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Recent advances in quantum simulators allow direct experimental access to ensembles of pure states
generated by measuring part of an isolated quantum many-body system. These projected ensembles encode
fine-grained information beyond thermal expectation values and provide a new window into quantum
thermalization. In chaotic dynamics, projected ensembles exhibit universal statistics governed by
maximum-entropy principles, known as deep thermalization. At infinite temperature, this universality
is characterized by Haar-random ensembles. More generally, physical constraints such as finite temperature
or conservation laws lead to Scrooge ensembles, which are maximally entropic distributions of pure states
consistent with these constraints. Here, we introduce Scrooge k-designs, which approximate Scrooge
ensembles, and we use this framework to sharpen the conditions under which Scrooge-like behavior
emerges. We first show that global Scrooge designs arise from long-time chaotic unitary dynamics alone,
without measurements. Second, we show that measuring a complementary subsystem of a scrambled
global state drawn from a global Scrooge 2k-design induces a local Scrooge k-design. Third, we show that a
local Scrooge k-design arises from an arbitrary entangled state when the complementary system is
measured in a scrambled basis induced by a unitary drawn from a Haar 2k-design. These results show that
the resources required to generate approximate Scrooge ensembles scale only with the desired degree of
approximation, enabling efficient implementations. Complementing our analytical results, numerical
simulations identify coherence, entanglement, nonstabilizerness, and information scrambling as essential
ingredients for the emergence of local Scrooge-like behavior. Together, our findings advance theoretical
explanations for maximally entropic, information-stingy randomness in quantum many-body systems.
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I. INTRODUCTION

Understanding universal behavior in complex systems is
a central goal of physics. In closed quantum many-body
systems, generic unitary dynamics is expected to drive local
subsystems toward equilibrium, so local observables are
well described by generalized Gibbs ensembles determined
by conserved quantities [1,2]. Explaining how irreversibil-
ity emerges from unitarity has led to powerful concepts,
such as the eigenstate thermalization hypothesis [3–5] and
the maximum-entropy principle of statistical mechanics
[6–15].

Recently developed quantum simulators provide access
to fine-grained information going beyond thermal expect-
ation values [16–21]. In particular, one can experimentally
probe the features of projected ensembles [17,22]: Given a
many-body pure quantum state on the composite system
AB, one measures the complementary system B in a fixed
local basis, hence sampling from an ensemble of condi-
tional pure states on A. Averaging over these pure states,
weighted by the corresponding measurement outcome
probabilities, yields the marginal density operator σA.
However, the structure of the projected ensemble encodes
additional properties of the composite state that are not
captured by σA alone.
In chaotic quantum systems with no relevant conserva-

tion laws (or at very high temperatures), analytical,
numerical, and experimental studies (including some
rigorous mathematical proofs) have established that the
projected ensemble on A becomes indistinguishable from
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the Haar distribution at late times [17,21–45]. The Haar
ensemble is a collection of states distributed uniformly at
random over Hilbert space. Thus, not only is σA maximally
mixed, but the projected ensemble is maximally random
as well.
In the presence of constraints such as energy or charge

conservation, the situation is much richer, as uniform Haar
randomness is no longer attainable. Instead, pioneering
work by Goldstein et al. [43,44], based on canonical
typicality [46,47], argued that the resulting limiting pro-
jected ensemble is an analog of the Haar distribution,
distorted to account for the constraints, called the Scrooge
ensemble [48]. Among all ensembles realizing a fixed
density operator σA, the Scrooge ensemble is the most
stingy in that it minimizes the classical information that can
be accessed by measuring A [49,50]. Recent work by Mark
et al. [31] further argued that Scrooge ensembles emerge
universally in broad physical settings, such as in late-time
chaotic quantum dynamics, and that their emergence
adheres to a generalized maximum entropy principle.
The appearance of such maximally random projected

ensembles has been observed across a host of physically
distinct systems like quantum spin systems [22,31,33,40],
fermionic systems [30], and bosonic continuous-variable
systems [28], constituting a strong form of universality that
has come to be known as deep thermalization, a burgeoning
and active area of research [17,21–45].
Given the apparent ubiquity of Scrooge behavior in

nature, a compelling question is not simply whether such
behavior can arise, in principle, but how robustly it arises
and what resources are required, in practice, for the
emergence of ensembles that accurately approximate
Scrooge ensembles in low-complexity, experimentally
accessible regimes. Existing works, however, rely on
idealized assumptions, including the preparation of highly
complex many-body states or measurement bases [44], or
chaotic evolution over infinitely long times [31]. These
assumptions limit their applicability to realistic experi-
ments, leaving open the question of whether Scrooge
behavior can emerge robustly with finite resources.
In this paper, we expand on these insightful earlier

contributions by developing a unified and rigorous frame-
work based on the notion of approximate Scrooge
k-designs. State k-designs, much studied in quantum
information theory [51,52], are distributions on pure states
whose first kmoments match those of the Haar distribution;
hence, a k-design cannot be distinguished from the Haar
ensemble by any measurement acting on at most k copies of
the state. Likewise, a Scrooge k-design matches the first k
moments of the Scrooge ensemble, and an approximate
Scrooge k-design is close to an exact one in an appropriate
sense. This concept provides a quantitative tool for study-
ing the emergence of Scrooge behavior for systems that
have finite size and that evolve for a finite time. Within this
framework, we prove three main theorems that provide

sufficient conditions for the emergence of Scrooge behavior
in several different physical settings. These results are
summarized in Fig. 1.
Our first theorem concerns the temporal ensemble,

which describes the states reached when a closed quantum
system governed by a specified Hamiltonian evolves for a
random amount of time. Assuming the absence of spectral
resonances, Mark et al. [31] showed that averaging over
very long evolution times is equivalent to averaging over
the random phase ensemble [53–55], consisting of super-
positions of energy eigenstates with random phases, a
phenomenon called Hilbert-space ergodicity [56–60].
Moreover, Ref. [31] derived limiting expressions for the
statistical moments of this ensemble and showed that they
assume a form similar to, though not exactly equal to, those
of the Scrooge ensemble. Our Theorem 1 rigorously
formalizes this closeness in the language of Scrooge
designs, with corresponding quantum information-theo-
retic error bounds:
Theorem 1 (Global Scrooge from chaotic dynamics,

informal). If the temporal ensemble generated by a generic
chaotic quantum system has low purity (k2kσk2 ≪ 1,
where σ is the density operator realized by the ensemble),
then it forms an approximate Scrooge k-design. This result
establishes that Scrooge-like universality can already arise
naturally from unitary quantum dynamics, beyond the
context of projected ensembles.
We next consider projected ensembles in the context of

deep thermalization. Goldstein et al. [44] studied the
projected ensemble in a bipartite system AB in two
idealized settings. First, they considered global states
drawn from an exact Scrooge ensemble and showed that,
when system B is measured in a fixed basis, the projected
ensemble on A converges weakly to the Scrooge ensemble
in the thermodynamic limit jBj → ∞. Second, they dem-
onstrated that a Scrooge ensemble on A emerges from an
arbitrary bipartite entangled state on AB if a unitary drawn
from the exact Haar ensemble is applied to B prior to
measuring.
In practice, however, exact Scrooge ensembles do not

arise in finite systems or after finite-time evolution, nor is
exact Haar randomness available in the laboratory.
Furthermore, experimentally validating an exact Scrooge
ensemble would require collective measurements on arbi-
trarily many copies of the system. Our framework of
Scrooge k-designs allows us to extend the settings consid-
ered by Goldstein et al. to an experimentally relevant
regime. Adopting modern quantum information-theoretic
notions of convergence, we build a quantitative theory of
the resources needed for deep thermalization that applies
under realistic conditions. Our results are captured by the
following theorems.
Theorem 2 (Local Scrooge design from global Scrooge

design, informal). Consider a single global state drawn
from any approximate Scrooge 2k-design with small
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relative error. When B is measured in a fixed basis, the
resulting projected ensemble on A is a probabilistic mixture
of approximate Scrooge k-designs with high probability.
Because the design order k may be regarded as a proxy for
quantum complexity [61,62], this result indicates that
Scrooge-like behavior of the projected ensemble is
expected when the global state is sufficiently scrambled
[62]. In the special case where the global ensemble
approximates the Haar distribution, Theorem 2 shows that
a global AB state drawn from an approximate Haar
2k-design yields a projected ensemble on A that is an
approximate Haar k-design, strengthening the results in
Refs. [22,63]. Theorem 2 reduces to the results of Goldstein
et al. [44] in the limit k → ∞, where the complexity of the
global state may become exponential in the size of AB.
Theorem 3 (Local Scrooge design from scrambled

measurements, informal). Consider an arbitrary entangled
state of a bipartite quantum system AB and suppose that a
unitary transformation drawn from an approximate unitary
2k-design is applied toB prior to measuring in a fixed basis.
Then, the resulting projected ensemble on A forms an
approximate Scrooge k-design with high probability.
Complementing Theorem 2, Theorem 3 shifts the focus
from the randomness of the global state to the randomness

of the measurement basis. Combined with recent efficient
constructions of unitary designs [61,64], this result pro-
vides a practical scheme for generating Scrooge designs
using quantum circuits whose depth scales logarithmically
with system size. Theorem 3 reduces to the result of
Goldstein et al. [44] in the limit k → ∞, where the quantum
complexity of the scrambling unitary becomes exponential
in the size of B.
Our three theorems delineate, in a unified and systematic

way, several physically distinct many-body settings in
which hierarchies of Scrooge behavior arise. In particular,
Theorems 1 and 2 together suggest that projected ensem-
bles formed from late-time temporal states generically
exhibit Scrooge-like behavior. This physically natural
conclusion was anticipated by Mark et al. [31] through
an analysis of the distribution of unnormalized postmea-
surement states but had not previously been established at
the level of normalized projected ensembles. Using the
techniques developed in this work, we rigorously confirm
this expectation, though, strictly speaking, not directly from
the theorems.
Finally, complementing our analytical theorems, we

further clarify the physical resources needed for Scrooge
behavior to emerge in projected ensembles. We argue that

FIG. 1. Scrooge k-designs in temporal and projected ensembles. Top panel: Scrooge ensembles are distributions of random pure states
that reveal minimal classical information, amongst all ensembles that realize a fixed density operator σ. In this work, we introduce
Scrooge k-designs, which approximate Scrooge ensembles up to the kth moment. For the illustrative case of a single qubit shown here, it
is depicted by purple points over the Bloch sphere; in all cases illustrated, the density operator σ is common and represented by a red
circle. Higher Scrooge k-designs usually require more states and complexity in the ensemble, converging to the continuous Scrooge
ensemble in the k → ∞ limit. Bottom panel: We rigorously show that Scrooge k-designs emerge in the following physical settings,
commonly considered in the literature in the context of Hilbert-space ergodicity and deep thermalization: (1) temporal ensemble
fe−iHtj0igt>0 obtained by evolving an initial reference state j0iwith a HamiltonianH satisfying the kth no-resonance condition, for late
times t; (2) projected ensemble generated by a state jΨiAB drawn from a global Scrooge 2k-design, with subsystem B measured in an
arbitrary fixed basis; (3) projected ensemble generated by an arbitrary bipartite entangled state jΨ0iAB, with subsystem B scrambled by a
unitary UB drawn from a Haar 2k-design, prior to measurements in an arbitrary fixed basis. We rigorously prove that the temporal
ensemble (1) forms a global Scrooge k-design (Theorem 1), the projected ensemble in (2) forms a probabilistic mixture of local Scrooge
k-designs (Theorem 2), and the projected ensemble in (3) forms a local Scrooge k-design (Theorem 3).
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coherence, entanglement, nonstabilizerness (magic), and
information scrambling are all necessary ingredients:
Removing any one of them can obstruct Scrooge-like
universality. Conversely, when these resources are present,
local Scrooge behavior can arise even in systems that do not
thermalize dynamically. Extensive numerical simulations
in several quantum many-body settings, including com-
muting circuits, doped Clifford circuits, and Hamiltonian
ground states, are performed to illustrate these points. In
particular, we demonstrate that ground states of one-
dimensional integrable Hamiltonians—whose area laws
and symmetries preclude thermalization—can nevertheless
generate emergent Scrooge designs when measured in a
random stabilizer basis. These results indicate that Scrooge
universality extends beyond conventional dynamical
settings such as deep thermalization or Hilbert-space
ergodicity.
Together, our results provide a comprehensive and

rigorous theoretical framework to analyze the emergence
of maximally entropic, information-stingy randomness in
quantum many-body systems—formulated in terms of
Scrooge k-designs—and strongly sharpen and generalize
previously known results in the literature. Beyond their
conceptual significance, Scrooge designs generalize the
notion of quantum randomness to physically constrained
regimes. Since Haar k-designs underlie applications such as
randomized benchmarking and classical shadow tomogra-
phy [17,35,51,65–67], our results, by replacing Haar
randomness with Scrooge designs, extend comparable
performance guarantees to realistic quantum simulators
operating at finite temperature or under symmetry and
entanglement constraints.
This paper is organized as follows. In Sec. II, we

introduce the basic notions of quantum state ensembles
and settings for their emergence in natural quantum many-
body systems; we also describe the key ensemble of interest
—the Scrooge ensemble—studied in this work. In Sec. III,
we present our main theorems, which identify general
scenarios under which the Scrooge ensemble emerges. In
Sec. IV, we elucidate the key physical ingredients under-
lying emergent Scrooge behavior in projected ensembles
and discuss the physical insights provided by our theoreti-
cal results. In Sec. V, we report numerical investigations of
emergent Scrooge behavior in a variety of quantum many-
body systems. Finally, we conclude in Sec. VI and provide
an outlook on future directions.

II. PRELIMINARIES OF QUANTUM STATE
ENSEMBLES: PROJECTED AND TEMPORAL

ENSEMBLES, SCROOGE ENSEMBLES,
AND SCROOGE DESIGNS

We begin with a general but brief introduction to
ensembles of pure quantum states and explain how to
characterize them statistically and through their informa-
tion-theoretic properties. We then review two physical

settings where such ensembles naturally appear. The first
setting is deep thermalization, which concerns projected
ensembles of local postmeasurement states. The second
setting is Hilbert-space ergodicity, which concerns tempo-
ral ensembles of global states generated by quantum
chaotic dynamics. We then elaborate upon the Scrooge
ensemble, the ensemble of interest in our paper. The
informed reader may skip to our main results in Sec. III.

A. Quantum state ensembles and their
information content

In this work, we are interested in ensembles of pure
quantum states,

E ¼ fpi; jψ iigi: ð1Þ

Here, jψ ii is a quantum state supported on aD-dimensional
Hilbert space H, and pi is that state’s associated a priori
probability. For simplicity, we assume that i is a discrete
label; more generally, it can be a continuous label, in which
case pi is replaced by a probability measure. Such
ensembles could arise in a multitude of physical contexts,
for example, in quantum communication wherein classical
information is encoded in quantum messages, or in the
quantum many-body dynamical phenomena of deep ther-
malization and Hilbert-space ergodicity (reviewed below).
For now, we keep our discussions purely formal and

explain common tools used to characterize quantum state
ensembles. A standard diagnostic is to study the statistical
moments of the distribution that an ensemble E encodes
over the Hilbert space H. To wit, for moment k∈N, such
information is encoded by the moment operator

ρðkÞE ≔ E
ψ∼E

ðjψihψ jÞ⊗k ¼
X
i

piðjψ iihψ ijÞ⊗k ð2Þ

supported on the symmetric subspace ofH⊗k (note that ρðkÞE
constitutes a valid density matrix on this space). We can
compare the statistical similarity of one ensemble E with
another ensemble E0 at each moment k via the trace distance

ΔðkÞ ≔
1

2

���ρðkÞE − ρðkÞE0

���
1
; ð3Þ

where k · kp is the Schatten p-norm (thus p ¼ 1 above) and

ρðkÞE0 is the kth-moment operator of E0, constructed analo-
gously to Eq. (2).
A particularly useful and general lens with which one

can understand the distribution that a quantum state
ensemble describes in Hilbert space is through their
information content, captured by the so-called accessible
information I accðEÞ utilized in quantum information theory
[68,69]. Given an ensemble E, the accessible information
quantifies the maximum amount of classical information
about the label i that can be extracted by an observer
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through an optimal measurement on a single copy of a state
drawn from the ensemble:

I accðEÞ ≔ sup
M∈ POVM

IðE∶MÞ: ð4Þ

Here, M is a positive operator-valued measure (POVM),
and IðE∶MÞ is the classical mutual information between the
probability distribution fpig and the distribution of meas-
urement outcomes; see Appendix A for details. For an

ensemble E with average state σ ¼Pi pijψ iihψ ij≡ ρð1ÞE ,
i.e., the density matrix, there are bounds on how small and
large accessible information can be:

QðσÞ ≤ IaccðEÞ ≤ SðσÞ; ð5Þ

where QðσÞ ¼ −
P

j½λj ln λj
Q

k≠jλj=ðλj − λkÞ� is the so-
called subentropy [49] and SðσÞ ¼ −

P
j λj log λj is the

von Neumann entropy, where fλjgj are the eigenvalues of
σ. The latter is famously known as the Holevo bound [70]
(here written for pure states).
The accessible information IaccðEÞ quantifies the “ergo-

dicity” of the ensemble E, that is, how uniformly the
ensemble fills the Hilbert space, where a more ergodic
ensemble has smaller accessible information and a less
ergodic ensemble has larger accessible information. Indeed,
the ensemble that maximizes the accessible information of
a given density matrix σ is an ensemble of mutually
orthogonal states, which are perfectly distinguishable by
the optimal measurement. This ensemble is clearly far from
ergodic—it is a discrete collection of well-separated states
in Hilbert space.
The ensemble that minimizes the accessible information

for a given σ is less trivial and more interesting. It is the so-
called Scrooge ensemble, denoted ScroogeðσÞ, a continu-
ous collection of overlapping quantum states so named
because of its information-stingy property [49,50]. We give
its precise definition in Sec. II C. Among all ensembles
whose average state is constrained to be σ, Scrooge(σ) is
the most spread out over Hilbert space, maximizing the
difficulty of acquiring information about signal state jψ ii.
Indeed, in the special case where σ ¼ I=D is the maximally
mixed state, Scrooge(σ) reduces to the uniformly distrib-
uted Haar ensemble such that every pure state in Hilbert
space is equally likely.

B. Projected ensembles and temporal ensembles

Thus far, we have introduced quantum state ensembles as
purely formal mathematical objects. Recently, two physical
settings where quantum state ensembles arise have received
increasing attention in the study of quantum many-body
systems. One is the projected ensemble composed of local
postmeasurement states, and the other is the temporal
ensemble of global states generated by time evolution.
Both ensembles have been found to exhibit universal

features in limiting cases, embodied by the physical
phenomena of “deep thermalization” and “Hilbert-space
ergodicity,” respectively. Here, we quickly review these
topics.

1. Projected ensemble and deep thermalization

Deep thermalization concerns the ensemble of states on a
local region of a quantum many-body system conditioned
upon measurements of the complementary region; this is
called the projected ensemble and is defined as fol-
lows [17,22].
Let jΨiAB be a global “generator” D-dimensional quan-

tum state supported on a bipartite Hilbert space AB, with
subregions AðBÞ of dimensions DAðDBÞ, respectively, so
that D ¼ DADB. While not strictly necessary for this work,
we will regard jΨiAB as an N-qubit state with subsystems
A and B comprising NA and NB qubits, respectively. In
such a case, DA ¼ 2NA and DB ¼ 2NB . Consider next
a projective measurement performed on the “bath”
subsystem B, described by a set of orthogonal rank-1
projectors fΠzgDB

z¼1 satisfying the normalizationP
zΠz ¼ IB. Measurement outcome z occurs with prob-

ability pz ¼ hΨjðIA ⊗ ΠzÞjΨi, upon which the associated
postmeasurement state on the unmeasured subsystem A is
jψ ziA ∝ ðIA ⊗ ΠzÞjΨi. The set of such (normalized)
postmeasurement projected states, weighted by their
probabilities, constitutes the projected ensemble

EðΨÞ ≔ fpz; jψ ziAgDB
z¼1 ð6Þ

[depicted in settings (2) and (3) of Fig. 1]. By capturing
correlations with classical information extracted from the
bath B, the projected ensemble provides a more refined
description of the local subsystem A than the reduced
density matrix σA.
The term deep thermalization, a burgeoning research

topic in recent years [17,21–45], refers to the observation
that, for generator states jΨiAB arising from late-time
dynamics of chaotic quantum many-body systems and in
the thermodynamic limit DB → ∞ with DA fixed, the
projected ensemble generically approaches Scrooge(σA)
(and related variants), which has been recognized to have
maximal entropy in the sense of harboring minimal
accessible information, given the reduced density matrix
σA [31]. In particular, when there are no conservation laws
constraining the dynamics such that we expect σA to be
maximally mixed, the corresponding Scrooge ensemble is
the Haar ensemble. If the dynamics conserves energy and
charge such that we expect quantum thermalization to drive
σA to a Gibbs state with a specified temperature and
chemical potential [7–10], the corresponding Scrooge
ensemble is then the most stingy “unraveling” of the
Gibbs state in terms of constituent pure states.
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2. Temporal ensemble and Hilbert-space ergodicity

Quantum state ensembles also arise naturally when we
consider evolution of a global state for a random time.
Suppose a D-dimensional quantum system evolves unitar-
ily under some Hamiltonian HðtÞ, which, in general, could
be time dependent, and suppose the evolution time t is
sampled uniformly from the interval ½0; T�. The resulting
state ensemble

ETemporal ≔ fdt=T; jΨtigt∈ ½0;T� ð7Þ

[depicted in setting (1) of Fig. 1] is called the temporal
ensemble [31,53–55]. Here, t plays the role of the classical
label i in Eq. (1). If energy is not conserved and HðtÞ has
generic time dependence, one expects the temporal
ensemble to be uniformly distributed for any choice of
the initial state because there is no preferred direction in
Hilbert space, allowing the system to explore the entire
Hilbert space without constraints. Indeed, the emergence of
the Haar ensemble at late times has been demonstrated
rigorously for various classes of time-dependentHðtÞ (such
as aperiodic and quasiperiodic drives consisting of sequen-
ces of kicks generated randomly or even deterministically
according to the Fibonacci and Thue-Morse words), a
phenomenon termed complete Hilbert-space ergodicity
[56–60].
When HðtÞ ¼ H is time independent, energy conserva-

tion ensures that the populations jhEjjΨtij2 in the energy
basis fjEjigj remain invariant in time, precluding the
emergence of Haar, in general. However, this does not
impose constraints on the relative phases between energy
eigenstates. At late observation times T, it is natural to
expect the temporal ensemble to be well described by the
so-called random phase ensemble [31,53,71]

Erandom phase ≔
�

dDφ
ð2πÞD ;

XD
j¼1

jhEjjΨ0ijeiφj jEji
�
; ð8Þ

where jΨ0i ¼
P

D
j¼1hEjjΨ0ijEji is the initial state and φ ¼

ðφ1;φ2;…;φDÞ are angles uniformly distributed on the
D-dimensional torus ½0; 2πÞD. Indeed, the density matrix
associated with the temporal ensemble is the diagonal
ensemble [3,4]

σdiag ¼
XD
j¼1

jhEjjΨ0ij2jEjihEjj; ð9Þ

a well-known equilibrium state, defined by the initial state
dephased in the energy basis [46]. The random phase
ensemble may be thought of as the most ergodic ensemble
subject to the constraint of conservation of populations on
energy eigenstates (in the sense that the relative phases eiφj ,
which are the remaining degrees of freedom, are distributed

with no preferred location on the torus); thus, its emergence
can be understood as Hilbert-space ergodicity in the case of
energy conservation.
Technically, Mark et al. proved that the kth moments of

the random phase ensemble describe the limiting form of
the temporal ensemble if the energy spectrum ofH satisfies
the assumption of a so-called “kth no-resonance condition”
[31]: Any two subsets of energy levels fE1;…; Ekg and
fE0

1;…; E0
kg satisfy

P
k
i¼1 Ei ¼

P
k
i¼1 E

0
i if and only if the

subsets are equivalent, up to a reordering of energy levels.
This assumption describes the scenario where energy levels
are generic, a physical property that is intuitively expected
to hold true for quantum chaotic systems, whose energy
spectra are known to be well governed by random matrix
theory [6]. In particular, for k ¼ 1, this condition is
equivalent to having no degeneracies in the energy spec-
trum, a mild condition that holds generically for both
interacting integrable and quantum chaotic systems alike.

C. Scrooge ensemble and Scrooge designs

We have seen how quantum state ensembles arise in
many physical settings, and in certain appropriate limits
(large system sizes or late times), they appear to take
various simple universal limiting forms, like the Haar
ensemble, the Scrooge ensemble, and the random phase
ensemble. As mentioned in the Introduction, our key
interest in this paper is to solidify general but precise
conditions when the information-stingy Scrooge ensemble
can be rigorously proven to appear, including but going
even beyond the setting of deep thermalization, and in the
context of Scrooge designs. To that end, we now formally
define the Scrooge ensemble and Scrooge designs.
Definition 1 (Scrooge ensemble [49]). The Scrooge

ensemble with density matrix σ supported on a D-dimen-
sional Hilbert space, denoted Scrooge(σ), is the unique
ensemble E of pure states satisfying

E ¼ arg min
E0

IaccðE0Þ;

subject to E
ψ∼E0

jψihψ j ¼ σ: ð10Þ

An explicit construction of Scrooge(σ) is given by

ScroogeðσÞ ¼
�
Dhϕjσjϕidϕ;

ffiffiffi
σ

p jϕi
k ffiffiffi

σ
p jϕik

�
; ð11Þ

with dϕ the Haar measure on the unit sphere in CD [49].
From the expression, one sees that the Scrooge ensemble
can be thought of as a deformed version of the Haar
ensemble, to account for the constraint that its mean is σ.
We are also interested in ensembles that approximate the

Scrooge ensemble. Analogously to state k-designs rou-
tinely used in quantum information theory [51,52], which
provide low-complexity approximations that capture the
statistical properties of the Haar ensemble up to the kth
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moment, we likewise introduce the notion of k-designs for
the Scrooge ensemble:
Definition 2 (Approximate Scrooge k-designs). Let E be

an ensemble of pure states, with the kth moment

ρðkÞE ¼ E
ψ∼E

ðjψihψ jÞ⊗k: ð12Þ

We say E is a Scrooge(σ) k-design with additive error ε if

1

2

���ρðkÞE − ρðkÞScroogeðσÞ
���
1
≤ ε; ð13Þ

and a Scrooge(σ) k-design with relative error ε if [72]

ð1 − εÞρðkÞScroogeðσÞ ≼ ρðkÞE ≼ ð1þ εÞρðkÞScroogeðσÞ ð14Þ

in Loewner order, where A ≼ B if B − A is positive semi-
definite. The kth moment of Scrooge(σ) is given by

ρðkÞScroogeðσÞ ¼ D E
ϕ∼HaarðDÞ

�ð ffiffiffi
σ

p jϕihϕj ffiffiffiσp Þ⊗k

hϕjσjϕik−1
�
: ð15Þ

We note that evaluating the kth moment ρðkÞScroogeðσÞ in
Eq. (15) involves integrating a rational function over
the Haar ensemble and is thus not amenable to simple
closed-form expressions using standard Weingarten calcu-
lus [73–75]. While Mark et al. derived an explicit
expression [31], its form is complicated and unwieldy.
Therefore, they also considered the closely related unnor-
malized Scrooge ensemble Ẽ composed of unnormalized
states Ẽ ¼ f ffiffiffiffiffiffiffi

Dσ
p jϕig, where jϕi ∼ HaarðDÞ, with σ

the D-dimensional density matrix defining the Scrooge
ensemble in question. For this ensemble, the kth moment

takes a simple and analytically tractable form: ρ̃ðkÞScroogeðσÞ ¼
ðDσÞ⊗kρðkÞHaar, to which many of their results pertain. In our
work, the unnormalized Scrooge also plays a useful albeit
intermediary role, as captured in the following technical
lemma we derive and whose proof we present in
Appendix B.
Lemma 1 (Scrooge approximation). Consider the ensem-

ble of unnormalized states Ẽ ¼ f ffiffiffiffiffiffiffi
Dσ

p jϕig, where
jϕi ∼ HaarðDÞ, and σ is an arbitrary density matrix with
dimension D. For k2kσk2 ≪ 1, Ẽ forms a Scrooge(σ) k-
design with additive error Oðkkσk2Þ and relative
error Oð4kkkσk2Þ.
Lemma 1 is the technical backbone of this paper: The kth

moment of the normalized Scrooge ensemble (the actual
object of interest) can be approximated by the simpler
expression up to an error controlled by the purity of σ (see
Ref. [62] for an analogous relative-error bound, controlled
by kσk∞ instead of kσk2) [76]. This result generalizes that
of Ref. [31] for k ¼ 2 and will be key in allowing us to
make rigorous statements on the limiting form of the

temporal and projected ensembles by analyzing their
unnormalized counterparts.

III. EMERGENT SCROOGE DESIGNS IN
QUANTUM MANY-BODY SYSTEMS

We are now ready to state our main results, which
provide sufficient conditions for the rigorous emergence of
Scrooge designs in quantum many-body systems.

A. Natural emergence of Scrooge designs in dynamics

Our first result pertains to the temporal ensemble for
energy-conserving Hamiltonian dynamics, which, as
explained in Sec. II B 2, generically matches the random
phase ensemble (8) in the limit of long observation time.
Reference [31] found that the kth moment of the random
phase ensemble (which equals the temporal ensemble
under the assumption of the kth no-resonance condition
on the spectrum) is well approximated by that of the
unnormalized Scrooge ensemble, in the limit of low purity.
Our Lemma 1 allows us to go further, relating it directly to
the kth moment of the normalized Scrooge ensemble,
resulting in Theorem 1.
Theorem 1 (Scrooge designs from late-time chaotic

dynamics). The ensemble of states sampled at late times
in quantum chaotic dynamics, generated by a Hamiltonian
obeying the kth no-resonance condition, forms an approxi-
mate ScroogeðσdiagÞ k-design for k2kσdiagk2 ≪ 1, with an
additive error

ε ¼ Oðkkσdiagk2Þ: ð16Þ

The proof is presented in Appendix C. Our proof works
by showing that the kth moment of the random phase
ensemble is close to that of the unnormalized ensemble
f ffiffiffiffiffiffiffiffiffiffiffiffiffi

Dσdiag
p jϕig, where jϕi ∼ HaarðDÞ, with a trace distance
of Oðk2kσdiagk22Þ. Lemma 1 then guarantees that the
resulting ensemble forms a ScroogeðσdiagÞ k-design, incur-
ring an extra additive error of Oðkkσdiagk2Þ.
Theorem 1 offers substantial improvements compared to

those arising from the results of Ref. [31]. Extracting an
error bound from the expressions derived in Ref. [31] and
invoking our Lemma 1 yields the much weaker
ε ¼ Oðk! expðkÞkσdiagk22 þ kkσdiagk2Þ, which contains an
additional term that grows very quickly with k, though this
was not explicitly stated there [77]. Note that kσdiagk2 is
often exponentially small in N, for typical initial product
states that are supported on exponentially many energy
eigenstates, which holds even for integrable many-body
Hamiltonians, thereby satisfying the low-purity condition.
On the other hand, the kth no-resonance condition is
generically expected for interacting many-body
Hamiltonians, including both integrable and chaotic sys-
tems [31]. Integrable systems that are effectively non-
interacting, such as the 1D transverse-field Ising model,
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may violate the no-resonance conditions due to algebraic
relations between the energy levels. While beyond the
scope of this paper, it would be interesting to study the
robustness of Theorem 1 when the no-resonance conditions
are weakly violated [55,78].
Conceptually, Theorem 1 rigorizes the expectation that

Scrooge-like behavior naturally appears already in late-
time dynamics; in contrast to the case of deep thermal-
ization, no measurements are needed. Here, “late-time”
formally refers to the long-time limit T → ∞. In Ref. [62],
it was argued that the temporal ensemble for a fixed time-
independent Hamiltonian typically requires T ≳ expðkNÞ
to form an approximate Scrooge k-design, which can be
physically thought of as the timescale required to resolve
exponentially small energy gaps. Hence, not only is the
late-time temporal ensemble maximally ergodic in the
sense that the relative phases of energy eigenstates are
uniformly distributed, in addition (for the case of low
purity), its accessible information is close to minimal. Thus,
similar maximum entropy principles apply to both deep
thermalization and Hilbert-space ergodicity, conceptually
unifying these two phenomena.

B. Emergence of Scrooge designs in the projected
ensemble of a sufficiently complex initial state

Our next theorem returns to the projected ensemble.
Motivated by the insight from the previous result,
Theorem 1—that global Scrooge designs emerge in late-
time chaotic dynamics of a quantum many-body system—
we inquire if a typical global state drawn at late times (and,
more generally, from a global Scrooge ensemble) can itself
produce Scrooge behavior locally in the setting of deep
thermalization. As mentioned in the Introduction, Goldstein
et al. [44] considered the setting where the global generator
state is drawn from an exact Scrooge ensemble; here, we
generalize this to the case of Scrooge designs.
Theorem 2 (Emergent Scrooge k-design from Scrooge

2k-design generator). Fix k∈N. Let jΨiAB be sampled
from a Scrooge(σ) 2k-design, with relative error ε. Denote
the reduced density matrices of σ on A and B by σA and σB,
respectively. Let EðΨÞ be the projected ensemble generated
from jΨiAB by measuring B in an arbitrary orthonormal
basis fjzigDB

z¼1, and denote the normalized density matrix
σ̂Ajz ¼ ðIA ⊗ hzjÞσðIA ⊗ jziÞ=hzjσBjzi. Then, for
kσ̂Ajzk2 ≪ 1 and 1 ≪ DA ≤ DB,

EΨ

����ρðkÞE ðΨÞ −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
����
1

≤ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DA
kðεþ kσk2 þDAkσk22Þ

q 	
: ð17Þ

This result is proven in Appendix D, with Lemma 1
playing a key role in the proof. Theorem 2 implies that,

with high probability, the projected ensemble for εþ
kσk2 ≪ DA

−k approximates a mixture of Scroogeðσ̂AjzÞ,
i.e., a so-called “generalized Scrooge ensemble” [31]. Note
that, throughout this paper, we will suppress error terms
that vanish in the asymptotic limit DA;DB → ∞ for
simplicity. Intuitively, Theorem 2 says that we can interpret
each projected state jψ zi as a realization of Scroogeðσ̂AjzÞ,
weighted by the average measurement probability hzjσBjzi.
This case is nontrivial since each projected state

ðjψ zihψ zjÞ⊗k is, in general, far from ρðkÞScroogeðσ̂AjzÞ.
While Theorem 2 states that the projected ensemble is

formally a mixture of exponentially many (in NB) distinct
Scrooge ensembles, in certain physical settings, it is
possible to obtain a simpler, “coarse-grained” mixture with
a much smaller number of distinct Scrooge ensembles. For
instance, as argued for in Ref. [33], if the generator state
jΨi is obtained under U(1)-symmetric scrambling dynam-
ics, then the 2NB possible measurement outcomes can be
grouped into at most NB þ 1 equivalence classes.
Consequently, the projected ensemble is a mixture of only
a polynomial number of distinct Scrooge ensembles. In the
extreme case where the measurement basis is “information
nonrevealing,” that is, measurements do not reveal
information about the local charge [31,33] so that
σ̂Ajz ≈ σA, the different Scroogeðσ̂AjzÞ ensembles collapse
to a single ensemble ScroogeðσAÞ. This process yields

ρðkÞE ðΨÞ ≈ ρðkÞScroogeðσAÞ, i.e., a vanilla single Scrooge ensem-
ble, where σA is the reduced density matrix of jΨi on A.
Understanding if a similar coarse-grained description of the
generalized Scrooge ensemble exists for generator states
obtained under different conservation laws, like energy,
would be an interesting future direction.
In the following, we discuss various examples applying

Theorem 2.

1. Example: Infinite-temperature states

A special case of Theorem 2 is when the density matrix
in the definition of the Scrooge generator is maximally
mixed, σ ¼ I=D. We then immediately have that local Haar
k-designs emerge from a typical global Haar 2k-design
generator state in the context of deep thermalization [79]. In
fact, for this special case, we are able to improve upon the
error bound stated in Theorem 2, which we present as the
following corollary.
Corollary 1 (Emergent k-design from 2k-design gener-

ator). Let jΨiAB be sampled from a 2k-design, with relative
error ε. Note that EðΨÞ is the projected ensemble generated
from jΨiAB by measuring B in an arbitrary orthonormal
basis. For k2 ≪ DA and DA;DB ≫ 1,

EΨkρðkÞE ðΨÞ − ρðkÞHaar;Ak1 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA

k

k!

�
1

DB
þOðεÞ

	s
: ð18Þ
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The proof is given in Appendix D. The main improve-
ment in Eq. (18) compared to Eq. (17) is that the latter is
valid only for any fixed k independent of system size, while
k can grow exponentially large in NA in the former.
Moreover, Corollary III B 1 is a significant improvement

over existing results in the literature [22], which require
jΨiAB to be drawn from a k0-design with k0 ¼ Oðk2 logDAÞ
in order to guarantee that EðΨÞ forms an approximate k-
design on A. In contrast, we only require k0 ¼ 2k inde-
pendent of system size. For the simplest nontrivial case of
k ¼ 2, Corollary III B 1 states that drawing jΨiAB from any
4-design (with sufficiently small ε) suffices for EðΨÞ to
form an approximate 2-design, which is, in fact, optimal:
Multiqubit stabilizer states form exact 3-designs with ε ¼ 0
[80–82], but the projected ensemble generated by a
stabilizer state forms only a 1-design, which is far from
a 2-design [41,83]. This observation highlights the essential
role of nonstabilizerness (also known as magic) in deep
thermalization, complementing existing works [41,42], a
point we discuss further in Sec. IVand explore numerically
in Sec. V.
The 2k-design with relative error ε used in Corollary

III B 1 can be prepared by applying a global unitary drawn
from a unitary 2k-design (with relative error ε) on a fixed
reference state j0iAB. Such unitaries can be constructed
efficiently, for example, using local random circuits with
depth Õðk logðN=εÞÞ [64] or doped Clifford circuits with
ÕðNkþ logð1=εÞÞ non-Clifford gates [84,85]. We also
remark that, while we use relative error in the theorem
for convenience, the emergence of state designs, as implied
by Corollary III B 1, also holds true if jΨi is sampled from a
2k-design with additive error ε ≪ k!=ðDAD2

BÞk [86].

2. (Almost) example: Quantum chaotic
Hamiltonian dynamics

Returning to the motivation of Theorem 2, we may ask
whether a typical late-time state evolved under a chaotic
global quantum many-body Hamiltonian is guaranteed to
generate a local projected ensemble that is approximately
Scrooge. If so, this conclusion would provide a satisfying
and broadly applicable explanation for deep thermalization.
It is tempting to declare that the desired result follows
immediately from our theorems; Theorem 1 supports the
claim that chaotic time evolution produces a global state
that is sufficiently scrambled, and then the Scrooge-like
behavior of the projected ensemble seems to follow from
Theorem 2. Unfortunately, though, this reasoning is flawed
for a subtle technical reason: Theorem 2 requires a
generator state drawn from an approximate Scrooge design
with small relative error, while Theorem 1 only guarantees
the weaker additive error.
Fortunately, the statement “dynamically generated

global states yield local Scrooge behavior” can be justified
nevertheless without invoking Theorem 2:

Proposition 1 (Emergent Scrooge k-design from late-
time chaotic dynamics, informal). Let jΨti ¼ e−iHtjΨ0i be
drawn from the temporal ensemble (7) defined for long
times T, and suppose H is an arbitrary Hamiltonian
satisfying the kth no-resonance condition. In the low-purity
limit, the projected ensemble EðΨÞ forms a generalized
Scrooge ensemble with high probability.
The formal statement and proof are provided in

Appendix D. While Proposition 1 does not formally utilize
Theorem 2, the former’s derivation is inspired by technical-
ities in the proof of the latter.
We note that Ref. [31] had already anticipated this result:

They proved that the unnormalized projected ensemble
(i.e., the collection of local postmeasurement states before
normalizing) is close to the unnormalized Scrooge ensem-
ble Ẽ, as defined in Lemma 1. Using the analytical tools
developed in this work, in particular, Lemma 1, our result,
Proposition 1, closes this conceptual gap and proves that
Scrooge behavior emerges also in the normalized projected
ensemble, the physical ensemble of interest in deep
thermalization.

3. Example: Canonical thermal pure quantum ensemble

An example of a set of quantum states that form a
relative-error Scrooge design, thereby satisfying the con-
ditions of Theorem 2, is the so-called “canonical thermal
pure quantum” (cTPQ) ensemble, which was introduced
by the quantum thermalization and thermodynamics com-
munities [89,90] and is closely related to the notion of
canonical typicality [46,47,91]. Given a time-independent
Hamiltonian H and inverse temperature β, it is defined as

EcTPQ ¼
(

1

N

XD
j¼1

ξje−βH=2jji
)

ξ

: ð19Þ

Above, ξ ¼ ðξ1;…; ξDÞ, where ξj are taken to be indepen-
dent zero-mean complex Gaussian variables [92], fjjig is
an arbitrary orthonormal basis, and N is the normalization
factor.
The cTPQ states constitute pure-state approximations to

thermal Gibbs states (at inverse temperature β), in the sense
that expectation values of local observables are reproduced
up to fluctuations that vanish exponentially with system
size [89,90] since their associated density matrix is, by
construction, exponentially close to the thermal state σβ ∝
expð−βHÞ [89]. In fact, such states have been demonstrated
numerically to also reproduce certain physical properties of
scrambled many-body states at finite effective temper-
atures, such as entanglement entropy, thermodynamic
quantities, and phase diagrams of lattice gauge theories
[89,90,93].
In Appendix C, we show that EcTPQ forms a ScroogeðσβÞ

k-design with relative error Oð4kkkσβk2Þ. Theorem 2
therefore immediately implies that cTPQ states deeply
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thermalize, producing local Scrooge behavior with
σA ¼ TrBσβ. Since energy eigenstates of quantum many-
body chaotic systems are expected to satisfy the eigenstate
thermalization hypothesis and have also been numerically
shown to deep thermalize locally to Scrooge [22,31], cTPQ
states offer a natural framework for modeling such behav-
ior, inspired by random matrix theory and quantum
typicality.

C. Emergence of Scrooge designs in the projected
ensemble for a sufficiently complex measurement basis

Thus far, we have analyzed the cases where the generator
state jΨiAB is assumed to be drawn from a statistical
ensemble, and the measurement basis is fixed but arbitrary.
A complementary scenario occurs when we allow jΨiAB to
be fixed but arbitrary, and the projected ensemble is
generated by applying a scrambling unitary UB to B and
then measuring in a fixed basis. This setting is also
considered by Goldstein et al. [44], wherein they consid-
ered UB to be drawn from the exact Haar distribution; here,
we relax this stringent assumption and take the scrambling
unitary to be drawn from an approximate Haar 2k-design,
which can be implemented efficiently with local random
circuits [64]. We prove that, in this scenario, the projected
ensemble is universally Scrooge.
Theorem 3 (Emergent Scrooge k-design from 2k-design

measurement basis). Let jΨiAB ¼ ðIA ⊗ UBÞjΨ0iAB,
where jΨ0iAB is an arbitrary bipartite state, and suppose
the scrambling unitary UB is sampled from a unitary 2k-
design with relative error ε. Denote the reduced density
matrix of jΨi on A by σA, with effective dimension
DA;eff ¼ ðkσAk2=kσAk4Þ4. Here, EðΨÞ is the projected
ensemble generated by jΨiAB by measuring B in an
arbitrary orthonormal basis fjzigDB

z¼1. Then, for k4 ≪
DA;eff and 1 ≪ DA ≤ DB,

EUB

���ρðkÞE ðΨÞ−ρðkÞScroogeðσAÞ
���
1

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDAkσAk22ÞkO

�
k2

DA;eff

	
þDA

k

k!
O
�
k2kþ2

DB
þ ε

	s
: ð20Þ

This result is proven in Appendix E, with Lemma 1
being a key step in the proof. Theorem 3 refines the
expectation that Scrooge behavior emerges locally when
the measurement basis on the complementary region is
sufficiently entangling and complex, modeling the infor-
mation scrambling arising in natural chaotic many-body
systems. The condition k4 ≪ DA;eff required in Theorem 3
is typically satisfied for complex many-body states, where
the effective dimension of σA (roughly, how many eigen-
values contribute significantly) is approximately DA ¼ 2NA

for Haar random states when DA ≪ DB (a more physical
example is discussed below). In such cases, Theorem 3
implies that the projected ensemble is, with high

probability, close to a ScroogeðσAÞ k-design for a suffi-
ciently large DB and a sufficiently small ε. This result
generalizes the theorem of Wilming and Roth [25], who
showed that the projected ensemble forms a Haar k-design
when σA is close to maximally mixed, and the unitaryUB is
drawn exactly from the Haar measure.

1. Example: Many-body states at thermal equilibrium

As a physical example, suppose the global state jΨi
obeys quantum thermalization, i.e., the local reduced
density matrix σA is well approximated by the local
Gibbs state expð−βHAÞ=Tr½expð−βHAÞ� on region A.
Here, HA is the restriction of the global Hamiltonian H
to subsystem A, and β is the inverse temperature. The local
Gibbs state is often a good approximation for the marginal
of the global Gibbs state TrBðe−βHÞ=Trðe−βHÞ, when
NA ≫ 1, and naturally arises from quench dynamics or
from energy eigenstates of nonintegrable Hamiltonians
(which are believed to obey the eigenstate thermalization
hypothesis) [94,95].
Now, we can always express HA as a linear combination

of Pauli operators

HA ¼
XM
m¼1

cmPm; ð21Þ

where cm are real coefficients and Pm are Pauli operators on
A. Assuming that the bulk spectral density of HA is
Gaussian distributed (which holds approximately for a
wide range of local Hamiltonians [96,97]), we obtain
(see Appendix E)

kσAkp ≈
1

2NAð1−1=pÞ exp
�
p − 1

2
β2Δ2

	
; ð22Þ

where Δ2 ¼Pm c2m ∼M is the variance of the Gaussian
distribution. Thus, the condition k4 ≪ DA;eff needed
in Theorem 3 becomes k4 ≪ 2NA expð−4β2Δ2Þ. For
Hamiltonians with geometrically local interactions, we
expect M ∝ NA. This implies the emergence of Scrooge
designs for β smaller than some constant βc ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffi
NA=M

p
, in

other words, if the temperature is sufficiently high.
Crucially, this does not require σA to be close to infinite
temperature, as in previous works [25], thereby generaliz-
ing existing results to the finite-temperature scenario.
Theorem 3 also provides a protocol to sample from

thermal Scrooge designs, which are potentially useful for
learning properties of thermal states [98]. In this protocol,
one prepares a purification of the thermal state
σA ∝ expð−βHAÞ. This can be done via quantum Gibbs
sampling algorithms [99,100], imaginary time evolution
[101,102], or other constructions of the thermofield double
state [103,104]. Then, additional ancilla qubits are intro-
duced. The reference system and the ancilla make up
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subsystem B, which is then scrambled with a unitary drawn
from a 2k-design. Finally, each projective measurement on
B results in a sample of a thermal Scrooge k-design on A.

IV. PHYSICAL INGREDIENTS BEHIND
EMERGENT SCROOGE BEHAVIOR IN

PROJECTED ENSEMBLES

Our theorems have identified several general conditions
under which quantum state ensembles with Scrooge-like
behavior, as captured within the framework of Scrooge
designs, can be provably shown to emerge: namely,
dynamically in the temporal ensemble (Theorem 1); and
via measurements in the projected ensemble, if the gen-
erator state is itself drawn from a Scrooge design
(Theorem 2) or if the measurement basis is rotated by a
Haar design (Theorem 3). Importantly, these theorems
demonstrate that the Scrooge ensemble appears in a myriad
of quantum many-body settings. On the other hand, we do
not expect our theorems to exhaustively cover all possible
scenarios where Scrooge behavior can arise; moreover,
they do not directly inform us as to the necessary physical
ingredients that underlie its emergence.
Here, we discuss the necessary ingredients that a gen-

erator state jΨiAB on a bipartite system AB has to possess in
order for it to exhibit emergent Haar or Scrooge-like
behavior in its projected ensemble.
Interestingly, recent works have begun to shed light on

this question by quantitatively studying the effect of the
amount of quantum information resources [105] in gov-
erning the degree of universal randomness produced
[36,41,42,45]. Recent work has shown that, for certain
types of resources known as “threshold-localizable” resour-
ces, which include coherence and magic, a finite resource
density is needed to achieve deep thermalization [106]. In
particular, Ref. [36] studied the concept of coherence: a
measure of the amount of superposition in a fixed ortho-
normal reference basis, chosen to be the computational
basis fjzig by convention, motivated by experimental
considerations [107,108]. Intriguingly, they predicted that
a generator state jΨi ¼Pz czjzi may have near-maximal
entanglement between A and B (hence its reduced density
matrix is maximally mixed) yet coherence that is too low
[109] such that it may fail to deeply thermalize to the Haar
ensemble when measured in the computational basis.
Explicit examples of such states are furnished by so-

called random subset phase states [36,38,110], recently
introduced in the field of pseudoentanglement [111], with
coherence tuned by the size of the subset in question.
Concretely, for low-coherence states, it was argued that the
resulting distribution of the projected ensemble is just a
collection of (classical) computational states on the local
subsystem—clearly nonergodic and having maximal acces-
sible information instead of minimal. Further, this breaking
of ergodicity happens in a robust fashion, with a phase
transition separating the nonergodic distribution from a

deeply thermalized Haar distribution, upon tuning the
coherence density past a critical finite value. Intuitively,
the reason for this is because measurements, which we take
to be in the computational basis, select only those global
bit-strings z ¼ ðzA; zBÞ in the decomposition of the gen-
erator state jΨi ¼Pz czjzi in which zB agrees with the
measurement outcome. If the number of such compatible z
(captured precisely by coherence) is below some critical
value, this may result in a vanishing fraction of states jzAi
that contribute to the projected state—clearly precluding it
from behaving like a Haar random vector; see Ref. [36] for
details. The upshot is that coherence (and, importantly, not
only a nonzero value of it but a sufficiently high density of
it) is a necessary ingredient for the appearance of Scrooge-
like behavior in the projected ensemble.
We next focus on magic: a quantifier of the computa-

tional resources needed to describe quantum states beyond
stabilizer states [112–114]. Recent works have quantified
how magic governs the degree k of Haar k-designs formed
in the projected ensemble [41,42,45], but here we present a
crisp example showing that magic is also a necessary
ingredient for the appearance of Scrooge-like behavior in
the projected ensemble. Consider anN-qubit stabilizer state
jΨStabiAB with a reduced density matrix on a subsystem A
maximally mixed, and construct the projected ensemble by
measuring B in the standard computational basis (our
argument in fact also applies more generally to any
stabilizer basis). If the principle of maximum entropy for
state ensembles applies, we should expect the projected
ensemble to be well described by the Haar ensemble. Yet,
as previously discussed in Sec. III, the projected ensemble
is far from a 2-design, despite the fact that stabilizer states
and Clifford unitaries form exact 3-designs. Our
Theorems 2 and 3 (henceforth collectively referred to as
“2k → k” theorems), as well as Corollary III B 1, inform us
that if we can augment the design properties of the initial
state or measurement basis to be at least an approximate
4-design, then the projected ensemble is guaranteed to
deeply thermalize to the Haar ensemble at the k ¼ 2
moment; this missing ingredient is provided by magic
[41,84,115]. More generally, our 2k → k theorems can be
harnessed to yield resource-theoretic bounds on the magic
required for Scrooge universality to emerge.
However, simply adding non-Clifford elements to the

system is not sufficient. To illustrate this point, consider
the stabilizer state jΨStabiAB of the previous example,
and apply a random diagonal unitary on B, i.e.,
jΨiAB ¼ ðIA ⊗ Udiag

B ÞjΨStabiAB, where Udiag
B ¼ diagðeiφjÞ

in the computational basis, and φj ∈ ½0; 2πÞ are uniformly
distributed. The resulting state jΨiAB (which we call a
diagonal-scrambled stabilizer state) now possesses high
magic, induced by the diagonal unitary. Nevertheless, it is
clear that its projected ensemble EðΨÞ still forms only a
1-design when B is measured in the computational basis
since the unitary UB commutes with the measurements,
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both of which are diagonal in the computational basis. In
contrast, if we pick UB from a unitary 2k-design, then
Theorem 3 guarantees that the projected ensemble will now
be close to a k-design.
What this example shows us is that the unitary (or

dynamics) used to construct the generator state jΨi (which
in the previous example consisted of the Clifford unitary
used to prepare the stabilizer state followed by Udiag

B ),
starting from an unentangled product state on AB, needs to
be sufficiently information scrambling (and, further, in a
nonlocal way), in order to achieve emergent Scrooge
universality. More precisely, we expect that if the scram-
bling unitary UB hides quantum information about A (i.e.,
quantum correlations shared between A and B) in nonlocal
degrees of freedom in B, then the emergent Scrooge
projected ensemble on A also hides information about
the measurement outcome on B from any measurement on
A (i.e., attains minimal accessible information, precisely
Scrooge behavior).
To summarize, the emergence of Scrooge behavior in

projected ensembles requires the presence of coherence,
magic, and information scrambling (nonlocal entanglement
within the system). When any of these ingredients are
absent or insufficient, obstructions to the formation of
Scrooge projected ensembles can arise (see Fig. 2). This
finding parallels a well-known fact in quantum complexity
theory: Quantum advantage requires the coexistence of the
resources of coherence, magic, and entanglement. When
any of these ingredients are absent, quantum advantage is

lost; i.e., efficient classical simulation becomes possible
[116–118].
In the next section, we perform numerical simulations

supporting the aforementioned theoretical discussion and
explore the interplay between coherence, magic, and
quantum information scrambling in producing Scrooge
behavior within the projected ensemble across a variety
of models. These simulations encompass regimes that lie
beyond the settings required of our theorems and thus
complement the analytical results of Sec. III. Our simu-
lations suggest that Scrooge designs can emerge even more
broadly than in the settings for which we currently have
rigorous guarantees.

V. NUMERICAL INVESTIGATIONS

In this section, we numerically study the projected
ensembles generated in several quantum many-body set-
tings in which the key physical ingredients of coherence,
magic, and degree of information scrambling can be
systematically controlled:

(i) Commuting quantum circuit evolution. We consider
generator states produced from so-called “commut-
ing quantum circuits” (i.e., circuits composed of
mutually commuting gates, studied in the quantum
computing community) [119,120]. Concretely, start-
ing from a product state jþi⊗N , we apply a unitary
circuit that is diagonal in the measurement (compu-
tational) basis. Although such circuits can generate
states with extensive entanglement and magic, by
changing the regions where interactions are applied,
the circuits’ commuting structure allows for con-
trolled tuning of how quantum information is delo-
calized across the system, such that the resulting
projected ensembles can either succeed or fail to
form a good state design. In addition, by rotating the
measurement basis, we can inject controlled
amounts of coherence into the system. We will
show that this results in a coherence-induced deep
thermalization transition, as predicted recently
by Ref. [36].

(ii) Doped Clifford circuit evolution. Next, we study
generator states produced from Clifford circuits
doped with single-qubit non-Clifford gates. This
construction allows information scrambling and
magic to be tuned largely independently: Clifford
dynamics efficiently scrambles quantum informa-
tion, while the non-Clifford gates introduce con-
trolled amounts of magic. We study how tuning
these two control knobs affects the quality of the
Scrooge designs formed in the projected ensemble,
and we find that Scrooge behavior emerges only
when both the circuit depth and density of non-
Clifford gates are sufficiently large.

(iii) Ground states of 1D many-body Hamiltonians.
Finally, we consider ground states of local 1D

FIG. 2. Essential physical ingredients for emergent Scrooge
designs. The emergence of Scrooge designs in projected ensem-
bles requires the generator state jΦiAB to exhibit magic (or
nonstabilizerness), quantum information scrambling (via non-
local entanglement), and coherence. When any of these ingre-
dients is absent or insufficient, obstructions to Scrooge behavior
can arise. Representative examples include stabilizer states,
which lack magic; diagonal-scrambled stabilizer states (where
a unitary diagonal in the computational basis is applied to
subsystem B of a stabilizer state), which only weakly scrambles
quantum information between subsystems A and B; and subset
phase states, which may exhibit low coherence density depending
on subset size.
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integrable Hamiltonians, which are characterized by
low entanglement and low complexity. To probe the
role of the measurement basis, we apply various
unitary rotations UB to the qubits on subsystem B
prior to measurement, which injects various amounts
of magic and information scrambling. We find that if
the rotations are insufficiently complex, no Scrooge
behavior forms, while if the rotations are sufficiently
complex, Scrooge behavior can emerge.

Together, our numerical investigations allow us to
showcase the roles of coherence, magic, and quantum
information scrambling in driving emergent local Scrooge
behavior. They complement and go beyond existing
numerical results that have demonstrated Scrooge behavior
in late-time quenches or finite-temperature eigenstates of
chaotic Hamiltonians [22,31]: While the latter examples are
physically relevant for experiments, it is difficult to control
and isolate the individual ingredients driving Scrooge
behavior as we do here.
In our numerical simulations, we quantify the closeness

of a projected ensemble EðΨÞ generated by jΨiAB to the
Scrooge(σA) k-designs via the kth moment trace distance

ΔðkÞðσAÞ ¼
1

2
kρðkÞE − ρðkÞScroogeðσAÞk1; ð23Þ

where σA is the reduced density matrix of jΨiAB on A. By
construction, the first-moment trace distance is Δð1Þ ¼ 0.

A. Commuting quantum circuit evolution

First, we study how different degrees of information
scrambling in the circuit preparing a generator state, tuned
by the support of the scrambler, affect the formation of Haar
k-designs in its projected ensemble.
We initialize a tripartite system A ∪ B1 ∪ B2 of qubits in

the state

jηi ¼
YNA

i¼1

CZi;iþNA
jþi⊗N; ð24Þ

where jþi ¼ ðj0i þ j1iÞ= ffiffiffi
2

p
and CZi;j ¼ diagð1; 1; 1;−1Þ

is the controlled phase gate acting on the ith and jth qubits.
We take the first NA qubits to constitute subsystem A, and
its complement is B ¼ B1 ∪ B2. Here, jηi describes a state
composed of NA pairs of maximally entangled states
between A and B1, with the remaining qubits in the
x-polarized jþi state. The reduced density matrix σA on
A is hence maximally mixed.
Next, we scramble the quantum correlations initially

shared between A and B1 into B2. We consider applying a
quantum circuit on B ¼ B1 ∪ B2, where the gates are all
diagonal in the computational basis (which is also the
measurement basis). As these gates are all mutually
commuting, this class of circuits has been termed

“commuting quantum circuits” [121,122]. We can model
deep commuting circuit evolution, where the gates are
randomly drawn, by a single random diagonal unitary
Udiag

B ¼ diagðeiφjÞ applied on B, with φj ∈ ½0; 2πÞ drawn
uniformly at random. Then, the generator state reads [123]

jΨiAB ¼ ðIA ⊗ Udiag
B Þjηi: ð25Þ

Measuring B now in the computational basis to construct
the projected ensemble on A, it is clear that it fails to form a
state 2-design (which would be a Scrooge 2-design in this
case where σA is maximally mixed), even though the state
possesses both high entanglement and high magic. This
failure occurs because Udiag

B commutes with the measure-
ment operator and because jηi is a stabilizer state; hence,
only a 1-design projected ensemble can result from
stabilizer measurements on B.
The failure to form a k-design (for k > 1) can equiv-

alently be understood by tracking the spread of quantum
correlations in the Heisenberg picture: Because the circuit
is commuting, an operator initially supported on B2 never
has support on A after the evolution. Thus, measurement
outcomes on B2 do not affect the projected ensemble,
precluding the formation of 2-designs on A.
Now, suppose we change the scrambler Udiag

B into a
diagonal unitary whose support extends to the full system
AB [see Fig. 3(a)], i.e.,

jΨiAB ¼ Udiag
AB jηi: ð26Þ

This process yields so-called uniform random phase
states [124]

jΨiAB ¼ 1

2N=2

X
j

e−iφj jji; ð27Þ

where fjjigj are computational basis states on AB and each
φj is uniformly distributed. In contrast to the previous case,
now an operator supported on B2 can spread throughout the
entire system, allowing measurements on B2 to be corre-
lated with the state on A: Quantum information is non-
locally scrambled across the entire system. As we will now
show, this stronger form of information scrambling enables
Scrooge behavior to emerge in the projected ensemble.
Uniform random phase states (27) are known to form

approximate k-designs with additive error Θðk2=2NÞ [124],
while they are far from being a k-design in relative error for
any k > 1; this precludes the application of Corollary
III B 1. Nevertheless, we investigate the nature of the
projected ensemble through numerical simulations. In
Fig. 3(b), we plot Δð2Þ against NA for different NB. For
finite NB, we see Δð2Þ initially decays with NA, then
increases again when NA is on the same order as NB, where
our numerics indicate that the turning point (defined to be
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the minimal distance) occurs for NA ≈ NB=4. This finding
suggests that, as we send NB → ∞, Δð2Þ should decay with
NA monotonically. We see this result in Fig. 3(b), where the
numerics in the NB → ∞ limit are performed by taking the
projected ensemble to be uniform random phase states, but
now over NA qubits (exact as NB → ∞). Note that the
requirement of NA ≫ 1 arises because random phase states
form a k-design with additive error Θðk2=2NAÞ. Thus, this
regime is conceptually different from the conventional
setting of deep thermalization, which concerns the behavior
of the projected ensemble in the thermodynamic limit
NB → ∞ at fixed NA.
Deep thermalization behavior (local emergence of Haar

designs for fixed NA) can nevertheless be reproduced by
applying a single-qubit rotation RyðθÞ ¼ expð−iθY=2Þ,
where Y is the Pauli-Y operator, to all qubits in subsystem
B prior to measurement. For any angle θ ≠ 0 (mod π) and
fixed NA, we provide numerical evidence in Fig. 3(c) that
Δð2Þ → 0 as NB → ∞. This approach indicates that deep
thermalization is obstructed for θ ¼ 0 but occurs for any
nonzero rotation angle.
This observation aligns with the discussion in Ref. [36].

Those authors argued that a combination of the coherence
of the initial state and the coherence of the measurement
basis determines whether the projected ensemble on A is
deeply thermalized or not. Now, random phase states,
Eq. (27), have coherence C ¼ α0N, where α0 ¼ 1 (recall
Sec. IV for the definition of C) and the rotated measure-
ment basis [the computational basis rotated by RyðθÞ] has
coherence αmNB, where αm ¼ 0 for θ ¼ 0 and αm increases
monotonically as θ increases [given by αm ∼ θ2 lnð1=θ2Þ
for small θ]. Reference [36] predicted a phase transition in
the projected ensemble, with α0 þ αm < 1 corresponding to
a non-deep-thermal phase and α0 þ αm > 1 a deep-thermal
one; thus, α0 þ αm ¼ 1 is the critical point that maps to

θc ¼ 0 in our setup in which α0 ¼ 1. Our numerical
findings in Fig. 3(c) confirm this prediction; a finite-size
scaling ansatz, which fits the data well, indicates that trace
distance Δð2Þ approaches zero for any fixed nonzero θ as
NB increases.
Thus, our numerical investigations have shown that the

emergence of state designs requires sufficient scrambling
(beyond just entanglement and magic) between A and B, as
well as coherence, which is induced by the global diagonal
unitary and coherence-injecting y rotations, respectively.

B. Doped Clifford circuits

Next, we explore the necessity of both magic and
information scrambling for the projected ensemble to
exhibit emergent Scrooge designs. As depicted in
Fig. 4(a), we consider an initial state defined on a tripartite
system A ∪ B1 ∪ B2 such that B ¼ B1 ∪ B2, with tunable
entanglement between A and B1:

jΨðχÞi ¼ jψ entðχÞi⊗NA j0B2
i⊗NB−NA : ð28Þ

Here, jψ entðχÞi ¼ cosðχ=2Þj0A0B1
i þ sinðχ=2Þj1A1B1

i is a
two-qubit state where the first qubit is in A and the second
in B1. Note that χ controls the entanglement between A and
B1, with maximal entanglement between A andB1 achieved
at χ ¼ π=2 (at this point, jψ enti is a Bell state), resulting in
the reduced density matrix σA being maximally mixed. To
probe the emergence of Scrooge designs away from the
infinite-temperature limit, we fix χ ¼ π=6. We next apply
on B a circuit UB composed of d layers, where each layer
consists of randomly chosen single-qubit Clifford gates on
each qubit and fixed CNOT gates arranged in a 1D nearest-
neighbor geometry. Additionally, we dope the overall
circuit with NT T-gates defined as T ¼ diagð1; e−iπ=4Þ
[84,125] randomly inserted over space and time. While

(c)(b)(a)

FIG. 3. Emergent 2-designs from commuting quantum circuit evolution. (a) Circuit to generate projected ensemble from commuting
quantum circuit dynamics, Eq. (27). We apply a random diagonal unitary Udiag

AB on jþi⊗N , rotate B by angle θ around the y axis with
single-qubit unitaries RyðθÞ ¼ expð−iθY=2Þ, and measure subsystem B in the computational basis. (b) Trace distance to Haar 2-design
Δð2Þ against NA for θ ¼ 0. For finite NB, the moment operator of the projected ensemble is computed exactly (or using 3 × 106

measurement samples for NB ¼ 22), and Δð2Þ itself is averaged over up to 20 random instances of the phase state. Here, NB ¼ ∞ is
computed from the ensemble of uniform random phase states over NA qubits, where the moment operator is averaged over up to 107

random instances. (c) Δð2Þ against rotation angle θ for different NB. The inset shows rescaled θN1=ν
B , where ν ¼ 2. Here, NA ¼ 2,

N ¼ NA þ NB, and Δð2Þ is averaged over 10 random instances.
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the d layers of Clifford CNOT gates introduce an increasing
amount of information scrambling on B, the NT T-gates
inject magic into the circuit, which allows us to study the
effects of information scrambling and magic on Δð2Þ
relatively independently.
In Fig. 4(b), we show a heat map of Δð2Þ in the d-NT

plane. We see that for small NT or d, Δð2Þ is relatively large.
Only with both sufficient magic and information scram-
bling (largeNT and d) do we achieve a Scrooge 2-design on
A with small Δð2Þ [42], as expected. Our numerical results
do not depend strongly on χ; see Appendix G.
Next, in Fig. 4(c), we study the role of magic and system

size N in more detail. We plot Δð2Þ for different N and NT

(for large d), finding that Δð2Þ decreases exponentially in
NT, reaching a saturation value due to finite-size effects.
The saturation value of Δð2Þ decreases exponentially with
N, which is reached for NT ≈ 2.5N, closely matching the
saturation transition found in magic resource theories
[126,127]. This feature highlights that an extensive amount
of magic is needed for deep thermalization to the Scrooge
ensemble (more precisely, the emergence of Scrooge
designs).
We note that similar behavior is observed when the

doped Clifford circuit is applied on AB, instead of just B,
which we show in Appendix H.

C. Ground states of many-body Hamiltonians

Finally, we study emergent Scrooge designs in naturally
realizable many-body systems. In contrast to the usual
paradigm of quantum chaotic systems where deep thermal-
ization has been probed [22,31,35], here we consider the
projected ensemble generated from ground states of highly
structured, integrable many-body systems, subject to vari-
ous scramblers of quantum information on the system B

where measurements are taken. We find that the projected
ensemble can still form Scrooge k-designs if the measure-
ment basis is sufficiently complex, demonstrating
Theorem 3 in action.
Concretely, we study the 1D transverse-field Ising

Hamiltonian of N spin-1
2
particles (which we will refer to

also as qubits henceforth) with external field h on a chain
with periodic boundary conditions,

HIsing ¼ −
XN
j¼1

XjXjþ1 − h
XN
j¼1

Yj; ð29Þ

where Xj (Yj) is the Pauli X (Y) operator acting on the jth
qubit. This model is well known to be integrable and, in
fact, mappable to free fermions by the Jordan-Wigner
transformation [128]. Consequently, its eigenstates are
all highly structured, with low complexity, even at the
quantum critical point h ¼ 1.
We focus on the ground states jΨiAB ofHIsing in the spin-

flip even sector with varying h, where A is chosen to be a
small contiguous region of spins and B its complement.
Prior to measuring B in the computational basis to construct
the projected ensemble, we apply different scrambling
unitariesUB on B, chosen from (i) the identity IB, (ii) tensor
products ofNB (independently drawn) Haar random single-
qubit unitaries, (iii) random Clifford unitaries, and (iv) Haar
random unitaries over NB qubits.
In Fig. 5(a), we plot the second-moment trace distance

Δð2Þ of the projected ensemble to the Scrooge ensemble
constructed with the reduced density on A for NA ¼ 1 and
NB ¼ 19, varying h and for different choices of UB. When
UB is the identity or a product of single-qubit unitaries, we
find the value ofΔðkÞ remains high compared to the Clifford
and Haar cases, even though NB ≫ NA. This behavior can

(a) (b) (c)

FIG. 4. Emergent Scrooge 2-designs from doped Clifford circuit evolution. (a) We consider projected ensembles from the generator
state Eq. (28), where we measure in the computational basis on B ¼ B1 ∪ B2 after applying a quantum circuit composed of d layers of
local Clifford gates (random single-qubit Clifford gates together with fixed CNOT gates) doped with NT T-gates in total, randomly
placed within the circuit. (b) Heat map of the trace distance to Scrooge 2-design Δð2Þ in the d versus NT plane, for χ ¼ π=6. Here, we
fixedNA ¼ 1,NB ¼ N − NA, andN ¼ 20. (c)Δð2Þ againstNT for different total qubit numbersN and fixed d ¼ 30. We chooseNA ¼ 1,
and Δð2Þ is averaged over 500 random realizations of the circuit. Similar behavior is observed for higher moments k > 2 (see
Appendix G).
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presumably be attributed to the low complexity nature of
the ground state (even at the critical point h ¼ 1) and to the
fact that single-qubit measurements do not inject additional
complexity. As a result, for product unitaries, quantum
correlations between A and B are not efficiently scrambled
into nonlocal correlations in B.
In contrast, for the Clifford and Haar cases, the unitaries

are apparently scrambling enough to yield comparatively
lower Δð2Þ, with Haar random unitaries on B being
(unsurprisingly) more scrambling in nature and hence
exhibiting the lowest Δð2Þ. We note that while Clifford
unitaries on their own are insufficient to guarantee Scrooge
2-designs due to an absence of magic, it is reasonable to
expect that the ground state of HIsing, despite its free-
fermionic nature, supplies sufficient magic to enhance
scrambling on B toward effective 4-design behavior,
potentially allowing Theorem 3 to apply (although we
do not establish this rigorously). Curiously, we find that
Δð2Þ shows a pronounced dip at the quantum critical point
h ≈ 1, suggesting that magic is highest among all ground
states there, which is in line with observations made in
previous works [129].
In Fig. 5(b), we study the scaling of the trace distance

Δð2Þ with the size NB of the measured system at the critical
point h ¼ 1. We find that Δð2Þ is nearly independent of NB
for local measurement bases defined by rotating the
computational basis by identity and single-qubit Haar
unitaries, confirming that local measurement bases do
not yield emergent Scrooge designs on A. In contrast,
measuring in a basis that is scrambled by Cliffords
or Haar-random unitaries on B yields an exponentially
decaying distance Δð2Þ ∼ 2−αNB , with α ≈ 0.2 for Cliffords

and α ≈ 0.5 for Haar, values that may indicate their
scrambling power.
Finally, in Fig. 5(c), we study the Clifford case in greater

detail for different NB. We observe that the dip near h ≈ 1
becomes more pronounced for larger NB. This behavior is
closely tied to the fact that magic is maximized at the
critical point [129] and that magic is known to enhance the
scrambling power of Clifford unitaries [41,85,115].
Further, as shown in the inset, we find universal behavior
around the critical point, with data for different NB nearly
collapsing to a single curve when rescaling the field with
N1=ν

B , where ν ¼ 1, which is precisely the critical exponent
of the Ising universality class [129,130]. A qualitatively
similar behavior is also observed for the ground state of the
1D Heisenberg model, as we show in Appendix J.
Altogether, our numerical results show that magic and

quantum information scrambling are key physical ingre-
dients for emergent Scrooge designs in projected ensem-
bles. These properties can manifest intrinsically in naturally
occurring chaotic many-body states or be injected exter-
nally by applying a scrambling unitary on subsystem B. We
provide additional numerics supporting our observations in
Appendix K. There, we show that a random stabilizer state
can produce emergent state designs on A if a single layer of
T gates is applied to B before measuring in the X basis,
implying that it suffices for magic to be injected locally
[22]. Our examples extend beyond the regimes in which
Scrooge behavior can be rigorously established by our
theorems or in those considered by other deep thermal-
ization works, providing evidence that the emergence of
information-stingy ensembles may be a generic phenome-
non in quantum many-body systems.

(a) (b) (c)

FIG. 5. Emergent Scrooge 2-designs from 1D integrable ground states. We study projected ensembles generated from the ground state
of the transverse-field Ising model (29), where we measure B in various bases that arise from rotations of the computational basis by
various unitaries UB applied on B only. (a) Δð2Þ against field h for NA ¼ 1 qubits, with UB chosen from the identity, single-qubit Haar
random unitaries, random Clifford unitaries, or (global) unitaries drawn from the Haar measure on NB ¼ 19 spins. (b) Δð2Þ against NB

for different UB and h ¼ 1. Dashed lines show the fit with Δð2Þ ∼ 2−αNB , where we find αClifford ≈ 0.23 and αHaar ≈ 0.5. (c) Δð2Þ against h
for UB being random Clifford unitaries and different NB. The inset shows the same data rescaled by defining y ¼ log2ðΔð2ÞÞ=NB and
subtracting the field h0 with minimal y0 around the critical field hc ¼ 1. When rescaling the field with N1=ν

B where ν ¼ 1 from the Ising
universality class, the data for different NB nearly collapse to a single curve, a hallmark of universality of the critical field hc ¼ 1 (see
Appendix I). We fit the collapsed data with a third-order polynomial as a dashed line. Similar behavior is observed for higher moments
k > 2 (see Appendix I).
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VI. DISCUSSION AND OUTLOOK

This work addresses a fundamental question: What
universal principle governs the higher-order statistical
fluctuations of quantum many-body systems? Building
on prior insights into the information-stinginess of nature,
we provide a unified and rigorous framework for character-
izing the emergence of maximally entropic Scrooge-like
behavior. Our results, by clarifying when and why Scrooge
universality arises, place earlier observations on a precise
quantitative footing.
Our approach also highlights the robustness of Scrooge

universality across diverse physical settings. In particular,
Theorem 2 shows that local Scrooge behavior emerges
whenever the global generator state is drawn from a
Scrooge design, regardless of the microscopic mechanism
by which that state is prepared. This mechanism-agnostic
perspective opens the door to identifying new physical
scenarios in which Scrooge behavior may arise.
Our numerical investigations further elucidate the

physical resources underlying this universality. We find
that quantum coherence, entanglement, nonstabilizerness
(magic), and information scrambling play essential roles:
Removing any one of these ingredients can obstruct the
emergence of Scrooge behavior in projected ensembles.
Beyond these core ingredients, other resources may also
play a role, including non-Gaussianity [131], whose
absence leads to restricted forms of deep thermalization
[28,30], and imaginarity [132], which can impose effec-
tive realness on projected ensembles and alter their
universal structure from unitary to orthogonal symmetry
classes [29]. Developing a systematic classification of
such resources (and incorporating them into refined
maximum-entropy principles) is an important direction
for future work.
Several concrete open questions arise from our work.

First, while our “2k → k” theorems are optimal for k ¼ 2, it
remains open whether the required design order can be
reduced for high moments, for example, to
“kþOð1Þ → k.” Second, our findings suggest a potential
unifying perspective on two complementary notions of
information hiding. Applying a scrambling unitary to the
measurement basis on B (as in Theorem 3) hides quantum
information about A in highly nonlocal observables on B.
On the other hand, the resulting projected ensemble on A
hides classical information about the measurement out-
come on B. Whether these two mechanisms fit into a
common theoretical framework remains an intriguing
question. Third, the universality of Scrooge ensembles
may enable new applications in quantum information
science. Emergent state designs in infinite-temperature
deep thermalization have already led to advances in
learning and benchmarking analog quantum simulators
[17,35,66,67]. Extending these ideas to Scrooge designs
could yield analogous protocols operating in more general,
physically constrained settings.

Finally, our results raise the broader question of whether
an information-theoretic analog of the maximum entropy
principle extends to even more general settings, such as
incomplete measurements or noisy dynamics, where each
state in a projected ensemble becomes mixed rather than
pure [133,134]. An affirmative answer would point toward
a unified framework for the emergence of universal
randomness in both pure and mixed quantum ensembles,
marking a significant conceptual advance in quantum
statistical mechanics.
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APPENDIX A: NOTATION AND PRELIMINARIES

In this appendix, we provide a self-contained introduc-
tion to the notation and mathematical preliminaries, which
we use throughout this work.

1. Norms of operators and random variables

For an arbitrary operator A, we denote its Schatten-p
norm by kAkp, where

kAkp ¼ ½TrðjAjpÞ�1=p; p∈ ½1;∞Þ; ðA1Þ

and kAk∞ is the operator norm. Schatten-p norms satisfy
monotonicity: For 1 ≤ p ≤ q ≤ ∞,

NATURE IS STINGY: UNIVERSALITY OF SCROOGE … PHYS. REV. X 16, 041003 (2026)

041003-17



kAkp ≥ kAkq: ðA2Þ

For an arbitrary random variable X, we denote its
Lp-norm by kXkLp, where

kXkLp ¼ ½EðjXjpÞ�1=p; p∈ ½1;∞Þ; ðA3Þ

and kXkL∞ ¼ ess sup jXj is the essential supremum of X.
Note that Lp norms satisfy the following inequality: For
1 ≤ p ≤ q ≤ ∞,

kXkLp ≤ kXkLq: ðA4Þ

2. Symmetric subspace, permutation operators, and
moments of the Haar ensemble

Given the k-fold Hilbert space H⊗k, the symmetric

subspace of H⊗k, denoted HðkÞ
sym, is the vector space

spanned by all states that are invariant under an arbitrary
permutation of the k replicas. To each permutation π ∈ Sk
(where Sk is the symmetric group of order k), we
can associate a corresponding permutation operator
π̂ ∈LðH⊗kÞ that permutes between the k copies. The
permutation operator π̂ is a unitary representation of π.
Thus,

HðkÞ
sym ¼ spanfjψi∈H⊗kjπ̂jψi ¼ jψi ∀ π ∈ Skg: ðA5Þ

The dimension of the symmetric subspace HðkÞ
sym is

Dk ≡
�
Dþ k − 1

k

	
; ðA6Þ

where D is the dimension of the Hilbert space H. For
k2 ≪ D, it is useful to write

Dk ¼
Dk

k!

�
1þO

�
k2

D

		
: ðA7Þ

Thus, Dk ≈Dk=k!. The orthogonal projector onto the
symmetric subspace has a special meaning: It is propor-
tional to the kth moment of the Haar ensemble HaarðDÞ,

ρðkÞHaar ¼
1

Dk
P̂ðkÞ
sym ¼ 1

k!Dk

X
π ∈ Sk

π̂; ðA8Þ

where

P̂ðkÞ
sym ¼ 1

k!

X
π ∈ Sk

π̂ ðA9Þ

is the orthogonal projector ontoHðkÞ
sym. This relationship can

be derived using the Schur-Weyl duality [135]. In a slight

abuse of notation, we will also use Haar (D) to denote the
Haar measure on the unitary group UðDÞ. The mathemati-
cal object under consideration (pure quantum state or
unitary operator) will be clear from the context.
In this paper, we often decompose the system

into complementary subsystems A and B. Thus,
H ¼ HA ⊗ HB, with Hilbert space dimensions DA and
DB, respectively (D ¼ DADB). To disambiguate the nota-
tion, we will use subscripts to indicate the subsystem under
consideration, where appropriate. For example, the dimen-
sion of the k-fold symmetric subspaces for subsystems A
and B will be denoted DA;k and DB;k, respectively.

3. Weingarten calculus for the unitary group

The Weingarten calculus provides a very useful tool for
evaluating polynomial functions of Haar random states
and unitaries. Here, we briefly introduce the results relevant
for this work and establish the notation used throughout
the manuscript. A detailed treatment can be found in
Refs. [73–75].
For permutations σ; π ∈ Sk, we define the k! × k! Gram

matrix G, with matrix elements

Gσπ ¼ Trðσ̂†π̂Þ ¼ D#cyclesðσ−1πÞ; ðA10Þ

where σ̂ and π̂ are the permutation operators defined above.
Here, #cyclesðπÞ counts the number of disjoint cycles in the
permutation π. The inverse of G gives the Weingarten
matrix, where the matrix elements

Wgðσ−1π; DÞ≡ ðG−1Þσπ ðA11Þ

are known as the Weingarten functions associated with the
unitary group. Note that the Gram matrix is only invertible
for 1 ≤ k ≤ D, which we will assume throughout this work.
The main formula for our purposes is the k-fold twirling
identity,

E
U∼HaarðDÞ

½U⊗kAU†⊗k� ¼
X

σ;π ∈ Sk

Wgðσ−1π; DÞTrðAπ̂†Þσ̂:

ðA12Þ

As a consistency check, setting A ¼ ðj0ih0jÞ⊗k reproduces
Eq. (A8), for any arbitrary reference state j0i.

4. Projected ensemble

Here, we give a concise review of the projected ensemble
and establish the notation used in this work. Starting from
a bipartite quantum state jΨiAB, which we refer to as
the generator state, we measure subsystem B in a complete
orthonormal basis fjzigDB

z¼1. By default, we choose the
measurement basis to be the computational basis, unless
stated otherwise. Note that there is no loss of generality
here since any rotation to the measurement basis can be
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absorbed into the definition of jΨiAB. This process yields
the projected state

jψ zi ¼
ðIA ⊗ hzjBÞjΨiABffiffiffiffiffi

pz
p ≡ jψ̃ ziffiffiffiffiffi

pz
p ðA13Þ

on subsystem A, where

pz ¼ hψ̃ zjψ̃ zi ¼ ðIA ⊗ hzjBÞðjΨihΨjÞðIA ⊗ jziBÞ ðA14Þ

is the Born probability of measuring the outcome z on B.
Collectively, this result defines the projected ensemble on A
generated by jΨiAB,

EðΨÞ ¼ fpz; jψ zigDB
z¼1: ðA15Þ

The kth moment of the projected ensemble reads

ρðkÞE ðΨÞ¼
XDB

z¼1

pzðjψ zihψ zjÞ⊗k ¼
XDB

z¼1

ðjψ̃ zihψ̃ zjÞ⊗k

hψ̃ zjψ̃ zik−1
: ðA16Þ

For k ¼ 1, this finding is exactly the reduced density matrix
of jΨiAB on A. To quantify the statistical closeness between
the projected ensemble and a reference ensemble Eref
(which, in the context of this work, is the Scrooge ensemble
or a variant of it), we compute the trace distance of their kth
moments,

ΔðkÞ ¼ 1

2
kρðkÞE ðΨÞ − ρðkÞref k1; ðA17Þ

where ρðkÞref is the kth moment of Eref . In this work, we often
consider the scenario where jΨiAB is drawn from some
distribution. Thus, a useful metric is the average trace
distance

EΨ½ΔðkÞ� ¼ 1

2
EΨkρðkÞE ðΨÞ − ρðkÞref k1: ðA18Þ

It is important that the trace distance is computed before the
average. This requirement implies that if EΨ½ΔðkÞ� is small,

the projected ensemble ρðkÞE ðΨÞ is close to Eref up to the kth
moment, for any generator state jΨi drawn from the
distribution, with high probability. This fact can be easily
derived from Markov’s inequality, which gives

PΨðΔðkÞ > δÞ ≤ EΨ½ΔðkÞ�
δ

ðA19Þ

for any δ > 0. Computing the trace distance analytically is
often difficult. It is more analytically tractable to compute
the Schatten 2-norm distance (also known as the Hilbert-
Schmidt distance), which gives an upper bound for
EΨ½ΔðkÞ�:

EΨ½ΔðkÞ� ≤ 1

2

ffiffiffiffiffiffiffiffiffi
DA;k

p ðEΨ½kρðkÞE ðΨÞ − ρðkÞref k22�Þ1=2: ðA20Þ

5. Scrooge ensemble

The Scrooge ensemble is defined in Ref. [49] as the state
ensemble E that attains the minimum accessible informa-
tion IaccðEÞ, among all ensembles that realize a given
density matrix σ. Here, we briefly review the concept of
accessible information [68,69], which can be understood by
the following scenario. Bob samples a state drawn from the
ensemble E ¼ fpz; jψ zigz and sends the state to Alice. The
ensemble E is known to both parties a priori. Alice’s goal is
to determine which state Bob has sent, i.e., the classical
label z, by performing a measurement (mathematically
represented by the POVMM) on the state. In the context of
the projected ensemble, pz is the probability of measuring
the outcome z on subsystem B, and jψ zi is the normalized
state on subsystem A conditioned on the outcome z. Note
that, as explained in Sec. II of the main text, we can more
generally consider z in E to be a continuous label, upon
which the probability pz should be replaced by a proba-
bility measure μðzÞ.
The accessible information quantifies how much

classical information about z can be gained by Alice via
applying an optimal single-copy measurement on the
quantum state. Thus, we define

I accðEÞ ¼ sup
M

IðE∶MÞ; ðA21Þ

where IðE∶MÞ is the mutual information between the
measurement M and the ensemble E. This approach leads
to the Scrooge ensemble (Definition 1)

ScroogeðσÞ ¼ arg min
E

I accðEÞ;

subject to E
ψ∼E

jψihψ j ¼ σ: ðA22Þ

The Scrooge ensemble can be explicitly constructed as

ScroogeðσÞ ¼
�
Dhϕjσjϕidϕ;

ffiffiffi
σ

p jϕi
k ffiffiffi

σ
p jϕik

�
; ðA23Þ

with dϕ the Haar measure on CD. The kth moment of the
Scrooge ensemble is computed as follows:

ρðkÞScroogeðσÞ ¼ E
ψ∼ScroogeðσÞ

½ðjψihψ jÞ⊗k�

¼ E
ϕ∼HaarðDÞ

�
Dhϕjσjϕi ð

ffiffiffi
σ

p jϕihϕj ffiffiffiσp Þ⊗k

hϕjσjϕik
�

¼ D E
ϕ∼HaarðDÞ

�ð ffiffiffi
σ

p jϕihϕj ffiffiffiσp Þ⊗k

hϕjσjϕik−1
�
: ðA24Þ
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In the limit σ → I=D (with I the identity operator),

ρðkÞScroogeðσÞ reduces to ρðkÞHaar in Eq. (A8). More generally,
for any measurable function f,

E
ψ∼ScroogeðσÞ

½fðψÞ� ¼ D E
ϕ∼HaarðDÞ

�
hϕjσjϕif

� ffiffiffi
σ

p jϕi
hϕjσjϕi1=2

	�
:

ðA25Þ

Unlike the Haar ensemble, the kth moment of Scrooge(σ)
does not have a simplified form in terms of permutation
operators. The main technical difficulty arises from the

form of ρðkÞScroogeðσÞ written above, which is a rational
function of the Haar random state jϕi. This finding implies
that the standard Weingarten calculus, which is very useful
in evaluating polynomial functions of Haar random states,
does not apply here. Nonetheless, if σ is a low-purity state,

we can obtain a simple approximation to ρðkÞScroogeðσÞ, with
an error that is controlled by the purity of σ. This case will
be discussed in Appendix B.

6. Scrooge k-designs

State k-designs provide a low-order approximation of the
Haar ensemble, by matching only the first k statistical
moments of the Haar ensemble. We can generalize this
definition to Scrooge(σ) k-designs, which match the first k
moments of Scrooge(σ). The moments do not need to
match exactly; for practical purposes, it suffices for the
moments to be close, up to a small error ε. We reproduce
Definition 2 from the main text.
Definition 3 (Approximate Scrooge k-designs). Let E be

an ensemble of pure states, with the kth moment

ρðkÞE ¼ E
ψ∼E

½ðjψihψ jÞ⊗k�: ðA26Þ

Note that E is a Scrooge(σ) k-design with additive error ε if

1

2

���ρðkÞE − ρðkÞScroogeðσÞ
���
1
≤ ε; ðA27Þ

and it is a Scrooge(σ) k-design with relative error ε if

ð1 − εÞρðkÞScroogeðσÞ ≼ ρðkÞE ≼ ð1þ εÞρðkÞScroogeðσÞ: ðA28Þ

Here, ρðkÞScroogeðσÞ is the kth moment of Scrooge(σ), given
in Eq. (15).
The notation A ≼ B for positive-semidefinite operators A

and B is equivalent to the statement that B − A is positive
semidefinite.
A relative error of ε implies an additive error of ε. This

error can be easily derived: Suppose E has relative error ε.
Then,

1

2

���ρðkÞE − ρðkÞScroogeðσÞ
���
1
¼ sup

0≼P≼I
Tr½PðρðkÞE − ρðkÞScroogeðσÞÞ�

≤ ε sup
0≼P≼I

TrðPρðkÞScroogeðσÞÞ

≤ ε
���ρðkÞScroogeðσÞ

���
1

¼ ε: ðA29Þ

However, the converse is not true. The relative error can be
arbitrarily large, even if the additive error is small. For

example, if ρðkÞE has support on the null space of ρðkÞScroogeðσÞ,
the relative error is infinitely large.
For ensembles of quantum states, the additive error is a

meaningful measure of statistical closeness between the
ensembles. In the context above, if E is a Scrooge(σ) k-
design with additive error ε, then any quantum measure-
ment that can act collectively on up to k copies of the
quantum state can only distinguish between E and Scrooge
(σ) with a success probability of at most [69]

psucc ¼
1þ ε

2
: ðA30Þ

In other words, if the additive error ε is small, the optimal
measurement strategy is only marginally better than the
naive strategy of random guessing, which has a success
probability of 1=2.

7. Approximation of the kth moment

To aid the analysis in the paper, we introduce the
following technical lemma, which provides an approxima-
tion to the kth moment of an ensemble.
Lemma 2 (kth moment approximation). Consider the

ensemble of pure states

E ¼
�
pj ¼ hψ 0

jjψ 0
ji; jψ ji ¼

jψ 0
jiffiffiffiffiffipj

p
�

j¼1;…;jEj
ðA31Þ

with kth moment

ρðkÞE ¼
XjEj
j¼1

ðjψ 0
jihψ 0

jjÞ⊗k

pk−1
j

; ðA32Þ

where each unnormalized state jψ 0
ji in the ensemble is

randomly drawn from a distribution Dj. Construct the
proxy

ρ̃ðkÞE ¼
XjEj
j¼1

ðjψ 0
jihψ 0

jjÞ⊗k

qk−1j
; ðA33Þ
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where qj > 0 are independent of jψ 0
ji. Then,

E
ψ 0
j∼Dj

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XjEj
j¼1

�
E

ψ 0
j∼Dj

p2
j

	
1=2
�
1 −

2

qk−1j
E

ψ 0
j∼Dj

pk−1
j þ 1

q2k−2j
E

ψ 0
j∼Dj

p2k−2
j

	
1=2

: ðA34Þ

Proof.

E
ψ 0
j∼Dj

kρðkÞE − ρ̃ðkÞE k1 ≤ E
ψ 0
j∼Dj

XjEj
j¼1

pk
j





 1

pk−1
j

−
1

qk−1j





 ðtriangle inequalityÞ

¼
XjEj
j¼1

E
ψ 0
j∼Dj

pj





1−pk−1
j

qk−1j





 ðlinearity of expectationÞ

≤
XjEj
j¼1

�
E

ψ 0
j∼Dj

p2
j

�
1=2
�
1−

2

qk−1j
E

ψ 0
j∼Dj

pk−1
j þ 1

q2k−2j
E

ψ 0
j∼Dj

p2k−2
j

	
1=2

ðCauchy-SchwarzÞ: ðA35Þ

▪
Lemma 2 formalizes the intuition that ρðkÞE and the proxy ρ̃ðkÞE are close, if the random variables pj are close to qj. Thus,

we can conveniently replace pj (which depends on the distribution Dj), by the weight qj (independent of the distribution
Dj), with an error that can be controlled.
The following lemma gives us control over the unnormalized projected ensemble, generated by states drawn from

distributions that are ε-close in relative error.
Lemma 3. Let E1 and E2 be pure-state ensembles that are ε-close in relative error up to the first 2k moments, for some

k∈N, i.e.,

ð1 − εÞ E
Ψ∼E1

ðjΨihΨjÞ⊗2k ≼ E
Ψ∼E2

ðjΨihΨjÞ⊗2k ≼ ð1þ εÞ E
Ψ∼E1

ðjΨihΨjÞ⊗2k; ðA36Þ

with ε ≥ 0. Let ρ̃ðkÞE ðΨÞ be the kth moment of the unnormalized projected ensemble generated by the bipartite pure state
jΨiAB,

ρ̃ðkÞE ðΨÞ ¼
XDB

z¼1

q1−kz ½ðIA ⊗ hzjÞjΨihΨjðIA ⊗ jziÞ�⊗k; ðA37Þ

for an arbitrary orthonormal basis fjzig on subsystem B, and qz ≥ 0 are arbitrary non-negative weights independent of
jΨiAB. Define

Δ ¼



 E
Ψ∼E1

���ρ̃ðkÞE ðΨÞ −M
���2
2
− E

Ψ∼E2

���ρ̃ðkÞE ðΨÞ −M
���2
2




 ðA38Þ

for some arbitrary fixed positive operator M. Then, Δ satisfies the inequality

Δ ≤ ε E
Ψ∼E1

"
2Trðρ̃ðkÞE ðΨÞMÞ þ

 XDB

z¼1

q1−kz hΨjðIA ⊗ jzihzjÞjΨik
!

2
#
: ðA39Þ

Proof. Expanding the definition of Δ gives

Δ ¼



 E
Ψ∼E1

Trðρ̃ðkÞE ðΨÞ2Þ − E
Ψ∼E2

Trðρ̃ðkÞE ðΨÞ2Þ − 2 E
Ψ∼E1

Trðρ̃ðkÞE ðΨÞMÞ þ 2 E
Ψ∼E2

Trðρ̃ðkÞE ðΨÞMÞ





≤ 2



 E
Ψ∼E1

Trðρ̃ðkÞE ðΨÞMÞ − E
Ψ∼E2

Trðρ̃ðkÞE ðΨÞMÞ



 þ 


 E

Ψ∼E1
Trðρ̃ðkÞE ðΨÞ2Þ − E

Ψ∼E2
Trðρ̃ðkÞE ðΨÞ2Þ




: ðA40Þ
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Since ρ̃ðkÞE ðΨÞ can be regarded as a positive linear map acting on ðjΨihΨjÞ⊗k, the positive-semidefinite ordering (A36) is
preserved, i.e.,

ð1 − εÞ E
Ψ∼E1

ρ̃ðkÞE ðΨÞ ≼ E
Ψ∼E2

ρ̃ðkÞE ðΨÞ ≼ ð1þ εÞ E
Ψ∼E1

ρ̃ðkÞE ðΨÞ: ðA41Þ

For a positive operator M, this finding implies

ð1 − εÞ E
Ψ∼E1

Tr
�
ρ̃ðkÞE ðΨÞM

�
≼ E

Ψ∼E2
Tr
�
ρ̃ðkÞE ðΨÞM

�
≼ ð1þ εÞ E

Ψ∼E1
Tr
�
ρ̃ðkÞE ðΨÞM

�
: ðA42Þ

Thus, 


 E
Ψ∼E1

Trðρ̃ðkÞE ðΨÞMÞ − E
Ψ∼E2

Trðρ̃ðkÞE ðΨÞMÞ



 ≤ ε E

Ψ∼E1
Tr
�
ρ̃ðkÞE ðΨÞM

�
: ðA43Þ

Next, we write

Trðρ̃ðkÞE ðΨÞ2Þ ¼ Tr
h
N ðjΨihΨj⊗2kÞτ̂A

i
; ðA44Þ

where

N ðXÞ ¼
XDB

z;z0¼1

ðqzqz0 Þ1−k
�
I⊗2k
A ⊗ hz⊗kz0⊗kjÞXðIA ⊗ jz⊗kz0⊗ki

�
ðA45Þ

is a positive linear map, and τ̂A is a permutation that swaps between the first and second k tensor factors of subsystem A and
acts identically on subsystem B. Therefore,


 E

Ψ∼E1

Trðρ̃ðkÞE ðΨÞ2Þ − E
Ψ∼E2

Trðρ̃ðkÞE ðΨÞ2Þ



 ≤ εTrN

�
E

Ψ∼E1
ðjΨihΨjÞ⊗2k

�
¼ ε E

Ψ∼E1

X
z;z0

ðqzqz0 Þ1−khΨjðIA ⊗ jzihzjÞjΨikhΨjðIA ⊗ jz0ihz0jÞjΨik

¼ ε

 XDB

z¼1

q1−kz hΨjðIA ⊗ jzihzjÞjΨik
!

2

: ðA46Þ

Combining Eqs. (A43) and (A46) gives the desired
bound for Δ. ▪

APPENDIX B: SCROOGE APPROXIMATION
LEMMA

Let us define the ensemble of unnormalized states

S̃croogeðσÞ ¼
n
dϕ;

ffiffiffiffiffiffiffi
Dσ

p
jϕi
o
; ðB1Þ

where dϕ is the Haar measure on the unit sphere in CD and
σ is an arbitrary density matrix with dimensionD. Note that
S̃croogeðσÞ is referred to as Ẽ in the main text. The kth
moment of S̃croogeðσÞ is given by

ρ̃ðkÞScroogeðσÞ ¼
ffiffiffiffiffiffiffi
Dσ

p ⊗kρðkÞHaar

ffiffiffiffiffiffiffi
Dσ

p ⊗k ¼ ðDσÞ⊗kρðkÞHaar; ðB2Þ

where in the final equality we used the fact that ρðkÞHaar

commutes with σ⊗k. While the ensemble S̃croogeðσÞ
describes unnormalized states and is unphysical, it is a
useful mathematical object in proving the main results of
this paper. First, we note that in the low-purity regime, the
states in S̃croogeðσÞ are close to normalized.
Lemma 4 (Moment bounds). Let σ be a positive operator

with unit trace. Denote the overlap between σ and jϕi by
pσðϕÞ≡ hϕjσjϕi, where jϕi is a Haar random state.
Assuming ðk

2
Þkσk2 < 1, the kth moment of pσðϕÞ satisfies

the inequality

1þ
�
k

2

	
kσk22 ≤ k!Dk E

ϕ∼HaarðDÞ
½pσðϕÞk�≤ 1þ ðk

2
Þkσk22

1− ðk
2
Þkσk2

:

ðB3Þ
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Proof. Using Eq. (A8), we can write the kth moment of
pσðϕÞ as

E
ϕ∼HaarðDÞ

½pσðϕÞk� ¼ Tr
�
σ⊗kρðkÞHaar

�
¼ 1

k!Dk

X
π ∈ Sk

Trðσ⊗kπ̂Þ:

ðB4Þ
Thus, the quantity we would like to bound is

k!Dk E
ϕ∼HaarðDÞ

½pσðϕÞk� ¼
X
π ∈ Sk

Trðσ⊗kπ̂Þ: ðB5Þ

First, note that if π is the identity permutation, Trðσ⊗kπ̂Þ ¼
½TrðσÞ�k ¼ 1, since σ has unit trace. Next, consider the case
where π contains a single transposition, i.e., π has a Cayley
distance of 1. There are ðk

2
Þ such permutations, each contrib-

uting Trðσ⊗kπ̂Þ ¼ Trðσ2Þ ¼ kσk22. All the remaining terms
omitted are positive. Thus, we have the lower bound

X
π ∈ Sk

Trðσ⊗kπ̂Þ ≥ 1þ
�
k

2

	
kσk22: ðB6Þ

Toprove theupperbound, letusexamine thecontributionfrom
all permutations with a fixed Cayley distance l ≥ 1. There are
at most ðk

2
Þl such permutations, and the contribution of each

permutation can be upper bounded by Trðσ⊗kπ̂Þ ≤ Trðσlþ1Þ.
This bound is attained if π contains a cycle of length lþ 1.
Thus, we have

X
π∈ Sk

Trðσ⊗kπ̂Þ ≤ 1þ
�
k

2

	
kσk22 þ

Xk−1
l¼2

�
k

2

	l

Trðσlþ1Þ:

ðB7Þ
Using the inequality

Trðσlþ1Þ ≤ ½Trðσ2Þ�lþ1
2 ¼ kσklþ1

2 ; ðB8Þ
we obtain

X
π ∈ Sk

Trðσ⊗kπ̂Þ ≤ 1þ kσk2
Xk−1
l¼1

��
k

2

	
kσk2

�l

≤ 1þ kσk2
X∞
l¼1

��
k

2

	
kσk2

�l

¼ 1þ ðk
2
Þkσk22

1 − ðk
2
Þkσk2

; ðB9Þ

where the infinite series converges because we assumed
ðk
2
Þkσjj2 < 1. ▪
The above lemma tells us that, up to corrections propor-

tional to the purity of σ,

k
ffiffiffiffiffiffiffi
Dσ

p
jϕik2 ¼ Dhϕjσjϕi ≈ 1; ðB10Þ

where jϕi ∼ HaarðDÞ.
The negative moments of hϕjσjϕi can also be upper

bounded in terms of kσk∞, as shown in Ref. [62].
Lemma 5 (Lemma 2, Ref. [62]). Let σ be an

arbitrary density operator with m ¼ bkσk−1∞ c. For
0 ≤ q < m,

E
ϕ∼HaarðDÞ

hϕjDσjϕi−q ≤ exp

�q�qþ 1

	
2ðm − qÞ

	
: ðB11Þ

For q ≪ m, it simplifies to

E
ϕ∼HaarðDÞ

hϕjDσjϕi−q ≤ 1þO
�
q2

m

	
: ðB12Þ

We now prove Lemma 1 from the main text, which we
reproduce here, stated more formally.
Lemma 6 (Scrooge approximation). Consider the ensem-

ble of unnormalized states S̃croogeðσÞ ¼ f ffiffiffiffiffiffiffi
Dσ

p jϕig,
where jϕi ∼ HaarðDÞ, and σ is an arbitrary density matrix
with dimension D. The kth moment of S̃croogeðσÞ
is ρ̃ðkÞScroogeðσÞ ¼ ðDσÞ⊗kρðkÞHaar. For any k2kσk2 ≪ 1,

S̃croogeðσÞ forms a Scrooge(σ) k-design with additive
error Oðkkσk2Þ, i.e.,

kρðkÞScroogeðσÞ − ρ̃ðkÞScroogeðσÞk1 ≤ Oðkkσk2Þ; ðB13Þ

and a Scrooge(σ) k-design with relative error Oð4kkkσk2Þ,
i.e.,

ð1 − εÞρ̃ðkÞScroogeðσÞ ≼ ρðkÞScroogeðσÞ ≼ ð1þ εÞρ̃ðkÞScroogeðσÞ;
ðB14Þ

where ε ¼ Oð4kkkσk2Þ.
Proof of additive error Oðkkσk2Þ.

���ρðkÞScroogeðσÞ − ρ̃ðkÞScroogeðσÞ
���
1
¼ D

���� E
ϕ∼HaarðDÞ

ð ffiffiffi
σ

p jϕihϕj ffiffiffiσp Þ⊗k

�
1

hϕjσjϕik−1 −Dk−1
	����

1

≤ D E
ϕ∼HaarðDÞ

hϕjσjϕik




 1

hϕjσjϕik−1 −Dk−1




; ðB15Þ
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where we used

ρ̃ðkÞScroogeðσÞ ¼ Dk
ffiffiffi
σ

p ⊗kρðkÞHaar

ffiffiffi
σ

p ⊗k ¼ Dk E
ϕ∼HaarðDÞ

ð ffiffiffi
σ

p jϕihϕj ffiffiffiσp Þ⊗k ðB16Þ

in the first line. Defining the random variable

X ¼ Dhϕjσjϕi; ðB17Þ

we have ���ρðkÞScroogeðσÞ − ρ̃ðkÞScroogeðσÞ
���
1
≤ E

ϕ∼HaarðDÞ
jX − Xkj

¼ E
ϕ∼HaarðDÞ

jð1 − XÞðX þ X2 þ � � � þ Xk−1Þj

≤
�

E
ϕ∼HaarðDÞ

ð1 − XÞ2
�
1=2
�

E
ϕ∼HaarðDÞ

ðX þ X2 þ � � � þ Xk−1Þ2
�
1=2

: ðB18Þ

Explicitly evaluating the Haar averages gives

E
ϕ∼HaarðDÞ

X ¼ 1 ðB19Þ

and

E
ϕ∼HaarðDÞ

X2 ¼ D
Dþ 1

ð1þ kσk22Þ; ðB20Þ

which yields

E
ϕ∼HaarðDÞ

ð1 − XÞ2 ¼ Dkσk22 − 1

Dþ 1
: ðB21Þ

For k2kσk2 ≪ 1, Lemma 4 implies that

E
ϕ∼HaarðDÞ

Xk ¼ 1þOðk2kσk22Þ; ðB22Þ

which leads to

E
ϕ∼HaarðDÞ

ðX þ X2 þ � � � þ Xk−1Þ2

≤ ðk − 1Þ2
�
1þOðk2kσk22Þ

�
ðB23Þ

since the left-hand side can be expanded as a sum
of ðk − 1Þ2 terms, each contributing 1þOðk2kσk22Þ.
Therefore,

���ρðkÞScroogeðσÞ − ρ̃ðkÞScroogeðσÞ
���
1

≤ ðk − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
ð1þOðk2kσk22ÞÞ: ðB24Þ

This result vanishes exactly when k ¼ 1 or when σ is the
maximally mixed state (i.e., Haar limit). In general, the
error bound is Oðkkσk2Þ. ▪
Proof of relative error Oð4kkkσk2Þ. It suffices to show

that ρðkÞHaar and

AðkÞ
ScroogeðσÞ ¼ E

ϕ∼HaarðDÞ
ðjϕihϕjÞ⊗k

hϕjDσjϕik−1 ðB25Þ

are ε-close in relative error since multiplying by
ffiffiffiffiffiffiffi
Dσ

p ⊗k on

both sides yields ρ̃ðkÞScroogeðσÞ and ρðkÞScroogeðσÞ, respectively,
which does not increase the relative error. Both ρðkÞHaar and

AðkÞ
ScroogeðσÞ are supported onHðkÞ

sym, the symmetric subspace

of H⊗k. For any jxi∈HðkÞ
sym,




hxjρðkÞHaar − AðkÞ
ScroogeðσÞjxi




 ¼ 



 E
ϕ∼HaarðDÞ

hxjðjϕihϕjÞ⊗kjxi
�

1

hϕjDσjϕik−1 − 1

	




¼




 E
ϕ∼Haar

hxjðjϕihϕjÞ⊗kjxi 1

hϕjDσjϕik−1 ð1 − hϕjDσjϕik−1Þ






≤ E
ϕ∼HaarðDÞ

hxjðjϕihϕjÞ⊗kjxi 1

hϕjDσjϕik−1



1 − hϕjDσjϕik−1




: ðB26Þ
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Applying Hölder’s inequality,


hxjρðkÞHaar − AðkÞ
ScroogeðσÞjxi




 ≤ �EϕhxjðjϕihϕjÞ⊗kjxi4
�
1=4
�
EϕhϕjDσjϕi4ð1−kÞ

�
1=4
h
Eϕð1 − hϕjDσjϕik−1Þ2

i
1=2

: ðB27Þ

Now,

E
ϕ∼HaarðDÞ

hxjðjϕihϕjÞ⊗kjxi4 ¼ hx⊗4jρð4kÞHaarjx⊗4i ≤
���ρð4kÞHaar

���
∞
¼ 1

D4k
: ðB28Þ

Next, using Lemma 5 [62], for k ≪ m,

E
ϕ∼HaarðDÞ

hϕjDσjϕi4ð1−kÞ ≤ 1þO
�
k2

m

	
; ðB29Þ

where m ¼ bkσk−1∞ c. Finally, for k2kσk2 ≪ 1, we have

Eϕð1 − hϕjDσjϕik−1Þ2 ¼ Oðk2kσk22Þ: ðB30Þ

Note that k2kσk2 ≪ 1 implies k ≪ m since kσk2∞ ≤ kσk2. Combining these bounds, and using the identity

1 ¼ DkhxjρðkÞHaarjxi, we find




hxjρðkÞHaar − AðkÞ
Scroogejxi




 ≤ O
�
kkσk2
D1=4

4k

	
¼ O

�
kkσk2Dk

D1=4
4k

	
hxjρðkÞHaarjxi ¼ Oð4kkkσk2ÞhxjρðkÞHaarjxi: ðB31Þ

Thus, the relative error is Oð4kkkσk2Þ. ▪
We speculate that the prefactor of 4k in the relative error

can be improved. An analogous relative-error bound
Oðk2kσk1=2∞ Þ, which is controlled by kσk∞ instead of
kσk2, was proven in Ref. [62]. Our relative error in
Lemma 1 has a better scaling with the norm of σ since
kσk2 ≤ kσk1=2∞ , but it has a worse scaling in k. In essence,
the Scrooge approximation lemma (Lemma 1) tells us that

ρðkÞScroogeðσÞ ≈ ðDσÞ⊗kρðkÞHaar; ðB32Þ

for an arbitrary low-purity density matrix σ. Crucially, the
right-hand side involves only the kth moment of the Haar

ensemble, while ρðkÞScroogeðσÞ is a rational function of Haar
random states, which enables us to analyze the scenarios
where the Haar ensemble is replaced by a k-design, with the
rigorous guarantee given by Lemma 1. We will make
extensive use of this approach in the following appendixes
to prove the main theorems in the paper.

APPENDIX C: EXAMPLES OF SCROOGE
k-DESIGNS

In the main text, we assert that the random phase
ensemble,

Erandom phase ¼
(XD

j¼1

jhEjjΨ0ijeiφj jEji
)

φ

; ðC1Þ

and canonical thermal pure quantum (cTPQ) states,

EcTPQ ¼
(

1

N

XD
j¼1

ξje−βH=2jji
)

ξ

; ðC2Þ

form approximate Scrooge(σ) designs, with σ given
by the diagonal state σdiag and thermal Gibbs state
σβ ∝ expð−βHÞ, respectively. These results can be derived
using Lemma 1 by relating these ensembles to the proxy
S̃croogeðσÞ, as we demonstrate in this appendix.

1. Random phase ensemble

Here, we prove Theorem 1 in the main text. Since the
temporal ensemble obtained by late-time Hamiltonian
dynamics is described by the random phase ensemble
Erandom phase, assuming the Hamiltonian H satisfies the
kth no-resonance condition [31], it suffices to show that
the random phase ensemble indeed forms a Scrooge
k-design.
Theorem 4 (Random phase ensembles form Scrooge

k-designs). Let Erandom phase be the random phase ensemble
defined in Eq. (C1). Note that Erandom phase forms a
ScroogeðσdiagÞ k-design with additive error
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ε ¼ Oðkkσdiagk2Þ; ðC3Þ

for k2kσdiagk2 ≪ 1, where σdiag ¼
P

j jhEjjΨ0ij2jEjihEjj is
the diagonal state in the energy eigenbasis.
Proof. Let ri ≡ jhEijΨ0ij2, so that σdiag ¼

P
i rijEiihEij.

Let fjnig be the normalized occupation number basis
with respect to the energy eigenbasis fjEiig, i.e.,
jni ¼ jn1; n2;…; nDi, with ni denoting the number of
copies of jEii in the symmetric state jni. In this basis,
the random phase ensemble has the kth moment

E
ψ∼random phase

ðjψihψ jÞ⊗k ¼
X
jnj¼k

k!

 YD
i¼1

rnii
ni!

!
jnihnj; ðC4Þ

where the sum runs over all occupation number vectors
n ¼ ðn1; n2;…; nDÞ such that

P
D
i¼1 ni ¼ k. Let us denote

GðkÞðσdiagÞ ¼ σ⊗k
diag

X
π ∈ Sk

π̂ ¼
X
jnj¼k

k!

 YD
i¼1

rnii

!
jnihnj: ðC5Þ

Thus,

��� E
ψ∼random phase

ðjψihψ jÞ⊗k − GðkÞðσdiagÞ
���
1
¼
X
jnj¼k

k!

 YD
i¼1

rnii
ni!

! YD
i¼1

ni! − 1

!
: ðC6Þ

The sum over n can be split into two contributions. The first contribution comes from the “collision-free” sector, where
ni ∈ f0; 1g for all i. This contribution is zero since ni! ¼ 1. The second contribution comes from the “collision” sector,
where there exists at least one i such that ni ≥ 2. Therefore,

��� E
ψ∼random phase

ðjψihψ jÞ⊗k −GðkÞðσdiagÞ
���
1
≤
X
jnj¼k

collision

k!
YD
i¼1

rnii

¼ Tr
h
GðkÞðσdiagÞ

i
−

X
jnj¼k

collision−free

k!
YD
i¼1

rnii : ðC7Þ

Consider k independent draws from the distribution frig. The probability of a collision (i.e., at least two draws with the
same outcome) is given by (from the birthday paradox)

PrðcollisionÞ ¼ 1 −
X
jnj¼k

collision−free

k!
YD
i¼1

rnii ≤
�
k

2

	XD
i¼1

r2i ¼ Oðk2kσdiagk22Þ: ðC8Þ

This formula yields

��� E
ψ∼random phase

ðjψihψ jÞ⊗k −GðkÞðσdiagÞ
���
1
≤ Tr

h
GðkÞðσdiagÞ

i
− 1þO

�
k2kσdiagk22

�
¼ O

�
k2kσdiagk22

�
; ðC9Þ

where in the last line we used the fact that Tr½GðkÞðσdiagÞ� ¼ 1þOðk2kσdiagk22Þ in the regime k2kσdiagk2 ≪ 1, which can be
shown using Lemma 4. Finally, using

ρ̃ðkÞScroogeðσdiagÞ ¼
Dk

k!Dk
GðkÞðσdiagÞ ¼

�
1þO

�
k2

D

	�
GðkÞðσdiagÞ ðC10Þ

and Lemma 1, together with the triangle inequality, we obtain

��� E
ψ∼random phase

ðjψihψ jÞ⊗k − ρðkÞScroogeðσdiagÞ
���
1
≤ O

�
k2

D

	
þO

�
k2kσdiagk22

�
þO



kkσdiagk2

� ¼ O


kkσdiagk2

�
; ðC11Þ

which concludes the proof. ▪
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2. Canonical thermal pure quantum states

Next, we show that the cTPQ ensemble forms a Scrooge
k-design in relative error, with respect to the density matrix

σβ ¼
e−βH

Trðe−βHÞ ðC12Þ

for an arbitrary Hamiltonian H.
Theorem 5 (cTPQ states form Scrooge k-designs). Let

EcTPQ be the ensemble of canonical thermal pure quantum
states defined in Eq. (C2). For k2kσβk2 ≪ 1, EcTPQ forms a
ScroogeðσβÞ k-design with relative error ε satisfying

1þ ε ¼ ½1þOð4kkkσβk2Þ�2; ðC13Þ

where σβ ¼ expð−βHÞ=Tr½expð−βHÞ�. For a fixed
k∈N, ε ¼ Oð4kkkσβk2Þ.
Proof. Define jgi ¼PD

j¼1 ξjjji, which is a random
(unnormalized) vector of D independent zero-mean com-
plex Gaussian variables with unit variance. Writing

jgi ¼ kjgik × jϕi; ðC14Þ

each Gaussian vector jgi is associated with a Haar random
state jϕi. Note that kjgik and jϕi are statistically indepen-
dent. Thus, we can write the kth moment of EcTPQ as

E
ψ∼cTPQ

ðjψihψ jÞ⊗k ¼ E
ϕ∼HaarðDÞ

ð ffiffiffiffiffi
σβ

p jϕihϕj ffiffiffiffiffiσβp Þ⊗k

hϕjσβjϕik
: ðC15Þ

For any jxi∈HðkÞ
sym,





hxj
�

E
ϕ∼HaarðDÞ

jϕihϕj⊗k

hϕjDσβjϕik
− E

ϕ∼HaarðDÞ
jϕihϕj⊗k

	
jxi






¼



 E
ϕ∼HaarðDÞ

hxjðjϕihϕjÞ⊗kjxihϕjDσβjϕi−kð1 − hϕjDσβjϕikÞ





≤
�
EϕhxjðjϕihϕjÞ⊗kjxi4

�
1=4
�
EϕhϕjDσβjϕi−4k

�
1=4
h
Eϕð1 − hϕjDσβjϕikÞ2

i
1=2

; ðC16Þ

where we used Hölder’s inequality in the final line. Now,

E
ϕ∼HaarðDÞ

hxjðjϕihϕjÞ⊗kjxi4 ¼ hx⊗4jρð4kÞHaarjx⊗4i ≤
���ρð4kÞHaar

���
∞
¼ 1

D4k
: ðC17Þ

Next, using Lemma 5, for k ≪ m,

E
ϕ∼HaarðDÞ

hϕjDσβjϕi−4k ≤ 1þO
�
k2

m

	
; ðC18Þ

where m ¼ bkσβk−1∞ c. Note that our assumption k2kσβk2 ≪ 1 already implies k ≪ m since kσβk2∞ ≤ kσβk2. Finally,

Eϕð1 − hϕjDσβjϕikÞ2 ¼ Oðk2kσβk22Þ: ðC19Þ

Combining these bounds, and using the identity 1 ¼ DkhxjρðkÞHaarjxi, we find




hxj
�

E
ϕ∼HaarðDÞ

jϕihϕj⊗k

hϕjDσβjϕik
− ρðkÞHaar

	
jxi





 ≤ 1

D1=4
4k

�
1þO

�
k2

m

		
Oðkkσβk2Þ ¼ Oð4kkkσβk2ÞhxjρðkÞHaarjxi: ðC20Þ

Thus,

ð1 − ε0ÞρðkÞHaar ≼ E
ϕ∼HaarðDÞ

jϕihϕj⊗k

hϕjDσβjϕik
≼ ð1þ ε0ÞρðkÞHaar; ðC21Þ

where ε0 ¼ Oð4kkkσβk2Þ. Multiplying both sides of the operator by
ffiffiffiffiffiffiffiffiffi
Dσβ

p ⊗k does not change the relative error, and we
obtain
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ð1 − ε0Þρ̃ðkÞScroogeðσβÞ ≼ E
ψ∼cTPQ

ðjψihψ jÞ⊗k

≼ ð1þ ε0Þρ̃ðkÞScroogeðσβÞ: ðC22Þ

Recall from Lemma 1 that S̃croogeðσβÞ forms a ScroogeðσβÞ
k-design with relative error ε00 ¼ Oð4kkkσβk2Þ. Combining
the relative errors, we obtain the desired result

ð1− εÞρðkÞScroogeðσβÞ≼ E
ψ∼cTPQ

ðjψihψ jÞ⊗k ≼ ð1þ εÞρðkÞScroogeðσβÞ;

ðC23Þ

where 1þ ε ¼ ð1þ ε0Þð1þ ε00Þ. ▪
If we further assume the low-purity regime

4kkkσβk2 ≪ 1, we find that the cTPQ ensemble is a
ScroogeðσβÞ k-design with relative error

ε ¼ Oð4kkkσβk2Þ: ðC24Þ

APPENDIX D: PROJECTED ENSEMBLE
GENERATED BY STATE DRAWN FROM

SCROOGE 2k-DESIGN

In this appendix, we prove Theorem 2, one of the main
results of the paper. Theorem 2 says that the projected
ensemble generated by a state drawn from a Scrooge 2k-
design approximates a probabilistic mixture of Scrooge k-
designs (for brevity, we will refer to such a mixture as a
generalized Scrooge k-design). The proof of Theorem 2 is
rather lengthy and proceeds in several steps, out-
lined below.
(1) First, we show that for the unnormalized generator

state sampled from S̃croogeðσÞ in Eq. (B1), the
projected ensemble is locally close to a generalized
Scrooge k-design (Lemma 7).

(2) Next, with the help of Lemma 7, we show that the
projected ensemble generated by a global state
drawn from an exact Scrooge 2k-design forms a
generalized Scrooge k-design (Theorem 6).

(3) Finally, we relax the assumption that the generator
state is drawn from an exact Scrooge(σ) 2k-design
and instead consider the case where the generator
state is drawn from an approximate Scrooge(σ) 2k-
design. Using the results of Theorem 6, we arrive at
Theorem 2 in the main text, which we reproduce
here (Theorem 7).

We then specialize our results to the infinite-temperature
limit where the generator state is drawn from an approxi-
mate Haar 2k-design, giving Corollary III B 1 in the main
text. In this case, we can obtain an improved bound on the
trace distance between the kth moments of the projected
and Haar ensembles.
Lemma 7 (Projected ensemble generated by an unnor-

malized Scrooge state). Let jΨiAB be an unnormalized state

drawn from the ensemble S̃croogeðσÞ. Denote the reduced
density matrix of σ on A and B by σA and σB, respectively.
Consider the projected ensemble EðΨÞ obtained by apply-
ing projective measurements on B in an arbitrary ortho-
normal basis fjzigDB

z¼1. Then, assuming that k2kσ̂Ajzk2 ≪ 1

for all z, and 1 ≪ DA ≤ DB,

E
Ψ∼S̃croogeðσÞ

����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
����
1

≤ O

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkþ2Dk−1

A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s !

þ
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ; ðD1Þ

where σAjz ≡ ðIA ⊗ hzjÞσðIA ⊗ jziÞ, and σ̂Ajz ¼
σAjz=hzjσBjzi is the normalized conditional mixed state
on A.
Proof. For a given generator state jΨi, the projected

ensemble has the kth moment

ρðkÞE ¼
XDB

z¼1

ðjψ̃ zihψ̃ zjÞ⊗k

pk−1
z

; ðD2Þ

where

jψ̃ zi ¼ ðIA ⊗ hzjÞjΨi ðD3Þ

is the unnormalized projected state, and

pz ¼ hψ̃ zjψ̃ zi ¼ hΨjðIA ⊗ jzihzjÞjΨi ðD4Þ

is the measurement outcome probability. Let us construct
the proxy

ρ̃ðkÞE ¼
XDB

z¼1

ðjψ̃ zihψ̃ zjÞ⊗k

hzjσBjzik−1
; ðD5Þ

where the sum over z is restricted to measurement out-
comes satisfying hzjσBjzi > 0. Then, from Lemma 2, we
have

E
Ψ∼S̃croogeðσÞ

���ρðkÞE − ρ̃ðkÞE

���
1

≤
XDB

z¼1

ðEΨp2
zÞ1=2

�
1− 2

EΨpk−1
z

hzjσBjzik−1
þ EΨp2k−2

z

hzjσBjzi2k−2
�
1=2

:

ðD6Þ

Now,
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E
Ψ∼S̃croogeðσÞ

pk
z ¼

Dk

k!Dk

X
π∈ Sk

Tr
�
σ⊗k
Ajzπ̂A

�
¼
�
1þO

�
k2

D

	�
hzjσBjzik

X
π ∈ Sk

Tr
�
σ̂⊗k
Ajzπ̂A

�
; ðD7Þ

using the fact that TrσAjz ¼ hzjσBjzi and σ̂Ajz ¼ σAjz=hzjσBjzi. For k2kσ̂Ajzk2 ≪ 1, we can use Lemma 4 to obtain

E
Ψ∼S̃croogeðσÞ

pk
z ¼ hzjσBjzik

h
1þOðk2kσ̂Ajzk22Þ

i
: ðD8Þ

Substituting this result into the upper bound above gives

E
Ψ∼S̃croogeðσÞ

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ: ðD9Þ

Next, we seek to bound

E
Ψ∼S̃croogeðσÞ

����ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

����2
2

¼ EΨTr
�
ρ̃ðkÞ2E

�
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

ð�Þ

− Tr
h
ðEΨρ̃

ðkÞ
E Þ2

i
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

ð��Þ

: ðD10Þ

We first evaluate the second term (��). Note that

E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE ¼ Dk
XDB

z¼1

hzjσBjzi1−k E
ϕ∼HaarðDÞ

½ðIA ⊗ hzjÞ ffiffiffi
σ

p jϕihϕj ffiffiffiσp ðIA ⊗ jziÞ�⊗k

¼ DkDA;k

Dk

XDB

z¼1

hzjσBjzi1−kσ⊗k
Ajzρ

ðkÞ
Haar;A

¼ DkDA;k

Dk

XDB

z¼1

hzjσBjziσ̂⊗k
Ajzρ

ðkÞ
Haar;A

¼
�
1þO

�
k2

DA

		XDB

z¼1

hzjσBjziρ̃ðkÞScroogeðσ̂AjzÞ; ðD11Þ

which can be interpreted as a mixture of approximate Scroogeðσ̂AjzÞ ensembles, weighted by the average probability
hzjσBjzi of measuring the outcome z. Thus,

ð��Þ ¼
�
DkDA;k

Dk

	
2 XDB

z;z0¼1

hzjσBjzihz0jσBjz0iTr
�
σ̂⊗k
Ajzρ

ðkÞ
Haar;Aσ̂

⊗k
Ajz0ρ

ðkÞ
Haar;A

�

¼ D2kDA;k

D2
k

XDB

z;z0¼1

hzjσBjzihz0jσBjz0iTr
�
σ̂⊗k
Ajzσ̂

⊗k
Ajz0ρ

ðkÞ
Haar;A

�
; ðD12Þ

using the fact that ρðkÞ2Haar;A ¼ ρðkÞHaar;A=DA;k. The first term in Eq. (D10), denoted ð�Þ, can be evaluated to

ð�Þ ¼ D2k
XDB

z;z0¼1

hzjσBjzi1−khz0jσBjz0i1−k Tr
h
ðI⊗2k

A ⊗ jz0kzkihzkz0kjÞσ⊗2kρð2kÞHaarτ̂
i
: ðD13Þ

Here, we defined the shorthand notation jzkz0ki≡ jzi⊗k ⊗ jz0i⊗k. Note that τ̂ is a permutation operator acting on the
2k-fold replica Hilbert space H⊗2k, which simply swaps the first and second k replicas, e.g.,

τ̂ðjψ1i⊗k ⊗ jψ2i⊗kÞ ¼ jψ2i⊗k ⊗ jψ1i⊗k. Now, expand ρð2kÞHaar in terms of the permutation operators π̂, where π is an
element of the symmetric group S2k, to obtain
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ð�Þ ¼ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π∈ S2k

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�: ðD14Þ

The sum over π ∈ S2k can be split into sums over two classes of permutations: (i) permutations that can be decomposed in
the form π̂ ¼ π̂1 ⊗ π̂2, where π1 ∈ Sk and π2 ∈ Sk are arbitrary permutations acting on the first and second k replicas,
respectively, and (ii) permutations that cannot be decomposed in this form, which we denote by the shorthand π ≠ π1π2.
Thus, we find

ð�Þ ¼ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π1;π2 ∈ Sk

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kðπ̂1 ⊗ π̂2Þτ̂�

þ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π∈ S2k
π≠π1π2

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�

¼ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π1;π2 ∈ Sk

hzjσBjzihz0jσBjz0iTrðσ̂⊗k
Ajzπ̂1σ̂

⊗k
Ajz0 π̂2Þ

þ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π∈ S2k
π≠π1π2

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�

¼ D2k

ð2kÞ!D2k
ðk!Þ2DA;k

XDB

z;z0¼1

hzjσBjzihz0jσBjz0iTrðσ̂⊗k
Ajzσ̂

⊗k
Ajz0ρ

ðkÞ
Haar;AÞ

þ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π∈ S2k
π≠π1π2

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�: ðD15Þ

Substituting the expressions for ð�Þ and (��) into Eq. (D10) yields

E
Ψ∼S̃croogeðσÞ

���ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

���2
2

≤ O
�
k2

D

	
ðk!Þ2DA;k

XDB

z;z0¼1

hzjσBjzihz0jσBjz0iTr
�
σ̂⊗k
Ajzσ̂

⊗k
Ajz0ρ

ðkÞ
Haar;A

�

þ D2k

ð2kÞ!D2k

XDB

z;z0¼1

X
π ∈ S2k
π≠π1π2

hzjσBjzi1−khz0jσBjz0i1−kTr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�: ðD16Þ

To bound the first term on the right-hand side of Eq. (16), we use Hölder’s inequality to obtain

Tr
�
σ̂⊗k
Ajzσ̂

⊗k
Ajz0ρ

ðkÞ
Haar;A

�
≤

1

DA;k
Trkðσ̂AjzÞTrkðσ̂Ajz0 Þ ¼

1

DA;k
: ðD17Þ

To bound the second term, note that it must necessarily involve cross terms like σAjzz0 ≡ ðIA ⊗ hzjÞσðIA ⊗ jz0iÞ and

σAjz0z ¼ σ†Ajzz0 , due to the constraint π ≠ π1π2. Moreover, σAjzz0 and σAjz0z appear in pairs. Thus, using Hölder’s inequality,

kσAjzz0k21 ≤ kσAjzk1kσAjz0k1, andX
π∈ S2k
π≠π1π2

Tr½ðI⊗2k
A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂� ≤ ðð2kÞ! − k!2ÞjTr½ðI⊗2k

A ⊗ jz0kzkihzkz0kjÞσ⊗2kπ̂ τ̂�j

¼ ðð2kÞ! − k!2ÞkσAjzz0 k21kσAjzkk−11 kσAjz0 kk−11

¼ ðð2kÞ! − k!2ÞkσAjzz0 k21hzjσBjzik−1hz0jσBjz0ik−1: ðD18Þ

MOK, HAUG, HO, and PRESKILL PHYS. REV. X 16, 041003 (2026)

041003-30



Substituting these bounds into Eq. (16), we obtain

E
Ψ∼S̃croogeðσÞ

����ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

����2
2

≤ O
�
k2kþ2

D

	
þ D2k

ð2kÞ!D2k
ðð2kÞ! − k!2Þ

XDB

z;z0¼1

kσAjzz0 k21

≤ O
�
k2kþ2

D

	
þOð4kk2kDAkσjk22Þ; ðD19Þ

where we have used the inequality

XDB

z;z0¼1

kσAjzz0k21 ≤ DA

XDB

z;z0¼1

kσAjzz0k22 ¼ DAkσk22: ðD20Þ

Combining all the results above, we have an upper bound on the average trace distance,�
E

Ψ∼S̃croogeðσÞ

����ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

����
1

	
2

≤ DA;k E
Ψ∼S̃croogeðσÞ

���ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

���2
2

≤ O
�
kkþ2Dk−1

A

DB

�
1þ 4k

k2
DA

2DBkσk22
		

: ðD21Þ

Combining Eqs. (D9) and (D21), and using the triangle inequality, we obtain

E
Ψ∼S̃croogeðσÞ

����ρðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

����
1

≤ E
Ψ∼S̃croogeðσÞ

����ρðkÞE − ρ̃ðkÞE

���
1
þ E

Ψ∼S̃croogeðσÞ

����ρ̃ðkÞE − E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE

����
1

≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ þO

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s 1
A; ðD22Þ

where EΨρ̃
ðkÞ
E is given by Eq. (D11), which implies that

E
Ψ∼S̃croogeðσÞ

����ρðkÞE −
XDB

z¼1

hzjσBjziρ̃ðkÞScroogeðσ̂AjzÞ
����
1

≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ þO

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s 1
A:

ðD23Þ

To relate this finding to a mixture of ρðkÞScroogeðσ̂AjzÞ, we use Lemma 1 and the triangle inequality to obtain�����X
DB

z¼1

hzjσBjziðρðkÞScroogeðσ̂AjzÞ − ρ̃ðkÞScroogeðσ̂AjzÞÞ
�����
1

≤
XDB

z¼1

hzjσBjzi
���ρðkÞScroogeðσ̂AjzÞ − ρ̃ðkÞScroogeðσ̂AjzÞ

���
1

¼
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ: ðLemma 1Þ

ðD24Þ

Finally, applying the triangle inequality again yields the desired result

E
Ψ∼S̃croogeðσÞ

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s 1
Aþ

XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ:

ðD25Þ

▪
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We will also make use of the following lemma.
Lemma 8. Let ρðkÞE ðΨÞ be the kth moment of the projected ensemble EðΨÞ on subsystem A generated by jΨiAB, measured

in an arbitrary orthonormal basis fjzigDB
z¼1 on subsystem B. For any fixed operator M, and any density matrix σ with

dimension D,





 E
Ψ∼ScroogeðσÞ

���ρðkÞE ðΨÞ −M
���
1
− E

Ψ∼S̃croogeðσÞ

���ρðkÞE ðΨÞ −M
���
1





 ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
kMk1: ðD26Þ

Proof. Let us write ρðkÞE explicitly as

ρðkÞE ¼
XDB

z¼1

½ðIA ⊗ hzjÞjΨihΨjðIA ⊗ jziÞ�⊗k

hΨjðIA ⊗ jzihzjÞjΨik−1 : ðD27Þ

By the definitions of the ensembles ScroogeðσÞ and S̃croogeðσÞ, we have

E
Ψ∼ScroogeðσÞ

kρðkÞE −Mk1 ¼ D E
ϕ∼HaarðDÞ

hϕjσjϕi
����� 1

hϕjσjϕi
XDB

z¼1

½ðIA ⊗ hzjÞ ffiffiffi
σ

p jϕihϕj ffiffiffiσp ðIA ⊗ jziÞ�⊗k

hϕj ffiffiffiσp ðIA ⊗ jzihzjÞ ffiffiffi
σ

p jϕik−1 −M

�����
1

¼ E
ϕ∼HaarðDÞ

�����DX
DB

z¼1

½ðIA ⊗ hzjÞ ffiffiffi
σ

p jϕihϕj ffiffiffiσp ðIA ⊗ jziÞ�⊗k

hϕj ffiffiffiσp ðIA ⊗ jzihzjÞ ffiffiffi
σ

p jϕik−1 −DhϕjσjϕiM
�����
1

; ðD28Þ

and

E
Ψ∼S̃croogeðσÞ

kρðkÞE −Mk1 ¼ E
ϕ∼HaarðDÞ

�����DX
DB

z¼1

½ðIA ⊗ hzjÞ ffiffiffi
σ

p jϕihϕj ffiffiffiσp ðIA ⊗ jziÞ�⊗k

hϕj ffiffiffiσp ðIA ⊗ jzihzjÞ ffiffiffi
σ

p jϕik−1 −M

�����
1

: ðD29Þ

For convenience, let us denote

KðϕÞ≡D
XDB

z¼1

½ðIA ⊗ hzjÞ ffiffiffi
σ

p jϕihϕj ffiffiffiσp ðIA ⊗ jziÞ�⊗k

hϕj ffiffiffiσp ðIA ⊗ jzihzjÞ ffiffiffi
σ

p jϕik−1 : ðD30Þ

Therefore, 



 E
Ψ∼ScroogeðσÞ

kρðkÞE ðΨÞ −Mk1 − E
Ψ∼S̃croogeðσÞ

kρðkÞE ðΨÞ −Mk1






¼




 E
ϕ∼HaarðDÞ

ðkKðϕÞ −DhϕjσjϕiMk1 − kKðϕÞ −Mk1Þ






≤ E
ϕ∼HaarðDÞ

jkKðϕÞ −DhϕjσjϕiMk1 − kKðϕÞ −Mk1j ðJensen’s inequalityÞ

≤ E
ϕ∼HaarðDÞ

kDhϕjσjϕiM −Mk1 ðreverse triangle inequalityÞ

¼
�

E
ϕ∼HaarðDÞ

j1 −Dhϕjσjϕij
�
kMk1

≤
�

E
ϕ∼HaarðDÞ

ð1 −DhϕjσjϕiÞ2
�
1=2

kMk1 ðCauchy-SchwarzÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
kMk1: ðD31Þ

▪
Now, using Lemmas 7 and 8, we can analyze the case where the generator state is drawn from the exact Scrooge(σ).
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Theorem 6 (Projected ensemble generated by a Scrooge state). Let jΨiAB be a state drawn from Scrooge(σ). Denote the
reduced density matrices of σ on A and B by σA and σB, respectively. Consider the projected ensemble EðΨÞ obtained by
applying projective measurements on B in an arbitrary orthonormal basis fjzigDB

z¼1. Then, assuming that k2kσ̂Ajzk2 ≪ 1 for
all z, and 1 ≪ DA ≤ DB,

E
Ψ∼ScroogeðσÞ

����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
����
1

≤ O

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkþ2Dk−1

A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s !

þ
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
; ðD32Þ

where σAjz ≡ ðIA ⊗ hzjÞσðIA ⊗ jziÞ, and σ̂Ajz ¼ σAjz=hzjσBjzi is the normalized conditional mixed state on A.
Proof. Using Lemma 8 with

M ¼
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ; ðD33Þ

we have

E
Ψ∼ScroogeðσÞ

���ρðkÞE −M
���
1
≤ E

Ψ∼S̃croogeðσÞ

���ρðkÞE −M
���
1
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
kMk1: ðD34Þ

From Lemma 7, we obtain

E
Ψ∼S̃croogeðσÞ

���ρðkÞE −M







1
≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s 1
Aþ

XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ: ðD35Þ

We can also bound kMk1 via

kMk1 ≤
XDB

z¼1

hzjσBjzi
���ρðkÞScroogeðσ̂AjzÞ

���
1
¼
XDB

z¼1

hzjσBjzi ðD36Þ

since ρðkÞScroogeðσ̂AjzÞ is a normalized density operator. Therefore,

E
Ψ∼ScroogeðσÞ

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22
	s 1
Aþ

XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dkσk22 − 1

Dþ 1

s
: ðD37Þ

▪
Theorem 7 (Projected ensemble generated by an approximate Scrooge 2k-design state). Let jΨiAB be sampled from an

approximate Scrooge(σ) 2k-design, with relative error ε. Denote the reduced state of σ on A and B by σA and σB,
respectively. Consider the projected ensemble E obtained by applying projective measurements on B in an arbitrary
orthonormal basis fjzigDB

z¼1. Then, assuming that k2kσ̂Ajzk2 ≪ 1 for all z, and 1 ≪ DA ≤ DB,
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E
Ψ∼2k-design

����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
����
1

≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22 þ
Dε

k2
þ 4k

k
Dkσk2

	s 1
Aþ

XDB

z¼1

hzjσBjziO
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εþ 4kkkσk2 þ k2kσ̂Ajzk22
q 	

; ðD38Þ

where σAjz ≡ ðIA ⊗ hzjÞσðIA ⊗ jziÞ, and σ̂Ajz ¼ σAjz=hzjσBjzi is the normalized conditional mixed state on A.
Proof. From Lemma 1, the proxy S̃croogeðσÞ is an approximate Scrooge(σ) 2k-design with relative error

ε0 ¼ Oð4kkkσk2Þ. This implies that any approximate Scrooge(σ) 2k-design with relative error ε must also be close to
S̃croogeðσÞ up to 2k moments with a relative error ε00 that satisfies

1þ ε00 ¼ ð1þ εÞð1þ ε0Þ; ðD39Þ

which gives ε00 ¼ εþ ε0 þ εε0 ¼ Oðεþ ε0Þ ¼ Oðεþ 4kkkσk2Þ. In other words, we have

ð1 − ε00Þρ̃ð2kÞScroogeðσÞ ≼ E
Ψ∼2k-design

ðjΨihΨjÞ⊗2k ≼ ð1þ ε00Þρ̃ð2kÞScroogeðσÞ: ðD40Þ

Now, using Lemma 3, where we choose E1 to be S̃croogeðσÞ, and E2 to be the approximate Scrooge(σ) 2k-design, and the
fixed operator

M ¼ E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE ¼
�
1þO

�
k2

DA

		XDB

z¼1

hzjσBjziρ̃ðkÞScroogeðσ̂AjzÞ; ðD41Þ

where we have defined

ρ̃ðkÞE ðΨÞ ¼
XDB

z¼1

hzjσBjzi1−k½ðIA ⊗ hzjÞjΨihΨjðIA ⊗ jziÞ�⊗k ðD42Þ

for the projected ensemble E with qz ¼ hzjσBjzi, we obtain

Δ ¼




 E
Ψ∼S̃croogeðσÞ

���ρ̃ðkÞE ðΨÞ −M
���2
2
− E

Ψ∼2k-design

���ρ̃ðkÞE ðΨÞ −M
���2
2






≤ ε00 E

Ψ∼S̃croogeðσÞ

"
2Trðρ̃ðkÞE ðΨÞMÞ þ

 XDB

z¼1

hzjσBjzi1−khΨjðIA ⊗ jzihzjÞjΨik
!

2
#
: ðD43Þ

Rearranging, we obtain

E
Ψ∼2k-design

���ρ̃ðkÞE ðΨÞ −M
���2
2
≤ E

Ψ∼S̃croogeðσÞ

���ρ̃ðkÞE ðΨÞ −M
���2
2

þ ε00 E
Ψ∼S̃croogeðσÞ

"
2Trðρ̃ðkÞE ðΨÞMÞ þ

 XDB

z¼1

hzjσBjzi1−khΨjðIA ⊗ jzihzjÞjΨik
!

2
#
: ðD44Þ

The first term on the right-hand side is given by Eq. (D19) in the proof of Theorem 6 above, with

E
Ψ∼S̃croogeðσÞ

���ρ̃ðkÞE ðΨÞ −M
���2
2
≤ O

�
k2kþ2

D

	
þOð4kk2kDAkσk22Þ: ðD45Þ

Next, by linearity of the expectation and trace,
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E
Ψ∼S̃croogeðσÞ

Trðρ̃ðkÞE ðΨÞMÞ ¼ Tr
�

E
Ψ∼S̃croogeðσÞ

ρ̃ðkÞE ðΨÞ
�
2
≤
D2k

D2
k

¼ Oðk!2Þ; ðD46Þ

which can be obtained from Eqs. (D12) and (D17). Furthermore, by the Cauchy-Schwarz inequality,

E
Ψ∼S̃croogeðσÞ

 XDB

z¼1

hzjσBjzi1−khΨjðIA ⊗ jzihzjÞjΨik
!

2

≤

"XDB

z¼1

hzjσBjzi1−k
�

E
Ψ∼S̃croogeðσÞ

hΨjðIA ⊗ jzihzjÞjΨi2k
�
1=2

#
2

¼
�
1þO

�
k2

D

		 XDB

z;z0¼1

hzjσBjzihz0jσBjz0i
�
1þOðk2kσ̂Ajzk22Þ

�
¼ 1þ oð1Þ ðD47Þ

since we assumed k2kσ̂Ajzk2 ≪ 1 for all z. The notation oð1Þ is a shorthand for terms that vanish asymptotically in the limit
of large Hilbert space dimensions. Thus,

E
Ψ∼2k-design

���ρ̃ðkÞE ðΨÞ −M
���2
2
≤ O

�
k2kþ2

D

	
þO

�
4kk2kDAkσk22

�
þOðε00k2kÞ

¼ O
�
k2kþ2

D

�
1þ 4k

k2
DA

2DBkσk22 þ
Dε00

k2

		
: ðD48Þ

This result implies the trace distance bound

E
Ψ∼2k-design

���ρ̃ðkÞE ðΨÞ −M
���
1
≤

ffiffiffiffiffiffiffiffiffi
DA;k

p �
E

Ψ∼2k-design

���ρ̃ðkÞE ðΨÞ −M
���2
2

�
1=2

≤ O

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kkþ2DA

k−1

DB

�
1þ 4k

k2
DA

2DBkσk22 þ
Dε00

k2

	s !
:

ðD49Þ

The next step is to show that ρðkÞE is, with high probability, close to ρ̃ðkÞE , when jΨiAB is sampled from the Scrooge(σ) 2k-
design. To this end, we use Lemma 2 to write

E
Ψ∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XDB

z¼1

�
E

Ψ∼2k-design
p2
z

�
1=2

2
41 − 2

E
Ψ∼2k-design

pk−1
z

hzjσBjzik−1
þ

E
Ψ∼2k-design

p2k−2
z

hzjσBjzi2k−2

3
51=2

: ðD50Þ

Using the relative error property,

ð1 − ε00Þ E
Ψ∼S̃croogeðσÞ

pz
l ≤ E

Ψ∼2k-design
pz

l ≤ ð1þ ε00Þ E
Ψ∼S̃croogeðσÞ

pz
l ðD51Þ

for 1 ≤ l ≤ 2k. From Eq. (D8),

E
Ψ∼S̃croogeðσÞ

pl
z ¼ hzjσBjzil

h
1þO

�
l2kσ̂Ajzk22

�i
: ðD52Þ

Therefore,

E
Ψ∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XDB

z¼1

hzjσBjziO
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε00 þ k2kσ̂Ajzk22
q 	

: ðD53Þ

By the triangle inequality, and substituting the definition of M, we obtain
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E
Ψ∼2k-design

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2DA
k−1

DB

�
1þ 4k

k2
DA

2DBkσjj22 þ
Dε00

k2

	s 1
A

þ
XDB

z¼1

hzjσBjziO
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ε00 þ k2kσ̂Ajzjj22
q �

: ðD54Þ

In the above, we have replaced ρ̃ðkÞScroogeðσ̂AjzÞ by ρðkÞScroogeðσ̂AjzÞ inM because this only incurs an additional trace distance error
ofOðPzhzjσBjzikkσ̂Ajzk2Þ by the triangle inequality. It can be verified that this recovers Theorem 6 when ε00 ¼ 0. As stated
above, ε00 ¼ Oðεþ 4kkkσk2Þ; thus,

E
Ψ∼2k-design

����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
����
1

≤ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kkþ2Dk−1
A

DB

�
1þ 4k

k2
DA

2DBkσk22 þ
Dε

k2
þ 4k

k
Dkσk2

	s 1
A

þ
XDB

z¼1

hzjσBjziO
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εþ 4kkkσk2 þ k2kσ̂Ajzk22
q 	

: ðD55Þ

▪
For a fixed k∈N, Eq. (D55) simplifies to

E
Ψ∼2k-design

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DA
kðεþ kσk2 þDAkσjj22Þ

q 	
ðD56Þ

to leading order, giving Theorem 2 in the main text.

1. Projected ensemble generated by a state drawn from a Haar 2k-design

In the special case where σ ¼ I=D is maximally mixed, the Scrooge ensemble reduces to the Haar ensemble, giving
Corollary III B 1. In this limit, it turns out that the error bound can be improved compared to Theorem 2, for technical
reasons. The proof follows similarly to Theorem 7 above.
Theorem 8 (Projected ensemble generated by an approximate 2k-design state). Let jΨiAB be sampled from a 2k-design,

with relative error ε. Consider the projected ensemble EðΨÞ obtained by applying projective measurements on B in an
arbitrary orthonormal basis fjzigDB

z¼1. Then, assuming k2 ≪ DA, with DA;DB ≫ 1,

E
Ψ∼2k-design

���ρðkÞE − ρðkÞHaar;A

���
1
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA;k

DB
þO

�
k2

DA
þDA;kε

	s
: ðD57Þ

Proof. The kth moment of the projected ensemble EðΨÞ can be written as

ρðkÞE ¼
XDB

z¼1

p1−k
z ½ðIA ⊗ hzjÞjΨihΨjðIA ⊗ jziÞ�⊗k; ðD58Þ

where

pz ¼ hΨjðIA ⊗ jzihzjÞjΨi ðD59Þ
is the probability of measuring the outcome z. Let us construct the proxy

ρ̃ðkÞE ¼
XDB

z¼1

Dk−1
B ½ðIA ⊗ hzjÞjΨihΨjðIA ⊗ jziÞ�⊗k: ðD60Þ

The average trace distance between ρðkÞE and ρ̃ðkÞE can be bounded using Lemma 2,

E
Ψ∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XDB

z¼1

�
E

Ψ∼2k-design
p2
z

�
1=2
�
1 − 2Dk−1

B E
Ψ∼2k-design

pk−1
z þD2k−2

B E
Ψ∼2k-design

p2k−2
z

�
1=2

: ðD61Þ
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For any 1 ≤ l ≤ 2k,

ð1 − εÞ E
Ψ∼HaarðDÞ

pz
l ≤ E

Ψ∼2k-design
pz

l ≤ ð1þ εÞ E
Ψ∼HaarðDÞ

pz
l; ðD62Þ

from the definition of the relative error ε. The Haar average of pz
l can be explicitly evaluated as

E
Ψ∼HaarðDÞ

pz
l ¼ 1

l!Dl

X
π∈ Sl

DA
#cyclesðπÞ ¼ DA;l

Dl
¼ 1

Dl
B

�
1þO

�
l2

DA

		
: ðD63Þ

Thus,

E
Ψ∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
¼ O

0
@ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εþ k2

DA

s 1
A: ðD64Þ

Next, using Lemma 3 with the choice of qz ¼ 1=DB, M ¼ ρðkÞHaar;A,

Δ≡



 E
Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
− E

Ψ∼HaarðDÞ

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2





≤ 2ε E

Ψ∼HaarðDÞ
Trρ̃ðkÞE ρðkÞHaar;A þ εD2k−2

B E
Ψ∼HaarðDÞ

 XDB

z¼1

pk
z

!
2

: ðD65Þ

The first term can be evaluated using

E
Ψ∼HaarðDÞ

Trρ̃ðkÞE ρðkÞHaar;A ¼ 1

DA;k
E

Ψ∼HaarðDÞ
Trρ̃ðkÞE ¼ Dk−1

B

DA;k

XDB

z¼1

E
Ψ∼HaarðDÞ

pk
z ¼

1

DA;k

�
1þO

�
k2

DA

		
: ðD66Þ

The second term can be evaluated using

D2k−2
B E

Ψ∼HaarðDÞ

 XDB

z¼1

pk
z

!
2

¼ D2k−2
B

XDB

z;z0¼1

ðI⊗2k
A ⊗ hzkz0kjÞρð2kÞHaarðI⊗2k

A ⊗ jzkz0kiÞ

¼ D2k−2
B

D2k

�
1þO

�
k2

D

		 XDB

z;z0¼1

X
π ∈ S2k

DA
#cyclesðπÞhzkz0kjπ̂Bjzkz0ki

¼ 1

D2
BD

2k
A

�
1þO

�
k2

D

		"XDB

z¼1

X
π ∈ S2k

DA
#cyclesðπÞ þ

XDB

z;z0¼1
z≠z0

� X
π∈ Sk

DA
#cyclesðπÞ

	
2
#

¼ 1

D2
BD

2k
A

�
1þO

�
k2

D

		
ðDBD2k

A þDBðDB − 1ÞD2k
A Þ
�
1þO

�
k2

DA

		

¼ 1þO
�
k2

DA

	
: ðD67Þ

Therefore, Δ ¼ OðεÞ, and

E
Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
≤ E

Ψ∼HaarðDÞ

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
þOðεÞ: ðD68Þ

Now,
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E
Ψ∼HaarðDÞ

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
¼ E

Ψ∼HaarðDÞ
Trρ̃ðkÞ2E − 2 E

Ψ∼HaarðDÞ
Trρ̃ðkÞE ρðkÞHaar;A þ 1

DA;k

¼ E
Ψ∼HaarðDÞ

Trρ̃ðkÞ2E −
2

DA;k

�
1þO

�
k2

DA

		
þ 1

DA;k
; ðD69Þ

where

E
Ψ∼HaarðDÞ

Trρ̃ðkÞ2E ¼ D2k−2
B

XDB

z;z0¼1

�
I⊗2k
A ⊗ hzkz0kj

�
ρð2kÞHaar

�
I⊗2k
A ⊗ jzkz0ki

�

¼ 1

D2
BD

2k
A

�
1þO

�
k2

D

		 XDB

z;z0¼1

X
π ∈ S2k

D#cyclesðπÞ
A hzkz0kjπ̂Bjz0kzki

¼ 1

D2
BD

2k
A

�
1þO

�
k2

D

		�
DBD2k

A

�
1þO

�
k2

DA

		
þDBðDB − 1Þk!Dk

A

�
1þO

�
k2

DA

		�

¼ 1

DA;k

�
1þO

�
k2

DA

		
þ 1

DB
: ðD70Þ

Thus,

E
Ψ∼HaarðDÞ

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
¼ 1

DB
þO

�
k2

DADA;k

	
ðD71Þ

and

E
Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2
≤

1

DB
þO

�
k2

DADA;k
þ ε

	
; ðD72Þ

which implies that

E
Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���
1
≤
�
DA;k E

Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���2
2

	
1=2

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA;k

DB
þO

�
k2

DA
þDA;kε

	s
: ðD73Þ

Finally, by the triangle inequality,

E
Ψ∼2k-design

���ρðkÞE − ρðkÞHaar;A

���
1
≤ E

Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞHaar;A

���
1
þ E

Ψ∼2k-design

���ρ̃ðkÞE − ρðkÞE

���
1
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DA;k

DB
þO

�
k2

DA
þDA;kε

	s
; ðD74Þ

which yields the desired result. ▪

2. Late-time chaotic Hamiltonian dynamics

Consider a generator state jΨiAB obtained by evolving the initial state jΨ0iAB under an ergodic HamiltonianH, for a late-
time t. Generically, it is reasonable to expect jΨiAB to be modeled by the random phase ensemble

Erandom phase ¼
�

dDφ
ð2πÞD ;

XD
j¼1

jhEjjΨ0ijeiφj jEji
�
; ðD75Þ

with the diagonal density matrix (in the energy basis fjEjigj)
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σdiag ¼
XD
j¼1

jhEjjΨ0ij2jEjihEjj; ðD76Þ

as described in the main text. If H satisfies the kth no-
resonance condition, Mark et al. [31] showed that the
temporal ensemble

Etemp ¼ fe−iHtjΨ0ijt∈ ð−∞;∞Þg ðD77Þ

is close to the random phase ensemble, up to the kth
moment. While we have shown that the random phase
ensemble forms an approximate Scrooge k-design
(Theorem 1 in the main text), Theorem 2 does not strictly
apply in this scenario since the random phase ensemble is
not close to Scrooge(σ) in relative error. Nonetheless, it is
interesting to ask whether the projected ensemble generated
by a state drawn from the random phase ensemble forms a
generalized Scrooge ensemble, as in Theorem 2. This
problem is partially resolved with Theorem 4 of
Ref. [31], where they showed that the kth moment of
the unnormalized projected ensemble EðΨÞ is approxi-
mately that of the unnormalized generalized Scrooge
ensemble, i.e.,

ρ̃ðkÞE ≈
XDB

z¼1

hzjσBjziρ̃ðkÞScroogeðσ̂AjzÞ; ðD78Þ

with an error that is expected to be exponentially small in
the system size. In the above, σA and σB are the reduced
density matrices of σdiag on A and B, respectively. Note that
σAjz ≡ ðIA ⊗ hzjÞσðIA ⊗ jziÞ, and σ̂Ajz ¼ σAjz=hzjσBjzi is
the normalized conditional mixed state on A. Using the
technical results developed in proving Theorem 2, we close
this conceptual gap by showing that the Scrooge behavior
does hold true for the actual normalized projected ensem-
ble, i.e.,

ρðkÞE ≈
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ: ðD79Þ

This case is stated informally in Proposition 1 of the main
text, which we reproduce here, stated more formally.
Theorem 9 (Emergent Scrooge designs from late-time

generator states). Let jΨiAB be the generator state drawn
from the random phase ensemble (D75). Denote the
reduced state of σdiag on A and B by σA and σB, respectively,
where σdiag is the diagonal ensemble given in Eq. (D76).
Consider the projected ensemble EðΨÞ obtained by apply-
ing projective measurements on B in an arbitrary ortho-
normal basis fjzigDB

z¼1. Then, assuming k2kσ̂Ajzk2 ≪ 1,

EΨ

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ þOðΔ1=2
β Þ; ðD80Þ

where σAjz ≡ ðIA ⊗ hzjÞσðIA ⊗ jziÞ, and σ̂Ajz ¼
σAjz=hzjσBjzi is the normalized conditional mixed state
on A. Above,

Δβ ¼
XDB

z¼1

hz⊗2jTrAðσð2ÞdiagÞjz⊗2i
hzjσBjzi

; ðD81Þ

where

σð2Þdiag ¼
X
j

jhEjjΨ0ij4jE⊗2
j ihE⊗2

j j: ðD82Þ

Proof.We first bound the average trace distance between

ρ̃ðkÞE and ρðkÞE . Define X ¼ pz=Eφpz, where Eφ indicates the
averaging over the uniformly random phases in Eq. (C1),
equivalent to averaging over the generator states EΨ.
Averaging over the random phase ensemble, we find

Eφkρ̃ðkÞE − ρðkÞE k1 ≤ Eφ

XDB

z¼1

pzj1 − Xk−1j

¼ Eφ

XDB

z¼1

jð1 − XÞð1þ X þ � � � þ Xk−2Þj

≤
XDB

z¼1

hzjσBjzi
�
Eφð1 − XÞ2

	
1=2
�
Eφ

�
X þ X2 þ…þ Xk−1

	
2
	

1=2
: ðD83Þ

Using
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EφXk ≤ hzjσBjzi−k
X
π∈ Sk

Tr½σ⊗kðIA ⊗ jzihzjÞ⊗kπ̂�

¼ hzjσBjzi−k
X
π ∈ Sk

Tr
�
σ⊗k
Ajzπ̂A

�
¼
X
π ∈ Sk

Tr
�
σ̂⊗k
Ajzπ̂A

�
¼ 1þO

�
k2kσ̂Ajzjj22

�
ðLemma 4Þ; ðD84Þ

we have

Eφ

���ρ̃ðkÞE − ρðkÞE

���
1
≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ: ðD85Þ

This case implies that ρ̃ðkÞE ≈ ρðkÞE in the low-purity regime. Similarly, from Lemma 1, we have

�����X
DB

z¼1

hzjσBjziðρ̃ðkÞScroogeðσ̂AjzÞ − ρðkÞScroogeðσ̂AjzÞÞ
�����
1

≤
XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ: ðD86Þ

Thus, in the low-purity regime, we have

Eφ

�����ρðkÞE −
XDB

z¼1

hzjσBjziρðkÞScroogeðσ̂AjzÞ
�����
1

≤ OðΔ1=2
β Þ þ

XDB

z¼1

hzjσBjziOðkkσ̂Ajzk2Þ; ðD87Þ

where Δβ is the error term defined in Ref. [31], which is
argued to be exponentially small in system size in typical
many-body systems. The subscript β indicates that jΨi has
an effective temperature β−1. ▪

APPENDIX E: PROJECTED ENSEMBLE
GENERATED BY MEASUREMENTS IN A

SCRAMBLED BASIS

In this appendix, we prove Theorem 3 in the main text.
We first prove the following lemmas, which will be useful
in proving Theorem 3.
Lemma 9 (kth moment of unnormalized projected

ensemble). Let jΨiAB be an arbitrary bipartite state, with
subsystem density operators denoted σA and σB, respec-
tively. Consider the projected ensemble E obtained by
applying a Haar random unitary U on subsystem B,

followed by projective measurements on B in an arbitrary
orthonormal basis fjzigDB

z¼1. The average kth moment of the
unnormalized state jψ̃ zi ¼ ðIA ⊗ hzjUÞjΨi is given by

E
U∼HaarðDBÞ

ðjψ̃ zihψ̃ zjÞ⊗k ¼ DA;k

DB;k
σ⊗k
A ρðkÞHaar;A: ðE1Þ

Proof. Let us write the Schmidt decomposition of jΨiAB
as

jΨiAB ¼
X
i

ffiffiffiffi
λi

p
jiiA ⊗ jiiB; ðE2Þ

where λi are the Schmidt coefficients and jii are the
corresponding Schmidt vectors. Then, we have

E
U∼HaarðDBÞ

ðjψ̃ zihψ̃ zjÞ⊗k ¼
X
i1 ;…;ik
j1 ;…;jk

 Yk
α¼1

λiαλjα

!
1=2

ðji1;…; ikihj1;…; jkjÞAhj1;…; jkjρðkÞHaar;Bji1;…; ikiB

¼ 1

k!DB;k

X
i1 ;…;ik
j1 ;…;jk

X
π ∈ Sk

 Yk
α¼1

λiαλjα

!
1=2

ðji1;…; ikihj1;…; jkjÞAhj1;…; jkjπ̂Bji1;…; ikiB: ðE3Þ
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By orthonormality of the Schmidt vectors, the term hj1;…; jkjπ̂Bji1;…; ikiB ¼ δj1;πði1Þ…δjk;πðikÞ enforces the constraints on
j1;…; jk, which simplifies the sum to

E
U∼HaarðDBÞ

ðjψ̃ zihψ̃ zjÞ⊗k ¼ 1

k!DB;k

X
i1;…;ik

X
π∈ Sk

 Yk
α¼1

λiα

!
ðji1;…; ikihi1;…; ikjÞAπ̂†A

¼ DA;k

DB;k
σ⊗k
A ρðkÞHaar;A; ðE4Þ

where we used σA ¼Pi λiðjiihijÞA. ▪
Lemma 10 (Average k-copy overlap between projected states). Let jΨiAB be an arbitrary bipartite state, with subsystem

density operators denoted σA and σB, respectively. Denote the unnormalized projected state as jψ̃ zi ¼ ðIA ⊗ hzjUÞjΨi.
Assume k2 ≪ DB and kkσAk4 ≪ kσAk2. Then, for any pair of measurement outcomes z ≠ z0,

E
U∼HaarðDBÞ

jhψ̃ zjψ̃ z0 ij2k ≤
k!kσAk2k2

D2k
B

�
1þO

�
k2

kσAk44
kσAk42

	�
þO

�
k2kþ2

D2kþ1
B

	
: ðE5Þ

Proof. Using Weingarten calculus, we obtain

E
U∼HaarðDBÞ

jhψ̃ zjψ̃ z0 ij2k ¼ E
U∼HaarðDBÞ

Tr
�
σ⊗2k
B U†⊗2k

B jz⊗kz0⊗kihz0⊗kz⊗kjU⊗2k
B

�
¼

X
π;χ ∈ S2k

Wgðχ−1π; DBÞTr
�
σ⊗2k
B π̂†B

�
hz0⊗kz⊗kjχ̂Bjz⊗kz0⊗ki ðE6Þ

in terms of permutation operators π̂B and χ̂B, and the Weingarten function Wgðχ−1π; DBÞ. To proceed, observe that, by
orthogonality of jzi and jz0i, the nonvanishing contributions to the Weingarten sum are those with χ of the form χ ¼ χ1χ2τ,
where χ1; χ2 ∈ Sk are arbitrary permutations acting on the first and second sets of k-copy replicas, and τ∈ S2k is a fixed
permutation that swaps between the first and second sets of k-copy replicas. This approach will contract every hzj with jzi
and every hz0j with jz0i, giving hz0⊗kz⊗kjχ̂Bjz⊗kz0⊗ki ¼ 1. Thus, we rewrite the sum as

E
U∼HaarðDBÞ

jhψ̃ zjψ̃ z0 ij2k ¼
X
π ∈ S2k

χ1 ;χ2 ∈ Sk

Wgððχ1χ2τÞ−1π; DBÞTr
�
σ⊗2k
B π̂†B

�
: ðE7Þ

Next, we split the sum over π ∈ S2k into terms where π ¼ χ1χ2τ and π ≠ χ1χ2τ, respectively. This process gives

E
U∼HaarðDBÞ

jhψ̃ zjψ̃ z0 ij2k ¼ Wgð12k; DBÞ
X

χ1;χ2 ∈ Sk

TrðσB⊗2kðχ̂1;B ⊗ χ̂2;BÞτ̂BÞ þ
X
π∈ S2k

χ1 ;χ2 ∈ Sk
π≠χ1χ2τ

Wgððχ1χ2τÞ−1π; DBÞTr
�
σ⊗2k
B π̂†B

�

≤
1

D2k
B

�
1þO

�
k7=4

D2
B

	�
k!
X
χ ∈ Sk

Tr
�
σ2B

⊗kχ̂B
�
þ
X
π ∈ S2k

χ1 ;χ2 ∈ Sk
π≠χ1χ2τ

jWgððχ1χ2τÞ−1π; DBÞj; ðE8Þ

where we used [73]

Wgð12k; DBÞ ¼
1

D2k
B

�
1þO

�
k7=4

D2
B

	�
ðE9Þ

valid for 4k2 < DB. Applying Lemma 4, we obtain

X
χ ∈ Sk

Trðσ2B⊗kχ̂BÞ ¼ Trkðσ2BÞ
X
χ ∈ Sk

Tr

�
σ2B

⊗k

Trkðσ2BÞ
χ̂B

	
¼ kσAk2k2

�
1þO

�
k2

kσAk44
kσAk42

	�
; ðE10Þ

using the fact that σA and σB share the same nonzero eigenvalues. To bound the last term in Eq. (E8), we use
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X
π ∈ S2k

χ1 ;χ2 ∈ Sk
π≠χ1χ2τ

jWgððχ1χ2τÞ−1π; DBÞj ¼
X
π ∈ S2k

χ1 ;χ2 ∈ Sk
π≠12k

jWgðπ; DBÞj

¼ ðk!Þ2
�X

π ∈ S2k

jWgðπ; DBÞj − jWgð12k; DBÞj
	

¼ ðk!Þ2
�ðDB − 2kÞ!

DB!
−

1

D2k
B

�
1þO

�
k7=4

D2
B

	��

¼ ðk!Þ2
�

1

D2k
B

�
1þO

�
k2

DB

	�
−

1

D2k
B

�
1þO

�
k7=4

D2
B

	��

¼ O
�
k2kþ2

D2kþ1
B

	
: ðE11Þ

Substituting these formulas into Eq. (E8) yields the desired result. ▪
Now, we are ready to prove Theorem 3 in the main text, which we reproduce here for convenience.
Theorem 10. Let jΨiAB be an arbitrary bipartite state, with subsystem density operators denoted σA and σB, respectively.

Consider the projected ensemble EðΨÞ obtained by applying a unitary UB, drawn from an approximate unitary 2k-design
with relative error ε, on subsystem B, followed by projective measurements on B in an arbitrary orthonormal basis fjzigDB

z¼1.
Then, assuming that k ≪ kσAk2=kσAk4 and 1 ≪ DA ≤ DB,

EUB

���ρðkÞE − ρðkÞScroogeðσAÞ
���
1
≤
�
ðDAkσAk22ÞkO

�
k2

kσAk44
kσAk42

	
þO

�
Dk

Ak
kþ2

DB

	
þOðDA;kεÞ

�
1=2

: ðE12Þ

Proof. The kth moment of the projected ensemble E generated by jΨUiAB ¼ ðIA ⊗ UBÞjΨiAB is denoted as

ρðkÞE ¼
XDB

z¼1

p1−k
z ½ðIA ⊗ hzjÞjΨUihΨUjðIA ⊗ jziÞ�⊗k; ðE13Þ

where pz ¼ hΨUjðIA ⊗ jzihzjÞjΨUi is the probability of measuring the outcome z on subsystem B. SinceU is sampled from
an approximate 2k-design with relative error ε, the generator states jΨUi satisfy

ð1 − εÞ E
U∼HaarðDBÞ

ðjΨUihΨUjÞ⊗2k ≼ E
U∼2k-design

ðjΨUihΨUjÞ⊗2k ≼ ð1þ εÞ E
U∼HaarðDBÞ

ðjΨUihΨUjÞ⊗2k: ðE14Þ

Now, using Lemma 3, with the choices

ρ̃ðkÞE ¼ DB
k−1
XDB

z¼1

½ðIA ⊗ hzjÞjΨUihΨUjðIA ⊗ jziÞ�⊗k ðE15Þ

and

M ¼ ρ̃ðkÞScroogeðσAÞ ¼ DA
kσ⊗k

A ρðkÞHaar;A; ðE16Þ

we have

Δ ¼




 E
U∼2k-design

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2
− E

U∼Haar

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2






≤ 2ε E

U∼HaarðDBÞ
Tr
h
ρ̃ðkÞE ρ̃ðkÞScroogeðσAÞ

i
þ εDB

2k−2 E
U∼HaarðDBÞ

 XDB

z¼1

pk
z

!
2

: ðE17Þ

With
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E
U∼HaarðDBÞ

Tr½ρ̃ðkÞE ρ̃ðkÞScroogeðσAÞ� ¼
DB

kDA;k

DB;k
Trðσ⊗k

A ρðkÞHaar;Aρ̃
ðkÞ
ScroogeðσAÞÞ ðLemma 9Þ

¼ DB
k

DB;k
Trðσ⊗k

A ρ̃ðkÞScroogeðσAÞÞ

¼ DB
kDA

k

DB;k
Trðσ2A⊗kρðkÞHaar;AÞ

¼ k!

�
1þO

�
k2

DA

		
kσAk2k2

�
1þO

�
k2

kσAk44
kσAk42

		
ðLemma 4Þ

¼ k!kσAk2k2
�
1þO

�
k2

kσAk44
kσAk42

		
ðkσAk44=kσAk42 ≥ 1=DAÞ; ðE18Þ

and, using the Cauchy-Schwarz inequality, we obtain

E
U∼Haar

 XDB

z¼1

pk
z

!
2

≤
�XDB

z¼1

�
E

U∼Haar
pz

2k
�
1=2
�2

¼ 1

DB
2k−2

�
1þOðk2kσAk22Þ

�
:

ðE19Þ

Thus,

Δ ≤ 2εk!kσAk2k2
�
1þO

�
k2

kσAk44
kσAk42

		
þ ε
�
1þOðk2kσAk22Þ

�
¼ OðεÞ: ðE20Þ

This finding implies that

E
U∼2k-design

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2
≤ E

U∼HaarðDBÞ

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2
þOðεÞ: ðE21Þ

To proceed, we need to evaluate

E
U∼HaarðDBÞ

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2
¼ E

U∼HaarðDBÞ
Trρ̃ðkÞ2E − 2 E

U∼HaarðDBÞ
Tr
h
ρ̃ðkÞE ρ̃ðkÞScroogeðσAÞ

i
þ Trρ̃ðkÞ2ScroogeðσAÞ

¼ k!kσAk2k2 O
�
k2

kσAk44
kσAk42

	
þO

�
k2kþ2

DB

	
: ðE22Þ

For this purpose, we use

E
U∼HaarðDBÞ

Trρ̃ðkÞ2E ¼ 1

DB

�
1þOðk2kσAk22 þ k2kþ2Þ

�
þ k!kσAk2k2

�
1þO

�
k2

kσAk44
kσAk42

		
ðE23Þ

from Lemma 10, and

Trρ̃ðkÞ2ScroogeðσAÞ ¼ D2k
A Tr

�
σ⊗k
A ρðkÞHaar;Aσ

⊗k
A ρðkÞHaar;A

�
¼ D2k

A

DA;k
Trðσ2A⊗kρðkÞHaar;AÞ

¼ k!kσAk2k2
�
1þO

�
k2

kσAk44
kσAk42

		
ðLemma 4Þ: ðE24Þ

Thus,

E
U∼2k-design

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2
≤ O

�
k2kþ2

DB

	
þ k!kσAk2k2 O

�
k2

kσAk44
kσAk42

	
þOðεÞ: ðE25Þ
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This result can be used to upper bound the trace distance, via�
E

U∼2k-design
kρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞk1

	
2

≤ DA;k E
U∼2k-design

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���2
2

¼ ðDAkσAk22ÞkO
�
k2

kσAk44
kσAk42

	
þO

�
Dk

Ak
kþ2

DB

	
þOðDA;kεÞ: ðE26Þ

The next step is to bound the average trace distance between ρðkÞE and ρ̃ðkÞE , and the trace distance between ρðkÞScroogeðσAÞ and
ρ̃ðkÞScroogeðσAÞ. From Lemma 2, we have

E
U∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
≤
XDB

z¼1

�
E

U∼2k-design
p2
z

�
1=2
�
1 − 2Dk−1

B E
U∼2k-design

pk−1
z þD2k−2

B E
U∼2k-design

p2k−2
z

�
1=2

: ðE27Þ

Using the fact that

E
U∼HaarðDBÞ

pk
z ¼ E

U∼HaarðDBÞ
hzjUσBU†jzik

¼ Tr
�
σ⊗k
B ρðkÞHaar;B

�
¼ 1

k!DB;k

�
1þOðk2kσBk22Þ

�
ðLemma 4Þ

¼ 1

Dk
B

�
1þO

�
k2

DB

		�
1þOðk2kσAk22Þ

�
¼ 1

Dk
B

�
1þOðk2kσAk22Þ

�
ðkσBk22 ¼ kσAk22 ≥ 1=DBÞ; ðE28Þ

and

ð1 − εÞ E
U∼HaarðDBÞ

pl
z ≤ E

U∼2k-design
pl
z ≤ ð1þ εÞ E

U∼HaarðDBÞ
pl
z ðE29Þ

for all 1 ≤ l ≤ 2k, we obtain

E
U∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
≤ O

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εþ k2kσAk22

q 	
: ðE30Þ

From Lemma 6,

kρðkÞScroogeðσAÞ − ρ̃ðkÞScroogeðσAÞk1 ≤ OðkkσAk2Þ: ðE31Þ

Therefore, by the triangle inequality,

E
U∼2k-design

���ρðkÞE − ρðkÞScroogeðσAÞ
���
1

≤ E
U∼2k-design

���ρðkÞE − ρ̃ðkÞE

���
1
þ
���ρðkÞScroogeðσAÞ − ρ̃ðkÞScroogeðσAÞ

���
1
þ E

U∼2k-design

���ρ̃ðkÞE − ρ̃ðkÞScroogeðσAÞ
���
1

≤ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

εþ k2kσAk22
q 	

þOðkkσAk2Þ þ
�
ðDAkσAk22ÞkO

�
k2

kσAk44
kσAk42

	
þO

�
Dk

Ak
kþ2

DB

	
þOðDA;kεÞ

�
1=2

¼
�
ðDAkσAk22ÞkO

�
k2

kσAk44
kσAk42

	
þO

�
Dk

Ak
kþ2

DB

	
þOðDA;kεÞ

�
1=2

; ðE32Þ

with the dominant contribution to the error bound coming from the average trace distance between ρ̃ðkÞE and ρ̃ðkÞScroogeðσAÞ. ▪
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1. Application: Local Hamiltonian at finite
temperatures

Theorem 3 requires the condition k ≪ kσAk2=kσAk4 for
the projected ensemble to converge to Scrooge(σA). As
stated in the main text, we can define the effective
dimension of σA via

DA;eff ¼
�kσAk2
kσAk4

	
4

: ðE33Þ

If σA ¼ IA=DA is the maximally mixed state, then
DA;eff ¼ DA. Subsequently, the above condition reads
k4 ≪ DA;eff .
This condition is usually satisfied in many-body quan-

tum systems. To analyze a concrete example, let us consider
the case where σA is the thermal Gibbs state,

σA ¼ e−βHA

Trðe−βHAÞ ; ðE34Þ

where β is the inverse temperature and HA is the
Hamiltonian restricted to subsystem A.
Let us denote the spectral density of the HamiltonianHA

by fðEÞ, which satisfies the normalizationZ
∞

−∞
dEfðEÞ ¼ 1: ðE35Þ

We assume that HA has a Gaussian spectral density, i.e.,

fðEÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
2πΔ2

p exp

�
−
ðE − μÞ2
2Δ2

	
; ðE36Þ

where

μ ¼ 1

DA

XDA

i¼1

Ei ¼
TrHA

DA
ðE37Þ

is the mean energy and

Δ2 ¼ 1

DA

XDA

i¼1

E2
i − μ2 ¼ TrH2

A

DA
−
Tr2HA

D2
A

ðE38Þ

is the variance. To convert the discrete sum over energies
to an integral over the spectral density, we use
D−1

A

PDA
i¼1 →

R
dE fðEÞ. Thus, the partition function at

inverse temperature β is given by

Zβ ¼ Tr e−βHA ¼
XDA

i¼1

e−βEi ¼ DA

Z
∞

−∞
dE fðEÞe−βE

¼ DA exp

�
−βμþ 1

2
β2Δ2

	
: ðE39Þ

Note that this gives the partition function for any H
(regardless of spectral density) to quadratic order in β,
i.e., in the high-temperature regime.
The generalized purities read

TrðσAqÞ ¼
Zqβ

Zβ
q ¼

DA expð−qβμþ 1
2
q2β2Δ2Þ

Dq
A expð−qβμþ 1

2
qβ2Δ2Þ

¼ D1−q
A exp

�
1

2
qðq − 1Þβ2Δ2

	
: ðE40Þ

For the above equation to be self-consistent, we need to
impose the constraint TrðσAqÞ ≤ 1, which implies the
constraint β2Δ2 ≤ ð2=qÞNA ln 2. Outside of this range
(e.g., at low temperatures), the expression becomes unphys-
ical. This finding reflects the fact that the finiteness of the
spectrum is relevant in the low-temperature regime, leading
to the breakdown of the Gaussian approximation. In what
follows, we will work in the self-consistent regime.
Let us expand HA in the Pauli basis, i.e.,

HA ¼
XM
m¼1

cmPm; ðE41Þ

where Pm ≠ I is a Pauli string on N qubits and jcmj ≤ 1 are
real coefficients, as explained in Eq. (21) of the main text.
Then,

μ ¼ TrHA

DA
¼ 0; ðE42Þ

and

Δ2 ¼ TrH2
A

DA
¼ 1

DA

XM
m;n¼1

cmcnTrðPmPnÞ ¼
XM
m¼1

c2m ≤ M:

ðE43Þ

For a geometrically local HA, we expect M ∝ NA; thus,
Δ2 ¼ OðNAÞ. For simplicity, we set M ¼ αNA, where α is
some constant. Note that we are using dimensionless units
here, with the characteristic energy scale given by the
typical magnitude of cm. Thus, we have

kσAk2 ¼
1

D1=2
A

eβ
2Δ2=2 ðE44Þ

and

kσAk4 ¼
1

D3=4
A

e3β
2Δ2=2; ðE45Þ

which yields
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kσAk4
kσAk2

¼ 1

D1=4
A

eβ
2Δ2 ¼ exp

�
β2Δ2 −

NA

4
ln 2

	
: ðE46Þ

For β < βc, where

βc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NA

4Δ2
ln 2

r
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NA

4M
ln 2

r
¼

ffiffiffiffiffiffiffi
ln 2
4α

r
; ðE47Þ

the ratio kσAk4=kσAk2 is exponentially suppressed in NA,
and therefore k ≪ kσAk2=kσAk4 is satisfied for large NA
and any subexponential k. Finally, we remark that the value
of βc lies within the range β2Δ2 ≤ NA ln 2=2, imposed by
self-consistency up to q ¼ 4, as explained above.

APPENDIX F: UNIFORM RANDOM PHASE
STATES

Here, we present additional numerical results on the
random phase states given by

jΨiAB ¼ 1

2N=2

X
j

e−iφj jji: ðF1Þ

While in the main text we consider the trace distance ΔðkÞ
for our numerical studies, now we also regard a weaker
notion of distance, namely, the Hilbert-Schmidt distance. It
is given by

ΔðkÞ
HSðσÞ ¼

1

2

���ρðkÞE − ρðkÞScroogeðσÞ
���
2
; ðF2Þ

which is a weaker notion of statistical closeness between
the ensembles E and Scrooge(σ) because

ΔðkÞ
HS ≤ ΔðkÞ ≤

ffiffiffiffiffiffiffiffiffi
DA;k

p
ΔðkÞ

HS; ðF3Þ

thus, a small ΔðkÞ
HS does not guarantee a small ΔðkÞ.

We study random phase states with computational basis
measurements (θ ¼ 0). We plot the Hilbert-Schmidt

distance ΔðkÞ
HS in Fig. 6(a) and reproduce the trace distance

from the main text for reference in Fig. 6(b). We find
similar behavior in both cases, although the difference

between finite NB and NB → ∞ is less pronounced for ΔðkÞ
HS

compared to ΔðkÞ.

APPENDIX G: T-DOPED CLIFFORD CIRCUITS

In this appendix, we study emergent Scrooge ensembles
via rotating the measurement basis using Clifford circuits
doped with T-gates. In particular, we prepare the entangled
state

jΨðχÞi ¼ jψ entðχÞi⊗NA j0B2
i⊗NB−NA ; ðG1Þ

with jψ entðχÞi ¼ cosðχ=2Þj0A0B1
i þ sinðχ=2Þj1A1B1

i
between A and B1. We then apply a Clifford unitary of
depth d and NT gates on B ¼ B1 ∪ B2 only, in the setting
described in the main text. Now, in Fig. 7, we study the
behavior as a function of depth d and NT in more detail.
First, in Fig. 7(a), we plot Δð2Þ against d for different NT.
We find that Δð2Þ decreases with d and converges to a
limiting value for large d, indicating the need for scram-
bling via entangling gates to generate projected Scrooge
ensembles. However, we find that the minimal Δð2Þ
decreases with an increasing number of T-gates NT,
demonstrating that magic is also necessary for Scrooge
ensembles. Notably, there is a number of T-gates beyond
which Δð2Þ no longer improves.
In Fig. 7(b), we show Δð2Þ against d for different total

qubit numbers N, where we choose NT ¼ 3N, i.e., in the
limit where magic is large such that we can converge to
minimal Δð2Þ. We find that for all N, the decrease in d is the
same, until beyond a certain d, where Δð2Þ does not
decrease further and plateaus. The plateau value of Δð2Þ
arises from finite-size effects and decreases exponentially
with N. We refer to the depth dwhere Δð2Þ stops decreasing
as d0. We find that d0 increases with N, which we find to be
approximately d0 ≈ 2

3
N from our numerical study.

(a) (b)

FIG. 6. Hilbert-Schmidt distance to Haar 2-design Δð2Þ
HS of the projected ensemble generated from uniform random phase states (F1).

We measure NB qubits in the computational basis (θ ¼ 0), and show (a) Δð2Þ
HS and (b) Δð2Þ against NA.
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(a) (b) (c)

FIG. 7. Trace distance to Scrooge 2-design Δð2Þ of projected ensemble generated from jΨðχÞi as defined in Eq. (G1) where we choose
χ ¼ π=6. We then measure on B in a rotated basis via unitaries composed of d layers of local Clifford gates doped with NT T-gates.
(a)Δð2Þ against d for differentNT. We haveNA ¼ 1,NB ¼ 19, and average over 500 random realizations of the circuit. (b)Δð2Þ against d
for different total qubit numbers N and fixed NT ¼ 3N. (c) Δð2Þ against T-gate density NT=N for different total qubit numbers N and
fixed depth d ¼ 30.

(a) (b)

FIG. 8. Trace distance to Scrooge k-design ΔðkÞ of projected ensemble generated from jΨðχÞi as defined in Eq. (G1) where we choose
χ ¼ π=6. We then measure in a transformed basis on B with d layers of local Clifford gates doped with NT T-gates. (a) ΔðkÞ against NT

for d ¼ 30 and different k. (b) ΔðkÞ against d for NT ¼ 3N. We have NA ¼ 1, NB ¼ 19, and average over 100 random realizations of the
circuit.

(a) (b) (c)

FIG. 9. Comparison of different degrees of entanglement between A and B, where we show different angles χ for the projected
ensemble generated from jΨðχÞi as defined in Eq. (G1). We measure in a transformed basis on B with d layers of local Clifford gates
doped with NT T-gates. We plot d against NT, where we show trace distance to Scrooge 2-design log10ðΔð2ÞÞ in color. We have
(a) χ ¼ π=2, (b) χ ¼ π=3, and (c) χ ¼ π=6. We fix NA ¼ 1, NB ¼ 19, and N ¼ 20, and average over 100 random realizations of the
circuit.
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In Fig. 7(c), we show Δð2Þ against T-gate density NT=N
for deep circuits of depth d ¼ 30. We find that Δð2Þ
decreases with NT=N, converging to an N-dependent
minimum. We observe that this minimum is reached at
approximately NT ≈ 2.5, indicating a transition in magic
when the system becomes fully random. This finding
mirrors the saturation transition in magic observed in
Ref. [126].
Now, we study higher moments k of the Scrooge

ensemble. In Fig. 8(a), we plot ΔðkÞ against NT for large
d and different k. We find a qualitatively similar decay and
convergence behavior for all k. Similarly, in Fig. 8(b), we
plot ΔðkÞ against d for large NT.
Finally, we study different angles χ for the generator

state jψ entðχÞi. The choice of χ affects the entanglement
between subsystems A and B and thus the reduced
density matrix σA of the corresponding Scrooge ensem-
ble. We show χ ¼ π=2 in Fig. 9(a), which corresponds
to the case where σA ¼ I=DA is the maximally mixed
state. Then, we show χ ¼ π=3 in Fig. 9(b) and χ ¼ π=6
in Fig. 9(c). We find similar behavior as a function of
NT and d for all χ.

APPENDIX H: T-DOPED CLIFFORD
GENERATOR STATES

Next, we consider T-doped Clifford circuits, where, in
contrast to the main text, we apply the circuit on both
subsystems A and B: We prepare a j0i⊗N state and then
apply the doped Cliffordþ T circuit on all N qubits
(instead of just subsystem B). Here, in Fig. 10(a), we
study circuits of d layers, composed of random single-qubit
Clifford gates, CNOT gates arranged in a 1D nearest-
neighbor configuration, which are doped with a total of NT

T-gates placed randomly in the circuit. While the scram-
bling via the Clifford circuit increases with d, the magic
increases with NT. In Fig. 10(a), we show the circuit and
setup in detail. Then, in Fig. 10(b), we show a 2D heat map
for Δð2Þ, with varying NT and d. We find that, for low NT or
low d, the additive error between the projected ensemble
and the corresponding Scrooge ensemble is large. Both NT

and d need to be sufficiently large to yield a small Δð2Þ. In
Fig. 10(c), we study Δð2Þ against NT for different N, where
we fix the circuit depth to be d ¼ 30. We find that Δð2Þ

decays exponentially with NT and saturates to a plateau

(a) (b) (c)

(d) (e)

FIG. 10. Distance to Scrooge 2-design Δð2Þ of projected ensemble generated from Uj0i⊗N , where N-qubit unitary U consists of d
layers of random single-qubit Clifford unitaries and a 1D layer of nearest-neighbor CNOT gates with periodic boundary conditions,
where the circuit is doped withNT T-gates at random positions. (a) Sketch of doped Clifford circuit withNA ¼ 1 andNB ¼ 3. (b) Plot of
d (starting from d ≥ 1) againstNT, where we showΔð2Þ (in logarithmic scale) on a color scale. We chooseNB ¼ 19 andNA ¼ 1. (c)Δð2Þ
against NT for different total qubit numbers N and fixed d ¼ 30. We have NA ¼ 1, NB ¼ N − NA, and we average over 500 random
realizations of the circuit. (d) Δð2Þ against d for different NT. (e) Δð2Þ against d for different total qubit numbers N and fixed NT ¼ 3N.
We average over 500 random realizations of the circuit.
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value at large NT. The plateau value is primarily due to
finite-size effects, and it decays exponentially with N. In
Fig. 10(d), we plot Δð2Þ against d for different NT.
The behavior mirrors the one observed in Fig. 7(a). In
Fig. 10(e), we study Δð2Þ against d for different N, where
we choose NT ¼ 3N, i.e., in the limit where magic is large
such that we can converge to minimal distance. Notably, we
find similar behavior as in the case of Fig. 7(b).

APPENDIX I: TRANSVERSE-FIELD ISING
MODEL

In this appendix, we study projected ensembles gener-
ated from the ground state of the 1D transverse-field Ising
model with periodic boundary conditions, as defined in the
main text, in more detail. We apply a random Clifford
unitary on subsystem B, then measure the qubits in B in the
computational basis, and finally construct the projected
ensemble over the remaining NA qubits. In Fig. 11(a), we
study the distance to the Scrooge 2-design Δð2Þ against
NB for different h. Notably, we find exponential decay

Δð2Þ ∼ 2−αðhÞNB for all h ≠ 0, where we fit αðhÞ. In
Fig. 11(b), we plot αðhÞ against h, finding a pronounced
maximum close to the critical point h ¼ 1, indicating that
the distance decays fastest at the critical point.
Next, we study in Fig. 11(c) the field h against

y ¼ log2ðΔð2ÞÞ=NB, which is the logarithm of the trace
distance normalized by NB. We define y as it converges to a
nonzero constant for large NB, as we will show below.
Notably, we find that, for sufficiently large NB, there is a
pronounced dip for h ≈ 1, matching the well-known critical
point of the Ising model [130]. Now, we characterize the
behavior around the critical point. First, we define the
minimal distance y0ðNBÞ ¼ minh yðh;NBÞ, where we per-
form the minimization at a small region around the critical
point. In Fig. 11(d), we plot y0 against NB, finding that y0
increases with NB. Following the approach of Ref. [129],
we fit the curve with y0 ¼ aNγ

B þ yc, finding good agree-
ment. The fit allows us to extract the asymptotic value
y0ðNB → ∞Þ. In Fig. 11(e), we plot the minimal field
h0ðNBÞ ¼ arg minhyðh;NBÞ against NB. We perform a

(a) (b) (c)

(d) (e) (f)

FIG. 11. Distance to Scrooge 2-design Δð2Þ for projected ensemble generated from the ground state of the Ising model (29). We apply
unitary UB on NB qubits, measure NB qubits, and gain a projected ensemble of NA ¼ 1 qubits. (a) Δð2Þ against NB for different h for the
case of random Clifford unitaries. Dashed lines are the fit Δð2Þ ∼ 2−αðhÞNB (b) Fitted exponential decay rates αðhÞ against h. In panel (c),
we define y ¼ log2ðΔð2ÞÞ=NB and plot against h. The dashed vertical line is the critical point hc ¼ 1 of the Ising model, which we now
proceed to fit using y. In panel (d), we plot the minimal distance y0ðNBÞ ¼ minh yðh; NBÞ against NB, where the minimization over h is
performed around a small neighborhood around h ¼ 1. We fit with y0 ¼ aNγ

B þ yc, where we find, as the asymptotic value,
yc ≡ y0ðNB → ∞Þ ≈ −0.238ð7Þ. In panel (e), we plot the field with minimal distance h0ðNBÞ ¼ argminhyðh; NBÞ against NB. We fit
with h0 ¼ aNγ

B þ hc, where we find the fitted critical field hc ≡ h0ðNB → ∞Þ ≈ 1.006ð22Þ. In panel (f), we rescale y and hwith fitted y0
and h0. We find that curves for different NB collapse onto a single curve when rescaling h − h0 with N1=ν

B , where we have ν ¼ 1 as
expected for the Ising universality class. The dashed line is a third-order polynomial fit.
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similar polynomial fit with h0 ¼ aNγ
B þ hc, finding the

asymptotic field hc ≡ h0ðNB → ∞Þ ≈ 1.006ð22Þ, which
closely matches the critical point h ¼ 1. Our scaling
analysis shows that, within our numerical study, the dip
in Δð2Þ indeed converges to h ¼ 1 for NB → ∞ (see
Appendix I). Thus, emergent Scrooge designs can provide
a method to determine the critical point [129,130].
Next, in Fig. 11(f), we rescale y and h with fitted y0 and

h0 for different NB. We find that curves for different NB
collapse onto a single curve when rescaling h − h0 with
N1=ν

B , where we have ν ¼ 1 as expected for the Ising
universality class. We also show a third-order polynomial
fit as a dashed line, allowing us to predict the behavior close
to the critical point for all NB.
Next, we study the behavior of the projected ensemble

generated from the ground state of the Ising model for large
fields h. We transform bipartition B of the ground state with
random Clifford unitaries UB. In Fig. 12(a), we plot Δð2Þ
against h for different types of unitaries applied on NB. Via
fitting, we find that, for all unitaries, we have a decay
Δð2Þ ∼ h−α, with α ≈ 2. The decay results from the fact that,
for h → ∞, the ground state of the Ising model is a product

state. As product states are trivially exact Scrooge ensem-
bles, Δð2Þ must decay to zero as h → ∞.
In Fig. 12(b), we plot Δð2Þ against h for different NB. For

large h, we find that all NB follow the same polynomial
decay as Δð2Þ ∼ h−α, where again we find α ≈ 2.
Finally, we study the error of Scrooge k-design ΔðkÞ

beyond k ¼ 2. In Fig. 13, we plot ΔðkÞ against h for
different measurement bases (via unitary UB and
k ¼ 2;…; 5). Here, we have the identity applied on B in
Fig. 13(a), the tensor product of single-qubit Haar
random unitaries in Fig. 13(b), random Clifford unitaries
in Fig. 13(c), and unitaries drawn from the Haar measure in
Fig. 13(d). We find similar behavior for all k shown,
indicating that the qualitative behavior for k ¼ 2 holds
similarly for higher k.

APPENDIX J: HEISENBERG MODEL

Next, we study the Heisenberg model with anisotropy h,

HXXZ ¼
XN
j¼1

ð−XjXjþ1 − YjYjþ1 − hZjZjþ1Þ; ðJ1Þ

(a) (b)

FIG. 12. Distance to Scrooge 2-design Δð2Þ of the projected ensemble generated from the ground state of the Ising model by applying
unitary UB on B and then measuring B in the computational basis. We have NA ¼ 1 qubits for the projected ensemble. In panel (a), we
plot Δð2Þ against h for different types of unitaries UB on B, which has NB ¼ 19 qubits. For large h ≫ 1, the dashed line shows a
polynomial fit Δð2Þ ∼ h−α, where we find α ≈ 2. In panel (b), we plot Δð2Þ against h for different N, where we choose random Clifford
unitaries UB.

(a) (b) (c) (d)

FIG. 13. Distance to Scrooge k-design ΔðkÞ of the projected ensemble generated from the ground state of the Ising model by applying
unitary UB on B and then measuring it in the computational basis. We show ΔðkÞ against h for different types of unitaries UB on B with
NB ¼ 19, NA ¼ 1. We regard UB as (a) identity, (b) single-qubit Haar random unitaries, (c) random Clifford unitaries, and (d) unitaries
drawn from the Haar measure on NB qubits.
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where Xj, Yj, and Zj are the respective Pauli x, y, and z
operators acting on the jth qubit. We study the emergent
Scrooge designs generated from the ground state in Fig. 14.
We apply unitary UB on B and regard the projected
ensemble of the remaining NA qubits. We regard UB as
being the identity, single-qubit Haar random unitaries, or
random unitaries drawn from the Haar measure on NB

qubits. In Fig. 14(a), we find that Δð2Þ changes slightly with
anisotropy h. Notably, we find an increase in Δð2Þ for h ≈ 1,
which is most pronounced when we apply Clifford uni-
taries on B. In Fig. 14(b), we study Δð2Þ against NB for
different UB for h ¼ 1. We find an exponential decay for
Clifford and Haar random unitaries on B, while local
unitaries (i.e., single-qubit Haar or identity) yield a large
Δð2Þ for any NB.

APPENDIX K: STABILIZER STATES WITH
DIFFERENT BASIS MEASUREMENTS

In this appendix, we study the projected ensemble
generated from stabilizer states. We prepare a random
N-qubit stabilizer state, apply unitaries UB on the biparti-
tion B, proceed to measure B in the computational basis,
and study the emergent Scrooge ensemble on A. ForUB, we
consider random Clifford unitaries, the tensor product of
single-qubit Haar random unitaries, the tensor product of
T-gates followed by the tensor product of Hadamard gates
to measure in the X-basis, and NB-qubit Haar random
unitaries. In Fig. 15, we show the distance to Haar 2-design
Δð2Þ against NB for different classes of unitaries UB.
Notably, we find that when UB is Clifford, Δð2Þ is large,
which follows from the fact that the state after basis rotation
is still a stabilizer state. In contrast, for random single-qubit
Haar unitaries, rotation into the T-basis T ¼ diagð1; e−iπ=4Þ,
or Haar random unitaries over NB, we find exponential

decay with NB. Thus, by injecting magic into B via a
unitary (which does not commute with the computational
measurement basis), we can generate emergent Scrooge
ensembles with low error. Notably, as the initial stabilizer
state is already highly coherent and has been scrambled via
Cliffords, we find that injection of magic via measurements
in a local magical basis (such as single-qubit Haar random
unitaries) is then sufficient to produce good Scrooge
designs. This finding contrasts with the case of ground
states of local Hamiltonians (such as the Ising or
Heisenberg model), which are weakly scrambled, and thus
local (magical) measurements are not sufficient to yield
Scrooge designs.

(a) (b)

FIG. 14. Trace distance to Scrooge 2-design Δð2Þ for the projected ensemble generated from the ground state of the Heisenberg model
(J1). We apply unitary UB on NB qubits, measure NB qubits, and gain the projected ensemble of NA ¼ 1 qubits. (a) Δð2Þ against
anisotropy h for UB being identity, single-qubit Haar random unitaries, random Clifford unitaries, or random unitaries drawn from the
Haar measure on NB qubits. (b) Δð2Þ against NB for different UB. The dashed line is the fit with Δð2Þ ∼ 2−γNB , where we find
γClifford ≈ 0.11 and γHaar ≈ 0.5.

FIG. 15. Distance to Haar 2-design Δð2Þ for the projected
ensemble of NA ¼ 1 qubits, generated from the initial stabilizer
state over N ¼ NA þ NB qubits. We apply on B either random
Clifford unitaries, single-qubit Haar random unitaries, the tensor
product of T-gates (followed by the tensor product of Hadamard
gates), or random unitaries drawn from the Haar measure, and we
measure B in the computational basis. We plot Δð2Þ against NB.
The dashed line is a fit with Δð2Þ ∼ 2−γNB , where we find
γ1-Haar ≈ 0.19, γT-gate ≈ 0.23, and γHaar ≈ 0.5. We average over
100 random initializations.
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