigenmodes of the form
ð1= ffiffiffi

2
p Þðj1ie1j0ie2 þ eiΔωtj0ie1j1ie2Þ, where the kets indi-

cate zero- and one-phonon-number states of eigenmodes e1
and e2 and Δω their frequency difference (see below for
more details). By dynamically tuning the couplings
between motional modes, we can continuously deform
the character of the single-phonon motional state to encircle
a conical intersection of the motional eigenvalue surfaces
with a variety of different paths traversed at different rates.
We can isolate and determine the resulting topological
Berry phases [28] with high contrast and approximately 1%
relative uncertainty in single-phonon interference experi-
ments. While conical intersections [29] (also known as
diabolical points and closely related to Dirac cones [30])
have profound physical implications, for example, in
molecules involved in photosynthesis [31] and two-dimen-
sional materials such as graphene [32], to the best of our
knowledge, only the Berry flux around Dirac cones has
previously been quantitatively determined with approxi-
mately 10% uncertainty by Aharonov-Bohm interferometry
in momentum space with cold atoms in a hexagonal optical
lattice [33]. In addition to a precise determination of Berry
phases, we also demonstrate their independence from the
shape of the path and its number of turns away from the
conical intersection in the adiabatic limit. We then decrease
the duration of traversing a certain path, quantitatively
study the phase when adiabaticity breaks down, and find
good agreement with numerical solutions of the full
Schrödinger equation. Other related prior experiments
using quantum simulators have observed dynamics near
conical intersections including wave-packet branching [34]
and geometric-phase signatures in measured or recon-
structed motional distributions [35,36].

II. COUPLED TRIANGLE ARRAY

We now turn to the theory of coupled motional modes for
an array of three potential wells, considering here the
specific case of an equilateral triangle as illustrated in Fig. 1
with the three sites labeled A, B, and C. The three trapping
sites host three sets of nearly equal potential curvatures
(second spatial derivatives of the applied trapping potential)
along corresponding principal axes êRX, êTX, and êVX
(X ¼ A;B;C) in each site, respectively (shown in Fig. 1
and labeled for site A). The principal axes with the smallest
potential curvatures point along the R directions and
provide the strongest interion couplings. All experiments
described here are performed on the modes along the R
directions. All physical details of the ions, the trap, and
the Coulomb interactions can be represented by three
unitless 3-by-3 matrices and five quantities that fully
specify the curvature matrix (Hessian) H and determine
the eigenvalues and eigenvectors of the coupled ion motion
(see Appendix A for more details). In the basis of the

FIG. 1. Rendering of the triangular 2D ion microtrap array.
Electrodes are shown in gold and gaps in black. Black spheres
labeled A, B, and C mark the positions of the potential wells
where 9Beþ ions are trapped. Colored arrows [labeled êRA
(purple), êVA, (white), and êTA (gray) in site A] indicate the
radial, vertical, and tangential principal axis directions, respec-
tively, in all three sites. The electrodes closest to site A and site
B, shown in purple, are used to fine-tune the site curvatures
(second-order derivatives at the site potential minimum).
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uncoupled oscillators with products of number states
jklmiABC ¼ jkiAjliBjmiC, the Hessian is given by

H ¼ koffs

0
B@

1 0 0

0 1 0

0 0 1

1
CAþ Δk

0
B@

1 1 1

1 1 1

1 1 1

1
CA

þ Δk

0
B@

sA þ αsB 0 0

0 sB þ αsA 0

0 0 αðsA þ sBÞ

1
CA: ð1Þ

The curvature koffs expresses equal curvature of the site
potentials along the set of principal axes (êRA, êRB, and
êRC, shown with purple arrows in Fig. 1). It multiplies the
identity matrix, and, consequently, any three-component
vector is an eigenvector of this part with eigenvalue koffs
that offsets the eigenvalues of the remainder of H. The
curvature Δk characterizes the Coulomb interaction and
multiplies the interaction matrix with all elements equal to
one, which reflects the triangular symmetry of the system
that renders the Coulomb interaction between any pair of
ions identical. In our implementation, koffs ≫ Δk > 0 and
the interaction matrix has one eigenvalue δk3 ¼ 3Δk with

eigenvector cð3Þ ¼ ðcð3ÞA ; cð3ÞB ; cð3ÞC ÞT ¼ 1=
ffiffiffi
3

p ð1; 1; 1ÞT and
eigenvalues δk1;2 ¼ 0 for any two vectors that are mutually
orthogonal and orthogonal to cð3Þ. One choice is
cð1Þ ¼ 1=

ffiffiffi
2

p ð0; 1;−1ÞT , cð2Þ ¼ 1=
ffiffiffi
6

p ð2;−1;−1ÞT . The
unitless quantities sA and sB describe tuning factors added
to the site curvatures that we can realize by applying

suitable potentials to the electrodes closest to the sites
labeled A and B, respectively, shown in purple in Fig. 1.
The effect of these electrodes on the two adjacent sites leads
to equal curvature changes proportional to sA and sB,
respectively, expressed by the proportionality factor α. The
ion in site A does not participate in eigenmode cð1Þ. While
sB ¼ 0, cð1Þ remains an eigenvector ofH for sA ≠ 0with an
eigenvalue koffs þ Δk α sA that is linear in sA.
The normalized differences δkj=Δk of the eigenvalues of

H from koffs as a function of general sA and sB are shown in
Fig. 2(a). Two of the eigenvalue surfaces (shown in red and
blue) meet in a conical intersection at sA ¼ sB ¼ 0 with
coalescing eigenvalues koffs, while the third surface (green)
maintains a substantial gap ≥ 3Δk to the other two
surfaces. The conical intersection is a consequence of
the symmetry of the array. When all tuning parameters
are set to zero, the threefold symmetry of the array enforces
that the pairwise coupling between the ions is identical and
described by the middle matrix (multiplied by Δk) in
Eq. (1). All three rows of this matrix are identical, and, as a
consequence, the matrix has a two-dimensional null space,
two orthogonal nonzero eigenvectors with coalescing
eigenvalues of zero. We can prepare an eigenstate or a
superposition of eigenstates of the motion and then tune the
local curvatures, and thereby the Hamiltonian of the
coupled ion motion, by changing sA and sB. If this tuning
is sufficiently slow, the adiabatic theorem applies and initial
eigenstates of the coupled motion remain eigenstates
throughout. Eigenstates such as those with eigenvalues
on the lower two surfaces acquire a topological (or Berry)

(a) (b)

FIG. 2. (a) Radial motion eigenvalue surfaces vs tuning parameters sA and sB. The lower two manifolds (blue and red) form a conical
intersection at sA ¼ sB ¼ 0. The semitransparent gray plane indicates a cut through the surfaces along sB ¼ 0 where the eigenmode
frequencies [related to the curvature eigenvalues by δfj ¼ ð1=2πÞδkj=ð2mωRÞ] were experimentally measured, with data shown in (b).
The observed normalized fluorescence rate is shown as a function of the curvature tuning voltage δVA and the difference δf between the
excitation frequency and the eigenfrequencies at the conical intersection ωR=ð2πÞ. The colored lines are the best fit to theory with
eigenfrequencies colored in analogy to (a).
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phase of π when sA and sB are adiabatically tuned along a
closed path that encloses the conical intersection at sA ¼
sB ¼ 0 [28]. If the conical intersection is not enclosed, for
example, if the initial state is an eigenstate with eigenvalue
on the top surface (green), or if a path on the lower two
surfaces does not enclose the conical intersection, the Berry
phase is zero. The Berry phase acquired in either case is
independent of the shape of the path and the duration
required to move through it as long as the process remains
sufficiently adiabatic.

III. THE TRIANGULAR ION MICROTRAP ARRAY

A view of the 2D ion microtrap array is shown in Fig. 1.
The confining potential is produced by a single rf electrode
with a hexagonal outer shape and a “cloverleaf”-shaped
cutout with threefold symmetry that is segmented into 30
control electrodes (see Refs. [37,38] for overviews of all
electrodes). The trap is microfabricated in a multilayer
process with a top electrode layer made of aluminum
coated with evaporated gold and buried electrical routing
layers. Gaps in the electrodes are approximately as wide as
the metal thickness (approximately 1.4 μm), and the
insulating dielectric (SiO2) below the electrodes is hidden
from line of sight to ion positions. The metal layer (not
shown) immediately below the electrode (top metal) layer
is grounded in the electrode gap regions [39]. We apply a
potential to the rf electrode with an amplitude
of approximately 42 V oscillating at approximately
121.1 MHz to create three potential wells on the corners
A, B, and C of an equilateral triangle with side length d0 ¼
30 μm that are z0 ¼ 40 μm from the electrode surface. We
trap a single 9Beþ ion in each potential well.
By applying linear combinations of voltages to the 30

control electrodes, we can tune the electric field vector at
the position of a given ion without affecting the curvature
tensor (and vice versa) and without appreciably changing
the curvatures or fields at the positions of the other two
ions. Site-specific applied electric fields can be used to
compensate stray electric fields and minimize ion micro-
motion [40] or for individual addressing [37]. Site-specific
curvature tuning is used to compensate for stray curvatures
and to adjust the principal axis orientations and confine-
ment strengths in each well. More information on these
procedures can be found in Ref. [38]. The nine principal
axes, three per well, adhere to the 120° rotational symmetry
of the rf electrode, as shown in Fig. 1. In one of these
wells, a single 9Beþ ion has motional frequencies
fωR;ωV;ωTg ≃ 2π × f3.9; 6.9; 10.8g MHz, respectively,
along the principal axes, which we name radial (purple),
vertical (white), and tangential (gray). The curvatures of all
wells are fine-tuned along their radial directions by
changing the potentials on the electrodes closest to the
ion in the well (shown as purple rectangles in Fig. 1). The
motional frequency of radial eigenmode j is connected to
its eigenmode curvature by

ωj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
koffs þ δkj

m

r
≈ ωR þ δωj;

ωR ¼
ffiffiffiffiffiffiffiffi
koffs
m

r
; δωj ¼

δkj
2mωR

; ð2Þ

where, here,m is the mass of a 9Beþ ion. The rate of change
of the scaled curvatures with the applied potentials is
δsA=δVA ¼ δsB=δVB ≈ 1.2 mV−1. By symmetry, the cur-
vatures in sites B and C change at equal amounts αδsA=δVA
with α ≈ −0.383 and likewise for A and C when δVB is
changed (for more details, see Appendix A).
We apply an approximately 0.5 mT magnetic field to lift

the degeneracies in the 2S1=2 ground state hyperfine mani-
fold of 9Beþ, where the j↓i≡ jF ¼ 2; mF ¼ −2i and the
j↑i≡ jF ¼ 1; mF ¼ −1i hyperfine states are split by
approximately 1.26 GHz. We can drive transitions between
all hyperfine ground states by applying a microwave
magnetic field resonant with their frequency differences
using a half-wave antenna embedded in the ground plane of
the trap chip approximately 380 μm away from the trap
center [37,38]. An elliptically shaped laser beam with its
long axis parallel to the electrode surface and a wavelength
of approximately 313 nm illuminates all three ions and is
used for Doppler cooling and qubit readout via
state-dependent fluorescence on the cycling j↓i ↔
2P3=2jF ¼ 3; mF ¼ −3i transition [41]. We perform ground
state cooling of all motional modes, as well as motional
state preparation and analysis of the three ions, using
stimulated Raman transitions driven by a pair of counter-
propagating, tightly focused 313-nm laser beams detuned
approximately 80 GHz from the 2S1=2 ↔ 2P1=2 transition
[41,42]. We achieve an average occupation n̄ < 0.05 for all
nine modes after ground state cooling. Because of the
geometry of the vacuum chamber, these Raman beams can
illuminate either the ions in sites A and B (“ion A” and “ion
B”) simultaneously or just a single ion in site C (“ion C”).
A helium-gas vibration-isolated closed-cycle cryostat

[43] cools the trap and its copper enclosure to approx-
imately 3.5 K, providing cryopumping of residual back-
ground gas and reduced ion motional heating rates. Ion
lifetimes in the trap are typically many weeks (chiefly
limited by user error), and the motional heating rates at
this temperature are measured to be approximately
f ˙̄nRj; ˙̄nVj; ˙̄nTjg ≃ f30; 14; 2g phonons/s for the three modes
of a single ion confined in any of the three sites
(j∈ fA;B;Cg), much lower than the interion cou-
pling rates.

IV. STATIC INTERACTION TUNING

When jsAj and jsBj are close to zero, the Coulomb
interaction couples the radial motion of the ions into three
collective normal modes c1, c2, and c3 with scaled
curvature eigenvalues δk1, δk2, and δk3 as shown in
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Fig. 2(a). We experimentally characterize a cut through the
eigenfrequency surfaces along sB ¼ 0 [corresponding to
the semitransparent plane in Fig. 2(a)] by tuning the
potential δVA applied to the electrode nearest to site A
(see Fig. 1). The Raman beams are aligned with ions in sites
A and B, and all modes of motion are cooled to near their
ground states. Then, the hyperfine states are optically
pumped to ideally prepare j↓↓↓iABCj000i123, where
jlmni123 ¼ jli1jmi2jni3 is a product of number states in
the basis of the three coupled radial eigenmodes (note that
the coupled 123 basis is distinct from the uncoupled
ABC basis).
We then apply a weak oscillating electric field pulse at

the ion positions using the chip-integrated antenna (see
Refs. [37,38]) and scan its frequency to probe the motional
eigenmode frequencies. When the tone is resonant with one
of the normal modes, the mode will be excited into a
coherent state [44]. We choose the strength and duration of
the pulse such that the modes acquire an average motional
occupation of n̄j ≈ 1. We detect the presence or absence of
this motional excitation using a Raman red sideband pulse
on both ions followed by fluorescence readout of the ion
spin state. The normalized fluorescence of the two ions
(which is correlated with the probability that the motion
was resonantly excited by the probe electric field) is shown
in Fig. 2(b). The bright lines trace the normal mode
frequencies in good agreement with the theoretical pre-
dictions based on the eigenvalues of Eq. (1) that are shown
by colored lines (see Appendix D for details on the fitted
lines). We observe the degeneracy of two of the modes at
δVA ¼ 0 mV expected from the trap symmetry and the
predicted gap to the highest mode frequency. The mode
eigenvector c1 remains equal to 1=

ffiffiffi
2

p ð0;−1; 1Þ, with δf1
increasing linearly for δVA < 0 and reaching zero where it
coalesces with δf2. For δVA > 0, δf2 continues to increase
linearly with the same slope as δf1 for δVA < 0, as
expected. Small deviations from the theory are caused
by slow drifts in the applied and stray potentials on the
order of tens of microvolts that occur on the timescale
of hours.

To demonstrate control over the dynamics of a single
phonon, ions are trapped in A and C and the Raman beams
are moved to only illuminate ion C. With the radial
curvatures of the two sites equal, the ions are cooled near
their ground state of motion and transferred to the j↑i state
with a microwave π pulse. We then drive the approximate
transition j↑↑iACj00iAC → j↑↓iACj01iAC with a Raman
sideband π pulse on ion C with a duration of 4 μs. The
pulse duration is much shorter than the inverse of the
coupling strength between ions, Δωj ¼ Δkj=ð2mωRÞ ¼
2π × ð3.299� 0.002Þ kHz, and, therefore, to a good
approximation the phonon is added to ion C before it
can transfer appreciably to ion A. The spectral width of the
Raman sideband pulse spans the frequencies of both radial
eigenmodes, and they therefore can be excited simulta-
neously by the pulse, creating an entangled state of a single
phonon distributed over two eigenmodes [45–47]. By
applying another sideband π pulse on ion C at t ≥ 0, the
probability of finding the phonon at ion C is mapped onto
the probability P↓ of the ion spin state being j↓i, which is
detected with state-dependent fluorescence. This probabil-
ity is shown as a function of the delay t between the
sideband pulses in Fig. 3. The single phonon is coherently
exchanged hundreds of times. The exchange data have
imperfect contrast and a slight asymmetry between the
maxima and minima. This is caused by a number of
experimental imperfections. A leading cause is residual
motional excitation of the ion in site A due to imperfect
ground state cooling. This excitation will appear in site C
after a complete exchange where P↓ is ideally zero.
Because of the finite duration of phonon injection, a small
fraction of the population has already transferred to site A
when injection ends and will also return to C around the
exchange time. This results in a further reduction of
maxima and minima of P↓. Imperfect calibration of the
injection and extraction pulses, laser amplitude noise, and
small fluctuations in stray potentials cause additional loss
in contrast. The slight upward trend in the average value of
P↓ toward longer evolution time is due to anomalous
heating during the free evolution of the system.

FIG. 3. Probability of finding ion C in j↓i as a function of the evolution time between π pulses that inject and remove a single phonon.
With ions in sites A and C and equal site curvatures, a single phonon injected into C is coherently exchanged hundreds of times. Error
bars represent 1σ of P↓.
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With ions in all three sites cooled to their ground states of
motion and transferred to the j↑i state, we can apply a
desired δVA and inject a phonon into site C as described
above. The evolution of the approximate initial motional
state jψð0Þi ¼ j001iABC can be concisely expressed in the
coupled mode basis where the three basis states are energy
eigenstates and, therefore, acquire only phases:

jψðtÞi ¼ eiωRt
�
cð1ÞC eiδω1tj100i123 þ cð2ÞC eiδω2tj010i123

þ cð3ÞC eiδω3tj001i123
�
; ð3Þ

where the amplitude of the initial state j001iABC in the kth
coupled mode is given by the third eigenvector component

cðkÞC . For t > 0, this evolution periodically delocalizes the
phonon over several ions and relocalizes it to ion C (see
Appendix B for more details). The second π pulse on the
sideband of ion C at t ≥ 0 maps the probability P001ðtÞ ¼
jABCh001jΨðtÞij2 onto the probability of changing the state
of ion C back to j↑i. The probability P↓ ¼ 1 − P↑ ¼
1 − P001ðtÞ is then read out by state-dependent fluores-
cence. As a function of delay t between the π pulses,
P001ðtÞ consists of a sum of up to three sinusoids with

amplitudes that depend characteristically on the cðkÞC and
oscillate at the differences of the eigenmode frequencies
δωk − δωl, k ≠ l (see Appendix B). A few examples for
different δVA are shown in Figs. 4(a)–4(d), where a
detection of ion C in the bright state j↓i signals that the
second π pulse has not flipped the spin state and, therefore,
the phonon was not detected in C. A fit to the sum of up

to three sinusoids yields the products jcðjÞC j2jcðkÞC j2 and
the frequency differences Δj ¼ ðδωj − δω1Þ=ð2πÞ ¼
ðδfj − δf1Þ for j ≠ 1. The fitted Δj for additional δVA

are overlaid with symbols over the theoretical eigenmode
spectrum in Fig. 5 that is plotted using parameters from the
independent eigenfrequency determination by weak exci-
tation [see above, Fig. 2(b), and Appendix D for details],

(a) (b)

(c) (d)

FIG. 4. Single-phonon interference with all three sites occupied and equal radial curvature in sites B and C. (a) δVA ¼ −1.1, (b) −0.51,
(c) 0.00, and (d) 0.92 mV, respectively. Solid lines are fits to the data. Error bars represent 1σ of P↓.

FIG. 5. Frequency differences extracted from single-phonon
interference in Figs. 4(a)–4(d), labeled by matching colors, and
from additional experiments with different δVA. The frequency
differences are plotted relative to the eigenfrequency that changes
linearly with δVA and are in good agreement with the theoretical
eigenmode frequencies for the parameters found from fitting the
data in Fig. 2 (solid, dashed, and dash-dotted lines; for details, see
Appendix D). Error bars represent 95% confidence intervals
obtained from 5000 bootstrapping trials.
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showing excellent agreement. This demonstrates that the
dynamics of a single phonon can be precisely controlled
and behave as expected in the microtrap array. We attribute
the imperfect contrast in the exchange data primarily to off-
resonant excitation of other transitions due to the relatively
large spectral width of the deliberately short sideband π
pulses.

V. OBSERVATION OF TOPOLOGICAL
BERRY PHASES

At sA ¼ sB ¼ 0, the lower two eigenmode surfaces
[shown in Fig. 2(a) in red and blue] meet at a single point
with δk1 ¼ δk2 ¼ 0 and form a conical intersection, while
points on the highest eigenmode surface (shown in green)
have finite values δk3 ≥ 3Δk for all sA and sB. The conical
intersection is a topological feature that gives rise to a Berry
phase of π for motional states that are prepared on the lower
two eigenmode surfaces away from sA ¼ sB ¼ 0 and then
“transported” around the intersection by adiabatic changes
sAðtÞ and sBðtÞ on a closed path sA;Bðt ¼ 0Þ ¼ sA;Bðt ¼ TÞ
over the time interval ½0; T� [28]. When a state
acquires a Berry phase ϕBerry, this does not change the
expectation values of any observable, hψ jÔjψi ¼
hψ je−iϕBerryÔeiϕBerry jψi, but the phase change can alter the
interference between parts of a superposition of states.
The precise controllability of our system enables us to

prepare a superposition of states and perform interferom-
etry between them to reveal the Berry phase with high
contrast. When setting sAð0Þ ¼ sBð0Þ ¼ 1=ðα − 1Þ and
injecting a single phonon into ion C, this results in the state

jψð0Þi ¼ j001iABC ¼ 1ffiffiffi
2

p ðj010i123 þ j001i123Þ; ð4Þ

an equal amplitude superposition of eigenstates (single-
phonon Bell state) on the top two manifolds (see
Appendix A for details). Then, sA;BðtÞ are changed along

a path of approximately constant δk2 (δk2½sAðtÞ; sBðtÞ� ¼
δk2½sAð0Þ; sBð0Þ� for all t), as shown in yellow and
pink, respectively, in Figs. 6(a) and 6(b). When the halfway
point at sAðT=2Þ ¼ sBðT=2Þ ¼ f½ ffiffiffi

2
p

− 1 − ð ffiffiffi
2

p
− 3Þα�=

ðα2 − 1Þg is reached, the path shown in Fig. 6(b) turns
around and doubles back on itself, while the path shown
in Fig. 6(a) continues on along the mirror image of the
first part [sA;Bðtþ T=2Þ ¼ sB;AðtÞ, 0 ≤ t ≤ T=2] and
encloses the conical intersection. Because of the sym-
metry of the system, all eigenvalue surfaces obey
δkjðsA; sBÞ ¼ δkjðsB; sAÞ, and, therefore, the enclosing
and nonenclosing paths pick up equal dynamical phases.
The component traveling on the largest eigenvalue surface
never encloses a conical intersection and, thus, serves as a
reference. After returning to the initial sA and sB values at
T, the state at T þ t with t > 0 has evolved to

jψðT þ tÞi ¼ 1ffiffiffi
2

p
�
eiðδω2tþϕ2þϕBerryÞj010i123

þ eiðδω3tþϕ3Þj001i123
�
: ð5Þ

Here, ϕ2 and ϕ3 are the dynamical phases picked up by the
two eigenstates in the superposition on their trajectories
(designed to be the same for the encircling and non-
encircling paths), and ϕBerry ¼ π is the phase acquired
by the j010i123 eigenstate from encircling the conical
intersection adiabatically; for the path where the intersec-
tion was not encircled, ϕBerry ¼ 0. When determining
P001ðT þ tÞ as in the previously described experiments
after traversing the paths in T ¼ 780 μs, the Berry phase
produces a measured phase shift between the interference
fringes shown in Fig. 7 of Δϕ ¼ π × ð0.99� 0.01Þ, deter-
mined by fitting each fringe to a single sinusoid with
frequency, phase, and amplitude as free parameters and
extracting their phase difference from the fit parameters.
We verify the independence of this phase from the shape of

(a) (b)

FIG. 6. Paths used in the observation of a topological Berry phase via single-phonon interference. (a) The path on surface δk2
enclosing the conical intersection as a function of fsA; sBg and (b) not enclosing the conical intersection. The paths approximate
contours of constant curvature (additional equicontours shown in gray). Surface δk2 is mirror symmetric about the plane indicated by the
white dashed line.
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the path by implementing the same scheme for several other
paths that are shown in Figs. 8(a)–8(d) and traversed in
1.8 ms, around their limit for adiabaticity. The different
pairs of paths still have equal dynamical phases but
surround larger or smaller areas, have more changes of
direction, or even connect a number of smaller loops that do
not enclose the intersection as the path shown in Fig. 8.
Rather than moving along curvature equicontour lines to
minimize rates of change as the paths shown in Fig. 6, these
paths produce a varying level of nonadiabaticity. This
affects the contrast in the interference fringes due to
nonadiabatic transitions between different eigenstates and

produces slight deviations of the phase difference from the
adiabatic value of π. Nevertheless, the acquired phase is
largely independent of the shapes of the paths, in accor-
dance with the topological nature of the Berry phase in the
fully adiabatic limit.
When reducing the duration T for traversing the pair of

paths shown in Figs. 6(a) and 6(b), we observe that the
relative phase is reduced from π in the near-adiabatic case,
T ≳ 800 μs to near zero for T < 200 μs, as shown by the
data points in Fig. 9; the solid green line indicates the phase
difference predicted from numerically solving the
Schrödinger equation for the enclosing and nonenclosing

(a) (b)

(c) (d)

FIG. 8. Topological Berry phases for other paths no longer traversing paths of equal curvature. Only the enclosing paths are shown.
The eigenmodes were tuned with a transit duration of T ¼ 1.8 ms. (a) Larger area, Δϕ ¼ π × ð0.96� 0.02Þ. (b) Smaller area,
Δϕ ¼ π × ð0.97� 0.03Þ. (c) Undulating path, Δϕ ¼ π × ð1.02� 0.02Þ. (d) Multiple additional loops that do not enclose the
intersection, Δϕ ¼ π × ð0.86� 0.02Þ. Solid lines are fits and error bars represent 1σ of of P↓. The deviation from the adiabatic value of
Δϕ ¼ π is likely the result of too rapid changes of fsA; sBg along the paths.

FIG. 7. Observation of a topological Berry phase via single-phonon interference. Observation of P↓ as a function of evolution time
after tuning the eigenmodes along an adiabatic, closed path in parameter space that encloses the conical intersection (gold path on the
left and gold disks) vs a closed path that does not enclose the intersection (pink path on the left and pink squares). Sinusoidal fits to the
data yield a phase difference of Δϕ ¼ π × ð0.99� 0.01Þ as expected for the Berry phase acquired on the enclosing path. Solid lines are
fits, and error bars represent 1σ of the of P↓.
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paths. Nonadiabatic evolution also changes the contrast of
the interference patterns (not shown), since transitions to
the third eigenmode are no longer negligible.

VI. DISCUSSION AND OUTLOOK

In summary, we precisely prepare and control the
quantum state of single phonons in coupled harmonic
oscillators realized by the Coulomb interaction of three
ions in a 2D microtrap array with full control of individual
sites. We insert a single phonon into the array, study its
behavior for static and dynamical site tuning, and find close
agreement with theoretical models of the ideal coupled
quantum system. We observe a topological Berry phase by
single-phonon interference, demonstrate path independ-
ence of the phase in the adiabatic limit, and quantitatively
determine the reduction of the phase when adiabaticity of
the process is gradually reduced.
The long coherence times and precise control motivate

future work with more complex quantum states involving
multiple phonons as well as the internal degrees of freedom
of the ions, possibly in larger arrays. Desired symmetries in
interactions are directly established by the array geometry
without requiring additional control fields but can still be
combined with the laser fields frequently used to imple-
ment potentials and interactions in other atom-based
quantum simulators. Array symmetries can subsequently
be broken and parameters changed by static or dynamic
tuning of the individual local potential wells the ions reside
in. Wells can be tuned on timescales slower or faster than
the phonon dynamics and studied on all length scales, from
a single site to changing or probing domains or properties
of the whole array. These capabilities expand the toolkit of
prior trapped-ion quantum simulators [15–17,48,49] by
directly and intuitively implementing the spatial structures

of arbitrary 2D Hamiltonians themselves and adding site-
specific degrees of freedom that are both statically and
dynamically programmable.
Larger arrays (see Methods in Ref. [26] for example

geometries and Ref. [50] for a prototype, four-ion device)
require more control electrodes (eight per ion for full
control of electric fields and curvatures) and can benefit
from integrated optics [51,52] and rf or microwave control
[22,53]. The technology required for scaling ion trap
systems is a current focus of developments in industry
and several national laboratories, where systems with up to
196 ions (98 qubits and 98 helpers) are fully operational
[54]. Finite arrays can be used to study topological edge
states with single-site resolution or more complex coupled
bosonic degrees of freedom [2], including lattice-gauge
models [55] and boson sampling [56]. By also incorpo-
rating the internal (pseudospin) degrees of freedom of ions,
spin-boson models, which have been studied in 1D ion
chains [57,58], can be extended to precisely designed 2D
geometries with dynamically tunable sites. Effective spin-
spin interactions [1,53] can be simulated by driving the
array with laser or microwave fields and adiabatically
eliminating the ion motion. For example, geometrically
frustrated spin models on site-tunable triangular, kagome,
and other complex or irregular lattices as well as spin
glasses may be realized in this manner. All these systems
can be studied with dynamic individual site control and
resolution that allows one to introduce disorder or induce
phase transitions.
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APPENDIX A: HESSIAN AND EIGENMODES

With the origin of the coordinate system at the center of
an equilateral triangle of trapping sites A, B, and C with
mutual distance d0 (see Fig. 1), the site coordinates are

rA¼
d0
2

ffiffiffi
3

p

0
B@
−

ffiffiffi
3

p

1

0

1
CA; rB¼

d0ffiffiffi
3

p

0
B@

0

−1
0

1
CA; rC¼

d0
2

ffiffiffi
3

p

0
B@

ffiffiffi
3

p

1

0

1
CA:

ðA1Þ

We call the principal axes of the rf pseudopotential wells
around these sites with the smallest curvature the radial
directions. They are tilted by θ ≈ 19° out of the plane of the
triangle and oriented as the following unit vectors (shown
as purple arrows in Fig. 1, labeled with êRA for site A):

êRA ¼ 1

2

0
B@

−
ffiffiffi
3

p
cos θ

cos θ

2 sin θ

1
CA; êRB ¼

0
B@

0

− cos θ

sin θ

1
CA;

êRC ¼ 1

2

0
B@

ffiffiffi
3

p
cos θ

cos θ

2 sin θ

1
CA: ðA2Þ

We assume the potential curvature along these radial axes
to be identical for each well, with value k0. Three identical
ions with charge q and mass m, one held at each site with
equilibrium positions as specified in Eq. (A1), will interact
by their mutual Coulomb repulsion. Small displacements
ðδA; δB; δCÞ from the equilibrium positions, along the
principal axes Eq. (A2) and taken to be much smaller than
the ion-ion spacing, change the modulus of the distance
between the ions as

dAB ¼ jrA þ δAêRA − rB − δBêRBj;
dBC ¼ jrB þ δBêRB − rC − δCêRCj;
dAC ¼ jrA þ δAêRA − rC − δCêRCj: ðA3Þ

Assuming no displacement of the ions from their equilib-
rium positions normal to the respective axes in Eq. (A2),
the potential energy of the Coulomb-coupled system as a
function of the small displacements is given by

V0 ¼
1

2
k0ðδ2A þ δ2B þ δ2CÞ þ

q2

4πϵ0

�
1

dAB
þ 1

dBC
þ 1

dAC

�
;

ðA4Þ

where ϵ0 is the vacuum permittivity. The Hessian
matrix H0 composed of the second derivatives of V0 with
respect to ðδA; δB; δCÞ with elements ðH0Þik ¼ ½ð∂2V0Þ=
ð∂δi∂δkÞ�, taken at δA ¼ δB ¼ δC ¼ 0, can be rewritten as

H0 ¼ koffs

0
B@

1 0 0

0 1 0

0 0 1

1
CAþ Δk

0
B@

1 1 1

1 1 1

1 1 1

1
CA

≡ koffsIþ ΔkC; ðA5Þ

with the offset curvature

koffs ¼ k0 −
q2

4πϵ0

9 − 15 cosð2θÞ
8d30

> 0; ðA6Þ
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that multiplies the identity matrix I and is much larger
than the prefactor of the coupling matrix C in our
system:

Δk ¼ q2

4πϵ0

11þ 3 cosð2θÞ
8d30

> 0: ðA7Þ

Any vector is an eigenvector of the identity matrix, and the
couplingmatrixΔkC has three identical rows, which implies
that it has a null space of dimension two (two nonzero
eigenvectors with eigenvalue zero) and a nonzero eigenvalue
3Δk. A certain set of normalized eigenvectors and eigen-
values is

cð3Þ ¼ 1ffiffiffi
3

p

0
B@

1

1

1

1
CA; cð1Þ ¼ 1ffiffiffi

2
p

0
B@

0

1

−1

1
CA; cð2Þ ¼ 1ffiffiffi

6
p

0
B@

2

−1
−1

1
CA; ðA8Þ

δk3 ¼ 3Δk; δk1 ¼ 0; δk2 ¼ 0; ðA9Þ

but any linear combination acð1Þ þ bcð2Þ is also an eigenvector with eigenvalue zero. Another choice of normalized
eigenvectors with more obvious threefold symmetry and complex components is

cð3Þ ¼ 1ffiffiffi
3

p

0
B@

1

1

1

1
CA; cðþÞ ¼ 1ffiffiffi

3
p

0
B@

1

ei2π=3

ei4π=3

1
CA; cð−Þ ¼ 1ffiffiffi

3
p

0
B@

1

e−i2π=3

e−i4π=3

1
CA:

δk3 ¼ 3Δk; δkþ ¼ 0; δk− ¼ 0: ðA10Þ

In this set, exchanging sites leaves cð3Þ unchanged.
Exchanging sites cyclically (which corresponds to
�2π=3 rotations around the z axis) alters the remaining
eigenvectors by a global phase only, and all other permu-
tations transform cðþÞ ↔ cð−Þ up to a global phase.
The system can be tuned by applying small potential

changes (on the order of 100 μV) that we call “shims”
to the electrodes closest to the three ion sites, two of
which are shown in purple in Fig. 1. We neglect the
very small static electric field at the positions of the ions
caused by the shims and consider only the change in the
well curvatures. The threefold symmetry dictates that a
change of curvature ΔksA in well A due to a potential
applied to the electrode closest to site A results in equal
changes of well curvature αΔksA at the two other sites
B and C. In our system, α ≈ −0.383. Moreover, a
change of fsA; sB; sCg on the electrodes under A, B,
and C can be rewritten as a global change of all three
electrodes by k0offs ¼ koffs þ ΔksC and local changes of
fsA − sC; sB − sC; 0g. Besides the relatively small eigen-
value change from koffs → k0offs with jΔksCj ≪ koffs, the
eigenmodes are unaffected by the global change. This
renders the shim-parameter space effectively two-dimen-
sional. The space can be explored by just changing
potentials under sites A and B which results in curvature
changes of ΔkSðsA; sBÞ with the unit-free shim
matrix

SðsA; sBÞ ¼

0
B@

sA þ αsB 0 0

0 sB þ αsA 0

0 0 αðsA þ sBÞ

1
CA:

ðA11Þ
The curvature changes add to H0 for the total Hessian
matrix:

HðsA; sBÞ ¼ H0 þ ΔkSðsA; sBÞ
¼ koffsIþ ΔkCþ ΔkSðsA; sBÞ; ðA12Þ

which is identical to Eq. (1) in the main text. The
eigenvectors of HðsA; sBÞ are equal to the eigenvectors
of Cþ SðsA; sBÞ, and the eigenvalues of HðsA; sBÞ can
be written as kj ≡ koffs þ δkj, with j ¼ f0; 1; 2g. The
general eigensystem with nonzero shims sA and sB can
be expressed analytically but reduces to simple expres-
sions in only a few special cases.
Because of the threefold symmetry of the unperturbed

system, the eigenvalues are identical under exchange of sA
and sB, kjðsA; sBÞ ¼ kjðsB; sAÞ. Moreover, when sA ≠ 0,
sB ¼ 0, wells B and C have equal curvatures that are
different from the curvature in well A. The normal mode
vector cð1Þ ¼ ð1= ffiffiffi

2
p Þð0;−1; 1ÞT has no participation from

the ion in site A and remains a normal mode vector,
irrespective of the value of sA. The eigenvalue of this
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decoupled mode changes linearly as k ¼ koffs þ ΔkαsA. In
analogy for sA ¼ 0, sB ≠ 0, there is always a mode with no
participation in B. When sA ¼ sB ≠ 0, sites A and B have
equal curvatures that are different from the curvature of site
C; therefore, one eigenvector has no participation in C. The
eigenvalues δkjðsA; sBÞ are shown in Fig. 2(a) as a function
of shim parameters fsA; sBg. The eigenvalues form three
surfaces that obey the symmetry δkjðsA; sBÞ ¼ δkjðsB; sAÞ
and δk1 and δk2 have a conical intersection at fsA; sBg ¼
f0; 0g where two eigenvalues are degenerate and equal to
zero. The δkj are ordered by their magnitude δk1 ≤ 0 ≤
δk2 < δk3 and shown in red, blue, and green, respectively.

APPENDIX B: QUANTUM STATES
IN THE UNCOUPLED BASIS AND THE

EIGENMODE BASIS

We can use basis states of the radial modes composed of
products of number states of the three uncoupled harmonic
oscillators situated at sites A, B, and C with notation
jklmiABC, where the k, l, andm are equal to zero or positive
integers. This is a complete basis, and an arbitrary state at
time t ¼ 0 can be written as

jψðt ¼ 0ÞiABC ¼
X
klm

uklmjklmiABC

¼
X
klm

uklmffiffiffiffiffiffiffiffiffiffiffiffiffi
k!l!m!

p ðâ†AÞkðâ†BÞlðâ†CÞmj000iABC:

ðB1Þ

In analogy, we denote the products of number states in the
coupled radial mode eigenbasis as jklmi123. The ground
state is identical in any basis: j000iABC ¼ j000i123. When
koffs ≫ Δk, the coupled radial eigenmode frequencies can
be related to the curvatures as

ωj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
koffs þ δkj

m

r
≈ ωR þ δωj;

ωR ¼
ffiffiffiffiffiffiffiffi
koffs
m

r
; δωj ¼

δkj
2mωR

: ðB2Þ

The time evolution of the eigenmode creation operators â†j
(j∈ f1; 2; 3g) is particularly simple:

â†jðtÞ ¼ â†jð0ÞeiðωRþδωjÞt: ðB3Þ

The creation operators in the uncoupled basis can be
rewritten in terms of the creation operators in the coupled
eigenbasis by inserting the eigenmode coordinates of H in

the notation cðkÞ ¼ ðcðkÞA ; cðkÞB ; cðkÞC ÞT :

â†AðtÞ ¼ eiωRt

�
cð1ÞA â†1ð0Þeiδω1t þ cð2ÞA â†2ð0Þeiδω2t þ cð3ÞA â†3ð0Þeiδω3t

�
;

â†BðtÞ ¼ eiωRt

�
cð1ÞB â†1ð0Þeiδω1t þ cð2ÞB â†2ð0Þeiδω2t þ cð3ÞB â†3ð0Þeiδω3t

�
;

â†CðtÞ ¼ eiωRt

�
cð1ÞC â†1ð0Þeiδω1t þ cð2ÞC â†2ð0Þeiδω2t þ cð3ÞC â†3ð0Þeiδω3t

�
: ðB4Þ

This implies that jψðtÞiABC written in terms of the coupled
eigenbasis creation operators will contain terms that are
polynomial in the creation operators:

½â†AðtÞ�kj000iABC ¼ eikωRt

�
cð1ÞA â†1ð0Þeiδω1t þ cð2ÞA â†2ð0Þeiδω2t

þ cð3ÞA â†3ð0Þeiδω3t

�
k
j000i123: ðB5Þ

The sum of all these terms can lead to multipath interfer-
ence as a function of time, which can give rise to, for
example, the complexity in boson sampling [56]. However,
all terms in the polynomial will be proportional to

½â†1ð0Þ�k
0 ½â†2ð0Þ�l

0 ½â†3ð0Þ�m
0
where the sum of exponents is

preserved k0 þ l0 þm0 ¼ k. This is also true for the other
polynomials with l and m excitations in Eq. (B1), meaning
that the total number of excitations in an initial product
of number states jklmiABC is conserved and equal to
kþ lþm at all times.
The time dependence simplifies for initial states with a

single excitation, as the ones prepared in our experiments.
In particular, the state jψð0Þi ¼ j001iABC evolves to

jψðtÞi ¼ eiωRt
�
cð1ÞC eiδω1tj100i123 þ cð2ÞC eiδω2tj010i123

þ cð3ÞC eiδω3tj001i123
�
; ðB6Þ
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the expression stated as Eq. (3) in the main text. The
probability P001 of finding the phonon in site C at a later
time t > 0 consists of a constant and up to three oscillating
terms at the differences of mode eigenfrequencies:

P001 ¼ jABCh001jΨðtÞij2

¼
			cð1ÞC

			4 þ 			cð2ÞC

			4 þ 			cð3ÞC

			4
þ 2

			cð1ÞC

			2			cð2ÞC

			2 cos½ðδω2 − δω1Þt�

þ 2
			cð1ÞC

			2			cð3ÞC

			2 cos½ðδω3 − δω1Þt�

þ 2
			cð2ÞC

			2			cð3ÞC

			2 cos½ðδω3 − δω2Þt�; ðB7Þ

where certainty is reached whenever all three cosines are
equal to one (for example, when t ¼ 0); then,

P001 ¼ ðjcð1ÞC j2 þ jcð2ÞC j2 þ jcð3ÞC j2Þ2 ¼ 1. If any of the third

components fcð1ÞC ; cð2ÞC ; cð3ÞC g of the three coupled basis
eigenvectors is equal to zero, or if the frequencies of two
eigenmodes are identical δωk ¼ δωl for k ≠ l, only one
time-dependent term remains.

APPENDIX C: OBSERVING A BERRY PHASE

In the special case where sA0 ¼ sB0 ¼ 1=ðα − 1Þ, the
eigensystem becomes

cð1Þ ¼ 1ffiffiffi
2

p

0
B@
−1
1

0

1
CA; cð2Þ ¼ 1

2

0
B@

−1
−1ffiffiffi
2

p

1
CA; cð3Þ ¼ 1

2

0
B@

1

1ffiffiffi
2

p

1
CA;

δk1¼Δk
αþ1

α−1
; δk2 ¼Δk

�
3−

ffiffiffi
2

p
þ 2

α−1

�
;

δk3¼Δk
�
3þ

ffiffiffi
2

p
þ 2

α−1

�
: ðC1Þ

The first eigenmode does not participate in site C, while the
other two eigenmodes participate equally. When injecting a
phonon into site C, the phonon state at t ¼ 0 is a single-
phonon entangled (Bell) state in the coupled eigenbasis

jψð0Þi ¼ j001iABC ¼ 1ffiffiffi
2

p ðj010i123 þ j001i123Þ: ðC2Þ

The two independent parameters fsA; sBg that change the
external potential curvatures can now be tuned sufficiently
slowly compared to 2π=jδωk − δωlj for fk; lg∈ f1; 2; 3g,
k ≠ l such that the adiabatic theorem can be applied and the
eigenstates of the system approximately remain eigenstates
throughout the tuning of fsA; sBg. If a closed path in
parameter space is traversed between t ¼ 0 and t ¼ T,
fsAðTÞ; sBðTÞg ¼ fsAð0Þ; sBð0Þg ¼ fsA0; sB0g, the initial
and final eigenstates differ only by a phase and the final
state can be written as

jψðTÞi ¼ 1ffiffiffi
2

p ðeiϕ2eiϕBerry j010i123 þ eiϕ3 j001i123Þ; ðC3Þ

where

ϕ2;3 ¼
Z

T

0

dt0δω2;3½sAðt0Þ; sBðt0Þ� ðC4Þ

is the dynamical phase picked up due to the instantaneous
frequencies δω2;3½sAðt0Þ; sBðt0Þ� of the eigenmodes 2 and 3
along the path. The dynamical phases are time-dependent
generalizations of the dynamical phases ϕ2;3 ¼ δω2;3t that
appear in Eq. (B6) for sA and sB constant in time. In
addition, each eigenstate can pick up a Berry phase ϕBerry

that does not depend on details of the path but rather on
whether or not the path encloses the conical intersection at
fsA; sBg ¼ f0; 0g [28]. The surface δω3ðsA; sBÞ has no
conical intersection, so the component proportional to
j001i123 will not pick up a Berry phase, irrespective of
the path. For the component proportional to j010i123, if the
intersection is enclosed adiabatically, ϕBerry ¼ π; other-
wise, ϕBerry ¼ 0.
To isolate the Berry phase, it is advantageous to pick

pairs of paths that accumulate the same dynamical phases
while one path encloses the conical intersection and the
other does not. Because of the symmetry of the eigenvalue
surfaces, there is a second point sA1 ¼ sB1 ¼ f½ ffiffiffi

2
p

− 1 −
ð ffiffiffi

2
p

− 3Þα�=ðα2 − 1Þg with equal curvature as the initial
point, δk2ðsA0; sB0Þ ¼ δk2ðsA1; sB1Þ and δk3ðsA0; sB0Þ ¼
δk3ðsA1; sB1Þ, and these points can be connected by paths
of constant curvatures δk2ðsA; sBÞ ¼ δk2ðsA0; sB0Þ and
δk3ðsA; sBÞ ¼ δk3ðsA0; sB0Þ, respectively, as shown in
Figs. 6(a) and 6(b). A path that starts at sA0 ¼ sB0, turns
around at sA1 ¼ sB1, doubles back onto itself, and returns
to sA0 ¼ sB0 will not enclose the conical intersection
[Fig. 6(b)]. Since the eigenvalues are identical under
exchange of the arguments, δκjðsA; sBÞ ¼ δκjðsB; sAÞ, this
path will pick up equal dynamical phases as the path that
continues clockwise around the intersection shown in
Fig. 6(a) and returns to the starting point. Depending on
which path is chosen, a Berry phase of zero or π is picked
up and the difference will manifest itself as a phase shift of
π in the probability P001ðT þ tÞ (t > 0) in Eq. (B7) to find
the phonon at site C for different delays after either one of
the paths has been traversed.

APPENDIX D: FITTING THE DATA IN FIG. 2

A set of 12 data points spanning approximately δf ¼
�2 kHz around each of the observed resonance peaks in
Fig. 2 for fixed δVA and varying excitation frequency
fR þ δf was fitted to a Gaussian that yielded the center
excitation frequency difference δf0 and the width of
the Gaussian fit. Resonances close to the crossing
(δVA ¼ f−0.5; 0; 0.5g mV) where two of the peaks are
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unresolved in the data were removed, because their con-
volution produces a single peak with a position that does
not easily yield the frequencies of the two underlying
resonances. The remaining peak centers approximately
form three lines along the light-colored regions in
Fig. 2. The model for the eigenmode frequencies is derived

from HðsA; sBÞ by substituting

koffs → fR ¼ 1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
koffs=m

p
;

Δk → Δf ¼ 1

2π
Δk=ð2mωRÞ; sA → cδVA;

FIG. 10. Single-phonon interferences not shown in Figs. 4(a)–4(d) for the remaining frequency data points as a function of δVA. As the
voltage is changed slightly on the electrode under site A, the observed interference pattern changes. By fitting these data to a sum of
sinusoids with different amplitudes (pink lines), the motional frequency differences of the system can be extracted and are shown in
Fig. 5. Error bars represent 1σ of P↓.
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where c is a constant that has units 1/V and describes the
change in the uncoupled site frequency in units of Δf when
the shim potential is changed. The matrix

F¼ fR

0
B@
1 0 0

0 1 0

0 0 1

1
CA

þΔf

0
B@
1þ cδVA 1 1

1 1þαcδVA 1

1 1 1þαcδVA

1
CA ðD1Þ

derived in this way has the same eigenvectors as the
Hessian H and three eigenvalues:

f1 ¼ fR þ ΔfαcδVA;

f2 ¼ fR þ 1

2
Δfð3þ cð1þ αÞδVA

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 2cðα − 1ÞδVA þ c2ðα − 1Þ2δVA

q
Þ;

f3 ¼ fR þ 1

2
Δfð3þ cð1þ αÞδVA

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ 2cðα − 1ÞδVA þ c2ðα − 1Þ2δVA

q
Þ: ðD2Þ

Note that the frequency eigenvalues are not expressed and
ordered in analogy to the curvature eigenvalue surfaces in
the main text. The chosen form shows that f1 can be
directly fit to the set of experimental resonances that vary
approximately linearly in δVA to yield fitted values for
fR ¼ ð3876.60� 0.03Þ kHz (intercept) and Δfαc ¼
ð1.52� 0.01Þ kHz=mV (slope). The remaining two reso-
nance frequencies for equal δVA can be added to each other,
and the already determined quantities 2fR and ΔfαcδVA
can be subtracted:

f2 þ f3 − ð2fR þ ΔfαcδVAÞ ¼ 3Δf þ ΔfcδVA;

which yields Δf ¼ ð3.299� 0.02Þ kHz (intercept) and
Δfc ¼ ð−3.97� 0.02Þ kHz=mV (slope). The isolated
parameters can now be determined: c ¼ Δfc=Δf ¼
ð−1.202� 0.009Þ 1/mV and α ¼ Δfαc=ðΔfcÞ ¼
ð−0.383� 0.003Þ, where the uncertainties are derived by
propagating the uncertainties of the fit parameters through
the expressions stated above. By symmetry, c and α also
govern the change of frequencies when applying δVB ≠ 0;
sB ¼ cδVB. The frequency eigenvalues as a function of
δVA as determined by the fit are plotted as lines in Figs. 2
and 5 and are in excellent agreement with the data. The
fitted function is plotted with all parameters as found from
these fits in Fig. 5. The same fit parameters are also used in
the theoretical expressions of the bright population in
Figs. 4(a)–4(d). Additional fitted phonon exchange results

not shown in Figs. 4(a)–4(d) are displayed in Fig. 10. The
fitted values are also converted to curvatures according to
Eq. (B2) and used in Eq. (1) to compute the intended paths
for the Berry phase experiments in Figs. 6(a) and 6(b) and
the additional paths shown in Fig. 8.
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