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We study quantum and classical many-body Hamiltonian systems that combine integrable contact
interactions with generic long-range two-body potentials. Starting from an ansatz for the state at time ¢,
which we call the correlated fluid-cell ensemble, we show that the dynamics of local observables at
macroscopic times and length scales can be cast into a generalized Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy formulated in terms of the quasiparticle densities of the underlying integrable
model and their correlations. We derive this hierarchy and validate these predictions against microscopic
molecular-dynamics simulations, finding perfect agreement. At late times, the one-particle distribution
relaxes via a Boltzmann-type scattering integral encoding the interplay between integrable contact
processes and long-range collisions, whereas higher-point correlations remain strongly nonthermal on
thermalization timescales, indicative of a form of incomplete or generalized thermalization. Focusing on
long-range dipolar quantum gases, where the relevant matrix elements can be obtained explicitly, we show
that our collision integral reduces exactly to the Fermi golden rule result and provide a complete theoretical
account of the experimental observations of Tang et al. [Phys. Rev. X 8, 021030 (2018)]. More broadly, our
framework extends the BBGKY program to regimes with strong local interactions and applies to a wide
class of experimentally relevant systems, from one-dimensional dipolar cold-atom gases to Lennard-Jones

molecular fluids.
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I. INTRODUCTION

The study of nonequilibrium many-body physics contin-
ues to reveal ever more intricate phenomena arising from
complex interactions. Classical theories of chaos, turbulence,
and active dynamics remain vibrant research areas, and in
recent years, quantum many-body systems have also entered
the nonequilibrium arena [1-4]. In low spatial dimensions,
integrable models—distinguished by their stable quasipar-
ticles—form a key class of dynamical systems. These
quasiparticles govern transport properties, entanglement
spreading [5-7], anomalous scrambling [8,9], extended
coherence times [10-12], and exotic hydrodynamic behavior
[13-26]. Typical examples of interacting integrable systems
include bosons, spins, or fermions with two-body contact
interactions, such as the Lieb-Liniger gas [27,28] and the
Fermi-Hubbard chain [29]. This naturally raises the question:
How do quasiparticles and the overall dynamics evolve
when the Hamiltonian includes additional, longer-range
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interactions? Integrability breaking has attracted consider-
able interest [30-55], prompted by experiments [56—59] that
report anomalously slow thermalization in quasi-one-
dimensional settings, a challenge shared across molecular
dynamics, plasma physics, and astrophysics [60-76].

Significant progress has been achieved for systems
whose unperturbed integrable limit is free—where matrix
elements of local operators are typically known, allowing
a Boltzmann scattering approach via Fermi’s golden
rule. However, for genuinely interacting integrable mod-
els, matrix elements depend nontrivially on both the
state and the model, and existing methods accurately
capture only late-time behavior, leaving short-time
dynamics—often of primary experimental interest—
largely unexplored.

Despite advances in specific contexts [47,48,77], a
general framework is still lacking to compute the dynamics
of any integrable model perturbed by weak two-body or
higher-order potentials. Developing such a framework
would be both theoretically valuable and directly relevant
to cold-atom experiments [58], where the precise form of
interparticle potentials can be uncertain.

In kinetic-theory texts, the Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY) hierarchy is a classic tool
[78-83], typically applied to free particles with weak or
long-range interactions (as in plasma and astrophysical

Published by the American Physical Society


https://orcid.org/0009-0009-4170-8447
https://orcid.org/0000-0003-4858-2460
https://orcid.org/0000-0003-1525-4700
https://orcid.org/0000-0001-7877-0329
https://ror.org/05nhcdk38
https://ror.org/05nhcdk38
https://ror.org/05nhcdk38
https://ror.org/039bjqg32
https://crossmark.crossref.org/dialog/?doi=10.1103/sx1x-pyl1&domain=pdf&date_stamp=2026-10-21
https://doi.org/10.1103/PhysRevX.8.021030
https://doi.org/10.1103/sx1x-pyl1
https://doi.org/10.1103/sx1x-pyl1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

BIAGETTI, LEBEK, PANFIL, and DE NARDIS

PHYS. REV. X 16, 041021 (2026)

systems), truncating at two- or three-point correlations to
describe thermalization and dissipation. Yet, to date, the
BBGKY framework has not been implemented in cases
where the unperturbed Hamiltonian is an interacting
integrable model with well-defined quasiparticles.

Here, we derive a generalization of BBGKY hierarchy
for the macroscopic time and scale evolution of systems
where the unperturbed (classical or quantum) theory
features arbitrarily strong integrable contact interactions.
Specifically, we consider a hard-core repulsion Vi"(r) of
radius a supplemented by a long-range field ¢(r), leading
to the two-body potential (see Fig. 1)

U(r) = VIR + V(). V() = %W/é), (1)

where V, > 0 (< 0) describes repulsive (attractive) long-
range interactions acting over the scale £. Crucially, we
assume a strict separation of length scales. We require the
range of the perturbation £ to be much larger than the
typical microscopic correlation lengths characterizing
the state of the unperturbed integrable model.

Notable examples include atomic dipolar systems
[23,58,84-93], whose Hamiltonian in terms of the bosonic
field w(x) can be written as

FIG. 1. Schematic evolution of (a) BBGKY and (b) gBBGKY
predictions for the two point functions g<2); the two insets show,
respectively, (c) the long-range potential for free particles and
(d) the combination of long- and short-range interactions in the
interacting integrable case. In (a), two particles drawn from the
momentum distribution p(6) scatter via V(r) and become
correlated on the timescale £2/ V(z). This is the “prethermalization”
stage, where correlations build up but no extensive mixing
occurs; they then scatter again and generate three-point correla-
tions ¢g©), which control the “thermalization” stage on timescales
(&/ V0)4. In (b), with integrable local interactions in homo-
geneous systems, the two-point correlation is generated by the
large-scale interaction V(r), while the three-point function is
produced by a different and faster mechanism. Particles propa-
gate and scatter through local interactions, shown as red circles,
providing an effective diffusive bath for the two-point functions
and leading to the thermalization of one- and two-point functions,
namely, generalized thermalization, on timescales & /(Vya)>.

= [ ax( 00" o)
a2 uz:u*(x)w(x))
+ [tV = R ). 2

in which a local contact interaction is again supplemented
by a long-range component. Our approach provides a fully
predictive theory for a wide class of near-integrable
dynamics in both classical and quantum regimes, encom-
passing bosonic, fermionic, and spin-chain models. In
particular, it unifies the description of prethermalization
and full thermalization dynamics.

II. BACKGROUND AND SUMMARY
OF THE RESULTS

In this work, we focus on the broad class of integrable
systems that are characterized by stable quasiparticle
excitations. Similar to free systems, these excitations
provide a complete description of local properties. In
particular, a generic thermodynamic state is specified by
the “quasiparticle momentum distribution,” or one-particle
(quasi)momenta distribution, denoted by py(x), where we
use 6 as a generic parametrization of the quasiparticle
momenta k(€). Under the unperturbed time evolution, the
spatial integral of py(x) is conserved.

Such systems arise in both classical and quantum physics
[20,94-103], typically in 14 1 dimensions, where, in
certain cases, scattering processes factorize. Generic per-
turbations, such as couplings between different one-dimen-
sional channels or the addition of long-range interactions,
break integrability. In this situation, quasiparticles become
unstable, and most distributions py(x) are no longer sta-
tionary. Under weak integrability breaking, typically only
thermal distributions remain stationary, as first recognized
by Boltzmann.

The evolution from a generic out-of-equilibrium quasi-
particle distribution toward a thermal state is the subject of
prethermalization and kinetic theory. These frameworks have
applications ranging from high-energy collisions and plasma
physics to, more recently, quantum many-body dynamics in
ultracold-atomic systems [56,58,104—109]. A common
approach models this evolution through a collision integral
derived from Fermi’s golden rule [30,47,48,110]; the per-
turbation induces transitions between quasiparticle states
with rates determined by the corresponding matrix elements
or by classical cross sections. This approximation, however,
neglects correlations that build up dynamically, and the
computation of the relevant matrix elements is generally
difficult. The BBGKY hierarchy provides a more compre-
hensive framework, as it allows one to track correlations up to
arbitrary order. It also enables a systematic derivation of the
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collision integral without requiring explicit knowledge
of all transition amplitudes, and it goes beyond the late-
time approximation inherent in the Boltzmann approach
[111,112].

Concretely, we consider a model of particles in the
continuum; the extension to lattice systems is immediate,
with Hamiltonian, quantum, or classical,

N N 1
i 5 [ e ar V=2 mae). ()

where §(x) is the local particle density operator, and A™
is an integrable Hamiltonian containing standard kinetic
terms together with an integrable interaction Vint . For
example, in the Lieb-Liniger model, as in Eq. (2), the
integrable interaction is Vi"(x — x') = ¢§(x — x'), with ¢ =
0 and ¢ — oo corresponding to free and hard-core bosons,
effectively free fermions, respectively. We denote by a the
strength of the integrable interaction. In the limit a — 0, the
integrable potential vanishes and the model reduces to free
particle propagation,

hmH‘“‘ Firee — / dy 2L (4)

with §;(x) the local momentum density. The integrable
Hamiltonian A™ possesses an extensive family of con-
served charges g;(x), with i €N. The generalized BBGKY
(gBBGKY) theory describes the time evolution of the
expectation values of these densities and of their connected
correlations.

To describe the system at finite macroscopic time ¢, we
introduce the following ansatz. The state is given by the
“correlated fluid-cell ensemble,” which can be formulated
either as a density matrix or as a phase-space density; for a
precise definition, see Eq. (14). This state can be viewed as
an embedding of a generalized Gibbs ensemble (GGE),
poexp (=Y. [dxfi(x)g;(x)), determined by a set of
generalized temperatures ﬂ (x) associated with the local
conserved quantities §;(x). The correlated fluid-cell ensem-
ble additionally involves higher-rank Lagrange parameters

.,X,), which encode information about long-

range correlations in the system. When these higher-order
terms are nonzero, the state is not simply a product of
independent local stationary GGE cells. It is instead a
collection of correlated fluid cells as illustrated in Fig. 2.
The reason to expect this form is as follows. The
hydrodynamic postulates assert that, for macroscopic times
t > 7., much larger than the microscopic time 7., a
generic interacting system relaxes locally, giving rise to
quasiparticle description. Fast degrees of freedom associ-
ated with nonconserved modes decay, and the evolution
becomes confined to a reduced manifold of states. Since the
slow modes are precisely the conserved densities and their
products, we include them here in full generality.

ﬂzé€(11)12>
o° © 0% % ‘00
8 °o° %0 o ) o

By (@2)

FIG. 2. Schematic representation of the correlated fluid-cell
ensemble. Fluid cells of size £ can be correlated over long
distances by the external potential V or by the interplay of contact
interactions and ballistic dynamics in the system. The corre-
sponding density matrix is introduced in Eq. (14).

Crucially, the correlated fluid-cell ensemble correctly
describes the out-of-equilibrium state of pure integrable
systems when observed on macroscopic scales, i.e., much
larger than the homogeneous GGE connected correlation
functions typical decay length &, [113].

Our framework fundamentally relies on the assumption
that the integrability-breaking potential V(x —x’) acts
strictly on macroscopic scales &> &,. Because of this
scale separation, the integrability-breaking potential does
not corrupt the microscopic local structure of the integrable
state. Instead, its effect is purely hydrodynamic: It
smoothly modifies the local inverse temperatures pi(x)

and the higher-rank parameters ﬂ "(xp, ..., X,) OVeEr

time. This clear separation of scales is precisely what
justifies our core assumption: Under the condition & > &,
the macroscopic state of the system remains validly
described by the correlated fluid-cell ensemble throughout
its time evolution. A similar logic can be applied to
standard BBGKY hierarchy. The only difference lies in
the fact that z,,;. — O as there is no transient phase needed
for local relaxation to GGE and emergence of quasipar-
ticles. Thus, in the usual setting, where one starts from
states without correlations, there is little practical need to
make the structure of the correlated ensemble explicit. Our
formulation therefore generalizes BBGKY hierarchy to
situations in which the stationary states of the unperturbed
Hamiltonian already displays nontrivial local correlations
(in contrast to H™°, where local correlations are absent and
the hierarchy simplifies substantially). We will thus refer to
the conventional hierarchy as the “standard BBGKY” and
to the present extension as the “generalized BBGKY” (or
¢BBGKY). However, it is crucial to emphasize a funda-
mental conceptual distinction between the two frameworks:
While the standard BBGKY hierarchy is an exact micro-
scopic identity valid across all length and timescales prior
to any truncation, the gBBGKY framework is inherently a
macroscopic effective theory that fundamentally relies on
coarse graining and the assumption of local generalized
equilibrium at large scales.

In principle, the full hierarchy of multipoint correlations
encodes complete macroscopic information about the state,
but, to obtain a tractable description, it must be truncated at
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some finite order. Truncating the hierarchy at the level of
three-point functions yields the explicit evolution equations
in Egs. (32)—(34). Equivalently, these equations can be
rewritten in terms of quasiparticle densities pg(x, ) and
their correlations by the replacement i — 6 and by iden-
tifying the local densities, or operator or phase-space
densities, as (g;(x,1)) = py(x,t), which also recovers
standard textbook results in the limit a — 0.

In this work, we show that the presence of local
interactions strongly affects the hierarchy. The main new
feature is the emergence of S-function jumps in the
evolution equations for multipoint correlations, which
appear as discontinuities in spatial derivatives at coinciding
points. These jumps encode ballistic, nonlinear, namely,
interacting, modes, and they persist even when integrability
is weakly broken, since ballistic transport remains relevant
at intermediate times, thereby driving the evolution of
lower-order correlations. This has important physical con-
sequences, see Fig. 1. For a = 0, correlations are generated
solely by scattering mediated by the perturbing potential
V(x). In one dimension, two-body scattering alone cannot
thermalize the system, so three-point correlations must be
retained, leading to thermalization times scaling as V3, a
phenomenon known as “kinetic blocking.” For a # 0, local
integrable interactions allow quasiparticles to scatter via V
and then interact again locally with a ballistically propa-
gating particle. These processes generate three-point func-
tions with coincident-point jumps, which, in turn, induce
dissipative, diffusive contributions to the dynamics of the
two-point correlations and lead to effective thermalization.
As a result, thermalization of one- and two-point functions,
which we refer to as incomplete or “generalized thermal-
ization,” is reached at times of order (aV,)~2. Higher-point
functions, such as three-point functions, remain far from
thermal on these timescales, preserving remarkable long-
range correlations, as a direct consequence of the interplay
between local contact interactions and long-range inter-
actions. Recent preliminary experiments [58] have
observed this scaling, and our gBBGKY framework places
it on firmer theoretical ground. Moreover, we show that
truncation at third order reproduces the dynamics of one-
and two-point functions very precisely and at all times, as
we demonstrate by comparison with exact numerical
simulations. Moreover, we show that truncation at third
order reproduces the dynamics of one- and two-point
functions throughout the dynamically relevant relaxation
process, in excellent agreement with exact numerical
simulations.

Before proceeding to the detailed derivation, we explic-
itly outline the physical boundaries, required inputs, and
inherent limitations of the gBBGKY framework:

(i) Model constraints: The practical application of
this framework restricts the class of unperturbed
Hamiltonians. The integrable model must admit a
well-defined macroscopic description in terms of

generalized hydrodynamics. This requires a known
spectrum of stable quasiparticle excitations, estab-
lished microscopic scattering shifts, and a valid
thermodynamic Bethe ansatz to rigorously define
the local root densities.

(i) Macroscopic effective theory (length scales): The
gBBGKY approach is a macroscopic effective
theory built upon the correlated fluid-cell ensemble.
It relies on a strict scale separation, & > &,, where &
is the range of the integrability-breaking perturba-
tion and &, represents the typical microscopic
correlation length of the unperturbed model. Con-
sequently, our equations do not resolve multipoint
correlations at spatial separations comparable to or
smaller than the fluid-cell size.

(iii) Initial conditions and quenches (timescales): Be-
cause the framework fundamentally assumes local
equilibrium, it cannot resolve the highly complex,
microscopic dephasing transient immediately fol-
lowing a sudden integrable quantum quench, when
the system is not in GGE. The macroscopic
gBBGKY equations apply only after an initial local
relaxation time (z,,;.). Furthermore, the framework
requires the postquench quasiparticle rapidity dis-
tribution to be known and provided as an external
input to initialize the time evolution.

After the derivation of the gBBGKY hierarchy, we
illustrate its predictive power by studying the nonequili-
brium dynamics in the system of hard rods and in dipolar
quantum gases. The theoretical predictions will be bench-
marked against the numerical simulations of the former and
experimental thermalization rates measured in the latter.

A. Organization of the paper

The paper is organized as follows. In Sec. 111, we derive
the gBBGKY hierarchy, an infinite set of coupled equations
for correlation functions of charges and currents. We then
show how to truncate this hierarchy consistently, obtaining
a closed set of equations for connected charge correlators.
This requires neglecting correlations beyond a given order
and assuming a separation of scales between local inte-
grable interactions and the long-range integrability-break-
ing potential. We also show that the generalized hierarchy
reduces to the standard one when the integrable interactions
vanish. The resulting equations are later solved numerically
and validated against numerical simulations.

To clarify the mechanisms behind generalized thermal-
ization, in Sec. IV we derive a kinetic equation, dubbed the
generalized Landau equation, from which the thermalization
timescale quoted above follows. This derivation assumes a
separation of timescales between the fast dynamics of
correlations and the slow evolution of the one-body function.

In the next two sections, we apply the gBBGKY theory
and generalized Landau equations to two systems. First, in
Sec. V, the predictions of the preceding sections are tested
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against exact numerical simulations for classical hard rods,
hard spheres, with long-range interactions, showing perfect
agreement. Second, in Sec. VI, we apply the framework to
dipolar cold-atomic gases trapped in an array of quasi-one-
dimensional tubes. This requires an extension of the
methods to multicomponent systems. It also provides an
opportunity to compare the generalized Landau equation,
derived here under explicit assumptions, with a heuristic
approach where the scattering integral is obtained from
Fermi’s golden rule. We find exact agreement between the
two approaches in the regime where both apply.

In the final section, Sec. VII, we summarize our findings
and outline future directions. More technical aspects are
relegated to the Appendixes. In the accompanying
Supplemental Material [114], we provide derivations of
the generalized Landau equation and of the gBBGKY
hierarchy for multicomponent systems.

III. THE gBBGKY HIERARCHY

We start by introducing the notation needed to set up the
generalized BBGKY hierarchy. We first work with den-
sities of conserved quantities and later move to particles or
quasiparticle occupation functions, as is customary in
standard formulations of BBGKY hierarchy.

We denote by g,(x) the density of the conserved charge
Q;, which commutes with the integrable Hamiltonian,
[A™, 0] = 0, noting that a suitable gauge must be chosen
since these densities are defined up to a total derivative. The
first standard conserved quantities are particle number
Qo = N, momentum Q; = P, and unperturbed energy

0, = H™, to which we refer as the kinetic energy of
quasiparticles. Throughout the derivation, we focus on the
quantum formulation, yet all steps can be translated
straightforwardly to classical models by replacing the
commutator with the Poisson bracket, i[-,-] — {-,-}. We
will often refer to the case of free classical particles, where
the equations are simplest and essentially all steps are
exact, and we also assume Galilean invariance, although
violations can be incorporated without difficulty. We set
f = 1 and start from the Heisenberg equation for the charge
densities,

0,4, = i[H. q;). (5)

We decompose the commutator and introduce currents 7;
and generalized currents }'i,k, defined by

A5 4] +0.7i =0, i[0:.4] +0Jix = 0. (6)
where the density does not generate any dynamics, }O,i =0.

To simplify the Heisenberg equation, we use locality of the
charges,

Using this relation for commutators between local charges,
the quantum generalization of the classical Liouville
equation reads [115,116]

0,q;, (x1) + axljil (x) = —%/dsz’(xl —X,) [@o(xz)}il.o(xl) +ji1.o(x1)3lo(x2)] (8)

Similar equations to Eq. (8) can be written for multipoint operators involving arbitrary products of charge densities. In what
follows we drop * to lighten the notation. Taking expectation values then generates the hierarchy of dynamical equations

3 (00) o, () = = > 0 (1, (60) oy (525, (35
k=1
=3 [ V=9 )00 ol) -, 5 ()
k=1

To isolate the relevant parts of correlators, we move to connected correlation functions. For n =2, we set
(0107)¢ = (0107) — (01)(0,), wWhereas for n = 3 we define

(010,03)¢ = (010,03) = (0102)(03) — (0103)(02) = (0203)(01) — (01)(02)(03), (10)

and for n > 3 we proceed analogously. The first three layers of the hierarchy can then be written as

0,(di, (1)) + 3y, Uiy (1)) = = / V(61 = 22) Uiy o e0)) (g0 (x2)) — / V(51 = %) Ui oo (), (11)
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0,(di, (x1) 3, (x2))¢ + [0x, (i, (¥1)41, (%2)) ] )

=- {/ dxs V' (g = 2x3) (i, 0(21)) (@4, (¥2) G0 (x3)) € + (i, 0(x1) g5, (x2)) (o (x3)) + (i 0(X1) s, (X2)q0(x3))€) ;

9, (¥1) i, (¥2) 43, (¥3))° + [0, U, (013, (¥2) 1, (43))T 1 2.5,

- faur

(1.2)

(12)

- X4)(<ji1,o(x1)><61i2 (xz)% (x3)q0(x4))¢ + <ji1.0(xl)%'2 (xz)% (x3)){q0(x4))
+ (i 0(x1) a5, (22)) (i, (x3) G0 (x4)) ¢ + (i 0(X1) G4, (x3)) (@i, (2) g0 (x4)) + (i, 0(x1) i, (X2) G4, (x3)q0(x4))€) .
(13)

Here the symbol [...]; ., denotes the sum of the
expression inside the square brackets over all cyclic
permutations of the indices (iy, ..., i,).

When the integrable model reduces to a free theory, this
hierarchy is equivalent to the standard BBGKY hierarchy,
as discussed later in Sec. III E. A key difference is that the
present formulation is expressed in terms of correlations of
conserved charges and currents, whereas the standard
BBGKY hierarchy is usually written directly for quasipar-
ticle distributions. Nevertheless, the familiar structures are
readily recognized. Truncating the hierarchy at the level of
expectation values, namely, setting the two-point functions
to zero, yields the Vlasov equation [117-119]. Retaining
two-body correlations instead leads, at large times, to either
the Landau or the Boltzmann equation, depending on the
truncation procedure. Here, we keep three layers of the
hierarchy because, due to kinetic blocking, the first two
layers are not sufficient to go beyond the mean-field regime
[68,69]. Finally, as in the standard BBGKY case [78], the
hierarchy can be represented diagrammatically. In Fig. 3,
we show the diagrams corresponding to the first three
layers written above.

The hierarchy of Egs. (11)—(13) is not closed. First, as in
the standard BBGKY hierarchy, the equation for an n-point
function involves the (n + 1)-point function. Closing the
system therefore requires assuming that connected corre-
lation functions beyond a given order are negligible.
Second, the hierarchy contains correlators involving cur-
rents, of the form (...q,jrq;...)¢ and (...q;q0jr09;i ---)¢- To
obtain a consistent truncation scheme, these correlators
must be expressed in terms of correlators involving charge
densities only. In a hierarchy built on a noninteracting
theory, current operators are linear functionals of the charge
densities, so this step is straightforward. In the present
setting, it requires identifying the relevant structure of
correlations in integrable theories.

To achieve this, two ingredients are needed: the ensem-
ble with respect to which expectation values are computed
and the associated fluid-cell averaging procedure. These
steps are discussed in full generality below and later
specialized to homogeneous systems.

Before proceeding, we summarize the assumptions made
throughout the manuscript:

(i) At large space-time distances, the connected correla-
tors scale as (q;, (x1)...q; (x,))° ~ 1/E!, where £ is
the characteristic range of the long-range potential and
is much larger than the range a of the integrable
interaction. This is discussed in Sec. IIT A.

FIG. 3. Diagrams (a)—(c) representing the right-hand sides of
the hierarchy equations, Eqs. (11)-(13). Dashed lines represent
the current operator j; o(x;), while solid lines represent charge
operators g; (x;), with k indicated by the number above the line.
Vertical lines represent connected correlations between operators.
Each diagram contains a single vertex associated with the potential
V(x — x’), which couples a current to an additional operator ¢. To
translate a diagram into an expression, one takes products of
connected correlation functions according to the vertical lines,
multiplies by V(x; — x,,;1), where m + 1 labels the extra charge
operator, and integrates over x,, ;. To draw diagrams at the mth
level, one considers one dashed line from which an extra solid line
emanates, together with m — 1 additional solid lines, and then
enumerates all possible connections, or partitions, between the
m + 1 lines. The case with no connections is excluded, as it
corresponds to the disconnected part of the correlator.

041021-6



GENERALIZED BOGOLIUBOV-BORN-GREEN-KIRKWOOD-YVON ...

PHYS. REV. X 16, 041021 (2026)

(ii) The state of the system is described by the correlated
fluid-cell ensemble Eq. (14). It encodes the expect-
ation values of local charge densities and the corre-
lations between them, as discussed in Sec. IIT A.
Using this ensemble, one also obtains equations
for correlation functions involving currents, see
Sec. III B.

(iii) The resulting partial differential equations, obtained
by imposing the previous points in Eqs. (11)—(13), are
expanded at large &, up to and including order £73,
yielding the final hierarchy reported in Sec. III C.

A. The correlated fluid-cell ensemble

To truncate the hierarchy and obtain a closed description
of the system at time ¢, correlations must be retained only
up to a chosen maximal order. This mirrors standard
hydrodynamics, where a mesoscopic length # separates
microscopic fluctuations from macroscopic, observable
fields. In the homogeneous setting considered here, the
natural choice for this scale is the interaction length ¢ of the
potential. Although additional length scales may emerge in
inhomogeneous systems, we assume that, in the present
case, & is the only relevant spatial scale.

We postulate that, at macroscopic times, the system
relaxes to the state described by the correlated fluid-cell
density matrix

p= exp(—/dxlﬁh)(xl)%(xl)

= [ i rrxoai () )

X1#X

= [ e )sa s ) )
X1 FXFEX3EX]

+ ) . (14)

In the following, the ensemble average (...) is always taken
with respect to density matrix Eq. (14). The first term
corresponds to a family of local GGE states, one for each
uncorrelated fluid cell at position x. Accordingly, we
denote by (...); the average with respect to the zeroth
order of the correlated fluid-cell ensemble, namely, the
local GGE average given by Eq. (14) with f(,1) = 0. In
Eq. (14), we also introduce fluctuations around the local
GGE, 6g;(x) = ¢;(x) = (gi(x));-

For the states defined by (14), the entropy is maximized
independently in each cell, with additional constraints
imposed by conservation laws. Setting all higher terms
to zero amounts to neglecting nonlocal constraints, which
implies that only short-range, thermal-like correlations are
retained, decaying on distances much smaller than the scale
£. As in the standard BBGKY hierarchy, the goal is instead

to keep higher-order correlations in the description of the
state. The state Eq. (14) therefore maximizes the entropy
under constraints given by not only fixed one-point
functions, but also by correlations of arbitrary order. As
we will show in this section, the nonlocal generalized

temperatures ﬂ’(‘n)’ (x1,...,x,) are directly related to the

connected n-point functions (g; (x)...q; (x,))¢, and, in
particular, they display the same scaling with the length
scale £.

For generic states, computing expectation values with
respect to ensemble Eq. (14) is a difficult task, and, in close
analogy with (2)BBGKY approach, it calls for a perturba-
tive scheme. Here, a natural truncation arises from the
assumed separation of length scales. A key hypothesis for
hydrodynamic states is that connected correlation functions
satisfy a large-deviation scaling

(g1, (1), (1)) ~§i (15)

.....

X1y e X, ) ~ ETTL Bquivalently,
as the order n increases, the magnitude of the connected
correlator decreases by a factor 1 /£ for each additional field.
This ensures that higher-order correlations become progres-
sively smaller and can be neglected beyond a finite truncation
order. This scaling is central for defining a controlled
truncation scheme, both for the gBBGKY hierarchy and
for the correlated fluid-cell density matrix. Under the scaling
Eq. (15), the density matrix Eq. (14) can be evaluated
perturbatively in the parameter &~!. As an example, we
compute the two-point function using the state Eq. (14),

expanded to first order in 5‘1,

which also implies ﬂé'

n)

<Cli, (xl)CIi2 (x2))¢
= <‘1i1 (xl)%z (xz)ﬁ
+/ dx3dx4ﬂé32’;4(x37x4)<5%3(X3)561i4(x4)%1(Xl)ql‘z(xz»l

X3#xy

+0(£72). (16)

Using the cumulant expansion for four-point functions and
the locality of the GGE, we obtain

(i, (x1)gi, (x2))¢ = 8(x1 — x2)C 4,
+ 285 (x1,%2) Ci, 1, Cip i, + O(E72),

(17)

in,i4

where we used <q,-] (xl)q,-z(xz))f =6(x; —x,)C; ;,» and
where C; ;, denotes the local charge-charge susceptibility

matrix. From Eq. (17), we define the long-range charge-
charge correlation 91(1217 (x1,x,) through
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90, (1 x2) = 283 (61, %) G, 1, Gy + O(E72), (18)

so that

(qi,(x1)qi,(x2))¢ = 8(x) —x2)Cy 4, (x1) + 95121, (x1,x2).
(19)

Similarly, as shown in Appendix A, for the three-point
function, we find

<Qi1inQi3>c = 5(x] - x2)5(x1 - x3)Ci1.i2,i3 (xl)
+ [6(x; = xz)Ci,,iz,jCj’kgfi (X1, %3)](1.2.3)
+ g (1, x3), (20)

with

3
gt('l,)iz,i3 (X1, X2, x3)

= 3B (x1, %2, %3)Ci, 5, Ci j, Gy + O(E73), (21)

i1.J1 " 12.J2 133

and where C; is the local GGE three-point function, and
C'J is the inverse covariance matrix, C; jCj*" =0, We
emphasize that the matrices C; ;, and C; ; ; are known
functions of the expectation values of the conserved charge
densities (g;),. It is also important to note that the functions
9P (x1.%,), g% (x1, x5, x3), and higher orders, as well as the
generalized temperatures f3,,), are smooth everywhere except
at coinciding points, x; = x where discontinuities may
appear, but no divergences occur. For this reason, to avoid ill-
defined expressions, in Eq. (14) the integrals are defined over
configurations with noncoinciding points.

i1.02,03

B. The expression for the currents in the ensemble

Importantly, once the state (14) is assumed, the averages
of all local, or quasilocal, observables can be expressed
through cumulant expansions in the charge densities.

In this section, we use the state Eq. (14) to derive the
cumulant expansion for the average current

<ji, (x1)) = <ji1(x1)>1
b [ dradrgfy) (o) g )

Xp#x3

X g, (x3) i, (x1))§ + O(E72). (22)

We now observe that, due to the locality of the GGE
average, one has

(9:,(x2)q1,(x3) i, (x1))§ = 0,
for (|xy —x;[ 4 |x3 —x,[ > €), (23)

where ¢ denotes a typical microscopic length scale of the
model. Since the generalized temperature ) is, in general,
discontinuous at coinciding points, due to fast microscopic-
scale fluctuations encoded in the local GGE, this contri-
bution must be treated with care.

Condition (23) effectively localizes the integral on the rhs
of Eq. (22) to a neighborhood of size & around the
discontinuity. Within this region, the correlation function
decomposes into its local parity -time (P7) symmetric

and antisymmetric components, ﬁ b 'BI(IZ)IZSym + ﬁ" lzaml.

Crucially, because the microscopic Jump is 1nherent1y anti-

symmetric, the singularity is entirely confined to ﬁ" ’zaml.

This implies that the symmetric component, deﬁned
locally as

i ia 1l
ﬂ(2).~sym(x +ex—¢, l) = E ﬂ<2) (X +e,x—et+ g)

i

—e,x+et—e)l,
(24)

remains smooth even as ¢ — 0. Since charge and current
density operators are P7 symmetric [120], they couple
exclusively to this smooth symmetric part in Eq. (22).
Consequently, the integral projects out the singular antisym-
metric term, rendering the limit ¢ — O regular,

<ji1(x1)> = <ji1(x1>>1

+ﬂlz 3

sym( 1+’x1_)5 <ji1(x1)>1+

Wl o). (2)
9B )98

This calculation follows analogously for the ensemble
average of any P7 -symmetric observable. Also, we used
that in a local GGE correlation functions of local densities
can be obtained by differentiation with respect to fy
Applying Eq. (18) and the definition of the inverse suscep-
tibility matrix, we obtain

<ji|(x1)> = <ji|(x1)>1

1 52<ji1(x1)>l (2),sym
S G () + O(E7).
25<61i2>15<4i3>1 ” b (

(26)
In analogy, we define

(2)sym<+ o) = 952)13(’(177‘1)"‘9121;(’51”%)

in,i3 XX 2 ’

(27)

where we dropped the splitting in time, since the correlation
functions are always smooth for any . Finally, introducing
the notation
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i — 62<ji|>1

phg_CVult (28)
: 5<¢1i2>15<f1i3>1
we obtain the double-projection formula
(i, (x1)) = (i, (1))
1 in,i sym
R HE g )+ 0(6). (29)
Similarly, for the current-charge correlator, we find
(Ji(x1)a;(x2)) = Af(qr(x1)q;(x2))°
1
+5Hi'g G (et x7 ) + O(E).
(30)

where we used the chain rule to introduce the flux Jacobian
AR =6(j;),/8(qy),, and where 91(<1) PR A, xp) s
defined in analogy with Eq. (27). This simplification is
crucial, as it allows one to express the full hierarchy in terms
of few-point charge correlators. We also note that the
generalized currents j;, appearing on the right-hand side
of Egs. (11)—(13) are linear in the charge density; therefore,
the cumulant expansion truncates after the first term,

(Ji, 091,-++)¢ :A?|,0<qul‘z--->c7 (31)

with A} o = 6(ji 0)1/8(qu)1-

C. The gBBGKY hierarchy

In this section, we make use of the assumptions and
results introduced in Sec. III A in order to write Egs. (11)-
(13) as a hierarchy of equations for the smooth few-point
functions 91 ..... . The formulas (19) and (20), a direct
consequence of taking expectation values within the
ensemble Eq. (14), reveal that the correlators, and thus the
hierarchy, feature singular terms. Thus, to understand
the dynamics, it is crucial to plug these expressions into
the hierarchy along with the expression for the correlation
functions containing the currents. To simplify the equations,
we restrict to a homogeneous setting, where the one-point
functions are space independent, and two-point functions
depend only on the relative distances. Equations (11)—(13)
reduce then to the following first layers of the gBBGKY
hierarchy:

0i(qi,) = _/dXZV/(xl —xz)Aﬁ,ogi(f())(xl,xz)’ (32)

2 e 3).sym _
azgl('li'z(xl,xz) + [5):114{195-,1‘)2@17162) +50, H] kgﬁlglszy (x7, X7 ,Xz)L
1

2

2)
j 2 m i 2 3
- |:V/(x1 - xz)Afl,o <<Qj>ci2,0 + gﬁk) (x1 xz)ck’ Cm,i2,0> + /dx3V’(x1 - x3)A{1,o (<‘Ij>g§2,>0(x25 x3) + 95',;1,0)} )
1,2

- 6(x; — x,) / dx;3 V' (x; — x3) [—Cil,iz,jcj’kAZ,o + (A{I,od'(z + 5{,A{'€2,0) CjrmC™" 9512,())()‘11)63)’ (33)

1
3
atggl’)iz’ig(xl,xz,xﬁ [a AJ 95 l>2 iy (Y1, X2, x3) + 5 >

N {_5()61 - X) (Aﬁ CripmC™" = Ciy 4, kC" AL + H'C, ’2> ax,g,(ff} (x"x‘%)}

where, for brevity, in Eq. (34) we truncated higher-order
terms in both parameters V; and 1/£. Let us comment on the
structure of this complex hierarchy of equations. First, in
homogeneous systems, the evolution equation for the den-
sity, Eq. (32), does not contain the Vlasov term and therefore
all its dynamics is given by the evolution of the two-point
functions, Eq. (33). Here, on the lhs are the kinetic term
describing the ballistic transport of the two-point function
and its diffusive corrections. On the rhs, we observe that the

0, HIg) (x1.x2) g (1. x3)

1(1.23)

O(VGe . V™), (34)
(12.3)

singular contribution to the two-point function creates a
contact forcing proportional to Vy/&. Finally, the dynamics
of the three-point function is written in Eq. (34) up to order
O(Vy/&). Again, its lhs includes the kinetic terms for the
ballistic transport of correlations, while the rhs behaves as
singular forcing, which is given by the integrable dynamics,
i.e., by the integrable contact interactions. In Appendix E,
more details are given in order to derive Egs. (32)—(34).
Finally, we observe that the assumption of large
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hydrodynamic length scale £ is sufficient to have a well-
defined truncation scheme for the hierarchy.

D. The hierarchy for the (quasi)particle occupations
and correlations

In this section, we express the gBBGKY hierarchy in
terms of quasiparticles of the Hamiltonian A'™. In particular,
forintegrable systems, the quasiparticles are characterized by
Bethe rapidities 8, whose distribution function in the fluid
cell (x, ) is denoted by py(x, t) (in the rest of the text, we use
Greek indices for rapidities, while Latin ones are used for
charge labels). The rapidities are related to the quasiparticles
momentum through ky = k(0). The density py(x,?) is
defined through its relation with the hydrodynamic variables

@Mna=/h@Amem, (35)

where h;(0) is the single-particle eigenvalue of the charge Q;.
With a complete set of charges, it is possible to invert this
expression, having a bijection between the quasiparticle
density py(x,1) and the expectation values of the charge
density (g;). Hence, it is possible to recast the infinite tower
of hydrodynamic equations for the conservation of charges,
labeled by the integer i, to the single evolution of p,(x, 7). We
now define the dressing operator acting on a test function
h(6),

W = (1= Tn)™" - h, (36)

where the action of a linear operator is defined as
(A-h)(0)= [dyA(0.y)h(y) =A}h,, assuming the Einstein
conventlon for the integration over repeated indexes. In
particular, T = Ty, is the scattering shift of the model (which
vanishes in the limit of zero contract interactions a — 0),
being independent of the state. The filling function defines
the occupation of rapidities with respect to the total density of
states p' = k' /2x and it is given by n = p/p". Moreover, we
shall make extensive use of compact matrix notation, for
example, by introducing the rotation matrix

Ro 9, = [1 =Tnly g, = 39,0, — To,0,19,»  (37)
which implements the dressing operation as A% = R - h.
Crucially, it is also possible to express the density of
currents, as

ww=[wmme@+mw»@&

with the effective velocity v§" = (15)%(0)/(h})¥ (), where
for Galilean particles w1th unit mass h,(0) = 6>/2 and
hy(0) = 0. Similarly, we can define quasiparticle expression
for few-point functions as

<Qi1"-%n> —/ﬁ[dekhik(‘gk)} <P91---P9,7>- (39)

Another important object is the flux Jacobian, which in
quasiparticles reads

/ d6, d6, hy(0,)R;' vSTRL , 11 (6,),  (40)

such that
we also recall

where h/ is defined as the inverse of A,
h](g)hj<9,> - 56 o -
0 — ff
Ay =Ry R o
we compute the second derivative of the current as

For completeness,
with R? = 1 — nT. In a similar manner,

H* = / d0dadp h;(O)H hi(a)hk(B),  (41)

where we defined (from below onward, we shall use the

: — peff _ eff
notation v, , = vy’ — vy")

Tdr
HP = [Reyyﬂ AR GR (42)
Py (@p)

Analogous to what was done in the previous section, we
consider the connected few-point correlators and separately
recognize the GGE contribution from the regular long-range
part. For the two-point function, we have

(Po, (x1)pa, (x2))¢ = 6(x1 —x2)Cy, g, +9§)??92 (x1,x2),  (43)

where Cy, 9, = Rglt.ypy fyR; éz is the susceptibility matrix in

quasiparticle representation, and géz)a (x1,x,) is the non-
singular contribution. Also, the generic symbol fy = {1, 1 —
ng, 1 + ng, ng} denotes the statistical factor (classical, fer-

mionic, bosonic, and wave statistics, respectively).
Analogously, for the three-point functions, we can write

<ﬂ9. (x )Pez (xz)ﬂ93 (x3))¢

= 8(x; = x2)6(x; = x3)Cy, 9, 0,

2
+ (8001 = x2)Ch, 5,909, (x1.3)
(12.3)

3
+g((71?92,93 <x1’x27x3), (44)

where Cy, ¢, g, is the local three-point function in a GGE. We
also introduce the tensor given by the functional derivative of
the susceptibility with respect to the local density
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withe = {0,
the kinetic term of the three-point correlations,

0, —t p—t gdr
M91.92 - |:R|9].ﬂR92 }'Tﬂ}’

Rtlﬁ
Re—]l |: “’ﬁa‘lﬂsfﬂf aﬁgn Ra 03 + Tgfﬁ ,;t : fﬁpﬁ + fapa
a

Prfy

R/f 0,

Rﬂ 0,0 (45)

—1, 1}, respectively, for classical, Fermi-Dirac, or Bose-Einstein statistics and we also introduce the tensor giving

R | ()

H (61.62)

which is proportional to the strength of the local interactions a (see Appendix E 1 for a complete derivation).
With these ingredients, we can write down the first three layers in the quasiparticle representation,

dipe, = /dxdeZV’(xl —xz)dalgéz,?ez(xl,xz), (47)

2
0,9, (x1.32) + [axl<Az g§g<x1,x2>>+ 0., (HY" g <x1,x1,x2>>]

sym

(1.2)

= {V/(Xl ) / d630y, <Pel Co, 0, + ng,.g}gézl?y(xl,m))

+ / dx3d63 V' (x; — x3)0g, (Pelgg% (x2,%3) + 9(931?92,93 (x17xz,x3))]

(1.2)

+6(x) — x)) / dx;d0; V' (x; — x3) (—czl.gzay + (9, + a(,z)czl,gz)g% (x1,%3), (48)

5;953[?92,93()61,)62,3‘3) [5 A gigz ag(xhxz,xs)} = {5()51 — X)) My ezaxlgi,zg3(x1’xs)]

(12.3)

Letus comment on the kinetic terms for the two- and three-
point functions in Egs. (48) and (49). The first terms with the
matrix A}, = [R™'v*'R]! represent convective spreading
with Velocmes associated with the different quasiparticles.
While in an interacting model this matrix is nondiagonal (due
to mode mixing), we shall see in the next section that the latter
simply reduces to a diagonal matrix containing the velocities
v (0) as eigenvalues in the limit a — 0. The second term in
Eq. (48) is instead nonzero only in interacting systems. The
latter can be seen as an effective diffusion induced by the
motion of the three-point functions for the two-point func-
tions. Indeed, its form becomes more familiar in the small-
time limit, i.e., for states close to the local GGE. In this limit,
we can indeed show the relation (see Supplemental Material
[114] for a complete derivation)

v (3)sym 4
th%lH gyy,92 (xl’-xlv-XZ’[)

2
= D), 04,90, (x1.32). (50)
where Sbg is indeed the diffusion matrix [120-122] asso-
ciated with the local equilibrium state around which we are
linearizing. As the system evolves, the validity of this relation

O(V3E, VoE™).  (49)
(1.2.3)

gets worse, due to the buildup of nontrivial long-range three-
point correlations; yet, this contribution is fundamental to
thermalization of the two-point functions and, consequently,
of the one-point functions as we shall see in the next sections.
In the limit ¢ — 0O, this contribution vanishes, as there is
indeed no internal (convective) diffusion D ~ a2, as also
confirmed by the analysis in the next section, Sec. III E.

E. Recovering the standard BBGKY
hierarchy in the limit a — 0

The standard BBGKY hierarchy is recovered in the limit
of noninteracting unperturbed systems, i.e., A" — A It
is important here to stress that the gBBGKY formalism is
valid both for classical and quantum systems and difference
between the two scenarios is fully incorporated into the
statistical factor f = f(n). Here, in order to compare with
standard textbook expressions [78], we specialize to the
classical case and set f = 1.

The limit A™ — A™° corresponds to zero scattering
shift 7 — 0. We now carefully analyze the effect of this
limit on the objects defined in Sec. III D. First, we observe
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that this limit trivializes the dressing operator as
Ry — 09, and hence h% — h. As a consequence, the
effective velocity reduces to the particle’s velocity
v§T — 5 = 0. In a similar way, the flux Jacobian becomes
Al - ’Uerég}/ Since noninteracting particles do not exhibit

nontr1V1a1 correlations, we also have

C91,92 - 501 0,P0,

0
Ca?,ez - 561 ,92591 b5+ (51)
As a consequence, we observe that the § contribution
appearing in Eq. (48) is vanishing, being proportional to

/d7[591,9259,.70y — (99, + 99,)00, 0,9, y)1, = 0. (52)

We also observe that, in this limit, we have H — 0 and
M — 0, both being proportional to 7. We also stress that
any higher-order hydrodynamic correction in the cumulant
expansion is vanishing since noninteracting particles sim-
ply spread ballistically. Hence, in the noninteracting limit
T — 0, Egs. (47)—(49) reduce to

2
o, = / xd0, V' (x)0, 07, (). (53)

2
(3,9(91,)92()51,)62) {axl(velgalez(xl’xz))]( :
1.2

= |V'(x; = x2)0p, <P9 Po, + 9é,>92)

+ / — X3)0g, o, 95393 (%2, x3)

dX3d€3 V/

+ [ dx3df3V'(x; — x3)0y, 9((91)92 0, (x17x27x3):| ,

3
6,9(9[?92,93 (x1, 22, x3)

93<x1,x2,x3>>] L0, (59)

+ {0)(1(”5{9@31?62,
(1.2.3)

which perfectly coincide with the first equations of cel-
ebrated BBGKY hierarchy for a homogeneous system. It is
also easy to prove that this equivalence is valid for any level
of the hierarchy and that can be extended also in inhomo-
geneous settings. It is important to stress that, through the
¢BBGKY formalism, we provided a new alternative
derivation of BBGKY equations in terms of correlated
fluid cells that does not require one to use the full system
phase-space distribution function.

F. The V — 0 limit of the hierarchy

It is natural to ask what happens to the dynamics of
correlations when the V — 0 limit is considered and the

only possible source of interaction is due to the integrable
part of the Hamiltonian. First, in the homogenous setting
with no initial long-range correlations, i.e., g (t=0)=0
for n > 1, there is no dynamics at all in the system, as
expected. This is a trivial confirmation that a GGE is a
stationary state of our framework when there is no
integrability breaking.

This picture changes when the initial state is inhomog-
enous. In such case, our hierarchy extends the equations put
forward in Ref. [113] and recovers them upon truncation to
two layers. These two equations provide the basis for the
new understanding of diffusion in integrable models which
occurs under the presence of long-range correlations
generated by integrable dynamics [123]. Let us mention
that gBBGKY formalism is also capable of tracking the
dynamics of higher-point functions, even if higher-order
hydrodynamic matrices are not explicitly computed in this
manuscript. For instance, we expect to observe long-range
structures in three-point correlations, generated due to the
gradients in two-point function (similar to two-point
correlations generated by gradients of one-point functions
in Ref. [113]). This can be seen from solution (70) of
Eq. (49). There, even in the homogenous case, we see a
generation of three-point correlations solely by integrable
dynamics, powered by gradients of ¢g(® (generated in a
homogenous setting by the presence of V).

IV. THE GENERALIZED LANDAU EQUATION
AND LATE-TIME DYNAMICS

The gBBGKY equations presented above are clearly
complicated to analyze and to fully numerically simulate.
However, to extract the thermalization dynamics, some
approximations can be performed, leading to what is
known as the Landau equation, namely, the Boltzmann
equation in the limit of small momentum exchange, also
known as the grazing collisions limit.

We shall perform a macroscopic rescaling of space x —
&x and time ¢t — &¢, and importantly, in what follows, we
will assume that the long-range coupling is weak by
treating V, as a small parameter. Thus, scattering integral
descriptions have a narrower range of applicability than the
hierarchy, which assumes only large £. However, as we
show in Sec. V, the scattering integral turns out to be
quantitatively predictive also for quite large values of V),
provided that V,/& < 1. Nevertheless, this approach is
sufficient to understand the main mechanisms behind the
thermalization of the system.

We start the derivation by considering the gBBGKY
hierarchy written in terms of quasiparticle occupations and
correlations, as introduced in Sec. III D. More precisely, in
this section, we explicitly make use of homogeneity by
expressing correlations as functions of relative distance

only. Hence, for the two-point function, we have

952,?92 (x1,xp) = ((,21?92 (z =x; — x,) and for the three-point
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function 9(931?92,93 (x1, X2, X3) = g((,??gﬂ,} (z,7'), with z = x| —
xy and Z/ = x; — x3.

Furthermore, we perform a decomposition of the two-
point function g into leading and subleading contribu-

tions in the 1/& expansion, namely,

2 1 ) 1 202
Uor02) = 590D + 0@ (56)

We also explicitly factorize the scaling parameter of the
three-point functions using ¢ — ¢ /£2. Now, using the
definition of the interaction potential (1), the 1/¢ depend-
ence is fully explicit. Plugging the decomposition into
Eq. (48) for the two-point function and requiring equality
both at the order 1/& and 1/£* produces two equations,

0,925 () + o, (Az g1 (2) - 4 g2 <z>)

= VO(PI(Z)/dY (aalpal Cy,6'2 - aé'szzCHl,y)’ (57)

0.422(2) + 0 (Az 432(2) —Azzgé??ﬂz))

71.72.02

1
— _50 (Hrl rzg( )Sym(0+ 7) - Hglz rvgél)yslyzl( 0+))

(58)

These equations are the effective evolution laws for g(2)-!
and ¢g(®-2. We can already observe that, meanwhile ¢(®"! is
rapidly evolving due to the coupling with the density, the
subleading correction g(2)2 slowly builds up forced by the
three-point function. We start with considering four equa-
tions, namely, Eqs. (47), (57), (58), and (49). The goal is to
reduce them to a single equation for quasiparticle distri-
bution py. We will follow a procedure in spirit similar to
classic derivations of the Boltzmann scattering kernel from
BBGKY hierarchy [68,69]. The central idea here is the
separation of timescales over which different correlations
relax. For instance, the one-point function is expected to
relax on much longer timescales than the two-point
function. Schematically, the derivation will proceed as
follows:

(1) Integrate Eq. (57) in time, expressing gé )9 (z,1) as
the explicit functional of py(z) for all earlier
times 7 < .

(2) Plug the result of the previous step into Eq. (49) and
again integrate in time, expressing g(f 0,01 (z.7,1) as
the functional of py(7).

(3) Use this result to compute gfg??gzﬂz (z,7,1), plug into

Eq. (58), and integrate in time, expressing g(gzl?é,zz (z.1)
as the functional of py(7).

(4) Plug this result into Eq. (47) and perform approx-
imations related to separation of timescales, which
finally yield the generalized Landau kinetic
equation.

We elaborate on the derivation in what follows We assume
that at # = O the state is a GGE state with g = 0 forn > 2.
This assumption is not necessary as the system will
eventually forget about the initial correlations, but sim-
plifies the calculation which anyway leads to universal,
late-time physics.

The first step consists of considering Eq. (57) and
viewing it as a linear equation (we assume here that A))
is a constant operator) for g(gzl)e’} (z) with a p-dependent
source term on the rhs given by

Séz,?élz [pl(z) = Voo (2) / dy <59,P61 C,.0, — 99,00,Co, ,y>'
(59)

Thus, Eq. (57) can formally be solved using the Green’s
function method (for details, see Appendix E2), which
gives

2.1 _
gél?ezLo]( Ral glRez gz/ dT/ /d '

x K+ v >R21 '71R22 1 ’7‘ "”2 Pl 1=1).

(60)
In this way, we have expressed gézl?élz(z, t) with py at all

earlier times. The structure of a linear equation with p-
dependent source term turns out to be typical in this
derivation and we encounter it also in the second step,
which amounts to plugging Eq. (60) into Eq. (49). The
linear equation features a source term on the rhs which
reads

3 2).1
S 0. P(2.2) = ()M} 4 0.9 (2 +2)
2).1
+=6( )M} 4.0.95 (2)
2),1
+8(2)MYy, 500957 (z+ 7). (61)

Using a similar technique as used to get Eq. (60), we

explicitly find the functional gé3)92 0,1p)(z, 7, 7). In the third

step, we compute gﬁ, )9 0, lp] and plug it to Eq. (58). Once
again, this equation is integrated in time yielding

gézl?g,lz [p](z,1). In the last step, we insert the expressions

for g(ezl?élz [p](z, 1) and gézl?(;zz [p](z, 1) into the equation for py,
which now becomes closed as all the higher correlations
have been eliminated through time integration. We find that
the equation has two contributions,
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9:p0 :_z HolO) + 5 ZPp)0).  (62)

Restoring the microscopic time variable, the two terms are,
respectively, proportional to V3/& and a’V3/&.
Secs. IVA and IV B, we derive them and show that
T is vanishing, proving that the leading thermalization
rate is a’*V3/&.

A. Kinetic blocking at times &2/ V32
We start by considering the first term, which reads

7O |p)(0) = / dzd6Vog' (200,950, lp)(2).  (63)

with g(gzlézm(z) given by Egq. (60). We perform an

approximation that amounts to replacing py(z,t — 7) with
po(z, 1) under the integral and extending the integration
range in time to infinity. Next, we use an identity
J&° dre'™ = n8(x) + iP(1/x), where P denotes principal
value. The term with principal value vanishes due to the
symmetry of the integrand, and the term with the 6 function
yields (we also use [dORy! = 27p})

dk . _
TOM15)(6,) = / V32 (K109, R, 600,

XR;] My, Wz/dy3 '71'0'71 Y32
= 0P Cy ) (64)
where (k) = [dxe™¢(x). Crucially, the Dirac § con-
dition v, ,, =0 implies y; =y, and, hence, the integral

vanishes identically,

@1 [p](01) = 0. (65)

This is a feature of one-dimensional (1D) systems known as
kinetic blocking. It is strictly related to the nature of two-

Igross[p](gl) _ 27rV§/dkk2(212(k)/d92d63[

0,

Iaelf[p](el) _Zﬂvz/d92d93/dkk2 k)p93

(Ph,)?
t

|vg 0 |
(Tho,)* —=5— =Py, (Tg,4,)

particle scattering in 1D, which can only induce momentum
exchanges between particles. The kinetic blocking can be
avoided in systems with nonmonotonous effective velocity,
for instance, in lattice. Then, so-called umklapp scatterings
allow the system to thermalize due to two-body collisions
[38,39]. For the present discussion, however, we focus on
systems with monotonous effective velocity. Another
scenario involves systems of coupled 1D gases, as
described in Sec. VL. If 1D gases have different densities
or different strengths of integrable interactions, this opens a
channel for scattering that redistributes the momenta, albeit
not very effectively, leading only to prethermal stationary
states [49,124]. Hence, here, in order to capture the
thermalization phenomena, we have to include higher-order
terms, which describe three- particle scatterings. These
processes are encoded in Z(?)2[p](d), which we now
analyze.

B. (Generalized) thermalization at times &/(Va)?

The derivation of Z(2)2 proceeds as sketched above and
the approximations made along the way are of the same
form as in derivation of Z(?''. Namely, every time we time
integrate the equation for the correlation function, we
replace py (z.t—17) with py (z,t) under the integral and
extend the integration range in time to infinity. In order to
obtain the collision term, three such integrations have to be
performed, leading to a much more complex collision term
as compared to Eq. (64). The details of this quite long
calculation are exposed in Supplemental Material [114].
Here, we present the final result. We simplify the notation
7 =7®2 and find two type of terms,

T — Feross + Iself. (66)

Both terms are given by I%=dy R, Z§(y), where

a€{cross,self} and using the notation vy, o = v§' —

vsz, we have

_1705.0,1 By .0, (67)

V5.6, 0, Vo,,0,V0, 0,

t dr
> Po,  To e,

V0,0, | » (V0,0
Tgf 2,01 |:¢( 2 lk :
0,.0; Po, [vo,.0,1v0,.0,

V0,0,

dr
~ [ Vo0 Ty 0
—2(P< ’ ]k) — 301,92,037 (68)
Vg,.0, Vg, .05 | Vo, .0, |

with the B tensor given by
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V0,.0, 1
391,02,93 = ¢ Re,,qaq/’q/’%f 93P92f 0,
P, (01.0.65)

(69)

It can be shown that the derived collision integral has all the
expected features: Thermal states are stationary states, it
conserves particle number, momentum, and energy, and
satisfies the H theorem with positive entropy increase.

Restoring the microscopic times in the kinetic equation,
Eq. (62), and using that 7% ~ a, we can finally observe that
the scattering integral given by Eqgs. (67) and (68) predict a
thermalization rate proportional to (V,/&)?a?/&. The scal-
ing can be understood as follows: Two factors of V)/& are
necessary to form correlated two-point functions on large
scales, then, two local scatterings with other particles carry
a®, and the spatial inhomogeneity of the two-point func-
tions, inducing its convective diffusion in space, carries
another factor 1/&. See also in Fig. 1: Particles correlate due
to the long-range potential and then diffuse in the convective
flow carried by the sea of ballistic particles. This picture may
look counterintuitive, as, due to integrability breaking, one
would naively expect the ballistic channels to decay at large
times. However, this is not the case, as higher-order corre-
lations preserve the ballistic structure to much longer times
than £, giving an effective bath of convective particles
inducing density waves, which is the main and only
mechanism for particle diffusion in interacting integrable
models, see, for example, Refs. [113,121,125-129].

The reason for distinguishing the two terms is motivated
by two different dynamical mechanisms; see Fig. 4 related
to convective diffusion. The first term, the cross term,
originates from the diffusion of the two-point correlations
where the two correlated particles never interact via contact
interaction. This can be the case when, for example, two
quasi-one-dimensional systems interact with a long-range
potential that acts only between the two different tubes. The
second term, the self term, originates from the self-induced
diffusion of the two particles that can also interact via
contact interaction; namely, one of the two particles acts as
a convective density wave for the other and vice versa. As
shown in Supplemental Material [114], this scattering term
is absent when the long-range interaction acts only between
different tubes, but is present when it acts also on the same

3 —
0,0,z 71> E(Voa)?)

96,.6,.65

1 _ _ 1
= |:2 Rglts}’lReztsi’zRestsh v [Sgn(z) + Sgn(v}’l-}’z)]Ri’l-/ﬁR[

Y12

-t —t

3 Rity,—— lsgn(z +2) + sen(z, )

¥ {1 R R
SRy
2 o 7173

1
Re_;,}’s v [sgn(z’) + Sgn(v}’z-h)]R;]#l

1
+ [ Ry Rp!
72:73

2 01717 0272

V2:H2

Rt

FIG. 4. Schematic representation of the two thermalization
mechanisms leading to the two terms in Eq. (66). (a) The
dynamics giving the self + cross term: Two correlated particles
at a distance & experience fluctuations due to convective waves
carried by the other quasiparticles, giving cross diffusion, and
they also scatter among each other, giving a self-diffusion to the
two-point functions. (b) The dynamics giving the cross term: Two
correlated particles never interact with contact interactions;
therefore, they only experience the convective density waves
through the system, giving standard diffusion to the two-point
functions.

tube. In the situation where the long-range potential acts
across different tubes and on the same one, the scattering
integral from Eq. (66) should include also the cross terms
due to other tubes. We will discuss such scenarios in
Sec. VI when we apply this formalism to experimental
setups with dipolar quantum gases.

It is important to stress that, even if one-point functions
thermalize on timescales of order & /(Va)?, higher-point
functions remain far from thermal, which is why we have
dubbed this process generalized thermalization, in contrast
with standard thermalization. In particular, three-point
functions exhibit long-range correlations that do not decay
on these timescales and arise entirely from local integrable
interactions, mirroring the behavior of two-point functions
in fully integrable dynamics [113]. In order to derive the
collision integral, in Supplemental Material [114] we derive
an explicit expression for the dynamics of the three-point
functions given by Eq. (49); here we report its large-time
limit, namely, in the regime where time is of the order

&(Voa)™?,

(2)
R;@ M3 B

1
Mlel-ﬂzalg[;’ U3

v
< V2.3 7z — Z/>:|
1)71-72

t t P @).1 (Vs Yyira
J’1~M1R}’zvﬂzR}’yllaMl‘l~P’Salgﬁ~ﬂz v z+ v z
7173 Y173
v
<Z+ 7211 Z/>:|,
1}72,73
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where the symbol d; means that the derivative is performed
on the spatial argument of the function, the symbol M Zigz ~

a is defined in Eq. (46), and the two-point functions

2
9o,

Given that the latter decays rapidly in z, the expression
above shows that there exist distinct directions in the (z, z’)
plane, e.g., along lines '~ (v,,,./v,, ,,)z from the first
term, along which long-range three-point correlations
persist well beyond the thermalization timescales.
Therefore, at times of order &/(Vya)?, thermalization is
incomplete (generalized), and the deviation from a standard
thermal state can be diagnosed by higher-point functions.

i(z) are given by their asymptotic value in time.

C. Thermalization dynamics in the limit a — 0

In the limit @ — 0, the generalized Landau equation, i.e.,
the contributions of Egs. (67) and (68), vanishes, as it is
proportional to a®. As noted above, the thermalization
mechanism encoded by the generalized Landau equation is
present only for perturbed interacting integrable models. In
the case a = 0, thermalization is driven solely by the long-
range interaction. A kinetic equation for weak long-range
potentials in this regime was derived in Refs. [68,69].
Using the same approximations introduced in Sec. IV, the
standard BBGKY equations governing thermalization,
analogous to Eqgs. (57) and (58), read

2).1 . 2).1
0t9(<91?92 (x1, %) + [0 (91)5)(,9(91?92 (x1,%2))(12)
= [Voo'(x1 = x2)09,p0,P0,) (1 2) (71)

2).2 . 2).2
5:921? (1, 20) + [0 (el)axlg(al?@(xlvx2)](1.2)

= [/ dO3dx; Vg’ (x, —xs)ae,g.(g?,)ez,@ (x1,x2,x3)} :
(12)

(72)

Similarly, the leading equation for the evolution of ¢
contains a forcing term proportional to the potential. As a
consequence, the four nested equations for p, 2!, ¢(2)2,
and ¢'¥, which must be integrated to derive the scattering
integral, have the interaction potential on the right-hand
side, yielding a thermalization rate proportional to
(Vo)*/&*, as also demonstrated numerically in the next
section. In this case, the picture is simpler (see Fig. 4), the
thermalization rate is set first by the formation of two-point
functions, namely, (V/£)?, and then by the formation of
three-point functions, necessary for thermalization, giving
this way another factor of (V,,/£)? and contributing to the
final thermalization rate (V,/&)*.

V. HARD SPHERES WITH LONG-RANGE
INTERACTIONS

In order to numerically verify the gBBGKY hierarchy of
equations, we apply it to a gas of classical impenetrable
hard spheres (Tonks gas) with diameter a [130-133],
interacting with the long-range potential of Eq. (1). In
particular, we consider the potential

Vo 1

Ve = e

(73)

which mimics the dipolar interactions emerging in one-
dimensional cold atoms, as we shall see in the next section, as
well as standard Lennard-Jones interacting potentials [60—
64] (especially in the case of V; < 0). Hard sphere (or rods)
gas in one dimension is integrable in the absence of other
interactions, namely, in the limit V; = 0, with a well-known
hydrodynamic description [133—136], which shares the same
structure as quantum integrable systems, modulus changing
the statistical factor [137], related to quasiparticles’ statistics
f =1, and constant scattering shift Ty = —a/(27). We
focus on a homogeneous system with constant density of
particles, and we compare gBBGKY prediction with exact
microscopic simulations.

We initialize the time-evolution from a finite-temperature
state in which half of the particles are boosted with velocity
0 and half with velocity =0y, ppg, = >, e P07 /Z,

and with g((,zl?gz (t = 0) = 0. The state is stationary under the

[ I/IT77 TITIZ 17T

a=1, /=0

FIG. 5. Examples of microscopic trajectories of hard spheres
with long-range interaction given by the potential Eq. (73), both
with a = 0 (free particles) and finite @ = 1. In the latter case, we
can notice in the trajectories with finite V|, the interplay of local
scatterings and long-range interaction.
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(a) Kurtosis|pg] (b) (©
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FIG. 6. Numerical results for long-range interacting hard spheres (HR) with @ = 1, & = 20, and ¢ = 1/(1 + |x|*), starting from the
two boosted thermal states pgq with f=2.5, 0y = 1, p = 0.2. The system is homogeneous on a ring. In all the figures, the dots
represent the molecular dynamics of the system, while the solid line represent the gBBGKY prediction. (a) The dynamics of kurtosis of
rapidity distribution, for & = 20 and with V, = {1,2, ..., 6}, as function of the rescaled time 7/&. The numerical solution of gBBGKY
hierarchy is detailed in Appendix C. In particular, for ¢ < #; the solid line represents the solution of the two coupled equations, Egs. (C1)
and (C2), while for ¢ > t; it shows the solution of the generalized Landau equation, Eq. (66). We observe a convincing agreement
between molecular dynamics and theoretical predictions for all the values of integrability-breaking potential V. The additional dashed
lines represent solutions of the standard BBGKY hierarchy, i.e., gBBGKY with a = 0, truncated to two first levels. As expected, this
purely perturbative theory does not predict the correct system’s evolution. Similarly, (d) shows the dynamics of kinetic energy
f dfpy8? /2. (b) The evolutions of distribution of rapidity p, for different times. (c),(e),(f) The evolution two-point correlation function

J 6, do, 6765 g(gzl?gz, respectively, with « = {0, 1,2}. As expected, the gZBBBGKY theory is able to predict the evolution of both one- and

two-point functions.

unperturbed Hamiltonian H 2“, but it evolves nontrivially as
long as V| is finite. As a probe of thermalization dynamics,
we compute the kurtosis of the (normalized) quasiparticle
distribution and the two-point correlations. The kurtosis is
expected to be zero in the thermal state, where quasiparticle
distribution is Gaussian.

Solving the set of gBBGKY equations, Egs. (47)—(49), is
numerically too expensive in terms of computational
time and memory usage. In fact, it requires one to save

and perform operations on the three-point function

3 . .
921?92.93 (x; — x5, X, — x3), being, even in a homogeneous

system, a five-order tensor. In order to reduce the complex-
ity of the numerical computation, we separately solve the
dynamics at small and large times. For small times ¢ < ¢,
we solve the gBBGKY hierarchy Eqgs. (47) and (48) by
replacing the contribution proportional to H in Eq. (48)

with the known Kubo diffusion term (explicitly known for
integrable systems), as given by Eq. (50), and neglecting
the remaining contribution from ¢®). For large times 7 > ;,
we evolve the system by solving the Landau equation,
Eq. (66), using as initial state the gBBGKY solution
obtained at time ¢ = ;. See Appendix C for additional
information about the numerical solution of the gBBGKY
hierarchy.

In Fig. 6, we show how gBBGKY theory reproduces the
full molecular dynamics, predicting the evolution of kur-
tosis as well as the evolution of the two-point function. We
can observe two regimes in the quasiparticle evolution: a
fast evolution at short times ¢ < ¢;, driven by the change in
the interaction energy due to the buildup of the density-
density correlations in the system, and the kinetic regime
t > t;, where the system slowly evolves toward the thermal
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FIG. 7. Numerical confirmation of the predicted thermalization
rate o a2V%/§3, when a # 0 and « Vg/f“, when a = 0. The two
plots show the kurtosis of p, for different values of V, &, in the
case a = 1 (top) and a = 0 (bottom), respectively, as function of
the rescaled times 7 = ta*V3/& and 7 = tV{/&*. The dynamics
first undergoes a fast small-time evolution and then, for 7 > 1, the
late-time thermalization dynamics. We show that, under this
appropriate time scaling, at late time the dynamics induced by
different potential parameters perfectly collapse, confirming that
the thermalization rate is o a>V3/& for a # 0 and o V§/&* for
a = 0. More precisely, in this figure we introduce a constant
offset parameter that takes into account the differences in the
small-time behavior, in order to renormalize the starting point for
the late-time dynamics. The black curve represents the solution of
gBBGKY equations for § = 14, V|, = 7, being in good agreement
with the numerical simulation.

state. In this regime, the kinetic energy is mostly constant and
the dynamicsis well described by the Landau equation, which
well describes the (generalized) thermalization with rate
(aVy)?/&, see Fig. 7, as predicted in the previous section.

We can observe the striking difference between the
dynamics of point particles a = 0 and the ones with finite
a already from a single trajectory snapshot, see Fig. 5: The
dynamics with @ = 0 and V|, finite is given by smoothly
long-range interacting particles, while the one with finite a
is given both by long-range interactions and local scatter-
ings, even at long times, where the thermalization mech-
anisms start to kick in. The difference between these two

cases is also highlighted in Fig. 6(a), where we show how
the solution of the gBBGKY equations with a = 0 (dashed
lines), i.e., BBGKY equations, is far from the hard-sphere
molecular dynamics from any arbitrary macroscopic small
time. Interestingly, the short-time dynamics with a =0
appears to be faster, compared to the interacting case with
a = 1, namely, in the presence of contact interaction, the
system appears to be jammed. However, at long times, the
scaling of the thermalization rates in the two cases shows
the opposite behavior: V§/&* in the free case and
(aVy)?/&, resulting in a much faster (generalized) ther-
malization in the interacting case a > 0.

VI. APPLICATION TO DIPOLAR ONE-
DIMENSIONAL QUANTUM GASES

Integrability breaking due to additional long-range
interactions arises naturally in quantum gases of atoms
or molecules with large magnetic moments [84]. In these
systems, the basic Hamiltonian is given by Eq. (2). When
confined to one dimension, the van der Waals interaction
can be modeled effectively by a contact potential [138], and
the gas is described by the integrable Lieb-Liniger (LL)
Hamiltonian [27,28],

h? 5
H{ = _%Zax[ + cZé(xi - X;), (74)

i<j

where m is the mass of the bosons and ¢ is the interaction
strength.

If the atoms carry a nonzero magnetic moment, they also
interact via a dipolar potential, which decays more slowly in
space and must be treated separately. In the geometry
considered by us (see Fig. 8), dipolar interactions couple
both the atoms inside a tube (intratube interactions) as well as
atoms in neighboring tubes (intertube interactions). We
discuss first the intratube potential. Upon integrating out
the two “frozen” transverse degrees of freedom, the effective
one-dimensional dipolar coupling becomes [139,140]

V() = V(0oon) o) =300 u=F 9

where [, = \/h/(mw ) is the transverse oscillator length.
The prefactor is

_ pop* 1 =3 cos® Oppy

V(HDDI) - ’ (76)
4n Al

and the dimensionless shape function is
ol (1) = =2Ju| + V2x(1 + u?)e* Perfe(lu|/V2).  (77)

Here, u is the dipole moment, and @ppy; is the angle between
the dipoles (aligned by an external field) and the tube axis; by
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Thermalization rate [1/s]
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FIG. 8. Thermalization rate (blue solid line) as defined in
Eq. (84) for the experimental parameters of Ref. [58], obtained
from gBBGKY, together with shaded area indicating uncertainty
resulting from 13% density variation in the experiment. The
bottom right inset shows the geometry of the quasi-one-dimen-
sional tubes loaded with dipolar atoms. The top left inset shows
the initial state pp,;; (solid line) compared with the experimentally
measured initial state (dots) [determined from the data presented
in Figs. 2(c)-2(e) of Ref. [58]] together with the final, thermal
state py, (dashed line).

tuning Opp;, one effectively controls the strength of the
dipolar interaction.

Following Ref. [58], we consider '’Dy atoms
(u = 9.93up) loaded into a two-dimensional lattice of
one-dimensional tubes (lattice spacing a; = 370 nm), each
with average density p = 0.8 um™! (see sketch in Fig. 8).
Transversal confinement is provided by harmonic trap with
oscillator length /, =57 nm. In addition to intratube
dipolar interactions, atoms in different tubes (i, j) interact
with ones in the tube (0,0) via

i.j (x) . /‘Ol"2 1- 3(;’ : B)Z
inter - A

3 , (78)

where 7= (x.ia;,ja;) and B = (cos@ppj,0,sinbpp;)
denotes the magnetic field direction.

At t =0, a Bragg pulse splits the atoms into two
momentum components +2#k;,, with k;, = 2z/A and
A =741 nm. The gas then prethermalizes to a state
described by a reference density py,;(6) (Fig. 8), which
closely matches the experimental observations at the end of
the first stage of the dynamics.

Although the dipolar potential decays as VIR (x) ~ x~
at large distances, it also contains a short-range component.
To separate the integrable hard-core part from the genuine
long-range contribution, we note that the LL coupling ¢ has
two parts: the van der Waals term

3

2n?

Cyaw — — >
majp

ap = —435 nm, (79)

and a dipolar term

CDDI(QDDI) = w- (80)

Hence, ¢(0ppr) = ¢vaw + cppi(Fppr)-
To estimate the effect of the long-range potential, we

invoke the characteristic distance &£. In the LL model, the
scattering shift defines an effective hard-sphere diameter
for the quasiparticle interaction [19,141]

2(c/m)
(c/n) +(0-0)

a0—0) = (81)

Estimating 6 — 8’ ~ hikp/m (reflecting the initial momen-
tum spread) and comparing with the dipolar length scales
yields

l
fintra === 0.81, ginter = ﬂ = 5.28. (82)
a a

Thus, intratube dipolar interactions can be absorbed into
the contact coupling, while intertube interactions act as a
truly long-range perturbation. This observation is consis-
tent with the modeling of recent experimental results in
Refs. [23,93] where the authors show that intratube dipolar
effects mostly renormalize the coupling ¢ at equilibrium
[23] and during dynamics, slightly in contrast with the
original interpretation in Ref. [58]. Moreover, we observe
that summing the contributions to the Landau collision
integral from tubes with indices —2 < i, j <2 (we assume
that each tube is in the same state) suffices to capture the
relaxation rate, since more distant tubes have negligible
effect.

To model the two-stage dynamics observed under the
Bragg-split protocol (cf. the hard-rod gas), we adapt our
theory to the experimental parameters. The key observable
in Ref. [58] is the thermalization rate as a function of fpp;.
We consider a measure of distance to (generalized) thermal-
ization DT(7) very similar to the one studied in Ref. [58].
We fit a Gaussian distribution py(7) to the state py() at each
time ¢, then DT(¢) is computed as

DT(1) = / A0l (1) — pol0)]. (83)

measuring the distance of the state at time # from a Gaussian
distribution. After the first phase of dynamics, an expo-
nential decay is observed, with

lOg DT(I) ~ _t/ttherm + e (84)

We compute tye, from the expression of the Landau
collision integral, giving a very good agreement with the
experimental rates, see Fig. 8, providing this way a first
direct application of gBBGKY framework to an
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experimental setting. We should stress that, in our
approach, we track the Gaussianity of the rapidity distri-
bution py, whereas in Ref. [58] the momentum distribution
is measured. However, these two are expected to be close
due to high temperature of the state. This is especially clear
in the final state py,, see inset of Fig. 8, which is very well
approximated by a Gaussian, just like final momentum
distributions measured in Ref. [58].

What is more, our result can also be used to deduct
important aspects of the thermalization rates. Indeed, a
more conventional theoretical approach would linearize the
collision integral around the thermal distribution py, and
study spectrum of the linearized collision operator.
Equivalently, one can track perturbations in the conserved
charges d¢q,,

0,(6q;) = —Ff<561j>7 (85)
where matrix I" is symmetric, positive semidefinite, and has
three zero modes (particle number, momentum, and
energy). See Supplemental Material [114] for the explicit
expression and the derivation of matrix I'. The first nonzero
eigenvalue y,,, Sets fiperm = ygalp. However, this approach
predicts thermalization times of order 10° s—far longer
than experimentally accessible—as it captures the slowest
decaying mode, whereas the current state-of-the-art experi-
ments can probe only the fastest relaxation channels.

A. Fermi’s golden rule approach and check of the
generalized Landau equation

The advantage of restricting to this case of perturbed
Lieb-Liniger gas also offers us the possibility of giving a
nontrivial check of the generalized Landau equation,
Eq. (66), and therefore of our gBBGKY approach via a
different approach. Indeed, the dynamics of a quantum
nearly integrable system can be also addressed with the
Fermi’s golden rule (FGR), which can be used to write the
Boltzmann equation [47,48,142]. In this section, we give a
short review of these results and compare them to the
generalized Landau equation obtained from our hierarchy.

The FGR approach relies heavily on the knowledge of
form factors, which are the matrix elements of the per-
turbing operator computed for integrable theory. In the case
of integrability-breaking perturbation in the form of addi-
tional long-range interactions, the relevant form factors are
one- and two-point functions of the density operator. In
general, these objects are not known, however, in the limit
of small excitations between the states, there are exact
results in the LL model [143-147]. As we will see, the
small excitation limit will be automatically guaranteed by
the long-range limit of the integrability-breaking potential,
rendering the FGR Boltzmann kernel computable in the
regime of interest of the present work.

Once again we assume that the Hamiltonian is H =

Hy; +V where V = f dx®(x) is the perturbation,

o0 =3 [ OVE=Da@at). (60

The LL model has fermionic statistics and we define
density of holes p" = p' — p. In the homogeneous system,
the dynamics is given by the Boltzmann-like equation
[47,48]

9,pg = Zp](6)

= / dpdhF,,B(p — h)[pppn — pipp).  (87)

with p"(p) = [1,ep #h.p(h) = [T cn p1» and the measure
involving different particle-hole scattering processes reads

dpdh = Z

NO

B Hdp,dh (88)

Apart from the density factors, there are two ingredients in
Eq. (87). First, function B(p — h) is related to particle-
hole form factors of the perturbing operator {p|v|p;p,h)
[148],

B(p — h) = (27)*5(k)é(e)|(plvlp: p. M) (89)
Assuming  particle-hole ~ symmetry, we  have
B(p = h) = B(h — p). The Dressed energy and momen-
tum are

kg =0- /dﬂnﬂ ez
92
£y = ?—/d,u/m”Fﬂ,g, (90)

where F, 4 is the backflow function [149] of the underlying
integrable model. Explicitly, the terms inside Dirac ¢
functions are then k=3, c,k,—> cnk, and &=
Y pep€p = 2nen & For later use, we note that k) =
27p} and v; = ¢, /k}. The second ingredient in Eq. (87) is
the backflow effect implemented by the term [y, which
reads

Fop = Z[FH,,,,

PEP

F p = (Sg’p + ag<ngFg’p). (91)

The main practical difficulty for evaluating the collision
term is the resulting infinite sum over different numbers of
particle-hole excitations. Indeed, writing the sum in inte-
gration measure explicitly, we have

= vizm (92)

m=1
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where we have factored out the dressing operator [ defining

bare collision integrals Ig") . Because of this structure, an

additional small parameter is needed to effectively truncate
the sum. Such situation will happen in our case of long-
range interactions, where the potential allows only for small
momentum transfer, which is equivalent to considering £ as
a large parameter. With these ingredients allows us to
truncate the sum to the leading term in &, which corre-
sponds to three-particle-hole (m = 3) excitations. The m =
2 term is zero, due to the kinetic blocking effect described
in Sec. IVA.

From now on, we will assume that all transferred
momenta p; — h; are small (this approximation is discussed
in Supplemental Material [114]). We therefore introduce
new variables A; = (p; + h;)/2 and q; = k(p;) — k(h;) and
obtain the m = 3 collision integral in the form

780)(6) = - L)gae / d4dqB(.q)

312

(Saso-n) (i) o

with integration measure dA dq = H?zl dA,dg,p;.f;, where
for fermionic statistics f = 1 — n. Moreover, in that limit,
the backflow operator becomes Fy , = [g¢/(2k})]0gR,} and
implements the usual dressing procedure. To move for-
ward, we have to analyze now m = 3 form factors of the
density-density operator. Consider form-factor of bilocal
operator (p|gy(x)qo(0)|p; p. h). We plug the resolution of
the identity between the two operators to obtain

(Plqo(x)q0(0)|p.p, h)

— Z (plgo(x) p; @)

The leading contribution to the composite form factor
comes then from bipartite partitions of the three-particle-
hole excitation (p,h). More explicitly, for (p,h)=
(p1, P2, P3» i, by, h3), there are six relevant partitions.
Three of them are one-particle-hole excitations:
a=(p,h), ®a=(py, h), and a@ = (ps, h3). The other
three are two-particle-hole excitations @ = (py, p», hy, hy),
a = (P2, p3, hy, h3), and @ = (py, p3, hy, hy). Using rep-
arametrization invariance of the thermodynamic form
factors [150], a property that an excitation common to
the bra and ket can be absorbed into the thermodynamic
state p, the contributions from one- and two-particle-hole
excitations are pairwise identical up to the x-dependent
term. The expressions for the form factors (assuming small
momentum transfer) are [143,145]

(p:|go(0)|p;p.h).  (94)

(Plao(0)|p; py, hy) = kﬁl’ (95)

. - (g1 + q)?
D100 1. po.hy by} = 2278, DT g

9192

and lead to six relevant contributions that can be written as
follows:

) . ' g1 + ¢2)*
(ol1p: p. ) = <2n>2(v<q3>Tf,bk;3 (a t ) )( )-
1.2.3

9192
(97)

The factor B appearing in the collision integral is then

Bl a) = (25)*3(a)a(0a) | (75,8, V(0 % )( J

919>
(98)
where we defined 6(q) =6(q, + ¢+ q3), 6(vq) =
8(v1q; + v2qy + v3g3), and used that V(k) = V(=k).

Crucially, expanding the square we find two types of
contributions, which correspond one-to-one to the two
contributions in Eq. (66). The cross ones are proportional
to (V(g;))? whereas the self terms involve V(g,)V(q,4)
factors. The collision integral has consequently two con-
tributions, which turn out to be exactly equal to the two
contributions of Egs. (67) and (68), therefore giving an
independent, and mathematically highly nontrivial, verifi-
cation of the gBBGKY approach.

VII. CONCLUSIONS

In this work, we have extended the celebrated BBGKY
hierarchy to systems with integrable contact interactions.
We derived the hierarchy from a correlated fluid-cell
ensemble, which enables accurate characterization of
multipoint correlations both in the standard BBGKY
framework (where the unperturbed Hamiltonian is free)
and in more general settings.

For classical hard spheres with long-range interactions,
we tested our theory against molecular-dynamics simula-
tions and observed excellent agreement, even at relatively
strong coupling. For quantum gases described by the Lieb-
Liniger model with long-range interactions, we showed that
the generalized Landau equation aligns with the Fermi
golden rule approach, providing a rigorous validation of
both our theory and the thermalization hypothesis. Finally,
we established a theoretical foundation for the experimental
results of Ref. [58], demonstrating that dynamics in these
quasi-one-dimensional systems are encompassed by
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gBBGKY hierarchy. The latter, in the presence of strong
contact interactions, accurately captures short-time dynam-
ics during the prethermal regime, driven by the rapid
buildup of correlations that our formalism tracks precisely.
Conventional kinetic equations fail to describe this tran-
sient phase, which is often the only accessible regime in
experiments and simulations. Thus, the gBBGKY provides
both a conceptual framework and quantitative predictions
for prethermal behavior.

At late times, gBBGKY approach overcomes the well-
known kinetic blocking in one dimension. For perturbed
free systems, thermalization is driven by three-body scat-
terings generated by the external potential V, yielding a rate
that scales as Vé. By contrast, with contact interactions, the
combined effect of long-range interactions and convective
diffusion among particles produces a thermalization rate of
order (Va)?. Importantly, such thermalization is not com-
plete (generalized thermalization) as only one- and two-
point functions reach their canonical thermal values.
Higher-order correlations remain far from thermal over
the same window of times and retain their integrable
structure, leading to finite long-range correlations that
would be absent in a thermal Gibbs ensemble but which
are instead correctly captured by the correlated fluid-cell
ensemble.

Our method is broadly applicable: Its central ingredient
is a thermodynamic description of the unperturbed inte-
grable model, yielding a universal framework for diverse
classical and quantum systems. Unlike approaches based
on Fermi’s golden rule and explicit matrix elements, the
gBBGKY hierarchy enables direct access to the Boltzmann
scattering integrals and the time evolution of multipoint
correlations in a wide range of perturbed integrable models.
It can be applied to lattice systems—such as long-range
spin chains and fermionic models [89,151-154]—inspired
by recent experiments. Additionally, it opens a path to
connect kinetic theories of interacting waves (via wave
turbulence) [59,155] with general nonlinear wave systems
[156-158]. We expect that the gBBGKY hierarchy will be
an important tool in further studies of thermalization and
prethermalization across a wide range of physical settings,
from low-dimensional cold-atom experiments to complex
condensed-matter and optical systems with tunable
interactions.
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APPENDIX A: CORRELATION FUNCTIONS IN
THE CORRELATED FLUID-CELL ENSEMBLE

In this appendix, we will derive the formulas for
correlation functions in the ensemble Eq. (14). We will
also connect the various ingredients of these correlators to
Lagrange multipliers of the ensemble. The main idea
behind this calculation consists of expanding the measure
(14) in 1/& [according to Eq. (15)] in order to compute the
corrections to the local GGE prediction. First, we consider
the equal-time two-point function

(gi(x)q;(x))

= 5()6' - x/)Ci,j

+ [ &y B0 G000 ()
(A1)

In order to write the correlator in a cumulant expansion, we
now use the relation
(6adbed) = (abcd)© + (ac)“(bd)*
+ (ad)¢(bc)¢ + (acd)(5b) + (bcd)“(5a),
(A2)

where we observe that (5¢;) = 0 and that (abcd)® is higher
order in &7, Hence, Eq. (A1) reduces to

=06(x—x)C;;

+ [ &A@t 0)a, )
= 6(x = X)Ci + i (5. 0) o ()€ ()

= 8(x = X)Cij + 67 (x, ), (A3)

where in the last line we identified
gg?j) (x,x) = 2/32‘;) (x,x')Ci 4 (x)C; 4 (x) + O(£72). Also, in
the last two lines, we explicitly computed the correlation
functions on the local GGE.

041021-22



GENERALIZED BOGOLIUBOV-BORN-GREEN-KIRKWOOD-YVON ...

PHYS. REV. X 16, 041021 (2026)

We now compute the three-point function using the same technique,

(9i(x)q;(x')qi(x")) = 6(x = x")5(x = x") Cy j e (x) + / dydy' 85" (v )6 (¥)04, (¥') 4: (%) q; (X' ) g (x"))

+ / dydy'dy"B5"" (5., Y")(86 (v)80,(y")0q,(y" )i (x) q;(x')qx(x")),
=8(x—x")8(x—x")C; jx(x) +2[6(x" = x")Biy (x. ) Con i (X)Con ik (X)) 1)
+Sﬂg’)"”’(x,x’,x”)C,-,m(x)C,»,n(x’)Ck,p(x”)

=6(x=x")6(x=x")C; j (x) + [6(x' —x”)g(z) (x,x" ) CE" (X)) Cp s (X)) 1) +gl(..3j).k(x,x’,x”). (A4)

In particular, in the last line we defined
3 .1,

G, () = BB (. X)) () p (),

and we used the formula for ¢/® derived in Eq. (A3).

Finally, we observe that the last line coincides
with Eq. (20).

APPENDIX B: gBBGKY HIERARCHY AND
GENERALIZED LANDAU EQUATION FOR
LONG-RANGE INTERACTING HARD SPHERES

In this appendix, we explicitly write the main hydro-
dynamic functions for the hard-sphere model that permits
us to explicitly write the gBBGKY hierarchy and the
generalized Landau equation in this simpler case. The
hard-sphere gas is a classical system of billiard balls with
radius a and unitary mass. The rapidities of the particles in
the system are defined as the set of particle velocities. The
scattering shift is simply Ty o, = —a/2z. Hence, the
rotation matrix is given by Ry o, = 8y, o, + a/2mlg ny,,
giving p' = (1 + ap)/2z and ny = 2zpy/(1 — ap), being
p= f dfp,. Since in this model the rotation matrix can be
explicitly inverted, the dressing operator can be computed
explicitly RH_II,HZ = 0g, 9, — alg,py,, as well as the effective
velocity

peff — 0 —a fd9262p92
O 1—ap '

(B1)

The susceptibility matrix for this system is given by

Co, 0, = 0, 0,P0, + ap(ap —2)py,po,- (B2)

Hence, we can also compute its functional derivative with
respect to the density

Cg?ﬂz = 691’93 592,93 + a2p91p92 193
+ a(ap —2)pg,89, 9, + alap — 2)pp, 59, 0,- (B3)

This tensor is entering in the gBBGKY hierarchy as

iq

/ dos %,93 géz,?y(xl . X2)
_ 2
= (1 - ap)2gyy, (x1.%2)
~2a(1 - ap)py / drg, (r1.x). (B4)

The flux Jacobian Azf can be easily computed using the

explicit relations for the dressing operator, the rotation
matrix, and the effective velocity. We also define D as the
linear response diffusion matrix of the system, that for hard
spheres reads

0 _
@97 = 02(1 —ap) {591,92 /d93ﬂeg|1}91,93| — Pe, \Ue,.92| .
(B5)
Finally, we can explicitly write the generalized Landau
equation for the hard-sphere model. For simplicity, we

write it considering systems with vanishing total momen-
tum fdezgngz = 0,

1 N
Izrloss _ ﬂaz(l — a/'))3 / dkkz[V(k)}z

o /de a0 |”2§.9I| |U2£,93|
2d03 -
”52.93 (”2{, 92)2 ”2f,92(”5§,9, )2
X Bg 4 o5 (B6)
1 .
I;ellf:ﬂaz(l—a[))3/d03d92/dkk2V(vgf.93k)
br br br 2
o Y0,.0,%0,.0, (v6,.0,) 0,0
X (V(vgfﬂzk)3 — 2—2V(v}3§793k)7(2 = )23 '>
Yo,.0, Yo,.0,
X 827,92.93 ? (B7)
where we defined the bare velocity difference as vgf 0=

0, — 6, and where
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br — ,,br
391,92.93 = g,.0,9,P0,P0:P0,

+ 08 9.P0,00,P0,P0, + V5'9.P0,P0,00,00,- (B8)

APPENDIX C: ADDITIONAL DETAILS ON THE
NUMERICAL SOLUTION OF gBBGKY
HIERARCHY

In this appendix, we detail the numerical methods used
to produce the results shown in Fig. 6. Let us start from the
microscopic simulation of the hard-sphere system with
long-range interactions. The molecular dynamics is solved
using the algorithm introduced in Ref. [159], combining
symplectic integration of equation of motion and the explicit
solution of hard-core collisions. More precisely, we pro-
ceeded setting a time interval At¢g for the symplectic
integrator and computing the minimal time before the first
hard-core interaction in the system Aty ~min;{(x; | —x;)/
(0,1 —6;)}. At any time, if Atg > Afy,, we perform the

1
0,p9, = E/ dx, dO, V' (x; — xz)dglgfgz]?ez (x1,x2),

](1,2)

= /d93691 {/ dx3 V' (x; —x3)9919§9§?a3 (x2, x3) + V'(x1 = x2)(pg, Co, 0, + C£2,93g(921?y(x17x2))

)

+6(x; — x3) / dx3d@3 V' (x) — x3) <—C§,,ezay + (99, + 092)C£l,gz>gﬁ33 (x1,x3),

using a fourth-order Runge-Kutta method with time inter-
val equal to 0.02. In particular, we used a grid of 100 points
in space and rapidity in the intervals, with —10£ < x < 10&
and —7 < 6 < 7. The space interval has been chosen large
enough to have vanishing correlations at the boundaries at
any time, in order to avoid spurious reflective effects in the
dynamics of g(z). For t>t;, we instead solved the
generalized Landau equation. The precise value of 7
has been considered as a “fitting” parameter, hence fixed
in the interval & < t;, < £2, in order to accurately reproduce
the molecular-dynamics results.

For the data presented in Fig. 8, we use grid of 150 points
in rapidity space with —4.4hk,;/m < 6 < 4.4hk;/m. The
initial state presented in the inset of Fig. 8 is then evolved
for a short time using the expression for the intertube
collision integral provided in Supplemental Material [114].

2 1 5
6:9;1?92 (X] , xz) + |:(3XIAZ] g}’ﬂz (xl , x2) _ 5 ax1 @él g;(/ﬂ)z

symplectic integration of equation of motion using an
explicit Runge-Kutta method of order 8 implemented
by the DOP853 method in scipy.integrate.
solve ivp function with time step Atzg. If, instead,
Atg < Aty,, we perform the symplectic integration with
time step Afy,, and then we explicitly compute the hard-core
collision between the two colliding rods, i.e., exchanging
the colliding rods’ velocities. In particular, we choose
Atg =5 x 1073, This value guarantees the correct conver-
gence of the numerical method for the set of parameters
considered in the simulations. The results are averaged over
Ngym = 1000 initial configurations. The initial state is a GGE
state; see Ref. [141] for a detailed explanation.

We now discuss the solution of gBBGKY equations. In
the results shown in Fig. 6, we split the dynamics in two
stages, solving the system separately for r < ¢, and ¢ > 1.
For the small-time dynamics ¢ < t;, we solved the follow-
ing two gBBGKY equations for a hard-sphere system (see
Appendix B for the explicit functions),

(C1)

(1.2)

(C2)

From that dynamics, we extract the rate of decay of
log DT.

APPENDIX D: gBBGKY HIERARCHY FOR
INHOMOGENEOUS SYSTEMS

In this appendix, we write the first equations of gBBGKY
hierarchy for inhomogeneous systems. The derivation fol-
lows exactly the same procedure introduced in Sec. III. For
brevity reasons, we show here only the first two equations of
the hierarchy. Higher-order equations can be derived using
the same technique. We first consider the set of generic
equations, Egs. (11) and (12). Hence, the next steps are to use
the cumulant expansion for charge-current correlators (see
Sec. III B) and to factorize the singular component of few-
point functions (see Sec. III A). After these steps, the
equations read
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1.
a0+ 0, (4 axto) + St ) =

@ﬁﬁ,>Pﬂﬂmm+fW%Hm

— 5001 = 52) (g1 4 ) CH, (i) — [v'm —x2>A{,.o(<qj<x1>>c,-z,o+gﬁ?,2<x1,x2>ckqmcm,,-2,o)

i 2 2 3
+ @y - s, <<61j(x1)>9,('2,)o(x2’x3) o) (o) + 9

—5()(1 —XQ)/dX3V/(X] —X3) [_Cil,iz,jcj’kAZ,O +

with j7 = j; — Alg ;- Inthe last equation, we can observe few
important differences with respect to the homogeneous case.
First, the dynamical equation for density, Eq. (D1), gets more
involved, since now its nontrivial flow of particles is also
allowed. Itis important to observe that the first term on the rhs
is a generalization to the celebrated Vlasov forcing term. We
also observe that Eq. (D1) is coupled to two-point functions
also through the second term in the current cumulant
expansion, in the exact way as for the purely integrable
evolution; see the recent results in Ref. [113]. The equation
for two-point functions, Eq. (D2), has an additional nontrivial
contribution proportional to a Dirac § function, originating
from the complex propagation of initial local fluctuations,
also already introduced in Ref. [113].

APPENDIX E: EXTRA DETAILS ON THE
DERIVATION OF THE gBBGKY HIERARCHY

In this appendix, we detail the main steps needed in order
to derive Egs. (32)—(34) from the hierarchy Egs. (11)—(13)
written in terms of complete correlation functions. First, we
specialize these equations to homogeneous systems, hence
Eq. (32) gets particularly simple for g; being independent
on the space coordinate. In addition, the disconnected
forcing term is vanishing because of the symmetry of the
potential. Similarly, the singular contribution to two-point
functions is not entering in the equation since ¢'(0) = 0.
Equation (33) describes the evolution of regular connected
two-point functions. This equation is derived from Eq. (12)
by performing three main steps: expanding currents
through hydrodynamic projections, subtracting discon-
nected components, and finally separating singular and
regular parts of the correlators. The most involved part of
the calculation is related to the calculation of singular terms
on the rhs, i.e., proportional to the Dirac 6. Hence, in this
appendix, we describe the main steps of their derivation.
First, we compute the contributions coming from the & part
on the lhs of Eq. (12),

2
/ Qe V' (1 = 3)A% o (o)) (@0 (x2) + 6 32).
(D1)

T,XI,Xz)]

(1,2)

...
j j m.,n 2
<A{h05g + 5{]Af?2‘0> CjamC™ ] 9 (x1, x3), (D2)
|
8(xy = %2)0,Ci, ;. + {axla( x)AlC; ,2]
= 1 — X2 /dx% —X%
X Cll iy, /Cl kAzogfl())(xl’XS) (El)

where we used 6C; ; /(8q;), = C; ,, ;C/** and where we
used Eq. (32). The additional singular contribution to the
rhs of Eq. (12) comes from the singular part of the three-
point function (j; o(x)q;(y)qo)° for coinciding x, y. All the
remaining & contributions from the rhs are integrated, i.e.,
appear as regular terms. We now focus on Eq. (34). The
procedure to derive this equation follows the same logic as
Eq. (33), but here we simply stop at the leading-order terms
in O(V,, 1/&). First, we observe that, in the case of the
three-point function, the hydrodynamic projection formula
is more involved already for Euler scales as, for any local
observable 0, we have [123]

s,
<0(x)‘]j()’)CIk(Z)> - < ( )>1< ( ) (y>Qk( )>
5 (o(x)),
TSN 6lan @),

X (qm(x)qi(2))(qi(x)q;(v))*. (E2)

More precisely, in this equation, the regular part of the
second term on the rhs appears as higher order in V(, with
respect to the regular part of the first one, hence we did not
explicitly include it in Eq. (34). Then, we proceed to
separate the singular part from it. In doing that, we used
the following simplifications coming from homogeneity:
a,Ci’j’k ~ O(V%) and 6XC,~.j.k =0.
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1. Derivation of the equation for the three-point
functions

In this section, we derive the rhs of Eq. (49). As a starting
point, we consider the rhs of Eq. (34). In particular, it turns
out to be writable in a more convenient way as

A?”Cm.j.p
_8in

Ccra — C,;j.mC’"J’A?, + H;""quJ
4 5<C]m_>1_ 6 [&%?1] 8(jph1
5<qm>15<qq>1 op’ 5<qp>1 op’ 5<¢]q>1
+ 52(]:’)1 5<qm'>1
5(qm)16(qq)1 P
_52<ji>1 5pr _ o |:5<Qi>l:| 5(jp)1
SpIPP 6(ag)  Sap)i L O | agh
= (9i9;ip){C"" = (0:9;9m) 1 C"P A} = (0:9;J,){CP.
(E3)

where we used that AC = CA’. Here, we defined
Ji =Ji—Alq;. Hence, as shown in Ref. [141], in the
quasiparticle picture it turns out to be equal to

(4:,07)5CP9 = / 46, d0,h,(0,)h;(0)M% , h9(05),

(E4)
with the M tensor defined in Eq. (46).

2. Solutions with Green’s function method

The aim of this appendix is to justify the solution
Eq. (60), which is crucial for derivation of the generalized
Landau kinetic equation. Our starting point is the following
equation (we suppress upper indices for lighter notation):

0:90,.0,(2) + 0, (Aélgy.ez(Z) - Aézgal,y(Z)) =8y, 0,101(2).
(ES)

We start with moving to normal modes in order to

diagonalize A operators gy 4,(z) = R;I’J:l R;;ég& &(2)
and similarly for Sy 4,[p](z). We get an equation

0,30, 0,(2) + 6, 0,0.90, 0,(2) = Sp, 0,1p](z).  (E6)

for which the Green’s function can be found with Fourier
transform and reads

G‘glyg2 (Z, Z/; 1, [/) = 5(Z + Z/ - Ugly92t)9[.1(l - t/), (E7)

where 0 is the Heaviside step function. Hence, we find

— t dk ik - .
991,92(2) :/dZ/A d‘[/ge (z+2'=vg, 0,7)

x 8o, P11 =) (E8)

Finally, we rotate back to gy ¢,(z) to obtain the final
result Eq. (60).

APPENDIX F: COMPUTATIONAL COMPLEXITY
OF gBBGKY AND GENERALIZATION TO
MULTISPECIES MODELS

In practical applications, evaluating the gBBGKY
hierarchy requires numerically solving a set of coupled
integro-differential equations. To assess the computational
complexity of this framework, let us consider the numerical
cost of solving the hierarchy truncated at the second layer,
meaning we retain the coupled evolution of the one-point
root densities and the two-point correlation structures,
Egs. (47) and (48), while higher-order connected correla-
tions are set to zero. For an integrable model with a single
quasiparticle species, such as the hard-rod gas or the
repulsive Lieb-Liniger gas, the state is parametrized by a
single rapidity variable . Numerically, the rapidity space is
discretized into N, grid points. The computational bottle-
neck in solving the hierarchy lies in the standard gener-
alized hydrodynamics dressing operations, which require
matrix inversions that scale polynomially with N,. For
more generic integrable models that feature bound states,
such as the Heisenberg XXX spin chain or the attractive
Lieb-Liniger model, the excitation spectrum is significantly
richer. In the thermodynamic limit, these bound states
are classified as “strings” of length n, where ne&N.
Consequently, the thermodynamic state is no longer
described by a single root density, but rather by an infinite
set of root densities p, (). The algebraic structure of the
¢BBGKY hierarchy remains identical, but the integration
over the rapidity space is formally upgraded to include a
sum over all string species: [df — >, [df. In any
numerical implementation, this sum must be truncated to
a maximum string length n,,,. This truncation dictates the
scaling of the computational cost. For the first layer,
Eq. (47), instead of a single density p(@), the solver must
track and update n,,,, coupled root densities p,,(8). For the
second layer, Eq. (48), the two-point correlation structures
now involve cross-correlations between different string
species n and m. Therefore, the solver must track an n,,,, x
nyax Matrix of coupled two-point functions. Effectively, the
dimension of the local rapidity grid expands from N, to
nmaxNg- Hence, with this truncation, the total number of
dynamic variables at each spatial grid point scales as
O(n?,). Correspondingly, the matrix operations required
for the dressing transformations and the convective trans-
port will scale polynomially with this expanded grid size.
While this O(n2,,) scaling makes the numerical integration
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for generic multispecies models computationally heavier
than for single-species models, it is crucial to emphasize
that the scaling remains strictly polynomial, i.e., the
framework does not introduce any exponential bottlenecks.
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