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Characterizing increasingly complex quantum systems is a central task in quantum information science,
yet experimental costs often scale prohibitively with system size. Certifying key properties using simple
local measurements is highly desirable but challenging. In this work, we introduce a highly general
certification framework based on a physical phenomenon that we call localizable quantumness: for generic
many-body states, essential quantum properties are robustly preserved within the projected ensembles on
small subsystems after performing local projective measurements on the rest of the system. Leveraging this
insight, we develop protocols to certify global properties—including multipartite entanglement, circuit
complexity, and quantum magic—by witnessing them on a small, accessible subsystem. Remarkably,
randomizing the local measurement bases extends this capability to certify state fidelity. Relying solely on
local Pauli measurements, these protocols achieve constant sample complexity and robustness for almost
all quantum states, including a wide range of physically relevant states. For certifying the fidelity of n-qubit
states, this O(1) scaling dramatically improves upon state-of-the-art protocols requiring O(n*) samples.
Our unified framework provides both a practical toolkit for large-scale quantum certification and a novel

lens into complex many-body systems.
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I. INTRODUCTION

The rapid advancement of quantum technologies is
enabling control over increasingly large and complex
quantum systems, paving the way for next-generation
quantum computers and simulators. This progress, how-
ever, brings a central challenge: how can we efficiently
characterize these devices at scale? While characterizing an
unknown quantum system is generally hard [1,2], in
practical experiments one usually has good knowledge
of the state-preparation procedure [3-6]. Quantum certif-
ication—verifying a quantum system by comparing with
prior knowledge of its state—provides a powerful approach
[7-9]. This approach not only carries fundamental impor-
tance in quantum information science [10], but also under-
pins a broad range of applications, from probing novel
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quantum phenomena [11,12] and device benchmarking
[13—17] to quantum cryptography [18-20].

A central challenge in certification is to reduce measure-
ment requirements and resource costs [21-28]. As the system
size grows, the exponential cost of standard characterization
techniques like full state tomography becomes prohibitive.
Another straightforward approach—projecting an experi-
mental system onto the ideal state—is impractical, as it
requires measurement capabilities comparable to the state
preparation itself. These challenges create an imperative need
for scalable and experimentally feasible methods to certify
quantum states and their essential properties.

This need has motivated a shift toward certification
protocols that leverage simple local measurements, which
are readily available on most quantum platforms [25-29].
The central difficulty, however, is that many -crucial
quantum properties, such as multipartite entanglement,
are inherently global. Prior attempts to certify these global
quantumness with local measurements face crucial limi-
tations: protocols are often designed case by case for
specific states or properties [4,25,26], require demanding
adaptive measurement schemes that are challenging for
near-term devices [28,29], or guarantee soundness only
for pure states [25,30-32], severely limiting their appli-
cability in realistic, noisy systems. Furthermore, existing
nonadaptive protocols for certifying state fidelity or generic

Published by the American Physical Society
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TABLE L

Summary of the quantum properties certified by our framework, together with the corresponding sample complexities and

the representative state classes for which these sample complexity guarantees are proven or numerically demonstrated.

Property Sample complexity Representative states
(Measurement-assisted) circuit complexity d exp(O(dP)) Deep-thermalized states (Proposition 1)
in D spatial dimensions Random brickwork-circuit states (Proposition 1)

Bipartite entanglement o(1) Deep-thermalized states (Proposition 1)

Random brickwork-circuit states (Proposition 1)
Practical Hamiltonian ground states” (Sec. V C)
Fully inseparable entanglement O(logn) Haar-random states (Sec. V B; Lemma 10)
Random stabilizer states” (Sec. V B)

Quantum magic o(1) Haar-random states (Sec. VI; Lemma 11)
Magic-injection-and-scrambling circuits” (Sec. VI)

State fidelity o(1) Random graph states (Theorem 4)

Haar-random states (Theorem 5)
Random brickwork-circuit states * (Sec. VII C)

*Numerics.

properties typically suffer from sample complexity that
grows with system size and a diminishing robustness [27].
This prompts a critical question: is there a general physical
principle for robustly and efficiently certifying global
quantum properties with simple local measurements?

In this work, we address this question in the affirmative by
introducing and formalizing a fundamental phenomenon we
term localizable quantumness. Inspired by localizable entan-
glement [33,34], we show that the underlying physical
principle is far more general. For generic many-body states,
essential quantum properties including entanglement, circuit
complexity, and magic are robustly encoded throughout the
system. Consequently, local projective measurements on a
large complement do not destroy these properties but rather
concentrate them into the remaining small, accessible sub-
system. The measurement-induced projected ensemble on
the subsystem thereby carries a distinctive feature that serves
as a local signature of the global quantum property.

Leveraging this phenomenon, we develop a unified and
highly efficient certification framework that applies broadly
to diverse properties (see Table I for the properties
considered in detail). Our protocol first localizes the global
property into a small subsystem via projective measure-
ments on the large complement system and then witnesses
the localized property on the small subsystem. The sig-
nificant reduction in system size allows us to efficiently
certify the quantumness of the subsystem, thereby sub-
stantially reducing experimental overhead and enabling the
certification of entanglement, circuit complexity, and
quantum magic for generic states using only local Pauli
measurements. We prove that the method achieves (i) con-
stant sample complexity, (ii) constant-level robustness
against deviations from the target states, and (iii) soundness
for mixed states, thereby overcoming key limitations of
previous approaches and achieving substantial improve-
ment in sample complexity [12,30-32,35]. Our framework

also improves the sample complexity from O(n) to
O(logn) for certifying complex properties such as fully
inseparable entanglement [26,36]. We further demonstrate
its efficiency across various Hamiltonian systems and
large-scale magic-injection circuits.

Furthermore, extending this framework by measuring the
large complement system in random Pauli bases demon-
strates remarkable power in certifying global state fidelity.
Using random matrix theory, we prove its constant sample
complexity and constant robustness for certifying almost all
quantum states. We also establish these guarantees for
random graph states via an error localization mechanism:
Pauli errors acting on generic stabilizer states can be
localized to small subsystems via local measurements.
This O(1) scaling substantially improves upon the state-
of-the-art nonadaptive local measurement protocol requir-
ing O(n*) samples [27]. Taken together, our unified
framework delivers optimal constant-sample-complexity
scaling for both property and state certification tasks across
generic many-body systems.

Our paper is organized as follows. In Sec. II, we present
the key ideas underlying our protocols and provide an
overview of the main results. Section III introduces the
mathematical framework, formalizes the certification pro-
tocol, and analyzes its performance. Sections IV-VI apply
our methods to certifying circuit complexity, entanglement,
and magic, respectively. Section VII develops the random-
basis-enhanced protocol for fidelity certification. Finally,
Sec. VIII concludes with broader implications and future
directions.

II. OVERVIEW OF METHODS AND RESULTS

This work presents a unified and practical framework for
quantum certification based solely on local Pauli measure-
ments. In certification tasks, one typically has reliable prior
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knowledge of the quantum system. Specifically, a pure
target state y,p is known (for example, from a noiseless
quantum circuit description), and the goal is to certify
whether the experimentally realized mixed state pup
possesses certain desired properties. We partition the
system into a small subsystem A and its large complement
B. Performing computational basis measurements on B
generates a measurement-induced ensemble on A, com-
monly referred to as a projected ensemble. Specifically, the
experimental state yields £, = {p,(z).p,} on A, while the
target state generates £, = {p,(z).,}, as illustrated in
Fig. 1(a). While such ensembles have recently attracted
substantial attention for probing complex dynamics and
deep thermalization [17,37-41], we reveal a powerful new
capability: these projected ensembles can serve as robust
local signatures of the original global quantum properties.
By locally comparing p, and y, on the small subsystem A,
our approach efficiently certifies the global quantum
properties of p. We demonstrate that a broad class of
quantum properties can be certified in this way with
constant sample complexity. This yields highly efficient
certification protocols for complex quantum structures,
such as nontrivial measurement-equivalent quantum phases
and fully inseparable entanglement.

Our certification framework relies on two key ingre-
dients: (i) establishing that many quantum properties are
localizable, meaning they concentrate into the small sub-
system A once the complement B is measured, and
(i) converting this observation into an efficient certification
protocol by introducing and measuring a quantity we term
the conditional fidelity (see Algorithm 1). Together, these
ingredients yield our main Result 1, which guarantees that
any such property can be certified both efficiently and

(a) (b)
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FIG. 1. Localizable quantumness within projected states.

(a) Projected ensemble: the target state is partitioned into
subsystems A and B. Measuring B in the computational basis
yields an outcome z and a corresponding projected state y, on A
with probability p,,(z), thereby defining the projected ensemble
&,. (b) Localizable quantumness: if the target state exhibits
localizable quantumness, then its projected ensemble &, differs
significantly from the projected ensemble of any free state p. For
instance, most projected states lie outside the free projected-state
set FPp. This difference can be utilized to certify the quantum-
ness of the target state by examining the small subsystem A.

robustly. We now outline these two ingredients, with details
provided in Sec. III.

The central concept of our approach is localizable
quantumness. For a broad class of physically relevant
many-body states, essential quantum properties of the
global system remain robustly encoded in small subsystems
even after local projective measurements on the comple-
ment. Concretely, if the global target state y possesses a
localizable quantum property P (see Table I for examples),
then the projected ensemble £, necessarily differs from £,
for any state p that lacks P, as shown in Fig. 1(b). This
difference represents a local signature of the global prop-
erty, thereby transforming the otherwise challenging task of
global certification into a tractable local problem: certifying
the properties of the projected ensemble &,.

To harness localizable quantumness, we avoid the
intractable task of directly evaluating projected-ensem-
ble-averaged nonlinear quantities, such as localizable
entanglement [33,34]. Instead, we compare the projected
ensemble of the experimental state with that of the target.
To this end, we introduce the notion of conditional fidelity,
which evaluates the local fidelity between each projected
state p, and its corresponding ,, conditioned on the
measurement outcome z on B. A naive strategy—estimat-
ing each fidelity tr(y,p,)—is inefficient, because we have
only single-copy access to p, without postselection. In
contrast, we estimate the ensemble-averaged local fidelity
> Pp(@)tr(w,p,) via randomized local Pauli measure-
ments on the small subsystem A. This is achieved using
the postselection-free local shadow primitive introduced in
Ref. [42] and also employed in the shadow-overlap pro-
tocol [27]. By estimating the conditional fidelity, we can
certify whether the property P is present or the state lies in
the free set Fp (states lacking P), thereby turning the
localizable quantumness into a robust witness of global
quantum properties. In summary, we establish the
following.

Result 1 (Certifying localizable quantumness, informal).
For any property P with associated free set Fp, if the target
state y exhibits localizable quantumness on a small
subsystem A, then the protocol achieves:

(1) using nonadaptive local measurements;

(2) soundness: all (possibly mixed) p € Fp are rejected

with high probability;

(3) completeness (robustness): any p within a constant
trace distance of y is accepted with high proba-
bility; and

(4) constant sample complexity: the number of required
copies is (1) for constant subsystem size
|A| = O(1).

The requirement of localizable quantumness is highly
general [12,17,25,33,34,37,38,43]. As summarized in
Table I, we establish both analytically and numerically
that this phenomenon is indeed a universal feature across a
wide range of quantum many-body systems.
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Built upon this ubiquitous physical phenomenon, our
certification framework achieves powerful performance
guarantees. First, the guarantee of soundness for mixed
states marks a significant advance over previous
approaches, which often applied only to pure states when
certifying complex quantum properties [30-32,35].
Second, the constant robustness also represents an impor-
tant advantage over protocols whose robustness diminishes
with system size [27,28], ensuring practical certification in
realistic noisy settings. Finally, the guarantee of constant
sample complexity yields substantial improvements over
prior methods, as detailed below. Combined with the use of
only local Pauli measurements, this ensures experimental
efficiency and scalability. Taken together, these features
establish a versatile and powerful framework for certifying
diverse quantum properties.

A. Complexity certification

A highlight of our results is the first explicit construction
of complexity witnesses. In Sec. IV, we show that circuit
complexity, i.e., the minimal circuit depth required to
prepare a state, can be certified to exceed a constant
threshold with constant sample complexity and robustness.
The key idea is to certify reliable signatures of circuit
complexity, such as high entanglement, on a carefully
chosen small subsystem. This approach also extends to
certifying measurement-assisted circuit complexity, which
can be exponentially smaller than standard state complexity
and is, therefore, more challenging to certify [44,45]. Our
framework, thus, opens a new pathway for probing intricate
structures in many-body quantum systems. As two impor-
tant examples, it enables efficient certification of long-
range entanglement [46,47] and nontrivial measurement-
equivalent quantum phases [48].

Corollary 1 (Certifying quantum circuit complexity,
informal). 1f the target state exhibits high localizable
entanglement on a specific small subsystem, then constant
(measurement-assisted) quantum circuit complexity can be
certified with constant sample complexity while achieving
constant robustness. This enables certification of long-
range entanglement and nontrivial measurement-equivalent
quantum phases with w(1) sample complexity. [In this
work, “@(1) sample complexity” means O(f(n)) samples
for any function f(n) = w(1).]

Concretely, these performance guarantees are established
for deep-thermalized states [17,37-41] and physically
relevant random brickwork-circuit states (see Table I).

B. Entanglement certification

In Sec. V, we show that our method enables highly
efficient certification of entanglement. For bipartite entan-
glement, we show that localizable entanglement on a small
subsystem suffices to certify entanglement across exponen-
tially many bipartitions with constant sample complexity.
More strikingly, we establish a highly efficient method for

certifying fully inseparable entanglement, namely, entan-
glement across all possible bipartitions [36], using only
logarithmic sample complexity. Fully inseparable entan-
glement is a crucial resource for quantum error correction
[26] and for the activation of genuine multipartite entan-
glement [49], making our certification protocol especially
valuable.

Corollary 2 (Certifying fully inseparable entanglement,
informal). If the target state exhibits localizable entangle-
ment on certain small subsystems, then fully inseparable
entanglement can be certified with O(log n) sample com-
plexity while achieving constant robustness.

Beyond establishing the performance of this entangle-
ment certification method for deep-thermalized states and
random brickwork-circuit states, we also numerically
demonstrate its efficiency across random stabilizer states
and various Hamiltonian systems (see Table I).

C. Magic certification

We further apply our framework to quantum magic (or
nonstabilizerness) certification in Sec. VI, with the free set
consisting of convex mixtures of all stabilizer states. Since
local Pauli measurements are free operations in the magic
resource theory and preserve stabilizerness, the presence of
localizable quantum magic after measuring a large comple-
ment in the computational basis directly certifies the magic
of the target state.

Corollary 3 (Certifying quantum magic, informal). If the
target state exhibits localizable magic on a small subsys-
tem, then quantum magic can be certified with O(1) sample
complexity while achieving constant robustness.

These performance guarantees are established for typical
Haar-random states. Furthermore, because magic is a funda-
mental resource for fault-tolerant quantum computing [50],
we numerically demonstrate the scalability of our approach
on magic-injection circuits for systems up to 512 qubits. To
the best of our knowledge, this is the first protocol to certify
quantum magic using only single-copy local measurements
while achieving soundness for mixed states. Consequently,
our framework offers the potential for exponential improve-
ments in sample complexity for relevant experiments, such
as detecting magic phase transitions [12] and benchmark-
ing near-term fault-tolerant demonstrations.

D. Fidelity certification

Finally, we show that global state fidelity is also robustly
encoded within small subsystems in Sec. VIL Specifically,
we propose a fidelity certification protocol that compares
local fidelities on a small subsystem after measuring the
large complement in local Pauli bases. Our protocol
achieves constant sample complexity and robustness for
almost all quantum states, including random graph states.
Since every stabilizer state is local-Clifford equivalent to a
graph state, this yields the first proof that generic stabilizer
states can be efficiently certified using solely local random
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Pauli measurements. This constant scaling dramatically
improves upon state-of-the-art nonadaptive methods, whose
costs grow polynomially with system size and whose robust-
ness against state imperfection diminishes [27,28], as well as
over adaptive local-measurement approaches that require
challenging classical feedback and long-lived quantum
memory to store states between measurement rounds
[28,29,51] (see Sec. VII for a detailed comparison).

Result 2 (Certifying state fidelity, informal). Conditional
fidelity robustly certifies the global fidelity of typical pure
target states. Specifically, the protocol provably achieves
constant sample complexity and constant robustness for
almost all quantum states (Theorem 5) and for random
graph states (Theorem 4).

III. MATHEMATICAL FRAMEWORK
AND PROTOCOL

Having outlined the key ideas and results of our work,
we now present the certification framework and protocol in
detail. We begin by formalizing the notion of localizable
quantumness, which serves as the foundation of our
approach. Building on this, we show how to construct
property witnesses through conditional fidelity. Then, we
present the complete protocol scheme, together with an
analysis of its performance guarantees.

A. Localizable quantumness and conditional fidelity

We partition the n-qubit system into a small subsystem A
(with n, qubits) and its complement B (with ny qubits, so
that ny + ngp = n). In the computational basis of B, the
target state can be written as

W)= > /@) w)a ® ) (1)

ze{0.1}5

which induces the projected ensemble &, := {p,,(z). v}
[see Fig. 1(a)]. For a (possibly mixed) experimental state p,
computational-basis measurements on B yields outcome z
with a projected state on A:

_ s[(14 ® [2) zlp)pr] 2)
) Py(2)
with probability p,(z) = tr[(I, ® |z)(z|)p].
To quantify the strength of localizable quantumness for a
property P, we first specify its associated free set
Fp € D(Hyp), consisting of all states that do not possess
P (e.g., the separable states when P is entanglement). Local
projective measurements on subsystem B maps each
pEFp to a family of projected states on A, thereby
inducing the free projected-state set

:FPP = {pz: pEva pp(z) # O} (3)

For the target state i, we then define the maximal fidelity at
each outcome z by

Fidp() = sup tr{oys). 4)
c€FPp

Small values of Fidp(y,) indicates strong localizable
quantumness—i.e., y, remains far from all property-free
projected states on A [Fig. 1(b)]. Averaging over outcomes
yields our localizable-quantumness metric

LQp(y) = > p,E)[1-Fidpe(y;)].  (5)

ze€{0,1}"8

This quantity plays a central role in our certification
protocols, serving as the gap that separates the target state
from all property-free states (Lemma 1). Unlike localizable
entanglement [33], we do not optimize over measurement
bases on B, as fixing a simple local measurement scheme
minimizes experimental requirements.

We also consider random-basis measurements on B:
independently for each qubit, randomly choose a Pauli
measurement basis X/Y/Z. Equivalently, the single-qubit
positive operator-valued measure (POVM) on B is

L)

S L5+ il

1 1 1
{50015 0015H005

x (—i|}. (6)

Let x€{0,1,+,—, +i,—i}"# (abbreviated as X"#) denote
the outcome string. The projected state on A and its
probability are, respectively,

(14 ® (x[p)ly)
lyy) = T,

Py (x) = 37"tr[(Iy @ |x) (x|p)y]. (7)

’

The random-basis metric of localizable quantumness is
then

I:\QP(V/) = Z ﬁl//(x)[l — Fidp ()] (8)

x e X"B

This variant preserves minimal experimental requirements
while enabling extensive data reuse and flexible postpro-
cessing from a single measurement dataset. These advan-
tages will be leveraged in our entanglement certification
scheme. In what follows, we present the protocol under
computational-basis measurements on B, and the extension
to the random-basis setting is straightforward.

We certify the target property P by comparing the
projected ensemble of the experimental state p with that
of the target . Formally, we define the observable
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FIG. 2. Certifying quantum properties via conditional fidelity. (a) Work flow of Algorithm 1. Computational-basis measurements
(shown in blue) are performed on a subsystem of p, yielding an outcome z and the corresponding projected state p,. Randomized Pauli
measurements (shown in orange) are then applied to p,. Leveraging prior knowledge of y,, we postprocess the measurement data to
obtain estimators of tr(y,p,). (b) Decision rule and robustness. By selecting an appropriate threshold #* and estimating the conditional
fidelity #,, from the measurement data, states p that are close to y are accepted, while property-free states are rejected.

— Fidp (y,)1] ® |z)(z| Lemma 1 to

My (p) = tr[Op (w)p] A= ZPW (v2)], (11)

= pr 2)[tr(y.p,) —Fidp(y,).  (9)

but, in practice, such bounds are often easier to compute

and readily available.
We refer to such an ensemble-averaged quantity as a

conditional fidelity, since it averages local fidelities con-
ditioned on measurement outcomes of B. Each local
fidelity is shifted by the constant Fidp(y,), ensuring that
the operator y, — Fidp(w,)I acts as a valid property wit-
ness, taking positive expectation only for projected states
lying outside the free set FPp.

Lemma 1 (n,,(p) is a valid witness). The conditional
fidelity n,, satisfies

(1) soundness: if p € Fp, then 1, (p) < 0; and

(2) completeness: for the target v, 1, (w) = LQp(y).
Consequently, the gap LQp(y) separates y from all
property-free states, making #,, a valid witness for P.

B. Protocol scheme and performance

We now turn the above construction into a practical,
experimentally implementable protocol and analyze its
performance (see Appendix A for proofs). Algorithm 1
details our protocol scheme, which proceeds in three

ALGORITHM 1. Protocol for certifying quantum properties.

Input: Quantum state p; classical description of a target state
w; failure probability § € (0, 1).
Output: accept or reject.

. P tation:
Proof. If p€ Fp, then for every z with p,(z) > 0 we r?c%rir:l[:iuaapl;rgtion AUB
have p, € FPp. The definition of maximal fidelity implies Exﬂeriment: )

tr(y,p,) — Fidp(w;) < 0. Averaging over outcomes yields
1, (p) < 0. For the target state v,

w[Op(w)w] = > p,(2)[1 —Fidp (). (10)

which equals LQp(y) by definition. ]

By continuity, 7, also certifies P for any state p
sufficiently close to yw [Fig. 2(b)]. Moreover, replacing
Fidp(y) in Op(y) with suitable upper bounds f(y) also
suffices for certification. This slightly reduce the gap in

2. Measure subsystem B of p in the computational basis,
obtaining an outcome z.

3. Measure subsystem A of p, in a random Pauli basis,
obtaining an outcome x.

4. Repeat steps 2 and 3 for T rounds, obtaining {(z;,x;)}~_,.

Postprocessing:

5. Compute the estimator w; of tr(y p, ) for 1 < i < T using
local classical shadow, and compute the median-of-means
estimator @ using {@; — Fid(y,)}]_,

6. Set n* = LQ(y)/3. If o < n*, output reject; otherwise,
output accept.
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stages: (i) Choose a partition A U B such that the subsystem
A exhibits large localizable quantumness. (ii) Perform
measurements on p and record the measurement outcomes.
(iii) Using the measurement record together with prior
knowledge of y, compute the estimator of 75,, (p) and decide
whether p possesses the target property.

In the protocol, we need to evaluate LQp(y) for the
chosen partition and Fidp () for the sampled projected
states. Rather than exhaustively enumerating the full
projected ensemble &, one can reliably estimate
LQp(y) by sampling only a small subset of projected
states. As discussed, it is not necessary to compute
Fidp(y,) exactly; replacing it with suitable upper bounds
f(y,) suffices. This substitution reduces the gap from
LQp(y) to a smaller value A [Eq. (11)], and we may adjust
the threshold to #* = A/3 accordingly. In all applications
considered here, subsystem A is of constant size, which
makes the computation of Fidp(y;) or its upper bound
efficient. Throughout this section, we therefore treat the
partition A U B together with the values of LQp(y) and
Fidp(y,) as given, deferring their explicit construction to
the discussion of specific applications.

In each experimental round i, we first measure sub-
system B in the computational basis {[z)}; 013>
obtaining a bit string z; drawn from p,(z). Conditional
on this outcome, we then measure each qubit of A in an
independently and uniformly chosen random single-qubit
Pauli basis using the POVM of Eq. (6), recording the
outcome x; € X"4. Repeating for 7 rounds yields the
dataset {(z;,x;)},.

In the postprocessing step, we use the collected data to
evaluate 7,,(p). The informationally complete POVM on
subsystem A enables an unbiased estimator ;:=
tr{y, [®;ea Blxij)(xi [ = 1))} of tr(yyp,,) using local
classical shadow [27,42,52]. The final estimator w is given
by applying the median-of-means procedure to 7" estima-
tors {@; — Fidp (y;,) i

Finally, we certify the property by comparing the
estimator to #* = LQp(y)/3. This decision threshold is
placed between the maximal free-state value (< 0) and the
ideal value LQp (), leaving margins of LQp(y)/3 above 0
and 2LQp(y)/3 below LQp(w). These margins absorb
statistical fluctuations and experimental noise. Our protocol
is summarized in Fig. 2. We have the following perfor-
mance guarantee.

Theorem 1 (Performance of Algorithm 1, formal version
of Result 1). Given a property P, a target state y, and a
bipartition A U B, Algorithm 1 satisfies

(1) (soundness): if the input state p € Fp, the protocol

outputs reject with probability at least 1 — §; and

(2) (completeness): if p satisfies d(w,p) <& with

€ = LQp(y)/6, the protocol outputs accept with
probability at least 1 — 6.

Moreover, the protocol performs local Pauli measurements
on p with sample complexity

24 In(671)o?

LW "
where 6% = 4" 4 1.

When n, = O(1), LQp(y) = Q(1), the sample com-
plexity is T = O(1), while achieving £ = Q(1) robustness.

Therefore, strong localizable quantumness LQp () on a
small subsystem guarantees sample-efficient certification,
validating Result 1. This condition holds for a broad class
of states, which is established in subsequent sections.

An important benefit of our protocol is its constant
robustness against state deviation. Specifically, our scheme
accepts any input state p within e = Q(1) trace distance of
the target state . Compared to certification methods that
require the experimental state to be e-close to the target
with & ~ 1 /poly(n) [27,28], the constant robustness of our
method significantly relaxes experimental requirements.
Given the high gate fidelities achieved by current platforms
[53,54], this robustness effectively enlarges the certifiable
circuit volume by a substantial factor. Furthermore, in the
early fault-tolerant regime with quantum error correction
techniques, our protocol serves as a practical tool for
certifying logical preparation procedures, such as magic
injection and cultivation.

Moreover, our protocol reliably rejects any mixed state in
Fp, offering an advantage over previous protocols that
detect properties only for pure input states, such as those for
circuit complexity [31,32] and magic [30]. The decision
boundary #* can also be tuned closer to the property-free
value O to further enhance robustness. Meanwhile, this also
increases the sample complexity, as higher precision is
required to estimate #,,(p). Therefore, n* can be tuned to
balance robustness and sample complexity.

C. Remarks on computational efficiency

While our protocol is experimentally efficient, its prac-
tical application also relies on the computational cost of
classical processing. In our protocol, this cost is dominated
by obtaining classical descriptions of the projected states
y,. Although, in general, computing yw, may require
exponential time, for a broad class of physically relevant
states, this computation is tractable. Tensor-network rep-
resentations enable efficient classical computation for a
wide class of large quantum systems [55-59]. Examples
include states produced by one-dimensional logarithmic-
depth circuits [60], the surface-code ground state [61], and
other long-range-entangled states [62]. Neural-network
quantum states [63—65] also capture highly entangled states
while permitting efficient evaluation of y,. In many
scenarios, such as magic-state injection protocols [50],
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the projected states are known exactly by construction.
Furthermore, for small subsystem sizes n,, computing the
projected state is feasible under the amplitude query model
by querying individual amplitudes of y,, consistent with
the framework established in Ref. [27]. Hence, our certif-
ication scheme is both sample efficient and computation-
ally tractable for a broad range of states.

Our protocol also requires estimating the maximal
fidelity Fidp(y,), or a suitable upper bound, on the
subsystem A. This value can be computed in time 29("4)
for entanglement and circuit complexity via singular value

decomposition or in time 2°%) for quantum magic using
the methods from Ref. [66]. Since our protocol requires
only a small subsystem size n,, this computational pro-
cedure remains efficient.

Crucially, our framework decouples the quantum experi-
ment from the classical computation by using nonadaptive
local measurements. During the quantum stage, no prior
knowledge of state preparation is required, so data collec-
tion is highly efficient. Consequently, the same dataset can
be analyzed offline for exponentially many different
properties or even different target states [27,52], which
can yield exponential improvements in sample complexity
over previous protocols, as exemplified in Sec. V. Given
that quantum resources are currently far expensive than
classical ones, this decoupling is a significant practical
advantage.

IV. CERTIFYING QUANTUM CIRCUIT
COMPLEXITY

Having established our certification framework, we now
illustrate its power and versatility by applying it to four
central tasks in quantum information: certifying quan-
tum circuit complexity, entanglement, magic, and state
fidelity.

We begin with circuit complexity. It quantifies the
minimal resources required to prepare a quantum state
and plays a fundamental role connecting quantum compu-
tation [67,68], quantum learning [31,32,69], many-body
physics [37,41,43,46,47,70], and black-hole physics [71-
73]. Certifying that a prepared state has high complexity is,
therefore, crucial both for probing novel structures of
quantum matter and for benchmarking experimental
platforms.

A. Certifying unitary circuit complexity

We first consider the standard notion of circuit complex-
ity for unitary circuit architectures. Formally, for a given
circuit architecture specified by a graph G = (V, E) where
vertices represent qubits and edges indicate the qubit pairs
on which native two-qubit gates may act, we define the
circuit complexity of a quantum state as the minimum
circuit depth required to prepare it within G. For a pure
target state y, the circuit complexity is given by

catw) =min{a:tw) =] (8., )"}, 13

i=1
where V;; is a two-qubit gate in the ith layer with
supp(V; ;) EE or a single-qubit gate and the gates in the
same layer act on disjoint qubits. For a mixed state p, we
adopt the convex-roof extension. Any p can be written as
p=> 1 Pwr With py >0 and >, py = 1. One may
prepare p by sampling k& with probability p, and then
preparing v, using a circuit of depth Cg (). The quantum
circuit complexity of p can, therefore, be no larger than the
largest depth needed among the ;. Formally,

Ca(p) =min{d:p = Zpi‘//iv with p; >0, ZP;‘ =1,

and Cg(y;) < d for all i}.
(14)

We apply our framework to certify that the complexity
of a state exceeds a certain depth d on a D-dimensional
lattice. While learning-based protocols exist [31,32,35],
they are often restricted to pure states and require a
sample complexity that grows with system size, limiting
their usage in realistic noisy settings. In contrast, our
approach overcomes these limitations and exponentially
improves sample complexity, achieving constant sample
complexity for certifying constant-depth complexity
[d = O(1)] and remaining sound for mixed states.

Our approach is based on a key physical insight: in a
low-depth circuit, information can propagate only a limited
distance. This light-cone effect dictates that local measure-
ments on the periphery of a system cannot substantially
alter the entanglement structure deep within its center.
Consequently, low-complexity states yield projected states
with limited entanglement.

Formally, we focus here on an m x m two-dimen-
sional case (D = 2, with circuit complexity denoted C,).
Our method readily extends to higher dimensions. Let A
be the set of qubits in a 2w x 2w square and B its
complement, as illustrated in Fig. 3(a), where the width
w is chosen slightly larger than the threshold depth d.
The key observation is that, for a circuit of depth d, the
entanglement between the left and right halves of region
A [L and R, respectively, in Fig. 3(a)] is bounded. This
is because only gates near the boundary between L and
R can generate entanglement across this cut, and a
shallow circuit contains few such gates. We formalize
this as the following lemma. Detailed proofs are given
in Appendix B.

Lemma 2 (Entanglement in states of low unitary circuit
complexity). Let |¢) be an (m x m)-qubit pure state with
circuit depth C,(¢) < d. Consider the partition A U B with
A = L UR, as depicted in Fig. 3. Then, for every meas-
urement outcome z € {0, 1}z,
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FIG. 3.

1 : high-complexity target state

Projected ensembles for certifying circuit complexity d. (a) Partitioning of a two-dimensional lattice: the full m x m lattice is

divided into subsystems A and B, where A is a 2w x 2w square. Subsystem A is further split into L and R, with L = L, U L, and
R = R UR,. The regions L; and R; comprise all qubits whose distance to B is at most d. (b) Entanglement in the projected ensemble
certifies complexity. The free projected-state set FPp consists of states with entanglement across L|R below a threshold e. If a state p,
has small unitary circuit complexity C», all of its projected states lie in FPp. If a state p, has small measurement-assisted complexity
C3", a large fraction of its projected states lie in FPp. Our protocol efficiently certifies the complexity of a high-complexity target y

whose projected states are far from FPp.

EL|R(¢z) < 8wd, (15)
where E;g(&pr) = 8(&,) = —tr(§p logéy) is the entan-
glement entropy of the state &;p across the biparti-
tion L|R.

In essence, Lemma 2 characterizes the projected free set
FPp for the property P of “circuit complexity C, > d”: it
contains only projected states with low entanglement across
L|R. Conversely, if the projected states of the target are
highly entangled, they must lie far from FPp. Therefore,
the high entanglement entropy of the projected ensemble
provides a clear signature of circuit complexity, as illus-
trated in Fig. 3(b), enabling efficient certification of circuit
complexity.

Theorem 2 (Certifying 2D quantum circuit complexity).
Let y be the target state and consider the bipartition A U B
shown in Fig. 3, with w = yd for some n > 4. Suppose
projected ensemble of y on A satisfies

Pr [Eyn(ys) = clL|+ 1] = p = Q(1),

Z~py (2

(16)

for a constant ¢ = 45~! + Q(1). Then Algorithm 1 certifies
that the circuit complexity of y exceeds d with constant
failure probability, using T = exp(O(n*d?*)) copies of y
and achieving robustness ¢ = Q(1).

Therefore, for constant circuit complexity d = O(1),
our protocol achieves constant sample complexity and
robustness. This constant-depth regime is particularly
important: in finite spatial dimensions, depths d = (1)
are associated with long-range entanglement in many-body
systems [46,47,74]. Consequently, our protocol provides a
sample-efficient method for certifying long-range entan-
glement by certifying depths just beyond the constant
regime using @(1) samples. Moreover, the protocol

requires only polynomially many samples up to depths d =
O|[(log n)'/?] (or, more generally, d = O[(log n)'/"] in
spatial dimension D).

B. Certifying measurement-assisted
circuit complexity

We now turn to a stronger notion—measurement-
assisted circuit complexity [43,48]. Measurement-assisted
circuits permit midcircuit single-qubit measurements with
classical feedforward and have attracted significant recent
interest because they can provide exponential depth
shortcuts for preparing important many-body states, includ-
ing topologically ordered phases [44,45,62,75,76]. The
recently introduced spacetime quantum circuit complexity
also unifies notions of circuit width, depth, and measure-
ments and reveals a novel complexity concentration phe-
nomenon in measurement-assisted circuits [43].

Here, we focus on the definition of measurement-
assisted circuit complexity as the minimum number of
measurement layers required to prepare a target state
deterministically. This definition underpins the hierarchy
of topological order and the notion of nontrivial measure-
ment-equivalent quantum phases [48]. Formally, fix an
architecture G = (V,E) on n = |V| qubits, a depth-d
measurement-assisted circuit consists of d rounds. In round
i €[d], conditioned on the previous measurement record
m.; = (my,...,m;_y), one applies parallel two-qubit gates
{VZ’;" » on pairwise disjoint edges of E (and arbitrary
single-qubit gates if desired), followed by single-qubit
projective measurements {P;'+'(b)},c 0,1y on a subset of
qubits ¢, yielding outcomes m;,€{0,1}. Gates and
measurements within the same round act on disjoint qubits,
and future operations may depend on the cumulative
measurement record m_;. Let m = (m,...,my) denote
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the full outcome record. The unnormalized postmeasure-
ment state is

d

= |11 (E[Pzt’;(mi,ﬁ) (va)] 0®, (7)

i=1

with branch probability p,, = |||@,,)||3 and normalized
state |,,) = |Pm)/+/Pm- The measurement-assisted circuit
complexity of a pure state y is

CZ°(y) == min{d: 3 depth-d measurement-assisted circuit

such that, V m with p,, > 0,|¢,,) = |v)}.
(18)

For mixed states, we use the convex-roof extension the
same as in Eq. (14).

Low-depth measurement-assisted circuits are also
expected to generate limited entanglement across appro-
priately chosen cuts. Nonetheless, incorporating the effects
of measurements is subtle. For example, depending on the
partition, measurements can induce significant entangle-
ment in postmeasurement states even when the underlying
unitary depth is shallow [77]. We address this by choosing
the specific bipartition in Fig. 3 and leveraging the fact that
entanglement entropy is a monotone that is nonincreasing
on average under local measurements [78]. The next lemma
quantifies the average entanglement remaining on A after
measuring its complement B.

Lemma 3 (Entanglement in states of measurement-
assisted circuit complexity). Let |¢p) be an (m x m)-qubit
pure state with measurement-assisted circuit complexity
C5"(¢) < d. Consider the partition A U BwithA =L UR
as depicted in Fig. 3. Then,

[Ez~p¢(z) [EL|R(¢Z>] < 12wd. (19)

Therefore, although certain projected states ¢, may exhibit
high entanglement, the average entanglement remains small.
As a result, most projected states lie in a low-entanglement
set [Fig. 3(b)]. Nonetheless, this crucial distinction makes the
conditional fidelity witness in Lemma 1 less effective. To
address this, we adopt a linear witness of the form

0= [t+ (1= )8, (Fid(w,))][y:) (wela ® |2) (zls.

(20)

where 7€ (0, 1) and ©,(x) = 1[x < #]isathreshold function.
The precise construction of O, along with the set defining the
maximal fidelity Fid(y), is provided in Appendix B,
together with the full proofs. Using this construction, we
establish the following.

Theorem 3 (Certifying 2D measurement-assisted circuit
complexity). Let y be the target state and consider the

bipartition A U B shown in Fig. 3, with w = 5d for some
n > 6. Suppose the projected ensemble of y on A satisfies

Pr [Enlys) 2 clL|+1]2 p=Q(1).  (21)

z~py (2)

for a constant ¢ = [6+ Q(1)]p~'y~!. Then, estimating
tr(Op) above a threshold 5 certifies that the measure-
ment-assisted circuit complexity of y exceeds d with
constant failure probability § using exp(O(5?d?)) copies
of w and achieving robustness ¢ = Q(1).

In the regime d = O(1), our protocol again uses only
O(1) sample complexity. This enables, in particular, the
certification of nontrivial measurement-equivalent quantum
phases [those with C3™ = w(1)] [48] using only w(1)
samples. Although the hidden constant could be large, to
our knowledge, these are the first protocols to achieve
system-size-independent sample-complexity scaling for cer-
tifying unitary and measurement-assisted circuit complexity.

C. Performance on generic quantum states

We now show that our approach applies to generic
quantum states and a wide range of physically relevant
states. The detailed proofs are given in Appendix C.

An important class of states is those drawn Haar
randomly, which could demonstrate the average-case
performance of our protocol over the full Hilbert space.
For Haar-random states, the projected states on subsystem A
are highly entangled. This can be established via the concept
of deep thermalization [17,37]: higher moments of the
measurement-induced projected ensemble within a subsys-
tem are close to their thermal values (i.e., to those of the Haar
ensemble), so the ensemble forms an (approximate) state
design. The high entanglement inherent in second-order state
designs [79] suffices to satisfy the requirement in Theorems 2
and 3, enabling sample-efficient certification of complexity
for these deep-thermalized states.

Proposition 1 (Certifying circuit complexity of deep-
thermalized states). Let w be an n-qubit state whose
projected ensemble £, on a specific ©(d*)-qubit system
A (see Fig. 3) forms an e-approximate 2-design with
e = O(27"4/2). Then, our protocols can certify that y has
complexity C, (or C3") larger than d with a sample
complexity of exp(O(d?)) while achieving constant
robustness.

Using deep thermalization results for Haar-random states
[37], we establish the average-case performance of our
protocol for Haar-random states. Moreover, deep thermal-
ization has been observed in many chaotic physical
quantum systems [39-41], so our protocol also applies
to these physically relevant states.

To further assess practical performance, we consider
more experimentally relevant ensembles: states generated
by brickwork quantum circuits, where each layer consists
of two-qubit gates arranged in a staggered pattern. Such

041027-10



CERTIFYING LOCALIZABLE QUANTUM PROPERTIES WITH ...

PHYS. REV. X 16, 041027 (2026)

architectures serve as canonical ensembles for studying the
generic behavior of physical quantum states [77,80-82].
We prove in Appendix C that, for finite D-dimensional
circuits, as long as the circuit depth @' is slightly larger than
the complexity d we aim to certify—specifically, d’ > kd
for some global constant k—these depth-d’ circuits yield
highly entangled projected states, which are, therefore, far
from FPp. This provides a sample-efficient method for
certifying the complexity of shallow-brickwork-circuit
states. We summarize the result below, which generalizes
to any finite D-dimensional circuit.

Proposition 2 (Certifying circuit complexity of random
brickwork-circuit states). There exists a constant k£ such
that, for a state yw drawn from random 2D brickwork
circuits with depth d’ > kd, with probability at least 0.99,
our protocols can certify that y has complexity C, (or C5")
larger than d with a sample complexity of exp(O(d?))
while achieving constant robustness.

Taken together, these two propositions establish the
sample efficiency of our protocol for both generic quantum
states and experimentally realizable states on near-term
quantum platforms.

V. CERTIFYING QUANTUM ENTANGLEMENT

Entanglement is a fundamental feature of quantum
mechanics, and certifying it has long been a central yet
challenging task in quantum physics [10,18,83-85]. While
fidelity-based witnesses are a powerful and widely used
tool [4,84,86], they suffer from a major practical limitation:
measuring fidelity typically requires global measurements,
which are often experimentally prohibitive. Here, we
demonstrate that our certification framework provides a
highly efficient solution for certifying both bipartite and
fully inseparable multipartite entanglement. By relying
solely on local measurements, our approach substantially
reduces the implementation complexity required to witness
entanglement.

We begin by showing that entanglement across expo-
nentially many bipartitions can be certified with constant
sample complexity. We then tackle the more deman-
ding task of certifying fully inseparable entanglement.
Remarkably, we demonstrate an exponential improvement
over prior methods, reducing the required sample complex-
ity from linear to logarithmic in the system size for generic
quantum states.

A. Bipartite entanglement

We first consider certifying entanglement across a
bipartition A|B. In general, certifying bipartite entangle-
ment is a daunting task [2,87,88]. Entanglement witnesses
provide a powerful route: every entangled state admits a
witness, which is very useful in experiments [84].
Nevertheless, designing witnesses using simple local mea-
surements is highly nontrivial [26,89].

Our framework circumvents this obstacle by reducing
global certification to a local entanglement witnessing task
on a small subsystem. Let A; C A and B; C B be two small,
disjoint subsystems. The key insight is that, if a state p is
separable across A|B, then any state on A;B; obtained by
performing local measurements on the complement R :=
[n]\(A; U B;) must also be separable. (Note the difference
in notation adopted in this section: the system R corre-
sponds to B in Algorithm 1 and A;B; corresponds to A.)
Therefore, for the property P of “entanglement across A|B,”
the free projected-state set FPp on A B; is precisely the set
of separable states on A;B;. We define the localizable
entanglement between A; and B, as

LE, (A}, By) = LQgny(a.5)(¥), (22)

making explicit its dependence on the chosen subsystems.
By Theorem 1, if the target state |y) robustly preserves this
resource—namely, if LE, (A, B;) = Q(1)—then our pro-
tocol for certifying the bipartite entanglement is efficient.

Proposition 3 (Certifying bipartite entanglement).
Consider two disjoint subsystems A, B; C [n] of constant
size, ny, ,ng, = O(1). If the target state y satisfies

LE,(A;. B,) = Q(1), (23)

then Algorithm 1 certifies that y is entangled across any
bipartition A|B (with A; CA,B; C B) with O(Ins™")
sample complexity while achieving constant robustness.

This condition of constant localizable entanglement is
satisfied by broad classes of states. In particular,
Propositions 1 and 2 establish this behavior for deep-
thermalized states and random  brickwork-circuit
states, respectively, with n, ,np = O(1). Furthermore,
Lemma 10 proves that, for Haar-random states, two-qubit
subsystems (A; = {1} and B; = {2}) already satisfy
LE,(1,2) = Q(1) with overwhelming probability.

Notably, if the protocol outputs accept, then we simul-
taneously certify entanglement of p across all bipartitions
that separate A; and B;. Indeed, if p were separable across
some bipartition A|B with A; C A and B, C B, then local
measurements on R cannot create entanglement between A
and B,. Consequently, every projected state p, on A; U B
would be separable, and the certification would out-
put reject.

We remark that prior definitions of localizable entangle-
ment [26,33,34] optimize over local measurement bases,
whereas here we do not. Avoiding this optimization
eliminates substantial classical optimizations and removes
stringent device requirements such as adaptive local mea-
surements, yielding a simple, nonadaptive protocol. The
price to pay is that our fixed-basis approach may fail to
certify certain families of states for which basis optimiza-
tion is required—for example, the n-qubit Greenberger-

Horne-Zeilinger state (|0") + |1"))/v/2. Nevertheless, the
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results above demonstrate that this fixed-basis localizable
entanglement remains constant across generic and broadly
applicable physical state ensembles.

It is also instructive to discuss the relationship between
our witness and standard entanglement measures. The
quantity Fidp corresponds to the maximum singular
value (pa,) of the Schmidt decomposition of projected
states y, which relates to the min-entropy of (),
(—log pmax) rather than the standard entanglement
entropy S(w.). While these two entropies can diverge
for large systems, Proposition 3 targets small subsystems
where n, = O(1). In this regime, the difference between
the two entropies is bounded by a constant factor, ensuring
comparable performance in characterizing the entangle-
ment of the projected states. On the other hand, the
relation between LE,(A;,B;) and the global entangle-
ment entropy S(y) may be weak, as global states with
disparate entanglement entropy behaviors can exhibit
similar localizable entanglement. Nonetheless, the entan-
glement entropy is notoriously difficult to measure exper-
imentally [90]. In contrast, fidelity-based metrics hold
significant operational relevance [91] and are frequently
employed in experimental certification [4,84]. By meas-
uring conditional fidelity solely with local measurements,
our method significantly reduces the implementation
complexity required for certification tasks based on global
quantities.

Beyond its experimental simplicity, we now show that
our framework also enables substantial reductions in
sample complexity for certifying more complex entangle-
ment structures.

B. Fully inseparable entanglement

We now address the more stringent task of certifying
fully inseparable entanglement, where a state is entangled
across every possible bipartition [36]. This structure is a
key resource for quantum networks: it is the necessary
and sufficient form of entanglement for activating genu-
ine multipartite entanglement [25,49]. It also provides a
meaningful benchmark for noisy devices aiming to
implement quantum error correction [26]. Conse-
quently, certifying fully inseparable entanglement offers
a stringent test of entangling power and a stepping stone
toward quantum networks and fault-tolerant quantum
computing.

At first glance, certifying fully inseparable entanglement
appears challenging, as one must rule out separability
across exponentially many bipartitions. Nonetheless,
Proposition 3 provides a path forward. It suffices to certify
localizable entanglement between qubits i and i + 1 for
each i €[n — 1]. Indeed, if p were separable across some
bipartition A|B, then there exists i € A satisfying i + 1 € B,
and, therefore, the test on the pair {i, i + 1} would fail. A
straightforward implementation that runs our protocol
separately for every i would require n—1 distinct

experiments, yielding total sample complexity at least
linear in n, similar to existing methods [26].

Here, we exponentially improve this scaling by decou-
pling the measurement scheme from the choice of pairs and
reusing a single dataset across all tests, with the spirit
underlying classical shadows [52]. Concretely, rather than
measuring the complement of a specific pair in the
computational basis, we perform single-qubit random
Pauli measurements on all qubits. Data collection is, thus,
independent of which pair will be tested in postprocessing.
To leverage this dataset, we use the random-basis analog of
Eq. (22):

ITEV/(AI’BI) = L\QEnt(A,\BI)(V/)' (24)

Algorithm 1 extends directly to this random-basis setting:
measure the complement R of A; By in a random Pauli basis
instead of the Z basis, and then estimate tr(y,p,) and
Fidp(w,) on A; U B;. Replacing the condition in Eq. (23)
of Proposition 3 by LE,, (A, B;) = Q(1) yields the same
performance guarantees by using the random-basis variant
of Algorithm 1.

Now, we show our modified protocol reduces the sample
complexity from linear to logarithmic in n (proofs in
Appendix D). Concretely, we collect a single dataset from
T rounds of random Pauli measurements on p and reuse the
same dataset to certify localizable entanglement for the
(n—1) pairs Ay ={i},By ={i+ 1} for 1 <i<n—-LIf
all tests output accept, we certify fully inseparable
entanglement. This protocol also extends to any set of n —
1 pairs that connects the n-vertex graph.

Proposition 4 (Certifying fully inseparable entanglement
with logarithmic sample complexity). Let y be a quantum
state satisfying

LE, (i,i+1) = (1) (2)

for all 1 <i < n— 1. Then, the fully inseparable entangle-
ment of y can be certified with failure probability & using
T = O(log n + log 5~') samples, while achieving constant
robustness.

For generic states, such as Haar-random states, the
condition I_/,\]/Ey,(i, i+ 1) =Q(1) holds simultaneously for
all i with high probability (Appendix D, Lemma 10). To
further demonstrate localizable entanglement in a physical
setting, we evaluate its distribution across all nearest-
neighbor pairs for random stabilizer states y up to hundreds
of qubits, as presented in Fig. 4 (details provided in
Appendix D). Here, i, denotes the site index where
I_A,]::y,(ip,ip + 1) corresponds to the pth quantile of the
distribution (0 < p < 1). We observe that the deviation
between the maximum LTE,I,(iO, ip + 1) and the minimum
I:\l::,/,(i 1, i1 + 1) is small, with the minimum concentrating
consistently around 0.2. Furthermore, the variation across
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FIG. 4. Localizable entanglement ﬁw(i p+ 1, + 1) for random
stabilizer states y. Here, i, denotes the site index corresponding
to the pth quantile of the localizable entanglement across all sites.
Error bars denote the standard deviation across the sampled
states, which are negligible for large system sizes.

distinct random stabilizer states is negligible. These results
further validate that our protocol provides a sample-
efficient method for certifying this strong form of multi-
partite entanglement in generic quantum states.

C. Case study: Ground states of Hamiltonian systems

Building on the general result that the random-basis

localizable entanglement LE, can remain constant for
generic many-body states, we now investigate this metric
for ground states of concrete Hamiltonian models, thereby
demonstrating the practical efficiency of our protocol.

We begin with the spin-} XXZ chain, a paradigmatic and
exactly solvable model of quantum magnetism with a rich
phase diagram [92]. The XXZ chain has played an
important role in entanglement theory [34,93,94] and
serves as a key experimental benchmark on multiple
platforms, including trapped ions [95] and optical cavities
[96]. The Hamiltonian is

n
Hyxz = = Z[O’i"ﬁcﬂ +oy0y" + Aclol™], (26)
i=1

where A is the anisotropy, with periodic boundary con-
dition ¢”*! = ¢l. For a translational-invariant nondegen-
erate Hamiltonian, its unique ground state is also
translational invariant, so LAEU,(i, i+ 1) is identical for

all i. We numerically evaluate ITEV,(I,Z) of the ground
state y for system sizes up to n = 64 using the density
matrix renormalization group (DMRG) algorithm [97].
Details of the numeric experiments are provided in
Appendix D.

The results are shown in Fig. 5(a). We observe that
LA,EU,( 1,2) remains nonvanishing throughout the critical
regime |A| <1, with only mild finite-size drift as n
increases. Notably, ITEI/,(I,Z) reaches maximal at the
isotropic point A = —1, at which the XXZ chain undergoes

XXZ7 model
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FIG. 5. Localizable entanglement I:TEW(I, 2) in the ground
states of Hamiltonian systems. Across broad parameter regimes,
the localizable entanglement remains finite, enabling sample-
efficient certification of entanglement. In addition, its behavior
signifies key parameter points of the system.

a Kosterlitz-Thouless transition from gapped Néel anti-
ferromagnet (A < —1) to critical Luttinger liquid (JA] < 1)
[92]. Moreover, it vanishes at another phase transition point
A =1 where the ground state becomes a product state for
A > 1. Therefore, the behavior of Ij]::V,(l,Z) is able to
indicate various phase transitions.

We next consider the spin—% J1-J, Heisenberg chain, a
paradigmatic frustrated extension of the nearest-neighbor
model with next-nearest-neighbor couplings. Although not
exactly solvable, in general, its key parameter points are
well established: a fluid-dimer transition occurs at J,/J; ~
0.2411 [98]; the exactly solvable Majumdar-Ghosh point
Jo /T = % [99]; and, within the same phase, a Lifshitz point
near J,/J; ~ 0.52 [100]. The model captures the physics of
zigzag-chain materials [101] and has been implemented on
programmable superconducting platforms [102].

Concretely, with periodic boundary conditions, the
Hamiltonian is

n n
Hy, :lesi-aiJr' +J226i'6i+2, (27)
i=1 i=1

where 6’ = (0%, 0, 1) and o/ = ok. Here, we set J; = 1
and consider an antiferromagnetic interaction J, > 0. For
the ground state y, we evaluate the random-basis localiz-
able entanglement L/,\EW(I,Z). The results are shown in
Fig. 5(b).
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At the Majumdar-Ghosh point J,/J| = % fluctuations in

ﬁw(l, 2) are from the twofold degeneracy of the ground
space: in one ground state, sites 1 and 2 are maximally
entangled, whereas in the other they are unentangled.

Therefore, LTEW(I, 2) depends on the superposition coeffi-
cients of the two ground states. As J, increases from 0,

I/:I:Zy,( 1,2) grows and peaks near the Lifshitz point J, ~ 0.52
and then decreases for larger J,. Therefore, the Lifshitz point
is signaled by the discontinuity in the first derivative of
Ijﬁw(l, 2). By contrast, we do not observe a clear signature
near the phase transition J,/J; =~ 0.2411, and understanding
which types of parameters can be captured by localizable
entanglement is an interesting question [34].

One can find wide parameter regimes where ]jl:lw(l, 2) is
robustly bounded away from zero across both models. For
nondegenerate Hamiltonians, translation invariance then
implies I_A,El,,(i, i+1)= LTEW(I,Z) = Q(1) for all nearest-
neighbor pairs. By Proposition 4, this yields logarithmic
sample complexity and constant robustness for certifying
fully inseparable entanglement in those Hamiltonian
systems.

VI. CERTIFYING QUANTUM MAGIC

Here, we further demonstrate the power of our frame-
work by applying it to certify quantum magic (or non-
stabilizerness), a critical resource for fault-tolerant quantum
computing [103-106]. Its characterization has recently
received significant attention [30,107-112]. Nonetheless,
robust certification of this critical resource remains chal-
lenging. Existing protocols often lack soundness for
mixed-state inputs or require demanding measurements
[30,109,110]. We overcome these limitations and present
the first protocol that certifies quantum magic using very
few local measurements and achieves soundness for mixed
states. Furthermore, it uses only constant sample complex-
ity and achieves constant robustness.

A pure n-qubit stabilizer state can be written as
lw) = C|0)Y®", where C is a Clifford circuit acting on
the initial all-zero state [113]. The set of free states—
namely, the stabilizer set—is defined as the convex hull of
stabilizer states:

STAB, = {p:p =Y pilyi) (v

’

with piZO,Zpi: 1,
and |y;) = C;|0)®", C; Clifford}. (28)

A key feature of the stabilizer set is its closure under Pauli
measurements [113]. Consequently, the free-projected set
FPp is simply the set of stabilizer states on A, denoted
STAB,. The maximal fidelity Fidp(¢) then becomes the
well-known stabilizer fidelity [104,106]:

(a) (b) 0.3

|| | pemnmne -

0.1

® @ e

k
k
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k
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. e 0.0 0.2 [\(y) 04
p

0 0.1 0.2
almw

FIG. 6. Magic certification and its performance. (a) The system
is initialized in the state |0)®"* ® |a)® . A global random
Clifford unitary C is then applied to scramble the injected magic.
Finally, single-qubit Pauli measurements are performed on the
complementary system, yielding projected states on the small 74-
qubit subsystem. (b) Localizable magic ITM(I//) with system size
ne€{32,64,128,256,512} for a fixed subsystem size ny =3
and varying numbers of injected magic state k€ {2,4,6,8}.
Darker colors correspond to larger system sizes. Each data point
represents the average over five random Clifford realizations
(each estimated using 1000 projected state samples), with error
bars denoting the standard deviation across realizations. (c) The
relation between global depolarizing noise strength p and 7, ()
for p = (1 — p)y + pl/d with the same state y. The value of
1,,(p) remains in the certifiable regime for p = LM(y), demon-
strating the strong robustness of our protocol.

Fidp(y,) = max

|¢) €STAB,

(@lw|9). (29)

Let LM(y) == LQuagic(y) denote the localizable magic
of the target. By Theorem 1, if ny, =O(1) and
LM(y) = (1), then our protocol has constant sample
complexity and robustness. We prove that this condition
holds for typical Haar-random states with ny, =1 in
Appendix E. This condition is also expected for generic
physical states: their projected ensemble on A is typically
random states [37], which possess abundant quantum
magic and require many layers of non-Clifford gates to
prepare [114,115]. Hence, our certification protocol is both
efficient and robust for generic states.

However, in many practical scenarios, quantum magic is
a scarce and costly resource. A crucial scenario involves the
injection of magic into Clifford circuits [12,50]. In near-
term demonstration of fault-tolerant architectures, the
quantum circuits are likely to be dominated by Clifford
operations, with a limited number of logical T gates
implemented via magic state distillation or cultivation
[116]. To demonstrate the efficiency of our certification
protocol for this practical setting, we consider and examine
a magic-injection-and-scrambling model [Fig. 6(a)].
We initialize the system in a product state comprising
n — k single-qubit stabilizer states |0) and k magic states

la) = 1/3/2(|0) + €™|1)), where a€[0,7/4] and k
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controls the amount of injected magic (with a = /4
yielding maximal magic). A random n-qubit Clifford
unitary C is then applied to scramble the injected magic
across the system. The resulting target state is given by

[w) = C(10)®"* @ |a)®"). (30)

Following local Pauli measurements on the ng-qubit
subsystem B, the resulting projected states y, are defined
on the complementary subsystem A, which consists of
ny, = n — ng qubits.

We first numerically evaluate the localizable magic
fﬁ(l[/) for a fixed subsystem size n, = 3, varying the
magic injection angle @, magic state count k, and the total
system size n [Fig. 6(b)]. These simulations utilize estab-
lished classical algorithms for 7-doped Clifford circuits and
stabilizer fidelity estimation [66,104]. The data reveal

several key features. First, LM(y) increases with k,
demonstrating that global magic is effectively concentrated
into the subsystem A, an insight that underlies protocols
like magic-state injection. Second, and most importantly

for our purposes, fﬁ(w) quickly exceeds a constant
threshold as a increases. This implies that, for a fixed

random Pauli basis, the localizable magic iTM/(l//) exceeds a
constant with high probability. According to Theorem 1,
this directly shows that our protocol certifies magic in these
states with constant sample complexity and robustness. It is

also interesting that LM increases monotonically with a,
suggesting that the projected-ensemble-averaged magic
faithfully reflects, to a significant extent, the total magic
of the full state. Such a magic concentration phenomenon
has likewise been observed in Refs. [12,117]. We remark

that fl\7[(1//) is not a magic monotone, as it can change
under the addition of ancillary |0) qubits and Clifford
rotations. Nevertheless, it serves as a practical indicator of
the global magic contained in the state.

To further demonstrate robustness, we simulate our
protocol on a state subject to global depolarizing noise,
p=(1=p)y+pl/d, a good model for present-day
experiments [118]. Moreover, coherent errors can be
converted into effective depolarizing noise via randomized
compiling [119,120]. Figure 6(c) plots 7, (p) versus the
noise strength p for a 512-qubit state generated with
a = r/4. As shown, the conditional fidelity 7(p) remains
well above zero even for substantial noise levels p =~ 0.35.
This behavior can also be derived analytically:

1, (p) = (1= p)LM(w) + pd~! [Z(l - dAFidP(l//z)):|

= (1-p)LM(y) + p {dxl - dEIZFidP(Wz)} :

(31)

By adjusting the decision boundary to require 7* < #,,(p),
our protocol could certify the magic in p whenever
1,(p) > 0, which holds provided

_ LM(y)
dg' > Fide (w;) + LM(y) — '

LM(y)
1—d;"

~
~

p (32)

consistent with the numerical simulation. Here, the appro-
ximation uses the empirical observation LM(y) ~ 1 —
dy' >, Fidp(y;). This level of robustness is much better
than a direct application of Theorem 1, showing that
robustness can be improved in realistic noise scenarios.
Moreover, the monotonic decrease of 5, (p) with increasing
noise strength directly highlights the utility of our protocol
for benchmarking noisy quantum devices.

VII. CERTIFYING QUANTUM STATE FIDELITY
USING RANDOM-BASIS-ENHANCED
CONDITIONAL FIDELITY

We now address a particularly strong certification task:
certifying the global state fidelity (y|p|w). Recent protocols
achieve this using only local measurements [27-29,51], but
they face severe trade-offs between experimental simplicity
and certification power. Adaptive protocols can, in princi-
ple, certify arbitrary states [28]. For Haar-random states,
recent adaptive local-measurement protocols have achieved
a sample complexity of O[(logn)?] and a robustness of
Q(1/1logn) [51]. However, employing adaptive protocol
requires challenging classical feedback and long-lived
quantum memory to store the state between measurement
rounds [28,29,51]. Reference [51] also demonstrated that
constant scaling is achievable, but doing so required
nonlocal measurements across O(log n) qubits.

By contrast, protocols that employ nonadaptive local
measurement schemes are far more compatible with near-
term hardware. However, state-of-the-art nonadaptive
methods for generic states, such as the shadow-overlap
protocol, exhibit O(n*) sample complexity and Q(n?)
noise robustness, and this sample complexity can improve
to O(n?) only by using adaptive measurements [27].
Consequently, whether constant robustness and sample
complexity can be achieved for generic states using solely
nonadaptive local measurements has remained a central
open challenge in the field.

Here, we show that our enhanced conditional fidelity
protocol settles this problem. Relying solely on nonadap-
tive single-qubit Pauli measurements, it achieves O(1)
sample complexity and (1) robustness for certifying
generic states, including both Haar-random states and
physically relevant random graph states. By achieving
essentially optimal scaling guarantees, our protocol pro-
vides a definitive resolution to this open challenge in
quantum certification.
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A. Random-basis-enhanced conditional fidelity

Our previous conditional fidelity mainly focuses on
measuring subsystem B in a single, fixed basis (e.g., the
computational basis), which is insufficient for fidelity
certification: the product state [yg), ® |0"2) achieves
unit conditional fidelity even though its global fidelity with
|} could be exponentially small in ngz. The core issue is
that a fixed measurement basis on B fails to capture the rich
correlations across the A|B partition, which are revealed
only in other bases (e.g., the relative phases among the
projected states).

Our solution is to measure subsystem B in randomly
chosen single-qubit Pauli bases. The intuition is that
random basis choices produce projected states on subsys-
tem A that are closely correlated with one another, so the
conditional fidelity captures the global fidelity structure and
becomes a sensitive witness of the overall state fidelity. To
formalize this idea, we define the following observable:

0,=3" >

xeX"B,p(x)#0

lwe) (wxls ® [x)(x[p. (33)

By construction, tr(O,,y) = 1. The ability to certify fidelity
is determined by the spectral gap

A(0,) =1 - maxtr(Oy ), (34)

as shown in the following.

Proposition 5 (Certifying state fidelity with local Pauli
measurements). Let y be the target state with A(O,,) > 0,
and fix parameters 0 < ¢ <1/2, 0 < F <1, and 6 > 0.
Then, using local Pauli measurements on

—1 ny
_ 27 lr;(é2 )(4 —12—1) (35)
c*A*(1-F)
samples of p suffices to

(1) output reject with probability at least 1 —§ when

tr(py) < F; and

(2) output accept with probability at least 1 —6

when tr(py) > 1 - (1 -2¢)A(1 —F).

Therefore, a larger spectral gap A directly improves both
sample complexity and robustness. While the gap can
vanish for certain target states (e.g., product states across
A|B), we now show that it is typically bounded below by a
constant for generic families of states of interest.

B. Provable constant gap for random graph states

We first prove that our protocol achieves a constant gap
for random graph states, providing a natural and robust
benchmark for evaluating its performance. Graph states
form a canonical and widely used subclass of stabilizer
states, serving as standard resources in quantum compu-
tation and quantum networks [75,121,122]. Moreover,

every stabilizer state is local-Clifford equivalent to a graph
state [113,122], making graph states a representative family
for studying generic phenomena for stabilizer states.

Specifically, let G = (V,E) be a simple undirected
graph on n vertices V = {1, ...,n} with symmetric adja-
cency matrix A€F;*" with zero diagonal entries. The
associated n-qubit graph state |G) is given by |G) =
(I1-; CZ?}j)|+)®”. We consider the random graph state
ensemble obtained by sampling A uniformly from the set of
all symmetric, zero-diagonal matrices. Our main theorem for
this ensemble is the following.

Theorem 4 (Constant gap for random graph states). Let
lw) be drawn uniformly from n-qubit graph states,
and let ny, = 1. Then, with probability 1 — exp[—Q(n)],
A(0,) = Q(1).

Proof sketch. For a target stabilizer state y, the observ-
able O,, has eigenstates in the form E|y), where E is a Pauli
error. Consequently, bounding the second-largest eigen-
value of O,, reduces to showing that every Pauli error on y
can be localized on system A via the random measurements
on B and, therefore, be detected by the conditional fidelity.
We further reduce this problem to a random linear-algebra
problem induced by the random adjacency matrix A, and
prove this is indeed the case. The detailed proof is given in
Appendix F. m

Our result of random graph states directly implies the
same constant-gap behavior for the corresponding ensem-
ble of random stabilizer states via local Clifford rotations,
as these rotations preserve randomized Pauli measurements
up to relabeling. While efficient local certification pro-
tocols have been previously established for graph states
[22,123,124], these methods require target-specific mea-
surements of the corresponding stabilizer operators. To our
knowledge, this is the first proof that state-independent
local random Pauli measurements suffice to certify generic
stabilizer states with constant sample complexity and
robustness. Because our approach does not require prior
knowledge of the target state before measurement data
collection, a single dataset of local Pauli measurements
can be reused to certify many target stabilizer states
simultaneously.

We remark that prior analyses of nonadaptive local
certification have mainly focused on Haar-random target
states [27]. Our Theorem 4 already gives a constant-gap
guarantee for a physically motivated and efficiently pre-
parable non-Haar ensemble. This shows that constant-gap
behavior is not restricted to highly random ensembles but
can arise in physically relevant states.

C. Provable constant gap for almost all states

We now establish the performance guarantees for gen-
eric pure states. We focus first on Haar-random states,
which benchmark the average-case performance of our
protocol across the entire Hilbert space. While we show in
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Appendix F that the spectral gap A(O,,) is strictly positive
almost surely, efficient certification demands a much
stronger condition. Specifically, an exponentially small
positive gap would still yield poor robustness and prohibi-
tive sample complexity. Our main fidelity theorem over-
comes this by proving that, for all but an exponentially
small fraction of states, the spectral gap is strictly lower
bounded by a constant.

Theorem 5 (Constant gap for almost all states). Let |y)
be drawn Haar randomly from the n-qubit Hilbert space
H, with d =2" and n, > 1. Then, with probability
1 —exp[-Q(n)], A(O,,) = Q(1).

Proof sketch. 1t suffices to consider n, = 1, since, for
any one-qubit subsystem A; C A, one has O, 4 < O, 4,
and, hence, A(O,, 4) > A(O,, 4,). Let the target state |y)
and an orthogonal input pure state |¢) be decomposed as
) = [0)[u) +|1)|v) and |¢) = |0)|a) + [1)|b), where
the first qubit corresponds to subsystem A. For each
random Pauli measurement outcome x on subsystem B,
we denote the projected amplitudes as u, = (x|u), and
define v,, a,, and b, analogously. The spectral gap can then
be expressed as

| ux p Uxax |
37— -~ -~ (36
= 2 I e %9

xeX"B

(@1 -0,)

By introducing two positive semidefinite operators, H,
and H; [defined in Eq. (F83)], we apply the Cauchy-
Schwarz inequality to lower bound Eq. (36) by the ratio
(p|Hy|d)?/ (p|H,|¢). Using Gaussian random matrix con-
centration inequalities and the Wick integration formula for
Gaussian random variables, we prove that, with probability
1 — exp[—Q(n)], the following conditions hold simultane-
ously:

ker(H,) = span{|y)},
mm(HO) Q(z—”)’
|H]| = 0. (37)

The dimensional scaling factors exactly cancel in this ratio,
yielding a constant lower bound of ©(1). The complete
proof is provided in Appendix F. [

Combining Theorem 5 and Proposition 5 establishes
that, for any chosen parameter ¢ < 1/2, a given fidelity F
can be certified using O(1) samples for all but a 27"
fraction of pure states. Moreover, this approach tolerates an
infidelity of (1 —2¢)A(1 — F) = Q(1). This performance
substantially improves upon previous protocols requiring
O(n*) samples and Q(n~2) robustness [27].

To test whether this behavior persists for more exper-
imentally accessible targets, we evaluated the practical
performance of our protocol using numerical simulations
on physically relevant, non-Haar states. We sampled

N, = 50 states {I/IJ} ", generated by local quantum cir-
cuits of depth 10n. The depth is chosen so that the states are
far from Haar-random states, whose preparation requires
exponentially deep circuits. To estimate the spectral gap of
O,, for these states, we draw N, = 100 random local Pauli
bases by, b,,....by, € {X,Y,Z}"s and define the truncated
observable

1 i
=72 2
J=lz:p

plx(b;.z)]#0
X (x(b;.2) g, (38)

where 1 <i< Ny and x(b;,z) €X"s denotes the basis
state corresponding to measurement outcome z in basis b;.
The previously defined O,, is recovered in the limit i — oo.
For n, = 1, we compute the averaged spectral gap

_ 1 N.& i
Bi=-> A0y) (39)
N j=1

over the sampled random states and plot the results in
Fig. 7(a). As i increases, A; grows, indicating that the
average gap A,, = A(O,,) exceeds Ay ; thus, Ay, gives a
good empirical lower bound of A(O,,).

As shown in Fig. 7(a), the averaged gap rapidly increases
and approaches a stable value as more local basis patterns are
included. Furthermore, Fig. 7(b) shows that the finite-basis
gap remains bounded away from zero over the accessible
system sizes, in sharp contrast with the decreasing shadow-
overlap gap [27]. These data clearly indicate that the
constant-gap phenomenon established in Theorem 5 is not
restricted to Haar-random states but extends robustly to
physically generated states. While enlarging n, can further
increase the spectral gap, thereby improving robustness, it
also increases estimator variance as O(4), yielding a trade-
off in sample complexity. The ability to maintain a large
constant gap shows that our protocol is highly practical for
certifying and benchmarking intermediate-scale components
of near-term devices, using significantly fewer quantum
resources while tolerating larger device imperfections.

W v,2)) Wxio,2) |4 ® [%(B).2))

VIII. DISCUSSION AND OUTLOOK

In this work, we introduced the physical principle of
localizable quantumness and developed a conditional
fidelity certification framework, establishing a powerful
approach for certifying central quantum properties. By
relying only on state-independent, nonadaptive local Pauli
measurements, our protocols guarantee mixed-input sound-
ness while yielding substantial improvements in both
robustness and sample complexity. Crucially, we resolved
the open challenge regarding state fidelity certification by
proving that a strictly constant spectral gap, A(O,) =
Q(1), and, hence, robust certification with constant sample
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FIG. 7. Spectral gaps of conditional-fidelity observables.

(a) The average spectral gap A; := (1/N) Z?’;l A(Ol(,f?) for1 <
i < Ny = 100 random bases increases with 7, indicating that the
limit O, (as i — o) has a larger average gap than ANM. (b) ANM
versus n (error bars show the standard deviation across states).
Here, A N,, SETves as a proxy for A, suggesting that the average
spectral gap of O, remains Q(1) as n grows. Moreover, BNM
increases with n,, enhancing the protocol’s robustness. For
comparison, the shadow-overlap protocol exhibits a smaller
spectral gap that decays with n.

complexity, is achievable for generic quantum states via
local measurements. Consequently, our unified framework
achieves optimal, constant-sample-complexity scaling for
certifying a broad range of many-body properties. While
our current circuit-complexity witnesses primarily target
relatively shallow circuits, measurements are known to
concentrate exponentially large circuit complexity into
small subsystems [43]. Harnessing this complexity con-
centration phenomenon to design sample-efficient wit-
nesses for highly complex, deep circuits represents a
compelling direction for future research.

Localizable quantumness offers a unifying lens on
several previously established effects. For example, com-
plexity concentration [43], localizable entanglement
[33,34], magic concentration [12,117,125], and magic-state

injection [50] can all be viewed as special cases in which a
global resource localizes into a small subsystem after local
projective measurements on the complement. This high-
lights the broader significance of projected-ensemble prop-
erties such as LQp and their potential applications and
impact on resource theories and many-body physics. In
condensed matter physics, it is especially compelling to
study order parameters and phases through the lens of
localizable quantumness [126]. Another exciting direction
is to develop a theory of localizable magic, paralleling
localizable entanglement [33], as a tool to probe quantum
many-body magic.

Extending localizable quantumness to mixed states and
developing protocols that certify mixed-state properties,
especially mixed-state entanglement and magic, represent
especially promising directions. Recent work also shows
that, with tolerable additional overhead, one can obtain
good bounds on nonlinear quantities of the projected
ensemble, enabling powerful certifications such as emer-
gent quantum state designs [42]. It is therefore compelling
to investigate whether nonlinear projected-ensemble quan-
tities can certify stronger quantum properties or yield
sharper, more powerful property-detection criteria.

More broadly, our approach complements and extends
existing paradigms for certification and estimation such as
direct fidelity estimation [21] and randomized measure-
ments [52,127] by showing that simple local measurements
can certify global properties with favorable scaling. A
particularly promising avenue for future work is to tailor
our method to other physical platforms, leveraging native,
low-overhead measurements to certify key properties—for
example, nonclassicality in bosonic systems [128] and non-
Gaussianity in fermionic systems [129,130].

Parts of the numerical results were obtained using the
ITensor [131] and Qiskit [132] software packages.
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APPENDIX A: ADDITIONAL ANALYSIS ON THE
PERFORMANCE OF ALGORITHM 1

In this appendix, we analyze the performance of
Algorithm 1. We first collect the statistical tools used
throughout our work, including local shadow tomography,
standard concentration inequalities, and the median-of-
means estimator. We then establish the performance guar-
antee based on those tools.
|

1 1 Lo
(Gt +

Suppose the POVM yields measurement outcomes x € XX,
The classical shadow estimator for tr(Op) is given by

o=ufo| ® Ghywl-n)|f. @)
il
This estimator is unbiased:
Efw] = tr(0p), (A3)
and its variance is bounded by
Var|w] < 4%||0]|%,. (A4)

Crucially, @ uses only a single copy of p, which is
essential for estimating ensemble-averaged local fidelities
in our protocol.

Lemma 4. Letz ~ p and w be a random variable such that
Elw|z] = 0, > 0 and Var|w|z] < ¢? for all z. Then, E[w] =
>, p(z)o, and Var|w] < 6% 4+ max_ |o,|*.

Proof. The proof is from the laws of total expectation and
variance:

Ew = E,E[w|z]
= ZP(Z)OZ’

Var[w] = E.Var|w|z] + Var,E[wlz]

2
< E,o” 4 Var,o,

< 6% + max|o,|*. (A5)
z
|
This enables unbiased estimation of projected-

ensemble—averaged linear quantities [42]. Combining the
lemma with the variance bound in Eq. (A4) yields the
following guarantee for estimating conditional fidelities.
Corollary 4 (Variance of conditional fidelity). Let an
n-qubit state p be partitioned as A U B, and measure B in
the computational basis to obtain z with probability p,(z)
and postmeasurement state p, on A. Construct @ by

1. Local classical shadow

We briefly review the local classical shadow pro-
tocol [52]. For a given k-qubit input state p, the protocol
performs random single-qubit Pauli measurements
in the X, Y, or Z basis independently on each qubit.
This is equivalent to applying a POVM composed of six
elements:

1 | 1
1= =il 00L5 0. (A1)

|
applying local classical shadows on p, to estimate

tr(yzp;). Then, Elw] =3 p,()tr(y,p;) and Var[o] <
4m 1.

2. Median-of-means estimator

The median-of-means estimator is a standard statistical
method that uses medians to suppress the contribution of
outlier estimators, which has the benefit of exponentially
suppressing the failure probability. We first introduce
Hoeftding’s inequality, which is useful for bounded-value
estimators.

Proposition 6 (Hoeffding’s inequality, Theorem 8 in
Ref. [8]). Let {w;}_, be iid. random variables with

a; < w; < b;, and define Sy := > ., w;. For any 7 > 0,

212
iT=1 (b = ai)z} . (A6)

Then, we introduce the median-of-means estimator.

Proposition 7 (Median-of-means estimator). Let T =
BK and {w;}1_, be i.i.d. random variables with mean y and
variance o°. For each block /€ {1,...,K} define the
empirical mean

Pr[S; — E[S7] > 1] <exp {_

0=

(A7)

> |

1 IB
> o
i=(I=1)B+1

and let w = median{oy, 05, ...,0¢}. Fix 6€(0,1) and
¢ > 0. By choosing B = (66?/¢?) and K =3In(57"), we
have that

Prllw —pu| > €] < 6. (A8)
Equivalently, with probability at least 1 — o,
27In(5™"!
lo—pul <o % (A9)
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Proof. For each block mean o0;, we have E[o;] = u and
Var|o;] = 6*/B = £°/6. By Chebyshev’s inequality,
Varfo;] 1
Pllo —ul 2 ] S Vgl = 2.
Define the indicator 6, := 1[|o; — u| > €], and then E[9;] <
1/6and 0 < 6; < 1. Applying Proposition 6 to > K | 5, we
have that

(A10)

K K K
<Pr o0,—E o0;| >—
Yo-el3a]2]
2(%)?
<exp |- (13() ] =4, (A1)
completing the proof. [

3. Proof of Theorem 1
a. Soundness

For any property-free state p € Fp, we have ,,(p) <0
by Lemma 1. Moreover, [E[w; —Fidp(y; )] =n,(p).
Applying the median-of-means estimator (Proposition 7)
to T independent estimates {w; — Fidp(y, )}, yields a
final estimator @ satisfying

271n(57") (A12)

o —n,(p)| <o
with probability at least 1 — 3§, where ¢ = 4" 4+ 1 by
Corollary 4. With the choice of T in Eq. (12), we obtain,
with probability at least 1 — 6,

o < n,(p) +LQp(yw)/3 <1, (A13)

So the protocol outputs reject.

b. Completeness

Since the experimental state p is e-close to the ideal state
y in trace distance, expectation values of bounded observ-
ables are also close, ensuring that 77,,(p) is close to the ideal
value. Specifically, for a given p satisfying di(p,w) < ¢,
we have that

My (p) = tr[Op (y)w] + tr[Op(w) (p — )]
> LQp(w) = |0p (W)l (e =¥l
> LQp(y) — 2dy(p, w)

> 2100, (A14)

Choosing T as in Eq. (12) ensures

w>nyp) - LW 5 (Al5)

with probability at least 1 — . L]

APPENDIX B: ADDITIONAL PROOFS
ON COMPLEXITY CERTIFICATION

1. Proof of Lemma 2: Entanglement
of low-complexity states

Proof. Because C,(¢) < d, the state |¢) can be prepared
from |0)®" by a two-dimensional depth-d circuit

o1 {on)

i=1

(B1)

where the gates {V; ;}; in the ith layer act on disjoint pairs
of nearest-neighbor qubits or on single qubits. Define the

backward light cone of the subsystem B layer by layer:
CB,dJrl = B’
Lpi=Lpin
U [U {supp(Vi;)[supp(Vi;) N Lps1 # D}]. (B2)
Thus, Lp; contains all qubits that can interact with B

through at most d layers. By construction of L; and R (see
Fig. 3),

(LgiNL)CLy, (LgiNR)CR. (B3)
The unitary V is defined as the product of all gates whose

supports lie outside the backward light cone of B:

V= ﬁ ( ® Vi,j>- (B4)
i=1 \supp(V; ) )¢Ls,
The remaining two-qubit gates define the unitary
d
V= 11 <supp<v%>gcg_fvi"j ) (5

By construction, U = VW, and V acts only on subsystem
A. Consequently, V commutes with the operator (z|; ® 14
for every measurement outcome z € {0, 1}"#. The unnor-
malized projected state can, therefore, be written as

b2) = ((2lp ® 14))
((zlp ® 14)VW|0) 1

V({zlp ® 1,)W|0) 4.

(B6)
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Equation (B3) implies that W acts nontrivially only on
BLR;. Consequently,

V((zlp ® 14)W[0) a5 = V[(<Z|B|¢1>BL1R1)|O>L2R2]

= V(|§7’>L|R, |O>L2R2)' (B7)
Normalizing this state, we obtain
|¢z> = V(|¢>L1R1 ® |O>L2R2)' (BS)

The circuit V has depth d, and in each layer at most 2w
two-qubit gates can cross the cut L|R, so at most 2wd such
gates appear in total. Each gate increases the bipartite
entanglement entropy by at most 2 (Lemma 4 in
Ref. [134]). Hence,

E r(d) < Epg(l@)r, g, ® 10);,8,) +4wd
= EL]\Rl (€0L1R1) +4wd

< 8wd, (B9)
where we used Ej g, (¢r,r,) < |Li| <4wd. This com-
pletes the proof. m

2. Proof of Theorem 2: Certifying unitary
circuit complexity

We first establish the following lemma, which gives an
upper bound on the maximal fidelity of highly entangled
projected states.

Lemma 5. Let ¢ be a pure state on subsystem A with
bipartite entanglement E; z(¢) = e > 8wd + 1. Then,

e—1 2d\2
Fid <1- -—— . B10
) <i-(52-2).  ®
Proof. For any pure state ¢ € FPp,
EL|R(¢) - EL\R<€0) < |EL\R(¢) - EL\R((P)|
< 2dy (¢, @o)|L] + 1, (B11)

where the last step uses Fannes’ inequality (Theorem 11.6
in Ref. [135]). Because trace distance is nonincreasing
under partial trace, dy (¢, ;) < dy (¢, @). With |L| = 2w?
and Eg(¢) < 8wd as given in Lemma 2, we obtain

e—8wd—-1 e—1 2d
d > = -
tr((:bv (p) = 4W2 4W2 w

(B12)

Finally,

4w?

r(go) = 1 — (o) <1 ( ml —%)2, (B13)

which completes the proof. =

Then we prove the following theorem.

Theorem 6. Let y be the target state and consider the
bipartition A U B shown in Fig. 3, with w = nd for some
n > 4. Assume projected ensemble of y on A satisfies

Pr [Epr(y,) 2 c[L|+1] 2 p >0,

z~py(2)

(B14)

for a constant ¢ > 457!, Then, Algorithm 1 certifies that the
circuit complexity of y exceeds d with constant failure
probability 8, using

200 d?)

=0 L)

copies of w and

Q((c—4n7")’p).
Proof of Theorem 2. Lemma 5 and Eq. (B14) give

(B15)

achieving robustness &=

1
Pr [Fidp(l//z) <1 _Z(C - 4;7")2} >p>0, (Bl6)

2~py, (2)

which implies LQp(y) > § (¢ — 457")?p. Substituting this
into Theorem 1 with variance o2 = 4 + | = 200'd)
produces the stated sample complexity and robustness. m

Theorem 2 follows immediately by substituting
c—4n'=Q(1) and p=Q(1) into the preceding
theorem.

3. Proof of Lemma 3: Entanglement in states
of low measurement-assisted circuit complexity

Proof. We analyze the preparation of |¢), considering
more and more layers while tracking the expected bipartite
entanglement entropy E,,[Ey|rup)(¢m)], Where m denotes
the outcomes of midcircuit measurements in the considered
layers and ¢,, denotes the state after performing the
considered layers given the measurement outcomes 7.
In each layer of unitary gates, at most 6w two-qubit gates
can cross the cut L|(R U B). Each such gate can increase
the bipartite entanglement entropy by at most 2 (Lemma 4
in Ref. [134]). Therefore, the increase in entanglement
entropy across the cut per layer is at most 12w. For
measurement rounds, local projective measurements cannot
increase entanglement entropy on average [78]. Therefore,
after a measurement layer, the expected entanglement
entropy across the cut does not increase. After d layers
in total, combining the above two observations yields

Ep\ru) (@) = EnlELru) (Pm)] < 12wd. (B17)
Finally, applying again the monotonicity of entanglement
entropy under local measurements when measuring B, we
obtain
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[Ez~p¢,(z) [EL\R(¢Z)] < ELl(RUB) ((,b) < 12wd. (BIS)

4. Proof of Theorem 3: Certifying measurement-
assisted circuit complexity

We begin by analyzing the performance of the linear
witness O given in Eq. (20). Define the set

12wd}

=, (B19)

FPg = {f/)iEuR((ﬁ) <

We call a set S a p-likely free projected-state set with
respect to property P if, for every pure P-free state y € Fp,

Pr [y, eSl>p

B20
w~E(y) ( )

O(w.t,p) =

Z

Lemma 6 (Performance of witess O(y,t, p)). For any threshold € (0,

D I+ (1= 08, (Fidgpy (yr)llwe) (wzla ® [2) (2l

The set FPp is a p-likely free projected-state set for the
property P of “measurement-assisted circuit complexity
C5"° > d” This follows from Lemma 3 together with
Markov’s inequality.

We define the maximal fidelity of a state against this p-
likely free set as

Fidzp: (y,) = = max, tr(pyr,), (B21)
and its cumulative distribution function
Frop(p.t)s= Pr [Fidppy(y;) <. (B22)

w~E(y)

With these definitions, the linear witness is formally
defined as

(B23)

) (i) (Soundness)—If pe€ Fp, then

tr(O(y,t,p)p) < t+ (1 —p)(1 —1t). (i) (Completeness)—For the target y, tr(O(y,t,p)y) =1+ (1 — DF zpr (w, 1).

When the gap

Aly.t.p) = (1= [F ppy (. 1) -

(1=-p)] >0, (B24)

the witness O(y, 1, p) separates y from F, certifying that y has measurement-assisted circuit complexity greater than d.

Proof. By definition, any free state p € Fp satisfies

w(Oy.t.p)p)= .

z:FidFPlZ ()<t

S

z:Fid}.Pg (y,)<t
-p)(1-1).

<t+(1

For the target state vy,

pr

tr(O(w. t, py

=t+(1=0)Fp(y.1).

po(@)tr(wp;) +t

Py@)[t+ (1 —1)-1p, & FPpl] +1

[t+ (1-10O

> pEulyy)

z:Fid},pg (y)>t
> p)

z:Fidf-‘Pg (y)>t

(B25)

((Fidzpe (w2))]
(B26)

Then, we establish the lower bound of the witness gap for high-complexity states.

Lemma 7. Let y be the target state and consider the bipartition A U B shown in Fig. 3, with w =

Suppose the projected ensemble of y on A satisfies

z~py (2

for a constant ¢ > 6p~'5~!. Then, setting

Pr )[EL\R<‘//z) > c|L[+1] 2 p >0,

nd for some 5 > 6.

(B27)
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1 6 2 p+6ntc!
t = 1 - N ) ! - 1 - A~ >
4 {C n(1 - p’)] P 2
(B28)
the witness gap satisfies
—-6)3
Ayt pl) > L= (829)

= 8n(ncp +6)*°

Proof. Let p’€(0,1) to be determined with ¢ > 6/
[n(1 — p)]. First, by an argument parallel to that of
Lemma 5, for any state ¢ satisfying e := E/z(¢) >
c|L| + 1, we obtain

e—1 3d 2

Fid__,(¢) <1-— - . B30

1Crpy (¢) < (4w2 (l—p’)w) (B30)

Substituting the entanglement bound e > c|L| + 1 then
yields

, 1 _
Pr [Fid oy (y) < 1= lc=6n7'/(1=p)]*] = p>0.

z~p, (2)

(B31)
Hence, for t =1—%[c—6n7"/(1 = p')]%

Ff’P‘,;’ (w,1)= Pr [Fidﬂ);/ (w,) <t]>p>0. (B32)

ZNPV/(Z>

By Lemma 6, the gap is, therefore,

(B33)
When ncp > 6, choosing p’ =1 — (p + 6n~'c7!)/2 gives

o clnep —6)°

2 Bnnep 1 62 (B34)

Ay, t,p')

u

Proof of Theorem 3. Choose t, p’ as specified in
Lemma 7, and define O := O(y.t.p'),a==1t+ (1 -p') x
(1—1) > sup,c s tr(Op), and b := tr(Oy) according to
Lemma 6. From Lemma 7, we know that the gap
A=Ay, t,p') = b—a=Q(1). Set the decision thresh-
old to #* == a + (A/3).

Soundness. For any pe€F, we have tr(Op)<a.
Estimating this quantity to an additive error ¢ = A/3
ensures o < tr(Op) 4+ & < n*, so all property-free states
are rejected with high probability.

Completeness. For any state p satisfying d.(p,w) < e,

w(0p) —e > w(Oy) = [0l ll(p =), I, —e=n".
(B35)

Here, for a Hermitian operator M =M, —M_, M, is its
positive part. The inequality follows because O is positive
semidefinite. Therefore, the estimator satisfies

o >tr(Op) —e>n'. (B36)
So p is accepted with high probability.

By Proposition 7, the sample complexity required to
achieve additive error ¢ is given by

6‘2

21 5—1
= O<07()> = 0(4") = exp(O(*d?)).  (B37)
where ¢° < 474 + 1. For the two-dimensional setting with
ny = O(n*d?*) and constant failure probability, this gives
T = exp(O(*d*)), which completes the proof. "

APPENDIX C: PERFORMANCE ANALYSIS
OF COMPLEXITY CERTIFICATION
FOR GENERIC STATES

In this section, we prove the performance of our
complexity certification schemes for generic quantum
states, including Haar-random states and brickwork-circuit
states.

1. Deep-thermalized and Haar-random states

We first establish the performance guarantees for deep-
thermalized states. We begin by introducing the basic
definitions of quantum state designs and their associated
entanglement properties. We then use these tools to
establish the desired performance guarantees.

a. Entanglement in quantum state designs

Quantum state designs are defined as approximations to
the Haar random distribution [80]. In this context, we
denote by Haar(n) the Haar random distribution over
n-qubit pure states. Given a state ensemble £ = {p,,.y},
we define its kth moment as

k
pe’ = Eyeel(v) ). (1)
Following Ref. [37], we define an e-approximate k-design
as follows.

Definition 1 (e-approximate k-design). An n-qubit state
ensemble £ is an e-approximate k-design if
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o) — pﬁ‘ﬁmw I, <e. (C2)
where || - ||; denotes the trace norm.

Note that an e-approximate k;-design is also an
e-approximate k,-design for any k, < k;. There is also
an alternate definition of approximate state designs, using
the name “frame operator” (FO).

Definition 2 [A-FO-approximate k-design (Definition 10
in Ref. [79])]. An n-qubit state ensemble & is a A-FO-
approximate k-design if

k k _
108 = P ||, < ADE

(C3)
where D; = (**=") and N = 2".

It follows that the ensemble £ is an e-approximate k-
design if and only if it is a A-FO-approximate k-design
with 1 = eDy.

Intuitively, states in a state design exhibit high entangle-
ment, a fact that is rigorously established in Ref. [79]. To
show this, we consider the generalized Rényi entropy. In
the following, all logarithms are taken to base 2.

Definition 3. The quantum Rényi entropy of a density
matrix p is defined as

log tr[p®]. (C4)

1
S (p) = 5

—-Qa

Taking the limit as @ — 1, the Rényi entropy converges
to the von Neumann entropy:

S(p) = limS\?)(p) = —trlp log p]. (Cs)
By Jensen’s inequality,
D D
> pilogp; <log>_ pi. (C6)
i—1 i=1

it follows that S(p) > S@(p).

Here, we fix the system to be LR, where both L and R
consist of m qubits, with a total of 2m qubits. We now
present the following result.

Lemma 8 (Purity in a state design). Let £ be an e-
approximate 2-design on system LR. For sufficiently large
m, it holds that

dy+d
[Ev/~5tr(l//%) < 4 B

A b <2—m+1 .
_dAdB+1+€_ +e

(C7)

Proof. The ensemble £ is also a A-FO-approximate 2-
design with A =eD,. From Theorem 26 in Ref. [79],
we have

A dy+d
E,-ett(y?) < Eytaarom ry?) + — = —2 "B 1 ¢ < p-mtl C8
y~E r(WL) = Ly ~Haar(2m) r(l//L) + D2 dAdB +1 tes +e, ( )
where we use Ey, paaromtr(@7) = chAdtffl [Eq. (4.11) in Ref. [79]]. "
b. Proof of Proposition 1: Deep-thermalized states
Proof. Since Epg(¢p) = S(¢p) > S@(¢,), we can bound Pry.e [ELir(¢) > c|L| + 1] as follows:
P (En(@)> clL|+1) 2 Pr [S9(dy) 2 elL|+1] = Pr [=logu(g?) > clL|+1] = Pr [t(¢}) <21 (C9)
By Markov’s inequality,
Eg-g, [tr(¢7)]
—(c ¢ ‘Sw L c
P [ir(g}) > 270 ] < S TERES — 2l (4 ) (C10)
Hence,
Pr [Epg(¢) > c|L|+1] > Pr [t(¢7) < 27(IEID)]
¢N£|// ¢Ngu/
— 1= Pr fi(g}) > 270
> 1= 29HHE, ¢ [tr(¢F)). (C11)

Lemma 8 shows that
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Egpee, [tr(¢7)] < 27HF 4 e = O(271H). (C12)

9

Choosing, for example, # =5 and ¢ = o0 We have

¢P£ [ELip(¢p) = c|L| + 1] > 1 = 2¢IEHI 27T 4 ]
~Cy

=1-002 -9 = Q(1). (C13)

Therefore, the in Theorem 2
is exp(O(d?)).

Moreover, for example, when choosing n =7 and
c=7 we still have Pry e [ELr(¢) > c|L| +1] >
1 —o(1). In this case, the gap given by Eq. (B29) is
Q(1), and, hence, the observable O(l//, t, p') can be used to
certify the measurement-assisted circuit complexity with
O(1) sample complexity. m

sample complexity

c. Haar-random states

For Haar-random states, we use the following result on
deep thermalization.

Fact 1 [Haar-random states deeply thermalize (Theo-
rem I in Ref. [37])]. Let [yr) be chosen Haar randomly from
the set of n-qubit pure states. Then, the ensemble &, forms
an e-approximate k-design with probability at least 1 — 6,
provided that

1 1
|B| = Q(k|A| + log<—> + loglog<g>).
€

For complexity certification task, by choosing k = 2 and
e =0(27"/2), we see that n-qubit Haar-random states
with n = Q(|A|) = Q(d?) satisfy the requirement in
Proposition 1 with probability at least 1 — 6, and, thus,
their circuit complexity can be sample-efficiently certified.

(C14)

2. Brickwork-circuit states

We now establish the performance guarantee for brick-
work-circuit states. In a D-dimensional brickwork circuit,
qubits are labeled by D-dimensional coordinate vectors in
[L]P, where L is the edge length. Within every 2D
consecutive layers, the (2i — 1)th and 2ith layers, for
1 <i < D, each act on adjacent qubits that differ only in
their ith coordinate. Specifically, in the ith coordinate, these
two layers, respectively, couple qubits with coordinates
(2x;,2x; + 1) and (2x; — 1,2x;).

We first show that the projected states of shallow-depth
brickwork-circuit states are highly entangled. Building on
this, we then derive the corresponding performance guar-
antee for such states.

a. Entanglement in projected states

Here, we establish the entanglement growth result for
general finite dimension D. We begin by using the result on
entanglement growth for a two-qubit random unitary.

Fact 2 [Entanglement growth under random unitary
(Appendix B in Ref. [81])]. Let |¢,) 134 be a pure state, and
define [¢;11) 1234 = Us|y) 1234, Where Uy is a two-qubit
unitary sampled from the Haar measure. Assume subsys-
tems 2 and 3 each have dimension 2. Then, over the Haar-
random choice of U,s,

[EUz3tr(p%+l,12): (U<P?,1)+tr<ﬂzz.123))- (C15)

(1)

Then, we establish the entanglement growth of the
projected ensemble for random brickwork-circuit states.
We denote £ as the random state ensemble { p(y), y}. The
projected ensemble is defined as &, = {p(y)p, (z).w.},
where A is a region of size (2w)P in the lattice (for the 2D
case, see Fig. 3). We have the following result.

Lemma 9 (High entanglement in D-dimensional random
brickwork-circuit states). Let £ be the ensemble of output
states from a random D-dimensional depth-d’ circuit. Let s
be an integer with w > 4s. Then,

Eyne, [tr(w])] < (4/5)@r—4)"" minls 142D (C16)

Proof. Recall the definition of the backward light cone of
the subsystem B:

‘CB,d/Jrl = B’
Lyi=Lpi
U [U {supp(V,;)[supp(Vi;) N Lp ;11 # D}].

(C17)

The whole D-dimensional circuit unitary U can be
partitioned into two parts VW, where V is defined as the
product of all two-qubit gates in the last 2Ds’ layers [with
s’ = min(s, |d'/2D )] whose supports lie entirely outside
the backward light cone of B:

d/
V= < ® Vi ;) ) (C18)
i=d'-2Ds'+1 supp(Vij)€Lpi

and W is defined as the product of the remaining unitaries.
Similar to Eq. (B8), one can show that, given W and
measurement outcome z, there exists a state |¢,) such that

wz) = Vigz). (C19)
We now show that, when W and z are fixed, under the

randomness of V, which consists of Haar-random two-
qubit unitaries,
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(a)

FIG. 8.

. . )2y (i-1)2
outside X:cEy, v [tr(wy )] =cEy, v [tr(wy )]
X: C[Ev[ (i)2

[Ev[tr(l//%)] < (4/5)(2»«;—4s)”" min(s, Ld’/ZDJ)’ (C20)
where |y) denotes |y,) with a slight abuse of notation. The
idea is to iteratively expand the term using Fact 2. We write
V as the product of unitaries V =V,,...V,, ordered by
layer from V| (in layer d' — 2Ds’ + 1) to V,, (in layer d'),
where each V; is drawn independently from the Haar
measure. Let |y()) = V,...V|¢,), so that

) =1, W) =Vilyt),
W) = Vi Vilgs) = ™). (C21)
We start with Ey[tr(y7)] = Ey, v, [tr(wémﬂ)]. At each

step, we pick a term of the form cEy, [tr(z,//gfﬂ)] for
some coefficient ¢ > 0, subset X, and i > 0, and “decrease
i” by integrating out V; using Fact 2. This process acts as
follows (illustrated in Fig. 8).

(i) If V; acts on two qubits both inside X or both outside

X, then

02
ckEy, ..v, [tr(wg() )} =cEyEy, . v,
x [ (v =DV}

= ClEV,',l ’’’’’ v, |:tr(l//§é_1)2>i| ,
(C22)
and we replace the term accordingly.

(i1) Otherwise, V; acts on one qubit x € X and one qubit
x' ¢ X. By Fact 2, we replace this term by

%C([Ev[,l,....v1 [tf(ll/g;;i/}z)]
B |r(viny)]). ©23)

where the two resulting terms still have the desired
form, but the sum of coefficients becomes % c. In this
case, we say “the coefficient decreases.”

..... o)) = 2By, v ey ")) + By [

(b)

Ilustration of “expanding terms” in the proof of Lemma 9. (a) When V; acts on two qubits both inside X or both
(b) When V;

v, "))

acts on one qubit in X and the other outside

m)2
Now, we expand [Ev[tr(z//%)] =Ey . Vl[tr(z//i ) )] and

decrease the coefficient round by round. In each round, we
enumerate every current term and reduce its index 7 until its
coefficient decreases. If this process continues for r rounds
before reaching i = 0, then the sum of the coefficients

becomes (2)". Moreover, since tr(l//g)z) < 1, the averaged

purity is bounded by (£)". We show that there are at least
(2w — 4s5)P~1s’ rounds.

Leti; (0 <1 <2Ds') be the index such that V; 4, ..., V,,
are the unitaries in the last / layers, i.e., layers &' — [ + 1 to
d'. By definition, we have iy =m and iypy = 0. The
unitaries can be grouped by their layer as

V — val — (Viovio—l“‘Vi1+l)(Vi1Vi1—1"‘Vi2+l)
(C24)

o (Vi2Dx/—l by =1 'Vi2nv’+l )’

where V;, V; _y, ..., V;  ; are the unitaries in layer d—1
We have the following claim.

Claim 1. When i is decreased to ipp, for 0 < g < s', the
partition set X of each term satisfies L_,, C X C L,,,,
where L, is defined in Fig. 9.

Proof. We proceed by induction. The claim holds
trivially for g =0. Consider a term with i =i; and
L_,CXCL,, and suppose i is then decreased to i,
meaning we examine all the unitaries in layer d’ — [ + 1.
Let X’ be the partition set of any term after decreasing i.
There exists j€[D] such that every gate in the
(d — 1+ 1)th layer is aligned along the jth coordinate;
that is, each gate acts on qubits x, x” satisfying x; = x; + 1
and x}, = x; for j' # j. By the “decrease i” rule, if j # I,
then L_, C X' C L,; otherwise, L_(, 1) €X' C L (141

From the circuit architecture, in every 2D consecutive
layers, there are exactly two layers where all unitaries are
aligned with the first coordinate. Therefore, after each such
occurrence, ¢ increases by at most 2. This proves the claim
by induction. n

By the construction of D-dimensional brickwork cir-
cuits,

Lpa-iNAgy =, (C25)
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FIG. 9. Definitions used in Claims | and 2. Here, L., denotes the set of coordinates in A whose first coordinate lies in [I,w £ 7]. A
fiber F is defined as a one-dimensional line of qubits in A that differ only in their first coordinate. A_, denotes the set of coordinates at

least distance ¢ from the boundary of A.

forall 0 < i <2Ds’, where A_, is defined in Fig. 9. Hence,
by the definition of V, for all adjacent qubits x,x’ € A_,y
and 0 < g < s/, there exists some V; acting on x, x’ in a
layer from d' —2Dg + 1 to &', i.e., irpg 2 i > irp(ge1)- We
now show that, when i of a term is decreased to i,p,, for
0 < g < s, before i is decreased to I2p(g+1)» the coefficient

can be decreased at least (2w — 45)P~! times. It suffices to
focus on one term with partition set X. To establish this, we
define a fiber F' as a one-dimensional line of qubits in A that
differ only in their first coordinate (Fig. 9). We have the
following claim.

Claim 2. For any fiber F intersecting A_,., for any term
with set X, X N F changes at least once before i decreases
from iZD_q to i2D(g+1)'

Proof. By Claim 1, L_,, C X C L_,,. This implies the
existence of adjacent x, x' € (L (2541)\L_(29+1)) N F such
thatx € X and x’ ¢ X. Since (29 + 1) < 25/ <w — 25', both
x,x' belongto A_,, and, thus, there exists some V; acting on
x, X' with irpg > i > irp(gr1). If X N F has never changed
before i decreases to i’, then for the current term with partition
set X, we have x € X and x’ ¢ X. At this point, when i is
decreased, X N F changes. This proves the claim. [

There are at least (2w — 4s")P~! such fibers. Moreover,
whenever the coefficient decreases, exactly one qubit is
either added to X or removed from X. Therefore, the
coefficient decreases at least (2w — 4s5)P~! times when i of
a term is decreased to ipp, for 0 < g < s'. In total, we can
decrease the coefficients for at least (2w — 45)°~!s’ rounds.
From the earlier discussion, this yields the bound in
Eq. (C20). Including the randomness over W and z
completes the proof of Lemma 9. [

b. Proof of Proposition 2
Proof. Let

py/ = Prz~5,/, [EL\R(WZ) > C|L| + 1] (C26)

We first compute the expectation of p,, over y ~ £:

[Ey/~€[pu/] - [Ey/w‘:[wlzl‘; [EL\R(Wz) > C|L| + 1“

= Pr [Eyr(y,) 2 L[+ 1]

WNE-WZNSW
Pr [Epg(w) 2 c|L] + 1]
w~Ep

> 1 20HHE, . [tr(y?)]

>1— 2c|L|+] (4/5)(2w—4s) min(s.Ld’/4j)_ (C27)

where the fourth line uses Eq. (C11) and the last inequality
applies Lemma 9.

For s = é—l‘w, d >w = nd (where 7 is a constant to be
determined later), a sufficiently small constant ¢, and a
large w,

E,-elp,] = 1—2790"), (C28)

y~E

Then,

Pr,.¢[p, > 0.5 >1-2.2790"), (C29)

w~E

By Theorem 2, when p, > 0.5, we can certify circuit
complexity d with sample complexity exp(O(w?)) =
exp(O(d?)), as 5 is also a constant. By choosing w to
be a large constant such that 1 —2- 2720) > 0.99, we
obtain the desired result.

Moreover, whenever the constant 7 > 14¢~!, when
py > 0.5, np,c>7. In this case, the gap given by
Eq. (B29) is Q(1) and, hence, the observable O(y,t, p)
can be used to certify the measurement-assisted circuit
complexity with O(1) sample complexity. ]
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APPENDIX D: ADDITIONAL ANALYSIS
ON ENTANGLEMENT CERTIFICATION

1. Proof of Proposition 4
a. Soundness

If p is not fully inseparable, let A|B be a separable
bipartition. Then, there exists some i€A such that
i + 1€ B. Then, by Proposition 3 (random-basis variant),
when testing A; = {i} and B, = {i + 1}, the protocol
outputs reject with probability at least 1 — . Therefore,
among all tests, at least one test rejects with probability at
least 1 — 6.

b. Completeness

If the input state p satisfies di(p,y) <e:=
mini{[ljl::,/,(i,i+1)/6]} =Q(1) [see Theorem 1 and
Eq. (25)], set the failure probability parameter to
& = 68/(n—1). By Proposition 3 (random-basis variant),
with T = O(log(§'~")) = O(logn +log57'), each indi-
vidual test for a fixed 1 <i < n outputs accept with
probability at least 1 —&. A union bound then implies
that all tests (for 1 < i < n) output accept simultaneously
with probability at least 1 — . ]

2. Localizable entanglement
of Haar-random states

Here, we prove that the localizable entanglement of
Haar-random states is bounded below by a constant with
overwhelmingly high probability, thereby validating the
performance of our protocol on generic states.

Lemma 10 (Localizable entanglement of Haar-random
states). Let |yr) be chosen Haar randomly from the set of n-
qubit pure states. Then, with probability at least 1 — o for
& = exp{—exp[Q(n)]}, we have

LE,(1,2) =Q(1),  LE,(1,2) =Q(1). (D1)

Proof. Fix € = %. By Fact 1, the projected ensemble &,
on qubits {1,2} is an e-approximate 2-design with prob-

ability 1 —§8,, where &, = exp(—exp[Q(n)]). Then, by
Lemma 8,

Epr 1] S5 He=10. (DY)

Now we show, for the constant ey = %, it holds that
LE,(1,2) > ey. Denote by A; and 1, the Schmidt coef-
ficients of the projected state ¢ with 4; > 1,. We have

Jy =1=2,tr(p?) = 22 + 13, and Fid(¢p) = 4,. Therefore,

LE, (1.2) = Egeg, [1 = 4]

> Epeg, [1(1=41)]

1 1
——E, . 22,1 =2) = 1]+~
) e, [2A1(1 = 4y) ]+2

1 1
=5, [tr(¢7)] + 2

1
> .

20 (D3)

Hence LE, (1,2) > e, with probability at least 1 — &.

To lower bound IjI:Z,,,(l, 2),define LEL forb € {X,Y, Z}"
as the localizable entanglement under measurement basis b
on B. By local unitary invariance of the Haar measure,
LE} (1,2) > e for Haar-random y with probability at least
1 — 3p. Let f(y,b) = 1[LEL (1, 2) > ep]. Then, forb chosen
uniformly from {X,Y,Z}"s,

E,Epf(w.b) = EyE, f(w.b) > 1 —6,. (D4)
By Markov’s inequality,
PrE,f(w.b) <1 - V& < VB (D)
Therefore, with probability at least 1-—6; for
51 1= /By = exp(—explQ(n))),
Epf(y.b) > 1 -6,
LE, (1,2) = E,LE(1,2)
> (1 - 51)60
=Q(1). (D6)

Combining the bounds, we conclude that, with proba-
bility at least 1 — & for § = &, + 6; = exp(—exp[Q(n)]),
LE,(1,2) = Q(1), LE,(1,2) = Q(1). (D7)
|
By a union bound, with probability at least 1 — & for
8 = né = exp(—exp[Q(n)]), we have LE,(i,i+1)=
Q(1) for all ie[n— 1]. This establishes that our certifi-
cation protocol for fully inseparable entanglement is
sample-efficient for Haar-random states.

3. Details of the numerical experiments
on localizable entanglement

a. Stabilizer states

In Fig. 4, we sampled N, = 5 random stabilizer states for
system sizes ne€{32,64,128,256} and N, =10 for
n = 16. For each stabilizer state, we set the failure
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probability to 6 = 0.01 and the additive error to ¢ = 0.05.
To guarantee that all sites are simultaneously estimated up
to an additive error £ with a global failure probability of at
most 8, we applied a union bound by setting &' = (5/nNj).
Accordingly, we set the parameters for the median-of-
means estimator (Proposition 7) to K = [$In(8'"~")] ~ 60
and B = [(606?/€*)] = 600, assuming a conservative vari-
ance upper bound of ¢> = 0.25 of Fidp across different
projected states.

A total of T = BK samples {x;}’_, were obtained by
performing random Pauli measurements on the sampled
stabilizer states. Each measurement sample x; € X" is
reused across all sites j to construct the projected state
on the nearest-neighbor pair (j, j + 1). Subsequently, the

localizable entanglement fﬁw (j,j+ 1) is obtained by
computing the median-of-means estimator of Fidp of the
obtained projected states on (j, j + 1). Note that 6> = 0.25
overestimates the actual variance of Fidp. Consequently,
the actual additive error is much smaller than the target e.

b. Hamiltonian systems

In Fig. 5, we report sample means and plot error bars as
the standard error of the mean, computed from N = 1000
independently sampled projected states. The maximal
fidelity to a two-qubit product state is evaluated as 4,
the square of the maximal Schmidt coefficient of the two-
qubit projected state. Ground states of the XXZ chain are
obtained by DMRG for system sizes n = 32 and n = 64,

APPENDIX E: ADDITIONAL ANALYSIS
ON MAGIC CERTIFICATION

In this appendix, we prove that, when the subsystem A
consists of a single qubit, the localizable magic of a Haar-
random state is lower bounded by a constant with over-
whelmingly high probability.

Lemma 11 (Localizable magic of Haar-random states).
Let A be a single-qubit subsystem and B be an np-qubit
subsystem. If |y/) € H, ® Hjp is a Haar-random pure state,
then with probability at least 1 — exp[—Q(2"#)],

1
min {LM(y). LM(y)} > 5. (E1)
Proof. Let §; = {|0), |1), |+),|-),| +i),| — i)} be the
set of single-qubit stabilizer states. For a pure single-qubit
state |¢), we define

m(p) =1- maXI( b))

max (E2)
Since the free projected set STAB, is the convex hull of S,
we have m(¢) = 1 — Fidp(¢).

For a fixed |s) €S, and a Haar-random state |¢)) € C?,
the overlap X, := |(s|¢)|? is uniformly distributed on [0, 1].
Thus, for any 0 < ¢ < 1/6, a union bound gives

Prim($) > 4] >1- » PrX,>1-1=1-6t (E3)

while the J; — J, chain is treated by DMRG at n = 20. All / Is) €S,
other datasets shown in the figures are produced by exact
diagonalization. Consequently,
1 1/6 1
1= Epetantn ()] = [ Prlm(g) > ar> [0 60ar = . (B4

Fix a product Pauli basis b € {X, Y, Z}"* on B, and denote the corresponding localizable magic under basis b as LM,,.
Using the Gaussian representation of Haar measure, let {g, }, be independent standard complex Gaussian vectors in C?, and

set R, = ”ng% and |u;) = [g;)/||g:|l>- Then,

The directions |u;) are independent Haar-random states in 7, and are independent of {R,},. Therefore,

lEl/I [LMb (W

Thus, E,[LM,(y)] = u; for every basis b. In particular,

E,[LM(y)] = E, [LM(y)] = 1,

RS = 3 = E

() = . (k6)
LM(y) =37 > LMy(y). (E7)
be{X.Y.Z)"s
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It remains to prove concentration. For any s = (s,), € S,
where dg = 2", set

sb - Z|S z|A ® |Z Z‘b (ES)
This is an orthogonal projector, and Eq. (E2) gives
LM, (y) = 1 — max (y|Pg,ly). (E9)

seS

For any unit vectors |y), |¢) and any orthogonal projector P,

[(w|Ply) — (@|Plp)| <2[ly — ¢l (E10)

Hence, every LM, is 2-Lipschitz on the unit sphere of C?%,
and so is their average LM. Then, Levy’s lemma

(Theorem 7.37 in Ref. [136]) implies, for a universal
co > 0 and every € > 0,

Pr[|[LM(y) — 1| 2 €] <2 exp(—codpe?).
W

Pr[|LM(y) - p| 2 €] <2 exp(—codpe?).  (El1)
178

1/24, it must deviate by at least 1/24 from its mean. Taking
e = 1/24inEq. (E11) and applying a union bound concludes
the proof. =

Because p; > 1/12, for either quantity to be smaller than

APPENDIX F: ADDITIONAL PROOFS
ON FIDELITY CERTIFICATION

1. Proof of Proposition 5

Proof. Set the decision boundary as n*=1-(1-
¢)A(1 — F) and the estimation error as & = cA(1 — F).
Accounting for statistical fluctuations of the estimator @ of

tr(O,p) [see Eq. (A9) and Corollary 4], the number of
copies required to guarantee precision & with failure
probability at most o is

~ 27In(57!)(4™ + 1)
A1 -F)?

(F1)

When tr(wp) < F, we have
r(O,p) F-1+(1=F)(1-A)=1-A(1 - F). (F2)

Therefore, with probability at least 1 — &, the estimator @
satisfies

o <tr(0,p) +e<n", (F3)

so the protocol outputs reject.

Conversely, when tr(yp) > 1 — (1 —2¢)A(1 — F), note
that the spectrum of O,, is non-negative and has eigenvalue
1 for |y). Therefore,

tr(0,p) 2 tr(yp) 21— (1 -2¢c)A(1-F). (F4)
Hence, with probability at least 1 — 4,

w > tr(O,p) —e>1". (F5)

and the protocol will output accept. L]

2. Proof of Theorem 4

Let G = (V,E) be a simple undirected graph on n
vertices V = {1, ...,n} with symmetric adjacency matrix
A e F5*" with zero diagonal. The associated n-qubit graph
state |G) is the unique +1 common eigenstate of the
stabilizer generators

K; = XHZ

where N(i) = {j:A;; =1} is the neighborhood of i.
Equivalently, writing an n-qubit Pauli as

ielnl. (F6)

n X z
Py =in [[ Xz, (F7)
k=1
the stabilizer of |G) is generated by {P,, ..., P,} with
HX=1, H?=A; (F8)

i.e., the jth generator has an X on qubit j and Z’s on its
neighbors. A random graph state is obtained by sampling
A uniformly at random from all symmetric matrices in F5*"
with zero diagonal and setting H = A (with H* =1,).

Proof of Theorem 4. Operationally, measuring O,, can be
viewed as follows: independently sample a local Pauli basis
(X, Y, or Z) for each qubit in B, measure B in the resulting
product basis, and then (conditioned on the outcome x)
either output 0 if p,(x) =0 or project A onto |yy).
For a fixed choice of local bases beB" (with
B = {{0.1}. {+. =}, {+i.—i}}), define

Opy= > |w)lyxl, ® X)(xlz.  (F9)
x€b.p, (x)#0
so that
0, =37 )" 04, = E4[04,]. (F10)

beB"s

where b is uniform over B"s.
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Let S = Stab(y) be generated by {Py,...,P,}. Fix a
basis choice b, and let Sqomp € S denote the subgroup of
stabilizers that commute with all local Pauli measurements
specified by b on B. Since the projectors {|x)(x|z},cp are
pairwise orthogonal, we have 0,%#, = Oy, and, hence,
Oy, 1s a projector.

Moreover, Oy, is exactly the projector onto the joint
(+1) eigenspace of S¢opmp- First, for any g € Seommp and
any outcome x €b with p, (x) # 0, we have

g @ |x)(x|p)lw) = (I ® x) (x|5)glw) = (I & |x) (x| ) w).
(F11)

where we used [g, |x) (x|z] = 0 and g|y) = |y). Thus, each
branch state |w,), ® |x)p lies in the joint (4-1) eigenspace
of Scomm,b-

Conversely, let [v) = >, cp |ve)a ® |x)p satisfy glv) =
|v) for all g€ Scommp- Since every g€ Scommp cOMmutes
with |x)(x|z, each component |v,), ® |x)p is also stabi-
lized by Scommsp- In addition, it is stabilized by the
measurement-outcome constraints {(—1)* Py }; g, where
P, €{X,.Y; Z;} is the Pauli observable associated with
the basis b;. The state stabilized by S.oump together with
these commuting single-qubit Paulis is unique. Therefore,

[va)a @ [x)p & (I @ [x)(x|p)w) o |yx)s & |x)p.  (F12)

and, hence, (v|0y,|v) = 1 lies in Ran(0,,,). Combining
above, Oy, is precisely the projector onto the joint (+1)
eigenspace of Scommp-

For each x€F}, let |y,) be the stabilizer state whose
stabilizer group is generated by {(=1)1 Py, ..., (=1)"P,}.
Then, {|y)}.cp forms an orthonormal basis. Because
Oyp,, is the projector onto the subspace stabilized
by Scomm,b? we have <l//x|0b,l//|l//)r> € {0’ 1} and
(Wy|Opylwy) =1 iff every g€S.ommp also stabilizes
|y,). To make this condition explicit, write each generator
in (HX, H%) form in Eq. (F7). Any stabilizer element can be
written as

Pr[x €span{m;|2 <i <n}] <E, Z

m

ks....k, €{0.1}

— -1 / I
1k2m2+'--+knm,,:x - 2” PI,‘[mz + e + mn — x}v

n -
g. = PPy o [[ X"z,
k=1

zeF.  (F13)

Such g, stabilizes |y, ) iff (=1)*'* = 1, ie., z x = 0 in F,.
For each i € B, let

T X
e; H*,

m[T = eiTHZ,

bi - {O, 1},
bi - {+7_}’
elHX + eTH?, b, = {+i,—i},

(F14)

where e; denote the unit vector having 1 on the ith entry. A
direct Pauli commutation check shows that g, commutes
with the local measurement on qubit i iff mz = 0 in F,.
Therefore, (w0, lw,) = 1 iff “for any z€F4, m{z =0
for all i€B implies z'x =0”, which is equivalent
to x € span{m;|i € B}.

Since O, = Ey[0;,,] and each Oy, is diagonal in the
basis {|y,)}, O, is also diagonal in this basis. The
eigenvalue corresponding to |y,) is

Pr[x € span{m;|i € B}],

m

(F15)

where m; is independently and uniformly picked from
{(HN) e;,(H?) e;,(HX)"e;+ (H?)"e;}. For random graph
states, HX = I and H? is uniformly and randomly picked
from all symmetric matrices with zero diagonal. Therefore,
the result follows from the following lemma. (]

Lemma 12. Let ¢ > 0 be any constant. Pick A uniformly
from random symmetric matrices in F5*" with zero
diagonal. Let a; denote the ith row (or column) of A,
and let e; denote the unit vector having 1 on the ith entry.
Then, with probability at least 1 —exp[—Q(n)] over the
choice of A, the following holds simultaneously for all
nonzero x € F4: Pr,[xespan{m;|2 <i<n}] <i+i+c,
where m; is independently and uniformly picked
from {e;, a;,e; + a;}.

Proof. For any matrix A and vector x, we have

(F16)

m

where m’. is picked from the following distribution: O with probability %, e; with probability %, a; with probability %, e; + a;

with probability %; and each m) is picked independently.

We have another way to choose m': let m; = f,z;, where f; is 1 with probability % and 0 with probability % z; 18 uniformly
picked from {0, e;, a;, ¢; + a;}; and each f;, z; are independent. Let

V; = span{e;, a;|f; = 1}, |f|:Zfi’
i—2

(F17)
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where the addition is in Z. Then, dim V, < 2|f|, and

Pr[m)y + -+ m) = x] = [Eflzr[fzz2 +od foza=x] = [EfyP{/ [y=ax]= [Ef[lxevfz—dimvf]
4 <Vr

= Es[liev, 27 + Ef[lev, 274V = 272M1)]. (F18)

Let f’ be another random vector drawn from the following distribution: f is 1 with probability % and 0 with probability %
Then, for any function X(f) of f,

oI/ on=1=|f|
PUEX(NM = 3 2 IS X (2 = Y T X () =B X)) (F19)
fe{o.1}1 fe{0.1}1
Use this equality in Eqgs. (F16) and (F18), we have

Pr[x €span{m;|2 <i < n}| < 2n—1Pr[m/2 ot ml, =4

m m'
= 2 (E Ly, 2]+ Ly, (270 = 27270))
= Epllrev,] + 27" Ef{l ey, (279mYr —27211)]

< l;;[x €V ] +2m g2~ dimVy — 22/, (F20)

When x = 0, it gives

2" Ptlm)y + -+ mj, = 0] = Eplloev, ] + 2" ' Efloey, (274 Y7 = 2721)]
m . ’

= 1 4 2" 1E [27dim Vs — 272Uf1), (F21)
Therefore,
Pr(x €span{m;|2 <i <n}| < gr[xe V] 4 2m E[2-dim Vs — 2211
m !
= E’r[x €Vpl + 2" "Prmy + -+ mj = 0] = 1. (F22)
m
The result can be derived from the following two lemmas. m

Lemma 13. For any constant ¢; >0, 2"7'Pr, [m)+---+m) =0 <144+ ¢, with probability at least 1 —
exp[—Q(n)] (with respect to the randomness of A), where m’. is picked from the following distribution: 0 with probability
1, e; with probability §, a; with probability £, e; + a; with probability §; and each m) is picked independently.

Lemma 14. For any constant ¢, > 0, with probability at least 1 — exp[—Q(n)] (with respect to the randomness of A), for
all nonzero x €F4, Prp[x€ V] <14 ¢,, where f follows Bernoulli(1/3)"".

In the following, for any set S, 7" of indices, let Ag  denote the submatrix of A by keeping the rows with indices in S and
columns with indices in 7, i.e., As 7 = (A;j); 5 je 7 Similarly, for vector a, let ag be the vector by keeping the entries in a
with indices in S, i.e., ag = (a;);c5s-

Before proving these two lemmas, we first prove another lemma.

Lemma 15. Let x4, ..., x; be k linearly independent vectors in 5, and d,, ..., d; € F5. Then,

Pr[V 1 <i<kAx;=d}] < 2=k, (F23)
Proof. Let X and D be n x k matrices whose ith column is x; and d;, respectively. “V 1 <i < k, Ax; = d;” is equivalent

to AX = D. Since {x;} is linearly independent, there exists some indices set / of size k such that X, | is an invertible matrix.
Let I denote the complementary of I. AX = D implies

Dy = (AX)z g = A X = A X + AniXi (F24)
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which is equivalent to
Arr = (D1 — AniXi ) X; - (F25)

Here, Aj is independent of Aj 7, each entry of Aj; is independently uniformly chosen from [F,. Hence, we can first choose
Aj7; given Aj, the probability that the above equation holds is 27%("=%). Therefore, Pr,[(AX )i = Diw) = 2-k(n=k) and

Pr[V 1 <i <k Ax; = d;) < Prl(AX)7 5y = Dy ] = 2k(n=k), (F26)

]

Proof of Lemma 13. We compute the expectation and variance of X = Pr,,/[m} + - - - + m), = 0]. Here, we pick m’ using

the following method: first pick y; = y;(a, r) from the following expressions: 0 with probability %, e; with probability é, and

a + re; with probability %; then plug in a; and a random bit r; to get m; = y;(a;, ;). This procedure produces the same
distribution. Let

n n
d, = Z ly . e Xy, = Z Ly —gtre, i (F27)
i—2 i—2
Then, for any i, (d,); and (x,); cannot both be I, and
my 4y = ya(ag, 1)+ e V(@ 1) = dy + Axy + > rilx) e (F28)
i—2

To compute E4[X], we have
Ea[X] = ExPr[m)y + -+ +m;, = 0] = IZY valaz, r2) + -+ yulay, ry) = 0]. (F29)
m y.A,r

We first pick y and then compute the probability of m) + - - - + m), = 0 under the randomness of A and r.

If, for all i, y; is not a; + r;e;, then y,(a,, r2) + - - + y,(a,, r,) = 0if and only if y; = 0 for all i. The probability of such
event is 2~ ("1,

Otherwise, assume y; = a + re; for some i. The probability of this case is 1 — (%)"‘1. Now,

)y = () + )+ ()
= i

= (dy)m +Apm ()5 T A(xy); + er(xy)jej

Niall
= Agy+ (d) g +Ag.a ) + D ribn)es (F30)
J#i
(my+ -+ m,); = (d,); + (Ax,); + (Z rj(xy)jej> = rie; +(dy); + (Axy);. (F31)

j=2 i

We randomly pick A3, 7) under the constraints “A is symmetric” and “A;; = 0 for all j” and the entries of r; (j # 7). Then,
we randomly pick A, ;. After that, (m + -+ + mj,); is determined, and it is zero with probability 2=("=1)_ Then, we
randomly pick r;, and with probability 3, (m} + - -+ + m},); = 0. Therefore, in this case, when y is given,

EI;[yZ(a27r2)+"'+yn(anvrn) :O] =27 (F32)
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In conclusion,

2\ n—1
EAX] = Pr s+ lanern) =0 =200 ¢ (1= ()7 e (733

Now we bound E4[X?]. We have
4] = ElPrlm) + -+ m), — OPylnf + -+ ] — 0]

- yy’]irr r/[y2(a27 r2) + - +yn(an7 l"n) = ylz(a27 rlz) + - +y;l(an’ r;’l) - 0] <F34)

We first pick y, y' and then compute the probability of m} + - - - 4+ m), = m45 + - - - + m), = 0 under the randomness of A
and r, 7.

If, for all i, y; is not a + re;, then y,(a,, r5) + - - + y,(a,, r,) = 0if and only if y; = 0 for all i, and it is independent of
A. Then, we can use the results when computing E4 [X]. The case “for all 7, ¥ is not a; + r;e;” is similar. These two cases
have contribution (2-("=D)2 42.2-(=D. (1 — (Z)n=1)2-n,

Now, we assume that there exists some i, i’ such that y; = a; + r;e;, y', = ay + ryey. Then, x, x, # 0.

First, we compute the probability of the case with x, = x,:

vy/];,)qrrr/[y2<a27 r2) +- +yn(an’ rn) = ylz(ab "/2) + —I—y;l(an, r:z) =0A Xy = Xy # O]

vy A

n n
= Pr [dy + Ax, + Z ri(xy);e; = dy + Axy + Z ri(xy)ie; =0Ax, = xy # O]

= Pr [d +Axy+z ri(xy)ie; =0Ax, =xy #0Ad, —1—2 ri(xy);e; = dy —|—Z ri(xy)e ] (F35)

vy Arr

Here, d, + Y1, ri(x,);e; = dy + >, ri(xy)e; is equivalent to that for all 2 < i < n, (d,); + ri(x,); = (dy); + ri(xy);.
Here, (d,), [(dy);] and (x,); [= (x,);] are not both 1, so it is equivalent to that d, = d,y and r; = r; for all i with (x,); = 1.
Therefore, by utilizing Eq. (F32),

Pr [yZ(aZ’r2)+"'+yn(an’rn) :ylz(aZvr/Z)_F"'_l_y;t(an’r/n) :O/\xy = Xy ;é()]

vy Ay
= Pr |d,+Ax, + e—O/\x =xy #0Ad, + e—d+ x/
.y A [ ! Z # ; Z ]
Uty #0 A dy + Axy + S0, ri(xy)es = O]
= [Ey,A,r

Prix,=xy Ady=dy ANr;=7; foralli with (x,);=1]

'

—E_‘,,A,,[ {xV;éO/\d +Axy+z ()¢ 0]2 20 'Pr[ xyr/\dy—dy/]}

i=2

:[Ey{lx#OPr[d + Ax, +Z )i€; —0]2 PIHNCH fPr[y y]]
i=2

= [Ey |:1xy;é02_n2_ Z:‘:Z(x")‘l:/r[y = y/]:|

( [2 Zz WX 'Pr[ H — I]Ey[lx}_:()z_ ZLZ(X"')’I;,I[)) _ y/“>

1 1 1 1\ /1 1\»! 5\ 0ol
—-n e R N —-n —(n—1) _ [ = . F
((22+62+32x2> (22+62> ) <3 (18> ) (F36)
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Then, we compute the probability of the case with x, # x,/, and there exists some i such that (x,); = (x,); = 1. The
probability of entering this case is

Prxy,xy #0 A x, #xy A 3i,(x,); = (xy); = 1]
vy
- vP\rv’[xy #xy A 3i(xy); = (xy); = 1]

=1-Pr[V i ((xy); =0V(xy); =0)] = Prlx, = xy] + Pr[x, = x,y = 0]
vy vy vy .

1\ -1 1 22\ n—1 22\ n—1 ]\ n—1 3\ n-1 4\ n-1
=l-(1-= -+ — =1-(= - | = — . F37
e e B ) B GO O B
Now we assume that y, ¥’ are given and compute

Alirr’[yZ(az’ 7'2> + - +yn(anv rn) = ylz(ab ’./2) + - +yln(an7 rln) = 0]

= APr/ {dy + Ax, + Z ri(xy) e = dy + Axy + Z r(xy )ex = O] . (F38)
o k=2 k=2

Since x, # x,, there exists some j such that (x,);

; # (xy);. Without loss of generality, we assume that (x,); = 0, (xy); = 1.
Because (x,); = (x,); = 1, i # j. Then,

J

(dy + Axy + Z rk(xy)kek>_ = Amvm(xy){“} + Am’i(xy)i + Am7j<x),).]-
=2 W

+ (d))m + Zrk(xy)kek

k#i,j
= Aml + Am,m(xv)m + (dv)m + ];.rk(xy)kek; <F39)
LJ
(dy +Axy + Z rk(xy)kek> = (dy)i +Ai,[n] (xy) + ri(xy)i =rit (dy)i +Ai,[n] (xy); (F40)
k=2 i

<dy + Ax, + Z rk(xy)kek> = (dy); + Aj’m(xy)m +A;i(xy); + A () + ()

k=2 j
<dy’ +AX + ) ri(xy’)kek)_ = Ay 1 (0 gy + A, O+ (dy)gy + Dokl e
k=2 {i.j} =y
= Am] + Am{;} (xy’){}} + (dy/)m + k#z.l”;((xy/)kek; (F42)
L
(dyf +Axy+Y <>) = (dy); + Ay, + 7ix0) = 75+ (dy); + Ay, (F43)
k=2 i
(dy/ +Axy+ > r;(xy,)kek) = (dy); +Ajpx, + P (xy); = Fy+ (dy); + Aj i, (F44)
k=2 j
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We consider the following procedure to sample A, r, and r':
uniformly randomly sample r;,r, for all k#i, j and
uniformly randomly sample Amm under the constraints

that “Am I
set A;; = A; ; = 0; uniformly randomly sample Ami and

is symmetric and A, = 0 for all k # i, j’;

let A, i be its transpose, and now Eq. (F39) is determined

and it is O with probability 2=("=2); uniformly randomly
sample Am-j and let A/.ﬁ be its transpose, and now
Eq. (F42) is determined and it is O with probability 2~(*~2);
uniformly randomly sample A; ; = A; ;, and now Eq. (F41)

|

is determined and it is 0 with probability 2~!; uniformly
randomly sample r;, r;, 7}, 7, and now Egs. (F40), (F43),
and (F44) are determined and they are all 0 with probability
273. One can verify that this procedure produces the correct
distribution of A, r, . Therefore, for fixed y, y’ with x, #
Xy, Xy, Xy #0 and (x,); = (xy); =1 for some i, the
probability of m5+---+m, =mj+---+m, =0 is
272" ynder the randomness of A and r, ¥.

Finally, we compute the probability of the case
with x, # xy, and there does not exist i such that
(xy); = (xy); = 1. The probability of entering this case is

F}I:,[xyvxy’ #0A Xy # Xy A Vi, ((xy)i # (xy’)iv(xy>i = (xy’>i - 0)]

— Eyr/[xyvxy’ #0AN Vi, ((xy)i * (xy/)iv(xy)i — (xy’)i _ O)]

= PI’[V 2 ((xy)i # (xy')iv(xy)i = (xy’)i = 0)} - PI‘,[xy = 0] - Pr,[xy’ = 0} + PE[X}, =Xy = O]

vy

3G

y.y y.y Y.y

)

(F45)

In this case, x, # x,» and x,,xy # 0, so x, and x,, are linearly independent. We pick r, 7 first and then A and utilize

Lemma 15; then, we get

P [va(an )+ (s ) = (@0, 75) Vi) = 0)

= Pr {dy + Ax, + Z ri(xy);e; = dy + Axy + Z ri(xy)e; = 0}
i—2 i—2

A,y

n

= [Er,r’ |:]ZI' |:Axy = —dy - Z ri(xy)iei AN Axy/ = —dy/ — Z r;(xy/)ie,-” < 2—2(n—2)_

i=2

In summary,

2 n—1 5\ -1
[E[XZ]s(z-<"-'>)2+2-2-<"-1>-<1—(§> >2-"+2-"<3-<"-1>— E) >

Q66 (6 6)

Together with Eq. (F33), we have

Var[X] < 272" exp[-Q(n)].

Therefore, by Chebyshev’s inequality,

1
lzr|:2n_lp¥[m/2++m;l—0] > 1+§+C]:|

1
= Pr {2"—1)( > 145+ cl] <Pr[2''X > 2 E[X] + ¢)] <

n (F46)
i=2
(F47)
(F48)
22(n—1)
o VarlX] = exp[-Q(n)] (F49)

Hence, 2"~'Pr,,/[m) + - + m), = 0] < 1 +1+ ¢, with probability at least 1 — exp[—Q(n)] (with respect to the random-

ness of A).

041027-36



CERTIFYING LOCALIZABLE QUANTUM PROPERTIES WITH ... PHYS. REV. X 16, 041027 (2026)

Proof of Lemma 14. Let T denote the event “for all nonzero x € F;, Pry[x € V] < % + ¢,,” and we need to prove that T

happens with probability at least 1 — exp[—Q(n)]. Here, f' follows Bernoulli(1/3)""".

Assume that T does not happen; that is, there exists a nonzero x € F; such that Prf/ [xe Vf/] > %Jr ¢,. We consider the
following procedure: for each 2 <i < n, independently uniformly sample p; from {0,1,2}. For k=0, 1, 2, let
(fi); = 1,,—; then f; follows Bernoulli(1/3)"~"'. By assumption, Prlx€ V] > 1+ ¢,, and, hence,

14+3c, <PrlxeV; ]| +PrlxeV, ]| +PrixeV,] =E[lxeV,]+1xeV,]+1xeV,]|

< [E[l N <l[xevfo] + 1[xe2Vf]] + 1[xevfz])]

=1+ PrxeV, NV, ]|+PrlxeV;, NV, ] +PrlxeV, nV]). (F50)
By symmetry, PrlxeV,; nV,;] =PrlxeV, nV,]=PrlxeV, nVy]. Therefore,
PrixeV, nV;]>c,. (F51)
We independently sample another g following the same distribution as p, and let (g;); = 1, _ for k = 0, 1, 2. Then,
< Eg[xevfo NV AxeV, nV,]= Ilzg[xevfo NV, nV,nV,]

<PV, 0 Vy 0V, 0V, # {0} (F52)

Let X =Pr, [V, nV; nV, NV, #{0}]. When event T does not happen, X > ¢3.
Now we bound the expectation of X under the randomness of A; that is,

EdX] = PV, nV,nV,nv, #{0}] (F53)

We first pick p, g and then A. Let I, = {i|p; = k}, J;, = {ilg; =k} fork=0,1,2. I, n [, =@, JonJ, =@.i€l,nJy
if and only if p; = k, ¢; = k', which happens with probability §; “p; = k.q; = k> and “p; = k, q; = k" are independent
for i # j. Therefore, by Chernoff’s bound and union bound, with probability 1 — exp[—Q(n)], [I; N Jy| < (54 0.01)n for
all k. ¥ €{0,1,2}.

Now, we fix p, ¢ with assumption |/, N Jy| < (§+0.01)n for all k, k' €{0,1,2}, which implies 0 < |I|,|J;| <
(34 0.03)n for all k€{0,1,2}; and we bound Pry[V, nV; NV, nV, #{0}]. Here,
ka = Span{eiaaink)i = 1} = Span{eivaimi = k} = Span{eivai|i€1k}
= {Z(d,-e,- + x;a;)|x. de u:g} = {Ax +d|x.deF}} (F54)

=
and similar for V. Then,
I;r[vfo NV, nV, nV, #{0}]

SIEA[ Z Z Z Z 1[Ax; +d) = Axy + dy = Axz + ds = Axy + dy # 0]

I 1 J
x1.dy €FY x,.d €F,) x3.d5 €F,0 x4.ds € [F;'

=2 X X Zljr[Alerdl:AxZ+d2:Ax3+d3:Ax4+d4;éo]. (F55)

I I J
x1,dy EFO xy.dy €FY x5,y €FL0 xydy €F)!

We bound Pry[Ax; +d| = Ax, + dy = Axy + dy = Axy + dy # 0] for fixed x,,d, €FY,x,,d> EFY,x3,d3 EFY, x4,
dy e FJ'; denote it as Dx.q- By Lemma 15,
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Pxd = I}[Axl +d; = Axy +dy = Axz + d3 = Axy + dy # 0]
SPriA(x +xp) = di +dy NAQxs +xy) = dy +dy ANA(x) +x3) = dy + d]
< 27Kealn=kea) = O(2kxam) (F56)
(in F,, plus and minus are the same), where
k. q = dim span{x; + x5, x3 + x4, x| + x3}. (F57)

We focus only on those x, d such that p,,#0; that is, there exists some A such that
Axl +d1 :AX2+d2 :AX3+d3 :A)C4+d4 750

When x; =x, =0, Axy +d; = Ax, +d, implies d; =d,; but d; € [Fgo, d, G[Fé‘, and IynI; =@. Hence,
dy =d, =0, and Ax; + d; = 0. Therefore, in this case p,, = 0. We ignore this case; that is, we have x; #0 or
X, # 0. Similarly, x3 # 0 or x4 # 0.

Since x; € [Fgo, X, € F.', and IyNn I} =@, x; # x, (otherwise, x; = x, = 0); similarly, x3 # xy4.

Now we discuss k,, and count the number of x, d such that p,, # 0; that is, there exists some A such that
Ax|+d; =Ax; +dy =Ax3+dy = Axy +dy # 0. Here, x; +x; =x; —x #0,x3 + x4 # 0,50k, ,€{1,2,3}. Assume
that p, 4, # 0.

(i) k4 = 3—The number of possible values of x, is |F5’| = 2%l < 2!

each have less than 2(1/3+0:03)n pogsible values. Hence,

1734003 Similarly, x,, x3, X4, d, d», d3, and d,

Z Pra < Z 0(2—311) < 28(1/3+0.03)n0(2—3n) _ eXp[—Q(n)]. (F58)
x.diky =3 x.d: kg y=3.py 4#0

(ii) k,4 = 1—Then, x; + x, = x3 + x4; X; + X3 = x| + x, or x; + x3 = 0. The first case implies x, = x; and then
X1 = x4, and the second case implies x; = x3 and then x, = xy.

We assume x; = x4, x, = x3. Since Ax; +d; = Axy +d,, dy = d,. Similarly, d, = d;. Because x; € [Féo,
xs €F), x) = x, €FY nF) = F™', which has 210071l < 2(1/94000)n poggible values. Similarly, x, = x5, dy = dj,
and d, = d; have less than 2(1/9+0.01)n possible values. Hence, for this case, the number of possible x, d is less than
2(4/9+0.04)n‘

The case for x; = x3, x, = x4 is similar. Therefore,

Yo b D 02 < 2x 2W/H00mO(27m) = exp[-Q(n))]. (F59)
xd:k, =1 xd:ky =1.py 470

(iii) K,y = 2 with x; + x, = x5 + x,—Since x; + x, EFYY" = FY @ F)', x5 + x, € FY = B @ FJ', x1, x5, x5, x4
are  determined by  x; + x5 = x; + x, €FU o FY1 = Flon/o U0 )UaS)UIOT) T piep
ool +|Iond 1| +[1i0Jo|+[Iin1 |  (4/9+0.04)n possible values.
Since Ax; +dy =Ax, +dy = Axy +ds = Axg +dy, A(x+x2) + (dy +do) = A(xz +x4) + (d3 + dy) and,
hence, d| + d, = d3 + d4. By the same reason, the number of possible values of (d,,d,,ds,d,) is less than
2(4/9+0.04)n  Therefore,

has

S pas S 0@ < 224950090220 — exp[-Q(n)] (F60)
xdky g=2 xd:iky g=1.py g#0
X1 +xp=x3+x4 Xp+xp=x3+x4

(iv) k., =2 with x; +x; #x3 +x4—Since x; + x,,x3 +x4 #0, they are linearly independent, and, hence,
X1 + xz €span{x; + x5, x3 + x4} = {0, x; + x5, x3 + x4, X, + X, + x3 + x4}. It implies that at least one of
X1+ X3, X5 + X3, X1 + X4, X5 + x4 15 O.
If x; 4+ x5 = 0, then x; = x3 €FY N FY° = F2™, which has 2/l < 2(1/9+000)n hocsible values. Together with
Ax; +d, = Axy + d5, d| = d5 and similarly d, = d; has no more than 2(!/9t000)n pogsible values. x,, x4, da, d4
each have less than 2(1/3+003)" possible values. In total, in this case there are no more than 22(1/9+0.01)n+4(1/3+0.03)n —
2(14/9+014)n possible (x, d)’s.
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The cases for x, + x3 =0, x; + x4 = 0, and x, + x4, = 0 are similar. Therefore,

Z Px.d <

xdiky g=2
X|F+xpFX3+xy

xdiky g=1.py q#0
X Hxp#EX3+Xy

In conclusion,

Pra[Vi, 0V 0V 0V # {0} <Y pog <exp[-Q(n)]

0(2—2n) <4 x 2(14/9+0-]4)”O(2_2”) = eXp[—Q(fl)]-

(F61)

(F62)
x.d

whenever |I; N Jy| < (54 0.01)n for all k, k' €{0,1,2} (which happens with probability 1 —exp[—Q(n)] under the
randomness of p, g). After including the randomness of p, ¢ and applying union bound, we have

E,[X] = [E]I:A[Vfo NV, nV, NV, #{0}] <exp[-Q(n)].

By Markov’s inequality,

I/"r[Tdoes not happen] < Pr[X > 3] < ¢;2E4[X] < exp[-Q(n)],

which finalizes the proof.

3. Nonzero gap for almost all states

In this subsection, we prove that the spectral gap A(O,,)
is strictly positive almost surely.

Theorem 7. Let |y) be drawn Haar randomly from the
n-qubit Hilbert space H, with d = 2" and ny > 1. Then,
with probability 1, A(O,,) > 0.

First, we show that a Haar-random pure state is almost
surely entangled.

Lemma 16. Let |y) be drawn Haar randomly from the
bipartite Hilbert space H, @ Hp with local dimensions
dy,dg > 2. Then, with probability 1, |w) is entangled
across the cut A|B.

Proof. The set of all pure states in Hyp, modulo a
global phase, forms the complex projective space CP¢~!
with real dimension 2d — 2, where d = d,dp. In contrast,
the set of product (separable) states forms the Cartesian
product CP%~! x CP4~!  whose real dimension is
(2d4 —2) + (2dg — 2). Because dy4, dy > 2, we have

(2dy —2) 4+ (2dg —2) < 2dydg -2, (F65)
so the manifold of separable states has strictly lower
dimension than the manifold of all pure states. A lower-
dimensional submanifold has Haar measure zero within the
larger manifold, implying that the probability of sampling a
separable state under the Haar measure is zero. Hence, a
Haar-random pure state is almost surely entangled. ]

The notation O,, suppresses the dependence on the size
ny of subsystem A. Here, we write O, , to make this
dependence explicit. We now show that, when B consists of

(F63)

(F64)

a single qubit (i.e., ny = n — 1), the observable O,, ,_; has
a strictly positive spectral gap almost surely.

Lemma 17. Let |y) be drawn Haar randomly from the
n-qubit Hilbert space H,p with ng = 1. Then,

A(Oy ,-1) >0 (F66)

with probability 1.
Proof. Lemma 16 guarantees that |y) is entangled across
A|B almost surely. Observe that

(Ox + Oy + Oy), (Fo7)

W[ =

Ow,n—l =
where

Oz =wo ®10)(0] +y; ® [1)(1

, (F68)
with

Sl @O sl @ 1)1y
"T @Oyl T ul @ {1l
(F69)

and Oy and Oy are defined analogously in the {|4)} and
{|] £ i)} bases. Entanglement implies y # w; otherwise,
lw) would be separable.

To prove A(O,, ,_;) > 0, we show the maximal eigen-
value of O,, ,_; is nondegenerate. Suppose a pure state |¢)
attains this maximum so that tr(O,, ,_1¢) = 1. Then,

tr(Ox¢) = w(Oy¢p) = r(0z¢) = 1. (F70)
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The condition tr(Oz¢) = 1 implies that, when subsystem B
of |¢) is measured in the computational basis, the projected
states on subsystem A are precisely y (for outcome |0))
and y; (for outcome |1)). Hence,
|§) = aol0)glwo)a + ai|1)glwi)a- ag.a; €C. (F71)
The uncertainty principle dictates that ¢ cannot simulta-
neously be an eigenstate of at least two of the operators oy,
oy, and o,. Assuming without loss of generality that ¢p is
not an eigenstate of oy and o, it follows that ay, a; # 0.
Similarly, for the entangled state |y), we have

W) = bol0)glwo)a + b1[1)glwi)as by, by #0. (F72)
Next, tr(Ox¢) = 1 forces the projected states of |¢) and
lw) after measuring B in {|£)} to coincide. Thus,

aolwo) + ailw) &< bolywo) + bily1),  (F73)
so ay = eby and a; = eb; for some e & C. Therefore,
|¢) = e|w), and normalization implies |e| = 1. Hence, |¢)
and |y) differ only by a global phase, proving the
maximum eigenvalue is nondegenerate and A(O,, ,_) >
0 almost surely. m

Proof of Theorem 7. We focus on the case ny = 1;
the extension to n, > 1 is analogous. We proceed by
induction on the number of qubits, n. For the base case,
n = 2. A Haar-random |y) on 2 qubits satisfies A(O,, ;) >
0 almost surely by Lemma 17. When n > 3, assume
A(O,1) > 0 holds for (n — 1)-qubit Haar-random state
y almost surely. We now show it holds for n-qubit Haar-
random states.

Let |y) be Haar random on n qubits and y; for i € X be
the projected state corresponding to Pauli-basis measure-
ment on the nth qubit. Each projected state is Haar
randomly distributed on n — 1 qubits by unitary invariance
of the Haar measure. By the induction assumption,
A(O,, 1) > 0 almost surely for each i. Applying union
bound shows this holds simultaneously for both outcomes
with probability 1.

Note that

0

(Ox + Oy + 0y), (F74)

Q| =

w,l —
where
07 =0,,1 ®10)(0] + 0,1 ® [1)(1],  (F75)

and Oy and Oy are defined analogously. Suppose ¢ is any
pure state satisfying tr(0,, 1¢) = 1; then,

tw(Oxp) = w(Oyg) = tr(Ozp) = 1. (F76)

Since each O, ; satisfies A(O, ;) >0, the above
equalities imply

tr(Ox¢) = r(Oy¢p) = tr(0z¢) = 1, (F77)
which then implies ¢ =y, with the same reasoning as in

Lemma 17. Hence, the maximal eigenvalue of O, ; is
nondegenerate almost surely. m

4. Proof of Theorem 5

We first introduce the notation that is used extensively
throughout this proof. Let m =ng =n—1 denote the
number of qubits in the complementary subsystem, and
define the corresponding Hilbert space dimension as
D = 2". We denote the set of single-qubit Pauli basis states
as X ={0,1,+,—,+i,—i}, and define the corresponding
projectors as 7, = |x) (x| for x € X". Let 4 = 37" denotes a
uniform weight, which corresponds to the probability of
selecting a specific Pauli basis. Consequently,

Z/,mx =1Ip.

xeXm

(F78)

We express the target pure state |y) as

W) = 10)u) + [D]o). with [ ul®+ ol = 1. (F79)

Consider an arbitrary state |¢) = |0)|a) + |1)|b). For any
measurement outcome x, define the amplitude u, = (x||u)
(with analogous definitions for v,, a,, and b,), and let

2

Px = | l"xl2 + | Uxl™s d, = | ub, — vxax|2' (Fgo)
For Haar-random states, p, # 0 for all x almost surely. Direct
substitution into the definition of the conditional fidelity

observable O,, yields

B0 = S u.

(F81)
m pX
xeX

To bound this gap from below, we construct an auxiliary
unnormalized vector

we) = (=74]0) + 1)) @ |x), (F82)

and define two positive semidefinite operators, Hy and H, as
follows:

Hy = Z /’l|wx> <Wx

xeXm

Hl = Z /’tpx|wx><wx|'

xeXm

By construction, (p|Ho|¢) =, ud, and (|Hy|¢) =
> Hpd,. Applying the Cauchy-Schwarz inequality,

’

(F83)
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we can lower bound the spectral gap as follows:

(¢|Holop)?
(P|H,|p)

The problem is, thus, reduced to bounding the operators H,,
and H,;. We accomplish this through the following two
lemmas.

Lemma 18. With probability at least 1 — exp[—Q(m)]
over the Haar-random choice of |y), the kernel of Hj is
spanned exclusively by the target state (i.e.,
ker Hy = Cly)), and its smallest nonzero eigenvalue is
bounded from below by

(@1 =0,)|h) 2 (F84)

C
mm (HO)

where ¢ > 0 is a universal constant.

Lemma 19. With probability at least 1 —exp[—Q(m)]
over the Haar-random choice of |y), the maximum eigen-
value of H,; is bounded from above by
C
Hy < 551,
where C > 0 is a universal constant.

By substituting Lemmas 18 and 19 into Eq. (F84), we

establish Theorem 5. In the remainder of this section, we
provide the detailed proofs for these two lemmas.

5. Proof of Lemma 18

In this subsection, we present the proof of Lemma 18.
We begin by introducing several standard concentration

(o

where C > 0 is a universal constant.

P\ l/p 1/2
) < C/pD"/? max { HZ},A y

inequalities concerning Gaussian random matrices. Next,
we demonstrate that the operator H, can be expressed in a
specific Gaussian matrix form. Finally, we separately
bound the diagonal and off-diagonal blocks of H, syn-
thesizing these bounds to establish the lemma.

a. Gaussian random matrices

Let Z~N¢(0,1) denote a standard complex Gaussian
random variable, defined as Z = (£ + in)/+/2, where & and
n are independent standard real Gaussian variables distrib-
uted as NV(0, 1). Accordingly, an r x s standard complex
Gaussian matrix is defined as a matrix whose entries are
ii.d. standard complex Gaussian variables. The singular
values of such matrices satisfy the following bounds.

Fact 3 [Singular value concentration (Proposition 6.33
in Ref. [137])]. There exists a universal constant ¢ > 0. Let
G be an s x n standard complex Gaussian matrix with
s > n. Then, for any ¢ > 0, the largest singular value || G||
satisfies

Pr{|G|| > Vs +Vn+1] <e .
If s > n, then for every 7> 4y/2logn/(\/s/n—1), the

smallest singular value s.,;,(G) satisfies

Pr[5yin(G) < V5 — Vi —1] < e

Lemma 20 (Linear summations). Let {y ;} be a sequence
of independent standard complex Gaussian variables, and
let {A;} be a sequence of matrices, each of dimension at
most D x D. Then, for any p > 2,

12
TAj }’

(F85)

—cr?

(F86)

(F87)

Proof. Let ||T||s = (u|T|?) I/P denote the Schatten-p norm of a matrix 7. For any matrix of dimension at most D x D,
the standard operator norm is bounded by the Schatten-p norm such that || 7| < |75 < D'/?||T||. Then, we can bound the

expectation as follows:

(s

P\ 1/p
)" fea

< C\/pD'/? max{

p)l/p
S

L\ 1/2
< C\/I_amax{ H (ZJAJ-A})

. 1/2
(X )
1/2
T
JAJ' } :

S, }

1/2
(F88)

‘ > AA

Here, the second inequality follows directly from the noncommutative Khintchine inequality (see Proposition 19 and

Corollary 20 in Ref. [138]).
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Lemma 21 (Complex Hanson-Wright inequality). Let
g € CP be a standard complex Gaussian random vector, and
let A€ CP*P. Then, for any ¢ > 0,

, ot
Pr(|lgfAg—E[g'Ag]| > t) <4exp (—cmin {—,—}),
A7 Al

(F89)

where ¢ > 0 is a universal constant and ||A|| denotes the
Frobenius norm of A.

Proof. We first reduce the complex quadratic form
to a real one. Let g = x + iy, where x,y ~N(0,1p/2)
are independent real Gaussian vectors. We define a
2D-dimensional standard real Gaussian vector w =
V2(x @ y) ~ N (0. Ip).

By decomposing the matrix A = A, + iA; into its real
and imaginary parts, the quadratic form can be expanded as

| 1 .«
g'Ag = EWTAW + iinBw, (F90)

where

- Ap -A ~ A A
A_< . ’>, B—< ! R) (F91)
A Ag —Ar Ay
are deterministic real 2D x 2D matrices.
Applying the standard real Hanson-Wright inequality

(see, e.g., Theorem 1.1 in Ref. [139]) to the real part
%WTAW, we obtain

Pr (|wfAw — E[w"Aw]| > 1)

2
< 2exp (—c min {f—,;}), (F92)
1A[I7 Al

and a similar bound applies to B. Because the spectrum of A
(and analogously B) exactly matches the spectrum of A up
to doubled multiplicities, their respective norms satisfy

Al = lAll. - AlI7 = 2Al

(F93)

Therefore, the concentration bound for the real part scales
directly with ||A|| and ||A]|z. Applying an identical argu-
ment to the imaginary part %WTBW and taking a union
bound over both components yields the desired exponential
tail bound, absorbing the scalar factors into the universal
constant c. L]

b. Matrix representation of H,
We define the channel A as

AX) = 3 uelXm,.

xeXxm

(F94)

For a single qubit, this channel takes the form
A (X) = [X + w(X)1]/3. Since A = A®™, we can expand
this operator over subsets of qubits as

AX) =37 " trge(X) ® I (F95)
SClm]
Furthermore, utilizing the  single-qubit identity

> pep, PXP =2tr(X)I,, we can alternatively express
A(X) as a Pauli channel:

AX)= Y ppPXP,  pp=D7'37P),

PeP,

(F96)

where P,, = {I,X,Y,Z}®" denotes the m-qubit Pauli
group and wt(P) is the Pauli weight of operator P.

Let g,h€CP be independent standard complex
Gaussian vectors. Define T = ||g||* + ||]|>, and set the
normalized vectors as u = g/v/T and v =h//T. The
projector |w,)(w,| can be written in block matrix form
with respect to the bipartition as

(x|vo'lx)  —{(x|uv’|x)

) (] = ( ) ®r. (FO7)

—{x|vu'|x)  (x|uu’|x)
Consequently, the operator H, can be expressed compactly
using the map A:

Sulelvolxr, (e,
X X

—Sulelout e, Sl x,
X X

(2 Ay
—A(hg')  Algg") /

- (F98)

c. Diagonal blocks

We first analyze the diagonal block A(gg'). For any
subset S C [m], let G denote the Gaussian matrix obtained
by reshaping the vector g across the bipartition S|S¢. Using
the subset expansion of A, we have

Algg") =3 trse(g99") ® Ise
S

=37 GGl ® I (F99)
S

Setting ¢t = C'\/m for a sufficiently large constant C', we
apply Fact 3. A union bound ensures that with probability

at least 1 —e ") the operator norm bound |G| <

V2181 4 /2715 4 ¢ holds simultaneously for all 2" sub-
sets. Consequently,
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IA(gg")| <37 (28 2781+ C'm) = O(1),
N
(F100)

where A < B denotes A < cB for some absolute con-
stant ¢ > 0.

To lower-bound the smallest singular value, we rewrite
Eq. (F99) as a convex combination:

.

Algg") = as <%) ®Ig. gs=(1/3)81(2/3)m1sl.
S

(F101)

The coefficients gy correspond to a binomial distribution
over the subsets S, where each element is included
independently with probability 1/3. By standard concen-
tration bounds, the total probability mass on subsets

sized m/4 <|S| <5m/12 is 1—e %" Uniformly
over these typical subsets, Fact 3 guarantees that
Smin(GsG5/2" 151y > 1 — 0(1). Therefore, with probability
at least 1 — e=2(m)  we obtain

Smin[A(gg")] 2 1= o(1). (F102)

The same analysis also applies to the vector h.
Combining the above, we conclude that with probability

at least 1 — e‘Q<’”), both diagonal blocks satisfy

[1—o()I<A(gg").  A(hh)<CI.  (F103)

d. The off-diagonal block

We now analyze the off-diagonal block B = A(gh'). By
Eq. (F96), we can expand B as

B=D"gh' +Y ppPgh’P.
P#I

(F104)

We choose a cutoff weight r = Cylog m for a sufficiently
large constant C and split the summation into low-weight
and high-weight Pauli contributions:

wt(P)>r

Ep= Y ppPgh'P,

1<wt(P)<r

(F105)

The number of Pauli operators with weight at most r is
bounded by exp(O|(log m)?]) = D°V),

We define the matrix G := [Pg|p, where each column is
given by Pg for 0 < wt(P) <r. Setting ¢t = D> and
applying Lemma 21, we can bound the matrix entries
(GTG)PQ = g'PQy:

Pr(|(G'G)pg — SppD| > 1) = =P (F106)
Taking a union bound over all such P and Q, Eq. (F106)
holds uniformly for all pairs with probability at least
1—e?". An analogous concentration bound applies
to the matrix H := [Ph]p. Applying Gershgorin’s circle
theorem to the rows of G'G and H'H, the entrywise
bounds imply that the spectra are highly concentrated
around D:

D'G'G=[1+o()]I. D'H'H=[l+o(1)]L.

(F107)

The low-weight component can be factored as E;, = GWH?,
where W is a diagonal matrix with Wpp = pp for P # [ and
W, = 0. Because maxpy; pp = 1/(3D), we can bound the
operator norm as

IELI < IGIIWIIH|
D1 + o(1)]

(F108)

For the high-weight component Ey, we write

Ey = Zh_jAj’ A= Z pPPge;P. (F109)
Jj t(P)>r

We aim to bound Ey using Lemma 20. First, with
probability at least 1 — e~%(") we have

ijAjAI =>. .

J o owt(P),wt(Q)>r

prpoPgeiPQe;g 0

=D > piPgg'P

wt(P)>r

<37 ppPgg’P
P

=37"A(gg")
< C371, (F110)
where the final inequality follows from Eq. (F103).

To bound }; A;A j» we introduce

PePm

Afr: Z pPPge;P.

wt(P)<r

(F111)

Evaluating the full summation yields

041027-43



DU, LIU, HUBER, LIU, and MA

PHYS. REV. X 16, 041027 (2026)

Z Aall TAall ZPPPQQ(Zejg OPge' >

J

= prpolg’QPg)OP
X

=Z< > pprw2>(g*Rg)R

R \P.0:0P=wR

= ZCR(QTR@R

(F112)

where cg =3 p o 0p—or PPPsz-
For single-qubit Paulis, these coefficients evaluate to

1+3 1 211 21 1
cp=—+—== cxy=Cy=Czp=2-—-—2—=—.
=473 3 XTIrTrE T 6 736 9

(F113)
Consequently,

1
> _cx(gRoR == |lglP1
R

L1 XX + (g Y)Y + (6Z9)7

9
= LglPT + £ 206" = 1912D)
3 9
2 (llgll’T + 99"\ _2
_Z =—_A 1 Fl114
; (15 Mg, (F119
where we utilized the identity Y pcp (9"Pg)P = 2gg"

alongside Eq. (F95). Substituting this into Eq. (F112),
we obtain

(2/3)"A(gg"). (F115)

Z(A?II)TA?H _

J

Similarly, for the low-weight component, we have

D AF)AT = N pppolg’QPg)QP
Jj wt(P),wt(Q)<r
= Z PPPQ(G%G)QPQP
wt(P),wt(Q)<r

Z Pyl

<r

< D=1+ —|—0(1)]I, (F116)
where the first inequality uses Eq. (F107).

Because A; = A% — A", we can apply the Loewner
inequality (X —Y ) (X — Y) <2X'X +2Y'Y. Combined
with Eq. (F103), this ensures that with probability at least

1 — e %m),

2(2/3)"|A(gg")|| + 2D~ Ho) = o=m),

J J

(F117)

Combining Eq. (F110), Eq. (F117), and Lemma 20
evaluated at p = m, we obtain
(EEgl"™)!/™ = e = o(1) (F118)

with probability 1 —e=2("), Conditional on this event,
applying Markov’s inequality yields

Pr{[|[Ey|| 2 e€] = Prl[|Eg[|" > e™e”]
€m
. — e, F119
<= (F119)

Therefore, a union bound guarantees that ||Ey|| = o(1)
with probability at least 1 — e~2("). We now combine this
result with the decomposition of B in Eqs. (F104) and
(F108). Applying the Eckart-Young inequality, the second
singular value of B is bounded by

1
52(B) < |[EL]| + | Exll = 5 +o(1).  (F120)

Let A=A(hh"), C=A(gg’), K=A"2BC™'/?
M = (_.7K), and Dy = diag(A'/?, C'/?). Then, the sec-

ond singular value of K satisfies

o(1) < % (F121)

52(K) < JA72] 125y (B) < 5 +
Moreover, by Eq. (F98), H, factorizes as
= (1/T)DyMD,, and by its definition in Eq. (F83),
Hy(|0)g + |1)|h)) = 0. Consequently, K has its largest
singular value s;(K) = 1. Thus, H, has a one-dimensional
kernel, and the smallest nonzero eigenvalue of M is
bounded by 4. (M) =1—-s,(K) > 1/2.
Furthermore, the nonzero spectrum of DyM Dy, is iden-
tical to the nonzero spectrum of M'/2DZM'/2. Since the
diagonal blocks satisfy D3 > (1 —o(1))l, we have

1
j‘:nn(HO) 2 ?lmin(DO)Z/IITun( ) Q(T_l)' (Flzz)
Finally, by Fact 3, the normalization constant
= llgl* + [I2]* = ©(D) (F123)

except with probability e~“P. This establishes the lower
bound A (Hy) > Q(D™') and completes the proof of

min
Lemma 18.
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6. Proof of Lemma 19

In this subsection, we present the proof of Lemma 19.
We begin by introducing several integration tools for
complex Gaussian random variables, which we sub-
sequently use to calculate matrix moments. These tools
primarily rely on Wick ordering and the Wick formula.

a. Wick ordering and Wick formula

A family of complex random variables {Z,, ...,
termed proper if

Z.}is

E[Z,Z,] =0V i,j. (F124)
For the standard complex Gaussian vector g ~ N'¢(0,1p)
introduced above, E[gg’] = 0. Hence, for any set of unit
vectors {xi, ..., x,}, the random variables

9x, = (xillg) (F125)
form a proper standard complex Gaussian family with
covariance

(xi]|x;). (F126)

For a standard proper complex Gaussian variable Z, its
Wick-ordered monomials are defined via the generating
function

Cij=Elg,7,] =

_ Py
exp(sZ +tZ — st) = Z S— WAVAE

o (F127)
p.g>0

In particular [see Eqgs. (1.2) and (1.3) in Ref. [140]], the
quartic Wick polynomial is given by

2277 = |Z* - 4|1Z)% + 2. (F128)

The key tool we use is the following formula.

Lemma 22 (Wick formula). Let Z;,...,Z, be jointly
proper standard complex Gaussian variables, and let
C;j = E[Z,Z}]. For non-negative integers p; and g;, let
M(p.q) be the set of matrices N = (n;;)];_; with non-
negative integer entries satisfying the constraints

n;; =0, Zn,/ Di Znij =q;. (F129)
i
Then,
r
E[]: z0Zo= 1y pitait q' ey E30)
i=1 NeMp.q) H#/ i#]

Proof. This formula follows directly by extracting the
coefficients of []; ¢! on both sides of the generating

function identity. Utilizing the properness and unit variance
of the variables, we have

E H exp(s,Z,- -+ tiz —
i=1

= exp (Zs iCijt; Zsiti>
= exp(Zs Cij j> (F131)

i#]

Here, the first equality uses the standard moment generat-
ing function identity E[exp(A)] = exp(3E[A?]) for a zero-
mean Gaussian exponent A. Expanding the left-hand side
using Eq. (F127), the coefficient of []; s'#¥" is exactly

1 r
«7Pi7q; .
4Hipi!Qi![E [[:20z: . (F132)

i=1

Expanding the right-hand side of Eq. (F131) as a multi-
variate Taylor series, we obtain

exp(zs c,,t,) > Wt

i#j i#j nij=0
nl
_Z L ”/ Zf"inth”if
I1 s
i’ j

(F133)

where the sum runs over all matrices N with zero
diagonal (n; = 0). Matching the powers of s; and ¢; on
both sides imposes the exact constraints jnij = p; and
> _inij = q;, which directly recovers Eq. (F130). ]

Equivalently, the Wick formula can be interpreted
through a labeled-diagrammatic representation: each block
i possesses p; labeled slots and ¢; labeled antislots. A
directed edge i — j pairs one slot of each type and
contributes a factor of C;;. The condition n;; = 0 removes
all internal edges within each block i.

b. Concentration of H,
We define

= (xllg).  (F134)

= Z Mlgx|4ﬂx’

xeXxm

Next, we use the quartic Wick polynomial §(z) and its
corresponding operator sum Z,:
17272 = gt = 4z)? + 2,

b(z) =

= > ub(g)r

xeXm

(F135)

Because ), un, = Ip, we obtain the decomposition
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R,=Z,+4A(gg") - 2Ip. (F136)

The operator norm of A(gg") is already bounded by
Eq. (F103). Thus, it suffices to bound Z,,.
Let S, denote the squared Frobenius norm of Z:

Sy = 11Zl13 = > #B(g:)B(gy)| (x]13) P

x,y € X"

(F137)

For any fixed pair of outcomes x and y, we evaluate the
expectation using Lemma 22 with two blocks, setting
p; = q; = 2. This leaves exactly two edges from the first
block to the second and two in the reverse direction.
Therefore,

E[5(9:)9(g,)] = (2!)*El9.9,)*Elg,7:)*

= 4|(x[[y)I*. (F138)
Consequently, taking the expectation over S, factors into a
tensor product structure:

E[S,] =4 > w{xl)f

xyeX"

=432 Y [{allb)|]"

a,beX
— 4. (F139)

The final equality follows by analyzing the single-qubit
overlaps. For any fixed basis state a € X, exactly one of the
six Pauli states b € X yields a squared overlap of 1, one
yields a squared overlap of 0, and the remaining four yield a
squared overlap of 1/2. Therefore, the one-qubit factor
evaluates identically to 372(6)[1 + 4(1/2)%] = 1.

We next bound the variance of S,. Expanding Eq. (F137)
yields

Var(S,) = Yt xea) Pl [xa) P

x Cov[h(gy,)0(9x,), B(gx,)b(gx,)].  (F140)

In the labeled-diagram representation of Eq. (F130), each
of the four Wick blocks contains two labeled slots and two
labeled antislots, resulting in at most 8! possible diagrams.
Because the covariance Cov[b(gy,)9(9x, ). H(9x,)H(9x,)]
subtracts the disconnected contributions E[§(gy, )9(gx, )]
E[H(9x,)H(gx,)], any surviving diagram must contain at
least one edge crossing the bipartition {1,2}|{3,4}. Let
Dquy denote the set of these surviving diagrams.

For each diagram f € D,,,,, we define its corresponding
one-qubit factor as

(i=j)ep
(F141)
Because each basis state x; € X™ is a product state, the inner

products perfectly tensorize over the m independent qubits.
Consequently, the variance in Eq. (F140) simplifies to

Var(S,) = Z S

ﬁ € Dsurv

(F142)

It remains to establish a uniform upper bound on |s,|. We
augment the eight directed Wick edges of # with the four
directed edges originating from the two trace factors in
Eq. (F141), namely, 1 - 2,2 - 1,3 — 4, and 4 — 3. By
ignoring the edge orientations, this construction yields a
loopless 6-regular multigraph G4 on four vertices, com-
prising exactly 12 edges.

Let Ay,...,A; be independent random variables uni-
formly distributed over the set of Pauli basis states X, and
define the overlap function

k(a,b) = |{(a||b)]. (F143)

Taking the absolute value of Eq. (F141) and applying the
triangle inequality yields

55| < 161(Gp).
1G)=E [ kA4,

{i.j} €E(G)

(F144)

where the prefactor 16 = (6/3)* arises from multiplying
the original weight 3™ by 6* to convert the explicit
summations over the six Pauli states into expectations over
the uniform random variables A;.

For any loopless multigraph G with a maximum degree
of at most six, we have the bound

I(G) < (1/4)E@)I/6, (F145)

To establish this, we eliminate the vertices of the graph one
at a time. Suppose the current vertex being removed has
r < 6 remaining incident edges, and its neighboring states
are fixed as by, ..., b,. Applying the generalized Holder
inequality yields

Ea [ KA. b/) < [ [[Eak(A, b,)°]"/¢
=1 r=1

= (1/4)/. (F146)

Here, for every fixed basis state b € X, evaluating the sixth

moment explicitly gives
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Eqk(A, b)S = [1+4(1/2)3]:%. (F147)

AN =

Because each edge in the multigraph is removed exactly
once during this vertex elimination process, accumulating
these individual bounds directly proves Eq. (F145).

We now examine the conditions for equality in
Eq. (F145) for a 6-regular graph. Consider the first
eliminated vertex v, which has exactly six incident edges.
Achieving equality in Eq. (F146) requires the six non-
negative functions k(-,b,)® to be strictly proportional.
Because their L' norms are identically 1/4, these functions
must be equal, which consequently requires all six neigh-
boring states b, to coincide.

If » were connected to two distinct neighboring vertices,
those vertices would be assigned distinct random states
with constant probability, rendering the Holder inequality
strict. Therefore, saturating the inequality in Eq. (F145)
requires that all six edges incident on » connect to a single
adjacent vertex w. Because w also has a maximum degree
of six, the pair {v,w} must form an isolated graph
component.

For the specific graph Gy, applying Eq. (F145) with
|E(Gp)| = 12 yields the upper bound |sg| < 1. Reaching
equality would force G4 to be a union of exactly two
disconnected components, each consisting of two vertices
joined by six edges. Because Gy is constructed with the
fixed edges connecting vertices 1 and 2, as well as 3 and 4,
these two isolated components must be precisely {1,2} and
{3,4}. However, this configuration implies that the under-
lying Wick diagram contains no edges crossing the bipar-
tition {1,2}|{3,4}, which contradicts the definition of the
surviving diagrams f € Dy,,. Thus, every surviving dia-
gram must strictly satisfy [s;| < 1:

pi= max sg| < 1. (F148)

€ Dgury

Combining Eq. (F142) with the uniform bound in
Eq. (F148), we obtain the variance bound:

Var(S,) < |Dan|p™ < 8lp™" = e~ (F149)

Because Z, is Hermitian, [|Z/|| <|Z,|, = /S,
Combining this with the expectation E[S,] =4 from
Eq. (F139), Chebyshev’s inequality yields
Pr(||Z,| > V5] < Pr[S, > 5] < Var(S,) = e="). (F150)

Substituting this bound into Eq. (F136) and utilizing the
diagonal bound from Eq. (F103), we obtain

IRl < C (F151)

with probability at least 1 — ¢~(")

|R,|| < C holds for the vector h.
For the Haar-random target state |y), the outcome
probabilities are given by

. The analogous bound

g+ P

e T S T CRN(JER)

By Eq. (F123), T =0©(D) with probability at least
1 — ¢ 2(P) We define the composite operator

R, =) ppin,.

xeXxm

(F153)

Applying (a + b)* < 2(a®> + b*) alongside the bounds for
R, and R),, we can upper bound R,, as

2

Ry <7

- ~ C
(Rg+Rh) < IDa

<5 (F154)

where C > 0 is a universal constant. This inequality holds
with probability at least 1 — e=2(").

Finally, observe that the unnormalized vector |w,)
satisfies ||w,||> = p, and resides entirely within the sub-
space C? ® span{|x)}. Consequently, its rank-one projec-
tor satisfies

palw)w.| < p2(1, ® 7). (F155)
Summing this inequality over all outcomes x and applying
Eq. (F154), we arrive at the final bound for H;:

C
H <L®R,< E12D. (F156)

This completes the proof of Lemma 19.
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