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Recent advances in quantum simulators allow direct experimental access to ensembles of pure states
generated by measuring part of an isolated quantum many-body system. These projected ensembles encode
fine-grained information beyond thermal expectation values and provide a new window into quantum
thermalization. In chaotic dynamics, projected ensembles exhibit universal statistics governed by
maximum-entropy principles, known as deep thermalization. At infinite temperature, this universality
is characterized by Haar-random ensembles. More generally, physical constraints such as finite temperature
or conservation laws lead to Scrooge ensembles, which are maximally entropic distributions of pure states
consistent with these constraints. Here, we introduce Scrooge k-designs, which approximate Scrooge
ensembles, and we use this framework to sharpen the conditions under which Scrooge-like behavior
emerges. We first show that global Scrooge designs arise from long-time chaotic unitary dynamics alone,
without measurements. Second, we show that measuring a complementary subsystem of a scrambled
global state drawn from a global Scrooge 2k-design induces a local Scrooge k-design. Third, we show that a
local Scrooge k-design arises from an arbitrary entangled state when the complementary system is
measured in a scrambled basis induced by a unitary drawn from a Haar 2k-design. These results show that
the resources required to generate approximate Scrooge ensembles scale only with the desired degree of
approximation, enabling efficient implementations. Complementing our analytical results, numerical
simulations identify coherence, entanglement, nonstabilizerness, and information scrambling as essential
ingredients for the emergence of local Scrooge-like behavior. Together, our findings advance theoretical
explanations for maximally entropic, information-stingy randomness in quantum many-body systems.
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I. INTRODUCTION

Understanding universal behavior in complex systems is
a central goal of physics. In closed quantum many-body
systems, generic unitary dynamics is expected to drive local
subsystems toward equilibrium, so local observables are
well described by generalized Gibbs ensembles determined
by conserved quantities [1,2]. Explaining how irreversibil-
ity emerges from unitarity has led to powerful concepts,
such as the eigenstate thermalization hypothesis [3-5] and
the maximum-entropy principle of statistical mechanics
[6-15].
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Recently developed quantum simulators provide access
to fine-grained information going beyond thermal expect-
ation values [16-21]. In particular, one can experimentally
probe the features of projected ensembles [17,22]: Given a
many-body pure quantum state on the composite system
AB, one measures the complementary system B in a fixed
local basis, hence sampling from an ensemble of condi-
tional pure states on A. Averaging over these pure states,
weighted by the corresponding measurement outcome
probabilities, yields the marginal density operator oy.
However, the structure of the projected ensemble encodes
additional properties of the composite state that are not
captured by o4 alone.

In chaotic quantum systems with no relevant conserva-
tion laws (or at very high temperatures), analytical,
numerical, and experimental studies (including some
rigorous mathematical proofs) have established that the
projected ensemble on A becomes indistinguishable from
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the Haar distribution at late times [17,21-45]. The Haar
ensemble is a collection of states distributed uniformly at
random over Hilbert space. Thus, not only is 6, maximally
mixed, but the projected ensemble is maximally random
as well.

In the presence of constraints such as energy or charge
conservation, the situation is much richer, as uniform Haar
randomness is no longer attainable. Instead, pioneering
work by Goldstein et al. [43,44], based on canonical
typicality [46,47], argued that the resulting limiting pro-
jected ensemble is an analog of the Haar distribution,
distorted to account for the constraints, called the Scrooge
ensemble [48]. Among all ensembles realizing a fixed
density operator o4, the Scrooge ensemble is the most
stingy in that it minimizes the classical information that can
be accessed by measuring A [49,50]. Recent work by Mark
et al. [31] further argued that Scrooge ensembles emerge
universally in broad physical settings, such as in late-time
chaotic quantum dynamics, and that their emergence
adheres to a generalized maximum entropy principle.

The appearance of such maximally random projected
ensembles has been observed across a host of physically
distinct systems like quantum spin systems [22,31,33,40],
fermionic systems [30], and bosonic continuous-variable
systems [28], constituting a strong form of universality that
has come to be known as deep thermalization, a burgeoning
and active area of research [17,21-45].

Given the apparent ubiquity of Scrooge behavior in
nature, a compelling question is not simply whether such
behavior can arise, in principle, but how robustly it arises
and what resources are required, in practice, for the
emergence of ensembles that accurately approximate
Scrooge ensembles in low-complexity, experimentally
accessible regimes. Existing works, however, rely on
idealized assumptions, including the preparation of highly
complex many-body states or measurement bases [44], or
chaotic evolution over infinitely long times [31]. These
assumptions limit their applicability to realistic experi-
ments, leaving open the question of whether Scrooge
behavior can emerge robustly with finite resources.

In this paper, we expand on these insightful earlier
contributions by developing a unified and rigorous frame-
work based on the notion of approximate Scrooge
k-designs. State k-designs, much studied in quantum
information theory [51,52], are distributions on pure states
whose first Kk moments match those of the Haar distribution;
hence, a k-design cannot be distinguished from the Haar
ensemble by any measurement acting on at most k copies of
the state. Likewise, a Scrooge k-design matches the first k
moments of the Scrooge ensemble, and an approximate
Scrooge k-design is close to an exact one in an appropriate
sense. This concept provides a quantitative tool for study-
ing the emergence of Scrooge behavior for systems that
have finite size and that evolve for a finite time. Within this
framework, we prove three main theorems that provide

sufficient conditions for the emergence of Scrooge behavior
in several different physical settings. These results are
summarized in Fig. 1.

Our first theorem concerns the temporal ensemble,
which describes the states reached when a closed quantum
system governed by a specified Hamiltonian evolves for a
random amount of time. Assuming the absence of spectral
resonances, Mark et al. [31] showed that averaging over
very long evolution times is equivalent to averaging over
the random phase ensemble [53-55], consisting of super-
positions of energy eigenstates with random phases, a
phenomenon called Hilbert-space ergodicity [56-60].
Moreover, Ref. [31] derived limiting expressions for the
statistical moments of this ensemble and showed that they
assume a form similar to, though not exactly equal to, those
of the Scrooge ensemble. Our Theorem 1 rigorously
formalizes this closeness in the language of Scrooge
designs, with corresponding quantum information-theo-
retic error bounds:

Theorem 1 (Global Scrooge from chaotic dynamics,
informal). If the temporal ensemble generated by a generic
chaotic quantum system has low purity (k*|o], < 1,
where ¢ is the density operator realized by the ensemble),
then it forms an approximate Scrooge k-design. This result
establishes that Scrooge-like universality can already arise
naturally from unitary quantum dynamics, beyond the
context of projected ensembles.

We next consider projected ensembles in the context of
deep thermalization. Goldstein et al. [44] studied the
projected ensemble in a bipartite system AB in two
idealized settings. First, they considered global states
drawn from an exact Scrooge ensemble and showed that,
when system B is measured in a fixed basis, the projected
ensemble on A converges weakly to the Scrooge ensemble
in the thermodynamic limit |B| — co. Second, they dem-
onstrated that a Scrooge ensemble on A emerges from an
arbitrary bipartite entangled state on AB if a unitary drawn
from the exact Haar ensemble is applied to B prior to
measuring.

In practice, however, exact Scrooge ensembles do not
arise in finite systems or after finite-time evolution, nor is
exact Haar randomness available in the laboratory.
Furthermore, experimentally validating an exact Scrooge
ensemble would require collective measurements on arbi-
trarily many copies of the system. Our framework of
Scrooge k-designs allows us to extend the settings consid-
ered by Goldstein et al. to an experimentally relevant
regime. Adopting modern quantum information-theoretic
notions of convergence, we build a quantitative theory of
the resources needed for deep thermalization that applies
under realistic conditions. Our results are captured by the
following theorems.

Theorem 2 (Local Scrooge design from global Scrooge
design, informal). Consider a single global state drawn
from any approximate Scrooge 2k-design with small
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FIG. 1. Scrooge k-designs in temporal and projected ensembles. Top panel: Scrooge ensembles are distributions of random pure states
that reveal minimal classical information, amongst all ensembles that realize a fixed density operator ¢. In this work, we introduce
Scrooge k-designs, which approximate Scrooge ensembles up to the kth moment. For the illustrative case of a single qubit shown here, it
is depicted by purple points over the Bloch sphere; in all cases illustrated, the density operator ¢ is common and represented by a red
circle. Higher Scrooge k-designs usually require more states and complexity in the ensemble, converging to the continuous Scrooge
ensemble in the k — oo limit. Bottom panel: We rigorously show that Scrooge k-designs emerge in the following physical settings,
commonly considered in the literature in the context of Hilbert-space ergodicity and deep thermalization: (1) temporal ensemble
{e71|0)},., obtained by evolving an initial reference state |0) with a Hamiltonian H satisfying the kth no-resonance condition, for late
times #; (2) projected ensemble generated by a state |¥),, drawn from a global Scrooge 2k-design, with subsystem B measured in an
arbitrary fixed basis; (3) projected ensemble generated by an arbitrary bipartite entangled state |¥) 4 5, with subsystem B scrambled by a
unitary Up drawn from a Haar 2k-design, prior to measurements in an arbitrary fixed basis. We rigorously prove that the temporal
ensemble (1) forms a global Scrooge k-design (Theorem 1), the projected ensemble in (2) forms a probabilistic mixture of local Scrooge

k-designs (Theorem 2), and the projected ensemble in (3) forms a local Scrooge k-design (Theorem 3).

relative error. When B is measured in a fixed basis, the
resulting projected ensemble on A is a probabilistic mixture
of approximate Scrooge k-designs with high probability.
Because the design order k may be regarded as a proxy for
quantum complexity [61,62], this result indicates that
Scrooge-like behavior of the projected ensemble is
expected when the global state is sufficiently scrambled
[62]. In the special case where the global ensemble
approximates the Haar distribution, Theorem 2 shows that
a global AB state drawn from an approximate Haar
2k-design yields a projected ensemble on A that is an
approximate Haar k-design, strengthening the results in
Refs. [22,63]. Theorem 2 reduces to the results of Goldstein
et al. [44] in the limit K — oo, where the complexity of the
global state may become exponential in the size of AB.
Theorem 3 (Local Scrooge design from scrambled
measurements, informal). Consider an arbitrary entangled
state of a bipartite quantum system AB and suppose that a
unitary transformation drawn from an approximate unitary
2k-design is applied to B prior to measuring in a fixed basis.
Then, the resulting projected ensemble on A forms an
approximate Scrooge k-design with high probability.
Complementing Theorem 2, Theorem 3 shifts the focus
from the randomness of the global state to the randomness

of the measurement basis. Combined with recent efficient
constructions of unitary designs [61,64], this result pro-
vides a practical scheme for generating Scrooge designs
using quantum circuits whose depth scales logarithmically
with system size. Theorem 3 reduces to the result of
Goldstein et al. [44] in the limit kK — oo, where the quantum
complexity of the scrambling unitary becomes exponential
in the size of B.

Our three theorems delineate, in a unified and systematic
way, several physically distinct many-body settings in
which hierarchies of Scrooge behavior arise. In particular,
Theorems 1 and 2 together suggest that projected ensem-
bles formed from late-time temporal states generically
exhibit Scrooge-like behavior. This physically natural
conclusion was anticipated by Mark e al. [31] through
an analysis of the distribution of unnormalized postmea-
surement states but had not previously been established at
the level of normalized projected ensembles. Using the
techniques developed in this work, we rigorously confirm
this expectation, though, strictly speaking, not directly from
the theorems.

Finally, complementing our analytical theorems, we
further clarify the physical resources needed for Scrooge
behavior to emerge in projected ensembles. We argue that
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coherence, entanglement, nonstabilizerness (magic), and
information scrambling are all necessary ingredients:
Removing any one of them can obstruct Scrooge-like
universality. Conversely, when these resources are present,
local Scrooge behavior can arise even in systems that do not
thermalize dynamically. Extensive numerical simulations
in several quantum many-body settings, including com-
muting circuits, doped Clifford circuits, and Hamiltonian
ground states, are performed to illustrate these points. In
particular, we demonstrate that ground states of one-
dimensional integrable Hamiltonians—whose area laws
and symmetries preclude thermalization—can nevertheless
generate emergent Scrooge designs when measured in a
random stabilizer basis. These results indicate that Scrooge
universality extends beyond conventional dynamical
settings such as deep thermalization or Hilbert-space
ergodicity.

Together, our results provide a comprehensive and
rigorous theoretical framework to analyze the emergence
of maximally entropic, information-stingy randomness in
quantum many-body systems—formulated in terms of
Scrooge k-designs—and strongly sharpen and generalize
previously known results in the literature. Beyond their
conceptual significance, Scrooge designs generalize the
notion of quantum randomness to physically constrained
regimes. Since Haar k-designs underlie applications such as
randomized benchmarking and classical shadow tomogra-
phy [17,35,51,65-67], our results, by replacing Haar
randomness with Scrooge designs, extend comparable
performance guarantees to realistic quantum simulators
operating at finite temperature or under symmetry and
entanglement constraints.

This paper is organized as follows. In Sec. II, we
introduce the basic notions of quantum state ensembles
and settings for their emergence in natural quantum many-
body systems; we also describe the key ensemble of interest
—the Scrooge ensemble—studied in this work. In Sec. III,
we present our main theorems, which identify general
scenarios under which the Scrooge ensemble emerges. In
Sec. IV, we elucidate the key physical ingredients under-
lying emergent Scrooge behavior in projected ensembles
and discuss the physical insights provided by our theoreti-
cal results. In Sec. V, we report numerical investigations of
emergent Scrooge behavior in a variety of quantum many-
body systems. Finally, we conclude in Sec. VI and provide
an outlook on future directions.

II. PRELIMINARIES OF QUANTUM STATE
ENSEMBLES: PROJECTED AND TEMPORAL
ENSEMBLES, SCROOGE ENSEMBLES,
AND SCROOGE DESIGNS

We begin with a general but brief introduction to
ensembles of pure quantum states and explain how to
characterize them statistically and through their informa-
tion-theoretic properties. We then review two physical

settings where such ensembles naturally appear. The first
setting is deep thermalization, which concerns projected
ensembles of local postmeasurement states. The second
setting is Hilbert-space ergodicity, which concerns tempo-
ral ensembles of global states generated by quantum
chaotic dynamics. We then elaborate upon the Scrooge
ensemble, the ensemble of interest in our paper. The
informed reader may skip to our main results in Sec. III.

A. Quantum state ensembles and their
information content

In this work, we are interested in ensembles of pure
quantum states,

&= {Pi,

wi)bie (1)

Here, |y;) is a quantum state supported on a D-dimensional
Hilbert space H, and p; is that state’s associated a priori
probability. For simplicity, we assume that i is a discrete
label; more generally, it can be a continuous label, in which
case p; is replaced by a probability measure. Such
ensembles could arise in a multitude of physical contexts,
for example, in quantum communication wherein classical
information is encoded in quantum messages, or in the
quantum many-body dynamical phenomena of deep ther-
malization and Hilbert-space ergodicity (reviewed below).
For now, we keep our discussions purely formal and
explain common tools used to characterize quantum state
ensembles. A standard diagnostic is to study the statistical
moments of the distribution that an ensemble £ encodes
over the Hilbert space H. To wit, for moment k € N, such
information is encoded by the moment operator

¢ = Zp, i) (wil) (2)

pe = E(lw) e

supported on the symmetric subspace of H®* (note that p(gk)

constitutes a valid density matrix on this space). We can
compare the statistical similarity of one ensemble £ with
another ensemble £’ at each moment k via the trace distance

1
2® = Lo - 8

)1’ (3)

where || -

I,
p(glf) is the kth-moment operator of &', constructed analo-

gously to Eq. (2).

A particularly useful and general lens with which one
can understand the distribution that a quantum state
ensemble describes in Hilbert space is through their
information content, captured by the so-called accessible
information Z ,..(£) utilized in quantum information theory
[68,69]. Given an ensemble &, the accessible information
quantifies the maximum amount of classical information
about the label i that can be extracted by an observer

is the Schatten p-norm (thus p = 1 above) and
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through an optimal measurement on a single copy of a state
drawn from the ensemble:

Toe(€) = sup I(E:M). (4)
M ePOVM

Here, M is a positive operator-valued measure (POVM),
and I(£: M) is the classical mutual information between the
probability distribution {p;} and the distribution of meas-

urement outcomes; see Appendix A for details. For an

ensemble £ with average state o = Y, p;|w;) (wil Epfgl),

i.e., the density matrix, there are bounds on how small and
large accessible information can be:

0(0) < Tye(€) < S(0). (5)

where Q(6) = =) ;[4jIn4;[[1;4;/(4; — 4)] is the so-
called subentropy [49] and S(c) = —)_;4;log4; is the
von Neumann entropy, where {4;}; are the eigenvalues of
o. The latter is famously known as the Holevo bound [70]
(here written for pure states).

The accessible information Z,..(€) quantifies the “ergo-
dicity” of the ensemble &, that is, how uniformly the
ensemble fills the Hilbert space, where a more ergodic
ensemble has smaller accessible information and a less
ergodic ensemble has larger accessible information. Indeed,
the ensemble that maximizes the accessible information of
a given density matrix ¢ is an ensemble of mutually
orthogonal states, which are perfectly distinguishable by
the optimal measurement. This ensemble is clearly far from
ergodic—it is a discrete collection of well-separated states
in Hilbert space.

The ensemble that minimizes the accessible information
for a given o is less trivial and more interesting. It is the so-
called Scrooge ensemble, denoted Scrooge(s), a continu-
ous collection of overlapping quantum states so named
because of its information-stingy property [49,50]. We give
its precise definition in Sec. IIC. Among all ensembles
whose average state is constrained to be ¢, Scrooge(o) is
the most spread out over Hilbert space, maximizing the
difficulty of acquiring information about signal state |y;).
Indeed, in the special case where ¢ = I/D is the maximally
mixed state, Scrooge(o) reduces to the uniformly distrib-
uted Haar ensemble such that every pure state in Hilbert
space is equally likely.

B. Projected ensembles and temporal ensembles

Thus far, we have introduced quantum state ensembles as
purely formal mathematical objects. Recently, two physical
settings where quantum state ensembles arise have received
increasing attention in the study of quantum many-body
systems. One is the projected ensemble composed of local
postmeasurement states, and the other is the temporal
ensemble of global states generated by time evolution.
Both ensembles have been found to exhibit universal

features in limiting cases, embodied by the physical
phenomena of “deep thermalization” and “Hilbert-space
ergodicity,” respectively. Here, we quickly review these
topics.

1. Projected ensemble and deep thermalization

Deep thermalization concerns the ensemble of states on a
local region of a quantum many-body system conditioned
upon measurements of the complementary region; this is
called the projected ensemble and is defined as fol-
lows [17,22].

Let |¥),5 be a global “generator” D-dimensional quan-
tum state supported on a bipartite Hilbert space AB, with
subregions A(B) of dimensions D4(Djg), respectively, so
that D = D, Dg. While not strictly necessary for this work,
we will regard W), as an N-qubit state with subsystems
A and B comprising N, and Ny qubits, respectively. In
such a case, D, = 2"+ and Dy = 2"s. Consider next
a projective measurement performed on the “bath”
subsystem B, described by a set of orthogonal rank-1
projectors {Hz}fjl satisfying the  normalization
> 11, = Iy. Measurement outcome z occurs with prob-
ability p. = (P|(I4, ® I1,)|¥), upon which the associated
postmeasurement state on the unmeasured subsystem A is
lw.)a x (In ®II,)|¥). The set of such (normalized)
postmeasurement projected states, weighted by their
probabilities, constitutes the projected ensemble

ECY) = {p=. ly)a ity (6)

[depicted in settings (2) and (3) of Fig. 1]. By capturing
correlations with classical information extracted from the
bath B, the projected ensemble provides a more refined
description of the local subsystem A than the reduced
density matrix oy.

The term deep thermalization, a burgeoning research
topic in recent years [17,21-45], refers to the observation
that, for generator states |¥),; arising from late-time
dynamics of chaotic quantum many-body systems and in
the thermodynamic limit Dp — oo with D, fixed, the
projected ensemble generically approaches Scrooge(s,)
(and related variants), which has been recognized to have
maximal entropy in the sense of harboring minimal
accessible information, given the reduced density matrix
o4 [31]. In particular, when there are no conservation laws
constraining the dynamics such that we expect o, to be
maximally mixed, the corresponding Scrooge ensemble is
the Haar ensemble. If the dynamics conserves energy and
charge such that we expect quantum thermalization to drive
o4 to a Gibbs state with a specified temperature and
chemical potential [7-10], the corresponding Scrooge
ensemble is then the most stingy “unraveling” of the
Gibbs state in terms of constituent pure states.
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2. Temporal ensemble and Hilbert-space ergodicity

Quantum state ensembles also arise naturally when we
consider evolution of a global state for a random time.
Suppose a D-dimensional quantum system evolves unitar-
ily under some Hamiltonian H(t), which, in general, could
be time dependent, and suppose the evolution time ¢ is
sampled uniformly from the interval [0, 7]. The resulting
state ensemble

ETemporal = {ay/T, |‘Pt>}re[0,T] (7)

[depicted in setting (1) of Fig. 1] is called the temporal
ensemble [31,53-55]. Here, ¢ plays the role of the classical
label i in Eq. (1). If energy is not conserved and H(¢) has
generic time dependence, one expects the temporal
ensemble to be uniformly distributed for any choice of
the initial state because there is no preferred direction in
Hilbert space, allowing the system to explore the entire
Hilbert space without constraints. Indeed, the emergence of
the Haar ensemble at late times has been demonstrated
rigorously for various classes of time-dependent H(¢) (such
as aperiodic and quasiperiodic drives consisting of sequen-
ces of kicks generated randomly or even deterministically
according to the Fibonacci and Thue-Morse words), a
phenomenon termed complete Hilbert-space ergodicity
[56-60].

When H(t) = H is time independent, energy conserva-
tion ensures that the populations |(E;[¥,)|* in the energy
basis {|E;)}; remain invariant in time, precluding the
emergence of Haar, in general. However, this does not
impose constraints on the relative phases between energy
eigenstates. At late observation times 7, it is natural to
expect the temporal ensemble to be well described by the
so-called random phase ensemble [31,53,71]

Py & A
E random phase = {(271_)1) s Z |<Ej|\P0>|e"/’f|Ej> } s (8)
=

where [¥) = 37 (E;|¥)|E;) is the initial state and ¢ =
(@1, @2, ..., p) are angles uniformly distributed on the
D-dimensional torus [0,27)P. Indeed, the density matrix

associated with the temporal ensemble is the diagonal
ensemble [3,4]

Odiag = ; [(E;|¥o) P|E;)(E;l. )

a well-known equilibrium state, defined by the initial state
dephased in the energy basis [46]. The random phase
ensemble may be thought of as the most ergodic ensemble
subject to the constraint of conservation of populations on
energy eigenstates (in the sense that the relative phases e/,
which are the remaining degrees of freedom, are distributed

with no preferred location on the torus); thus, its emergence
can be understood as Hilbert-space ergodicity in the case of
energy conservation.

Technically, Mark et al. proved that the kth moments of
the random phase ensemble describe the limiting form of
the temporal ensemble if the energy spectrum of H satisfies
the assumption of a so-called ‘““kth no-resonance condition”
[31]: Any two subsets of energy levels {E|, ..., E;} and
{E},...,E}} satisfy Y X | E; = Y% | El if and only if the
subsets are equivalent, up to a reordering of energy levels.
This assumption describes the scenario where energy levels
are generic, a physical property that is intuitively expected
to hold true for quantum chaotic systems, whose energy
spectra are known to be well governed by random matrix
theory [6]. In particular, for k=1, this condition is
equivalent to having no degeneracies in the energy spec-
trum, a mild condition that holds generically for both
interacting integrable and quantum chaotic systems alike.

C. Scrooge ensemble and Scrooge designs

We have seen how quantum state ensembles arise in
many physical settings, and in certain appropriate limits
(large system sizes or late times), they appear to take
various simple universal limiting forms, like the Haar
ensemble, the Scrooge ensemble, and the random phase
ensemble. As mentioned in the Introduction, our key
interest in this paper is to solidify general but precise
conditions when the information-stingy Scrooge ensemble
can be rigorously proven to appear, including but going
even beyond the setting of deep thermalization, and in the
context of Scrooge designs. To that end, we now formally
define the Scrooge ensemble and Scrooge designs.

Definition 1 (Scrooge ensemble [49]). The Scrooge
ensemble with density matrix ¢ supported on a D-dimen-
sional Hilbert space, denoted Scrooge(s), is the unique
ensemble £ of pure states satisfying

E=argminZ, (&),
g/
subject to [Eg,|1;/> (w| =o0. (10)
Y~

An explicit construction of Scrooge(o) is given by

_ Volg) }

Scrooge(o) {D<¢|o¢>d¢, INGEIE (11)

with d¢) the Haar measure on the unit sphere in CP [49].
From the expression, one sees that the Scrooge ensemble
can be thought of as a deformed version of the Haar
ensemble, to account for the constraint that its mean is o.
We are also interested in ensembles that approximate the
Scrooge ensemble. Analogously to state k-designs rou-
tinely used in quantum information theory [51,52], which
provide low-complexity approximations that capture the
statistical properties of the Haar ensemble up to the kth
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moment, we likewise introduce the notion of k-designs for
the Scrooge ensemble:

Definition 2 (Approximate Scrooge k-designs). Let € be
an ensemble of pure states, with the kth moment

pd = E ()W) (12)

We say £ is a Scrooge(o) k-design with additive error ¢ if

k
P = @) < (13)

and a Scrooge(o) k-design with relative error € if [72]

k k k
(1= £)PYr00ge (0) < L) < (14 €)plornoge(0)  (14)

in Loewner order, where A < B if B — A is positive semi-
definite. The kth moment of Scrooge(s) is given by

O NaXNG -
Serooee pomar(D) | (Plolp) |
We note that evaluating the kth moment pg;)rooge(a) in

Eq. (15) involves integrating a rational function over
the Haar ensemble and is thus not amenable to simple
closed-form expressions using standard Weingarten calcu-
lus [73-75]. While Mark et al. derived an explicit
expression [31], its form is complicated and unwieldy.
Therefore, they also considered the closely related unnor-
malized Scrooge ensemble £ composed of unnormalized
states € = {V/Do|p)}, where |p) ~Haar(D), with o
the D-dimensional density matrix defining the Scrooge
ensemble in question. For this ensemble, the kth moment

takes a simple and analytically tractable form: ﬁ(k) (o) =

Scrooge
(Da)@’kp](_gar, to which many of their results pertain. In our

work, the unnormalized Scrooge also plays a useful albeit
intermediary role, as captured in the following technical
lemma we derive and whose proof we present in
Appendix B.

Lemma I (Scrooge approximation). Consider the ensem-
ble of unnormalized states & = {v/Do|¢)}, where
|¢) ~Haar(D), and o is an arbitrary density matrix with
dimension D. For k*||]|, < 1, £ forms a Scrooge(c) k-
design with additive error O(k|/o|l,) and relative
error O(4k||s]],).

Lemma 1 is the technical backbone of this paper: The kth
moment of the normalized Scrooge ensemble (the actual
object of interest) can be approximated by the simpler
expression up to an error controlled by the purity of ¢ (see
Ref. [62] for an analogous relative-error bound, controlled
by ||o|| instead of ||&||,) [76]. This result generalizes that
of Ref. [31] for k =2 and will be key in allowing us to
make rigorous statements on the limiting form of the

temporal and projected ensembles by analyzing their
unnormalized counterparts.

III. EMERGENT SCROOGE DESIGNS IN
QUANTUM MANY-BODY SYSTEMS

We are now ready to state our main results, which
provide sufficient conditions for the rigorous emergence of
Scrooge designs in quantum many-body systems.

A. Natural emergence of Scrooge designs in dynamics

Our first result pertains to the temporal ensemble for
energy-conserving Hamiltonian dynamics, which, as
explained in Sec. I B 2, generically matches the random
phase ensemble (8) in the limit of long observation time.
Reference [31] found that the kth moment of the random
phase ensemble (which equals the temporal ensemble
under the assumption of the kth no-resonance condition
on the spectrum) is well approximated by that of the
unnormalized Scrooge ensemble, in the limit of low purity.
Our Lemma 1 allows us to go further, relating it directly to
the kth moment of the normalized Scrooge ensemble,
resulting in Theorem 1.

Theorem 1 (Scrooge designs from late-time chaotic
dynamics). The ensemble of states sampled at late times
in quantum chaotic dynamics, generated by a Hamiltonian
obeying the kth no-resonance condition, forms an approxi-
mate Scrooge(c i) k-design for k?||ogi [, < 1, with an
additive error

&€= O(kHGdiagHZ)- (16)

The proof is presented in Appendix C. Our proof works
by showing that the kth moment of the random phase
ensemble is close to that of the unnormalized ensemble
{\/D0is|®) }, where |¢p) ~ Haar(D), with a trace distance
of O(K?||64il3). Lemma 1 then guarantees that the
resulting ensemble forms a Scrooge(6i,,) k-design, incur-
ring an extra additive error of O(k||6ial[2)-

Theorem 1 offers substantial improvements compared to
those arising from the results of Ref. [31]. Extracting an
error bound from the expressions derived in Ref. [31] and
invoking our Lemma 1 yields the much weaker
& = O(k! exp(k)||64iag||3 + k||Oiagll2), Which contains an
additional term that grows very quickly with k, though this
was not explicitly stated there [77]. Note that ||6g,,l[, is
often exponentially small in N, for typical initial product
states that are supported on exponentially many energy
eigenstates, which holds even for integrable many-body
Hamiltonians, thereby satisfying the low-purity condition.
On the other hand, the kth no-resonance condition is
generically expected for interacting many-body
Hamiltonians, including both integrable and chaotic sys-
tems [31]. Integrable systems that are effectively non-
interacting, such as the 1D transverse-field Ising model,
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may violate the no-resonance conditions due to algebraic
relations between the energy levels. While beyond the
scope of this paper, it would be interesting to study the
robustness of Theorem 1 when the no-resonance conditions
are weakly violated [55,78].

Conceptually, Theorem 1 rigorizes the expectation that
Scrooge-like behavior naturally appears already in late-
time dynamics; in contrast to the case of deep thermal-
ization, no measurements are needed. Here, “late-time”
formally refers to the long-time limit 7 — oco. In Ref. [62],
it was argued that the temporal ensemble for a fixed time-
independent Hamiltonian typically requires 7 2 exp(kN)
to form an approximate Scrooge k-design, which can be
physically thought of as the timescale required to resolve
exponentially small energy gaps. Hence, not only is the
late-time temporal ensemble maximally ergodic in the
sense that the relative phases of energy eigenstates are
uniformly distributed, in addition (for the case of low
purity), its accessible information is close to minimal. Thus,
similar maximum entropy principles apply to both deep
thermalization and Hilbert-space ergodicity, conceptually
unifying these two phenomena.

B. Emergence of Scrooge designs in the projected
ensemble of a sufficiently complex initial state

Our next theorem returns to the projected ensemble.
Motivated by the insight from the previous result,
Theorem 1—that global Scrooge designs emerge in late-
time chaotic dynamics of a quantum many-body system—
we inquire if a typical global state drawn at late times (and,
more generally, from a global Scrooge ensemble) can itself
produce Scrooge behavior locally in the setting of deep
thermalization. As mentioned in the Introduction, Goldstein
et al. [44] considered the setting where the global generator
state is drawn from an exact Scrooge ensemble; here, we
generalize this to the case of Scrooge designs.

Theorem 2 (Emergent Scrooge k-design from Scrooge
2k-design generator). Fix keN. Let |¥),; be sampled
from a Scrooge(o) 2k-design, with relative error €. Denote
the reduced density matrices of 6 on A and B by ¢4 and o5,
respectively. Let £(¥) be the projected ensemble generated
from |¥),; by measuring B in an arbitrary orthonormal

basis {|z)}2*

z=1°
Gal. = (14 ® (2])o(Is ® [2))/(z]osl2).
164l < 1 and 1 < Dy < Dy,

and denote the normalized density matrix
Then, for

Dy
Ew|pl) () = (zlonl2)pioroge (6arc)
1

z=1

<o(\pierlal+allel). (7

This result is proven in Appendix D, with Lemma 1
playing a key role in the proof. Theorem 2 implies that,

with high probability, the projected ensemble for e+
loll, < D,7* approximates a mixture of Scrooge(y,).
i.e., a so-called “generalized Scrooge ensemble” [31]. Note
that, throughout this paper, we will suppress error terms
that vanish in the asymptotic limit D,,Dp — oo for
simplicity. Intuitively, Theorem 2 says that we can interpret
each projected state |y,) as a realization of Scrooge(8,/.),
weighted by the average measurement probability (z|o|z).
This case 1is nontrivial since each projected state

(=) ) ®* s, in general, far from P g (G41)-

While Theorem 2 states that the projected ensemble is
formally a mixture of exponentially many (in Np) distinct
Scrooge ensembles, in certain physical settings, it is
possible to obtain a simpler, “coarse-grained” mixture with
a much smaller number of distinct Scrooge ensembles. For
instance, as argued for in Ref. [33], if the generator state
|¥) is obtained under U(1)-symmetric scrambling dynam-
ics, then the 2V# possible measurement outcomes can be
grouped into at most Np+ 1 equivalence classes.
Consequently, the projected ensemble is a mixture of only
a polynomial number of distinct Scrooge ensembles. In the
extreme case where the measurement basis is “information
nonrevealing,” that is, measurements do not reveal
information about the local charge [31,33] so that
G4, ® 04, the different Scrooge(64),) ensembles collapse
to a single ensemble Scrooge(s,). This process yields

P (%) R Ploose
ble, where o, is the reduced density matrix of |¥) on A.
Understanding if a similar coarse-grained description of the
generalized Scrooge ensemble exists for generator states
obtained under different conservation laws, like energy,
would be an interesting future direction.

In the following, we discuss various examples applying

Theorem 2.

(64), i.e., a vanilla single Scrooge ensem-

1. Example: Infinite-temperature states

A special case of Theorem 2 is when the density matrix
in the definition of the Scrooge generator is maximally
mixed, ¢ = I/D. We then immediately have that local Haar
k-designs emerge from a typical global Haar 2k-design
generator state in the context of deep thermalization [79]. In
fact, for this special case, we are able to improve upon the
error bound stated in Theorem 2, which we present as the
following corollary.

Corollary 1 (Emergent k-design from 2k-design gener-
ator). Let |¥) , 5 be sampled from a 2k-design, with relative
error €. Note that £(W) is the projected ensemble generated
from |¥),; by measuring B in an arbitrary orthonormal
basis. For k> < D, and D4, Dy > 1,

Dk /1

k k

Egllot! (¥) = pipealli <1/ (= +0e) ). (18)
k! \Dg
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The proof is given in Appendix D. The main improve-
ment in Eq. (18) compared to Eq. (17) is that the latter is
valid only for any fixed k independent of system size, while
k can grow exponentially large in N, in the former.

Moreover, Corollary III B 1 is a significant improvement
over existing results in the literature [22], which require
|¥) 4 to be drawn from a k’-design with k' = O(k? log D)
in order to guarantee that £(¥) forms an approximate k-
design on A. In contrast, we only require kX’ = 2k inde-
pendent of system size. For the simplest nontrivial case of
k = 2, Corollary III B 1 states that drawing |¥) , 5 from any
4-design (with sufficiently small ¢) suffices for (W) to
form an approximate 2-design, which is, in fact, optimal:
Multiqubit stabilizer states form exact 3-designs with € = 0
[80-82], but the projected ensemble generated by a
stabilizer state forms only a 1-design, which is far from
a 2-design [41,83]. This observation highlights the essential
role of nonstabilizerness (also known as magic) in deep
thermalization, complementing existing works [41,42], a
point we discuss further in Sec. IV and explore numerically
in Sec. V.

The 2k-design with relative error & used in Corollary
IIIB 1 can be prepared by applying a global unitary drawn
from a unitary 2k-design (with relative error €) on a fixed
reference state |0),5. Such unitaries can be constructed
efficiently, for example, using local random circuits with

depth O(klog(N/¢)) [64] or doped Clifford circuits with
O(Nk + log(1/€)) non-Clifford gates [84,85]. We also
remark that, while we use relative error in the theorem
for convenience, the emergence of state designs, as implied
by Corollary III B 1, also holds true if |¥) is sampled from a

2k-design with additive error & < k!/(D,D%)* [86].

2. (Almost) example: Quantum chaotic
Hamiltonian dynamics

Returning to the motivation of Theorem 2, we may ask
whether a typical late-time state evolved under a chaotic
global quantum many-body Hamiltonian is guaranteed to
generate a local projected ensemble that is approximately
Scrooge. If so, this conclusion would provide a satisfying
and broadly applicable explanation for deep thermalization.
It is tempting to declare that the desired result follows
immediately from our theorems; Theorem 1 supports the
claim that chaotic time evolution produces a global state
that is sufficiently scrambled, and then the Scrooge-like
behavior of the projected ensemble seems to follow from
Theorem 2. Unfortunately, though, this reasoning is flawed
for a subtle technical reason: Theorem 2 requires a
generator state drawn from an approximate Scrooge design
with small relative error, while Theorem 1 only guarantees
the weaker additive error.

Fortunately, the statement “dynamically generated
global states yield local Scrooge behavior” can be justified
nevertheless without invoking Theorem 2:

Proposition 1 (Emergent Scrooge k-design from late-
time chaotic dynamics, informal). Let |¥,) = e~"!|¥,) be
drawn from the temporal ensemble (7) defined for long
times 7, and suppose H is an arbitrary Hamiltonian
satisfying the kth no-resonance condition. In the low-purity
limit, the projected ensemble £(¥) forms a generalized
Scrooge ensemble with high probability.

The formal statement and proof are provided in
Appendix D. While Proposition 1 does not formally utilize
Theorem 2, the former’s derivation is inspired by technical-
ities in the proof of the latter.

We note that Ref. [31] had already anticipated this result:
They proved that the unnormalized projected ensemble
(i.e., the collection of local postmeasurement states before
normalizing) is close to the unnormalized Scrooge ensem-
ble &, as defined in Lemma 1. Using the analytical tools
developed in this work, in particular, Lemma 1, our result,
Proposition 1, closes this conceptual gap and proves that
Scrooge behavior emerges also in the normalized projected
ensemble, the physical ensemble of interest in deep
thermalization.

3. Example: Canonical thermal pure quantum ensemble

An example of a set of quantum states that form a
relative-error Scrooge design, thereby satisfying the con-
ditions of Theorem 2, is the so-called “canonical thermal
pure quantum” (cTPQ) ensemble, which was introduced
by the quantum thermalization and thermodynamics com-
munities [89,90] and is closely related to the notion of
canonical typicality [46,47,91]. Given a time-independent
Hamiltonian H and inverse temperature /3, it is defined as

1 D
Ectpo = {Nzgje‘ﬂHm‘ j>}
j=1

Above, & = (&), ...,&p), where &; are taken to be indepen-
dent zero-mean complex Gaussian variables [92], {|/)} is
an arbitrary orthonormal basis, and A is the normalization
factor.

The cTPQ states constitute pure-state approximations to
thermal Gibbs states (at inverse temperature /), in the sense
that expectation values of local observables are reproduced
up to fluctuations that vanish exponentially with system
size [89,90] since their associated density matrix is, by
construction, exponentially close to the thermal state 65 o
exp(—pH) [89]. In fact, such states have been demonstrated
numerically to also reproduce certain physical properties of
scrambled many-body states at finite effective temper-
atures, such as entanglement entropy, thermodynamic
quantities, and phase diagrams of lattice gauge theories
[89,90,93].

In Appendix C, we show that £ rpq forms a Scrooge(oy)
k-design with relative error O(4*k||o4|,). Theorem 2
therefore immediately implies that cTPQ states deeply

. (19)
¢
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thermalize, producing local Scrooge behavior with
o4 = Trgoy. Since energy eigenstates of quantum many-
body chaotic systems are expected to satisfy the eigenstate
thermalization hypothesis and have also been numerically
shown to deep thermalize locally to Scrooge [22,31], cTPQ
states offer a natural framework for modeling such behav-
ior, inspired by random matrix theory and quantum
typicality.

C. Emergence of Scrooge designs in the projected
ensemble for a sufficiently complex measurement basis

Thus far, we have analyzed the cases where the generator
state |¥),p is assumed to be drawn from a statistical
ensemble, and the measurement basis is fixed but arbitrary.
A complementary scenario occurs when we allow |¥) . to
be fixed but arbitrary, and the projected ensemble is
generated by applying a scrambling unitary Uy to B and
then measuring in a fixed basis. This setting is also
considered by Goldstein et al. [44], wherein they consid-
ered Up to be drawn from the exact Haar distribution; here,
we relax this stringent assumption and take the scrambling
unitary to be drawn from an approximate Haar 2k-design,
which can be implemented efficiently with local random
circuits [64]. We prove that, in this scenario, the projected
ensemble is universally Scrooge.

Theorem 3 (Emergent Scrooge k-design from 2k-design
measurement basis). Let |¥),5 = (I ® Up)|¥y)ap
where |¥(),p5 is an arbitrary bipartite state, and suppose
the scrambling unitary Up is sampled from a unitary 2k-
design with relative error e. Denote the reduced density
matrix of |[¥) on A by o, with effective dimension
Dycit = ([loall2/lloalls)*. Here, E(P) is the projected
ensemble generated by |¥),; by measuring B in an

arbitrary orthonormal basis {|z)}"?,. Then, for k* <
DA,eff and 1 <« DA < DB’

Ey,

k k
pé)(‘{—’) _p<Sc)rooge(6A)H1

. k2 DAk k2k+2
<4/ (Dg4llo o —— +—O( +€>. 20
Oaloal30 (5 — ) + 50 (5 (20)

This result is proven in Appendix E, with Lemma 1
being a key step in the proof. Theorem 3 refines the
expectation that Scrooge behavior emerges locally when
the measurement basis on the complementary region is
sufficiently entangling and complex, modeling the infor-
mation scrambling arising in natural chaotic many-body
systems. The condition k* < D4 o required in Theorem 3
is typically satisfied for complex many-body states, where
the effective dimension of o, (roughly, how many eigen-
values contribute significantly) is approximately D, = 24
for Haar random states when D, < Dp (a more physical
example is discussed below). In such cases, Theorem 3
implies that the projected ensemble is, with high

probability, close to a Scrooge(s,) k-design for a suffi-
ciently large Dp and a sufficiently small e. This result
generalizes the theorem of Wilming and Roth [25], who
showed that the projected ensemble forms a Haar k-design
when o4 is close to maximally mixed, and the unitary Up is
drawn exactly from the Haar measure.

1. Example: Many-body states at thermal equilibrium

As a physical example, suppose the global state |¥)
obeys quantum thermalization, i.e., the local reduced
density matrix o4 is well approximated by the local
Gibbs state exp(—pH,)/Tr[exp(-fH,)] on region A.
Here, H, is the restriction of the global Hamiltonian H
to subsystem A, and f is the inverse temperature. The local
Gibbs state is often a good approximation for the marginal
of the global Gibbs state Trz(e#)/Tr(e ), when
N, > 1, and naturally arises from quench dynamics or
from energy eigenstates of nonintegrable Hamiltonians
(which are believed to obey the eigenstate thermalization
hypothesis) [94,95].

Now, we can always express H 4 as a linear combination
of Pauli operators

M
Hy = Py (21)
m=1

where c,, are real coefficients and P,, are Pauli operators on
A. Assuming that the bulk spectral density of H, is
Gaussian distributed (which holds approximately for a
wide range of local Hamiltonians [96,97]), we obtain
(see Appendix E)

1 p—1
||0A||pz2NA(1_1/p)exp< 5 ﬂ2A2>, (22)

where A% = 3" ¢2 ~ M is the variance of the Gaussian
distribution. Thus, the condition k* < Dy s needed
in Theorem 3 becomes k* < 2V exp(—4p°A?). For
Hamiltonians with geometrically local interactions, we
expect M « N,. This implies the emergence of Scrooge

designs for f smaller than some constant . o< /N /M, in
other words, if the temperature is sufficiently high.
Crucially, this does not require 6, to be close to infinite
temperature, as in previous works [25], thereby generaliz-
ing existing results to the finite-temperature scenario.
Theorem 3 also provides a protocol to sample from
thermal Scrooge designs, which are potentially useful for
learning properties of thermal states [98]. In this protocol,
one prepares a purification of the thermal state
o4 x exp(—pHy,). This can be done via quantum Gibbs
sampling algorithms [99,100], imaginary time evolution
[101,102], or other constructions of the thermofield double
state [103,104]. Then, additional ancilla qubits are intro-
duced. The reference system and the ancilla make up
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subsystem B, which is then scrambled with a unitary drawn
from a 2k-design. Finally, each projective measurement on
B results in a sample of a thermal Scrooge k-design on A.

IV. PHYSICAL INGREDIENTS BEHIND
EMERGENT SCROOGE BEHAVIOR IN
PROJECTED ENSEMBLES

Our theorems have identified several general conditions
under which quantum state ensembles with Scrooge-like
behavior, as captured within the framework of Scrooge
designs, can be provably shown to emerge: namely,
dynamically in the temporal ensemble (Theorem 1); and
via measurements in the projected ensemble, if the gen-
erator state is itself drawn from a Scrooge design
(Theorem 2) or if the measurement basis is rotated by a
Haar design (Theorem 3). Importantly, these theorems
demonstrate that the Scrooge ensemble appears in a myriad
of quantum many-body settings. On the other hand, we do
not expect our theorems to exhaustively cover all possible
scenarios where Scrooge behavior can arise; moreover,
they do not directly inform us as to the necessary physical
ingredients that underlie its emergence.

Here, we discuss the necessary ingredients that a gen-
erator state |¥) , 5 on a bipartite system AB has to possess in
order for it to exhibit emergent Haar or Scrooge-like
behavior in its projected ensemble.

Interestingly, recent works have begun to shed light on
this question by quantitatively studying the effect of the
amount of quantum information resources [105] in gov-
erning the degree of universal randomness produced
[36,41,42,45]. Recent work has shown that, for certain
types of resources known as “threshold-localizable” resour-
ces, which include coherence and magic, a finite resource
density is needed to achieve deep thermalization [106]. In
particular, Ref. [36] studied the concept of coherence: a
measure of the amount of superposition in a fixed ortho-
normal reference basis, chosen to be the computational
basis {|z)} by convention, motivated by experimental
considerations [107,108]. Intriguingly, they predicted that
a generator state |¥) = > _c,|z) may have near-maximal
entanglement between A and B (hence its reduced density
matrix is maximally mixed) yet coherence that is too low
[109] such that it may fail to deeply thermalize to the Haar
ensemble when measured in the computational basis.

Explicit examples of such states are furnished by so-
called random subset phase states [36,38,110], recently
introduced in the field of pseudoentanglement [111], with
coherence tuned by the size of the subset in question.
Concretely, for low-coherence states, it was argued that the
resulting distribution of the projected ensemble is just a
collection of (classical) computational states on the local
subsystem—clearly nonergodic and having maximal acces-
sible information instead of minimal. Further, this breaking
of ergodicity happens in a robust fashion, with a phase
transition separating the nonergodic distribution from a

deeply thermalized Haar distribution, upon tuning the
coherence density past a critical finite value. Intuitively,
the reason for this is because measurements, which we take
to be in the computational basis, select only those global
bit-strings z = (z4,z) in the decomposition of the gen-
erator state |¥) =) _c.|z) in which zp agrees with the
measurement outcome. If the number of such compatible z
(captured precisely by coherence) is below some critical
value, this may result in a vanishing fraction of states |z,)
that contribute to the projected state—clearly precluding it
from behaving like a Haar random vector; see Ref. [36] for
details. The upshot is that coherence (and, importantly, not
only a nonzero value of it but a sufficiently high density of
it) is a necessary ingredient for the appearance of Scrooge-
like behavior in the projected ensemble.

We next focus on magic: a quantifier of the computa-
tional resources needed to describe quantum states beyond
stabilizer states [112—114]. Recent works have quantified
how magic governs the degree k of Haar k-designs formed
in the projected ensemble [41,42,45], but here we present a
crisp example showing that magic is also a necessary
ingredient for the appearance of Scrooge-like behavior in
the projected ensemble. Consider an N-qubit stabilizer state
|Wsian) 45 With a reduced density matrix on a subsystem A
maximally mixed, and construct the projected ensemble by
measuring B in the standard computational basis (our
argument in fact also applies more generally to any
stabilizer basis). If the principle of maximum entropy for
state ensembles applies, we should expect the projected
ensemble to be well described by the Haar ensemble. Yet,
as previously discussed in Sec. III, the projected ensemble
is far from a 2-design, despite the fact that stabilizer states
and Clifford unitaries form exact 3-designs. Our
Theorems 2 and 3 (henceforth collectively referred to as
“2k — k” theorems), as well as Corollary III B 1, inform us
that if we can augment the design properties of the initial
state or measurement basis to be at least an approximate
4-design, then the projected ensemble is guaranteed to
deeply thermalize to the Haar ensemble at the k =2
moment; this missing ingredient is provided by magic
[41,84,115]. More generally, our 2k — k theorems can be
harnessed to yield resource-theoretic bounds on the magic
required for Scrooge universality to emerge.

However, simply adding non-Clifford elements to the
system is not sufficient. To illustrate this point, consider
the stabilizer state |[Wgyy)4p Of the previous example,
and apply a random diagonal unitary on B, i.e.,
W)ap = (I4 ® UdBlag)|lPStab>AB» where U%Iag = diag(e')
in the computational basis, and ¢; € [0, 27) are uniformly
distributed. The resulting state |¥),; (which we call a
diagonal-scrambled stabilizer state) now possesses high
magic, induced by the diagonal unitary. Nevertheless, it is
clear that its projected ensemble £(¥) still forms only a
1-design when B is measured in the computational basis
since the unitary Uz commutes with the measurements,
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both of which are diagonal in the computational basis. In
contrast, if we pick Uy from a unitary 2k-design, then
Theorem 3 guarantees that the projected ensemble will now
be close to a k-design.

What this example shows us is that the unitary (or
dynamics) used to construct the generator state |¥) (which
in the previous example consisted of the Clifford unitary
used to prepare the stabilizer state followed by U3S),
starting from an unentangled product state on AB, needs to
be sufficiently information scrambling (and, further, in a
nonlocal way), in order to achieve emergent Scrooge
universality. More precisely, we expect that if the scram-
bling unitary Up hides quantum information about A (i.e.,
quantum correlations shared between A and B) in nonlocal
degrees of freedom in B, then the emergent Scrooge
projected ensemble on A also hides information about
the measurement outcome on B from any measurement on
A (i.e., attains minimal accessible information, precisely
Scrooge behavior).

To summarize, the emergence of Scrooge behavior in
projected ensembles requires the presence of coherence,
magic, and information scrambling (nonlocal entanglement
within the system). When any of these ingredients are
absent or insufficient, obstructions to the formation of
Scrooge projected ensembles can arise (see Fig. 2). This
finding parallels a well-known fact in quantum complexity
theory: Quantum advantage requires the coexistence of the
resources of coherence, magic, and entanglement. When
any of these ingredients are absent, quantum advantage is

Stabilizer states

Diagonal-scrambled
stabilizer states

Subset phase
states

FIG. 2. Essential physical ingredients for emergent Scrooge
designs. The emergence of Scrooge designs in projected ensem-
bles requires the generator state |®),; to exhibit magic (or
nonstabilizerness), quantum information scrambling (via non-
local entanglement), and coherence. When any of these ingre-
dients is absent or insufficient, obstructions to Scrooge behavior
can arise. Representative examples include stabilizer states,
which lack magic; diagonal-scrambled stabilizer states (where
a unitary diagonal in the computational basis is applied to
subsystem B of a stabilizer state), which only weakly scrambles
quantum information between subsystems A and B; and subset
phase states, which may exhibit low coherence density depending
on subset size.

lost; i.e., efficient classical simulation becomes possible
[116-118].

In the next section, we perform numerical simulations
supporting the aforementioned theoretical discussion and
explore the interplay between coherence, magic, and
quantum information scrambling in producing Scrooge
behavior within the projected ensemble across a variety
of models. These simulations encompass regimes that lie
beyond the settings required of our theorems and thus
complement the analytical results of Sec. III. Our simu-
lations suggest that Scrooge designs can emerge even more
broadly than in the settings for which we currently have
rigorous guarantees.

V. NUMERICAL INVESTIGATIONS

In this section, we numerically study the projected
ensembles generated in several quantum many-body set-
tings in which the key physical ingredients of coherence,
magic, and degree of information scrambling can be
systematically controlled:

(i) Commuting quantum circuit evolution. We consider
generator states produced from so-called “‘commut-
ing quantum circuits” (i.e., circuits composed of
mutually commuting gates, studied in the quantum
computing community) [119,120]. Concretely, start-
ing from a product state |[+)®", we apply a unitary
circuit that is diagonal in the measurement (compu-
tational) basis. Although such circuits can generate
states with extensive entanglement and magic, by
changing the regions where interactions are applied,
the circuits’ commuting structure allows for con-
trolled tuning of how quantum information is delo-
calized across the system, such that the resulting
projected ensembles can either succeed or fail to
form a good state design. In addition, by rotating the
measurement basis, we can inject controlled
amounts of coherence into the system. We will
show that this results in a coherence-induced deep
thermalization transition, as predicted recently
by Ref. [36].

(i) Doped Clifford circuit evolution. Next, we study
generator states produced from Clifford circuits
doped with single-qubit non-Clifford gates. This
construction allows information scrambling and
magic to be tuned largely independently: Clifford
dynamics efficiently scrambles quantum informa-
tion, while the non-Clifford gates introduce con-
trolled amounts of magic. We study how tuning
these two control knobs affects the quality of the
Scrooge designs formed in the projected ensemble,
and we find that Scrooge behavior emerges only
when both the circuit depth and density of non-
Clifford gates are sufficiently large.

(iii) Ground states of 1D many-body Hamiltonians.
Finally, we consider ground states of local 1D
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integrable Hamiltonians, which are characterized by
low entanglement and low complexity. To probe the
role of the measurement basis, we apply various
unitary rotations Up to the qubits on subsystem B
prior to measurement, which injects various amounts
of magic and information scrambling. We find that if
the rotations are insufficiently complex, no Scrooge
behavior forms, while if the rotations are sufficiently
complex, Scrooge behavior can emerge.

Together, our numerical investigations allow us to
showcase the roles of coherence, magic, and quantum
information scrambling in driving emergent local Scrooge
behavior. They complement and go beyond existing
numerical results that have demonstrated Scrooge behavior
in late-time quenches or finite-temperature eigenstates of
chaotic Hamiltonians [22,31]: While the latter examples are
physically relevant for experiments, it is difficult to control
and isolate the individual ingredients driving Scrooge
behavior as we do here.

In our numerical simulations, we quantify the closeness
of a projected ensemble E(¥) generated by |¥),; to the
Scrooge(o,) k-designs via the kth moment trace distance

L« k
A(k>(GA) - 5 Hpé) - p(Sc)rooge(GA

I (23)

where o, is the reduced density matrix of |¥),, on A. By
construction, the first-moment trace distance is A() = 0.

A. Commuting quantum circuit evolution

First, we study how different degrees of information
scrambling in the circuit preparing a generator state, tuned
by the support of the scrambler, affect the formation of Haar
k-designs in its projected ensemble.

We initialize a tripartite system A U B; U B, of qubits in
the state

Ny

) = HCZi.i+NA|+>®N? (24)
1

=

where |+) = (|0) + [1))/v2 and CZ, ; = diag(1, 1,1, 1)
is the controlled phase gate acting on the ith and jth qubits.
We take the first N4 qubits to constitute subsystem A, and
its complement is B = B; U B,. Here, |57) describes a state
composed of N, pairs of maximally entangled states
between A and B;, with the remaining qubits in the
x-polarized |+) state. The reduced density matrix ¢4 on
A is hence maximally mixed.

Next, we scramble the quantum correlations initially
shared between A and B, into B,. We consider applying a
quantum circuit on B = B; U B,, where the gates are all
diagonal in the computational basis (which is also the
measurement basis). As these gates are all mutually
commuting, this class of circuits has been termed

“commuting quantum circuits” [121,122]. We can model
deep commuting circuit evolution, where the gates are
randomly drawn, by a single random diagonal unitary
Uy = diag(e™#/) applied on B, with ¢; € [0,27) drawn
uniformly at random. Then, the generator state reads [123]

[P)ap = (14 ® U(gag>|’l>- (25)

Measuring B now in the computational basis to construct
the projected ensemble on A, it is clear that it fails to form a
state 2-design (which would be a Scrooge 2-design in this
case where o, is maximally mixed), even though the state
possesses both high entanglement and high magic. This

failure occurs because UdBlag commutes with the measure-
ment operator and because |57) is a stabilizer state; hence,
only a 1-design projected ensemble can result from
stabilizer measurements on B.

The failure to form a k-design (for k > 1) can equiv-
alently be understood by tracking the spread of quantum
correlations in the Heisenberg picture: Because the circuit
is commuting, an operator initially supported on B, never
has support on A after the evolution. Thus, measurement
outcomes on B, do not affect the projected ensemble,
precluding the formation of 2-designs on A.

Now, suppose we change the scrambler U3 into a
diagonal unitary whose support extends to the full system
AB [see Fig. 3(a)], i.e.,

‘\P>AB = Uji§g|’7>- (26)

This process yields so-called uniform random phase
states [124]

1 _—
W)ap = er_wj /) (27)
J

where {|}) }; are computational basis states on AB and each
@j is uniformly distributed. In contrast to the previous case,
now an operator supported on B, can spread throughout the
entire system, allowing measurements on B, to be corre-
lated with the state on A: Quantum information is non-
locally scrambled across the entire system. As we will now
show, this stronger form of information scrambling enables
Scrooge behavior to emerge in the projected ensemble.
Uniform random phase states (27) are known to form
approximate k-designs with additive error ©(k*/2V) [124],
while they are far from being a k-design in relative error for
any k > 1; this precludes the application of Corollary
IIIB 1. Nevertheless, we investigate the nature of the
projected ensemble through numerical simulations. In
Fig. 3(b), we plot A against N,y for different Ny. For
finite Ny, we see A initially decays with N,, then
increases again when N 4 is on the same order as Ny, where
our numerics indicate that the turning point (defined to be
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FIG. 3. Emergent 2-designs from commuting quantum circuit evolution. (a) Circuit to generate projected ensemble from commuting
quantum circuit dynamics, Eq. (27). We apply a random diagonal unitary Ui‘;g on |+)®N rotate B by angle 6 around the y axis with

single-qubit unitaries R, (6) = exp(—ifY/2), and measure subsystem B in the computational basis. (b) Trace distance to Haar 2-design
A®?) against N, for @ = 0. For finite Ny, the moment operator of the projected ensemble is computed exactly (or using 3 x 10°
measurement samples for Ny = 22), and A® itself is averaged over up to 20 random instances of the phase state. Here, Ny = oo is
computed from the ensemble of uniform random phase states over N qubits, where the moment operator is averaged over up to 10’
random instances. (c) A®) against rotation angle 0 for different Nz. The inset shows rescaled 09N]13/ Y, where v = 2. Here, N, =2,
N = N, + Ng, and A® is averaged over 10 random instances.

the minimal distance) occurs for N4 ~ N /4. This finding
suggests that, as we send Ny — o0, A should decay with
N, monotonically. We see this result in Fig. 3(b), where the
numerics in the Nz — oo limit are performed by taking the
projected ensemble to be uniform random phase states, but
now over N, qubits (exact as Ny — o). Note that the
requirement of N4 >> 1 arises because random phase states
form a k-design with additive error ®(k?/2N4). Thus, this
regime is conceptually different from the conventional
setting of deep thermalization, which concerns the behavior
of the projected ensemble in the thermodynamic limit
Np — oo at fixed Ny.

Deep thermalization behavior (local emergence of Haar
designs for fixed N4) can nevertheless be reproduced by
applying a single-qubit rotation R (#) = exp(—ifY/2),
where Y is the Pauli-Y operator, to all qubits in subsystem
B prior to measurement. For any angle 8 # 0 (mod 7) and
fixed N4, we provide numerical evidence in Fig. 3(c) that
A® = 0 as Ny — co. This approach indicates that deep
thermalization is obstructed for @ = 0 but occurs for any
nonzero rotation angle.

This observation aligns with the discussion in Ref. [36].
Those authors argued that a combination of the coherence
of the initial state and the coherence of the measurement
basis determines whether the projected ensemble on A is
deeply thermalized or not. Now, random phase states,
Eq. (27), have coherence C = agN, where ay = 1 (recall
Sec. IV for the definition of C) and the rotated measure-
ment basis [the computational basis rotated by R, (6)] has
coherence «a,, N, where «,, = 0 for § = 0 and «,, increases
monotonically as @ increases [given by a,, ~ 6> In(1/6?)
for small #]. Reference [36] predicted a phase transition in
the projected ensemble, with ay + @, < 1 corresponding to
a non-deep-thermal phase and oy + a,, > 1 a deep-thermal
one; thus, ay + @, =1 is the critical point that maps to

0. =0 in our setup in which oy = 1. Our numerical
findings in Fig. 3(c) confirm this prediction; a finite-size
scaling ansatz, which fits the data well, indicates that trace
distance A approaches zero for any fixed nonzero 6 as
Np increases.

Thus, our numerical investigations have shown that the
emergence of state designs requires sufficient scrambling
(beyond just entanglement and magic) between A and B, as
well as coherence, which is induced by the global diagonal
unitary and coherence-injecting y rotations, respectively.

B. Doped Clifford circuits

Next, we explore the necessity of both magic and
information scrambling for the projected ensemble to
exhibit emergent Scrooge designs. As depicted in
Fig. 4(a), we consider an initial state defined on a tripartite
system A U B; U B, such that B = B| U B,, with tunable
entanglement between A and B:

(¥ 00) = [Wend () ®"4[0p,) V72 (28)

Here, [wen(x)) = cos(r/2)[040p,) + sin(y/2)[141,) is a
two-qubit state where the first qubit is in A and the second
in B;. Note that y controls the entanglement between A and
By, with maximal entanglement between A and B, achieved
at y = /2 (at this point, |y, is a Bell state), resulting in
the reduced density matrix 6, being maximally mixed. To
probe the emergence of Scrooge designs away from the
infinite-temperature limit, we fix y = z/6. We next apply
on B a circuit Uy composed of d layers, where each layer
consists of randomly chosen single-qubit Clifford gates on
each qubit and fixed CNOT gates arranged in a 1D nearest-
neighbor geometry. Additionally, we dope the overall
circuit with Ny T-gates defined as T = diag(1, e™"/4)
[84,125] randomly inserted over space and time. While
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FIG. 4. Emergent Scrooge 2-designs from doped Clifford circuit evolution. (a) We consider projected ensembles from the generator
state Eq. (28), where we measure in the computational basis on B = B U B, after applying a quantum circuit composed of d layers of
local Clifford gates (random single-qubit Clifford gates together with fixed CNOT gates) doped with Nt T-gates in total, randomly
placed within the circuit. (b) Heat map of the trace distance to Scrooge 2-design A?) in the d versus Ny plane, for y = /6. Here, we
fixed Ny = 1, Ny = N — N, and N = 20. (c) A®) against N for different total qubit numbers N and fixed d = 30. We choose N4 = 1,
and A® is averaged over 500 random realizations of the circuit. Similar behavior is observed for higher moments k > 2 (see

Appendix G).

the d layers of Clifford CNOT gates introduce an increasing
amount of information scrambling on B, the Nt T-gates
inject magic into the circuit, which allows us to study the
effects of information scrambling and magic on A®)
relatively independently.

In Fig. 4(b), we show a heat map of A in the d-Ny
plane. We see that for small Nt or d, A is relatively large.
Only with both sufficient magic and information scram-
bling (large N7 and d) do we achieve a Scrooge 2-design on
A with small A® [42], as expected. Our numerical results
do not depend strongly on y; see Appendix G.

Next, in Fig. 4(c), we study the role of magic and system
size N in more detail. We plot A®) for different N and N
(for large d), finding that A®) decreases exponentially in
Nr, reaching a saturation value due to finite-size effects.
The saturation value of A(?) decreases exponentially with
N, which is reached for Nt = 2.5N, closely matching the
saturation transition found in magic resource theories
[126,127]. This feature highlights that an extensive amount
of magic is needed for deep thermalization to the Scrooge
ensemble (more precisely, the emergence of Scrooge
designs).

We note that similar behavior is observed when the
doped Clifford circuit is applied on AB, instead of just B,
which we show in Appendix H.

C. Ground states of many-body Hamiltonians

Finally, we study emergent Scrooge designs in naturally
realizable many-body systems. In contrast to the usual
paradigm of quantum chaotic systems where deep thermal-
ization has been probed [22,31,35], here we consider the
projected ensemble generated from ground states of highly
structured, integrable many-body systems, subject to vari-
ous scramblers of quantum information on the system B

where measurements are taken. We find that the projected
ensemble can still form Scrooge k-designs if the measure-
ment basis is sufficiently complex, demonstrating
Theorem 3 in action.

Concretely, we study the 1D transverse-field Ising
Hamiltonian of N spin-% particles (which we will refer to
also as qubits henceforth) with external field # on a chain
with periodic boundary conditions,

N N
Hlsing = _ZXjXH»l _hZY" (29)
J=1 J=1

where X; (Y;) is the Pauli X (Y) operator acting on the jth
qubit. This model is well known to be integrable and, in
fact, mappable to free fermions by the Jordan-Wigner
transformation [128]. Consequently, its eigenstates are
all highly structured, with low complexity, even at the
quantum critical point & = 1.

We focus on the ground states |'¥) 45 of Hygjy, in the spin-
flip even sector with varying &, where A is chosen to be a
small contiguous region of spins and B its complement.
Prior to measuring B in the computational basis to construct
the projected ensemble, we apply different scrambling
unitaries Up on B, chosen from (i) the identity /g, (ii) tensor
products of Ny (independently drawn) Haar random single-
qubit unitaries, (iii) random Clifford unitaries, and (iv) Haar
random unitaries over Ny qubits.

In Fig. 5(a), we plot the second-moment trace distance
A®) of the projected ensemble to the Scrooge ensemble
constructed with the reduced density on A for Ny = 1 and
Np = 19, varying h and for different choices of Ug. When
Uj is the identity or a product of single-qubit unitaries, we
find the value of A¥) remains high compared to the Clifford
and Haar cases, even though Ny > N 4. This behavior can
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FIG.5. Emergent Scrooge 2-designs from 1D integrable ground states. We study projected ensembles generated from the ground state

of the transverse-field Ising model (29), where we measure B in various bases that arise from rotations of the computational basis by
various unitaries Uy applied on B only. (a) A®) against field & for N, = 1 qubits, with Uy chosen from the identity, single-qubit Haar
random unitaries, random Clifford unitaries, or (global) unitaries drawn from the Haar measure on Ng = 19 spins. (b) A against Ny
for different Ug and & = 1. Dashed lines show the fit with A®) ~ 272V where we find acyrorg & 0.23 and @y, & 0.5. () A® against
for Uy being random Clifford unitaries and different Ng. The inset shows the same data rescaled by defining y = logz(A<2>) /Ng and

subtracting the field / with minimal y, around the critical field 4, = 1. When rescaling the field with N 113/ ¥ where v = 1 from the Ising
universality class, the data for different Ny nearly collapse to a single curve, a hallmark of universality of the critical field 4, = 1 (see
Appendix I). We fit the collapsed data with a third-order polynomial as a dashed line. Similar behavior is observed for higher moments

k > 2 (see Appendix I).

presumably be attributed to the low complexity nature of
the ground state (even at the critical point 4 = 1) and to the
fact that single-qubit measurements do not inject additional
complexity. As a result, for product unitaries, quantum
correlations between A and B are not efficiently scrambled
into nonlocal correlations in B.

In contrast, for the Clifford and Haar cases, the unitaries
are apparently scrambling enough to yield comparatively
lower A®, with Haar random unitaries on B being
(unsurprisingly) more scrambling in nature and hence
exhibiting the lowest A(®). We note that while Clifford
unitaries on their own are insufficient to guarantee Scrooge
2-designs due to an absence of magic, it is reasonable to
expect that the ground state of Higp,, despite its free-
fermionic nature, supplies sufficient magic to enhance
scrambling on B toward effective 4-design behavior,
potentially allowing Theorem 3 to apply (although we
do not establish this rigorously). Curiously, we find that
A® shows a pronounced dip at the quantum critical point
h = 1, suggesting that magic is highest among all ground
states there, which is in line with observations made in
previous works [129].

In Fig. 5(b), we study the scaling of the trace distance
A® with the size Ny of the measured system at the critical
point & = 1. We find that A is nearly independent of N
for local measurement bases defined by rotating the
computational basis by identity and single-qubit Haar
unitaries, confirming that local measurement bases do
not yield emergent Scrooge designs on A. In contrast,
measuring in a basis that is scrambled by Cliffords
or Haar-random unitaries on B yields an exponentially
decaying distance A?) ~2-Vs with a ~ 0.2 for Cliffords

and a~0.5 for Haar, values that may indicate their
scrambling power.

Finally, in Fig. 5(c), we study the Clifford case in greater
detail for different Ng. We observe that the dip near 4 =~ 1
becomes more pronounced for larger Ng. This behavior is
closely tied to the fact that magic is maximized at the
critical point [129] and that magic is known to enhance the
scrambling power of Clifford unitaries [41,85,115].
Further, as shown in the inset, we find universal behavior
around the critical point, with data for different Ny nearly
collapsing to a single curve when rescaling the field with
NY ¥, where v = 1, which is precisely the critical exponent
of the Ising universality class [129,130]. A qualitatively
similar behavior is also observed for the ground state of the
1D Heisenberg model, as we show in Appendix J.

Altogether, our numerical results show that magic and
quantum information scrambling are key physical ingre-
dients for emergent Scrooge designs in projected ensem-
bles. These properties can manifest intrinsically in naturally
occurring chaotic many-body states or be injected exter-
nally by applying a scrambling unitary on subsystem B. We
provide additional numerics supporting our observations in
Appendix K. There, we show that a random stabilizer state
can produce emergent state designs on A if a single layer of
T gates is applied to B before measuring in the X basis,
implying that it suffices for magic to be injected locally
[22]. Our examples extend beyond the regimes in which
Scrooge behavior can be rigorously established by our
theorems or in those considered by other deep thermal-
ization works, providing evidence that the emergence of
information-stingy ensembles may be a generic phenome-
non in quantum many-body systems.
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VI. DISCUSSION AND OUTLOOK

This work addresses a fundamental question: What
universal principle governs the higher-order statistical
fluctuations of quantum many-body systems? Building
on prior insights into the information-stinginess of nature,
we provide a unified and rigorous framework for character-
izing the emergence of maximally entropic Scrooge-like
behavior. Our results, by clarifying when and why Scrooge
universality arises, place earlier observations on a precise
quantitative footing.

Our approach also highlights the robustness of Scrooge
universality across diverse physical settings. In particular,
Theorem 2 shows that local Scrooge behavior emerges
whenever the global generator state is drawn from a
Scrooge design, regardless of the microscopic mechanism
by which that state is prepared. This mechanism-agnostic
perspective opens the door to identifying new physical
scenarios in which Scrooge behavior may arise.

Our numerical investigations further elucidate the
physical resources underlying this universality. We find
that quantum coherence, entanglement, nonstabilizerness
(magic), and information scrambling play essential roles:
Removing any one of these ingredients can obstruct the
emergence of Scrooge behavior in projected ensembles.
Beyond these core ingredients, other resources may also
play a role, including non-Gaussianity [131], whose
absence leads to restricted forms of deep thermalization
[28,30], and imaginarity [132], which can impose effec-
tive realness on projected ensembles and alter their
universal structure from unitary to orthogonal symmetry
classes [29]. Developing a systematic classification of
such resources (and incorporating them into refined
maximum-entropy principles) is an important direction
for future work.

Several concrete open questions arise from our work.
First, while our “2k — k” theorems are optimal for k = 2, it
remains open whether the required design order can be
reduced for high moments, for example, to
“k + O(1) - k.” Second, our findings suggest a potential
unifying perspective on two complementary notions of
information hiding. Applying a scrambling unitary to the
measurement basis on B (as in Theorem 3) hides quantum
information about A in highly nonlocal observables on B.
On the other hand, the resulting projected ensemble on A
hides classical information about the measurement out-
come on B. Whether these two mechanisms fit into a
common theoretical framework remains an intriguing
question. Third, the universality of Scrooge ensembles
may enable new applications in quantum information
science. Emergent state designs in infinite-temperature
deep thermalization have already led to advances in
learning and benchmarking analog quantum simulators
[17,35,66,67]. Extending these ideas to Scrooge designs
could yield analogous protocols operating in more general,
physically constrained settings.

Finally, our results raise the broader question of whether
an information-theoretic analog of the maximum entropy
principle extends to even more general settings, such as
incomplete measurements or noisy dynamics, where each
state in a projected ensemble becomes mixed rather than
pure [133,134]. An affirmative answer would point toward
a unified framework for the emergence of universal
randomness in both pure and mixed quantum ensembles,
marking a significant conceptual advance in quantum
statistical mechanics.
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APPENDIX A: NOTATION AND PRELIMINARIES

In this appendix, we provide a self-contained introduc-
tion to the notation and mathematical preliminaries, which
we use throughout this work.

1. Norms of operators and random variables

For an arbitrary operator A, we denote its Schatten-p
norm by [|Al|,, where

IAll, = [Te(lAP)]VP. pellioo).  (Al)

and [|A]|, is the operator norm. Schatten-p norms satisfy
monotonicity: For 1 < p < ¢ < oo,
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1A[l, = [[All4- (A2)

For an arbitrary random variable X, we denote its
LP-norm by ||X||,» where

X1 = [E(X[7))77.

€[l, ), (A3)

and || X||;~ = esssup |X| is the essential supremum of X.
Note that L? norms satisfy the following inequality: For

l<p<g=<oo,

1X]

1o <X Lo (Ad)

2. Symmetric subspace, permutation operators, and
moments of the Haar ensemble

Given the k-fold Hilbert space H®*, the symmetric

subspace of H®*, denoted H£’§3n, is the vector space
spanned by all states that are invariant under an arbitrary
permutation of the k replicas. To each permutation 7 € S,
(where S, is the symmetric group of order k), we
can associate a corresponding permutation operator
#€L(H®") that permutes between the k copies. The
permutation operator 7 is a unitary representation of z.
Thus,

Higm = span{|y) € HE[ly) = |w) ¥ z€ S} (AS)
The dimension of the symmetric subspace Hﬁ’y?n is
D+k-1
b= (PN e

where D is the dimension of the Hilbert space H. For
k* < D, it is useful to write

Dk K

Thus, D, ~ D*/k!. The orthogonal projector onto the
symmetric subspace has a special meaning: It is propor-
tional to the kth moment of the Haar ensemble Haar(D),

(A7)

() 1 A
—Pq n E A8
PHaar Dk y k'D ﬂESAﬂ' ( )
where

o 1
Pih==N"# (A9)

k!

TES)

is the orthogonal projector onto Hﬁ’;fn This relationship can
be derived using the Schur-Weyl duality [135]. In a slight

abuse of notation, we will also use Haar (D) to denote the
Haar measure on the unitary group U(D). The mathemati-
cal object under consideration (pure quantum state or
unitary operator) will be clear from the context.

In this paper, we often decompose the system
into complementary subsystems A and B. Thus,
H ="H, ® Hp, with Hilbert space dimensions D, and
Dy, respectively (D = D, Dpg). To disambiguate the nota-
tion, we will use subscripts to indicate the subsystem under
consideration, where appropriate. For example, the dimen-
sion of the k-fold symmetric subspaces for subsystems A
and B will be denoted D, ; and Dpg, respectively.

3. Weingarten calculus for the unitary group

The Weingarten calculus provides a very useful tool for
evaluating polynomial functions of Haar random states
and unitaries. Here, we briefly introduce the results relevant
for this work and establish the notation used throughout
the manuscript. A detailed treatment can be found in
Refs. [73-75].

For permutations o, 7 € S, we define the k! x k! Gram
matrix G, with matrix elements

G,, = Tr(&*fr) — D#CyCleS(O'_]ﬂ)’ (A10)
where 6 and 7 are the permutation operators defined above.
Here, #cycles(z) counts the number of disjoint cycles in the
permutation z. The inverse of G gives the Weingarten
matrix, where the matrix elements

We(o~!'z,D) = (G™) (A11)
are known as the Weingarten functions associated with the
unitary group. Note that the Gram matrix is only invertible
for 1 < k < D, which we will assume throughout this work.
The main formula for our purposes is the k-fold twirling
identity,

E [U®AUT® =

We(o~'z, D)Tr(A
ot ) Y We(o™'n, D)Tr(Az")6.

o,mES;

(A12)

As a consistency check, setting A = (|0)(0|)®* reproduces
Eq. (A8), for any arbitrary reference state |0).

4. Projected ensemble

Here, we give a concise review of the projected ensemble
and establish the notation used in this work. Starting from
a bipartite quantum state |¥),z, which we refer to as
the generator state, we measure subsystem B in a complete
orthonormal basis {|z)}”?,. By default, we choose the
measurement basis to be the computational basis, unless
stated otherwise. Note that there is no loss of generality
here since any rotation to the measurement basis can be

041003-18



NATURE IS STINGY: UNIVERSALITY OF SCROOGE ...

PHYS. REV. X 16, 041003 (2026)

absorbed into the definition of |¥),. This process yields
the projected state

_ Ua ® ) [Whag _ [972)
lw2) = N =P (A13)
on subsystem A, where
pe = (|:) = (I @ zlp) (PN (W)U ® [2)5)  (Al4)

is the Born probability of measuring the outcome z on B.
Collectively, this result defines the projected ensemble on A
generated by |¥) 5,

E(¥) = {pe. w2, (A15)
The kth moment of the projected ensemble reads
Dy (1§7.) (5
W) I)
= poly)w))® = Z W (Al6)
— W)k

For k = 1, this finding is exactly the reduced density matrix
of |¥) 45 on A. To quantify the statistical closeness between
the projected ensemble and a reference ensemble &,¢
(which, in the context of this work, is the Scrooge ensemble
or a variant of it), we compute the trace distance of their kth
moments,

L« k
80 =2 llpg" () = pre - (A17)

where pﬁg is the kth moment of &;. In this work, we often

consider the scenario where |¥),; is drawn from some
distribution. Thus, a useful metric is the average trace
distance

Eo[AW] = S Ego®(®) - o8l (A18)
It is important that the trace distance is computed before the
average. This requirement implies that if Ey[A®)] is small,
the projected ensemble pék) (P) is close to £ up to the kth
moment, for any generator state |¥) drawn from the
distribution, with high probability. This fact can be easily

derived from Markov’s inequality, which gives

Eg[AW]

Py(A® > §) < 5

(A19)

for any 6 > 0. Computing the trace distance analytically is
often difficult. It is more analytically tractable to compute
the Schatten 2-norm distance (also known as the Hilbert-
Schmidt distance), which gives an upper bound for
Eg[AV)]:

1 k k 1/2
Ev[A0] < 3 V/Dar(Exllof (¥) =i IB) . (A20)

5. Scrooge ensemble

The Scrooge ensemble is defined in Ref. [49] as the state
ensemble £ that attains the minimum accessible informa-
tion Z,..(€), among all ensembles that realize a given
density matrix o. Here, we briefly review the concept of
accessible information [68,69], which can be understood by
the following scenario. Bob samples a state drawn from the
ensemble £ = {p_, |y,)}. and sends the state to Alice. The
ensemble £ is known to both parties a priori. Alice’s goal is
to determine which state Bob has sent, i.e., the classical
label z, by performing a measurement (mathematically
represented by the POVM M) on the state. In the context of
the projected ensemble, p. is the probability of measuring
the outcome z on subsystem B, and |y ) is the normalized
state on subsystem A conditioned on the outcome z. Note
that, as explained in Sec. II of the main text, we can more
generally consider z in £ to be a continuous label, upon
which the probability p, should be replaced by a proba-
bility measure pu(z).

The accessible information quantifies how much
classical information about z can be gained by Alice via
applying an optimal single-copy measurement on the
quantum state. Thus, we define

1 acc(g)

=supZ(&:M), (A21)

where Z(€:M) is the mutual information between the
measurement M and the ensemble £. This approach leads
to the Scrooge ensemble (Definition 1)

Scrooge(o) = arg minZ,..(€),
£

subject to Eg|z//> (y| =o. (A22)

The Scrooge ensemble can be explicitly constructed as

Vo) }
Vel

with d¢) the Haar measure on CP. The kth moment of the
Scrooge ensemble is computed as follows:

Scrooge(o) = {D<¢|a|¢>d¢ (A23)

Plerooge (6) = () (w])®]
1//~Scrooge()
_ (Volg) (pl/o)®*
~ pettano) { Pl plolg) ]
(Vo) (p|/o)®
a ¢~Haar<D)[ (¢lo]g)<! ] (A24)
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In the limit ¢ — I/D (with I the identity operator),

p(si)moge(a) reduces to ngar in Eq. (A8). More generally,

for any measurable function f,

=2 (00 (75 ) |

(A25)

Unlike the Haar ensemble, the kth moment of Scrooge(o)
does not have a simplified form in terms of permutation
operators. The main technical difficulty arises from the

(k
form of P Sc)rooge

function of the Haar random state |¢). This finding implies
that the standard Weingarten calculus, which is very useful
in evaluating polynomial functions of Haar random states,
does not apply here. Nonetheless, if ¢ is a low-purity state,

(o) written above, which is a rational

we can obtain a simple approximation to p(Sl?moge(a), with

an error that is controlled by the purity of ¢. This case will
be discussed in Appendix B.

6. Scrooge k-designs

State k-designs provide a low-order approximation of the
Haar ensemble, by matching only the first k statistical
moments of the Haar ensemble. We can generalize this
definition to Scrooge(o) k-designs, which match the first &
moments of Scrooge(s). The moments do not need to
match exactly; for practical purposes, it suffices for the
moments to be close, up to a small error e. We reproduce
Definition 2 from the main text.

Definition 3 (Approximate Scrooge k-designs). Let € be
an ensemble of pure states, with the kth moment

pd = EJw) ). (A26)

Note that £ is a Scrooge(o) k-design with additive error ¢ if

Ly k
EHpt(‘:> _péc)rooge(a)Hl <e, (A27)

and it is a Scrooge(o) k-design with relative error ¢ if

k k k
(1 - 8)10(Sc)rooge(0) < P(g) < (1 + S)péc)rooge(g)‘ (A28)

(k)
Here’ p Scrooge

in Eq. (15).

The notation A < B for positive-semidefinite operators A
and B is equivalent to the statement that B — A is positive
semidefinite.

A relative error of e implies an additive error of €. This
error can be easily derived: Suppose £ has relative error .
Then,

(o) is the kth moment of Scrooge(s), given

1
[P = Aonee(@)]|, = sup THP(L = pegelo)]
2 crooge 1 0<P<I crooge

< & sup Tr(PpYrooge ()

0<P=<I

<]

k
p<Sc)rooge (5) H |

= (A29)

However, the converse is not true. The relative error can be

arbitrarily large, even if the additive error is small. For

example, if pék) has support on the null space of p<k) (o),

Scrooge
the relative error is infinitely large.

For ensembles of quantum states, the additive error is a
meaningful measure of statistical closeness between the
ensembles. In the context above, if £ is a Scrooge(o) k-
design with additive error ¢, then any quantum measure-
ment that can act collectively on up to k copies of the
quantum state can only distinguish between £ and Scrooge
(o) with a success probability of at most [69]

1+¢

Psuce = T (A3O)

In other words, if the additive error ¢ is small, the optimal
measurement strategy is only marginally better than the
naive strategy of random guessing, which has a success
probability of 1/2.

7. Approximation of the kth moment

To aid the analysis in the paper, we introduce the
following technical lemma, which provides an approxima-
tion to the kth moment of an ensemble.

Lemma 2 (kth moment approximation). Consider the
ensemble of pure states

)
e = {r,= wvihvy) = 221} (A31)
77 j=1,..J€|
with kth moment
© s () )
pel =) (A32)

= Pj

where each unnormalized state [y) in the ensemble is
randomly drawn from a distribution D;. Construct the
proxy

€] / I \®k
) (lw)) W)
>

(A33)
=4
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where g; > 0 are independent of [y;). Then,

€] 1/2 2 1 1/2
v, e |, ; v, 0T 4Ty, 2 yn/l
Proof.
(K _ 5(K) S 11
E lpe’=pe'lli< E pr — (triangle inequality)
i~Dj i Pj q;
€l !
= E P - (linearity of expectation)
=1 Vi~ q;
> (g m) " (1-2 N . (a3%)
< ( E p.) <1— E ph'+ E, P ) Cauchy-Schwarz).  (A35
22 \yp, gy T gyl

|
Lemma 2 formalizes the intuition that p(gk) and the proxy ﬁ(gk) are close, if the random variables p; are close to g;. Thus,

we can conveniently replace p; (which depends on the distribution D;), by the weight g; (independent of the distribution
D;), with an error that can be controlled.

The following lemma gives us control over the unnormalized projected ensemble, generated by states drawn from
distributions that are e-close in relative error.

Lemma 3. Let £ and &, be pure-state ensembles that are e-close in relative error up to the first 2k moments, for some
keN, i.e.,

(1-¢) E (¥)CEN= < E (IF)(FD < (1+e) E (F)CRN, (A36)

with € > 0. Let f)(gk)(‘P) be the kth moment of the unnormalized projected ensemble generated by the bipartite pure state
V) a5

Zq (14 ® (zDI¥)(P|(14 ® [2))]% (A37)

for an arbitrary orthonormal basis {|z)} on subsystem B, and ¢, > 0 are arbitrary non-negative weights independent of
|¥) 4. Define

A= | E
Pag,

e w) - m; -

| - mlf] (A38)

for some arbitrary fixed positive operator M. Then, A satisfies the inequality

2
A<el lZTr( (Zq (P[(1a ® [2)(z)|¥) ) (A39)
Proof. Expanding the definition of A gives
A= | E T ”(‘P)z)—\PMNESZTr( 70 ()% - 2,E.Te(p P wym M) +2,E Te(j ()(‘P)M)‘
<2| E Tr(p 5% (w)m) - ET(p ()(\I’)M)’ 5 (w)?) — JE.Tr(7 <>(tp)2)). (A40)
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Since [)'(Sk)

preserved, i.e.,

(W) can be regarded as a positive linear map acting on (|¥)(¥|)®*, the positive-semidefinite ordering (A36) is

(1-e) E 78 (¥) < E 7 (¥) < (1 +¢) E 5(¥). (A41)
~e ~ep ~el
For a positive operator M, this finding implies
_ (k) _ (k)
(1 e)WUNEEITr<p5 (‘P)M) < @NEngr(pg (‘P)M) <(1+e) MNE]Tr(pE (‘P)M). (A42)
Thus,
’“(k> — ~(k) < ~(k)
JE e ()) = E Tr(7 (‘P)M)’ _EwiEngr(pg (‘P)M). (A43)
Next, we write
~ 2 A
Tr(p{ (9)°) = Te[ M (%) (#124)2, (A44)
where
Dy
NX) = 3 (a:00)"™ (18 @ (22X (1, ® [23429F) ) (A43)

z,7=1

is a positive linear map, and 7, is a permutation that swaps between the first and second k tensor factors of subsystem A and

acts identically on subsystem B. Therefore,

Y~E

=¢ E
Yl

2,2

= 8(2 ;" (P|(I, ® |2) <ZI)I‘P>"> -

Combining Eqgs. (A43) and (A46) gives the desired
bound for A. (]

APPENDIX B: SCROOGE APPROXIMATION
LEMMA

Let us define the ensemble of unnormalized states

Scrooge(6) = {d(ﬁ, \/Da|¢)}, (B1)
where d¢ is the Haar measure on the unit sphere in C” and
o is an arbitrary density matrix with dimension D. Note that
Scrooge(o) is referred to as & in the main text. The kth
moment of Scrooge(s) is given by

Pirooge(0) = VD™ i1}, VDo = (Do) pjy)

Scrooge Haar>

(B2)

E Tr(p (%)) - JE Tr(p) (%)) < e T (L (19)(%))%)

(9:q.)' ™ (P|(14 ® [2) () (P|(14 ® |2} ])|¥)*

(A46)

|
where in the final equality we used the fact that pgzar

commutes with ¢®¢. While the ensemble Scrooge(o)
describes unnormalized states and is unphysical, it is a
useful mathematical object in proving the main results of
this paper. First, we note that in the low-purity regime, the
states in Scrooge(o) are close to normalized.

Lemma 4 (Moment bounds). Let ¢ be a positive operator
with unit trace. Denote the overlap between ¢ and |¢) by
Po(P) = (plo|p), where |p) is a Haar random state.
Assuming (5)||o]|, < 1, the kth moment of p,(¢) satisfies
the inequality

1+ (k) lolZ<kDy  E [po(¢)]<1 +<I§),|J—6”%_
’ #-Han(D) 1= ()lo]l
(83)

041003-22



NATURE IS STINGY: UNIVERSALITY OF SCROOGE ...

PHYS. REV. X 16, 041003 (2026)

Proof. Using Eq. (A8), we can write the kth moment of

Po(9) as

S ®k (k) ®k
o o] = Te (09000, ) = 2 S Tr(o%h)

ﬂGSk
(B4)
Thus, the quantity we would like to bound is
®k
k!Dk(ﬁNHEr =) Tr(c®7).  (BS)

LASA T

First, note that if # is the identity permutation, Tr(c® %) =
[Tr(c)]* = 1, since & has unit trace. Next, consider the case
where 7 contains a single transposition, i.e., 7 has a Cayley
distance of 1. There are (’g) such permutations, each contrib-
uting Tr(6® %) = Tr(6?) = ||o||3. All the remaining terms
omitted are positive. Thus, we have the lower bound

k
> Tr(o®a) > 1+ <2> llo]13.

€Sy

(B6)

To prove the upper bound, let us examine the contribution from
all permutations with a fixed Cayley distance [ > 1. There are
at most (’5)1 such permutations, and the contribution of each
permutation can be upper bounded by Tr(¢®*7) < Tr(o!t1).
This bound is attained if z contains a cycle of length [ + 1.
Thus, we have

ZTr(6®kﬁ)§1+( )”"||2+Z< ) o)

where the infinite series converges because we assumed

k

Qlell, < 1. .
The above lemma tells us that, up to corrections propor-

tional to the purity of o,

IVDol¢)||* = D{glolh) ~ 1, (B10)
where |¢) ~ Haar(D).
The negative moments of (¢|o|¢) can also be upper
bounded in terms of 6|/, as shown in Ref. [62].
Lemma 5 (Lemma 2, Ref. [62]). Let o be an

arbitrary density operator with m = |||o||3!]. For

0<g<m,
q(q + 1)
Do I <exp| ——% ). Bl11
R S BT
For ¢ < m, it simplifies to
7
(el <1+0(L). @12
z/)~Haar

We now prove Lemma 1 from the main text, which we
reproduce here, stated more formally.

Lemma 6 (Scrooge approximation). Consider the ensem-
ble of unnormalized states Scrooge(s) = {v/Da|p)},
where |¢) ~ Haar(D), and ¢ is an arbitrary density matrix
with dimension D. The kth moment of Scrooge(o)

nE€S;
Lk k
(B7) 1~S péclooge(o-) = (D0)®kp§-lezar‘ For —any k2||6||2 <1,
Scrooge(o) forms a Scrooge(s) k-design with additive
Using the inequality error O(k||o|,), i.e
Tr(o™*!) < [Tr(6?)] = Jlol5™, (B8) k (K
[PScsoze (@) = Pcrocse @)1 < Okllol).  (B13)
we obtain
g 1 and a Scrooge(o) k-design with relative error O(4%k||s||,),
Sten) <1+ ol Y | (5 )l
7ES, =1 1= e)3% < M < (1+¢e)p%
© k [ ( - g)pScrooge(G) = pScrooge(G) = ( + g)pScrooge(o-)’
<t 0l 3| () el B14)
=1
_ oy Olel (Bo)  Where e = O4k|ol],).
N 1= ("o, Proof of additive error O(k||o],).
|
[Phc0) = (@), = 2| E (Vo 9V (- DA
Scrooge Scrooge 1 d~Haar(D) <¢|0.|¢>k—1 |
1
<D <¢|6|¢> —— D1, (B15)
s ol

041003-23



MOK, HAUG, HO, and PRESKILL

PHYS. REV. X 16, 041003 (2026)

where we used

~(k k
Piironss(0) = DIV Pl /o =D E (Vo) (g1Vo)®* (B16)
in the first line. Defining the random variable
X = D(¢lolg). (B17)
we have
(k) _ ~ (k) H < E X — Xk
HpScrooge(G) pScrooge(G) L= (/)~Haar(D)| |
= E J0=-X)X+X*+---+ X
¢~Haar(D)
1/2 1/2
< E (1-X)? E (X+X*+-+X0)2 . (B18)
¢~Haar(D) ¢~Haar(D)
|
Explicitl luating the H i k) ~ (k)
xplicitly evaluating the Haar averages gives H P(s ) oe(0) pé 9 o 6)H1
[E< )X:] (B19) Dllo|z 1
¢~Haar(D oll5 —
< (k=102 P20+ 0Wlol). (B2
and
2 D 2
¢~H£:(D)X = D—+1( + [loll3), (B20)
This result vanishes exactly when k = 1 or when o is the
which yields maximally mixed state (i.e., Haar limit). In general, the
error bound is O(k||o||,). "
E (1-X)?2= Dljo|j3 - 1 (B21) Proif of relative error O(4*k||s|,). It suffices to show
¢~Haar(D) D—+1 that pﬁ—lziax and
For k?||||, < 1, Lemma 4 implies that
E X=1+0(K|0l3), (B22) ®k
E 2 PSR 1)1 By
) ¢~Haar(D) <¢|DO‘|¢>
which leads to
¢r~Haar(D) are e-close in relative error since multiplying by v/Do®* on
< (k- 1)2(1 + O(k2||a\|%)> (B23)  both sides yields [)(slgooge(a) and p(slgooge(o), respectively,

since the left-hand side can be expanded as a sum
of (k—1)? terms, each contributing 1+ O(k*||c]|3).
Therefore,

(i = Al = [, L (10000

which does not increase the relative error. Both pgﬁar and

A®

Scrooge

of H®*. For any |x) E'Hﬁ];zn,

(o) are supported on Hﬁlyczn, the symmetric subspace

W‘Q'

¢~Haa
= X ®kx; _ . k1
B 0P ) o s (1 - Do)
1 —_
<, 2iE  El06) @) =1) W\l ~ (¢IDolg)"]. (B26)
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Applying Holder’s inequality,

(b = Aldonse (0)10)] < (Eglxl(1) )@ 1)4) " (B4 (@IDolg)*09) " [E,(1 = (gIDolg)=2] 7 (B27)
Now,
®k| N4 _ /. .®4] (%K) ®4 fi
ooy PR @D = (2o ) < o= (B28)
Next, using Lemma 5 [62], for k <« m,
(1—k) k2
o #0110, (B29)
where m = |||o||3} |. Finally, for k*||o||, < 1, we have
E(1 = (#|Dolp)~")* = O(k?||o] ). (B30)

Note that k%||o||, < 1 implies k <m since ||6]|% < |o||,. Combining these bounds, and using the identity

1= Dk(x|pgzar\x>, we find

(K) klloll2\ _
AScrooge|x>’ < O< D1/4 =0
4k

k
<x|p§-lezar -

Thus, the relative error is O(4%k|s||,). "
We speculate that the prefactor of 4 in the relative error
can be improved. An analogous relative-error bound

O(k?||6]|&%), which is controlled by |||, instead of
lo]l,, was proven in Ref. [62]. Our relative error in
Lemma 1 has a better scaling with the norm of ¢ since

o], < [|o]|s2, but it has a worse scaling in k. In essence,
the Scrooge approximation lemma (Lemma 1) tells us that

(Do)® pig,

Haar>

k
Plerooze () & (B32)

for an arbitrary low-purity density matrix ¢. Crucially, the

right-hand side involves only the kth moment of the Haar
()

Scrooge
random states, which enables us to analyze the scenarios
where the Haar ensemble is replaced by a k-design, with the
rigorous guarantee given by Lemma 1. We will make
extensive use of this approach in the following appendixes
to prove the main theorems in the paper.

ensemble, while p (o) is a rational function of Haar

APPENDIX C: EXAMPLES OF SCROOGE
k-DESIGNS

In the main text, we assert that the random phase
ensemble,

kHUH D k k
S (ol l) = O(@4K[|01],) (el ). (B31)
D
|
D .
grandom phase — {Z |<Ej|\P0>|ew}f|Ej>} s (Cl)
J=1 17
and canonical thermal pure quantum (cTPQ) states,
Eetpq = { Zf e P12 j) } (€2)

form approximate Scrooge(c) designs, with ¢ given
by the diagonal state o4, and thermal Gibbs state
oy « exp(—fH), respectively. These results can be derived
using Lemma 1 by relating these ensembles to the proxy
Scrooge(s), as we demonstrate in this appendix.

1. Random phase ensemble

Here, we prove Theorem 1 in the main text. Since the
temporal ensemble obtained by late-time Hamiltonian
dynamics is described by the random phase ensemble
Erandom phase> assuming the Hamiltonian H satisfies the
kth no-resonance condition [31], it suffices to show that
the random phase ensemble indeed forms a Scrooge
k-design.

Theorem 4 (Random phase ensembles form Scrooge
k-designs). Let & angom phase D€ the random phase ensemble
defined in Eq. (Cl). Note that &.ngom phase fOrms a
Scrooge(ogise) k-design with additive error
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¢ = O(K||odiag|l2), (C3)

1//~randQ)Em phase W| ®k Zk‘ (H n;! ) ><n|’ (C4)

|n|=k 1

2 _ 2 -
for k*||ogiag |l << 1, Where 6giae = _; [(Ej[Wo) F|E;)(Ejlis  where the sum runs over all occupation number vectors

the diagonal state in the energy eigenbasis. n = (ny,n,, ...,np) such that ZID: , n; = k. Let us denote
Proof. Let r; = [(E;|Wy)|?, so that 64, = >, 7| E;) (E;.

Let {|n)} be the normalized occupation number basis D
with respect to the energy eigenbasis {|E;)}, ie, GW( (Cdiag) = adlagz 7= Zk‘ (H r?") nl. (C5)
|n) = |ny,ny,...,np), with n; denoting the number of TES; [n]=k \i=

copies of |E;) in the symmetric state |n). In this basis,

the random phase ensemble has the kth moment Thus,

[y o W D% = G )| = > (H —,) (ﬁ nil - 1>. (C6)

The sum over n can be split into two contributions. The first contribution comes from the “collision-free” sector, where
n; €{0, 1} for all i. This contribution is zero since n;! = 1. The second contribution comes from the “collision” sector,
where there exists at least one i such that n; > 2. Therefore,

() (wr ) ®* (k)(gdiag)H1 < Zk!Hrlr_n

|n|=k i=1
collision

—Tr [G(k)(adlag } -y kar”' (C7)

|n|=k
collision—free

1//~rand0m phase

Consider k independent draws from the distribution {r;}. The probability of a collision (i.e., at least two draws with the
same outcome) is given by (from the birthday paradox)

D k D
Pr(collision) = 1 — Z k! H rit < <2> Z r; = O(K*||6giag [13)- (C8)

|n|=k i=1
collision—free

This formula yields

|

where in the last line we used the fact that Tr[G%) (64q)] = 1 4+ O(K?||0giag||3) in the regime k2||oyisg ||, < 1, which can be
shown using Lemma 4. Finally, using

E - ()W) = G (0u) || <Tr[6Y (0uag)| =1+ O(K0ugl3) = O(Kllowaal).  (C9)

y~random phase

k 2
~(k) D k
pScrooge(Gdiag) - k!Dk G(k) (Udlag) |:1 + (@ <D>:| G(k> (Gdiag) (ClO)

and Lemma 1, together with the triangle inequality, we obtain

which concludes the proof. [

k2
(WY = e (i) < 0<5) + O(Kllowag13) + O(Klouigl2) = Okllowagll).  (C11)

y/~random phase
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2. Canonical thermal pure quantum states

Next, we show that the cTPQ ensemble forms a Scrooge
k-design in relative error, with respect to the density matrix

e PH

% = T (C12)

for an arbitrary Hamiltonian H.
Theorem 5 (cTPQ states form Scrooge k-designs). Let
E.1pq be the ensemble of canonical thermal pure quantum

states defined in Eq. (C2). For k?||o4||, < 1, Ecrpg forms a

where 64 = exp(—fpH)/Trlexp(—pH)]. For a fixed
keN, e = O(4*k||og]],).

Proof. Define |g) = >, &|j), which is a random
(unnormalized) vector of D independent zero-mean com-
plex Gaussian variables with unit variance. Writing

lg) = llg)l x |#). (C14)

each Gaussian vector |g) is associated with a Haar random
state |¢). Note that |||g)|| and |¢) are statistically indepen-
dent. Thus, we can write the kth moment of &.ppq as

o : o (v/35lb) (Bl /)"
Scrooge(oy) k-design with relative error & satisfyin E ®k — . (C15
ge(op) g ying I WD = E Blod)F (Cl15)
1+ &= [1 + O(4%k||os],)]?, (C13)  For any |x) eHﬁly?n,
|
|#) (| >
x E - ®k ) |x
‘< | ((/)Nl—laar(D) <¢|D6ﬁ|¢>k (/)~Haar(D)|¢> <¢| | >
=], L (5119} @#)® 1) (@IDeylg) (1 = (91Doy 1))
1/4 _ap\ /4 1/2
< (Eptxl(le)@)®1x)*) " (Eg (@lDosld) =) " [Ep(1 = (@Dl ], (C16)
where we used Holder’s inequality in the final line. Now,
®k| N4 (®4] (%K) @4 (4k) _ L
oo R @D = (ol ) < ol =5 (€17)
Next, using Lemma 35, for k£ < m,
k2
(p|Doglp)~* < 1 + O<%>, (C18)

E
¢~Haar(D)

where m = [||o4]|5']. Note that our assumption k*||o,]|, < 1 already implies k < m since ||o]|%, < ||o]|,. Finally,

Ey(1 = (¢|Doglh)*)* = O(K[|og]|3)-

(C19)

Combining these bounds, and using the identity 1 = Dk<x|pggar|x>, we find

oo )
<x| <¢~H[£r(D) (| Doyl )" Piaar | 1%)

1/4
Dy
Thus,

(1—¢)piy)

< (1+0(,) )Otklagl) = OW@klopl i), (C20)

m

|¢><¢| , (k)
<(1+&)p . C21
Haar d~Haar(D) < !f|D ﬁl f)k N ( 6’) Haar ( )

where ¢ = O(4*k||o4||,). Multiplying both sides of the operator by ,/Do;z®* does not change the relative error, and we

obtain
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(Jw) (w])®*

Wy TPQ
(k)

< (1 + 8/)ﬁScrooge(0ﬁ)'

~(k
(1 - €/>p(Sc)moge(o-/7'>
(C22)

Recall from Lemma 1 that Scrooge (o) forms a Scrooge(c;)
k-design with relative error &’ = O(4*k||o4||,). Combining
the relative errors, we obtain the desired result

k
( 8)pScr00ge(6ﬁ) < e o

(C23)
where 1 +¢e = (1+¢)(1+¢"). L]
If we further assume the low-purity regime

4*k|logll, < 1, we find that the ¢TPQ ensemble is a
Scrooge(oy) k-design with relative error

& = O(4*k||ogll,). (C24)

APPENDIX D: PROJECTED ENSEMBLE
GENERATED BY STATE DRAWN FROM
SCROOGE 2k-DESIGN

In this appendix, we prove Theorem 2, one of the main
results of the paper. Theorem 2 says that the projected
ensemble generated by a state drawn from a Scrooge 2k-
design approximates a probabilistic mixture of Scrooge k-
designs (for brevity, we will refer to such a mixture as a
generalized Scrooge k-design). The proof of Theorem 2 is
rather lengthy and proceeds in several steps, out-
lined below.

(1) First, we show that for the unnormalized generator
state sampled from Scrooge(s) in Eq. (B1), the
projected ensemble is locally close to a generalized
Scrooge k-design (Lemma 7).

(2) Next, with the help of Lemma 7, we show that the
projected ensemble generated by a global state
drawn from an exact Scrooge 2k-design forms a
generalized Scrooge k-design (Theorem 6).

(3) Finally, we relax the assumption that the generator
state is drawn from an exact Scrooge(o) 2k-design
and instead consider the case where the generator
state is drawn from an approximate Scrooge(o) 2k-
design. Using the results of Theorem 6, we arrive at
Theorem 2 in the main text, which we reproduce
here (Theorem 7).

We then specialize our results to the infinite-temperature
limit where the generator state is drawn from an approxi-
mate Haar 2k-design, giving Corollary III B 1 in the main
text. In this case, we can obtain an improved bound on the
trace distance between the kth moments of the projected
and Haar ensembles.

Lemma 7 (Projected ensemble generated by an unnor-
malized Scrooge state). Let |¥) , 5 be an unnormalized state

Q(|ll/> <W|)®k < (1 + g)pScrooge(Jﬂ)?

drawn from the ensemble Scrooge(s). Denote the reduced
density matrix of ¢ on A and B by 64 and o, respectively.
Consider the projected ensemble £(P) obtained by apply-
ing projective measurements on B in an arbitrary ortho-
normal basis {|Z> . Then, assuming that k(|64 ||, << 1
for all z, and 1 < DA < Dy,

Dy
k k ~
,D(g> - Z<Z|GB|Z>p(Sc)rooge(o-A|Z)
1

z=1

kk+2Dk—1 4
S O(\/D—BA (1 +— k2 DAZDB”GHQ))

E
Y~ Scrooge(o)

Dg
+> (2losl2) 0|64 ), (D1)
z=1

where oy, = (14 ® (ol ® ). and Gy, =

0./ (zlog|z) is the normalized conditional mixed state
on A.

Proof. For a given generator state |¥), the projected
ensemble has the kth moment

pe = 2 (D2)
where
W) = (1s ® (z])[¥) (D3)
is the unnormalized projected state, and
pe = (i) = (Y|(Iy ® ) (z))|¥) (D4

is the measurement outcome probability. Let us construct
the proxy

Z |l//z l//z
— (zloplz)! T

(D5)

where the sum over z is restricted to measurement out-
comes satisfying (z|op|z) > 0. Then, from Lemma 2, we
have

E (k) _ ~(0) H
Y~ Scrooge(o) Pe 1
Dy k-1 2%k-2 71/2
Eyp Eyp:
< E (Eyp?)'/? [1 -2 v -
— : (zloplz)"  (zloplz)*2

(D6)

Now,
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ZTr(aﬁ’;ﬁA) - [1 +O<];;>} (zlop2) ZTI‘(UA‘ZHA) (D7)

TE S, neS;

W~Scrooge(o Z k'Dk
using the fact that Tro,, = (z|o|z) and 64, = 64,/ (z|op|z). For k||64,|l, < 1, we can use Lemma 4 to obtain

B ph = (alogla)* |1+ O 6 3)] (D8)
Y~Scrooge(o)

Substituting this result into the upper bound above gives

Dp
k) «(k N

B o =50 <3 (elosl Okl (D9)

Y~ Scrooge(o) 1 =1

Next, we seek to bound
2
(k) (k) ~ (k)2 ~(k)\2
E Y- E :[ElpTr(p ) —Tr[(E.yp ) } (D10)
Y~Scrooge(o) € W~ Scrooge(o) & 2 ¢ &

() (#%)

We first evaluate the second term (k). Note that

E Dkzzm E 0 GVER) IVl @ 1)

Y~ Scrooge(o

D DAk k
Z Z|6 ‘Z ] k SaszaarA
D*Dy & ~@k (k
=5 D _(donla)6f it
o

Lo(X i<z|63\z>ﬁé’2mge<m>, (D11)
“(1+o(z))2

which can be interpreted as a mixture of approximate Scrooge(&A‘Z) ensembles, weighted by the average probability
(zlog|z) of measuring the outcome z. Thus,

DD\ 2 0 sk (8
(16 = (Pp4) 3 Gloale)lonle) T (83085 188 i)
7,7=1

_ D*Dy,
= A, Z (z|op|z)(Z|opld )Tr(afa’;a%,pgm,) (D12)
ko zz7=1

(k)2

using the fact that py,. , = pg;)an 4/Da . The first term in Eq. (D10), denoted (*), can be evaluated to

(¥) = D* ZB (zloglz)' (< |oplz')!= ’“Tr[(1®2k® |2 25) (2 2"|)o ®2kﬂ§{aa>r} (D13)

z,7=1

Here, we defined the shorthand notation |z¥z’%) = |7)®* @ |7/)®*. Note that 7 is a permutation operator acting on the
2k-fold replica Hilbert space H®%, which simply swaps the first and second k replicas, e.g.,

2(ly1)® @ [12)®) = [,)®* @ |y, )®*. Now, expand pli¥) in terms of the permutation operators %, where 7 is an
element of the symmetric group S,;, to obtain
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D2k

() = (2k)1Dy Z Z (zlop|2) ' (2 |op|2') T Tr[(I§* @ |2* ) (22 |)o® 7 7). (D14)

2.7=17mE€ Sy

The sum over 7 € S,; can be split into sums over two classes of permutations: (i) permutations that can be decomposed in
the form 7 = 7; ® 7,, where 7; €S and 7, €S, are arbitrary permutations acting on the first and second k replicas,
respectively, and (ii) permutations that cannot be decomposed in this form, which we denote by the shorthand 7 # 7 7,.
Thus, we find

D 2k

(x) = Z Y (elopla)! (2 opl) FTHUFH @ [2%25) (£ 24])o® (71 © #2)7]

z,7/=1 7,71, €S

Z Z (z|op|2) 1 k (7|05 |Z>l kTr[([®2k ® |Z’k k>< kZ/k|)0®2k;[%]

/=1 7€8y
nET| Y

D 2k
20Dy )!Dy .

ax ,Dsz > (ol (@ osl ) Tr(65 71655 1)

z2,7=1 7,1 €S

D2k A A
iy, Z > (2lonla) Kol HTHUTE @ |42 ()02
] 7!€32k
nEm| Iy
7D2k S 5@k 5@k (k)
- Tom. (k1)2Dy ¢ Zl<Z|GB|Z><z’|03|z/>Tr(aAlz 68 Piin )
2,2 =
D2
(2k)1Dy . Z > (elosl2) (2 og|2) FTH(IF* @ [2*2h) (2F2 )oK 2 7). (D15)
—1 7€5y
n#n|my

Substituting the expressions for (x) and (xx) into Eq. (D10) yields

E S0 _E ~<k>H2
Y~ Scrooge (o) Pe ‘P~5‘crooge(zr)p€ 2
K> S kA®k (k)
< O(B) (k!)zDA,k Z <Z|UB‘Z><ZI|GB|Z’>Tr<dﬁzdﬁz/pHaarA)
z.7=1
DZk
oDy Z > (zloglz) T |op| ) TP @ |2¥) (K2 |)o®H 7 2] (D16)
(2k D2kZZ 1 7€5y;
T

To bound the first term on the right-hand side of Eq. (16), we use Holder’s inequality to obtain

1 . . 1
Tr("%ﬁf\ipﬂgam) < ETrk(GAV)Trk(O'A\z’) = m . (D17)

To bound the second term, note that it must necessarily involve cross terms like 6, = (I4 ® (z|)o(I4 ® |Z)) and

Cal: = Gj;‘zz/, due to the constraint 7z # 7 7,. Moreover, 6, ., and o4/, appear in pairs. Thus, using Holder’s inequality,
2

||0A\zz’||1 < HGAIZHIHGA\Z’HI’ and

SIS @ [424) (k)0 4] < ((2k)! — K1) [T[(12% @ |225) (424 )o® 2 7]

TESHy
nFET T

(2K = k) oz [ loap i loa 17
= ((2k)! = k) lloa.2 [} (zlogl2)*~ (/g2 ) " (D18)
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Substituting these bounds into Eq. (16), we obtain

2 ;2k+2 D2 Dy
E |p¥P- E p¥ <o< >+ 2k)! — k!> oz |2
Y~ Scrooge (o) Pe ‘P~§cr00ge(rr)pg 2 - D (2k)'D2k (( ) )Z;I ” Al ||]
k2k+2
<055 + oD, o), (D19
where we have used the inequality
Dy Dy
> lloa2l} <Da Y lloapz 13 = Dallol3. (D20)
z,7=1 z,7=1

Combining all the results above, we have an upper bound on the average trace distance,

2

~(k) ~(k) ~(k) ~(k)||2

_E pse— _E D )sDA,kJE ps — _E ﬂH

(‘I’NScrooge(o-) & Y~Scrooge(o) € 1 Y~ Scrooge(o) & Y~Scrooge(o) € 1l

kk+2Dk—l 4k
<o(“ 52 (1450204l ) ). (D21)
Combining Egs. (D9) and (D21), and using the triangle inequality, we obtain

(k) ~ (k) (k) _ ~(k) ~(k) ~(k)

E Op¥- E W < E /)—pH—&-JE Mo Ep

Y~ Scrooge(o) & Y~Scrooge(o) € 1 Y~ Scrooge(o) € & 1h Y~ Scrooge(o) & Y~ Scrooge(o) € 1

kk+2 Dfx_l 4k
o (%

Dg
SZ<z|oB|z>0<k||aAz||z>+o\/ ot (14 nenalelz) | 02
z=1

where [Ely[)g(> is given by Eq. (D11), which implies that

D

®_\ S0 s S . DI (A e
‘I’~5‘cru0£0ge(a) P — ;<Z|03|Z>Pscrooge(%\z) 1 < ;<Z|03|Z>O(k”%\z”2) +0 \/TB <1 JFPDA DB||0||2>
(D23)
To relate this finding to a mixture of p(Sl?rooge(&Ak)’ we use Lemma 1 and the triangle inequality to obtain
Dy Dp
S (2lon12) (Plvoge Ga1) = Pirooge@ae)|| < D (2lors]2) | [P5roge(Bte) = Piooge B
=1 1 z;:
=2 (zlop|2) O(K|641:l2)- (Lemma 1)
P
(D24)
Finally, applying the triangle inequality again yields the desired result
Dy - Dy
s |[fF ™ 2 Elorl N rnBa) | <O ¢ kDiD (1 ' gDAQDB||a||§) + 2 {elonl) Okl
(D25)
|
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We will also make use of the following lemma.

Lemma 8. Let pfg (V) be the kth moment of the projected ensemble £(¥) on subsystem A generated by |¥) , 5, measured
in an arbitrary orthonormal basis {|Z>}Z=81 on subsystem B. For any fixed operator M, and any density matrix ¢ with

dimension D,

E

(8) g
Y~Scrooge(o) ( )

w)-ml| - E
1 w~Scrooge(s)

Dlo]}3 - 1
<\ =M,
1 D+1

o AL ® (2| (WL ® |2)]"
Pe ‘Z (W](Ly @ |2)(2]) W)

Proof. Let us write pék) explicitly as

By the definitions of the ensembles Scrooge(s) and Scrooge(s), we have

_ oA [(1s ® (2)VElh) (@lvalls ® [2)]8
wescEalE M =D E () H o |qbZ WVl ® ) EDvaidr |,
_ A [(Iy ® (2))Valp) (bly/a(ls ® |2))]®* "
= et Dz NGICIEENG, S akad
and
(k) _ _ oA (14 ® (z)V/alg) (plv/a (s ® [2))]®F
vesoba? M = L P et @ e M|
For convenience, let us denote
DZ (14 ® (z])Valg)(BlVols ® |2)]
(PlVo(ly ® [2)(z])Vold)
Therefore,
pnE PO ML= E ) -
|, £, (K@) = DGloAMI, = [K() - M)
S¢~H' |||K( ) = D{(plolp)M||, — |[K(¢) — M||,| (Jensen’s inequality)
<¢ HD( lo|p)yM — M|, (reverse triangle inequality)
=( £ [1=Dilold)]) 1M
< | (1= DIl | v, (Cauchy-Schwarz)

Do -
M
\/ =

(D26)

(D27)

(D28)

(D29)

(D30)

(D31)

Now, using Lemmas 7 and 8, we can analyze the case where the generator state is drawn from the exact Scrooge(o).
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Theorem 6 (Projected ensemble generated by a Scrooge state). Let |¥) 45 be a state drawn from Scrooge(o). Denote the
reduced density matrices of 6 on A and B by o, and o, respectively. Consider the projected ensemble (W) obtained by

applying projective measurements on B in an arbitrary orthonormal basis {|z) f:B - Then, assuming that k*||6.4 [, < 1 for
all Z, and 1 < DA S DB,

Dy
k k A
pé) - Z<Z|UB|Z>p(Sc)rooge(6A\z)
1

z=1

KD (o 4 S X Dljo]l3 1
< O(\/TB (1 +PDA2DB”6”%> + ;<Z|GB|Z>O(]<HUA|ZH2) + D41 (D32)

where 64, = (I4 ® (z|)o(I4 ® |z)), and 64, = 64,/ (z|op|z) is the normalized conditional mixed state on A.
Proof. Using Lemma 8§ with

E
Y~Scrooge(o)

Dy
Z Z|GB‘Z pScrooge( Alz )’ (D33)
we have
Dlo|? -1
E —MH < B |pW —MH 4y Plelz =1, (D34)
W~Scrooge(c) 1 ¥~Scrooge(o) 1 D +1

From Lemma 7, we obtain

E
Y~Scrooge(o)

® kk+2D,]f1_1 4k Dpg
o -] <o L2 (140Dl | + L tlenld Okl (039
z=1

We can also bound ||M]|, via

||MH1 < Z Z|O'B|Z HpScrooge GAlZ

Z (zlopl2) (D36)

since p(slé)moge (64);) is a normalized density operator. Therefore,

E

Dy
(k) (k) .
W~Scrooge(o) Pe ~ Z<Z|GB|Z>pScrooge(6A\z)

z=1

1

kk+2Dk—1 4 Dy ) D||o'||2 1
< @ \/—DBA <1 + kz DA DBHG||2> + ;<Z|53|Z>O(k||6A|Z||2) + \/D:_il (D37)

|

Theorem 7 (Projected ensemble generated by an approximate Scrooge 2k-design state). Let |¥) 4 be sampled from an
approximate Scrooge(c) 2k-design, with relative error €. Denote the reduced state of ¢ on A and B by o4 and op,
respectively. Consider the projected ensemble & obtained by applying projective measurements on B in an arbitrary

orthonormal basis {|z> . Then, assuming that k*||6 [, < 1 for all z, and 1 < D, < Dg,
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Dg
k k A
p((g) N Z<Z|63|Z>p<50)rooge(0A\z) |

z=1

W~2k-design

k2 ph-! 4* De 4 < -
<0 ¢—5f—0+ﬁvﬁmm%+;5+;mﬂg + YO fe + 4 lall + Kol ). (D38)
z=1

where 64, = (Iy ® (z])o(I, ® |z)), and 64, = 64,/ (z|op|z) is the normalized conditional mixed state on A.

Proof. From Lemma 1, the proxy Scrooge(s) is an approximate Scrooge(s) 2k-design with relative error
¢ = O(4%k||o||,). This implies that any approximate Scrooge(c) 2k-design with relative error ¢ must also be close to
Scrooge(s) up to 2k moments with a relative error ¢” that satisfies

I+ =(1+¢)(+¢), (D39)
which gives ¢’ = ¢ + & + e = Oe + €) = O(e + 4%k||o]|,). In other words, we have

(1- 8//)~(2k) (0) <

~(2k
Plirsoze(@) <, LE () (D < (1+&)s00ge(0)- (D40)

P Scrooge

Now, using Lemma 3, where we choose &; to be §cr00ge(a), and &, to be the approximate Scrooge(o) 2k-design, and the
fixed operator

2 Dpg
(k) k () A
M = E =1 — D41
vsEnt? = (140(5;) ) ol (600 D)
where we have defined
k s
P (w) = > (zlopl2) T [(1x @ ()W) (P|(14 ® |2))]®* (D42)
z=1

for the projected ensemble &£ with ¢, = (z|og|z), we obtain

_ =(k) gy _ H2 _ ~(K) gy _ H2
A= E ¥Y)-M E ¥Y)-M
W~Scrooge (o) Pe ( ) 2 W~2k-design Pe ( ) 2
Dy 2
<¢ E l2Tr(ﬁ§k>(‘P)M) + (Z(ZIGBIZ>“"<‘PI(1A ® IZ><ZI)I‘I‘>"> : (D43)
Y~Scrooge(o) —1
Rearranging, we obtain
,5<k>(‘P)—MH2 < E |p®Pew —MH2
W~2k-design € 2 7 P~Scrooge(o) ¢ 2
Dy 2
+e E 2meWH<mewﬂwa®mmwﬂ . (D44)
Y~Scrooge(o) =1
The first term on the right-hand side is given by Eq. (D19) in the proof of Theorem 6 above, with
~ (k) 2 k2t kp2k 2
£ e -m <o + O@EIED,|lo|2). (D45)
W~Scrooge(c) 2 D

Next, by linearity of the expectation and trace,
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D2k
Bl = E W) <= = 0k?), (D46)
Y~ Scrooge(o) W~Scrooge(o) D %

which can be obtained from Eqs. (D12) and (D17). Furthermore, by the Cauchy-Schwarz inequality,

Dy 2 Dy 2
_ o 1/2
E <;<Z'”B'Z>l (1, © |z><z|>|\v>k> < LZ“"’B'Z) (W E I @ D) ]
= (1+0(%)) 3 lonlahlonl2) (1 + OF o 13)
=1+o(1) (D47)

since we assumed k?||64,||, << 1 for all z. The notation o(1) is a shorthand for terms that vanish asymptotically in the limit
of large Hilbert space dimensions. Thus,

E|p®ew) - MH2 <o (’)(4"k2"D ||0'||2> + O(e"k)
W~2k-design|| & 2= D AllTI2
k2k+2 4k Dée"

This result implies the trace distance bound

00—, < B

E
Y~ 2k-design W~ 2k-design

_ 2\1/2 Kkt2p k-t 4k De"
P‘(gk)(lp) _ MH ) <0 - A (1 +_2DA2DB||6H% t— |
2 Dp k k

(D49)

The next step is to show that pfgm is, with high probability, close to f),(sk), when |¥) 5 is sampled from the Scrooge(s) 2k-

design. To this end, we use Lemma 2 to write

k-1 2%-271/2
(k) (k) Dy 1/2 2 Zk[Edesigan ¥ Zk[Edesign <

W < ([E 2) | -t Tl . D50
Y~2k-design Pe Pe Hl ; ‘I’~2,’<—designpZ <Z|03|Z>k_1 <Z|UB|Z>2k_2 ( )

Using the relative error property,
1-¢" E < E f<(1+¢ E ‘ D51
( )‘I’Ngcrooge(a)pZ ‘PNZk'deSigan ( >‘{’~§crooge(0)pZ ( )

for 1 < ¢ < 2k. From Eq. (D8),
Bl = (alogle)’ [1 + O(2)615) | (Ds2)

Y~Scrooge(o)
Therefore,
W _ 0] <X
_ = < Z 2| A 2 . D

vl =2 < 2o tdowO 2+ Bl (Ds3)

By the triangle inequality, and substituting the definition of M, we obtain
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2Dt (4 De"
<O — 1 D,*D
E \/ 0 (14 Dyl + o)

Dp
k k .
pé) - Z<Z|GB|Z>péc)rooge(GA\z)

W~2k-design po

Dg
+ (@loplO(/e" + K 64clB). (Ds4)
z=1

In the above, we have replaced ﬁ(s]?rooge(?’Al .) by pé’?moge (64);) in M because this only incurs an additional trace distance error
of O(>__(z|op|2)k||84).||,) by the triangle inequality. It can be verified that this recovers Theorem 6 when &” = 0. As stated
above, ¢’ = O(e + 4%k||o||,); thus,

Dy
k k ~
P& =3 " (zlosl2)permope (Bal)

z=1

KDL gk De 4t
1 <0 \/TB (1 + = 2 DAzDB”UHz 2 +?D|‘7H2>

W~2k-design

Dp
Y (a0 e+ 4 lal + Kol ). (Ds5)
z=1

For a fixed k€N, Eq. (D55) simplifies to

Dg
k k A
pé) - Z<Z|63|Z>p(5c)rooge(6A\z)

W~2k-design o

< 0(y/Die+ loll + DallolB)) (DS6)
1
to leading order, giving Theorem 2 in the main text.

1. Projected ensemble generated by a state drawn from a Haar 2k-design

In the special case where ¢ = I/D is maximally mixed, the Scrooge ensemble reduces to the Haar ensemble, giving
Corollary III B 1. In this limit, it turns out that the error bound can be improved compared to Theorem 2, for technical
reasons. The proof follows similarly to Theorem 7 above.

Theorem 8 (Projected ensemble generated by an approximate 2k-design state). Let |¥) 45 be sampled from a 2k-design,
with relative error e. Consider the projected ensemble £(¥) obtained by applying projective measurements on B in an

arbitrary orthonormal basis {\z} . Then, assuming k*> < Dy, with D4, Dg > 1,

\/ Dy + D, ke) (D57)

Proof. The kth moment of the projected ensemble £(¥) can be written as

( )

W~2k-design pHaar A

Zp (14 ® (D) (P|(14 ® [2))]% (D58)

where
p- = (P|(1a ® |2)(z))['¥) (D59)

is the probability of measuring the outcome z. Let us construct the proxy

PO =S DK (14 ® (2 )91 @ |2)))% (D60)
z=1

The average trace distance between pfgk) and ﬁfgk) can be bounded using Lemma 2,

Dy

k) _ ~(/<>H < ( E 2)1/2<1 _opklE k=14 p%2  E 2k—2)1/2 D61
Pe —Pe ||| = z; ‘I’~2k—designp z B ‘P~2k-designp ¢ g ‘I’~2k-designp g - (Dol

W~2k-design
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For any 1 <7 <2k,

1- E ‘< E ‘< (1 E ‘
( 8>‘I’~Haar(D)pZ _‘I’~2k—designpZ =( +€)‘I’~Haar(D)pZ

from the definition of the relative error . The Haar average of p.” can be explicitly evaluated as

D 1 £?
[E 5 lolz)
W~Haar(D) ¢ £qes, Df D Dy
Thus,
2
) _ ~<k>H _ L
wrkdesinll €~ PE ]} Olyet D,

Next, using Lemma 3 with the choice of ¢, = 1/Dg, M = pga)& 4

& PHaar, A 2 WeHaar(D) & PHaar, A

:) (k) _ (k) H2 E H[)(k) (k) Hz)
W~2k-design

~(k) (k) 2k—2
<2 E T D .
- S‘PNHaar(D) "¢ Priaara T €D \PNHaar (Z pz>

The first term can be evaluated using

k-1 Dg 1

S0 (®) ! ) _ Dy ‘ K
E T ca=—— [E T = E =—1(14+0|—] ).
W~Haar(D) TPe Priaar. DA,k W~Haar(D) Pe DA,k Z W~Haar(D) Pz DA,k ( + <DA

z=1
The second term can be evaluated using

DF, LE o (Z pz> =Dy~ Z (I ® (2ol (I ® [242%))

z,7=1

DZk—Z
— DB2]< ( < )) Z ZD #eycles(n Z/k|7ATB|ZkZ/k>

2,7=1 1€ Sy

B S

z=1 1€ Sy ! -1 TE S,

1 K2 k2
— —D§D§k <1 + O(B) ) (DgD%* + Dy(Dy — 1)D3) <1 +0 <DA>>

k2
=1 O<DA>

20 _ (K H2< E ’
Pe PHaar A 2 7 W~Haar(D)

Therefore, A = O(¢), and

~(k k 2
,D(g) _pg-leiar,AHz + 0(8)

W~2k-design

Now,

041003-37

(D62)

(D63)

(D64)

(D65)

(D66)

(D67)

(D68)



MOK, HAUG, HO, and PRESKILL PHYS. REV. X 16, 041003 (2026)

1
E ‘~<k>_ (k) ‘2: E T5%%-2 E T3%,0
W~Haar(D) Pe PHaar A 2 W~Haar(D) e Y~Haar(D) rpg PHaar.A +DAk
2 k? 1
= E Tp¥P-—(1+0 +—, (D69)
W~Haar(D) DA,k DA DA k
where
E Tr7 D2k -2 (1®2k k /k) (2k) <I®2k ® Zkz/k )
W~Haar(D) pg ZZZ] ‘ PHaar \ L4 | >
1 #eycl
~ i (1+0(5)) 35 3 sy
BTA 2.7=17€Sy
- 1+0(—= kz DD} (1+0 e + Dp(Dg— 1)k!DA (1 +O( — K
_D%Dik B~ A DA B B A A
1 k? 1
1+(’)< ))—f—— (D70)
DAk ( Dy Dpg
Thus,
E o -, =5+ 0 “ (D71)
W~Haar(D) Pe Phaar.A 2 DB DADA,k
and
(k) _ (k) H2 <1 +0 K + (D72)
pedtdesignl|€  PHaarA(ly = DDy ‘)
which implies that
1/2 D
~(k) _ (k) < ~ (k) (k) Ak
Workdesignl[F€ T Phaara ‘1 = (DA'I‘%zk[-Edesign Pe P HaarA \/ + Da kg) (D73)

Finally, by the triangle inequality,

(k) _ (k)

~(k k
¢ ~ PHaar,A o "

& 7 PHaar,A +

‘ 1 W~2k-design

’ ‘ 1~ W~2k-design

2
S _ <k>” < [Pax g D74
W~2k-design Pe  —Pe’||, = Dy +0 DA+ AKE (D74)

which yields the desired result. L

2. Late-time chaotic Hamiltonian dynamics

Consider a generator state |¥) 4 obtained by evolving the initial state |¥,) 4 under an ergodic Hamiltonian H, for a late-
time 7. Generically, it is reasonable to expect |¥),5 to be modeled by the random phase ensemble

Py &
grandom phase — {(2”)D ’ Zl E |lP0 |e ¢I|E >} (D75)

with the diagonal density matrix (in the energy basis {|E;)};)
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Gdiag <D76)

= Z|<Ej|TO>|2|Ej><E]

as described in the main text. If H satisfies the kth no-
resonance condition, Mark er al. [31] showed that the
temporal ensemble

Eiemp = {e7'W)|t € (—00, 00)} (D77)
is close to the random phase ensemble, up to the kth
moment. While we have shown that the random phase
ensemble forms an approximate Scrooge k-design
(Theorem 1 in the main text), Theorem 2 does not strictly
apply in this scenario since the random phase ensemble is
not close to Scrooge(o) in relative error. Nonetheless, it is
interesting to ask whether the projected ensemble generated
by a state drawn from the random phase ensemble forms a
generalized Scrooge ensemble, as in Theorem 2. This
problem is partially resolved with Theorem 4 of
Ref. [31], where they showed that the kth moment of
the unnormalized projected ensemble E(¥) is approxi-
mately that of the unnormalized generalized Scrooge
ensemble, i.e.,

Dg

Z Z|GB|Z pScrooge(GAl )

(D78)

with an error that is expected to be exponentially small in
the system size. In the above, o4 and op are the reduced
density matrices of 64;,, 0n A and B, respectively. Note that
o4 = (14 ® (2))o(ly ® [2)), and 64, = 641/ (2lop|2) is
the normalized conditional mixed state on A. Using the
technical results developed in proving Theorem 2, we close
this conceptual gap by showing that the Scrooge behavior
does hold true for the actual normalized projected ensem-
ble, i.e.,

Dg

Z Z|GB |Z pScrooge(O-A|z)

(D79)

Dy
~(k k _
E 58 — ol <E, Y poft - X4

z=1
Z (1-x

=
sz Zloplz) (

Using

L+ X 4

This case is stated informally in Proposition 1 of the main
text, which we reproduce here, stated more formally.
Theorem 9 (Emergent Scrooge designs from late-time
generator states). Let |P),5 be the generator state drawn
from the random phase ensemble (D75). Denote the
reduced state of 645, On A and B by 64 and o, respectively,
where 64;,, 18 the diagonal ensemble given in Eq. (D76).
Consider the projected ensemble £(¥) obtained by apply-
ing projective measurements on B in an arbitrary ortho-

normal basis {|z) ?:81' Then, assuming k*(|6,. [, < 1,

Dpg

Z Z|GB|Z pScrooge(aA\z)

z=1

1

Dy
Z 2logl2) Okl1B4clln) + O(A), (D80)
where o, = (I4 ® (z])o(l4 ®[2)), and &, =

0./ (z|og|z) is the normalized conditional mixed state
on A. Above,

2
Ds (z82|Try (04, )2%2)

Y=

z=1

, (D81)

where

ZI (Ej[Wo) | EP*)(EF?|. (D82)

Gdlag

Proof. We first bound the average trace distance between
[)g‘) and pg‘). Define X = p./E,,p,, where E,, indicates the
averaging over the uniformly random phases in Eq. (C1),
equivalent to averaging over the generator states [Ey.

Averaging over the random phase ensemble, we find

+ X2

(D83)

1/2 2\ 1/2
)) <[E(,,<X+X2+...+Xk—l)> :
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[EX"

TE€S;

< (zlople) ™y Trlo® (14 ® [2)(z])® ]

= (z|og|z)* z Tr(aﬁiﬁA)

nE€S;
= ZTI' (J}?Y;]ATA>
TE S,
=1+ O(k2||6'A|z||%) (Lemma 4), (D84)
we have
©_ 0 <
By - o] <> telonla Okl ). (DS5)
z=1
This case implies that [)g‘) ~ p(gk) in the low-purity regime. Similarly, from Lemma 1, we have
Dy “ Dy
Z Z|6B|Z pScrooge(GA\z) pScrooge GA\Z Z Z|GB|Z kH8A|Z||2) (D86)
Thus, in the low-purity regime, we have
Dy Dy
1/2 R
Z Z|613|Z pScrooge(o-A\z) < O<A/}/ ) + Z<Z|GB|Z>O(k“6A|zH2)’ (D87)
z=1 1 z=1

where A is the error term defined in Ref. [31], which is
argued to be exponentially small in system size in typical
many-body systems. The subscript # indicates that |¥) has
an effective temperature 5. ]

APPENDIX E: PROJECTED ENSEMBLE
GENERATED BY MEASUREMENTS IN A
SCRAMBLED BASIS

In this appendix, we prove Theorem 3 in the main text.
We first prove the following lemmas, which will be useful
in proving Theorem 3.

Lemma 9 (kth moment of unnormalized projected
ensemble). Let |¥),5 be an arbitrary bipartite state, with
subsystem density operators denoted 6, and op, respec-
tively. Consider the projected ensemble £ obtained by
applying a Haar random unitary U on subsystem B,

|
followed by projective measurements on B in an arbitrary
orthonormal basis {|z)}*,
unnormalized state |,) =

. The average kth moment of the
(I, ® (z|U)|¥) is given by

Dax g (0

(|l/~/z><y~/z|)®k = DBkGA Haar,A*

El
U~Haar(Dp) ( )

Proof. Let us write the Schmidt decomposition of |¥) 45
as

(E2)

) ap ZZ\/ZIM ® i

where J; are the Schmidt coefficients and |i) are the
corresponding Schmidt vectors. Then, we have

/2
o . N . . ) :
U~HzEEr(DB)(|l//Z>< ‘;<ﬂﬂzaﬂja> (livs oo i) G -oos JkDaGns oo klPiaarslins - k) s
i
1 2
:k!DBkYZ; H/Laﬂ (livs oo i) Grsees kD ans ooos il @gliv, i) g (E3)
Kodpenip k a=
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By orthonormality of the Schmidt vectors, the term (jy, ..., ji|Zgli1, ... ix) g = 8}, x(i))---0;,.(;,) €nforces the constraints on
Jis-+-s Jx» which simplifies the sum to
: i
E i, (livs cees G (iqsenns @ A
UNHM(DB)(|WN><‘/&| k'DBk ;kﬂ;k 1:[ iy (14, i) (i k|)A”A
_ Dax e
D 6;? pl<-122arA’ (E4)
B.k
where we used o4 = >, 4;(]1) (i]) 4- "

Lemma 10 (Average k-copy overlap between projected states). Let |¥) 45 be an arbitrary bipartite state, with subsystem
density operators denoted o, and o, respectively. Denote the unnormalized projected state as |.) = (I, ® (z|U)|¥).
Assume k? < Dy and k||, ||, < ||o4]],. Then, for any pair of measurement outcomes z # 7/,

E |<l/7 |l/7/>|2k < k!HGAH%k |:1 +(’)<k2 || A”4):| + O<k2k+2). (E5)
U~Haar(Dp) e - D%}k ||6A||2 D%kﬂ
Proof. Using Weingarten calculus, we obtain
E Pl N*= E T ( ®2k 1182k @k /@K (/K ,®k U®2k>
U~Haar(DB)|<y/Z‘lI/Z>| UnHasr(Dy) (o Up " [2¥0 90 (% | Uy
> Wely 'z Dy)Tr (0§} ) (28420 |75]:82/2) (E6)
.y € S

in terms of permutation operators 7z and 75, and the Weingarten function Wg(y 'z, Dg). To proceed, observe that, by
orthogonality of |z) and |z}, the nonvanishing contributions to the Weingarten sum are those with y of the form y = y -7,
where y1, ¥, € S, are arbitrary permutations acting on the first and second sets of k-copy replicas, and 7 € S, is a fixed
permutation that swaps between the first and second sets of k-copy replicas. This approach will contract every (z| with |z)
and every (7’| with |7'), giving (Z/®*z®*|§5|z®%7/®*) = 1. Thus, we rewrite the sum as

E i) P = > Wellrzar) o Dy)Te (0§ 2. (E7)
U~Haar(Dp)

TESHy
X142 €Sk

Next, we split the sum over 7 € S,; into terms where 7 = y,y,7 and & # yy,7, respectively. This process gives

UnHom(D )|<ll7z|’/7z’>|2k = Wg(ly. Dp) Z Tr(o5®* (715 ® 22.8)%5) Z We((rixar)™'n, DB>Tr<‘7§’2k”L)

X142 €Sk 11”52213/(
AELNA2T
1
<o [1+o< )}k'ZTr(oé%) + > Wel(rrao)™'m Dy)l, (ES)
XGSk X r)(EZSéASk
TE1X2T
where we used [73]
(10 Dg) = 2 [ 14 0 (5 (£9)
We(lo, Dp ——[ + <—>] E
Dy 0

valid for 4k*> < Dy. Applying Lemma 4, we obtain

ST = T(e3) ST ) = el 1+ 0174 . (E10

X €Sk Y E Sk || A||2

using the fact that 6, and op share the same nonzero eigenvalues. To bound the last term in Eq. (ES), we use
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Z (We((rirar) ™7, Dp)| = Z (We(m, Dp)|

TESH ItES
2142 €5k 11};3
TE(1X27T

_ (k!>2< S [We(r. Dy)| - |Wg<12k,DB>|)

€ Sy

el
-wr{g[1+0(5,) -5 [1+o(5)]}

J2k+2
- o(_) (E11)

DA
Substituting these formulas into Eq. (E8) yields the desired result. n

Now, we are ready to prove Theorem 3 in the main text, which we reproduce here for convenience.

Theorem 10. Let |¥) 45 be an arbitrary bipartite state, with subsystem density operators denoted 6,4 and o, respectively.
Consider the projected ensemble (W) obtained by applying a unitary U, drawn from an approximate unitary 2k-design
with relative error ¢, on subsystem B, followed by projective measurements on B in an arbitrary orthonormal basis {|z) }?:‘" 1
Then, assuming that k < ||o4||5/]|oalls and 1 < D4 < Dp,

Ey,

Dk Jk+2 1/2
= e, = [@alero(1225) < 025 ) v o] e
2

Proof. The kth moment of the projected ensemble £ generated by ¥y ) 5 = (I4 ® Up)|¥) 45 is denoted as

ZP (T4 ® DIPu){(Pul(la ® [2))]® (E13)

where p, = (Yy|(I4 ® |z)(z|)|Wy) is the probability of measuring the outcome z on subsystem B. Since U is sampled from
an approximate 2k-design with relative error &, the generator states |¥;;) satisfy

— ®2k< ®2k< ®2k
(1=6), LE (W)®D®* < E  (R)(Pu)®¥ <(1+0) E (W)  (E14)

Now, using Lemma 3, with the choices

Dy
S (k _
pe = DY 1y ® EDI¥) (Fullls @ 1)1 (ELS)
z=1
and
~(k
M= péc)rooge<°'A) =D kg?kpl(-la)arA7 (E16)
we have
= ~(k) _ ~(k) 2 ~(k) (k) 2
A= U~2kl]—5design Pe — pScrooge(UA)H2 - U~l]1§1aa.r ‘pg - pscrOOge(GA)HZ
(5 5(4) o\’
<2 E T[~ 5 } D22 [ A B9
B 8UNHaar(DB) e /)Scrooge(O-A) +els U~Haar(Dp) ;Pz ( )
With
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_ Dy*Dy
Dg i

Qk (k) (k)

E Tr(GA pHaaI,AﬁScrooge (GA ) )

(k) ~(K)
UNHaaI(DB)Tr[pg pScrooge (GA )]

DBk k~(k
= D—Tr(aff’ péc)moge(m))
B.k

_ DBkDAk
DB,k

k2
= k! <1 + 0()) oa||2¢ <1 + 0<k2
Dy

k
Tr(agx@kpl(—IeZar.A )

||0A”i)>
lloall3

(Lemma9)

(Lemma4)

loalli
— kil 31+ 02 211 loall/loali 2 1/D,). (E18)
2
and, using the Cauchy-Schwarz inequality, we obtain
Dy 2 Dy " 2 1
E pk> <> (,E ) } = (14 0 leal)).
U~Haar (; < Z U~Haar' * Dsz 2
(E19)
Thus,
4
A < 2ek!||o, |12 (1 + 0<k2 :::2”3)) + e<1 + 0(k2|\gA\|§)) = O(e). (E20)
2
This finding implies that
~(k) _ ~(k) 2 ~(k) _ ~(k) 2
U~2k-design Pe _pScrooge(az‘l)H2 < U~Haar(Dy) Pe _/)Scrooge<O-A)H2 + 0(8) (EZI)
To proceed, we need to evaluate
~(k)  «(k 2 ~(k)2 ~ (k) ~ (k ~(k)2
U~Haar(Dg) (g) B pé(:)rooge (GA) HZ - UNHEI(DB)Trp‘(E ) B 2U~Hé:EEI(DB)Tr |:p(g )péclooge (GA)] * Trp(sc)rOOge(aA)
loall3 ke
= k!||o4|)3*O <k2 +0 . (E22)
e lloall3 Dy
For this purpose, we use
E T2 L (1 + O |oal2 + k2k+2)) + ko |26 <1 + o<k2 M)) (E23)
U~Haar(Dg) DB ||0A||2
from Lemma 10, and
~ (k)2 k k
Trp(Sc)rooge(GA) = DIZAkTr (Gz?kpﬁ—lfzar.A O-?kpl(-[azar,A)
D2k "
= D:k Tr(6i®kp§{2m.A)
4
= k!||o'AH§k<1 + O(k2 M)) (Lemma4). (E24)
lloall3
Thus,
2ke+2 4
(0 _ () HZ <ok s 2k 12 19alla
U~2k-design Pe pSCrooge(aA) 5= o Dy + k'||6A||2 Ol k ||0A||421 + O(S) (E25)
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This result can be used to upper bound the trace distance, via

2
=(k) _ (k) (k) (k) 2
(U~2k[!zdesign||pg B pScrooge(oA) || 1> = DAvk - Pe — pSCrooge (O-A) H2

U~2k-design

2\k 2 ||‘7A||4 D/ﬁkkﬂ
= (Dylloall3) O k I A”4 + O D, + O(Dy e). (E26)

The next step is to bound the average trace distance between p(gk) and Z)g‘), and the trace distance between p(Si)mge(aA) and

) (04). From Lemma 2, we have

pScrooge
(k) (k) - 1/2 1/2
— 5 < 2) ( k-1 k=1 | p2k=2 2k—2) _
v-akdesignll € TP H' - ; <U~2k[-Edesigan I=2Dg U~2k[-Edesignp < Dy U~2k[-Edesignp : (E27)
Using the fact that
E k — UosnU'
UNHaaI(DB)pZ UNHaar(DB <Z| B |Z>
=Tr (6? pg—lgar,B)
1
" X\Dps (1+ 0k eulR)) (Lemma4)
! K 2 2
= e (110(57) ) (1+owlealp)
DB
1
- (1 +o<k2||aA||;>) (logl3 = lloal3 > 1/Ds). (E28)
B
and
l-¢) E pi< E _pl<(l E pf E29
( €)U~Haar(DB)pZ - U~2k—designpZ - ( t €)U~Haar(DB)pZ ( )

for all 1 < # < 2k, we obtain

k) _ 50| < \/T
U~2k[—Edesign Pe Pe Hl - O( e+k HUAHZ)' (E30)
From Lemma 6,
k ~(k
||p(Sc)rooge(0-A) _p<Sc)rooge(6A)||1 < O(kH6A||2) (E31)

Therefore, by the triangle inequality,

(k) _ (k) H
U~2k-design Pe =P SCrooge(UA) .
(k)

S E Pe _Pg H + HpScrooge(GA) pScrooge H

T U~2k-design

~(k ~(k
/)(E;) _p(Sciooge(gA)H

U~2k -design 1

o Dk k2 1/2
<O(er Rloal}) + Oklonll) + [(allalro(ie 12415) + o 245 2) + 0(0yse|

oall4 DF jk+2 1/2
= |@allaazro(12 718 + 0 =) + 0Due)] (E32)
2

with the dominant contribution to the error bound coming from the average trace distance between f)‘(gk) and ﬁé’?moge(aA). m
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1. Application: Local Hamiltonian at finite
temperatures

Theorem 3 requires the condition k < ||o4||5/||o4l|4 for
the projected ensemble to converge to Scrooge(c,). As
stated in the main text, we can define the effective
dimension of ¢, via

4
Dy <||aA||2> |
loalls
If ¢o=1,/D, is the maximally mixed state, then
Dy = Dy. Subsequently, the above condition reads
k* < Dy -
This condition is usually satisfied in many-body quan-

tum systems. To analyze a concrete example, let us consider
the case where o, is the thermal Gibbs state,

(E33)

e_ﬁHA

= (E34)

)

where f is the inverse temperature and H, is the
Hamiltonian restricted to subsystem A.

Let us denote the spectral density of the Hamiltonian H ,
by f(E), which satisfies the normalization

/ Y dEf(E) = 1. (E35)

(o]

We assume that H, has a Gaussian spectral density, i.e.,

1 (E—p)?
E)= -, E36
16 = e (-2 (E36)
where
1 & TrH,
p=—>y E = E37
b "D, =
is the mean energy and
1 & TrH? Tr’H,
N =—NE-=—A-—5% (E38)
D, 4 D, D?

is the variance. To convert the discrete sum over energies
to an integral over the spectral density, we use

D;' P4 — [dE f(E). Thus, the partition function at
inverse temperature f is given by

Dy
Zy=TrePts =) et =D, /
i=1

" dE f(E)ePE

= D, exp <—ﬁ,u + %ﬂzAz) . (E39)

Note that this gives the partition function for any H
(regardless of spectral density) to quadratic order in f,
i.e., in the high-temperature regime.

The generalized purities read

! Zy?  D§exp(—qpu + 5 qp*A?)

1
=D, "exp (5 q(q - 1)/52A2> :

(E40)

For the above equation to be self-consistent, we need to
impose the constraint Tr(c49) <1, which implies the
constraint f>A? < (2/q)N,1In2. Outside of this range
(e.g., at low temperatures), the expression becomes unphys-
ical. This finding reflects the fact that the finiteness of the
spectrum is relevant in the low-temperature regime, leading
to the breakdown of the Gaussian approximation. In what
follows, we will work in the self-consistent regime.
Let us expand H, in the Pauli basis, i.e.,

M
H, = zcum’
m=1

where P, # [ is a Pauli string on N qubits and |c,,| < 1 are
real coefficients, as explained in Eq. (21) of the main text.
Then,

(E41)

Tr H
§= L Y (E42)
D,
and
TrH? 1 & M
A? = A_ cmCy Tr(P,P,) =Y c2 <M.
(E43)

For a geometrically local H,, we expect M « N; thus,
A% = O(N,). For simplicity, we set M = aN 4, where a is
some constant. Note that we are using dimensionless units
here, with the characteristic energy scale given by the
typical magnitude of c,,. Thus, we have

1
[oall, = Weﬁ%z/z (E44)
A
and
1 3RA2)2
HUAH4 :We s (E45)
A

which yields
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loalls _ 1
[oall> Di,/4

A = xp<ﬂ2A2 4“ ln2>. (E46)

For f < ., where

\/ml 2>\/—1 2_\/;“2, (E47)

the ratio ||o4]|4/||o4]|, is exponentially suppressed in N,
and therefore k < ||o4]|,/||loall4 is satisfied for large N4
and any subexponential k. Finally, we remark that the value
of 3, lies within the range f*A> < N,1In2/2, imposed by
self-consistency up to g = 4, as explained above.

APPENDIX F: UNIFORM RANDOM PHASE
STATES

Here, we present additional numerical results on the
random phase states given by

1 .
W)ap = SN2 Ze""’f 17)- (F1)
J

While in the main text we consider the trace distance A(*)
for our numerical studies, now we also regard a weaker
notion of distance, namely, the Hilbert-Schmidt distance. It
is given by

Af(o) (F2)

_Now_ w
_EHIDE _pScrooge(G) 5’

which is a weaker notion of statistical closeness between
the ensembles £ and Scrooge(s) because

Ay < AW < /Dy Ay:
thus, a small Al({kg does not guarantee a small A

We study random phase states with computational basis
measurements (0 = 0). We plot the Hilbert-Schmidt

(F3)

10734

distance Agg in Fig. 6(a) and reproduce the trace distance

from the main text for reference in Fig. 6(b). We find
similar behavior in both cases, although the difference

between finite Ny and Ny — oo is less pronounced for Agg

compared to A,

APPENDIX G: T-DOPED CLIFFORD CIRCUITS

In this appendix, we study emergent Scrooge ensembles
via rotating the measurement basis using Clifford circuits
doped with T-gates. In particular, we prepare the entangled
state

[¥(0)) = Wen(2))®V[05,) Mo~

With  en(z)) = c0s(¢/2)[0405,) + sin(z/2)|1415,)
between A and B;. We then apply a Clifford unitary of
depth d and Nt gates on B = B; U B, only, in the setting
described in the main text. Now, in Fig. 7, we study the
behavior as a function of depth d and Nt in more detail.
First, in Fig. 7(a), we plot A against d for different Nr.
We find that A®) decreases with d and converges to a
limiting value for large d, indicating the need for scram-
bling via entangling gates to generate projected Scrooge
ensembles. However, we find that the minimal A(®
decreases with an increasing number of T-gates Nr,
demonstrating that magic is also necessary for Scrooge
ensembles. Notably, there is a number of T-gates beyond
which A no longer improves.

In Fig. 7(b), we show A®?) against d for different total
qubit numbers N, where we choose Nt = 3N, i.e., in the
limit where magic is large such that we can converge to
minimal A . We find that for all N, the decrease in d is the
same, until beyond a certain d, where A®) does not
decrease further and plateaus. The plateau value of A
arises from finite-size effects and decreases exponentially
with N. We refer to the depth d where A(®) stops decreasing
as dy. We find that d,) increases with NV, which we find to be
approximately d, ~ %N from our numerical study.

(G1)

(b)

FIG. 6. Hilbert-Schmidt distance to Haar 2-design Ags) of the projected ensemble generated from uniform random phase states (F1).

We measure Ny qubits in the computational basis (§ = 0), and show (a) Ags) and (b) A®

against N,.
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FIG.7. Trace distance to Scrooge 2-design A(?) of projected ensemble generated from |¥(y)) as defined in Eq. (G1) where we choose
x = n/6. We then measure on B in a rotated basis via unitaries composed of d layers of local Clifford gates doped with N T-gates.
(a) A@ against d for different Nt. We have Ny = 1, Ny = 19, and average over 500 random realizations of the circuit. (b) A® against d

for different total qubit numbers N and fixed Nt = 3N. (c) A® against T-gate density Ny/N for different total qubit numbers N and
fixed depth d = 30.

(a) (b)
14 k=2 15x k=2
1074 k=3 10714 e e k=3
] el =4 q el =4
k=5 ] k=5
= 107 = 0
< <
10784 10734
1074 T 10714 T T T T T
0 0 5 10 15 20
d

FIG. 8. Trace distance to Scrooge k-design A% of projected ensemble generated from |¥(y)) as defined in Eq. (G1) where we choose
y = 7/6. We then measure in a transformed basis on B with d layers of local Clifford gates doped with Ny T-gates. (a) A®) against Ny

for d = 30 and different k. (b) AX) against d for N = 3N. We have N, = 1, Ny = 19, and average over 100 random realizations of the
circuit.

@) AR © A®
10° 100 10°
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FIG. 9. Comparison of different degrees of entanglement between A and B, where we show different angles y for the projected
ensemble generated from |¥(y)) as defined in Eq. (G1). We measure in a transformed basis on B with d layers of local Clifford gates
doped with N; T-gates. We plot d against Ny, where we show trace distance to Scrooge 2-design log;o(A®)) in color. We have

(@) y=n/2,(b) y =n/3,and (c) y = n/6. We fix Ny = 1, Ny = 19, and N = 20, and average over 100 random realizations of the
circuit.
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In Fig. 7(c), we show A®) against T-gate density N/N
for deep circuits of depth d =30. We find that A®
decreases with Np/N, converging to an N-dependent
minimum. We observe that this minimum is reached at
approximately Nt = 2.5, indicating a transition in magic
when the system becomes fully random. This finding
mirrors the saturation transition in magic observed in
Ref. [126].

Now, we study higher moments k of the Scrooge
ensemble. In Fig. 8(a), we plot A% against Ny for large
d and different k. We find a qualitatively similar decay and
convergence behavior for all k. Similarly, in Fig. 8(b), we
plot A®) against d for large Nr.

Finally, we study different angles y for the generator
state |wen(r))- The choice of y affects the entanglement
between subsystems A and B and thus the reduced
density matrix o, of the corresponding Scrooge ensem-
ble. We show y = z/2 in Fig. 9(a), which corresponds
to the case where o4 = 1/D, is the maximally mixed
state. Then, we show y = z/3 in Fig. 9(b) and y = z/6
in Fig. 9(c). We find similar behavior as a function of
Nt and d for all y.

@ Ny T-gates d layers (b)

=)
=
=
ESE|
fan)
YV

=
~
J
E%
Py
N

WXy VK Vey ey

APPENDIX H: T-DOPED CLIFFORD
GENERATOR STATES

Next, we consider T-doped Clifford circuits, where, in
contrast to the main text, we apply the circuit on both
subsystems A and B: We prepare a |0)®V state and then
apply the doped Clifford + T circuit on all N qubits
(instead of just subsystem B). Here, in Fig. 10(a), we
study circuits of d layers, composed of random single-qubit
Clifford gates, CNOT gates arranged in a 1D nearest-
neighbor configuration, which are doped with a total of Nt
T-gates placed randomly in the circuit. While the scram-
bling via the Clifford circuit increases with d, the magic
increases with Nt. In Fig. 10(a), we show the circuit and
setup in detail. Then, in Fig. 10(b), we show a 2D heat map
for A®), with varying Nt and d. We find that, for low N or
low d, the additive error between the projected ensemble
and the corresponding Scrooge ensemble is large. Both Nt
and d need to be sufficiently large to yield a small A®), In
Fig. 10(c), we study A against N for different N, where
we fix the circuit depth to be d = 30. We find that A
decays exponentially with Nt and saturates to a plateau

s,

10’1§

107!

—2 _]
@ 10
<
—~N=38
10734 = N=12
....... N:lG
N =20
N =24
T T T T T
5 10 15 20

FIG. 10. Distance to Scrooge 2-design A of projected ensemble generated from U |0)®N, where N-qubit unitary U consists of d
layers of random single-qubit Clifford unitaries and a 1D layer of nearest-neighbor CNOT gates with periodic boundary conditions,
where the circuit is doped with N1 T-gates at random positions. (a) Sketch of doped Clifford circuit with Ny, = 1 and Ny = 3. (b) Plot of
d (starting from d > 1) against N, where we show A® (in logarithmic scale) on a color scale. We choose Ny = 19 and Ny = 1.(c) A®
against Nt for different total qubit numbers N and fixed d = 30. We have N, = 1, Ny = N — N,, and we average over 500 random
realizations of the circuit. (d) A against d for different Nt. (e) A against d for different total qubit numbers N and fixed Ny = 3N.

We average over 500 random realizations of the circuit.
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value at large Nt. The plateau value is primarily due to
finite-size effects, and it decays exponentially with N. In
Fig. 10(d), we plot A® against d for different Nr.
The behavior mirrors the one observed in Fig. 7(a). In
Fig. 10(e), we study A®) against d for different N, where
we choose Nt = 3N, i.e., in the limit where magic is large
such that we can converge to minimal distance. Notably, we
find similar behavior as in the case of Fig. 7(b).

APPENDIX I: TRANSVERSE-FIELD ISING
MODEL

In this appendix, we study projected ensembles gener-
ated from the ground state of the 1D transverse-field Ising
model with periodic boundary conditions, as defined in the
main text, in more detail. We apply a random Clifford
unitary on subsystem B, then measure the qubits in B in the
computational basis, and finally construct the projected
ensemble over the remaining N qubits. In Fig. 11(a), we
study the distance to the Scrooge 2-design A against
Npg for different 4. Notably, we find exponential decay

AR ~2-aNe for all h#0, where we fit a(h). In
Fig. 11(b), we plot a(h) against A, finding a pronounced
maximum close to the critical point 4 = 1, indicating that
the distance decays fastest at the critical point.

Next, we study in Fig. 11(c) the field & against
y = log,(A®) /Ny, which is the logarithm of the trace
distance normalized by Ng. We define y as it converges to a
nonzero constant for large Ny, as we will show below.
Notably, we find that, for sufficiently large Ny, there is a
pronounced dip for 4 =~ 1, matching the well-known critical
point of the Ising model [130]. Now, we characterize the
behavior around the critical point. First, we define the
minimal distance yy(Ng) = min, y(h, Ng), where we per-
form the minimization at a small region around the critical
point. In Fig. 11(d), we plot y, against N, finding that y,
increases with Ng. Following the approach of Ref. [129],
we fit the curve with y, = aN% + y., finding good agree-
ment. The fit allows us to extract the asymptotic value
yo(Ng = o). In Fig. 11(e), we plot the minimal field
ho(Ng) = arg min,y(h, Ng) against Ng. We perform a

a b c
@ e, °« h=05 (b) (c)
e o= 0.9 094
1075 v h=10 : 024
] h=11
_ " h=15
\C:l/ A3
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= ::: e
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e 114 AN >
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FIG. 11. Distance to Scrooge 2-design A for projected ensemble generated from the ground state of the Ising model (29). We apply
unitary Ug on Ny qubits, measure Ny qubits, and gain a projected ensemble of N, = 1 qubits. (a) A?) against Ny for different / for the
case of random Clifford unitaries. Dashed lines are the fit A ~ 2-#"Ns (b) Fitted exponential decay rates a(h) against h. In panel (c),
we define y = logz(A<2>) /Npg and plot against /. The dashed vertical line is the critical point #, = 1 of the Ising model, which we now
proceed to fit using y. In panel (d), we plot the minimal distance y,(Ng) = min, y(h, Ng) against N, where the minimization over £ is
performed around a small neighborhood around h = 1. We fit with yq = aN% + y., where we find, as the asymptotic value,
Ve = yo(Ng — o0) & —0.238(7). In panel (e), we plot the field with minimal distance hy(Ng) = argmin,y(h, Ng) against Ng. We fit
with hy = aN% + h,, where we find the fitted critical field s, = hy(Ng — o) = 1.006(22). In panel (f), we rescale y and h with fitted y,
and hy. We find that curves for different Ny collapse onto a single curve when rescaling i — hy with Nllg/ ¥, where we have v = 1 as
expected for the Ising universality class. The dashed line is a third-order polynomial fit.
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FIG. 12. Distance to Scrooge 2-design A of the projected ensemble generated from the ground state of the Ising model by applying
unitary Uy on B and then measuring B in the computational basis. We have N, = 1 qubits for the projected ensemble. In panel (a), we
plot A against & for different types of unitaries Uy on B, which has Ny = 19 qubits. For large 4 > 1, the dashed line shows a
polynomial fit A® ~ 4~ where we find a ~ 2. In panel (b), we plot A against & for different N, where we choose random Clifford

unitaries Ug.

similar polynomial fit with hy = aN} + h, finding the
asymptotic field h. = hy(Ng — o) ~ 1.006(22), which
closely matches the critical point 7 = 1. Our scaling
analysis shows that, within our numerical study, the dip
in A® indeed converges to h=1 for Ny — co (see
Appendix I). Thus, emergent Scrooge designs can provide
a method to determine the critical point [129,130].

Next, in Fig. 11(f), we rescale y and /& with fitted y, and
h for different Ng. We find that curves for different Np
collapse onto a single curve when rescaling & — h, with

N 113/ ¥, where we have v =1 as expected for the Ising
universality class. We also show a third-order polynomial
fit as a dashed line, allowing us to predict the behavior close
to the critical point for all Ng.

Next, we study the behavior of the projected ensemble
generated from the ground state of the Ising model for large
fields 4. We transform bipartition B of the ground state with
random Clifford unitaries Ug. In Fig. 12(a), we plot A®?)
against h for different types of unitaries applied on Ng. Via
fitting, we find that, for all unitaries, we have a decay
A® ~ b with a ~ 2. The decay results from the fact that,
for h — oo, the ground state of the Ising model is a product

state. As product states are trivially exact Scrooge ensem-
bles, A must decay to zero as h — .

In Fig. 12(b), we plot A against & for different Ng. For
large h, we find that all Ny follow the same polynomial
decay as A ~ h=%, where again we find a = 2.

Finally, we study the error of Scrooge k-design A®%)
beyond k =2. In Fig. 13, we plot A% against & for
different measurement bases (via unitary Uy and
k=2,....5). Here, we have the identity applied on B in
Fig. 13(a), the tensor product of single-qubit Haar
random unitaries in Fig. 13(b), random Clifford unitaries
in Fig. 13(c), and unitaries drawn from the Haar measure in
Fig. 13(d). We find similar behavior for all k& shown,
indicating that the qualitative behavior for k =2 holds
similarly for higher k.

APPENDIX J: HEISENBERG MODEL

Next, we study the Heisenberg model with anisotropy #,

N

Hxxz = Z(_XijH -Y)Yi—hz;Z;y), (J1)
=
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FIG. 13. Distance to Scrooge k-design A*¥) of the projected ensemble generated from the ground state of the Ising model by applying
unitary Uy on B and then measuring it in the computational basis. We show A(*) against & for different types of unitaries U on B with
Ng =19, Ny, = 1. We regard Ujy as (a) identity, (b) single-qubit Haar random unitaries, (c) random Clifford unitaries, and (d) unitaries

drawn from the Haar measure on Ny qubits.
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FIG. 14. Trace distance to Scrooge 2-design A for the projected ensemble generated from the ground state of the Heisenberg model
(J1). We apply unitary Uy on Ng qubits, measure Ny qubits, and gain the projected ensemble of N, = 1 qubits. (a) A?® against
anisotropy & for Ug being identity, single-qubit Haar random unitaries, random Clifford unitaries, or random unitaries drawn from the
Haar measure on Ny qubits. (b) A against Ny for different Ug. The dashed line is the fit with A ~277"Ns where we find

Yciitfora & 0.11 and yypae = 0.5.

where X;, Y;, and Z; are the respective Pauli x, y, and z
operators acting on the jth qubit. We study the emergent
Scrooge designs generated from the ground state in Fig. 14.
We apply unitary Ug on B and regard the projected
ensemble of the remaining N, qubits. We regard Uy as
being the identity, single-qubit Haar random unitaries, or
random unitaries drawn from the Haar measure on Ng
qubits. In Fig. 14(a), we find that A®) changes slightly with
anisotropy /. Notably, we find an increase in A?) for h = 1,
which is most pronounced when we apply Clifford uni-
taries on B. In Fig. 14(b), we study A against Ny for
different Uy for 7 = 1. We find an exponential decay for
Clifford and Haar random unitaries on B, while local
unitaries (i.e., single-qubit Haar or identity) yield a large
A® for any Nj.

APPENDIX K: STABILIZER STATES WITH
DIFFERENT BASIS MEASUREMENTS

In this appendix, we study the projected ensemble
generated from stabilizer states. We prepare a random
N-qubit stabilizer state, apply unitaries Uy on the biparti-
tion B, proceed to measure B in the computational basis,
and study the emergent Scrooge ensemble on A. For Uy, we
consider random Clifford unitaries, the tensor product of
single-qubit Haar random unitaries, the tensor product of
T-gates followed by the tensor product of Hadamard gates
to measure in the X-basis, and Ng-qubit Haar random
unitaries. In Fig. 15, we show the distance to Haar 2-design
A®) against Ny for different classes of unitaries Ug.
Notably, we find that when Uy is Clifford, A is large,
which follows from the fact that the state after basis rotation
is still a stabilizer state. In contrast, for random single-qubit
Haar unitaries, rotation into the T-basis T = diag(1, e~im/4),
or Haar random unitaries over Ny, we find exponential

decay with Ng. Thus, by injecting magic into B via a
unitary (which does not commute with the computational
measurement basis), we can generate emergent Scrooge
ensembles with low error. Notably, as the initial stabilizer
state is already highly coherent and has been scrambled via
Cliffords, we find that injection of magic via measurements
in a local magical basis (such as single-qubit Haar random
unitaries) is then sufficient to produce good Scrooge
designs. This finding contrasts with the case of ground
states of local Hamiltonians (such as the Ising or
Heisenberg model), which are weakly scrambled, and thus
local (magical) measurements are not sufficient to yield
Scrooge designs.

® ¢ o e 0o o 0 0 o o o
10714
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FIG. 15. Distance to Haar 2-design A for the projected
ensemble of N, = 1 qubits, generated from the initial stabilizer
state over N = N + Ny qubits. We apply on B either random
Clifford unitaries, single-qubit Haar random unitaries, the tensor
product of T-gates (followed by the tensor product of Hadamard
gates), or random unitaries drawn from the Haar measure, and we
measure B in the computational basis. We plot A against Nj.
The dashed line is a fit with A®) ~277Vs, where we find
Yi-Haar ® 0.19, ¥1gae # 0.23, and ypy,, = 0.5. We average over
100 random initializations.
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