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Starting from a microscopic description of weak system-bath interactions, we derive from first principles
a quantum master equation that does not rely on the well-known rotating wave approximation. This
includes generic many-body systems, with Hamiltonians with vanishingly small energy spacings that
forbid that approximation. The equation satisfies a general form of detailed balance, called KMS (Kubo-
Martin-Schwinger), which ensures exact convergence to the many-body Gibbs state. Unlike the more
common notion of GNS (Gelfand-Naimark-Segal) detailed balance, this notion is compatible with the
absence of the rotating wave approximation. We show that the resulting Lindbladian dynamics not only
reproduces the thermal equilibrium point up to a small renormalization of the system Hamiltonian, but it
also approximates the true system evolution with an error that grows at most linearly in time, giving an
exponential improvement upon previous estimates. This master equation has quasilocal jump operators,
can be efficiently simulated on a quantum computer, and reduces to the usual Davies dynamics in the limit
of a coarse-graining time much larger than the inverse of the smallest frequency difference. With it, we
provide a rigorous model of many-body thermalization relevant to both open quantum systems and
quantum algorithms.
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I. INTRODUCTION

A central question of statistical mechanics is how the
stochastic dynamics observed at the macroscopic level
emerges from reversible microscopic evolution.
Boltzmann’s renowned H theorem [1] showed that a coarse
graining of the dynamical degrees of freedom was suffi-
cient to prove the approach to equilibrium, as seen by the
decrease of the H function. In doing so, Boltzmann also
recognized that the time-reversal symmetry at the micro-
scopic level mapped at the macroscopic scale into the
principle of detailed balance: At equilibrium, the rate of
any transition is compensated by its reverse. Since its
introduction, this fundamental symmetry has accompanied
many breakthroughs in statistical mechanics, such as
Einstein’s absorption and emission theory [2] or
Onsager’s reciprocal relations [3]. It also features promi-
nently in Monte Carlo algorithms, such as the Metropolis-
Hastings sampling [4], where the convergence to the
stationary distribution is guaranteed by detailed balance.

A first quantum mechanical analog of detailed balance
was proposed by Agarwal and Alicki [5,6], under the name
of GNS detailed balance (for Gelfand-Naimark-Segal). The
work of Davies [7,8] established its physical relevance, by
showing how it emerges in the effective dynamics of small
quantum systems when weakly coupled to a thermal bath.
However, both Davies’ dynamics and GNS detailed balance
rely on the rotating wave approximation (RWA), com-
monly used in quantum optics. This approximation applies
as long as the system-bath interaction is much weaker than
the relevant oscillation frequencies of the quantum sys-
tem [9].
While the RWA is natural for small systems, it becomes

problematic in the many-body regime, since the spectra are
exponentially dense in the system’s size. In this context, the
validity of the RWA demands the unrealistic assumption that
the coupling is exponentially small with the size of the
system. What this implies is that the most commonly used
models of open system thermalization, namely, Davies’
maps and their variants, are not relevant to even moderately
large quantum systems, perhaps with the exception of
systems with commuting interactions [10]. As such, there
is a severe lack of models of open system thermalization in
quantum many-body systems. Until recently, the study of
these has been largely limited to simple dissipation models
such as sums of single-site depolarizing or amplitude damp-
ing channels (see, e.g., Refs. [11,12]), which do not have the
many-body Gibbs state as a fixed point. This issue has
motivated ideas in two complementary directions:
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(i) the proposal of alternative, inequivalent, definitions
for quantum detailed balance beyond GNS [13–16],
which still guarantee convergence to thermal equi-
librium, and

(ii) the derivation, from microscopic principles, of
master equations beyond Davies’ that model inter-
actions with a bath while not relying on the RWA
[17–22].

It was previously not clear whether it is possible to merge
these two ideas into a model of interactions with an external
bath that guaranteed convergence to the Gibbs state without
relying on the RWA [12]. In this work, we address this by
deriving from first principles (that is, from a microscopic

description of system-bath interaction) a quantum master
equation under approximations that hold for many-body
systems and that, at the same time, respects KMS detailed
balance (for Kubo-Martin-Schwinger). This is a strictly
weaker notion of detailed balance that still implies con-
vergence to thermal equilibrium [15,23]. To summarize, we
obtain the following.
Result 1 (informal). There exists a Lindbladian that

satisfies KMS detailed balanced with respect to the
renormalized Hamiltonian H�

S ≔ HS þ α2HCG
LS ðαÞ=2 and

that approximates the reduced dynamics of a system
coupled to a thermal bath in the weak coupling limit. It
explicitly takes the form

L̂DB�½ρ� ¼ −
i
2
½HDB

LS ; ρ� þ
Z

∞

−∞
dω�

�
Âλðω�ÞρÂ†

λðω�Þ − 1

2
fÂ†

λðω�ÞÂλðω�Þ; ρg
�
; ð1Þ

where Âλðω�Þ are quasilocal jump operators andHDB
LS is the

Lamb shift.
Here and in the following, we assume Einstein’s sum-

mation over repeated indices. We refer to Theorem 15 for
the precise definitions of the quantities above [24]. In
particular, Eq. (105) shows the form of the jump operators
Âλðω�Þ, constructed through a convolution of the bath
spectral function and a coarse-graining function chosen to
be a Gaussian. Moreover, it should be noticed that, in
agreement with previous literature, a dynamical renormal-
ization of the system Hamiltonian naturally appears [26].
The derivation of this master equation is inspired by

recent progress in dissipative quantum algorithms for Gibbs
sampling [27–29], designed to prepare Gibbs states on a
quantum computer. Interestingly, our equation can be
simulated with the frameworks developed in Refs. [27–
29], which efficiently implement Lindbladians with KMS
(but no GNS) detailed balance. While in those works KMS
Lindbladians were constructed as only a starting point for
their quantum algorithmic simulation, we here derive them
from first principles under physically relevant assumptions
of weak system-bath interactions. Our derivation thus
shows that the generators defined in those works have a
clear physical justification and that they can not only
simulate the steady state of open-system thermalization,
but also reproduce the entire dynamics.
From a technical point of view, our construction closely

follows previous derivations [17–19] with additional non-
trivial steps required to prove quantum detailed balance,
aided by the characterization from [13,15]. We begin by
combining the methods in Refs. [17,19] to get the generator
of a completely positive semigroup which is approximately
KMS detailed balanced. Then, inspired by Ref. [18], we
make a further approximation to regain exact detailed
balance. Many steps are a combination of those in
Refs. [17,19] and some others in Ref. [18], as it becomes

apparent by comparing the jump operators in the two cases.
The jump operators that generate the evolution are quasi-
local for many-body systems, and the resulting master
equation correctly reduces to the Davies dynamics in the
limit in which the coupling is much smaller than the
smallest frequency difference of the system.
We also go beyond previous works by improving on the

error estimates between this effective master equation and
the real evolution. In particular, we prove that the distance
between them grows at most linearly with the evolution
time, whereas the previous best estimates incurred an
exponentially large error [19]. This gives the second main
result of the paper.
Result 2 (informal). The exact system dynamics ρSðtÞ is

approximated by etL̂
DB� ½ρSð0Þ� with an error that scales

linearly in time as

kρSðtÞ − etL̂
DB� ½ρSð0Þ�k1

≤ O
�
αðΓtÞ

�
Γτ þ ðαΓβÞeðαΓβÞ2

��
; ð2Þ

where α is the coupling constant, Γ−1 and τ are proper
timescales of the bath [defined in Eqs. (35) and (36)], and β
is the inverse temperature of the bath. Moreover, the fixed
point of L̂DB� is close to the Gibbs state of the system
Hamiltonian, up to corrections of the order of Oðα2ðβΓÞÞ.
The precise statements are contained in Theorems 9, 11,

17, and 18. This result is possible thanks to the introduction
of a family of states that interpolates between the exact
reduced dynamics and the Lindbladian evolution we obtain
from first principles [see Eq. (63)]. These states are defined
by averaging the exact dynamics over a period of approx-
imately TðαÞ, called the observation time, so that the
rapidly oscillating terms in the reduced dynamics are
smoothed out. The price we pay for this improvement is
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an additional small, time-independent error. We refer to
Table I for a comparison of the various master equations in
the literature. Finally, it should also be noticed that, even if
the steady state of the reduced evolution is not the exact
thermal state of the system Hamiltonian, the corrections are
one order larger in α than the one arising from the
approximations on the dynamics.
The paper is structured as follows: After introducing two

main notions of detailed balance in Sec. II, we discuss the
main properties of thermal baths (and, in particular, theKMS
condition) in Sec. III. Then, in Sec. IV, we proceed to give a
first derivation of a Lindbladian equation generating a
completely positive (CP) evolution whose distance from
the true state increases only linearly with time. In the same
section, we also prove that, without further assumptions, this
equation is already approximately KMS detailed balance.
Still, in order to satisfy exact detailed balance, one needs to
perform a further approximation, which is carried out in
Sec. V. In the appendixes, we discuss some of the more
technical steps in the proofs and other auxiliary results.

II. DETAILED BALANCE FOR QUANTUM
SYSTEMS

It is first useful to explain detailed balance in the classical
regime. Let us consider a dissipative evolution specified by
the probability vector v⃗ðtÞ describing the state of the system
at time t and a matrix Φ inducing the stochastic dynamics:

viðtþ 1Þ ≔
X
j

ΦijvjðtÞ: ð3Þ

The entries Φij can be interpreted as the probability
of transitioning into the ith state when the jth state is the
initial condition. For this reason, we use the notation
Φij ¼ PðijjÞ. Moreover, we denote the fixed point of the
evolution as ðγSÞi ≔ PðiÞ. Detailed balance encodes the

requirement that, at equilibrium, the probability of any
transition is completely compensated by its reverse (see
Fig. 1(a) for a depiction of this requirement). This can be
written as

PðijjÞPðjÞ ¼ PðjjiÞPðiÞ: ð4Þ

A simple rearranging gives the usual relation between the
entries of Φ:

Φij

Φji
¼ ðγSÞi

ðγSÞj
: ð5Þ

Detailed balance is also directly related to Bayes’ theorem.
Dividing both sides of the Eq. (4) by PðiÞ gives

PðijjÞ ¼ PðjjiÞPðiÞ
PðjÞ ; ð6Þ

that is, the reverse transition is exactly described by Bayes’
rule. The underlying reason for this connection is simple: If
we define the joint distributionPði; jÞ (i.e., the probability of
starting in j and then transitioning to i), time-reversal
symmetry corresponds to the requirement that Pði; jÞ ¼
Pðj; iÞ [another rewriting of Eq. (4)]. This is exactly the
starting point to prove Bayes’ theorem.
In the quantumcase, the situation becomesmore involved.

The transition matrixΦ becomes a superoperator, so it is not
immediately clear how to generalize Eq. (5). Even the
generalizations of conditional probability and Bayes’ theo-
rem are still a subject of dispute [32,33]. Nonetheless, one
can formally write a quantum version of Eq. (5) as

Φ ¼ MγS ∘Φ† ∘M−1
γS ; ð7Þ

where MγS is a superoperator that reduces to the multipli-
cation by γS in the commuting case.

TABLE I. Comparison of the different master equations in the literature. In many previous works, the approximation errors at finite
coupling have been either only numerically estimated or largely uncontrolled. The time that appears in the estimates has been rescaled
with a factor α−2 (see the discussion at the end of Sec. III). The error of this work has two notable features: On the one hand, it is nonzero
even for t ¼ 0, which is the ingredient that allows us to obtain a linear scaling in time (compared to the exponential behavior of previous
error estimates); on the other, a dependency on β appears due to the introduction of detailed balance.

CP
Reduces
to Davies

Detailed
balance No RWA Quasilocal Error estimates

Redfield X � � � X ✓ X � � �
Davies [7,8] ✓ � � � ✓ (GNS) X X � � �
Taj-Rossi [17] ✓ X X ✓ ✓ � � �
Universal Lindblad equation [18] ✓ X X ✓ ✓ O½eαðΓtÞðΓτÞ − 1�
Local Davies or universal
Lindblad equation [30]

✓ X X X or ✓ ✓ � � �

Coarse-grained [19] ✓ ✓ X ✓ ✓ O½α ffiffiffiffiffi
Γτ

p ðeΓt − 1Þ�
Thermod. consistent [31] ✓ ✓ X (no HCG

LS ) ✓ ✓ � � �
This work ✓ ✓ ✓ (KMS) ✓ ✓ Oðαð ffiffiffiffiffi

Γτ
p þ Γ2τtÞ þ ðα2Γ2βtÞeðαΓβÞ2Þ
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The simplest choice ofMγS in Eq. (7) is given by the right
multiplication operatorRγS ½X� ≔ XγS [5,6]. In this case, the
condition in Eq. (7) is the aforementioned GNS detailed
balance [34]. This is the most common definition in the
literature [36] and for good reasons: It is a very natural
generalization of Eq. (5), it can be interpreted in terms of
the scalar product induced by the usual covariance [6], and
it naturally emerges in the usual microscopic derivation of
the reduced Lindblad dynamics [7,8]. Still, it has one major
drawback: It already implies that one has taken the rotating
wave approximation.
To explain what this means, we first need to introduce

some notation. Let us denote by HS the Hamiltonian
associated to the Gibbs state γS ¼ ðe−βHS=ZÞ, and let

HS ≔
X
i

EijEiihEij ð8Þ

be its eigendecomposition. Moreover, let ΔγS be the
modular operator, defined as ΔγS ½X� ¼ γSXγS−1. Since
ΔγS is self-adjoint with respect to the Hilbert-Schmidt
scalar product, any matrix X can be decomposed as

X ¼
X
ω

XðωÞ; ð9Þ

where each XðωÞ satisfies ΔγS ½XðωÞ� ¼ e−βωXðωÞ; i.e., it is
an eigenoperator of ΔγS . In coordinates, this decomposition
takes the form

XðωÞ ≔
X
Ei;Ej

δ½ðEi − EjÞ − ω�jEiihEijXjEjihEjj: ð10Þ

Then, let fAkg be any orthonormal basis with respect to the
Hilbert-Schmidt product. Any superoperator can be decom-
posed as

Φ½X� ¼
X
k;l

cklAlXA
†
k ¼

X
k;l;ω;ω̃

cω;ω̃kl AlðωÞXA†
kðω̃Þ: ð11Þ

The RWA corresponds to dropping from Eq. (11) all the
terms for which ω ≠ ω̃. This is typically justified due to the
fast rotation of the ω ≠ ω̃ terms as compared to the overall
speed of the evolution induced by Φ, so that these terms
quickly average out [37]. We denote the resulting evolution
by ΦRW.
In small systems, the frequencies are of a fixed size, so

the approximation is typically an excellent one in the weak
coupling limit. However, as the system size increases, the
spectrum of the system’s Hamiltonian becomes exponen-
tially dense with size [see Fig. 1(b)], and so we require the
unrealistic assumption that Φ is an exponentially slow
process. Another way to see this is that the resulting jump
operators require distinguishing different energy gaps
exactly, which should involve an exponential amount of
resources. In fact, in a generic local Hamiltonian, the
energy eigenvectors jEii are extremely nonlocal, so that

the rotating wave approximated channel ΦRW will also be
nonlocal and potentially very complex, irrespective of the
initial structure of Φ. This seems unlikely to be nature’s
way of thermalizing.
What stems from this is that the RWA appears to be

unphysical for large systems. As the next result shows, the
same also applies to GNS detailed balance.
Theorem 1 (GNS ⇔ RW). Let Φ be a Hermitian-

preserving superoperator satisfying GNS detailed balance.
Then, the rotating wave approximation is exact, that
is, Φ ¼ ΦRW.
Proof. An operator is Hermitian preserving if Φ½X†� ¼

ðΦ½X�Þ†. Then, by applying Eq. (7) repeatedly with
MγS ≔ RγS , we have

ΦΔ−1
γS ½X� ¼ Φ½γS−1XγS� ¼ Φ†½ðX†γS

−1Þ†�γS
¼ ðΦ†½X†γS

−1�Þ†γS ¼ ðΦ½X†�γS−1Þ†γS
¼ Δ−1

γS Φ½X�; ð12Þ

or, alternatively,Φ ¼ ΔγSΦΔ−1
γS . Plugging this equality back

in Eq. (11), we obtain

Φ½X� ¼
X
k;l;ω;ω̃

cω;ω̃kl ½γSAlðωÞγS−1�X½γS−1Akðω̃ÞγS�†

¼
X
k;l;ω;ω̃

cω;ω̃kl e−βðω−ω̃ÞAlðωÞXA†
kðω̃Þ: ð13Þ

Since Eq. (13) is an eigendecomposition into frequencies, it
has to hold that cω;ω̃kl ¼ cω;ω̃kl e−βðω−ω̃Þ, which is satisfied only
if ω ¼ ω̃. This proves the claim. ▪
This situation suggests going back to Eq. (7) and changing

the definition ofMγS . A natural candidate is the symmetrized
version of the rightmultiplication operatorMγS ¼ JγS, where
JγS ½X� ¼

ffiffiffiffiffi
γS

p
X
ffiffiffiffiffi
γS

p
. In this case, Eq. (7) corresponds to

KMS detailed balance, sometimes also written in the
equivalent form Φð ffiffiffiffiffi

γS
p

X
ffiffiffiffiffi
γS

p Þ ¼ ffiffiffiffiffi
γS

p Φ†ðXÞ ffiffiffiffiffi
γS

p
. This is

FIG. 1. (a) The principle of detailed balance says that at
equilibrium, if the jth state is more probable than the ith one,
then the probability of the transition pðj ← iÞ is equally more
frequent than pði ← jÞ. (b) Simplified depiction of the spectrum
of a generic many-body Hamiltonian. Since the maximum energy
is expected to scale with the size of the system (say, N), in order
to accommodate an exponential amount of different energy levels
(as the dimension of the Hilbert space scales as dN , where d is the
local dimension), the minimum spacing must become exponen-
tially small.
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the simplest generalization ofMγS that does not reduce to the
GNS detailed balance. Indeed, it has been shown that, for
MγS ½X� ¼ γS

αXγS1−α for any α∈ ½0; 1�, the corresponding
definition of detailed balance reduces to GNS, unless
α ¼ 1=2 [23]. In this particular case, the RWA is not needed,
as can be seen from the following characterization.
Theorem 2 (structural characterization of KMS chan-

nels). Let Φ be a Hermitian-preserving superoperator
satisfying KMS detailed balance. Then, its decomposition
into frequencies satisfies

cω;ω̃kl ¼ c−ω;−ω̃kl e−β½ðωþω̃Þ=2�: ð14Þ
Moreover, ifΦ is GNS detailed balanced, it automatically is
KMS detailed balanced as well.
Proof. Equation (14) can be verified by direct calcu-

lation. By expressing the right-hand side of Eq. (7) in the
frequency representation, we obtain

ðJγS ∘Φ† ∘J−1γS Þ½X�
¼
X
k;l;ω;ω̃

cω;ω̃kl fΔ1=2
γS ½A†

l ðωÞ�gXfΔ1=2
γS ½A†

kðω̃Þ�g†

¼
X
k;l;ω;ω̃

c−ω;−ω̃kl e−β½ðωþω̃Þ=2�AlðωÞXA†
kðω̃Þ; ð15Þ

where in the first equalityweused the fact that the dual ofΦ is

Φ† ≔
P

k;l;ω;ω̃ c
ω;ω̃
kl A†

l ðωÞXAkðω̃Þ and we then applied the
identity XðωÞ† ¼ Xð−ωÞ, which can be verified from
Eq. (10). Since the operators fAkg are a basis, we can equate
the coefficients in Eq. (15) with the ones of Φ, which
yields Eq. (14). Finally, it should be noticed that, if the
GNS condition holds, then cω;ω̃kl ¼ 0 unless ω ¼ ω̃. Then,
cω;ωkl ¼ c−ω;−ωkl eβω, which coincideswith the characterization
of GNS detailed balanced maps (see Appendix A). ▪
With this choice of detailed balance, Eq. (7) becomes

directly related to the Petz recovery map [39], a central
concept in quantum information [40,41], which has been
suggested as a possible generalization of Bayes’ theorem to
the quantum regime [42]. For a channel Φ with fixed point
γS, its Petz recovery map is defined as

Φ̃P ≔ JγS ∘Φ† ∘ J−1γS : ð16Þ

Thus, the KMS detailed balance condition in Eq. (7) is the
requirement that Φ̃P ¼ Φ, that the “reverse channel”
induced by the Petz recovery map is identical to the
forward evolution channel. This offers a straightforward
interpretation to Eq. (7) that is lacking for the GNS
condition, since RγS ∘Φ† ∘R−1

γS is not a channel.
The KMS is part of a larger family of Fisher detailed

balance conditions further generalizing Eq. (7), in which
MγS is chosen to be a Fisher operator [14,16]. Within
this family, the Petz recovery map is the only one that
satisfies at the same time complete positivity and the propertygðΦ ∘ΨÞP ¼ Ψ̃P ∘ Φ̃P, which is fundamental when treating
Markovian semigroups (see Boxes 8 and 9 in Ref. [16]) [43].
So far, we have discussed the detailed balance condition

for channels. The same considerations apply to the gen-
erators L of the Markovian dynamics defined by Φt ¼ etL,
for which Eq. (7) implies that

L ¼ lim
t→0

Φt − I
t

¼ lim
t→0

JγS ∘
�
Φt − I

t

�† ∘ J−1γS
¼ JγS ∘L† ∘ J−1γS : ð17Þ

That is, KMS detailed balance holds also at the level of the
generator. Thanks to the special behavior of the Petz
recovery map under compositions, we can also prove the
opposite direction. Notice that, for any operator Ψ, if
Ψ ¼ Ψ̃P, thenΨn ¼ Ψ̃n

P. Then, suppose that Eq. (17) holds.
Since we can rewrite Φt as

Φt ¼ lim
n→∞

�
I þ t

n
L
�

n
; ð18Þ

this shows that Φt is also KMS detailed balanced, so for
Markovian dynamics with a time-independent generator,
KMS detailed balance can be equivalently defined at the
level of the Lindbladian, for which we have the analogous
structural characterization.
Theorem 3 (structural characterization of KMS Lind-

bladians). Let L be the generator of a trace-preserving
evolution of the form Φt ¼ etL. Assume that L satisfies
KMS detailed balance. Then, it can be decomposed as

L½ρ� ¼ −i½H0
LS þHLS; ρ� þ

X
k;l;ω;ω̃

γω;ω̃kl

�
AlðωÞρA†

kðω̃Þ −
1

2
fA†

kðω̃ÞAlðωÞ; ρg
�
; ð19Þ

where H0
LS and HLS are two Hermitian operators such that ½H0

LS; γS� ¼ 0 and HLS ¼ 1
2

P
ω≠ω̃ S

ω;ω̃
kl A†

kðω̃ÞAlðωÞ, where the
coefficients γω;ω̃kl and Sω;ω̃kl satisfy

8<: γω;ω̃kl ¼ γ−ω;−ω̃kl e−β½ðωþω̃Þ=2�;

Sω;ω̃kl ¼ i tanh
�
βðω−ω̃

4
Þ
�
γω;ω̃kl :

ð20Þ
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We refer to Appendix A for the proof, similar to that of
Theorem 2. Since KMS Lindbladians do not require the
RWA, which is a restrictive assumption for many-body
system and bath interactions, they are a natural candidate
for describing the effective dynamics of open system
thermalization. We show this is the case in Secs. IV and V.

III. FRAMEWORK AND PROPERTIES
OF THE BATH

In order to model the system-bath interaction, we con-
sider a Hamiltonian of the form H ≔ HS þ αV þHB,
where V is an interaction term which can be generically
decomposed as

V ≔
X
k

Ak ⊗ Bk; ð21Þ

where Ak are operators acting on the system only and Bk are
(possibly unbounded) operators acting on the bath. We
normalize the jump operators fAkg so that kAkk∞ ¼ 1 for
all k.
In the interaction picture, we substitute any operator X

with its time evolved XðtÞ ≔ eiðHSþHBÞtXe−iðHSþHBÞt, so the
dynamics is

∂tρSBðtÞ ¼ −iα½VðtÞ; ρSBðtÞ�: ð22Þ

We denote the formal solution of the equation above
by Vðt1; t0Þ ≔ T ← expð−iα R t1t0 dsVðsÞÞ, where T ← exp
denotes the time-ordered exponential constructed from
right to left. Our aim is to characterize the evolution of
the reduced state, that is,

∂tρSðtÞ ¼ −iαTrB½½VðtÞ; ρSBðtÞ��: ð23Þ

To proceed forward, we require the following three
assumptions.
(1) Product initial conditions—The initial state of the

evolution is ρSBð0Þ ≔ ρSð0Þ ⊗ γB (where γB is the
Gibbs state of the bath). This is equivalent to setting
the origin of the time to the moment in which the
system starts interacting with the thermal bath.

(2) No energy shift in the bath on average—Each of the
interaction terms satisfies TrB½BkγB� ¼ 0. If this is
not the case, we can shift the system Hamiltonian
and the interaction as�

B̃k ¼ Bk − TrB½BkγB�IB;
H̃S ¼ HS þ αðAk ⊗ TrB½BkγB�IBÞ;

ð24Þ

so that this condition holds.
(3) Gaussianity of the thermal bath—The thermal bath

is Gaussian; that is, for any set of operators fBkg, the
expectation value of their product satisfies Wick’s
theorem:

Tr½B1B2…BnγB�

¼
Xn
j¼2

Tr½B1BjγB�Tr½B2…Bj−1Bjþ1…BnγB�: ð25Þ

While requirements 1 and 2 are generic, condition 3
does restrict the scope of the derivation. Nonetheless,
it is typically well justified for large, noncritical baths,
and for this reason it has become customary in the
literature [18,19].
Under these three assumptions, it is possible to rewrite

Eq. (23) in the form (see Appendix B for the derivation)

∂tρSðtÞ ¼ α2
Z

t

0

dsðCklðt − sÞTrB½½Vðt; sÞAlðsÞρSBðsÞV†ðt; sÞ; AkðtÞ��

þ Cklðs − tÞTrB½½AlðtÞ;Vðt; sÞρSBðsÞAkðsÞV†ðt; sÞ��Þ; ð26Þ

where, here and in the following, we implicitly sum over
repeated indexes k, l. Here, we introduced the bath
correlation function

CklðtÞ ≔ TrB½BkðtÞBlγB�: ð27Þ

Since this quantity is central in describing the dynamics of
the reduced state, we list some of its important properties.
First, it behaves under complex conjugation as

CklðtÞ ¼ TrB½γBBlBkðtÞ� ¼ TrB½Blð−tÞBkγB�
¼ Clkð−tÞ; ð28Þ

that is, in matrix form, it holds that CðtÞ ¼ Cð−tÞ†. When
considering its Fourier transform (which takes the name of
bath spectral density)

ĈklðωÞ ≔
Z

∞

−∞
dteitωCklðtÞ ¼

1

2π
TrB½Bkð−ωÞBlγB�; ð29Þ

the property in Eq. (28) implies that

ĈklðωÞ ¼
Z

∞

−∞
dteitωClkð−tÞ

¼
Z

∞

−∞
dteitωClkðtÞ ¼ ĈlkðωÞ; ð30Þ
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that is, ĈðωÞ† ¼ ĈðωÞ, so the bath spectral density is a
Hermitian matrix. Leveraging this fact, it can even be
shown that ĈðωÞ ≥ 0 (see Appendix C).
To prove Eq. (28), it is sufficient to assume that

½HB; γB� ¼ 0. If, in addition, γB is thermal, it also holds that

CklðtÞ ¼ TrB½BkBlð−tÞγB�

¼ 1

ZB
TrB½ðeβHBBlð−tÞe−βHBÞBke−βHB �

¼ TrB½Blð−t − iβÞBkγB� ¼ Clkð−t − iβÞ: ð31Þ

This property is often referred to as the KMS condition (not
to be confused with KMS detailed balance) and is equiv-
alent to the fact that γB is a Gibbs state [35]. In the
frequency domain, it takes a particularly simple form:

ĈklðωÞ ¼
1

2π
TrB½Bkð−ωÞBlγB�

¼ 1

2π
TrB½BkγBðγ−1B BlðωÞγBÞ�

¼ eβω

2π
TrB½BlðωÞBkγB� ¼ eβωĈlkð−ωÞ; ð32Þ

where we used the definition in Eq. (29) and the rela-
tion Δγ−1B

½XðωÞ� ¼ eβωXðωÞ.
Since ĈðωÞ is a positive matrix, it is also useful to

introduce its square root ĝðωÞ ≔
ffiffiffiffiffiffiffiffiffiffiffi
ĈðωÞ

q
. This matrix can

always be chosen to be positive. Moreover, the KMS
condition implies that

ĝkλðωÞ ¼ eβω=2ĝλkð−ωÞ: ð33Þ

It can be easily connected to the bath correlation function
by the convolution theorem:

CklðtÞ ¼
Z

∞

−∞
dsgkλðsÞgλlðt − sÞ ¼ ðgkλ � gλlÞðtÞ; ð34Þ

where again the sum over λ is implicit and � denotes the
convolution.
The bath correlation function also determines the char-

acteristic timescales of the dynamics. To this end, let us
introduce the two sets of constants:

Γ0 ≔
X
kl

Z
∞

−∞
dtjCklðtÞj; Γ ≔

X
kl

Z
∞

−∞
dtjgkλðtÞj

Z
∞

−∞
dtjgλlðtÞj; ð35Þ

Γ0τ0 ≔
X
kl

Z
∞

−∞
dtjtkCklðtÞj; Γτ ≔

X
kl

2

Z
∞

−∞
dtjtkgkλðtÞj

Z
∞

−∞
dtjgλlðtÞj; ð36Þ

K0 ≔
X
kl

Z
∞

−∞
dtjtj2jCklðtÞj; K ≔

X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsðjtj þ jsjÞ2jgkλðtÞkgλlðsÞj; ð37Þ

where it can be proven that jĈklðωÞj ≤ Γ0 ≤ Γ, that
jĈ0

klðωÞj ≤ Γ0τ0 ≤ Γτ, and that jĈ00
klðωÞj ≤ K0 ≤ K (see

Appendix D). It should be noticed that requiring these
constants to be finite restricts the applicability of our results:
For example, Γ0 does not diverge only for infinite baths,
because only in this caseCklðtÞ can decay sufficiently fast for
the integral to converge. Moreover, requiring that τ is also
finite further restricts to the case inwhich the decay at infinity
is faster than 1=t2 (and, similarly, it should decay faster than
1=t3 for K < ∞). Interestingly, the constant K plays a role
only in the bounds in Sec. V, whereas the derivation in
Sec. IV relies on only the finiteness of Γ0 and τ0. The latter
can be interpreted as a measure the correlation time of the
bath (the timescale over which perturbations decay [44]).
Also,Γ0 and Γ can be related to the evolution rate of the state
in a very precise manner [18].
Theorem 4 (fastest rate in the system). For a Gaussian

bath and an evolution satisfying conditions 1 and 2, the rate

of change of the reduced system dynamics can be upper
bounded as

k∂tρSðtÞk1 ≤ 2α2Γ0; ð38Þ

where k · k1 is the trace norm kXk1 ≔ Tr½jXj�.
We refer to Appendix E for a proof of this statement.

There are two main messages in Eq. (38): First, the speed at
which the system changes directly depends on the constant
Γ0 defined at the level of the bath; second, the maximum
rate is of the order of α2, so the system will take longer to
evolve as the coupling constant decreases. In order to make
the total evolution time independent of α, we introduce the
time-rescaled state ρ̃SðtÞ ≔ ρSðt=α2Þ, for which it holds
that k∂tρ̃SðtÞk1 ≤ 2Γ0.
The equation presented in Eq. (26) is exact, and it

already highlights aspects of the reduced system dynamics:
its dependence on the bath correlation function, the natural
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appearance of a fastest rate Γ0, and the scaling of the
evolution time with α2. Still, from the quantitative point of
view, Eq. (26) is intractable, in general: Its solution depends
on the exact global evolution Vðt; sÞ, and it is highly
nonlocal in time, since the evolution at time t depends on
the full history fρSBðsÞgs≤t. Along the derivation, we
introduce several approximations that ultimately make
the dynamics quantitatively manageable.

IV. MICROSCOPIC DERIVATION AND
APPROXIMATE DETAILED BALANCE

We now prove that there exists an operator Lt which at
the same time generates a completely positive semigroup
and can be used to express Eq. (26) as

∂tρ̃SðtÞ ¼ Lt½ρ̃SðtÞ� þ Et; ð39Þ

where Et is some arbitrary correction whose trace norm we
can upper bound. Such a decomposition would allow one to
apply the following result.
Theorem 5 (propagation of errors). Consider two

family of states πðtÞ and ρðtÞ, respectively, satisfying the
system of equations�
∂tπðtÞ ¼ Lt½πðtÞ�;
πð0Þ ¼ πð0Þ;

�
∂tρðtÞ ¼ Lt½ρðtÞ� þ Et;

ρð0Þ ¼ πð0Þ þ δρð0Þ; ð40Þ

where we assume that (i) the norm of the perturbation δρð0Þ
is bounded, that is, kδρð0Þk1 ≤ R; (ii) there exists an
absolutely integrable function mðtÞ [with primitive MðtÞ]
such that kEtk1 ≤ mðtÞ; and, finally, (iii) the evolution
Φðt1; t0Þ ≔ T ← expðR t1t0 dsLsÞ is completely positive, trace
preserving for all times. Then, the norm distance between
πðtÞ and ρðtÞ scales as

kπðtÞ − ρðtÞk1 ≤ Rþ ½MðtÞ −Mð0Þ�: ð41Þ

Proof. The equations in Eq. (40) can be formally
integrated to give

�
πðtÞ ¼ Φðt; 0Þ½πð0Þ�;
ρðtÞ ¼ Φðt; 0Þ½πð0Þ� þΦðt; 0Þ½δρð0Þ� þ R t0 dsΦðt; sÞ½Es�:

ð42Þ

Then, the trace distance between the two states can be
estimated as

kπðtÞ − ρðtÞk1
≤ kΦðt; 0Þ½δρð0Þ�k1 þ

���� Z t

0

dsΦðt; sÞ½Es�
����
1

≤ Rþ
Z

t

0

dskΦðt; sÞ½Es�k1

≤ Rþ
Z

t

0

dskEsk1 ≤ Rþ ½MðtÞ −Mð0Þ�; ð43Þ

where we used the contractivity of the trace norm under CP
evolution, that is, the fact that for every completely positive
channel Ψ it holds that [45]

kΨðXÞk1 ≤ kXk1: ð44Þ

Finally, we applied the bound kEsk1 ≤ mðsÞ that holds for
all s. This proves the claim. ▪
For most of the error terms below, mðtÞ will be a

constant, so that, in those cases, Theorem 5 implies an
error scaling linearly with time.
Thanks to the theorem just derived, in order to justify the

reduced dynamics generated by some Lindbladian Lt, we
just need to prove that a decomposition of ∂tρ̃SðtÞ akin to
Eq. (39) can be derived. We proceed in different steps,
introducing a set of new states, each corresponding to a
different approximation to the original evolution. In this
context, it is particularly useful to apply the change of
variables fσ ¼ α2s; x ¼ s − ug to the integrated version
of Eq. (26):

ρ̃SðtÞ ¼ ρSð0Þ þ
Z

t

0

dσ
Z

σ=α2

0

dx

�
CklðxÞTrB

		
Vσ;xAl

�
σ

α2
− x

�
ρ̃SBðσ − α2xÞV†

σ;x; Ak

�
σ

α2

�


þ Cklð−xÞTrB

		
Al

�
σ

α2

�
;Vσ;xρ̃SBðσ − α2xÞAk

�
σ

α2
− x

�
V†
σ;x



�
; ð45Þ

where, for brevity, we introduced the notation
Vσ;x ≔ V½ðσ=α2Þ; ðσ=α2Þ − x�.

A. Main ideas of the proof

In order to find a decomposition of the type in Eq. (39),
we introduce a number of states approximating the exact

evolution (see Table II), by exploiting the fast dynamics of
the bath as compared to the system: For example, since the
bath goes back to equilibrium very quickly, it will effec-
tively appear to the system as if it was always at
equilibrium. This justifies the Born approximation (see
Theorem 6). Then, for the same reason, any information
about the past evolution is quickly erased, justifying the
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Markov approximation (in Theorem 7). This allows us to
express the evolution in differential form [see Eq. (55)].
Finally, exploiting the Markovianity of the resulting dynam-
ics, we carry out the Redfield approximation, which erases
any information about the switching on of the interaction (see
Theorem8). Thismakes the generator of the differential form
of the dynamics time independent in the Schrödinger picture
[see Eq. (61)]. These steps are the contents of Sec. IV B and
are standard in the literature [17–19].

It is important to point out that, even if these approx-
imations simplify the dependency of the resulting state on
the exact dynamics ρ̃SðtÞ, this is anyway needed for their
very definition. None of the states defined in this manner
are helpful in finding a treatable expression of the reduced
system dynamics. Their interest relies on the fact that, at
each step, we have a provable error bound for the derivative
of their difference. That is, since ∂tρ̃RES ðtÞ ¼ LRE

t ½ρ̃SðtÞ�, we
can obtain an expression similar to Eq. (39) as follows:

∂tρ̃SðtÞ ¼ ∂tðρ̃SðtÞ − ρ̃BS ðtÞÞ þ ∂tðρ̃BS ðtÞ − ρ̃BMS ðtÞÞ þ ∂tðρ̃BMS ðtÞ − ρ̃RES ðtÞÞ þ ∂tρ̃
RE
S ðtÞ

¼ EB
t þ EBM

t þ ERE
t þ LRE

t ½ρ̃SðtÞ�: ð46Þ

Bounding the error terms EB
t , EBM

t , and ERE
t is the

contents of Theorems 6–8, respectively. At this point,
one might be tempted to define a state in terms of the
differential equation:

�
∂tπðtÞ ¼ LRE

t ½πðtÞ�;
πð0Þ ¼ ρ̃Sð0Þ

ð47Þ

and then apply Theorem 5 to prove that πðtÞ diverges from
ρ̃SðtÞ in a controlled manner. There is a fundamental reason
that makes this impossible: The generator LRE

t is not

completely positive, so that Theorem 5 cannot be applied.
Not only is πðtÞ not guaranteed to stay positive throughout
the evolution, but one can also generically expect the norm
kπðtÞ − ρ̃SðtÞk1 to grow exponentially in time (see the
discussion in Sec. IV D).
At this point, we need only to find a further approxi-

mation that makes the generator CP. This is done by
exploiting the oscillating nature of the rates in the differ-
ential equation in Eq. (46), as explained at the beginning of
Sec. IV C. Doing this directly, though, prevents us from
finding a controlled error bound in trace distance, which we
need for the application of Theorem 5 (see Ref. [19]).

TABLE II. Here, we collect the notations used throughout the derivation, together with the physical intuition behind each of the
approximations. Each of the approximation is carried out sequentially on top of the state coming from the previous stage of
approximation. For this reason, the error bounds accounts for the difference in trace distance with respect to the previous step (e.g., for
ρBMS it corresponds to an estimate of kρ̃BS − ρ̃BMS k1). The only exception is ρ̃SS, which approximates the exact dynamics directly (and for
this reason the error is computed with respect to ρ̃S). Some additional notations used are the tilde in ρ̃XS ðtÞ (for generic X) refers to the
rescaled time evolution, that is, ρ̃XS ðtÞ ¼ ρXS ðt=α2Þ; the extra S in the subscript ρ̃XS;SðtÞ refers to the Schrödinger picture.

State Notation Physical intuition Main feature Error bound

Exact ρ̃S Obtained from tracing out
the environment

Intractable but exact 0

Born ρ̃BS The bath dynamics is much faster than
the one of the system ⇒ it always

looks in thermal equilibrium

Depends on the
bath only through CklðtÞ

Oðα2ðΓ0tÞðΓ0τÞÞ

Markov ρ̃BMS The bath dynamics is much faster than
the one of the system ⇒

the environment is memoryless

Is local in time (admits
a differential form)

Oðα2ðΓ0tÞðΓ0τÞÞ

Redfield ρ̃RES The information about the initial time
is quickly erased

Differential form does not
depend on time in the
Schrödinger picture

OððΓ0tÞðΓ0τÞ
Γ0TðαÞ Þ

Coarse grained ρ̃CGS Rapid oscillations in the rates justify
averaging over a time period
TðαÞ (called observation time)

Is generated by a
Lindblad equation

Oðα2ðΓ0tÞ½Γ0TðαÞ�Þ

Smoothed ρ̃SS Rapid oscillations in the rates are already
present in the exact dynamics ⇒
averaging over a time period TðαÞ

Is close to the exact
dynamics at all times

Oðα2½Γ0TðαÞ�Þ
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In order to avoid this, we go back to the beginning of the
derivation and slightly change the starting point, which is
where our derivation deviates from previous work (and, in
particular, from the best previous rigorous proof [19]). We
introduce a smoothed state ρ̃SSðtÞ, corresponding to averag-
ing the exact dynamics over a time window of the order of
TðαÞ, called the observation time [see Eq. (63) for the
precise expression]. This is the main innovation in our
derivation, and it is what allows one to obtain error bounds
that scale only linearly with time. Indeed, applying the
same approximations as in Sec. IV B allows one to retain
the controlled error bounds we derived before, but with the
extra advantage of giving a controlled error bound also
when passing to a CP generator. Moreover, we can also
show that the exact evolution ρ̃SðtÞ and the smoothed one
ρ̃SSðtÞ stay at a constant distance throughout the evolution.
This is all that is needed for Theorem 5 to hold, and it gives
the main result of this section, Theorem 11. Finally, in
Sec. IV E, we go beyond previous derivations by analyzing

how the resulting evolution has approximate detailed
balance, which we later expand on in Sec. V.

B. The Born-Markov approximation

Since the evolution Vðs; uÞ ≔ T ← expð−iα R su dxVðxÞÞ
depends on α, one can expect that Vσ;x ≃ I. Then, the
substitution Vσ;x → I in Eq. (45) is what is called the Born
approximation. There are two regimes in which this is
well justified: first, whenever α is small enough for the
unitary evolution to be close to the identity operator (the
weak-coupling limit); second, whenever the timescale
characterizing the decay of correlations in the bath
[which, as we mentioned, is dictated by τ0 in Eq. (36)]
is much shorter than the fastest timescale of the system Γ0.
Both these intuitions are confirmed by the following
result.
Theorem 6 (Born approximation). Let us define the

evolved state ρ̃BS ðtÞ as

ρ̃BS ðtÞ ¼ ρSð0Þ þ
Z

t

0

dσ
Z

σ=α2

0

dx

�
CklðxÞ

	
Al

�
σ

α2
− x

�
ρ̃Sðσ − α2xÞ; Ak

�
σ

α2

�

þ Cklð−xÞ

	
Al

�
σ

α2

�
; ρ̃Sðσ − α2xÞAk

�
σ

α2
− x

�
�
: ð48Þ

Let us define the error term EB
t ¼ ∂tðρ̃SðtÞ − ρ̃BS ðtÞÞ. Then, we can give the following bound:

kEB
t k1 ≤ 4α2Γ0ðΓ0τ0Þ: ð49Þ

Moreover, it directly follows that

kρ̃SðtÞ − ρ̃BS ðtÞk1 ≤
Z

t

0

dskEB
s k1 ≤ 4α2ðΓ0tÞðΓ0τ0Þ: ð50Þ

We refer to Appendix F 1 for the proof. Theorem 6
confirms the intuition behind the Born approximation.
Indeed, from Eq. (50), we can see that the error is negligible
whenever Γ0t is small (short times), Γ0τ0 is small (fast
decay of correlations in the bath), or α2 is small compared
to the product of these two timescales (weak coupling).
Moreover, since the jump operators AkðtÞ act on only the
system, the Born approximation Vσ;x → I allows one to
rewrite the evolution directly in terms of the reduced state
ρ̃SðtÞ in Eq. (48), without any reference to the state of the
bath, which is a first step toward reducing the complexity of
representing the dynamics.

Even if Eq. (48) is defined only in terms of the properties
of the system and of the bath correlation function, the
resulting evolution is still nonlocal in time. This problem
is taken care through the Markov approximation, which
consists in substituting ρ̃Sðσ − α2xÞ with ρðσÞ in Eq. (48).
The intuitive justification of this procedure comes from
Theorem 4, that says that the derivative of ρ̃S is bounded
at all times, so that the corresponding evolution cannot
be very nonlocal. This is confirmed by the following
theorem.
Theorem 7 (Markov approximation). Let us define the

evolved state ρ̃BMS ðtÞ as

ρ̃BMS ðtÞ ¼ ρSð0Þ þ
Z

t

0

dσ
Z

σ=α2

0

dx

�
CklðxÞ

	
Al

�
σ

α2
− x

�
ρ̃SðσÞ; Ak

�
σ

α2

�

þ Cklð−xÞ

	
Al

�
σ

α2

�
; ρ̃SðσÞAk

�
σ

α2
− x

�
�
: ð51Þ
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Moreover, we introduce the error term EBM
t ¼ ∂tðρ̃BS ðtÞ − ρ̃BMS ðtÞÞ. Then, we can give the following bound:

kEBM
t k1 ≤ 2α2Γ0ðΓ0τ0Þ; ð52Þ

which directly implies that

kρ̃BS ðtÞ − ρ̃BMS ðtÞk1 ≤
Z

t

0

dskEBM
s k1 ≤ 2α2ðΓ0tÞðΓ0τ0Þ: ð53Þ

Once again, we defer the proof to Appendix F 2. While the Born approximation allows one to simplify the dependency of
the dynamics on the degrees of freedom of the bath, the Markov approximation uses the fact that the decoherence time of the
bath is much shorter than the typical timescales of interaction in order to make the evolution memoryless. This gives a
dynamics that is local in time, since by differentiating Eq. (51) it is possible to obtain

∂tρ̃
BM
S ðtÞ ¼

Z
t=α2

0

dx

�
CklðxÞ½Al

�
t
α2

− x

�
ρ̃SðtÞ; Ak

�
t
α2

�

þ Cklð−xÞ

	
Al

�
t
α2

�
; ρ̃SðtÞAk

�
t
α2

− x

�
�
ð54Þ

¼ LBM
t ½ρ̃SðtÞ�; ð55Þ

or, alternatively,

∂tρ̃SðtÞ ¼ ∂tρ̃
BM
S ðtÞ þ ∂t½ρ̃BS ðtÞ − ρ̃BMS ðtÞ� þ ∂t½ρ̃SðtÞ − ρ̃BS ðtÞ� ¼ LBM

t ½ρ̃SðtÞ� þ EBM
t þ EB

t : ð56Þ

This expression is formally very similar to Eq. (39) but with a key difference: Even if we are able to bound the trace norm of
EB
t and EBM

t (uniformly in time), the evolution generated by LBM
t is not completely positive.

An intermediate step is to extend the integral in Eq. (54) to infinity. Once again, this is done by exploiting the rapid decay
of CklðxÞ as jxj → ∞.
Theorem 8 (Redfield approximation). Let us define the evolved state ρ̃RES ðtÞ as

ρ̃RES ðtÞ ¼ ρSð0Þ þ
Z

t

0

dσ
Z

∞

0

dxe−ðx=2Þ2=TðαÞ2
�
CklðxÞ

	
Al

�
σ

α2
− x

�
ρ̃SðσÞ; Ak

�
σ

α2

�

þ Cklð−xÞ

	
Al

�
σ

α2

�
; ρ̃SðσÞAk

�
σ

α2
− x

�
�
: ð57Þ

Moreover, we introduce the error term ERE
t ¼ ∂tðρ̃BMS ðtÞ − ρ̃RES ðtÞÞ. Then, the following holds:

kERE
t k1 ≤ 2Γ0ð1þ Γ0τ0Þ

�
1

2þ Γ0TðαÞ
þ α2

ðα2 þ Γ0tÞ
�
: ð58Þ

Integrating the right-hand side of Eq. (58), we also obtain

kρ̃BMS ðtÞ − ρ̃RES ðtÞk1 ≤
Z

t

0

dskEBM
s k1 ≤ 2ð1þ Γ0τ0Þ

�
Γ0t

2þ Γ0TðαÞ
þ α2 log

�
1þ Γ0t

α2

��
: ð59Þ

The error goes to zero with α whenever TðαÞ → ∞ in the same regime.
The proof of this result is postponed to Appendix F 3. The approximation presented here is a smoothed version of the

usual Redfield approximation, obtained by sending TðαÞ → ∞. This leaves us with one last step in order to derive a CP
evolution.

C. Time averaging of the dynamics

Differentiating Eq. (57), we define the generator LRE
t satisfying ∂tρ̃

RE
S ðtÞ ¼ LRE

t ½ρ̃SðtÞ�, that is,

LRE
t ½ρ̃SðtÞ� ¼

Z
∞

0

dxe−ðx=2Þ2=TðαÞ2U†
t=α2

½ðCklðxÞ½Alð−xÞU t=α2 ½ρ̃SðtÞ�; Ak� þ Cklð−xÞ½Al;U t=α2 ½ρ̃SðtÞ�Akð−xÞ�Þ�; ð60Þ
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where we introduced the notation U t=α2 for the operator
U t½X� ¼ e−iHStXeiHSt. Then, Eq. (60) shows that we can
decompose the Lindbladian LRE

t as

LRE
t ½ρ̃SðtÞ� ¼ U†

t=α2
∘ L̂RE ∘U t=α2 ½ρ̃SðtÞ�; ð61Þ

where we implicitly defined L̂RE
t . This rewriting is par-

ticularly useful, because it isolates two dynamics

happening at very different timescales: On the one hand,
the dependency of the state ρ̃SðtÞ is of the order of
k∂tρ̃SðtÞk1 ≃Oðα0Þ, whereas, on the other, the unitary
dynamics is extremely fast, with a rate of change of order
k∂tU t=α2k1−1 ≃Oðα−2Þ. To appreciate the effect of this
scale separation, it is useful to expand Eq. (57) in the
frequency domain:

ρ̃RES ðtÞ ¼ ρSð0Þ

þ
Z

t

0

dσ
Z

∞

0

dxe−ðx=2Þ2=TðαÞ2eiσ½ðω−ω̃Þ=α2�
�
e−ixωCklðxÞ

h
AlðωÞρ̃SðσÞ;A†

kðω̃Þ
i
þ eixω̃Cklð−xÞ

h
AlðωÞ; ρ̃SðσÞA†

kðω̃Þ
i�

:

ð62Þ

Here and in the following, we implicitly integrate over all
frequencies ω and ω̃. In the limit α → 0, the exponent of
eiσ½ðω−ω̃Þ=α2� diverges whenever the frequencies are differ-
ent. This allows for the application of the Riemann-
Lebesgue lemma, which shows that the only terms surviv-
ing in Eq. (62) are exactly the ones for which ω ¼ ω̃
[36,38]. This amounts to performing the RWA, which
straightforwardly yields a completely positive Lindbladian
that is GNS detailed balanced (thanks to Theorem 1).
Nonetheless, this limit is not always justified, and for this
reason we need a more careful analysis.

As a matter of fact, even without the RWA, the difference
in scaling of ρ̃SðtÞ as compared to k∂tU t=α2k1−1 suggests
that, over a small period of time, the state appears to be
frozen to the unitary evolution. This justifies the introduc-
tion of the smoothed state [46]:

ρ̃SSðtÞ ≔
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ρ̃Sðtþ α2qÞ; ð63Þ

where TðαÞ is a free parameter called the observation
time. This procedure corresponds to averaging around
the state at time t, over a window of width TðαÞ and a
variation governed by α2. In real time, without rescaling,
this gives a variation independent of α, since ρ̃Sðtþ α2qÞ ¼
ρS½ðt=α2Þ þ q�. The new result shows that this smoothing is
well justified.
Theorem 9 (smoothing of evolution). Let ρ̃SSðtÞ be the

averaged state defined in Eq. (63). Then, the trace distance
from the exact evolution can be bounded uniformly in t as

kρ̃SðtÞ − ρ̃SSðtÞk1 ≤
2Γ0α

2TðαÞffiffiffi
π

p : ð64Þ

Thus, the error goes to zero when α → 0 if TðαÞ < α−2.
We defer the proof to Appendix F 4. The bound imposed

on TðαÞ can be intuitively understood as follows: On the
one hand, one wants TðαÞ to be sufficiently large compared
with the fast unitary dynamics [which happens at a time-
scale of the order of Oðα2Þ] so to smooth its effect; on the
other, it cannot diverge arbitrarily fast, as the total time of
evolution in real time will be of the order of Oðα−2Þ [since
ρ̃SðtÞ ¼ ρSðt=α2Þ] (see Fig. 2 for a simplified exemplifi-
cation of this phenomenon). This justifies the name of
observation time for TðαÞ.
Importantly, on top of always being close to the real

evolution, the smoothed state in Eq. (63) also satisfies the
differential equation (see Appendix F 4):

FIG. 2. Intuition behind Theorem 11. In order to illustrate the
effect of the smoothing, consider the differential equation
f0ðtÞ ¼ Fðt; αÞ ≔ −e−t=2ð1þ cos ðt=α2ÞÞ. We define fsðtÞ to
be the solution to the differential equation obtained by taking
the Gaussian average of Fðtþ α2q; αÞ. In analogy with the
discussion in Theorem 11, we choose TðαÞ ¼ α−1. The shaded
region corresponds to an error of the order of OðαÞ around the
exact solution fðtÞ. As can be seen, the averaged solution always
falls within this region. The inset corresponds to enlarging the
beginning of the evolution (the region contained in the dotted
box): This shows that, even if fsðtÞ always stays within OðαÞ of
fðtÞ, this distance can be larger than Oðα2Þ.
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∂tρ̃
S
SðtÞ ≔ LCG

t ½ρ̃SSðtÞ� þ ETOT
t ; ð65Þ

where ETOT
t is an error term whose trace norm can be controlled and where the coarse-grained LindbladianLCG

t is defined as

LCG
t ½ρ̃SSðtÞ� ≔

Z
∞

−∞
dq
Z

∞

0

dx
e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi

π
p

TðαÞ
�
CklðxÞ

	
Al

�
t
α2

þ q −
x
2

�
ρ̃SSðtÞ; Ak

�
t
α2

þ qþ x
2

�

þ Cklð−xÞ

	
Al

�
t
α2

þ qþ x
2

�
; ρ̃SSðtÞAk

�
t
α2

þ q −
x
2

�
�
: ð66Þ

In Eq. (66), there are two approximations happening at
the same time. First, motivated by the discussion above, we
average over different values of LRE

t , obtaining

LCG0
t ≔

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ L

RE
tþα2q

¼
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ U

†
ðt=α2Þþq

∘ L̂RE ∘Uðt=α2Þþq: ð67Þ

Then, exploiting the rapid decay of CklðxÞ as jxj → ∞,
we shift q → qþ ðx=2Þ inside of the two commutators
but not in the Gaussian, obtaining Eq. (66). Importantly,
this happens at the same order of approximation. This
procedure allows us to derive the key result.

Theorem 10 (complete positivity). The Lindbladian
LCG
t induces a completely positive, trace-preserving

evolution.
The proof is deferred to Sec. IV E, where we pro-

vide an explicit structural characterization of LCG
t that

ensures complete positivity. It can also be shown
that LCG

t reduces to its RWA version in the limit
of TðαÞ → ∞ whenever the spectrum of HS has a finite
gap between any two energy differences (see
Appendix F 4).
Theorem 10 is the ingredient needed to obtain the final

error estimates by applying Theorem 5.
Theorem 11 (time averaging). Let us define the solution

of the differential equation ρ̃CGS ðtÞ as

�
∂tρ̃

CG
S ðtÞ ≔ LCG

t ½ρ̃CGS ðtÞ�;
ρ̃CGS ð0Þ ¼ ρ̃ð0Þ: ð68Þ

Then, it holds that the norm distance between ρ̃CGS ðtÞ and the true evolution has an optimal scaling with time given by

kρ̃SðtÞ − ρ̃CGS ðtÞk1 ≤
2α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p ffiffiffi
π

p þ ð2αΓ0tÞ
�
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p
þ 3αðΓ0τ0Þ

�
þ 2α2Γ0ð1þ Γ0τ0Þ log

�
1þ Γ0t

α2

�
; ð69Þ

which corresponds to the choice of an optimal TðαÞ given by

T�
optðαÞ ≔

1

2αΓ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p
: ð70Þ

We provide the proof of this result in Appendix F 4.

D. Improved error scaling

We now highlight how the error estimate just presented
improves upon previous ones in the literature (e.g., in
Ref. [19]). A key step in most of the approaches is to
bound the difference between the true evolved state and
the reduced dynamics using a triangle inequality of the
form

kρ̃SðtÞ − ρ̃CGS ðtÞk1
≤ kρ̃SðtÞ − π̃ðtÞk1 þ kπ̃ðtÞ − ρ̃CGS ðtÞk1; ð71Þ

where π̃ðtÞ is some arbitrary chosen matrix. The most
common choice is to set π̃ðtÞ as the solution to the
differential equation induced by LRE

t . This choice is far
from optimal: Since LRE

t does not induce a CP evolution,
the trace norm of π̃ðtÞ is not bounded in this case, and one is
able to derive only an exponential scaling (in time) for both
terms on the right-hand side of Eq. (71). The reason behind
this is fundamental: It can be proven that not only the trace
norm contracts under CP evolutions, but that also the
opposite holds—that is, it expands under non-CP evolu-
tions when considering the doubled space [45]. That is, ifΨ
is non-CP, there must exist an operator X on BðH ⊗ HÞ
such that
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kI ⊗ ΨðXÞk1 ≥ kXk1: ð72Þ

Since one cannot rule out this possibility, the bounds on the
trace norm of the error terms need to exponentially increase
in time when acted upon by T ← expðR t1t0 dsLRE

s Þ.
This behavior should be contrasted with the linear

increase of Theorem 5. In order to prove this scaling,
we choose π̃ðtÞ ¼ ρ̃SSðtÞ: Since ρ̃SSðtÞ is a convex combi-
nation of states, it is itself a state [and, therefore,
kρ̃SSðtÞk1 ¼ 1]; moreover, thanks to Theorem 9, we also
know that it is close to the true evolved state, even at large t,
allowing one to bound the first norm on the right-hand side
of Eq. (71). This comes at a small cost: In contrast to
previous derivations, in Theorem 9 we prove that the error
in this case does not go to zero with time but rather is
constant and of the order ofOðα ffiffiffiffiffiffiffiffiffi

Γ0τ0
p Þ. On the other hand,

thanks to the fact that LCG
t generates a CP semigroup

(Theorem 10), the evolution T ← expðR t1t0 dsLCG
s Þ contracts

the trace distance. Then, since ETOT
t in Eq. (65) can be

bounded in trace norm, this error can be propagated
according to Theorem 5 to also estimate the second norm.
This shows that it is crucial to delay the application of

Theorem 5 to a point in which the reduced dynamics
generates a CP semigroup.

E. Complete positivity and approximate detailed
balance of LCG

t

Similarly with what happened with LRE
t [see Eq. (61)],

LCG
t can also be rewritten as LCG

t ¼ U†
t=α2

∘ L̂CG ∘U t=α2 ,

where L̂CG does not depend on time. The additional unitary
rotations are a consequence of being in the interaction
picture. Rotating back into the Schrödinger picture [which
we denote by ρ̃CGS;SðtÞ], we obtain [47]

∂tρ̃
CG
S;SðtÞ ¼ −

i
α2

½HS; ρ̃CGS;SðtÞ� þ L̂CG½ρ̃CGS;SðtÞ�: ð73Þ

For this reason, it will be sufficient to characterize L̂CG.
Before doing so, it is useful to introduce some notation.
First, let us define ωþ ≔ ½ðωþ ω̃Þ=2� and ω− ≔ ðω − ω̃Þ
and the filter function Gðq; xÞ ≔ ðe−½q2þðx=2Þ2�=TðαÞ2Þ=
½ ffiffiffiπp

TðαÞ�. Then, L̂CG has the following frequency
representation:

L̂CG½ρ� ¼
Z

∞

−∞
dq
Z

∞

0

dxGðq; xÞeiqω−

�
e−ixωþCklðxÞ

	
AlðωÞρ; A†

kðω̃Þ


þ eixω̃þCklð−xÞ

	
AlðωÞ; ρA†

kðω̃Þ

�

: ð74Þ

Again, unless otherwise specified, we imply an integration over all frequencies ω and ω̃. Let us also introduce the two
smoothed half-Fourier transform:

Ĉþ
klðωþ;ω−Þ ≔

Z
∞

−∞
dqeiqω−

Z
∞

0

dxe−ixωþGðq; xÞCklðxÞ; ð75Þ

Ĉ−
klðωþ;ω−Þ ≔

Z
∞

−∞
dqeiqω−

Z
0

−∞
dxe−ixωþGðq; xÞCklðxÞ: ð76Þ

With this notation, L̂CG can be rewritten as

L̂CG½ρ� ¼
Z

∞

−∞
dω
Z

∞

−∞
dω̃

�
Ĉþ
klðωþ;ω−Þ

�
AlðωÞρA†

kðω̃Þ − A†
kðω̃ÞAlðω̃Þρ

�
þ Ĉ−

klðωþ;ω−Þ
�
AlðωÞρA†

kðω̃Þ − ρA†
kðω̃ÞAlðωÞ

��
ð77Þ

¼
Z

∞

−∞
dω
Z

∞

−∞
dω̃

�
γω;ω̃kl

�
AlðωÞρA†

kðω̃Þ −
1

2
fA†

kðω̃ÞAlðωÞ; ρg
�
− iSω;ω̃kl

1

2
½A†

kðω̃ÞAlðωÞ; ρ�
�
; ð78Þ

where we have rewritten the integration over the frequencies for clarity and we introduced the coefficients

γω;ω̃kl ¼ Ĉþ
klðωþ;ω−Þ þ Ĉ−

klðωþ;ω−Þ ¼
Z

∞

−∞
dqeiqω−

Z
∞

−∞
dxe−ixωþGðq; xÞCklðxÞ; ð79Þ
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Sω;ω̃kl ¼ i½Ĉþ
klðωþ;ω−Þ − Ĉ−

klðωþ;ω−Þ� ¼ i
Z

∞

−∞
dqeiqω−

Z
∞

−∞
dxe−ixωþGðq; xÞCklðxÞsgnðxÞ: ð80Þ

We are now ready to prove that Eq. (78) generates a CP
semigroup. Let us first analyze the commutator term. A
direct calculation shows that the Lamb-shift Hamiltonian
defined as

HCG
LS ≔

Z
∞

−∞
dω
Z

∞

−∞
dω̃Sω;ω̃kl A†

kðω̃ÞAlðωÞ ð81Þ

is indeed Hermitian (see Appendix G 1). This implies that it
generates a unitary rotation, which is CP.
It remains to examine the dissipative part of the

Lindbladian, which we dub D̂CG. In order to show that
it generates a CP semigroup, we perform the change of
variables ft1 ¼ q − x=2; t2 ¼ qþ x=2g. This has two

effects. First, it maps the product of Gaussians to another
product of Gaussians:

Gðq; xÞ ¼ e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ

¼
�

e−t
2
1
=2TðαÞ2

½ ffiffiffiπp
TðαÞ�1=2

��
e−t

2
2
=2TðαÞ2

½ ffiffiffiπp
TðαÞ�1=2

�
: ð82Þ

Let us denote the resulting (unnormalized) Gaussians by
fαðt1Þ and fαðt2Þ. The second and most important effect of
the change of variables is that it decouples the two
frequencies ω and ω̃. Indeed, an explicit calculation shows
that

γω;ω̃kl ¼
Z

∞

−∞
dq
Z

∞

−∞
dxeiðq−x

2
Þωe−iðqþx

2
Þω̃Gðq; xÞCklðxÞ ð83Þ

¼
Z

∞

−∞
dt1

Z
∞

−∞
dt2fαðt1Þfαðt2Þeit1ωe−it2ω̃Cklðt2 − t1Þ ð84Þ

¼
Z

∞

−∞

dω�

2π
Ĉklðω�Þ

�Z
∞

−∞
dt1fαðt1Þeit1ðωþω�Þ

��Z
∞

−∞
dt2fαðt2Þe−it2ðω̃þω�Þ

�
ð85Þ

¼
Z

∞

−∞

dω�

2π
Ĉklðω�Þf̂αðωþ ω�Þf̂αðω̃þ ω�Þ; ð86Þ

where we introduced the bath spectral density defined in Eq. (29). Then, using this decomposition, we obtain

D̂CG½ρ� ¼
Z

∞

−∞
dω
Z

∞

−∞
dω̃γω;ω̃kl

�
AlðωÞρA†

kðω̃Þ −
1

2
fA†

kðω̃ÞAlðωÞ; ρg
�

ð87Þ

¼
Z

∞

−∞

dω�

2π
Ĉklðω�Þ

�
Ãlðω�ÞρÃ†

kðω�Þ − 1

2
fÃ†

kðω�ÞÃlðω�Þ; ρg
�
; ð88Þ

where we introduced the smoothed version of the jump operators:

Ãlðω�Þ ≔
Z

∞

−∞
dωf̂αðωþ ω�ÞAlðωÞ ¼

Z
∞

−∞
dt1eit1ω

�
fαðt1ÞAlðt1Þ: ð89Þ

Thus, since Ĉklðω�Þ is a positive matrix (see Sec. IV C), we can conclude that the semigroup generated by

L̂CG½ρ� ¼ −
i
2
½HCG

LS ; ρ� þ
Z

∞

−∞

dω�

2π
Ĉklðω�Þ

�
Ãlðω�ÞρÃ†

kðω�Þ − 1

2
fÃ†

kðω�ÞÃlðω�Þ; ρg
�

ð90Þ

is completely positive.
This proves Theorem 10. Additionally, the expression of the jump operators in Eq. (89) allows one to prove their quasilocality

(seeAppendixG 3) and that, in the limit inwhich the observation timeTðαÞ goes to infinity, Eq. (90) correctly reduces to the usual
Davies generator (see Appendix G 4).
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There are a number of properties that can be deduced from the expression of the rates in Eq. (86) (and a similar
transformation for Sω;ω̃kl ). First, it can be shown that they can be rewritten as (see Appendix G 2)

γω;ω̃kl ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞
dΩĈkl

�
Ω

TðαÞ − ωþ

�
e−Ω

2

; ð91Þ

Sω;ω̃kl ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞

dΩ
π

Z
∞

−∞
dω2

Ĉklðω2Þ
ðω2 þ ωþÞ − Ω

TðαÞ
e−Ω

2

; ð92Þ

where ðS0Þω;ω̃kl is nonzero only for ω ¼ ω̃. This expression is
particularly useful when studying the reduction of L̂CG to the
Davies generator: Thanks to the exponential suppression in
½TðαÞω−� present in γω;ω̃kl and Sω;ω̃kl , if the minimum gap
between two frequencies ωmin

− is finite, the rotating wave
limit is approached exponentially fast for TðαÞ ≫ ðωmin

− Þ−1.
This also shows what fails in the many-body setting:
Since ωmin

− is exponentially small (in the system size), the

suppression justifying the RWA happens only for observa-
tion times that are exponentially large in the system size
(precise bounds are provided in Appendix G 4).
Another consequence of the rewriting in Eqs. (91) and

(92) is the following (see Appendix G 5).
Theorem 12 (approximate detailed balance). The coef-

ficients of L̂CG satisfy approximate KMS detailed balance,
that is,

����γω;ω̃kl − e−β½ðωþω̃Þ=2�γ−ω;−ω̃kl

���� ≤ Γ0e−½TðαÞω−�2=4eβ2=4TðαÞ2erf
�

β

2TðαÞ
�

≤
βΓ0e−½TðαÞω−Þ�2=4eβ2=4TðαÞ2ffiffiffi

π
p

TðαÞ ð93Þ

and ����− i tanh

�
β

�
ω − ω̃

4

��
γω;ω̃kl

���� ≤ Γ0β

2
ffiffiffiffiffi
2e

p
TðαÞ ð94Þ

whenever ω ≠ ω̃. Choosing TðαÞ ¼ T�
optðαÞ, Eq. (93)

scales as OðαðβΓ0Þ2eα2ðΓ0βÞ2Þ and Eq. (94) as OðαβΓ0Þ.
Comparing the inequalities in Theorem 12 with Eq. (20),

we can see that the rates of the dissipative part of L̂CG (that
is, γω;ω̃kl ) are approximately KMS detailed balanced and that
the Hamiltonian correction needed to ensure detailed
balance at a global level is also small, as it contributes
only at the order of OðTðαÞ−1Þ, which is well within the
error induced by the other approximations. The approxi-
mate detailed balance in γω;ω̃kl follows exclusively from the
KMS condition of the bath, so we expect this behavior to
appear whenever the environment is thermal. The next
section is devoted to finding an exactly detailed balanced
Lindbladian close to L̂CG.

V. RECOVERING COMPLETE POSITIVITY
WHILE PRESERVING DETAILED BALANCE

Theorem 12 highlights the role of the observation time
TðαÞ in bringing the rates of the dissipative part of the
evolution close to a detailed balanced map: As shown in
Appendix G 4, in the limit TðαÞ → ∞ the evolution reduces
to the usual Davies dynamics, which is GNS detailed
balanced (and, thus, KMS as well). Moreover, for TðαÞ

large but finite, Theorem 12 shows that, even if strict KMS
detailed balance does not hold, we have an approximate
behavior, with a correction scaling as OðTðαÞ−1Þ. Still, it
remains to be understood how the effect of the Lamb-shift
Hamiltonian can be incorporated. In general, it does not
commute with the system Hamiltonian, and its norm does
not scale to zero for TðαÞ → ∞. This subtlety was
previously noticed in Ref. [26], where it was proposed
that such a correction should be incorporated as a renorm-
alization of the system Hamiltonian. Let us rewrite the total
Hamiltonian as

H ≔ HS þ αV þHB ¼ H�
S −

α2

2
HCG

LS þ αV þHB; ð95Þ

where HCG
LS is the one given in Eq. (81) and we implicitly

defined H�
S to be the renormalized system Hamiltonian.

Then, defining the renormalized interaction picture [that is,
XðtÞ ≔ eiðH�

SþHBÞtXe−iðH�
SþHBÞt], we obtain that the dynam-

ics becomes

∂tρSBðtÞ ¼ −iα½VðtÞ; ρSBðtÞ� þ
iα2

2
½HCG

LS ðtÞ; ρSBðtÞ�: ð96Þ
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Then, since the approximations in Sec. IV do not depend on the interaction picture that is used, we can carry out the same
kind of derivation to describe the effect of the interaction in terms of Lindbladian dynamics. In particular, we can rewrite
Eq. (90) in the renormalized interaction picture as

∂tρ̃
CG
S ðtÞ ¼ −

i
2
½ðHCG

LS Þ� −HCG
LS ; ρ̃

CG
S ðtÞ� þ

Z
∞

−∞

dω�

2π
Ĉklðω�Þ

�
Ã�
l ðω�Þρ̃CGS ðtÞðÃ�

kÞ†ðω�Þ − 1

2
fðÃ�

kÞ†ðω�ÞÃ�
l ðω�Þ; ρ̃CGS ðtÞg

�
;

ð97Þ
where it should be noticed that we use Ã�

l ðω�Þ and ðHCG
LS Þ� to denote the jump operators and the Lamb-shift term,

respectively, defined with respect to the renormalized system Hamiltonian [48]. Then, we can prove the following.
Theorem 13 (closeness of the Lamb-shift Hamiltonians). The difference ðHCG

LS Þ� −HCG
LS can be bounded in operator normas

kðHCG
LS Þ� −HCG

LS k∞ ≤
4α2Γ2

0TðαÞffiffiffi
π

p þ 2α2Γ2
0½τ0 þ α2Γ0TðαÞ2� þ

4α4Γ3
0τ0TðαÞffiffiffi
π

p þ α4Γ2
0K0: ð98Þ

Then, defining ρ̃CG�S;S ðtÞ to be the evolution satisfying

∂tρ̃
CG�
S ðtÞ ¼ L̂CG�½ρ̃CG�S ðtÞ�

¼
Z

∞

−∞

dω�

2π
Ĉklðω�Þ

�
Ã�
l ðω�Þρ̃CG�S ðtÞðÃ�

kÞ†ðω�Þ − 1

2
fðÃ�

kÞ†ðω�ÞÃ�
l ðω�Þ; ρ̃CG�S ðtÞg

�
; ð99Þ

we also have that

kρ̃CGS ðtÞ − ρ̃CG�S ðtÞk1 ≤ ðΓ0tÞ
�
4α2Γ0TðαÞffiffiffi

π
p þ 2α2fΓ0τ0 þ α2½Γ0TðαÞ�2g þ

4α4Γ2
0τ0TðαÞffiffiffi
π

p þ α4Γ0K0

�
: ð100Þ

Then, assuming thatK0 < ∞, if one chooses TðαÞ ¼ T�
optðαÞ

[see Eq. (70)], the error scales as OðαðΓ0tÞ
ffiffiffiffiffiffiffiffiffi
Γ0τ0

p Þ.
We refer to Appendix H 1 for the proof of this result.

Notice that the error resulting from disregarding the Lamb-
shift correction defined with respect to the renormalized
system Hamiltonian is of the same order as the one
encountered in Theorem 11.
Interestingly, Theorem 12 is unchanged by this discus-

sion, since the rates are defined only in terms of properties
of the bath. The discussion above, thus, shows that L̂CG�

has rates that are close to be detailed balance and no extra
Lamb-shift term that could hinder the thermalization
process. This discussion naturally raises the question: Is
there a way to further approximate L̂CG� in the limit of large
but finite observation time TðαÞ, so that the generated
evolution is exactly detailed balance? A straightforward
attempt is to expand Eqs. (91) and (92) in powers of
OðTðαÞ−1Þ, yielding a Lindbladian with rates(

γ̃ω;ω̃kl ¼ e−½TðαÞω−�2=4Ĉklð−ωþÞ;
S̃ω;ω̃kl ¼ i tanh

�
βω−
4

�
γ̃ω;ω̃kl :

ð101Þ

Unfortunately, this approximation breaks the complete
positivity of the generated semigroup. However, a more
careful expansion is possible in the form of an approxi-
mation of γω;ω̃kl which decays with OðTðαÞ−1Þ and that

allows to generate a CP semigroup. First, we can derive the
following fact.
Theorem 14 (detailed balanced approximation of γω;ω̃kl ).

The coefficient γω;ω̃kl associated to L̂CG� satisfies the bound

jγω;ω̃kl − e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞj

≤
Γτffiffiffiffiffi

πe
p

TðαÞ
� ffiffiffiffiffiffi

2π
p

þ ffiffiffi
e

p þ 2
ffiffiffi
π

p
Kffiffiffi

e
p

TðαÞ
�
; ð102Þ

where ĝkλðωÞ is the positive square root of ĈklðωÞ, that is,
ĈklðωÞ ¼ ĝkλðωÞĝλlðωÞ (see Sec. III). Choosing TðαÞ ¼
T�
optðαÞ, Eq. (102) scales asOðαΓ ffiffiffiffiffi

Γτ
p Þ (assumingK < ∞).

See Appendix I 1. This approximation is sufficient to
yield an exactly detailed balance physical evolution.
Theorem 15 (KMS detailed balanced Lindbladian).

Consider the Lindbladian L̂DB� defined by the rates(
γ̃ω;ω̃kl ¼ e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞ;
S̃ω;ω̃kl ¼ i tanh

�
βω−
4

�
γ̃ω;ω̃kl :

ð103Þ

Then, L̂DB� is exactly detailed balance with respect to the
thermal state of the renormalized Hamiltonian H�

S ¼
HS þ α2HCG

LS ðαÞ=2 [see Eq. (81) for the definition of
HCG

LS ðαÞ], and it induces a completely positive evolution
of the form
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L̂DB�½ρ� ¼ −
i
2
½HDB

LS ; ρ� þ
Z

∞

−∞
dω�

�
Âλðω�ÞρÂ†

λðω�Þ − 1

2
fÂ†

λðω�ÞÂλðω�Þ; ρg
�
; ð104Þ

where we introduced the jump operators

Âλðω�Þ ¼
ffiffiffiffiffiffiffiffiffiffi
TðαÞffiffiffi

π
p

s Z
∞

−∞
dωe−TðαÞ2½ðω�−ωÞ2=2�ĝλlð−ωÞA�

l ðωÞ: ð105Þ

We defer the proof to Appendix I 2. Theorems 14 and 15
together show that, in the limit of large observation time,
one can derive a Lindbladian dynamics which is physical
and exactly detailed balanced. At this point, one can easily
compare the jump operators obtained in Eq. (105) with
those of previous works [27–29]. In particular, the
Gaussian ones initially proposed in Ref. [28] corresponds
to a simple Gaussian function depending on β in Eq. (105),
which instead also contains the bath correlation function.
As long as that bath correlation function decays sufficiently
quickly, these jump operators will also fit the general
characterization given in Ref. [29].
It remains to be proven that the evolution induced by

L̂DB� stays close to the one induced by L̂CG�. Once more,
this relies on Theorem 5. First, we have the bound.

Theorem 16 (closeness of L̂CG� and L̂DB�). Given any
state ρ, we have

kL̂CG�½ρ� − L̂DB�½ρ�k1
≤

Γ
2
ffiffiffi
π

p
TðαÞ

�
8τ þ βeβ

2=16TðαÞ2
�
þ 2K
TðαÞ2 : ð106Þ

Choosing TðαÞ ¼ T�
optðαÞ (and assuming K < ∞),

Eq. (106) scales as OðαΓ ffiffiffiffiffi
Γτ

p ðΓτ þ ΓβeðαΓβÞ2ÞÞ.
The proof of this result is deferred to Appendix I 5. Then,

using Theorem 5, we obtain the following.
Theorem 17 (error in the evolution). Consider the

solutions ρ̃CG�S ðtÞ and ρ̃DB�
S ðtÞ to the following differential

equations:

�
∂tρ̃

CG�
S ðtÞ ¼ L̂CG�½ρ̃CG�S ðtÞ�;

ρ̃CG�S ð0Þ ¼ ρ̃Sð0Þ;

�
∂t̃ρ̃

DB�
S ðtÞ ¼ L̂DB�½ρ̃DB�

S ðtÞ�;
ρ̃DB�
S ð0Þ ¼ ρ̃Sð0Þ:

ð107Þ

Then, the trace distance between the two solutions can be bounded as

kρ̃CG�S ðtÞ − ρ̃DB�
S ðtÞk1 ≤

Γt
2
ffiffiffi
π

p
TðαÞ

�
8τ þ βeβ

2=16TðαÞ2
�
þ 2Kt
TðαÞ2 : ð108Þ

Assuming K < ∞ and choosing TðαÞ ¼ T�
optðαÞ

[Eq. (70) in Theorem 11), the error scales as
OðαðΓtÞ ffiffiffiffiffi

Γτ
p ðΓτ þ ΓβeðαΓβÞ2ÞÞ.

This result shows that there exists an exactly KMS
detailed balanced Lindbladian inducing a CP semigroup
and whose evolution stays close to the exact reduced
dynamics with an error scaling at most linearly in time.
Putting together the results in Theorems 11, 13, and 17, a
simple triangle inequality gives

kρ̃SðtÞ − ρ̃DB�
S ðtÞk1

≤ kρ̃SðtÞ − ρ̃CGS ðtÞk1 þ kρ̃CGS ðtÞ − ρ̃DB�
S ðtÞk1

≤ O
�
αðΓtÞ

�
Γτ þ ðΓβÞeðαΓβÞ2

��
; ð109Þ

where we choose TðαÞ ≃OððαΓÞ−1Þ. This choice is justi-
fied by the fact that, thanks to the specific dependency of

the error term in Eq. (108) [that is, inversely proportional to
TðαÞ], the T�

optðαÞ obtained by minimizing Eq. (109) has
the same scaling as the one obtained in Eq. (70).
The derivation just presented is based on the only extra

assumption that the bath satisfies the KMS condition in
Eq. (32), that is, that it should be in a Gibbs state. This
shows that, similarly to the derivation of Davies [7,8], KMS
detailed balance is a generic property of systems in contact
with thermal baths. In this context, it is also interesting to
point out the role of temperature in the error estimates in
Theorems 16 and 17, which acts as an energy scale with
respect to which αΓ needs to be small for the weak coupling
regime to be valid. This is a novelty with respect to the
derivation in Sec. IV, where only the bath timescales Γ−1

and τ play a role. This highlights the special role that
thermal equilibrium plays in ensuring detailed balance. The
exponential dependence of Eq. (109) on the temperature
makes the bound less relevant for β very big (at fixed α).
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This can be taken care of by choosing TðαÞ ≃Oðβα−1Þ.
Still, doing so makes the whole error bound scale as β−1, so
this choice will not be optimal when treating high temper-
atures (β → 0). For this reason, there exists a temperature
β� for which one passes from one regime in which it is
better to choose a temperature-dependent observation time
to one in which TðαÞ is independent on β.
Finally, it should be noticed that the equilibrium is

attained with respect to the thermal state of the renormal-
ized Hamiltonian H�

S ¼ HS þ α2HCG
LS ðαÞ=2 (where, for

clarity, we have highlighted the dependency of the
Lamb-shift Hamiltonian on α). One might wonder whether
H�

S is somehow related to the mean force Hamiltonian

HðmfÞ
S , implicitly defined by the relation

e−βH
ðmfÞ
S ≔ TrB

	
e−βH

ZB



: ð110Þ

This would mean that, at equilibrium, the state of the
system is the reduced density matrix of the global Gibbs
state rather than thermal with respect to the bare system
Hamiltonian. It is quite puzzling that this is not the case, as
noticed already in Ref. [26] and discussed in Appendix H 2.
However, the following is still the case.
Theorem 18 (closeness of fixed points). Let γS be the

Gibbs state of the bare Hamiltonian, and define γ�S with
respect to the renormalized Hamiltonian H�

S ¼ HS þ
α2HCG

LS ðαÞ=2. It holds that

kγS − γ�Sk1 ≤ α2βΓ0: ð111Þ

We refer to the proof of this theorem to Appendix H 3.
This shows that, even if the thermal fixed point of the
evolution does not coincide with the one expected from
thermodynamic considerations (i.e., the zeroth law of
thermodynamics), this discrepancy is one order larger in
α than the one arising from the approximations to the
dynamics.

VI. QUANTUM ALGORITHMIC SIMULATION

The KMS Lindbladian defined in this work can be
efficiently simulated on a quantum computer with the
schemes analyzed in Refs. [27–29]. These are based on
the paradigms of block encoding and linear combinations
of unitaries, standard in the quantum algorithm literature
[49–52]. We now outline the inner workings of those
algorithms and summarize the requirements in terms of
quantum resources.
The Lindbladian simulation algorithms require a block

encoding of the jump operators and of the coherent term. In
this case, this can be done through an approximation of the
integral over a “time” variable that defines them. We recall
the expression for the jump operators obtained in Eq. (105)
and write it as the integral:

Âλðω�Þ

¼
ffiffiffiffiffiffiffiffiffiffi
TðαÞffiffiffi

π
p

s Z
∞

−∞
dωe−TðαÞ2½ðω�−ωÞ2=2�ĝλlð−ωÞAlðωÞ ð112Þ

¼
Z

∞

−∞
dteiω

�tAðtÞ
 

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

p
TðαÞ

p �
e−t

2=2TðαÞ2 � gλl
�
ðtÞ
!
ð113Þ

≔
Z

∞

−∞
dteiω

�tAðtÞGðtÞ: ð114Þ

We can also write the coherent term (or Lamb-shift
Hamiltonian) HDB

LS as an integral over time with the filter
function FðtÞ in Eq. (H47), as the Fourier transform of the
coefficients in the last line in Eq. (103). Then, in order to
simulate the master equation generated by these, we require
the following.

(i) A block encoding of the initial jump operators A.
When A is Hermitian but not unitary, this requires
the construction of a larger unitary gate with a block
or submatrix corresponding to A, which can be done
for several classes of matrices of interest [50,53–55].

(ii) A coherent quantum state (oracle) encoding an
approximation to the functions GðtÞ and FðtÞ. This
is constructed through an approximation of the time
integrals with a discrete sum, by truncating them to a
finite time range, and then approximating with a
numerical quadrature. This can be efficiently done
given the smoothness and decay of both GðtÞ and
FðtÞ [29].

(iii) Black-box access to the controlled time evolu-
tion eiHt for the relevant times in the numerical
quadrature. The largest of these depends on the
timescales TðαÞ, Γ−1, and β of the functions GðtÞ
and FðtÞ. This can be achieved with any of the
various quantum simulation methods for unitary
dynamics.

Once those ingredients are in place, one can resort to
efficient Lindbladian simulation algorithms such as
Refs. [28,56–58]. According to the analysis of
Refs. [28,29] applied to our setting, the total computational
cost of running the algorithm for a time t and up to error ϵ is
roughly Õðt½TðαÞ þ Γ−1 þ β�polylogð1=ϵÞÞ, which is by
construction efficient in time and approximation error.
This should be contrasted with the case of Davies dynam-
ics, that for a many-body system of N particles involves the
RWA, meaning that TðαÞ ∝ α−1 ≥ eΩðNÞ; thus, the simu-
lation of Davies maps takes exponential time in the number
of components.
One can compare the Lindbladian obtained in this

work with that in Ref. [28], which we report here for
convenience [59]:
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L̂AL½ρ� ¼ −
i
2
½HAL

LS ; ρ� þ
Z

∞

−∞
dω�

�
ÂAL
λ ðω�Þρ½ÂAL

λ ðω�Þ�† − 1

2
f½ÂAL

λ ðω�Þ�†ÂAL
λ ðω�Þ; ρg

�
; ð115Þ

where we introduced the jump operators ÂAL
λ ðω�Þ defined as

ÂAL
λ ðω�Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ð ffiffiffi
2

p
σEÞ

ffiffiffi
π

p
s Z

∞

−∞
dωe−ðω�þωγÞ2=4σ2γe−ðω�−ωÞ2=2ð ffiffi2p

σEÞ2AλðωÞ; ð116Þ

whereasHAL
LS is chosen according to Theorem 3 and ωγ, σγ ,

and σE are free parameters satisfying the relation

β ¼ 2ωγ

σ2γ þ σ2E
: ð117Þ

By setting σE ≔ ½ ffiffiffi2p
TðαÞ�−1, the two Gaussian filters

become identical; moreover, we see that the role of ĝλlð−ωÞ
is taken by the term Gωγ ;σγ ðω�Þ ≔ expf−½ðω� þ ωγÞ2=
ð4σ2γÞ�g in Eq. (116).

VII. CONCLUSIONS

We have proven the existence of an explicit master
equation that approximates the evolution of a quantum
system weakly coupled to a bath. Notably, this comes
equipped with error estimates that improve all previous
derivations, and it relies on approximations that apply to
many-body systems. As a main conceptual novelty, our
master equation satisfies an exact notion of KMS detailed
balance, thus guaranteeing thermality. In our derivation, we
introduced the Gaussian profile in order to coarse-grain the
dynamics. As a result, the resulting generator is more akin
to that initially derived in Ref. [28]. However, notice that
(i) the Lindbladian coefficients also depend on the corre-
lation function of the bath, which may not be Gaussian, and
(ii) the choice of Gaussian is convenient but arbitrary, and
other similar profile functions will likely yield similar
bounds.
This construction paves the way for the exploration of

the open system dynamics of many-body physics, beyond
the simple models commonly used in the literature [11,12].
This can allow us to uncover interesting new features of the
thermal behavior of many-body systems [60]. It also further
motivates the development of quantum algorithms for
Gibbs sampling that explicitly simulate these processes
[28,29] in a way similar to how product formulas simulate
unitary time evolution [61]. From the open systems and
thermodynamics point of view, the master equation derived
here can potentially yield insights into recently studied
problems, such as the question of “local” vs “global”
master equations [62–65] or the corrections associated to
Hamiltonians of mean force [66,67].

Our results are also relevant in the wider context of
quantum information and computation, where various
works on Lindbladians with KMS detailed balance have
recently appeared. It has been shown that, at low temper-
ature, they can reproduce arbitrary quantum computations
[68], they feature in proofs of spatial Markov properties of
Gibbs states [69,70], and they can be used to efficiently
prepare quantum states of interest [71–74].
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APPENDIX A: ABSTRACT
CHARACTERIZATION OF CHANNELS

The discussions of this appendix are inspired by
Refs. [75,76], as recounted in Ref. [77]. We begin by
defining an orthonormal basis of matrices fAkg (with
respect to Hilbert-Schmidt), that we choose in such a
way that fAkðωÞg is also a basis (with possibly different
indexes [78]). Then, any superoperator Φ can be rewritten
in the form

Φ½X� ¼
X
k;l

cklAlXA
†
k ¼

X
k;l;ω;ω̃

cω;ω̃kl AlðωÞXA†
kðω̃Þ: ðA1Þ

The coefficients ckl are the GKS matrix (for Gorini-
Kossakowski-Sudarshan). This representation is uniquely
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defined once the basis fAkg is fixed, and it encodes the
most important properties of the channel Φ in a simple
manner. For example, Φ is Hermitian preserving [that is,
ΦðX†Þ ¼ ΦðXÞ†] if and only if ckl is Hermitian:

ΦðX†Þ ¼
X
k;l

cklAlX†A†
k ¼

�X
k;l
clk AlXA

†
k

�†
: ðA2Þ

In order for the expression to be equal to ΦðXÞ†, thanks to
the uniqueness of ckl, we need that ckl ¼ clk, proving the
claim. A less obvious and more interesting fact is the
following.
Theorem 19 (Choi’s theorem [79]). The channel Φ is

completely positive if and only if the corresponding GKS
matrix is positive semidefinite.
So, for channels, not only is ckl a Hermitian matrix, but it

also has a non-negative spectrum. When referring to a one-
parameter semigroup Φt ¼ etL, it is often useful not to
work directly in terms of the full ckl but with a reduced
version thereof. Let us fix A1 ≔ 1. With this choice at time
t ¼ 0, ckl ¼ δk;1δl;1, since Φ0 ¼ I (the identity channel).
Then, in order to see how the evolution in time affects Φt,
we define the reduced GKS matrix c̃kl to be the ðd − 1Þ2 ×
ðd − 1Þ2 matrix obtained by eliminating from ckl the
first row and column. This allows for the following
characterization [76].
Theorem 20. The one-parameter semigroup Φt ¼ etL is

CP if and only if the reduced GKS matrix c̃kl of L is
positive semidefinite.
Proof. For clarity, let us introduce the notation cklðΨÞ to

denote the GKS matrix associated to the map Ψ (and
similarly for the reduced GKSmatrix). SupposeΦt ¼ etL is
CP at all times. Let us introduce the difference:

cklðΦt − IÞ
t

¼ δk;1δl;1
½c1;1ðΦtÞ − 1�

t
þ c̃k;lðΦtÞ

t
: ðA3Þ

Since this decomposition holds for all times, we can take the
limit limt→0þf½cklðΦt − IÞ�=tg ¼ cklðLÞ, so that c̃klðLÞ ¼
limt→0þf½c̃k;lðΦtÞ�=tg. Then, since c̃k;lðΦtÞ is positive semi-
definite, the same has to hold for c̃klðLÞ as well.
On the other hand, suppose that c̃klðLÞ ≥ 0. Then,

expanding in t we have that

cklðΦtÞ ¼ cklðIÞ þ tcklðLÞ þOðt2Þ: ðA4Þ

Then, since cklðIÞ ¼ δk;1δl;1 and c̃klðLÞ is positive semi-
definite, for t sufficiently small (say, t�), cklðΦt� Þ is also
positive semidefinite. The claim follows from the fact that
Φt ¼

Qt=t�
i¼1Φt� , together with Theorem 19. ▪

We can also characterize the property that Φt ¼ etL is
trace preserving independently of whether it is CP or not.
Before doing so it is useful to notice that the action of any
Hermitian-preserving map L can be decomposed as

L½X� ¼ GX þ XG† þ
X
k;l

c̃klAlXA
†
k; ðA5Þ

where G ≔
P

l c1;lAl. Notice that only the reduced GKS
matrix enters the sum. Now G can be decomposed in self-
adjoint and anti-self-adjoint components as G ¼ K − iH
(where both K and H are self-adjoint), and we can
explicitly compute the anti-self-adjoint part as

H ≔
i
2

X
l>1

�
c1;lAl − cl;1A

†
l

�
; ðA6Þ

so H is traceless. In this context, the requirement that Φt ¼
etL is trace preserving fixes the expression of K.
Theorem 21. Let L be a Hermitian-preserving map

generating a trace-preserving semigroup. Then, the self-
adjoint component of G in Eq. (A5) reads

K ¼ −
1

2

X
k;l

c̃klA
†
kAl; ðA7Þ

that is, we can rewrite the action of L as

L½X� ¼ −i½H;X� þ
X
k;l

c̃kl

�
AlXA

†
k −

1

2
fA†

kAl; Xg
�
: ðA8Þ

Proof. First, notice that Φt is trace preserving if and only
if Φ†

t ð1Þ ¼ 1. Since we want this relation to hold for all
times, it directly implies that L†ð1Þ ¼ limt→0½Φ†

t ð1Þ − 1�=
t ¼ 0. Using Eq. (A5), this condition can be expressed as

L†ð1Þ ¼ G† þ Gþ
X
k;l

c̃kl A
†
l Ak ¼ G† þ Gþ

X
k;l

c̃klA
†
kAl ¼ 0; ðA9Þ

where we implicitly used the Hermiticity of c̃kl. Then, the claim follows from noticing that Gþ G† ¼ 2K. ▪
One can recognize in Eq. (A8) the usual Lindblad form of the generator of a one-parameter semigroup. Still, this

structural characterization is independent on whether Φt ¼ etL is CP or not. On the other hand, Theorem 20 states that if
this is the case for all times, then the matrix c̃kl in Eq. (A8) has to be positive semidefinite.
Finally, we provide an extended version of the structural characterization of KMS detailed balanced Lindbladians from

Theorem 3.
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Theorem 22 (structural characterization of KMS Lindbladians [15]). Let L be the generator of a trace-preserving
evolution of the form Φt ¼ etL. Assume that L satisfies KMS detailed balance. Then, the following two conditions should
hold: (

c̃ω;ω̃kl ¼ ðc̃−ω;−ω̃kl Þe−β½ðωþω̃Þ=2�;

Δ1=2
γS ½G†� ¼ G;

ðA10Þ

where G was introduced in Eq. (A5). Moreover, this implies the decomposition

L½ρ� ¼ −i½H0
LS þHLS; ρ� þ

X
k;l;ω;ω̃

γω;ω̃kl

�
AlðωÞρA†

kðω̃Þ −
1

2
fA†

kðω̃ÞAlðωÞ; ρg
�
; ðA11Þ

where H0
LS and HLS are two Hermitian operators such that ½H0

LS; γS� ¼ 0 and HLS ¼ 1
2

P
ω≠ω̃ S

ω;ω̃
kl A†

kðω̃ÞAlðωÞ, where the
coefficients γω;ω̃kl and Sω;ω̃kl satisfy 8<: γω;ω̃kl ¼ γ−ω;−ω̃kl e−β½ðωþω̃Þ=2�;

Sω;ω̃kl ¼ i tanh
�
βðω−ω̃

4
Þ
�
γω;ω̃kl :

ðA12Þ

Proof. Thanks to Theorem 2, we know that

cω;ω̃kl ðΦtÞ ¼ c−ω;−ω̃kl ðΦtÞe−β½ðωþω̃Þ=2�: ðA13Þ

Since this property is independent of t, it can be directly transferred to c̃ω;ω̃kl ðLÞ. This gives the first condition in Eq. (A10).
Then, assuming that this holds, we can simplify the difference between L and L̃P as

L½X� − JγS ∘L† ∘ J−1γS ½X� ¼ ðG − Δ1=2
γS ½G†�ÞX þ XðG − Δ1=2

γS ½G†�Þ†: ðA14Þ

In order for L to be KMS detailed balance, the difference above must be zero; that is, it should hold that G ¼ Δ1=2
γS ½G†�,

which proves the second condition in Eq. (A10).
Then, let us decompose G as G ¼ G0 þ G⊥, where G0 is the diagonal part of G in the eigenbasis of HS. Obviously, G0

always satisfies G0 ¼ Δ1=2
γS ½G†

0�, so it does not affect whether L is detailed balanced or not (we denote the corresponding
anti-self-adjoint part as H0

LS). On the other hand, the components of G⊥ ≔ K⊥ − iH⊥ need to satisfy

H⊥ ¼ −i
ðI − Δ1=2

γS Þ
ðI þ Δ1=2

γS Þ
½K⊥� ðA15Þ

for Eq. (A10) to hold. At this point, we can use the expression of K found in Theorem 21 to obtain

H⊥ ¼
X

k;l;ω≠ω̃
c̃ω;ω̃kl

0B@i
2

�
I − Δ1=2

γS

�
�
I þ Δ1=2

γS

� ½A†
kðω̃ÞAlðωÞ�

1CA ¼ i
2

X
k;l;ω≠ω̃

c̃ω;ω̃kl

�
1 − e½−βðω−ω̃Þ�=2

1þ e½−βðω−ω̃Þ�=2

�
A†
kðω̃ÞAlðωÞ ðA16Þ

¼ i
2

X
k;l;ω≠ω̃

c̃ω;ω̃kl tanh

�
β

�
ω − ω̃

4

��
A†
kðω̃ÞAlðωÞ; ðA17Þ

where we implicitly used the fact that ΔγS ½Xðω̃Þ†YðωÞ� ¼ e−βðω−ω̃ÞXðω̃Þ†YðωÞ and the definition of the hyperbolic tangent.
This proves the claim. ▪
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The theorem just proven shows that for KMS detailed
balanced Lindbladians the two components of the matrix G
are closely related. This was used by the authors of
Refs. [15,28] in order to enforce KMS detailed balance
given a reduced GKS matrix. Indeed, suppose that c̃ω;ω̃kl
satisfies the first condition of Eq. (A12). Then, it is always
possible to define a KMS detailed balanced Lindbladian by
proceeding in two steps: First, we use the structural
characterization of K in Eq. (A7) to enforce trace preser-
vation; then, since this term can generically break the KMS
detailed balance of the resulting Lindbladian, we artificially
add H⊥ as defined in Eq. (A17) in order to recover exact
detailed balance.
This discussion is particularly interesting when consid-

ering Theorems 15 and 16: There, we show that through a
series of approximations one can define an exactly detailed
balanced reduced evolution that stays close to the real
dynamics. As it appears, whereas the condition on the
reduced GKS matrix (that is, the rates γ̃ω;ω̃kl ) naturally
emerges from the microscopic derivation, the one for
Sω;ω̃kl in the case ω ≠ ω̃ has to be introduced by hand
(similarly to what was proposed by Refs. [15,28]).
Let us split the Lindbladian as L ¼ L1 þ L2, where

L1½X� ≔
P

k;l c̃klAlXA
†
k is exactly detailed balanced and L2

denotes the rest of the terms in Eq. (A5). Then, the
evolution Φt ¼ etL can be represented in Trotter form,
as Φt ¼ limn→∞ðet=nL2et=nL1Þn. In this context, every odd
step corresponds to an exactly detailed balanced evolution,
which breaks trace preservation (since this was enforced by
the presence of L2). On the other hand, since L1 þ L2 is
trace preserving, every even step acts as a projection into
the space of matrices with constant trace. This generically
breaks detailed balance. Then, the results of Theorems 15
and 16 can be read as two facts: first, that even if imposing
trace preservation breaks detailed balance, this happens
well within the uncertainty we have about the exact
evolution; and, second, that we can counteract this effect
(at the same order of approximation) by introducing a small
purely unitary rotation.

APPENDIX B: DERIVATION OF THE EXACT
REDUCED SYSTEM DYNAMICS

We provide a derivation of Eq. (26) from the main text
using conditions 1–3. Before doing so, we remark a special
property of Gaussian baths that follows from Wick’s
theorem in Eq. (25) and condition 2 [18]:

TrB½BkðtÞVðt; 0ÞγBV†ðt; 0Þ� ¼ −iα
Z

t

0

dsTrB½BkðtÞVðt; sÞ½VðsÞ;Vðs; 0ÞγBV†ðs; 0Þ�V†ðt; sÞ�: ðB1Þ

This identity can be verified by Trotterizing the evolution of Vðt; 0Þ. For simplicity, here we present the proof for the
asymmetric case, but the general identity follows the same reasoning:

TrB½BkðtÞVðt; 0ÞγB� ¼ lim
n→∞

TrB

	
BkðtÞ

Yn
j¼0

ðI − iαΔtVðjΔtÞÞγB



ðB2Þ

¼ lim
n→∞

Xn
j0¼0

TrB½BkðtÞðI − iαΔtVðj0ΔtÞÞγB�TrB
	Yn

j¼0
j≠j0

ðI − iαΔtVðjΔtÞÞγB



ðB3Þ

¼ −iα lim
n→∞

Xn
j0¼0

ΔtTrB
	
BkðtÞ

Yn
j¼j0þ1

e−iαΔtVðjΔtÞVðj0ΔtÞ
Yj0
j¼0

e−iαΔtVðjΔtÞγB



ðB4Þ

¼ −iα
Z

t

0

dsTrB½BkðtÞVðt; sÞVðsÞVðs; 0ÞγB�; ðB5Þ

where Δt ≔ t=n, all the products are ordered from right to left, and we used e−iαΔtVðjΔtÞ ≃ I − iαΔtVðjΔtÞ. In the third line,
we used condition 2 to get rid of the contribution arising from the identity and used Eq. (25) to put back the two traces
together. Then, we can apply Eq. (B1) to the exact evolution in Eq. (23) to obtain

∂tρSðtÞ ¼ −iαTrB½½VðtÞ; ρSBðtÞ�� ¼ −iαTrB½½VðtÞ;Vðt; 0ÞρSð0Þ ⊗ γBV†ðt; 0Þ�� ðB6Þ

¼ −α2
Z

t

0

dsTrB½½VðtÞ; ðVðt; sÞ½VðsÞ; ρSBðsÞ�V†ðt; sÞÞ��: ðB7Þ
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Finally, expanding the interaction term in terms of the jump operators [see Eq. (21)] and applying Wick’s theorem once
more, we obtain

∂tρSðtÞ ¼ α2
Z

t

0

dsðCklðt − sÞTrB½½Vðt; sÞAlðsÞρSBðsÞV†ðt; sÞ; AkðtÞ��

þ Cklðs − tÞTrB½½AlðtÞ;Vðt; sÞρSBðsÞAkðsÞV†ðt; sÞ��Þ; ðB8Þ

proving the claim.
Even if this derivation heavily relies on the

Gaussianity of the bath, there are other, more general,
ways of obtaining an exact reduced dynamics akin to
Eq. (B8). In fact, the key role of the bath correla-
tion function in the characterization of the system
dynamics does not depend on this assumption [18,38].
Nonetheless, assuming Gaussianity of the bath allows
for more straightforward error bounds on the Born-
Markov approximation, and it is, thus, preferable for
analytical calculations.

APPENDIX C: POSITIVITY OF THE BATH
SPECTRAL FUNCTION

We aim to prove that the bath spectral function ĈðωÞ
is a positive matrix or, equivalently, that for any vector jvi
we have

hvjĈðωÞjvi ≥ 0: ðC1Þ

We follow the proof presented in Ref. [38]. To this end, let us
rewrite Eq. (C1) as

hvjĈðωÞjvi ¼
Z

∞

−∞
dteitωðvkTrB½BkðtÞBlγB�vlÞ ¼

Z
∞

−∞
dteitωDðtÞ ≥ 0; ðC2Þ

where we have implicitly defined the function DðtÞ. This rewriting is particularly useful thanks to the following.
Lemma 1 (Bochner’s theorem [80]). The Fourier transform of a continuous function f∶R → C satisfies f̂ðωÞ ≥ 0 if and

only if f is positive definite.
Then, this reduces the problem to proving that DðtÞ is positive definite. These are functions h∶R → C such that for any

vector of reals ftigi∈ f1;…;ng of arbitrary size n, the matrix A defined in coordinates as Aij ¼ hðti − tjÞ is positive
semidefinite. Before moving to the actual proof, it is useful to rewrite DðtÞ as

DðtÞ ¼ TrB½eiHBtðvkBkÞ†e−iHBtðvlBlÞγB� ðC3Þ

¼
Z

∞

−∞
dEB

Z
∞

−∞
dE0

BhEBjeiHBtðvkBkÞ†e−iHBtjE0
BihE0

BjðvlBlÞγBjEBi ðC4Þ

¼
Z

∞

−∞
dEB

Z
∞

−∞
dE0

B
e−βEB

ZB
eiðEB−E0

BÞtjhE0
BjðvlBlÞjEBij2; ðC5Þ

where we used the spectral measureHB ≔
R∞
−∞ dEBðEBjEBihEBjÞ. Then, it remains to prove that, for any vector jwi and any

choice of reals ftigi∈ f1;…;ng, the quantity ½wkDðtk − tlÞwl� is non-negative. Starting from Eq. (C5), this can be
straightforwardly verified as

½wkDðtk − tlÞwl� ¼
Z

∞

−∞
dEB

Z
∞

−∞
dE0

B
e−βEB

ZB

�
wkeiðEB−E0

BÞtk
��

wle−iðEB−E0
BÞtl
�
jhE0

BjðvlBlÞjEBij2 ðC6Þ

¼
Z

∞

−∞
dEB

Z
∞

−∞
dE0

B
e−βEB

ZB

����wme−iðEB−E0
BÞtm
����2jhE0

BjðvlBlÞjEBij2 ≥ 0; ðC7Þ

where we remind the reader we always sum over repeated indexes. The claim follows from the fact that we are integrating
over non-negative quantities. This proves that DðtÞ is a positive definite function. Thus, it follows from Bochner’s theorem
and Eq. (C2) that ĈðωÞ ≥ 0.
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Another interesting property of positive definite functions is that they are uniformly bounded by their value in zero. Thus,
as a by-product we also obtain the following inequality for any vector jvi:

jðvkCklðtÞvlÞj ≤ ðvkCklð0ÞvlÞ: ðC8Þ

APPENDIX D: RELATION BETWEEN DIFFERENT TIMESCALES

We are going to explore the relation of the timescales:

Γ0 ≔
X
kl

Z
∞

−∞
dtjCklðtÞj; Γ ≔

X
kl

Z
∞

−∞
dtjgkλðtÞj

Z
∞

−∞
dsjgλlðsÞj; ðD1Þ

Γ0τ0 ≔
X
kl

Z
∞

−∞
dtjtkCklðtÞj; Γτ ≔

X
kl

2

Z
∞

−∞
dtjtkgkλðtÞj

Z
∞

−∞
dsjgλlðsÞj; ðD2Þ

K0 ≔
X
kl

Z
∞

−∞
dtjtj2jCklðtÞj; K ≔

X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsðjtj þ jsjÞ2jgkλðtÞkgλlðsÞj; ðD3Þ

between each other and with the bath spectral function. First, it should be noticed that

jĈklðωÞj ¼
���� Z ∞

−∞
dteitωCklðtÞ

���� ≤X
k;l

Z
∞

−∞
dtjeitωCklðtÞj ¼ Γ0; ðD4Þ

jĈ0
klðωÞj ¼

����iZ ∞

−∞
dteitωtCklðtÞ

���� ≤X
k;l

Z
∞

−∞
dtjeitωtCklðtÞj ¼ Γ0τ0; ðD5Þ

jĈ00
klðωÞj ¼

���� − Z ∞

−∞
dt2eitωtCklðtÞ

���� ≤X
k;l

Z
∞

−∞
dtjeitωt2CklðtÞj ¼ K0: ðD6Þ

In the same way, it can also be proven that jĝkλðωÞkĝλlðω̃Þj ≤ Γ (for any ω; ω̃), that jĝ0kλðωÞkĝλlðω̃Þj ≤ Γτ, and finally
that ðjĝ00kλðωÞkĝλlðω̃Þj þ jĝ0kλðωÞkĝ0λlðω̃Þj þ jĝkλðωÞkĝ00λlðω̃ÞjÞ ≤ K.
Finally, it is also possible to relate Γ0 with Γ as

Γ0 ¼
X
kl

Z
∞

−∞
dt

���� Z ∞

−∞
dsgkλðsÞgλlðt − sÞ

���� ≤X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsjgkλðsÞkgλlðt − sÞj ≤ Γ; ðD7Þ

where in the first step we used Eq. (34) and the last inequality follows from a change of variables t − s → t, which
decouples the two integrands. Similarly, we have that

Γ0τ0 ¼
X
kl

Z
∞

−∞
dtjtj

���� Z ∞

−∞
dsgkλðsÞgλlðt − sÞ

���� ≤X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsjtjjgkλðsÞkgλlðt − sÞj ðD8Þ

≤
X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsðjtj þ jsjÞjgkλðsÞkgλlðtÞj ¼ Γτ; ðD9Þ

where, once again, we used the change of variables t − s → t and the last step is just an application of the triangle inequality.
Finally, we also have

K0 ≔
X
kl

Z
∞

−∞
dtjtj2

���� Z ∞

−∞
dsgkλðsÞgλlðt − sÞ

���� ≤X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsjtj2jgkλðsÞkgλlðt − sÞj ðD10Þ

≤
X
kl

Z
∞

−∞
dt
Z

∞

−∞
dsðjtj þ jsjÞ2jgkλðsÞkgλlðsÞj ¼ K; ðD11Þ

where, similarly with Eq. (D9), we changed variables t − s → t and applied the triangle inequality.
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APPENDIX E: PROOF OF THEOREM 4: FASTEST RATE OF CHANGE IN THE SYSTEM

We begin from the expression in Eq. (26) for the derivative of the state:

∂tρSðtÞ ¼ α2
Z

t

0

dsðCklðt − sÞTrB½½Vðt; sÞAlðsÞρSBðsÞV†ðt; sÞ; AkðtÞ��

þ Cklðs − tÞTrB½½AlðtÞ;Vðt; sÞρSBðsÞAkðsÞV†ðt; sÞ��Þ: ðE1Þ

We now bound the trace norm of the trace in the first line as follows:

k½TrB½Vðt; sÞAlðsÞρSBðsÞV†ðt; sÞ�; AkðtÞ�k1 ≤ 2kTrB½Vðt; sÞAlðsÞρSBðsÞV†ðt; sÞ�k1kAkðtÞk∞ ðE2Þ

≤ 2 sup
−IS≤PS≤IS

jTr½PS ⊗ IBVðt; sÞAlðsÞρSBðsÞV†ðt; sÞ�j; ðE3Þ

where in the first step we have taken AkðtÞ out of the trace (since it acts only on the system), then applied the triangle and
Hölder’s inequality, and finally used the normalization kAkðtÞk∞ ¼ 1 and the standard rewriting of the trace distance in
terms of a maximization over Hermitian operators whose larger eigenvalue is smaller than 1. Then, using the cyclicity of the
norm, we have that

Eq: ðE3Þ ¼ 2 sup
−IS≤PS≤IS

jTr½ðV†ðt; sÞP ⊗ IBVðt; sÞÞAlðsÞρSBðsÞ�j ðE4Þ

≤ 2 sup
−ISB≤PSB≤ISB

jTr½PSBAlðsÞρSBðsÞ�j ¼ 2kAlðsÞρSBðsÞk1 ≤ 2kAlðsÞk∞kρSBðsÞk1 ≤ 2; ðE5Þ

where, once again, the last step follows from Hölder’s inequality. The second trace can be bounded in the same manner.
Putting everything together, we have

k∂tρSðtÞk1 ≤ 2α2
X
k;l

Z
t

0

dsðjCklðt − sÞj þ jCklðs − tÞjÞ ≤ 2α2
X
k;l

Z
∞

−∞
dsjCklðsÞj ≤ 2α2Γ0; ðE6Þ

proving the claim.

APPENDIX F: BOUNDING THE DIFFERENT ERROR TERMS

1. Proof of Theorem 6: Born approximation

The difference between Eqs. (45) and (48) is that we have substituted V½ðσ=α2Þ; ðσ=α2Þ − x� with the identity operator. In
order to compare the two expressions, let us rewrite the action of the unitary Vσ;x on an operator X as

Vσ;xXV
†
σ;x ¼ X − iα

Z
0

−x
dw

	
V

�
σ

α2
þ w

�
;V
�
σ

α2
þ w;

σ

α2
− x

�
XV†

�
σ

α2
þ w;

σ

α2
− x

�

: ðF1Þ

Then, the Born approximation consists of disregarding the first term in the expansion. This allows us to express the error
term EB

t ¼ ∂tðρ̃SðtÞ − ρ̃BS ðtÞÞ as

EB
t ≔ ∂t

Z
t

0

dσ
Z

σ=α2

0

dx
Z

0

−x
dwHB

σ;x;w ¼
Z

t=α2

0

dx
Z

0

−x
dwHB

t;x;w; ðF2Þ

where, for brevity of notation, we implicitly defined the operatorHB
σ;x;w which corresponds to substituting in Eq. (45) every

term of the form Vσ;x · V
†
σ;x with the second term on the right-hand side of Eq. (F1). Then, we can proceed to first bound the

trace norm of HB
t;x;w, which explicitly reads
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kHB
t;x;wk1 ≤ αðjCklðxÞj þ jCklð−xÞjÞ

·

����TrB			V� t
α2

þ w

�
;Vðt=α2Þþw

ðt=α2Þ−x Al

�
t
α2

− x

�
ρ̃SBðt − α2xÞðVðt=α2Þþw

ðt=α2Þ−x Þ
†


; Ak

�
t
α2

�

����
1

; ðF3Þ

where, to make the expression above slightly more compact, we introduced the notation Vt
s ≔ Vðt; sÞ. Moreover, we denote

the trace norm in Eq. (F3) by kĤB
t;x;wk1. Then, by applying Hölder’s inequality and using the Gaussianity of the bath, we

obtain

kĤB
t;x;wk1 ≤ 2kAkk∞

����TrB		V� t
α2

þ w

�
;Vðt=α2Þþw

ðt=α2Þ−x Al

�
t
α2

− x

�
ρ̃SBðt − α2xÞðVðt=α2Þþw

ðt=α2Þ−x Þ
†


����

1

≤ 4αΓ0; ðF4Þ

where in the last step we used an expansion akin to Eq. (B7) (which gives the extra α factor associated to the contribution
coming from having V in the expression) and then applied the same steps presented in Appendix E to bound the trace norm
with 2Γ0.
Now plugging in Eq. (F2) the bound from Eq. (F3), we get

kEB
t k1 ≤

Z
t=α2

0

dx
Z

0

−x
dwkHB

t;x;wk ≤ 4α2Γ0

X
kl

Z
t=α2

0

dxjxjðjCklðxÞj þ jCklð−xÞjÞ ≤ 4α2Γ0ðΓ0τ0Þ; ðF5Þ

where in the last step we used the definition in Eq. (36). This proves the claim.

2. Proof of Theorem 7: Markov approximation

Once again, we can express EBM
t ¼ ∂tðρ̃BS ðtÞ − ρ̃BMS ðtÞÞ as in Eq. (F2), that is,

kEBM
t k1 ≤

Z
t=α2

0

dxkHBM
t;x k1; ðF6Þ

where the trace norm on the right-hand side can be upper bounded as

kHBM
t;x k1 ≤ ðjCklðxÞj þ jCklð−xÞjÞ

����	Al

�
t
α2

− x

�
ðρ̃Sðt − α2xÞ − ρ̃SðtÞÞ; Ak

�
t
α2

�
����
1

ðF7Þ

≤ 2ðjCklðsÞj þ jCklð−sÞjÞkρ̃Sðt − α2sÞ − ρ̃SðtÞk1; ðF8Þ

where we implicitly used the triangle inequality and the fact that kAkk∞ ¼ 1. Then, thanks to Theorem 4, it holds that

kρ̃Sðt − α2xÞ − ρ̃SðtÞk1 ¼
���� Z t−α2x

t
du∂uρ̃SðuÞ

����
1

≤
α2jxj
2

sup
u∈ ½t;t−α2x�

k∂uρ̃SðuÞk1 ≤ α2jxjΓ0: ðF9Þ

Then, wrapping everything together, we finally obtain

kEBM
t k1 ≤ 2α2Γ0

X
kl

Z
t=α2

0

dxjxjðjCklðxÞj þ jCklð−xÞjÞ ≤ 2α2Γ0ðΓ0τÞ; ðF10Þ

proving the claim.

3. Proof of Theorem 8: Redfield approximation

The error term ERE
t ¼ ∂tðρ̃BMS ðtÞ − ρ̃RES ðtÞÞ can be bounded through the same steps as in previous appendixes as

kERE
t k1 ≤ 2

X
kl

Z
∞

0

dxjθððt=α2Þ − xÞ − e−ðx=2Þ2=TðαÞ2 jðjCklðxÞj þ jCklð−xÞjÞ; ðF11Þ
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where we denote by θðxÞ the Heaviside step function. We can then split the integral in two parts, depending on the behavior
of the θ function. The first term is bounded as

2
X
kl

Z
t=α2

0

dx

�
1 − e−ðx=2Þ2=TðαÞ2

jxj þ Γ−1
0

�
ðjxj þ Γ−1

0 ÞðjCklðxÞj þ jCklð−xÞjÞ ≤ 2ð1þ Γ0τ0Þsup
x∈R

�
1 − e−ðx=2Þ2=TðαÞ2

jxj þ Γ−1
0

�
ðF12Þ

≤
ð1þ Γ0τ0Þ
TðαÞ
2

þ Γ−1
0

¼ 2Γ0ð1þ Γ0τ0Þ
2þ Γ0TðαÞ

; ðF13Þ

where the first inequality follows from extending the limit of integration to infinity and using Hölder’s inequality. On the
other hand, the second part can be bounded in a similar manner:

2
X
kl

Z
∞

t=α2
dxe−ðx=2Þ2=TðαÞ2

�jxj þ Γ−1
0

jxj þ Γ−1
0

�
ðjCklðxÞj þ jCklð−xÞjÞ ≤

2α2Γ0ð1þ Γ0τ0Þ
ðα2 þ Γ0tÞ

; ðF14Þ

where we implicitly used the fact that ðjxj þ Γ−1
0 Þ−1 ≤ ðt=α2 þ Γ−1

0 Þ−1 on the domain of interest. This is the only error
bound that depends on the time t in kERE

t k1. Upon integration, this gives the logarithmic behavior in Eq. (59).

4. Proof of Theorems 9 and 11: Time averaging procedures

We begin by bounding the trace difference between the smoothed and the exact state:

kρ̃SðtÞ − ρ̃SSðtÞk1 ≤
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ kρ̃SðtÞ − ρ̃Sðtþ α2qÞk1 ≤

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

Z
α2jqj

0

dxk∂xρ̃Sðtþ xÞk1

≤ 2Γ0α
2

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ jqj ¼

2Γ0α
2TðαÞffiffiffi
π

p ; ðF15Þ

where we applied Theorem 4. This proves Theorem 9.
Then, we proceed to prove the differential expression in Eq. (65), which can be deduced by direct calculation:

∂tρ̃
S
SðtÞ ≔

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ∂tρ̃Sðtþ α2qÞ ðF16Þ

¼
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ððE

B
tþα2q þ EBM

tþα2q þ ERE
tþα2qÞ þ ∂tρ̃

RE
S ðtþ α2qÞÞ ðF17Þ

¼ ED
t þ

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ðL

RE
tþα2q½ρ̃Sðtþ α2qÞ�Þ; ðF18Þ

where we implicitly defined the error term ED
t . We further rewrite the integral asZ

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ðL

RE
tþα2q½ρ̃Sðtþ α2qÞ − ρ̃SSðtÞ� þ LRE

tþα2q½ρ̃SSðtÞ�Þ ¼ ESM
t þ LCG0

t ½ρ̃SSðtÞ�; ðF19Þ

where we introduced ESM
t and we used the definition in Eq. (67). Finally, introducing the notation

ECP
t ≔ LCG0

t ½ρ̃SSðtÞ� − LCG
t ½ρ̃SSðtÞ�, we can rewrite Eq. (F18) as

∂tρ̃
S
SðtÞ ¼ ED

t þ ESM
t þ LCG0

t ½ρ̃SSðtÞ� ¼ ED
t þ ESM

t þ ECP
t þ LCG

t ½ρ̃SSðtÞ�: ðF20Þ

This proves Eq. (65) with ETOT
t given by the sum of the three error terms above.

Let us estimate the trace norm of the error terms one by one. First, a bound on ED
t directly follows from the estimates in

Theorems 6–8:
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kED
t k1 ≤

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

����EB
tþα2q

���
1
þ
���EBM

tþα2q

���
1
þ
���ERE

tþα2q

���
1

����� ðF21Þ

≤
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

�
6α2Γ0ðΓ0τ0Þ þ 2Γ0ð1þ Γ0τ0Þ

�
1

2þ Γ0TðαÞ
þ α2

ðα2 þ Γ0tÞ
��

: ðF22Þ

In the second inequality we used the bound fα2=½α2 þ Γ0ðtþ α2jqjÞ�g ≤ fα2=½ðα2 þ Γ0tÞ�g to get rid of the q dependence
of kERE

tþα2qk1. Then, integrating over q gives a factor 1, since the Gaussian is normalized.

We can now estimate ESM
t , which we rewrite as

���ESM
t

���
1
≤
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

�
kLRE

tþα2q½ðρ̃Sðtþ α2qÞ − ρ̃SðtÞÞ þ ðρ̃SðtÞ − ρ̃SSðtÞÞ�k1
�

ðF23Þ

≤ Λ
Z

∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ ðkρ̃Sðtþ α2qÞ − ρ̃SðtÞk1 þ kρ̃SðtÞ − ρ̃SSðtÞk1Þ; ðF24Þ

where we introduced the constant Λ ≔ suptkLRE
t k1−1, which satisfies the bound

Λ ≤ sup
kXk1¼1

Z
∞

0

dxe−ðx=2Þ2=TðαÞ2
����U†

t=α2 ½ðCklðxÞ½Alð−xÞU t=α2 ½X�; Ak� þ Cklð−xÞ½Al;U t=α2 ½X�Akð−xÞ�Þ�
����
1

ðF25Þ

≤ sup
kXk1¼1

Z
∞

0

dxðjCklðxÞj þ jCklð−xÞjÞk½Alð−xÞX; Ak�k1 ≤ 2Γ0: ðF26Þ

Moreover, Theorem 9 implies that the second norm in Eq. (F24) can be bounded as�Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

�
kρ̃SðtÞ − ρ̃SSðtÞk1 ≤

2Γ0α
2TðαÞffiffiffi
π

p : ðF27Þ

Similarly, the first term is bounded byZ
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ kρ̃Sðtþ α2qÞ − ρ̃SðtÞk1 ≤

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ

Z
α2jqj

0

dxk∂xρ̃Sðtþ xÞk1 ðF28Þ

≤ 2α2Γ0

Z
∞

−∞
dq

e−q
2=TðαÞ2ffiffiffi
π

p
TðαÞ jqj ¼

2Γ0α
2TðαÞffiffiffi
π

p ; ðF29Þ

where we used Theorem 4 to upper bound the norm of the derivative. This proves that

kESM
t k1 ≤

4Γ2
0α

2TðαÞffiffiffi
π

p : ðF30Þ

Finally, we need to estimate ECP
t ≔ LCG0

t ½ρ̃SSðtÞ� − LCG
t ½ρ̃SSðtÞ�. To this end, it is useful to rewrite LCG0

t as

LCG0
t ½ρ̃SSðtÞ� ≔

Z
∞

−∞
dq
Z

∞

0

dx
e−½ðqþx=2Þ2þðx=2Þ2�=TðαÞ2ffiffiffi

π
p

TðαÞ
�
CklðxÞ

	
Al

�
t
α2

þ q −
x
2

�
ρ̃SSðtÞ; Ak

�
t
α2

þ qþ x
2

�

þ Cklð−xÞ

	
Al

�
t
α2

þ qþ x
2

�
; ρ̃SSðtÞAk

�
t
α2

þ q −
x
2

�
�
; ðF31Þ

where we implicitly carried out the substitution q → qþ ðx=2Þ. Then, LCG0
t differs from LCG

t [see Eq. (66)] only for the
argument of the exponential. This allows one to estimate ECP

t as
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���ECP
t

���
1
≤ 2

Z
∞

−∞
dq
Z

∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ
����e−ðqþx=2Þ2=TðαÞ2 − e−q

2=TðαÞ2
����jCklðxÞ þ Cklð−xÞj ðF32Þ

¼ 2

Z
∞

−∞
dq
Z

∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ
���� Z x

2

0

dy
e−ðqþy=2Þ2=TðαÞ2

TðαÞ2
�
qþ y

2

�����jCklðxÞ þ Cklð−xÞj ðF33Þ

≤ 2

Z
∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ
Z

x=2

0

dy

�Z
−y=2

−∞
dqþ

Z
∞

−y=2
dq

�
e−ðqþy=2Þ2=TðαÞ2

TðαÞ2
����qþ y

2

����jCklðxÞ þ Cklð−xÞj; ðF34Þ

where the first equality just follows from taking the derivative with respect to q and then integrating again, while in the last
step we split the integral in q depending on the sign of qþ ðy=2Þ. Let us examine one of the two halves (the other case is
done similarly). Then, we can ignore the absolute value and carry out explicitly the computation:

2

Z
∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ jCklðxÞ þ Cklð−xÞj
Z

x=2

0

dy
Z

∞

−y=2
dq

e−ðqþy=2Þ2=TðαÞ2

TðαÞ2
�
qþ y

2

�
ðF35Þ

¼ 2

Z
∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ jCklðxÞ þ Cklð−xÞj
Z

x=2

0

dy
Z

∞

0

dw
e−w

2=TðαÞ2

TðαÞ2 w ðF36Þ

¼ 1

2

Z
∞

0

dx
e−ðx=2Þ2=TðαÞ2ffiffiffi

π
p

TðαÞ jCklðxÞ þ Cklð−xÞkxj ≤
Γ0τ0

2
ffiffiffi
π

p
TðαÞ : ðF37Þ

The other term in Eq. (F34) gives the same bound, so we finally obtain the estimate:���ECP
t

���
1
≤

Γ0τ0ffiffiffi
π

p
TðαÞ : ðF38Þ

Wrapping everything together, we have the upper bound:���ETOT
t

���
1
≤
�
6α2Γ0ðΓ0τ0Þ þ

�
2Γ0ð1þ Γ0τ0Þ
2þ Γ0TðαÞ

þ 2α2Γ0ð1þ Γ0τ0Þ
ðα2 þ Γ0tÞ

��
þ 4α2Γ0ðΓ0TðαÞÞffiffiffi

π
p þ Γ0τ0ffiffiffi

π
p

TðαÞ : ðF39Þ

Then, we can identify the right-hand side of Eq. (F39) with the functionmðtÞ of Theorem 5. Moreover, thanks to Eq. (F15),
the constant R is also known. It directly follows that

kρ̃SSðtÞ − ρ̃CGS ðtÞk1 ≤
2Γ0α

2TðαÞffiffiffi
π

p þ
Z

t

0

mðsÞds ðF40Þ

¼ 2α2
��

ð1þ 2Γ0tÞ
Γ0TðαÞffiffiffi

π
p þ ðΓ0tÞð1þ Γ0τ0Þ

α2 þ α2Γ0TðαÞ
þ tðΓ0τ0Þ

�
3Γ0 þ

α−2

2
ffiffiffi
π

p
TðαÞ

��
þ ð1þ Γ0τ0Þ log

�
1þ Γ0t

α2

��
:

ðF41Þ

Applying the triangle inequality, we finally obtain

kρ̃SðtÞ − ρ̃CGS ðtÞk1 ≤ kρ̃SðtÞ − ρ̃SSðtÞk1 þ kρ̃SSðtÞ − ρ̃CGS ðtÞk1 ðF42Þ

≤ K1 þ K2tþ K3 log

�
1þ Γ0t

α2

�
; ðF43Þ

where the three constants are defined as

K1 ≔
4Γ0α

2TðαÞffiffiffi
π

p ; ðF44Þ
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K2 ≔ 6α2Γ0ðΓ0τ0Þ þ
1

TðαÞ ð2þ 3Γ0τ0Þ þ ð4α2Γ2
0ÞTðαÞ; ðF45Þ

K3 ≔ 2α2Γ0ð1þ Γ0τ0Þ: ðF46Þ

It should be noticed that in the definition of K2 we used the inequality ½2þ Γ0TðαÞ�−1 ≤ ½Γ0TðαÞ�−1 and
ffiffiffi
π

p −1 < 1 to
simplify the expression from Eq. (F41). Moreover, there is an additional contribution to K1 which comes from the use of
Eq. (F15) (Theorem 9) to estimate the first trace distance in Eq. (F42). Then, we can minimizeK2 as a function of TðαÞ. The
minimum is reached for

K�
2 ≔ α

�
4Γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p
þ 6αΓ0ðΓ0τ0Þ

�
; ðF47Þ

where the optimal observation time takes the form

T�
optðαÞ ≔

1

2αΓ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p
: ðF48Þ

This proves Theorem 11.

APPENDIX G: PROPERTIES OF THE COARSE-GRAINED LINDBLADIAN

1. Hermiticity of HLS

Let us start by showing that indeed the Lamb shift HLS defined in Eq. (81) generates a unitary rotation. This can be done
by showing its Hermiticity through a direct calculation:

ðHCG
LS Þ† ¼ −i

Z
∞

−∞
dqe−iqω−

Z
∞

−∞
dxeixωþGðq; xÞCklðxÞsgnðxÞA†

l ðωÞAkðω̃Þ ðG1Þ

¼ −i
Z

∞

−∞
dqeiqω−

Z
∞

−∞
dxe−ixωþGðq; xÞClkð−xÞsgnð−xÞA†

kðω̃ÞAlðωÞ ðG2Þ

¼ i
Z

∞

−∞
dqeiqω−

Z
∞

−∞
dxe−ixωþGðq; xÞCklðxÞsgnðxÞA†

kðω̃ÞAlðωÞ ¼ HCG
LS ; ðG3Þ

where we implicitly integrate over all frequencies and in the second line we exchanged indexes and frequencies and
performed the change of variable x → −x, while in the last step we used Eq. (28) together with the fact
that sgnð−xÞ ¼ −sgnðxÞ.

2. Decomposition of the rates

The function f̂αðωÞ in Eq. (86) can be explicitly computed, giving

f̂αðωÞ ¼
Z

∞

−∞
dt1

�
e−t

2
1
=2TðαÞ2

½ ffiffiffiπp
TðαÞ�1=2

�
eit1ω ¼ ½2TðαÞ ffiffiffi

π
p �1=2e−TðαÞ2ω2=2: ðG4Þ

Then, plugging this expression in Eq. (86), we obtain

γω;ω̃kl ¼
Z

∞

−∞

dω�

2π
Ĉklðω�Þf̂αðωþ ω�Þf̂αðω̃þ ω�Þ ¼ TðαÞffiffiffi

π
p

Z
∞

−∞
dω�Ĉklðω�Þe−½TðαÞ2ððωþω�Þ2þðω̃þω�Þ2Þ�=2 ðG5Þ

¼ e−½TðαÞω−�2=4ffiffiffi
π

p TðαÞ
Z

∞

−∞
dω�Ĉklðω�Þe−TðαÞ2ðω�þωþÞ2 ðG6Þ
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¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞
dΩĈkl

�
Ω

TðαÞ − ωþ

�
e−Ω

2

; ðG7Þ

where in the last step we substituted fΩ ¼ TðαÞðω� þ ωþÞg. This proves Eq. (91).
Similar manipulations can be carried out for Sω;ω̃kl . To this end, we will need the following well-known relation:Z

∞

−∞
dxeixωCklðxÞsgnðxÞ ¼

i
π

Z
∞

−∞
dω1

Ĉklðω1Þ
ω − ω1

; ðG8Þ

which connects the Fourier transform of a function multiplied by sgnðxÞ to the Hilbert transform of the original function.
Then, we can recast Sω;ω̃kl as

Sω;ω̃kl ¼ i
Z

∞

−∞
dt1

Z
∞

−∞
dt2fαðt1Þfαðt2Þeit1ωe−it2ω̃Cklðt2 − t1Þsgnðt2 − t1Þ ðG9Þ

¼
Z

∞

−∞

dω1

2π

Z
∞

−∞

dω2

π

Ĉklðω2Þ
ω2 − ω1

f̂αðωþ ω1Þf̂αðω̃þ ω1Þ ðG10Þ

¼ e−½TðαÞω−�2=4

π
ffiffiffi
π

p TðαÞ
Z

∞

−∞
dω1

Z
∞

−∞
dω2

Ĉklðω2Þ
ω2 − ω1

e−TðαÞ2ðω1þωþÞ2 : ðG11Þ

We can further simplify the above expression by carrying out the change of variables fΩ ¼ TðαÞðω1 þ ωþÞg, which gives

Sω;ω̃kl ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞

dΩ
π

Z
∞

−∞
dω2

Ĉklðω2Þ
ðω2 þ ωþÞ − Ω

TðαÞ
e−Ω

2

: ðG12Þ

This proves Eq. (92).

3. Quasilocality of the jump operators

Let us now study the setting where H is a local Hamiltonian on a lattice Λ, for which the jump operators become
quasilocal. We follow closely a similar argument from Ref. [71]. To recall the jump operators from Eq. (89),

Ãlðω�Þ ≔
Z

∞

−∞
dt1eit1ω

�
fαðt1ÞAlðt1Þ; ðG13Þ

where fαðtÞ ¼ fe−t2=2TðαÞ2=½ ffiffiffiπp
TðαÞ�1=2g. The coarse-graining induced by the filter function f implies that these have

vanishingly small tails as controlled by the Lieb-Robinson bound. The bound states that, for any operator Al supported on
site l∈Λ [81,82] (so that in this case l is a label for the location),

ke−iHtAleiHt − e−iHBlðrÞtAle
iHBlðrÞtk ≤ kAlk

ðvLRjtjÞr
r!

; ðG14Þ

where BlðrÞ is a ball of radius r centered at l, so thatHBlðrÞ consists of the Hamiltonian terms on a ball of radius r centered at
the support of Al. Let us also define Ãl;rðω�Þ as in Eq. (89) but with Al;rðt1Þ ≔ e−iHBlðrÞtAle

iHBlðrÞt instead, so that its support
is confined to BlðrÞ. Then,

kÃlðω�Þ − Ãl;rðω�Þk ≤
Z

∞

−∞
dt1fαðt1ÞkAlðt1Þ − Al;rðt1Þk ðG15Þ

≤ kAlk
Z

t0

−t0
fαðtÞ ðvLRjtjÞ

r

r!
dtþ 4kAlk

Z
∞

t0

fαðtÞdt ðG16Þ

≤ kAlk½
ffiffiffi
π

p
TðαÞ�1=2 ðvLRejt0jÞ

r

rr
þ 4kAlk

TðαÞ3=2
t0

e−t
2
0
=2TðαÞ2 ; ðG17Þ
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where in the second line we divided the integral into two and applied the Lieb-Robinson bound to the first term and in the
second we used that r! ≥ ðrr=er−1Þ and the upper bound on the complementary error function ErfcðxÞ ≤ ½e−x2=ð ffiffiffi

π
p

xÞ�.
We now choose the parameter t0 ¼ frg½vLRTðαÞ�=ðvLReÞg with gðxÞ ¼ ½ ffiffiffixp

=ð1þ ffiffiffi
x

p Þ�, so that

kÃlðω�Þ − Ãl;rðω�Þk ≤ kAlk
�
½ ffiffiffiπp

TðαÞ�1=2g½vLRTðαÞ�r þ
4e
r

ffiffiffiffiffiffiffi
vLR

p
TðαÞ½1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vLRTðαÞ

p
�e

−r2

2e2 ½1þ
ffiffiffiffiffiffiffiffiffiffi
vLRTðαÞ

p
�vLRTðαÞ

�
ðG18Þ

≤ kAlkOðg½vLRTðαÞ�rÞ; ðG19Þ

which decays exponentially with the distance r and a rate controlled by TðαÞ, since g½vLRTðαÞ� → 0 as TðαÞ → 0 and
g½vLRTðαÞ� → 1 as TðαÞ → ∞. Recall from Eq. (70) that the optimal value is T�

optðαÞ ≔ ½1=ð2αΓ0Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 3Γ0τ0

p
.

4. Reduction to Davies generator

The expression of the rates in Eqs. (91) and (92) can be directly used to prove that L̂CG approaches the usual Davies
generator in the limit TðαÞ → ∞. Define ωmin

− ≔ minω≠ω̃ðω − ω̃Þ. This quantity measures the minimum spacing between
different frequencies, and it becomes exponentially small in the system size for many-body systems but could, in principle,
be finite for special classes of Hamiltonians (e.g., commuting ones). As will be shown, ωmin

− governs how big TðαÞ needs to
be for the reduction to the Davies generator to be accurate.
To this end, let us rewrite the rates γω;ω̃kl as

γω;ω̃kl ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞
dΩĈkl

�
Ω

TðαÞ − ωþ

�
e−Ω

2 ðG20Þ

¼ e−½TðαÞω−�2=4
�
Ĉklð−ωþÞ þ

1ffiffiffi
π

p
Z

∞

−∞
dΩ
Z ½Ω=TðαÞ�−ωþ

−ωþ
dω1Ĉ

0
klðω1Þe−Ω2

�
: ðG21Þ

The first term in the parentheses is uniformly bound as jĈklð−ωþÞj ≤ Γ0. On the other hand, we can bound the second term
as ���� 1ffiffiffiπp

Z
∞

−∞
dΩ
Z ½Ω=TðαÞ�−ωþ

−ωþ
dω1Ĉ

0
klðω1Þe−Ω2

���� ≤ kĈ0
klk∞

1ffiffiffi
π

p
Z

∞

−∞
dΩ

jΩj
TðαÞ e

−Ω2 ≤
Γ0τ0ffiffiffi
π

p
TðαÞ : ðG22Þ

The Davies generator has rates that are diagonal in the frequency representation, that is, ðγω;ω̃kl ÞDAV ¼ δω;ω̃Ĉklð−ωÞ. In our
case, on the other hand, we have that

γω;ω̃kl ¼

8>>><>>>:
Ĉklð−ωÞ þO

�
Γ0τ0ffiffi
π

p
TðαÞ
�

if ω ¼ ω̃;

O
�
e−½TðαÞωmin

− �2=4Γ0

�
1þ τ0ffiffi

π
p

TðαÞ
��

otherwise:
ðG23Þ

This shows that in the limit TðαÞ → ∞ we obtain γω;ω̃kl → ðγω;ω̃kl ÞDAV. Moreover, it also proves that the convergence of the
off-diagonal is exponential for TðαÞ ≫ ðωmin

− Þ−1. This means that if ωmin
− is bounded, the Davies generator is a good

approximation already for small observation times.
A similar discussion can also be made for the Lamb-shift Hamiltonian. Indeed, in the case of a Davies generator we have

that

ðSω;ωkl ÞDAV ¼ P:V:

�
1

π

Z
∞

−∞
dω� Ĉklðω�Þ

ðω� þ ωÞ
�
: ðG24Þ

In order to prove that the rates we obtain are close to the Davies’ ones in the limit of large observation time, let us rewrite
Sω;ωkl as
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Sω;ωkl ¼ e−½TðαÞω−�2=4

π

Z
∞

−∞

dΩffiffiffi
π

p
Z

∞

−∞
dω2

Ĉklðω2 þ Ω
TðαÞÞ

ðω2 þ ωþÞ
e−Ω

2 ðG25Þ

¼ e−½TðαÞω−�2=4
�
1

π

Z
∞

−∞
dω2

Ĉklðω2Þ
ðω2 þ ωþÞ

þ
Z

∞

−∞

dΩffiffiffi
π

p
Z

Ω=TðαÞ

0

dω1

Z
∞

−∞

dω2

π

Ĉ0
klðω2 þ ω1Þ
ðω2 þ ωþÞ

e−Ω
2

�
: ðG26Þ

We can bound both terms inside of the parentheses thanks to the relation in Eq. (G8). First, it should be noticed that���� 1π
Z

∞

−∞
dω2

Ĉklðω2Þ
ðω2 þ ωþÞ

���� ≤ Z ∞

−∞
dxjeixωCklðxÞsgnðxÞj ≤ Γ0: ðG27Þ

On the other hand, noticing that the inverse Fourier transform of Ĉ0
klðω2 þ ω1Þ (for fixed ω1) is given by eiω1xxCklðxÞ, we

can also bound the second term as���� Z ∞

−∞

dΩffiffiffi
π

p
Z

Ω=TðαÞ

0

dω1

Z
∞

−∞

dω2

π

Ĉ0
klðω2 þ ω1Þ
ðω2 þ ωþÞ

e−Ω
2

���� ðG28Þ

≤
Z

∞

−∞

dΩffiffiffi
π

p
Z jΩj=TðαÞ

0

dω1

Z
∞

−∞
dx

����eixðω1−ωþÞxCklðxÞsgnðxÞe−Ω2

���� ≤ Γ0τ0

Z
∞

−∞

dΩffiffiffi
π

p
Z jΩj=TðαÞ

0

dω1e−Ω
2 ðG29Þ

¼ Γ0τ0ffiffiffi
π

p
TðαÞ : ðG30Þ

Then, also in this case we have a similar behavior for the rates of the Lamb-shift Hamiltonian, that is,

Sω;ω̃kl ¼

8>><>>:
ðSω;ωkl ÞDAV þO

�
Γ0τ0ffiffi
π

p
TðαÞ
�

if ω ¼ ω̃;

O
�
e−½TðαÞωmin

− �2=4Γ0

�
1þ τ0ffiffi

π
p

TðαÞ
��

otherwise:
ðG31Þ

Plugging the results just obtained into Eqs. (81) and (87), we obtain that

lim
TðαÞ→∞

L̂CG½ρ� ¼ L̂DAV½ρ� ¼ −
i
2
½HDAV

LS ; ρ� þ
Z

∞

−∞

dω
2π

Ĉklð−ωÞ
�
AlðωÞρA†

kðωÞ −
1

2
fA†

kðωÞAlðωÞ; ρg
�
; ðG32Þ

where we defined

HDAV
LS ≔

Z
∞

−∞
dω

�
P:V:

�
1

π

Z
∞

−∞
dω� Ĉklðω�Þ

ðω� þ ωÞ
��

A†
kðωÞAlðωÞ: ðG33Þ

This shows that when the observation time TðαÞ goes to infinity [in fact, as soon as TðαÞ ≫ ωmin
− ] we regain the usual

Davies generator (see the expressions in, e.g., Refs. [36,38]). Moreover, thanks to the decomposition in Eq. (G32), we can
directly apply Theorem 1, obtaining the well-known result that the Davies generator satisfies GNS detail balanced.

5. Proof of Theorem 12: Approximate detailed balance of the coarse-grained Lindbladian

Let us begin with the first inequality. Let us first rewrite γ−ω;−ω̃kl as

γ−ω;−ω̃kl ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞
dΩĈlk

�
−

Ω
TðαÞ þ ωþ

�
e−Ω

2 ðG34Þ

¼ e−½TðαÞω−�2=4ffiffiffi
π

p
Z

∞

−∞
dΩĈlk

�
Ω

TðαÞ − ωþ

�
e−Ω

2

e−βΩ=TðαÞeβωþ ; ðG35Þ
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where in the first step we implicitly changed Ω → −Ω and used the Hermiticity of ĈklðωÞ [see Eq. (30)] and the KMS
condition from Eq. (32). Then, we simply have����γω;ω̃kl − e−β½ðωþω̃Þ=2�γ−ω;−ω̃kl

���� ¼ e−½TðαÞω−�2=4ffiffiffi
π

p
���� Z ∞

−∞
dΩĈlk

�
Ω

TðαÞ − ωþ

�
e−Ω

2ð1 − e−βΩ=TðαÞÞ
���� ðG36Þ

≤ kĈklk∞e−½TðαÞω−�2=4eβ2=4TðαÞ2erf
�

β

2TðαÞ
�
: ðG37Þ

Thanks to the relation kĈklk∞ ≤ Γ0 (see Appendix D) and erfðxÞ ≤ ð2= ffiffiffi
π

p Þx, we obtain Eq. (93).
On the other hand, we also have���� tanh�β�ω − ω̃

4

��
γω;ω̃kl

���� ¼ ���� tanh�βω−

4

�
e−½TðαÞω−�2=4ffiffiffi

π
p

Z
∞

−∞
dΩĈkl

�
Ω

TðαÞ − ωþ

�
e−Ω

2

���� ðG38Þ

≤
kĈklk∞βjω−j

4
e−½TðαÞω−�2=4 ≤

Γ0β

2
ffiffiffiffiffi
2e

p
TðαÞ ; ðG39Þ

where in the first inequality we applied the relation jtanhðxÞj ≤ jxj and then we maximized over all possible values of ω−.
Then, thanks to the triangle inequality, the bound in Eq. (G39) gives the claim.

APPENDIX H: THE EFFECT OF RENORMALIZING THE SYSTEM HAMILTONIAN

1. Proof of Theorem 13: Closeness of the Lamb-shift Hamiltonians

In this section, we aim to prove that the solutions of the two differential equations�
∂tρ̃

CG
S ðtÞ ¼ L̂CG½ρ̃CGS ðtÞ�

ρ̃CGS ð0Þ ¼ ρ̃Sð0Þ

�
∂t̃ρ̃

CG�
S ðtÞ ¼ L̂CG�½ρ̃CG�S ðtÞ�

ρ̃CG�S ð0Þ ¼ ρ̃Sð0Þ
ðH1Þ

diverge at most linearly in time. To this end, it should be noticed that in the renormalized interaction picture, the two
generating Lindbladian differ in one norm as

kL̂CG½ρ� − L̂CG�½ρ�k1 ¼
1

2
k½ðHCG

LS Þ� −HCG
LS ; ρ�k1 ≤ kðHCG

LS Þ� −HCG
LS k∞; ðH2Þ

where in the last step we used Hölder’s inequality and the fact that kρk1 ¼ 1. Then, by controlling the right-hand side of
Eq. (H2), we have a way to apply Theorem 5 and estimate how the difference between ρ̃CGS ðtÞ and ρ̃CG�S ðtÞ evolves in time.
To this end, let us define Uα2

t ½X� ¼ e−iðHSþα2HCG
LS ÞtXeiðHSþα2HCG

LS Þt, so that U0
t ½X�≡ U t½X�. Moreover, by differentiating and

integrating again, we can relate these two evolutions as

Uα2
t ½X� ¼ U0

t ½X� − i
Z

α2

0

dν
Z

t

0

dτUν
t−τ½½HCG

LS ;U
ν
τ ½X��� ¼ U0

t ½X� þ ΔUα2
t ½X�: ðH3Þ

Then, using the rates defined in Eq. (80), we can express HCG
LS in the time representation and give an upper bound on its

operator norm as

kHCG
LS k∞ ¼

����iZ ∞

−∞
dq
Z

∞

−∞
dxGðq; xÞCklðxÞsgnðxÞAk

�
qþ x

2

�
Al

�
q −

x
2

�����
∞

ðH4Þ

≤
X
kl

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞj ≤ Γ0; ðH5Þ

where we used the fact that kAkk∞ ¼ 1 and the definition of Γ0. We are now ready to bound the quantity in Eq. (H2). First, it
should be noticed that
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ðHCG
LS Þ� ¼ i

Z
∞

−∞
dq
Z

∞

−∞
dxGðq; xÞCklðxÞsgnðxÞðUα2

qþðx=2ÞÞ†½Ak�ðUα2

q−ðx=2ÞÞ†½Al� ðH6Þ

¼ HCG
LS þ i

Z
∞

−∞
dq
Z

∞

−∞
dxGðq; xÞCklðxÞsgnðxÞ

�
ðΔUα2

qþðx=2ÞÞ†½Ak�U†
q−ðx=2Þ½Al� þ U†

qþðx=2Þ½Ak�ðΔUα2

q−ðx=2ÞÞ†½Al�

þ ðΔUα2

qþðx=2ÞÞ†½Ak�ðΔUα2

q−ðx=2ÞÞ†½Al�
�
: ðH7Þ

We can bound the operator norm of the first term in the parentheses as

kðΔUα2

qþðx=2ÞÞ†½Ak�U†
q−ðx=2Þ½Al�k∞ ≤

Z
α2

0

dν
Z jqþðx=2Þj

0

dτkðUν
t−τÞ†½½HCG

LS ; ðUν
τÞ†½Ak���kkU†

q−ðx=2Þ½Al�k ðH8Þ

≤ 2Γ0

Z
α2

0

dν
Z jqþðx=2Þj

0

dτ ¼ 2α2Γ0

����qþ x
2

����; ðH9Þ

where we again used kAkk∞ ¼ 1, the bound in Eq. (H5), and the fact that unitary dynamics keep the operator norm
constant. The other terms can be estimated similarly. This allows one to bound Eq. (H2) as

kðHCG
LS Þ� −HCG

LS k∞ ðH10Þ

≤
Z

∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞj

�
2α2Γ0

����qþ x
2

���þ ���q −
x
2

����þ 4α4Γ2
0

���qþ x
2

������q −
x
2

���� ðH11Þ

≤
Z

∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞj

�
2α2Γ0ð2jqj þ jxjÞ þ 4α4Γ2

0

�
jqjþ

���� x2
�����2
�
; ðH12Þ

where in the last step we applied the triangle inequality to simplify the expression. There are five different terms that appear,
which we study separately. First, the two linear terms can be upper bounded as

4α2Γ0

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞkqj ≤

4α2Γ2
0TðαÞffiffiffi
π

p ; ðH13Þ

2α2Γ0

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞkxj ≤ 2α2Γ2

0τ0; ðH14Þ

where in both cases we upper bounded the Gaussian in x with its value in zero. The quadratic terms, on the other hand, can
be estimated as

4α4Γ2
0

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞkqj2 ≤ 2α4Γ3

0TðαÞ2; ðH15Þ

4α4Γ2
0

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞkqkxj ≤

4α4Γ3
0τ0TðαÞffiffiffi
π

p ; ðH16Þ

4α4Γ2
0

Z
∞

−∞
dq
Z

∞

−∞
dx

e−½q2þðx=2Þ2�=TðαÞ2ffiffiffi
π

p
TðαÞ jCklðxÞj

jxj2
4

≤ α4Γ2
0K0: ðH17Þ

Wrapping everything together, we obtain

kðHCG
LS Þ� −HCG

LS k∞ ≤
4α2Γ2

0TðαÞffiffiffi
π

p þ 2α2Γ2
0½τ0 þ α2Γ0TðαÞ2� þ

4α4Γ3
0τ0TðαÞffiffiffi
π

p þ α4Γ2
0K0: ðH18Þ
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Then, thanks to Eq. (H2), this allows us to apply Theorem 5 to obtain

kρ̃CGS ðtÞ − ρ̃CG�S ðtÞk1 ≤ ðΓ0tÞ
�
4α2Γ0TðαÞffiffiffi

π
p þ 2α2fΓ0τ0 þ α2½Γ0TðαÞ�2g þ

4α4Γ2
0τ0TðαÞffiffiffi
π

p þ α4Γ0K0

�
: ðH19Þ

Choosing TðαÞ ¼ T�
optðαÞ [defined in Eq. (70)], we get that the error scales as OðαðΓ0tÞ

ffiffiffiffiffiffiffiffiffi
Γ0τ0

p Þ, where we assumed
that K0 < ∞.

2. Comparison with the mean force state

The zeroth law of thermodynamics says that a system in contact with a thermal bath will eventually thermalize at the
same temperature. Then, from this consideration, we would expect the fixed point of the evolution to take the form

ρDB�
S ð∞Þ ¼ TrB

	
e−βH

ZSB



¼ e−βH

ðmfÞ
S

ZðmfÞ
S

: ðH20Þ

As noted in the main text, this is not the case. In order to show this discrepancy, let us define the mean force Hamiltonian as

e−βH
ðmfÞ
S ≔ TrB

	
e−βðHSþαVþHBÞ

ZB



; ðH21Þ

and let us assume, for simplicity, that it is analytic in α. This means that we can expand HðmfÞ
S in a power series as

HðmfÞ
S ¼

X∞
n¼0

αn

n!
HðnÞ

S ; ðH22Þ

where HðnÞ
S are independent on α. First of all, setting α ¼ 0 in Eq. (H21) gives Hð0Þ

S ¼ HS. Moreover, if we take the
derivative of the right-hand side of Eq. (H21) and we set it to zero, we also obtain that

∂αTrB

	
e−βðHSþαVþHBÞ

ZB


����
α¼0

¼ −β
Z

1

0

dxe−βHSð1−xÞTrB½VγB�e−βHSx ¼ 0; ðH23Þ

where we applied assumption 2 from the main text (that is, TrB½BkγB� ¼ 0). This shows that Hð1Þ
S ¼ 0. Finally, let us focus

on the second-order contribution to the mean force Hamiltonian. Let us first take the second derivative of the left-hand side

of Eq. (H21). Since Hð1Þ
S ¼ 0, this is given by

∂
2
αðe−βH

ðmfÞ
S Þ
����
α¼0

¼ −β
Z

1

0

dxe−βHSð1−xÞHð2Þ
S e−βHSx: ðH24Þ

On the other hand, the second derivative of the right-hand side of Eq. (H21) can be expressed through the Dyson series as

∂
2
αTrB

	
e−βðHSþαVþHBÞ

ZB


����
α¼0

¼ 2β2
Z

1

0

dx1

Z
x1

0

dx2TrB½π1−x1SB Vπx1−x2SB Vπx2SB� ðH25Þ

¼ 2β2
Z

1

0

dx
Z ð1−xÞ=2

ðx−1Þ=2
dqTrB

	
πð1=2Þ−q−ðx=2ÞSB VπxSBVπ

ð1=2Þþq−ðx=2Þ
SB



; ðH26Þ

where we have introduced the notation πSB ≔ e−βHS ⊗ γB and in the second line we carried out the substitution
fq ¼ ½ðx1 þ x2Þ=2� − 1; x ¼ x1 − x2g. At this point, it is useful to expand the equation above in the frequency domain as

2β2
X
kl

Z
1

0

dx
Z ð1−xÞ=2

ðx−1Þ=2
dqTrB

	
πð1=2Þ−q−ðx=2ÞSB A†

kðω̃Þ ⊗ BkðΩÞπxSBAlðωÞ ⊗ Blπ
ð1=2Þþq−ðx=2Þ
SB



ðH27Þ

¼ e−βHS=2½A†
kðω̃ÞAlðωÞ�e−βHS=2

�
2β2

Z
1

0

dx
Z ð1−xÞ=2

ðx−1Þ=2
dqe−βðω̃−ωÞqe−β½ðω̃þωÞ=2�xTrB½γ−xB BkðΩÞγxBBlγB�

�
; ðH28Þ
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where, here and in the following, we always implicitly integrate over all frequencies. We can further express the trace as

TrB½γ−xB BkðΩÞγxBBlγB� ¼ eβΩx
Z

∞

∞

dt
2π

e−iΩtTrB½BkðtÞBlγB� ¼
1

2π
eβΩxĈklð−ΩÞ; ðH29Þ

where in the last step we used the definition of spectral density [see Eq. (29)].
At this point, it is useful to expand Eq. (H24) in the frequency representation as well:

∂
2
αðe−βH

ðmfÞ
S Þ
���
α¼0

¼ −β
Z

1

0

dxe−βHSð1−xÞHð2Þ
S ðω̂Þe−βHSx ¼ −βe−βHS=2Hð2Þ

S ðω̂Þe−βHS=2

�
2 sinhðβω̂

2
Þ

βω̂

�
: ðH30Þ

Equating the terms with the same frequency in Eqs. (H30) and (H28) (which corresponds to choosing ω ¼ ω̂þ ω̃), we
obtain

Hð2Þ
S ðω̂Þ ¼ A†

kðω̃ÞAlðω̂þ ω̃Þ
�
−
β

π

Z
1

0

dx
Z ð1−xÞ=2

ðx−1Þ=2
dqeβω̂qe−β½ð2ω̃þω̂Þ=2�xeβΩxĈklð−ΩÞ

��
2 sinhðβω̂

2
Þ

βω̂

�−1

ðH31Þ

¼ A†
kðω̃ÞAlðω̂þ ω̃Þ

�
1

π

Z
∞

−∞
dΩ
��

eβΩ − eβðω̂þω̃Þ

eβω̃ − eβðω̂þω̃Þ

�
Ĉklð−ΩÞ

Ω − ðω̂þ ω̃Þ þ
�

eβω̃ − eβΩ

eβω̃ − eβðω̂þω̃Þ

�
Ĉklð−ΩÞ
Ω − ω̃

��
: ðH32Þ

An equivalent expression was found in Ref. [26], where they presented a version in which the integral over Ω was
computed, which gives

Hð2Þ
S ðω̂Þ ¼ i

2
A†
kðω̃ÞAlðω̂þ ω̃Þ

·
Z

∞

−∞
dx

�
1

eβω̂ − 1

���
e−ixω̃ − eβω̂e−ixðω̂þω̃Þ

�
CklðxÞ − e−βω̃

�
e−ixω̃ − eixðω̂þω̃Þ

�
ClkðxÞ

�
sgnðxÞ: ðH33Þ

The expression in Eq. (H32) should be compared with the one for HCG
LS , that is,

HCG
LS ðω̂Þ ¼ A†

kðω̃ÞAlðω̂þ ω̃Þ e
−½TðαÞω̂�2=4ffiffiffi

π
p

Z
∞

−∞

dΩ
π

Z
∞

−∞
dω2

Ĉklðω2Þ
½ω2 þ ð2ω̃þ ω̂Þ� − Ω

TðαÞ
e−Ω

2

: ðH34Þ

The difference between Hð2Þ
S ðω̂Þ and HCG

LS ðω̂Þ is evident, even more so when checking the behavior for ω̂ ≫ 1: Whereas in
the case of the Lamb-shift term these contributions are exponentially suppressed, the contribution to the mean force
Hamiltonian converges to the Hilbert transform of ĈklðωÞ evaluated at ω̂. Thus, the two Hamiltonians are different even in
the limit α → 0.

3. Proof of Theorem 18: Closeness of fixed points

Despite the negative result of the previous section, it can be proven that the renormalized state is sufficiently close to the
bare Hamiltonian one. To this end, for a fixed renormalization HCG

LS , let us define γα
2

S as

γα
2

S ≔
e−β½HSþðα2=2ÞHCG

LS �

Zα2
S

¼ γ0S − β

Z
α2=2

0

dν
Z

1

0

dxðγνSÞ1−xðHCG
LS − Tr½HCG

LS γ
ν
S�IÞðγνSÞx; ðH35Þ

where, as usual, we took the derivative and then integrated again to obtain the right-hand side. Thanks to the symmetry of
the integral in x, we can also rewrite Eq. (H35) as

γα
2

S ¼ γ0S −
β

2

Z
α2=2

0

dν
Z

1

0

dxððγνSÞ1−xðHCG
LS − Tr½HCG

LS γ
ν
S�IÞðγνSÞx þ ðγνSÞxðHCG

LS − Tr½HCG
LS γ

ν
S�IÞðγνSÞ1−xÞ: ðH36Þ

This expression is useful in order to estimate the difference between γα
2

S and γ0S. Indeed, let A and B be positive and X be any
generic matrix. Then, for all t∈ ½0; 1�, it holds that (see Corollary IX.4.10 in Ref. [83])
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kAtXB1−t þ A1−tXBtk1 ≤ kAX þ XBk1: ðH37Þ

Then, applying this inequality to our case, we obtain

kγ0S − γα
2

S k1 ≤
β

2

Z
α2=2

0

dν
Z

1

0

dxkγνSðHCG
LS − Tr½HCG

LS �IÞ þ ðHCG
LS − Tr½HCG

LS γ
ν
S�IÞγνSk1 ðH38Þ

≤
α2β

2
kðHCG

LS − Tr½HCG
LS γ

ν
S�IÞγνSk1 ≤

α2β

2
kðHCG

LS − Tr½HCG
LS γ

ν
S�IÞk∞; ðH39Þ

where in the last step we applied Hölder’s inequality, together with kγνSk1 ¼ 1. Finally, the claim follows from the bound in
Eq. (H5) together with the fact that kTr½HCG

LS γ
ν
S�Ik∞ ≤ kHCG

LS k∞.

APPENDIX I: EXACTLY DETAILED BALANCED LINDBLADIAN

1. Proof of Theorem 14: Approximation to the coarse-grained rates

Once again, we resort to Eq. (91) in order to prove the claim. We do this in two steps, corresponding to the two terms in
the triangle inequality:

jγω;ω̃kl − e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞj ≤ jγω;ω̃kl − e−½TðαÞω−�2=4Ĉklð−ωþÞj

þ e−½TðαÞω−�2=4
����Ĉklð−ωþÞ − ĝkλð−ω̃Þĝλlð−ωÞ

����: ðI1Þ

It should be noticed that the first term actually is the same that appeared in the estimate in Eq. (G22). Then, repeating the
same calculation, we have

jγω;ω̃kl − e−½TðαÞω−�2=4Ĉklð−ωþÞj ¼
���� e−½TðαÞω−�2=4ffiffiffi

π
p

Z
∞

−∞
dΩ
Z ½Ω=TðαÞ�−ωþ

−ωþ
dω1Ĉ

0
klðω1Þe−Ω2

���� ðI2Þ

≤ e−½TðαÞω−�2=4 kĈ0
klk∞ffiffiffi

π
p

TðαÞ : ðI3Þ

On the other hand, the second term in Eq. (I1) can be estimated as

e−½TðαÞω−�2=4
���Ĉklð−ωþÞ − ĝkλð−ω̃Þĝλlð−ωÞ

��� ðI4Þ

¼ e−½TðαÞω−�2=4
����ĝkλ�−ω̃ −

ω−

2

�
ĝλl

�
−ωþ ω−

2

�
− ĝkλð−ω̃Þĝλlð−ωÞ

���� ðI5Þ

¼ e−½TðαÞω−�2=4
���� Z ω−=2

0

dω1

�
ĝkλð−ω̃Þĝ0λlð−ωþ ω1Þ þ ĝ0kλð−ω̃ − ω1Þ

Z
ω−=2

0

dω2ðĝλlð−ωÞ þ ĝ0λlð−ωþ ω2ÞÞ
����� ðI6Þ

≤
�
kĝkλk∞kĝ0λlk∞ þ kĝ0kλk∞kĝλlk∞ þ jω−j

2
kĝ0kλk∞kĝ0λlk∞

�
e−½TðαÞω−�2=4 jω−j

2
ðI7Þ

≤
�kĝ0kλk∞kĝλlk∞ þ kĝkλk∞kĝ0λlk∞

2

� ffiffiffi
2

pffiffiffi
e

p
TðαÞ þ kĝ0kλk∞kĝ0λlk∞

2

eðTðαÞ2Þ ; ðI8Þ

where in the second line we used the definition of ωþ ≔ ½ðωþ ω̃Þ=2� and ω− ≔ ðω − ω̃Þ; at this point, we derived and
integrated again, and finally we took the superior over all possible values of ω−. Putting together Eqs. (I3) and (I8), together
with the two estimates kĈ0

klk∞ ≤ Γτ and kĝkλk∞kĝ0kλk∞ ≤ Γτ and kĝ0kλk∞kĝ0kλk∞ ≤ K (see Appendix D), we obtain
the claim.
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2. Proof of Theorem 15: L̂DB� is exactly detailed balanced and CP

For ease of notation, in this section, we drop the star from LDB�, the jump operators, and the Lamb-shift Hamiltonian.
We begin by proving KMS detailed balance for the coefficients in Eq. (103). This holds by construction. Indeed, the

second property in Eq. (20) is automatically satisfied, whereas the first condition can be proven by direct calculation:

γ̃−ω;−ω̃kl ¼ e−½TðαÞω−�2=4 ĝkλðω̃ÞĝλlðωÞ ¼ e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞeβððωþω̃Þ=2Þ ¼ γ̃ω;ω̃kl eβððωþω̃Þ=2Þ; ðI9Þ

where, once again, we used the property in Eq. (32) together with the definition of ĝkλðωÞ. Then, it remains to prove that
these coefficients induce a CP evolution. Once again, for the part in S̃ω;ω̃kl it is sufficient to prove that the Lamb-shift
Hamiltonian

HDB
LS ≔

Z
∞

−∞
dω
Z

∞

−∞
dω̃S̃ω;ω̃kl A†

kðω̃ÞAlðωÞ ðI10Þ

is Hermitian. Then, using the explicit expression of S̃ω;ω̃kl , we have

ðHDB
LS Þ† ≔ −i

Z
∞

−∞
dω
Z

∞

−∞
dω̃ tanh

�
β

�
ω − ω̃

4

��
γ̃ω;ω̃kl A†

l ðωÞAkðω̃Þ ðI11Þ

¼ i
Z

∞

−∞
dω
Z

∞

−∞
dω̃ tanh

�
−β
�
ω − ω̃

4

��
γ̃ω;ω̃lk A†

kðωÞAlðω̃Þ ðI12Þ

¼ i
Z

∞

−∞
dω
Z

∞

−∞
dω̃ tanh

�
β

�
ω − ω̃

4

��
γ̃ω;ω̃kl A†

kðω̃ÞAlðωÞ ¼ HDB; ðI13Þ

thanks to the property of γ̃ω;ω̃kl :

γ̃ω;ω̃lk ¼ e−½TðαÞω−�2=4ĝlλð−ω̃Þĝλkð−ωÞ ¼ e−½TðαÞω−�2=4ĝλlð−ω̃Þĝkλð−ωÞ ¼ γ̃ω̃;ωkl ; ðI14Þ

where we implicitly used Eq. (30).
We can now focus on the dissipative term D̂DB. For brevity, let us introduce the notation Dω;ω̃

kl :

Dω;ω̃
kl ½ρ� ≔

�
AlðωÞρA†

kðω̃Þ −
1

2
fA†

kðω̃ÞAlðωÞ; ρg
�
: ðI15Þ

Then, we can express D̂DB as

D̂DB½ρ� ¼
Z

∞

−∞
dω
Z

∞

−∞
dω̃γ̃ω;ω̃kl Dω;ω̃

kl ½ρ� ðI16Þ

¼ TðαÞffiffiffi
π

p
Z

∞

−∞
dω�

Z
∞

−∞
dω
Z

∞

−∞
dω̃e−TðαÞ2½ðω�−ωÞ2=2�e−TðαÞ2½ðω�−ω̃Þ2=2�ĝλkð−ω̃Þĝλlð−ωÞDω;ω̃

kl ½ρ� ðI17Þ

¼
Z

∞

−∞
dω�

�
Âλðω�ÞρÂ†

λðω�Þ − 1

2
fÂ†

λðω�ÞÂλðω�Þ; ρg
�
; ðI18Þ

where, in the second line, we used the relation for Gaussians:

e−½TðαÞðω−ω̃Þ�2=4 ¼ TðαÞffiffiffi
π

p
Z

∞

−∞
dω�e−TðαÞ2½ðω�−ωÞ2=2�e−TðαÞ2½ðω�−ω̃Þ2=2� ðI19Þ

and, in the last step, we defined the jump operators:
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Âλðω�Þ ¼
ffiffiffiffiffiffiffiffiffiffi
TðαÞffiffiffi

π
p

s Z
∞

−∞
dωe−TðαÞ2½ðω�−ωÞ2=2�ĝλlð−ωÞAlðωÞ: ðI20Þ

Since Eq. (I18) is in Lindblad form, the corresponding semigroup is completely positive.

3. Quasilocality of the jump operators

We can now write the jump operators as

Âλðω�Þ ¼
ffiffiffiffiffiffiffiffiffiffi
TðαÞffiffiffi

π
p

s Z
∞

−∞
dωe−TðαÞ2½ðω�−ωÞ2=2�ĝλlð−ωÞAlðωÞ ðI21Þ

¼
Z

∞

−∞
eiω

�tAðtÞdt
 

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

p
TðαÞ

p �
e−t

2=2TðαÞ2 � gλl
�
ðtÞ
!
: ðI22Þ

By the same argument as in Appendix G 3, we have that these jump operators are again quasilocal, with their locality now
controlled by the convolution of the Gaussian and the bath correlation function gλl. In contrast to Appendix G 3, this means
that now the locality also depends on the decay rate of these bath correlation functions, which in Appendix D is defined as Γ.
Considering the effect of the convolution, we expect the radius of the terms to be O½vLRTðαÞ þ ðvLR=ΓÞ�, thus decaying
roughly as ½ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

vLRTðαÞ þ vLR
Γ

p Þ=ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vLRTðαÞ þ vLR

Γ

p Þ�r.

4. Reduction to Davies generator

The derivation is very similar to the one in Appendix G 4. Let us begin by expanding the rates γ̃ω;ω̃kl as

γ̃ω;ω̃kl ¼ e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞ ðI23Þ

¼ e−½TðαÞω−�2=4
�
ĝkλð−ωÞĝλlð−ωÞ þ

Z
ω−=2

0

dω1ĝ0kλð−ω̃ − ω1Þĝλlð−ωÞ
�
: ðI24Þ

Carrying out the sum over λ, the first term reduces to ĝkλð−ωÞĝλlð−ωÞ ¼ Cklð−ωÞ, so it can be upper bounded by Γ0. On the
other hand, the second term can also be controlled as���� Z ω−=2

0

dω1ĝ0kλð−ω̃ − ω1Þĝλlð−ωÞ
���� ≤ jω−jΓτ

2
: ðI25Þ

It should be noticed that the function jω−je−½TðαÞω−�2=4 can be explicitly maximised (as done in Appendix I 1) to give
jω−je−½TðαÞω−�2=4 ≤ f ffiffiffi

2
p

=½ ffiffiffiep
TðαÞ�g. On the other hand, it should also be noticed that a trivial upper bound to Eq. (I23) can

be given by using the fact that jĝkλðωÞkĝλlðω̃Þj ≤ Γ (see Appendix D). Then, wrapping everything together, we have

γ̃ω;ω̃kl ¼

8>><>>:
Ĉklð−ωÞ þO

� ffiffi
2

p
Γτffiffi

e
p

TðαÞ
�

if ω ¼ ω̃;

O
�
e−½TðαÞωmin

− �2=4Γ
�

otherwise;
ðI26Þ

that is, γ̃ω;ω̃kl and γω;ω̃kl coincide in the limit TðαÞ → ∞, and they both coincide with what one would expect from the Davies
generator [see Eqs. (G23) and (G32)].
On the other hand, having renormalized the interaction picture, in order for L̂DB� to reduce to the Davies generator, we

need the Lamb-shift term to reduce to zero. Then, using the upper bound jtanh½ðβω−Þ=4�j ≤ 1, we have

S̃ω;ω̃kl ¼
8<: 0 if ω ¼ ω̃;

O
�
e−½TðαÞωmin

− �2=4Γ
�

otherwise:
ðI27Þ
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This proves that for TðαÞ ≫ ωmin
− we have the approximate equality L̂DB ≃ L̂CG ≃ L̂DAV, which becomes exact in the

limit TðαÞ → ∞.

5. Proof of Theorem 16: L̂CG� and L̂DB� are close

First, it should be noticed that thanks to the triangle inequality it holds that

kL̂CG�½ρ� − L̂DB�½ρ�k1 ≤ kD̂CG�½ρ� − D̂DB�½ρ�k1 þ k½HDB�
LS ; ρ�k1; ðI28Þ

so that we can consider the two cases separately.
We begin by analyzing the dissipative part. By starting from Eq. (66) and changing variables as in Eq. (82)

(ft1 ¼ q − x=2; t2 ¼ qþ x=2g), we can rewrite the time averaged dissipator as

D̂CG�½ρ� ¼
Z

∞

−∞

dt1ffiffiffi
π

p
TðαÞ

Z
∞

−∞
dt2

Z
∞

−∞
dt3

�
e−ðt21þt2

2
Þ=2TðαÞ2gkλ

�
t3 þ

t2 − t1
2

�
gλl

�
t2 − t1

2
− t3

��
Dt1;t2

kl ½ρ�; ðI29Þ

where we used the definition of gkλðxÞ and we introduced the notation

Dt1;t2
kl ½ρ� ≔

�
Alðt1ÞρAkðt2Þ −

1

2
fAkðt2ÞAlðt1Þ; ρg

�
: ðI30Þ

It is worth reminding the reader that the evolution of the jump operators is defined with respect to the renormalized
Hamiltonian. Moreover,in the following, it will be useful to denote by γt1;t2kl the coefficient in the parentheses in Eq. (I29).
We can now cast D̂DB� in the same form. First, the rate γ̃ω;ω̃kl defined in Eq. (103) can be transformed as follows:

γ̃ω;ω̃kl ¼ e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞ ðI31Þ

¼
Z

∞

−∞

dτ1ffiffiffi
π

p
TðαÞ

Z
∞

−∞
dτ2

Z
∞

−∞
dτ3e−τ

2
1
=TðαÞ2eiωðτ1−τ3Þe−iω̃ðτ1þτ2Þgkλðτ2Þgλlðτ3Þ ðI32Þ

¼
Z

∞

−∞
dt1

Z
∞

−∞
dt2eiωt1e−iω̃t2

�Z
∞

−∞

dt3ffiffiffi
π

p
TðαÞ e

−ðt1þt2−2t3Þ2=4TðαÞ2gkλ

�
t3 þ

t2 − t1
2

�
gλl

�
t2 − t1

2
− t3

��
; ðI33Þ

where, in the last step, we performed the change of variables ft1 ¼ τ1 − τ3; t2 ¼ τ1 þ τ2; t3 ¼ ½ðτ2 − τ3Þ=2�g. Once again,
we denote by γ̃t1;t2kl the coefficient in the parentheses.
This gives us all the ingredients to estimate the first trace distance in Eq. (I28), which can be bound as

kD̂CG�½ρ� − D̂DB�½ρ�k1 ≤
Z

∞

−∞
dt1

Z
∞

−∞
dt2kðγt1;t2kl − γ̃t1;t2kl ÞDt1;t2

kl ½ρ�k1 ðI34Þ

≤ 2

Z
∞

−∞
dτ1

Z
∞

−∞
dτ2jγτ1;τ2kl − γ̃τ1;τ2kl j ðI35Þ

≤ 2

Z
∞

−∞
dt1

Z
∞

−∞
dt2jgkλðt1Þgλlðt2Þj

Z
∞

−∞

dt3ffiffiffi
π

p
TðαÞ e

−t2
3
=TðαÞ2

����e−½ðt3þt1Þ2þðt3−t2Þ2−2t23�=2TðαÞ2 − 1
���� ðI36Þ

¼ 2

Z
∞

−∞
dt1

Z
∞

−∞
dt2jgkλðt1Þgλlðt2Þj

Z
∞

−∞

dΩffiffiffi
π

p e−Ω
2
����e−ð1=2Þf½Ωþt1=TðαÞ�2þ½Ω−t2=TðαÞ�2gþΩ2 − 1

����; ðI37Þ

where in Eq. (I36) we implicitly changed variables as ft1 ¼ ½ðτ1 − τ2Þ=2� þ τ3; t2 ¼ ½ðτ1 − τ2Þ=2� − τ3; t3 ¼ ½ðτ1 þ
τ2Þ=2� − τ3g and in the last step we also substituted fΩ ¼ ½t3=TðαÞ�g. We are now interested in understanding the
scaling of the integral in dΩ as a function of TðαÞ−1 in the limit TðαÞ → ∞. In order to do so, let us first change variables as
TðαÞ−1 → ε, so that our perturbative expansion can be recast as the study of a function of ε around zero. Then, taking the
derivative with respect to ε and integrating again, we obtain
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Z
∞

−∞

dΩffiffiffi
π

p e−Ω
2
���ðeΩεðt2−t1Þ−ðε2=2Þðt21þt2

2
Þ − 1Þ

��� ðI38Þ

¼
Z

∞

−∞

dΩffiffiffi
π

p e−Ω
2

���� Z ε

0

dσeσΩðt2−t1Þ−ðσ2=2Þðt21þt2
2
ÞðΩðt2 − t1Þ − σðt21 þ t22ÞÞ

���� ðI39Þ

≤
Z

∞

−∞

dΩffiffiffi
π

p
Z

ε

0

dσe−Ω
2

eσΩðt2−t1Þ−ðσ2=2Þðt21þt2
2
ÞðjΩjjt1 − t2j þ σðt21 þ t22ÞÞ ðI40Þ

¼
Z

ε

0

dσ

��
σðt21 þ t22Þ þ σ

ðt1 − t2Þ2
2

erf

�jt1 − t2jσ
2

��
e−ð1=4Þσ2ðt1þt2Þ2 þ jt1 − t2jffiffiffi

π
p e−ðσ2=2Þðt21þt2

2
Þ
�

ðI41Þ

≤
jt1 − t2jffiffiffi

π
p εþ

�
t21 þ t22 þ

1

2
ðt1 − t2Þ2

�
ε2

2
≤
jt1 − t2jffiffiffi

π
p εþ ðjt1j þ jt2jÞ2ε2; ðI42Þ

where in the penultimate step we used the fact that both the exponential of negative value and the error function are upper
bounded by 1. Plugging this expression back in Eq. (I37), we get the bound

kD̂CG�½ρ� − D̂DB�½ρ�k1 ≤ 2

Z
∞

−∞
dt1

Z
∞

−∞
dt2

� jt1 − t2jffiffiffi
π

p
TðαÞ þ

ðjt1j þ jt2jÞ2
TðαÞ2

�
jgkλðt1Þgλlðt2Þj ðI43Þ

≤
2ffiffiffi

π
p

TðαÞ
Z

∞

−∞
dt1

Z
∞

−∞
dt2ðjt1j þ jt2jÞjgkλðt1Þgλlðt2Þj þ

2K
TðαÞ2 ≤

4Γτffiffiffi
π

p
TðαÞ þ

2K
TðαÞ2 ; ðI44Þ

where we used the constant K introduced in Eq. (37).
Let us now focus on the second trace distance in Eq. (I28). A simple application of Hölder’s inequality gives

k½HDB�
LS ; ρ�k1 ≤ 2kHDB�

LS k∞kρk1; ðI45Þ

so it is sufficient to bound the operator norm of the Lamb-shift Hamiltonian. To this end, let us transform S̃ω;ω̃kl into the time
representation:

S̃ω;ω̃kl ¼ i tanh

�
βω−

4

�
e−½TðαÞω−�2=4ĝkλð−ω̃Þĝλlð−ωÞ ðI46Þ

¼
Z

∞

−∞

dτ1ffiffiffi
π

p
TðαÞ

Z
∞

−∞
dτ2

Z
∞

−∞
dτ3Fðτ1Þeiωðτ1−τ3Þe−iω̃ðτ1þτ2Þgkλðτ2Þgλlðτ3Þ ðI47Þ

¼
Z

∞

−∞
dt1

Z
∞

−∞
dt2eiωt1e−iω̃t2

�Z
∞

−∞

dt3ffiffiffi
π

p
TðαÞFðt1 þ t2 − 2t3Þgkλ

�
t3 þ

t2 − t1
2

�
gλl

�
t2 − t1

2
− t3

��
; ðI48Þ

where we introduced the function

FðtÞ ≔ 2

β

Z
∞

−∞
dxsech

�
2πx
β

�
sin

�
βðt − xÞ
2TðαÞ2

�
e−ðt−xÞ2=TðαÞ2eβ2=16TðαÞ2 ðI49Þ

and in the last step we changed variables as ft1 ¼ τ1 − τ3; t2 ¼ τ1 þ τ2; t3 ¼ ½ðτ2 − τ3Þ=2�g. Then, we have the bound

kHDB�
LS k∞ ≤

Z
∞

−∞
dt1

Z
∞

−∞
dt2
���S̃t1;t2kl A†

kðt2ÞAlðt1Þ
���
∞

ðI50Þ

≤
Z

∞

−∞
dt1

Z
∞

−∞
dt2jS̃t1;t2kl j; ðI51Þ

where we used kAkk∞ ¼ 1. We can bound the last integral as follows:
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Z
∞

−∞
dt1

Z
∞

−∞
dt2jS̃t1;t2kl j ¼

Z
∞
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dτ2

Z
∞

−∞
dτ3jgkλðτ2Þkgλlðτ3Þj

Z
∞

−∞

dτ1ffiffiffi
π

p
TðαÞ jFðτ1Þj; ðI52Þ

where we implicitly changed variables back to ft1 ¼ ½ðτ1 − τ2Þ=2� þ τ3; t2 ¼ ½ðτ1 − τ2Þ=2� − τ3; t3 ¼ ½ðτ1 þ τ2Þ=2� − τ3g.
Let us focus on the last integral:Z

∞

−∞

dτ1ffiffiffi
π

p
TðαÞ jFðτ1Þj ≤

2eβ
2=16TðαÞ2

β

Z
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�
2πx
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����� sin�βðτ1 − xÞ
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¼ 2eβ
2=16TðαÞ2

β

Z
∞
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dτffiffiffi
π

p
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Z
∞
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dxsech

�
2πx
β

����� sin� βτ
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≤ eβ
2=16TðαÞ2

Z
∞

−∞

dτffiffiffi
π

p
TðαÞ

���� βτ

2TðαÞ2
����e−τ2=TðαÞ2 ¼ βeβ

2=16TðαÞ2

2
ffiffiffi
π

p
TðαÞ ; ðI55Þ

where we changed variables to decouple the hyperbolic
secant from the rest of the terms and then used a linear
upper bound for the sine function [that is, jsinðxÞj ≤ jxj].
Putting back this estimate in Eq. (I52), we finally obtainZ

∞

−∞
dt1

Z
∞

−∞
dt2jS̃t1;t2kl j ≤ Γβeβ2=16TðαÞ2

2
ffiffiffi
π

p
TðαÞ : ðI56Þ

Wrapping everything up, we obtain the claim.
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