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Characterizing increasingly complex quantum systems is a central task in quantum information science,
yet experimental costs often scale prohibitively with system size. Certifying key properties using simple
local measurements is highly desirable but challenging. In this work, we introduce a highly general
certification framework based on a physical phenomenon that we call localizable quantumness: for generic
many-body states, essential quantum properties are robustly preserved within the projected ensembles on
small subsystems after performing local projective measurements on the rest of the system. Leveraging this
insight, we develop protocols to certify global properties—including multipartite entanglement, circuit
complexity, and quantum magic—by witnessing them on a small, accessible subsystem. Remarkably,
randomizing the local measurement bases extends this capability to certify state fidelity. Relying solely on
local Pauli measurements, these protocols achieve constant sample complexity and robustness for almost
all quantum states, including a wide range of physically relevant states. For certifying the fidelity of n-qubit
states, this Oð1Þ scaling dramatically improves upon state-of-the-art protocols requiring Oðn4Þ samples.
Our unified framework provides both a practical toolkit for large-scale quantum certification and a novel
lens into complex many-body systems.
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I. INTRODUCTION

The rapid advancement of quantum technologies is
enabling control over increasingly large and complex
quantum systems, paving the way for next-generation
quantum computers and simulators. This progress, how-
ever, brings a central challenge: how can we efficiently
characterize these devices at scale? While characterizing an
unknown quantum system is generally hard [1,2], in
practical experiments one usually has good knowledge
of the state-preparation procedure [3–6]. Quantum certif-
ication—verifying a quantum system by comparing with
prior knowledge of its state—provides a powerful approach
[7–9]. This approach not only carries fundamental impor-
tance in quantum information science [10], but also under-
pins a broad range of applications, from probing novel

quantum phenomena [11,12] and device benchmarking
[13–17] to quantum cryptography [18–20].
A central challenge in certification is to reduce measure-

ment requirements and resource costs [21–28].As the system
size grows, the exponential cost of standard characterization
techniques like full state tomography becomes prohibitive.
Another straightforward approach—projecting an experi-
mental system onto the ideal state—is impractical, as it
requires measurement capabilities comparable to the state
preparation itself. These challenges create an imperative need
for scalable and experimentally feasible methods to certify
quantum states and their essential properties.
This need has motivated a shift toward certification

protocols that leverage simple local measurements, which
are readily available on most quantum platforms [25–29].
The central difficulty, however, is that many crucial
quantum properties, such as multipartite entanglement,
are inherently global. Prior attempts to certify these global
quantumness with local measurements face crucial limi-
tations: protocols are often designed case by case for
specific states or properties [4,25,26], require demanding
adaptive measurement schemes that are challenging for
near-term devices [28,29], or guarantee soundness only
for pure states [25,30–32], severely limiting their appli-
cability in realistic, noisy systems. Furthermore, existing
nonadaptive protocols for certifying state fidelity or generic
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properties typically suffer from sample complexity that
grows with system size and a diminishing robustness [27].
This prompts a critical question: is there a general physical
principle for robustly and efficiently certifying global
quantum properties with simple local measurements?
In this work, we address this question in the affirmative by

introducing and formalizing a fundamental phenomenon we
term localizable quantumness. Inspired by localizable entan-
glement [33,34], we show that the underlying physical
principle is far more general. For generic many-body states,
essential quantum properties including entanglement, circuit
complexity, and magic are robustly encoded throughout the
system. Consequently, local projective measurements on a
large complement do not destroy these properties but rather
concentrate them into the remaining small, accessible sub-
system. The measurement-induced projected ensemble on
the subsystem thereby carries a distinctive feature that serves
as a local signature of the global quantum property.
Leveraging this phenomenon, we develop a unified and

highly efficient certification framework that applies broadly
to diverse properties (see Table I for the properties
considered in detail). Our protocol first localizes the global
property into a small subsystem via projective measure-
ments on the large complement system and then witnesses
the localized property on the small subsystem. The sig-
nificant reduction in system size allows us to efficiently
certify the quantumness of the subsystem, thereby sub-
stantially reducing experimental overhead and enabling the
certification of entanglement, circuit complexity, and
quantum magic for generic states using only local Pauli
measurements. We prove that the method achieves (i) con-
stant sample complexity, (ii) constant-level robustness
against deviations from the target states, and (iii) soundness
for mixed states, thereby overcoming key limitations of
previous approaches and achieving substantial improve-
ment in sample complexity [12,30–32,35]. Our framework

also improves the sample complexity from OðnÞ to
Oðlog nÞ for certifying complex properties such as fully
inseparable entanglement [26,36]. We further demonstrate
its efficiency across various Hamiltonian systems and
large-scale magic-injection circuits.
Furthermore, extending this framework by measuring the

large complement system in random Pauli bases demon-
strates remarkable power in certifying global state fidelity.
Using random matrix theory, we prove its constant sample
complexity and constant robustness for certifying almost all
quantum states. We also establish these guarantees for
random graph states via an error localization mechanism:
Pauli errors acting on generic stabilizer states can be
localized to small subsystems via local measurements.
This Oð1Þ scaling substantially improves upon the state-
of-the-art nonadaptive local measurement protocol requir-
ing Oðn4Þ samples [27]. Taken together, our unified
framework delivers optimal constant-sample-complexity
scaling for both property and state certification tasks across
generic many-body systems.
Our paper is organized as follows. In Sec. II, we present

the key ideas underlying our protocols and provide an
overview of the main results. Section III introduces the
mathematical framework, formalizes the certification pro-
tocol, and analyzes its performance. Sections IV–VI apply
our methods to certifying circuit complexity, entanglement,
and magic, respectively. Section VII develops the random-
basis-enhanced protocol for fidelity certification. Finally,
Sec. VIII concludes with broader implications and future
directions.

II. OVERVIEW OF METHODS AND RESULTS

This work presents a unified and practical framework for
quantum certification based solely on local Pauli measure-
ments. In certification tasks, one typically has reliable prior

TABLE I. Summary of the quantum properties certified by our framework, together with the corresponding sample complexities and
the representative state classes for which these sample complexity guarantees are proven or numerically demonstrated.

Property Sample complexity Representative states

(Measurement-assisted) circuit complexity d
in D spatial dimensions

expðOðdDÞÞ Deep-thermalized states (Proposition 1)
Random brickwork-circuit states (Proposition 1)

Bipartite entanglement Oð1Þ Deep-thermalized states (Proposition 1)
Random brickwork-circuit states (Proposition 1)
Practical Hamiltonian ground statesa (Sec. V C)

Fully inseparable entanglement Oðlog nÞ Haar-random states (Sec. V B; Lemma 10)
Random stabilizer statesa (Sec. V B)

Quantum magic Oð1Þ Haar-random states (Sec. VI; Lemma 11)
Magic-injection-and-scrambling circuitsa (Sec. VI)

State fidelity Oð1Þ Random graph states (Theorem 4)
Haar-random states (Theorem 5)

Random brickwork-circuit states a (Sec. VII C)
aNumerics.

DU, LIU, HUBER, LIU, and MA PHYS. REV. X 16, 041027 (2026)

041027-2



knowledge of the quantum system. Specifically, a pure
target state ψAB is known (for example, from a noiseless
quantum circuit description), and the goal is to certify
whether the experimentally realized mixed state ρAB
possesses certain desired properties. We partition the
system into a small subsystem A and its large complement
B. Performing computational basis measurements on B
generates a measurement-induced ensemble on A, com-
monly referred to as a projected ensemble. Specifically, the
experimental state yields Eρ ¼ fpρðzÞ; ρzg on A, while the
target state generates Eψ ¼ fpψðzÞ;ψ zg, as illustrated in
Fig. 1(a). While such ensembles have recently attracted
substantial attention for probing complex dynamics and
deep thermalization [17,37–41], we reveal a powerful new
capability: these projected ensembles can serve as robust
local signatures of the original global quantum properties.
By locally comparing ρz and ψ z on the small subsystem A,
our approach efficiently certifies the global quantum
properties of ρ. We demonstrate that a broad class of
quantum properties can be certified in this way with
constant sample complexity. This yields highly efficient
certification protocols for complex quantum structures,
such as nontrivial measurement-equivalent quantum phases
and fully inseparable entanglement.
Our certification framework relies on two key ingre-

dients: (i) establishing that many quantum properties are
localizable, meaning they concentrate into the small sub-
system A once the complement B is measured, and
(ii) converting this observation into an efficient certification
protocol by introducing and measuring a quantity we term
the conditional fidelity (see Algorithm 1). Together, these
ingredients yield our main Result 1, which guarantees that
any such property can be certified both efficiently and

robustly. We now outline these two ingredients, with details
provided in Sec. III.
The central concept of our approach is localizable

quantumness. For a broad class of physically relevant
many-body states, essential quantum properties of the
global system remain robustly encoded in small subsystems
even after local projective measurements on the comple-
ment. Concretely, if the global target state ψ possesses a
localizable quantum property P (see Table I for examples),
then the projected ensemble Eψ necessarily differs from Eρ

for any state ρ that lacks P, as shown in Fig. 1(b). This
difference represents a local signature of the global prop-
erty, thereby transforming the otherwise challenging task of
global certification into a tractable local problem: certifying
the properties of the projected ensemble Eρ.
To harness localizable quantumness, we avoid the

intractable task of directly evaluating projected-ensem-
ble-averaged nonlinear quantities, such as localizable
entanglement [33,34]. Instead, we compare the projected
ensemble of the experimental state with that of the target.
To this end, we introduce the notion of conditional fidelity,
which evaluates the local fidelity between each projected
state ρz and its corresponding ψ z, conditioned on the
measurement outcome z on B. A naive strategy—estimat-
ing each fidelity trðψ zρzÞ—is inefficient, because we have
only single-copy access to ρz without postselection. In
contrast, we estimate the ensemble-averaged local fidelityP

z pρðzÞtrðψ zρzÞ via randomized local Pauli measure-
ments on the small subsystem A. This is achieved using
the postselection-free local shadow primitive introduced in
Ref. [42] and also employed in the shadow-overlap pro-
tocol [27]. By estimating the conditional fidelity, we can
certify whether the property P is present or the state lies in
the free set FP (states lacking P), thereby turning the
localizable quantumness into a robust witness of global
quantum properties. In summary, we establish the
following.
Result 1 (Certifying localizable quantumness, informal).

For any property P with associated free set FP, if the target
state ψ exhibits localizable quantumness on a small
subsystem A, then the protocol achieves:
(1) using nonadaptive local measurements;
(2) soundness: all (possibly mixed) ρ∈FP are rejected

with high probability;
(3) completeness (robustness): any ρ within a constant

trace distance of ψ is accepted with high proba-
bility; and

(4) constant sample complexity: the number of required
copies is Oð1Þ for constant subsystem size
jAj ¼ Oð1Þ.

The requirement of localizable quantumness is highly
general [12,17,25,33,34,37,38,43]. As summarized in
Table I, we establish both analytically and numerically
that this phenomenon is indeed a universal feature across a
wide range of quantum many-body systems.

(a) (b)

FIG. 1. Localizable quantumness within projected states.
(a) Projected ensemble: the target state is partitioned into
subsystems A and B. Measuring B in the computational basis
yields an outcome z and a corresponding projected state ψ z on A
with probability pψ ðzÞ, thereby defining the projected ensemble
Eψ . (b) Localizable quantumness: if the target state exhibits
localizable quantumness, then its projected ensemble Eψ differs
significantly from the projected ensemble of any free state ρ. For
instance, most projected states lie outside the free projected-state
set FPP. This difference can be utilized to certify the quantum-
ness of the target state by examining the small subsystem A.
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Built upon this ubiquitous physical phenomenon, our
certification framework achieves powerful performance
guarantees. First, the guarantee of soundness for mixed
states marks a significant advance over previous
approaches, which often applied only to pure states when
certifying complex quantum properties [30–32,35].
Second, the constant robustness also represents an impor-
tant advantage over protocols whose robustness diminishes
with system size [27,28], ensuring practical certification in
realistic noisy settings. Finally, the guarantee of constant
sample complexity yields substantial improvements over
prior methods, as detailed below. Combined with the use of
only local Pauli measurements, this ensures experimental
efficiency and scalability. Taken together, these features
establish a versatile and powerful framework for certifying
diverse quantum properties.

A. Complexity certification

A highlight of our results is the first explicit construction
of complexity witnesses. In Sec. IV, we show that circuit
complexity, i.e., the minimal circuit depth required to
prepare a state, can be certified to exceed a constant
threshold with constant sample complexity and robustness.
The key idea is to certify reliable signatures of circuit
complexity, such as high entanglement, on a carefully
chosen small subsystem. This approach also extends to
certifying measurement-assisted circuit complexity, which
can be exponentially smaller than standard state complexity
and is, therefore, more challenging to certify [44,45]. Our
framework, thus, opens a new pathway for probing intricate
structures in many-body quantum systems. As two impor-
tant examples, it enables efficient certification of long-
range entanglement [46,47] and nontrivial measurement-
equivalent quantum phases [48].
Corollary 1 (Certifying quantum circuit complexity,

informal). If the target state exhibits high localizable
entanglement on a specific small subsystem, then constant
(measurement-assisted) quantum circuit complexity can be
certified with constant sample complexity while achieving
constant robustness. This enables certification of long-
range entanglement and nontrivial measurement-equivalent
quantum phases with ωð1Þ sample complexity. [In this
work, “ωð1Þ sample complexity” means OðfðnÞÞ samples
for any function fðnÞ ¼ ωð1Þ.]
Concretely, these performance guarantees are established

for deep-thermalized states [17,37–41] and physically
relevant random brickwork-circuit states (see Table I).

B. Entanglement certification

In Sec. V, we show that our method enables highly
efficient certification of entanglement. For bipartite entan-
glement, we show that localizable entanglement on a small
subsystem suffices to certify entanglement across exponen-
tially many bipartitions with constant sample complexity.
More strikingly, we establish a highly efficient method for

certifying fully inseparable entanglement, namely, entan-
glement across all possible bipartitions [36], using only
logarithmic sample complexity. Fully inseparable entan-
glement is a crucial resource for quantum error correction
[26] and for the activation of genuine multipartite entan-
glement [49], making our certification protocol especially
valuable.
Corollary 2 (Certifying fully inseparable entanglement,

informal). If the target state exhibits localizable entangle-
ment on certain small subsystems, then fully inseparable
entanglement can be certified with Oðlog nÞ sample com-
plexity while achieving constant robustness.
Beyond establishing the performance of this entangle-

ment certification method for deep-thermalized states and
random brickwork-circuit states, we also numerically
demonstrate its efficiency across random stabilizer states
and various Hamiltonian systems (see Table I).

C. Magic certification

We further apply our framework to quantum magic (or
nonstabilizerness) certification in Sec. VI, with the free set
consisting of convex mixtures of all stabilizer states. Since
local Pauli measurements are free operations in the magic
resource theory and preserve stabilizerness, the presence of
localizable quantum magic after measuring a large comple-
ment in the computational basis directly certifies the magic
of the target state.
Corollary 3 (Certifying quantum magic, informal). If the

target state exhibits localizable magic on a small subsys-
tem, then quantummagic can be certified withOð1Þ sample
complexity while achieving constant robustness.
These performance guarantees are established for typical

Haar-random states. Furthermore, because magic is a funda-
mental resource for fault-tolerant quantum computing [50],
we numerically demonstrate the scalability of our approach
on magic-injection circuits for systems up to 512 qubits. To
the best of our knowledge, this is the first protocol to certify
quantum magic using only single-copy local measurements
while achieving soundness for mixed states. Consequently,
our framework offers the potential for exponential improve-
ments in sample complexity for relevant experiments, such
as detecting magic phase transitions [12] and benchmark-
ing near-term fault-tolerant demonstrations.

D. Fidelity certification

Finally, we show that global state fidelity is also robustly
encoded within small subsystems in Sec. VII. Specifically,
we propose a fidelity certification protocol that compares
local fidelities on a small subsystem after measuring the
large complement in local Pauli bases. Our protocol
achieves constant sample complexity and robustness for
almost all quantum states, including random graph states.
Since every stabilizer state is local-Clifford equivalent to a
graph state, this yields the first proof that generic stabilizer
states can be efficiently certified using solely local random
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Pauli measurements. This constant scaling dramatically
improves upon state-of-the-art nonadaptive methods, whose
costs grow polynomially with system size andwhose robust-
ness against state imperfection diminishes [27,28], as well as
over adaptive local-measurement approaches that require
challenging classical feedback and long-lived quantum
memory to store states between measurement rounds
[28,29,51] (see Sec. VII for a detailed comparison).
Result 2 (Certifying state fidelity, informal). Conditional

fidelity robustly certifies the global fidelity of typical pure
target states. Specifically, the protocol provably achieves
constant sample complexity and constant robustness for
almost all quantum states (Theorem 5) and for random
graph states (Theorem 4).

III. MATHEMATICAL FRAMEWORK
AND PROTOCOL

Having outlined the key ideas and results of our work,
we now present the certification framework and protocol in
detail. We begin by formalizing the notion of localizable
quantumness, which serves as the foundation of our
approach. Building on this, we show how to construct
property witnesses through conditional fidelity. Then, we
present the complete protocol scheme, together with an
analysis of its performance guarantees.

A. Localizable quantumness and conditional fidelity

We partition the n-qubit system into a small subsystem A
(with nA qubits) and its complement B (with nB qubits, so
that nA þ nB ¼ n). In the computational basis of B, the
target state can be written as

jψi ¼
X

z∈ f0;1gnB

ffiffiffiffiffiffiffiffiffiffiffiffi
pψ ðzÞ

q
jψ ziA ⊗ jziB; ð1Þ

which induces the projected ensemble Eψ ≔ fpψðzÞ;ψ zg
[see Fig. 1(a)]. For a (possibly mixed) experimental state ρ,
computational-basis measurements on B yields outcome z
with a projected state on A:

ρz ≔
trB½ðIA ⊗ jzihzjBÞρ�

pρðzÞ
ð2Þ

with probability pρðzÞ ≔ tr½ðIA ⊗ jzihzjBÞρ�.
To quantify the strength of localizable quantumness for a

property P, we first specify its associated free set
FP ⊆ DðHABÞ, consisting of all states that do not possess
P (e.g., the separable states when P is entanglement). Local
projective measurements on subsystem B maps each
ρ∈FP to a family of projected states on A, thereby
inducing the free projected-state set

FPP ≔ fρz∶ ρ∈FP; pρðzÞ ≠ 0g: ð3Þ

For the target state ψ , we then define the maximal fidelity at
each outcome z by

FidPðψ zÞ ≔ sup
σ ∈FPP

trðσψ zÞ: ð4Þ

Small values of FidPðψ zÞ indicates strong localizable
quantumness—i.e., ψ z remains far from all property-free
projected states on A [Fig. 1(b)]. Averaging over outcomes
yields our localizable-quantumness metric

LQPðψÞ ≔
X

z∈ f0;1gnB
pψðzÞ½1 − FidPðψ zÞ�: ð5Þ

This quantity plays a central role in our certification
protocols, serving as the gap that separates the target state
from all property-free states (Lemma 1). Unlike localizable
entanglement [33], we do not optimize over measurement
bases on B, as fixing a simple local measurement scheme
minimizes experimental requirements.
We also consider random-basis measurements on B:

independently for each qubit, randomly choose a Pauli
measurement basis X=Y=Z. Equivalently, the single-qubit
positive operator-valued measure (POVM) on B is�
1

3
j0ih0j; 1

3
j1ih1j; 1

3
jþihþj; 1

3
j−ih−j; 1

3
j þ iihþij; 1

3
j − ii

× h−ij
�
: ð6Þ

Let x∈ f0; 1;þ;−;þi;−ignB (abbreviated as XnB) denote
the outcome string. The projected state on A and its
probability are, respectively,

jψxi ¼
ðIA ⊗ hxjBÞjψiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3nBp̃ψ ðxÞ
p ;

p̃ψ ðxÞ ¼ 3−nB tr½ðIA ⊗ jxihxjBÞψ �: ð7Þ

The random-basis metric of localizable quantumness is
then

fLQPðψÞ ≔
X

x∈XnB

p̃ψ ðxÞ½1 − FidPðψxÞ�: ð8Þ

This variant preserves minimal experimental requirements
while enabling extensive data reuse and flexible postpro-
cessing from a single measurement dataset. These advan-
tages will be leveraged in our entanglement certification
scheme. In what follows, we present the protocol under
computational-basis measurements on B, and the extension
to the random-basis setting is straightforward.
We certify the target property P by comparing the

projected ensemble of the experimental state ρ with that
of the target ψ . Formally, we define the observable
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OPðψÞ ≔
X
z

½ψ z − FidPðψ zÞI� ⊗ jzihzj

ηψðρÞ ≔ tr½OPðψÞρ�
¼

X
z

pρðzÞ½trðψ zρzÞ − FidPðψ zÞ�: ð9Þ

We refer to such an ensemble-averaged quantity as a
conditional fidelity, since it averages local fidelities con-
ditioned on measurement outcomes of B. Each local
fidelity is shifted by the constant FidPðψ zÞ, ensuring that
the operator ψ z − FidPðψ zÞI acts as a valid property wit-
ness, taking positive expectation only for projected states
lying outside the free set FPP.
Lemma 1 (ηψðρÞ is a valid witness). The conditional

fidelity ηψ satisfies
(1) soundness: if ρ∈FP, then ηψðρÞ ≤ 0; and
(2) completeness: for the target ψ , ηψ ðψÞ ¼ LQPðψÞ.

Consequently, the gap LQPðψÞ separates ψ from all
property-free states, making ηψ a valid witness for P.
Proof. If ρ∈FP, then for every z with pρðzÞ > 0 we

have ρz ∈FPP. The definition of maximal fidelity implies
trðψ zρzÞ − FidPðψ zÞ ≤ 0. Averaging over outcomes yields
ηψ ðρÞ ≤ 0. For the target state ψ ,

tr½OPðψÞψ � ¼
X
z

pψðzÞ½1 − FidPðψ zÞ�; ð10Þ

which equals LQPðψÞ by definition. ▪
By continuity, ηψ also certifies P for any state ρ

sufficiently close to ψ [Fig. 2(b)]. Moreover, replacing
FidPðψ zÞ in OPðψÞ with suitable upper bounds fðψ zÞ also
suffices for certification. This slightly reduce the gap in

Lemma 1 to

Δ ¼
X
z

pψðzÞ½1 − fðψ zÞ�; ð11Þ

but, in practice, such bounds are often easier to compute
and readily available.

B. Protocol scheme and performance

We now turn the above construction into a practical,
experimentally implementable protocol and analyze its
performance (see Appendix A for proofs). Algorithm 1
details our protocol scheme, which proceeds in three

(a) (b)

FIG. 2. Certifying quantum properties via conditional fidelity. (a) Work flow of Algorithm 1. Computational-basis measurements
(shown in blue) are performed on a subsystem of ρ, yielding an outcome z and the corresponding projected state ρz. Randomized Pauli
measurements (shown in orange) are then applied to ρz. Leveraging prior knowledge of ψ z, we postprocess the measurement data to
obtain estimators of trðψ zρzÞ. (b) Decision rule and robustness. By selecting an appropriate threshold η� and estimating the conditional
fidelity ηψ from the measurement data, states ρ that are close to ψ are accepted, while property-free states are rejected.

ALGORITHM 1. Protocol for certifying quantum properties.

Input: Quantum state ρ; classical description of a target state
ψ ; failure probability δ∈ ð0; 1Þ.
Output: accept or reject.
Precomputation:
1. Find a partition A ∪ B.

Experiment:
2. Measure subsystem B of ρ in the computational basis,

obtaining an outcome z.
3. Measure subsystem A of ρz in a random Pauli basis,

obtaining an outcome x.
4. Repeat steps 2 and 3 for T rounds, obtaining fðzi; xiÞgTi¼1.

Postprocessing:
5. Compute the estimator ωi of trðψ ziρziÞ for 1 ≤ i ≤ T using
local classical shadow, and compute the median-of-means
estimator ω using fωi − Fidðψ ziÞgTj¼1.

6. Set η� ¼ LQðψÞ=3. If ω ≤ η�, output reject; otherwise,
output accept.
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stages: (i) Choose a partition A ∪ B such that the subsystem
A exhibits large localizable quantumness. (ii) Perform
measurements on ρ and record the measurement outcomes.
(iii) Using the measurement record together with prior
knowledge of ψ , compute the estimator of ηψ ðρÞ and decide
whether ρ possesses the target property.
In the protocol, we need to evaluate LQPðψÞ for the

chosen partition and FidPðψ zÞ for the sampled projected
states. Rather than exhaustively enumerating the full
projected ensemble Eψ , one can reliably estimate
LQPðψÞ by sampling only a small subset of projected
states. As discussed, it is not necessary to compute
FidPðψ zÞ exactly; replacing it with suitable upper bounds
fðψ zÞ suffices. This substitution reduces the gap from
LQPðψÞ to a smaller value Δ [Eq. (11)], and we may adjust
the threshold to η� ¼ Δ=3 accordingly. In all applications
considered here, subsystem A is of constant size, which
makes the computation of FidPðψ zÞ or its upper bound
efficient. Throughout this section, we therefore treat the
partition A ∪ B together with the values of LQPðψÞ and
FidPðψ zÞ as given, deferring their explicit construction to
the discussion of specific applications.
In each experimental round i, we first measure sub-

system B in the computational basis fjzigz∈ f0;1gnB ,
obtaining a bit string zi drawn from pρðzÞ. Conditional
on this outcome, we then measure each qubit of A in an
independently and uniformly chosen random single-qubit
Pauli basis using the POVM of Eq. (6), recording the
outcome xi ∈XnA . Repeating for T rounds yields the
dataset fðzi; xiÞgTi¼1.
In the postprocessing step, we use the collected data to

evaluate ηψ ðρÞ. The informationally complete POVM on
subsystem A enables an unbiased estimator ωi ≔
trfψ zi ½⊗j∈A ð3jxi;jihxi;jj − IjÞ�g of trðψ ziρziÞ using local
classical shadow [27,42,52]. The final estimator ω is given
by applying the median-of-means procedure to T estima-
tors fωi − FidPðψ ziÞgTi¼1.
Finally, we certify the property by comparing the

estimator to η� ¼ LQPðψÞ=3. This decision threshold is
placed between the maximal free-state value (≤ 0) and the
ideal value LQPðψÞ, leaving margins of LQPðψÞ=3 above 0
and 2LQPðψÞ=3 below LQPðψÞ. These margins absorb
statistical fluctuations and experimental noise. Our protocol
is summarized in Fig. 2. We have the following perfor-
mance guarantee.
Theorem 1 (Performance of Algorithm 1, formal version

of Result 1). Given a property P, a target state ψ , and a
bipartition A ∪ B, Algorithm 1 satisfies
(1) (soundness): if the input state ρ∈FP, the protocol

outputs reject with probability at least 1 − δ; and
(2) (completeness): if ρ satisfies dtrðψ ; ρÞ ≤ ε with

ε ¼ LQPðψÞ=6, the protocol outputs accept with
probability at least 1 − δ.

Moreover, the protocol performs local Pauli measurements
on ρ with sample complexity

T ¼ 243 lnðδ−1Þσ2
LQ2

PðψÞ
; ð12Þ

where σ2 ¼ 4nA þ 1.
When nA ¼ Oð1Þ, LQPðψÞ ¼ Ωð1Þ, the sample com-

plexity is T ¼ Oð1Þ, while achieving ε ¼ Ωð1Þ robustness.
Therefore, strong localizable quantumness LQPðψÞ on a

small subsystem guarantees sample-efficient certification,
validating Result 1. This condition holds for a broad class
of states, which is established in subsequent sections.
An important benefit of our protocol is its constant

robustness against state deviation. Specifically, our scheme
accepts any input state ρ within ε ¼ Ωð1Þ trace distance of
the target state ψ . Compared to certification methods that
require the experimental state to be ε-close to the target
with ε ∼ 1=polyðnÞ [27,28], the constant robustness of our
method significantly relaxes experimental requirements.
Given the high gate fidelities achieved by current platforms
[53,54], this robustness effectively enlarges the certifiable
circuit volume by a substantial factor. Furthermore, in the
early fault-tolerant regime with quantum error correction
techniques, our protocol serves as a practical tool for
certifying logical preparation procedures, such as magic
injection and cultivation.
Moreover, our protocol reliably rejects any mixed state in

FP, offering an advantage over previous protocols that
detect properties only for pure input states, such as those for
circuit complexity [31,32] and magic [30]. The decision
boundary η� can also be tuned closer to the property-free
value 0 to further enhance robustness. Meanwhile, this also
increases the sample complexity, as higher precision is
required to estimate ηψðρÞ. Therefore, η� can be tuned to
balance robustness and sample complexity.

C. Remarks on computational efficiency

While our protocol is experimentally efficient, its prac-
tical application also relies on the computational cost of
classical processing. In our protocol, this cost is dominated
by obtaining classical descriptions of the projected states
ψ z. Although, in general, computing ψ z may require
exponential time, for a broad class of physically relevant
states, this computation is tractable. Tensor-network rep-
resentations enable efficient classical computation for a
wide class of large quantum systems [55–59]. Examples
include states produced by one-dimensional logarithmic-
depth circuits [60], the surface-code ground state [61], and
other long-range-entangled states [62]. Neural-network
quantum states [63–65] also capture highly entangled states
while permitting efficient evaluation of ψ z. In many
scenarios, such as magic-state injection protocols [50],
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the projected states are known exactly by construction.
Furthermore, for small subsystem sizes nA, computing the
projected state is feasible under the amplitude query model
by querying individual amplitudes of ψ z, consistent with
the framework established in Ref. [27]. Hence, our certif-
ication scheme is both sample efficient and computation-
ally tractable for a broad range of states.
Our protocol also requires estimating the maximal

fidelity FidPðψ zÞ, or a suitable upper bound, on the
subsystem A. This value can be computed in time 2OðnAÞ
for entanglement and circuit complexity via singular value
decomposition or in time 2Oðn2AÞ for quantum magic using
the methods from Ref. [66]. Since our protocol requires
only a small subsystem size nA, this computational pro-
cedure remains efficient.
Crucially, our framework decouples the quantum experi-

ment from the classical computation by using nonadaptive
local measurements. During the quantum stage, no prior
knowledge of state preparation is required, so data collec-
tion is highly efficient. Consequently, the same dataset can
be analyzed offline for exponentially many different
properties or even different target states [27,52], which
can yield exponential improvements in sample complexity
over previous protocols, as exemplified in Sec. V. Given
that quantum resources are currently far expensive than
classical ones, this decoupling is a significant practical
advantage.

IV. CERTIFYING QUANTUM CIRCUIT
COMPLEXITY

Having established our certification framework, we now
illustrate its power and versatility by applying it to four
central tasks in quantum information: certifying quan-
tum circuit complexity, entanglement, magic, and state
fidelity.
We begin with circuit complexity. It quantifies the

minimal resources required to prepare a quantum state
and plays a fundamental role connecting quantum compu-
tation [67,68], quantum learning [31,32,69], many-body
physics [37,41,43,46,47,70], and black-hole physics [71–
73]. Certifying that a prepared state has high complexity is,
therefore, crucial both for probing novel structures of
quantum matter and for benchmarking experimental
platforms.

A. Certifying unitary circuit complexity

We first consider the standard notion of circuit complex-
ity for unitary circuit architectures. Formally, for a given
circuit architecture specified by a graph G ¼ ðV; EÞ where
vertices represent qubits and edges indicate the qubit pairs
on which native two-qubit gates may act, we define the
circuit complexity of a quantum state as the minimum
circuit depth required to prepare it within G. For a pure
target state ψ , the circuit complexity is given by

CGðψÞ ≔ min

�
d∶jψi ¼

Yd
i¼1

�
⊗
j
Vi;j

�
j0i⊗n

�
; ð13Þ

where Vi;j is a two-qubit gate in the ith layer with
suppðVi;jÞ∈E or a single-qubit gate and the gates in the
same layer act on disjoint qubits. For a mixed state ρ, we
adopt the convex-roof extension. Any ρ can be written as
ρ ¼ P

k pkψk with pk ≥ 0 and
P

k pk ¼ 1. One may
prepare ρ by sampling k with probability pk and then
preparing ψk using a circuit of depth CGðψkÞ. The quantum
circuit complexity of ρ can, therefore, be no larger than the
largest depth needed among the ψk. Formally,

CGðρÞ ≔ minfd∶ρ ¼
X
i

piψ i; with pi ≥ 0;
X
i

pi ¼ 1;

and CGðψ iÞ ≤ d for all ig:
ð14Þ

We apply our framework to certify that the complexity
of a state exceeds a certain depth d on a D-dimensional
lattice. While learning-based protocols exist [31,32,35],
they are often restricted to pure states and require a
sample complexity that grows with system size, limiting
their usage in realistic noisy settings. In contrast, our
approach overcomes these limitations and exponentially
improves sample complexity, achieving constant sample
complexity for certifying constant-depth complexity
[d ¼ Oð1Þ] and remaining sound for mixed states.
Our approach is based on a key physical insight: in a

low-depth circuit, information can propagate only a limited
distance. This light-cone effect dictates that local measure-
ments on the periphery of a system cannot substantially
alter the entanglement structure deep within its center.
Consequently, low-complexity states yield projected states
with limited entanglement.
Formally, we focus here on an m ×m two-dimen-

sional case (D ¼ 2, with circuit complexity denoted C2).
Our method readily extends to higher dimensions. Let A
be the set of qubits in a 2w × 2w square and B its
complement, as illustrated in Fig. 3(a), where the width
w is chosen slightly larger than the threshold depth d.
The key observation is that, for a circuit of depth d, the
entanglement between the left and right halves of region
A [L and R, respectively, in Fig. 3(a)] is bounded. This
is because only gates near the boundary between L and
R can generate entanglement across this cut, and a
shallow circuit contains few such gates. We formalize
this as the following lemma. Detailed proofs are given
in Appendix B.
Lemma 2 (Entanglement in states of low unitary circuit

complexity). Let jϕi be an ðm ×mÞ-qubit pure state with
circuit depth C2ðϕÞ ≤ d. Consider the partition A ∪ B with
A ¼ L ∪ R, as depicted in Fig. 3. Then, for every meas-
urement outcome z∈ f0; 1gnB ,
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ELjRðϕzÞ ≤ 8wd; ð15Þ

where ELjRðξLRÞ ≔ SðξLÞ ¼ −trðξL log ξLÞ is the entan-
glement entropy of the state ξLR across the biparti-
tion LjR.
In essence, Lemma 2 characterizes the projected free set

FPP for the property P of “circuit complexity C2 > d”: it
contains only projected states with low entanglement across
LjR. Conversely, if the projected states of the target are
highly entangled, they must lie far from FPP. Therefore,
the high entanglement entropy of the projected ensemble
provides a clear signature of circuit complexity, as illus-
trated in Fig. 3(b), enabling efficient certification of circuit
complexity.
Theorem 2 (Certifying 2D quantum circuit complexity).

Let ψ be the target state and consider the bipartition A ∪ B
shown in Fig. 3, with w ¼ ηd for some η > 4. Suppose
projected ensemble of ψ on A satisfies

Pr
z∼pψ ðzÞ

½ELjRðψ zÞ ≥ cjLj þ 1� ≥ p ¼ Ωð1Þ; ð16Þ

for a constant c ¼ 4η−1 þΩð1Þ. Then Algorithm 1 certifies
that the circuit complexity of ψ exceeds d with constant
failure probability, using T ¼ expðOðη2d2ÞÞ copies of ψ
and achieving robustness ε ¼ Ωð1Þ.
Therefore, for constant circuit complexity d ¼ Oð1Þ,

our protocol achieves constant sample complexity and
robustness. This constant-depth regime is particularly
important: in finite spatial dimensions, depths d ¼ ωð1Þ
are associated with long-range entanglement in many-body
systems [46,47,74]. Consequently, our protocol provides a
sample-efficient method for certifying long-range entan-
glement by certifying depths just beyond the constant
regime using ωð1Þ samples. Moreover, the protocol

requires only polynomially many samples up to depths d ¼
O½ðlog nÞ1=2� (or, more generally, d ¼ O½ðlog nÞ1=D� in
spatial dimension D).

B. Certifying measurement-assisted
circuit complexity

We now turn to a stronger notion—measurement-
assisted circuit complexity [43,48]. Measurement-assisted
circuits permit midcircuit single-qubit measurements with
classical feedforward and have attracted significant recent
interest because they can provide exponential depth
shortcuts for preparing important many-body states, includ-
ing topologically ordered phases [44,45,62,75,76]. The
recently introduced spacetime quantum circuit complexity
also unifies notions of circuit width, depth, and measure-
ments and reveals a novel complexity concentration phe-
nomenon in measurement-assisted circuits [43].
Here, we focus on the definition of measurement-

assisted circuit complexity as the minimum number of
measurement layers required to prepare a target state
deterministically. This definition underpins the hierarchy
of topological order and the notion of nontrivial measure-
ment-equivalent quantum phases [48]. Formally, fix an
architecture G ¼ ðV; EÞ on n ¼ jVj qubits, a depth-d
measurement-assisted circuit consists of d rounds. In round
i∈ ½d�, conditioned on the previous measurement record
m<i ¼ ðm1;…; mi−1Þ, one applies parallel two-qubit gates
fVm<i

i;l gl on pairwise disjoint edges of E (and arbitrary
single-qubit gates if desired), followed by single-qubit
projective measurements fPm<i

i;q ðbÞgb∈ f0;1g on a subset of
qubits q, yielding outcomes mi;q ∈ f0; 1g. Gates and
measurements within the same round act on disjoint qubits,
and future operations may depend on the cumulative
measurement record m<i. Let m ¼ ðm1;…; mdÞ denote

(a) (b)

FIG. 3. Projected ensembles for certifying circuit complexity d. (a) Partitioning of a two-dimensional lattice: the full m ×m lattice is
divided into subsystems A and B, where A is a 2w × 2w square. Subsystem A is further split into L and R, with L ¼ L1 ∪ L2 and
R ¼ R1 ∪ R2. The regions L1 and R1 comprise all qubits whose distance to B is at most d. (b) Entanglement in the projected ensemble
certifies complexity. The free projected-state set FPP consists of states with entanglement across LjR below a threshold e. If a state ρ1
has small unitary circuit complexity C2, all of its projected states lie in FPP. If a state ρ2 has small measurement-assisted complexity
Canc
2 , a large fraction of its projected states lie in FPP. Our protocol efficiently certifies the complexity of a high-complexity target ψ

whose projected states are far from FPP.
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the full outcome record. The unnormalized postmeasure-
ment state is

jϕ̃mi ¼
�Yd
i¼1

�Y
q

Pm<i
i;q ðmi;qÞ

��Y
l

Vm<i
i;l

��
j0i⊗n; ð17Þ

with branch probability pm ¼ kjϕ̃mik22 and normalized
state jϕmi ¼ jϕ̃mi= ffiffiffiffiffiffi

pm
p

. The measurement-assisted circuit
complexity of a pure state ψ is

Canc
G ðψÞ ≔ minfd∶ ∃ depth-dmeasurement-assisted circuit

such that; ∀ m with pm > 0; jϕmi ¼ jψig:
ð18Þ

For mixed states, we use the convex-roof extension the
same as in Eq. (14).
Low-depth measurement-assisted circuits are also

expected to generate limited entanglement across appro-
priately chosen cuts. Nonetheless, incorporating the effects
of measurements is subtle. For example, depending on the
partition, measurements can induce significant entangle-
ment in postmeasurement states even when the underlying
unitary depth is shallow [77]. We address this by choosing
the specific bipartition in Fig. 3 and leveraging the fact that
entanglement entropy is a monotone that is nonincreasing
on average under local measurements [78]. The next lemma
quantifies the average entanglement remaining on A after
measuring its complement B.
Lemma 3 (Entanglement in states of measurement-

assisted circuit complexity). Let jϕi be an ðm ×mÞ-qubit
pure state with measurement-assisted circuit complexity
Canc
2 ðϕÞ ≤ d. Consider the partition A ∪ B with A ¼ L ∪ R

as depicted in Fig. 3. Then,

Ez∼pϕðzÞ½ELjRðϕzÞ� ≤ 12wd: ð19Þ

Therefore, although certain projected statesϕzmayexhibit
high entanglement, the average entanglement remains small.
As a result, most projected states lie in a low-entanglement
set [Fig. 3(b)]. Nonetheless, this crucial distinctionmakes the
conditional fidelity witness in Lemma 1 less effective. To
address this, we adopt a linear witness of the form

Õ ≔
X
z

½tþ ð1 − tÞΘtðFidðψ zÞÞ�jψ zihψ zjA ⊗ jzihzjB;

ð20Þ
where t∈ ð0; 1Þ andΘtðxÞ ¼ 1½x ≤ t� is a threshold function.
The precise construction of Õ, alongwith the set defining the
maximal fidelity Fidðψ zÞ, is provided in Appendix B,
together with the full proofs. Using this construction, we
establish the following.
Theorem 3 (Certifying 2D measurement-assisted circuit

complexity). Let ψ be the target state and consider the

bipartition A ∪ B shown in Fig. 3, with w ¼ ηd for some
η > 6. Suppose the projected ensemble of ψ on A satisfies

Pr
z∼pψ ðzÞ

½ELjRðψ zÞ ≥ cjLj þ 1� ≥ p ¼ Ωð1Þ; ð21Þ

for a constant c ¼ ½6þΩð1Þ�p−1η−1. Then, estimating
trðÕρÞ above a threshold η� certifies that the measure-
ment-assisted circuit complexity of ψ exceeds d with
constant failure probability δ using expðOðη2d2ÞÞ copies
of ψ and achieving robustness ε ¼ Ωð1Þ.
In the regime d ¼ Oð1Þ, our protocol again uses only

Oð1Þ sample complexity. This enables, in particular, the
certification of nontrivial measurement-equivalent quantum
phases [those with Canc

2 ¼ ωð1Þ] [48] using only ωð1Þ
samples. Although the hidden constant could be large, to
our knowledge, these are the first protocols to achieve
system-size-independent sample-complexity scaling for cer-
tifying unitary andmeasurement-assisted circuit complexity.

C. Performance on generic quantum states

We now show that our approach applies to generic
quantum states and a wide range of physically relevant
states. The detailed proofs are given in Appendix C.
An important class of states is those drawn Haar

randomly, which could demonstrate the average-case
performance of our protocol over the full Hilbert space.
For Haar-random states, the projected states on subsystem A
are highly entangled. This can be established via the concept
of deep thermalization [17,37]: higher moments of the
measurement-induced projected ensemble within a subsys-
tem are close to their thermal values (i.e., to those of the Haar
ensemble), so the ensemble forms an (approximate) state
design. The high entanglement inherent in second-order state
designs [79] suffices to satisfy the requirement inTheorems 2
and 3, enabling sample-efficient certification of complexity
for these deep-thermalized states.
Proposition 1 (Certifying circuit complexity of deep-

thermalized states). Let ψ be an n-qubit state whose
projected ensemble Eψ on a specific Θðd2Þ-qubit system
A (see Fig. 3) forms an ϵ-approximate 2-design with
ϵ ¼ Oð2−nA=2Þ. Then, our protocols can certify that ψ has
complexity C2 (or Canc

2 ) larger than d with a sample
complexity of expðOðd2ÞÞ while achieving constant
robustness.
Using deep thermalization results for Haar-random states

[37], we establish the average-case performance of our
protocol for Haar-random states. Moreover, deep thermal-
ization has been observed in many chaotic physical
quantum systems [39–41], so our protocol also applies
to these physically relevant states.
To further assess practical performance, we consider

more experimentally relevant ensembles: states generated
by brickwork quantum circuits, where each layer consists
of two-qubit gates arranged in a staggered pattern. Such
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architectures serve as canonical ensembles for studying the
generic behavior of physical quantum states [77,80–82].
We prove in Appendix C that, for finite D-dimensional
circuits, as long as the circuit depth d0 is slightly larger than
the complexity d we aim to certify—specifically, d0 ≥ kd
for some global constant k—these depth-d0 circuits yield
highly entangled projected states, which are, therefore, far
from FPP. This provides a sample-efficient method for
certifying the complexity of shallow-brickwork-circuit
states. We summarize the result below, which generalizes
to any finite D-dimensional circuit.
Proposition 2 (Certifying circuit complexity of random

brickwork-circuit states). There exists a constant k such
that, for a state ψ drawn from random 2D brickwork
circuits with depth d0 ≥ kd, with probability at least 0.99,
our protocols can certify that ψ has complexity C2 (or Canc

2 )
larger than d with a sample complexity of expðOðd2ÞÞ
while achieving constant robustness.
Taken together, these two propositions establish the

sample efficiency of our protocol for both generic quantum
states and experimentally realizable states on near-term
quantum platforms.

V. CERTIFYING QUANTUM ENTANGLEMENT

Entanglement is a fundamental feature of quantum
mechanics, and certifying it has long been a central yet
challenging task in quantum physics [10,18,83–85]. While
fidelity-based witnesses are a powerful and widely used
tool [4,84,86], they suffer from a major practical limitation:
measuring fidelity typically requires global measurements,
which are often experimentally prohibitive. Here, we
demonstrate that our certification framework provides a
highly efficient solution for certifying both bipartite and
fully inseparable multipartite entanglement. By relying
solely on local measurements, our approach substantially
reduces the implementation complexity required to witness
entanglement.
We begin by showing that entanglement across expo-

nentially many bipartitions can be certified with constant
sample complexity. We then tackle the more deman-
ding task of certifying fully inseparable entanglement.
Remarkably, we demonstrate an exponential improvement
over prior methods, reducing the required sample complex-
ity from linear to logarithmic in the system size for generic
quantum states.

A. Bipartite entanglement

We first consider certifying entanglement across a
bipartition AjB. In general, certifying bipartite entangle-
ment is a daunting task [2,87,88]. Entanglement witnesses
provide a powerful route: every entangled state admits a
witness, which is very useful in experiments [84].
Nevertheless, designing witnesses using simple local mea-
surements is highly nontrivial [26,89].

Our framework circumvents this obstacle by reducing
global certification to a local entanglement witnessing task
on a small subsystem. Let A1 ⊂ A and B1 ⊂ B be two small,
disjoint subsystems. The key insight is that, if a state ρ is
separable across AjB, then any state on A1B1 obtained by
performing local measurements on the complement R ≔
½n�nðA1 ∪ B1Þ must also be separable. (Note the difference
in notation adopted in this section: the system R corre-
sponds to B in Algorithm 1 and A1B1 corresponds to A.)
Therefore, for the propertyP of “entanglement across AjB,”
the free projected-state set FPP on A1B1 is precisely the set
of separable states on A1B1. We define the localizable
entanglement between A1 and B1 as

LEψ ðA1; B1Þ ≔ LQEntðA;BÞðψÞ; ð22Þ

making explicit its dependence on the chosen subsystems.
By Theorem 1, if the target state jψi robustly preserves this
resource—namely, if LEψðA1; B1Þ ¼ Ωð1Þ—then our pro-
tocol for certifying the bipartite entanglement is efficient.
Proposition 3 (Certifying bipartite entanglement).

Consider two disjoint subsystems A1; B1 ⊆ ½n� of constant
size, nA1

; nB1
¼ Oð1Þ. If the target state ψ satisfies

LEψðA1; B1Þ ¼ Ωð1Þ; ð23Þ

then Algorithm 1 certifies that ψ is entangled across any
bipartition AjB (with A1 ⊆ A;B1 ⊆ B) with Oðln δ−1Þ
sample complexity while achieving constant robustness.
This condition of constant localizable entanglement is

satisfied by broad classes of states. In particular,
Propositions 1 and 2 establish this behavior for deep-
thermalized states and random brickwork-circuit
states, respectively, with nA1

; nB1
¼ Oð1Þ. Furthermore,

Lemma 10 proves that, for Haar-random states, two-qubit
subsystems (A1 ¼ f1g and B1 ¼ f2g) already satisfy
LEψð1; 2Þ ¼ Ωð1Þ with overwhelming probability.
Notably, if the protocol outputs accept, then we simul-

taneously certify entanglement of ρ across all bipartitions
that separate A1 and B1. Indeed, if ρ were separable across
some bipartition AjB with A1 ⊆ A and B1 ⊆ B, then local
measurements on R cannot create entanglement between A1

and B1. Consequently, every projected state ρz on A1 ∪ B1

would be separable, and the certification would out-
put reject.
We remark that prior definitions of localizable entangle-

ment [26,33,34] optimize over local measurement bases,
whereas here we do not. Avoiding this optimization
eliminates substantial classical optimizations and removes
stringent device requirements such as adaptive local mea-
surements, yielding a simple, nonadaptive protocol. The
price to pay is that our fixed-basis approach may fail to
certify certain families of states for which basis optimiza-
tion is required—for example, the n-qubit Greenberger-
Horne-Zeilinger state ðj0ni þ j1niÞ= ffiffiffi

2
p

. Nevertheless, the
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results above demonstrate that this fixed-basis localizable
entanglement remains constant across generic and broadly
applicable physical state ensembles.
It is also instructive to discuss the relationship between

our witness and standard entanglement measures. The
quantity FidP corresponds to the maximum singular
value (pmax) of the Schmidt decomposition of projected
states ψ z, which relates to the min-entropy of ðψ zÞA1

(− log pmax) rather than the standard entanglement
entropy Sðψ zÞ. While these two entropies can diverge
for large systems, Proposition 3 targets small subsystems
where nA ¼ Oð1Þ. In this regime, the difference between
the two entropies is bounded by a constant factor, ensuring
comparable performance in characterizing the entangle-
ment of the projected states. On the other hand, the
relation between LEψðA1; B1Þ and the global entangle-
ment entropy SðψÞ may be weak, as global states with
disparate entanglement entropy behaviors can exhibit
similar localizable entanglement. Nonetheless, the entan-
glement entropy is notoriously difficult to measure exper-
imentally [90]. In contrast, fidelity-based metrics hold
significant operational relevance [91] and are frequently
employed in experimental certification [4,84]. By meas-
uring conditional fidelity solely with local measurements,
our method significantly reduces the implementation
complexity required for certification tasks based on global
quantities.
Beyond its experimental simplicity, we now show that

our framework also enables substantial reductions in
sample complexity for certifying more complex entangle-
ment structures.

B. Fully inseparable entanglement

We now address the more stringent task of certifying
fully inseparable entanglement, where a state is entangled
across every possible bipartition [36]. This structure is a
key resource for quantum networks: it is the necessary
and sufficient form of entanglement for activating genu-
ine multipartite entanglement [25,49]. It also provides a
meaningful benchmark for noisy devices aiming to
implement quantum error correction [26]. Conse-
quently, certifying fully inseparable entanglement offers
a stringent test of entangling power and a stepping stone
toward quantum networks and fault-tolerant quantum
computing.
At first glance, certifying fully inseparable entanglement

appears challenging, as one must rule out separability
across exponentially many bipartitions. Nonetheless,
Proposition 3 provides a path forward. It suffices to certify
localizable entanglement between qubits i and iþ 1 for
each i∈ ½n − 1�. Indeed, if ρ were separable across some
bipartition AjB, then there exists i∈A satisfying iþ 1∈B,
and, therefore, the test on the pair fi; iþ 1g would fail. A
straightforward implementation that runs our protocol
separately for every i would require n − 1 distinct

experiments, yielding total sample complexity at least
linear in n, similar to existing methods [26].
Here, we exponentially improve this scaling by decou-

pling the measurement scheme from the choice of pairs and
reusing a single dataset across all tests, with the spirit
underlying classical shadows [52]. Concretely, rather than
measuring the complement of a specific pair in the
computational basis, we perform single-qubit random
Pauli measurements on all qubits. Data collection is, thus,
independent of which pair will be tested in postprocessing.
To leverage this dataset, we use the random-basis analog of
Eq. (22):

fLEψ ðA1; B1Þ ≔ fLQEntðA1jB1ÞðψÞ: ð24Þ

Algorithm 1 extends directly to this random-basis setting:
measure the complement R of A1B1 in a random Pauli basis
instead of the Z basis, and then estimate trðψxρxÞ and
FidPðψxÞ on A1 ∪ B1. Replacing the condition in Eq. (23)
of Proposition 3 by fLEψðA1; B1Þ ¼ Ωð1Þ yields the same
performance guarantees by using the random-basis variant
of Algorithm 1.
Now, we show our modified protocol reduces the sample

complexity from linear to logarithmic in n (proofs in
Appendix D). Concretely, we collect a single dataset from
T rounds of random Pauli measurements on ρ and reuse the
same dataset to certify localizable entanglement for the
(n − 1) pairs A1 ¼ fig; B1 ¼ fiþ 1g for 1 ≤ i ≤ n − 1. If
all tests output accept, we certify fully inseparable
entanglement. This protocol also extends to any set of n −
1 pairs that connects the n-vertex graph.
Proposition 4 (Certifying fully inseparable entanglement

with logarithmic sample complexity). Let ψ be a quantum
state satisfying

fLEψði; iþ 1Þ ¼ Ωð1Þ ð25Þ

for all 1 ≤ i ≤ n − 1. Then, the fully inseparable entangle-
ment of ψ can be certified with failure probability δ using
T ¼ Oðlog nþ log δ−1Þ samples, while achieving constant
robustness.
For generic states, such as Haar-random states, the

condition fLEψ ði; iþ 1Þ ¼ Ωð1Þ holds simultaneously for
all i with high probability (Appendix D, Lemma 10). To
further demonstrate localizable entanglement in a physical
setting, we evaluate its distribution across all nearest-
neighbor pairs for random stabilizer states ψ up to hundreds
of qubits, as presented in Fig. 4 (details provided in
Appendix D). Here, ip denotes the site index wherefLEψðip; ip þ 1Þ corresponds to the pth quantile of the
distribution (0 < p < 1). We observe that the deviation
between the maximum fLEψ ði0; i0 þ 1Þ and the minimumfLEψði1; i1 þ 1Þ is small, with the minimum concentrating
consistently around 0.2. Furthermore, the variation across
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distinct random stabilizer states is negligible. These results
further validate that our protocol provides a sample-
efficient method for certifying this strong form of multi-
partite entanglement in generic quantum states.

C. Case study: Ground states of Hamiltonian systems

Building on the general result that the random-basis
localizable entanglement fLEψ can remain constant for
generic many-body states, we now investigate this metric
for ground states of concrete Hamiltonian models, thereby
demonstrating the practical efficiency of our protocol.
We begin with the spin-1

2
XXZ chain, a paradigmatic and

exactly solvable model of quantum magnetism with a rich
phase diagram [92]. The XXZ chain has played an
important role in entanglement theory [34,93,94] and
serves as a key experimental benchmark on multiple
platforms, including trapped ions [95] and optical cavities
[96]. The Hamiltonian is

HXXZ ¼ −
Xn
i¼1

½σixσiþ1
x þ σiyσ

iþ1
y þ Δσizσiþ1

z �; ð26Þ

where Δ is the anisotropy, with periodic boundary con-
dition σnþ1

α ≡ σ1α. For a translational-invariant nondegen-
erate Hamiltonian, its unique ground state is also
translational invariant, so fLEψði; iþ 1Þ is identical for

all i. We numerically evaluate fLEψð1; 2Þ of the ground
state ψ for system sizes up to n ¼ 64 using the density
matrix renormalization group (DMRG) algorithm [97].
Details of the numeric experiments are provided in
Appendix D.
The results are shown in Fig. 5(a). We observe thatfLEψð1; 2Þ remains nonvanishing throughout the critical

regime jΔj < 1, with only mild finite-size drift as n
increases. Notably, fLEψð1; 2Þ reaches maximal at the
isotropic point Δ ¼ −1, at which the XXZ chain undergoes

a Kosterlitz-Thouless transition from gapped Néel anti-
ferromagnet (Δ < −1) to critical Luttinger liquid (jΔj < 1)
[92]. Moreover, it vanishes at another phase transition point
Δ ¼ 1 where the ground state becomes a product state for
Δ > 1. Therefore, the behavior of fLEψð1; 2Þ is able to
indicate various phase transitions.
We next consider the spin-1

2
J1-J2 Heisenberg chain, a

paradigmatic frustrated extension of the nearest-neighbor
model with next-nearest-neighbor couplings. Although not
exactly solvable, in general, its key parameter points are
well established: a fluid-dimer transition occurs at J2=J1 ≃
0.2411 [98]; the exactly solvable Majumdar-Ghosh point
J2=J1 ¼ 1

2
[99]; and, within the same phase, a Lifshitz point

near J2=J1 ≈ 0.52 [100]. The model captures the physics of
zigzag-chain materials [101] and has been implemented on
programmable superconducting platforms [102].
Concretely, with periodic boundary conditions, the

Hamiltonian is

HJ1J2 ¼ J1
Xn
i¼1

σi · σiþ1 þ J2
Xn
i¼1

σi · σiþ2; ð27Þ

where σi ¼ ðσix; σiy; σizÞ and σnþk
α ≡ σkα. Here, we set J1 ¼ 1

and consider an antiferromagnetic interaction J2 > 0. For
the ground state ψ , we evaluate the random-basis localiz-
able entanglement fLEψ ð1; 2Þ. The results are shown in
Fig. 5(b).

FIG. 5. Localizable entanglement fLEψ ð1; 2Þ in the ground
states of Hamiltonian systems. Across broad parameter regimes,
the localizable entanglement remains finite, enabling sample-
efficient certification of entanglement. In addition, its behavior
signifies key parameter points of the system.

FIG. 4. Localizable entanglement fLEψ ðip; ip þ 1Þ for random
stabilizer states ψ . Here, ip denotes the site index corresponding
to the pth quantile of the localizable entanglement across all sites.
Error bars denote the standard deviation across the sampled
states, which are negligible for large system sizes.
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At the Majumdar-Ghosh point J2=J1 ¼ 1
2
, fluctuations infLEψ ð1; 2Þ are from the twofold degeneracy of the ground

space: in one ground state, sites 1 and 2 are maximally
entangled, whereas in the other they are unentangled.
Therefore, fLEψð1; 2Þ depends on the superposition coeffi-
cients of the two ground states. As J2 increases from 0,fLEψ ð1; 2Þ grows and peaks near the Lifshitz point J2 ≈ 0.52
and then decreases for larger J2. Therefore, the Lifshitz point
is signaled by the discontinuity in the first derivative offLEψ ð1; 2Þ. By contrast, we do not observe a clear signature
near the phase transition J2=J1 ≃ 0.2411, and understanding
which types of parameters can be captured by localizable
entanglement is an interesting question [34].
One can find wide parameter regimes where fLEψð1; 2Þ is

robustly bounded away from zero across both models. For
nondegenerate Hamiltonians, translation invariance then
implies fLEψði; iþ 1Þ ¼ fLEψ ð1; 2Þ ¼ Ωð1Þ for all nearest-
neighbor pairs. By Proposition 4, this yields logarithmic
sample complexity and constant robustness for certifying
fully inseparable entanglement in those Hamiltonian
systems.

VI. CERTIFYING QUANTUM MAGIC

Here, we further demonstrate the power of our frame-
work by applying it to certify quantum magic (or non-
stabilizerness), a critical resource for fault-tolerant quantum
computing [103–106]. Its characterization has recently
received significant attention [30,107–112]. Nonetheless,
robust certification of this critical resource remains chal-
lenging. Existing protocols often lack soundness for
mixed-state inputs or require demanding measurements
[30,109,110]. We overcome these limitations and present
the first protocol that certifies quantum magic using very
few local measurements and achieves soundness for mixed
states. Furthermore, it uses only constant sample complex-
ity and achieves constant robustness.
A pure n-qubit stabilizer state can be written as

jψi ¼ Cj0i⊗n, where C is a Clifford circuit acting on
the initial all-zero state [113]. The set of free states—
namely, the stabilizer set—is defined as the convex hull of
stabilizer states:

STABn ≔ fρ∶ρ ¼
X
i

pijψ iihψ ij;

with pi ≥ 0;
X
i

pi ¼ 1;

and jψ ii ¼ Cij0i⊗n; Ci Cliffordg: ð28Þ
A key feature of the stabilizer set is its closure under Pauli
measurements [113]. Consequently, the free-projected set
FPP is simply the set of stabilizer states on A, denoted
STABA. The maximal fidelity FidPðϕÞ then becomes the
well-known stabilizer fidelity [104,106]:

FidPðψ zÞ ¼ max
jϕi∈STABA

hϕjψ zjϕi: ð29Þ

Let LMðψÞ ≔ LQMagicðψÞ denote the localizable magic
of the target. By Theorem 1, if nA ¼ Oð1Þ and
LMðψÞ ¼ Ωð1Þ, then our protocol has constant sample
complexity and robustness. We prove that this condition
holds for typical Haar-random states with nA ¼ 1 in
Appendix E. This condition is also expected for generic
physical states: their projected ensemble on A is typically
random states [37], which possess abundant quantum
magic and require many layers of non-Clifford gates to
prepare [114,115]. Hence, our certification protocol is both
efficient and robust for generic states.
However, in many practical scenarios, quantum magic is

a scarce and costly resource. A crucial scenario involves the
injection of magic into Clifford circuits [12,50]. In near-
term demonstration of fault-tolerant architectures, the
quantum circuits are likely to be dominated by Clifford
operations, with a limited number of logical T gates
implemented via magic state distillation or cultivation
[116]. To demonstrate the efficiency of our certification
protocol for this practical setting, we consider and examine
a magic-injection-and-scrambling model [Fig. 6(a)].
We initialize the system in a product state comprising
n − k single-qubit stabilizer states j0i and k magic states

jαi ¼ 1=
ffiffiffi
2

p ðj0i þ eiαj1iÞ, where α∈ ½0; π=4� and k

(a) (b)

(c)

FIG. 6. Magic certification and its performance. (a) The system
is initialized in the state j0i⊗n−k ⊗ jαi⊗k. A global random
Clifford unitary C is then applied to scramble the injected magic.
Finally, single-qubit Pauli measurements are performed on the
complementary system, yielding projected states on the small nA-
qubit subsystem. (b) Localizable magic gLMðψÞ with system size
n∈ f32; 64; 128; 256; 512g for a fixed subsystem size nA ¼ 3
and varying numbers of injected magic state k∈ f2; 4; 6; 8g.
Darker colors correspond to larger system sizes. Each data point
represents the average over five random Clifford realizations
(each estimated using 1000 projected state samples), with error
bars denoting the standard deviation across realizations. (c) The
relation between global depolarizing noise strength p and ηψ ðρÞ
for ρ ¼ ð1 − pÞψ þ pI=d with the same state ψ . The value of
ηψ ðρÞ remains in the certifiable regime for p≳ LMðψÞ, demon-
strating the strong robustness of our protocol.
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controls the amount of injected magic (with α ¼ π=4
yielding maximal magic). A random n-qubit Clifford
unitary C is then applied to scramble the injected magic
across the system. The resulting target state is given by

jψi ¼ Cðj0i⊗n−k ⊗ jαi⊗kÞ: ð30Þ

Following local Pauli measurements on the nB-qubit
subsystem B, the resulting projected states ψ z are defined
on the complementary subsystem A, which consists of
nA ¼ n − nB qubits.
We first numerically evaluate the localizable magicgLMðψÞ for a fixed subsystem size nA ¼ 3, varying the

magic injection angle α, magic state count k, and the total
system size n [Fig. 6(b)]. These simulations utilize estab-
lished classical algorithms for T-doped Clifford circuits and
stabilizer fidelity estimation [66,104]. The data reveal
several key features. First, gLMðψÞ increases with k,
demonstrating that global magic is effectively concentrated
into the subsystem A, an insight that underlies protocols
like magic-state injection. Second, and most importantly
for our purposes, gLMðψÞ quickly exceeds a constant
threshold as α increases. This implies that, for a fixed
random Pauli basis, the localizable magicgLMðψÞ exceeds a
constant with high probability. According to Theorem 1,
this directly shows that our protocol certifies magic in these
states with constant sample complexity and robustness. It is
also interesting that gLM increases monotonically with α,
suggesting that the projected-ensemble-averaged magic
faithfully reflects, to a significant extent, the total magic
of the full state. Such a magic concentration phenomenon
has likewise been observed in Refs. [12,117]. We remark
that gLMðψÞ is not a magic monotone, as it can change
under the addition of ancillary j0i qubits and Clifford
rotations. Nevertheless, it serves as a practical indicator of
the global magic contained in the state.
To further demonstrate robustness, we simulate our

protocol on a state subject to global depolarizing noise,
ρ ¼ ð1 − pÞψ þ pI=d, a good model for present-day
experiments [118]. Moreover, coherent errors can be
converted into effective depolarizing noise via randomized
compiling [119,120]. Figure 6(c) plots ηψ ðρÞ versus the
noise strength p for a 512-qubit state generated with
α ¼ π=4. As shown, the conditional fidelity ηðρÞ remains
well above zero even for substantial noise levels p ≈ 0.35.
This behavior can also be derived analytically:

ηψ ðρÞ ¼ ð1 − pÞLMðψÞ þ pd−1
�X

z

ð1 − dAFidPðψ zÞÞ
�

¼ ð1 − pÞLMðψÞ þ p

�
d−1A − d−1B

X
z

FidPðψ zÞ
�
:

ð31Þ

By adjusting the decision boundary to require η� < ηψðρÞ,
our protocol could certify the magic in ρ whenever
ηψ ðρÞ > 0, which holds provided

p <
LMðψÞ

d−1B
P

zFidPðψ zÞ þ LMðψÞ − d−1A
≈

LMðψÞ
1 − d−1A

; ð32Þ

consistent with the numerical simulation. Here, the appro-
ximation uses the empirical observation LMðψÞ ≈ 1−
d−1B

P
z FidPðψ zÞ. This level of robustness is much better

than a direct application of Theorem 1, showing that
robustness can be improved in realistic noise scenarios.
Moreover, the monotonic decrease of ηψðρÞwith increasing
noise strength directly highlights the utility of our protocol
for benchmarking noisy quantum devices.

VII. CERTIFYING QUANTUM STATE FIDELITY
USING RANDOM-BASIS-ENHANCED

CONDITIONAL FIDELITY

We now address a particularly strong certification task:
certifying the global state fidelity hψ jρjψi. Recent protocols
achieve this using only local measurements [27–29,51], but
they face severe trade-offs between experimental simplicity
and certification power. Adaptive protocols can, in princi-
ple, certify arbitrary states [28]. For Haar-random states,
recent adaptive local-measurement protocols have achieved
a sample complexity of O½ðlog nÞ2� and a robustness of
Ωð1= log nÞ [51]. However, employing adaptive protocol
requires challenging classical feedback and long-lived
quantum memory to store the state between measurement
rounds [28,29,51]. Reference [51] also demonstrated that
constant scaling is achievable, but doing so required
nonlocal measurements across Oðlog nÞ qubits.
By contrast, protocols that employ nonadaptive local

measurement schemes are far more compatible with near-
term hardware. However, state-of-the-art nonadaptive
methods for generic states, such as the shadow-overlap
protocol, exhibit Oðn4Þ sample complexity and Ωðn−2Þ
noise robustness, and this sample complexity can improve
to Oðn2Þ only by using adaptive measurements [27].
Consequently, whether constant robustness and sample
complexity can be achieved for generic states using solely
nonadaptive local measurements has remained a central
open challenge in the field.
Here, we show that our enhanced conditional fidelity

protocol settles this problem. Relying solely on nonadap-
tive single-qubit Pauli measurements, it achieves Oð1Þ
sample complexity and Ωð1Þ robustness for certifying
generic states, including both Haar-random states and
physically relevant random graph states. By achieving
essentially optimal scaling guarantees, our protocol pro-
vides a definitive resolution to this open challenge in
quantum certification.
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A. Random-basis-enhanced conditional fidelity

Our previous conditional fidelity mainly focuses on
measuring subsystem B in a single, fixed basis (e.g., the
computational basis), which is insufficient for fidelity
certification: the product state jψ0nB iA ⊗ j0nBiB achieves
unit conditional fidelity even though its global fidelity with
jψi could be exponentially small in nB. The core issue is
that a fixed measurement basis on B fails to capture the rich
correlations across the AjB partition, which are revealed
only in other bases (e.g., the relative phases among the
projected states).
Our solution is to measure subsystem B in randomly

chosen single-qubit Pauli bases. The intuition is that
random basis choices produce projected states on subsys-
tem A that are closely correlated with one another, so the
conditional fidelity captures the global fidelity structure and
becomes a sensitive witness of the overall state fidelity. To
formalize this idea, we define the following observable:

Oψ ¼ 3−nB
X

x∈XnB ;p̃ðxÞ≠0
jψxihψxjA ⊗ jxihxjB: ð33Þ

By construction, trðOψψÞ ¼ 1. The ability to certify fidelity
is determined by the spectral gap

ΔðOψÞ ≔ 1 −max
ϕ⊥ψ

trðOψϕÞ; ð34Þ

as shown in the following.
Proposition 5 (Certifying state fidelity with local Pauli

measurements). Let ψ be the target state with ΔðOψÞ > 0,
and fix parameters 0 < c < 1=2, 0 < F < 1, and δ > 0.
Then, using local Pauli measurements on

T ¼ 27 lnðδ−1Þð4nA þ 1Þ
c2Δ2ð1 − FÞ2 ð35Þ

samples of ρ suffices to
(1) output reject with probability at least 1 − δ when

trðρψÞ ≤ F; and
(2) output accept with probability at least 1 − δ

when trðρψÞ ≥ 1 − ð1 − 2cÞΔð1 − FÞ.
Therefore, a larger spectral gap Δ directly improves both

sample complexity and robustness. While the gap can
vanish for certain target states (e.g., product states across
AjB), we now show that it is typically bounded below by a
constant for generic families of states of interest.

B. Provable constant gap for random graph states

We first prove that our protocol achieves a constant gap
for random graph states, providing a natural and robust
benchmark for evaluating its performance. Graph states
form a canonical and widely used subclass of stabilizer
states, serving as standard resources in quantum compu-
tation and quantum networks [75,121,122]. Moreover,

every stabilizer state is local-Clifford equivalent to a graph
state [113,122], making graph states a representative family
for studying generic phenomena for stabilizer states.
Specifically, let G ¼ ðV;EÞ be a simple undirected

graph on n vertices V ¼ f1;…; ng with symmetric adja-
cency matrix A∈ Fn×n

2 with zero diagonal entries. The
associated n-qubit graph state jGi is given by jGi ¼
ðQi<j CZ

Ai;j

i;j Þjþi⊗n. We consider the random graph state
ensemble obtained by sampling A uniformly from the set of
all symmetric, zero-diagonal matrices. Our main theorem for
this ensemble is the following.
Theorem 4 (Constant gap for random graph states). Let

jψi be drawn uniformly from n-qubit graph states,
and let nA ¼ 1. Then, with probability 1 − exp½−ΩðnÞ�,
ΔðOψ Þ ¼ Ωð1Þ.
Proof sketch. For a target stabilizer state ψ , the observ-

ableOψ has eigenstates in the form Ejψi, where E is a Pauli
error. Consequently, bounding the second-largest eigen-
value of Oψ reduces to showing that every Pauli error on ψ
can be localized on system A via the random measurements
on B and, therefore, be detected by the conditional fidelity.
We further reduce this problem to a random linear-algebra
problem induced by the random adjacency matrix A, and
prove this is indeed the case. The detailed proof is given in
Appendix F. ▪
Our result of random graph states directly implies the

same constant-gap behavior for the corresponding ensem-
ble of random stabilizer states via local Clifford rotations,
as these rotations preserve randomized Pauli measurements
up to relabeling. While efficient local certification pro-
tocols have been previously established for graph states
[22,123,124], these methods require target-specific mea-
surements of the corresponding stabilizer operators. To our
knowledge, this is the first proof that state-independent
local random Pauli measurements suffice to certify generic
stabilizer states with constant sample complexity and
robustness. Because our approach does not require prior
knowledge of the target state before measurement data
collection, a single dataset of local Pauli measurements
can be reused to certify many target stabilizer states
simultaneously.
We remark that prior analyses of nonadaptive local

certification have mainly focused on Haar-random target
states [27]. Our Theorem 4 already gives a constant-gap
guarantee for a physically motivated and efficiently pre-
parable non-Haar ensemble. This shows that constant-gap
behavior is not restricted to highly random ensembles but
can arise in physically relevant states.

C. Provable constant gap for almost all states

We now establish the performance guarantees for gen-
eric pure states. We focus first on Haar-random states,
which benchmark the average-case performance of our
protocol across the entire Hilbert space. While we show in
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Appendix F that the spectral gap ΔðOψÞ is strictly positive
almost surely, efficient certification demands a much
stronger condition. Specifically, an exponentially small
positive gap would still yield poor robustness and prohibi-
tive sample complexity. Our main fidelity theorem over-
comes this by proving that, for all but an exponentially
small fraction of states, the spectral gap is strictly lower
bounded by a constant.
Theorem 5 (Constant gap for almost all states). Let jψi

be drawn Haar randomly from the n-qubit Hilbert space
Hd with d ¼ 2n and nA ≥ 1. Then, with probability
1 − exp½−ΩðnÞ�, ΔðOψ Þ ¼ Ωð1Þ.
Proof sketch. It suffices to consider nA ¼ 1, since, for

any one-qubit subsystem A1 ⊆ A, one has Oψ ;A ≤ Oψ ;A1

and, hence, ΔðOψ ;AÞ ≥ ΔðOψ ;A1
Þ. Let the target state jψi

and an orthogonal input pure state jϕi be decomposed as
jψi ¼ j0ijui þ j1ijvi and jϕi ¼ j0ijai þ j1ijbi, where
the first qubit corresponds to subsystem A. For each
random Pauli measurement outcome x on subsystem B,
we denote the projected amplitudes as ux ¼ hxjui, and
define vx, ax, and bx analogously. The spectral gap can then
be expressed as

hϕjðI −Oψ Þjϕi ¼
X

x∈XnB

3−nB
juxbx − vxaxj2
juxj2 þ jvxj2

: ð36Þ

By introducing two positive semidefinite operators, H0

and H1 [defined in Eq. (F83)], we apply the Cauchy-
Schwarz inequality to lower bound Eq. (36) by the ratio
hϕjH0jϕi2=hϕjH1jϕi. Using Gaussian random matrix con-
centration inequalities and the Wick integration formula for
Gaussian random variables, we prove that, with probability
1 − exp½−ΩðnÞ�, the following conditions hold simultane-
ously:

kerðH0Þ ¼ spanfjψig;
λþminðH0Þ ¼ Ωð2−nÞ;

kH1k ¼ Oð2−2nÞ: ð37Þ

The dimensional scaling factors exactly cancel in this ratio,
yielding a constant lower bound of Ωð1Þ. The complete
proof is provided in Appendix F. ▪
Combining Theorem 5 and Proposition 5 establishes

that, for any chosen parameter c < 1=2, a given fidelity F
can be certified using Oð1Þ samples for all but a 2−ΩðnÞ
fraction of pure states. Moreover, this approach tolerates an
infidelity of ð1 − 2cÞΔð1 − FÞ ¼ Ωð1Þ. This performance
substantially improves upon previous protocols requiring
Oðn4Þ samples and Ωðn−2Þ robustness [27].
To test whether this behavior persists for more exper-

imentally accessible targets, we evaluated the practical
performance of our protocol using numerical simulations
on physically relevant, non-Haar states. We sampled

Ns ¼ 50 states fψ jgNs
j¼1 generated by local quantum cir-

cuits of depth 10n. The depth is chosen so that the states are
far from Haar-random states, whose preparation requires
exponentially deep circuits. To estimate the spectral gap of
Oψ for these states, we draw NM ¼ 100 random local Pauli
bases b1; b2;…; bNM

∈ fX; Y; ZgnB and define the truncated
observable

OðiÞ
ψ ¼ 1

i

Xi

j¼1

X
z∶p̃½xðbj;zÞ�≠0

jψxðbj;zÞihψxðbj;zÞjA ⊗ jxðbj; zÞi

× hxðbj; zÞjB; ð38Þ
where 1 ≤ i ≤ NM and xðbj; zÞ∈XnB denotes the basis
state corresponding to measurement outcome z in basis bj.
The previously definedOψ is recovered in the limit i → ∞.
For nA ¼ 1, we compute the averaged spectral gap

Δ̄i ¼
1

Ns

XNs

j¼1

ΔðOðiÞ
ψ j Þ ð39Þ

over the sampled random states and plot the results in
Fig. 7(a). As i increases, Δ̄i grows, indicating that the
average gap Δ̄∞ ¼ ΔðOψ Þ exceeds Δ̄NM

; thus, Δ̄NM
gives a

good empirical lower bound of ΔðOψ Þ.
As shown in Fig. 7(a), the averaged gap rapidly increases

and approaches a stable value asmore local basis patterns are
included. Furthermore, Fig. 7(b) shows that the finite-basis
gap remains bounded away from zero over the accessible
system sizes, in sharp contrast with the decreasing shadow-
overlap gap [27]. These data clearly indicate that the
constant-gap phenomenon established in Theorem 5 is not
restricted to Haar-random states but extends robustly to
physically generated states. While enlarging nA can further
increase the spectral gap, thereby improving robustness, it
also increases estimator variance asOð4nAÞ, yielding a trade-
off in sample complexity. The ability to maintain a large
constant gap shows that our protocol is highly practical for
certifying and benchmarking intermediate-scale components
of near-term devices, using significantly fewer quantum
resources while tolerating larger device imperfections.

VIII. DISCUSSION AND OUTLOOK

In this work, we introduced the physical principle of
localizable quantumness and developed a conditional
fidelity certification framework, establishing a powerful
approach for certifying central quantum properties. By
relying only on state-independent, nonadaptive local Pauli
measurements, our protocols guarantee mixed-input sound-
ness while yielding substantial improvements in both
robustness and sample complexity. Crucially, we resolved
the open challenge regarding state fidelity certification by
proving that a strictly constant spectral gap, ΔðOψÞ ¼
Ωð1Þ, and, hence, robust certification with constant sample
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complexity, is achievable for generic quantum states via
local measurements. Consequently, our unified framework
achieves optimal, constant-sample-complexity scaling for
certifying a broad range of many-body properties. While
our current circuit-complexity witnesses primarily target
relatively shallow circuits, measurements are known to
concentrate exponentially large circuit complexity into
small subsystems [43]. Harnessing this complexity con-
centration phenomenon to design sample-efficient wit-
nesses for highly complex, deep circuits represents a
compelling direction for future research.
Localizable quantumness offers a unifying lens on

several previously established effects. For example, com-
plexity concentration [43], localizable entanglement
[33,34], magic concentration [12,117,125], and magic-state

injection [50] can all be viewed as special cases in which a
global resource localizes into a small subsystem after local
projective measurements on the complement. This high-
lights the broader significance of projected-ensemble prop-
erties such as LQP and their potential applications and
impact on resource theories and many-body physics. In
condensed matter physics, it is especially compelling to
study order parameters and phases through the lens of
localizable quantumness [126]. Another exciting direction
is to develop a theory of localizable magic, paralleling
localizable entanglement [33], as a tool to probe quantum
many-body magic.
Extending localizable quantumness to mixed states and

developing protocols that certify mixed-state properties,
especially mixed-state entanglement and magic, represent
especially promising directions. Recent work also shows
that, with tolerable additional overhead, one can obtain
good bounds on nonlinear quantities of the projected
ensemble, enabling powerful certifications such as emer-
gent quantum state designs [42]. It is therefore compelling
to investigate whether nonlinear projected-ensemble quan-
tities can certify stronger quantum properties or yield
sharper, more powerful property-detection criteria.
More broadly, our approach complements and extends

existing paradigms for certification and estimation such as
direct fidelity estimation [21] and randomized measure-
ments [52,127] by showing that simple local measurements
can certify global properties with favorable scaling. A
particularly promising avenue for future work is to tailor
our method to other physical platforms, leveraging native,
low-overhead measurements to certify key properties—for
example, nonclassicality in bosonic systems [128] and non-
Gaussianity in fermionic systems [129,130].
Parts of the numerical results were obtained using the

ITensor [131] and Qiskit [132] software packages.
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FIG. 7. Spectral gaps of conditional-fidelity observables.
(a) The average spectral gap Δ̄i ≔ ð1=NsÞ

PNs
j¼1 ΔðOðiÞ

ψ j Þ for 1 ≤
i ≤ NM ¼ 100 random bases increases with i, indicating that the
limit Oψ (as i → ∞) has a larger average gap than Δ̄NM

. (b) Δ̄NM

versus n (error bars show the standard deviation across states).
Here, Δ̄NM

serves as a proxy for Δ̄∞, suggesting that the average
spectral gap of Oψ remains Ωð1Þ as n grows. Moreover, Δ̄NM

increases with nA, enhancing the protocol’s robustness. For
comparison, the shadow-overlap protocol exhibits a smaller
spectral gap that decays with n.
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APPENDIX A: ADDITIONAL ANALYSIS ON THE
PERFORMANCE OF ALGORITHM 1

In this appendix, we analyze the performance of
Algorithm 1. We first collect the statistical tools used
throughout our work, including local shadow tomography,
standard concentration inequalities, and the median-of-
means estimator. We then establish the performance guar-
antee based on those tools.

1. Local classical shadow

We briefly review the local classical shadow pro-
tocol [52]. For a given k-qubit input state ρ, the protocol
performs random single-qubit Pauli measurements
in the X, Y, or Z basis independently on each qubit.
This is equivalent to applying a POVM composed of six
elements:

�
1

3
jþihþj; 1

3
j−ih−j; 1

3
j þ iihþij; 1

3
j − iih−ij; 1

3
j0ih0j; 1

3
j1ih1j

�
: ðA1Þ

Suppose the POVM yields measurement outcomes x∈Xk.
The classical shadow estimator for trðOρÞ is given by

ω ¼ tr

�
O

�
⊗

i∈ ½k�
ð3jxiihxij − IiÞ

��
: ðA2Þ

This estimator is unbiased:

E½ω� ¼ trðOρÞ; ðA3Þ

and its variance is bounded by

Var½ω� ≤ 4kkOk2∞: ðA4Þ

Crucially, ω uses only a single copy of ρ, which is
essential for estimating ensemble-averaged local fidelities
in our protocol.
Lemma 4. Let z ∼ p andω be a random variable such that

E½ωjz� ¼ oz ≥ 0 and Var½ωjz� ≤ σ2 for all z. Then, E½ω� ¼P
z pðzÞoz and Var½ω� ≤ σ2 þmaxz jozj2.
Proof. The proof is from the laws of total expectation and

variance:

Eω ¼ EzE½ωjz�
¼

X
z

pðzÞoz;

Var½ω� ¼ EzVar½ωjz� þ VarzE½ωjz�
≤ Ezσ

2 þ Varzoz

≤ σ2 þmax
z
jozj2: ðA5Þ

▪
This enables unbiased estimation of projected-

ensemble–averaged linear quantities [42]. Combining the
lemma with the variance bound in Eq. (A4) yields the
following guarantee for estimating conditional fidelities.
Corollary 4 (Variance of conditional fidelity). Let an

n-qubit state ρ be partitioned as A ∪ B, and measure B in
the computational basis to obtain z with probability pρðzÞ
and postmeasurement state ρz on A. Construct ω by

applying local classical shadows on ρz to estimate
trðψ zρzÞ. Then, E½ω� ¼ P

z pρðzÞtrðψ zρzÞ and Var½ω� ≤
4nA þ 1.

2. Median-of-means estimator

The median-of-means estimator is a standard statistical
method that uses medians to suppress the contribution of
outlier estimators, which has the benefit of exponentially
suppressing the failure probability. We first introduce
Hoeffding’s inequality, which is useful for bounded-value
estimators.
Proposition 6 (Hoeffding’s inequality, Theorem 8 in

Ref. [8]). Let fωigTi¼1 be i.i.d. random variables with
ai ≤ ωi ≤ bi, and define ST ≔

P
T
i¼1 ωi. For any t > 0,

Pr½ST − E½ST � ≥ t� ≤ exp

�
−

2t2P
T
i¼1ðbi − aiÞ2

�
: ðA6Þ

Then, we introduce the median-of-means estimator.
Proposition 7 (Median-of-means estimator). Let T ¼

BK and fωigTi¼1 be i.i.d. random variables with mean μ and
variance σ2. For each block l∈ f1;…; Kg define the
empirical mean

ol ≔
1

B

XlB
i¼ðl−1ÞBþ1

ωi; ðA7Þ

and let ω ¼ medianfo1; o2;…; oKg. Fix δ∈ ð0; 1Þ and
ε > 0. By choosing B ¼ ð6σ2=ε2Þ and K ¼ 9

2
lnðδ−1Þ, we

have that

Pr½jω − μj ≥ ε� ≤ δ: ðA8Þ

Equivalently, with probability at least 1 − δ,

jω − μj < σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 lnðδ−1Þ

T

r
: ðA9Þ
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Proof. For each block mean ol, we have E½ol� ¼ μ and
Var½ol� ¼ σ2=B ¼ ε2=6. By Chebyshev’s inequality,

Pr½jol − μj ≥ ε� ≤ Var½ol�
ε2

¼ 1

6
: ðA10Þ

Define the indicator õl ≔ 1½jol − μj ≥ ε�, and then E½õl� ≤
1=6 and 0 ≤ õl ≤ 1. Applying Proposition 6 to

P
K
l¼1 õl, we

have that

Pr½jω − μj ≥ ε� ≤ Pr

�XK
i¼1

õi ≥
K
2

�

≤ Pr

�XK
i¼1

õi − E

�XK
i¼1

õi

�
≥
K
3

�

≤ exp

�
−
2ðK

3
Þ2

K

�
¼ δ; ðA11Þ

completing the proof. ▪

3. Proof of Theorem 1

a. Soundness

For any property-free state ρ∈FP, we have ηψðρÞ ≤ 0

by Lemma 1. Moreover, E½ωi − FidPðψ ziÞ� ¼ ηψðρÞ.
Applying the median-of-means estimator (Proposition 7)
to T independent estimates fωi − FidPðψ ziÞgTi¼1 yields a
final estimator ω satisfying

jω − ηψðρÞj < σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27 lnðδ−1Þ

T

r
ðA12Þ

with probability at least 1 − δ, where σ2 ¼ 4nA þ 1 by
Corollary 4. With the choice of T in Eq. (12), we obtain,
with probability at least 1 − δ,

ω < ηψ ðρÞ þ LQPðψÞ=3 ≤ η�; ðA13Þ

So the protocol outputs reject.

b. Completeness

Since the experimental state ρ is ε-close to the ideal state
ψ in trace distance, expectation values of bounded observ-
ables are also close, ensuring that ηψðρÞ is close to the ideal
value. Specifically, for a given ρ satisfying dtrðρ;ψÞ ≤ ε,
we have that

ηψðρÞ ¼ tr½OPðψÞψ � þ tr½OPðψÞðρ − ψÞ�
≥ LQPðψÞ − kOPðψÞk∞kðρ − ψÞk1
≥ LQPðψÞ − 2dtrðρ;ψÞ

≥
2

3
LQPðψÞ: ðA14Þ

Choosing T as in Eq. (12) ensures

ω > ηψ ðρÞ −
LQPðψÞ

3
≥ η� ðA15Þ

with probability at least 1 − δ. ▪

APPENDIX B: ADDITIONAL PROOFS
ON COMPLEXITY CERTIFICATION

1. Proof of Lemma 2: Entanglement
of low-complexity states

Proof. Because C2ðϕÞ ≤ d, the state jϕi can be prepared
from j0i⊗n by a two-dimensional depth-d circuit

U ¼
Yd
i¼1

�
⊗
j
Vi;j

�
; ðB1Þ

where the gates fVi;jgj in the ith layer act on disjoint pairs
of nearest-neighbor qubits or on single qubits. Define the
backward light cone of the subsystem B layer by layer:

LB;dþ1 ¼ B;

LB;i ¼ LB;iþ1

∪ ½∪ fsuppðVi;jÞjsuppðVi;jÞ ∩ LB;iþ1 ≠ ∅g�: ðB2Þ

Thus, LB;1 contains all qubits that can interact with B
through at most d layers. By construction of L1 and R1 (see
Fig. 3),

ðLB;1 ∩ LÞ ⊆ L1; ðLB;1 ∩ RÞ ⊆ R1: ðB3Þ

The unitary V is defined as the product of all gates whose
supports lie outside the backward light cone of B:

V ¼
Yd
i¼1

�
⊗

suppðVi;jÞ=⊆LB;i

Vi;j

�
: ðB4Þ

The remaining two-qubit gates define the unitary

W ¼
Yd
i¼1

�
⊗

suppðVi;jÞ⊆LB;i

Vi;j

�
: ðB5Þ

By construction, U ¼ VW, and V acts only on subsystem
A. Consequently, V commutes with the operator hzjB ⊗ IA
for every measurement outcome z∈ f0; 1gnB . The unnor-
malized projected state can, therefore, be written as

j eϕzi ¼ ðhzjB ⊗ IAÞjϕi
¼ ðhzjB ⊗ IAÞVWj0iAB
¼ VðhzjB ⊗ IAÞWj0iAB: ðB6Þ
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Equation (B3) implies that W acts nontrivially only on
BL1R1. Consequently,

VðhzjB ⊗ IAÞWj0iAB ¼ V½ðhzjBjϕ1iBL1R1
Þj0iL2R2

�
¼ Vðjφ̃iL1R1

j0iL2R2
Þ: ðB7Þ

Normalizing this state, we obtain

jϕzi ¼ VðjφiL1R1
⊗ j0iL2R2

Þ: ðB8Þ

The circuit V has depth d, and in each layer at most 2w
two-qubit gates can cross the cut LjR, so at most 2wd such
gates appear in total. Each gate increases the bipartite
entanglement entropy by at most 2 (Lemma 4 in
Ref. [134]). Hence,

ELjRðϕzÞ ≤ ELjRðjφiL1R1
⊗ j0iL2R2

Þ þ 4wd

¼ EL1jR1
ðφL1R1

Þ þ 4wd

≤ 8wd; ðB9Þ

where we used EL1jR1
ðφL1R1

Þ ≤ jL1j ≤ 4wd. This com-
pletes the proof. ▪

2. Proof of Theorem 2: Certifying unitary
circuit complexity

We first establish the following lemma, which gives an
upper bound on the maximal fidelity of highly entangled
projected states.
Lemma 5. Let ϕ be a pure state on subsystem A with

bipartite entanglement ELjRðϕÞ ¼ e > 8wdþ 1. Then,

FidPðϕÞ ≤ 1 −
�
e − 1

4w2
−
2d
w

�
2

: ðB10Þ

Proof. For any pure state φ∈FPP,

ELjRðϕÞ − ELjRðφÞ ≤ jELjRðϕÞ − ELjRðφÞj
≤ 2dtrðϕL;φLÞjLj þ 1; ðB11Þ

where the last step uses Fannes’ inequality (Theorem 11.6
in Ref. [135]). Because trace distance is nonincreasing
under partial trace, dtrðϕL;φLÞ ≤ dtrðϕ;φÞ. With jLj ¼ 2w2

and ELjRðφÞ ≤ 8wd as given in Lemma 2, we obtain

dtrðϕ;φÞ ≥
e − 8wd − 1

4w2
¼ e − 1

4w2
−
2d
w

: ðB12Þ

Finally,

trðϕφÞ ¼ 1 − d2trðϕ;φÞ ≤ 1 −
�
e − 1

4w2
−
2d
w

�
2

; ðB13Þ

which completes the proof. ▪

Then we prove the following theorem.
Theorem 6. Let ψ be the target state and consider the

bipartition A ∪ B shown in Fig. 3, with w ¼ ηd for some
η > 4. Assume projected ensemble of ψ on A satisfies

Pr
z∼pψ ðzÞ

½ELjRðψ zÞ ≥ cjLj þ 1� ≥ p > 0; ðB14Þ

for a constant c > 4η−1. Then, Algorithm 1 certifies that the
circuit complexity of ψ exceeds d with constant failure
probability δ, using

T ¼ O
�

2Oðη2d2Þ

ðc − 4η−1Þ4p2
lnðδ−1Þ

�
ðB15Þ

copies of ψ and achieving robustness ε ¼
Ωððc − 4η−1Þ2pÞ.
Proof of Theorem 2. Lemma 5 and Eq. (B14) give

Pr
z∼pψ ðzÞ

�
FidPðψ zÞ ≤ 1 −

1

4
ðc − 4η−1Þ2

�
≥ p > 0; ðB16Þ

which implies LQPðψÞ ≥ 1
4
ðc − 4η−1Þ2p. Substituting this

into Theorem 1 with variance σ2 ¼ 4nA þ 1 ¼ 2Oðη2d2Þ
produces the stated sample complexity and robustness. ▪
Theorem 2 follows immediately by substituting

c − 4η−1 ¼ Ωð1Þ and p ¼ Ωð1Þ into the preceding
theorem.

3. Proof of Lemma 3: Entanglement in states
of low measurement-assisted circuit complexity

Proof. We analyze the preparation of jϕi, considering
more and more layers while tracking the expected bipartite
entanglement entropy Em½ELjðR∪BÞðϕmÞ�, where m denotes
the outcomes of midcircuit measurements in the considered
layers and ϕm denotes the state after performing the
considered layers given the measurement outcomes m.
In each layer of unitary gates, at most 6w two-qubit gates
can cross the cut LjðR ∪ BÞ. Each such gate can increase
the bipartite entanglement entropy by at most 2 (Lemma 4
in Ref. [134]). Therefore, the increase in entanglement
entropy across the cut per layer is at most 12w. For
measurement rounds, local projective measurements cannot
increase entanglement entropy on average [78]. Therefore,
after a measurement layer, the expected entanglement
entropy across the cut does not increase. After d layers
in total, combining the above two observations yields

ELjðR∪BÞðϕÞ ¼ Em½ELjðR∪BÞðϕmÞ� ≤ 12wd: ðB17Þ

Finally, applying again the monotonicity of entanglement
entropy under local measurements when measuring B, we
obtain
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Ez∼pϕðzÞ½ELjRðϕzÞ� ≤ ELjðR∪BÞðϕÞ ≤ 12wd: ðB18Þ

▪

4. Proof of Theorem 3: Certifying measurement-
assisted circuit complexity

We begin by analyzing the performance of the linear
witness Õ given in Eq. (20). Define the set

FPp
P ≔

�
ϕ∶ELjRðϕÞ ≤

12wd
1 − p

�
: ðB19Þ

We call a set S a p-likely free projected-state set with
respect to property P if, for every pure P-free state ψ ∈FP,

Pr
ψ z∼EðψÞ

½ψ z ∈S� ≥ p: ðB20Þ

The set FPp
P is a p-likely free projected-state set for the

property P of “measurement-assisted circuit complexity
Canc
2 > d.” This follows from Lemma 3 together with

Markov’s inequality.
We define the maximal fidelity of a state against this p-

likely free set as

FidFPp
P
ðψ zÞ ≔ max

ρ∈FPp
P

trðρψ zÞ; ðB21Þ

and its cumulative distribution function

FFPp
P
ðψ ; tÞ ≔ Pr

ψ z∼EðψÞ
½FidFPp

P
ðψ zÞ ≤ t�: ðB22Þ

With these definitions, the linear witness is formally
defined as

Õðψ ; t; pÞ ≔
X
z

½tþ ð1 − tÞΘtðFidFPp
P
ðψ zÞÞ�jψ zihψ zjA ⊗ jzihzjB: ðB23Þ

Lemma 6 (Performance of witness Õðψ ; t; pÞ). For any threshold t∈ ð0; 1Þ: (i) (Soundness)—If ρ∈FP, then
trðÕðψ ; t; pÞρÞ ≤ tþ ð1 − pÞð1 − tÞ. (ii) (Completeness)—For the target ψ , trðÕðψ ; t; pÞψÞ ¼ tþ ð1 − tÞFFPp

P
ðψ ; tÞ.

When the gap

Δðψ ; t; pÞ ≔ ð1 − tÞ½FFPp
P
ðψ ; tÞ − ð1 − pÞ� > 0; ðB24Þ

the witness Õðψ ; t; pÞ separates ψ from F , certifying that ψ has measurement-assisted circuit complexity greater than d.
Proof. By definition, any free state ρ∈FP satisfies

trðÕðψ ; t; pÞρÞ ¼
X

z∶FidFPp
P
ðψ zÞ≤t

pρðzÞtrðψ zρzÞ þ t
X

z∶FidFPp
P
ðψ zÞ>t

pρðzÞtrðψ zρzÞ

≤
X

z∶FidFPp
P
ðψ zÞ≤t

pρðzÞ½tþ ð1 − tÞ · 1½ρz ∉ FPp
P�� þ t

X
z∶FidFPp

P
ðψ zÞ>t

pρðzÞ

≤ tþ ð1 − pÞð1 − tÞ: ðB25Þ

For the target state ψ ,

trðÕðψ ; t; pÞψÞ ¼
X
z

pψðzÞ½tþ ð1 − tÞΘtðFidFPp
P
ðψ zÞÞ�

¼ tþ ð1 − tÞFFPp
P
ðψ ; tÞ: ðB26Þ

▪
Then, we establish the lower bound of the witness gap for high-complexity states.
Lemma 7. Let ψ be the target state and consider the bipartition A ∪ B shown in Fig. 3, with w ¼ ηd for some η > 6.

Suppose the projected ensemble of ψ on A satisfies

Pr
z∼pψ ðzÞ

½ELjRðψ zÞ ≥ cjLj þ 1� ≥ p > 0; ðB27Þ

for a constant c > 6p−1η−1. Then, setting

DU, LIU, HUBER, LIU, and MA PHYS. REV. X 16, 041027 (2026)

041027-22



t ¼ 1 −
1

4

�
c −

6

ηð1 − p0Þ
�
2

; p0 ¼ 1 −
pþ 6η−1c−1

2
;

ðB28Þ

the witness gap satisfies

Δðψ ; t; p0Þ ≥ cðηcp − 6Þ3
8ηðηcpþ 6Þ2 : ðB29Þ

Proof. Let p0 ∈ ð0; 1Þ to be determined with c > 6=
½ηð1 − p0Þ�. First, by an argument parallel to that of
Lemma 5, for any state ϕ satisfying e ≔ ELjRðϕÞ >
cjLj þ 1, we obtain

Fid
FPp0

P

ðϕÞ ≤ 1 −
�
e − 1

4w2
−

3d
ð1 − p0Þw

�
2

: ðB30Þ

Substituting the entanglement bound e ≥ cjLj þ 1 then
yields

Pr
z∼pψ ðzÞ

½Fid
FPp0

P
ðψ zÞ ≤ 1 −

1

4
½c − 6η−1=ð1 − p0Þ�2� ≥ p > 0:

ðB31Þ

Hence, for t ¼ 1 − 1
4
½c − 6η−1=ð1 − p0Þ�2,

F
FPp0

P

ðψ ; tÞ ¼ Pr
z∼pψ ðzÞ

½Fid
FPp0

P

ðψ zÞ ≤ t� ≥ p > 0: ðB32Þ

By Lemma 6, the gap is, therefore,

Δðψ ; t; p0Þ ¼ ð1 − tÞ½F
FPp0

P

ðψ ; tÞ − ð1 − p0Þ�

≥
1

4
½c − 6η−1=ð1 − p0Þ�2½p − ð1 − p0Þ�: ðB33Þ

When ηcp > 6, choosing p0 ¼ 1 − ðpþ 6η−1c−1Þ=2 gives

Δðψ ; t; p0Þ ≥ cðηcp − 6Þ3
8ηðηcpþ 6Þ2 : ðB34Þ

▪
Proof of Theorem 3. Choose t, p0 as specified in

Lemma 7, and define O ≔ Õðψ ; t; p0Þ; a ≔ tþ ð1 − p0Þ×
ð1 − tÞ ≥ supρ∈F trðÕρÞ, and b ≔ trðÕψÞ according to
Lemma 6. From Lemma 7, we know that the gap
Δ ≔ Δðψ ; t; p0Þ ¼ b − a ¼ Ωð1Þ. Set the decision thresh-
old to η� ≔ aþ ðΔ=3Þ.
Soundness. For any ρ∈F, we have trðÕρÞ ≤ a.

Estimating this quantity to an additive error ε ¼ Δ=3
ensures ω < trðÕρÞ þ ε ≤ η�, so all property-free states
are rejected with high probability.

Completeness. For any state ρ satisfying dtrðρ;ψÞ ≤ ε,

trðÕρÞ − ε ≥ trðÕψÞ − kÕk∞kðρ − ψÞþk1 − ε ¼ η�:

ðB35Þ

Here, for a Hermitian operator M ¼ Mþ −M−, Mþ is its
positive part. The inequality follows because Õ is positive
semidefinite. Therefore, the estimator satisfies

ω > trðÕρÞ − ε ≥ η�: ðB36Þ

So ρ is accepted with high probability.
By Proposition 7, the sample complexity required to

achieve additive error ε is given by

T ¼ O
�
σ2 lnðδ−1Þ

ε2

�
¼ Oð4nAÞ ¼ expðOðη2d2ÞÞ; ðB37Þ

where σ2 ≤ 4nA þ 1. For the two-dimensional setting with
nA ¼ Oðη2d2Þ and constant failure probability, this gives
T ¼ expðOðη2d2ÞÞ, which completes the proof. ▪

APPENDIX C: PERFORMANCE ANALYSIS
OF COMPLEXITY CERTIFICATION

FOR GENERIC STATES

In this section, we prove the performance of our
complexity certification schemes for generic quantum
states, including Haar-random states and brickwork-circuit
states.

1. Deep-thermalized and Haar-random states

We first establish the performance guarantees for deep-
thermalized states. We begin by introducing the basic
definitions of quantum state designs and their associated
entanglement properties. We then use these tools to
establish the desired performance guarantees.

a. Entanglement in quantum state designs

Quantum state designs are defined as approximations to
the Haar random distribution [80]. In this context, we
denote by HaarðnÞ the Haar random distribution over
n-qubit pure states. Given a state ensemble E ¼ fpψ ;ψg,
we define its kth moment as

ρðkÞE ¼ Eψ∼E½ðjψihψ jÞ⊗k�: ðC1Þ

Following Ref. [37], we define an ϵ-approximate k-design
as follows.
Definition 1 (ϵ-approximate k-design). An n-qubit state

ensemble E is an ϵ-approximate k-design if
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kρðkÞE − ρðkÞHaarðnÞk1 ≤ ϵ: ðC2Þ

where k · k1 denotes the trace norm.
Note that an ϵ-approximate k1-design is also an

ϵ-approximate k2-design for any k2 ≤ k1. There is also
an alternate definition of approximate state designs, using
the name “frame operator” (FO).
Definition 2 [λ-FO-approximate k-design (Definition 10

in Ref. [79])]. An n-qubit state ensemble E is a λ-FO-
approximate k-design if

kρðkÞE − ρðkÞHaarðnÞk1 ≤ λD−1
k ; ðC3Þ

where Dk ¼ ðkþN−1
k Þ and N ¼ 2n.

It follows that the ensemble E is an ϵ-approximate k-
design if and only if it is a λ-FO-approximate k-design
with λ ¼ ϵDk.
Intuitively, states in a state design exhibit high entangle-

ment, a fact that is rigorously established in Ref. [79]. To
show this, we consider the generalized Rényi entropy. In
the following, all logarithms are taken to base 2.
Definition 3. The quantum Rényi entropy of a density

matrix ρ is defined as

SðαÞðρÞ ¼ 1

1 − α
log tr½ρα�: ðC4Þ

Taking the limit as α → 1, the Rényi entropy converges
to the von Neumann entropy:

SðρÞ ≔ lim
α→1

SðαÞðρÞ ¼ −tr½ρ log ρ�: ðC5Þ

By Jensen’s inequality,

XD
i¼1

pi logpi ≤ log
XD
i¼1

p2
i ; ðC6Þ

it follows that SðρÞ ≥ Sð2ÞðρÞ.
Here, we fix the system to be LR, where both L and R

consist of m qubits, with a total of 2m qubits. We now
present the following result.
Lemma 8 (Purity in a state design). Let E be an ϵ-

approximate 2-design on system LR. For sufficiently large
m, it holds that

Eψ∼Etrðψ2
LÞ ≤

dA þ dB
dAdB þ 1

þ ϵ ≤ 2−mþ1 þ ϵ: ðC7Þ

Proof. The ensemble E is also a λ-FO-approximate 2-
design with λ ¼ ϵD2. From Theorem 26 in Ref. [79],
we have

Eψ∼E trðψ2
LÞ ≤ Eψ∼Haarð2mÞtrðψ2

LÞ þ
λ

D2

¼ dA þ dB
dAdB þ 1

þ ϵ ≤ 2−mþ1 þ ϵ; ðC8Þ

where we use Eψ∼Haarð2mÞtrðψ2
LÞ ¼ dAþdB

dAdBþ1
[Eq. (4.11) in Ref. [79]]. ▪

b. Proof of Proposition 1: Deep-thermalized states

Proof. Since ELjRðϕÞ ¼ SðϕLÞ ≥ Sð2ÞðϕLÞ, we can bound Prϕ∼Eψ ½ELjRðϕÞ ≥ cjLj þ 1� as follows:

Pr
ϕ∼Eψ

½ELRðϕÞ ≥ cjLj þ 1� ≥ Pr
ϕ∼Eψ

½Sð2ÞðϕLÞ ≥ cjLj þ 1� ¼ Pr
ϕ∼Eψ

½− log trðϕ2
LÞ ≥ cjLj þ 1� ¼ Pr

ϕ∼Eψ
½trðϕ2

LÞ ≤ 2−ðcjLjþ1Þ�: ðC9Þ

By Markov’s inequality,

Pr
ϕ∼Eψ

½trðϕ2
LÞ > 2−ðcjLjþ1Þ� ≤ Eϕ∼Eψ ½trðϕ2

LÞ�
2−ðcjLjþ1Þ ¼ 2cjLjþ1Eϕ∼Eψ ½trðϕ2

LÞ�: ðC10Þ

Hence,

Pr
ϕ∼Eψ

½ELjRðϕÞ ≥ cjLj þ 1� ≥ Pr
ϕ∼Eψ

½trðϕ2
LÞ ≤ 2−ðcjLjþ1Þ�

¼ 1 − Pr
ϕ∼Eψ

½trðϕ2
LÞ > 2−ðcjLjþ1Þ�

≥ 1 − 2cjLjþ1Eϕ∼Eψ ½trðϕ2
LÞ�: ðC11Þ

Lemma 8 shows that
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Eϕ∼Eψ ½trðϕ2
LÞ� ≤ 2−jLjþ1 þ ϵ ¼ Oð2−jLjÞ: ðC12Þ

Choosing, for example, η ¼ 5 and c ¼ 9
10
, we have

Pr
ϕ∼Eψ

½ELjRðϕÞ ≥ cjLj þ 1� ≥ 1 − 2cjLjþ1½2−jLjþ1 þ ϵ�

¼ 1 −Oð2−ð1−cÞjLjÞ ¼ Ωð1Þ: ðC13Þ

Therefore, the sample complexity in Theorem 2
is expðOðd2ÞÞ.
Moreover, for example, when choosing η ¼ 7 and

c ¼ 9
10
, we still have Prϕ∼Eψ ½ELjRðϕÞ ≥ cjLj þ 1� ≥

1 − oð1Þ. In this case, the gap given by Eq. (B29) is
Ωð1Þ, and, hence, the observable Õðψ ; t; p0Þ can be used to
certify the measurement-assisted circuit complexity with
Oð1Þ sample complexity. ▪

c. Haar-random states

For Haar-random states, we use the following result on
deep thermalization.
Fact 1 [Haar-random states deeply thermalize (Theo-

rem 1 in Ref. [37])]. Let jψi be chosen Haar randomly from
the set of n-qubit pure states. Then, the ensemble Eψ forms
an ϵ-approximate k-design with probability at least 1 − δ,
provided that

jBj ¼ Ω
�
kjAj þ log

�
1

ϵ

�
þ log log

�
1

δ

��
: ðC14Þ

For complexity certification task, by choosing k ¼ 2 and
ϵ ¼ Θð2−nA=2Þ, we see that n-qubit Haar-random states
with n ¼ ΩðjAjÞ ¼ Ωðd2Þ satisfy the requirement in
Proposition 1 with probability at least 1 − δ, and, thus,
their circuit complexity can be sample-efficiently certified.

2. Brickwork-circuit states

We now establish the performance guarantee for brick-
work-circuit states. In a D-dimensional brickwork circuit,
qubits are labeled by D-dimensional coordinate vectors in
½L�D, where L is the edge length. Within every 2D
consecutive layers, the (2i − 1)th and 2ith layers, for
1 ≤ i ≤ D, each act on adjacent qubits that differ only in
their ith coordinate. Specifically, in the ith coordinate, these
two layers, respectively, couple qubits with coordinates
ð2xi; 2xi þ 1Þ and ð2xi − 1; 2xiÞ.
We first show that the projected states of shallow-depth

brickwork-circuit states are highly entangled. Building on
this, we then derive the corresponding performance guar-
antee for such states.

a. Entanglement in projected states

Here, we establish the entanglement growth result for
general finite dimensionD. We begin by using the result on
entanglement growth for a two-qubit random unitary.
Fact 2 [Entanglement growth under random unitary

(Appendix B in Ref. [81])]. Let jϕti1234 be a pure state, and
define jϕtþ1i1234 ¼ U23jϕti1234, where U23 is a two-qubit
unitary sampled from the Haar measure. Assume subsys-
tems 2 and 3 each have dimension 2. Then, over the Haar-
random choice of U23,

EU23
trðρ2tþ1;12Þ ¼

2

5
ðtrðρ2t;1Þ þ trðρ2t;123ÞÞ: ðC15Þ

Then, we establish the entanglement growth of the
projected ensemble for random brickwork-circuit states.
We denote E as the random state ensemble fpðψÞ;ψg. The
projected ensemble is defined as EA ≔ fpðψÞpψðzÞ;ψ zg,
where A is a region of size ð2wÞD in the lattice (for the 2D
case, see Fig. 3). We have the following result.
Lemma 9 (High entanglement in D-dimensional random

brickwork-circuit states). Let E be the ensemble of output
states from a random D-dimensional depth-d0 circuit. Let s
be an integer with w ≥ 4s. Then,

Eψ∼EA ½trðψ2
LÞ� ≤ ð4=5Þð2w−4sÞD−1 minðs;bd0=2DcÞ: ðC16Þ

Proof. Recall the definition of the backward light cone of
the subsystem B:

LB;d0þ1 ¼ B;

LB;i ¼ LB;iþ1

∪ ½∪ fsuppðVi;jÞjsuppðVi;jÞ ∩ LB;iþ1 ≠ ∅g�:
ðC17Þ

The whole D-dimensional circuit unitary U can be
partitioned into two parts VW, where V is defined as the
product of all two-qubit gates in the last 2Ds0 layers [with
s0 ¼ minðs; bd0=2DcÞ] whose supports lie entirely outside
the backward light cone of B:

V ¼
Yd0

i¼d0−2Ds0þ1

�
⊗

suppðVi;jÞ⊈LB;i

Vi;j

�
; ðC18Þ

and W is defined as the product of the remaining unitaries.
Similar to Eq. (B8), one can show that, given W and
measurement outcome z, there exists a state jϕzi such that

jψ zi ¼ Vjϕzi: ðC19Þ

We now show that, when W and z are fixed, under the
randomness of V, which consists of Haar-random two-
qubit unitaries,
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EV ½trðψ2
LÞ� ≤ ð4=5Þð2w−4sÞD−1 minðs;bd0=2DcÞ; ðC20Þ

where jψi denotes jψ zi with a slight abuse of notation. The
idea is to iteratively expand the term using Fact 2. We write
V as the product of unitaries V ¼ Vm…V1, ordered by
layer from V1 (in layer d0 − 2Ds0 þ 1) to Vm (in layer d0),
where each Vi is drawn independently from the Haar
measure. Let jψ ðiÞi ¼ Vi…V1jϕzi, so that

jψ ð0Þi ¼ jϕzi; jψ ðiÞi ¼ Vijψ ði−1Þi;
jψi ¼ Vm…V1jϕzi ¼ jψ ðmÞi: ðC21Þ

We start with EV ½trðψ2
LÞ� ¼ EVm;…;V1

½trðψ ðmÞ
L

2Þ�. At each
step, we pick a term of the form cEVi;…;V1

½trðψ ðiÞ
X

2Þ� for
some coefficient c > 0, subset X, and i > 0, and “decrease
i” by integrating out Vi using Fact 2. This process acts as
follows (illustrated in Fig. 8).

(i) If Vi acts on two qubits both inside X or both outside
X, then

cEVi;…;V1

h
tr
	
ψ ðiÞ
X

2

i

¼ cEVi
EVi−1;…;V1

×
h
trððViψ

ði−1ÞV†
i Þ2XÞ

i
¼ cEVi−1;…;V1

h
tr
	
ψ ði−1Þ
X

2

i

;

ðC22Þ

and we replace the term accordingly.
(ii) Otherwise, Vi acts on one qubit x∈X and one qubit

x0 ∉ X. By Fact 2, we replace this term by

2

5
cðEVi−1;…;V1

h
tr
	
ψ ði−1Þ
X∪fx0g

2

i

þ EVi−1;…;V1

h
tr
	
ψ ði−1Þ
Xnfxg

2

i


; ðC23Þ

where the two resulting terms still have the desired
form, but the sum of coefficients becomes 4

5
c. In this

case, we say “the coefficient decreases.”

Now, we expand EV ½trðψ2
LÞ� ¼ EVm;…;V1

½trðψ ðmÞ
L

2Þ� and
decrease the coefficient round by round. In each round, we
enumerate every current term and reduce its index i until its
coefficient decreases. If this process continues for r rounds
before reaching i ¼ 0, then the sum of the coefficients

becomes ð4
5
Þr. Moreover, since trðψ ðiÞ

X
2Þ ≤ 1, the averaged

purity is bounded by ð4
5
Þr. We show that there are at least

ð2w − 4sÞD−1s0 rounds.
Let il (0 ≤ l ≤ 2Ds0) be the index such that Vilþ1;…; Vm

are the unitaries in the last l layers, i.e., layers d0 − lþ 1 to
d0. By definition, we have i0 ¼ m and i2Ds0 ¼ 0. The
unitaries can be grouped by their layer as

V ¼ Vm…V1 ¼ ðVi0Vi0−1…Vi1þ1ÞðVi1Vi1−1…Vi2þ1Þ
…ðVi2Ds0−1Vi2Ds0−1−1…Vi2Ds0þ1Þ; ðC24Þ

where Vil ; Vil−1;…; Vilþ1þ1 are the unitaries in layer d0 − l.
We have the following claim.
Claim 1. When i is decreased to i2Dg for 0 ≤ g < s0, the

partition set X of each term satisfies L−2g ⊆ X ⊆ Lþ2g,
where L�t is defined in Fig. 9.
Proof. We proceed by induction. The claim holds

trivially for g ¼ 0. Consider a term with i ¼ il and
L−t ⊆ X ⊆ Lþt, and suppose i is then decreased to ilþ1,
meaning we examine all the unitaries in layer d0 − lþ 1.
Let X0 be the partition set of any term after decreasing i.
There exists j∈ ½D� such that every gate in the
ðd0 − lþ 1Þth layer is aligned along the jth coordinate;
that is, each gate acts on qubits x, x0 satisfying x0j ¼ xj þ 1

and x0j0 ¼ xj0 for j0 ≠ j. By the “decrease i” rule, if j ≠ 1,
then L−t ⊆ X0 ⊆ Lþt; otherwise, L−ðtþ1Þ ⊆ X0 ⊆ Lþðtþ1Þ.
From the circuit architecture, in every 2D consecutive

layers, there are exactly two layers where all unitaries are
aligned with the first coordinate. Therefore, after each such
occurrence, t increases by at most 2. This proves the claim
by induction. ▪
By the construction of D-dimensional brickwork cir-

cuits,

LB;d0−i ∩ A−2s0 ¼ ∅; ðC25Þ

FIG. 8. Illustration of “expanding terms” in the proof of Lemma 9. (a) When Vi acts on two qubits both inside X or both

outside X∶ cEVi;…;V1
½trðψ ðiÞ

X
2Þ� ¼ cEVi−1;…;V1

½trðψ ði−1Þ
X

2Þ�. (b) When Vi acts on one qubit in X and the other outside

X∶ cEVi;…;V1
½trðψ ðiÞ

X
2Þ� ¼ 2

5
cðEVi−1;…;V1

½trðψ ði−1Þ
X1

2Þ� þ EVi−1;…;V1
½trðψ ði−1Þ

X2

2Þ�Þ.
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for all 0 ≤ i ≤ 2Ds0, where A−t is defined in Fig. 9. Hence,
by the definition of V, for all adjacent qubits x; x0 ∈A−2s0

and 0 ≤ g < s0, there exists some Vi acting on x, x0 in a
layer from d0 − 2Dgþ 1 to d0, i.e., i2Dg ≥ i > i2Dðgþ1Þ. We
now show that, when i of a term is decreased to i2Dg for
0 ≤ g < s0, before i is decreased to i2Dðgþ1Þ, the coefficient
can be decreased at least ð2w − 4sÞD−1 times. It suffices to
focus on one term with partition set X. To establish this, we
define a fiber F as a one-dimensional line of qubits in A that
differ only in their first coordinate (Fig. 9). We have the
following claim.
Claim 2. For any fiber F intersecting A−2s0 , for any term

with set X, X ∩ F changes at least once before i decreases
from i2Dg to i2Dðgþ1Þ.
Proof. By Claim 1, L−2g ⊆ X ⊆ Lþ2g. This implies the

existence of adjacent x; x0 ∈ ðLþð2gþ1ÞnL−ð2gþ1ÞÞ ∩ F such
that x∈X and x0 ∉ X. Since ð2gþ 1Þ < 2s0 ≤ w − 2s0, both
x, x0 belong toA−2s0 , and, thus, there exists someVi0 acting on
x, x0 with i2Dg ≥ i0 > i2Dðgþ1Þ. If X ∩ F has never changed
before i decreases to i0, then for the current termwith partition
set X, we have x∈X and x0 ∉ X. At this point, when i is
decreased, X ∩ F changes. This proves the claim. ▪
There are at least ð2w − 4s0ÞD−1 such fibers. Moreover,

whenever the coefficient decreases, exactly one qubit is
either added to X or removed from X. Therefore, the
coefficient decreases at least ð2w − 4sÞD−1 times when i of
a term is decreased to i2Dg for 0 ≤ g < s0. In total, we can
decrease the coefficients for at least ð2w − 4sÞD−1s0 rounds.
From the earlier discussion, this yields the bound in
Eq. (C20). Including the randomness over W and z
completes the proof of Lemma 9. ▪

b. Proof of Proposition 2

Proof. Let

pψ ≔ Prz∼Eψ
½ELjRðψ zÞ ≥ cjLj þ 1�: ðC26Þ

We first compute the expectation of pψ over ψ ∼ E:

Eψ∼E½pψ � ¼ Eψ∼E ½ Pr
ψ z∼Eψ

½ELjRðψ zÞ ≥ cjLj þ 1��

¼ Pr
ψ∼E;ψ z∼Eψ

½ELjRðψ zÞ ≥ cjLj þ 1�

¼ Pr
ψ∼EA

½ELjRðψÞ ≥ cjLj þ 1�

≥ 1 − 2cjLjþ1Eψ∼EA ½trðψ2
LÞ�

≥ 1 − 2cjLjþ1ð4=5Þð2w−4sÞ minðs;bd0=4cÞ: ðC27Þ

where the fourth line uses Eq. (C11) and the last inequality
applies Lemma 9.
For s ¼ 1

4
w, d0 ≥ w ¼ ηd (where η is a constant to be

determined later), a sufficiently small constant c, and a
large w,

Eψ∼E ½pψ � ≥ 1 − 2−Ωðw2Þ: ðC28Þ

Then,

Prψ∼E ½pψ ≥ 0.5� ≥ 1 − 2 · 2−Ωðw2Þ: ðC29Þ

By Theorem 2, when pψ > 0.5, we can certify circuit
complexity d with sample complexity expðOðw2ÞÞ ¼
expðOðd2ÞÞ, as η is also a constant. By choosing w to
be a large constant such that 1 − 2 · 2−Ωðw2Þ > 0.99, we
obtain the desired result.
Moreover, whenever the constant η ≥ 14c−1, when

pψ > 0.5, ηpψc ≥ 7. In this case, the gap given by
Eq. (B29) is Ωð1Þ and, hence, the observable Õðψ ; t; pÞ
can be used to certify the measurement-assisted circuit
complexity with Oð1Þ sample complexity. ▪

FIG. 9. Definitions used in Claims 1 and 2. Here, L�t denotes the set of coordinates in A whose first coordinate lies in ½1; w� t�. A
fiber F is defined as a one-dimensional line of qubits in A that differ only in their first coordinate. A−t denotes the set of coordinates at
least distance t from the boundary of A.
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APPENDIX D: ADDITIONAL ANALYSIS
ON ENTANGLEMENT CERTIFICATION

1. Proof of Proposition 4

a. Soundness

If ρ is not fully inseparable, let AjB be a separable
bipartition. Then, there exists some i∈A such that
iþ 1∈B. Then, by Proposition 3 (random-basis variant),
when testing A1 ¼ fig and B1 ¼ fiþ 1g, the protocol
outputs reject with probability at least 1 − δ. Therefore,
among all tests, at least one test rejects with probability at
least 1 − δ.

b. Completeness

If the input state ρ satisfies dtrðρ;ψÞ ≤ ε ≔
minif½fLEψði; iþ 1Þ=6�g ¼ Ωð1Þ [see Theorem 1 and
Eq. (25)], set the failure probability parameter to
δ0 ¼ δ=ðn − 1Þ. By Proposition 3 (random-basis variant),
with T ¼ Oðlogðδ0−1ÞÞ ¼ Oðlognþ log δ−1Þ, each indi-
vidual test for a fixed 1 ≤ i < n outputs accept with
probability at least 1 − δ0. A union bound then implies
that all tests (for 1 ≤ i < n) output accept simultaneously
with probability at least 1 − δ. ▪

2. Localizable entanglement
of Haar-random states

Here, we prove that the localizable entanglement of
Haar-random states is bounded below by a constant with
overwhelmingly high probability, thereby validating the
performance of our protocol on generic states.
Lemma 10 (Localizable entanglement of Haar-random

states). Let jψi be chosen Haar randomly from the set of n-
qubit pure states. Then, with probability at least 1 − δ for
δ ¼ expf− exp½ΩðnÞ�g, we have

LEψ ð1; 2Þ ¼ Ωð1Þ; fLEψ ð1; 2Þ ¼ Ωð1Þ: ðD1Þ

Proof. Fix ϵ ¼ 1
10
. By Fact 1, the projected ensemble Eψ

on qubits f1; 2g is an ϵ-approximate 2-design with prob-
ability 1 − δ0, where δ0 ¼ expð− exp½ΩðnÞ�Þ. Then, by
Lemma 8,

Eϕ∼Eψ ½trðϕ2
1Þ� ≤

4

5
þ ϵ ¼ 9

10
: ðD2Þ

Now we show, for the constant e0 ¼ 1
20
, it holds that

LEψð1; 2Þ ≥ e0. Denote by λ1 and λ2 the Schmidt coef-
ficients of the projected state ϕ with λ1 ≥ λ2. We have
λ2 ¼ 1 − λ1, trðϕ2

1Þ ¼ λ21 þ λ22, and FidðϕÞ ¼ λ1. Therefore,

LEψð1; 2Þ ¼ Eϕ∼Eψ ½1 − λ1�
≥ Eϕ∼Eψ

½λ1ð1 − λ1Þ�

¼ 1

2
Eϕ∼Eψ ½2λ1ð1 − λ1Þ − 1� þ 1

2

¼ −
1

2
Eϕ∼Eψ ½trðϕ2

1Þ� þ
1

2

≥
1

20
: ðD3Þ

Hence LEψð1; 2Þ ≥ e0 with probability at least 1 − δ0.

To lower boundfLEψð1; 2Þ, defineLEb
ψ forb∈ fX; Y; ZgnB

as the localizable entanglement under measurement basis b
on B. By local unitary invariance of the Haar measure,
LEb

ψ ð1; 2Þ ≥ e0 for Haar-random ψ with probability at least
1 − δ0. Let fðψ ; bÞ ≔ 1½LEb

ψð1; 2Þ ≥ e0�. Then, for b chosen
uniformly from fX; Y; ZgnB ,

EψEbfðψ ; bÞ ¼ EbEψfðψ ; bÞ ≥ 1 − δ0: ðD4Þ
By Markov’s inequality,

Pr
ψ
½Ebfðψ ; bÞ ≤ 1 −

ffiffiffiffiffi
δ0

p
� ≤

ffiffiffiffiffi
δ0

p
: ðD5Þ

Therefore, with probability at least 1 − δ1 for
δ1 ≔

ffiffiffiffiffi
δ0

p ¼ expð− exp½ΩðnÞ�Þ,

Ebfðψ ; bÞ > 1 − δ1;fLEψð1; 2Þ ¼ EbLEb
ψð1; 2Þ

> ð1 − δ1Þe0
¼ Ωð1Þ: ðD6Þ

Combining the bounds, we conclude that, with proba-
bility at least 1 − δ for δ ¼ δ0 þ δ1 ¼ expð− exp½ΩðnÞ�Þ,

LEψ ð1; 2Þ ¼ Ωð1Þ; fLEψ ð1; 2Þ ¼ Ωð1Þ: ðD7Þ
▪

By a union bound, with probability at least 1 − δ0 for
δ0 ¼ nδ ¼ expð− exp½ΩðnÞ�Þ, we have fLEψði; iþ 1Þ ¼
Ωð1Þ for all i∈ ½n − 1�. This establishes that our certifi-
cation protocol for fully inseparable entanglement is
sample-efficient for Haar-random states.

3. Details of the numerical experiments
on localizable entanglement

a. Stabilizer states

In Fig. 4, we sampledNs ¼ 5 random stabilizer states for
system sizes n∈ f32; 64; 128; 256g and Ns ¼ 10 for
n ¼ 16. For each stabilizer state, we set the failure
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probability to δ ¼ 0.01 and the additive error to ε ¼ 0.05.
To guarantee that all sites are simultaneously estimated up
to an additive error ε with a global failure probability of at
most δ, we applied a union bound by setting δ0 ¼ ðδ=nNsÞ.
Accordingly, we set the parameters for the median-of-
means estimator (Proposition 7) to K ¼ ⌈ 9

2
lnðδ0−1Þ⌉ ≈ 60

and B ¼ ⌈ð6σ2=ε2Þ⌉ ¼ 600, assuming a conservative vari-
ance upper bound of σ2 ¼ 0.25 of FidP across different
projected states.
A total of T ¼ BK samples fxigTi¼1 were obtained by

performing random Pauli measurements on the sampled
stabilizer states. Each measurement sample xi ∈Xn is
reused across all sites j to construct the projected state
on the nearest-neighbor pair ðj; jþ 1Þ. Subsequently, the
localizable entanglement fLEψðj; jþ 1Þ is obtained by
computing the median-of-means estimator of FidP of the
obtained projected states on ðj; jþ 1Þ. Note that σ2 ¼ 0.25
overestimates the actual variance of FidP. Consequently,
the actual additive error is much smaller than the target ε.

b. Hamiltonian systems

In Fig. 5, we report sample means and plot error bars as
the standard error of the mean, computed from N ¼ 1000
independently sampled projected states. The maximal
fidelity to a two-qubit product state is evaluated as λ1,
the square of the maximal Schmidt coefficient of the two-
qubit projected state. Ground states of the XXZ chain are
obtained by DMRG for system sizes n ¼ 32 and n ¼ 64,
while the J1 − J2 chain is treated by DMRG at n ¼ 20. All
other datasets shown in the figures are produced by exact
diagonalization.

APPENDIX E: ADDITIONAL ANALYSIS
ON MAGIC CERTIFICATION

In this appendix, we prove that, when the subsystem A
consists of a single qubit, the localizable magic of a Haar-
random state is lower bounded by a constant with over-
whelmingly high probability.
Lemma 11 (Localizable magic of Haar-random states).

Let A be a single-qubit subsystem and B be an nB-qubit
subsystem. If jψi∈HA ⊗ HB is a Haar-random pure state,
then with probability at least 1 − exp½−Ωð2nBÞ�,

min fLMðψÞ;gLMðψÞg ≥
1

24
: ðE1Þ

Proof. Let S1 ¼ fj0i; j1i; jþi; j−i; j þ ii; j − iig be the
set of single-qubit stabilizer states. For a pure single-qubit
state jϕi, we define

mðϕÞ ≔ 1 − max
jsi∈S1

jðsjϕÞj2: ðE2Þ

Since the free projected set STAB1 is the convex hull of S1,
we have mðϕÞ ¼ 1 − FidPðϕÞ.
For a fixed jsi∈S1 and a Haar-random state jϕi∈C2,

the overlap Xs ≔ jðsjϕÞj2 is uniformly distributed on [0, 1].
Thus, for any 0 ≤ t ≤ 1=6, a union bound gives

Pr
ϕ
½mðϕÞ ≥ t� ≥ 1 −

X
jsi∈S1

Pr
ϕ
½Xs > 1 − t� ¼ 1 − 6t: ðE3Þ

Consequently,

μ1 ≔ Eϕ∼HaarðnAÞ½mðϕÞ� ¼
Z

1

0

Pr
ϕ
½mðϕÞ ≥ t�dt ≥

Z
1=6

0

ð1 − 6tÞdt ¼ 1

12
: ðE4Þ

Fix a product Pauli basis b∈ fX; Y; ZgnB on B, and denote the corresponding localizable magic under basis b as LMb.
Using the Gaussian representation of Haar measure, let fgzgz be independent standard complex Gaussian vectors in C2, and
set Rz ¼ kgzk22 and juzi ¼ jgzi=kgzk2. Then,

jψi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiP
zRz

p X
z

ffiffiffiffiffi
Rz

p juziA ⊗ jzib: ðE5Þ

The directions juzi are independent Haar-random states in HA and are independent of fRzgz. Therefore,

Eψ ½LMbðψÞjfRzgz� ¼
X
z

RzP
z0Rz0

EuzmðuzÞ ¼ μ1: ðE6Þ

Thus, Eψ ½LMbðψÞ� ¼ μ1 for every basis b. In particular,

Eψ ½LMðψÞ� ¼ Eψ ½gLMðψÞ� ¼ μ1; gLMðψÞ ¼ 3−nB
X

b∈ fX;Y;ZgnB
LMbðψÞ: ðE7Þ
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It remains to prove concentration. For any s¼ ðszÞz∈SdB
1 ,

where dB ¼ 2nB , set

Ps;b ≔
X
z

jszihszjA ⊗ jzihzjb: ðE8Þ

This is an orthogonal projector, and Eq. (E2) gives

LMbðψÞ ¼ 1 − max
s∈SdB

1

hψ jPs;bjψi: ðE9Þ

For any unit vectors jψi; jφi and any orthogonal projectorP,

jhψ jPjψi − hφjPjφij ≤ 2kψ − φk2: ðE10Þ

Hence, every LMb is 2-Lipschitz on the unit sphere of C2dB ,
and so is their average gLM. Then, Levy’s lemma
(Theorem 7.37 in Ref. [136]) implies, for a universal
c0 > 0 and every ε > 0,

Pr
ψ
½jLMðψÞ − μ1j ≥ ε� ≤ 2 expð−c0dBε2Þ;

Pr
ψ
½jgLMðψÞ − μ1j ≥ ε� ≤ 2 expð−c0dBε2Þ: ðE11Þ

Because μ1 ≥ 1=12, for either quantity to be smaller than
1=24, it must deviate by at least 1=24 from its mean. Taking
ε ¼ 1=24 inEq. (E11) andapplyinga unionbound concludes
the proof. ▪

APPENDIX F: ADDITIONAL PROOFS
ON FIDELITY CERTIFICATION

1. Proof of Proposition 5

Proof. Set the decision boundary as η� ¼ 1 − ð1 −
cÞΔð1 − FÞ and the estimation error as ε ¼ cΔð1 − FÞ.
Accounting for statistical fluctuations of the estimator ω of
trðOψρÞ [see Eq. (A9) and Corollary 4], the number of
copies required to guarantee precision ε with failure
probability at most δ is

T ¼ 27 lnðδ−1Þð4nA þ 1Þ
c2Δ2ð1 − FÞ2 : ðF1Þ

When trðψρÞ ≤ F, we have

trðOψρÞ ≤ F · 1þ ð1 − FÞð1 − ΔÞ ¼ 1 − Δð1 − FÞ: ðF2Þ

Therefore, with probability at least 1 − δ, the estimator ω
satisfies

ω < trðOψρÞ þ ε ≤ η�; ðF3Þ

so the protocol outputs reject.

Conversely, when trðψρÞ ≥ 1 − ð1 − 2cÞΔð1 − FÞ, note
that the spectrum of Oψ is non-negative and has eigenvalue
1 for jψi. Therefore,

trðOψρÞ ≥ trðψρÞ ≥ 1 − ð1 − 2cÞΔð1 − FÞ: ðF4Þ

Hence, with probability at least 1 − δ,

ω > trðOψρÞ − ε ≥ η�: ðF5Þ

and the protocol will output accept. ▪

2. Proof of Theorem 4

Let G ¼ ðV;EÞ be a simple undirected graph on n
vertices V ¼ f1;…; ng with symmetric adjacency matrix
A∈ Fn×n

2 with zero diagonal. The associated n-qubit graph
state jGi is the unique þ1 common eigenstate of the
stabilizer generators

Ki ¼ Xi

Y
j∈NðiÞ

Zj; i∈ ½n�; ðF6Þ

where NðiÞ ¼ fj∶Aij ¼ 1g is the neighborhood of i.
Equivalently, writing an n-qubit Pauli as

Pj ¼ ipj

Yn
k¼1

X
HX

k;j

k Z
HZ

k;j

k ; ðF7Þ

the stabilizer of jGi is generated by fP1;…; Png with

HX ¼ In; HZ ¼ A; ðF8Þ

i.e., the jth generator has an X on qubit j and Z’s on its
neighbors. A random graph state is obtained by sampling
A uniformly at random from all symmetric matrices in Fn×n

2

with zero diagonal and setting HZ ¼ A (with HX ¼ In).
Proof of Theorem 4.Operationally, measuringOψ can be

viewed as follows: independently sample a local Pauli basis
(X, Y, or Z) for each qubit in B, measure B in the resulting
product basis, and then (conditioned on the outcome x)
either output 0 if p̃ψ ðxÞ ¼ 0 or project A onto jψxi.
For a fixed choice of local bases b∈BnB (with
B ¼ ff0; 1g; fþ;−g; fþi;−igg), define

Ob;ψ ¼
X

x∈ b;p̃ψ ðxÞ≠0
jψxihψxjA ⊗ jxihxjB; ðF9Þ

so that

Oψ ¼ 3−nB
X

b∈BnB

Ob;ψ ¼ Eb½Ob;ψ �; ðF10Þ

where b is uniform over BnB.
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Let S ¼ StabðψÞ be generated by fP1;…; Png. Fix a
basis choice b, and let Scomm;b ⊆ S denote the subgroup of
stabilizers that commute with all local Pauli measurements
specified by b on B. Since the projectors fjxihxjBgx∈ b are
pairwise orthogonal, we have O2

b;ψ ¼ Ob;ψ , and, hence,
Ob;ψ is a projector.
Moreover, Ob;ψ is exactly the projector onto the joint

(þ1) eigenspace of Scomm;b. First, for any g∈Scomm;b and
any outcome x∈ b with p̃ψðxÞ ≠ 0, we have

gðI⊗ jxihxjBÞjψi ¼ ðI⊗ jxihxjBÞgjψi ¼ ðI⊗ jxihxjBÞjψi;
ðF11Þ

where we used ½g; jxihxjB� ¼ 0 and gjψi ¼ jψi. Thus, each
branch state jψxiA ⊗ jxiB lies in the joint (þ1) eigenspace
of Scomm;b.

Conversely, let jvi ¼ P
x∈ b

gjvxiA ⊗ jxiB satisfy gjvi ¼
jvi for all g∈Scomm;b. Since every g∈Scomm;b commutes

with jxihxjB, each component gjvxiA ⊗ jxiB is also stabi-
lized by Scomm;b. In addition, it is stabilized by the
measurement-outcome constraints fð−1ÞxiPbigi∈B, where
Pbi ∈ fXi; Yi; Zig is the Pauli observable associated with
the basis bi. The state stabilized by Scomm;b together with
these commuting single-qubit Paulis is unique. Therefore,

gjvxiA ⊗ jxiB ∝ ðI ⊗ jxihxjBÞjψi ∝ jψxiA ⊗ jxiB; ðF12Þ

and, hence, hvjOb;ψ jvi ¼ 1 lies in RanðOb;ψÞ. Combining
above, Ob;ψ is precisely the projector onto the joint (þ1)
eigenspace of Scomm;b.
For each x∈ Fn

2 , let jψxi be the stabilizer state whose
stabilizer group is generated by fð−1Þx1P1;…; ð−1ÞxnPng.
Then, fjψxigx∈ Fn

2
forms an orthonormal basis. Because

Ob;ψ is the projector onto the subspace stabilized
by Scomm;b, we have hψxjOb;ψ jψxi∈ f0; 1g and
hψxjOb;ψ jψxi ¼ 1 iff every g∈Scomm;b also stabilizes
jψxi. To make this condition explicit, write each generator
in ðHX;HZÞ form in Eq. (F7). Any stabilizer element can be
written as

gz ≔ Pz1
1 …Pzn

n ∝
Yn
k¼1

XðHXzÞk
k ZðHZzÞk

k ; z∈ Fn
2: ðF13Þ

Such gz stabilizes jψxi iff ð−1Þz⊤x ¼ 1, i.e., z⊤x ¼ 0 in F2.
For each i∈B, let

mT
i ¼

8>><>>:
eTi H

X; bi ¼ f0; 1g;
eTi H

Z; bi ¼ fþ;−g;
eTi H

X þ eTi H
Z; bi ¼ fþi;−ig;

ðF14Þ

where ei denote the unit vector having 1 on the ith entry. A
direct Pauli commutation check shows that gz commutes
with the local measurement on qubit i iff m⊤

i z ¼ 0 in F2.
Therefore, hψxjOb;ψ jψxi ¼ 1 iff “for any z∈ Fn

2, m
T
i z ¼ 0

for all i∈B implies zTx ¼ 0”, which is equivalent
to x∈ spanfmiji∈Bg.
Since Oψ ¼ Eb½Ob;ψ � and each Ob;ψ is diagonal in the

basis fjψxig, Oψ is also diagonal in this basis. The
eigenvalue corresponding to jψxi is

Pr
m
½x∈ spanfmiji∈Bg�; ðF15Þ

where mi is independently and uniformly picked from
fðHXÞTei;ðHZÞTei;ðHXÞTeiþðHZÞTeig. For random graph
states, HX ¼ I and HZ is uniformly and randomly picked
from all symmetric matrices with zero diagonal. Therefore,
the result follows from the following lemma. ▪
Lemma 12. Let c > 0 be any constant. Pick A uniformly

from random symmetric matrices in Fn×n
2 with zero

diagonal. Let ai denote the ith row (or column) of A,
and let ei denote the unit vector having 1 on the ith entry.
Then, with probability at least 1 − exp½−ΩðnÞ� over the
choice of A, the following holds simultaneously for all
nonzero x∈ Fn

2: Prm½x∈ spanfmij2 ≤ i ≤ ng� ≤ 1
2
þ 1

3
þ c,

where mi is independently and uniformly picked
from fei; ai; ei þ aig.
Proof. For any matrix A and vector x, we have

Pr
m
½x∈ spanfmij2 ≤ i ≤ ng� ≤ Em

" X
k2;…;kn ∈ f0;1g

1k2m2þ���þknmn¼x

#
¼ 2n−1Pr

m0
½m0

2 þ � � � þm0
n ¼ x�; ðF16Þ

where m0
i is picked from the following distribution: 0 with probability 1

2
, ei with probability 1

6
, ai with probability 1

6
, ei þ ai

with probability 1
6
; and each m0

i is picked independently.
We have another way to choosem0: letm0

i ¼ fizi, where fi is 1 with probability
2
3
and 0 with probability 1

3
, zi is uniformly

picked from f0; ei; ai; ei þ aig; and each fi, zi are independent. Let

Vf ¼ spanfei; aijfi ¼ 1g; jfj ¼
Xn
i¼2

fi; ðF17Þ
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where the addition is in Z. Then, dim Vf ≤ 2jfj, and

Pr
m0
½m0

2 þ � � � þm0
n ¼ x� ¼ EfPr

z
½f2z2 þ � � � þ fnzn ¼ x� ¼ Ef Pr

y←Vf

½y ¼ x� ¼ Ef½1x∈Vf
2− dimVf �

¼ Ef½1x∈Vf
2−2jfj� þ Ef½1x∈Vf

ð2− dimVf − 2−2jfjÞ�: ðF18Þ

Let f0 be another random vector drawn from the following distribution: f0i is 1 with probability
1
3
and 0 with probability 2

3
.

Then, for any function XðfÞ of f,

2n−1Ef½XðfÞ2−2jfj� ¼
X

f∈ f0;1gn−1
2n−1

2jfj

3n−1
XðfÞ2−2jfj ¼

X
f∈ f0;1gn−1

2n−1−jfj

3n−1
XðfÞ ¼ Ef0 ½Xðf0Þ�: ðF19Þ

Use this equality in Eqs. (F16) and (F18), we have

Pr
m
½x∈ spanfmij2 ≤ i ≤ ng� ≤ 2n−1Pr

m0
½m0

2 þ � � � þm0
n ¼ x�

¼ 2n−1ðEf½1x∈Vf
2−2jfj� þ Ef½1x∈Vf

ð2− dimVf − 2−2jfjÞ�Þ
¼ Ef0 ½1x∈Vf0 � þ 2n−1Ef½1x∈Vf

ð2− dimVf − 2−2jfjÞ�
≤ Pr

f0
½x∈Vf0 � þ 2n−1Ef½2− dimVf − 2−2jfj�: ðF20Þ

When x ¼ 0, it gives

2n−1Pr
m0
½m0

2 þ � � � þm0
n ¼ 0� ¼ Ef0 ½10∈Vf0 � þ 2n−1Ef½10∈Vf

ð2− dimVf − 2−2jfjÞ�
¼ 1þ 2n−1Ef½2− dim Vf − 2−2jfj�: ðF21Þ

Therefore,

Pr
m
½x∈ spanfmij2 ≤ i ≤ ng� ≤ Pr

f0
½x∈Vf0 � þ 2n−1Ef½2− dim Vf − 2−2jfj�

¼ Pr
f0
½x∈Vf0 � þ 2n−1Pr

m0
½m0

2 þ � � � þm0
n ¼ 0� − 1: ðF22Þ

The result can be derived from the following two lemmas. ▪

Lemma 13. For any constant c1 > 0, 2n−1 Prm0 ½m0
2 þ � � � þm0

n ¼ 0� ≤ 1þ 1
2
þ c1 with probability at least 1 −

exp½−ΩðnÞ� (with respect to the randomness of A), where m0
i is picked from the following distribution: 0 with probability

1
2
, ei with probability 1

6
, ai with probability 1

6
, ei þ ai with probability 1

6
; and each m0

i is picked independently.
Lemma 14. For any constant c2 > 0, with probability at least 1 − exp½−ΩðnÞ� (with respect to the randomness of A), for

all nonzero x∈ Fn
2, Prf0 ½x∈Vf0 � ≤ 1

3
þ c2, where f0 follows Bernoullið1=3Þn−1.

In the following, for any set S, T of indices, let AS;T denote the submatrix of A by keeping the rows with indices in S and
columns with indices in T, i.e., AS;T ¼ ðAi;jÞi∈ S;j∈T ; similarly, for vector a, let aS be the vector by keeping the entries in a
with indices in S, i.e., aS ¼ ðaiÞi∈ S.
Before proving these two lemmas, we first prove another lemma.
Lemma 15. Let x1;…; xk be k linearly independent vectors in Fn

2 , and d1;…; dk ∈ Fn
2 . Then,

Pr
A
½∀ 1 ≤ i ≤ k; Axi ¼ di� ≤ 2−kðn−kÞ: ðF23Þ

Proof. Let X and D be n × k matrices whose ith column is xi and di, respectively. “∀ 1 ≤ i ≤ k; Axi ¼ di” is equivalent
to AX ¼ D. Since fxig is linearly independent, there exists some indices set I of size k such that XI;½k� is an invertible matrix.
Let I denote the complementary of I. AX ¼ D implies

DĪ;½k� ¼ ðAXÞĪ;½k� ¼ AĪ;½n�X ¼ AĪ;IXI;½k� þ AĪ;ĪXĪ;½k�; ðF24Þ
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which is equivalent to

AĪ;I ¼ ðDĪ;½k� − AĪ;ĪXĪ;½k�ÞX−1
I;½k�: ðF25Þ

Here, AĪ;I is independent of AĪ;Ī , each entry of AĪ;I is independently uniformly chosen from F2. Hence, we can first choose
AĪ;Ī; given AĪ;Ī , the probability that the above equation holds is 2−kðn−kÞ. Therefore, PrA½ðAXÞĪ;½k� ¼ DĪ;½k�� ¼ 2−kðn−kÞ and

Pr
A
½∀ 1 ≤ i ≤ k; Axi ¼ di� ≤ Pr

A
½ðAXÞĪ;½k� ¼ DĪ;½k�� ¼ 2−kðn−kÞ: ðF26Þ

▪
Proof of Lemma 13.We compute the expectation and variance of X ¼ Prm0 ½m0

2 þ � � � þm0
n ¼ 0�. Here, we pick m0 using

the following method: first pick yi ¼ yiða; rÞ from the following expressions: 0 with probability 1
2
, ei with probability

1
6
, and

aþ rei with probability 1
3
; then plug in ai and a random bit ri to get m0

i ¼ yiðai; riÞ. This procedure produces the same
distribution. Let

dy ¼
Xn
i¼2

1yi¼eiei; xy ¼
Xn
i¼2

1yi¼aþreiei: ðF27Þ

Then, for any i, ðdyÞi and ðxyÞi cannot both be 1, and

m0
2 þ � � � þm0

n ¼ y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ dy þ Axy þ
Xn
i¼2

riðxyÞiei: ðF28Þ

To compute EA½X�, we have

EA½X� ¼ EAPr
m0
½m0

2 þ � � � þm0
n ¼ 0� ¼ Pr

y;A;r
½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ 0�: ðF29Þ

We first pick y and then compute the probability of m0
2 þ � � � þm0

n ¼ 0 under the randomness of A and r.
If, for all i, yi is not ai þ riei, then y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ 0 if and only if yi ¼ 0 for all i. The probability of such

event is 2−ðn−1Þ.
Otherwise, assume yi ¼ aþ rei for some i. The probability of this case is 1 − ð2

3
Þn−1. Now,

ðm0
2 þ � � � þm0

nÞfīg ¼ ðdyÞfīg þ ðAxyÞfīg þ
�Xn

j¼2

rjðxyÞjej
�

fīg

¼ ðdyÞfīg þ Afīg;fīgðxyÞfīg þ Afīg;iðxyÞi þ
X
j≠i

rjðxyÞjej

¼ Afīg;i þ ðdyÞfīg þ Afīg;fīgðxyÞfīg þ
X
j≠i

rjðxyÞjej; ðF30Þ

ðm0
2 þ � � � þm0

nÞi ¼ ðdyÞi þ ðAxyÞi þ
�Xn

j¼2

rjðxyÞjej
�

i

¼ riei þ ðdyÞi þ ðAxyÞi: ðF31Þ

We randomly pick Afīg;fīg under the constraints “A is symmetric” and “Ajj ¼ 0 for all j” and the entries of rj (j ≠ i). Then,

we randomly pick Afīg;i. After that, ðm0
2 þ � � � þm0

nÞfīg is determined, and it is zero with probability 2−ðn−1Þ. Then, we
randomly pick ri, and with probability 1

2
, ðm0

2 þ � � � þm0
nÞi ¼ 0. Therefore, in this case, when y is given,

Pr
A;r
½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ 0� ¼ 2−n: ðF32Þ
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In conclusion,

EA½X� ¼ Pr
y;A;r

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ 0� ¼ 2−ðn−1Þ þ
�
1 −

�
2

3

�
n−1

�
2−n: ðF33Þ

Now we bound EA½X2�. We have

EA½X2� ¼ EA½Pr
m0
½m0

2 þ � � � þm0
n ¼ 0�Pr

m00
½m00

2 þ � � � þm00
n ¼ 0��

¼ Pr
y;y0;A;r;r0

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ y02ða2; r02Þ þ � � � þ y0nðan; r0nÞ ¼ 0�: ðF34Þ

We first pick y, y0 and then compute the probability of m0
2 þ � � � þm0

n ¼ m00
2 þ � � � þm00

n ¼ 0 under the randomness of A
and r, r0.
If, for all i, yi is not aþ rei, then y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ 0 if and only if yi ¼ 0 for all i, and it is independent of

A. Then, we can use the results when computing EA½X�. The case “for all i, y0i is not ai þ riei” is similar. These two cases
have contribution ð2−ðn−1ÞÞ2 þ 2 · 2−ðn−1Þ · ð1 − ð2

3
Þn−1Þ2−n.

Now, we assume that there exists some i, i0 such that yi ¼ ai þ riei, y0i0 ¼ ai0 þ ri0ei0 . Then, xy; xy0 ≠ 0.
First, we compute the probability of the case with xy ¼ xy0 :

Pr
y;y0;A;r;r0

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ y02ða2; r02Þ þ � � � þ y0nðan; r0nÞ ¼ 0 ∧ xy ¼ xy0 ≠ 0�

¼ Pr
y;y0;A;r;r0

�
dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ dy0 þ Axy0 þ
Xn
i¼2

r0iðxy0 Þiei ¼ 0 ∧ xy ¼ xy0 ≠ 0

�

¼ Pr
y;y0;A;r;r0

�
dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ 0 ∧ xy ¼ xy0 ≠ 0 ∧ dy þ
Xn
i¼2

riðxyÞiei ¼ dy0 þ
Xn
i¼2

r0iðxy0 Þiei
�
: ðF35Þ

Here, dy þ
P

n
i¼2 riðxyÞiei ¼ dy0 þ

P
n
i¼2 r

0
iðxy0 Þiei is equivalent to that for all 2 ≤ i ≤ n, ðdyÞi þ riðxyÞi ¼ ðdy0 Þi þ r0iðxy0 Þi.

Here, ðdyÞi [ðdy0 Þi] and ðxyÞi [¼ ðxy0 Þi] are not both 1, so it is equivalent to that dy ¼ dy0 and ri ¼ r0i for all i with ðxyÞi ¼ 1.
Therefore, by utilizing Eq. (F32),

Pr
y;y0;A;r;r0

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ y02ða2; r02Þ þ � � � þ y0nðan; r0nÞ ¼ 0 ∧ xy ¼ xy0 ≠ 0�

¼ Pr
y;y0;A;r;r0

�
dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ 0 ∧ xy ¼ xy0 ≠ 0 ∧ dy þ
Xn
i¼2

riðxyÞiei ¼ dy0 þ
Xn
i¼2

r0iðxy0 Þiei
�

¼ Ey;A;r

264 1
h
xy ≠ 0 ∧ dy þ Axy þ

P
n
i¼2 riðxyÞiei ¼ 0

i
· Pr
y0;r0

½xy ¼ xy0 ∧ dy ¼ dy0 ∧ ri ¼ r0i for all i with ðxyÞi ¼ 1�

375
¼ Ey;A;r

�
1

�
xy ≠ 0 ∧ dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ 0

�
2−

P
n
i¼2

ðxyÞiPr
y0
½xy ¼ xy0 ∧ dy ¼ dy0 �

�

¼ Ey

�
1xy≠0PrA;r

�
dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ 0

�
2−

P
n
i¼2

ðxyÞiPr
y0
½y ¼ y0�

�
¼ Ey

�
1xy≠02

−n2−
P

n
i¼2

ðxyÞiPr
y0
½y ¼ y0�

�
¼ 2−n

�
Ey½2−

P
n
i¼2

ðxyÞiPr
y0
½y ¼ y0�� − Ey½1xy¼02

−
P

n
i¼2

ðxyÞiPr
y0
½y ¼ y0��

�
¼ 2−n

��
1

22
þ 1

62
þ 1

32
×
1

2

�
n−1

−
�
1

22
þ 1

62

�
n−1

�
¼ 2−n

�
3−ðn−1Þ −

�
5

18

�
n−1

�
: ðF36Þ

DU, LIU, HUBER, LIU, and MA PHYS. REV. X 16, 041027 (2026)

041027-34



Then, we compute the probability of the case with xy ≠ xy0 , and there exists some i such that ðxyÞi ¼ ðxy0 Þi ¼ 1. The
probability of entering this case is

Pr
y;y0

½xy; xy0 ≠ 0 ∧ xy ≠ xy0 ∧ ∃ i; ðxyÞi ¼ ðxy0 Þi ¼ 1�

¼ Pr
y;y0

½xy ≠ xy0 ∧ ∃ i; ðxyÞi ¼ ðxy0 Þi ¼ 1�

¼ 1 − Pr
y;y0

½∀ i; ððxyÞi ¼ 0∨ðxy0 Þi ¼ 0Þ� − Pr
y;y0

½xy ¼ xy0 � þ Pr
y;y0

½xy ¼ xy0 ¼ 0�

¼ 1 −
�
1 −

1

32

�
n−1

−
�
1

32
þ 22

32

�
n−1

þ
�
22

32

�
n−1

¼ 1 −
�
8

9

�
n−1

−
�
5

9

�
n−1

þ
�
4

9

�
n−1

: ðF37Þ

Now we assume that y, y0 are given and compute

Pr
A;r;r0

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ y02ða2; r02Þ þ � � � þ y0nðan; r0nÞ ¼ 0�

¼ Pr
A;r;r0

�
dy þ Axy þ

Xn
k¼2

rkðxyÞkek ¼ dy0 þ Axy0 þ
Xn
k¼2

r0kðxy0 Þkek ¼ 0

�
: ðF38Þ

Since xy ≠ xy0 , there exists some j such that ðxyÞj ≠ ðxy0 Þj. Without loss of generality, we assume that ðxyÞj ¼ 0, ðxy0 Þj ¼ 1.
Because ðxyÞi ¼ ðxy0 Þi ¼ 1, i ≠ j. Then,�

dy þ Axy þ
Xn
k¼2

rkðxyÞkek
�

fi;jg
¼ Afi;jg;fi;jgðxyÞfi;jg þ Afi;jg;iðxyÞi þ Afi;jg;jðxyÞj

þ ðdyÞfi;jg þ
X
k≠i;j

rkðxyÞkek

¼ Afi;jg;i þ Afi;jg;fi;jgðxyÞfi;jg þ ðdyÞfi;jg þ
X
k≠i;j

rkðxyÞkek; ðF39Þ

�
dy þ Axy þ

Xn
k¼2

rkðxyÞkek
�

i

¼ ðdyÞi þ Ai;½n�ðxyÞ þ riðxyÞi ¼ ri þ ðdyÞi þ Ai;½n�ðxyÞ; ðF40Þ

�
dy þ Axy þ

Xn
k¼2

rkðxyÞkek
�

j

¼ ðdyÞj þ Aj;fi;jgðxyÞfi;jg þ Aj;iðxyÞi þ Aj;jðxyÞj þ rjðxyÞj

¼ Aj;i þ ðdyÞj þ Aj;fi;jgðxyÞfi;jg; ðF41Þ�
dy0 þ Axy0 þ

Xn
k¼2

r0kðxy0 Þkek
�

fi;jg
¼ Afi;jg;fj̄gðxy0 Þfj̄g þ Afi;jg;jðxy0 Þj þ ðdy0 Þfi;jg þ

X
k≠i;j

r0kðxy0 Þkek

¼ Afi;jg;j þ Afi;jg;fj̄gðxy0 Þfj̄g þ ðdy0 Þfi;jg þ
X
k≠i;j

r0kðxy0 Þkek; ðF42Þ

�
dy0 þ Axy0 þ

Xn
k¼2

r0kðxy0 Þkek
�

i

¼ ðdy0 Þi þ Ai;½n�xy þ r0iðxy0 Þi ¼ r0i þ ðdy0 Þi þ Ai;½n�xy; ðF43Þ

�
dy0 þ Axy0 þ

Xn
k¼2

r0kðxy0 Þkek
�

j

¼ ðdy0 Þj þ Aj;½n�xy þ r0jðxy0 Þi ¼ r0j þ ðdy0 Þj þ Aj;½n�xy: ðF44Þ
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We consider the following procedure to sample A, r, and r0:
uniformly randomly sample rk; r0k for all k ≠ i, j and
uniformly randomly sample Afi;jg;fi;jg under the constraints
that “Afi;jg;fi;jg is symmetric and Ak;k ¼ 0 for all k ≠ i, j”;

set Ai;i ¼ Aj;j ¼ 0; uniformly randomly sample Afi;jg;i and
let Ai;fi;jg be its transpose, and now Eq. (F39) is determined

and it is 0 with probability 2−ðn−2Þ; uniformly randomly
sample Afi;jg;j and let Aj;fi;jg be its transpose, and now

Eq. (F42) is determined and it is 0 with probability 2−ðn−2Þ;
uniformly randomly sample Ai;j ¼ Aj;i, and now Eq. (F41)

is determined and it is 0 with probability 2−1; uniformly
randomly sample ri; rj; r0i; r

0
j, and now Eqs. (F40), (F43),

and (F44) are determined and they are all 0 with probability
2−3. One can verify that this procedure produces the correct
distribution of A; r; r0. Therefore, for fixed y, y0 with xy ≠
xy0 ; xy; xy0 ≠ 0 and ðxyÞi ¼ ðxy0 Þi ¼ 1 for some i, the
probability of m0

2 þ � � � þm0
n ¼ m00

2 þ � � � þm00
n ¼ 0 is

2−2n under the randomness of A and r, r0.
Finally, we compute the probability of the case

with xy ≠ xy0 , and there does not exist i such that
ðxyÞi ¼ ðxy0 Þi ¼ 1. The probability of entering this case is

Pr
y;y0

½xy; xy0 ≠ 0 ∧ xy ≠ xy0 ∧ ∀ i; ððxyÞi ≠ ðxy0 Þi∨ðxyÞi ¼ ðxy0 Þi ¼ 0Þ�

¼ Pr
y;y0

½xy; xy0 ≠ 0 ∧ ∀ i; ððxyÞi ≠ ðxy0 Þi∨ðxyÞi ¼ ðxy0 Þi ¼ 0Þ�

¼ Pr
y;y0

½∀ i; ððxyÞi ≠ ðxy0 Þi∨ðxyÞi ¼ ðxy0 Þi ¼ 0Þ� − Pr
y;y0

½xy ¼ 0� − Pr
y;y0

½xy0 ¼ 0� þ Pr
y;y0

½xy ¼ xy0 ¼ 0�

¼
�
1 −

1

32

�
n−1

− 2

�
2

3

�
n−1

þ
�
22

32

�
n−1

¼
�
8

9

�
n−1

− 2

�
2

3

�
n−1

þ
�
4

9

�
n−1

: ðF45Þ

In this case, xy ≠ xy0 and xy; xy0 ≠ 0, so xy and xy0 are linearly independent. We pick r, r0 first and then A and utilize
Lemma 15; then, we get

Pr
A;r;r0

½y2ða2; r2Þ þ � � � þ ynðan; rnÞ ¼ y02ða2; r02Þ þ � � � þ y0nðan; r0nÞ ¼ 0�

¼ Pr
A;r;r0

�
dy þ Axy þ

Xn
i¼2

riðxyÞiei ¼ dy0 þ Axy0 þ
Xn
i¼2

r0iðxy0 Þiei ¼ 0

�

¼ Er;r0

�
Pr
A

�
Axy ¼ −dy −

Xn
i¼2

riðxyÞiei ∧ Axy0 ¼ −dy0 −
Xn
i¼2

r0iðxy0 Þiei
��

≤ 2−2ðn−2Þ: ðF46Þ

In summary,

E½X2� ≤ ð2−ðn−1ÞÞ2 þ 2 · 2−ðn−1Þ ·
�
1 −

�
2

3

�
n−1

�
2−n þ 2−n

�
3−ðn−1Þ −

�
5

18

�
n−1

�
þ 2−2n

�
1 −

�
8

9

�
n−1

−
�
5

9

�
n−1

þ
�
4

9

�
n−1

�
þ 2−2ðn−2Þ

��
8

9

�
n−1

− 2

�
2

3

�
n−1

þ
�
4

9

�
n−1

�
: ðF47Þ

Together with Eq. (F33), we have

Var½X� ≤ 2−2n exp½−ΩðnÞ�: ðF48Þ

Therefore, by Chebyshev’s inequality,

Pr
A

�
2n−1Pr

m0
½m0

2 þ � � � þm0
n ¼ 0� > 1þ 1

2
þ c1

�
¼ Pr

A

�
2n−1X > 1þ 1

2
þ c1

�
≤ Pr

A
½2n−1X > 2n−1E½X� þ c1� ≤

22ðn−1Þ

c21
Var½X� ¼ exp½−ΩðnÞ�: ðF49Þ

Hence, 2n−1Prm0 ½m0
2 þ � � � þm0

n ¼ 0� ≤ 1þ 1
2
þ c1 with probability at least 1 − exp½−ΩðnÞ� (with respect to the random-

ness of A). ▪
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Proof of Lemma 14. Let T denote the event “for all nonzero x∈ Fn
2 , Prf0 ½x∈Vf0 � ≤ 1

3
þ c2,” and we need to prove that T

happens with probability at least 1 − exp½−ΩðnÞ�. Here, f0 follows Bernoullið1=3Þn−1.
Assume that T does not happen; that is, there exists a nonzero x∈ Fn

2 such that Prf0 ½x∈Vf0 � > 1
3
þ c2. We consider the

following procedure: for each 2 ≤ i ≤ n, independently uniformly sample pi from f0; 1; 2g. For k ¼ 0, 1, 2, let
ðfkÞi ¼ 1pi¼k; then fk follows Bernoullið1=3Þn−1. By assumption, Pr½x∈Vfk � > 1

3
þ c2, and, hence,

1þ 3c2 < Pr½x∈Vf0 � þ Pr½x∈Vf1 � þ Pr½x∈Vf2 � ¼ E½1½x∈Vf0 � þ 1½x∈Vf1 � þ 1½x∈Vf2 ��

≤ E

�
1þ

�
1½x∈Vf0 � þ 1½x∈Vf1 � þ 1½x∈Vf2 �

2

��
¼ 1þ ðPr½x∈Vf0 ∩ Vf1 � þ Pr½x∈Vf1 ∩ Vf2 � þ Pr½x∈Vf2 ∩ Vf0 �Þ: ðF50Þ

By symmetry, Pr½x∈Vf0 ∩ Vf1 � ¼ Pr½x∈Vf1 ∩ Vf2 � ¼ Pr½x∈Vf2 ∩ Vf0 �. Therefore,

Pr½x∈Vf0 ∩ Vf1 � > c2: ðF51Þ

We independently sample another q following the same distribution as p, and let ðgkÞi ¼ 1qi¼k for k ¼ 0, 1, 2. Then,

c22 < Pr
p;q

½x∈Vf0 ∩ Vf1 ∧ x∈Vg0 ∩ Vg1 � ¼ Pr
p;q

½x∈Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 �

≤ Pr
p;q

½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g�: ðF52Þ

Let X ¼ Prp;q½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g�. When event T does not happen, X > c22.
Now we bound the expectation of X under the randomness of A; that is,

EA½X� ¼ Pr
p;q;A

½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g�: ðF53Þ

We first pick p, q and then A. Let Ik ¼ fijpi ¼ kg, Jk ¼ fijqi ¼ kg for k ¼ 0, 1, 2. I0 ∩ I1 ¼ ∅, J0 ∩ J1 ¼ ∅:i∈ Ik ∩ Jk0
if and only if pi ¼ k; qi ¼ k0, which happens with probability 1

9
; “pi ¼ k; qi ¼ k0” and “pj ¼ k; qj ¼ k0” are independent

for i ≠ j. Therefore, by Chernoff’s bound and union bound, with probability 1 − exp½−ΩðnÞ�, jIk ∩ Jk0 j < ð1
9
þ 0.01Þn for

all k; k0 ∈ f0; 1; 2g.
Now, we fix p, q with assumption jIk ∩ Jk0 j < ð1

9
þ 0.01Þn for all k; k0 ∈ f0; 1; 2g, which implies 0 < jIkj; jJkj <

ð1
3
þ 0.03Þn for all k∈ f0; 1; 2g; and we bound PrA½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g�. Here,

Vfk ¼ spanfei; aijðfkÞi ¼ 1g ¼ spanfei; aijpi ¼ kg ¼ spanfei; aiji∈ Ikg

¼
�X

i∈ Ik

ðdiei þ xiaiÞjx; d∈ F Ik
2

�
¼ fAxþ djx; d∈ F Ik

2 g ðF54Þ

and similar for Vgk. Then,

Pr
A
½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g�

≤ EA

� X
x1;d1 ∈ F

I0
2

X
x2;d2 ∈ F

I1
2

X
x3;d3 ∈ F

J0
2

X
x4;d4 ∈ F

J1
2

1½Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0�
�

¼
X

x1;d1 ∈ F
I0
2

X
x2;d2 ∈ F

I1
2

X
x3;d3 ∈ F

J0
2

X
x4;d4 ∈ F

J1
2

Pr
A
½Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0�: ðF55Þ

We bound PrA½Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0� for fixed x1; d1 ∈ F I0
2 ; x2; d2 ∈ F I1

2 ; x3; d3 ∈ F J0
2 ; x4;

d4 ∈ F J1
2 ; denote it as px;d. By Lemma 15,
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px;d ¼ Pr
A
½Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0�

≤ Pr
A
½Aðx1 þ x2Þ ¼ d1 þ d2 ∧ Aðx3 þ x4Þ ¼ d3 þ d4 ∧ Aðx1 þ x3Þ ¼ d1 þ d3�

≤ 2−kx;dðn−kx;dÞ ¼ Oð2−kx;dnÞ ðF56Þ

(in F2, plus and minus are the same), where

kx;d ¼ dim spanfx1 þ x2; x3 þ x4; x1 þ x3g: ðF57Þ

We focus only on those x, d such that px;d ≠ 0; that is, there exists some A such that
Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0.
When x1 ¼ x2 ¼ 0, Ax1 þ d1 ¼ Ax2 þ d2 implies d1 ¼ d2; but d1 ∈ F I0

2 , d2 ∈ F I1
2 , and I0 ∩ I1 ¼ ∅. Hence,

d1 ¼ d2 ¼ 0, and Ax1 þ d1 ¼ 0. Therefore, in this case px;d ¼ 0. We ignore this case; that is, we have x1 ≠ 0 or
x2 ≠ 0. Similarly, x3 ≠ 0 or x4 ≠ 0.
Since x1 ∈ F I0

2 , x2 ∈ F I1
2 , and I0 ∩ I1 ¼ ∅, x1 ≠ x2 (otherwise, x1 ¼ x2 ¼ 0); similarly, x3 ≠ x4.

Now we discuss kx;d and count the number of x, d such that px;d ≠ 0; that is, there exists some A such that
Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4 ≠ 0. Here, x1 þ x2 ¼ x1 − x2 ≠ 0, x3 þ x4 ≠ 0, so kx;d ∈ f1; 2; 3g. Assume
that px;d ≠ 0.

(i) kx;d ¼ 3—The number of possible values of x1 is jF I0
2 j ¼ 2jI0j < 2ð1=3þ0.03Þn. Similarly, x2, x3, x4, d1, d2, d3, and d4

each have less than 2ð1=3þ0.03Þn possible values. Hence,X
x;d∶kx;d¼3

px;d ≤
X

x;d∶kx;d¼3;px;d≠0
Oð2−3nÞ ≤ 28ð1=3þ0.03ÞnOð2−3nÞ ¼ exp½−ΩðnÞ�: ðF58Þ

(ii) kx;d ¼ 1—Then, x1 þ x2 ¼ x3 þ x4; x1 þ x3 ¼ x1 þ x2 or x1 þ x3 ¼ 0. The first case implies x2 ¼ x3 and then
x1 ¼ x4, and the second case implies x1 ¼ x3 and then x2 ¼ x4.
We assume x1 ¼ x4, x2 ¼ x3. Since Ax1 þ d1 ¼ Ax4 þ d4, d1 ¼ d4. Similarly, d2 ¼ d3. Because x1 ∈ F I0

2 ,
x4 ∈ F J1

2 , x1 ¼ x4 ∈ F I0
2 ∩ F J1

2 ¼ F I0∩J1
2 , which has 2jI0∩J1j < 2ð1=9þ0.01Þn possible values. Similarly, x2 ¼ x3, d1 ¼ d4,

and d2 ¼ d3 have less than 2ð1=9þ0.01Þn possible values. Hence, for this case, the number of possible x, d is less than
2ð4=9þ0.04Þn.
The case for x1 ¼ x3, x2 ¼ x4 is similar. Therefore,X

x;d∶kx;d¼1

px;d ≤
X

x;d∶kx;d¼1;px;d≠0
Oð2−nÞ < 2 × 2ð4=9þ0.04ÞnOð2−nÞ ¼ exp½−ΩðnÞ�: ðF59Þ

(iii) kx;d ¼ 2 with x1 þ x2 ¼ x3 þ x4—Since x1 þ x2 ∈ F I0∪I1
2 ¼ F I0

2 ⊕ F I1
2 , x3 þ x4 ∈ F J0∪J1

2 ¼ F J0
2 ⊕ F J1

2 , x1, x2, x3, x4
are determined by x1 þ x2 ¼ x3 þ x4 ∈ F I0∪I1

2 ∩ F J0∪J1
2 ¼ F ðI0∩J0Þ∪ðI0∩J1Þ∪ðI1∩J0Þ∪ðI1∩J1Þ

2 , which has
2jI0∩J0jþjI0∩J1jþjI1∩J0jþjI1∩J1j < 2ð4=9þ0.04Þn possible values.
Since Ax1 þ d1 ¼ Ax2 þ d2 ¼ Ax3 þ d3 ¼ Ax4 þ d4, Aðx1 þ x2Þ þ ðd1 þ d2Þ ¼ Aðx3 þ x4Þ þ ðd3 þ d4Þ and,

hence, d1 þ d2 ¼ d3 þ d4. By the same reason, the number of possible values of ðd1; d2; d3; d4Þ is less than
2ð4=9þ0.04Þn. Therefore,X

x;d∶kx;d¼2

x1þx2¼x3þx4

px;d ≤
X

x;d∶kx;d¼1;px;d≠0
x1þx2¼x3þx4

Oð2−2nÞ < 22ð4=9þ0.04ÞnOð2−2nÞ ¼ exp½−ΩðnÞ�: ðF60Þ

(iv) kx;d ¼ 2 with x1 þ x2 ≠ x3 þ x4—Since x1 þ x2; x3 þ x4 ≠ 0, they are linearly independent, and, hence,
x1 þ x3 ∈ spanfx1 þ x2; x3 þ x4g ¼ f0; x1 þ x2; x3 þ x4; x1 þ x2 þ x3 þ x4g. It implies that at least one of
x1 þ x3, x2 þ x3, x1 þ x4, x2 þ x4 is 0.
If x1 þ x3 ¼ 0, then x1 ¼ x3 ∈ F I0

2 ∩ F J0
2 ¼ F I0∩J0

2 , which has 2jI0∩J0j < 2ð1=9þ0.01Þn possible values. Together with
Ax1 þ d1 ¼ Ax3 þ d3, d1 ¼ d3 and similarly d1 ¼ d3 has no more than 2ð1=9þ0.01Þn possible values. x2, x4, d2, d4
each have less than 2ð1=3þ0.03Þn possible values. In total, in this case there are no more than 22ð1=9þ0.01Þnþ4ð1=3þ0.03Þn ¼
2ð14=9þ0.14Þn possible ðx; dÞ’s.
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The cases for x2 þ x3 ¼ 0, x1 þ x4 ¼ 0, and x2 þ x4 ¼ 0 are similar. Therefore,X
x;d∶kx;d¼2

x1þx2≠x3þx4

px;d ≤
X

x;d∶kx;d¼1;px;d≠0
x1þx2≠x3þx4

Oð2−2nÞ < 4 × 2ð14=9þ0.14ÞnOð2−2nÞ ¼ exp½−ΩðnÞ�: ðF61Þ

In conclusion,

PrA½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g� ≤
X
x;d

px;d ≤ exp½−ΩðnÞ� ðF62Þ

whenever jIk ∩ Jk0 j < ð1
9
þ 0.01Þn for all k; k0 ∈ f0; 1; 2g (which happens with probability 1 − exp½−ΩðnÞ� under the

randomness of p, q). After including the randomness of p, q and applying union bound, we have

EA½X� ¼ Pr
p;q;A

½Vf0 ∩ Vf1 ∩ Vg0 ∩ Vg1 ≠ f0g� ≤ exp½−ΩðnÞ�: ðF63Þ

By Markov’s inequality,

Pr
A
½T does not happen� ≤ Pr ½X > c22� ≤ c−22 EA½X� ≤ exp½−ΩðnÞ�; ðF64Þ

which finalizes the proof. ▪

3. Nonzero gap for almost all states

In this subsection, we prove that the spectral gap ΔðOψÞ
is strictly positive almost surely.
Theorem 7. Let jψi be drawn Haar randomly from the

n-qubit Hilbert space Hd with d ¼ 2n and nA ≥ 1. Then,
with probability 1, ΔðOψ Þ > 0.
First, we show that a Haar-random pure state is almost

surely entangled.
Lemma 16. Let jψi be drawn Haar randomly from the

bipartite Hilbert space HA ⊗ HB with local dimensions
dA; dB ≥ 2. Then, with probability 1, jψi is entangled
across the cut AjB.
Proof. The set of all pure states in HAB, modulo a

global phase, forms the complex projective space CPd−1

with real dimension 2d − 2, where d ¼ dAdB. In contrast,
the set of product (separable) states forms the Cartesian
product CPdA−1 × CPdB−1, whose real dimension is
ð2dA − 2Þ þ ð2dB − 2Þ. Because dA; dB ≥ 2, we have

ð2dA − 2Þ þ ð2dB − 2Þ < 2dAdB − 2; ðF65Þ

so the manifold of separable states has strictly lower
dimension than the manifold of all pure states. A lower-
dimensional submanifold has Haar measure zero within the
larger manifold, implying that the probability of sampling a
separable state under the Haar measure is zero. Hence, a
Haar-random pure state is almost surely entangled. ▪
The notation Oψ suppresses the dependence on the size

nA of subsystem A. Here, we write Oψ ;nA to make this
dependence explicit. We now show that, when B consists of

a single qubit (i.e., nA ¼ n − 1), the observable Oψ ;n−1 has
a strictly positive spectral gap almost surely.
Lemma 17. Let jψi be drawn Haar randomly from the

n-qubit Hilbert space HAB with nB ¼ 1. Then,

ΔðOψ ;n−1Þ > 0 ðF66Þ
with probability 1.
Proof. Lemma 16 guarantees that jψi is entangled across

AjB almost surely. Observe that

Oψ ;n−1 ¼
1

3
ðOX þOY þOZÞ; ðF67Þ

where

OZ ¼ ψ0 ⊗ j0ih0j þ ψ1 ⊗ j1ih1j; ðF68Þ
with

ψ0 ¼
trB½ðIA ⊗ j0ih0jÞψ �
tr½ðIA ⊗ j0ih0jÞψ � ; ψ1 ¼

trB½ðIA ⊗ j1ih1jÞψ �
tr½ðIA ⊗ j1ih1jÞψ � ;

ðF69Þ
and OX and OY are defined analogously in the fj�ig and
fj � iig bases. Entanglement implies ψ0 ≠ ψ1; otherwise,
jψi would be separable.
To prove ΔðOψ ;n−1Þ > 0, we show the maximal eigen-

value of Oψ ;n−1 is nondegenerate. Suppose a pure state jϕi
attains this maximum so that trðOψ ;n−1ϕÞ ¼ 1. Then,

trðOXϕÞ ¼ trðOYϕÞ ¼ trðOZϕÞ ¼ 1: ðF70Þ
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The condition trðOZϕÞ ¼ 1 implies that, when subsystem B
of jϕi is measured in the computational basis, the projected
states on subsystem A are precisely ψ0 (for outcome j0i)
and ψ1 (for outcome j1i). Hence,

jϕi ¼ a0j0iBjψ0iA þ a1j1iBjψ1iA; a0; a1 ∈C: ðF71Þ

The uncertainty principle dictates that ϕB cannot simulta-
neously be an eigenstate of at least two of the operators σX,
σY , and σZ. Assuming without loss of generality that ϕB is
not an eigenstate of σX and σZ, it follows that a0, a1 ≠ 0.
Similarly, for the entangled state jψi, we have

jψi ¼ b0j0iBjψ0iA þ b1j1iBjψ1iA; b0; b1 ≠ 0: ðF72Þ

Next, trðOXϕÞ ¼ 1 forces the projected states of jϕi and
jψi after measuring B in fj�ig to coincide. Thus,

a0jψ0i þ a1jψ1i ∝ b0jψ0i þ b1jψ1i; ðF73Þ

so a0 ¼ eb0 and a1 ¼ eb1 for some e∈C. Therefore,
jϕi ¼ ejψi, and normalization implies jej ¼ 1. Hence, jϕi
and jψi differ only by a global phase, proving the
maximum eigenvalue is nondegenerate and ΔðOψ ;n−1Þ >
0 almost surely. ▪
Proof of Theorem 7. We focus on the case nA ¼ 1;

the extension to nA > 1 is analogous. We proceed by
induction on the number of qubits, n. For the base case,
n ¼ 2. A Haar-random jψi on 2 qubits satisfies ΔðOψ ;1Þ >
0 almost surely by Lemma 17. When n ≥ 3, assume
ΔðOψ ;1Þ > 0 holds for (n − 1)-qubit Haar-random state
ψ almost surely. We now show it holds for n-qubit Haar-
random states.
Let jψi be Haar random on n qubits and ψ i for i∈X be

the projected state corresponding to Pauli-basis measure-
ment on the nth qubit. Each projected state is Haar
randomly distributed on n − 1 qubits by unitary invariance
of the Haar measure. By the induction assumption,
ΔðOψ i;1Þ > 0 almost surely for each i. Applying union
bound shows this holds simultaneously for both outcomes
with probability 1.
Note that

Oψ ;1 ¼
1

3
ðÕX þ ÕY þ ÕZÞ; ðF74Þ

where

ÕZ ¼ Oψ0;1 ⊗ j0ih0j þOψ1;1 ⊗ j1ih1j; ðF75Þ

and ÕX and ÕY are defined analogously. Suppose ϕ is any
pure state satisfying trðOψ ;1ϕÞ ¼ 1; then,

trðÕXϕÞ ¼ trðÕYϕÞ ¼ trðÕZϕÞ ¼ 1: ðF76Þ

Since each Oψ i;1 satisfies ΔðOψ i;1Þ > 0, the above
equalities imply

trðOXϕÞ ¼ trðOYϕÞ ¼ trðOZϕÞ ¼ 1; ðF77Þ

which then implies ϕ ¼ ψ , with the same reasoning as in
Lemma 17. Hence, the maximal eigenvalue of Oψ ;1 is
nondegenerate almost surely. ▪

4. Proof of Theorem 5

We first introduce the notation that is used extensively
throughout this proof. Let m ¼ nB ¼ n − 1 denote the
number of qubits in the complementary subsystem, and
define the corresponding Hilbert space dimension as
D ¼ 2m. We denote the set of single-qubit Pauli basis states
as X ¼ f0; 1;þ;−;þi;−ig, and define the corresponding
projectors as πx ¼ jxihxj for x∈Xm. Let μ ¼ 3−m denotes a
uniform weight, which corresponds to the probability of
selecting a specific Pauli basis. Consequently,X

x∈Xm

μπx ¼ ID: ðF78Þ

We express the target pure state jψi as

jψi ¼ j0ijui þ j1ijvi; with k uk2 þ k vk2 ¼ 1: ðF79Þ

Consider an arbitrary state jϕi ¼ j0ijai þ j1ijbi. For any
measurement outcome x, define the amplitude ux ¼ hxjjui
(with analogous definitions for vx, ax, and bx), and let

px ¼ j uxj2 þ j vxj2; dx ¼ j uxbx − vxaxj2: ðF80Þ

ForHaar-randomstates,px ≠ 0 for all x almost surely. Direct
substitution into the definition of the conditional fidelity
observable Oψ yields

hϕjðI −OψÞjϕi ¼
X
x∈Xm

μ
dx
px

: ðF81Þ

To bound this gap from below, we construct an auxiliary
unnormalized vector

jwxi ¼ ð−vxj0i þ uxj1iÞ ⊗ jxi; ðF82Þ

and define two positive semidefinite operators,H0 andH1, as
follows:

H0 ¼
X
x∈Xm

μjwxihwxj;

H1 ¼
X
x∈Xm

μpxjwxihwxj: ðF83Þ

By construction, hϕjH0jϕi ¼
P

x μdx and hϕjH1jϕi ¼P
x μpxdx. Applying the Cauchy-Schwarz inequality,
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we can lower bound the spectral gap as follows:

hϕjðI −OψÞjϕi ≥
hϕjH0jϕi2
hϕjH1jϕi

: ðF84Þ

The problem is, thus, reduced to bounding the operators H0

and H1. We accomplish this through the following two
lemmas.
Lemma 18. With probability at least 1 − exp½−ΩðmÞ�

over the Haar-random choice of jψi, the kernel of H0 is
spanned exclusively by the target state (i.e.,
kerH0 ¼ Cjψi), and its smallest nonzero eigenvalue is
bounded from below by

λþminðH0Þ ≥
c
D
;

where c > 0 is a universal constant.
Lemma 19. With probability at least 1 − exp½−ΩðmÞ�

over the Haar-random choice of jψi, the maximum eigen-
value of H1 is bounded from above by

H1 ≤
C
D2

I;

where C > 0 is a universal constant.
By substituting Lemmas 18 and 19 into Eq. (F84), we

establish Theorem 5. In the remainder of this section, we
provide the detailed proofs for these two lemmas.

5. Proof of Lemma 18

In this subsection, we present the proof of Lemma 18.
We begin by introducing several standard concentration

inequalities concerning Gaussian random matrices. Next,
we demonstrate that the operator H0 can be expressed in a
specific Gaussian matrix form. Finally, we separately
bound the diagonal and off-diagonal blocks of H0, syn-
thesizing these bounds to establish the lemma.

a. Gaussian random matrices

Let Z ∼N Cð0; 1Þ denote a standard complex Gaussian
random variable, defined as Z ¼ ðξþ iηÞ= ffiffiffi

2
p

, where ξ and
η are independent standard real Gaussian variables distrib-
uted as N ð0; 1Þ. Accordingly, an r × s standard complex
Gaussian matrix is defined as a matrix whose entries are
i.i.d. standard complex Gaussian variables. The singular
values of such matrices satisfy the following bounds.
Fact 3 [Singular value concentration (Proposition 6.33

in Ref. [137])]. There exists a universal constant c > 0. Let
G be an s × n standard complex Gaussian matrix with
s ≥ n. Then, for any t > 0, the largest singular value k Gk
satisfies

Pr ½kGk ≥
ffiffiffi
s

p þ ffiffiffi
n

p þ t� ≤ e−ct
2

: ðF85Þ

If s > n, then for every t > 4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 log n

p
=ð ffiffiffiffiffiffiffiffi

s=n
p

− 1Þ, the
smallest singular value sminðGÞ satisfies

Pr ½sminðGÞ ≤
ffiffiffi
s

p
−

ffiffiffi
n

p
− t� ≤ e−ct

2

: ðF86Þ

Lemma 20 (Linear summations). Let fγjg be a sequence
of independent standard complex Gaussian variables, and
let fAjg be a sequence of matrices, each of dimension at
most D ×D. Then, for any p ≥ 2,

�
E

����Xj
γjAj

����p�1=p
≤ C

ffiffiffiffi
p

p
D1=pmax

�����Xj
AjA

†
j

����1=2; ����Xj
A†
jAj

����1=2�; ðF87Þ

where C > 0 is a universal constant.
Proof. Let kTkSp ¼ ðtrjTjpÞ1=p denote the Schatten-p norm of a matrix T. For any matrix of dimension at most D ×D,

the standard operator norm is bounded by the Schatten-p norm such that kTk ≤ kTkSp ≤ D1=pkTk. Then, we can bound the
expectation as follows:

�
E

����Xj
γjAj

����p�1=p
≤
�
E

����Xj
γjAj

����p
Sp

�
1=p

≤ C
ffiffiffiffi
p

p
max

������Xj
AjA

†
j

�
1=2

����
Sp

;

�����Xj
A†
jAj

�
1=2

����
Sp

�
≤ C

ffiffiffiffi
p

p
D1=pmax

�����Xj
AjA

†
j

����1=2; ����Xj
A†
jAj

����1=2�: ðF88Þ

Here, the second inequality follows directly from the noncommutative Khintchine inequality (see Proposition 19 and
Corollary 20 in Ref. [138]). ▪
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Lemma 21 (Complex Hanson-Wright inequality). Let
g∈CD be a standard complex Gaussian random vector, and
let A∈CD×D. Then, for any t > 0,

Pr ðjg†Ag−E½g†Ag�j> tÞ≤ 4exp

�
−cmin

�
t2

kAk2F
;

t
kAk

��
;

ðF89Þ

where c > 0 is a universal constant and kAkF denotes the
Frobenius norm of A.
Proof. We first reduce the complex quadratic form

to a real one. Let g ¼ xþ iy, where x; y ∼N ð0; ID=2Þ
are independent real Gaussian vectors. We define a
2D-dimensional standard real Gaussian vector w ¼ffiffiffi
2

p ðx ⊕ yÞ ∼N ð0; I2DÞ.
By decomposing the matrix A ¼ AR þ iAI into its real

and imaginary parts, the quadratic form can be expanded as

g†Ag ¼ 1

2
wTÃwþ i

1

2
wTB̃w; ðF90Þ

where

Ã ¼
�
AR −AI

AI AR

�
; B̃ ¼

�
AI AR

−AR AI

�
ðF91Þ

are deterministic real 2D × 2D matrices.
Applying the standard real Hanson-Wright inequality

(see, e.g., Theorem 1.1 in Ref. [139]) to the real part
1
2
wTÃw, we obtain

Pr ðjwTÃw − E½wTÃw�j > tÞ

≤ 2 exp

�
−c min

�
t2

kÃk2F
;

t

kÃk

��
; ðF92Þ

and a similar bound applies to B̃. Because the spectrum of Ã
(and analogously B̃) exactly matches the spectrum of A up
to doubled multiplicities, their respective norms satisfy

kÃk ¼ kAk; kÃk2F ¼ 2kAk2F: ðF93Þ

Therefore, the concentration bound for the real part scales
directly with kAk and kAkF. Applying an identical argu-
ment to the imaginary part 1

2
wTB̃w and taking a union

bound over both components yields the desired exponential
tail bound, absorbing the scalar factors into the universal
constant c. ▪

b. Matrix representation of H0

We define the channel Λ as

ΛðXÞ ¼
X
x∈Xm

μhxjXjxiπx: ðF94Þ

For a single qubit, this channel takes the form
Λ1ðXÞ ¼ ½X þ trðXÞI�=3. Since Λ ¼ Λ⊗m

1 , we can expand
this operator over subsets of qubits as

ΛðXÞ ¼ 3−m
X
S⊆½m�

trScðXÞ ⊗ ISc : ðF95Þ

Furthermore, utilizing the single-qubit identityP
P∈P1

PXP ¼ 2trðXÞI2, we can alternatively express
ΛðXÞ as a Pauli channel:

ΛðXÞ ¼
X
P∈Pm

pPPXP; pP ¼ D−13−wtðPÞ; ðF96Þ

where Pm ¼ fI; X; Y; Zg⊗m denotes the m-qubit Pauli
group and wtðPÞ is the Pauli weight of operator P.
Let g; h∈CD be independent standard complex

Gaussian vectors. Define T ¼ kgk2 þ khk2, and set the
normalized vectors as u ¼ g=

ffiffiffiffi
T

p
and v ¼ h=

ffiffiffiffi
T

p
. The

projector jwxihwxj can be written in block matrix form
with respect to the bipartition as

jwxihwxj ¼
� hxjvv†jxi −hxjuv†jxi
−hxjvu†jxi hxjuu†jxi

�
⊗ πx: ðF97Þ

Consequently, the operator H0 can be expressed compactly
using the map Λ:

H0 ¼

0B@
P
x
μhxjvv†jxiπx −

P
x
μhxjuv†jxiπx

−
P
x
μhxjvu†jxiπx

P
x
μhxjuu†jxiπx

1CA
¼ 1

T

�
Λðhh†Þ −Λðgh†Þ
−Λðhg†Þ Λðgg†Þ

�
: ðF98Þ

c. Diagonal blocks

We first analyze the diagonal block Λðgg†Þ. For any
subset S ⊆ ½m�, let GS denote the Gaussian matrix obtained
by reshaping the vector g across the bipartition SjSc. Using
the subset expansion of Λ, we have

Λðgg†Þ ¼ 3−m
X
S

trScðgg†Þ ⊗ ISc

¼ 3−m
X
S

GSG
†
S ⊗ ISc : ðF99Þ

Setting t ¼ C0 ffiffiffiffi
m

p
for a sufficiently large constant C0, we

apply Fact 3. A union bound ensures that with probability

at least 1 − e−ΩðmÞ, the operator norm bound kGSk ≤ffiffiffiffiffiffiffi
2jSj

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
2m−jSjp

þ t holds simultaneously for all 2m sub-
sets. Consequently,
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kΛðgg†Þk≲ 3−m
X
S

ð2jSj þ 2m−jSj þ C0mÞ ¼ Oð1Þ;

ðF100Þ

where A≲ B denotes A ≤ cB for some absolute con-
stant c > 0.
To lower-bound the smallest singular value, we rewrite

Eq. (F99) as a convex combination:

Λðgg†Þ ¼
X
S

qS

�
GSG

†
S

2m−jSj

�
⊗ ISc ; qS ¼ ð1=3ÞjSjð2=3Þm−jSj:

ðF101Þ

The coefficients qS correspond to a binomial distribution
over the subsets S, where each element is included
independently with probability 1=3. By standard concen-
tration bounds, the total probability mass on subsets
sized m=4 ≤ jSj ≤ 5m=12 is 1 − e−ΩðmÞ. Uniformly
over these typical subsets, Fact 3 guarantees that
sminðGSG

†
S=2

m−jSjÞ ≥ 1 − oð1Þ. Therefore, with probability
at least 1 − e−ΩðmÞ, we obtain

smin½Λðgg†Þ� ≥ 1 − oð1Þ: ðF102Þ

The same analysis also applies to the vector h.
Combining the above, we conclude that with probability
at least 1 − e−ΩðmÞ, both diagonal blocks satisfy

½1 − oð1Þ�I ≤ Λðgg†Þ; Λðhh†Þ ≤ CI: ðF103Þ

d. The off-diagonal block

We now analyze the off-diagonal block B ¼ Λðgh†Þ. By
Eq. (F96), we can expand B as

B ¼ D−1gh† þ
X
P≠I

pPPgh†P: ðF104Þ

We choose a cutoff weight r ¼ C0 log m for a sufficiently
large constant C0 and split the summation into low-weight
and high-weight Pauli contributions:

EL ¼
X

1≤wtðPÞ≤r
pPPgh†P; EH ¼

X
wtðPÞ>r

pPPgh†P:

ðF105Þ

The number of Pauli operators with weight at most r is
bounded by expðO½ðlog mÞ2�Þ ¼ Doð1Þ.
We define the matrix G ≔ ½Pg�P, where each column is

given by Pg for 0 ≤ wtðPÞ ≤ r. Setting t ¼ D2=3 and
applying Lemma 21, we can bound the matrix entries
ðG†GÞPQ ¼ g†PQg:

PrðjðG†GÞPQ − δPQDj > tÞ ¼ e−ΩðD1=3Þ: ðF106Þ

Taking a union bound over all such P and Q, Eq. (F106)
holds uniformly for all pairs with probability at least
1 − e−D

Ωð1Þ
. An analogous concentration bound applies

to the matrix H ≔ ½Ph�P. Applying Gershgorin’s circle
theorem to the rows of G†G and H†H, the entrywise
bounds imply that the spectra are highly concentrated
around D:

D−1G†G ¼ ½1þ oð1Þ�I; D−1H†H ¼ ½1þ oð1Þ�I:
ðF107Þ

The low-weight component can be factored asEL ¼GWH†,
whereW is a diagonal matrix withWPP ¼ pP for P ≠ I and
WII ¼ 0. Because maxP≠I pP ¼ 1=ð3DÞ, we can bound the
operator norm as

kELk ≤ kGkkWkkHk

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D½1þ oð1Þ�

p
·
1

3D
·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D½1þ oð1Þ�

p
¼ 1

3
þ oð1Þ: ðF108Þ

For the high-weight component EH, we write

EH ¼
X
j

hj Aj; Aj ¼
X

wtðPÞ>r

pPPge
†
jP: ðF109Þ

We aim to bound EH using Lemma 20. First, with
probability at least 1 − e−ΩðmÞ, we haveX
j

AjA
†
j ¼

X
j

X
wtðPÞ;wtðQÞ>r

pPpQPge
†
jPQejg†Q

¼ D
X

wtðPÞ>r

p2
PPgg

†P

≤ 3−r
X
P

pPPgg†P

¼ 3−rΛðgg†Þ
≤ C3−rI; ðF110Þ

where the final inequality follows from Eq. (F103).
To bound

P
j A

†
jAj, we introduce

Aall
j ¼

X
P∈Pm

pPPge
†
jP; A≤r

j ¼
X

wtðPÞ≤r
pPPge

†
jP:

ðF111Þ

Evaluating the full summation yields
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X
j

ðAall
j Þ†Aall

j ¼
X
P;Q

pPpQQ

�X
j

ejg†QPge†j

�
P

¼
X
P;Q

pPpQðg†QPgÞQP

¼
X
R

� X
P;Q∶QP¼ωR

pPpQω
2

�
ðg†RgÞR

¼
X
R

cRðg†RgÞR; ðF112Þ

where cR ≔
P

P;Q∶QP¼ωR pPpQω
2.

For single-qubit Paulis, these coefficients evaluate to

cI ¼
1

4
þ 3

36
¼ 1

3
; cX ¼ cY ¼ cZ ¼ 2

1

2

1

6
− 2

1

36
¼ 1

9
:

ðF113Þ

Consequently,

X
R

cRðg†RgÞR ¼ 1

3
kgk2I

þ 1

9
½ðg†XgÞX þ ðg†YgÞY þ ðg†ZgÞZ�

¼ 1

3
kgk2I þ 1

9
ð2gg† − kgk2IÞ

¼ 2

3

�kgk2I þ gg†

3

�
¼ 2

3
Λ1ðgg†Þ; ðF114Þ

where we utilized the identity
P

P∈P1
ðg†PgÞP ¼ 2gg†

alongside Eq. (F95). Substituting this into Eq. (F112),
we obtain X

j

ðAall
j Þ†Aall

j ¼ ð2=3ÞmΛðgg†Þ: ðF115Þ

Similarly, for the low-weight component, we haveX
j

ðA≤r
j Þ†A≤r

j ¼
X

wtðPÞ;wtðQÞ≤r
pPpQðg†QPgÞQP

¼
X

wtðPÞ;wtðQÞ≤r
pPpQðG†GÞQPQP

≤ D½1þ oð1Þ�
X

wtðPÞ≤r
p2
PI

≤ D−1þoð1Þ½1þ oð1Þ�I; ðF116Þ

where the first inequality uses Eq. (F107).
Because Aj ¼ Aall

j − A≤r
j , we can apply the Loewner

inequality ðX − YÞ†ðX − YÞ ≤ 2X†X þ 2Y†Y. Combined
with Eq. (F103), this ensures that with probability at least
1 − e−ΩðmÞ,

����X
j

A†
jAj

���� ≤ 2ð2=3ÞmkΛðgg†Þk þ 2D−1þoð1Þ ¼ e−ΩðmÞ:

ðF117Þ

Combining Eq. (F110), Eq. (F117), and Lemma 20
evaluated at p ¼ m, we obtain

ðEkEHkmÞ1=m ≔ ϵ ¼ oð1Þ ðF118Þ

with probability 1 − e−ΩðmÞ. Conditional on this event,
applying Markov’s inequality yields

Pr½kEHk ≥ eϵ� ¼ Pr½kEHkm ≥ emϵm�

≤
ϵm

emϵm
¼ e−m: ðF119Þ

Therefore, a union bound guarantees that kEHk ¼ oð1Þ
with probability at least 1 − e−ΩðmÞ. We now combine this
result with the decomposition of B in Eqs. (F104) and
(F108). Applying the Eckart-Young inequality, the second
singular value of B is bounded by

s2ðBÞ ≤ kELk þ kEHk ¼ 1

3
þ oð1Þ: ðF120Þ

Let A ¼ Λðhh†Þ, C ¼ Λðgg†Þ, K ¼ A−1=2BC−1=2,
M ¼ ð I

−K†
−K
I Þ, and D0 ¼ diagðA1=2; C1=2Þ. Then, the sec-

ond singular value of K satisfies

s2ðKÞ ≤ kA−1=2kkC−1=2ks2ðBÞ ≤
1

3
þ oð1Þ < 1

2
: ðF121Þ

Moreover, by Eq. (F98), H0 factorizes as
H0 ¼ ð1=TÞD0MD0, and by its definition in Eq. (F83),
H0ðj0igþ j1ijhiÞ ¼ 0. Consequently, K has its largest
singular value s1ðKÞ ¼ 1. Thus, H0 has a one-dimensional
kernel, and the smallest nonzero eigenvalue of M is
bounded by λþminðMÞ ¼ 1 − s2ðKÞ > 1=2.
Furthermore, the nonzero spectrum of D0MD0 is iden-

tical to the nonzero spectrum of M1=2D2
0M

1=2. Since the
diagonal blocks satisfy D2

0 ≥ ð1 − oð1ÞÞI, we have

λþminðH0Þ ≥
1

T
λminðD0Þ2λþminðMÞ ¼ ΩðT−1Þ: ðF122Þ

Finally, by Fact 3, the normalization constant

T ¼ kgk2 þ khk2 ¼ ΘðDÞ ðF123Þ

except with probability e−cD. This establishes the lower
bound λþminðH0Þ ≥ ΩðD−1Þ and completes the proof of
Lemma 18.
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6. Proof of Lemma 19

In this subsection, we present the proof of Lemma 19.
We begin by introducing several integration tools for
complex Gaussian random variables, which we sub-
sequently use to calculate matrix moments. These tools
primarily rely on Wick ordering and the Wick formula.

a. Wick ordering and Wick formula

A family of complex random variables fZ1;…; Zrg is
termed proper if

E½ZiZj� ¼ 0 ∀ i; j: ðF124Þ

For the standard complex Gaussian vector g ∼N Cð0; IDÞ
introduced above, E½ggT � ¼ 0. Hence, for any set of unit
vectors fx1;…; xrg, the random variables

gxi ≔ hxijjgi ðF125Þ

form a proper standard complex Gaussian family with
covariance

Cij ≔ E½gxigxj � ¼ hxijjxji: ðF126Þ

For a standard proper complex Gaussian variable Z, its
Wick-ordered monomials are defined via the generating
function

expðsZ þ tZ̄ − stÞ ¼
X
p;q≥0

sptq

p!q!
∶ZpZ̄q∶ : ðF127Þ

In particular [see Eqs. (1.2) and (1.3) in Ref. [140]], the
quartic Wick polynomial is given by

∶Z2Z̄2 ≔ jZj4 − 4jZj2 þ 2: ðF128Þ

The key tool we use is the following formula.
Lemma 22 (Wick formula). Let Z1;…; Zr be jointly

proper standard complex Gaussian variables, and let
Cij ¼ E½ZiZj�. For non-negative integers pi and qi, let
Mðp; qÞ be the set of matrices N ¼ ðnijÞri;j¼1 with non-
negative integer entries satisfying the constraints

nii ¼ 0;
X
j

nij ¼ pi;
X
i

nij ¼ qj: ðF129Þ

Then,

E
Yr
i¼1

∶ Zpi
i Zi

qi ≔
X

N ∈Mðp;qÞ

Q
r
i¼1 pi!qi!Q
i≠jnij!

Y
i≠j

C
nij
ij : ðF130Þ

Proof. This formula follows directly by extracting the
coefficients of

Q
i s

pi
i t

qi
i on both sides of the generating

function identity. Utilizing the properness and unit variance
of the variables, we have

E
Yr
i¼1

expðsiZi þ tiZi − sitiÞ ¼ exp

�X
i;j

siCijtj −
X
i

siti

�

¼ exp

�X
i≠j

siCijtj

�
: ðF131Þ

Here, the first equality uses the standard moment generat-
ing function identity E½expðAÞ� ¼ expð1

2
E½A2�Þ for a zero-

mean Gaussian exponent A. Expanding the left-hand side
using Eq. (F127), the coefficient of

Q
i s

pi
i t

qi
i is exactly

1Q
ipi!qi!

E
Yr
i¼1

∶Zpi
i Zi

qi∶ : ðF132Þ

Expanding the right-hand side of Eq. (F131) as a multi-
variate Taylor series, we obtain

exp

�X
i≠j

siCijtj

�
¼

Y
i≠j

X∞
nij¼0

ðsiCijtjÞnij
nij!

¼
X
N

Q
i≠jC

nij
ijQ

i≠jnij!

Y
i

s

P
j
nij

i

Y
j

t
P

i
nij

j ;

ðF133Þ

where the sum runs over all matrices N with zero
diagonal (nii ¼ 0). Matching the powers of si and tj on
both sides imposes the exact constraints

P
j nij ¼ pi andP

i nij ¼ qj, which directly recovers Eq. (F130). ▪
Equivalently, the Wick formula can be interpreted

through a labeled-diagrammatic representation: each block
i possesses pi labeled slots and qi labeled antislots. A
directed edge i → j pairs one slot of each type and
contributes a factor of Cij. The condition nii ¼ 0 removes
all internal edges within each block i.

b. Concentration of H1

We define

R̃g ≔
X
x∈Xm

μjgxj4πx; gx ¼ hxjjgi: ðF134Þ

Next, we use the quartic Wick polynomial hðzÞ and its
corresponding operator sum Zg:

hðzÞ ≔ ∶z2z2 ≔ jzj4 − 4jzj2 þ 2; Zg ≔
X
x∈Xm

μhðgxÞπx:

ðF135Þ

Because
P

x μπx ¼ ID, we obtain the decomposition
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R̃g ¼ Zg þ 4Λðgg†Þ − 2ID: ðF136Þ

The operator norm of Λðgg†Þ is already bounded by
Eq. (F103). Thus, it suffices to bound Zg.
Let Sg denote the squared Frobenius norm of Zg:

Sg ≔ kZgk2F ¼
X

x;y∈Xm

μ2hðgxÞhðgyÞjhxjjyij2: ðF137Þ

For any fixed pair of outcomes x and y, we evaluate the
expectation using Lemma 22 with two blocks, setting
pi ¼ qi ¼ 2. This leaves exactly two edges from the first
block to the second and two in the reverse direction.
Therefore,

E½hðgxÞhðgyÞ� ¼ ð2!Þ2E½gxgy�2E½gygx�2
¼ 4jhxjjyij4: ðF138Þ

Consequently, taking the expectation over Sg factors into a
tensor product structure:

E½Sg� ¼ 4
X

x;y∈Xm

μ2jhxjjyij6

¼ 4½3−2
X
a;b∈X

jhajjbij6�m

¼ 4: ðF139Þ

The final equality follows by analyzing the single-qubit
overlaps. For any fixed basis state a∈X, exactly one of the
six Pauli states b∈X yields a squared overlap of 1, one
yields a squared overlap of 0, and the remaining four yield a
squared overlap of 1=2. Therefore, the one-qubit factor
evaluates identically to 3−2ð6Þ½1þ 4ð1=2Þ3� ¼ 1.
We next bound the variance of Sg. Expanding Eq. (F137)

yields

VarðSgÞ ¼
X

x1;…;x4 ∈Xm

μ4jhx1jjx2ij2jhx3jjx4ij2

× Cov½hðgx1Þhðgx2Þ; hðgx3Þhðgx4Þ�: ðF140Þ

In the labeled-diagram representation of Eq. (F130), each
of the four Wick blocks contains two labeled slots and two
labeled antislots, resulting in at most 8! possible diagrams.
Because the covariance Cov½hðgx1Þhðgx2Þ; hðgx3Þhðgx4Þ�
subtracts the disconnected contributions E½hðgx1Þhðgx2Þ�×
E½hðgx3Þhðgx4Þ�, any surviving diagram must contain at
least one edge crossing the bipartition f1; 2gjf3; 4g. Let
Dsurv denote the set of these surviving diagrams.
For each diagram β∈Dsurv, we define its corresponding

one-qubit factor as

sβ ≔ 3−4
X

a1;…;a4 ∈X

jha1jja2ij2jha3jja4ij2
Y

ði→jÞ∈ β

haijjaji:

ðF141Þ

Because each basis state xi ∈Xm is a product state, the inner
products perfectly tensorize over the m independent qubits.
Consequently, the variance in Eq. (F140) simplifies to

VarðSgÞ ¼
X

β∈Dsurv

smβ : ðF142Þ

It remains to establish a uniform upper bound on jsβj. We
augment the eight directed Wick edges of β with the four
directed edges originating from the two trace factors in
Eq. (F141), namely, 1 → 2, 2 → 1, 3 → 4, and 4 → 3. By
ignoring the edge orientations, this construction yields a
loopless 6-regular multigraph Gβ on four vertices, com-
prising exactly 12 edges.
Let A1;…; A4 be independent random variables uni-

formly distributed over the set of Pauli basis states X, and
define the overlap function

kða; bÞ ≔ jhajjbij: ðF143Þ

Taking the absolute value of Eq. (F141) and applying the
triangle inequality yields

jsβj ≤ 16IðGβÞ;
IðGÞ ≔ E

Y
fi;jg∈EðGÞ

kðAi; AjÞ; ðF144Þ

where the prefactor 16 ¼ ð6=3Þ4 arises from multiplying
the original weight 3−4 by 64 to convert the explicit
summations over the six Pauli states into expectations over
the uniform random variables Ai.
For any loopless multigraph G with a maximum degree

of at most six, we have the bound

IðGÞ ≤ ð1=4ÞjEðGÞj=6: ðF145Þ

To establish this, we eliminate the vertices of the graph one
at a time. Suppose the current vertex being removed has
r ≤ 6 remaining incident edges, and its neighboring states
are fixed as b1;…; br. Applying the generalized Hölder
inequality yields

EA

Yr
l¼1

kðA; blÞ ≤
Yr
l¼1

½EAkðA; blÞ6�1=6

¼ ð1=4Þr=6: ðF146Þ

Here, for every fixed basis state b∈X, evaluating the sixth
moment explicitly gives
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EAkðA; bÞ6 ¼
1

6
½1þ 4ð1=2Þ3� ¼ 1

4
: ðF147Þ

Because each edge in the multigraph is removed exactly
once during this vertex elimination process, accumulating
these individual bounds directly proves Eq. (F145).
We now examine the conditions for equality in

Eq. (F145) for a 6-regular graph. Consider the first
eliminated vertex v, which has exactly six incident edges.
Achieving equality in Eq. (F146) requires the six non-
negative functions kð·; blÞ6 to be strictly proportional.
Because their L1 norms are identically 1=4, these functions
must be equal, which consequently requires all six neigh-
boring states bl to coincide.
If v were connected to two distinct neighboring vertices,

those vertices would be assigned distinct random states
with constant probability, rendering the Hölder inequality
strict. Therefore, saturating the inequality in Eq. (F145)
requires that all six edges incident on v connect to a single
adjacent vertex w. Because w also has a maximum degree
of six, the pair fv; wg must form an isolated graph
component.
For the specific graph Gβ, applying Eq. (F145) with

jEðGβÞj ¼ 12 yields the upper bound jsβj ≤ 1. Reaching
equality would force Gβ to be a union of exactly two
disconnected components, each consisting of two vertices
joined by six edges. Because Gβ is constructed with the
fixed edges connecting vertices 1 and 2, as well as 3 and 4,
these two isolated components must be precisely f1; 2g and
f3; 4g. However, this configuration implies that the under-
lying Wick diagram contains no edges crossing the bipar-
tition f1; 2gjf3; 4g, which contradicts the definition of the
surviving diagrams β∈Dsurv. Thus, every surviving dia-
gram must strictly satisfy jsβj < 1:

ρ ≔ max
β∈Dsurv

jsβj < 1: ðF148Þ

Combining Eq. (F142) with the uniform bound in
Eq. (F148), we obtain the variance bound:

VarðSgÞ ≤ jDsurvjρm ≤ 8!ρm ¼ e−ΩðmÞ: ðF149Þ

Because Zg is Hermitian, kZgk ≤ kZgkF ¼ ffiffiffiffiffi
Sg

p
.

Combining this with the expectation E½Sg� ¼ 4 from
Eq. (F139), Chebyshev’s inequality yields

Pr ½kZgk >
ffiffiffi
5

p
� ≤ Pr ½Sg > 5� ≤ VarðSgÞ ¼ e−ΩðmÞ: ðF150Þ

Substituting this bound into Eq. (F136) and utilizing the
diagonal bound from Eq. (F103), we obtain

kR̃gk ≤ C ðF151Þ

with probability at least 1 − e−ΩðmÞ. The analogous bound
kR̃hk ≤ C holds for the vector h.
For the Haar-random target state jψi, the outcome

probabilities are given by

px ¼
jgxj2 þ jhxj2

T
; T ¼ kgk2 þ khk2: ðF152Þ

By Eq. (F123), T ¼ ΘðDÞ with probability at least
1 − e−ΩðDÞ. We define the composite operator

Rψ ≔
X
x∈Xm

μp2
xπx: ðF153Þ

Applying ðaþ bÞ2 ≤ 2ða2 þ b2Þ alongside the bounds for
R̃g and R̃h, we can upper bound Rψ as

Rψ ≤
2

T2
ðR̃g þ R̃hÞ ≤

C
D2

ID; ðF154Þ

where C > 0 is a universal constant. This inequality holds
with probability at least 1 − e−ΩðmÞ.
Finally, observe that the unnormalized vector jwxi

satisfies kwxk2 ¼ px and resides entirely within the sub-
space C2 ⊗ spanfjxig. Consequently, its rank-one projec-
tor satisfies

pxjwxihwxj ≤ p2
xðI2 ⊗ πxÞ: ðF155Þ

Summing this inequality over all outcomes x and applying
Eq. (F154), we arrive at the final bound for H1:

H1 ≤ I2 ⊗ Rψ ≤
C
D2

I2D: ðF156Þ

This completes the proof of Lemma 19.
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