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Topological and crystalline orders of electrons both benefit from enhanced Coulomb interactions in
partially filled Landau levels. In bilayer graphene (BLG), the competition between fractional quantum
Hall liquids and electronic crystals can be tuned electrostatically. Applying a displacement field leads to
Landau-level crossings, where the interaction potential is strongly modified due to changes in the orbital
wave functions. Here, we leverage this control to investigate phase transitions between topological and
crystalline orders at constant filling factors in the lowest Landau level of BLG. Using transport
measurements in high-quality hBN-encapsulated devices, we study transitions as a function of
displacement field near crossings of N = 0 and N = 1 orbitals. The enhanced Landau-level mixing near
the crossing stabilizes electronic crystals at all fractional fillings, including a resistive state at v = % and a
reentrant integer quantum Hall state at v = % On the N = 0 side, the activation energies of the crystal and
fractional quantum Hall liquid vanish smoothly and symmetrically at the transition, while the N =1
transitions out of the crystal appear discontinuous. Additionally, we observe quantized plateaus forming
near the crystal transition at half filling of the N = 0 levels, suggesting a paired composite fermion state

stabilized by Landau level mixing.
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I. INTRODUCTION

A two-dimensional electron liquid in a magnetic field
exhibits the classical Hall effect, where the Hall conduct-
ance o,, depends only on the electron density and the
magnetic field, independently of interactions. However,
breaking Galilean invariance can decouple o,, from these
parameters. In the well-known quantum Hall effect [1-4],
weak disorder stabilizes plateaus of constant o, around
specific ratios of density and magnetic field. A more
dramatic manifestation of Galilean symmetry breaking
arises when Coulomb interactions drive electrons into a
Wigner crystal (WC) [5]. The spontaneous breaking of
translational symmetry in this phase enables the Hall
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conductance to deviate significantly from its classical
value, even in the absence of disorder [6].

WCs with classical symmetry-breaking order compete
against fractional quantum Hall (FQH) states exhibiting
topological order at non-integer values of the filling
factor v [7-12]. Both types of phases benefit from
enhanced Coulomb interactions as the kinetic energy is
quenched in a magnetic field. In the lowest Landau level,
WCs arise at very low fillings or, in the form of reentrant
states, close to unit filling. They have been reported in
multiple quantum Hall platforms, including GaAs, AlAs,
7Zn0O, and graphene systems [13-24]. Tuning the filling
factor results in phase transitions from WCs to FQH
states, which are governed by localization due to dis-
order. The bulk consists of WC and FQH puddles,
leading to a network of edge channels that percolate at
the transition point.

A fundamentally different transition between FQH and
WC, driven by interactions instead of disorder, can occur
at constant filling [25,26]. Precisely at specific, rational
values of v such as % or %, FQH liquids and WCs can both
be stabilized even without disorder. The balance between
these phases then depends on the interaction potential,
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FQH-WC and FQH-RIQH competition at Landau-level crossings. (a) Evolution of symmetry-broken LLs with displacement

field. (b) Illustration of crossing N = 0 and N = 1 Landau levels as a function of D. (c) Transverse and longitudinal conductances, G,
and G,,, as a function of D, show the transition from the v = %plateau to an insulating state and back. (d) G,, and G, as a function of D
showing the transition from the v = plateau to the RIQH effect and back. (e) Numerically obtained energies in units of Coulomb
energy of competing Laughlin FQH and WC states as a function of D relative to the crossing point 0D. Here, ¢ is the permittivity and £’
is the magnetic length. For strong positive or negative 6D, the FQH is energetically favorable in pure N = 0 and N = 1 levels, while the

WC is favored near the crossing.

which is affected by virtual excitations of electrons into
nearby Landau levels. Several theoretical studies predict
that Landau-level mixing (LLM) promotes WCs [26-28].
A recent experimental study in AlAs quantum wells
observed WCs in low-density samples and FQH states in
higher-density samples at the same filling factor [21,29].
In that approach, LLM is tuned in discrete steps, each
corresponding to a different sample. To study the phase
transitions between WC and FQH at fixed filling, it
would be important to realize both phases in the same
sample and tune between them continuously. In particu-
lar, the evolution of observables (such as the gap) across
the transition could determine its order and universal
properties. Graphene-based van der Waals heterostruc-
tures offer a natural arena for probing this physics. Their
electrostatically controlled carrier density could realize
the transition in a single device. Bilayer graphene (BLG)
offers additional tunability due to its Landau-level spec-
trum’s dependence on displacement field. In BLG at a
fixed out-of-plane magnetic field, applying a displace-
ment field D lifts the valley degeneracy of the spin and
orbital polarized LLs, generating various LL crossings
within the eightfold zeroth LL of BLG [Fig. 1(a)]. At
moderate D, the phase diagram exhibits sixteen crossings,

which have been studied previously [30-34]. At much
larger |D|, additional, recently observed crossings emerge
[35-38]. These involve LLs with identical spin and valley
quantum numbers but different orbital indices, a configura-
tion that can enhance LLM.

In this study, we take advantage of those large-D
crossings, observing FQH-WC transitions tuned via the
displacement field D at many filling factors. The WCs
occur over a range near a crossing of two Landau levels
with equal spin and valley but different orbital quantum
numbers, N =0 and N = 1. They are flanked by FQH
states on either side of the crossing. We observe that the
activation energies of FQH states and WCs at fillings such
as v =1,%.% vanish continuously at the transition occur-
ring at smaller |D| and evolve more sharply at the higher
|D| transitions. Remarkably, at half fillings, we observe the
formation of incompressible states as intermediate phases
between the composite Fermi liquids and the WCs.

II. COMPETITION BETWEEN FQH LIQUIDS
AND ELECTRONIC CRYSTALS

Our two devices (D1 and D2) consist of hBN-
encapsulated BLG with top and bottom graphite gates,
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allowing for the independent control of v and D (see
Appendix A). After fabrication into Hall bars, the devices
were measured in a top-loading dilution refrigerator with a
base temperature of 7 = 10 mK and a magnetic field of
up to B =12 T. The data shown in the manuscript are
primarily from D1 and are consistent with those of D2; see
Supplemental Material data at [39].

The essence of our results is captured in Fig. 1. At
very large displacement fields (|D|= 500 mV/nm at
12 T) lead to an inversion of the N =0 and N =1
levels with the same spin and valley quantum numbers
[35]. The N =0 levels fully reside on one graphene
layer, and thus, their energies are affected more strongly
by the displacement field rather than the energies of the
N =1 levels, which have nonzero weights on both
graphene layers. At D =0, the N = 0 levels have lower
energy than N =1 with the same spin and valley
quantum numbers, hence the electron-doped levels
(v>0) cross at large |D| (2500 mV/nm at 12 T)
[35]. At fixed fractional filling factors 0 <v <1 and
2 <v <3, the character of the partially filled level
changes from N =0 at low D to N =1 at larger D
through an avoided crossing, as illustrated in Fig. 1(b);
see also Appendix B4 for the calculation of Landau

levels energies as function of displacement field. At v =1

3
and v zg, FQH states form on either side of the
crossings. Figures 1(c) and 1(d) show well-quantized

fractional Hall conductances G,, =3 and G, =1,

respectively, in units of e?/h, while the longitudinal
conductances satisty G,, < G,,. Between these FQH
regions, the transport properties change qualitatively,

indicating phase transitions into a WC at v :% and into

a reentrant integer quantum Hall (RIQH) state at v = %;
see Figs. 1(c) and 1(d). Atv = % G,y ceases to be quantized
and decreases, while G, increases and becomes comparable
to G,,, consistent with a weakly pinned WC
[13-15,19,21,22,40-43]. We attribute the nonzero values

of G,, and G,, to geometrical properties of the device and
7

the measurement parameters (see Sec. 1 in [39]). Atv =3,
the Hall conductance becomes integer, G,, = 2 with zero
G, as expected for a RIQH state. It can be regarded as a WC
in the partially filled level on top of an integer quantum Hall
effect from the fully filled levels [11,44-46]. Near the
transitions between FQH and WC or RIQH behavior, the
longitudinal conductance exhibits narrow peaks; for data
from D2, see Sec. 2 in [39].

The physical origin of the WC is illustrated in Fig. 1(b).
By forming superpositions of N =0 and N = 1 orbitals,
electrons can form more narrowly localized wave func-
tions, which are favorable to Wigner crystallization.
Figure 1(e) shows a Hartree-Fock calculation comparing
the energies of two WCs to the v :% FQH state for

unscreened Coulomb interactions. We consider two dis-
tinct WC trial states that are favored in different regimes.
The first WC (WC1) incorporates the narrowly localized
wave functions by mixing states with the same angular
momentum and is favored at the Landau-level crossing,
while FQH states have lower energies on either side of it.
The second WC (WC2) is formed of superpositions of
states with the smallest angular momentum and is favored
over WC1 in a pure N =1 level, where the lowest
angular momentum state of WC2 is more localized than
the zeroth angular momentum state of WCI; see
Appendix B for details. For small deviations of the
displacement field 6D = D — D, from the level crossing
point D,, the WCI is energetically favored; for large
|6D|, the Laughlin state has the lowest energy. The
numerical results shown in Fig. I(e) capture the
transition qualitatively, but find WCI1 being favorable
over a wider range than is observed experimentally.
This discrepancy arises most likely because the energy
of the v = % state is overestimated by the Laughlin wave
function, which best captures the ground state of N =0
without LLM. For a further discussion of this point and
additional numerics using screened Coulomb inter-
actions, see Appendix B 4.

III. FQH-WC-FQH TRANSITION AT v=1/3

Figure 2(a) shows R, as a function of filling factor and
displacement field at B =12 T and 7 = 10 mK. At low
|D|, we observe a myriad of Jain states that are replaced by
half-filled states in two pockets around D ~ +120 mV /nm.
Additionally, quarter-filled states have been observed in
the same device at larger B [34], attesting to the high
quality of the device. The FQH states at low |D| are
separated by resistive (large-R,,) regions. These regions
smoothly connect to a resistive strip extending over
all fillings at |D|~800 mV/nm. The resistive strip
follows the expected crossing of partially filled N =0
and N =1 levels, indicated by the white dashed line
whose slope reflects the different Coulomb energies
of uncorrelated electronic liquids in N =0, 1; see also
Appendix B. The onset of the resistive region at the
lower |D| boundary is relatively gradual, in contrast to
a much sharper higher-|D| boundary. Positive and
negative displacement fields show similar behavior;
we focus on negative D, where the electrostatic doping
of the contacts is optimal. Figure 2 shows data from D1;
see Supplemental Material Sec. 4 in [39] for data
from D2.

The longitudinal resistance at v = %,%,% at D=
—500 mV/nm increases with temperature as expected
for FQH states; see Fig. 2(b). In contrast, the resistance
decreases between those fillings, which we interpret as
the formation of WCs, consistent with earlier STM
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FIG. 2. FQH-WC-FQH phase transitions. (a) R,, as a function of v and D showing the disappearing and reemerging FQH states.
Black dashed lines indicate data shown in panels (b) and (c). The white dashed lines indicate the expected crossing of partially filled
N =0 and N = 1 levels. Colored labels mark quantum numbers of Landau levels. Crossings at lower |D| were omitted for clarity.
(b) and (c) R, as a function of v for different temperatures at D = —500 and D = —550 mV /nm, respectively. (d) Arrhenius plot of R,
highlighting the opposite temperature dependence of R,, above and below D, ;. (e) Activation energies of FQH and WC states at
V= % showing the FQH-WC-FQH transition. Closed circles were obtained by fitting to R, « exp[E,/(2kgT)], open circles

with R,, o exp {—[A/(2ksT)]}.

measurements at lower |D| [23]. Upon raising the
displacement field toward the resistive region, the temper-
ature dependence at v = % reverses; see Fig. 2(c) and the
Arrhenius plot in Fig. 2(d). See Sec. 8 in [39] for the
corresponding  R,,. Similar reversals occur at other
fillings above different displacement fields; see Sec. 7
in [39]. 2D plots of R, as a function of v and D
measured at different temperatures are shown in
Supplemental Material Sec. 14 in [39]. Based on these
findings, along with nonlinear [-V characteristics
(Sec. 10 in [39]), we attribute the resistive strip to a
single WC extending over all filling factors. This
interpretation suggests that transitions between FQH
states and WCs occur along many trajectories of
constant v.

Figure 2(e) shows the activation energy extracted from
the temperature dependence of R, for v :% at different
displacement fields. Specifically, we fit R, o« e=2/2ksT
when the resistance increases with temperature, above
D.;=-535 and below D, =-890 mV/nm. In
between, the resistance decreases, and we use R,, «
etEa/2ksT 1522 47 48]. Starting in the FQH regime

above D, the activation gap A gradually closes upon
approaching the transition. On the other side of this
transition, E, characterizes the strength of the WC and
sets on with a slope mirroring the FQH activation gap. In
contrast, near the D, , transition, E, drops sharply and A
opens very slowly.

In between v = % and v = %, at v = (.35, the sample is
always resistive and E, gradually increases with |D|.
Eventually, it merges with that at v = % At D, ,, E, drops
sharply, indicating a transition into another resistive state.
The observed FQH-WC-FQH transition follows the
increase of the LLM parameter k(D) = Ec/A(D), as the
N =0 and N=1 LLs approach. From activation gap
measurements at the v = 1 crossing, we obtain A ~ 10 K,
corresponding to k = 60, substantially larger than typical
values in other platforms (x &~ 10 [21]; Sec. 11 in [39]). For
a discussion of R, as a function of 1 < v <2 and D, see
Sec. 13 in [39].

IV. FQH-RIQH-FQH TRANSITION AT v=7/3

Figure 3 repeats the R, measurements shown in Fig. 2
in the partially filled Landau level 2 < v < 3. Oppositely
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FQH-RIQH-FQH phase transitions at 2 < v < 3. (a) R, as a function of v and D showing the disappearing and reemerging

FQH effect. Colored labels mark quantum numbers of Landau levels. Crossings at lower | D| were omitted for clarity. (b) and (c) R, as a
function of v for different temperatures at D = —420 mV/nm and D = —600 mV /nm, respectively. (d) Arrhenius plot of R, showing
similar temperature dependence of R, above and below D, ;. (e) Activation gaps of FQH and RIQH states across the two transitions. All

gaps were obtained by fitting R, o« exp {—[A/(2ksT)]}.

to the previous case, the strip separating the N = 0 FQH
states at moderate |D| from the N = 1 FQH states at large
|D| has R, = 0. This difference arises due to the presence
of two filled Landau levels contributing 2(e?/h) to the
Hall conductance. Consequently, R, =1 (h/e?) and
R, = 0 when the partially filled level realizes a WC—
the RIQH effect [11,46,49].

Figures 3(b) and 3(c) show the temperature depen-
dence of R, as a function of v for D = —420 and
D = —600 mV /nm, respectively (see Sec. 9 in [39] for
R,,). Atv = % Figs. 3(b) and 3(c) correspond to the FQH
and RIQH states, respectively, both showing R, increasing
with temperature; see also the Arrhenius plot in Fig. 3(d).
The activation gaps as a function of the displacement field
are shown in Fig. 3(e). At the D.; = =520 mV/nm
transition, the gap closes symmetrically from both sides.
At the D., = —750 mV/nm transition, the RIQH gaps
drop abruptly, and the FQH sets on very slowly, similarly to
the behavior at v = % The emergence of a gap at v = % at
D < —1000 mV/nm confirms a transition to an orbital
index of N =1, a prerequisite for the emergence of
half-filled states in BLG [31-34]. For a discussion of
R, as a function of 3 <v <4 and D, see Supplemental

Material Sec. 13 in [39]. For the hole side, see Sec. 16
in [39].

V. HALF-FILLED STATES
AT LANDAU-LEVEL CROSSINGS

Lastly, we turn our attention to the half-filled Landau
levels at v =1 and v = 3. Specifically, Figs. 2(a) and 3(a)
show faint features at these fillings just above the WC or
RIQH regions. Figure 4(a) shows a higher-resolution R,
map focusing on v = % close to the FQH-WC transition. The
dashed line indicates a cut along which R,, and R,, are
plotted in Fig. 4(b). For clarity, we show data from Device 2
here; see Supplemental Material Sec. 6 in [39] for data from
Device 1. Atv = % R, develops a minimum, accompanied
by a clearly resolved plateau in R,,. Atv = % there is also a
clear minimum in R,,, along with a plateau R, as shown by
the linecuts in Fig. 4(d). The emergence of these half-
filled states can be understood as the mixing of N = 0 with
N =1 orbitals, which favor pairing. This picture is con-
sistent with numerical studies supporting pairing in N = 0
levels when LLM is included perturbatively [50]. The
resulting ground state is likely a non-Abelian 221 parton
state [51-53].
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FIG. 4. Half-filled states at Landau-level crossings. (a) R, as a
function of v and D centered around v = % The R,, minimum at
v= %is marked by a black arrow. (b) R, and R, as a function of
v at D =—-660 mV/nm, clearly showing a minimum and a
plateau, respectively. The dashed line marks the expected R,,
value for v = % (¢) R, as a function of v and D centered around
v =3. The R,, minimum at v = 3 is marked by a black arrow.
(d) R, and R, as a function of v at D = —680 mV /nm, clearly
showing a minimum and a plateau, respectively. The dashed line

marks the expected R,, value for v = %

VI. DISCUSSION

The crossing of N = 0 and N = 1 levels with identical
spin and valley is a unique feature of BLG at a large
displacement field. Tuning across this level crossing
allows continuous control over the LLM, enabling us
to observe two manifestations of electronic crystals: The
WC for 0 < v < 1 and the RIQH state for 2 < v < 3. In
particular, a single WC phase extends over the full range
of fillings, indicating a WC of electrons and not of
holes or composite fermions. At fillings supporting
FQH plateaus at weaker displacement fields, we observe
that the activation energy vanishes continuously upon
approaching the WC or RIQH phase, e.g., see black data
in Fig. 3(e). On the other side of this phase transition, the
energy scale of the electron crystal states mirrors this
behavior. In between plateaus, the WCs extend smoothly
to low displacement fields while the RIQH states tran-
sition into resistive states, as can be seen in gray data
in Fig. 3(e). Qualitatively different behavior occurs at
the second transition at larger displacement fields. The
energy scale of the electronic crystal drops sharply

at all fillings, and the phase boundary evolves smoothly
with v. Observing a sharp transition at generic fillings,
where a gradual crossover from a WC to a diffusive state is
expected, could indicate an intermediate phase, e.g., a
competing crystalline state undergoing a first-order tran-
sition into the primary WC. However, despite the sharp-
ness of the second transition, we did not observe any
hysteresis in the transport coefficients; see Sec. 12 in [39].

These measurements strongly suggest that electron—
electron interactions are the dominant factor in the
observed transition, but cannot rule out that disorder also
plays a significant role. In particular, the transport between
plateaus at low displacement fields is likely to be diffusive.
At these fillings, there is no sharp transition into the Wigner
crystal, but a smooth crossover, cf. Fig. 3(e). Consequently,
disorder is likely to play a role for any v, D and transport
measurements cannot directly disentangle it from interac-
tion effects. Still, the occurrence of the transitions at fixed
electron density and sample temperature cannot readily be
accounted for by disorder alone. The interaction-driven
interpretation is further supported by our observation that
WCs extend over all 0 < v < 1, in stark contrast to semi-
conductor structures. This behavior is precisely what one
expects for WCs stabilized by strong mixing with the
nearby empty level near the Landau-level crossing, which
can only benefit WCs of electrons but not of holes. Finally,
the emergent displacement-field-dependent energy scale in
our activated transport measurements also indicates an
interaction-based mechanism.

In addition to promoting electronic crystals, LLM also
facilitates pairing of composite fermions at half filling. At
V= % and %, the composite-Fermi liquid at moderate
displacement fields transitions into a paired state with a
clear FQH plateau, before the orbital index changes. Even-
denominator states at Landau-level crossings were previ-
ously observed in GaAs hole systems [54]. There, two
N =0 levels formed by light and heavy holes cross, in
contrast to the N =0 and N = 1 levels crossing in BLG.
The nature of the pairing in either case is not understood
and will be an interesting question for future studies.

Our work highlights important directions for future
research into the interplay of topological and symmetry-
breaking states. First, the structure of the electronic crystals
at high |D| should be established directly. Additionally, the
nature of the first transition, which appears to be continuous
in our measurements, was not conclusively established
in this work. Its systematic study would provide crucial
insights into the mechanism of phase transitions between
topological and conventional orders, including that between
Chern insulators and charge density wave states [55-57].
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APPENDIX A: MATERIALS AND METHODS

The heterostructures used in the two studied devices
were fabricated using the well-known dry-transfer stacking
technique [59]. The flakes of hexagonal boron nitride
(hBN), BLG, and few-layer graphite for the gates were
exfoliated on a silicon substrate with a 285-nm SiO, layer.
A polydimethylsiloxane stamp covered with polycarbonate
(PC) was used to pick up the top graphite flake and then,
subsequently, hBN, BLG, hBN, and bottom graphite flakes
from the substrate. The heterostructure, along with the PC
film, was then placed on a clean substrate of the same kind.
The substrate was cleaned in chloroform for 2 h to remove
residual PC. The heterostructure was then vacuum annealed
at 400 °C for 3 h and an AFM tip in contact mode was used
to iron the heterostructure [60] and determine the thick-
nesses of individual flakes. The desired geometry was
achieved by dry etching (O, for graphite gates, CHF;/0,
for hBN) [61]. The BLG layer was then contacted using
one-dimensional edge contacts [61]. Special care was taken
to improve the contact quality by optimizing the ratio of
chromium (2-3 nm), palladium (13 nm), and gold (70 nm)
and depositing them at an angle of ~15° while continuously
rotating the sample, leading to a low contact resistance of
~150 Qum. After deposition, a lift-off procedure was
performed in acetone and IPA. The final device’s optical

image is shown in panel a of Fig. S1 in Supplemental
Material Sec. 1 at [39]. Four-probe resistance measure-
ments were performed using the standard lock-in technique
at 3.11 Hz frequency. The measurement scheme is shown in
Fig. S1(b) in Sec. 1 in [39]. The measurement setup is
placed in a shielded room and all ground loops were
eliminated, thus reducing the electrical noise level.

All measurements were performed in the n—D phase
space with the desired values converted to top and bottom
gate voltages according to

dypN 1o ne

_ top

Vtg - D) -D |+ VCNP.top’
E€hBN €0

d
ng = —BTbottom E +D )+ VCNP bottom (Al)
&N \2€) '

where dpN (top.bottom) are the top and bottom hBN thick-
nesses, e,pn = 3.9 is the dielectric constant of hBN, and
VeNP(top.bottom) 18 the top and bottom gate voltage corre-
sponding to the charge-neutrality point of the device.

The device geometry reveals the origin of meandering
artifacts in our R,, data. Because of the placement of the
different gates, we obtain several interfaces at the edge:
From the actual Cr/Pd/Au contact to a silicon-gated region
on to another region that is gated by the graphite top gate
and the silicon gate, and then the actual device. At negative
(positive) D on the hole (electron) side, the silicon bottom
gate is at a negative (positive) voltage, and the graphite top
gate is at a positive (negative) voltage, thus depleting
the contact region of charge carriers, resulting in large
contact resistance and, eventually, the artifacts seen in our
R, data.

APPENDIX B: DETAILS OF NUMERICAL
CALCULATIONS

1. BLG single particle Hamiltonian
a. Four-band model

The transition from FQH to WC occurs when two
BLG Landau levels, N =0 and N = 1, with the same
spin and valley approach each other as the displacement
field D changes. To describe the evolution of these
levels, we closely follow Refs. [30,62—-64] and use the
values of parameters from Ref. [30]. In the basis
¥ = (yu, Wy, yp wa), the BLG Hamiltonian in the K
valley is given by

3 O a’ n a'
0 - #}0 ’;—3 a a
Hl == Cl)() a 4 a% u + A 71 ’ (B])
70 2w wp wp
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with u the on-site energy difference between the two layers
controlled by displacement field, and y, = —2.61, y; =

0.361, 74 = 0.138, A = 0.015, and wy = /3 (ap/ €)7o~

0.0306+/B[T] eV, where the distance between the two
layers is ag = 0.246 nm, while the Coulomb energy
scale is E, = [¢*/(4ne|lp)] ~ 8.58+/B[T| meV. We take
the dielectric constant as e¢; = 3¢, [30], resulting in
u~0.082 meV x D [V],

The eigenvectors of H; spanning the zeroth Landau level
are of the form

Wn-0) = (10),0,0,0),
[¥y-1) = (CA[1).0.C3[0). C3[0)).

(B2)

where |n) = [a’]"/+/n!|0) are the nth Landau level orbitals
of nonrelativistic particles. We restrict the Hamiltonian
to the space spanned by |¥) = (C}|1) + C%]0),0, C%|0),
C5,10)). Then, the effective Hamiltonian acting on the
vector (CY,C}, C%.CY) is

L0 0 0
0 4 @ C()()y—4

Hy, = > ool (B3)
0 0)0% 14! —-5+A

The eigenvalue corresponding to |Py_g) is Ey—o = (©/2).
The spectrum of the lower 3 x 3 block has two solutions
with energies |¢| > y; > @, and one, Ey_,, that is close to
En_ [65]. In the experimentally relevant regime where y,,
y; are much greater than other energy scales, we obtain the
approximate single-particle energy of the N = 1 state as

u
En- —2—nu+n<A—2M>,

Ve (B4)

where n = (03/73) # 7.2 x 1073B[T].

The energy difference between the N =0 and N =1
levels is further offset by the Lamb shift [65]. We take the
value from Ref. [30], i.e.,

. 17/B[
Argon, = 1+5.98//B[T] meV

Adding this energy to Ey_; and using the parameters
specified above, we find that the Ey_; and Ey_o levels
cross at Dy =343 ™ for B = 12T consistent with
Ref. [35] and the boundary of the resistive region in
Fig. 2(a) in the main text. The energies of the Landau
levels are plotted in Fig. 5.

The N = 0 wave functions reside on a single layer of
BLG, while the N =1 wave functions generally have
contributions from both; cf. Eq. (B2). We thus express

(BS)

Energy of the zeroth LLs of BLG

-400 -200 0 200 400
D [mV /nm]
FIG. 5. The energies of the eight Landau levels of bilayer

graphene are plotted as a function of D. The level crossings of the
N =0 and N =1 Landau levels with the same spin and valley
occur at |D| =~ 343 mV /nm. The partially occupied Landau level
in the range 0 < v < | is marked in gray for reference.

the spatial wave functions as two-component vectors,
whose entries describe the two layers, i.e.,

(DN:O,x0<r> = <¢0’)8(r)>,
o= (o)

Here x, is the guiding center coordinate, and ¢, is
the standard nth LL wave function in the Landau gauge.
The angle 0 parametrizes layer polarization of the N = 1
BLG LL as P, = cos® @ — sin® §. At weak magnetic and
displacement fields, the polarization is approximately given
by P; = 1-2n~ 1 —0.014B[T] [66]. In the experimentally
relevant regime D < 10% [2Y], ¢ can be assumed to be
constant and we take P; = 0.84, calculated from the four-
band model at B = 12 T.

b. Avoided level crossing

We are concerned with the system’s fate near the
crossing of N =0 and N =1 levels, described by the
effective Hamiltonian

H, = Z(EN:WLOCLXO + EN:OCS,XOCO,XU)’ (B7)

Xo

where cy ,, is the annihilation operator of a BLG electron
in the Landau gauge. Experimentally, we observed that
these levels experience an avoided crossing due to the term
not present in the ab initio model Eq. (B1). Hence, we

011039-8
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introduce the coupling 7 between N = 0 and N = 1, whose
value we infer experimentally to be 7 = 0.65-1.2 meV in
Sec. 11 in [39]. The final effective Hamiltonian reads

i ¥
Hy = Z[e(co,xoco»xo - Cl,xochxo)

X0

+ T(C[,xoco.xo + c(’;,xocl.xo)}’ (Bg)
where € = [(Ey—og — Ex—1)/2] depends linearly on the
displacement field. Reducing the displacement field
D < Dy, the system moves away from the transition. In
the regime 06D = D — D < 0, the occupied level predomi-
nantly consists of N =0 BLG LL. In the opposite limit,
oD > 0, the character of the occupied level changes
to [N = 1).

c. Density operator and form factors

We expand the creation operator of electrons restricted to

the N =0, 1 states as w'(r) = Y y_g1 Do, Chrgy @iy (1),
where ® - are given by Eq. (B6). Then, the projected
density operator is

o) = [ & pr)en

v

= > Fy@lAy, (@) (B9)
N,.N,=0,1

ANth (q) - Zc;r\/l,xo+q_ch xo—ﬁelxoqx (BlO)

X0

where we set the magnetic length to unity. The operator
AN]N2 has the meaning of the projected guiding center
coordinate density. The functions f%f(q) are BLG form

factors and are given by
1 4y 4y ix
Fita) = [erof, (x-2.) oy (1 L)oo
(B11)

In our case, we only need those with N, N, € [0, 1], which
are given by

Fy=F), Fl = cos(0)F},

Fl =cos?(0)F} + sin?(9)F, (B12)

in terms of standard Landau level form factors [67]

I’lz! qx+lq) #1=mh ny—n, |q|2 _la?
_<T> L\ %)

(B13)

Fp(q) =

2. Hartree-Fock approximation

The two-body interaction Hamiltonian is given by

= 2/d p(@)V(lal)p(-q). (C1)

(2np”

where V(|q) = [(27)/€](1/|q]). We define the effective
Hartree and Fock potentials as

Vgl,Nz,N’],N’( q) = U(Q)}—N?(Q) N (_Q) (C2)

1 o
Vgqusz,]’N,2<q) = E/LFPVEI.N;,NIPNZ(I))E (Pxqy P,vq,x).
(C3)

Then, within the Hartree-Fock approximation, the
expectation value of the energy is

< 22 N1N2

{N}

N1 No.N/ NS (|Q|)AN’ N, (—q),
(C4)

where V¥ = VH — VFand Ay, v (q) = (Ay, x,(q)) is the
expectation value of the guiding center density operator.
The cohesive energy is then expressed as the energy per
particle E,., = (H)/N,.

a. Background energy

To compare the energies in different Landau levels
(LLs), we compute the total energy E,, = E., + U, which
includes the cohesive energy and the energy of an uncorre-
lated liquid at the same LL fillings. We consider Wigner
crystals formed from the superposition of N = 0and N = 1
states, i.e., from |¥(a)) = cosa|®y_g) + sina|®y_;).

The energy of the uncorrelated liquid at filling v in the
Landau level given by |¥(a)) orbitals is

_ dq
U, ==5 [ S viaDIF @)
= z:azv1 aNZFN?(q) (C5)
Ny.N,

where F,(q) are the form factors of |¥(a)), and ay =
cos(a) and a; = sin(a). For Coulomb interactions in units
of E., we obtain

U ()
U=-3 | dalz (P
0

= UN:O =+ sin4 a(UN:I - UN:O)? (C6)

where the last equality used results derived in Sec. F 1 to
express the energy in terms of the energies of Laughlin
states in the Nth BLG LL, i.e.,
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v |
Uv=0="31/2

Uy, = _g \/§[4 sin 0 + 3 cos* 4. (C7)

In Figs. 2(a) and 3(a) of the main text, we indicated the lines
in the v—D plane where the energies of N =0 and N =1
Landau levels filled with uncorrelated liquid at filling v
cross. They are obtained as the solutions D(v) of

En—o(D) + Uy=(v) = Ey=1(D) + Uy=i(v),  (C8)
where Uy is evaluated for the screened Coulomb poten-
tial Eq. (E1).

3. Trial states

We now define the trial states for the FQH and WC
phases in terms of |¥(a)). For the WC phase, we consider
electrons localized at the sites of a triangular lattice. The
FQH liquid at v = % is represented by the Laughlin wave
function.

a. FQH states in two Landau levels

The Laughlin state at v = % in the lowest LL is descri-

bed by the wave function Wo({z;}) = [;<x(z; — z)*
To obtain the corresponding nth Landau level wave
function, we apply raising operators to all electrons, i.e.,
Y,({z;}) = HJ([a}]”/\/ﬂ)‘PO({zj}) This expression can
be understood by considering the expansion of ¥ in terms
of OLL orbitals

Yo({z;}) = H(Zj —z) = ZCI det[d’o.m,(j)(zi)] (D1)

Jj<k

and replacing ¢y, — ¢, ,, without altering the coefficients
C;. In our case, the Laughlin state is formed from the
linear combinations of N = 0 and N = 1 BLG LL orbitals
described by |¥(a)). The interaction energy, derived in
Eq. (F5) below, is

Eiﬂlatughlin(a) = [1 —sin*a]Ey_ +sin*aEy_,.  (D2)
expressed in terms of the energies Ey_g; in the pure
N =0 and N=1 BLG LL. Using the appropriate
Haldane pseudopotentials H,,, we compute the interacting

energy from the static structure factors as outlined in
Ref. [10]. We find

3
v
_ N=0
Ey—o = o Coms1Hyy iy + Un=o

m=0

~ —0.4087, (D3)

3
v
_ N=1
Ey_y = n E Comi1Hy iy + Uy

m=0

~ —0.3245 — 0.0975 sin? @ + 0.0132 sin* 6. (D4)

where (Cl, C3, Cs, C7) = (—1, 17/32, 1/16, —3/32>
The total energy of the v = % Laughlin state constructed
out of |¥(a)) states is given by

Ep gueniin(@) = €(D) cos(2a) + zsin(2a)

—+ [1 — Sin4a]EN:0 + Sin4aEN:1. (DS)

Finally, we minimize the energy with respect to « for each
displacement field, i.e.,

Epaghiin(D) = mgn [ELaugniin (@)]. (D6)

b. Inter-Landau-level coherent Wigner crystal

We first define a WC trial state in a single N = 0 BLG
LL before introducing the inter-Landau-level coherent
Wigner crystal (ILLC WC). Closely following Ref. [9],
we assume that the electron residing on a Wigner-lattice site
at R; forms a coherent state within the N = 0 BLG LL. The
guiding center coordinate operator C in the symmetric
gauge is related to the intra-Landau level ladder operator b
via C = {[(b + b%)/V/2],i[(b - b")/+/2]} and its compo-
nents obey [C,, C,| = i. We define a coherent state centered
around Ry = (X, Y,) by

Zob®-zgb
‘(DN=O,R0> =e V7 [Dy_gu-0)

where Z, = X, + iY, and |®y_g,,—o) is the N =0 BLG
LL state in the symmetric gauge with zero angular
momentum, such that b|®y_g,,—o) = 0. Here, b is diagonal
in the sublattice index, i.e., acts on both components of @y,
in Eq. (B6). The Wigner crystal wave function is obtained
by arranging electrons into a triangular lattice

(D7)

N('
IWCy—o) = /\1 |®N:0,R,>,
j=

k() e 2. o

[(47)/(v/3v)] is the lattice constant, and /\ i

is a wedge product over lattice sites.

The interaction energy of the Wigner crystal decreases
when the electronic states forming the lattice sites become
more localized, i.e., have a smaller spread (|R —r|). The
spread of the LL wave function in the symmetric gauge
grows with the LL index n and angular momentum m. This
is why the typical WC trial state in nth LL is formed of
coherent states of the smallest angular momentum state,
ie., ¢,_,. However, we note that the superposition
cos(a) o + sin(a)¢; o of the OLL and 1LL Landau level

where Ay =
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020 a=0 2 -030 Alt W(.‘
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=
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FIG. 6. The left panel shows the wave function spread as a
function of mixing angle a. For a = 0, z/2, pure OLL and 1LL
are wider than their coherent superposition with the optimal
mixing angle a = a, = —arctan(1/2) that minimizes the spread.
The right panel shows the interaction energy of Laughlin
Eq. (D5), ILLC WC Eq. (D10), and alternative WC Eq. (D11)
trial states as a function of a. The coherent Wigner crystal has the
smallest energy at a = a,, where the wave function has the
smallest spread.

wave functions can have a smaller spread than either ¢y,
¢10, or ¢y _y; see Fig. 6(a). For superpositions between
nonrelativistic LL. wave functions, the spread is minimal
at a, = —arctan(1/2) ~ —0.463. For the BLG LL, where
N =1 has both OLL and 1LL contributions, the optimal «
is different, and for the parameters used in our calculation,
we find a, & —0.502. Hence, we expect the Wigner crystal
formed of coherent superposition N = 0 and N = 1 states
to be energetically favorable.

Based on these considerations, we define the ILLC WC
wave function

btz

IWC,) = /\ ¥e (@),  |¥r (@) =¢ 7 [¥(a))

(D9)

where  [W(a)) = cos(a)|¥y—gm—0) + sin(@)|¥y_1 m—o)-
The expectation value of the projected guiding center
coordinate operator Eq. (B9)

A%I,NZW) = <WCQ|AN1,N2<q)|WCa>
[ cos?aF((g)  cosasinaFy(q)
~ \cosasinaFg)  sin®aFl(g) .
X Zeiq'Ri
J

is computed as outlined in Section F 2. We compare the ILLC
WC to an alternative trial state that superposes the N = 0 and

N = 1 states with the smallest angular momenta |¥(a)) =
cos(a)|Py—o.m=0) +sin(a)|®@y—1 »~—1) and obtain

A %I,Nz <q) = <Wca|AN1,N2 (q) |Wca>
2

2
= F9%g
O(q)<%cos«9$in2a sin

cos? a
X E e'aR;
J

(D10)

1cos@sin2a )
NN,

(D11)

However, the interaction energy of this trial state does
not benefit from mixing N =0 and N = 1 orbitals. The
two carry different angular momenta states, which prevents
interference and does not permit a reduction in the wave
function spread. Within the Hartree-Fock approximation of
Eq. (C4), the cohesive energy of the ILLC WC is

v
Eg,{’,}(‘: (a) = ar Z Z AY, N, (G)Aﬁl N, (-G)
G#0 {N,}

x VHE

N\ .Ny.N|.N, (G), (D12)

where the sum is over all nonzero reciprocal lattice vectors

G. For the alternative trial state, one replaces A with A.
Finally, the total energy

Eywc(a) = €(D) cos(2a) + tsin(2a) + U, + ES(a)
(D13)

is minimized with respect to a for each value of the
displacement field

Eywc(D) = min[Eyc(a)]- (D14)

4. Numerical results

To understand the dependence of the trial energies of
all three states on the variational parameter «, we begin with
the case of exactly degenerate N =0 and N =1 levels.
Figure 6(b) shows the energies given by Eq. (D5), Eq. (D10),
and Eq. (D11) evaluated for ¢ = 7 = 0 and as a function of
the mixing angle a. The lowest energy of the Laughlin state
and the alternative WC occur at @ = 0, i.e.,inapure N = 0
level. By contrast, the ILLC WC has a distinct minimum at
a < 0, in agreement with the expectations based on wave
function spread shown in Fig. 6(b). Moreover, the minimal
ILLC WC energy is below that of the Laughlin state, even
though the Laughlin state is favored over a WC both in pure
N =0 and pure N = 1 levels.

Next, we restore the kinetic energy and minimize the trial
energies of all three states for each value of the displacement
field. The top left panel of Fig. 7 shows the optimal energies,
which occur for the variational parameters plotted in the
panel below. Near the crossing, the ILLC WC has the lowest
energy, while Laughlin states are favored for sufficiently
large |D — Dy| > 0, consistent with the measurement.

This qualitative result is robust against changes in the
microscopic form of the interactions. In the right panels of
Fig. 7 we show the same quantities as on the left but for a
screened interaction of the form

_ Vo(q)
1+ 2oed dser Vo (q) tanh(brpag?)

a

V(g)

’

Volg) = Zanh(gLo). (E1)
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FIG. 7. The energies and the mixing angle @ minimizing the
energy is plotted for the range of the displacement fields D. In left
panel, we use Coulomb interactions. In the right panel, we use the
screened interactions Eq. (E1). We note that transition occurs at
the range of D ~[-0.5,0.7] - while experimentally, we ob-
serve the WC favored over a much smaller range. We attribute
this discrepancy to the fact that the Laughlin state does not benefit
from occupying two Landau levels, while the exact ground state
generally should have lower energy.

We chose the parameters ay, = 0.67(E./w.) = 2.19/

\/BJ[T] and bgpa = 0.62 from Ref. [30] and the distance
Ly =20 nm between metallic gates and BLG. The ILLC
WC is again favored near D, but over a narrower region
than for the pure Coulomb case.

Despite our calculations capturing the qualitative behav-
ior of the transition correctly, we note that quantitative
features are less well described. In particular, the predicted
resistive region where ILLC WC is favored extends over a
wider range of displacement fields for both interactions
than measured experimentally. We attribute this discrep-
ancy primarily to the fact that we are comparing the
energies of specific trial states, which are not true ground
states of the system. In particular, we expect the Laughlin
wave function to capture the ground state energy very well
in a pure N = 0 level but less so for N = 1 or near the LL
crossing.

5. Useful identities and relations
a. Form factors of isotropic interactions

For isotropic interactions V(q) = V(|q|), the calculation
of various physically relevant quantities involves a momen-
tum integral of the form factors F,(q) of the LL orbitals y
and a function that depends on the absolute value of
momentum. For instance, for the energy of an uncorrelated
liquid, we need to evaluate the integral

Uy = [ SEF@PVa)

= ["Savia) ["SPim )

Similarly, to determine Haldane pseudopotentials [1] H,,,
we compute

2
Ho = [ SHF@PV(aDLa(a)e s (52

In both cases, the dependence on the direction of q enters
only through |F,(q)[*>. Hence, we can average |F,(q)[*
over ¢p = arg(q) without changing the result of the integral.
When the orbitals y are a combination of different Landau
level orbitals ¢, ie., w =) " _,a,p,, it is possible to
express the averaged form factors in terms of individual LL
form factors

[ -

In particular, for v = agy( + a;y;, we find

|7 Shrar =

This relation implies that the energy of any FQH states in
w = cos(a)py + sin(a)¢; LL orbitals obeys

ZX’ {aDIFu(@P.  (F3)

lag + 2a3at]|Fo(q)” + ai|F (q)].

(F4)

EV/ = (1 - Sin4 a)EOLL + Sin4 aElLL, (FS)

where E,;; are nth LL energies. The same relation
holds for the energy of the uncorrelated liquid. For
W = agpo + a1 + arp,, we find

E, = [aj+ a}(V2ay + ay)?|Eqy + {[a} + a3][24} + ]
—2apa}lag + V2ay)}Eyyy + @3By . (F6)

Finally, we note that the relations provided in Egs. (F4)
and (F5) hold for N =0 and N =1 BLG LL with the
replacement F — F.

b. Evaluation of order parameters
It is convenient to compute the order parameter in the
first quantized representation. For simplicity, we work with
the standard Landau level; the generalization to BLG LL is
straightforward. In symmetric gauge A =j(—y.x), the
inter- and intra-LL ladder operators [4,67] are

) )
bZ%li(JZ—C-Fax)—i(%-i-ay)}, (F7)

obeying [a,a’] = [b, b'] = 1, and we use units where the
magnetic length 5 = 1. The density operator factorizes
into inter- and intra-LL contributions
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qa +qa qb +qb

e, (F8)

q)—Z"" —Z

where we defined complex momenta g = ¢, + ig, and
4 = qy — iq,. Introducing the guiding center coordinate

[(x/2) = i0,. (v/2) + i0.] = [(b + b7)/ V2],
qb1+qb

i[(b — b%)/V/2), the last term is expressed e’ V2 = ¢/4C;.

Then, the projected density operator Eq. (B9) in the first

quantized from is defined as

operator C =

(ny |ei(q“t+[_’a)/‘/§|”2>

x| Y Iny ) Ciiny |
2 |

= Fui(q) X A, (). (F9)

Py, (@) =

The last equality implicitly defines the order parameter
operator A, ,,(g), using the form factors [67]

Fii(a) = <n1|efqa'*'/ﬂezaa/ﬂ|n2>e-\q\z/4

_ ig \" ™ e, (14
I’ll' \/j "2 2 '

Closely following Ref. [9], we define a coherent state
in the nth Landau level localized at R;, by acting with
the magnetic translation operator. Recall that guiding
center coordinates obey canonical commutation relations
[C,.C,] =i, and the coherent state of these operators,
treated as a momentum and a coordinate, is

(F10)

ZbTZh

|Ro,0> =e

.0), (F11)

where R = (Xg,Y,) and Z, = X, + i¥,, and a|0,0) =
b|0,0) = 0. This state is maximally localized around R in
its guiding center coordinates. For the two WC trial states

used in our calculations, we define the state that is obtained
Zob*=7gb
by acting with the magnetic translation operator e vz on

the mth angular momentum state

Zob-zyb

Zgbt-zgb {bwm
O,m)y=¢ 2
10, m) —

This state is not an eigenstate of b. However, it is still well-
localized around R for small m. The state in the nth Landau
level is obtained by acting with raising operators

[f} Rom).

We now determine the matrix elements of A between two
coherent states. First, we note that all matrix elements
vanish unless the Landau level indices coincide, i.e.,

|R0.m> =e

0,0).  (F12)

IR nn) =

(F13)

(R g | By | Rt ny) % Byt By (F14)
Next, we use the identity
DT(R)ei(éb"Mb)/\/fp( R) = ¢i(@b"+ab)/ V2 pilaZo+3Z)/2
= ¢/9CpiaR (F15)

to simplify the exponential factors of the coherent state and

the A operator. Then, the expectation value is readily
evaluated

A = (Rou, in,|€@TONVIR, LY

_ sz+”2(q) iq~R’ <F16)

my+n

< nymy |=ny, nz| nzmz>

where we used Eq. (F10) with the replacement n; — m;,
a — b,and g — g. The inter-Landau level coherent Wigner
crystal state of standard Landau levels is constructed of

[R,) = cos(a)[Rgy) +sin(a)[Ryg),  (F17)

where we take |R; o) instead of the coherent state with the
smallest angular momentum |R; _;). Finally, the expect-
ation value of A in the Wigner crystal is

(WC,|A,, .. (q)[WC,)

( cos” aF ()

eiq-Rj.
%Sil’l Z(XFL()(Q)

%Sin ZaFO’I (é) >
Sil’l2 aFl’l (6_1)

nyny J

(F18)

The generalization to BLG LL is performed by replacing
form factors with BLG form factors F — F.
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