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Starting from a microscopic description of weak system-bath interactions, we derive from first principles
a quantum master equation that does not rely on the well-known rotating wave approximation. This
includes generic many-body systems, with Hamiltonians with vanishingly small energy spacings that
forbid that approximation. The equation satisfies a general form of detailed balance, called KMS (Kubo-
Martin-Schwinger), which ensures exact convergence to the many-body Gibbs state. Unlike the more
common notion of GNS (Gelfand-Naimark-Segal) detailed balance, this notion is compatible with the
absence of the rotating wave approximation. We show that the resulting Lindbladian dynamics not only
reproduces the thermal equilibrium point up to a small renormalization of the system Hamiltonian, but it
also approximates the true system evolution with an error that grows at most linearly in time, giving an
exponential improvement upon previous estimates. This master equation has quasilocal jump operators,
can be efficiently simulated on a quantum computer, and reduces to the usual Davies dynamics in the limit
of a coarse-graining time much larger than the inverse of the smallest frequency difference. With it, we
provide a rigorous model of many-body thermalization relevant to both open quantum systems and

quantum algorithms.
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I. INTRODUCTION

A central question of statistical mechanics is how the
stochastic dynamics observed at the macroscopic level
emerges from reversible microscopic  evolution.
Boltzmann’s renowned H theorem [1] showed that a coarse
graining of the dynamical degrees of freedom was suffi-
cient to prove the approach to equilibrium, as seen by the
decrease of the H function. In doing so, Boltzmann also
recognized that the time-reversal symmetry at the micro-
scopic level mapped at the macroscopic scale into the
principle of detailed balance: At equilibrium, the rate of
any transition is compensated by its reverse. Since its
introduction, this fundamental symmetry has accompanied
many breakthroughs in statistical mechanics, such as
Einstein’s absorption and emission theory [2] or
Onsager’s reciprocal relations [3]. It also features promi-
nently in Monte Carlo algorithms, such as the Metropolis-
Hastings sampling [4], where the convergence to the
stationary distribution is guaranteed by detailed balance.
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A first quantum mechanical analog of detailed balance
was proposed by Agarwal and Alicki [5,6], under the name
of GNS detailed balance (for Gelfand-Naimark-Segal). The
work of Davies [7,8] established its physical relevance, by
showing how it emerges in the effective dynamics of small
quantum systems when weakly coupled to a thermal bath.
However, both Davies’ dynamics and GNS detailed balance
rely on the rotating wave approximation (RWA), com-
monly used in quantum optics. This approximation applies
as long as the system-bath interaction is much weaker than
the relevant oscillation frequencies of the quantum sys-
tem [9].

While the RWA is natural for small systems, it becomes
problematic in the many-body regime, since the spectra are
exponentially dense in the system’s size. In this context, the
validity of the RWA demands the unrealistic assumption that
the coupling is exponentially small with the size of the
system. What this implies is that the most commonly used
models of open system thermalization, namely, Davies’
maps and their variants, are not relevant to even moderately
large quantum systems, perhaps with the exception of
systems with commuting interactions [10]. As such, there
is a severe lack of models of open system thermalization in
quantum many-body systems. Until recently, the study of
these has been largely limited to simple dissipation models
such as sums of single-site depolarizing or amplitude damp-
ing channels (see, e.g., Refs. [11,12]), which do not have the
many-body Gibbs state as a fixed point. This issue has
motivated ideas in two complementary directions:
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(i) the proposal of alternative, inequivalent, definitions
for quantum detailed balance beyond GNS [13-16],
which still guarantee convergence to thermal equi-
librium, and

(i1) the derivation, from microscopic principles, of
master equations beyond Davies’ that model inter-
actions with a bath while not relying on the RWA
[17-22].

It was previously not clear whether it is possible to merge
these two ideas into a model of interactions with an external
bath that guaranteed convergence to the Gibbs state without
relying on the RWA [12]. In this work, we address this by
deriving from first principles (that is, from a microscopic

|

description of system-bath interaction) a quantum master
equation under approximations that hold for many-body
systems and that, at the same time, respects KMS detailed
balance (for Kubo-Martin-Schwinger). This is a strictly
weaker notion of detailed balance that still implies con-
vergence to thermal equilibrium [15,23]. To summarize, we
obtain the following.

Result 1 (informal). There exists a Lindbladian that
satisfies KMS detailed balanced with respect to the
renormalized Hamiltonian Hj = Hg + a’H¢$(a)/2 and
that approximates the reduced dynamics of a system
coupled to a thermal bath in the weak coupling limit. It
explicitly takes the form

£ = =S 28l + [ "o (A )pdl(or) - SRR )0} m

2 —o

where A ,(@*) are quasilocal jump operators and HPE is the
Lamb shift.

Here and in the following, we assume Einstein’s sum-
mation over repeated indices. We refer to Theorem 15 for
the precise definitions of the quantities above [24]. In
particular, Eq. (105) shows the form of the jump operators
A,(@*), constructed through a convolution of the bath
spectral function and a coarse-graining function chosen to
be a Gaussian. Moreover, it should be noticed that, in
agreement with previous literature, a dynamical renormal-
ization of the system Hamiltonian naturally appears [26].

The derivation of this master equation is inspired by
recent progress in dissipative quantum algorithms for Gibbs
sampling [27-29], designed to prepare Gibbs states on a
quantum computer. Interestingly, our equation can be
simulated with the frameworks developed in Refs. [27—
29], which efficiently implement Lindbladians with KMS
(but no GNS) detailed balance. While in those works KMS
Lindbladians were constructed as only a starting point for
their quantum algorithmic simulation, we here derive them
from first principles under physically relevant assumptions
of weak system-bath interactions. Our derivation thus
shows that the generators defined in those works have a
clear physical justification and that they can not only
simulate the steady state of open-system thermalization,
but also reproduce the entire dynamics.

From a technical point of view, our construction closely
follows previous derivations [17—19] with additional non-
trivial steps required to prove quantum detailed balance,
aided by the characterization from [13,15]. We begin by
combining the methods in Refs. [17,19] to get the generator
of a completely positive semigroup which is approximately
KMS detailed balanced. Then, inspired by Ref. [18], we
make a further approximation to regain exact detailed
balance. Many steps are a combination of those in
Refs. [17,19] and some others in Ref. [18], as it becomes

|

apparent by comparing the jump operators in the two cases.
The jump operators that generate the evolution are quasi-
local for many-body systems, and the resulting master
equation correctly reduces to the Davies dynamics in the
limit in which the coupling is much smaller than the
smallest frequency difference of the system.

We also go beyond previous works by improving on the
error estimates between this effective master equation and
the real evolution. In particular, we prove that the distance
between them grows at most linearly with the evolution
time, whereas the previous best estimates incurred an
exponentially large error [19]. This gives the second main
result of the paper.

Result 2 (informal). The exact system dynamics pg(?) is

approximated by e'£”" [pg(0)] with an error that scales
linearly in time as

los(t) = e [ps(0)]],

<0 <a(Ft) (Fr + (al"ﬁ)emrﬁ)z)) , (2)

where a is the coupling constant, I'"! and 7 are proper
timescales of the bath [defined in Eqgs. (35) and (36)], and f
is the inverse temperature of the bath. Moreover, the fixed
point of £P%* is close to the Gibbs state of the system
Hamiltonian, up to corrections of the order of O(a?(AT)).

The precise statements are contained in Theorems 9, 11,
17, and 18. This result is possible thanks to the introduction
of a family of states that interpolates between the exact
reduced dynamics and the Lindbladian evolution we obtain
from first principles [see Eq. (63)]. These states are defined
by averaging the exact dynamics over a period of approx-
imately T'(a), called the observation time, so that the
rapidly oscillating terms in the reduced dynamics are
smoothed out. The price we pay for this improvement is
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TABLE I.

Comparison of the different master equations in the literature. In many previous works, the approximation errors at finite

coupling have been either only numerically estimated or largely uncontrolled. The time that appears in the estimates has been rescaled
with a factor a2 (see the discussion at the end of Sec. III). The error of this work has two notable features: On the one hand, it is nonzero
even for # = 0, which is the ingredient that allows us to obtain a linear scaling in time (compared to the exponential behavior of previous
error estimates); on the other, a dependency on f appears due to the introduction of detailed balance.

Reduces Detailed

CP to Davies balance No RWA  Quasilocal Error estimates
Redfield X X v X
Davies [7,8] v v (GNS) X X
Taj-Rossi [17] v X X v v
Universal Lindblad equation [18] v X X v v OleaMI) _ ]
Local Davies or universal v X X Xorv/ v e

Lindblad equation [30]

Coarse-grained [19] v v X v v OlavTz(e™ —1)]
Thermod. consistent [31] v v X (no HES) v v
This work v v v (KMS) v v O(a(VT7 +2t) + (a*T2f1)e @ P))

an additional small, time-independent error. We refer to
Table I for a comparison of the various master equations in
the literature. Finally, it should also be noticed that, even if
the steady state of the reduced evolution is not the exact
thermal state of the system Hamiltonian, the corrections are
one order larger in « than the one arising from the
approximations on the dynamics.

The paper is structured as follows: After introducing two
main notions of detailed balance in Sec. II, we discuss the
main properties of thermal baths (and, in particular, the KMS
condition) in Sec. III. Then, in Sec. IV, we proceed to give a
first derivation of a Lindbladian equation generating a
completely positive (CP) evolution whose distance from
the true state increases only linearly with time. In the same
section, we also prove that, without further assumptions, this
equation is already approximately KMS detailed balance.
Still, in order to satisfy exact detailed balance, one needs to
perform a further approximation, which is carried out in
Sec. V. In the appendixes, we discuss some of the more
technical steps in the proofs and other auxiliary results.

II. DETAILED BALANCE FOR QUANTUM
SYSTEMS

It is first useful to explain detailed balance in the classical
regime. Let us consider a dissipative evolution specified by
the probability vector ¥(#) describing the state of the system
at time ¢ and a matrix @ inducing the stochastic dynamics:

v(t+1):= Z@ijvj(z). (3)

The entries ®@;; can be interpreted as the probability
of transitioning into the ith state when the jth state is the
initial condition. For this reason, we use the notation
®;; = P(i|j). Moreover, we denote the fixed point of the
evolution as (yg); := P(i). Detailed balance encodes the

requirement that, at equilibrium, the probability of any
transition is completely compensated by its reverse (see
Fig. 1(a) for a depiction of this requirement). This can be
written as

P(ilj)P(j) = P(jlD)P(). (4)

A simple rearranging gives the usual relation between the
entries of ®:

q)ij _ (Vs)i
q)ji B (75),;. (5)

Detailed balance is also directly related to Bayes’ theorem.
Dividing both sides of the Eq. (4) by P(i) gives

Lo PUIDP(3)
P(ilj) = ——F—: 6
(1) == (©)
that is, the reverse transition is exactly described by Bayes’
rule. The underlying reason for this connection is simple: If
we define the joint distribution P(i, j) (i.e., the probability of
starting in j and then transitioning to i), time-reversal
symmetry corresponds to the requirement that P(i,j) =
P(j,i) [another rewriting of Eq. (4)]. This is exactly the
starting point to prove Bayes’ theorem.

In the quantum case, the situation becomes more involved.
The transition matrix ® becomes a superoperator, so it is not
immediately clear how to generalize Eq. (5). Even the
generalizations of conditional probability and Bayes’ theo-
rem are still a subject of dispute [32,33]. Nonetheless, one
can formally write a quantum version of Eq. (5) as

® =M, o dfo My_sl, (7)

where M, is a superoperator that reduces to the multipli-
cation by yg in the commuting case.
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The simplest choice of M, in Eq. (7) is given by the right
multiplication operator R, [X] := Xy [5,6]. In this case, the
condition in Eq. (7) is the aforementioned GNS detailed
balance [34]. This is the most common definition in the
literature [36] and for good reasons: It is a very natural
generalization of Eq. (5), it can be interpreted in terms of
the scalar product induced by the usual covariance [6], and
it naturally emerges in the usual microscopic derivation of
the reduced Lindblad dynamics [7,8]. Still, it has one major
drawback: It already implies that one has taken the rotating
wave approximation.

To explain what this means, we first need to introduce
some notation. Let us denote by Hg the Hamiltonian
associated to the Gibbs state yg = (¢7##s/Z), and let

Hg:= ZE1|E1><E1| (8)

be its eigendecomposition. Moreover, let A,  be the
modular operator, defined as A, [X] = ysXyS~'. Since
A,  is self-adjoint with respect to the Hilbert-Schmidt
scalar product, any matrix X can be decomposed as

X =) X) (9)

where each X () satisfies A, [X(w)] = e 77X (w); i.e., itis
an eigenoperator of A, . In coordinates, this decomposition
takes the form

=Y Sl(E;~E))

Then, let {A, } be any orthonormal basis with respect to the
Hilbert-Schmidt product. Any superoperator can be decom-
posed as

_w]|Ei><Ei|X|Ej><Ej|' (10)

ch,A XA = i Al(0)XAY(@). (1)

ko,

The RWA corresponds to dropping from Eq. (11) all the
terms for which w # @. This is typically justified due to the
fast rotation of the w # @ terms as compared to the overall
speed of the evolution induced by @, so that these terms
quickly average out [37]. We denote the resulting evolution
by ®RV,

In small systems, the frequencies are of a fixed size, so
the approximation is typically an excellent one in the weak
coupling limit. However, as the system size increases, the
spectrum of the system’s Hamiltonian becomes exponen-
tially dense with size [see Fig. 1(b)], and so we require the
unrealistic assumption that @ is an exponentially slow
process. Another way to see this is that the resulting jump
operators require distinguishing different energy gaps
exactly, which should involve an exponential amount of
resources. In fact, in a generic local Hamiltonian, the
energy eigenvectors |E;) are extremely nonlocal, so that

(@ (b)

p(i % E

max

p(7) @ Ep <N oxe™
Shal

FIG. 1. (a) The principle of detailed balance says that at
equilibrium, if the jth state is more probable than the ith one,
then the probability of the transition p(j < i) is equally more
frequent than p(i < j). (b) Simplified depiction of the spectrum
of a generic many-body Hamiltonian. Since the maximum energy
is expected to scale with the size of the system (say, N), in order
to accommodate an exponential amount of different energy levels
(as the dimension of the Hilbert space scales as d", where d is the
local dimension), the minimum spacing must become exponen-
tially small.

the rotating wave approximated channel ®}W will also be

nonlocal and potentially very complex, irrespective of the
initial structure of ®. This seems unlikely to be nature’s
way of thermalizing.

What stems from this is that the RWA appears to be
unphysical for large systems. As the next result shows, the
same also applies to GNS detailed balance.

Theorem 1 (GNS < RW). Let @ be a Hermitian-
preserving superoperator satisfying GNS detailed balance.
Then, the rotating wave approximation is exact, that
is, ® = ORV.

Proof. An operator is Hermitian preserving if ®[X'] =
(®[X])". Then, by applying Eq. (7) repeatedly with

M, =R, , we have
(DAr_sl [X] = (D[Vs_lxﬂ’s} = ‘DT[(XTYs_l)T]VS
= (@ [XTys™'])Tys = (@[X ys™")Trs
= Ayl o[x], (12)

or, alternatively, ® = A, S@A}TSI . Plugging this equality back
in Eq. (11), we obtain

OX] = Y i’ lrsAi@)rs X s Ar(@)ys]
k,lLw,®
= > e MDA () XA (@) (13)

k,lw,®

Since Eq. (13) is an eigendecomposition into frequencies, it
has to hold that ¢{;” = ¢{;”e~~®) which is satisfied only
if @ = @. This proves the claim. [

This situation suggests going back to Eq. (7) and changing
the definition of M, .. A natural candidate is the symmetrized
version of the right multiplication operator M, . = J,, where
J,[X] = /75X /7s- In this case, Eq. (7) corresponds to
KMS detailed balance, sometimes also written in the

equivalent form ®(,/75X,/75) = /7s®'(X)/7s. This is
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the simplest generalization of M, that does not reduce to the
GNS detailed balance. Indeed, it has been shown that, for
M, [X] = y5°Xys'™ for any a€ |0, 1], the corresponding
definition of detailed balance reduces to GNS, unless
a = 1/2[23]. In this particular case, the RWA is not needed,
as can be seen from the following characterization.

Theorem 2 (structural characterization of KMS chan-
nels). Let @ be a Hermitian-preserving superoperator
satisfying KMS detailed balance. Then, its decomposition
into frequencies satisfies

CZ)I' — Cklw —@ _ﬁ[(w+w /2] (14)

Moreover, if ®@ is GNS detailed balanced, it automatically is
KMS detailed balanced as well.

Proof. Equation (14) can be verified by direct calcu-
lation. By expressing the right-hand side of Eq. (7) in the
frequency representation, we obtain

(Jy, o@"'oj;sl)[x]
= D (A A @)X {a A @)

k.lw,d
= ) o7 e POt 2A (0) XA (@), (15)

k.o,

where in the first equality we used the fact that the dual of @ is

LECD P cfl“’AT (w)XA(®) and we then applied the
identity X(w)" = X(—w), which can be verified from
Eq. (10). Since the operators {A; } are a basis, we can equate
the coefficients in Eq. (15) with the ones of ®, which
yields Eq. (14). Finally, it should be noticed that, if the
GNS condition holds, then cfff’ = 0 unless w = @. Then,

,w —,—® /}(, %

Cy =y , which coincides with the characterization
of GNS detailed balanced maps (see Appendix A). ]

With this choice of detailed balance, Eq. (7) becomes
directly related to the Petz recovery map [39], a central
concept in quantum information [40,41], which has been
suggested as a possible generalization of Bayes’ theorem to
the quantum regime [42]. For a channel ® with fixed point
75, its Petz recovery map is defined as

Thus, the KMS detailed balance condition in Eq. (7) is the
requirement that CI3P = @, that the “reverse channel”
induced by the Petz recovery map is identical to the
forward evolution channel. This offers a straightforward
interpretation to Eq. (7) that is lacking for the GNS
condition, since R, o ®"oR;! is not a channel.

The KMS is part of a larger family of Fisher detailed
balance conditions further generalizing Eq. (7), in which
M,  is chosen to be a Fisher operator [14,16]. Within
this family, the Petz recovery map is the only one that
satisfies at the same time complete positivity and the property

(®o¥), = ¥podp, which is fundamental when treating
Markovian semigroups (see Boxes 8 and 9 in Ref. [16]) [43].

So far, we have discussed the detailed balance condition
for channels. The same considerations apply to the gen—

erators £ of the Markovian dynamics defined by @, = e'%,
for which Eq. (7) implies that
. q)t -1 ¥ _
e e
=J, 0 LToJ; . (17)

That is, KMS detailed balance holds also at the level of the
generator. Thanks to the special behavior of the Petz
recovery map under compositions, we can also prove the
opposite direction. Notice that, for any operator ¥, if
¥ = ¥, then ¥" = W. Then, suppose that Eq. (17) holds.
Since we can rewrite @, as

n
®, = lim <11+5c> , (18)
n—-oo n
this shows that @, is also KMS detailed balanced, so for
Markovian dynamics with a time-independent generator,
KMS detailed balance can be equivalently defined at the
level of the Lindbladian, for which we have the analogous

structural characterization.

Theorem 3 (structural characterization of KMS Lind-
bladians). Let £ be the generator of a trace-preserving
evolution of the form @, = ¢’“. Assume that £ satisfies

Dp i= J, 0@ o I (16)  KMS detailed balance. Then, it can be decomposed as
|
(270 0@ R R
Llp] = —ilH}s + Hps, p] + Z 1’ | Al(@)pAy(@) — E{Ak(w)Al(w)7p} ) (19)
k,lw,@

where HY; and H; s are two Hermitian operators such that [HY,y5] =0 and H; g = %Zw#) SZ’Z"Z’AZ((T))AI(w), where the

coefficients y;;” and S;;“ satisfy

0,6 __ v -0,—® —[}’[(m+w)/2]

Yii =Y

7% — j tanh (/3((0%3

@,
Vil -

)> ; (20)
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We refer to Appendix A for the proof, similar to that of
Theorem 2. Since KMS Lindbladians do not require the
RWA, which is a restrictive assumption for many-body
system and bath interactions, they are a natural candidate
for describing the effective dynamics of open system
thermalization. We show this is the case in Secs. IV and V.

III. FRAMEWORK AND PROPERTIES
OF THE BATH

In order to model the system-bath interaction, we con-
sider a Hamiltonian of the form H := Hg+ aV + Hyp,
where V is an interaction term which can be generically
decomposed as

V=) A, ® By, (21)
k

where A; are operators acting on the system only and B, are
(possibly unbounded) operators acting on the bath. We
normalize the jump operators {A;} so that ||A;||,, = 1 for
all .

In the interaction picture, we substitute any operator X
with its time evolved X (¢) := /(s tHs) X o=i(HsHHp)! 5o the
dynamics is

0ipsp(t) = —ia[V(t), psp(1)]. (22)

We denote the formal solution of the equation above
by V(t1.1) =T _exp(—ia [;! dsV(s)), where 7T _exp
denotes the time-ordered exponential constructed from
right to left. Our aim is to characterize the evolution of
the reduced state, that is,

0,ps(1) = —iaTrg[[V(2). psp(1)]]. (23)
|

To proceed forward, we require the following three
assumptions.

(1) Product initial conditions—The initial state of the
evolution is pgz(0) := ps(0) ® y (where yp is the
Gibbs state of the bath). This is equivalent to setting
the origin of the time to the moment in which the
system starts interacting with the thermal bath.

(2) No energy shift in the bath on average—FEach of the
interaction terms satisfies Trp[Byp] = 0. If this is
not the case, we can shift the system Hamiltonian
and the interaction as

{ fik = By — Trp[B,y]lp. (24)

Hg = Hg + a(A; ® Trp[Biysllp),
so that this condition holds.

(3) Gaussianity of the thermal bath—The thermal bath
is Gaussian; that is, for any set of operators { B }, the
expectation value of their product satisfies Wick’s
theorem:

TI'[Ble. BnYB]
n

= ZTr[BlBJ]/B]Tr[BzB]_lBJJrlBn}’B] (25)
j=2

While requirements 1 and 2 are generic, condition 3
does restrict the scope of the derivation. Nonetheless,
it is typically well justified for large, noncritical baths,
and for this reason it has become customary in the
literature [18,19].

Under these three assumptions, it is possible to rewrite
Eq. (23) in the form (see Appendix B for the derivation)

0ps(t) = o? Atds(ckl(f — 5)Trg[[V(t, 5)A,(5)psp (s)V' (1, 5), A(1)]]

+ Culs = O Trg([Ai(1). V(1. 5)psp(s)A(s)VI (2. 5)]]). (26)

where, here and in the following, we implicitly sum over
repeated indexes k, [. Here, we introduced the bath
correlation function

Cy(t) = Trp[B(t)Byyg). (27)

Since this quantity is central in describing the dynamics of
the reduced state, we list some of its important properties.
First, it behaves under complex conjugation as

Ci(t) = TrglysB By ()] = Trg[B)(—t)Byy ]
= Cy(-1); (28)

that is, in matrix form, it holds that C(z) = C(—f)". When
considering its Fourier transform (which takes the name of
bath spectral density)

N o . 1
Cu(w) ‘=/ dee'"Cy(1) = %TrB[Bk(_w)Bl}’B]’ (29)
the property in Eq. (28) implies that

Cru(w) = /oo dre"™Cyy(—t)

o]

= m = élk(w); (30)

(e8]
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that is, C(w)" = C(w), so the bath spectral density is a
Hermitian matrix. Leveraging this fact, it can even be
shown that C(w) > 0 (see Appendix C).

To prove Eq. (28), it is sufficient to assume that
[Hpg,yg| = 0.1If, in addition, y 5 is thermal, it also holds that

Cy(t) = Trg[BiB(—1)y5]

1
= = Trp[(eP2 B)(~1)e P2 Bye™PHs]
Zp

= Trg[B,(—t — if)Byyg] = Cu(—t = ip).  (31)

This property is often referred to as the KMS condition (not
to be confused with KMS detailed balance) and is equiv-
alent to the fact that yp is a Gibbs state [35]. In the
frequency domain, it takes a particularly simple form:

ékl<a)) = iTrB [B(~®)By5]

where we used the definition in Eq. (29) and the rela-
tion A1 [X(w)] = X (w).

Since C(w) is a positive matrix, it is also useful to
introduce its square root g(w) := y/C(w). This matrix can

always be chosen to be positive. Moreover, the KMS
condition implies that

Ju(@) = eﬂw/2QA,1k(—0))‘ (33)

It can be easily connected to the bath correlation function
by the convolution theorem:

Cult) = / ® dsgu($)gu(t = 9) = (g * g2)(1). (34)

[Se]

21” where again the sum over 4 is implicit and * denotes the
= —TrB [BkVB (}’EIBZ((I))}/B)] convolution.
2;: The bath correlation function also determines the char-
e’ A istic ti les of the dynamics. To this end, let us
L B — ol (). 39 acteristic timesca y ,
2w 15(Bi(@)Byys] = e (o) (32) introduce the two sets of constants:
|
=3 [Tacuol =Y [Calgu] [T agaol (35)
kI /- Kl /o -
N =Y [TalCutol. Tr= 52 [ atlrlgu] [ dgto). (36)
kl /= kS -
Ko= 3 [Taticul &= [ar [T astl + D700 lgus), (37)
K /- Kl /e -

where it can be proven that |Cy(w)| <Ty <T, that
|Cl ()| <Tozg <Tz, and that |C}(w)| < Ky < K (see
Appendix D). It should be noticed that requiring these
constants to be finite restricts the applicability of our results:
For example, I'y does not diverge only for infinite baths,
because only in this case Cy,(7) can decay sufficiently fast for
the integral to converge. Moreover, requiring that 7 is also
finite further restricts to the case in which the decay at infinity
is faster than 1/¢% (and, similarly, it should decay faster than
1/13 for K < co0). Interestingly, the constant K plays a role
only in the bounds in Sec. V, whereas the derivation in
Sec. IV relies on only the finiteness of Iy and 7. The latter
can be interpreted as a measure the correlation time of the
bath (the timescale over which perturbations decay [44]).
Also, T’y and I" can be related to the evolution rate of the state
in a very precise manner [18].

Theorem 4 (fastest rate in the system). For a Gaussian
bath and an evolution satisfying conditions 1 and 2, the rate

[

of change of the reduced system dynamics can be upper
bounded as

10.p5(1)]l; < 20°T, (38)

where || - ||; is the trace norm || X||; = Tr[|X]].

We refer to Appendix E for a proof of this statement.
There are two main messages in Eq. (38): First, the speed at
which the system changes directly depends on the constant
Iy defined at the level of the bath; second, the maximum
rate is of the order of &, so the system will take longer to
evolve as the coupling constant decreases. In order to make
the total evolution time independent of a, we introduce the
time-rescaled state ps(t) := pg(t/a?), for which it holds
that [|0,55(1) ||, < 2T,

The equation presented in Eq. (26) is exact, and it
already highlights aspects of the reduced system dynamics:
its dependence on the bath correlation function, the natural
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appearance of a fastest rate 'y, and the scaling of the
evolution time with o?. Still, from the quantitative point of
view, Eq. (26) is intractable, in general: Its solution depends
on the exact global evolution V(z,s), and it is highly
nonlocal in time, since the evolution at time ¢ depends on
the full history {pgp(s)},<. Along the derivation, we
introduce several approximations that ultimately make
the dynamics quantitatively manageable.

IV. MICROSCOPIC DERIVATION AND
APPROXIMATE DETAILED BALANCE

We now prove that there exists an operator £, which at
the same time generates a completely positive semigroup
and can be used to express Eq. (26) as

Lilps(n)] + (39)

where &, is some arbitrary correction whose trace norm we
can upper bound. Such a decomposition would allow one to
apply the following result.

Theorem 5 (propagation of errors). Consider two
family of states z(¢) and p(¢), respectively, satisfying the

system of equations
{ ap(t) =
p(0) =x

{ 0,7(t) = Ly[x(1)],

7(0) = #(0),

where we assume that (i) the norm of the perturbation 5p(0)
is bounded, that is, ||5p(0)||; < R; (ii) there exists an
absolutely integrable function m(¢) [with primitive M(z)]
such that ||&||; < m(r); and, finally, (iii) the evolution
(1), 19) =T _exp([; dsL,) is completely positive, trace
preserving for all times. Then, the norm distance between
z(t) and p(t) scales as

tﬂS( )

Lilp(0)] + &,

)+ 0.

l2(6) =p(D)]ly < R+ [M(2) — M(0)]. (41)

Proof. The equations in Eq. (40) can be formally
integrated to give
|

+Aa%

a

where, for brevity, we introduced the notation

Vo =Vl(o/a?).(c/a?) = x].

A. Main ideas of the proof

In order to find a decomposition of the type in Eq. (39),
we introduce a number of states approximating the exact

®(1,0)[5p(0)] + fy dsd(r.5)[E, .

(42)

Then, the trace distance between the two states can be
estimated as

Ix(t) =0,
< [0 (1.0)3p(O)] ] + H [ w0t

1

<R+ / asl|o(e, )&,

<R+ / "aS|E L <R+ M) - MO).  (43)

where we used the contractivity of the trace norm under CP
evolution, that is, the fact that for every completely positive
channel YV it holds that [45]

IFEON =< 11X (44)

Finally, we applied the bound ||&,||; < m(s) that holds for
all s. This proves the claim. [

For most of the error terms below, m(t) will be a
constant, so that, in those cases, Theorem 5 implies an
error scaling linearly with time.

Thanks to the theorem just derived, in order to justify the
reduced dynamics generated by some Lindbladian £,, we
just need to prove that a decomposition of 9,7(¢) akin to
Eq. (39) can be derived. We proceed in different steps,
introducing a set of new states, each corresponding to a
different approximation to the original evolution. In this
context, it is particularly useful to apply the change of
variables {6 = a*s;x = s —u} to the integrated version
of Eq. (26):

o ~ o
<Ckl )Tty { [Vﬂ,xAl <g - x) psplo — ?x)Vh A <¥>] ]

c c
+ Cy(—x)Trg HA1<—2> VoPsp(o —a x)Ak<

)VH) (45)

evolution (see Table II), by exploiting the fast dynamics of
the bath as compared to the system: For example, since the
bath goes back to equilibrium very quickly, it will effec-
tively appear to the system as if it was always at
equilibrium. This justifies the Born approximation (see
Theorem 6). Then, for the same reason, any information
about the past evolution is quickly erased, justifying the
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TABLE II.

Here, we collect the notations used throughout the derivation, together with the physical intuition behind each of the

approximations. Each of the approximation is carried out sequentially on top of the state coming from the previous stage of
approximation. For this reason, the error bounds accounts for the difference in trace distance with respect to the previous step (e.g., for
pEM it corresponds to an estimate of ||p%8 — 55" ||,). The only exception is /5, which approximates the exact dynamics directly (and for
this reason the error is computed with respect to ). Some additional notations used are the tilde in j% (¢) (for generic X) refers to the
rescaled time evolution, that is, 53 (1) = p§ (t/a?); the extra S in the subscript ¥ (1) refers to the Schrodinger picture.

State Notation Physical intuition Main feature Error bound
Exact Ps Obtained from tracing out Intractable but exact 0
the environment
Born 2 The bath dynamics is much faster than Depends on the O(a?(Tyt)(Tyr))
the one of the system = it always bath only through Cy,(7)
looks in thermal equilibrium
Markov pEM The bath dynamics is much faster than Is local in time (admits O(a?(Tyt)(Tyr))
the one of the system = a differential form)
the environment is memoryless
Redfield PRE The information about the initial time Differential form does not 0((Fot)(r OT))
is quickl d d d ime i ToT(a)
quickly erase; epend on time in the
Schrodinger picture
Coarse grained pse Rapid oscillations in the rates justify Is generated by a O(a?(Tot)[ToT(a)])
averaging over a time period Lindblad equation
T(a) (called observation time)
Smoothed 75 Rapid oscillations in the rates are already Is close to the exact O(a?[TyT(a)])

present in the exact dynamics =

dynamics at all times

averaging over a time period T («)

Markov approximation (in Theorem 7). This allows us to
express the evolution in differential form [see Eq. (55)].
Finally, exploiting the Markovianity of the resulting dynam-
ics, we carry out the Redfield approximation, which erases
any information about the switching on of the interaction (see
Theorem §). This makes the generator of the differential form
of the dynamics time independent in the Schrodinger picture
[see Eq. (61)]. These steps are the contents of Sec. IV B and
are standard in the literature [17-19].

9ips(1) = 0,(ps(1) = 5 (1)) + 0,(A5 (1) = 5™ (1)) + 0, (5™ (1)
= &7 + &M + EFF + L (1)

Bounding the error terms &2, £BM and ERF is the
contents of Theorems 6-8, respectively. At this point,
one might be tempted to define a state in terms of the
differential equation:

{ 0,7(1) = LRE[x(1)], (47)

7(0) = ps(0)
and then apply Theorem 5 to prove that z(¢) diverges from

ps(t) in a controlled manner. There is a fundamental reason
that makes this impossible: The generator LRE is not

It is important to point out that, even if these approx-
imations simplify the dependency of the resulting state on
the exact dynamics jg(t), this is anyway needed for their
very definition. None of the states defined in this manner
are helpful in finding a treatable expression of the reduced
system dynamics. Their interest relies on the fact that, at
each step, we have a provable error bound for the derivative
of their difference. That is, since 0,5%E (1) = LRE[5s(1)], we
can obtain an expression similar to Eq. (39) as follows:

= P§E(1)) + 95" (1)
(40)

|

completely positive, so that Theorem 5 cannot be applied.
Not only is z(#) not guaranteed to stay positive throughout
the evolution, but one can also generically expect the norm
||z(¢) — ps(2)]]; to grow exponentially in time (see the
discussion in Sec. IV D).

At this point, we need only to find a further approxi-
mation that makes the generator CP. This is done by
exploiting the oscillating nature of the rates in the differ-
ential equation in Eq. (46), as explained at the beginning of
Sec. IV C. Doing this directly, though, prevents us from
finding a controlled error bound in trace distance, which we
need for the application of Theorem 5 (see Ref. [19]).
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In order to avoid this, we go back to the beginning of the
derivation and slightly change the starting point, which is
where our derivation deviates from previous work (and, in
particular, from the best previous rigorous proof [19]). We
introduce a smoothed state ﬁg(t), corresponding to averag-
ing the exact dynamics over a time window of the order of
T(a), called the observation time [see Eq. (63) for the
precise expression]. This is the main innovation in our
derivation, and it is what allows one to obtain error bounds
that scale only linearly with time. Indeed, applying the
same approximations as in Sec. IV B allows one to retain
the controlled error bounds we derived before, but with the
extra advantage of giving a controlled error bound also
when passing to a CP generator. Moreover, we can also
show that the exact evolution j¢(¢) and the smoothed one
p5(1) stay at a constant distance throughout the evolution.
This is all that is needed for Theorem 5 to hold, and it gives
the main result of this section, Theorem 11. Finally, in
Sec. IV E, we go beyond previous derivations by analyzing

|

how the resulting evolution has approximate detailed
balance, which we later expand on in Sec. V.

B. The Born-Markov approximation

Since the evolution V(s, u) := 7 _exp(—ia [ dxV(x))
depends on a, one can expect that V,, ~I. Then, the
substitution V,, , — I'in Eq. (45) is what is called the Born
approximation. There are two regimes in which this is
well justified: first, whenever a is small enough for the
unitary evolution to be close to the identity operator (the
weak-coupling limit); second, whenever the timescale
characterizing the decay of correlations in the bath
[which, as we mentioned, is dictated by 7 in Eq. (36)]
is much shorter than the fastest timescale of the system I',.
Both these intuitions are confirmed by the following
result.

Theorem 6 (Born approximation). Let us define the
evolved state p2(7) as

220 =ps(0)+ [ o [7 ax(cuto | (5= x)psto - (%)
+ Cpy(=x) {A, (%) Ps(o— a?x)A, <§ . x)] > . (48)

Let us define the error term £ = 9,(pg(r) — p5(z)). Then, we can give the following bound:

IEPI] < 4e’To(Toto).- (49)

Moreover, it directly follows that

1s5(2) = p§(D]l1 < AtdSIIE‘?II] < 4a?(Tot)(Tozo). (50)

We refer to Appendix F 1 for the proof. Theorem 6
confirms the intuition behind the Born approximation.
Indeed, from Eq. (50), we can see that the error is negligible
whenever Iyt is small (short times), I'yzy is small (fast
decay of correlations in the bath), or a? is small compared
to the product of these two timescales (weak coupling).
Moreover, since the jump operators A;(¢) act on only the
system, the Born approximation V,, — I allows one to
rewrite the evolution directly in terms of the reduced state
ps(t) in Eq. (48), without any reference to the state of the
bath, which is a first step toward reducing the complexity of
representing the dynamics.

|

|

Even if Eq. (48) is defined only in terms of the properties
of the system and of the bath correlation function, the
resulting evolution is still nonlocal in time. This problem
is taken care through the Markov approximation, which
consists in substituting ps(¢ — a’x) with p(o) in Eq. (48).
The intuitive justification of this procedure comes from
Theorem 4, that says that the derivative of pg is bounded
at all times, so that the corresponding evolution cannot
be very nonlocal. This is confirmed by the following
theorem.

Theorem 7 (Markov approximation). Let us define the
evolved state p&¥ (1) as

5B (1) = pg(0) + /0 "do / 7 <C,d(x) {AI (% - x) Js(0), A <%>}
+ Cpy=x) [A[ <;)  7s(0)A (% - x)] ) . (51)
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Moreover, we introduce the error term E8M = 0,(p8(r) — p8M(1)). Then, we can give the following bound:
1€y < 2°To(Tozo), (52)
which directly implies that
t
18 = 20l < [ asl €], < 2620 Turo) (53)

Once again, we defer the proof to Appendix F 2. While the Born approximation allows one to simplify the dependency of
the dynamics on the degrees of freedom of the bath, the Markov approximation uses the fact that the decoherence time of the
bath is much shorter than the typical timescales of interaction in order to make the evolution memoryless. This gives a
dynamics that is local in time, since by differentiating Eq. (51) it is possible to obtain

9,75M (1) = A " (c,d A, <a—t2 - x> (1), A, <§>] + Cu(=x) {A, (a%) ps(DA, <§ - xﬂ ) (54)
= LI [ps (1), (55)

or, alternatively,

9ps(1) = 0,p5" () + Ai[ps (1) = pSM (1)) + 0i[ps (1) — P (1)] = LPM[ps(0)] + EPY + EF. (56)

This expression is formally very similar to Eq. (39) but with a key difference: Even if we are able to bound the trace norm of
EB and £BM (uniformly in time), the evolution generated by £5¥ is not completely positive.

An intermediate step is to extend the integral in Eq. (54) to infinity. Once again, this is done by exploiting the rapid decay
of Cy(x) as |x| - .

Theorem 8 (Redfield approximation). Let us define the evolved state &% () as

R O AL D)
+ Cy(—x) [A, (%) fs(0)A, (% - x)] ) . (57)

Moreover, we introduce the error term EREF = 9,(p5Y (1) — pRE(1)). Then, the following holds:
1EFEN < (1 ) : : (58)
ERE 21 + Iz, + .
cETe o0 2+ ToT(a) (o +Tot)

Integrating the right-hand side of Eq. (58), we also obtain

18 (1) — BRE(r) |, < / “aslEM ], <201 + Toro) (=Lt alog (1412, (59)
= s = 2 +TyT(a) o?

The error goes to zero with @ whenever T(a) — oo in the same regime.

The proof of this result is postponed to Appendix F 3. The approximation presented here is a smoothed version of the
usual Redfield approximation, obtained by sending 7'(a) — oo. This leaves us with one last step in order to derive a CP
evolution.

C. Time averaging of the dynamics
Differentiating Eq. (57), we define the generator L satisfying 0,08E (1) = LRE[ps(1)], that is,

LFEps(1) / dxe=(/27/T(@ )u/az[(Ckl(x)[Al(_x)ut/azws(t)]’Ak]+Ckl(_x>[AI’ut/a2L5S<[)]Ak(_x)])]’ (60)
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where we introduced the notation U, for the operator
U,[X] = e"HisiXeMs! Then, Eq. (60) shows that we can
decompose the Lindbladian £LRE as

LEEps(0] =U, 2 0 L oUy2[ps(1)]. (61)

where we implicitly defined LRE . This rewriting is par-
ticularly useful, because it isolates two dynamics
|

PSE(r) = ps(0)

happening at very different timescales: On the one hand,
the dependency of the state pg(7) is of the order of
l0,5s(t)|l; ~ O(a®), whereas, on the other, the unitary
dynamics is extremely fast, with a rate of change of order
04,2111 = O(a?). To appreciate the effect of this
scale separation, it is useful to expand Eq. (57) in the
frequency domain:

[ S . ~ . . ~ S
+ / do / dxe™ (21 iell-0)/#] (et Cyy(x) [ A (@)s(0), AL(@) | + €7 Cuy(=x) | Ar(@). Fs(0)AL(@)] ).
0 0

Here and in the following, we implicitly integrate over all
frequencies @ and @. In the limit a — 0, the exponent of
eol(0=-d)/a’] diverges whenever the frequencies are differ-
ent. This allows for the application of the Riemann-
Lebesgue lemma, which shows that the only terms surviv-
ing in Eq. (62) are exactly the ones for which w = &
[36,38]. This amounts to performing the RWA, which
straightforwardly yields a completely positive Lindbladian
that is GNS detailed balanced (thanks to Theorem 1).
Nonetheless, this limit is not always justified, and for this
reason we need a more careful analysis.

O I O T
2.0
1.5
1.0
0 1 2 3 4 5 6 ;
FIG. 2. Intuition behind Theorem 11. In order to illustrate the

effect of the smoothing, consider the differential equation
f(t) = F(t,a) = —e™/*(1 4+ cos (t/a?)). We define f(t) to
be the solution to the differential equation obtained by taking
the Gaussian average of F(¢+ a’q,a). In analogy with the
discussion in Theorem 11, we choose T(a) = a~'. The shaded
region corresponds to an error of the order of O(a) around the
exact solution f(#). As can be seen, the averaged solution always
falls within this region. The inset corresponds to enlarging the
beginning of the evolution (the region contained in the dotted
box): This shows that, even if f*(¢) always stays within O(a) of
£ (1), this distance can be larger than O(a?).

(62)

As a matter of fact, even without the RWA, the difference
in scaling of pg(t) as compared to [[04, 2 |;_; suggests
that, over a small period of time, the state appears to be
frozen to the unitary evolution. This justifies the introduc-
tion of the smoothed state [46]:

. o P
ps(t) = dqWﬂs(I +a*q), (63)

where T(a) is a free parameter called the observation
time. This procedure corresponds to averaging around
the state at time ¢, over a window of width 7(«) and a
variation governed by . In real time, without rescaling,
this gives a variation independent of a, since jgg(t + a?q) =
psl(t/a?) + q]. The new result shows that this smoothing is
well justified.

Theorem 9 (smoothing of evolution). Let j§(t) be the
averaged state defined in Eq. (63). Then, the trace distance
from the exact evolution can be bounded uniformly in ¢ as

22Uy’ T (a)

Thus, the error goes to zero when a — 0 if T(a) < a™2.

We defer the proof to Appendix F 4. The bound imposed
on T(a) can be intuitively understood as follows: On the
one hand, one wants T'(a) to be sufficiently large compared
with the fast unitary dynamics [which happens at a time-
scale of the order of O(a?)] so to smooth its effect; on the
other, it cannot diverge arbitrarily fast, as the total time of
evolution in real time will be of the order of O(a~2) [since
ps(t) = ps(t/a?)] (see Fig. 2 for a simplified exemplifi-
cation of this phenomenon). This justifies the name of
observation time for T(a).

Importantly, on top of always being close to the real
evolution, the smoothed state in Eq. (63) also satisfies the
differential equation (see Appendix F 4):

15s(2) = A3 (0)]|, < (64)
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6,ﬁ§(l‘) =

where £1°T i

£l = [T aa [T ax

In Eq. (66), there are two approximations happening at
the same time. First, motivated by the discussion above, we
average over different values of £FE, obtaining

~q*/T(a)?
£CGO [RE
’ fT( ) e
o et .
\/"T( ) Ulrjaysg ° L o Upyyig: (67)

Then, exploiting the rapid decay of Cy(x) as |x| — oo,
we shift ¢ — g + (x/2) inside of the two commutators
but not in the Gaussian, obtaining Eq. (66). Importantly,
this happens at the same order of approximation. This
procedure allows us to derive the key result.

|

{ 9p§e (1)
p5(0) =
Then, it holds that the norm distance between §§¢

< 20\/ 2 + 3FOT0

15s5(1) = PS¢ (I, < NG

= LEO[psO (1),
= p(0).

(1) and the true evolution has an optimal scaling with time given by

LEC[ps ()] + &7, (65)

is an error term whose trace norm can be controlled and where the coarse-grained Lindbladian £E€ is defined as

e—[q2+(x/2)2]/T((1)2 A t X 5 A t X
W (Ckl(x) { 1(; +q - §>p5(t), k (y +q+ 5)]

+ Cu(=x) [Az (a—tz +q+ 2> Ps(f)Ak< +q-

)

The Lindbladian
trace-preserving

[

Theorem 10 (complete positivity).
LG induces a completely positive,
evolution.

The proof is deferred to Sec. IV E, where we pro-
vide an explicit structural characterization of L£¢ that
ensures complete positivity. It can also be shown
that £¢¢ reduces to its RWA version in the limit
of T(a) — oo whenever the spectrum of Hg has a finite
gap between any two energy differences (see
Appendix F4).

Theorem 10 is the ingredient needed to obtain the final
error estimates by applying Theorem 5.

Theorem 11 (time averaging). Let us define the solution

of the differential equation 5$°(7) as

(68)

Tyt
+ (Zarot) (2\/ 2 + 3F0’Z'0 + 3“(FOT0)> + Zazro(l —+ F()T(]) log <1 + —02> s (69)
a

which corresponds to the choice of an optimal 7'(a) given by

T*

opt( ) =

We provide the proof of this result in Appendix F 4.

D. Improved error scaling

We now highlight how the error estimate just presented
improves upon previous ones in the literature (e.g., in
Ref. [19]). A key step in most of the approaches is to
bound the difference between the true evolved state and
the reduced dynamics using a triangle inequality of the
form

I5s(r) = S (D)l
< ps(t) = @&(0)|ly + ||z (r) = FSC (D),

(71)

ZaFO

V2 + 3Tt (70)

I

where 7(7) is some arbitrary chosen matrix. The most
common choice is to set 7(z) as the solution to the
differential equation induced by LXE. This choice is far
from optimal: Since £XF does not induce a CP evolution,
the trace norm of 7(¢) is not bounded in this case, and one is
able to derive only an exponential scaling (in time) for both
terms on the right-hand side of Eq. (71). The reason behind
this is fundamental: It can be proven that not only the trace
norm contracts under CP evolutions, but that also the
opposite holds—that is, it expands under non-CP evolu-
tions when considering the doubled space [45]. That is, if ¥
is non-CP, there must exist an operator X on B(H ® H)
such that
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[T = (X (72)
Since one cannot rule out this possibility, the bounds on the
trace norm of the error terms need to exponentially increase
in time when acted upon by 7 _exp( [;! dsCRE).

This behavior should be contrasted with the linear
increase of Theorem 5. In order to prove this scaling,
we choose #(f) = p5(1): Since p§(7) is a convex combi-
nation of states, it is itself a state [and, therefore,
[1A5(2)|l; = 11; moreover, thanks to Theorem 9, we also
know that it is close to the true evolved state, even at large ¢,
allowing one to bound the first norm on the right-hand side
of Eq. (71). This comes at a small cost: In contrast to
previous derivations, in Theorem 9 we prove that the error
in this case does not go to zero with time but rather is
constant and of the order of O(a+/T)7y). On the other hand,
thanks to the fact that £C generates a CP semigroup
(Theorem 10), the evolution 7 _ exp( [;' ds£EC) contracts
the trace distance. Then, since £7°T in Eq. (65) can be
bounded in trace norm, this error can be propagated
according to Theorem 5 to also estimate the second norm.
This shows that it is crucial to delay the application of

|

Theorem 5 to a point in which the reduced dynamics
generates a CP semigroup.

E. Complete positivity and approximate detailed
balance of £

Similarly with what happened with £ [see Eq. (61)],

: ACG
LEG can also be rewritten as ££6 = Z/lj/az oL oU, 0,
where £¢ does not depend on time. The additional unitary
rotations are a consequence of being in the interaction

picture. Rotating back into the Schrédinger picture [which
we denote by 5§$()], we obtain [47]

0755(1) = = [Hs. 5§ (0] + LCISE0). - (73)
For this reason, it will be sufficient to characterize L6,
Before doing so, it is useful to introduce some notation.
First, let us define @, :=[(w + @)/2] and w_ = (0 — @)
and the filter function G(g,x):= (e~ +/2/T(@?)/
[VaT(a)]. Then, L£°C has the following frequency
representation:

£ = [ aq [ axglq. e (e Culo) A AL@)| + e -0 o). oaf(@)] ). 04

Again, unless otherwise specified, we imply an integration over all frequencies @ and @. Let us also introduce the two

smoothed half-Fourier transform:

ékJrl(w+vw—) ’=/ dge'1-

—o0

Ertmn0 = [ o

(5]

With this notation, £CC can be rewritten as

%)= "o [~ d@(ézl<w+,w_> (Az<w>pAz<a3> —Al(@)A;(@»))

+ Cafaro) (M(0)pA}(@) - pA(@IA0)) )

- /: do /: 4@ (y (Al(“’)”A1<@> —%{AZ@)Al(w),p}) - iSi}*‘”%[AZ(@)Al(w),p]),

where we have rewritten the integration over the frequencies for clarity and we introduced the coefficients

va’ = (:’,fl(w+,a)_) + Chlo,.0) = / d‘leiqw‘/ dxe™+G(q, x)Cyy(x),

A ™ dre=it0- G(g. x) Cya(x): (75)
/_0 dxe™ G(g, x) Ciy(x). (76)
(77)
(78)
(79)
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S0 = |Gy, 0_) - Ciws.w_)] = i / dgeiso- / dre= 1 G(g, x) Cy(x)sgn(x). (80)

We are now ready to prove that Eq. (78) generates a CP
semigroup. Let us first analyze the commutator term. A
direct calculation shows that the Lamb-shift Hamiltonian
defined as

H5g = [ "o [T aasytal@ae) 61

is indeed Hermitian (see Appendix G 1). This implies that it
generates a unitary rotation, which is CP.

It remains to examine the dissipative part of the
Lindbladian, which we dub D, In order to show that
it generates a CP semigroup, we perform the change of
variables {t;, = ¢ —x/2;t, = g+ x/2}. This has two

|

effects. First, it maps the product of Gaussians to another
product of Gaussians:

el +(x/2%)/T(@)?
VT (a)
e—t%/ZT((z)z —IZ/ZT((z)
= 1/2 iz ) (82)
[VaT(a)]"?) \[VaT ()]
Let us denote the resulting (unnormalized) Gaussians by
f%(#;) and f“(t,). The second and most important effect of
the change of variables is that it decouples the two

frequencies w and @. Indeed, an explicit calculation shows
that

G(gq.x) =

ww / dq/ dxe w =i (q+%) wg(q X)Ckl( ) (83)

- /_m dty / T Ay (1) (1) MO TCyy 1y — 1) (84)

o dw*

= 3z M
da)

- [ tuto

@) ([ Tanseapeno) ([ anpmeon) (85)

V(0 + ") (@ + o), (86)

where we introduced the bath spectral density defined in Eq. (29). Then, using this decomposition, we obtain

@CGLO]:/ da)/ day (
:/_mdzw

w)pA (@) - {Ai(aﬁ)Al(w),p}) (87)

)i ) - (L @)A )0} ) (58)

where we introduced the smoothed version of the jump operators:

Afar) = / " dof(w+ o)A (0) = / e A ). (89)

Thus, since Cy(@

o dw*

£lp) = =S H5S ol + |

—o0

is completely positive.

*) is a positive matrix (see Sec. IV C), we can conclude that the semigroup generated by

) (Aol ) - (@) ) (90)

This proves Theorem 10. Additionally, the expression of the jump operators in Eq. (89) allows one to prove their quasilocality
(see Appendix G 3) and that, in the limit in which the observation time 7'(«) goes to infinity, Eq. (90) correctly reduces to the usual

Davies generator (see Appendix G 4).
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There are a number of properties that can be deduced from the expression of the rates in Eq. (86) (and a similar

transformation for Si’l'“j). First, it can be shown that they can

be rewritten as (see Appendix G 2)

o T@e A e 0
e A, _02
Vi :T . dQCkl(m—er)e e (91)
- T(a)w_]*/4 C
Szll,m _ / / ki a)Z) e e—Qz’ (92)
0)2 + a)+) ﬁ

where (8°)¢;” is nonzero only for @ = @. This expression is
particularly useful when studying the reduction of £ to the
Davies generator: Thanks to the exponential suppression in
[T(a)w_] present in y{;” and S%, if the minimum gap
between two frequencies ™" is finite, the rotating wave
limit is approached exponentially fast for 7'(a) > (@™")~!.

This also shows what fails in the many-body setting:

l
suppression justifying the RWA happens only for observa-
tion times that are exponentially large in the system size
(precise bounds are provided in Appendix G 4).

Another consequence of the rewriting in Eqgs. (91) and
(92) is the following (see Appendix G 5).

Theorem 12 (approximate detailed balance). The coef-

ficients of £
that is,

satisfy approximate KMS detailed balance,

Since @™ is exponentially small (in the system size), the
|
~ o —— e~ [T(@o- ) /4 o /AT (a)?
05 _ gplta)/2 00| < [ p-lT@a_P/a s /aT@rerg (P < PLo 23
Ykl e Vi S 1pe e € 2T((1) \/J_TT((Z) ( )
and
. o —d . I'yp
— itanh - .0 - 94
1 tan </3( 4 ) )}/kl = 2\/2_eT(a) ( )

whenever @ # @. Choosing T(a) = Tgy(a), Eq. (93)
scales as O(a(fly)%e® T0/*) and Eq. (94) as O(aply).
Comparing the inequalities in Theorem 12 with Eq. (20),
we can see that the rates of the dissipative part of L6 (that
is, yfl’i’) are approximately KMS detailed balanced and that
the Hamiltonian correction needed to ensure detailed
balance at a global level is also small, as it contributes
only at the order of O(T(a)~!), which is well within the
error induced by the other approximations. The approxi-
mate detailed balance in yZ’l'“j follows exclusively from the
KMS condition of the bath, so we expect this behavior to
appear whenever the environment is thermal. The next
section is devoted to finding an exactly detailed balanced

Lindbladian close to £€¢.

V. RECOVERING COMPLETE POSITIVITY
WHILE PRESERVING DETAILED BALANCE

Theorem 12 highlights the role of the observation time
T(a) in bringing the rates of the dissipative part of the
evolution close to a detailed balanced map: As shown in
Appendix G 4, in the limit 7(a) — oo the evolution reduces
to the usual Davies dynamics, which is GNS detailed
balanced (and, thus, KMS as well). Moreover, for T(a)

large but finite, Theorem 12 shows that, even if strict KMS
detailed balance does not hold, we have an approximate
behavior, with a correction scaling as O(T(a)™!). Still, it
remains to be understood how the effect of the Lamb-shift
Hamiltonian can be incorporated. In general, it does not
commute with the system Hamiltonian, and its norm does
not scale to zero for T(a) — co. This subtlety was
previously noticed in Ref. [26], where it was proposed
that such a correction should be incorporated as a renorm-
alization of the system Hamiltonian. Let us rewrite the total
Hamiltonian as

2
H::HS+aV+HB:H§—%Hfg+aV+HBy (95)

where HSY is the one given in Eq. (81) and we implicitly
defined H to be the renormalized system Hamiltonian.
Then, defining the renormalized interaction picture [that is,
X(t) := e!HstHp) X o= i(Hs+H5)1) e obtain that the dynam-
ics becomes

dpsa(t) = —ialV (1), psp(1)] + &

5 [HES (1) pss (D). (96)
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Then, since the approximations in Sec. IV do not depend on the interaction picture that is used, we can carry out the same
kind of derivation to describe the effect of the interaction in terms of Lindbladian dynamics. In particular, we can rewrite

Eq. (90) in the renormalized interaction picture as

) i )
0559(1) = 3 [(HES) -

- HEG 2501+ [T ) (A0 )0 (D (@) = 3L (@) 0).55°0) ).

97)

where it should be noticed that we use A;(w*) and (HS$)* to denote the jump operators and the Lamb-shift term,
respectively, defined with respect to the renormalized system Hamiltonian [48]. Then, we can prove the following.

Theorem 13 (closeness of the Lamb-shift Hamiltonians). The difference (H($)*

— HSY can be bounded in operator norm as

[(HES) — HES || < %\/;(“) + 22T 3[zg + 2T, T(@)?] + W%@ + a*T2K,. (98)
Then, defining 555" (1) to be the evolution satisfying
0,759 (1) = L [p§O*(1)]
= 75 ) (A (0 (@) = 3 (D ) (0. 5070 ). (99)
we also have that
1755(6) — 259 (1), < (Tt (W + 20Tz + @ T (@) + 4”32”“) FaTuky). (100

Then, assuming that Ky < co, if one chooses T'(a) = Ty ()
[see Eq. (70)], the error scales as O(a(T'yt)+/T7o).

We refer to Appendix H 1 for the proof of this result.
Notice that the error resulting from disregarding the Lamb-
shift correction defined with respect to the renormalized
system Hamiltonian is of the same order as the one
encountered in Theorem 11.

Interestingly, Theorem 12 is unchanged by this discus-
sion, since the rates are defined only in terms of properties
of the bath. The discussion above, thus, shows that LG
has rates that are close to be detailed balance and no extra
Lamb-shift term that could hinder the thermalization
process. This discussion naturally raises the question: Is
there a way to further approximate £ in the limit of large
but finite observation time 7(a), so that the generated
evolution is exactly detailed balance? A straightforward
attempt is to expand Eqgs. (91) and (92) in powers of
O(T(a)7!), yielding a Lindbladian with rates

7 = e M@0y (~w.), (101)
S = itanh (4= 747,

Unfortunately, this approximation breaks the complete

positivity of the generated semigroup. However, a more

careful expansion is possible in the form of an approxi-

mation of y%:® which decays with O(T(a)~!) and that

allows to generate a CP semigroup. First, we can derive the
following fact. i
Theorem 14 (detailed balanced approximation of yy;” ).

The coefficient y‘,fl"[’ associated to £°%* satisfies the bound

|7w’a~) e~ r(@o-/ 4G (—@) g ()|
2 /7K
S 7@ (m tet m(m)’ (102)

where §;,(w) is the positive square root of Cy,(w), that is,
Cr(®) = iz (0)Gu(w) (see Sec. III). Choosing T(a) =
Topi(@), Eq. (102) scales as O(al'yT7) (assuming K < o).

See Appendix 1. This approximation is sufficient to

yield an exactly detailed balance physical evolution.
Theorem 15 (KMS detailed balanced Lindbladian).

Consider the Lindbladian £°?* defined by the rates

7? = e M@0, (=@) G (-w),
(103)

cw,d __ w_ \ ~0,0
Sy = ztanh( 7 )y,d .

Then, £P5* s exactly detailed balance with respect to the
thermal state of the renormalized Hamiltonian H =
Hg+a’HSG(a)/2 [see Eq. (81) for the definition of
HEY(a)], and it induces a completely positive evolution
of the form
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ADBx i & [ A * * 1 T
£ = =S R8sl + [ a0 (Aol 0) - (]

where we introduced the jump operators

" T(a) [« . . .
@) =[S [ dwer o= g, -0 ),

We defer the proof to Appendix I 2. Theorems 14 and 15
together show that, in the limit of large observation time,
one can derive a Lindbladian dynamics which is physical
and exactly detailed balanced. At this point, one can easily
compare the jump operators obtained in Eq. (105) with
those of previous works [27-29]. In particular, the
Gaussian ones initially proposed in Ref. [28] corresponds
to a simple Gaussian function depending on f in Eq. (105),
which instead also contains the bath correlation function.
As long as that bath correlation function decays sufficiently
quickly, these jump operators will also fit the general
characterization given in Ref. [29].

It remains to be proven that the evolution induced by
LPB* stays close to the one induced by £°¢*. Once more,
this relies on Theorem 5. First, we have the bound.

AC

{a,ﬁgG*() L[5 (1),
P57 (0) = ps(0),

A~

*)Axw*),p}), (104)

(105)

Theorem 16 (closeness of LC* and £PP*). Given any
state p, we have

129 [p] = L™ p]lI,
r 2K
_r 2167 (@)
NGl (8¢ -+ perr1erar) + (109

Choosing T(a) = Tgy(a) (and assuming K < c0),
Eq. (106) scales as O(al'y/Tz(I't 4+ [fel@/)’)).

The proof of this result is deferred to Appendix I 5. Then,
using Theorem 5, we obtain the following.

Theorem 17 (error in the evolution). Consider the

Then, the trace distance between the two solutions can be bounded as

~CGx B
175970 = A5 (0 < 5

Assuming K <oo and choosing T(a) = Ty (a)

[Eq. (70) in Theorem 11), the error scales as

O(a(T't)yTr (Tt + Tpel@h’y),

This result shows that there exists an exactly KMS
detailed balanced Lindbladian inducing a CP semigroup
and whose evolution stays close to the exact reduced
dynamics with an error scaling at most linearly in time.
Putting together the results in Theorems 11, 13, and 17, a
simple triangle inequality gives

17s(2) = DB*()||1
<ps(0) = pse Oy + 1559 (1) =

so<a( 1) (Te -+ (Tp)ele? )>

A (0l

(109)

where we choose T(a) ~ O((al')~!). This choice is justi-
fied by the fact that, thanks to the specific dependency of

solutions p§%* (1) and p5B* (1) to the following differential
equations:

0 ~DBx _ [:DB* ~DBx ],
{ ~I;OB ( ) ) LDS ( )] (107)

s (0) = ps(0).

2Kt

8 ﬂ2/16T(a)2> , 108

(8¢ -+ pe TP (108)

|
the error term in Eq. (108) [that is, inversely proportional to

T(a)], the Ty (a) obtained by minimizing Eq. (109) has
the same scaling as the one obtained in Eq. (70).

The derivation just presented is based on the only extra
assumption that the bath satisfies the KMS condition in
Eq. (32), that is, that it should be in a Gibbs state. This
shows that, similarly to the derivation of Davies [7,8], KMS
detailed balance is a generic property of systems in contact
with thermal baths. In this context, it is also interesting to
point out the role of temperature in the error estimates in
Theorems 16 and 17, which acts as an energy scale with
respect to which al " needs to be small for the weak coupling
regime to be valid. This is a novelty with respect to the
derivation in Sec. IV, where only the bath timescales I'"!
and 7z play a role. This highlights the special role that
thermal equilibrium plays in ensuring detailed balance. The
exponential dependence of Eq. (109) on the temperature
makes the bound less relevant for f very big (at fixed ).
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This can be taken care of by choosing T(a) ~ O(fa™!).
Still, doing so makes the whole error bound scale as 7!, so
this choice will not be optimal when treating high temper-
atures (f — 0). For this reason, there exists a temperature
p* for which one passes from one regime in which it is
better to choose a temperature-dependent observation time
to one in which T(a) is independent on f.

Finally, it should be noticed that the equilibrium is
attained with respect to the thermal state of the renormal-
ized Hamiltonian Hj = Hg + a*H$$ (a)/2 (where, for
clarity, we have highlighted the dependency of the
Lamb-shift Hamiltonian on @). One might wonder whether
HY is somehow related to the mean force Hamiltonian

H(Smf ), implicitly defined by the relation

. —pH
—pH™) e
e s ="Tr .
Bl z,

(110)

This would mean that, at equilibrium, the state of the
system is the reduced density matrix of the global Gibbs
state rather than thermal with respect to the bare system
Hamiltonian. It is quite puzzling that this is not the case, as
noticed already in Ref. [26] and discussed in Appendix H 2.
However, the following is still the case.

Theorem 18 (closeness of fixed points). Let yg be the
Gibbs state of the bare Hamiltonian, and define y§ with
respect to the renormalized Hamiltonian H = Hg+
a*H¢S (a) /2. Tt holds that

llvs =75l < a?BT. (111)

We refer to the proof of this theorem to Appendix H 3.
This shows that, even if the thermal fixed point of the
evolution does not coincide with the one expected from
thermodynamic considerations (i.e., the zeroth law of
thermodynamics), this discrepancy is one order larger in
a than the one arising from the approximations to the
dynamics.

VI. QUANTUM ALGORITHMIC SIMULATION

The KMS Lindbladian defined in this work can be
efficiently simulated on a quantum computer with the
schemes analyzed in Refs. [27-29]. These are based on
the paradigms of block encoding and linear combinations
of unitaries, standard in the quantum algorithm literature
[49-52]. We now outline the inner workings of those
algorithms and summarize the requirements in terms of
quantum resources.

The Lindbladian simulation algorithms require a block
encoding of the jump operators and of the coherent term. In
this case, this can be done through an approximation of the
integral over a “time” variable that defines them. We recall
the expression for the jump operators obtained in Eq. (105)
and write it as the integral:

AAA(G)*

)
= 1/%/_: dwe 7@ @ = Llg, (—w)A)(w)  (112)

— /_ : dre™ " A(r) (ﬁ (e s ) (t)>
(113)

= / ” dre ' A(1)G(1). (114)

[Se]

We can also write the coherent term (or Lamb-shift
Hamiltonian) H?% as an integral over time with the filter
function F(z) in Eq. (H47), as the Fourier transform of the
coefficients in the last line in Eq. (103). Then, in order to
simulate the master equation generated by these, we require
the following.

(1) A block encoding of the initial jump operators A.
When A is Hermitian but not unitary, this requires
the construction of a larger unitary gate with a block
or submatrix corresponding to A, which can be done
for several classes of matrices of interest [50,53-55].

(i) A coherent quantum state (oracle) encoding an
approximation to the functions G(z) and F(t). This
is constructed through an approximation of the time
integrals with a discrete sum, by truncating them to a
finite time range, and then approximating with a
numerical quadrature. This can be efficiently done
given the smoothness and decay of both G(¢) and
F(t) [29].

(iii) Black-box access to the controlled time evolu-
tion el for the relevant times in the numerical
quadrature. The largest of these depends on the
timescales T(a), ™!, and f of the functions G(r)
and F(t). This can be achieved with any of the
various quantum simulation methods for unitary
dynamics.

Once those ingredients are in place, one can resort to
efficient Lindbladian simulation algorithms such as
Refs. [28,56-58]. According to the analysis of
Refs. [28,29] applied to our setting, the total computational
cost of running the algorithm for a time ¢ and up to error € is
roughly O(t[T(a) + T'~' 4 p]polylog(1/¢)), which is by
construction efficient in time and approximation error.
This should be contrasted with the case of Davies dynam-
ics, that for a many-body system of N particles involves the
RWA, meaning that T(a) « a~' > ¢?W); thus, the simu-
lation of Davies maps takes exponential time in the number
of components.

One can compare the Lindbladian obtained in this
work with that in Ref. [28], which we report here for
convenience [59]:
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£l = = )+ [ dor (A0 AR @) - AR @A @), 01 ).

2

[5e]

where we introduced the jump operators AfL(a)*) defined as

~ 1 ® 274,52 )2 2
AAL o) = / dwe—(u1*+u1y) /4c; e—((u -0)2/2(\20%) A (w),
) N Vo) 7 )

whereas HfL"g is chosen according to Theorem 3 and w,, o,,
and oy are free parameters satisfying the relation

(117)

By setting o := [v/2T(a)]”", the two Gaussian filters
become identical; moreover, we see that the role of §;;(—®)
is taken by the term G, , (@) =exp{-[(0" + @,)*/
(462)]} in Eq. (116).

VII. CONCLUSIONS

We have proven the existence of an explicit master
equation that approximates the evolution of a quantum
system weakly coupled to a bath. Notably, this comes
equipped with error estimates that improve all previous
derivations, and it relies on approximations that apply to
many-body systems. As a main conceptual novelty, our
master equation satisfies an exact notion of KMS detailed
balance, thus guaranteeing thermality. In our derivation, we
introduced the Gaussian profile in order to coarse-grain the
dynamics. As a result, the resulting generator is more akin
to that initially derived in Ref. [28]. However, notice that
(i) the Lindbladian coefficients also depend on the corre-
lation function of the bath, which may not be Gaussian, and
(ii) the choice of Gaussian is convenient but arbitrary, and
other similar profile functions will likely yield similar
bounds.

This construction paves the way for the exploration of
the open system dynamics of many-body physics, beyond
the simple models commonly used in the literature [11,12].
This can allow us to uncover interesting new features of the
thermal behavior of many-body systems [60]. It also further
motivates the development of quantum algorithms for
Gibbs sampling that explicitly simulate these processes
[28,29] in a way similar to how product formulas simulate
unitary time evolution [61]. From the open systems and
thermodynamics point of view, the master equation derived
here can potentially yield insights into recently studied
problems, such as the question of “local” vs “global”
master equations [62—65] or the corrections associated to
Hamiltonians of mean force [66,67].

(115)

(116)

|

Our results are also relevant in the wider context of
quantum information and computation, where various
works on Lindbladians with KMS detailed balance have
recently appeared. It has been shown that, at low temper-
ature, they can reproduce arbitrary quantum computations
[68], they feature in proofs of spatial Markov properties of
Gibbs states [69,70], and they can be used to efficiently
prepare quantum states of interest [71-74].

ACKNOWLEDGMENTS

We thank Ariane Soret for pointing out the related and
independent work [31] after the completion of this manu-
script and Zhiyan Ding and Yongtao Zhan for pointing
to an error in a previous proof of KMS detailed balance.
We acknowledge support from the Spanish Agencia Estatal
de Investigacion through the grants “IFT Centro de
Excelencia Severo Ochoa CEX2020-001007-S” and
“PCI2024-153448” (for M.S.) and “Ramén y Cajal
RyC2021-031610-I", financed by MCIN/AEI/10.13039/
501100011033 and the European Union
NextGenerationEU/PRTR (for A.M. A.). This project
was funded within the QuantERA II Program that has
received funding from the EU’s H2020 research and
innovation program under the GA No. 101017733.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: ABSTRACT
CHARACTERIZATION OF CHANNELS

The discussions of this appendix are inspired by
Refs. [75,76], as recounted in Ref. [77]. We begin by
defining an orthonormal basis of matrices {A;} (with
respect to Hilbert-Schmidt), that we choose in such a
way that {A;(w)} is also a basis (with possibly different
indexes [78]). Then, any superoperator @ can be rewritten
in the form

OX] = > ScuAiXAl = D ci"A(@)XA(@). (A1)

k.l

klw,®

The coefficients ¢;; are the GKS matrix (for Gorini-
Kossakowski-Sudarshan). This representation is uniquely
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defined once the basis {A;} is fixed, and it encodes the
most important properties of the channel @ in a simple
manner. For example, ® is Hermitian preserving [that is,
®(X") = ®(X)"] if and only if ¢;; is Hermitian:

AT
O(XT) = cuAXTA] = (Zk’lc_lkAZXAk) . (A2)
Kl

In order for the expression to be equal to ®(X)", thanks to
the uniqueness of c¢;;, we need that c;; = ¢y, proving the
claim. A less obvious and more interesting fact is the
following.

Theorem 19 (Choi’s theorem [79]). The channel @ is
completely positive if and only if the corresponding GKS
matrix is positive semidefinite.

So, for channels, not only is ¢;; a Hermitian matrix, but it
also has a non-negative spectrum. When referring to a one-
parameter semigroup ®, = e’~, it is often useful not to
work directly in terms of the full ¢;; but with a reduced
version thereof. Let us fix A, := 1. With this choice at time
t =20, ¢y = 8;16,, since @y =1 (the identity channel).
Then, in order to see how the evolution in time affects ®,,
we define the reduced GKS matrix &, to be the (d — 1)? x
(d —1)> matrix obtained by eliminating from c;; the
first row and column. This allows for the following
characterization [76].

Theorem 20. The one-parameter semigroup ®, = e’* is
CP if and only if the reduced GKS matrix &, of L is
positive semidefinite.

Proof. For clarity, let us introduce the notation ¢, (‘¥) to
denote the GKS matrix associated to the map ¥ (and
similarly for the reduced GKS matrix). Suppose ®, = e~ is
CP at all times. Let us introduce the difference:

[Cl,l(q)t) — 1]
t

ckl(q)tt I) = 5,100, + Ck.l(tq)t)‘ (A3)
Since this decomposition holds for all times, we can take the
limit lim, o+ {[c (P, —D)]/1} = (L), so that ¢y (L) =
lim,_ o+ {[¢; ;(®,)]/t}. Then, since ¢; ;(P,) is positive semi-
definite, the same has to hold for ¢;;(L) as well.

On the other hand, suppose that &;(L£) > 0. Then,
expanding in ¢ we have that
|

(@) = cu(l) + te (L) + O(F). (Ad)
Then, since c¢(I) = 6,16, and & (L) is positive semi-
definite, for ¢ sufficiently small (say, t*), ¢ (®,) is also
positive semidefinite. The claim follows from the fact that

D, = Hf/:t 1 ®@,., together with Theorem 19. m
We can also characterize the property that ®, = e'* is
trace preserving independently of whether it is CP or not.
Before doing so it is useful to notice that the action of any
Hermitian-preserving map £ can be decomposed as

LIX] = GX +XG' + > cyAXA], (A5)
k.l

where G := ), ¢y ,A;. Notice that only the reduced GKS
matrix enters the sum. Now G can be decomposed in self-
adjoint and anti-self-adjoint components as G = K — iH
(where both K and H are self-adjoint), and we can
explicitly compute the anti-self-adjoint part as

i .
H = §Z<C1,1Az - C1,1A}),

>1

(A6)

so H is traceless. In this context, the requirement that ®, =
e'* is trace preserving fixes the expression of K.

Theorem 21. Let £ be a Hermitian-preserving map
generating a trace-preserving semigroup. Then, the self-
adjoint component of G in Eq. (AS) reads

I,
K = —EZCMAI(A[; (A7)
k.l

that is, we can rewrite the action of L as
1
LIX] = —i[H.X] + ) ey (A,XA}< -5 {AZA,,X}). (A8)
k.l

Proof. First, notice that @, is trace preserving if and only
if ®](1) = 1. Since we want this relation to hold for all
times, it directly implies that £ (1) = lim,_[®] (1) — 1]/
t = 0. Using Eq. (A5), this condition can be expressed as

LI1) =G+ G+ TuAJA =G+ G+ &AjA =0, (A9)
] ]
where we implicitly used the Hermiticity of &,;. Then, the claim follows from noticing that G + G' = 2K. L]

One can recognize in Eq. (A8) the usual Lindblad form of the generator of a one-parameter semigroup. Still, this
structural characterization is independent on whether ®, = e¢'“ is CP or not. On the other hand, Theorem 20 states that if
this is the case for all times, then the matrix ¢;; in Eq. (A8) has to be positive semidefinite.

Finally, we provide an extended version of the structural characterization of KMS detailed balanced Lindbladians from

Theorem 3.
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Theorem 22 (structural characterization of KMS Lindbladians [15]). Let £ be the generator of a trace-preserving
evolution of the form @, = e“. Assume that £ satisfies KMS detailed balance. Then, the following two conditions should
hold:

EnP = (&) e Pllora)/2,
{ Var (A10)
A;71G] =G,
where G was introduced in Eq. (A5). Moreover, this implies the decomposition
: w.d O NP
Llp] = —i[HYs + Hys.p] + Z vy (A,(a))pA,L(a)) - E{A,L(w)A,(w),p}) (A11)
k.lLow,&

where HY ¢ and H s are two Hermitian operators such that [H),ys] =0 and H s =135 SUPAT (@)A,(w), where the
coefficients y;” and S satisfy

}/Z)l’{;} fry l:lw'_d)e_/}[(“""'(]’)/z]’
@,D . O—@ ®,» (Alz)
Sy = itanh (ﬂ(T))ykl :
Proof. Thanks to Theorem 2, we know that
Cz)l,a?(q,t) _ c,:l’”’_d’(Q,)e_ﬂ[(“’*d’)/z]. (A13)

~0,®

Since this property is independent of ¢, it can be directly transferred to ¢;;”(£). This gives the first condition in Eq. (A10).
Then, assuming that this holds, we can simplify the difference between £ and L£p as

LIX] = 3, 0 LT o BVX] = (G- APIGX + X(G - A/[GT]) (A14)

In order for £ to be KMS detailed balance, the difference above must be zero; that is, it should hold that G = A;S/z [GT],
which proves the second condition in Eq. (A10).
Then, let us decompose G as G = G + G|, where G, is the diagonal part of G in the eigenbasis of Hg. Obviously, G,

always satisfies Gy = A%z [G(T)], so it does not affect whether £ is detailed balanced or not (we denote the corresponding
anti-self-adjoint part as H? ¢)- On the other hand, the components of G, = K|, —iH, need to satisfy

(1A

H, =—-i
T+ AP

K] (A15)

for Eq. (A10) to hold. At this point, we can use the expression of K found in Theorem 21 to obtain

1/2
Hi= > & (127 A@aw) | =1 3 “"”’(1_e[_ﬁ(w_%)mrm< ) (Al6)
1= Cl = \w)A(w = — Ckl, ———— H@)A (@
ot \2(1+A/0) 2,2, 1y el poalr2

:é 3 5;;’,-“7tanh(ﬁ<w+“~’>)A;(aa)A,(w), (A17)

kL w#d

where we implicitly used the fact that A, [X (@)Y (w)] = e P9 X (%)Y (w) and the definition of the hyperbolic tangent.
This proves the claim. =
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The theorem just proven shows that for KMS detailed
balanced Lindbladians the two components of the matrix G
are closely related. This was used by the authors of
Refs. [15,28] in order to enforce KMS detailed balance

~(0),(D

given a reduced GKS matrix. Indeed, suppose that ¢;
satisfies the first condition of Eq. (A12). Then, it is always
possible to define a KMS detailed balanced Lindbladian by
proceeding in two steps: First, we use the structural
characterization of K in Eq. (A7) to enforce trace preser-
vation; then, since this term can generically break the KMS
detailed balance of the resulting Lindbladian, we artificially
add H | as defined in Eq. (A17) in order to recover exact
detailed balance.

This discussion is particularly interesting when consid-
ering Theorems 15 and 16: There, we show that through a
series of approximations one can define an exactly detailed
balanced reduced evolution that stays close to the real
dynamics. As it appears, whereas the condition on the
reduced GKS matrix (that is, the rates 77}:’,"7’ ) naturally
emerges from the microscopic derivation, the one for
S¢” in the case w # @ has to be introduced by hand
(similarly to what was proposed by Refs. [15,28]).

Let us split the Lindbladian as £ = £, + £,, where
Ly[X] =31, A ,XA,TC is exactly detailed balanced and £,

|

Trp[Bi(1)V(1,0)y5V' (£,0)] = —ia/ldsTrB[Bk(t)V(t,s)[V(s),V(s,O)yBVT(s,O)]VT(I,s)].

0

denotes the rest of the terms in Eq. (AS5). Then, the
evolution @, = et can be represented in Trotter form,
as @, = lim,_,, (e/"2¢!/"1)" 1In this context, every odd
step corresponds to an exactly detailed balanced evolution,
which breaks trace preservation (since this was enforced by
the presence of £,). On the other hand, since £; + £, is
trace preserving, every even step acts as a projection into
the space of matrices with constant trace. This generically
breaks detailed balance. Then, the results of Theorems 15
and 16 can be read as two facts: first, that even if imposing
trace preservation breaks detailed balance, this happens
well within the uncertainty we have about the exact
evolution; and, second, that we can counteract this effect
(at the same order of approximation) by introducing a small
purely unitary rotation.

APPENDIX B: DERIVATION OF THE EXACT
REDUCED SYSTEM DYNAMICS

We provide a derivation of Eq. (26) from the main text
using conditions 1-3. Before doing so, we remark a special
property of Gaussian baths that follows from Wick’s
theorem in Eq. (25) and condition 2 [18]:

(B1)

This identity can be verified by Trotterizing the evolution of V(¢,0). For simplicity, here we present the proof for the
asymmetric case, but the general identity follows the same reasoning:

Y =0
= lim > Trg[By()(I - iaAtV (j'At))y|Trg {H(H — iaAtV(jAL))yp (B3)
n—oo j':O /f_:f, i
n n J 9
= —ialim )~ AfTry {Bk(t) [ eavusov(jan [Jeeav sy, (B4)
=0 =1 =0 :
t
= —ia/ dsTrg[Bi(0)V(t, 5)V(s)V(s,0)y3]. (B5)
0

where At := t/n, all the products are ordered from right to left, and we used e~ @A1VUA) ~ ] — iaAtV(jAt). In the third line,
we used condition 2 to get rid of the contribution arising from the identity and used Eq. (25) to put back the two traces
together. Then, we can apply Eq. (B1) to the exact evolution in Eq. (23) to obtain

a,ps(1) = —idTrg[[V (1), psp(1)]] = —iaTrp[[V (1), V(1,0)ps(0) ® y5V(1,0)]]

== ["asTe V0. (V) psn )V (1.5)])

(B6)

(B7)
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Finally, expanding the interaction term in terms of the jump operators [see Eq. (21)] and applying Wick’s theorem once

more, we obtain

atpS(t) = )

+ Cia(s — 1) Trg[[A)(2), V(1, 5)psp(s)

proving the claim.

Even if this derivation heavily relies on the
Gaussianity of the bath, there are other, more general,
ways of obtaining an exact reduced dynamics akin to
Eq. (B8). In fact, the key role of the bath correla-
tion function in the characterization of the system
dynamics does not depend on this assumption [18,38].
Nonetheless, assuming Gaussianity of the bath allows
for more straightforward error bounds on the Born-
Markov approximation, and it is, thus, preferable for
analytical calculations.

vIC@)W) = / ™ A6 (T Trg By (1B glvr) = / v

@ / ds(Cult = ) Trg[[V(t. $)A ()5 ()V' (1. 5). Ax(1)]

A(s)VI (. 9)]]). (B8)

APPENDIX C: POSITIVITY OF THE BATH
SPECTRAL FUNCTION

We aim to prove that the bath spectral function C(w)
is a positive matrix or, equivalently, that for any vector |v)
we have

(vIC(@)lv) = 0.

We follow the proof presented in Ref. [38]. To this end, let us
rewrite Eq. (C1) as

(C1)

dte™ D (1) > 0, (C2)

—o0

where we have implicitly defined the function D(r). This rewriting is particularly useful thanks to the following.
Lemma 1 (Bochner’s theorem [80]). The Fourier transform of a continuous function f:R — C satisfies f(w) > 0 if and

only if f is positive definite.

Then, this reduces the problem to proving that D(¢) is positive definite. These are functions 4:R — C such that for any

vector of reals {r;};c(

ny of arbitrary size n, the matrix A defined in coordinates as A;; = h(t;

—t;) is positive

semidefinite. Before moving to the actual proof, it is useful to rewrite D(¢) as

D(1) = Trple™s' (v, By)"

- / dE, / AE} (Eyle (1,B,)" e 51| Ey)(E}| (v,B))7 5| Es)
-0 -0

dE dE’— i(Ep—E
/ B/ B 2y

e~Hu!(v,B))yp]

o [(Ep|(v,B)|Es) P,

(C5)

where we used the spectral measure Hg := [©_dEg(Ep|Ep)(E|). Then, it remains to prove that, for any vector |w) and any

choice of reals {t;};cq
straightforwardly verified as

o [ _ﬂEB . ’ ; U
O A e e | e e (A A

B

PEg
- ["ar, [, L
B

W EnE ) || (0B) | Eg)? 20,

ap» the quantity [WeD(#; —t;)w;] is non-negative. Starting from Eq. (CS5), this can be

(Co)

(€7)

where we remind the reader we always sum over repeated indexes. The claim follows from the fact that we are integrating
over non-negative quantities. This proves that D(¢) is a positive definite function. Thus, it follows from Bochner’s theorem

and Eq. (C2) that C(w) >0
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Another interesting property of positive definite functions is that they are uniformly bounded by their value in zero. Thus,
as a by-product we also obtain the following inequality for any vector |v):

|k Cr(t)v1)| < (DeCra(0)v)). (C8)

APPENDIX D: RELATION BETWEEN DIFFERENT TIMESCALES

We are going to explore the relation of the timescales:

Iy:= dt|C ; I':= d ds s D1
0 Ekl /_ f| kl(f)| Ekl /_ f|9k,1(f)/_ |9/1[( )| ( )
Loz = d C ; I't:= 2 d ds D2
070 Ekl /_ WH kl(f)| E / f|f||gk,1 |/ |9/11 )| ( )

Ko= 3 [Taticul &= [ar [T astl + D0 lga ), (D3)
kl - 1 -0 -0
between each other and with the bath spectral function. First, it should be noticed that
Cut)| =| [ arerocy(n| < 3 [ aternctn) =i (D4
—00 k.l —0o0
|Cl(w)] = |i dre"1Cyy(1)| < Z/ dele™t1Cy(1)| = Too; (D5)
o) = |~ [ avericy| < 3 [ aerici ) = Ko (D6)
In the same way, it can also be proven that |§;,;(®)||g,(®)| <T (for any w,®), that |§,,(®)||§, (@) <T'r, and finally
that (13 (@)|9:4(@)] + G (@)[1 53 (@)| + |92 (@) | T1(@)]) < K
Finally, it is also possible to relate I, with I" as
=3 [Tal [ dsgu@uutr-5| <3 [ar [T aslgg(lgate-s)l <. (D7)
kl - ] J—o0 -0

where in the first step we used Eq. (34) and the last inequality follows from a change of variables ¢ — s — £, which
decouples the two integrands. Similarly, we have that

F()TO / dt‘t|

< Zl/_: dt/;: dS(|t| + |S|)|gk,1(s)||g/”(t)| = FT, (Dg)

/ dsgri(s)gu(t —s)

<3 [Tar [ aslluoloute ) (08

where, once again, we used the change of variables t — s — ¢ and the last step is just an application of the triangle inequality.
Finally, we also have

K, = E drlz)? dsgp, (s —s E d ds|t|? s -5 D10
0 4 /_ t| /_< Gra(8)gu(t —s)| < 1 /_ t/_ 11°]gra ()l g2 (2 = )] ( )
< E d ds(|t] + |s])? s s)| =K, D11

1 /_ f/_ ([l + 1517 |gia(s) | g ()] ( )

where, similarly with Eq. (D9), we changed variables ¢ — s — ¢ and applied the triangle inequality.
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APPENDIX E: PROOF OF THEOREM 4: FASTEST RATE OF CHANGE IN THE SYSTEM
We begin from the expression in Eq. (26) for the derivative of the state:
t .
dips(t) = azA ds(Cpy(t = 5)Trp[[V(2, 5)A;(5)psp(s)V' (1, 5), A ()]
+ Culs = 1) Trg[[A(1), V(1. 5)psp(s)Ac(s)V (2, 9)]]). (E1)
We now bound the trace norm of the trace in the first line as follows:

I[Trg[V(t. )Ai(s)psp()V' (1. 5)] A0l < 2] Trp[V(. 5)A(5)psa(s)VF (2. 5)] 11| A (1) lloo (E2)

<2 sup |[Tr[Ps @ IsV(t.5)A,(s)pss(s)V' (t.9)]].

—Ig<Ps<Ig

(E3)

where in the first step we have taken A;(z) out of the trace (since it acts only on the system), then applied the triangle and
Holder’s inequality, and finally used the normalization [|A;(7)||,, = | and the standard rewriting of the trace distance in
terms of a maximization over Hermitian operators whose larger eigenvalue is smaller than 1. Then, using the cyclicity of the
norm, we have that

Eq. (E3) = 2 sup_ [ Tr[(Vi(1.5)P @ LpV(t. 5))A(s)psn(s)]] (E4)
< 2_1[ sup I Te[PspAi(s)pss(s)]] = 2[|Ai(s)pss(s) Il < 2[|A1(s)lwllpss ()]l < 2. (ES)

where, once again, the last step follows from Holder’s inequality. The second trace can be bounded in the same manner.
Putting everything together, we have

|Mmﬂﬂhs2¥§:/nwﬂcut—SM+Wu@—0|<2¥§:/ndﬂme|<h%%, (E6)
k.l
proving the claim.

APPENDIX F: BOUNDING THE DIFFERENT ERROR TERMS

1. Proof of Theorem 6: Born approximation

The difference between Egs. (45) and (48) is that we have substituted V[(¢/a?), (6/a?) — x| with the identity operator. In
order to compare the two expressions, let us rewrite the action of the unitary V), , on an operator X as

0
V(,xXVZ,x:X—ia dw|V ger YV ger,g XVt +w,6 —-x . (F1)
: . o ) o2 o

Then, the Born approximation consists of disregarding the first term in the expansion. This allows us to express the error
term &8 = 0,(55(1) — (1)) as

5 t c/a? B t/a? 0 B
Er =20, | do dx deM w dx [ dwH?,,, (F2)
0 0 0 —x

where, for brevity of notation, we implicitly defined the operator HU «w Which corresponds to substituting in Eq. (45) every

term of the form V,, , - Vg,x with the second term on the right-hand side of Eq. (F1). Then, we can proceed to first bound the
trace norm of HZ, . which explicitly reads
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17 wlly < a(|Cr(x)] + [Cra(=x)1)

t (t/a*)+w t ~ (t/a®)+w\ T t

where, to make the expression above slightly more compact, we introduced the notation V', := (¢, s). Moreover, we denote
the trace norm in Eq. (F3) by ||H2,,,||;. Then, by applying Hélder’s inequality and using the Gaussianity of the bath, we
obtain

, (F3)

1

187l < 204 <d4aly.  (F4)

! (1/a*)+w ! p 2 (1/@)+wy T
TI‘B |:|:V (? + W) N V(l/az)_x A[ (? - x)pSB(t —a x) (V([/az)—x )

where in the last step we used an expansion akin to Eq. (B7) (which gives the extra « factor associated to the contribution
coming from having V in the expression) and then applied the same steps presented in Appendix E to bound the trace norm
with 2I7.

Now plugging in Eq. (F2) the bound from Eq. (F3), we get

1

t/a? 0 t/a?
1€l < / dx / dw|[HE, .|| < 42Ty S / Axlx|(1Cu(x)] + |Ca(—0)) < 4aTo(Tom).  (FS)
X kl

where in the last step we used the definition in Eq. (36). This proves the claim.

2. Proof of Theorem 7: Markov approximation

Once again, we can express EPM = 9,(p8(r) — p&M (1)) as in Eq. (F2), that is,

t/o?
jEBM||, < / x| HEY |, (F6)

where the trace norm on the right-hand side can be upper bounded as

1221, < (Cual + ICu=D | |41 =) oot = ) - st ()

a?

(F7)

<2(|Cu(s)| + [Cru(=s) D15 (t — as) = ps(1)

I (F8)

where we implicitly used the triangle inequality and the fact that ||A;||,, = 1. Then, thanks to Theorem 4, it holds that

» 5 t—a’x - az X ~
Ise =20 =ps(0ll = | [ o <0 s josstol < elor (F9)
t 1 u€ [tt—a’x
Then, wrapping everything together, we finally obtain
t/a?
1211, < 2a2FoZ/) dx|x|(|C(x)] + |Cra(=x)]) < 20°T(Ty7), (F10)
kl

proving the claim.

3. Proof of Theorem 8: Redfield approximation

The error term ERE = 0,(p8Y (¢) — pRE(¢)) can be bounded through the same steps as in previous appendixes as
: s S

ler <23 /Ooo dx|6((1/a®) = x) = e/ |(|Cyy ()] + | Cua (=) (F11)
kl
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where we denote by 6(x) the Heaviside step function. We can then split the integral in two parts, depending on the behavior
of the @ function. The first term is bounded as

<1 _ o~(5/2/T(ap?

| — e=(x/2/T(aP 1
/ ( )<|x+ra )(1Cu(e)] + [Ca(=x)]) < 2(1 + Cozg)sup -
x| + 175

|X|+F 1 xeR

> (F12)

(1+Tyzy) 20G(1 +Ty7p)
STEiry 2

(F13)

where the first inequality follows from extending the limit of integration to infinity and using Holder’s inequality. On the
other hand, the second part can be bounded in a similar manner:

2a2F0(1 + F()T())

23 [ dvemrsria) <M>(|ck1(x)|+|cm(—x)\)s @ oD

, F14
t/(12 |x| _|_ F ( )

where we implicitly used the fact that (|x| +T'5!)™! < (t/a* + T5')™! on the domain of interest. This is the only error
bound that depends on the time ¢ in ||EXE||,. Upon integration, this gives the logarithmic behavior in Eq. (59).

4. Proof of Theorems 9 and 11: Time averaging procedures

We begin by bounding the trace difference between the smoothed and the exact state:

B 5 0 e_qz/T(a>2 5 B g
Iosto) -0l < [ dq—m( s =t @l < [Tae Tl [T astagst ol
“12/T( 0)* 2y’ T (a

where we applied Theorem 4. This proves Theorem 9.
Then, we proceed to prove the differential expression in Eq. (65), which can be deduced by direct calculation:

o —-¢*/T(a)?
op5(t) = [ dq NAC) 9,ps(t + a*q) (F16)
o et/ BM RE ~RE 2
= dqW ((EF oy + &M, + EXL2) + 05 (1 + o)) (F17)
" e~ /T(a) 5
= Sl‘ + \/_T( ) ( t+a? q[pS( +a q)])’ (F]S)

where we implicitly defined the error term EP. We further rewrite the integral as

(o] e_qz/T(a)z

9 J2T(a) (LRE. st +aPq) = p3(0)] + LEE . [5(0)]) = EM + LEP[F5(1), (F19)

where we introduced &M and we used the definition in Eq. (67). Finally, introducing the notation
ECP = LEV53(1)] = LECp5(1)], we can rewrite Eq. (F18) as

0ps(t) = EP + EM + LECP(0)] = EP + EM + EFF + LEC[p5(1). (F20)

This proves Eq. (65) with £TOT given by the sum of the three error terms above.

Let us estimate the trace norm of the error terms one by one. First, a bound on £? directly follows from the estimates in
Theorems 6-8:
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o7l < ["aa (e

B
t+a? q11

BM
exte, + [l

|>‘ (F21)

t+a? q

o  p-dt/T(a)?

1 a?
S = dqW (602F0(F070) + 2F0(] -l- Fol'o) <2 + FOT(a) + (a2 + FOZ))> . (F22)

In the second inequality we used the bound {a?/[a? + Ty(t + a?|q|)]} < {a?/[(a* + Tyt)]} to get rid of the ¢ dependence
of [|ERE g ||] Then, integrating over g gives a factor 1, since the Gaussian is normalized.

We can now estimate M, which we rewrite as

[e] e_qz/T(a)z

e, = [ a0 s (18, (st + @) = 35(0) + sto) = ), (F23)
o ~¢*/T(a)?

<A [ ag s s+ @) = sl + 17500 = A0 (F24)

where we introduced the constant A := sup,||£RE||,_,, which satisfies the bound

A< s / dxe 1T g1 [(Coa(o) AN (U2 (X AL + Cua(=0) AL Uy KA (=0D]||  (F25)
X|,=1 1
< s [T 4G+ iU A%, Al <20 (F26)
X|,=1
Moreover, Theorem 9 implies that the second norm in Eq. (F24) can be bounded as
o ¢ /Tla) 2Tya*T(a)
dg—=——|Ips(1) = A3(0)||, < == F27
(/7 a0 s s - 3o, <22 (F27)
Similarly, the first term is bounded by
© d e_qz/T(a)z ) 0 d e—qz/T(“)Z a*|q| dxlla 8
—||ps(2 — pgl(t < —_— Dg(t
[~ gy st - a) sl < [ ~ag s [T adoups(+ 0l (F28)
-¢*/T(a)? Ca2T(a
<2l | lq| = Lo T(). (F29)
xf T(a) Vr
where we used Theorem 4 to upper bound the norm of the derivative. This proves that
Ar20’T (a
sy, < e T (F30)
Nz

Finally, we need to estimate EF := LE[55(1)] — LEYp5(1)]. To this end, it is useful to rewrite L5 as

L) / dq / ax’ Wi;.TE/Z)ZWa)Z <Ck1(x) {A,( +q- 2) ~§(r),Ak<a§+q+;>}
+eut=n|a(G+a+3)son(a+a-3)]) (F31)

where we implicitly carried out the substitution ¢ — ¢ + (x/2). Then, L€ differs from £ [see Eq. (66)] only for the
argument of the exponential. This allows one to estimate £7 as
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—(x/2)%/T(a)?
S 2/ dq/ xS e @t T@P e/ T(@) (x) + Cy(—=x)| (F32)
-(x/2)*/ ) 1 e (ay/2)/T()? y
/ dQ/ /0 d)’w (fl + 5) ‘|Ckl(x) + Cr(—x)| (F33)

) /oo b e~ (¥/2)*/T(a)? /x/z d < —y/2 q © q —(g+y/2)*/T(a) (F34)
< TN Y / q -+ / q) — o F

0 VaT(a) Jo —co0 -y/2 T(a)?
where the first equality just follows from taking the derivative with respect to ¢ and then integrating again, while in the last

step we split the integral in ¢ depending on the sign of ¢ + (y/2). Let us examine one of the two halves (the other case is
done similarly). Then, we can ignore the absolute value and carry out explicitly the computation:

6]+ ‘|Ckl ) + Cra(=x)],

2/ood e—(X/2)2/T(a)2| » ) x/zd = e (a+y/2)*/T(a)? y (F35)
e + el [ [ 7(+) F
A JaT(a) ki ki o Y A q T(a) q )
S —(x/2)%/ —wz/T
= 2/ dx Culx)+C / d / dw w F36
A \/_T( ) | (X (=) y T(a)2 ( )
l/oo e—(x/2) /T( )2 F()T()
=— dx———F+|Cr(x) + C X <——7— F37
2 0 \/ET(G) | kl( ) k/( )H | 2\/_T( ) ( )

The other term in Eq. (F34) gives the same bound, so we finally obtain the estimate:

T'o7o
< . F38
7], = Vet (59
Wrapping everything together, we have the upper bound:
HngFOTH < 6a2FO(FOTO) 2F0(1 + F()TQ) 2a2F02(1 + Fofo) 4a2F0(F0T(a)) i rofo ‘ (F39)
! 2+ToT(a) (o2 +Tot) VT VT (a)

Then, we can identify the right-hand side of Eq. (F39) with the function m(¢) of Theorem 5. Moreover, thanks to Eq. (F15),
the constant R is also known. It directly follows that

2T azT(a) t
=5 ~CG 0
pe(t) —pse(t Si—ﬁ—/msds F40
I25(t) =5 ()4 N ; (s) (F40)
I T(a) (Fot)(l +FOT0) a_2 F()t
=2a2( (1 +2ry) -2 1(Toto) | 3T + ———— 1+ Tyro)log( 1+-2) ).
a ((( + 20t) N + 2 + 2T, T (a) + (1) 0+2\/71T(a) + (1 +Tozp) log( 1 + p
(F41)
Applying the triangle inequality, we finally obtain
15s5(1) = S (), < M1ps(r) = ps (o)l + 1A5(2) = ASE ()] (F42)
Iyt
SK1+K2t+K310g 1+¥ s (F43)
where the three constants are defined as
AT 02T
K, = (@) (F44)
\/]_T
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1
K2 = 6a2F0(F010) -+ m (2 -+ 3F01'0) =4 (4a21"(2))T(a), <F45)
a
K3 = 2(12F0(1 + FoTo). (F46)

It should be noticed that in the definition of K, we used the inequality [2 + [\7(@)]™! < [[\T ()] and /77! < 1 to
simplify the expression from Eq. (F41). Moreover, there is an additional contribution to K| which comes from the use of
Eq. (F15) (Theorem 9) to estimate the first trace distance in Eq. (F42). Then, we can minimize K, as a function of 7'(«). The
minimum is reached for

K3 = a(4rm /21 370 + 60:F0(F010)), (F47)
where the optimal observation time takes the form
1
szt(a) = m \ 2 4 3FOT0. <F48)
This proves Theorem 11.

APPENDIX G: PROPERTIES OF THE COARSE-GRAINED LINDBLADIAN

1. Hermiticity of H;g

Let us start by showing that indeed the Lamb shift H; ¢ defined in Eq. (81) generates a unitary rotation. This can be done
by showing its Hermiticity through a direct calculation:

(HSG)T = —i /_ ” dgeito- /_ ~ dxe™ G(q, x) C (x)sen(x)Al ()AL (&) (G1)
— =i [ " aget [ dret (g Cul=sen(-x)4](@)4 (o) (@)
=i [ dgenn [ are o Gq.x)Culx)sen(x)4](@)4 (w) = HES. (G3)

where we implicitly integrate over all frequencies and in the second line we exchanged indexes and frequencies and
performed the change of variable x — —x, while in the last step we used Eq. (28) together with the fact
that sgn(—x) = —sgn(x).

2. Decomposition of the rates

The function f“(a)) in Eq. (86) can be explicitly computed, giving

R o e /2T () . S
[ (w) = / dr, (7 e = 2T (a)\/x|'/2e~T@ /2, (G4)
[T (@) 2
Then, plugging this expression in Eq. (86), we obtain
®,0 o dw® A ®\ pa *\ fa ~ * I'(a 0 * A «\ ,—[T(a)*((0+w* o+w*
= [ Cul) w0 o+ o) =D [ darCylar)e T et (Gs)
—[T(a)o_*/4 oo R 2
_ eTT(a) /_ o Cy e TP (G6)
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~[T(@a /4 e Q
e A
= 7\/7_[ dQCkl <—T(a) - (U+> e_gz s (G7)

where in the last step we substituted {Q = T'(a)(®* + w,)}. This proves Eq. (91).
Similar manipulations can be carried out for S};“. To this end, we will need the following well-known relation:

/ ” dxe™Cyy(x)sgn(x) = % / ™ da, SH(@1) (G8)

o0 ® — W

which connects the Fourier transform of a function multiplied by sgn(x) to the Hilbert transform of the original function.
Then, we can recast S}, as

S0 = i / d, / At f (1) f(12) e Cyy (1 — )sgn(ty — 1) (G9)
dw dw, Co(w _—
- [ [T Cu ety )+ ) (G10)
— o T Wy —
T(a)o_]? /4
:e / do, / o Cu(@2) | r(epo, 0,2, (G11)
— W

We can further simplify the above expression by carrying out the change of variables {Q = T'(a)(w; + @, )}, which gives

B T(a)w_]*/4 ¢ .
Sy® = / / _ Culwd) o (G12)

(wz T o)) =7

This proves Eq. (92).

3. Quasilocality of the jump operators

Let us now study the setting where H is a local Hamiltonian on a lattice A, for which the jump operators become
quasilocal. We follow closely a similar argument from Ref. [71]. To recall the jump operators from Eq. (89),

Afar) = / "ane fH(n)A(n), (G13)

where (1) = {e~"/?T(@’ /[\/zT(a)]"/?}. The coarse-graining induced by the filter function f implies that these have
vanishingly small tails as controlled by the Lieb-Robinson bound. The bound states that, for any operator A; supported on
site /€ A [81,82] (so that in this case [ is a label for the location),

”e—thAleth e zHB] IA ezHB (ULRM)

, (G14)

where B,(r) is a ball of radius r centered at /, so that H g (,) consists of the Hamiltonian terms on a ball of radius r centered at

the support of A;. Let us also define A, .(w*) as in Eq. (89) but with A, ,(¢,) = e" 50" A e50)" instead, so that its support
is confined to B;(r). Then,

o) = Aol < [ s a)ltn) - Ao G15)
<t [ et S v g [ o (G16)
r 3/
< il (vra) e Lol g TOT piarcr G17)
0
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where in the second line we divided the integral into two and applied the Lieb-Robinson bound to the first term and in the
second we used that r! > (#"/e"!) and the upper bound on the complementary error function Erfc(x) < [e™/(1/7x)].
We now choose the parameter 7, = {rg[v;rT(a)]/(vire)} with g(x) = [\/x/(1 + /x)], so that

2

A1) = A1) < 141 (VAT @) ol @] + 25 VT @l + o T @] T ) (G1s)

< Al O(glvir T (@)]"), (G19)

which decays exponentially with the distance r and a rate controlled by T(«), since g[virT(@)] = 0 as T(a) — 0 and
glvirT(a)] = 1 as T(a) — oo. Recall from Eq. (70) that the optimal value is T, (a) = [1/(2al)]/2 + 3T1,.

4. Reduction to Davies generator

The expression of the rates in Eqs. (91) and (92) can be directly used to prove that L approaches the usual Davies
generator in the limit (@) — co. Define ™" := min,,.;(@ — @). This quantity measures the minimum spacing between
different frequencies, and it becomes exponentially small in the system size for many-body systems but could, in principle,
be finite for special classes of Hamiltonians (e.g., commuting ones). As will be shown, ™" governs how big 7'(@) needs to
be for the reduction to the Davies generator to be accurate.

To this end, let us rewrite the rates y(,:’l"z’ as

v _ IO = e (2 -0 G20
1 = [0t )¢ .
R 1 [ [Q/T(a)]-w, A

— e—[T(a)w_]2/4 (Ckl<_w+) + ﬁ[m dQ /_w+ dwlc;d(a)l)e‘gz) . (G21)

The first term in the parentheses is uniformly bound as |C};(—=@..)| < Ty. On the other hand, we can bound the second term
as

[Q/T(a)]-w, N 5 |Q| F()T()
dw,C; < || / ' < . G22
T [T e <16l - = (62)

The Davies generator has rates that are diagonal in the frequency representation, that is, (yZ’l“’)DAV O, 5Cu(=w). In our
case, on the other hand, we have that

Cul-0) + O (%) if © = @,

i = [T(a)a™]?/4 (G23)
— 70 .
(’)(e Iy (1 + ﬁT(a))> otherwise.

This shows that in the limit 7(a) — oo we obtain y;” — (y4;”)PAY. Moreover, it also proves that the convergence of the

off-diagonal is exponential for T(@) > (@™")~!. This means that if ®™" is bounded, the Davies generator is a good
approximation already for small observation times.

A similar discussion can also be made for the Lamb-shift Hamiltonian. Indeed, in the case of a Davies generator we have
that

(S%@)DAV — Py, (1 /_ : do* (C"’ﬂ) (G24)

b3 0" + )

In order to prove that the rates we obtain are close to the Davies’ ones in the limit of large observation time, let us rewrite
ST as
kl
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oIT@o /4 /oo dQ o Culor +17¢)

SPY = — @
“ VT ) (02t )

0 A o0 a o0 A
:e_[r(a>w_]2/4(l / dwz%Jr / Qe 4, / @Me—m), (G26)

T Wy + @y oo\/_E 0 o 7 (a)2+a)+)

We can bound both terms inside of the parentheses thanks to the relation in Eq. (G8). First, it should be noticed that

1 [e ¢

1 / dw, w(@2)
T J—co (w2 + w+)
On the other hand, noticing that the inverse Fourier transform of C},(w, + @;) (for fixed w;) is given by e *xCy,(x), we
can also bound the second term as

’/oodg /1) do, /°°dw26‘;d(a)2 "’0)1)6—92
—w V7 Jo o T (0t wy)

o dQ [lQl/T(«) 0
S/ —/ da)l/ dx
—oo\/7_T 0 -

Q2
G25
- e (G25)

< [ " aderecytasenta)| <t (@27)

(G28)

e@1=02) xCp (x)sgn(x)e

o dQ [IQl/T(a) )
S F()T()/ dC()le_Q (G29)

ooﬁ 0
I'y7o
= . G30
V7T (a) (G30)
Then, also in this case we have a similar behavior for the rates of the Lamb-shift Hamiltonian, that is,
.0 Tyt . ~
] (g )PAY + O(\/;Orfa)) if =0,
Sy = (G31)

o) ( o~ T(@a™ /4 0 (1 4 ﬁ?‘@))) otherwise.

Plugging the results just obtained into Eqgs. (81) and (87), we obtain that

im_£)] = £ = = LY.+ [ 52 Cut-0) (A@)pal(o) -3 Ao p} ). (G52

T(a)—o0 ©

where we defined

HPAY = /_ " do <P.V. <1 /_ ” do* M))AZ(O))AZ(O)). (G33)

. 7T ) (0" + w)
This shows that when the observation time T(a) goes to infinity [in fact, as soon as T'(a) > »™"] we regain the usual

Davies generator (see the expressions in, e.g., Refs. [36,38]). Moreover, thanks to the decomposition in Eq. (G32), we can
directly apply Theorem 1, obtaining the well-known result that the Davies generator satisfies GNS detail balanced.

5. Proof of Theorem 12: Approximate detailed balance of the coarse-grained Lindbladian

—0,—@

Let us begin with the first inequality. Let us first rewrite ;™" as
_ o T@o /4 roo Q
—w—o € A _o2
Yl = T . dQC,k <_W(Z) + er) e (G34)
—[T(@w_]?/4 (e . Q 5
=L NG dQCy, (—T @ a)+> e~ ¥ e /U@ by (G35)
T —oo a
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where in the first step we implicitly changed Q — —Q and used the Hermiticity of Cy, (@) [see Eq. (30)] and the KMS
condition from Eq. (32). Then, we simply have

wi _ yplorayroca) _ €T o a9 Q2 (| _ o-PUT(@)
Y —€ Yo | T NG /_m dQCy, <T(a) - 0)+> e (l1-e ) (G36)
A - a)w. a ﬁ
< |Gl e T @@-1/4 g8 /4T >2erf(2T @) (G37)

Thanks to the relation ||Cj||, < Ty (see Appendix D) and erf(x) < (2/+/7)x, we obtain Eq. (93).
On the other hand, we also have

0=d\\ e w_\ e T@o-P/4 oo/ Q —
tanh (/3 <—4 ))hi = tanh( 2 ) NG N dQCy (m - w+> e ? (G38)
< we—ﬁ(a)m_]z/4 < L’B (G39)

- 4 T 2v2eT(a)’
where in the first inequality we applied the relation |tanh(x)| < |x| and then we maximized over all possible values of _.
Then, thanks to the triangle inequality, the bound in Eq. (G39) gives the claim.
APPENDIX H: THE EFFECT OF RENORMALIZING THE SYSTEM HAMILTONIAN

1. Proof of Theorem 13: Closeness of the Lamb-shift Hamiltonians

In this section, we aim to prove that the solutions of the two differential equations
{ 0§°(1) = L5 { 0§ (1) = L0 [559" (1)
ps¢(0) = ps(0) P57 (0) = ps(0)

diverge at most linearly in time. To this end, it should be noticed that in the renormalized interaction picture, the two
generating Lindbladian differ in one norm as

(H1)

, O 1
I£p] = L [pllly = S I[(HES)" = HES plll, < II(HES)" — HES

5 (H2)

llco
where in the last step we used Holder’s inequality and the fact that ||p||;, = 1. Then, by controlling the right-hand side of
Eq. (H2), we have a way to apply Theorem 5 and estimate how the difference between p$¢(z) and 5§ (¢) evolves in time.

To this end, let us define U [X] = e~/ (Hst@HS) x pi(Hst@HIE) o that UO[X] = U,[X]. Moreover, by differentiating and
integrating again, we can relate these two evolutions as

Uz [x] = up[x] - i/)az dv[dﬂ?—f[[flfﬁuﬂxlﬂ = UYLX] + AU [X]. (H3)

Then, using the rates defined in Eq. (80), we can express HSY in the time representation and give an upper bound on its
operator norm as

. 0 [+ X X
||Hgg||oo = l/ de/ dxG(q, x)Cry(x)sgn(x)Ag <Q+§)A1 <q—§> (H4)
0 00 —[¢*+(x/2)%)/T(a)?
e
< E d dx——|C <T,, H5
= ~ ‘/_oo q/_oo X \/J_TT((Z) ‘ kl(x)| =10 ( )

where we used the fact that ||A; ||, = 1 and the definition of T'y. We are now ready to bound the quantity in Eq. (H2). First, it
should be noticed that
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() =i [ dq [ Gla.x)Culosen Qs o) AU ) TAY (H6)
= H§ + l/_: dg /_: dxG(g. x)Cr(x)sgn(x) <(AU o) AU [A] UL o A (AU ) TTAY)
(AU, AU AL ). (17)
We can bound the operator norm of the first term in the parentheses as
18245, o Al < [ 0w [ acl e UG Qe NG )
< 2T, A “ A R +g , (H9)

where we again used ||A;||,, = 1, the bound in Eq. (H5), and the fact that unitary dynamics keep the operator norm
constant. The other terms can be estimated similarly. This allows one to bound Eq. (H2) as

I(HS9)" ~ HES (H10)
o o0 e—[q2+(x/2)2]/T(a)2 X x x x
< ["ag [ (e =) ezl o-2) o
_/_0o q/_oo NG |kl(x)|<a o(q+2+q 2)+aoq+2q 5 (H11)
g (/27T (@) i - 2
< [Tag [Tt cuw (2emalal + ) + e (14 3) ) (H1)

where in the last step we applied the triangle inequality to simplify the expression. There are five different terms that appear,
which we study separately. First, the two linear terms can be upper bounded as

oo o =l +(x/2)’)/ T () 40°T2T ()
e a a
40T, d dx——|C <L 02\ : H13
a 0/_00 q/oo \/?TT(G) | kl(‘x)||Q| = ﬁ ( )
) co o0 q*+(x/2)*]/T(a) o
20 FO /_oo dq /www|ckl<x>|)€| < 200 FOT(), (H14)

where in both cases we upper bounded the Gaussian in x with its value in zero. The quadratic terms, on the other hand, can
be estimated as

peo [ © e a*+(x/2)*)/T(a) 5 A3 5

sty ["aq [T Syl < 2 (H15)
- © ~lg*+(x/2)?]/T(a)* 4T3 7. T

e a*Tro T (a

40T} dg dx———————|C(x)]Iqllx] < O—OU; (H16)
oo © VT (a) Nz
v [ o el +(x/2)/T(a) I,

4o FO/ dQ/ MW |Ck1(x)‘ T S (04 FOKO' (H17)

Wrapping everything together, we obtain

< 40°T5T (a)

4T3 7T (a
|(HESG)* — HES +22°T3 [ty + Ty T(a)?] + 07\/7_(;() + a*T3K,. (H18)
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Then, thanks to Eq. (H2), this allows us to apply Theorem 5 to obtain

40°T )T (a) 4a*T370T ()

VT v

Choosing T(@) = Tgy(a) [defined in Eq. (70)], we get that the error scales as O(a(T'yt)\/Ty7y), where we assumed
that KO < ©00.

-+ 2&2{F070 + a2 [FOT(a)]z} +

1756 () = 555 (1), < <r0t>( +a4r01<0). (H19)

2. Comparison with the mean force state

The zeroth law of thermodynamics says that a system in contact with a thermal bath will eventually thermalize at the
same temperature. Then, from this consideration, we would expect the fixed point of the evolution to take the form

—pH)  —pH{

DB

(o) =g | 5| = (120)
Zsp Zg )

As noted in the main text, this is not the case. In order to show this discrepancy, let us define the mean force Hamiltonian as

(H21)

—p(Hs+aV+Hp)
(mf) e
e PHs " = Trg [ :| ,

Zp

and let us assume, for simplicity, that it is analytic in a. This means that we can expand H gmf Vin a power series as
(mf) )
HM == H, H22
N et n! S ( )

where H(S"> are independent on «a. First of all, setting @ = 0 in Eq. (H21) gives H(SO) = Hg. Moreover, if we take the

derivative of the right-hand side of Eq. (H21) and we set it to zero, we also obtain that

e—ﬂ(H5+aV+HB)
daTrB |: i|

Zp

1
=-p / dxe PHsU=5)Trp[VyglePHs* = 0, (H23)
a=0 0
where we applied assumption 2 from the main text (that is, Trz[Byyg| = 0). This shows that H gl) = 0. Finally, let us focus
on the second-order contribution to the mean force Hamiltonian. Let us first take the second derivative of the left-hand side

of Eq. (H21). Since Hgl) = 0, this is given by

(e

_ _/}/ dxePHs(1-x H<> —PHsx (H24)

On the other hand, the second derivative of the right-hand side of Eq. (H21) can be expressed through the Dyson series as

o~P(Hg+aV+Hp)
agTI'B |: :|

Zp

=2/ / / dszI'B[ﬂSBXIVﬂ?B_XZVH§%] (H25)
a=0

= 2p? / dx / " dgTr, {nSB/Z) TPy Vg (*/2)}, (H26)

where we have introduced the notation 7¢z := ¢ s @ y5 and in the second line we carried out the substitution
{g =[(x1 +x)/2] = 1;x = x; — x,}. At this point, it is useful to expand the equation above in the frequency domain as

1 (1-x)/2
267y / = qurB[n?,!z’ 0241 (@) @ B(Q)mipA () @ Byrgy “‘/2’] (H27)
kl 0 x—1 /2

. 1 1-x)/2
=e-ﬂHs/z[A,L<a~)>Al<w>}e-ﬂHs/2(zﬂz [a ] )

dgePo=0)a =@+ o)/ ATy [ Bk(Q)y)éBlyB]> . (H28)
0 (x=1)/2
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where, here and in the following, we always implicitly integrate over all frequencies. We can further express the trace as

o dr . 1 N
Trglys* Bu(Q)riBiys] = eﬂm/ %e_thTrB[Bk(t)BWB] = ZeﬂmCu(—Q), (H29)

o]

where in the last step we used the definition of spectral density [see Eq. (29)].
At this point, it is useful to expand Eq. (H24) in the frequency representation as well:

(mf)
(e

N
.= —p / 1dxe—ﬂHs(l—X)H<S2>((b)e—ﬂst — ﬁe—ﬂﬂs/ZH( >( )ePHs/2 (m%h(g) (H30)
— 0 w

Equating the terms with the same frequency in Eqs. (H30) and (H28) (which corresponds to choosing @ = @ + @), we
obtain

(-v2 L . 2 sinh(£2)\ 7!
HY (0) = Al(@)A (0 + @) | — I dqeP®ao=Pl2a+0)/2x h2x ¢, (—Q) J (H31)
7.Jo (x=1)/2 pao
T~ N A el — flota) Cu(-2) el — e N\ Cy(-Q)
= AL+ @) (; /_m dQ((eﬁ{ﬁ - eﬂ(@w)) Gt (eﬂm - eﬁ(m@) L )) (H32)

An equivalent expression was found in Ref. [26], where they presented a version in which the integral over Q was
computed, which gives

0 1 o e . o e
. —ixd _ ,p0 ,—ix(0+d) _ o, po | ,—ixd _ Lix(d+d)
/_<>c dx (eﬂ‘f’ — 1) ((e elve )Ckl(x) e (e e )Clk(x)>sgn(x). (H33)

The expression in Eq. (H32) should be compared with the one for HSY, that is,

R _ L Al /4 oo dQ Cru(ws)
HSS (0) = Al(@)A,(d + @) / / T T 2a")’+;)] ?)6_92. (H34)
T(a

The difference between H (s )( ) and HES (@) is evident, even more so when checking the behavior for @ > 1: Whereas in
the case of the Lamb-shift term these contributions are exponentially suppressed, the contribution to the mean force

Hamiltonian converges to the Hilbert transform of C;(w) evaluated at . Thus, the two Hamiltonians are different even in
the limit a — 0.

3. Proof of Theorem 18: Closeness of fixed points

Despite the negative result of the previous section, it can be proven that the renormalized state is sufficiently close to the
bare Hamiltonian one. To this end, for a fixed renormalization H¢S, let us define ygz as

o~ PlHs (e /2)HEE]

a?/2 1
A= hn [ [ sty - g A () (135)
S

where, as usual, we took the derivative and then integrated again to obtain the right-hand side. Thanks to the symmetry of
the integral in x, we can also rewrite Eq. (H35) as

Y . / a / (%) (HSG — TelHEGAID) (F5) + (%) (HEG — Tr[HSOAIN (/%) ). (H36)

This expression is useful in order to estimate the difference between ygz and yg. Indeed, let A and B be positive and X be any
generic matrix. Then, for all 7€ [0, 1], it holds that (see Corollary 1X.4.10 in Ref. [83])
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|A’XB'~" + A'~'XB'||, < |[AX + XB]|,. (H37)

Then, applying this inequality to our case, we obtain
0_ ., p [ ! v (FJCG cG cG CG v\ yv
lrs—vslh < 2/, dv A dxllys(HEs — Tr[H D) + (Hg — Tr[HEgvsIDysl (H38)

2 2
ap
<—||(H§sG TrlHEys ISl < =~ I(HES = TrlHEGYsID |, (H39)

where in the last step we applied Holder’s inequality, together with ||y%||, = 1. Finally, the claim follows from the bound in
Eq. (H5) together with the fact that || Tr[HSS 40| < [|HES

SHoo'

APPENDIX I: EXACTLY DETAILED BALANCED LINDBLADIAN

1. Proof of Theorem 14: Approximation to the coarse-grained rates

Once again, we resort to Eq. (91) in order to prove the claim. We do this in two steps, corresponding to the two terms in
the triangle inequality:

|7ww — e~ [T@e- gk/l(_w>gll(_w)| < |J’ww — e 1@ /4Ck1(—a’+)|

+ g_[T(a)w—]2/4

Cul-0,) —gm—d))gﬂ(—w)\. 1)

It should be noticed that the first term actually is the same that appeared in the estimate in Eq. (G22). Then, repeating the
same calculation, we have

,® ~[T(a)w ]2/4 A _[T /4 [Q/T(a)]-w, ~ —o?

Vi —€ A Cy(—oy )| = \/— dw,Cy(wy)e (12)
—[T(a)a) 2/4 NI~ kllloo ||Ckl ||oo (13)

- VT (a)

On the other hand, the second term in Eq. (I1) can be estimated as
e_[T(a)w‘]2/4‘ékz(—w+> - ﬁka(—d’m/u(—w)‘ (14)

24| A . W_\ @_ ~ ~“\ A
= e T@-I'/31 4, (—w - 7) Ju (—w + 7) - gki(_w)gﬁl(_w)' (I5)
—r@o 4| [ qwi (60 (—ad L o )

=e B A do; ( G (=0) g, (o + @) + Gy, (-6 — o) A dw, (gu(—o) + (- + @)) (16)

lo-| —| a4 10-]
< (Ilgulloo||9’u||oo + 1GeilleollGarlles + 5 kil l1Fileo ) 7774 == (I7)
= 2 ver(a T WullelGule ey
where in the second line we used the definition of w, = [(w + @)/2] and w_ := (w — @); at this point, we derived and

integrated again, and finally we took the superior over all possible values of @ _. Puttlng together Eqgs. (I3) and (I8), together
with the two estimates ||C}lo < Tz and ||Gulleollulle < T7 and [|9;,]lelldislle < K (see Appendix D), we obtain
the claim.
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2. Proof of Theorem 15: £P8* s exactly detailed balanced and CP

For ease of notation, in this section, we drop the star from £P2*, the jump operators, and the Lamb-shift Hamiltonian.
We begin by proving KMS detailed balance for the coefficients in Eq. (103). This holds by construction. Indeed, the
second property in Eq. (20) is automatically satisfied, whereas the first condition can be proven by direct calculation:

~—W,—@® — [T(

7 = e =[T(@)w_]

14 G (@) () = e V4G4 (=) G (~) PO = i eP(20)/2), (19)

where, once again, we used the property in Eq. (32) together with the definition of §;,;(@). Then, it remains to prove that
these coefficients induce a CP evolution. Once again, for the part in S‘ff‘” it is sufficient to prove that the Lamb-shift
Hamiltonian

HPS = / " dw / " daS2 AL (@) A () (110)

is Hermitian. Then, using the explicit expression of Skl"’, we have

(HPB) = / do / d@ tanh< ( 7 >) 7PAT ()AL (@) (111)
—i /_ : / : dé tanh <—ﬂ< ; d’))?A,t(w)A,(@) (112)
—i /_ z do / Z dé tanh( (“’%")) 729 AT (@) A (w) = HPP, (113)
thanks to the property of 772’1“3
ﬁ = Mo F/4G, (=@) g (—w) = e T @-F1g, (—@) gy (-0) = 75", (114)

where we implicitly used Eq. (30).
We can now focus on the dissipative term D”%. For brevity, let us introduce the notation D};":

@, ~ 1 ~
D7l = (Aol (@) - 3 (4@ )0} ). s)
Then, we can express D8 as
PPBlp] — / * do / " 4o DY) (116)
/ do* / do / dapeT0F (0702 2)g=T(wP 0~ UG T=3) 5, (~0) DR ] (17)
[ N N 1 . N
= [ 0o (A o] @) - (] @))0) ), (118)

where, in the second line, we used the relation for Gaussians:

e—[T((l)((z)—(T))]2/4 _ T((Z) /oo da)*e—T((l)z[(w‘—w)z/Z]e—T(a)2[(a)*—(T))2/2] (119)
V3

and, in the last step, we defined the jump operators:
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~ T(a © 2005 N2 /9] A
mwwzwég/ dwe T (007 2lg, (~a)A (o). (120)

Since Eq. (I18) is in Lindblad form, the corresponding semigroup is completely positive.

3. Quasilocality of the jump operators

We can now write the jump operators as

~ T(a © 2w —w)2 /2] A
o) = [T [ qwermertor ot g, (<) w) (21

= /_: e A (t)dt (ﬁ (e_’z/zT(a)z * gu) (Z)> . (122)

By the same argument as in Appendix G 3, we have that these jump operators are again quasilocal, with their locality now
controlled by the convolution of the Gaussian and the bath correlation function g;;. In contrast to Appendix G 3, this means
that now the locality also depends on the decay rate of these bath correlation functions, which in Appendix D is defined as I".
Considering the effect of the convolution, we expect the radius of the terms to be O[v g T (a) + (v g/T)], thus decaying

roughly as [(v/virT (@) +3)/(1 + \/vrT (@) + )"

4. Reduction to Davies generator

~0,®

The derivation is very similar to the one in Appendix G 4. Let us begin by expanding the rates 7;;“ as

77 = e M@o-F g, (=0) gy (—) (123)
w_/2
= e_[T((l)m,]Z/4 <§M(—a))§,”(—a)) + A da)lg%d(—cb — )gﬂ(—a})) . (124)

Carrying out the sum over 4, the first term reduces to §y;(—®)§;(—@) = Cy(—w), so it can be upper bounded by I'y. On the
other hand, the second term can also be controlled as

|o_|T'z
<i—.

<= (125)

w_/2 Wy 5 .
/) dwlgu(_w —w)ju(-o)

It should be noticed that the function |a1_|e‘[T<“>"’-]2/ 4 can be explicitly maximised (as done in Appendix 11) to give

|lw_|e~[T@-F/4 < £,/2/],/eT(a)]}. On the other hand, it should also be noticed that a trivial upper bound to Eq. (123) can
be given by using the fact that |G (@)||g,(@)| < T (see Appendix D). Then, wrapping everything together, we have

Cul-w) + 0(%{;) if w=a,

@) (e‘[T(O’)“’Ti"]Z/ 4F) otherwise:

~0,0

Yki (126)

that is, ﬁ’l“’ and yZ’l“;’ coincide in the limit 7(«) — oo, and they both coincide with what one would expect from the Davies
generator [see Egs. (G23) and (G32)].

On the other hand, having renormalized the interaction picture, in order for L£PB* 10 reduce to the Davies generator, we
need the Lamb-shift term to reduce to zero. Then, using the upper bound |tanh[(fw_)/4]| < 1, we have

0 if o=,

Swyw - min]2 .
ki (’)(e‘[r(a)“’- I’/ 4F) otherwise.

(127)
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This proves that for 7(a) > @™" we have the approximate equality LPB ~ €6 ~ fPAY

limit 7'(a) — oo.

, which becomes exact in the

5. Proof of Theorem 16: £°¢* and £P* are close

First, it should be noticed that thanks to the triangle inequality it holds that

125 [p) = 2P p]], < B [p] = D5 o], + 122" )

it (128)
so that we can consider the two cases separately.

We begin by analyzing the dissipative part. By starting from Eq. (66) and changing variables as in Eq. (82)
({ty, =q—x/2;t, = g+ x/2}), we can rewrite the time averaged dissipator as

N o d —t
DCG*M = I a)/ dtz/ dt3< (f+6)/2T (@ )gkﬂ (f%‘F ) 1)9/11 <t2 5 1—t3>)D21’t2[P]’ (129)

where we used the definition of g;(x) and we introduced the notation

D" lp) = (Al(fl)ﬂAk(tz) _%{Ak(fz)Az(f1)7P}>- (130)

It is worth reminding the reader that the evolution of the jump operators is defined with respect to the renormalized
Hamiltonian. Moreover,in the following, it will be useful to denote by yﬁc‘l"z the coefficient in the parentheses in Eq. (129).
We can now cast DPP* in the same form. First, the rate }7,2’1"‘3 defined in Eq. (103) can be transformed as follows:

7? = e 1@ PG, (-@) Gu(-w) (131)

o]

dr
_ ! / dz, / drye53/T@) gio(=r) gmid(e1+0) g, (1), (3) (132)

© © . . © dr 1h—1 th—1
—/ dtl/ dt,ei@n e"“”2< \/7_1;(0() e~ (=26 /4T(@) g <t3 +2 7 1)9,11( 2 5 L t3)), (133)

where, in the last step, we performed the change of variables {7, = 7| — 73; 1, = 7| + 75; 13 = [(, — 73)/2]}. Once again,
we denote by 7, the coefficient in the parentheses.
This gives us all the ingredients to estimate the first trace distance in Eq. (128), which can be bound as

1G] — DBy, < / an, / a7l = 7Dl (134)

< / dr, / deyly T — 75| (135)
dt 2 2
/ dfl/ dty | g (t1)gu(t2) / \/—Tg(a e/

) ) o dQ
22/ dtl/ dt2|gkz(f1)g,u(f2)|/ ﬁe_gz

where in Eq. (I36) we implicitly changed variables as {t, = [(z; — 72)/2] + 735, = [(71 = 72)/2] — 73583 = [(7; +
7,)/2] — 73} and in the last step we also substituted {Q = [t3/T(a)]}. We are now interested in understanding the
scaling of the integral in dQ as a function of 7'(a)~! in the limit 7'(a) — co. In order to do so, let us first change variables as
T(a)~' — &, so that our perturbative expansion can be recast as the study of a function of & around zero. Then, taking the
derivative with respect to € and integrating again, we obtain

(e—wwl>2+<z3—z2>2—2z§]/zr<a>2 _ 1)‘ (136)

=(1/2){[Q+1, /T(@)P+[Q~1y /T ()P }+€* _ 1)’ (137)
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00:1/_%6—92 (eQe(tz—tl)—(82/2)(t$+t§) _ 1) <I38)
e /T
©dQ o Q(ty—1,)—(02/2)(2+2) 2., 2
= —e " doer(nn TR(Q(ty — 1) —o(t] + 15)) (139)
—0 \/E 0
©dQ [¢ 0 s0in—t)—(2/2) (P42 2 2
< | 5| doer® e RER(1Q| |ty — 1] + o(8; + 13)) (140)
—0 \/71- 0
€ t— 1) [t = tlo 2 O Ll PR
_ d 21p ( V=) of —(1/4)c?(t,+1,) P 21 —(c?/2)(2+£2) 141
[ ao( (ot + )40 e (1207 ). Hoel : (141)
1) — 1] 1 [t — 1,
< Jx €+ f%+f%+§(11 SHE 5 < NG e+ (|n]+ |n))e, (142)

where in the penultimate step we used the fact that both the exponential of negative value and the error function are upper
bounded by 1. Plugging this expression back in Eq. (I37), we get the bound

150~ 27"l <2 [y [ any (Ul QLR ) (143)

” ® 2K A’z 2K
\/W/_m dr, /_m dea(Innl +12Dlgw ()gu(t) | + 70 S —mps + 7 (144)

where we used the constant K introduced in Eq. (37).
Let us now focus on the second trace distance in Eq. (I28). A simple application of Holder’s inequality gives

ITHES* Pl < 20HES ol (145)

so it is sufficient to bound the operator norm of the Lamb-shift Hamiltonian. To this end, let us transform S“’ “ into the time
representation:

oW, . ﬁw— a)w_
Sk = ztanh(T e M0-L 145, (=0)gu(—) (146)

00 dT]

/ dz, / de3 F (7)) el e @0t gis (7,) gy (73) (147)

o dt Hh—t Hh—t
/ dtl/ dtzelmtle_lmh( _oo\/;rTg’(a)F(tl—f—tz—ztz;)gkﬂ(t:;—’— 2 2 l>gﬂ(2 2 1—t3>>, (148)

where we introduced the function

2 o 2 t—
F(1) = ﬂ/—oo dxsech <;x> sin <'[;(T(a)x2)>e‘("x>2/T(“)2eﬂz/lﬁT(”)z (149)

and in the last step we changed variables as {t; = 7; — 7331, = 7; + 72313 = [(72 — 73)/2]}. Then, we have the bound

g2l < [Can [Ty
/ dz‘l/ dt,|S};"

where we used ||A;|l, = 1. We can bound the last integral as follows:

S alm)am)|| (150)

, (I151)
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dT
/ dtl/ d, | S —/ de/ dzs| g (22)1192(73 |/ l |F(Tl)v

where we implicitly changed variables back to {#; = [(z
Let us focus on the last integral:

[Se]

2 e/iz /16T (a)?

p

dz;
~ V7T (a)

|F(z))] <

26ﬂ2/l6T a / / <27Z’)C>
= dxsech| —
VT T(a p

pr
27(a)?

< F/167()
‘ / \FT

where we changed variables to decouple the hyperbolic

secant from the rest of the terms and then used a linear

upper bound for the sine function [that is, |sin(x)| < |x[].

Putting back this estimate in Eq. (I52), we finally obtain
T pel*/167(«)?

/ dtl/ dt,[§)"%| £ = > JeT ()

Wrapping everything up, we obtain the claim.

(156)
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