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Dirac magnons, the bosonic counterparts of Dirac fermions in graphene, provide a versatile platform to
explore symmetry-protected band crossings and quantum geometry in magnetic insulators while promising
high-velocity, low-dissipation spin transport for next-generation magnonic technologies. However, their
stability under realistic, finite-temperature conditions remains an open question. Here, we develop a
microscopic theory of thermal magnon-magnon interactions in van der Waals honeycomb ferromagnets,
focusing on both gapless and gapped Dirac magnons. Using nonlinear spin-wave theory with magnon self-
energy corrections and a T-matrix resummation that captures two-magnon bound states, we quantitatively
reproduce temperature- and momentum-dependent energy shifts and linewidths observed experimentally in
the gapless Dirac magnon material CrBr3, even near the Curie temperature. Our approach provides a
consistent interpretation of theoretical predictions and experiment shedding light on the role of bound states
in enhancing magnon damping at low temperatures. For gapped Dirac magnon materials such as CrI3,
CrSiTe3, and CrGeTe3, we find a thermally induced reduction of the topological magnon gap, while no
indication of thermally driven topological phase transitions is observed within the considered parameter
range. Classical atomistic spin-dynamics simulations corroborate the gap’s robustness up to the Curie
temperature. Furthermore, we establish a practical criterion for observing topological gaps by determining
the minimum ratio of Dzyaloshinskii-Moriya interaction to Heisenberg exchange required to overcome
thermal broadening throughout the ordered phase, typically around 5%. Taken together, our results
elucidate the interplay between thermal many-body effects and topology in low-dimensional magnetic
systems and provide a controlled framework for the interpretation of spectroscopic measurements.

DOI: 10.1103/tbh2-jq9r Subject Areas: Condensed Matter Physics, Magnetism,
Materials Science

I. INTRODUCTION

Quasiparticles with linear dispersion relations—such as
Dirac fermions in graphene or Weyl fermions in topological
semimetals—have left a lasting mark on modern condensed
matter physics. More recently, their bosonic analogs,
known as Dirac magnons, have come to the forefront as
intriguing manifestations of relativistic physics in magnetic

materials [1–7]. These collective spin excitations feature
linear band crossings at high-symmetry points in the
Brillouin zone, which can give rise to nontrivial Berry
curvature effects and topological magnon bands [8–13].
Beyond enriching our understanding of quantum magnet-
ism, Dirac and topological magnons are also viewed as
potential building blocks for low-dissipation information
processing in magnonic devices [14]. For a recent over-
view, see Ref. [15].
Layered van der Waals (vdW) ferromagnets such as

CrBr3, CrI3, CrSiTe3, and CrGeTe3 [16–22] provide an
ideal platform to explore these ideas. Their honeycomb-
based magnetic structures naturally host Dirac magnon
points [1,2], while spin-orbit coupling can induce small
band gaps, opening the door to topological magnon edge
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states [11,12]. Their 2D nature allows for monolayer
isolation and inelastic electron tunneling spectroscopy
experiments [23–25], while the bulk materials remain
amenable to spectroscopic probes such as inelastic neutron
scattering (INS). The latter has identified CrBr3 [6] as a
virtually gapless Dirac magnon material and CrI3 [3],
CrSiTe3, and CrGeTe3 [26] as gapped Dirac magnon
materials. We note that the finite Dirac magnon gap
of CrBr3 identified in Ref. [27] was later attributed to
extrinsic effects in Refs. [6,7], with the latter study also
showing gapless Dirac magnons in the easy-plane ferro-
magnet CrCl3.
Although linear spin-wave theory offers a good starting

point to describe magnon spectra in these systems, it does
not capture the full picture. Many-body effects, that is,
magnon-magnon interactions, become increasingly impor-
tant at finite temperatures, leading to renormalizations of
the magnon dispersion, finite lifetimes, and a redistribution
of spectral weight [28–31]. Thus, although many-body
quantum fluctuations at zero temperature are suppressed in
the ground state of ferromagnets with spin rotation sym-
metry and one does not have to worry about spontaneous
decay [31–34], thermal fluctuations play a central role in
interpreting experimental data, especially from INS, which
probes the dynamical structure factor throughout the entire
Brillouin zone [6,35,36].
Thermal interaction effects in CrBr3 and CrI3 have

previously been explored both theoretically and experi-
mentally [2,6,37–39]. For CrBr3, which exhibits essentially
gapless Dirac magnons within experimental resolution,
Ref. [2] pointed out a key distinction between Dirac
magnons and Dirac electrons in terms of thermal scaling.
That work also predicted momentum-dependent renorm-
alization of the magnon dispersion and compared it to
experimental INS data collected in the 1970s [40,41]. More
recent INS experiments [6] confirmed the expected quad-
ratic temperature dependence of the overall dispersion but
did not observe the predicted momentum dependence—
resulting in quantitative discrepancies up to several hundred
percent. References [38,39] also addressed the origin of
thermal broadening, focusing primarily on qualitative
trends rather than a detailed quantitative comparison to
experiment. Thus, a fully quantitative theoretical descrip-
tion of the thermal evolution of magnon dispersion and
lifetime in CrBr3 remains an open challenge.
In CrI3, which hosts gapped, topologically nontrivial

Dirac magnons [3], the theoretical picture is less settled.
One study [37] proposed that thermal interactions could
drive a closing and reopening of the magnon gap—
effectively a temperature-driven topological transition.
However, this result depends sensitively on the approx-
imations used [42,43], and it remains an open question
whether such a transition reflects an intrinsic physical effect
or is sensitive to the underlying theoretical approximations.
Similar predictions have since been extended to other

systems [44–46], calling for a robust justification of the
adopted approach.
Overall, a consistent and quantitative understanding of

how two-dimensional magnons evolve with temperature is
still lacking. Theoretical treatments often employ approx-
imations whose range of validity can be challenging to
assess systematically—for example, by simplifying scatter-
ing matrix elements, using low-temperature expansions
outside their valid regime, or neglecting higher-order
effects while invoking self-consistency for lower-order
ones. These ad hoc elements can lead to widely varying
predictions and hinder reliable comparison with experi-
ment. To date, Ref. [6] provides the most comprehensive
experimental characterization of the thermal evolution of
the magnon spectrum across the full Brillouin zone in a
vdW ferromagnet—and key aspects of these data remain
unexplained.
In this work, we present a quantitative microscopic

theory of thermal magnon-magnon interactions in vdW
ferromagnets such as CrBr3, CrI3, CrSiTe3, and CrGeTe3.
Employing nonlinear spin-wave theory at several levels of
approximation, we compute magnon self-energies and
extract temperature-dependent shifts and broadenings of
the magnon spectrum. Our results reproduce the main
features of the INS data for bulk CrBr3 [6] throughout the
entire Brillouin zone. After benchmarking our approach
with CrBr3, we apply it to the gapped Dirac systems CrI3,
CrSiTe3, and CrGeTe3, where the gap arises from spin-
orbit coupling, which enters in the form of Dzyaloshinskii-
Moriya interaction (DMI) [26,47]. We find no evidence of a
thermally driven topological transition: In all three materi-
als, the magnon gap remains open up to the magnetic
transition temperature. We further identify a critical ratio of
DMI to nearest-neighbor Heisenberg exchange above
which the magnon gap exceeds the lifetime broadening
throughout the ordered phase up to the Curie temperature.
A DMI strength of approximately 5% relative to the
exchange coupling is sufficient to meet this condition.
This criterion is roughly satisfied in CrI3, CrSiTe3, and
CrGeTe3, suggesting that the topologically enforced chi-
ral edge magnons within the gap should produce clear,
albeit broadened, spectral signatures in experiments, dis-
tinct from the bulk states. Note the difference to the case of
quantum damping induced by magnon-number-noncon-
serving two-magnon scattering processes, in which the
decay rate of chiral edge magnons is proportional
to square of the magnon-number-nonconserving DMI
strength D⊥ [48].
The Cr-based materials studied here host spins of

S ¼ 3=2, which reduces quantum fluctuations and places
the system near the classical limit—yet still calls for a
careful assessment of quantum effects. To complement our
spin-wave analysis, we first perform classical Landau-
Lifshitz spin-dynamics simulations. These support our
overall findings but, by construction, neglect quantum
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corrections. To incorporate the residual quantumness of the
excitations—even in the presence of a fully polarized
ground state—our approach goes beyond simple perturba-
tive treatments of the magnon self-energy, which are known
to be unreliable at short wavelengths [49]. Specifically, we
apply a nonperturbative T-matrix resummation inspired by
seminal work from the 1960s and 1970s [40,41,49,50] and
their recent applications [51–53], which effectively cap-
tures two-magnon bound states and resonances within the
continuum. These many-body features open additional
thermal scattering channels for single magnons [see
Fig. 1(a)], leading to distinct signatures in both lifetimes
and energy renormalizations at low temperatures. While
these effects are most pronounced in systems with S ¼ 1=2,
since smaller S causes a more efficient binding of magnons,
our results show that, even in CrBr3 with S ¼ 3=2,
interactions with two-magnon bound states may lead to
characteristic linewidth broadening signatures over a broad
temperature range.
In summary, by addressing previously noted discrepan-

cies between theory and experiment for CrBr3, our work
provides a reliable microscopic foundation for interpreting
magnon spectra in current and future van der Waals
magnets. This foundation clarifies the stability of Dirac
and topological magnons at finite temperature and provides
a rule of thumb for how large the spin-orbit interaction must
be to render chiral edge magnons sufficiently robust
throughout the entire ordered phase. These findings deepen
our understanding of interacting bosonic quasiparticles and
help guide future efforts in magnon-based information
technologies and spin caloritronics.
The rest of this paper is organized as follows. In Sec. II,

after introducing a spin model that describes magnetic
excitations in vdW honeycomb ferromagnets (Sec. II A),
we present the interacting spin-wave theory (Secs. II B–
II G) with several different levels of approximation
(Sec. II F), including the T-matrix resummation (Sec. II E).

Two-magnon bound states, effectively captured by the
nonperturbative T-matrix resummation, are shown to con-
tribute to the renormalization of single-magnon excitations
in CrBr3 (Sec. III A). We begin with the kinematics of
unbound multimagnon excitations (Sec. III A 1) and then
discuss how two-magnon bound states can renormalize
single-magnon spectra (Sec. III A 2). By comparing INS
data for bulk CrBr3 reported in Ref. [6] across a wide
temperature range with the results of our interacting spin-
wave analysis including the T-matrix resummation, we
uncover possible contributions from bound states
(Secs. III A 3 and III A 4). Moreover, the robustness of
the Dirac points even in the vicinity of TC is examined
(Sec. III A 5). Some of our findings based on the interacting
spin-wave theory are further corroborated within the level
of classical atomistic spin dynamics (Sec. III A 6).
CrI3 serves as an example demonstrating that the

topological gap induced by the DMI remains robust up
to the Curie temperature (Sec. III B). After recapping
previous disputes over the presence or absence of thermally
induced topological transitions (Sec. III B 1), we present a
comprehensive analysis based on the T-matrix resumma-
tion, which supports their absence (Sec. III B 2). Besides, a
realistic criterion to observe the robust topological gap up
to TC is estimated (Sec. III B 3).
Additional discussions toward more precise TC predic-

tions and other promising candidate materials are presented
in Sec. IV. We conclude by summarizing this work in
Sec. V. Technical details of the theoretical frameworks used
are provided in Appendixes A–F.

II. MODEL AND METHODS

A. Spin model

To describe the vdW ferromagnets CrBr3, CrI3, CrSiTe3,
and CrGeTe3 we adopt an established spin model on the 2D
honeycomb lattice [6,26,54]. As indicated in Fig. 1(b), the
spin Hamiltonian is given by

HSpin ¼
X3
n¼1

Jn
X

hr;r0i∈ nNN

Sr · Sr0 − A
X
r

ðSzrÞ2

þ
X

hr;r0i∈ 2NN

Dzνijez · Sr × Sr0 ; ð1Þ

where Sr ¼ ðSxr ; Syr ; SzrÞ⊤ denotes the vectorial spin-S oper-
ators on an atomic site r. The first term denotes the isotropic
exchange interactions on the nth nearest-neighbor (nNN)
bonds. Here, we consider up to the 3NNbonds so that n ¼ 1,
2, 3. The second term with A > 0 denotes the easy-axis
single-ion anisotropy along the perpendicular direction to the
layer plane. The last term describes the 2NN DMI, where
νij ¼ �1. A positive (negative) sign applies to going in
counterclockwise (clockwise) around a hexagon. The ferro-
magnetically aligned, fully polarized magnetic order along

((a) (b)

FIG. 1. Sketch of van der Waals ferromagnets on a honeycomb
lattice. (a) Honeycomb-lattice ferromagnet with a single spin flip
and a bound pair of spin-flip excitations.When delocalized over the
entire lattice, these correspond to single-magnon excitations and
two-magnon bound states, respectively. The wiggly line indicates
that these excitations interact with each other at finite temperatures,
as captured by a T-matrix resummation. (b) Unit hexagon of the
honeycomb lattice. Orange bonds and arrows represent the next-
nearest-neighbor Dzyaloshinskii-Moriya interaction, where, by
definition, all Dzyaloshinskii-Moriya vectors (small orange ar-
rows) point upward for counterclockwise circulation.
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the perpendicular direction to the layer plane is the exact
ground state, i.e., hSri ¼ Sð0; 0; 1Þ⊤ independent of r (the
superscript “⊤” denotes transposition).

B. Spin-to-boson transformation

The Hamiltonian HSpin in Eq. (1) is bosonized by
applying the Holstein-Primakoff transformation [55]
given by

Sr ¼ e0r
�
S − â†r âr

�

þ e−r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S −

â†r âr
2

s
âr þ eþr â

†
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S −

â†r âr
2

s
; ð2Þ

which is an expansion around the ground state. For the
fully polarized out-of-plane ferromagnetic order, i.e.,
hSri ¼ Sð0; 0; 1Þ⊤, the unit vectors are given by e�r ¼
ð1;�i; 0Þ= ffiffiffi

2
p

and e0r ¼ ð0; 0; 1Þ independent of r. The
bosonic operators obey the usual commutation relation
½âr; â†r0 � ¼ δðr − r0Þ. ATaylor expansion of the square roots
in Eq. (2) followed by normal ordering of operators gives a
1=S series expression of the Hamiltonian

HMagnon ¼
X∞
n¼0

S2−n=2Hð2nÞ; ð3Þ

where Hð2nÞ consists of terms with n creation and n
annihilation operators. All odd-order contributions
Hð2n−1Þ ðn∈ZÞ are absent because of expanding around
a stable state (Hð1Þ ¼ 0) and the SO(2) symmetry around
the z axis of both HSpin and its ground state. As a result,
there is a U(1) symmetry for the magnons and their number
is conserved.

C. Linear spin-wave theory

To study the magnon excitation spectrum of HSpin, we
first focus on the bilinear term Hð2Þ in Eq. (3), where we
recover results known from Refs. [2,11,12]. A momentum-
space representation of Hð2Þ is given by

Hð2Þ ¼
X
k

φ̂†
kH

ð2Þ
k φ̂k

¼
X
k

φ̂†
k

�
JintraðkÞ þDðkÞ JinterðkÞ

J�interðkÞ JintraðkÞ −DðkÞ
�
φ̂k;

ð4Þ

where φ̂k ¼ ðâkAâkBÞ⊤ and k ¼ ðkx; kyÞ⊤ denotes a crys-

tal moment. The matrix entries of Hð2Þ
k are given by

JintraðkÞ ¼ −3J1 − 3J3 − 2J2

�
3 −

X3
i¼1

cosðk · ζ iÞ
�

þ A
�
2 −

1

S

�
;

JinterðkÞ ¼ J1
X3
i¼1

eik·δi þ J3
X3
i¼1

eik·ξi ;

DðkÞ ¼ 2Dz

X3
i¼1

sinðk · ζ iÞ: ð5Þ

Note that δi, ζ i, and ξi (i ¼ 1, 2, 3) denote directions of
1NN, 2NN, and 3NN bonds on the 2D honeycomb lattice,
respectively, given by

δ1 ¼ ð0; 1=
ffiffiffi
3

p
Þ⊤;

δ2 ¼ ð−1=2;−1=2
ffiffiffi
3

p
Þ⊤;

δ3 ¼ ð1=2;−1=2
ffiffiffi
3

p
Þ⊤; ð6Þ

ζ1 ¼ ð1; 0Þ⊤;
ζ2 ¼ ð−1=2;

ffiffiffi
3

p
=2Þ⊤;

ζ3 ¼ ð−1=2;−
ffiffiffi
3

p
=2Þ⊤; ð7Þ

and

ξ1 ¼ ð1; 1=
ffiffiffi
3

p
Þ⊤;

ξ2 ¼ ð−1; 1=
ffiffiffi
3

p
Þ⊤;

ξ3 ¼ ð0;−2=
ffiffiffi
3

p
Þ⊤: ð8Þ

We diagonalize the quadratic Hamiltonian given by Eq. (4)
by applying a unitary transformation from the atomic
basis φ̂k to the normal basis ψ̂k ¼ U†

kφ̂k, where ψ̂k¼
ðb̂k−b̂kþÞ⊤. Eigenvalues Ek¼U†

kH
ð2Þ
k Uk¼diagðεk−;εkþÞ

are given in the form

ωk∓ ¼ Sεk∓

¼ S

�
JintraðkÞ ∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jJinterðkÞj2 þDðkÞ2

q �
: ð9Þ

Along the high-symmetry path indicated in Fig. 2(a),
which was chosen to stay as close as possible to the
experiment in Ref. [6], the linear spin-wave spectrum of
CrBr3 is shown in Fig. 2(b), where the following parameter
set was employed:

S ¼ 3=2;

J1 ¼ −1.485 ½meV�;
J2 ¼ −0.077 ½meV�;
J3 ¼ þ0.068 ½meV�;
A ¼ þ0.028 ½meV�: ð10Þ
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The exchange parameters J1, J2, and J3 were obtained from
fitting of the INS data in Ref. [6]. This reference has also
estimated the single-ion anisotropy A from previous ferro-
magnetic resonance measurements in Ref. [56]. A linear
crossing of magnon bands, i.e., a Dirac magnon, is
observed at the K point in Fig. 2(b).
The linear magnon bands of CrI3, plotted in Fig. 2(c)

with parameter set [37,54]

S ¼ 3=2;

J1 ¼ −2.01 ½meV�;
J2 ¼ −0.16 ½meV�;
Dz ¼ −0.31 ½meV�;
A ¼ þ0.22 ½meV�; ð11Þ

exhibit a sizable topological gap of approximately 5 meV
associated with nonzero Dz. The lower and upper bands
have a finite Chern number of�1, and chiral edge magnons
are expected for open boundary conditions (e.g., see
Refs. [11,12]). Note that, for both materials, any parameters
not explicitly mentioned are set to zero.

D. Many-body perturbation theory

We apply the unitary transformation discussed in the pre-
vious subsection to Hð4Þ and get its normal form given by

Hð4Þ ¼
X
q1q2q3

X
ν1ν2ν3ν4

Qν1;ν2↔ν3;ν4
q1;q2↔q3;q4 b̂

†
q1ν1 b̂

†
q2ν2 b̂q3ν3 b̂q4ν4

× δðq1 þ q2 − q3 − q4Þ: ð12Þ

The analytical expression for the four-magnon vertex
Qν1;ν2↔ν3;ν4

q1;q2↔q3;q4 is provided in Appendix B. Note that all terms
in Eq. (1), i.e., Jn (n ¼ 1, 2, 3), Dz, and A, contribute to the
vertex and that the momentum conservation is to be
understood modulo a reciprocal lattice vector.
We consider a many-body perturbation theory with the

nonperturbative term Hð2Þ and the perturbation Hð4Þ. Note
that, unless stated otherwise, the higher-order terms like
Hð6Þ are neglected. We introduce a textbook temperature
Green’s function given by [57]

Gk;mnðτÞ ¼ −
X∞
j¼0

�
−
1

ℏ

�
j 1

j!

Z
βℏ

0

dτ1 � � �
Z

βℏ

0

dτj

× hT ½H4ðτ1Þ � � �H4ðτjÞb̂kmðτÞb̂†knð0Þ�ic0; ð13Þ

where T orders imaginary times τj and β ¼ 1=kBT denotes
inverse temperature, for which we adopt the convention
kB ¼ 1 hereafter. In the following, we evaluate the time-
ordered ensemble of the connected diagrams h� � �ic0 in
Eq. (13) using several approximations at different levels
of the 1=S expansion.

1. Hartree diagram

First, we consider the leading-order 1=S contribution to
the self-energy, which is described by the Hartree diagram
presented in Fig. 3(a). The corresponding frequency-inde-
pendent Hartree self-energy is given by

ΣðHartreeÞ
k;mn ¼ 4

ℏ

X
p

X
ν

Qm;ν↔n;ν
k;p↔k;pn

ð0Þ
pν ; ð14Þ

where nð0Þkν ¼ ½expðβωkνÞ − 1�−1 denotes the Bose-Einstein
distribution function. Notably, the Hartree self-energy is
purely real, indicating that it contributes to the frequency
shift of magnons, without affecting their lifetime.

2. Sunset diagram

Next, we consider subleading 1=S2 contributions to the
self-energy. While there are several scattering processes
with contributions of the order of 1=S2, arising either from
a second-order process in Hð4Þ or a first-order process in
Hð6Þ, the only one that includes a first-order contribution of
the Bose-Einstein distribution function is given by the
sunset diagram shown in Fig. 3(b). The explicit form of the

(a)
(b)

(d)

(000)

(010)

(020)

(110)

(100) (200)
Γ

K

M

(c)

(0.5 1 0)
(1 0 0) (1.5 0 0) (1 1 0) (0 1 0)

mode 1

mode 2

CrBr3

CrBr3

CrI3

FIG. 2. (a) High-symmetry momentum paths used in this work,
inspired by the experimental path of Ref. [6]. Small hexagons
represent the repeated Brillouin zones of the honeycomb lattice,
while the larger green hexagons indicate the extended Brillouin
zones reflecting the spatial periodicity of the structure factors due
to the non-Bravais nature of the honeycomb lattice. The purple
arrows depict the conventional Γ-K-M-Γ path. (b),(c) Linear
spin-wave dispersion relations of (b) CrBr3 and (c) CrI3, with
parameters given in the main text. (d) Schematic illustration
defining modes 1 and 2, used in the discussion of neutron
scattering results for CrBr3 in Ref. [6]. Red, green, blue, and
orange arrows correspond to the momentum paths of the same
colors shown in (a).
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frequency-dependent sunset self-energy is given by

ΣðSunsetÞ
k;mn ðiωsÞ ¼

8

ℏ2

X
p

X
ν

X
q1;q2

X
ν1ν2

Qm;ν↔ν1;ν2
k;p↔q1;q2

Qν1;ν2↔n;ν
q1;q2↔k;p

×
nð0Þpν ð1þ nð0Þq1ν1 þ nð0Þq2ν2Þ − nð0Þq1ν1n

ð0Þ
q2ν2

iωs − ωq1ν1 − ωq2ν2 þ ωpν

× δðkþ p − q1 − q2Þ; ð15Þ

where ωs ¼ 2πs=βðs∈ZÞ denotes the bosonic Matsubara
frequency. This sunset self-energy is usually complex
and, thus, accounts not only for frequency shift, but
also for finite lifetimes of magnons. Importantly, the sunset
self-energy is the leading contribution to the magnon
lifetimes and the only contribution at the order of 1=S2.
Consequently, the imaginary part of the self-energy can be
evaluated exactly up to this order by considering only the
sunset diagram.

3. Reduced sunset diagram

In Ref. [2], a low-temperature approximation to effi-
ciently evaluate ΣðSunsetÞ

k;mn given in Eq. (15) was suggested:
omitting the ðp; νÞ sum and instead taking only the ðp ≈
0; ν ¼ −Þ contribution into account. Within this approxi-
mation and the isotropic limit (ω0− → 0, i.e., A → 0), one
gets the reduced sunset self-energy given by [2]

ΣðR-SunsetÞ
k;mn ðiωsÞ ¼

8C̃T2

ℏ2

X
q

X
ν1ν2

½Qm;ν1;ν2
k;q;k−q��Qn;ν1;ν2

k;q;k−q

iωs −ωqν1 −ωk−qν2
; ð16Þ

where Qν;ν1;ν2
k;q1;q2

is a reduced four-magnon vertex (see
Ref. [2] for details and Ref. [58] for an application to
ferromagnets on the triangular lattice). C̃ is a constant
prefactor. The imaginary part of the reduced sunset self-
energy is further simplified to

Im ½ΣðR-SunsetÞ
k;nn ðωþ i0þÞ�

¼ −
8πC̃T2

ℏ2

X
q

X
ν1ν2

���Qn;ν1;ν2
k;q;k−q

���2δðω − ωqν1 − ωk−qν2Þ

ð17Þ

after analytic continuation iωs → ωþ i0þ. The delta func-
tion part in Eq. (17) indicates that the reduced sunset
diagram accounts for interactions between magnons and
the two-magnon density of states given by

Dð2Þ
k ðωÞ ¼ 1

Nmuc

X
q

X
ν1ν2

δðω − ωqν1 − ωk−qν2Þ; ð18Þ

where Nmuc denotes the number of magnetic unit cells in
the system considered. Consequently, this approximation is
by construction expected to imprint Van Hove singularities
in the two-magnon density of states onto the single-magnon
spectra.

E. Resummation

Typically, Feynman diagrammatic contributions to the
magnon self-energy of the order of ð1=SÞn involve at most
n Bose distribution factors. This implies that the conven-
tional 1=S expansion tends to converge at low temper-

atures, where nð0Þkν ≪ 1 holds for all momenta k and band
indices ν. In such regimes, a truncated expansion up to a
finite order in 1=S generally provides reliable results.
However, at higher temperatures, there exist momenta k

and band indices ν where nð0Þkν ≪ 1 no longer holds. This
tendency is expected to be more significant in smaller spin
systems such as those with S ¼ 1=2, because the total
magnon bandwidth and critical temperature are smaller. As
a result, the truncated expansion—such as the Hartree or
Hartreeþ sunset approximations—may become inaccu-
rate, particularly by overestimating the self-energies.
This overestimation can be especially problematic for
the imaginary part of the self-energy, since all diagram-
matic contributions to it are strictly negative due to
causality constraints. This issue of convergence can be
partially mitigated by employing the resummation
scheme introduced in this section and schematically shown
in Fig. 3(c). Moreover, comparing the results obtained via
truncated expansions and the resummation offers a use-
ful diagnostic for assessing the convergence behavior of
the 1=S expansion. In particular, examining discrepancies
in the imaginary part of the self-energy is especially

(c)

(d)

(a) (b)

FIG. 3. Overview of nonlinear spin-wave approximations.
(a) The Hartree diagram of the order of 1=S. (b) The sunset
diagram of the order of 1=S2. (c),(d) Diagrammatic expressions of
(c) the resummation of the self-energy and (d) the Bethe-Salpeter
equation given by Eq. (19).
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informative, as it directly reflects the cumulative effect of
contributions with a fixed negative sign. To improve the
accuracy of the spin-wave approximation, we consider a
systematic summation of an infinite number of diagrams
that obey certain rules, independent of the order of 1=S.
Following the seminal works of the 1960s and
1970s [40,41,49,50], this is achieved by employing a
resummation technique based on the Bethe-Salpeter equa-
tion (BSE) for the ladder diagrams shown in Fig. 3(d):

Tν1;ν2↔ν3;ν4
q1;q2↔q3;q4ðzÞ ¼ Qν1;ν2↔ν3;ν4

q1;q2↔q3;q4

þ 2

ℏ

X
q5

X
ν5;ν6

Qν1;ν2↔ν5;ν6
q1;q2↔q5;q6

1þ nð0Þq5ν5 þ nð0Þq6ν6

z−ωq5ν5 −ωq6ν6

× Tν5;ν6↔ν3;ν4
q5;q6↔q3;q4ðzÞ; ð19Þ

where q4 ¼ q1 þ q2 − q3, q6 ¼ q1 þ q2 − q5, and z∈C.
The explicit solution of the BSE, i.e., the T-matrix
Tν1;ν2↔ν3;ν4
q1;q2↔q3;q4ðzÞ in Eq. (19), can be derived analytically,

which is presented in Appendix B (see also Ref. [57]).
Finally, the T-matrix self-energy within the short-
wavelength limit kBT ≪ ℏωkν is given by

ΣðTÞ
k;mnðiωsÞ ≈

4

ℏ

X
p

X
ν

Tm;ν↔n;ν
k;p↔k;pðiωs þ ωp;νÞnð0Þpν : ð20Þ

It should be noted that an exact evaluation without invoking
the short-wavelength limit is possible only for the imagi-
nary part of the diagonal self-energy [57]:

Im
h
ΣðTÞ
k;nnðiωsÞ

i
¼ Im

�
4

ℏ

X
p

X
ν

Tn;ν↔n;ν
k;p↔k;pðiωs þ ωp;νÞðnð0Þpν − nðcÞðiωs þ ωpνÞÞ

	
; ð21Þ

where nðcÞðzÞ ¼ ½eβz − 1�−1 ðz∈CÞ denotes the complex
Bose-Einstein distribution function. Since the T matrix is
the solution of the BSE, it by definition contains informa-
tion about two-magnon bound states and resonances
[40,41,49,50,57].
The T-matrix resummation systematically incorporates

all diagrams containing exactly one backward-propagating
line [49,57]. For example, a single loop, such as that
appearing in the Hartree diagram shown in Fig. 3(a),
corresponds to one backward-propagating line. This selec-
tion criterion is diagrammatically well defined and can be
motivated within a low-temperature expansion. In particu-
lar, the diagrams retained under this criterion correspond to
those contributing at the leading nontrivial order—first

order—in the bare Bose distribution nð0Þqν entering the self-
energy. By resumming these contributions to all orders,
while omitting higher-order insertions that contribute at

subleading order in nð0Þqν , the T-matrix approach provides a
controlled description of the dominant low-temperature
interaction effects.

F. List of different approximations

We summarize several different levels of interacting
spin-wave approximations for evaluating magnon-magnon
interaction effects in van der Waals ferromagnets.

1. Hartree approximation

The self-energy is given by

Σk;mnðiωsÞ ≈ ΣðHartreeÞ
k;mn ; ð22Þ

which is frequency-independent and purely real. ΣðHartreeÞ
k;mn is

given in Eq. (14). Although this self-energy is most
commonly evaluated in a non-self-consistent manner, an
alternative approach—known as the self-consistent Hartree
approximation—is occasionally employed. This method
leverages the Hermitian nature of the self-energy and
incorporates it into the unitary eigenvalue problem of the
bilinear Hamiltonian. In this formulation, the Hamiltonian
is modified as

Heff ¼
X
k

½Hð2Þ
k þ UkΣ

ðHartreeÞ
k U†

k�: ð23Þ

The resulting eigenvalue problem with respect to Heff is
solved self-consistently.

2. “Hartree + reduced sunset” approximation

The self-energy is given by

Σk;mnðiωsÞ ≈ ΣðHartreeÞ
k;mn þ ΣðR-SunsetÞ

k;mn ðiωsÞ; ð24Þ

which is frequency dependent and complex. The Hartree

self-energy ΣðHartreeÞ
k;mn is provided in Eq. (14) and the reduced

sunset self-energy ΣðR-SunsetÞ
k;mn ðiωsÞ in Eq. (16). This approxi-

mation highlights repulsive interaction between single
magnons and bare two-magnon states built from two
noninteracting single magnons.
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3. “Hartee + full sunset” approximation

The self-energy is given by

Σk;mnðiωsÞ ≈ ΣðHartreeÞ
k;mn þ ΣðSunsetÞ

k;mn ðiωsÞ; ð25Þ

with ΣðHartreeÞ
k;mn in Eq. (14) and the frequency-dependent and

complex sunset self-energy ΣðSunsetÞ
k;mn ðiωsÞ in Eq. (15). The

imaginary part of the self-energy in Eq. (25) is exact up to
the order of 1=S2.

4. Resummation (T-matrix approximation)

The self-energy is given by

Σk;mnðiωsÞ ≈ ΣðTÞ
k;mnðiωsÞ; ð26Þ

which is the frequency-dependent and complex T-matrix

self-energyΣðTÞ
k;mnðiωsÞ in Eq. (20). As discussed inRef. [49],

since the T matrix contains information about two-magnon
bound states, this approximation effectively captures the
repulsive interaction between a single magnon and the two-
magnon bound states or at least two-magnon resonances.
We close this subsection by highlighting advantages of

the T-matrix resummation.
(i) Capacity to account for two-particle binding as a

nonperturbative quantum effect—As repeatedly
mentioned, since the T matrix is a solution of the
BSE given by Eq. (19), it inherently captures two-
magnon bound states. To describe binding effects
which are nonperturbative quantum phenomena, it is
essential to incorporate an infinite series of con-
nected bubble diagrams. The T-matrix resummation
can be regarded as one of the simplest realizations of
this approach.

(ii) Accuracy in the short-wavelength region—
Reference [49] discusses the breakdown of theHartree
approximation, i.e., the first Born approximation, in
the short-wavelength region. The T-matrix resumma-
tion captures not only the bound states themselves, but
also their resonance within the unbound continua
whose effects are strongly highlighted in the short-
wavelength regime, offering reasonable accuracy to
capture a variety of short-wavelength excitations.

(iii) Compatibility with the single-particle picture—While
the BSE is an equation for two-particle Green’s
functions, its solution—the T matrix—enters single-
particle self-energy diagrams. This enables us to
describe hybridization between different particle-
number sectors of the Hilbert space in an efficient
manner. While this work solely focuses on thermal
hybridization between single-particle and two-particle
sectors, it potentially describes quantum hybridization
between them in particle-number-nonconserving
systems [32,59], as briefly mentioned in Sec. IV.

(iv) Ability to describe nonperturbative finite-temperature
effects—The T-matrix resummation preserves the
transparent quasiparticle picture and complements
other nonperturbative quantum solvers, such as den-
sity matrix renormalization group, projected en-
tangled pair states, and variational Monte Carlo,
whose extensions to finite-temperature physics are
still under active development. While exact diago-
nalization can capture thermal effect by combining
itself with thermal pure quantum state technique, its
accessible spatial (momentum space) resolution is
largely limited. Quantum Monte Carlo can sample
various physical quantities of unfrustrated systems at
finite temperatures, but it is generally difficult to
obtain statistically reliable results at ultralow temper-
atures, where the effects of bound states become
prominent. Under these circumstances, although its
ability to capture quantum entanglement is inferior
to the above-mentioned quantum solvers as it ne-
glects three- or more-magnon scattering processes,
the T-matrix resummation would be a powerful
tool to describe nonperturbative thermal many-body
interactions.

G. Spectral function

We calculate the single-particle spectral function of
magnons given by

Aðk;ωÞ ¼ Tr½Aðk;ωÞ�;

Aðk;ωÞ ¼ −
1

π
Im ½Gkðωþ i0þÞ�; ð27Þ

where

½GkðzÞ�−1mn ¼ δmnðz − ωknÞ − Σk;mnðzÞ ð28Þ
denotes the interacting single-particle Green’s function.
Note that an analytic continuation iωs → ωþ i0þ is
applied in Eq. (27). We evaluate frequency-dependent
self-energies in two different methods: off-shell and on-
shell approximations. In the off-shell method, we compute
Eq. (27) without any approximations, indicating that it can
capture weakly nonperturbative corrections to the line
shape which deviates from an ideal Lorentzian. In the
on-shell method, we incorporate only the diagonal com-
ponents of the self-energy and neglect off-diagonal ones.
Moreover, self-energies are evaluated at the noninteracting
magnon energy: Σk;nnðωþ i0þÞ → Σk;nnðωkn þ i0þÞ. The
on-shell spectral function is then given by

Aon-shellðk;ωÞ

¼ −
1

π

X
n

Σ00
k;nnðωknÞ

ðω − ωkn − Σ0
k;nnðωknÞÞ2 þ ðΣ00

k;nnðωknÞÞ2
;

ð29Þ
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where Σ0
k;nnðωknÞ¼ReΣk;nnðωknþ i0þÞ and Σ00

k;nnðωknÞ ¼
ImΣk;nnðωkn þ i0þÞ. As seen in Eq. (29), the on-shell
spectral function corresponds to a sum of Lorentzian peaks
centered at the renormalized energies.

III. RESULTS

A. Gapless Dirac magnons in CrBr3
In this section, we study the temperature-induced

renormalization of the magnon spectrum in CrBr3 hosting
gapless Dirac magnons.

1. Multiparticle continua

Before discussing entire self-energy contributions and the
effects of binding of two magnons, we first focus on the
underlying multiparticle excitation structures, i.e., multi-
magnon density of states (DOS) that influence the renorm-
alization of single magnons at finite temperatures.
According to the imaginary part of the sunset self-energy
in Eq. (15), we consider the sunset density of states given by

DðSunsetÞ
k ðωÞ ¼ 1

N2
muc

X
pq

X
νν1ν2

δðωþωpν −ωqν1 −ωkþp−qν2Þ

ð30Þ

and its temperature-weighted version defined as

BðSunsetÞ
k ðωÞ ¼ 1

N2
muc

X
pq

X
νν1ν2

δðωþωpν−ωqν1 −ωkþp−qν2Þ

×
h
nð0Þpν ð1þnð0Þqν1 þnð0Þkþp−qν2Þ−nð0Þqν1n

ð0Þ
kþp−qν2

i
:

ð31Þ

WhileDðSunsetÞ
k ðωÞ accounts for only kinematically possible

decay channels, BðSunsetÞ
k ðωÞ additionally incorporates the

Bose factor weights.
Figure 4(a) shows DðSunsetÞ

k ðωÞ for CrBr3 along the high-
symmetry path given by the purple arrows in Fig. 2(a).

Evaluating it on shell, that is, evaluatingDðSunsetÞ
k ðω¼ωk�Þ,

reveals a very weak momentum dependence, as depicted in
Fig. 4(b). This weak dependence suggests that kinematics
alone cannot be responsible for momentum-dependent
features of magnon lifetimes. This is an important differ-
ence to spontaneous decays, which often come with
threshold effects [31].
A stronger momentum dependence is found when

accounting for Bose factor weights: In Fig. 4(c), we plot

BðSunsetÞ
k ðωÞ at a temperature of 1.7 K, which exhibits a

more pronounced structure than DðSunsetÞ
k ðωÞ in Fig. 4(a).

This is because scattering processes featuring thermally
activated magnons at low energies come with a large Bose

factor nð0Þpν in Eq. (31). As expected, when taken on shell,

that is, BðSunsetÞ
k ðω ¼ ωk�Þ, a rich momentum dependence

is identified, as shown in Fig. 4(d). While it can be expected
that this dependence will get imprinted onto the magnon
lifetimes, additional momentum-dependent factors appear
in the scattering vertex Qm;ν↔ν1;ν2

k;p↔q1;q2
Qν1;ν2↔n;ν

q1;q2↔k;p in Eq. (15),
which set the full momentum dependence of the self-
energy.
We emphasize that there are similarities between the

temperature-weighted sunset DOS and the bare two-mag-
non DOS Dð2Þ

k ðωÞ defined in Eq. (18), where the latter
relates to the reduced sunset self-energy given by Eq. (16).

FIG. 4. Multimagnon continua exhibited by the spin model for

CrBr3 with S ¼ 3=2. (a) Sunset density of states DðSunsetÞ
k ðωÞ and

(b) its on-shell trace DðSunsetÞ
k ðωknÞ ðn ¼ þ;−Þ. (c) Temperature-

weighted sunset DOS BðSunsetÞ
k ðωÞ and (d) its on-shell trace

BðSunsetÞ
k ðωknÞ at 1.7 K. (e) On-shell two-magnon density of

states Dð2Þ
k ðωknÞ. Red (blue) lines and markers indicate data for

lower (upper) bands n ¼ − (þ). Magnitudes of all the density of
states are given with arbitrary units.
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For instance, two peaks of BðSunsetÞ
k ðωk−Þ near the K point

in Fig. 4(d) are mimicked by cusplike enhancements of the

on-shell two-magnon DOS Dð2Þ
k ðωkþÞ shown in Fig. 4(e).

Such cusplike enhancements seen in Dð2Þ
k ðωknÞ ðn ¼ �Þ

are associated with Van Hove singularities of the two-
magnon DOS. While there are some similarities, we also
observe stark differences, as illustrated by the presence

(absence) of an enhancement of BðSunsetÞ
k ðωkþÞ ðDð2Þ

k ðωkþÞÞ
toward the Γ point. Taken together, these observations
indicate that the reduced sunset self-energy originally
introduced in Ref. [2] is not necessarily sufficiently
accurate to reproduce significant features of the full sunset
self-energy at low temperatures.

2. Two-magnon bound states

While in the previous section we have argued that the
bare two-magnon DOS Dð2Þ

k [defined in Eq. (18)] may not
be the relevant quantity to study for analyzing experimental
data, two-magnon physics itself, in particular, two-magnon

binding, does play an important role in the T-matrix
resummation, as suggested by the denominator in Eq. (19).
The left column in Fig. 5 presents the bare two-magnon

DOS Dð2Þ
k ðωÞ in CrBr3. Note that it is built from the sum of

two free magnons, ignoring corrections from magnon-
magnon interactions. We show results for S ¼ 1=2,
S ¼ 1, and S ¼ 3=2 in Figs. 5(a), 5(d), and 5(g), respec-
tively, of which the latter corresponds to the actual spin
quantum number of CrBr3 and the other cases are shown to
highlight differences to the quantum limit. Importantly, S

appears as a scaling factor for Dð2Þ
k ðωÞ only because the

single-magnon energies are of the order of S.
In contrast, in the central column in Fig. 5, we show the

nearest-neighbor (NN) density of two-magnon bound states
(DOBS). It is calculated from an exact diagonalization in the
two-magnon sector—as done inRefs. [59–61] for the square
lattice and explained inAppendixD—which explicitly takes
magnon-magnon interactions into account. In particular, it
accounts for magnon binding. A two-magnon bound state
would separate from the continuum due to the binding

FIG. 5. Two-particle excitation density of states in CrBr3. (Left column) Two-magnon density of states DkðωÞ, (middle column)
nearest-neighbor density of two-magnon bound states, and (right column) on-site density of two-magnon bound states. The latter two
quantities are calculated using exact diagonalization for a system with 2 × 72 × 72 sites. The model parameters fJ1; J2; J3; Ag are taken
from CrBr3, while the spin length was set to (top row) S ¼ 1=2, (middle row) S ¼ 1, and (bottom row) S ¼ 3=2. Note that the on-site
anisotropy A does not play any role in spin-1=2 systems. (g)–(i) correspond to the actual material CrBr3. Green lines denote linear spin-
wave spectra. Cyan dashed lines show lower and upper bounds of the band-resolved bare two-magnon continua, i.e., minq½ωq� þ
ωk−q�� and maxq½ωq� þ ωk−q��. Line cuts on the white dashed lines in (a), (b), (g), and (h) are plotted in Fig. 6. Cyan arrows in
(b) indicate some of two-magnon bound state resonances within the two-magnon continuum.
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energy [62], and its wave function has largest weight on
states with two spin flips at neighboring sites, because the
binding derives from the nearest-neighbor exchange inter-
action. However, on the honeycomb lattice, it is known that
the binding energy is too weak to produce clearly separated
bound states [63]. Instead, a projection of the wave function
onto the three states with nearest-neighbor spin flips (along
the three legs of the honeycomb) reveals two-magnon bound
state resonances within the two-magnon continuum, as
indicated by cyan arrows in Fig. 5(b). These resonances
can be thought of as lifetime broadened quasiparticleswhose
spectral weight gets diluted by hybridization with the
continuum. Consequently, they show up in the spectral
function as peaks of varying sharpness. Note that such a
diluted two-magnon bound state in the one-dimensional
Heisenberg ferromagnet was studied using time-dependent
thermal density matrix renormalization group in Ref. [64].
Since the magnon binding is a quantum phenomenon (as the
binding energy is a factor of 1=S smaller than the bare
magnon energies [62]), the S ¼ 1=2 case in Fig. 5(b)
exhibits the most pronounced effects, with two-magnon
bound state resonances visible at the lower edge of the
continuum close to the K point [63]. Note that these
resonances do not coincide with Van Hove singularities
of the continuum [cf. the magenta V-shaped feature close to
the K point in Fig. 5(a)], although they appear very close in
energy. The two-magnon binding decreases for increasingS,
such that the resonance features are considerably less
pronounced for S ¼ 1 and S ¼ 3=2 in Figs. 5(e) and 5(h).
Nonetheless, when compared to the Van Hove singularity
features in Figs. 5(d) and 5(g), the bound state resonances
still lead to a “sharper” lower edge of the V-shaped features
at the K point.
Exploring the differences between the bare two-magnon

DOS and the NN DOBS in greater detail, we take a closer
look at the Γ-K path in Fig. 5(b). The peak in the NN
DOBS penetrates into the two-magnon continuum at the K
point, originating from the lower edge of the continuum
around ω ≈ 1.7 meV. In this region, the bound state
appears to be diluted by the continuum, suggesting a
partial loss of its coherence. Compared to the Van Hove
singularity of the two-magnon DOS along the same path—
also beginning at the K point near ω ≈ 1.7 meV and shown
in Fig. 5(a)—the diluted bound state is slightly shifted to
lower energies. This shift is clearly seen in the line cuts
along the white dashed lines in Figs. 5(a) and 5(b)
presented in Fig. 6(a). Moreover, surprisingly, despite of
the partial loss of coherence by dilution, the NN DOBS
near ω ≈ 1.9 meV exhibits a sharper line shape than the
spikelike Van Hove singularity of the two magnon DOS
near ω ≈ 2 meV. Similar trends including energy shifts
and line shapes in the two-magnon DOS and/or diluted
bound states is also observed along the K-M path in
Figs. 5(a) and 5(b). Beyond these, substantial structural
differences between the two-magnon DOS and the NN

DOBS are also observed across the entire energy and
momentum ranges shown in Figs. 5(a) and 5(b).
As stated before, for larger spins S ¼ 1 and S ¼ 3=2

with weaker quantum effects, differences between NN
DOBS and two-magnon DOS are less pronounced
compared to those when S ¼ 1=2, as seen in Figs. 5(d),
5(e), 5(g), and 5(h). However, line cuts in Fig. 6(b) for
S ¼ 3=2 still indicate appreciable difference between them,
such as the spectral shapes and peak heights nearω ≈ 6 meV.
Further differences are found at higher energies.
Finally, we also briefly mention the on-site DOBS

presented in Figs. 5(f) and 5(i) for completeness. Single-
ion or “on-site” two-magnon bound states arise from the
single-ion anisotropy and physically correspond to putting
two spin deviations on the same lattice site [65,66], which
is possible for S > 1=2 only due to the spin-1=2 algebra
[see Fig. 5(c)]. For S ¼ 1 and S ¼ 3=2, the intensity
distribution of the on-site DOBS shown in Figs. 5(f) and
5(i) is markedly different from the NN DOBS in Figs. 5(e)
and 5(h). Importantly, no clear features of single-ion bound
states (or resonances) can be made out, because the single-
ion anisotropy A is very weak and much smaller than the
exchange energy. This situation can be contrasted with
systems such as FeI2, where the anisotropy is the leading
energy scale [67]. We conclude that single-ion two-magnon
bound states play no role in the considered systems.

3. T=TC ≪ 1

We turn to the renormalization and linewidth of the
magnon dispersion in the spin model of CrBr3 at small

FIG. 6. (a) Density of states line cuts of the spin-1=2 model,
along the white dashed lines in Figs. 5(a) and 5(b). (b) Those for
the spin-3=2 model describing CrBr3, along the white dashed
lines in Figs. 5(g) and 5(h). AGaussian kernel with a half width at
half maximum of 0.16 meV was used for smoothing.
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temperatures far below the critical temperature TC and
discuss the qualitative and quantitative differences arising
from the various levels of approximation introduced
in Sec. II.
To comply with the literature [6], we define the rescaled

energy shift

Δϵ̃qνðTÞ ¼
ϵqνð0Þ − ϵqνðTÞ

ϵqνð0ÞT2
; ð32Þ

where ϵqνðTÞ is the magnon energy at temperature T. The
motivation for introducing Δϵ̃qνðTÞ derives from Ref. [2],
where a T2 dependence of the magnon energy renormal-
ization was predicted.
Figure 7(a) shows ΔϵqνðTÞ along high-symmetry paths

at T ¼ 1.7 K. The employed high-symmetry momentum
path across multiple Brillouin zones and the definition of
modes 1 and 2 in Fig. 7 are depicted in Figs. 2(a) and 2(d),
respectively. We identify pronounced differences among
the three approximations: the Hartreeþ reduced sunset
(shown as a black line), the Hartreeþ full sunset (shown
as dashed colored line), and the resummation (shown as
thick solid colored line). The resummation predicts sensi-
tively momentum-dependent features near the Γ point for
mode 1, which are absent in the Hartreeþ reduced sunset
and the Hartreeþ full sunset predictions, highlighting the
importance of including higher-order diagrams, which are
systematically taken into account in the Bethe-Salpeter
equation given by Eq. (19). Note further that Δεq−ðTÞ is
largest for the acoustic magnon close to the Brillouin zone
origin. This is because there the largest relative change in
energy happens as ε0−ðTÞ → 0when approaching the Curie
temperature.
We next examine the predicted linewidths at low temper-

ature and their sensitivity to the level of approximation. As
shown in Fig. 7(b), the linewidths differ significantly
among the three approximations. In the Hartreeþ
reduced sunset approximation (thin black line), several
spikelike features appear where the linewidth is drastically
enhanced. However, more than half of these spikelike
structures disappear in both of the improved approxima-
tions—namely, the Hartreeþ full sunset and the resumma-
tion—indicating that they are artifacts of the low-
temperature approximation used to derive the reduced
sunset self-energy. Although such spikes are often attrib-
uted to repulsive interactions between a single magnon and
the bare two-magnon Van Hove singularity, their absence in
the improved approximations suggests that this interpreta-
tion is not valid. This is consistent with the general
experimental finding in Ref. [6], where discrepancies
between the Hartreeþ reduced sunset approximation and
experimental data were reported. Unfortunately, no exper-
imental linewidth data are available at this low a temper-
ature, because the experimental energy resolution is
insufficient to resolve the expected μeV-scale linewidths.

Furthermore, there are substantial qualitative and quan-
titative differences between the Hartreeþ full sunset
(dashed line) and the resummation results (solid line)
across the entire Brillouin zone in Fig. 7(b). Along the
(1 0 0)-(1.5 0 0) [Γ-M] path, the resummation predicts
significantly larger linewidth of mode 1 than the Hartreeþ
full sunset, which the Hartreeþ full sunset approximation
fails to capture, again underscoring the importance of
higher-order diagrams. Similarly, at a momentum point
near the K point, namely, (1.3 0.4 0), a drastic enhancement
in the linewidth of mode 1 is observed in the resummation
while missing in the Hartreeþ full sunset approximation.
Within the Hartreeþ full sunset approximation—which
describes the interaction between single magnons and

the thermally weighted sunset DOS BðSunsetÞ
k depicted in

Fig. 4(d)—only weak momentum-dependent features of the
linewidth are predicted. On the contrary, the resummation,
which accounts for spectral redistribution in the sunset
DOS because of magnon binding, describes strongly
momentum-dependent magnon linewidth enhancement
associated with the two-magnon binding effect [recall
the diluted two-magnon bound state near ω ≈ 6 meV
presented in Fig. 6(b)]. More precisely, within resumma-
tion, the linewidth enhancement appears because a magnon
collides with a thermally excited magnon and scatters into a
two-magnon bound resonance. Similar enhancements of
linewidth associated with interactions of the lower magnon
branch with bound magnons are found at (0.65 0.7 0) of
mode 1 and at (0.7 0.6 0) of mode 2. These differences
between the Hartreeþ full sunset approximation and the T-
matrix resummation are more clearly visible in Fig. 8(d),
showing an enlarged view near the K point. Moreover, not
spikelike but broad enhancements of linewidth of mode 1 at
(0.9 0.2 0) and (1.15 0 0) seem to be associated with inter-
actions of the upper magnon branch and bound-magnon
resonance near the Γ point indicated in Fig. 5(h). Taken
together, these results demonstrate a fundamental differ-
ence between the two approaches. The Hartreeþ full
sunset approximation is insensitive to the fine structure
in the momentum-frequency distribution of the background
two-magnon states that mediate the scattering of thermally
excited single magnons and, therefore, predicts an overly
smoothed, weakly momentum-dependent linewidth. In
contrast, the resummation essentially captures the inter-
action between single magnons and the two-magnon bound
states and their resonances—an intrinsic quantum effect—
and, thus, reliably predicts the large momentum depend-
ence of the linewidth at low temperatures.
It isworth noting that the linewidth peakpositions near the

K point predicted by the Hartreeþ reduced sunset and by
the resummation are comparable, even though their absolute
magnitudes differ. This suggests that the Hartreeþ reduced
sunset approximation—which represents the lowest-order
approach for evaluating linewidths—is not entirely inad-
equate, as it can still provide a reasonable approximation in
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certain momentum regions at the lowest temperature.
Nevertheless, the underlying physics captured by the
Hartreeþ reduced sunset and the resummation are funda-
mentally different, and only the latter is technically justified.
This underscores the importance of comparing results from
different levels of approximation to achieve reliable pre-
dictions of the linewidth.

Altogether, the linewidths predicted by the highest-level
approximation—the resummation—differ both qualita-
tively and quantitatively from those obtained using lower-
level approximations, indicating that two-magnon bound
states, their resonances, and the general spectral redistrib-
ution within the sunset DOS due to magnon-magnon
interactions play an essential role in single-magnon

FIG. 7. Comparison of the experimentally detected and theoretically predicted thermal evolution of the magnon spectrum of CrBr3.
(a),(c),(e) Relative magnon energy shift Δϵ̃qνðTÞ as defined in Eq. (32) at (a) 1.7, (c) 20, and (e) 30 K, respectively. Square (circle)
markers with error bars denote inelastic neutron scattering data obtained with incident energy of 15 (30) meV, which are reproduced
from Ref. [6]. The experimental data are quantitatively compared with predictions based on nonlinear spin-wave theory at different
levels of approximation. The thin black line shows the result of the Hartreeþ reduced sunset approximation, also reproduced from
Ref. [6]. The colored dashed line corresponds to the Hartree þ full sunset approximation, while the colored solid line represents the
resummation result. (b),(d),(f) Linewidth (half width at half maximum of the Lorentzian) of magnons divided by T2. Again, the
experimental data were reproduced from Ref. [6] and are compared with theoretical predictions. (g) Rescaled energy shift and
(h) linewidth predicted by the resummation at selected temperatures.
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excitations, even at the lowest temperatures. The predicted
μeV-scale enhancement of the linewidth near the K point at
low temperatures might be observable with modulation of
intensity with zero effort [68], a specialized variation of
neutron spin-echo spectroscopy, given adequate sample
volume.

4. T=TC ≲ 1

Next, we discuss thermal magnon renormalizations at
higher temperatures, i.e., 20 and 30 K, where a direct
comparison between the theory and experimental data
reported in Ref. [6] is possible. At 20 K, the rescaled
energy shift of magnons predicted by the resummation
shows remarkable agreement with the experimental data as
seen in Fig. 7(c), indicating reasonable accuracy of this
approximation in capturing temperature-induced renorm-
alization. On the other hand, the lower-level approxima-
tions are worse than the resummation. Especially the
Hartreeþ full sunset approximation overestimates the
energy shifts across the entire region of the BZ. At 30 K
in Fig. 7(e), which is slightly below TC ≈ 32 K, the
resummation still fits experimental data qualitatively but
slightly underestimates the energy shifts, while the
Hartreeþ full sunset still overestimates them.

Figures 7(d) and 7(f) show the linewidth of magnons at
20 and 30 K, respectively. Although the overall momentum
dependence is well reproduced, both the Hartreeþ full
sunset and the resummation tend to underestimate the
linewidth of both modes 1 and 2 roughly by a factor of
2. This quantitative discrepancy is possibly explained by
higher-order diagrams that are not accounted for in either
approximation. A likely scenario is that contributions from
three-particle excitations—indicated by the diagrams given
in Fig. 9—or from more-than-three multimagnon excita-
tions could reduce the discrepancy, as temperatures close to
TC activate such higher-order scattering processes.
In addition to this, the Kramers-Kronig relation, which

connects the real and imaginary parts of the self-energy,
provides another important insight. At 20 K, the T-matrix

FIG. 8. (a)–(c) Enlarged views of the scaled magnon energy shift of CrBr3 estimated by the Hartreeþ full sunset approximation
(Hþ S) and the T-matrix resummation (T-mat.) along the M-K-K=2 [(0.5 1 0)-(2=3 2=3 0)-(5=6 1=3 0)] path at (a) 1.7, (b) 20, and
(c) 30 K, respectively. (d)–(f) Those of the scaled linewidth. Note that both the scaled energy shifts and the linewidths of the two bands
coincide at the K point for both methods, indicating that the Dirac cones of the harmonic theory stay intact.

FIG. 9. Three-magnon scatterings, which need to be included
for a more quantitatively accurate description of the magnon
linewidth at high temperatures near TC.
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resummation reproduces the magnon energy shift in a
reasonably accurate manner while underestimating the
linewidth. This indicates that the calculated real part of
the self-energy coincides with the experimental data,
whereas the imaginary part does not. Although the imagi-
nary part of the self-energy is constrained by its real part
through the Kramers-Kronig relation, this constraint
applies to the full frequency dependence of the self-
energy—i.e., through an integral over a broad energy
range—rather than to its on-shell imaginary part.
Therefore, the remaining discrepancy in the on-shell line-
width does not contradict the Kramers-Kronig relation.
Instead, it likely reflects additional intrinsic damping
channels not captured in the present model—such as
further magnon-magnon interaction processes at higher
energies or incoherent scattering mechanisms—which
could predominantly enhance the linewidth while leaving
the renormalized dispersion largely unaffected.
Beyond these intrinsic magnon-magnon interaction

effects which we targeted to study in this work, extrinsic
processes like impurity- and/or lattice-defect-induced scat-
tering processes could be possible to contribute to enhance
the linewidth, which are highly sensitive to the sample
quality. It is noteworthy that, due to the causality constraint
of the self-energy, all such extrinsic contributions enhance
the linewidth. We also point out that limitations of the
experimental setup tend to increase the observed linewidth.
The instrumental resolution in neutron scattering and the
integration effect over small momentum-energy windows
can have a momentum-dependent influence on the
observed magnon linewidth, as the resolution function
varies across the Brillouin zone depending on the scattering
geometry and the steepness of the magnon dispersion.
Differences in incident neutron energy also affect energy
resolution.
These considerations indicate that the remaining quanti-

tative discrepancy in the linewidth does not signify a
fundamental shortcoming of the present theoretical frame-
work. Rather, it reflects the fact that both the theoretical
treatment of intrinsic magnon-magnon interactions and the
experimental determination of linewidth still involve uncer-
tainties that can be further improved.
Comparing the theoretical predictions at low and high

temperatures yields another important insight. As we dis-
cussed above, at 1.7 K, the T-matrix resummation predicts
clear enhancements in the linewidth near the K point
associated with magnon-bound magnon interactions. By
contrast, these features are significantly renormalized at 20
and 30 K, in reasonable agreement with the experimental
data, while underestimating the absolute linewidths by
roughly a factor of 2, in a largely momentum-independent
manner. This nonmonotonic temperature dependence of the
linewidth challenges the simple T2 dependence predicted
by the Hartreeþ reduced sunset approximation for an ideal
isotropic system with a quadratically dispersive gapless

Goldstone mode [2], although such a dependence was
indeed experimentally observed at relatively high temper-
atures in Ref. [6]. This deviation from the T2 law in the
lowest temperature region is presumably due to the
presence of the Goldstone gap 2SA ≈ 0.97 K. An expected
temperature dependence of the magnon band renormaliza-
tion in the presence of the Goldstone gap 2SA is fðTÞ ≔
T2 expð−2SA=TÞ rather than the simple T2. By taking the
logarithmic derivative lfðTÞ ≔ ½ðd ln fÞ=ðd lnTÞ�, the
approximated power-law dependence of fðTÞ is given
by fðTÞ ≈ Tð2þ2SA=TÞ at each T. When T ¼ 2SA, the
approximated scaling is T3, which completely differs from
the ideal T2. As increase in temperature and it reaches to
T ≫ 2SA, the effect of the gap becomes negligible and the
T2 behavior is gradually recovered, as indicated in Table I.
Indeed, as shown in Fig. 7(h), while the calculated line-
width using the resummation at 20, 30, and even 40 K
(which is above TC ≈ 32 K) follow the T2 law closely, the
one at 1.7 K clearly deviates from this trend. Moreover, as
seen in Fig. 7(g), the calculated magnon energy shift using
the resummation also deviates from the T2 law at lower
temperatures. We note that similar trends can be also seen
in the Hartreeþ full sunset self-energy presented in
Appendix F.
We close this section by highlighting a possible trace of

repulsive interactions between magnons and two-magnon
bound resonances observed at the highest measured tem-
perature. The T-matrix resummation predicts a tiny but
finite enhancement of the linewidth of mode 1 at (0.65 0.7
0) at 20 and 30 K, as shown in Figs. 7(d) and 7(f), which are
more pronounced in their enlargements Figs. 8(e) and 8(f).
Note the absence of such enhancements in the Hartreeþ
full sunset prediction highlights their pure quantum origins,
which are correctly captured only by the T-matrix resum-
mation. Notably, the experimental data at 30 K in Fig. 7(f)
exhibit a clear indication of such enhancement, in good
qualitative agreement with the prediction by the T-matrix
resummation. On the contrary, it is a bit of a pity that the
20 K data are considerably noisier near the K point, and
discrepancies between datasets obtained with different
incident neutron energies (15 and 30 meV) hinder any

TABLE I. Approximated power-law dependence of the
temperature scaling of the magnon renormalization fðTÞ ≔
T2 expð−2SA=TÞ in the presence of the Goldstone gap
2SA ¼ 0.97 K.

Temperature (K) lfðTÞ ¼ 2þ 2SA=T Effective scaling

0.97 3.00 T3

1.7 2.57 T2.57

5 2.19 T2.19

10 2.10 T2.10

20 2.05 T2.05

30 2.03 T2.03
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reliable conclusion at that temperature. We consider that
the linewidth enhancement at 30 K may be a trace of
magnon–bound magnon repulsive interaction, which is
more pronounced at 1.7 K. This indicates the possibility
of observation of interaction effects between different
particle-number states even at high temperatures near
TC, while their magnitude is less pronounced than those
at low temperatures. Higher-resolution experiments could
overcome current limitations and provide a more quanti-
tative and robust understanding of this subtle linewidth
feature at elevated temperatures.

5. Stability of Dirac magnons

We also investigate the damped Dirac magnons at the K
point of CrBr3 at finite temperatures. Figure 10(a) shows
the temperature dependence of the single-magnon spectral
function obtained with the off-shell T-matrix resummation
at the K point. The Dirac magnon, which exhibits a sharp
single-peak structure at the lowest temperatures, acquires
thermal-fluctuation-induced damping as the temperature
increases, resulting in a broadening of the spectral shape.
Notably, no peak splitting is observed at any temperature,
indicating that the Dirac point remains intact under con-
siderable thermal fluctuations. As is more clearly seen in
Fig. 8, both magnon energy shifts and lifetimes of modes 1
and 2 are perfectly identical at the K point at 1.7, 20,
and 30 K, indicating the Dirac point stays intact at all
temperatures. Moreover, spectra shown in Fig. 10(b)
obtained from the classical spin dynamics, whose theo-
retical and technical details are provided in Sec. III A 6,
also support the intactness of the Dirac magnon at elevated

temperatures. This is to be expected, since the magnon-
magnon interactions do not break a symmetry of the
harmonic theory. This is in stark difference to the chiral
honeycomb ferromagnets and antiferromagnets studied in
Refs. [32,33]. At higher temperatures, such as 30 and 40 K,
a shoulderlike feature emerges as an incoherent background
in the low-frequency region, suggesting nonperturbative
corrections to the line shape.
Before proceeding further, we briefly comment on

Ref. [39], which investigates the finite-temperature renorm-
alization of magnon bands in CrBr3 within a Hartree + full-
sunset approximation. As can be inferred from Figs. 7(a) and
7(b) in Ref. [39], the Dirac-point degeneracy appears to be
lifted at finite temperatures. However, in the spin
Hamiltonian used to describe CrBr3 in Ref. [39], there is
no mechanism that breaks the spin-space symmetry protect-
ing the Dirac point, even at finite temperature. Consequently,
on general symmetry grounds, the Dirac-point degeneracy is
expected to remain intact throughout the entire temperature
range, independent of the specific level of approximation.
This expectation is confirmed by our analysis; see Fig. 8.
From this perspective, the finite-temperature lifting of the
Dirac degeneracy reported in Ref. [39] should be interpreted
with caution. By contrast, our Hartreeþ full-sunset calcu-
lations preserve all relevant symmetries, thereby providing a
controlled second-order description of CrBr3.

6. Classical spin dynamics

Classical atomistic spin dynamics provides a comple-
mentary approach to evaluate the finite-temperature mag-
non spectrum. The interacting spin-wave framework
developed in the previous section is based on the
Holstein-Primakoff expansion of the spin Hamiltonian
and incorporates magnon-magnon interactions through
the Hartree and full sunset self-energies together with a
nonperturbative T-matrix resummation. In contrast, spin-
dynamics simulations treat the dynamics fully nonpertur-
batively by integrating the stochastic Landau-Lifshitz-
Gilbert equation, thereby including interaction effects to
all orders through the real-time evolution of the spin
configurations. For the large-spin ðS ¼ 3=2Þ systems con-
sidered here, this classical description is particularly well
justified and provides an efficient way of accessing
dynamical spectral functions. The resulting dynamical
structure factor exhibits temperature-dependent renormal-
ization and damping across the Brillouin zone, providing an
independent benchmark for the predictions of the interact-
ing spin-wave analysis.
The Landau-Lifshitz-Gilbert equation [69] is given by

dSi
dt

¼ −
γ

1þ α2G
½Si × Beff

i þ αGSi × ðSi × Beff
i Þ�; ð33Þ

where γ is the gyromagnetic ratio, αG is the Gilbert
damping, Si is a unit-length spin vector, and Beff

i is the

FIG. 10. Line cuts of (a) the single-magnon spectral function
Aðq ¼ K;ωÞ obtained with the off-shell T-matrix resummation at
the K point of CrBr3 at selected temperatures and (b) the
dynamical spin-structure factor Sðq ¼ K;ωÞ obtained with the
classical spin-dynamics simulations.
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effective magnetic field. We employed Langevin dynamics
to incorporate the effect of thermal fluctuations.
Accordingly, the effective field [70] acting on each spin
reads as

Beff
i ¼ −

1

μs

∂H
∂Si

þ ΓðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2αGkBT
γμsΔt

s
: ð34Þ

The first term is derived from the Hamiltonian and accounts
for the effect of interactions and external magnetic fields,
with μs denoting the local spin moment. The second term
represents thermal fluctuations via a three-dimensional
Gaussian white noise vector ΓðtÞ, scaled such that the
fluctuation-dissipation theorem is satisfied. Here, kB is
the Boltzmann constant, T is the temperature, and Δt is the
time step of the simulation. For running the numerical
calculations, we utilized the VAMPIRE spin-dynamics
package [70]. The inclusion of the Gaussian noise field
leads to classical thermal ensembles consistent with
Boltzmann statistics. As a result, it tends to overestimate
thermal fluctuations and artificially enhance the spectral
weight of low-energy modes, a consequence of classical
equipartition. To access spectral properties, we compute the
dynamical spin structure factor (DSSF), which is defined as
the space-time Fourier transform of spin-spin correlations
and is directly observable in inelastic neutron scattering
experiments:

Sμνðq;ωÞ ¼ 1

2πN

X
i;j

Z
∞

−∞
dtei½ωt−q·ðRi−RjÞ�hsμi ðtÞsνjð0Þi:

ð35Þ

In order to partially correct the unphysical behavior at low
energies, a classical-to-quantum rescaling [71,72] is intro-
duced:

Squantumðq;ωÞ ¼ βω

1 − e−βω
Sclassicalðq;ωÞ: ð36Þ

This approach restores consistency with the quantum
fluctuation-dissipation relation by suppressing the low-
frequency spectral weight at low temperatures. This cor-
rection modifies only the spectral distribution, not thermo-
dynamic quantities such as the critical temperature, which
remain driven by the classical dynamics.
Figure 11 shows calculated DSSF as well as the rescaled

magnon energy shift and linewidth at 5 and 20 K, obtained
from classical spin-dynamics simulations, where the energy
shifts and linewidths are extracted by fitting the DSSF
spectra with a skewed Lorentzian:

Sfitðq;ωÞ ¼ Af
½1þ αðω − ω0Þ�2
ðω − ω0Þ2 þ Γ2

; ð37Þ

with fit parameters amplitude Af , center frequency of the
magnon peak ω0, linewidth Γ, and skewness α. At low

FIG. 11. (a) Dynamical structure factor with a logarithmic intensity scale, (b) relative magnon energy shift, and (c) linewidth in CrBr3
at 5 K obtained with classical spin-dynamics simulations. (d)–(f) Those at 20 K. For (b), (c), (e), and (f), red (blue) lines with markers in
lower (upper) panels show the data of mode 1 (2), corresponding to those colors in Fig. 2(d). As seen in (b) and (d), magnon energy shift
is shown in units of TΔϵ̃qν. Since Δϵ̃qν given by Eq. (32) includes T2 scaling, the presented unit TΔϵ̃qν scales as T linear.
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temperatures the magnon peaks are well described by
symmetric Lorentzians, whereas at elevated temperatures
thermal fluctuations lead to asymmetric broadening, which
we capture by employing a skewed Lorentzian line shape.
As a result of classical white noise, the temperature
dependence of the data does not follow the T2 behavior
discussed in Refs. [2,6]. In particular, as a consequence
of classical equipartition, energy shifts in Figs. 11(b) and
11(e) exhibit linear-in-T behavior (see vertical axes) rather
than the expected T2 scaling. Partially missing data points
close to the K point and along an M-K path in Figs. 11(b),
11(c), 11(e), and 11(f) are associated with failures of the
fitting given by Eq. (37) within a reasonable accuracy,
specifically R2 ≥ 0.99. These failures occur either because
the spectral weight vanishes along certain momentum
paths, as seen in Figs. 11(a) and 11(d) or because, upon
approaching the Dirac point, the peak positions of modes 1
and 2 become increasingly close. At higher temperatures,
the substantial noise of both peaks further complicates the
fitting of the spectrum as a sum of two skewed Lorentzians.
Setting aside the temperature dependence, several key

features observed experimentally are well reproduced by
the classical spin dynamics. Notably, the energy shift of
mode 1 in Figs. 11(b) and 11(e) shows minimal momentum
dependence along the K-Γ-M-K path [(2=3 2=3 0)-(1 0 0)-
(1.5 0 0)-(4=3 1=3 0)], consistent with both experimental
results and interacting spin-wave theory. The enhancement
of the rescaled energy shift of the lower mode (mode 2
along the presented path) toward the Γ point is also
accurately reproduced. Moreover, for those momentum
paths and modes where statistically reliable data
are obtained, the linewidth presented in Figs. 11(c) and
11(f) remains smooth across all momenta, with no spikelike
anomalies, again in good agreement with both experiment
and spin-wave theory. Importantly, no linewidth broad-
ening associated with single magnon-bound magnon inter-
actions, as predicted by the T-matrix resummation
approach, is observed in the classical dynamics. This
absence underscores the quantum nature of the bound state
contributions.

B. Gapped Dirac magnons in CrI3
Here, using the resummation, we revisit the previously

predicted thermal topological transition in CrI3 [37,42,43],
associated with thermal fluctuation-induced topological
gap closing and reopening at the K point.

1. Recap of previous works

Reference [37] theoretically studied magnon spectra in
CrI3 at finite temperatures, using the Hartree approximation
(without self-consistency). The authors found an inversion
of Chern numbers �1 between the lower and upper bands
triggered by temperature-driven gap closing and reopening
at the K point. A successive comment [42] pointed out that

the gap closing occurs around TC, which is a limit where
the assumptions of the Hartree approximation are ques-
tionable. However, within a self-consistent Hartree
approximation incorporating not only four-magnon terms
Hð4Þ but also a part of the six-magnon terms Hð6Þ, the gap
closing and reopening occurs slightly below TC [43]. This
indicates that, as temperature increases, the gap closing and
reopening—and the associated exotic phenomena such as
the topological transition and a potential sign reversal of the
thermal Hall conductivity—can occur just below TC, before
the system enters a paramagnetic phase.
Altogether, these studies demonstrate that significantly

different predictions can arise depending on the approxi-
mation scheme employed. As a result, it has remained
unclear whether such topological transitions are physically
robust phenomena or artifacts introduced by the approx-
imations inherent to interacting spin-wave theory. A defini-
tive consensus has yet to be established.

2. Predictions based on the resummation: Absence of the
gap closing and reopening

Since the predicted topological transition is considered
to be achieved at very high temperature just at TC or
slightly below it, before evaluating the presence or absence
of the gap closing and reopening, it is important to examine
whether any particular approximation scheme predicts TC.
To obtain the data presented in Figs. 12(a) and 12(b), we

need to evaluate hSzri ¼ S − hâ†r âri numerically at varying
temperatures. Within the linear spin-wave theory, the
ensemble of magnon number is given by

hâ†r¼rα âr¼rαi ¼
1

Nmuc

X
k

X
ν

j½Uk�ανj2nð0Þkν : ð38Þ

In the self-consistent Hartree approximation [recall

Eq. (23)], the unitary matrix Uk and the Bose factor nð0Þkν

in Eq. (38) are replaced by self-consistent solutions Ũk and
nðcÞðω̃kνÞ, respectively. In the off-shell approximations, the
ensemble of magnon number is given by

hâ†r¼rα âr¼rαi ¼
1

Nmuc

X
k

Z
nðcÞðωÞ½UkAðk;ωÞU†

k�ααdω:

ð39Þ

Note that hSzi ¼ hSzr¼rAi ¼ hSzr¼rBi is satisfied in any case.
It is also worth noting that, since we numerically found that
the TC defined as the temperature at which hSzi ¼ 0 is
satisfied is almost equivalent to that at which the on-site
anisotropy-induced spin gap vanishes within the on-shell
approximation, namely, ωk¼Γ− þ Σ0

k¼Γ−−ðωk¼Γ−Þ ¼ 0, we
use the latter definition of TC only in Fig. 12(b) just to
reduce computational cost.
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Figure 12(a) presentsM-T curves obtained with different
approximation schemes: linear spin-wave theory, self-con-
sistent Hartree approximation with up to four-magnon
terms [SCH(4)], and the off-shell T-matrix resummation.
Among these three approximation schemes, the resumma-
tion predicts TC most accurately, indicating that it remains
highly reliable even near TC.
We then reexamine the possibility of the temperature-

driven gap closing and reopening and associated topological
transitions using the resummation technique. Figure 12(c)
shows the calculated single-magnon spectrum of
CrI3 at 40.6 K, which is slightly below the calculated
TT-matrix
C ≈ 41.8 K. While the gap size at the K point is

slightly reduced from that at 0K, it is still as large as 4meV. In
fact, we examined the gap size slightly above the calculated
TT-matrix
C where the lower acousticmagnon sankdown into the

negative frequency region and found the gap remains not
closed, as seen in Fig. 12(e). This indicates the robustness of
the topological gap up to TC, and the topological transition
predicted in Refs. [37,43] could not be reproducedwithin the
T-matrix resummation.
Robustness of the topological gap at the K point even

in the vicinity of TC is corroborated by classical

spin-dynamics simulations. Figure 12(d) shows the
rescaled dynamical spin-structure factor S̃ðq;ωÞ ¼
Sðq;ωÞ=WðqÞ at T=TClassical

C ¼ 0.91, obtained by employ-
ing the stochastic Landau-Lifshitz-Gilbert equation. Note
that WðqÞ ¼ R

Sðq;ωÞdω, and TClassical
C ≈ 35 K is also

evaluated by the same methods. While the spectral weight
from the lower branch appears to be overestimated due to
classical Boltzmann statistics, which tends to exaggerate
thermal fluctuations, we can see that the topological gap at
the K point is still present, as more clearly seen in the
corresponding line cut presented in Fig. 12(f).
In summary, the T-matrix resummation and classical

spin-dynamics simulations suggest that the topological
gap-closing behavior reported in Refs. [37,43], obtained
within a self-consistent Hartree framework, arises from
extending the Hartree approximation beyond the regime in
which it can be expected to provide a reliable description of
the system’s dynamics. While self-consistent Hartree
approaches are well established to yield reasonable esti-
mates for static quantities—such as Curie temperatures in
ferromagnets—their application to dynamical properties,
including spectral functions, generally calls for addi-
tional care.

FIG. 12. (a) Temperature-dependence of the magnetization hSzi of CrI3 obtained with several different level approximations. The
dashed vertical line shows the experimentally observed monolayer TC ≈ 45 K. Rightmost markers for each of the different
approximation schemes indicate maximum temperatures where the positive value of magnetization is obtained and the actual
predicted TC’s where magnetization vanishes are slightly above them. (b) A ratio between the topological gap at the K point and the
magnon damping ΔK=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΓKþΓK−

p
for CrI3 obtained by the on-shell T-matrix resummation. Among several model parameters for CrI3,

only Dz is artificially varied. White vertical line denotes the calculated TT-matrix
C , which is almost independent of Dz. (c) Single magnon

spectrum Aðq;ωÞ of CrI3 at 40.6 K obtained with the off-shell resummation. Green lines show the linear spin-wave bands. (d) The
rescaled dynamical spin-structure factor S̃ðq;ωÞ ¼ Sðq;ωÞ=WðqÞ at T=TClassical

C ¼ 0.91 obtained with classical spin-dynamics
simulations. (e) Line cuts of the single magnon spectrum at K point Aðq ¼ K;ωÞ obtained with the off-shell T-matrix resummation
at varying temperatures. (f) Line cuts of the rescaled dynamical spin-structure factor S̃ðq ¼ K;ωÞ ¼ Sðq ¼ K;ωÞ=Wðq ¼ KÞ obtained
with classical spin-dynamics simulations.
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3. Observability of the topological gap

So far, our T-matrix resummation scheme has shown that
the topological gap in CrI3 remains robust even in the high-
temperature regime near TC. While the robustness of the
gap implies the absence of a topological transition involv-
ing the inversion of magnon Chern numbers, it does not
necessarily guarantee the observability of the gapped Dirac
magnons at finite temperatures, since the gap can be
significantly smeared out by magnon lifetime effects [48].
To address this issue, we quantitatively analyze how
magnon lifetime affects the visibility of gapped Dirac
magnons near TC.
Figure 12(b) shows a ratio between the gap size at

the K point, ΔK , and a geometric mean of the lower- and

upper-magnon branch linewidths ΓK− ¼ − ImΣðTÞ
k¼K−− and

ΓKþ ¼ − ImΣðTÞ
k¼Kþþ as a function of temperature T and

DMI Dz. The reference value for this ratio is set to
ΔK=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΓKþΓK−

p ¼ 1, which corresponds to the threshold
at which the dip between the two peaks in the spectral
function becomes distinguishable. If the ratio exceeds 1, the
gap is considered larger than the magnon linewidth,
allowing the upper and lower branches to be observed as
distinct features. Conversely, if the ratio falls below 1, the
gap is effectively buried within the linewidth, making it
impossible to resolve the two branches separately. In
practice, considering that the resummation scheme may
underestimate the linewidth by roughly a factor of 2
compared to experiment near TC, as seen in the case of
CrBr3 shown in Fig. 7(f), we adopt a more conservative
criterion of ΔK=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΓKþΓK−

p ¼ 2. As shown in Fig. 12(b),
when Dz ¼ 0.09 meV, the ratio ΔK=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΓKþΓK−

p
reaches

approximately 2 near TC. This means that the topological
gap is observable in the vicinity of TC if Dz exceeds the
threshold D⋆

z ≈ 0.09 meV. In comparison, the actual value
of Dz in CrI3 is 0.31 meV, and at 46 K—slightly above
TC—the ratio exceeds 3.5, while it is outside of the plotted
region in Fig. 12(b). This suggests that the topological gap
in CrI3 remains clearly observable even in the vicinity of
TC. More generally, this result indicates that in honeycomb-
lattice ferromagnets with a DMI to exchange ratio Dz=J1
larger than 5%, the topological gap should be visible up to
the ordering temperature if J2 and further-neighbor
exchange interactions are subleading, which is the case
for CrSiTe3 and CrGeTe3.

IV. DISCUSSION

A. Corrections in the long-wavelength limit

In the two-dimensional spin systems, the finite-temper-
ature and isotropic limit lies in the regime where magnetic
order is prohibited by the Mermin-Wagner theorem, mak-
ing it a challenging task to accurately predict long-wave-
length magnon energy shifts in such conditions. We here
discuss the breakdown of the interacting spin-wave

perturbation theory in the long-wavelength and isotropic
(Heisenberg) limits ðjkj → 0; A → 0Þ. The predictions of
the thermal fluctuation-induced magnon energy shift in
CrBr3, shown in Fig. 7, exhibit a serious issue only in the
long-wavelength limit: They overestimate the shift at high
temperatures. In fact, both the Hartreeþ full sunset and the
resummation underestimates TC compared to the exper-
imentally observed value TC ≈ 32 K, triggered by an
overestimation of the energy shift of the lower-branch
magnon in the long-wavelength limit.
A reason of this overestimation caused by the resum-

mation is the short-wavelength limit employed when
deriving the T-matrix self-energy given in Eq. (20).
Unfortunately, since the real part of the T-matrix self-
energy includes a principal value integral whose magnitude
is hard to be evaluated both analytically and numerically, it
is difficult to avoid this problem within the current BSE
framework. It is also important to note that, contrary to the
CrBr3 case, in case of CrI3 with a sizable monoaxial
anisotropy of 0.22 meV, which is roughly 8 times larger
than that of CrBr3 (0.028 meV), the resummation predicts
TC quite accurately, indicating the resummation is free
from such a breakdown except for the isotropic limit where
the lower-branch magnon is nearly gapless.
The overestimation of energy shift caused by the

Hartreeþ full sunset is presumably because it lacks some
of the frequency-independent real self-energy contributions
of the order of 1=S2, for instance, those from the snowman
diagram presented in the inset in Fig. 13 or from Hð6Þ.
Incorporation of the snowman diagram into the interacting
spin-wave theory is expected to relieve this problem.
Moreover, this snowman diagram can be systematically
incorporated into the BSE framework by extending it to the
two-channel parquet-type equation presented in Fig. 13,
which should be solved self-consistently. This may mitigate
the overestimated energy shift of the long-wavelength
acoustic mode in the original resummation scheme based
on the BSE even without avoiding the aforementioned
short-wavelength limit treatment given in Eq. (20). Such

FIG. 13. Diagrammatic representation of the two-channel
parquet-type equation, which is not soluble, in general. The
inset shows the frequency-independent snowman diagram of the
order of 1=S2.

RINTARO ETO et al. PHYS. REV. X 16, 021053 (2026)

021053-20



precise analyses in the long-wavelength limit are left for
future study.

B. Potential application of the T-matrix resummation
for quantum hybridization between magnons

and bimagnons

Beyond the scope of this work, which focuses on thermal
hybridization between single-particle and two-particle sec-
tors in the presence of particle-number conservation, we
point out that particle-number-nonconserving scattering
processes containing the T matrix potentially capture
quantum hybridization between them even at absolute
zero. For instance, a scattering process presented in
Fig. 14 describes quantum magnon-bimagnon hybridiza-
tion, where the central T matrix encodes information of
bimagnons, i.e., two-magnon bound states. It is important
to mention that the left and right three-magnon vertices do
not conserve magnon numbers and, thus, directly corre-
spond to the quantum nature of the system considered. Self-
energy of this diagrammatic process could provide an
effective single-particle description of spin-multipolar
topology [59] associated with magnon-bimagnon
hybridization.

C. Other material candidate

In this study, we focused on Cr-based van der Waals
honeycomb ferromagnets, which are well established to
host spin-3=2 moments. However, to more clearly observe
magnon excitation features such as linewidth broadening
arising from thermally activated magnon-magnon inter-
actions revealed in this work, materials with smaller spin
magnitudes—more sensitive to quantum and thermal
many-body effects—would be more suitable targets.
Recently, several density-functional theory studies [73,74]
have reported the emergence of out-of-plane ferromagnet-
ism in monolayer TiBr3, although its bulk counterpart tends
to form a dimerized structure [75]. In particular, Ref. [74]
derived a spin model to which the interacting spin-wave
theory developed in this work can be directly applied.
Studying this material, thus, constitutes a natural and
promising extension of the present work.

V. SUMMARY

We have developed a theoretical framework to describe
the temperature-dependent behavior of magnons in honey-
comb ferromagnets, focusing on van der Waals materials
such as CrBr3 and CrI3. Moving beyond conventional
truncated interacting spin-wave theory, we introduced a
resummed perturbative approach that incorporates mag-
non-magnon interactions through a T-matrix formalism
based on the Bethe-Salpeter equation. This enables us to
capture the effects of two-magnon bound states—features
largely overlooked in earlier studies but crucial for under-
standing magnon damping and spectral evolution, even at
low temperatures.
Benchmarking against inelastic neutron scattering data

for CrBr3, our theory semiquantitatively reproduces the
temperature-induced energy shifts and linewidth broad-
ening across the Brillouin zone. It reveals clear signatures
of many-body interactions, including distinct spectral
fingerprints of bound-state scattering that elude lower-level
approximations. Contrary to prior claims, our analysis of
gapped magnon systems such as CrI3 shows that the
topological gap remains robust up to the magnetic tran-
sition temperature, with no evidence supporting a thermally
driven topological transition. Additionally, we propose a
practical criterion for assessing the observability of topo-
logical features in spectroscopic experiments.
Importantly, our resummation approach highlights the

limitations of standard 1=S expansions, particularly near
critical temperatures or in regimes where quantum effects
persist despite large spin values. The results indicate that
even systems with S ¼ 3=2 can exhibit nontrivial quantum
many-body phenomena when interaction channels are
treated with care. These findings not only clarify how
thermal fluctuations shape magnon spectra, but also lay the
groundwork for designing future spectroscopic experi-
ments and magnonic devices that harness topological spin
excitations in low-dimensional materials.
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APPENDIX A: SPIN-BOSON TRANSFORMATION

As introduced in the main text, a standard form of the
Holstein-Primakoff transformation is given by

Ŝþ
r ¼ Ŝ1

r þ iŜ2
rffiffiffi

2
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S −

â†r âr
2

s
âr ¼

ffiffiffi
S

p �
âr −

1

4S
â†r ârâr þ � � �

�
;

Ŝ−
r ¼ Ŝ1

r − iŜ2
rffiffiffi

2
p ¼ â†r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S −

â†r âr
2

s
¼

ffiffiffi
S

p �
â†r −

1

4S
â†r â

†
r âr þ � � �

�
;

Ŝ0
r ¼ S − â†r âr; ðA1Þ

where âr ðâ†rÞ denotes the bosonic creation (annihilation) operators on the atomic site r. Using the Holstein-Primakoff
transformation, bosonization of the spin-S operator Sr is performed as

Sr → Ŝ1
re1r þ Ŝ2

re2r þ Ŝ0
re0r

¼ Ŝþ
r þ Ŝ−

rffiffiffi
2

p eþr þ e−rffiffiffi
2

p þ Ŝþ
r − Ŝ−

rffiffiffi
2

p
i

eþr − e−rffiffiffi
2

p
i

þ Ŝ0
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¼ Ŝþ
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¼ e−r
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p �
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â†r ârâr −
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p �
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â†r â

†
r âr −

1

32S2
â†r â

†
r â

†
r ârâr þ � � �

�
þ e0rðS − â†r ârÞ: ðA2Þ

Note that, for the out-of-plane ferromagnetic ground states, e1r ¼ ð1; 0; 0Þ, e2r ¼ ð0; 1; 0Þ, e0r ¼ ð0; 0; 1Þ, and
e�r ¼ ðe1r � ie2rÞ=

ffiffiffi
2

p
, independent of r. A boson representation of general two-body spin-spin interaction is given by

S⊤
r Jr;r0Sr0 ¼ J þ−
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r ârâr0 −

1

4

�
1þ 1

8S

�
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þ J 00
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†
r0 ârâr0 Þ
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where Jr;r0 is a 3 × 3 matrix. Note that J χχ0
r;r0 ¼ ½eχr �⊤Jr;r0 ½eχ

0
r0 � ðχ; χ0 ¼ �; 0Þ. Here, we do not show magnon-number-

nonconserving terms explicitly, since these contributions are canceled due to U(1) symmetry of the Hamiltonian given by
Eq. (1) with the out-of-plane ferromagnetic order.

APPENDIX B: DERIVATION OF THE T-MATRIX SELF-ENERGY

1. Solution of the Bethe-Salpeter equation

In the following, we denote the decomposition of the four-point (two-in–two-out) vertex as

Qν1;ν2↔ν3;ν4
q1;q2↔q3;q4 ¼ vLν1;ν2ðq1;q2Þ

Γ
4Nmuc

vRν3;ν4ðq3;q4Þ; ðB1Þ

where Γ is a 5N2
subNbond × 5N2

subNbond-dimensional matrix and vLν1;ν2ðq1;q2Þ ðvRν3;ν4ðq3;q4ÞÞ is a 5N2
subNbond-dimensional

row (column) vector. The factor 5 comes from the number of elements in a vector Yðqa;qb; δÞ given by Eq. (B7). Nsub and
Nbond denote the number of sublattices in a magnetic unit cell and that of bonds connecting different sites fr; r0g with
nonzero spin-spin interaction Jr;r0 , respectively.
A solution of the BSE given by Eq. (19) has the form [49]

Tν1;ν2↔ν3;ν4
q1;q2↔q3;q4ðzÞ ¼ vLν1;ν2ðq1;q2Þ½1 − Aq1þq2ðzÞ�−1

Γ
4Nmuc

vRν3;ν4ðq3;q4Þ: ðB2Þ

Using the relation ð1 − AÞ−1 ¼ 1þ Aþ A2 þ � � �, the (nþ 1)th-order term of the left side with respect to A corresponds to
the nth-order term of the right side. For n ¼ 0, one gets the following relation:

vLν1;ν2ðq1;q2ÞAKðzÞ
Γ

4Nmuc
vRν3;ν4ðq3;q4Þ

¼ 2

ℏ

X
q5;q6

X
ν5;ν6

�
vLν1;ν2ðq1;q2Þ

Γ
4Nmuc

vRν5;ν6ðq5;q6Þ
	
1þ nð0Þq5ν5 þ nð0Þq6ν6

z − ωq5ν5 − ωq6ν6

�
vLν5;ν6ðq5;q6Þ

Γ
4Nmuc

vRν3;ν4ðq3;q4Þ
	
: ðB3Þ

Equation (B3) immediately gives the following solution:

AKðzÞ ¼
2

ℏ

X
q5;q6

X
ν5;ν6

�
Γ

4Nmuc
vRν5;ν6ðq5;q6Þ ⊗ vLν5;ν6ðq5;q6Þ

	
1þ nð0Þq5ν5 þ nð0Þq6ν6

z − ωq5ν5 − ωq6ν6

¼ 2

ℏ

X
q5

X
ν5;ν6

�
Γ

4Nmuc
vRν5;ν6ðq5;K − q5Þ ⊗ vLν5;ν6ðq5;K − q5Þ

	
1þ nð0Þq5ν5 þ nð0ÞK−q5ν6
z − ωq5ν5 − ωK−q5ν6

: ðB4Þ

2. Decomposition of the vertex

The 5N2
subNbond × 5N2

subNbond-dimensional matrix Γ can be block diagonalizable into Nbond irreducible 5N2
sub × 5N2

sub-
dimensional matrices Γfr;r0g. This block diagonalization is explicitly given in the form

Qν1;ν2↔ν3;ν4
q1;q2↔q3;q4

¼ vLν1;ν2ðq1;q2Þ
Γ

4Nmuc
vRν3;ν4ðq3;q4Þ

¼ 1
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�
⨁
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Γfr;r0g
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4Nmuc

X
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vLν1;ν2ðq1;q2; r0 − rÞΓfr;r0gvRν3;ν4ðq3;q4; r0 − rÞ
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4Nmuc

X
fr;r0gpair

X
αβγδ

½vLν1;ν2ðq1;q2; r0 − rÞ�ðαβÞ½Γfr;r0g�ðαβÞðγδÞ½vRν3;ν4ðq3;q4; r0 − rÞ�ðγδÞ; ðB5Þ
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where α, β, γ, and δð¼ 1; 2;…; NsubÞ are sublattice indices.⊕fr;r0gpair and
P

fr;r0gpair sum over all pairs fr; r0gwith nonzero Jr;r0
in a magnetic unit cell. Here, we choose the basis of the four-point vertex decomposition with the following functional form:

½vLν1;ν2ðq1;q2; δÞ�⊤ðαβÞ ¼ ½Uq1 ��αν1 ½Uq2 ��βν2Yðq1;q2; δÞ;
½vRν3;ν4ðq3;q4; δÞ�ðγδÞ ¼ ½Uq3 �γν3 ½Uq4 �δν4Yðq3;q4; δÞ; ðB6Þ

where Yðqa;qb; δÞ is a five-component vector given by

Yðqa;qb; δÞ ¼ ð1; eiqa·δ; e−iqa·δ; eiqb·δ; e−iqb·δÞ⊤: ðB7Þ
A symmetrized 5 × 5 block element of the 5N2

sub × 5N2
sub matrix Γhr;r0i is given by

½Γfri;rjg�ðαβÞðγδÞ ¼
1

2

0
BBBBBBBB@

0 −J −þ
γδ δαiδβiδγjδδi −J −þ
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αβδαiδβjδγjδδi
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αβ δαjδβiδγiδδi þJ 00

αβδαjδβiδγjδδi 0 þJ 00
αβδαjδβiδγiδδj 0

−J −þ
αβ δαjδβiδγjδδj 0 þJ 00

βαδαjδβiδγiδδj 0 þJ 00
βαδαjδβiδγjδδi

−J −þ
αβ δαiδβjδγiδδi þJ 00
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βαδαiδβjδγiδδj 0

1
CCCCCCCCA
:

ðB8Þ
Note that, just for concreteness, additional sublattice indices i; j ¼ 1; 2;…; Nsub are introduced.

3. Short-wavelength limit

The T-matrix self-energy [49] is given by

ΣðTÞ
k;mnðiωnÞ ¼ −

4

ℏ

X
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1

βℏ

X
iωs
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Using the Kramers-Kronig relation (dispersion relation) [57]
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where z ¼ ωþ i0þ, the T matrix is rewritten as follows:
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P denotes the principal value. In the short-wavelength limit, one neglects the second term because it is proportional to the

“nonelementary” Bose factor nðcÞðωÞ, which is negligible compared to the “elementary” Bose factor nð0Þpν . As a result, the
diagonal part of the approximated T-matrix self-energy is given by

ΣðTÞ
k;mmðiωnÞ ≈

4

ℏ

X
p

X
ν

Tm;ν↔m;ν
k;p↔k;pðiωn þ ωpνÞnð0Þpν : ðB12Þ

Next, we consider the generalization of the above discussion to the off-diagonal components. One considers the following
complex integral along the closed path C presented in Fig. 15:

0 ¼
I

dz
Tm;ν↔n;ν
k;p↔k;pðzÞ −Qm;ν↔n;ν

k;p↔k;p

z − ω

¼ P
Z

R

−R
dω0 T

m;ν↔n;ν
k;p↔k;pðω0Þ −Qm;ν↔n;ν

k;p↔k;p

ω0 − ω
þ
Z
Cδ

dz
Tm;ν↔n;ν
k;p↔k;pðzÞ −Qm;ν↔n;ν

k;p↔k;p

z − ω
þ
Z
CR

dz
Tm;ν↔n;ν
k;p↔k;pðzÞ −Qm;ν↔n;ν

k;p↔k;p

z − ω

→ −P
Z

∞

−∞
dω0 T

m;ν↔n;ν
k;p↔k;pðω0Þ −Qm;ν↔n;ν

k;p↔k;p

ω − ω0 − iπ½Tm;ν↔n;ν
k;p↔k;pðωÞ −Qm;ν↔n;ν

k;p↔k;p� ðδ → 0; R → ∞Þ: ðB13Þ

A natural extension of Eq. (B10) to the full matrix elements, not only the diagonal components but also the off-diagonal
ones, is given by

Tm;ν↔n;ν
k;p↔k;pðωÞ ¼ Qm;ν↔n;ν

k;p↔k;p −
P
iπ

Z
∞

−∞
dω0 T

m;ν↔n;ν
k;p↔k;pðω0Þ −Qm;ν↔n;ν

k;p↔k;p

ω − ω0

⇔ Tm;ν↔n;ν
k;p↔k;pðzÞ ¼ Qm;ν↔n;ν

k;p↔k;p −
1

iπ

Z
∞

−∞
dω0 T

m;ν↔n;ν
k;p↔k;pðω0Þ −Qm;ν↔n;ν

k;p↔k;p

z − ω0 : ðB14Þ

Indeed, we can easily check that the diagonal part of Eq. (B14) reduces to Eq. (B10) by the following calculations:

Tm;ν↔m;ν
k;p↔k;pðωÞ ¼ Qm;ν↔m;ν

k;p↔k;p −
P
iπ

Z
∞

−∞
dω0 Re½T

m;ν↔m;ν
k;p↔k;pðω0Þ� þ i Im ½Tm;ν↔m;ν

k;p↔k;pðω0Þ� −Qm;ν↔m;ν
k;p↔k;p

ω − ω0

¼ Qm;ν↔m;ν
k;p↔k;p −

P
π

Z
∞

−∞
dω0 Im ½Tm;ν↔m;ν

k;p↔k;pðω0Þ�
ω − ω0 −

P
iπ

Z
∞

−∞
dω0 Re½T

m;ν↔m;ν
k;p↔k;pðω0Þ� −Qm;ν↔m;ν

k;p↔k;p

ω − ω0

¼ Qm;ν↔m;ν
k;p↔k;p −

1

π



P
Z

∞

−∞
dω0 Im ½Tm;ν↔m;ν

k;p↔k;pðω0Þ�
ω − ω0 − iπ Im ½Tm;ν↔m;ν

k;p↔k;pðωÞ�
�

¼ Qm;ν↔m;ν
k;p↔k;p −

1

π

Z
∞

−∞
dω0 Im ½Tm;ν↔m;ν

k;p↔k;pðω0Þ�
ω − ω0 : ðB15Þ

Using steps very similar to Eq. (B11), one derives

FIG. 15. Closed path of integration C. As a consequence of the causality, the numerator of the integrand Tm;ν↔n;ν
k;p↔k;pðzÞ −Qm;ν↔n;ν

k;p↔k;p is
analytic in the upper half plane.
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ΣðTÞ
k;mnðiωnÞ ¼

4

ℏ

X
p

X
ν

Tm;ν↔n;ν
k;p↔k;pðiωn þ ωpνÞnð0Þpν þ 4

ℏ

X
p

X
ν

1

iπ

Z
∞

−∞
dω0 T

m;ν↔n;ν
k;p↔k;pðω0Þ −Qm;ν↔n;ν

k;p↔k;p

iωn − ω0 þ ωpν
nðcÞðω0Þ: ðB16Þ

For diagonal components, Eq. (B16) reduces to Eq. (B11) by the following procedure:

ΣðTÞ
k;mmðiωnÞ ¼

4

ℏ

X
p

X
ν

Tm;ν↔m;ν
k;p↔k;pðiωn þ ωpνÞnð0Þpν

þ 4

ℏ

X
p

X
ν

1

π

Z
∞

−∞
dω0



−
1

π

Z
∞

−∞
dω00 Im ½Tm;ν↔m;ν

k;p↔k;pðω00Þ�
ω0 − ω00

�
1

iωn − ω0 þ ωpν
nðcÞðω0Þ

≈
4

ℏ

X
p

X
ν

Tm;ν↔m;ν
k;p↔k;pðiωn þ ωpνÞnð0Þpν þ 4

ℏ

X
p

X
ν

1

π

Z
∞

−∞
dω0 Im ½Tm;ν↔m;ν

k;p↔k;pðω0Þ�
iωn − ω0 þ ωpν

nðcÞðω0Þ: ðB17Þ

Within the short-wavelength limit, the approximated T-
matrix self-energy is given by

ΣðTÞ
k;mnðiωnÞ ≈

4

ℏ

X
p

X
ν

Tm;ν↔n;ν
k;p↔k;pðiωn þ ωpνÞnð0Þpν : ðB18Þ

Taking the magnon band linewidth in CrBr3 as an
example, we examine the quantitative accuracy of the
short-wavelength approximation. Figure 16 compares the
results obtainedwith andwithout this approximation. Except
for the long-wavelength lower-branch magnons, the line-
width calculated from the T-matrix self-energy within the
short-wavelength approximation accurately reproduces the
one obtained from the full T-matrix self-energy, under-
scoring the quantitative validity of the approximation.

APPENDIX C: HARTREE APPROXIMATION

1. Expectation values

The unitary transformation from the atomic bases to the
normal bases, which is originally introduced in the main

text, is explicitly given by

âkα ¼
XNsub

ν¼1

½Uk�ανb̂kν;

â†kα ¼
XNsub

ν¼1

½Uk��ανb̂†kν: ðC1Þ

Expectation values in terms of the normal bases are given by

hb̂†kνb̂k0ν0 i ¼ δk;k0δνν0n
ð0Þ
kν ;

hb̂kνb̂†k0ν0 i ¼ δk;k0δνν0 ð1þ nð0Þkν Þ;
hb̂†kνb̂†k0ν0 i ¼ hb̂kνb̂k0ν0 i ¼ 0: ðC2Þ

Using this, an arbitrary ensemble in terms of the atomic
bases are given in the form

hâ†kαâk0βi ¼ δk;k0
X
ν

½Uk��αν½Uk�βνhb̂†kνb̂kνi

¼ δk;k0
X
ν

½Uk��αν½Uk�βνnð0Þkν : ðC3Þ

(a) (b)

Li
ne

w
id

th
/T

2

Mode 2

Mode 1

[  
 e

V/
K2 ]

μ

Momentum (r.l.u.) Momentum (r.l.u.)

30 K

FIG. 16. Magnon band linewidth of CrBr3 at 30 K. Red solid lines in (b) are obtained using the full T-matrix self-energy without the
short-wavelength approximation, while those in (a) are evaluated by the T-matrix self-energy within the approximation. Note that (b) is
the same as Fig. 7(f).
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2. Four-magnon mean fields

The four-magnon Hamiltonian in terms of the atomic bases are given by

Hð4Þ ¼
X
α;β;γ;δ

X
q1;q2;q3;q4

Qα;β↔γ;δ
q1;q2↔q3;q4 â

†
q1;αâ

†
q2;β

âq3;γâq4;δ;

Qα;β;↔γ;δ
q1;q2↔q3;q4 ¼

1

2

1

4N
δðq1 þ q2 − q3 − q4Þ

×
h
fδαγδβδJ 00

q1−q3;αβ þ δαδδβγJ 00
q1−q4;αβ þ δαδδβγJ 00

q2−q3;βα þ δαγδβδJ 00
q2−q4;βαg

− fδαβδαγJ þ−
q4;γδ

þ δβδδγδJ
þ−
q1;αβ

þ δαγδαδJ
−þ
−q2;αβ þ δαβδαδJ

−þ
−q3;γδg

i
; ðC4Þ

where J χχ0
q;αβ ¼ J χχ0

αβ e
iq·ðrβ−rαÞ ðχ; χ0 ¼ �; 0Þ. We consider the mean-field decoupling of general four-magnon terms given in

the form

â†q1;αâ
†
q2;β

âq3;γâq4;δ ≈ hâ†q1;αâq3;γiâ†q2;βâq4;δ þ hâ†q2;βâq4;δiâ
†
q1;αâq3;γ þ hâ†q1;αâq4;δiâ†q2;βâq3;γ þ hâ†q2;βâq3;γiâ

†
q1;αâq4;δ

þ hâ†q1;αâ†q2;βiâq3;γâq4;δ þ hâq3;γâq4;δiâ†q1;αâ†q2;β
: ðC5Þ

Applying Eq. (C5) to Eq. (C4), one obtains the decoupled four-magnon Hamiltonian given by

Hð4Þ
MFðfhâ†p;αâp;βigÞ ¼

X
k

Hð4Þ
k;MFðfhâ†p;αâp;βigÞ

¼
X
k

X
p

X
αβγδ

½Qα;β↔γ;δ
p;k↔p;khâ†p;αâp;γiâ†k;βâk;δ þQα;β↔γ;δ

k;p↔k;phâ†p;βâp;δiâ†k;αâk;γ

þQα;β↔γ;δ
p;k↔k;phâ†p;αâp;δiâ†k;βâk;γ þQα;β↔γ;δ

k;p↔p;khâ†p;βâp;γiâ†k;αâk;δ�: ðC6Þ

Note that the pairing expectation values hâ†p;αâ†p;βi and
hâp;αâp;βi vanish exactly for U(1)-symmetric systems with
ferromagnetic ground states, as the honeycomb ferromag-
net discussed in the main text.

3. Self-consistent Hartree approximation

To obtain self-consistent solutions hâ†p;αâp;βi, we iter-
atively solve the eigenvalue problem given by

ðSHð2Þ
k þHð4Þ

k;MFðfhâ†p;αâp;βigÞÞŨk ¼ ŨkW̃k; ðC7Þ

where W̃k ¼ diagðω̃k−; ω̃kþÞ. Eigenvalues fω̃k�g, eigen-
vectors fŨkg, and expectation values fhâ†p;αâp;βig are
determined self-consistently. The self-consistent loop is
iterated until the error in the expectation value hâ†p;αâp;βi
falls below 10−6 for all crystal momenta p and sublattice
indices α and β.

APPENDIX D: CONSTRUCTION OF TWO-
MAGNON HAMILTONIAN ON TRANSLATIONAL

INVARIANT NON-BRAVAIS LATTICES

Let us first consider a spin Hamiltonian H on a
Bravais lattice with collinear ferromagnetic order along
the z direction. This Hamiltonian holds U(1) symmetry
around the z axis, ensuring the following commutation
relation:

½H; Sz� ¼ 0; Sz ¼
X
r

Szr; ðD1Þ

and, thus, the total z spin is a good quantum number.
Eigenstates can be labeled by their z spin ΔS ¼ S −m ¼
0; 1; 2; 3;… relative to the fully polarized ground state:

j0i ¼ ⨂
r
jSzr ¼ S;mr ¼ Si; ðD2Þ

i.e.,ΔS ¼ 0. It is a tensor product of local jSzr ¼ S;mr ¼ Si
states, which are eigenstates of the z-spin operator:
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SzrjSzr ¼ S;mri ¼ mrjSzr ¼ S;mri; ðD3Þ

with spin quantum number S ¼ 1
2
; 1; 3

2
; 2;…. mr and m ¼P

rmr are the local and total magnetic quantum numbers,
respectively. Here, we consider the ΔS ¼ 2 sector, whose
basis can be written as

jk; ri ¼ 1ffiffiffiffiffiffiffiffiffiffi
Nmuc

p
X
r0
eik·r

0
eik·r=2jr0; rþ r0i; ðD4Þ

where states with two spin flips jr0;rþr0i¼N −1
r S−r0S

−
rþr0 j0i

are superimposed. Under the translational invariance acting
on each site, the double spin-flip state is labeled by its
center-of-mass crystal momentum k and relative distance
vector connecting the two spin-flipped sites r. S−r ¼
Sxr − iSyr denotes the ladder operator satisfying the follow-
ing relation:

S�r jS;mri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þ −mðm� 1Þ

p
jS;mr � 1i: ðD5Þ

The normalization factor originating from the Clebsch-
Gordan coefficients reads N r ¼ 2S for r ≠ 0, and N O ¼ffiffiffiffiffiffi
2S

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
4S − 2

p
for r ¼ O ¼ 0.

The methodology to construct the two-magnon
Hilbert space and the spin-S Heisenberg (+anisotropy)
Hamiltonian matrix acting on it under the translational
invariance for Bravais lattice systems is discussed in
Refs. [59–61]. However, they do not contain sublattice
degrees of freedom in non-Bravais lattice systems and are
not straightforwardly applicable to them. We here extend
this to non-Bravais lattices containing multiple inequivalent
sublattices with N ¼ NsubL2 sites under periodic boundary
conditions, where Nsub is the number of sublattices in a
magnetic unit cell and Nmuc ¼ L2 is the number of
magnetic unit cells. We assume a restriction that L is an
even positive integer. Since the two-spin-flip basis for
Bravais lattices given by Eq. (D4) cannot span an entire
two-spin-flip space for non-Bravais lattices, we instead
introduce the following basis set:

jk;Riγγ0 ¼
1ffiffiffiffiffiffiffiffiffiffi
Nmuc

p
X
R0

eik·R
0
eik·ðRþrγ0−rγÞ=2jR0;RþR0iγγ0 ;

ðD6Þ

where an arbitrary lattice vectorR (R0) indicating a specific
magnetic unit cell is given by linear combinations of
the primitive lattice vectors ζ1 and −ζ3 [see Fig. 17(a)],
namely,

R ¼ mζ1 − nζ3: ðD7Þ
m and n are integers satisfying m; n∈ ½−L=2þ 1; L=2�. rγ
ðrγ0 Þ denotes an internal coordinate of the γ (γ0)th sub-
lattice in magnetic unit cells. The state jR0;RþR0iγγ0 ¼
N −1

Rþrγ0−rγ
S−R0þrγ

S−RþR0þrγ0
j0i is that with two-spin flips on

the γth sublattice in a magnetic unit cell R0 and the γ0th
sublattice in a magnetic unit cell RþR0. Since the two-
spin-flip basis set given by Eq. (D6) holds unphysical
redundancies given in the from

jk;Riγγ ¼ jk;−Riγγ; ðD8Þ

jk;Riγγ0 ¼ jk;−Riγ0γ ðfor γ ≠ γ0Þ; ðD9Þ

we need to take them into account when constructing the
two-spin-flip Hilbert space under translational invariance.
Note that these redundancies do not apply to the following
four specific R’s with ðm; nÞ ¼ ð0; 0Þ, (L=2, 0), ð0; L=2Þ,
and ðL=2; L=2Þ, since they are invariant under R ↔ −R
transformation as indicated in Fig. 17(b). The first redun-
dancy given by Eq. (D8) is the same one as that in Bravais
lattice systems. This reduces the space dimension of the γγ
sector from jRj ¼ L2 to jR̃j¼L2=2þ2 (from jRj¼L2−1

to jR̃j ¼ L2=2þ 1) when S ≥ 1 (S ¼ 1=2), as roughly
indicated in Fig. 17(b). We practically introduce a reduced
relative distance lattice vector R̃∈ fR;−Rg, where the
two bases connected by the equality in Eq. (D8) are
identified as

jk; R̃irγγ ≔

 jk;Riγγ ≡ jk;−Riγγ ðR ≠ O; ðL=2Þζ1;−ðL=2Þζ3; ðL=2Þζ1 − ðL=2Þζ3Þ;
jk;Riγγ otherwise:

ðD10Þ

The second redundancy given by Eq. (D9) is unique in non-Bravais lattices. It indicates that, in the presence of
translational symmetry, only the γγ0 sector ðγ ≠ γ0Þ should be considered, and its counterpart, the γ0γ sector, must
be projected onto the γγ0 sector by basis-dependent appropriate spatial translation. We introduce the projected basis
given by

jk;Ripγνγ0 ≔

8><
>:

jk;Riγγ0 ≡ jk;−Riγ0γ ðR ≠ ðL=2Þζ1;−ðL=2Þζ3; ðL=2Þζ1 − ðL=2Þζ3; regardless of ν ¼←;→Þ;
jk;Riγγ0 ðR ¼ ðL=2Þζ1;−ðL=2Þζ3; ðL=2Þζ1 − ðL=2Þζ3 and ν ¼→Þ;
jk;Riγ0γ ðR ¼ ðL=2Þζ1;−ðL=2Þζ3; ðL=2Þζ1 − ðL=2Þζ3 and ν ¼←Þ:

ðD11Þ
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Note that, when R ≠ ðL=2Þζ1, −ðL=2Þζ3, nor
ðL=2Þζ1 − ðL=2Þζ3, ν is fixed to→. This projection reduces
the corresponding space dimension from 2jRj ¼ 2L2 to
jRj þ 3 ¼ L2 þ 3 for an arbitrary spin length. Thus, the
set of bases fjk;Ripγ↔γ0 g ¼ fjk;Ripγ→γ0 ; jk;Ripγ←γ0g spans

ðL2 þ 3Þ-dimensional subspace.
Finally, we consider a matrix form of the two-spin-flip

Hamiltonian on the honeycomb lattice system with two
inequivalent sublattices A and B. The Hamiltonian has the
following 3 × 3 block form:

Ĥ2ðkÞ ¼ 2S

0
BB@

ĥAA;AAðkÞ 0̂ ĥAA;ABðkÞ
0̂ ĥBB;BBðkÞ ĥBB;ABðkÞ

½ĥAA;ABðkÞ�† ½ĥBB;ABðkÞ�† ĥAB;ABðkÞ

1
CCA:

ðD12Þ

AA, BB, and AB sectors are ðL2=2þ 2Þ-, ðL2=2þ 2Þ-,
and ðL2 þ 3Þ-dimensional subspaces, respectively. Matrix
elements belonging to each block are, respectively,
given by

ĥAA;AA
R̃R̃0 ¼ r

AAhk; R̃jHjk; R̃0irAA;
ĥBB;BB
R̃R̃0 ¼ r

BBhk; R̃jHjk; R̃0irBB;
ĥAB;ABðRν0ÞðR0ν0Þ ¼ p

AνBhk;RjHjk;R0ipAν0B;
ĥAA;AB
R̃ðR0νÞ ¼ r

AAhk; R̃jHjk;R0ipAνB;
ĥBB;AB
R̃ðR0νÞ ¼ r

BBhk; R̃jHjk;R0ipAνB; ðD13Þ

where ν; ν0 ¼ →;←. To be concrete, we present matrix
elements for the spin-S J1-J2-J3-A Heisenberg+on-site
anisotropy model for CrBr3, whose Hamiltonian is given by

H ¼ J1
X

hr;r0i∈ 1NN

Sr · Sr0 þ J2
X

hr;r0i∈ 2NN

Sr · Sr0 þ J3
X

hr;r0i∈ 3NN

Sr · Sr0 − A
X
r

ðSzrÞ2

¼


J1
2

X
hr;r0i∈ 1NN

þ J2
2

X
hr;r0i∈ 2NN

þ J3
2

X
hr;r0i∈ 3NN

�
ðSþr S−r0 þ S−r S

þ
r0 Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡H�

þ


J1

X
hr;r0i∈ 1NN

þ J2
X

hr;r0i∈ 2NN

þ J3
X

hr;r0i∈ 3NN

�
SzrS

z
r0 − A

X
r

ðSzrÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≡Hz

: ðD14Þ

Note that Sþr ¼ ðS−r Þ†. H� (Hz) denotes the hopping (diagonal) term. The explicit form of the matrix elements for this
J1 − J2 − J3 − A model is given by

R R+ ζ1R− ζ1

R− ζ2

R− ζ3

R+ ζ3

R+ ζ2

− ζ3

+ ζ1

1 2 3O

19

10 11 12

4 5 6 7 8 9

9

13 14 15

16 17 1818 17

1011121314

45 67 68

15

12

(b)

(a)

FIG. 17. (a) Schematic of the honeycomb lattice. ζ i (i ¼ 1, 2, 3) denotes primitive lattice vectors. Red (blue) circles indicate the
sublattice A (B). (b) Schematic of the first redundancy given by Eq. (D8) under inversion symmetry and periodic boundary condition.
Numbers show indices of the unit cells of the honeycomb lattice when L ¼ 6. O denotes an unit cell at the origin. A pair of unit cells
indicated by red circles with the same numbers, which are connected by spatial inversion with each other, is regarded to be identical in
the presence of translational symmetry. Unit cells indicated by gray circles do not have their counterparts under inversion symmetry.
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ĥAA;AA
R̃R̃0 ðkÞ ¼ δR̃;R̃0

�
−3J1z − 6J2z − 3J3z þ

Að2S − 1Þ
S

þ J2z
2S

X
n¼1;2;3

δR̃;ζn
−
A
S
δR̃;O

	

þ
X

R∈ fR̃g

X
R0 ∈ fR̃0g

AAhk;RjH�jk;R0iAA; ðD15Þ

ĥBB;BB
R̃R̃0 ðkÞ ¼ ĥAA;AA

R̃R̃0 ðkÞ; ðD16Þ

ĥAB;ABðRνÞðR0ν0ÞðkÞ ¼ δðRνÞ;ðR0ν0Þ

�
−3J1z − 6J2z − 3J3z þ

Að2S − 1Þ
S

þ J1z
2S

X
n¼1;2;3

ðδR;O þ δR;ζ3 þ δR;−ζ2Þ

þ J3z
2S

X
n¼1;2;3

ðδR;ζ1 þ δR;−ζ1 þ δR;ζ3−ζ2Þ
	

þ δν;→δν0;→ABhk;RjH�jk;R0iAB þ δν;→δν0;←ABhk;RjH�jk;R0iBA
þ δν;←δν0;→BAhk;RjH�jk;R0iAB þ δν;←δν0;←BAhk;RjH�jk;R0iBA; ðD17Þ

ĥAA;AB
R̃ðR0νÞðkÞ ¼

X
R∈ fR̃g

½δν;→AAhk;RjH�jk;R0iAB þ δν;←AAhk;RjH�jk;R0iBA�; ðD18Þ

ĥBB;AB
R̃ðR0νÞðkÞ ¼

X
R∈ fR̃g

½δν;→BBhk;RjH�jk;R0iBA þ δν;←BBhk;RjH�jk;R0iAB�: ðD19Þ

Matrix elements in Eqs. (D15)–(D19) are evaluated using
the following Algorithms 1–4. ABhk;RjH�jk;R0iBA,
BAhk;RjH�jk;R0iAB, and BAhk;RjH�jk;R0iBA are also
evaluated by Algorithm 4 or its complex conjugate form.
It is important to note that, due to the finite-size effect,

long-wavelength two-magnon spectrum has a tiny positive
finite gap, which vanishes in the thermodynamic limit.

APPENDIX E: DETAILS OF CLASSICAL
SPIN-DYNAMICS SIMULATIONS

We summarize the key parameters used in the
spin-dynamics simulations reported in the main text. All

simulations were performed on two-dimensional honey-
comb lattices with 80 × 80 unit cells with two atoms per
unit cell and periodic boundary conditions in both directions.
For CrBr3, the time step sizewas setΔt ¼ 8.8768 × 10−16 s,
and samples were equilibrated with neq ¼ 1–5 × 107 steps,
depending on the temperature of the simulation. During the
data collection phase, nrec ¼ 1 × 107 steps were simulated,
with configurations recorded every50 steps. In the case of the
CrI3, Δt ¼ 3.279 × 10−16 s, while the equilibration and
recording steps were equal to those used for CrBr3. For
both cases, we averaged over 1000 independent stochastic
trajectories to extract the dynamical structure factor.

Algorithm 1. Calculate AAhk;RjH�jk;R0iAB=BA
1: for all R and R0 do
2: AAhk;RjH�jk;R0iAB=BA ← 0
3: end for
4: for R with ðm; nÞ ¼ ½−L=2þ 1; L=2�2 do

5: AAhk;RjH�jk;RiAB=BAþ ¼ ðJ1=2Þeik·δ1=2
n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
6: AAhk;RjH�jk;Rþ ζ3iAB=BAþ ¼ ðJ1=2Þeik·δ2=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
7: AAhk;RjH�jk;R − ζ2iAB=BAþ ¼ ðJ1=2Þeik·δ3=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
8: AAhk;RjH�jk;Rþ ζ1iAB=BAþ ¼ ðJ3=2Þeik·ξ1=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
9: AAhk;RjH�jk;R − ζ1iAB=BAþ ¼ ðJ3=2Þeik·ξ2=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
10: AAhk;RjH�jk;Rþ ζ3 − ζ2iAB=BAþ ¼ ðJ3=2Þeik·ξ3=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
11: end for
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The equilibration time steps were simulated with damp-
ing αG ¼ 0.01 at finite temperature, but the recording phase
was evolved microcanonically with αG ¼ 0 and T ¼ 0. To
model higher-spin systems within the constraint of unit-
length vectors, interactions were rescaled by a factor of S2

and set μs ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

. The dynamical structure factor
was evaluated directly in reciprocal space by Fourier
transforming the spin configurations s, thus avoiding the
explicit construction of real-space spin-spin correlators (see
Supplemental Material of Ref. [76]). Specifically,

s̃μðq;ωÞ ¼ 1ffiffiffiffi
N

p
X
i

X
t

e−iq·riþiωtsμðri; tÞ; ðE1Þ

where μ∈ fx; y; zg, N is the total number of spins,
and the sum runs over all lattice sites i and discrete
time steps t. The dynamical structure factor Sμνðq;ωÞ is
given by

Sμνðq;ωÞ ∝ hs̃μðq;ωÞs̃νð−q;−ωÞi: ðE2Þ

Algorithm 2. Calculate BBhk;RjH�jk;R0iBA=AB
1: for all R and R0 do
2: BBhk;RjH�jk;R0iBA=AB ← 0

3: end for
4: for R with ðm; nÞ ¼ ½−L=2þ 1; L=2�2 do

5: BBhk;RjH�jk;RiBA=ABþ ¼ ðJ1=2Þe−ik·δ1=2
n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
6: BBhk;RjH�jk;Rþ ζ3iBA=ABþ ¼ ðJ1=2Þe−ik·δ2=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
7: BBhk;RjH�jk;R − ζ2iBA=ABþ ¼ ðJ1=2Þe−ik·δ3=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
8: BBhk;RjH�jk;Rþ ζ1iBA=ABþ ¼ ðJ3=2Þe−ik·ξ1=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
9: BBhk;RjH�jk;R − ζ1iBA=ABþ ¼ ðJ3=2Þe−ik·ξ2=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
10: BBhk;RjH�jk;Rþ ζ3 − ζ2iBA=ABþ ¼ ðJ3=2Þe−ik·ξ3=2

n
1þ δR;O

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
11: end for

Algorithm 3. Calculate AAhk;RjH�jk;R0iAA
1: for all R and R0 do
2: AAhk;RjH�jk;R0iAA ← 0

3: end for
4: for R with ðm; nÞ ¼ ½−L=2þ 1; L=2�2 do

5: AAhk;RjH�jk;R� ζ1iAAþ ¼ ðJ2=4Þe�ik·ζ1=2
n
1þ ðδR;O þ δR0;O − δR;OδR0;OÞ

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
6: AAhk;RjH�jk;R� ζ2iAAþ ¼ ðJ2=4Þe�ik·ζ2=2

n
1þ ðδR;O þ δR0;O − δR;OδR0;OÞ

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
7: AAhk;RjH�jk;R� ζ3iAAþ ¼ ðJ2=4Þe�ik·ζ3=2

n
1þ ðδR;O þ δR0;O − δR;OδR0;OÞ

� ffiffiffiffiffiffiffiffiffiffi
2 − 1

S

q
− 1

�o
8: end for

Algorithm 4. Calculate ABhk;RjH�jk;R0iAB
1: for all R and R0 do
2: ABhk;RjH�jk;R0iAB ← 0
3: end for
4: for R with ðm; nÞ ¼ ½−L=2þ 1; L=2�2 do
5: ABhk;RjH�jk;R� ζ1iABþ ¼ ðJ2=4Þe�ik·ζ1=2

6: ABhk;RjH�jk;R� ζ2iABþ ¼ ðJ2=4Þe�ik·ζ2=2

7: ABhk;RjH�jk;R� ζ3iABþ ¼ ðJ2=4Þe�ik·ζ3=2

8: end for
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APPENDIX F: TEMPERATURE EVOLUTION OF
THE HARTREE+FULL SUNSET SELF-ENERGY

Magnon energy shift and linewidth of CrBr3 at various
temperatures estimated using the Hartreeþ full sunset
approximation are presented in Fig. 18. Data at 20, 30,
and 40 K follow the T2 behavior discussed in Ref. [6],
while that at 1.7 K deviates from it.
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